University of

'Sl Kent Academic Repository

Clarkson, Peter, Jordaan, Kerstin and Loureiro, Ana F. (2023) Generalized higher-order
Freud weights. Proceedings of the Royal Society A: Mathematical, Physical
and Engineering Sciences, 479 (2272). ISSN 1364-5021.

Downloaded from
https://kar.kent.ac.uk/100979/ The University of Kent's Academic Repository KAR

The version of record is available from
https://doi.org/10.1098/rspa.2022.0788

This document version
Publisher pdf

DOI for this version

Licence for this version
CC BY (Attribution)

Additional information

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) ‘Title of article'. To be published in Title
of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/100979/
https://doi.org/10.1098/rspa.2022.0788
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

Downloaded from https://royal societypublishing.org/ on 26 April 2023

PROCEEDINGS A

royalsocietypublishing.org/journal/rspa

)

Research

updates

Cite this article: Clarkson PA, Jordaan K,
Loureiro A. 2023 Generalized higher-order
Freud weights. Proc. R. Soc. A 479: 20220788.
https://doi.org/10.1098/rspa.2022.0788

Received: 5 January 2023
Accepted: 21 March 2023

Subject Areas:
applied mathematics, mathematical physics

Keywords:

generalized Freud weights, semi-classical
orthogonal polynomials, generalized
hypergeometric functions

Author for correspondence:
Peter A. Clarkson
e-mail: PA.Clarkson@kent.ac.uk

THE ROYAL SOCIETY

PUBLISHING

Generalized higher-order
Freud weights

Peter A. Clarkson', Kerstin Jordaan? and Ana Loureiro’

15chool of Mathematics, Statistics and Actuarial Science, University
of Kent, Canterbury (T2 7FS, UK

2Department of Decision Sciences, University of South Africa,
Pretoria 0003, South Africa

PAC, 0000-0002-8777-5284

We discuss polynomials orthogonal with respect to a
semi-classical generalized higher-order Freud weight

w(x;t, 1) = [P exp(ta? — x¥™), x€R,

with parameters A > —1, teR and m=2,3,.... The
sequence of generalized higher-order Freud weights
for m=2,3,..., forms a hierarchy of weights, with
associated hierarchies for the first moment and the
recurrence coefficient. We prove that the first moment
can be written as a finite partition sum of generalized
hypergeometric 1F; functions and show that the
recurrence coefficients satisfy difference equations
which are members of the first discrete Painlevé
hierarchy. We analyse the asymptotic behaviour of the
recurrence coefficients and the limiting distribution
of the zeros as n — co. We also investigate structure
and other mixed recurrence relations satisfied by the
polynomials and related properties.

1. Introduction

In this paper we consider polynomials orthogonal with
respect to the generalized higher-order Freud weight

w(x;t, 1) = |x/P+1 exp(tx2 —x®M), xteR, m=2,3,...,

(1.1)
with A > —1 a parameter. The main goal of this article
is to bring a comprehensive self-contained analysis
of these polynomials when the parameter m takes
integer values higher than 1 and for any values
of > —1 and teR. The analysis for the particular
cases of m=2,3 was considered in [1-6], with an
emphasis on the study of the corresponding recurrence
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coefficients. We significantly extend existing studies on Freud type weights whilst providing a
coherent and consistent approach, using techniques which are also likely to be adopted in the
study of other semi-classical type weights. Throughout, we link and explain the connections
to the existing theory. After giving a short mathematical background in §2, in §3, we give a
closed-form expression for the moments with respect to the weight (1.1), which corresponds
to a finite partition sum of generalized hypergeometric 1F;, functions. The corresponding
recurrence coefficients in the three-term recurrence relation are investigated in §4. Therein,
we prove a recursive method that gives nonlinear recurrence relations satisfied by these
recurrence coefficients (proposition 4.4) and give them explicitly for the cases where m =4,5,
whilst recovering the already known relations for m =2,3. We prove structure relations and
mixed recurrence relations satisfied by generalized higher-order Freud polynomials in §5.
The asymptotic behaviour of the recurrence coefficients proved in §4 determines the limiting
distribution of the zeros, and this, as well as other properties of the zeros, is investigated in §6.
We conclude with the quadratic decomposition of the generalized higher-order Freud weight in

§7.

2. Mathematical background

Let v be a positive measure on the real line for which the support is not finite and all the moments
o0
uk:J Fdv(x), k=0,1,..., 2.1)
—0Q
exist. The corresponding monic orthogonal polynomial sequence {P;;(x)},>0 is defined by

oo
| PaOPs0 o) = Ibia =,
—00
where 8y, denotes the Kronekar delta. A fundamental property of orthogonal polynomials is that
they satisfy a three-term recurrence relation of the form

Pyy1(x) = (x — an)Pp(x) — BnPu-1(x), (2.2)

with B, > 0 and initial values P_1(x) =0 and Py(x) = 1. The recurrence coefficients «,, and B, are
given by the integrals

ap=— xP,(x)dv(x) and By=-— XP;,—1(x) Py (x) dv(x).
hy —00 hnfl —00
Relevant for this article is the case of a measure that admits a representation via a positive weight
function w(x) on the real line as follows dv(x) = w(x) dx. Henceforth, we will only work with a
weight function representation.
The coefficient g, in the recurrence relation (2.2) can also be expressed in terms of the Hankel
determinant

Ko M1 e Hned
- 7 R S T
A, =det [“j+k]j,k=0 = . o |, n=>1, (2.3)
Mn—-1 HMn .. M2p-2

with Ag =1 and A_; =0, whose entries are given in terms of the moments (2.1) associated with
the weight w(x). Specifically

_ Aug1dua

Pi=—""15 (2.4)
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The monic polynomial P;(x) can be uniquely expressed as the determinant

no M1 ... M

Lmom e
Pol)= — | - .. |
w0 =5

Mn-1 HMn .- H2p-1

1 X x"

and the normalization constants as
A
hy = An+l and hy=A1=pup. (2.5)

n

Also from (2.4) and (2.5), we see that the relationship between the recurrence coefficient g, and
the normalization constants /1, is given by

hn = ,Bnhn—l-

For symmetric weights, since w(x) = w(—x), it follows that «;; = 0 in (2.2). Hence, for symmetric
weights, the sequence of monic orthogonal polynomials {P;(x)},>0, satisfy the three-term
recurrence relation:

Pyy1(x) = xPu(x) — BuPp—1(x). (2.6)

The monic orthogonal polynomials P,(x) associated with symmetric weights are also
symmetric, i.e. P;(—x) =(—1)"Py(x). This implies that each P, contains only even or only odd
powers of x, and we can write

n
Pon(x) = X2 4 Z 6(22”‘77_)2kx27172k — 2 C(zin_)zxznd R Cézn)
k=1

and

n
_ 2n4l @n+1)  2n—2k+1 _ 2n4+1 | (2n+1) 2n—-1 (2n+1)
Pop1(x) =x + E Copok1® =x +ey, 1 X +ot0 X.
k=1

By substituting these expressions into the recurrence relation (2.6) and comparing the coefficients
on each side, we obtain

(2n) (2n+1) g P2y42(0)
_ n n+ __ 0 __ "2n+
Bon = Cono —Copq and .62n+1 = ngn) = Py, (0) . (27)

It follows from (2.1) that, for symmetric weights, uor—1 =0,k=1,2,...,and hence, it is possible
to write the Hankel determinant A, given by (2.3) in terms of the product of two Hankel
determinants obtained by matrix manipulation, interchanging columns and rows. The product
decomposition, depending on 1 even or odd, is given by

Aoy =AuB, and  Agyi1=Au11By, (2.8)

where A;, and B,, are the Hankel determinants

o m2 .. Hop-2 n2 22! cee Han
Hn2 na .. W2n 2! H“e s M2n42
A= . . . . and B;=| . . . . ’ (2.9)
M2p—2  H2n ... Hin—4 Mon  M2n+2 - H4n-2

with Ap =By =1. Consequently, for a symmetric weight, by substituting (2.8) into (2.4), the

recurrence coefficient g, is given by

An+an71
A By

'Aan+1

= ArriBy

and  foyq1=
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Semi-classical orthogonal polynomials are natural generalizations of classical orthogonal
polynomials and were introduced by Shohat in [7]. Maroni provided a unified theory for semi-
classical orthogonal polynomials (cf. [8,9]). The weights of classical orthogonal polynomials
satisfy a first-order ordinary differential equation, the Pearson equation,

oWt} = @), (2.10)

where o (x) is a monic polynomial of degree at most 2 and 7(x) is a polynomial with degree 1. For
semi-classical orthogonal polynomials, the weight function w(x) satisfies a Pearson equation (2.10)
with either deg(o(x)) > 2 or deg(z(x)) # 1 (cf. [8,10]). The generalized higher-order Freud weight
given by (1.1) is a symmetric weight that satisfies the Pearson equation (2.10) with o (x) =x and
7(x) = 2(tx2 — mx®™ + ) + 1) and therefore is a semi-classical weight.

3. Moments of the generalized higher-order Freud weights

The existence of the first moment po(f; A, m) associated with the generalized higher-order Freud
weight (1.1) follows from the fact that, at oo, the integrand behaves like exp(—xz) and, at x =0,
the integrand behaves like x*, which, for » > —1, is integrable.

Theorem 3.1. Let x e R,A > —1,t e Rand m=2,3,.... Then, for the generalized higher-order Freud
weight (1.1), the first moment is given by

polt; A, m) = ro

—00

1w 1 A4k Atk ok k+1 m+k—1 [ t\"
— o (PR sk (AR S (5
mk:l(k_l)! m m m’ m m m

1 A+1 A+1 1 m—1 (t\"
==r 7>1Fm—1< e ;(*) )
m m m m m m

o0
x[P*H exp(tx® — x*™) dx = J s* exp(ts — s™) ds
0

11 e A
L1 r +k
m (k—1)! m
k=2
Atk k k+1 m—1 m+1 m+k—1 (t\"
XlFTﬂfl 7, JARREN] 7 VRN ; -
m m m m m m m

=1 A m+1 m+2 2m—1 (t\"
+ 'F<*+1>1FWZ<*+1/ ’ XY /<7> )/
m! m m m m m m

where ,Fy(a; b; z) is the generalized hypergeometric function (cf. [11, eq. 16.2.1].

Proof. By using the power series expansion of the exponential function, we obtain

o0 o0
wo(t; A, m) = J Ix[ P+ exp(ta® — x¥™) dx = J s* exp(ts —s™) ds
0

—00

) o n
= J s* exp(—s™) Z @ ds
0 it n:
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m Z n| J (=D exp(—y) dy

721‘" <K+n+1>,

where I'(x) denotes the Gamma function defined in [11, eq. 5.2.1], and the fourth equal sign
follows from the Lebesgue’s dominated convergence theorem. By letting n=mk+j for j=
0,1,...,m—1, we can write

oo m—1 i

A+j+1 ket
ot ) = — zz (B ) s
m = (mk +j)!

Using the Gauss multiplication formula [11, eq. 5.5.6] yields

m .
'|:'| mk ]+E
(mk + ) =j!m 1—[ (—m )k,

(=1

where (a); denotes the Pochhammer symbol (cf. [11, §5.2(iii)], while it follows from [11, eq. 5.5.1]
that
Wi . .
F( +j+1 +k>:(x+]+1> F(A+]+1>’
m m k m

oo m—1

and hence, we have

. (A +j+1)/my (A + ]+ 1)/m) gkt
Halt; A, m) = Z Z < G+ D)l + 2y (G + )y

IR TR AV A (G + 4 1)/m)e £\
m ( )]-!Z G+ D/m)e(+2)/m - <;+m>/m)k<m>

i=0 k=0

m—1 . . . . m
A 1 A 1 1 2 t
F( +]+ ) XZFm< +]+ /1/]+ /]+ /'~'lm+];(7> )/
e m j! m m m m m

—.

1
Tm

—.

as required. ]

Remark 3.2. In our earlier studies of semi-classical orthogonal polynomials, we proved special
cases of theorems 3.1 and 3.3, namely, for m =2 in [4] and for m =3,4,51in [3].

In the following theorem, we derive a differential equation satisfied by the first moment
wo(t; A, m). It is often much easier to derive properties of a function from the differential equation
it satisfies rather than from an integral representation or, as in this case, a sum of generalized
hypergeometric functions.

Theorem 3.3. Let x e R,A > —1,t e Rand m=2,3,.... Then, for the generalized higher-order Freud
weight (1.1), the first moment

00
MO(t; A, m) = J
—00

o0
P+ exp(tx® — x2™) dx :J s* exp(ts —s™)ds,
0

satisfies the ordinary differential equation:

d"e d
W‘f—ti’—(xﬂ)w 0. (3.1)
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Proof. Following [3,12], we look for a solution of (3.1) in the form

o0
o(t) = J ef(s) ds. (3.2)
0
For (3.2) to satisfy (3.1), it is necessary that

d"eo tde Ar+1 © il m 5 A+l
- ——¢= - —— ds=0.
A" om dt m ¢ JO e\’ m m v(s)ds

By using integration by parts, this is equivalent to

o0 1 d A+1
J et {smv(s) + —v(s) + sdv At
0 m m ds m

v(s)} ds=0,

under the assumption that lims_, « sv(s)e’’ = 0. Hence, for ¢(t) to be a solution of (3.1), we need to
choose v(s) so that
dv

(ms™ — M)v(s) +s s

0.

One solution of this equation is v(s) = s* exp(—s™). |

For the generalized higher-order Freud weight (1.1), the even moments can be written in terms
of derivatives of the first moment, as follows:

o0
wor(t; A, m) = J x| x P exp(ta® — x*™) du

—00

dk 00
= J [x|2A 1 exp(tx2 — %™y dx

TR
gk
= @Mo(t/’ )\/ m)/ k = O/ 1/ 2/ LR (3'3)

where the interchange of integration and differentiation is justified by Lebesgue’s dominated
convergence theorem. Furthermore, from the definition we have,

Mok (t; A, m) = por(t; A +1,m), k=0,1,2,..., (3.4)

and therefore,

,U,2k+2(t;)\.,m)=,u0(t;)\.—|—k+1,m), k=0/ 1/2/---/

which illustrates the importance of the first moment.

4. Recurrence coefficients for generalized higher-order Freud weights

Theorem 4.1. For the generalized higher-order Freud weight (1.1), the recurrence coefficient B, is given
by

Bon=—In B and  fopy1 = d In Ani1

dt A, dt B, ' (41)

with Ay =By =1and

duo d" 1y duo d?uo d" o
A,1=Wr<,u0,dt,.‘., dtn_l and Bn:Wr F,?,...,W ’ (42)

where

o0
po = po(t; A, m) = J x*exp(ts — s™) dx,
0

88102207 6L ¥ 705 3 2014 edsi/feuinofBioBuiysiignd/iaposiefos
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and Wr(g1, 92, . .., ¢n) denotes the Wronskian given by

91 . e

1 1 1
N
Wr(p1, 92, ..., ¢n) = 0_ 9
: : . : J d

-1 -1 -1

A G

Proof. It follows from (2.9) and (3.3) that A, and B, can be written in terms of the Wronskians
given by (4.2). Furthermore,

dBs dA dA ds
And—t” - BnT; =Api1By_1 and B, d’z“ - AHHT: = Api1Bn (4.3)
(cf. [13, §6.5.1]) and (4.3), together with (2) yields (4.1). |

Theorem 4.2. Let wy(x) be a symmetric positive weight on the real line for which all the moments
exist, and let w(x;t) = exp(txz)wo(x), with t € R, is a weight such that all the moments of exist. Then the
recurrence coefficient By (t) satisfies the Volterra, or the Langmuir lattice, equation:

d
Cﬁn = .Bn(ﬂn+1 - /Sn—l)-
Proof. See, e.g. Van Assche [14, Theorem 2.4]. [ |

Theorem 4.3. For the generalized higher-order Freud weight (1.1), the associated monic polynomials
Py (x) satisfy the recurrence relation:

Ppi1(x) = xPu(x) = Bu(t; 1)Py-1(x), n=0,1,2,..., (44)
with P_1(x) =0 and Py(x) =1, where

A GV A (BEA+1)  d I An(;241)

Ban(t; 1) = AN ABr+ 1) dt T AlER)

and

AnE N Apa (G2 +1) _ d In Any1(t; 1)
App1(ED)Au(GA+1)  dE T A(a+ 1)

Bons1(t; 1) =

where Ay (t; 1) is the Wronskian given by (4.2) with

1 & 1 Atk
tam=—Y —r (===
#olE 2, m) m;(k—l)! ( m )

(A—f—k k k+1 m+k—1 (t)’”)
X2Fm /1;71 JARREN] / - .
m m m m m

Proof. It follows from substituting (3.4) into the expression for B;(t; 1) given in (4.2) that B, =
Au(t; 2 + 1) and then the result immediately follows from (2) and (4.1). [ |

(@) Nonlinear recursive relations

We follow the approach found in [9, §7] whose key results are summarized in [15, Proposition
3.1].
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Note that for a given m > 1, we can write

m
PP ()= Y Con) ) Puiat, (4.5)
l=—m
where
@2m) 1 *© x2mP J—
20 = na2e(X)P(X)w(x)dx  for &= —m,..., m.
PIEEE Mgoe ) o

Observe that Cff:ﬂk = Cfﬁ)’n =0for |k| > 2m + 1 and

em) o _om) 1 cem

2= 20 = 2
nn+2e hiy2e nt2bn But1 - Butoe nt2tn

fore=1,...,m.

From the recurrence relation (2.6), it follows

xzpn(x) =Pui2+ (Bn + Bus1)Pu + Bu—1BnPu—2, n=0. (4.6)

2  _

nn+2
(2m)

Cn72é,n

In particular, one has C;ZL =B + Bn+1, quzzl,z = fn-1Bn and C

Cilzinz-zzn) }Z1=+01 can be derived from the coefficients {

1. The computation of

the coefficients { }Zl=0 as follows:

2m+2 2 2 2
CO = BraBuat Co Dy pa + (B + Bus))Colyy y + Coy g €=0,...,m,  (47)

which is a direct consequence of (4.5) multiplied by x% and (4.6).

Proposition 4.4. The recurrence coefficient B, for the generalized higher-order Freud weight (1.1)
satisfies the discrete equation:

1
sz;Zm) — 2By =n+ ()\ + 5) [1—(=1)"], (4.8)
where
VD ¢ ) @)

Alternatively, (4.9) can be written as follows:

Bu

em 1 %
Vi = — J x2m72Pn72(X)Pn(x)w(x) dx + h
—00

[o¢]
J x2"=2P2 (x)w(x) dx.
hn—2 —00

n
Proof. For any monic polynomial sequence {P;(x)},=0, one can always write

dp,

xdx

n
()= Z pnPn—j(x), forn>1,
j=0

with p, 0 =n. The assumption that {P,(x)},>0 is orthogonal with respect to the semi-classical
weight w(x) satisfying the differential equation (2.10) with o (x) = x and 7(x) = 2(tx% — mx®" 4 x +
1) gives, using integration by parts,

°© dP,
pouinsi = X GO (0f) dx

e8] dPn_.
== | P + xS WP d,

o0

where =J P% (x)w(x) dx > 0. Therefore, p,; =0 for any j > 2m + 1 and the symmetry of the

—00
weight implies p;, j = 0 for any j odd. Therefore, we have

dp,
dx

m
X)) =Y puae Puae(x), forn=0. (4.10)
=0

88102207 6L ¥ 705 3 2014 edsi/feuinofBioBuiysiignd/iaposiefos
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Recall (4.6) to write

1 JOO CP2(0)o(x) v = (B + frs1)

L/ S
1 e 2
and p X“Pp—2(x)Pp(x)w(x) dx = Bnfn-1,
n—2 J—oo
and hence,
2
2T B e
Iy )
=2t(Bn + Bu+1) — @1+ 2 +n), if£=0,
2m o0 2m .
Py (x)Pp()w(x) dx — 2t Bufu—1, if€=1,
puoe = -2 ) (4.11)
2m o0 2m .
X P00 (x)Pp(x)w(x) dx, if2<t<m-1,
hn—ZZ o0
2m By - -+ Bu—2m+1, ife=m
0, otherwise.
Take ¢ =0 in (4.7) and note that Cf;"__zz ) — ;(42"12 ”2) BnBn_1 to obtain
2 2 2m—2 2m—2 2m—2
Ci = Bus1(Conys Bura + Chon ™)+ Bu(Cy DBy + Cion ™).
The symmetric orthogonality recurrence relation (2.6) implies that
Pruy2(X)Pu(x) = Py (%) + BuPr1(X)Puy1(x) — Bup1 Pr(),
which gives the relation
2m 2) (2m 2) (2m—2) (2m—2)
11 n+2 But2 + G Cn 1 n+1/3” + Cn+1,n+1’ (4.12)
and consequently, we have
Cont =V L V™ where V™ = Bu(Ba1Cy 2 + Cln' ™). (4.13)

On the other hand, expressions for the coefficients p;5; can be obtained through a purely
algebraic way and therefore expressed recursively. For that, we differentiate with respect to x
the recurrence relation (2.6) and use the structure relation (4.10) to obtain

n+1 dpnfl

() + o= @)

m
Py(x) + Z )On,ZZPn—%(x) =
=0

We multiply the latter by x and use again (4.10) and then (2.6) to obtain a linear combination of
terms of {Py(x)},>0, and this gives

m+1

Pui1(®) + BuPu1(0) =Y (pnt126 — Pu2e + Bupn-120-2 = Bu-2042 Pu2e-2)Pu—2041(%)-
=0

Since the terms are linearly independent, we equate the coefficients of P11, Py, ..., Py_2pu—1 to
obtain
Pno =M,
Pn+12 — Pn2 =2Pn,
Pnt12¢ = Pn2e = Bn—2e42 Pn2e—2 — Pn Pu—12¢—2, forl=2,...,m—1,
Bn—2m Pn2m = Bn Pn—12m, fOI'j =m-—1.

(4.14)

We combine (4.11) with (4.14) to conclude that the first equation (when ¢ = 0) gives

mv P 4y 2m

n+1 —HBn + Bur1) =n+ (A +1),

88102207 6L ¥ 705 3 2014 edsi/feuinofBioBuiysiignd/iaposiefos
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which implies (4.8). [ ]

)

The expressions for Vflz can then be obtained recursively using (4.9), (4.7) and (4.13) to write

VD = (Vi D+ VD) + B+ BV
= BulBn + Bus) (V" + V)
+ Bubur (VIS0 +VELY)
+ Bubu-1Bnr1Bus2Cli - (4.15)
Combining (4.12) with (4.13) gives

@m) 21m) @m=2) . ,(2m-2) @m=2) . <, (2m-2)
V‘ﬂm 7Vnml Bn (Vn-&r-nl V”m ) Bn—1 ( nml +Vn—mZ )

By using the latter relation, we replace the term (8, + ﬁn+1)V£,2m_2) in (4.15) to obtain

V,(qzm) —8, (V(Zm 2 | V(Zm 2 V(zm -2) ) + /371+1V,(12_ml_2)

2m—4 (2m—4 2m—4)
— BusrBuot (VD + VETD) 4 BrsaBuri Bubu1Cly ) (4.16)

Consider n — n — 1 and m — m — 1 in the latter expression, and replace it in (4.16) and this yields

(2m 2) 2m— 2)

Ve - 2m—4
7" ﬂ”( w1 T Va (m)

VERD) + But ua V"D + BB VI
= Bn+1BuBu—2 <V1(12_m2_6) + Vl(12_7113—6))

2, 2m—4
+ Bus1BuBut (Bus1PuaClis Oy + BuaClits 1)

If we replace the term V(zm 4 by the corresponding expression given by the latter relation and

successively continuing the process, then one can deduce the following expressions for V,(qzm) as
follows:

V512) = ﬂnr
v =v® (v, + v + V),
VO = v (v, v v, v v ).

) recursively as stated below. We opted for not
giving the expressions in terms of g, since those are rather long. For m = 4,5, we have

VO v (V) + VIO 4 v ) 1 vIVE VR

n+1
VA VYR (v, 1 v2)

For higher orders, we compute the coefficients V,(12

n+1
and
10) _ @ (1,® ®) ® 6)1,2) 1,2
VO =V (v 4 v+ v )+ vV v,
@ 1 @y,2) @ © @ @y,
+ Vn+1 Vi Vn—l (Vn+2 + Vn—Z) + V11+1V Vn—l
@) o o @ @) 1, @ @
x {(VH + Vn—l) Vn (Vn-H + Vi ) Vn—Z + V;1+2Vn—2} '
Remark 4.5.
(i) For the case when 1 = —%, proposition 4.4 was proved by Benassi & Moro [16], using a

result in [17]. Although it is straightforward to modify the proof presented therein for the
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case when A # — %, we hereby present an alternative approach purely depending on the
structure relation of the semi-classical polynomials.

(if) Equations such as (4.8) for recurrence relation coefficients are sometimes known as
Laguerre-Freud equations [18,19]; see also [6,20-23].

(iii) When m =2, the discrete equation is

1
(oot + o+ Bus) = 20 =n+ (34 3 ) 1= 1) @)

which is dPj, and when m = 3, the discrete equation is

6Bn(Bu—2Bn-1+ B2_1 + 2B1—1Bn + Bu—1Bnt1 + B2 + 2BnBut1
+ B2y + Bus1Bus2) = 2tBu=n+ (A + D1 — (-1)")], (4.18)

which is a special case of dP%z), the second member of the discrete Painlevé I hierarchy.
For further information about the discrete Painlevé I hierarchy, see [24,25]. Equations
(4.17) and (4.18) with t =0 were derived by Freud [18]; see also [5,14]. Further, equations
(4.17) and (4.18) with A = —% are also known as ‘string equations’ and arise in important
physical applications such as two-dimensional quantum gravity, cf. [26-31].

(b) Asymptotics for the recurrence coefficients asn — oo

In 1976, Freud [18] conjectured that the asymptotic behaviour of recurrence coefficients 8 in the
recurrence relation (2.6) satisfied by monic polynomials {P,(x)},>0 orthogonal with respect to the
weight

o(x) = x| exp(—|x["),

withx e R, p > —1, m > 0 could be described by

Bu [r((l/z)mml + (1/2)m)}2/’"

lim )

n—o0 p2/m

(4.19)

Freud stated the conjecture for orthonormal polynomials, proved it for m = 2,4, 6 and also showed
that (4.19) is valid whenever the limit on the left-hand side exists. Magnus [5] proved Freud’s
conjecture for the case when m is an even positive integer and also for weights

w(x) = exp{—Q)},

where Q(x) is an even degree polynomial with positive leading coefficient. We refer the readers to
[32, §4.18] for a detailed history of solutions to Freud’s conjecture up to that point. The conjecture
was settled by Lubinsky et al. in [33] as a special case of a more general result for recursion
coefficients of exponential weights, see also [34]. In [35], Lubinsky & Saff introduced the class
of very smooth Freud weights of order o with conditions on Q that are satisfied when Q is of the
form x*, o > 0. Associated with each weight in this class, one can define a, as the unique, positive
root of the equation (cf. [33, p. 67] and the references therein)

2 J.l 1,5Q' (ans)
n=—| ————=-ds.
TJo 1-s2
Theorem 4.6. Consider the generalized higher-order Freud weight (1.1). Then the recurrence
coefficients B, associated with this weight satisfy

i PrBY) 1 ((m - 1)!)1/"{
(1/2)m

n—oo pl/m 4
Proof. Let Q(x) = %xzm, then evaluating (4.20) yields n:aﬁm(%)m /(m —1)! and the result is
a straightforward consequence of the more general result in [33, Theorem 2.3] taking W(x) =
exp{—Q)}, w = |x|*T1/2, P(x) = %tx2 and ¥(x)=1. [ |

(4.20)
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Remark 4.7. Taking m =2 in theorem 4.6, we recover [1, Corollary 4.2 (ii)] for the recurrence
coefficients associated with the generalized quartic Freud weight |x|2+1 exp(tx2 — x%), which
satisfy

Bn(t; 1) _ L

lim

n— 00 \/ﬁ \/ﬁ'

while, for m =3, the recurrence coefficients associated with the generalized sextic Freud weight
x| exp(tx? — x0) satisfy

lim ﬂn(t})\)_ 1
n— 00 % _360

7

as shown in [3, Corollary 4.8].

5. Generalized higher-order Freud polynomials

(a) Differential equations

The second-order differential equations satisfied by generalized higher-order Freud polynomials
can be obtained by using ladder operators as was done for the special cases m =2 and m =3 in
[4, Theorem 6] and [2, Theorem 4.3], respectively. An alternative approach is given by Maroni in
[8,9].

Proposition 5.1. The polynomial sequence {Py(x)},=0 orthogonal with respect to the generalized
higher-order Freud weight (1.1) is a solution to the differential equation:

dzp, dp,
J@;n) dxz“ (0) + K1) = (0 + L@ )P () = 0,
where
J(x; 1) = XDy (%),
an+l
K(x;m) = Co(®)Di41(x) = x—"= () + Dy (x),
"1
L(x; 1) = W(3(Cry1(x) — Co(x)), Dp11(x) = D1 () ) 5 Do),
j=0"J
with
Cop(6) = —Cu) + E—an(ao
Bn x2
and Dyp1(x)=—x+ Dy—1(x) + —Dp(x) — xCp(x),
,anl ﬂn

subject to the initial conditions Co(x) = —1 + 2(tx% — mx®" + A+ 1), D_1(x) =0 and

m

Do(x) =2x ym Y it WX — tuo(t,4) ¢ -
j=1

(b) Mixed recurrence relations

We first consider the connection formula between the corresponding sequences of generalized
higher-order Freud orthogonal polynomials in the framework of Christoffel transformations
when the measure is modified by multiplying with a polynomial. In our case, the measure is
modified by a quadratic factor.

88102207 6L ¥ 205 % 20l edsi/feuinof BioBuiysijgnd/iaposiefor



Downloaded from https://royal societypublishing.org/ on 26 April 2023

Theorem 5.2. Let {P(x; 1)},=0 be the sequence of monic generalized higher-order Freud polynomials
orthogonal with respect to the weight (1.1), then, for m, n fixed,

xPoy(x; A + 1) = Popt1(x; 1) (5.1a)
and
P, 1(0; 1)
X2Poy—1 (X h +1) = XPay (x5 1) — { Bon(h) + -2t Po (3 ). (5.1b)
P2n71(0’ )‘)

Proof. Let Py (x; 2 + 1) be the polynomials associated with the even weight function:
w(;r+ 1) = xP B exp (tx* — ") =x?w(x; 1), m=2,3,....

The factor x? by which the weight w(x; 1) is modified has a double zero at the origin, and therefore,
Christoffel’s formula (cf. [36, Theorem 2.5], [37, Theorem 2.7.1]), applied to the monic polynomials
Py(x; ) +1),1is

Pp(x; %) Ppy1(6A)  Ppya(x2)
Pu(0;2)  Puy1(0;2)  Pui2(0;4)].

PyO;x) P, 10;x) P, ,(0;2)

1

2
x“ Pyl +1)=
A )= b O, (02— PO )Py (0,0)

Since the weight w(x; 1) is even, we have that Pz,;1(0; 1) =P5,(0;1), while P2,(0;A) #0 and
Py, .1(0;4) #0, and hence,

, 1 Pu(x;1)  Pny1(x;2)  Puyo(x;2)
PPyh+ )= | 0 P2 0 |,
P;,(0; L)P, 0; A
n( ) n+1( ) P;(O; )L) 0 P;q+2(0; )\)
for n odd, while, for n even,
5 1 Py(x; ) Pn+1(x; A) Pn+2(xi)\)
PPyGh+ D)= o P(02) 0 Pupp(0;)].
Pn (O/ )")Pn+1(0/ )") 0 P;/H,l (O, )\) 0
This yields
X2Pu(x;h + 1) = Pyyn (2 1) — anPu(x; 1), (5.2)
where
P 0; 1
%, for n even,
MNP0
n+2\"7
—= " dd.
P07 orno

By using the three-term recurrence relation (2.6) to eliminate P, 2(x; 1) in (5.2), we obtain
xzpn(x; A+ 1) =xPpy1(x6 ) — (But1(A) + an)Pu(x; 2).
It follows from (2.7) that, for n even, B,4+1(2) + a, =0, and the result follows. |

Theorem 5.3. For a fixed m=2,3,..., let {Py(x; 1)}y>0 be the sequence of monic generalized higher-
order Freud polynomials orthogonal with respect to the weight (1.1). Then, for n fixed,

Popy1(x6;2) = Popg1 (A + 1) + Bop(A + 1)Poy_1(; 1 + 1) (5.3a)

and
B2n(M)Ban—1(x + 1P, 1 (0; 1)
P/2n+1 (0; )“)

Pou(x; 1) =Pou(x; A + 1) — Poyo(x; 1+ 1). (5.3b)
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Proof. Substitute (5.1a) into the three-term recurrence relation
Popy1(62) = xPou(x; 1) — Bon(M)Pon—1(x; 1), (54)
to eliminate Pp,41(x; A) and obtain
xPou(x; 1 + 1) = xP2y (x; 1) — Pon(A)Pan—1(x; &)
Let ag, = Py, 1(0;1)/P5,_1(0; 1). Substitute (5.1b) into (5.4) to eliminate Pp,_1(x; 1) and obtain
Bon(A)

 Ban(h) + gy
Simplification and rearrangement of terms in (5.5) yields
(1 _ Ban(X) Bon(X)
Bon(X) + azy Bon(X) + azy,
then, by using the three-term recurrence relation to eliminate xP5,_1(x; A 4+ 1), we obtain
.3211 ()\) ) ( /3211 ()\) >
1—-————— )Py ) =(1— ————"— ) Popy(x; 1 + 1)
< Boun(X) + a2y, an ) Bon(r) + a2y an

,3271()\) ’
- mﬂz”*l(}‘ + 1Py _o(x; 1 + 1),

which simplifies to (5.3b). Substituting (5.1a) into the three-term recurrence relation

XPy(%; A + 1) = xPay(x; 1) (xPan(x; 1) — X*Poy_1(x; A + 1)). (5.5)

> Poy(x;2) = Pou(x; A +1) — xPon—1(G 1 + 1),

Pony1(6 2 +1) =xPoy (A + 1) — Pon(X + 1)P2y1(x; 2 + 1),
yields (5.3a). |

Theorem 5.3 gives the connection formula between the corresponding sequences of
generalized higher-order Freud polynomials in the framework of Geronimus transformations,
the inverse of a Christoffel transformation. For more on quadratic Geronimus transformations
of a weight w(x), where (22 — )v(x) = w(x), see [38]. The generalized Christoffel formula, where
the weight is modified by a rational function, often referred to as an Uvarov transformation,
can also be considered as the Darboux transformation of an integrable system (cf. [37,39]) and
is considered in the framework of Gaussian quadrature rules in [40,41].

(c) Quasi-orthogonality for . € (—2, —1)

Theorem 5.3 yields the quasi-orthogonality of generalized higher-order Freud polynomials for
—2<Ai<-—1

Theorem 5.4. Suppose —2 < A < —1. For each fixed m=2,3, ..., the generalized higher-order Freud
polynomial Py (x; 1) is quasi-orthogonal of order 2 on R with respect to the weight

x[+3 exp (tx2 - xzm), teR.

Proof. Suppose —2 < A < —1, then A + 1 > —1. When 7 is even, we have from (5.3D) that

o0
J P 1)) exp (tx2 - xzm) dx

—0Q0

o0
= J XKPy(x; 1 4 1)/ H3 exp (tx2 — xzm) dx
—00
3 Bu(X)Bu—1(r + 1)P;,_1(0; 1)
Pr1(0:2)

o0
x J Py o6 + 1)xP B exp (tx? — x*™) dx, (5.6)
—0o0
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while, for n is odd, it follows from (5.34) that

o0
J Py )12 exp (tx% — x2™M) dx
—00
o0
=J Py (x; 2 + 1) [P H3 exp (tx2 — x2’") dx
—o0

o0

+ Bulr + 1)J XFPuoa (4 + 1)1 P B exp (2% — x*™) di. (5.7)
—00

Since A +1> —1, it follows from the orthogonality of the generalized higher-order Freud

polynomials that

o0
J Py + DxP FPBexp (2 —x¥) =0 fork=0,...,n—1,
—0oQ

and we see that all the integrals on the right-hand side of (5.6) and (5.7) are equal to zero for
k=0,...,n—3. |

6. Zeros of generalized higher-order Freud polynomials

(@) Asymptotic zero distribution

The asymptotic behaviour of the recurrence coefficients of generalized higher-order Freud
polynomials orthogonal with respect to (1.1), satisfying Freud’s conjecture, given by (4.19), is
independent of the values of t and A. The asymptotic behaviour implies that the recurrence
coefficients are regularly varying, irrespective of ¢ and A. To consider the asymptotic distribution
of the zeros of generalized higher-order Freud polynomials orthogonal with respect to the weight
(1.1) as n— oo, we use an appropriate scaling and apply the property of regular variation as
detailed in [42].

Theorem 6.1. Let ¢(n) =n'/®" and assume that n, N tend to infinity in such a way that the ratio
n/N — €. Then, for the sequence of scaled monic polynomials P, n(x) = (¢(N)) 7" P, (¢(N)x) associated
with the generalized higher-order Freud weight (1.1), the asymptotic zero distribution, as n — oo, has

density
1/2
2m x2 3 x2
=—(1-= Fi|L1—m = —m— 1
an(6) cr(2m —1) < c2> ( Mo = cz)' 6.

where

1 —n\/em
c=2aeY@M  with g = 3 ((m ) ) ,

(1/2)m
defined on the interval (—2a0/@m) g1/ @m)),

Proof. The scaled monic polynomials P, n(x)=(¢(N)) "Pn(¢(N)x) associated with the

generalized higher-order Freud weight (1.1) have recurrence coefficient 8, n(t; 1) = B, (t; 1) /(¢(N )2

Since ¢ : Rt — RT and, for every ¢ > 0, we have

m 20 _ vem
)

where ¢ is regularly varying at infinity with exponent of variation 1/2m (cf. [43]). Since it follows

from (4.6) that
/ VBult; 1) ¢(n) 1/@m)
hm BuN(t;2)= /N g ¢(N) =al

the recurrence coefficients B, N(f; A) are said to be regularly varying at infinity with index 1/2m
(cf. [42, Section 4.5]). From the property of regular variation, using [42, Theorem 1.4], it follows
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0.6

04

0.2

-0.5 0.5

Figure 1. The zeros of P, y(x) (red) for A = 0.5, t =1, m =3, n=N =10 and £ =1 with the corresponding limiting
distribution (6.1) (blue) and endpoints (—2a, 0) and (24, 0) (green).

that the asymptotic zero distribution has density

¢ - -
LJ s1/@m) (Zu —xs_l/(zm)> 2 (Za—}—xs_l/(zm)) 2 ds
i Jo
1/@m) 2\ —1/2
_ m Jl Zm 2 i d]/
art Jo 2ay
am)
_m r - zz(l/z)k x
art Jo Zay
o /1 ¢1/@m)
m (k[ x \* 2m—2k—2
N e o) | e

[e.e]

% x 2k
- anel/ Z 2m — 2k —1 (2a€1/(2m)>
_ m Z (1/2)((1/2) — m); ( x )2"
T am gV Cm) (2 — 1) &= (3/2) —mykt  \2a61/@m)

N m eflr_ 3 ( x ¥
T an@m—ye/em 2\ 20 T Mg T ggetiemy ) )

Figure 1 shows the zeros and the asymptotic distribution according to theorem 6.1.
Figure 2 shows the asymptotic distribution of zeros according to theorem 6.1 for various values
of £.

Remark 6.2. Note that the formula on [42, p. 189, line 22] should be (1/t) f(t](l /s*)
(xs™*)ds.

/
Plp—24,p+2a]

(b) Bounds for the extreme zeros

From the three-term recurrence relation (4.4), we obtain bounds for the extreme zeros of monic
generalized higher-order Freud polynomials.
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0.6

0.2

10 05 05 10

Figure 2. The limiting distribution of the zeros a;(€) for £ = 0.5 (green), £ =1 (blue) and £ = 2 (red).

Theorem 6.3. For each n=2,3,..., the largest zero, x1,, of monic generalized higher-order Freud
polynomials Py (x) orthogonal with respect to the weight (1.1), satisfies

0<x1, < max +/cuPr(tA),
1<k<n-1

where ¢y, =4cos? <L> +¢&,¢>0.
n+1

Proof. The upper bound for the largest zero x1, follows by applying [44, Theorem 2 and 3],
based on the Wall-Wetzel Theorem to the three-term recurrence relation (4.4). |

(c) Monotonicity of the zeros

Theorem 6.4. Consider 0 <Xu2)u <---<Xpn <X14, the positive zeros of monic orthogonal
polynomials Py (x) with respect to the generalized higher-order Freud weight (1.1), where |k] denotes
the largest integer less than or equal to k. Then, for A > —1, te R and for a fixed value of v, v e
{1,2,...,n/2]}, the v-th zero x,, increases when (i) A increases; and (ii) t increases.

Proof. This follows from [2, Lemma 4.5], taking C(x) =x, D(x) =x2, p=21+1 and wy(x) =
exp(—xz’"). [ |

(d) Interlacing of the zeros

Next, for fixed 1 > —1, teR and k € (0,1], we consider the relative positioning of the zeros of
the monic generalized higher-order Freud polynomials {P,(x; 1)} orthogonal with respect to the
weight (1.1), and the zeros of {P,(x; 1 + k), k € (0, 1], orthogonal with respect to the weight

o(;tx) = [x[P 2 exp(tx? — xM), m=2,3,....

The zeros of monic generalized higher-order Freud polynomials {P;(x; 1)} orthogonal with
respect to the symmetric weight (1.1) are symmetric around the origin. We denote the positive
zeros of Py, (x; 1) by

) A A A
0 <X}op <Xy_12n <" <X304 <X 2/
and the positive zeros of Py, 1(x; ) by

A A i A
0 <5 0p41 < X101 <" <X22u41 < ¥ pq1s

noting that x,,41 2,41 =0.
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0.5
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-1.0

Figure 3. The zeros of P;(x; A) (green), P;(x; . + 1) (red) and Pg(x; 1) (blue) for A = 0.5and t =1.

Theorem 6.5. Let A > —1 and teR. Let {Py(x;1)} be the monic generalized higher-order Freud
polynomials orthogonal with respect to the weight (1.1). Then, for £ €{1,...,n —1} and ke (0,1), we
have

Tk A+l
xz+1 om < x@ m—1 < xe -1 <X on-1 < xe 2ns (6.2)
and, for € €{1,...,n},
Ak a4l _
xe+1 o+l < xz 2n < Xgon < Xg2n = Xe 2041 (6.3)

Proof. The zeros of two consecutive polynomials in the sequence of generalized higher-order
Freud orthogonal polynomials are interlacing, i.e.

0 <00 < X101 <Xy_1on <00 <Xy <Xigyq <Xy (6.4)

and
0< xﬁ,Zn < x2,2n+1 <Xqon < <Xy < xi\,2n <X 41 (6.5)
On the other hand, we proved in theorem 6.4 that the positive zeros of generalized higher-

order Freud polynomials monotonically increase as the parameteri increases. This implies that,
for each fixed £ €{1,2,...,n}and k€ (0,1),

A Ak Al
Xeon <Xgon <Xgon (6.6)

and
X uo1 <X o < x?;% 1 6.7)
Next, we prove that the zeros of P, (x; 1) interlace with those of Pp,_1(x; A + 1). From (5.1b),
xXP2u(x; ) — (Ban(R) + P51 (0;2) /Py, 1(0; 2)Pop—1(x; 1)
x2 ’
]

By evaluating (6.8) at consecutive zeros x; =%y, and xpy1
Py, (x; 1), we obtain

Py1(a+1)=

(6.8)

:xy_“zln, t=1,2,...,n—1, of

Pon1(xg; &+ 1)Pop1(xp 41,4 + 1)

_ (Bon(X) + Py, 1(0; 1) /P, 1(0; M)PPy—1(xe; 1)Poy— 1(xz+1,)»)

2.2 ’
XeXe41

since the zeros of Py, (x;A) and Py,_1(x; A) separate each other. So there is at least one positive
zero of Py, (x; A + 1) in the interval (x,x; + 1) for each £=1,2,...,1n — 1 since there are exactly n
positive zeros, and this implies that

1 s A1 A1 A A1 A
0 <50y < S 2n-1 < Xu-12n < X oo < < XZ,JZrn—l <X32n < xl,JZrn—l < X124 (6.9)
Equations (6.4), (6.7) and (6.9) yield (6.2). To prove (6.3), we note that by (5.1a), the n positive
zeros of Py, (x, A + 1) and Py,,41(x; A) coincide, i.e. x;‘;ll = xz ol forte{1,2,...,n}, and the result
follows using (6.5) and (6.6). |

Figure 3 shows the interlacing of the zeros of polynomials orthogonal with respect to the
generalized higher-order Freud weight (1.1) for m = 3 as described in (6.4) of theorem 6.5.
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Figure 4. The zeros of Pg(x; A) (green), Pg(x; X + 0.5) (red), xPs(x; A + 1) (blue) and Py(x; 1) (blue) for A =1.5and t = 2.3.

Figure 4 illustrates the interlacing of the zeros of polynomials orthogonal with respect to the
generalized higher-order Freud weight (1.1) for m = 3 as described in (6.5) of theorem 6.5.

7. Quadratic decomposition of the generalized higher-order Freud weight

We apply known results [45, Chapter 1, theorem 9.1] on the quadratic decomposition of
any symmetric polynomials to this particular case of generalized higher-order Freud weights.
Precisely, if

Pon(x;t,2) =Bu(x%t,1) and  Poyi1(x;t,2) =xR,(x%;,%), foralln=>0,
then from the recurrence relation (2.6), we have

Bup1(x;t, 1) =Ryp1(x; 1, A) + BongoRu(x; t, 1)
and

XRy(x;t, A) = Buy1(x;t, 1) + Bon1Bu(x; t, A),

and this gives second-order recurrence relations for both {B;},>0 and {R;},>0 as follows:

Bui1(x;t, 1) = (x — Pon — Bon1)Bu(x;t, A) — Bon—1PonBu—1(x;t, 1), n=>1,
Bl(x/.t/}"):x_ﬂll BO(x}f/)L):L

and

Ryp1(xt, 1) = (x — Bong2 — Bont1)Ru(x5 £, 1) — Bons1BonRu—1(x;t, 1),
Rl(-x;t/)"):x_ﬁl _ﬁZI RO(x/t/)"):]-

Furthermore, {B;;},>0 and {R;},>0 satisfy the orthogonality relations:
o0
J Bi(x;t, M) By (x; £, M)x* exp(tx — x™) dx = hap(t, )8,
0

and
o0
| " Rt Rt 20 expler = ) dx = s 6 )3z, k=0,
0
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