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Abstract

This thesis focuses on Eigenvector Spatial Filtering (ESF), developed by |Griffith
(2000} [2003)) as a methodology designed to handle general cross-sectional/spatial de-
pendence. ESF uses a subset of eigenvectors from a spatial weights matrix in a linear
regression framework to approximate/control for any spatially correlated terms in the
underlying data-generating process. Thus, ESF has the key advantage that it does
not require the researcher to specify which parts of the model are spatially corre-
lated. This advantage is the main driver behind ESF’s recent increasing popularity
with applied economists. I extend the theory around ESF and its Lasso (Tibshirani,
1996) implementation for the cases when the structural equation being studied in-
cludes and excludes endogenous variables, and demonstrate how the method can be
applied in several empirical applications.

This thesis is comprised of four chapters, the first is a literature review, the
second and third are in econometrics, and the fourth is in environmental economics.
The econometrics chapters propose Moran’s ¢ based Lasso procedures for estimating
exogenous and endogenous right-hand-side regression parameters when the data is

spatially dependent. The last chapter of this thesis uses the procedure proposed in



the second chapter to account for spatial dependence when testing for the presence
of the environmental Kuznets curve for forests.

The first chapter provides a review of some common spatial economic models and
how they are conventionally estimated, an overview of [Kojevnikov et al.| (2021)) limit
theorems for cross-sectionally dependent random variables (used in Chapter 3), and
a summary of penalised regressions with a focus on Lasso.

The second chapter, entitled “Moran’s ¢ Lasso: for spatially correlated models”
provides a theoretical contribution. After an extensive evaluation of existing proce-
dures to select the relevant subset of eigenvectors for ESF, I develop a new selection
method called Moran’s i Lasso (Mi-Lasso). The procedure uses information about
the overall level of spatial dependence present in the underlying data-generating
process, contained in the Moran’s 7, to determine a point estimate for the Lasso
tuning parameter. I derive performance bounds and show the necessary conditions
for consistent eigenvector selection. The key advantages of the proposed estimator
are that it is intuitive and substantially faster than Lasso based on cross-validation
or any proposed forward stepwise procedure. Our main simulation results show the
proposed selection procedure performs well in finite samples and an application on
house prices. Compared to existing selection procedures, I find, Mi-Lasso has one of
the smallest biases and mean squared errors across a range of sample sizes and levels
of spatial correlation. Additionally, through an evaluation of the properties of the
spectral decomposition, I note that ESF can also handle higher-order spatial lags,
which is confirmed in a simulation experiment.

The third chapter, entitled “Moran’s ¢ 2-Stage Lasso: for spatial models with



endogenous variables” also provides a theoretical contribution, is co-authored work
with Dr. Sylvain Barde and Dr. Guy Tchuente. It proposes a new way of esti-
mating a spatial model that includes endogenous variables when the researchers’
main concerns are estimating only the direct effect and/or misspecification of the
spatial weights matrix and spatial model. The proposed procedure uses Mi-Lasso
to select the first and second-stage relevant eigenvectors and then uses the union of
selected eigenvectors as controls in a two-stage least squares regression. The proce-
dure is called Moran’s i 2-Stage Lasso (Mi-2SL). We show the conditions necessary
for consistent and asymptotically normal parameter estimation assuming the sup-
port (relevant) set of eigenvectors is known. Our Monte Carlo simulation results also
show that Mi-2SL performs well when the spatial weights matrix has a high degree
of misspecified links. Our empirical application replicates|Cadena and Kovak| (2016)
instrumental variables estimates using Mi-2SL and shows that Mi-2SL can boost the
performance of the first stage.

Finally, the fourth chapter, entitled “The Environmental Kuznets Curve for
forests: an application of Mi-Lasso” is an application of Mi-Lasso to a hotly debated
question in environmental economics. Does the relationship between a country’s eco-
nomic development (proxied by per capita GDP) and its deforestation rate follow
the inverse U-shaped curve postulated by the classic environmental Kuznets curve
for forests? I use the Mi-Lasso methodology proposed in chapter 2 to account for
spatial dependence of an unknown functional form when testing for the presence
of the environmental Kuznets curve for forests. I find evidence of a non-linear re-

lationship, which in some cases is a more complicated predicted inverse U-shaped



curve, the average peak rate of deforestation appears to be falling with time, while
the income required for the deforestation rate to start falling is increasing with time.
Additionally, I find, that if the spatial dependence is not accounted for, the OLS

estimates of income exhibit an absolute upward bias.
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Notation

I adopt the following notation and conventions: let H be some matrix; I then denote
the (4,7)th element of H as h;;. Similarly, if b is a vector, then b; denotes the ith
element of b. I is an n x n identity matrix and ¢r(-) is the trace operator. If H is
a square matrix, then H~! denotes the inverse of H. If b € R™ is a vector I define
the £, norm of b as [|b||, = (32M_, |bm]9)'/9 for ¢ € N. ||b]|s is the largest element
in b and ||b||y is the number of non-zero elements in b. The support operator is
supp(b) = {k € {1,...,K} : by # 0}. Let A be some set then A is the complement
of A, by is a vector with elements by1{k € A} and H, is a matrix with elements

hij1{j € A} where 1{-} denotes the indicator function.
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Chapter 1

Literature Review

1.1 What is and why do we need spatial econo-
metrics

Spatial correlation or (weak) cross-sectional dependence means there is stochastic
dependence between the cross-sectional observationsﬂ thus, the standard (cross-
sectional) assumption that the observations are independent is violated. If a classi-
cal linear model y = X3 + w is estimated by Ordinary Least Squares (OLS), the
standard errors and/or parameter estimates will be biased and inconsistent. Cross-
sectional dependence can be expressed by following the moment condition (Anselin

2001)

covlyi, y;] = Elyi - y;] — Elyi]Ely;] # 0, for some i # j,

'We will use the term spatial correlation or cross-sectional dependence interchangeably.
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where subscripts 7 and j refer to individual observations, y; is the value of the random
variable of interest. This equation is of interest in a spatial context when configura-
tions of nonzero ¢, j pairs can be interpreted as spatial interactions, spatial structure,
or spatial arrangement of observations.

Spatial models are designed to account for the role of spatial interactions in the
variables being studied. The basic principle of these models stems from Tobler’s first
law of geography “everything is related to everything else, but near things are more
related than distant things” (Tobler] [1970)). Spatial spillovers are often observed
between various types of units and their characteristics. Some examples include
pollution, local tax rates, local public spending, and migration. Other more obscure
examples also exist, such as citizens demands of their government may be affected
by neighbouring countries’ political conditions. In many applications, space is based
on distance. However, it can also be based on other factors such as differences in city

size, population, net migration, production, or political system (Kelejian and Piras,

2017) |

1.1.1 Spatial Data Generating Processes

There are many spatial data-generating processes (DGP) proposed in the literature.
The most commonly used spatial economic model is the first-order spatial autore-
gressive model (SAR(1)), a linear model which includes a spatial lag of the dependent

variable is

2The following discussion on spatial modeling and estimation is based on |Ahrens| (2017) and
(Kelejian and Piras| 2017).
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y=pWy+XpBo+v (1.1)

y= T~ pW) (XB+v) (1.2)

/

where y = (y1,--+ ,y,)" is a n x 1 vector containing the dependent variable, X =

(x1,--- , k) is a n X k matrix of the k covariates (with full column rank), v =

!/

(v1,---,v,) is a n x 1 vector of identically and independently distributed (i.i.d.)
disturbances with the moment condition E[v|X]| = 0 and E[vv'|X]| = ¢*I, 3y is an
k x 1 vector of parameters, and pg is a scalar parameter that describes the degree
of spatial correlation in the dependent variables. The n x n spatial weights matrix
(SWM) W describes the spatial or socio-economic relationship between the cross-
sectional units, w;; # 0 implies a meaningful interaction of units j on unit . In
such cases, unit j is often referred to as a neighbour of unit . These interactions
can stem from various sources, such as spillovers, externalities, geographic location,
regulations, technology, government policy, or government expenditure. The diagonal
wy; is set equal to zero as no unit can affect itself. Wy is typically referred to as the
spatial lag of y.

The reduced form of the SAR model is which assumes/requires the matrix
(I —poW) is non-singular and reveals the outcome of the spatial unit i (y;) is affected
directly by their explanatory variables and indirectly by the explanatory variables of

all other spatial units. Lee| (2002) showed
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E[(Wy)v] = o’tr(W (I — poW)™1).

When p # 0, the term ¢tr(W (I — pW)~!) in generally non-zero, in such cases,
the spatial lag is endogenous. Thus, if is estimated by OLS the estimates
will generally be inconsistent, unless the number of spatial units is not fixed (Lee,
2002). The intuition is that y; can affect y; and y; can affect y;. This phenomenon
is commonly referred to as reverse causality or simultaneity.

The second spatial DGP we will consider is the spatial error model (SEM)EShown

in (3) to (0).

y=XpBo+r,, (1.3)
r=6Wr+v (1.4)
r=(I—-5W) v, (1.5)
y=XB+ (I—5W) . (1.6)

Where the scalar parameter dy describes the degree of spatial correlation in the error
term and (I — §W) is assumed non-singular. The spatial effects in this model stem
from unobservable shocks across units. If variables in X are weakly exogenous, the

parameter vector 3, can be estimated consistently by OLS.

3A less common spatial error process is the spatial moving average process proposed by [Haining
(1978]).
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The properties of the error term r are as follows:

E[r] = (I — 6oW) 'E[v] =0 (1.7)
Efrr'] = (I — W) ' E[vv'|(I — W)™ *

= (I —6W) 'o2(I — W)~ ! £ 021,

The error term 7 is spatially dependent, has a mean of zero, and is heteroskedastic.
Making OLS estimates inefficient (Kelejian and Piras, [2017)).

The third spatial process we will consider is the spatial lag of X model (SLX)
shown in (Vega and Elhorst|, 2015).

y:X,BQ—I—WX’I,ZJO—I—’U, (18)

where the k£ x 1 parameter vector ¥y describes the degree of spatial correlation in
each of the k exogenous variables. W X are spatial lags of exogenous variables, some-
times referred to as ‘Durbin regressors’. The model can include Durbin regressors
to capture local spillovers (externalities) in the exogenous variables (Anselin) 2003).
In this case, the OLS estimates of are consistent (as long as the columns of
W X are linearly independent of X), however omitting Durbin regressors will yield
inconsistent estimatesE] An empirical example of where the SLX model is estimated
is Bloom et al.| (2013)).

It is common in spatial economic modelling to combine these three spatial pro-

4If W is row-normalised, X must not contain an intercept, or the model will suffer from
multicollinearity.
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cesses. When the SAR model is combined with the SLX model, we will refer to this as
the spatial Durbin model (SDM). When the SAR is combined with the SEM, we will
refer to this as the spatial autoregressive model with autoregressive error disturbance
(SARAR) model. The final, the most general model we consider, combines all three
spatial processes and is referred to as the spatial Durbin model with autoregressive
error disturbance (SDMAR). All spatial processes we will consider are nested in the
SDMAR model and can be recovered by setting the relevant spatial parameter(s) to
zero. | assume the weights matrix is the same for the lag of y, X, and u, which does
not have to be the case.

There is a close relationship between spatial models and time-series models. For
example, the time-series autoregressive model (of order 1) is a special case of the SAR
(of order 1) ([1.1)) models as the time-series autoregressive model can be recovered by

setting just the lower sub-diagonal of W' is equal to 1 in the SAR, i.e.

0 0 0 0]
10 0

W=101 0 (1.9)
0 10

However, unlike in the time-series case, spatial data has no natural ordering, and
the elements of the weights matrix are not necessarily binary. It is important to note
that spatial models are generally more complicated than time-series models as all of

the off-diagonal elements of W' can theoretically be non-zero, unlike (1.9)).
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One noteworthy exception when the SAR can be estimated consistently by OLS is
when W is upper triangular, i.e., w;; = 0V ¢ > j as in this case tr(W (I —pyW)™!) =
0, thus’| the triangular structure means the effects are only in one direction, so there
is no reverse causality. This case is theoretically interesting but rarely used in spatial

applications.

1.1.2 Spatial Weights Matrix

The concept of the n x n SWM W was introduced by |Moran| (1948)). In most
empirical applications, the SWM is specified a-priori using observable variables.
Some common examples are; if j is a contiguous neighbour of i, the researcher may
use w;; = 1 and w;; = 0 otherwise. Alternatively, the researcher can use the distance
between the units d;;, in line with the Tobler first law of geography (Tobler| [1970)
d;; is discounted, so closer units get higher values. One typical example is inverse
distance w;; = 1/d,;; other specifications not related to physical distance may also
be used, for example, net migration between units or differences in investment.
Non-distance-related specifications are interesting but possess a key disadvantage
w;; may not be bounded, as the difference between two units may be arbitrarily close
(Kelejian and Piras, [2017). As a standard assumption in spatial econometrics is the
elements of the SWM are bounded, this is a serious issue. Physical distance also has
several other advantages; it is plausibly exogenous (other factors are often arguably

endogenous to the variables being studied). It also gives a symmetric weights matrix,

>When W is upper triangular, I — poW has ones on the diagonal and is an upper triangular
matrix, along with (I — poW)~t. Given W and (I — poW)~! are both upper triangular matrices,
the product of these two matrices have zeros on the diagonal, hence tr(W (I — poW)~1) = 0.
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which has beneficial mathematical properties such as real and mutually orthogonal
eigenvectors, a feature that ESF takes advantage of.

It is difficult to estimate a SWM if the spatial connections of W are unknown.
To illustrate this, take the SAR when py = 1 and write the model as a system of

simultaneous equations;

yi = 0+ wpy + wiys + e + Wiy + B + w
Yo = WY1 + 0 + wys + e + woYn + xHB + v
Yn = WpiY1 + Wp2lY2 + to + Wn(n—1)Y(n—-1) + 0 + ZB/n,@ +  Un.

If we tried to estimate the w;;’s as coefficients V i # j we would be trying to
estimate (n — 1)n + k parameters with only n observations. Thus, if the SWM is
treated as unknown, the model can not be identified (Bhattacharjee and Jensen-
Butler, |2013). This result also holds for other spatial models.

It is also common to row-normalise the SWM before estimations. In such cases,
the spatial parameter p captures the expected change in the outcome of a unit if
all other units’ outcomes change by one unit. Row-normalisation is based on the
implicit assumption that the strength of interaction effects is constant across units.
This assumption may not be valid in some situations. Another possible issue with
row-normalisation is there generally does not exists a single re-scaling factor for the
spatial autoregressive parameters that will yield a specification equivalent to the
specification with the un-normalised weights matrix (Kelejian and Prucha, 2010).

Thus, Kelejian and Prucha (2010) suggest normalisation by a scalar factor ¢, = ¢
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(which clearly can vary with n) i.e. poW = (pic)(W*/c) where W* is the original
SWM. Using a single scalar allows for the recovery of the original autoregressive
parameters (Kelejian and Pruchaj, 2010) and maintains symmetry. Some examples
of normalisation scalar factors are dividing by the maximal of the row or column
sum or the largest eigenvalue.

Lee (2004) showed that the eigenvalues of the matrices (I — poW) and (I —
poW)~1 should lie within the unit circle. A normalised symmetric SWM ensures
this is satisfied. Alternatively, one of the following conditions can also be satisfied
(a) the row and column sum of W and (I — poW)~! should be bound in absolute
value as n — oo (Kelejian and Pruchal, 1998, 1999)) or (b) the row and column sum
of W must not diverge at a rate equal to or faster than the rate of the sample size n
(Leel 2004). These conditions place a limit on the cross-sectional dependence. They
ensure the correlation between two spatial units converges to zero as the distance

between them increases to infinity.

1.1.3 Estimating a Spatial Model

An important feature of spatial models is the concept of triangular arrays, the general
idea is the sequence of observation of the dependent variable and other right-hand-
side variables must be indexed by both order and sample size. Take for example the
SDMAR the solution to this model includes the n x n matrices (I — poW)~! and
(I —5oW)~! which is dependent on the sample size n, this implies that changing the
sample size will change the vector y, even if the model remains unchanged. This is

important as much inference in many spatial models depends on results from large
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sample theory. For this reason variables in spatial models are generally indexed by
the sample size, we acknowledge this fact but suppress the n indexing for ease of
notation and instead remind the reader if a variable or parameter is dependent on n
when relevant.

To estimate a spatial model the researcher needs to explicitly specify an SWM
and the functional form of the spatial process (which parts of the model are spatially
correlated) like those discussed in Section [I.1.1] Once the spatial model has been
specified, the model needs to be estimated. If the model includes a spatial lag of
the dependent variable then there is endogeneity in the model and it needs to be
accounted for. The two most common estimation techniques for such models are

maximum likelihood (ML) and Generalised Methods of Moments (GMM).

1.1.3.1 Maximum Likelihood

The first method for estimating a spatial model of the type described in Section
was Maximum Likelihood (ML) by |Ord| (1975). The spatial ML estimator
hinges on the assumption of normally distributed and .i.d. innovations. When the
innovations are non-Gaussian, the estimator is called the Quasi-Maximum Likelihood
(QML) estimator.

For ML, the log-likelihood is complicated, as the observations are not indepen-
dent, it is not just a sum of individual observations. Consider the SAR(1) model,

2

the estimates of B, p and ¢° are obtained by maximising the likelihood function

L(B, p,0%y, X). Assuming v = (I — pyW)y — X3y is i.i.d. and normally dis-
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tributed, taking logs yields the following log-likelihood function;

/

InL(B,p,o?ly, X) = —EIH(ZW) L +In|I —pW|— Y v,
2 2 202
where | - | is the determinant operator. The Log-likelihood contains the Jacobian

term In |[I — pW| (the determinant of an n x n matrix). This is difficult to handle
computationally, especially when the sample size is large and often has no closed-form
solution (Griffith) 2000)). This problem becomes more acute if the model includes
a spatial lag of the dependent variable and disturbance term (p # 0 and ¢ # 0) as
In|I — pW| and In |I — 6W/| (the determinant of two n x n matrices) both appear
in the log-likelihood function. Several methods have been developed to deal with
this computation issue, such as Ord| (1975)) suggested evaluating the determinant in

terms of its characteristic roots
In|T—0W|=> In(l-0d\).
i=1

Lee| (2004) gives the conditions that ensure asymptotic normality and consistency
of the QML estimator for the general SDMAR model. Violation of the i.i.d. error
assumption results in QML being inconsistent. |Arraiz et al.| (2010) demonstrated
through extensive Monte Carlo simulations that QML is inconsistent in the presence
of heteroskedasticity.

The problem with this method is computational accuracy (Kelejian and Pruchay,
1999). Several other methods which approximate the log Jacobian term have also

been proposed; simulations based approximation (Barry and Pace, |1999), character-
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istic polynomial (Smirnov and Anselin, 2001), and Chebyshev approximation (Pace
and LeSage| |2004).

In response to the computational issues described above for estimating the SAR
model LeSage and Pace| (2007) proposed the matrix exponential spatial specification
(MESS)

eWy = X8, + v, (1.10)

where the scalar o captures the spatial dependence and the matrix exponential
eW =3, ‘;‘—,ZWZ Given the inverse of e®W  e7W always exists (Chiu et al.|
1996)), the reduced form of the MESS model always exists. Thus no constraints
are required on the parameter space of a. The e®"W in the MESS replaces the
(I — pW) in the SAR model. The conventional geometric decay pattern of influence
over space in the SAR is replaced with an exponential decay pattern in the MESS.
As the likelihood function of the MESS does not include the determinant of the
Jacobian transformation matrix, estimating MESS by QML is substantially easier
than the SAR, especially when higher order spatial lags are included (LeSage and
Pace| 2007) [f| Debarsy et al] (2015) find the MESS estimated by QML may also be
robust to unknown heteroskedasticity when disturbances are not spatially correlated

or follow a similar MESS process.

6For higher order SAR models estimated by QML, it is challenging to impose tractable param-
eter spaces (Elhorst et al., 2012)).
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1.1.3.2 Generalised Methods of Moments

The generalised method of moments (GMM) based estimator generalised spatial two-
stage least squares (GS2SLS) was proposed by [Kelejian and Pruchal (1998 1999)) and
is the most popular estimation procedure economists use to estimate spatial economic
models. As highlighted in the previous section, ML is computationally demanding
especially when the n is large. Additionally ML requires strong distributional as-
sumptions over the structural errors. [Kelejian and Prucha (1998, |1999) developed
GS2SLS under the assumption of homoskedastic disturbances for the SARAR model.
Kelejian and Prucha (2010); |Arraiz et al.| (2010)) extended the estimation method to
allow for heteroskedasticity, arguing that the homoskedasticity assumption is often
inappropriate for spatial data. As the size and other characteristics of spatial units
are often heterogeneous. GS2SLS can also be easily extended to deal with endoge-
nous regressors (Fingleton and Le Gallo|, 2008]). The key advantages of GS2SLS over
ML are; (a) computationally less demanding; (b) can allow for heteroskedasticity; (c)
allows for the inclusion of endogenous regressors; (d) does not require distributional
assumptions of the disturbance term.

To demonstrate how the procedure works, I will use the SARAR model[]

y=pWy+XgB+r=2¢+r, (1.11)

r=0Wr-+o, (1.12)

where Z = [X,Wy] and ¢ = (@,p). Assuming E[v;] = 0, E[v?] = ¢ V i

1

"For the full set of model assumptions, please see Kelejian and Prucha| (2010); Arraiz et al.
(2010).
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and E[v;v;] = 0V i # j. GMM-based techniques allow for heteroskedasticity and
non-Gaussian errors but still assume the observations are independent. Estimation
requires an instrument matrix H, which must satisfy two necessary conditions, the
instruments (1) are orthogonal to the error term (the exclusion restriction), and (2)
must be correlated with the endogenous regressor (the relevance condition). Kelejian
and Prucha (1998)) assume |p| < 1 holds so they can use the standard expansion of
Debreu and Herstein! (1953)) to rewrite the spatial operator (I —pW)~! as the limit

of the infinite sumE]

(I —pW) L= p"WO 4 o'W+ p°W?2 . (1.13)

Allowing them to rewrite the conditional expected value of y as

Ely|X] =T +p'W'+p*W?+..)X3.

This suggests
X, WX, W2X, W3X,..., WX,

as valid instruments. An implicate assumption of this procedure is §; # 0. Identi-
fication requires the rank of H to be at least £ + 1. However, to avoid instrument
proliferation, [ is typically set to 1 or 2 (Arraiz et al., 2010).

The estimation procedure works as follows. The first step is to estimate ¢ by two-

stage-least-squares (2SLS) using H as instruments and ignoring the error structure.

SN.B. p°W?° = I.
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The 2SLS estimator of ¢ is

Costs = (Z' Py Z) "' Z' Pyy,

where Py = H(H'H)"'H'. &2513 is a consistent estimator of ¢, however the
estimates will not be efficient unless 6 = 0.

If § # 0 the second step is to estimate ¢ using inefficient GMM, based on the
2SLS residuals 7 = y — Zé’zsls. The GMM estimator uses the following moment
conditions (Kelejian and Pruchal, 2010)

n E (W) (Wo)'| = e (W [diag, (E[v)] W), (1.14)

n ' E[(Wwv)v] = 0.
If homoskedasticity is assumed n~! E[v'v] = 021, (.14) becomes ]
n 1 E[(Wv) (Wv)] = o’*n tr(WW').

Substituting © = 7 — W for v gives the sample moment condition of the initial
and inefficient estimator of d, denoted 4. Consistency of 6 under homoskedasticity
and heteroskedasticity is proven in (Kelejian and Prucha;, [1998) and Kelejian and
Pruchal (2010)).

Step three a|Cochrane and Orcutt| (1949) type transformation is applied to ((1.11))

and (T.12), by pre-multiplying (T.11)) and (T.12) by (I —0W). 2SLS is then applied

9This gives the moment condition from Kelejian and Pruchal (1999).
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to

Y; = Z;C + v,

where y; = (I — W)y and Z; = (I — dW)Z. The GS2SLS estimator of ¢ is

Cososts = (Z; P Zs) "' Z} Prry;.

Step four, efficient GMM estimator based on & = y — Zz’gsgsls is used to estimate
0, the GS2SLS residuals are used for the efficient GMM weighting matrix.

GS2SLS is proven to be asymptotically efficient and has similar small sample
properties to ML (Kelejian and Pruchal 2010). Even when an optimal GMM estima-
tor is used, the limiting distribution is the same as the ML estimator (with normal
disturbances), and identification of spatial parameters can still be an issue, espe-
cially when considering models with higher-order moments (Lee, [2007)). Breitung
and Wigger| (2018) note there is a close relationship between the ML and Kelejian
and Pruchal (1999) GMM estimator, as they derive a GMM estimator that uses a
moment equations based on a second-order approximation of the ML scores and finds
their proposed estimator yields similar moment conditions to |Kelejian and Prucha
(1999) and this explains why both estimators typically perform similarly in applied
research.

Other GMM-based estimators have also been used to estimate spatial models.
Jin and Lee (2018) extend the MESS model to include endogenous variables and

spatial lags of the exogenous variables and propose estimating the model by nonlinear
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two-stage least squares (N2SLS)F_UI They find when the coefficients of the endogenous
variables and spatial lags of the exogenous variables are non-zero (in the true model),
N2SLS has the /n-rate of convergence and is asymptotically normal. However, when
coefficients of the endogenous variables and spatial lags of the exogenous variables
are zero, N2SLS becomes irregular as it has a slower than y/n-rate of convergence
and is asymptotically non-normal.

Breitung and Wigger (2018) propose a GMM-based estimator that uses a single
quadratic form moment equation (i.e., just identified) to estimate an SEM, SAR,
and SDM. As the proposed estimator uses just a single moment condition, no GMM
weights matrix is required. The proposed moment condition stems from a first-order
approximation of the ML scores. They also find the proposed estimator is robust to

heteroskedastic and non-Gaussian errors.

1.1.3.3 Spatial Parameter Identification and Robustness

For the SARAR model, spatial parameter identification of dy and pg is not possible
when the SWM for the error is the same as for the dependent variable and parameter
vector By = 0, due to the likelihood being perfectly symmetric for § and p (Kelejian
and Piras, 2017). However if By # 0 then §y and py can be identified. A common
mistake many researchers make is to assume the identification condition restricts
either § or p to be equal to zero. However, this may not be the case, as the correla-
tion patterns could be richer than those implied by either the SEM or SAR models

(Kelejian and Piras, [2017)).

10N2SLS is a GMM-based estimator.
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Gibbons and Overman (2012)) note that when applied researchers estimate spatial
models, they implicitly assume the functional form is known and use data-driven
model comparison techniques to select models. They argue that in many cases, such
an approach yields, at best, only very weak identification of causal effects. Many
of the consistency proofs for the methods described so far require the assumption
that the estimated spatial economic model is the true DGP. For example, |Lee| (2004))
shows the consistency of QML under the assumption that that estimated spatial
economic model is the true DGP.

Gibbons and Overman (2012) also argue that identification by powers of W
typically results in weak identification; the degree of collinearity between these often
lags is high as they are simply weighted averages of x; in some neighbourhood of
1. Despite being nested, each of the spatial models discussed so far could imply a
very different underlying economic process is at work. Thus, Gibbons and Overman
(2012) argues comparison of these models may not always be valid. They suggest that
researchers use the experimentalist paradigm instead, where a satisfactory strategy
must use theoretical arguments or informal reasoning to justify that the source of
exogenous variation can identify the parameter(s) of interest.

Historically, applied researchers have generally focused on specifying the SWM
rather than the empirical spatial structure (LeSage and Pace, 2014). A typical
robustness check in the applied spatial economics literature is to test how sensitive
the estimated parameters are to different SWMs. When estimates are found to be
sensitive to the choice of SWM, researchers have attributed this sensitivity to the

choice of SWM, however as [LeSage and Pace| (2014) show, as long as the SWMs are
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reasonably well correlated, the results should not be overly sensitive to the choice of
SWM. Implying the observed sensitivity is driven by model misspecification rather
than the SWM choice. Thus, [LeSage and Pace| (2014) argue that researchers should

focus on the model specification rather than finding the ‘ideal” SWM.

1.2 Spatial Filtering

The spatial filtering literature aims to eliminate spatial autocorrelation patterns
rather than directly estimating any spatial parameters. |Getis and Griffith| (2002)
outline two non-parametric methods to spatially filter data. The first method pro-
posed by |Getis| (1990) decomposes a data series into non-spatial and spatial series.
The procedure depends on finding an appropriate distance d within which nearby
units are spatially correlated and then calculating how much each unit contributes
to the spatial dependence in the variable of interest. This method is based on the
local spatial statistic Getis G; statistic (Getis and Ord, 1992)[1] The formula for the

Getis G; statistic is:
n
> i1 Wij,dT;

Z;:l z;

where w;j 4 = 1 if units ¢ and j are within the cutoft distance d and zero otherwise.

The filtered observation (z;) is give by:

' [ i1 wija/ (n —1)]
T = G : (1.15)

1A local spatial statistic gives a statistic for each spatial unit z;c,, of a variable x.
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The intuition behind is it compares the observed value of G; with its expected
value, [» 37, wija/(n —1)]. If these are the same, i.e., no spatial autocorrelation, the
filtered observation is the same as the unfiltered, 2; = z;. If G; > [Z?Zl wija/(n—1)]
the difference between z; and z; is positive, which indicates spatial autocorrelation
among high values of  and vice versa. This methodology has two major disadvan-
tages; it can only be used on non-negative data, and each variable has to be filtered
separately pre-regression.

Griffith) (2000) proposed a second, more versatile procedure called eigenvector
spatial filtering (ESF) based on a spectral decomposition of a transformed SWM
matrix, eigenvectors from the decomposition are used to filter or approximately de-
stroy any terms involving the SWM. The second approach has become much more
popular with applied researchers as it has several key advantages. It allows for both
positive and negative spatial correlation, can be applied to both exogenous and en-
dogenous variables in systems of equations (Tiefelsdorf and Griffith, [2007), and is

agnostic to the underlying functional form of the spatial process.

1.3 Cross-sectional dependent limit theorem

An essential concept for deriving limit theorems of cross-sectionally dependent ran-

dom processes is a triangular array, which takes the form
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T1,1
T2,1,L22

£3,1,232,133

Ty Tn2, s Tpn

A row-wise i.i.d. TA x,,1,%p2, -+ , %, are mutually independent and have the
same distribution. But, x,,; and 41,1 can have different distribution. These depen-
dent processes are defined on a common probability space (¥, F, P) where V¥ is the
sampling space (i.e., a set of all possible outcomes), F is a set of measurable events
and P is a probability function from the sample space to [0, 1].

Now we provide a summary of Kojevnikov et al. (2021)) limit theorems for cross-
sectionally dependent random variables, where the dependence stems from a net-
work/spatial structure. Kojevnikov et al. (2021) extends |Doukhan and Louhichi
(1999) notion of t-dependence for temporal data to cross-sectional data. Model-
ing cross-sectional dependence requires assuming a certain metric on N,, = N =
{1,...,n}. Consider an undirected network G,, = G on N where G = (N, E) and
E C {{i,j} :i,j € N,i# j} denotes the set of links. d;; is the distance between i
and j in G, (i.e., the length of the shortest path between nodes i and j given G) is

a metric on the set V.
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They define cross-sectional dependence as a stochastic dependence pattern of
random variables determined by the distance d in G. Let N;, ={j € N : d;; <r}
(set of the nodes within the distance r from node i) and Nf. = {j € N : d;; = r}
(set of the nodes exactly distance r from node 7).

Now consider the triangular array of random vectors {y;n}ien, Yin € R” (for
simplicity denote the {y;}), laid on a network G, defined on a common probability
space (U, F,, P). Further, let C,, C F,, be a sub-o-field and assume {y;} is weakly
dependent given the sequence {C, },>1 = {C}. Specifically, consider two sets of cross-
sectional units (of size a,b € N) with a distance between each other of at least r > 0.

Let P, denote the collections of all pairs
Pavr ={(A,B): A,BC N,|A|=a, |B| =0b, dap >},

with d4 p = min;ea jepd; ; and let L, , denote a family of real values, bounded

Lipschitz functions
Loa={f R 5 R:||f|lec < o0,Lip(f) < oo},

with Lip(f) denoting the Lipschitz constant of f. The functions in £, , are Lipschitz

with respect to the distance

da(Q7K) = Z ||ql - kl||27
=1
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where Q = (q1,...,49.), K = (ky,...,k,) are points in ]vaa. Additionally for
cach set A C N let ya = {y;, : i € A}. They assume there exists a sequence of
o-fields {C} that for each n > 1, the adjacency matrix A of graph G is C measur-
able. The exact definition of 1) dependence used by Kojevnikov et al. (2021)) is, the
triangular array {y;, = ¥;}ien, Yin € R is called conditionally ¢-dependent given
{C, = C}, if each n € N there exists a C-measurable sequence u = {i,,, : 7 > 0},
to, = 1 a collection of non-random functions ¥, p : L, X L, — [0,00) such that

for all (A, B) € Pup, withr >0 and all f € L,, and g € L,

| Cov(f(ya), 9(yB)IC)| < Yap(f g)pr  a.s. (1.16)

The sequence (i, = i, is the dependence coefficients of {y;}.

The idea is by conditioning on the sub-o-field C that generates the cross-sectional
dependent of the triangular array {y; }, the dependence becomes substantially weaker.
Kojevnikov et al. (2021) view C as a ‘common shock’ that stems from characteristics
or actions of central nodes that affect the other nodes through their many links. They
are essentially viewing the observed network structure as a realisation of a stochastic
network formation process, and by conditioning on the o-field that generated this
process, they can treat the observed network structure as fixed.

For their limit theorems, the first key assumption they make is that the triangular

array {y;} is conditionally t-dependent given {C} with the dependence coefficients

12The Lipschitz constant for a function f : R"** — R is the smallest constant C' such that
(@) — f(K)| < Cdu(Q, K),V Q, K € RV .
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{p} satistying the following conditions. For some constant C' > 0

Yap(f, h) < Cab(||f]lee + Lip(f)) (gl + Lip(g)) (1.17)

and sup,,>; Max,>1 f, < 00 a.8.

For their (strong) law of large numbers (LLN), they set v = 1 without loss of
generality (w.l.o.g) as the LLN is applied element-by-element in the vector case.
For their LLN, they require two additional assumptions. The first is the following

moment condition, for some p > 1

sup max(E[|y;|?|C])/? < 0o a.s.
n>1 €N

and the second is

n Y 6t —as. 0, (1.18)

r>1
where 67 = n' )", |N&] is a measure of denseness of the network. Equation
puts a restriction on the rate of decay of dependence and the denseness of the
network with respect to the network distance. An example of where this assumption
could fail is if one unit is connected to all other units (the star network is an example
of such a structure).

Under these three assumptions Kojevnikov et al.|(2021)) derive their (strong) LLN

(Theorem 3.1)

|+ S -Ewic)

1EN

—a.s 0.
1

Their central limit theorem is for a sum of random variables that are conditionally
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Y-dependent. Let 02 = 0 = Var(b|C) where b=b, = Y ,.y Ui

To derive their central limit theorem, they replace the second and third assump-
tions of the LLN with more restive assumptions. For the moment condition they
require p > 4 (i.e. at least the 4th moment of y; is finite) and there exists a positive

sequence m, = m — oo such that for k = 1,2

n o~ 1_ 24k
E P
O'2+k Cr om;k Hr —a.s. 07
r=0
2, 1-1/p
n=m
p —a.s. 07

where

. Ja —1/a
Crm;k = g;fl [Ar,m;ka} ' [676},04/(1*04)] o ’

A'r,m;k =n"" Z ax |Ni,m/Nja7'—1|k7
jENZ

ieN IS
d 712 d |k
57‘,]6 - ‘Ni,r| )
1EN

and p > 4 is as same as in the moment condition, as n — oco.

Under these regularity conditions and E[y;| C] = 0 a.s. they show as n — oo

sup

teR o

P{EgﬂC}—éﬁﬂﬁwﬂ>

where ® denotes the distribution function of N(0,1).

2

Now suppose 02/(nv?) —4, 1 as n — oo where v? is a random variable that is

D measurable and D is a sub-sigma field of C,, for all n > 1, then b/y/n converges
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stably to a mixture of normal random variables.

1.4 Regularisation in Spatial Models

Regularisation methods have recently become popular in the spatial econometric lit-
erature. When conventional estimation techinques such as OLS or GMM do not work
well, regularisation methods can be used instead.[zg] For example, ridge regression is
a regularisation method used to address near-perfect multicollinearity (Hastie et al.|

2009).

1.4.1 Penalised Regressions

One of the most popular regularisation techniques in the spatial econometric lit-
erature is the least absolute shrinkage and selection operator (Tibshirani, (1996,
Lasso). Lasso is a special case of constrained regressions and penalised re-
gressions (1.20]). Lasso’s popularity stems from the fact that it is capable of both
variable/model selection and parameter estimation while also being computationally

tractable.

%nHy—XﬂH% subjectto B e C, (1.19)
EP

in ||y — X85+ P 1.20
min [ly — XB|I; + P(8), (1.20)

13Regularisation is when some regularity conditions are imposed on the model to overcome a
problem.
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where ||y — X B||2 is the OLS loss function[l] C' is some set and P(-) is some penalty
function. Typically the constraint set C' is chosen to be a sublevel set of a norm (or

semi-norm) and P(:) to be a multiple of a norm (or semi-norm). Thus, (1.19)) and
(1.20) can be rewritten as

p
i — X33 bject t 19 < h 1.21
min [ly = XBI[;  subject to ;IM <h, (1.21)
p
i - XA |7 1.22
min [|y BHQWZ;W , (1.22)

where h and 6 > 0 are tuning or regularisation parameters and ¢ > 0. ¢ = 1,2
corresponds to the ¢; norm and ¢ norm.

It is also possible to use the ¢y = [|B]|o = >_5_, 1{f; # 0} norm, which counts the
number of non-zero elementsﬂ Using the ¢y norm as the penalty is referred to as
best subset selection (BSS). BSS aims to find the subset of h regressors that produces
the best fit in terms of squared error. For BSS, h is a positive integer and is fixed
in advance. The smaller h, the sparser the solution. A sparse solution means that
most elements in B are zero. BSS is a minimization over all subsets of size h, which
is an NP-complete problem and thus, computationally infeasible to solve (Foster and
Georgel, 1994)).

BSS can be approximated in two ways: as a greedy approximation or a convex

relaxation. The former leads to forward stepwise regression (iteratively adding vari-

14Tt also is possible to use other loss function, the GMM loss function is a common alternative.
5Technically, the £y norm is not a norm as it does not satisfy positive homogeneity, ||aB||o #

al|Blo V a #1,0.
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ables using some selection criterion). However, forward stepwise regression is still
difficult to solve as different perturbations will often lead to different results. The
latter leads to the Lasso.

Penalisation based on the ¢; norm (¢ = 1) is called Lasso. Lasso can be con-
sidered a convex relaxation BSS of Lasso as ¢ = 1 is the smallest value ¢ can take,
and the optimisation problem is still convex. As the Lasso shrinks many of the
coefficients to ‘exactly’ zero, the procedure can still be used for variables selection
(Hastie et al. [2009). For Lasso, due to Lagrangian duality, there is a data-dependent
correspondence between the penalty parameter # and constraint parameter h.

Another common penalty is the 5 norm (¢ = 2) and is referred to in the literature
as ridge regression (Hoerl and Kennard, [1970). For ridge regressions, there is also
a data-dependent correspondence between the penalty parameter 6 and constraint
parameter h. Ridge regressions shrink the coefficients towards zero, but all the
p coefficients will remain non-zero. The ridge regressions optimisation problem is
strictly convex (assuming 6 > 0). Thus, the ridge regressions solution is always well

defined with the closed form
Bridge = (X/X + eIk)_:lX/y'

Ridge regression is a regularisation technique commonly used in the data science
literature to correct for near-perfect multicollinearity or when the (re-scaled) Gram

matrix X’'X /n is unstable.
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Figure 1.1: Geometry of Lasso and Ridge Regression

Note: Contours of error and constraint functions for Lasso (left) and ridge
regression (right). The solid blue areas are the constraints for |81]|+|82] < h
and ﬁ% + ﬁ% < h, while red ellipses are the contorts of the residual sum of

squares. [3 is the OLS estimate of 8. Based on Figure 3.11 of |Hastie et al.
(2009).

1.4.1.1 The Geometry of Different Norms and Semi-Norm

To get a better idea of how Lasso shrinks coefficients to ‘exactly’ zero and ridge
toward zero, we present Figure [I.I which shows the geometry of ridge and Lasso
regression for the case when k = 2. The ridge constraint is a circle (has no corners)
and gives constrained estimates (compared to the OLS estimate) but non-zero coef-
ficients. In comparison, the Lasso constraint is a polytope (in this case, a diamond
shape). Thus, the solution hits a vertex (corner) of the constraint and constrains
one of the coefficients estimates to exactly zero (5’1 = 0), and the other is non-zero
(Bg # 0). For Lasso, when k > 2, the diamond becomes a rhomboid and has many

faces, flat edges, and corners. This creates substantially more opportunities for es-
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Figure 1.2: Constraints of Some of Norms and Semi-Norms

q=4 q=2 g=1 q=0.5 q=0.1
| | | |
| | | | |

Note: Constraint function of constant value of Zle |Bi|? for a given g with
k = 2. Based on Figure 3.12 of |Hastie et al.| (2009)

timated parameters to be zero (Hastie et al., 2009). This is the intuition as to why
Lasso yields a sparse solution, and the ridge solution is not sparse.

Figure shows the constraint function for several values of ¢q. This shows
when ¢ < 1, the constraint has corners, so the corresponding estimator will be able
to perform model/variable selection. However, as was previously mentioned, the

problem is no longer convex when ¢ < 1, so it is hard to solve.

1.4.1.2 Lasso for Variable Selection

The critical assumption of Lasso is the sparsity assumption. To understand this

consider the following linear regression

y=XB+wv. (1.23)

Additionally, assume that the cardinality of the active set is s := Zle 1{p; # 0}
(number of non-zero coefficients). A model is typically considered sparse if s is small
relative to k. Lasso aims to identify the active set s. Of all the norms (and semi-
norms) that could be used for variable selection, Lasso is the most computationally

tractable.
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Lasso, as a variable selection technique, has the key advantage of handling both
low-dimensional and high-dimensional data. The low-dimensional case is defined as
the case where the number of parameters k is less than the sample size n (k < n).
In contrast, the high-dimensional case is defined as where the number of parameters
k is greater than the sample size n (k > n). When k > n, the OLS estimation is
infeasible as the matrix X’ X /n is rank deficient. However, when k is large relative
to n, variable selection is difficult, as hypothesis testing tends to lead to many false
positives. Under the assumption the coefficient vector 3 is sparse, Lasso can handle
k >> n. [Tibshirani (1996)) argues that sparsity benefits the model interpretation of
Lasso.

Large k models are common in economic application (Belloni and Chernozhukov,
2011). Some examples include regional or cross-country growth regressions where
the number of covariates is large and the number of regions or countries is small, the
‘many-instruments’ case in instrument variables models["| and for model selection

where there are often a large number of competing models.

1.4.1.3 Performance of Lasso

The penalised form of the Lasso problem in vector norm notation is

By € min ||y — X B3 + 0/ (1.24)
BER

Equation ((1.24) defines a family of estimates indexed by the tuning parameter

16The definition of ‘many-instruments’ is when the number of instruments z is large relative to
n but with z < n. The case where z > n is called ‘very-many-instruments’.
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6 > 0. [ If § = 0 the Lasso solution reduces to the OLS solution and § — oo
yields a null vector. More moderate values of # will result in some parameters being
shrunk towards zero and some to exactly zero. Thus, the choice of 8 will ultimately

determine the estimates 39.
Cross-Validation

The conventional way to select the tuning parameter 6 is to choose a value that
optimises out-of-sample prediction performance. The expected mean squared pre-
diction error (MSPE) is a common way to measure the predictive performance of a

model. The MSPE of ([1.23]) can be decomposed into (Hastie et al., 2009)

E[(y — y)°] = Bias(g)* + Var(y) + Var(v),

where Bias(9)? := (E[g] —y)? is squared bias and 4 the estimate of the dependent
variable. This shows that as Var(v) is the unavoidable error, the MSPE is a trade-off
between the bias and the variance. Under the Gauss-Markov assumptions, it is well
known that OLS has the lowest variance of all unbiased linear estimators[™]

It is important to note that the estimator that minimises the MSPE will not nec-
essarily be unbiased. The Lasso estimator is biased as the ¢; penalty is biased towards
zero. However, Lasso can still outperform OLS, at least in terms of MSPE. This can
occur because the ¢; penalty reduces the number of covariates, which decreases the

variance while increasing the bias (Hastie et al., 2009).

179 < 0 yields an non-unique solution.
18the Gauss-Markov assumptions are linearity (implied by (1.23))), exogenous covariates and
spherical disturbances (E[vv’|X] = 021I)
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Given that the prediction error is unobservable, the conventional approach uses
K-fold cross-validation (CV) to estimate MSPE (Hastie et al., 2009). The general
idea is the MSPE is used to assess how one model performs relative to alternatives.

The general K-fold CV algorithm to select 6 works as follows:

1. Divide the n observations randomly into K approximately equal groups (folds)

denoted Fi,..., Fik.
2. Fork=1,...,K:

(a) [} is the validation data set, and the remaining K — 1 groups form the
training data set.
(b) For each value of the tuning parameter € {0y, ...,0,,} estimate B_,(6),

where B_k is an estimate of 3 using the training dataset.

3. For each value of # compute the average MSPE over all the folds

VO =33 (w—#iB40)]

where x; is a vector of explanatory variables associated with observation i.

4. Tterate over the values of 6 to find to the 6 that minimises C'V'(#).

When K = n, the procedure is referred to as Leave-one-out Cross-Validation. It is
common in applications to set K = 5 or K = 10 as the procedure is computationally
cumbersome (Hastie et al., [2009)).

Theoretical Properties
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The theoretical properties of Lasso can be measured in terms of performance
regarding parameter estimation and performance in terms of recovering the support
of the true parameter vector By. In the following, subscript 0 is used to denote the

true vector or value.
Non-asymptotic performance bounds

The predictive performance of Lasso is generally measured by the ¢, prediction
norm || X (8o — 3)/v/7|2. In contrast, ||Bo — B||2 or ||Bo — 8|1 measure the loss from
the estimation of the parameter vector.

The majority of the literature on (non-asymptotic) performance bounds of Lasso
does not consider # being selected by CV[] The bounds are developed based on
assumptions about the choice of penalty and conditions on the regressor Gram matrix
X'X /n, 0 is treated as a random variable. For simplicity, I assume the matrix X is
non-stochastic.

The bounds are developed from the fundamental inequality (1.25]), which stems

from the fact that 8 minimizes the Lasso objective function.

ly — XBll3/n + 6118l < Ily — X Boll3/n + 6] Bollr- (1.25)

Let A := 3 — By and rearranging (1.25) yields

I XAl3/n < 20/ XA /n+6(||Bo| 1y —118])- (1.26)

The following discussion is based on (Hastie et al., 2015, Chapter 11), (Biihlmann and Van
De Geer}, 2011, Chapter 6) and |Ahrens| (2017]).
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The term 2v'X A/n is often referred to as the ‘empirical process’ part of the
problem, captures the ‘random’ part of the problem and by the Hoélder inequality
with (o and ¢; norms, |v' X A| < [|v/X||«||A||;. The idea behind the penalty is it

should dominate the ‘random’ part of the problem,

2| X |0/ < 6, (1.27)

this is based on the (arbitrary) assumption 6 > 26, where 6, is the true value of
6 (Bihlmann and Van De Geer, [2011)).
The second right hand side term in (T.26)) can be re-written using ||Bg |1 = ||Ag|h

1Bolly = 1811 = [1Bolls = (1Bl + [1Bal1) = [1Bolls = (IIBallx + [1Ag]11),

where the €2 := supp(8y) is the active set and Q) is the complementary set. Using

li—[|Aql|: and given ||Boall1 = ||Bol|1,

the reverse triangle inequality ||Balls > ||Bo.q

we have

[1Bolls = 11811 < 118olli — (1Bl + [1Agll1 = [1Acll) < [|Aqlh —[[Ag]h,
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Thus, ((1.26)) reduces to

I XA|5/n < 01| Al +0(]| Aally = [[An]h) < 26]|Aq]|s (1.28)

< 20+/5[|Al]5, (1.29)

where uses the fact that ||Ag||; < v/5||Alls. From here in the low dimen-
sional (k < n) setting, when the Gram matrix is well behaved it is relatively simple
to derive bounds the prediction norm || X Ally/y/n and parameter norm [|A|[,. As
in the case the Gram matrix X’X /n is positive definite so the smallest eigenvalue

will be positive; that is,

. [IX AL

min  ———— > 0,

AcrR:ax0 ||All2

so we can substitute for either |[XA||y/y/n or ||All;. In contrast, in the high

dimensional setting, the Gram matrix will be rank-deficient, and the smallest eigen-

value will be zero. This is because rank(X) = rank(X’'X) < min(k,n), which can
be written as

I XAl

min ———— = 0.
ACRF:AA£D HAHz

In this case, the OLS assumption that the regressor matrix has full column rank

has to be weakened. |Bickel et al.| (2009) proposed the restricted eigenvalue condition
(RE)
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XA A
min = S22 50, Dla, Q) = {A € R ||Ag]li < col|Aalli},
" acDleo.) Vil Al (c0,€2) =4 1A8a[l1 < col[Aallr}

(1.30)
where cg > 1 is a constant and 7,,;, is the minimum restricted eigenvalue. The
minimum is now over the restricted set D(co, 2). Assuming 6 > 0 and using (1.28))

we have

0 < 0|A[] +0(||Aqll — ||Aglh)

1Agllr < [A[l + [|Aally < 2[Al].

Thus, assuming ((1.27)) Lasso satisfies A e D(cy, ) for ¢g = 2.

There are many variants of the RE conditions, for example, the Compatibility con-

dition of Bithlmann and Van De Geer| (2011)), Belloni et al.| (2012), and

et al| (2021). Bihlmann and Van De Geer| (2011)) and |[Hastic et al.| (2015)) give

a comprehensive review of RE and related conditions and show the RE condition

holds under fairly general conditions. One sufficient condition is, the appropriate

sub-matrices of n~! X X are invertible (Bickel et al., [2009).

Assuming the non-stochastic matrix X satisfies ((1.30]) and the event ({1.27]) holds
with high probability then 7,,;, can be substituted into (1.29)) to derive the following

{5 prediction norm and ¢, parameter norm,
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1X(3 — Bo)llafvn < 225 (1.31)

min

18 = Boll> < 27_92‘/5. (1.32)

min

Importantly for the above inequalities to hold, the penalty must be chosen so it
dominates the term 2||v' X || /n with high probability. Given v is unobservable, the
question remains, how to ensure the event holds with high probability? The
most common approach is to assume v is i.7.d. and sub-Gaussian, derive the distri-
bution of ||v'X||s/n and then select the penalty parameter accordingly? Belloni
et al.| (2012)) weaken the assumption of Gaussian errors to allow for non-Gaussian
and heteroskedastic errors by using |Jing et al.| (2003) moderate deviation theory for
self-normalised sums to derive the smallest penalty that ensures that holds as
n — oo.

Chetverikov et al.| (2021) develop (non-asymptotic) performance bound of Lasso
with 6 estimated by CV in the high dimensional setting. Similar to the RE, they
impose conditions on the regressor matrix X that ensures that the eigenvalues of
the population Gram matrix E[X’X] are bound away from zero (Chetverikov et al.
(2021) Assumption 1) and find under some additional regularity conditions when the

conditional distribution of the disturbance term v is Gaussian

n

HB — Boll2 = Op( slogk X \/log(lm)).

20For example see Lemma 6.2 in Biihlmann and Van De Geer| (2011).
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The term /slogk/n represents the optimal rate of convergence, and the CV

Lasso estimator attains this rate up to a small \/log(kn) factor.
Model selection performance

It is important to note consistent parameter estimations and model selection
consistency are different. Even if the parameter norm ||By — 3]|> is small it is still
feasible the support of By and 3 differ (Hastie et al., 2015, pg. 301). The definition

of model selection consistency is

lim P (supp(3) = supp(Bo)) = 1.

n—oo

A stronger form of selection consistency is sign selection consistency

lim P(sign(B) = sign(,@o) =1,

n—oo

where sign(-) maps positive entry to 1, negative entry to -1, and zero to zero.
Zou| (2006)); |Zhao and Yu| (2006)); [Meinshausen and Bihlmann (2006) all show the
sufficient and (almost) necessary for Lasso be sign consistent is called the irrepre-
sentable condition. Let Coq = n"'X{Xq, Cyq = nilXéXQ, Cy, = 1 XX,
Cyo = n'X éXQ, where X is an n X s matrix with columns corresponding to
the active set Q := supp(By) and s is the cardinality of Q. € is the complementary
set and the n x (k — s) matrix X, is defined accordingly. Now the Gram matrix

C = n"'X’'X can be re-expressed in block-wise form
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Coa Cqp
Cho Coy

The irrepresentable condition (IC) is defined as follows

|CQQ(CQQ)_1 SlgIl(,BQ)’ <1- v, (133)

where v is a vector of positive constants. The IC can be interpreted as a regular-
isation constraint of the regression coefficients of X, (the irrelevant covariates) on
X (the relevant covariates), the total amount of irrelevant covariates represented
by the covariates in the true model must be less than one. Intuitively, the IC states
that none of the variables in the inactive set should be highly correlated with the
active set, or Lasso will be unable to distinguish between the two sets.

The RE condition discussed above is much weaker than the IC. For the IC
to hold, it must be the case that Cqq is positive definite, implying the condition
s < n. If Cqq is not positive definite, then Lasso can not identify the true model,
even if the true support was known.

In classical econometric theory, it is assumed that k is fixed and the Gram matrix
n'X'X —,, Aasn — 0o, where A is a positive definite matrix. This assumption
is reasonable in the low-dimensional setting. However, in the high dimensional set-
ting, this assumption is not reasonable. Instead, this is relaxed to k — oo as n — oc.
For this reason k,, C,, and 3, are indexed by the sample size n.

Knight and Ful (2000) showed, for the fixed k case, the regularity condition under

which Lasso is consistent for estimating regression parameters. Leng et al. (2004)
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also studied the fixed k& with orthogonal design and showed that when prediction
accuracy criteria are used to estimate 6, Lasso is generally not consistent for variable
selection (it will tend to over-select). |Zou| (2006) showed for fixed k& when the true
value of the parameter is zero, there is a positive probability mass, implying Lasso
is not consistent for variable selection in this case. [Zhao and Yu (2006)) allow & to
grow faster than n showed that under the IC, Lasso is consistent for variable selection
provided k is less than exp(n®) for some 0 < a < 1 and 6 grows faster than /nlog(k)
when the errors have Gaussian tails. |Biihlmann and Van De Geer| (2011, Chapter 7)
conclude Lasso is consistent for variable selection but only under specific conditions

and not in applications where the covariates exhibit strong correlation.

1.4.1.4 Related Lasso Methods

There are many variants of the Lasso estimator. The most common are discussed in
this section.

Post-Lasso. As discussed in Section [[L4.1.3] the Lasso estimates are biased to-
wards zero. Post-Lasso is an intuitive method for reducing the bias from the penali-
sation (assuming Lasso selects the correct set of variables). The Post-Lasso estimator

is defined as

min ly — XB|l3 subjectto supp(B) = supp(3),

where B is the Lasso solution. The Post-Lasso estimator is an OLS regression using
the variables selected by Lasso. [Belloni and Chernozhukov| (2013)) show under a

condition on the Gram matrix they call the restricted sparse eigenvalue condition,
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Post-Lasso convergence rates are at least as good as Lasso rates.
Adaptive Lasso. |Zou (2006)) argued that the asymptotic setup of Lasso is unfair
as 0 is the same for every 3;, so instead proposes a version with adaptive weighted

called Adaptive Lasso. The adaptive Lasso problem is

k
Po € min [ly = XBIE+0 ) w5,
j=1

where w; is a constant (weight). Zou studies the fixed k case and proposes the
weights can be based on the initial OLS estimates. Huang, Ma and Zhang] (2008)
examines the case where k grows with n and suggests the weights based on estimates
from OLS marginal regressions.

Elastic-net. Proposed by |Zou and Hastie| (2005)) elastic-net uses both the ¢; and

{5 penalty. The elastic net problem is

B € min [ly = XBI[3+0((1 = )18l + ol|BI3),

where a € [0,1] controls the mix of Lasso and ridge] [Zou and Hastie| (2005)
highlight several disadvantages of Lasso. Firstly, if & > n due to the nature of
the convex optimisation problem, it will select at most n variables. Secondly, if X
contains groups of variables with high within-group correlation, the Lasso will tend
to select only one of the variables from each group. Zou and Hastie (2005)) show that
elastic nets can outperform Lasso for predictive performance and variable selection.

Figure[1.3| compares the /1 5 penalty to the Elastic net penalty with o = 0.2. The

2If o = 0 the problem reduces the Lasso and « = 1 the problem reduces the ridge regression.
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Figure 1.3: Constraints of Elastic Nets vs. Semi-Norms
q=1.2

o = 0.2
l A

[
L, Elastic Net

Note: Constraint function of P | [8;|9 with ¢ = 1.2
(left) and (1 — a)||B||1 + @||B]|? with o = 0.2. Based on
Figure 3.13 of |Hastie et al.| (2009)

key difference is the elastic-net constraint has sharper corners, making it possible
to use the elastic-net penalty for variable selection. Using the elastic-net penalty
also has computational advantages over the ¢, penalty (Hastie et al., 2009). A
disadvantage of elastic nets is additional parameters a need to be specified.

Jia and Yu| (2010) study the selection consistency of Elastic net in the high
dimensional setting. They propose the sufficient condition called the Elastic Irrep-
resentable Condition, which is a weaker condition than the Lasso IC as it allows
for a stronger degree of correlation between the covariates.

Dantzig Selector. Introduced by (Candes and Tao (2007), the Dantzig Selector
problem is:

min [|B; subjectto || X/(y — XB)|| < 6.

Bickel et al. (2009) demonstrate that under a sparse scenario, the Lasso and
Dantzig Selector exhibit similar theoretical properties. |Gautier and Rose| (2011)

extend the Dantzig Selector to allow for endogenous variables in the high dimensional

59



setting. This estimator is referred to as Self-Tuning Instrumental Variables.
Square-root Lasso developed by Belloni et al. (2011}, |2014)), has the objective

function

min ||y — X 8|2 +0[|8]:.

The authors show that the optimal penalty for square-root Lasso does not depend
on the noise, giving the estimator a practical advantage over standard Lasso. They
motivate this variant of Lasso by citing the problem that much of the work on
the performance bounds of Lasso relies on the assumption that the penalty term
dominates that term 2||v' X || /n. Thus, the optimal penalty depends on the noise
level o,.

Shrinkage GIMM changes the OLS objective function to the GMM objective
function (Caner, 2009). |[Fan and Liao (2014) proposed a Shrinkage GMM method
that allows for endogenous variables in the high dimensional setting, and this esti-

mator is referred to as Focused Generalised Methods of Moment.

1.4.1.5 Application of Regularization in Spatial Econometrics

Some examples of Lasso-based estimators used in spatial econometrics are Ahrens
and Bhattacharjee (2015), which proposes using a 2-step Lasso estimator to estimate
a SWM under the identifying assumption the SWM is sparse. Lam and Souzal (2016)
use a lasso based procedure to estimate SWMs with block structures. |[Lam and
Souza| (2020)) use adaptive Lasso to estimate a SWM from a linear combination of

candidate SWMs also under the assumption of sparsity. [Zhu et al.| (2010) propose an
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adaptive Lasso-based procedure estimated by ML to combine covariate selection with
the SEM, and |Cai et al| (2019)) propose using Lasso estimated by GMM to also to
combine covariate selection with the SEM.|Cai and Maiti (2020) extents the results of
Cai et al. (2019)) and look at the difference in the rate of convergence between Lasso
and Post Lasso and find Post Lasso performs at least as well as standard Lasso. |Jin
and Lee (2018) propose using adaptive group Lasso to estimate the MESS model
to fix the problem that when coefficients of the endogenous variables and spatial
lags of the exogenous variables are zero in the true model, the N2SLS estimates are
irregular. Other regularisation methods have also been used in spatial econometrics.
For example, Tchuente (2019)) proposes using a regularised two-stage least squares
(2SLS) estimator to overcome the problem of weak identification of p in the SAR

model.
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Chapter 2

Moran’s I Lasso for spatially

correlated models

2.1 Introduction

In conventional spatial economic modeling, the researcher is required to specify (1)
a spatial weights matrix (SWM)[] and (2) which parts of the model are spatially
correlated. Historically, applied researchers have generally focused more on specifying
the SWM rather than the empirical spatial structure (LeSage and Pace, 2014). A
standard robustness check in the applied spatial economic literature tests whether
the estimates are sensitive to different SWMs. When estimates are found to be
sensitive to the choice of SWM, researchers have attributed this sensitivity to the

choice of SWM. However, as|LeSage and Pace, (2014) shows, as long as the SWMs are

LA spatial weights matrix is an n x n matrix that describes the pair-wise relationship between
each of the n cross-sectional units.
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reasonably well correlated, the results should not be overly sensitive to the choice
of SWM. This implies that the sensitivity many researchers observe is driven by
misspecification of the spatial economic model rather than the choice of SWM. Thus
LeSage and Pace| (2014) argue that researchers should focus on specifying the spatial
model rather than finding the ‘ideal” SWM.

Eigenvector Spatial Filtering (ESF) developed by |Griffith| (2000}, 2003)) which uses
a subset of eigenvectors from the SWM as ‘controls’ to filter or approximate any terms
involving the SWM in the underlying model. ESF has recently started receiving
substantial attention from applied economic researchersE] ESF’s main advantage
over conventional maximum likelihood (ML) and generalised method of moments
(GMM) based techniques is the researcher does not need to explicitly specify which
parts of the model are spatially correlated or estimate the corresponding spatial
parameters. This feature of ESF is desirable for many applied researchers as they can
determine if there is some underlying spatial process via a test for spatial correlation
but rarely know the ‘true’ form of this process. So if the applied researchers’ aim is
to reduce the bias from cross-sectional dependence in the parameter estimates of the
covariates, i.e., estimate just the direct effects, then the fact that ESF is agnostic to
the underlying spatial process is beneficial.

The critical challenge for EFS is that the spectral decomposition of the n x n
SWM yields n eigenvectors. If the full set of eigenvectors is included, the resulting

model will be a high-dimensional linear model, thus estimation by Ordinary Least

2Some examples include Patuelli et al.| (2011} 2012); |Crespo Cuaresma and Feldkircher| (2013));
Csereklyei and Stern| (2015); [Oberdabernig et al.| (2018)); Battisti and Di Vaio| (2008)); |Grimpe and
Patuelli| (2011)).
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Squares (OLS) is infeasible ]| |Griffith| (2003) argues that only a subset of eigenvec-
tors is necessary to eliminate the spatial/cross-sectional dependence in the depen-
dent variable. A key question is how many/which eigenvectors are required, I refer
to this as the ESF eigenvector selection problem. Several methods for this selection
problem have been proposed, such as several forward stepwise iterative greedy algo-
rithms where eigenvectors are iteratively added until some user-specified threshold is
reached (Griffith, 2000, 2003} Tiefelsdorf and Griffith, [2007)). The forward stepwise
iterative/greedy algorithms are simply heuristic approximations to the full ESF se-
lection problem, thus, they are necessarily sub-optimal. [Seya et al.| (2015) assumes
that most of the coefficients associated with the eigenvectors are zero (i.e., sparsity)
and proposes using an ¢;-penalised regression, i.e., Lasso. Given the Lasso estimates
are ultimately determined by the chosen tuning parameter, this turns the eigenvector
selection problem into a tuning parameter calibration problem. Seya et al. (2015)
propose estimating the tuning parameter using conventional K-fold cross-validation
(CV) with prediction accuracy of the loss function, as CV is the conventional way to
estimate the tuning parameter. However the theoretical results on CV-Lasso assume
the cross-sectional units are independent (Chetverikov et al., |2020) which is hard
to justify in the context of ESF as the eigenvectors are derived from a matrix that
describes the dependence between the observations. Additionally, the goal of ESF is
to eliminate spatial correlation patterns, not prediction accuracy. There is therefor
no guarantee that CV prediction accuracy will yield consistent eigenvector selection.

I propose an alternative procedure to solve the ESF Lasso tuning parameter

3A high-dimensional model is defined as a model with more parameters to estimate than ob-
servations, thus the corresponding Gram matrix will be necessarily rank deficient.
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calibration problem using information embedded in the Morans ¢ statistic, called
Moran’s ¢ Lasso (Mi-Lasso). A Moran’s i test (Moran, [1950) on then regression
residuals where the spatial correlation is ignored will contain information about the
overall level of spatial correlation in the dependent variable. Mi-Lasso uses this
information to develop a point estimate for the Lasso tuning parameter. The intu-
ition behind Mi-Lasso works as follows when the level of spatial correlation in the
residuals is low, only a small set of eigenvectors will be necessary, so a high level of
regularisation is required and vice versa for a high level of residual spatial correla-
tion. Mi-Lasso has several advantages; the method is (1) intuitive, (2) theoretically
grounded, and (3) substantially faster than Lasso with K-fold cross-validation (CV)
or any of the forward stepwise iterative greedy algorithms suggested in the litera-
tureE] To evaluate the theoretical properties of the Lasso-based estimator, I use some
standard spatial regularity conditions and formalise the implicit ESF assumptions,
which imply the terms which include the SWM can be approximated by a subset of
eigenvectors to derive non-asymptotic bounds for the coefficients of the eigenvectors,
and I also assess the additional conditions required for Mi-Lasso to yield consistent
eigenvector selection.

Additionally, I study the case where the underlying model includes an unknown
number of higher-order lags of the SWM, as the ESF approximation is expected to
perform well in this case. Due to the property that the spectral decomposition of

the SWM W gives the same matrix eigenvectors as for higher order power of the

4Mi-Lasso only requires estimating a single point on a Lasso path, unlike K-fold cross validation
which requires estimating K Lasso paths. The larger K, the more computationally demanding the
procedure.
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SWM WPV p e Z*. Our simulations confirm that Mi-Lasso performs well for a
range of levels of spatial correlation and when the data-generating process includes
higher-order lags. Regarding computational time, Mi-Lasso is at least an order of
magnitude faster than CV-Lasso in the setup considered for a sample size of 1()4E|
Our empirical application uses the Boston Housing Dataset to show that Mi-Lasso
also performs well in an empirical application. I find Mi-Lasso selects more than triple
the number of eigenvectors compared to existing procedures. However, Mi-Lasso
gives a bitter fit of the data in terms of adjusted R? and has substantially fewer
insignificant eigenvectors than other selection procedure considered. Mi-Lasso is also
over 60 times faster than the alternative selection procedures for this application.
The rest of this paper is organised as follows, Section [2.2| describes the underlying
model. Section discusses the statistical aspects of ESF and looks at existing
methods for the ESF eigenvector selection problem. Section presents the Mi-
Lasso procedure. Section derives several theoretical results for our proposed
procedure. Section provides a Monte Carlo study comparing Mi-Lasso to the
main existing selection procedures. Section tests the proposed method in an
empirical application on house prices. Finally, Section offers our concluding

remarks.

2.2 Underlying model

Consider the following equation where the endogenous n x 1 vector y is specified as

a function of an n x k matrix of exogenous regressors X and follows some spatial

5The forward stepwise procedures are infeasible when the sample size is 10%.
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process such as (2.1 and (2.2). However, the exact form of spatial process (which of

the spatial parameters are non-zero) including p is unknown.

p

y=> Wiypio+XBo+WXth+r, (2.1)
=1

r=06Wr+w, (2.2)

where W is an n xn weights matrix of known constants | 3y is the k x 1 parameter
vector of interest, ¥, pio’s and Jdy describe the degree of spatial correlation in each
of the k exogenous variables, the dependent variable and error term. Note simpler
spatial models can be recovered by setting the spatial parameters p; s, dp, and/or
Yy equal to zero, and most spatial models set p = 1.

The weights matrix W, with typical element w;;, describes the spatial or socio-
economic relationship between the cross-sectional units. When w;; # 0, there is a
meaningful interaction of units j on unit 7. In such cases, unit j is often referred
to as a neighbour of unit ¢. These interactions can stem from various sources, such
as spillovers, externalities, geographic location, regulations, technology, government
policy, or government expenditure. I further assume min; 2?21 w;; > 0 with proba-
bility 1, w;; = 0 by construction and w;; = w;;. The variables Wr, WX and Wiy
are typically referred to as first order spatial lags of » and X and ith order spatial
lags of y.

Let N denote the set of observations N,, = N = {1,...,n}. All variables are

6T allow for the W to be normalised by a scalar factor as it allows for the recovery of the original
autoregressive parameters (Kelejian and Pruchal 2010) and maintains symmetry.
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normalised as the transformed model is estimated by a Lasso-based procedure. For
reasons of generality, I allow the elements of u,,, y,,, W,, and X, to be dependent on
n- that is to form triangular arrays, however, to simplify the notation I omit the n
index. Our analysis is conditioned on realised values, thus, matrices such as X and
W are viewed as matrices of constants.

I consider higher-order spatial lags as powers of the weights matrix W, more
recent papers studying the estimation of higher-order spatial models, have generalised
the concept of a higher-order spatial lag to allow for p different weights matrices,
thus, replacing W* with W; in (2.1)). Powers of W are viewed as a special case.
Some examples of papers looking at the estimation of higher-order spatial models
are Lee and Liul (2010)); Badinger and Egger| (2013); |Gupta and Robinson| (2015,
2018); (Gupta, (2019); Baltagi et al.| (2022)); [Han et al.| (2021)); |Guptal (2018, [2021]);
Gupta and Qu/ (2022).

I allow the number of lags p to be unknown. Even if p is known, the estimation
of such a model is non-trivial, as shown by Blommestein (1985). When the SWM
is binary, powers of the SWM can result in the presence of circular and redundant
routes. Proper higher-order spatial lags need to have these circular and redundant
routes eliminated. []

The reduced form for y is

y=S"(XBo+ WX+ S;'v),

"Both Blommestein and Koper| (1992) and [Anselin and Smirnov, (1996) introduced algorithms
to construct proper higher-order spatial lags.
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if both S = (I = >0, W'p,;o) and Sy = (I — §W) are non-singular.
I now make the following assumptions about (2.1)) and (2.2])

Assumption 1.

1. (a) W are stochastic real symmetric n X n matrices with w; = 0. (b) Sy and
S, are non-singular for all n. (c) The sequences {W}, {S;'} and {S;'} are

uniformly bounded in both row and column sums.

2. (a) The n x k matrices of exogenous variables X has full column rank (for a
large enough n) and (b) all the elements of X are non-stochastic and uniformly

bound in absolute value for all n.

3. The elements of the vector of innovations v are identically and independently

distributed (i.i.d.) sub-Gaussian triangular arrays with E[v] = 0 and E[vv'] =

2

o < oo. Additionally, the innovation’s fourth moment is

o2l where 0 < o

assumed finite.

Assumption [} 1{I}3 are standard assumptions in the spatial econometrics litera-
ture (Kelejian and Pruchal, [1998] [1999; [Lee, [2004). Assumption [I]1 (a) is required
for the spectral decomposition. Assumption .1 (b) is necessary to ensure the model
is complete, and Assumption .1 (c) is necessary to limit the degree of dependence
in y. Given Assumption[I]1 (a) if W is normalised by the largest eigenvalue then in-
vertibility of S; and S, holds if Y7, [p;0] < 1 and |dy| < 1. Assumption 3 requires
the errors to be sub-Gaussian, this assumption allows us to derive a probability for
the Lasso tuning parameter dominating the noise of the model. The finite fourth

moment is needed for the selection consistency proof.
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2.3 Eigenvector Spatial Filtering

Spatial filtering aims at eliminating spatial autocorrelation patterns rather than di-
rectly estimating any spatial parameters. This section shows how ESF works, for-
malises its implicit assumptions, the relationship between the Moran’s I and ESF

and summaries the existing eigenvector selection procedures.

2.3.1 Spectral Decomposition and Spatial Filtering

I now show how eigenvectors from a spectral decomposition of W, can be used to
spatially filter the model described in Section [2.2]
Add and subtract oW to (2.1)),

p
Yy = Z Wiypio+ XBo+ WX+ 66Wr +1 — 5gWr
i=1

p
= Wiypio+ XBo+ WXthy + 0Wr + [T — 5 W]r.

=1

Then substituting in (2.2)) gives

p
y=> Wiypo+ X8+ WXtp+5GWr+wv

=1

p
=X0By+ W(Z Wi_lypi,o + X + (507') + . (23)

=1

As W is real and symmetric matrix (by Assumption[I]1 (a)) the spectral decom-
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position of W is given in ([2.4])

W = EAF/ (2.4)
I=FE=EFE, (2.5)
E =E (2.6)

where FE is an n X n matrix of the n eigenvectors e;cny and A is a n x n diagonal

matrix of the n eigenvalues (\;cn) from W. I list some useful orthogonal properties

of the decomposition in (2.5)) and ({2.6]).

It is also important to note that the matrix of eigenvectors E of W is also the
matrix of the eigenvectors of W V i € Z*. The proof is very simple, recursively

multiplying (2.4) by W and substituting in (2.4]) and note ([2.5)

WW =W?=WEAE' = EAE'EAE' = EA’E’

WP = EAPE/,

therefor E is the matrix of eigenvectors of WP,

Another way of writing (2.3)) is

y:X60+f(W’y9X7T)+U7 (2'7)
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where f(W,y, X, r) is a linear in parameter function of W, y, X and r.
The idea behind Griffith’s approach is to use the eigenvectors e;cy as explanatory
variables to control or proxy for f(W,y, X, r). This yields the high dimensional ESF

reduced form model:

y=X0By+ Evy + v, (2.8)

where E=, can be viewed as a linear approximation of f(W,y, X,r). The key
problem with is it cannot be estimated consistently by OLS, as is a high
dimensional linear model. Thus, the OLS assumption that the regressor matrix
G = [X, E] has full column rank is violated [f| This implies the Gram matrix G'G/n
will be rank-deficient, and its smallest eigenvalue will be zero.

To handle this problem, I make the following assumptions
Assumption 2.

1. ||wllo = s < n—k where s = s, is the cardinality of the active set ) =

supp(yo)-

2. fW,y,X,r) = E~y = Eqvq where Eq is an n X s matriz with columns that

correspond to ) and ~q the corresponding vector of unknown constants.

Assumption [2J1 is a weak sparsity assumption, and Assumption [2]2 is required
for the ESF approximation to be valid. These strong and untestable assumptions
formalise the intuition of (Griffith| (2000}, |2003)), who argue only a specific subset of

eigenvectors (Eg) are related to the dependent variable y and will have non-zero

8This is because of rank(G) = rank(G'G) < min(n, (n + k)).
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coefficients. These assumptions imply (2.8)) can be reduced to the following low-

dimensional equation

y=XpBo+ Eqva+v==GoY+w, (2.9)

where Yo = [Bo, va] and Gq = [ X, Eq].
In principle, (2.9) can be estimated by OLS. However, as Eq is unknown, this is

infeasible in practice. Thus, we now have a selection problem.

2.3.2 Relationship between Moran’s : and ESF

Griffith|(2000) ESF method is based on the Moran’s I statistic for spatial autocorrela-
tion (Moran, [1950). The Moran’s i is the most popular test for spatial dependence,

the test statistic for the Moran’s ¢ (m) on the regression residual Mxy = @ of

y=XpB+uwhere Mx =1 - X(X'X)X' is:

m = = (2.10)

where W a n x n real symmetric SWME

Substituting in ([2.4])

w'EAEu

m=——
u'u

De Jong et al| (1984) showed that the maximum and minimum eigenvalues of

9The assumption of symmetry of the elements of W is maintained w.l.o.g. since &/'Wa =
o' [(W + W')/2]4 (Kelejian and Prucha, [2001)).
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MxW Mx determine the range of m. [Tiefelsdorf and Boots| (1995) showed that
each of the n eigenvalues of this expression represents a distinct m values and all
other possible m values are just linear combinations of these n values (Boots and
Tiefelsdorf, |2000).

It is important to note that the numerator of m includes E'w, which given is
the OLS coefficient estimate from a regression of & on E H Griffith|(2003)) argues that
each of the n eigenvectors represents mutually orthogonal spatial patterns and only
a subset of eigenvector will be relevant to the model, i.e., in a regression framework

only a subset of eigenvectors will have non-zero coefficients.

2.3.3 Existing Selection Procedures

A key question is how can Eq be estimated, i.e. how can we select the relevant
eigenvectors? One possible solution to this problem is called Best Subset Selection

(BSS). The constrained form of the BSS optimisation problem is

min min ||y — X8 — Ev|[5 subjectto ||v|lo <k,
BeRF vER™

where the positive integer h is a regularisation parameter that is fixed in advance.
BSS aims to find the h eigenvectors that produce the best fit in terms of squared
error. BSS is a discrete optmisation problem over all subsets of size h and can be
re-expressed as a subset sum problem which is NP-complete, so is computationally

infeasible to solve (Foster and George, |1994)).

10(E1E)71E1A = E'u
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The first type of procedures proposed were forward stepwise iterative greedy

algorithms where eigenvectors are iteratively added till some user-specified threshold

is reached (Griffith, 2000, 2003; Tiefelsdorf and Griffith} 2007; Murakami and Griffith,

2019)), can be viewed as greedy approximations to BSS.

(Griffith| (2003)) proposed a greedy forward stepwise regression procedure, where

eigenvectors are iteratively added to

y=XB+u, (2.11)

till the spatial correlation in the OLS residual u, falls below a pre-specified level.
Alternatively, selection criteria based on other statistics such as the adjusted-R? or

some information criterion such as Akaike Information Criterion or Bayesian Infor-

mation Criterion have also been suggested (Tiefelsdorf and Griffith, 2007; Murakami

and Griffith, [2019).

Tiefelsdorf and Griffith| (2007) suggested using the standardised Moran’s I as

the test for spatial correlation. As the test has good power against a wide array of

autoregressive models and different residual distributions (Anselin and Reyl, [1991).

The definition of the standardised Moran’s I statistic (z) on the residual @ isE|
—-E
_ (m=Elm] (2.12)
Var(m)

with

"' Note the matrix X in the orthogonal projection matrix Mx may also include the selected
eigenvectors in Tiefelsdorf and Griffith (2007)) procedure.
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and

2<(n — k)tr(MxW Mx)?) — [U’(MXWMX)}Q)

Var(m) = (n—k)2(n—k—2)

The greedy search algorithm work by first iterating over the candidate set of
eigenvectors E. for the eigenvector that minimizes z. The selected eigenvector e;cy

is then permanently removed from FE, and permanently added to the design matrix

of (2.11)), w of this updated regression is then tested to check if (2.13]) is satisfied,

2| < tol, (2.13)

where tol is a pre-specified threshold level of z, which they suggest should be
dependent on the sample size nH It is satisfied the iterations stop, if not the
remaining candidate eigenvector set E. is then iterated over again to find the eigen-
vector that minimizes z the most and the process continues until is satisfied.

Griffith (2003) suggest that only a subset of candidate eigenvectors E, C E needs
to be considered in the selection process, based on several criteria. First, if y exhibit
positive global spatial autocorrelation the candidate set of eigenvectors should be
restricted to eigenvectors with associated eigenvalues greater than zero (\; > 0) as
positive eigenvalues are associated with at least weak positive spatial autocorrelation
and vice versa. Second eigenvectors with small amounts of spatial variation should
be excluded, suggesting a minimum threshold eigenvalue of 0.25, which is related
to only approximately 5% of the variation attributed to spatial correlation in the

dependent variable.

12Tiefelsdorf and Griffith (2007) suggest if n < 50 then tol ~ 1.0 and if n ~ 500 then tol ~ 0.1.
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These forward stepwise procedures through intuitive have several key disadvan-
tages. There is a lot for the user to decide, such as, what statistic or information
criterion to use, what threshold cut-off to use, which eigenvectors to include/exclude
in the original candidate set, and in which order to add the eigenvectors. These
greedy algorithms could also be viewed as ad-hoc/data mining and the estimated
models may fall victim to over-fitting. Simply adding the eigenvectors in order of
magnitude of their corresponding eigenvalue is another possible strategy, however, as
the problem is an approximation to the BSS problem, is it thus also sub-optimal, so
there is no guarantee the solution this yields will be correct. Computational time is
another serious issue with these sequential methods and the problem becomes more
acute when n is large. Computational time can be saved by limiting E. with one or
more of the rules of thumb proposed by |Griffith| (2003) and [Tiefelsdorf and Gritfith
(2007). However, this is no guarantee these rules will consistently recover Eg.

The use of Lasso (Tibshirani, [1996)) was proposed by Seya et al.| (2015). Lasso can
be viewed as a convex approximation of BSS as it swaps the o norm of BSS for the
¢, norm, which is the smallest norm (or semi-norm) that is convex and still adequate
for variable selection[”’] As Lasso shrinks many of the coefficients to ‘exactly’ zero,
the procedure can be used for variables selection (Hastie et al., 2009).

Seya et al. (2015) proposed using Lasso to solve the ESF eigenvector selection
problem, under the assumption the parameter vector =, is sparse and the matrix of

regressors X has full column rank, so only the « vector is penalised. The penalised

13Bridge regressions which uses the ¢, with ¢ € (0,1) is also adequate for variable selection
(Huang, Horowitz and Mal 2008]) however the optimisation problem is non-convex and thus, difficult
to solve.
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form of Seya et al.| (2015]) proposed Lasso estimator is

1B, 6] € min min{|ly — X8 — B[ + 0|7/}, (2.14)
BeRk YER

where 6 > 0 is the Lasso regularization or tuning parameter. Equation defines
a family of estimators indexed by the tuning parameter 6, as the hyperparameter ¢
will ultimately determine which eigenvectors the Lasso selects.

Seya et al.|(2015) proposed estimating 6 using prediction accuracy as the criterion.
More specifically, they used the k-fold cross-validation (CV) combined with Brent
algorithm (Brent, [1973)), outlined in Algorithm The Brent algorithm is a root-
finding algorithm that allows for the optimisation to be non-convex, the algorithm
first tries inverse quadratic interpolation in an attempt to achieve faster convergence
which works well if the optimisaition is convex. If it is non-convex and inverse
quadratic interpolation fails, (slower) linear interpolation is used instead. CV using
the Brent algorithm is the most time-consuming part of the Seya et al.| (2015) Lasso
procedure.

The theoretical results on CV-Lasso, hinge on the assumption that the cross-
sectional units are independent (Chetverikov et all 2020]), which is hard to justify
for ESF as the eigenvectors are derived from a matrix that describes the dependence
between the observations. CV procedures do exist for cross-sectionally dependent
data but they need to be carefully designed, for example see |Li et al.| (2020).

Some other methods have also been proposed |Pace et al.| (2013]) suggest simply
including the first j eigenvectors (sorted by eigenvalue magnitude) where j is simply

based on the sample size. Given this fixed rule, |Pace et al. (2013) finds the quality
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. Initialize 6 € (Onin, Omaz)

. Divide the n observations randomly into K approximately equal groups

(folds) denoted Fy, ..., Fk.
.Fork=1,... K:

(a) F} is the validation data set and the remaining K — 1 groups form the
training data set.

(b) Using 6 estimate B_ () and 4_(0) where b_y, is an estimate of b using
the training dataset.

. Calculate
K

CV(@) = Z Z {yi — w;Bfk(é) - eﬁ’—k(é)}

k=1 i€group k

where x; and e; are vectors of explanatory variables and eigenvectors
associated with observation 1.

. Update 6 using Brent, (1973)) algorithm for minimization without derivatives.
. Repeat steps 3-5 until convergence ég

Algorithm 1: |Seya et al. (2015) algorithm
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of the ESF approximation is sensitive to the underlying spatial processes. The bias
in OLS estimates of 3 when the spatial process is ignored will be determined by a
combination of, the type of spatial processes, the level of spatial correlation, and
the SWM. |Chun et al. (2016) argue more eigenvectors are needed when the level of
spatial correlation is high compared to when the level of spatial correlation is low,
thus, simple rules based on for example sample size may result in a sub-optimal set
of eigenvectors being selected.

Chun et al.| (2016) through extensive simulations develop equation as a

rule to select the optimal number of eigenvectors.

Npos

w = )
1+ exp [2.1480 — (6.1808(m + 0.6)01742) /n0.1298 4 33534 /(m + 0.6)0-1742]
(2.15)

where n,,, denotes the number of eigenvectors that exhibit positive spatial correla-
tion (eigenvectors with positive eigenvalues). Equation (2.15) was generated from
a limited simulation that assumed the DGP has just spatial autoregressive distur-
bances, |Chun et al.| (2016) do not evaluate how their rule performs when the DGP

follows some other spatial process.

2.4 Moran’s 7 Lasso

The Lasso estimates are ultimately determined by tuning parameter 6. Supposing
0 = 0, the Lasso solution reduces to the OLS solution, whereas when 6 is sufficiently

large, the penalised parameter vector is shrunk to zero (no eigenvectors selected).
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More moderate values of # will result in some parameters being shrunk towards zero
and some to precisely zero. As outlined above ESF has a particular goal, to eliminate
any spatial correlation patterns in a linear regression framework. Information about
these patterns will be contained in simple regression residuals @. I propose using
this information to determine a point estimate for 6.

It seems reasonable to assume that when the level of spatial correlation in the
residuals is low, only a small set of eigenvectors is necessary. Thus, a high level
of regularization (value of ) is required. In contrast, when the level of spatial
correlation is high, a large set of eigenvectors will be necessary. Thus, a low level of
regularization (value of 0) is required. For the spatial correlation test, I propose using
the standardised Moran’s I (z), as the test can be used for small samples (Kelejian
and Piras|, 2017) and has good power against a wide array of autoregressive models
and different residual distributions (Anselin and Rey, [1991). As z gives a large value
when the correlation is high and small values when the correlation is low, I propose
using the inverse of the absolute value of z from the residuals of as a point
estimate of 6

0=— 2.1
- (2.16)

where Z = |z|, z is defined in , and a is a positive constant, Vz # 0. I allow
Z, = Z to be dependent on n but suppress the index. This proposed estimator is
called Moran i Lasso (Mi-Lasso) and is outlined in Algorithm

As Lasso is a shrinkage estimator, it induces a downward bias on the estimated
non-zero coefficients. Post-Lasso (pLasso) uses the Lasso estimator as just a selection

procedure (assuming Lasso selects the correct variables), and then OLS is applied to
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1. Decompose the SWM to get the candidate set of Eigenvectors E.

2. Estimate simple residuals & = Myy where Mx = I — X (X'X) ' X" and
calculate corresponding the absolute standardised Moran’s ¢ of w denoted Z

3. Given a € N estimate

. 1
3] € min min{|ly — X8 — B~} + |-
(8,91 € min min{|ly — X8 = Byl + | 7

Use the Lasso or post-Lasso estimates of ([2.17)

Algorithm 2: Mi-Lasso Algorithm

the model selected by Lasso[l] The Morans’ i Post-Lasso (Mi-pLasso) estimator is
defined as

[8,4] = min min |ly — X8 — Ev|[3 subjectto supp(yo) = supp(¥1).
BeRF YER™ 4

Another benefit of Post-Lasso is that it provides an easy way to calculate standard

errors (assuming the selection is correct).

2.5 Theoretical results

To focus the proceeding analysis on the parameter vector «y, I use the Frisch-Waugh-
Lowell (FWL) partial regression theorem to partial out the X matrix. Tibshirani
and Taylor| (2011)) and [Yamada] (2017) showed that the FWL theorem could be used
in a low-dimensional Lasso setting. Lemma[l] shows that the FWL theorem can also

be applied to the high-dimensional case of Mi-Lasso

14For formal results on Post-Lasso, see Belloni and Chernozhukov! (2013).
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Lemma 1. Consider the following two Lasso regressions:

. o 1
[8,4] = min min{|ly — X8 — B~ + - [l7Ili}, (2.18)
BeR* YER A
X o 1
7] = min{[|g — E~|5+ —1I7[L}, (2.19)
~ER A

where X is an n X k matriz, E is an n X n matriz, y = Mxy, E = MxE with

Mx =1 - X(X'X)"'X'. Then if Assumption[12 holds 4 =~

The proof is provided in Section [2.9.1}

I now introduce the following additional notation in the design. Without loss of
generality, let Coq = n"'EfEq, Co = n 'ELEyy, Co = n‘lEé)Eg and Cep, =
nilEé)EQ where Eq is an n X s matrix with columns corresponding to the active set
Q. Q is the complementary set and the n x ¢ matrix EQ is defined accordingly with
dn = q¢ = s —n. Now the (re-scaled) Gram matrix C,, = C = n L E'E expressed in

block-wise form
Can Cy

Coy Cox

Slmllarly let Y = ['797 ’VQ], = [717 s Ve Vsl e 7’711],-

2.5.1 Non-asymptotic bounds

This section produces performance bounds for the Mi-Lasso estimates of . Given
the high-dimensional structure of ESF, the Gram matrix G'G/n is singular. This
implies its minimum eigenvalue will be zero. However, as Bickel et al.| (2009) showed

for Lasso, only the appropriate sub-matrix of the Gram matrix needs to have positive
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and finite eigenvalues called the restricted eigenvalue (RE) condition (Assumption

3)-

Assumption 3. Let b and t be positive constants and Q denote the active set. Then

the restricted eigenvalue condition holds for E, asn — oo if

EA
Tonin i= Min [EA[2 >t >0, (2.20)
c.b) vVnl|All2
where
C(Q,B):{AER": [|Ag]1 §B||AQ||1,57AO} (2.21)

and A =~ —~p.

Assumption |[3| requires that A lies within the restricted set . As A is the
difference between the estimate 4 and the true parameter 7y, the restricted eigenvalue
bounds the minimum change in the prediction norm from a deviation A within the
restricted set C(£2,b) relative to the norm of the deviation on the true support Ag.

By combining Assumptions[I]and 2] with the RE condition, and treating X and E
as constants (realisations) I can now establish the ¢; and ¢, parameter norm bounds

and the ¢y prediction norm bound for the Mi-Lasso estimates of .

Theorem 1. Suppose Assumption @ and Assumption@ holds for b = ZJ_F—} for some
b > 1 and the regularization parameter satisfies % > b24/ 40’2’% with probability
tending to one as n — oo, then:

1
(5 + 1)8
T2 Zan’

min

1Y = ol < (2.22)
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(5 + Vs

5 < 2.23
1Y = 70ll2 < 2 ap ) ( )

1 - (;+1)Vs
— || EH — <xb VT 2.24
\/ﬁH (¥ —7)ll2 < o Zn ( )

The proof is provided in Section [2.9.1]

The three convergence rates presented in Theorem [I| depend on the number of
eigenvectors with non-zero coefficients, the sample size, and Z. They also require
that the tuning parameter dominants the noise of the model, by assuming the errors
are sub-Gaussian (Assumption .3) I prove the probability of this event occurring

goes to one as n — oo (see proof for further details).

Corollary 1. If the condition of Theorem 1| are satisfied and s/Z°n = o0,(1) then
the bounds ([2.22)-(2.24) are o,(1) as n — oo.

Corollary [l is satisfied if Z = O,(1) and s grows at a rate slower than n, which

is reasonable as Z is a measure of correlation and is satisfied by Assumption [4]4.

2.5.2 Consistent Eigenvector Selection

This section shows the conditions required for Mi-Lasso to consistently selects the
non-zero and zero elements in . Following |Zhao and Yu| (2006)), I say that 4 =, 7o
if and only if sign(4) = sign(7yy) where sign(-) maps positive entry to 1, negative

entry to -1 and zero to zero. I now define selection consistency for Mi-Lasso as

Definition 1. (Zhao and Yu, |2000) The Mi-Lasso estimates of v are selection con-

sistent if

lim P(5 =, o) = 1.

n—oo
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The following assumptions are required to prove sign consistency of Mi-Lasso.

Assumption 4. There exists My, My, M3 > 0, 0 < ¢ < ¢o < 1 and a vector of

postive constants v, the following holds:

1.

1_,. )

—e;e; < M; Vi,

n
2.

o' Coga > My, Y ||af]5 =1,
3.
w3 min |y > M,
4.
s = 0(n"),

5.

|C0(Caq) 'sign(vo)| <1 —wv.

Assumption [4]1 is a normalisation of the transformed eigenvectors. Assumption
M2 bounds the eigenvalue of the eigenvectors with non-zero coefficients from below,
so the inverse of Cqq is well behaved. Assumption [4]3 and Assumption {4 are
important as they ensure convergence in the high dimensional space as n — oo.
Assumption [4]3 ensure there is a difference of size n® between the decay rate of vq
and y/n. Preventing the estimates from being dominated by the disturbance terms,

as the disturbance terms aggregate at a rate of n=/2. Assumption .4 is a sparsity
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assumption that requires the square root of the size of the true model /s to increase
at a slower rate than the rate difference, and this prevents the Lasso estimation bias
from dominating the model parameters.

Assumption[4]5 (assuming Coq is invertible) shows the Irrepresentable Condition
(IC), which is the necessary condition for the consistency of Mi-Lasso selection, the
inequality holds element-wise. The IC requires the correlation between the relevant
and irrelevant eigenvectors to be zero or weak. In the Mi-Lasso framework, this is
likely to be satisfied as the columns of E are mutually orthogonal. However, it is not
guaranteed the columns of E will also be mutually orthogonal, as the eigenvectors
are projected into the column space of X. Unfortunately, in practice, the IC is
impossible to verify as we do not know the true parameter vector =,.

The following proposition places a lower bound on the probability of Mi-Lasso
picking the true model, which quantitatively relates to the probability of Lasso se-
lecting the correct model. Proposition (1] is a modification of Proposition 1 in [Zhao

and Yu| (20006).

Proposition 1. Assume Assumption [}, [4 and[f.5 holds for some v > 0, then

P (¥ =sv) > P(ANB),

for

1
27
1
279\/n

[(Caq) " sign(va)l])}

v},

A ={|[(Caq) " zal| < vVn(lval -

B ={[|Cq0(Can) 'z — zp| <
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_ L L
where zq = \/—EEQ’U and z¢, = ﬁEQv.

The proof is provided in Section [2.9.1]

Proposition [1| shows that the measure of spatial correlation Z determines the size
of the trade-off between events A and B. A higher level of spatial correlation will
lead to larger A but smaller B; this makes Mi-Lasso more likely to select irrelevant
eigenvectors. In contrast, a larger v; has no impact on A but leads to a larger B. So

when IC holds with a large v;, Mi-Lasso is more likely to select the correct model.

Theorem 2. Assuming Assumption[1], [3 and[{] hold, and co—c1 = 0.5. Given s+q =

n implies Mi-Lasso is sign consistent for all % that satisfy ﬁ = op(n02;cl)

0p(n7) and —>1= — 00, we have
P(¥y=s7)>1-0(@n’Z") —>1 asn— .

The proof is provided in Section [2.9.1]

Theorem [2] shows that Mi-Lasso is consistent at selecting the true model if the
4th moment of the errors is finite (Assumptions 3), Assumptions hold and the
difference between ¢y and ¢ is 0.5. The greatest difference (between ¢y and ¢;) for
which Mi-Lasso is consistent is 0.5, smaller differences can also yield consistency, but
this would require higher order moments of the errors to be finite. For example, if
we assume the 6th or 8th moment is finite, the difference would need to be 1/3 or

0.25 for Mi-Lasso to be consistent (see proof for further details).
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2.6 Monte Carlo Study

To evaluate the finite sample performance of Mi-Lasso and compare it to the main
existing selection procedures, I conduct two Monte Carlo exercises where the DGP

is,

p
y= Z Wiyp; + Bx + yWa + v, (2.25)

=1

x ~N(0,I), v~ N(0I).

In both simulations, I set the ‘true’ parameter value of 8 =1 and ¢ = 0.8. The
elements of W, denoted w;;, are independent draws from a Bernoulli distribution
with success probability p = p/n for some constant p < oo, w; = 0 and w;; =
wj;. By this construction, each unit’s expected number of links equals p, and I set
p = 4,8. Each SWM is normalised by the maximal of the row (or column) sum,
and the eigenvectors are from the normalised SWM. Sample sizes considered are
n = 100, 250, 500, and I run 1000 replication.

In setup A, I set p = 1 so I can evaluate how the method performs with different
levels of spatial correlation. In setup B, I set p = 3 to check that ESF still performs
well in the presence of higher-order spatial lags.

Estimators I compare:
e Mi-Lassoa - Mi-Lasso with a =1 or a = 2

e Mi-pLassoa - OLS with the selected eigenvector from Mi-Lasso with a = 1 or

a=2
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e CV-Lasso - Lasso algorithm outlined in |Seya et al.| (2015)
e CV-pLasso - OLS with the selected eigenvector from CV-Lasso

o FstepZ - forward stepwise algorithm outlined in (Tiefelsdorf and Griffith| (2007))

with a stopping rule z = 0.1.

Note an oracle estimator is not possible in the ESF set up, as an oracle estimator
requires knowledge of supp(7yy) which is unknown.

For setup A I consider only positive spatial correlation as this is the most common
and set p; € {0.3,0.4,0.5,0.6,0.7,0.8,0.9} to see how the selection procedures behave
as the level of spatial correlation increases.

Figure [2.1 shows the bias, MSE, and the number of selected eigenvectors for
setup A when p = 4 and g = 8. These show the selection behavior of each of the
estimators considered is different. CV-Lasso appears to select a similar number of
eigenvectors at all the levels of spatial correlation considered. In contrast, FstepZ
selects more eigenvectors when the spatial correlation level is lower than high for small
sample sizes. Mi-Lasso2 (a = 2) behavior is as expected from the intuition of the
procedure, selecting a small set of eigenvectors when the level of spatial correlation
is low and a large set when the level is high. However, Mi-Lassol (a = 1) does not
select any eigenvectors at any of the levels of spatial correlation is less than 0.7, and
very few at higher levels of spatial correlation, implying the level of regularisation is
too high.

The Lasso estimators have a smaller bias and MSE than the post-Lasso (pLasso)

estimators. When the level of spatial correlation is high Mi-Lasso2 has the best
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Figure 2.2: Bias and MSE of g and the number of selected eigenvectors, setup A and
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performance in terms of MSE and performs comparably to the other estimator in
terms of bias. Notably, FstepZ has the largest MSE when the sample size is small
(100), and also when the level of spatial correlation is low for other sample sizes.
FstepZ performance in terms of Bias and MSE improves as the sample size increases
and the SWM becomes more sparse. Mi-Lassol generally has the worst performance
in terms of bias and in terms of MSE for large samples and high spatial correlation,
this is likely due to the level of regularisation being too strong. Generally, in terms
of bias, the estimators diverge as the level of spatial correlation increases, this is
because the bias is determined by an interaction between the level of p and the
structure of the SWM. Thus, for a given SWM, the larger p the larger the bias, so
mistakes/variation in selection can have a larger effect.

For setup B, I set p; = 0.6, pos = 0.4 p3 = 0.5. Table [2.1] shows the bias, MSE,
and the number of selected eigenvectors for setup B. This table confirms that ESF
can work well in the presence of higher-order spatial lags. Again I can see here that
Mi-Lassol selects at most two eigenvectors (in most cases zero) and thus has a larger
bias and MSE relative to Mi-Lasso2, which selects the largest set of eigenvectors for
a give i and sample size. In contrast, Mi-Lasso2 always has a smaller bias than
CV-Lasso and a comparable MSE. Mi-pLasso2 always has a smaller bias than CV-
pLasso and performs comparably in terms of MSE to the other estimators. FstepZ
generally performs better in terms of bias and MSE when the SWM is denser (1 = 8)
compared to a more sparse SWM (u = 4).

Table shows the computational times of the different estimators used in the

simulations. These results show Mi-Lasso2 is the fastest procedure, CV-Lasso is
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Table 2.1: Bias, MSE and the number of selected eigenvectors for setup B

n  Estimator o) No Evecs 6] No Evecs
100 FstepZ -0.029(0.02) 10 -0.015(0.017) 8
100 CV-Lasso  0.058(0.018) 5 0.037(0.014) 3
100 CV-pLasso 0.023(0.018) 5 0.015(0.015) 3
100 Mi-Lassol  0.071(0.019) 2 0.047(0.015) 1
100 Mi-pLassol 0.041(0.017) 2 0.036(0.015) 1
100 Mi-Lasso2  0.032(0.016) 27 0.03(0.014) 12
100 Mi-pLasso2  0.01(0.019) 27 0.014(0.015) 12
250 FstepZ -0.014(0.008) 16 -0.005(0.007) 13
250 CV-Lasso  0.055(0.009) 9 0.036(0.007) 6
250 CV-pLasso 0.027(0.008) 9 0.023(0.007) 6
250 Mi-Lassol  0.066(0.01) 1 0.042(0.007) 0
250 Mi-pLassol  0.053(0.009) 1 0.04(0.007) 0
250 Mi-Lasso2  0.032(0.008) 73 0.031(0.007) 26
250 Mi-pLasso2 0.013(0.008) 73 0.019(0.007) 26
500 FstepZ -0.014(0.003) 27 -0.007(0.003) 21
500 CV-Lasso  0.047(0.005) 13 0.032(0.003) 9
500 CV-pLasso 0.025(0.004) 13 0.021(0.003) 9
500 Mi-Lassol  0.055(0.006) 1 0.036(0.004) 0
500 Mi-pLassol 0.051(0.005) 1 0.036(0.004) 0
500 Mi-Lasso2  0.024(0.003) 164 0.023(0.003) 75
500 Mi-pLasso2 0.008(0.004) 164 0.011(0.003) 75

, , p=4 ; n=2_8 ,

Note: Bias (MSE)

the second fastest, and FstespZ is the slowest procedure for a given sample size.
Comparing Mi-Lasso2 to CV-Lasso, I find Mi-Lasso2 is up to 17.70 times faster.
The most substantial computational gains are found when the sample size is 500,
but even when the sample size is very large (10,000), Mi-Lasso2 is still 4.64 times
faster than CV-Lasso. FstepZ is the slowest estimator. However, computational time

can be saved by reducing the candidate set of eigenvectors (but all estimators would
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Table 2.2: Computation Time and Sample Sizes

Sample Size  Mi-Lasso2 CV-Lasso FstepZ
250 1 (0.12) 12.08 (1.45) 27.08 (3.25)
500 1 (0.30) 17.70 (5.31) 107.63 (32.29)
1000 1 (2.74) 8.70 (23.85) 321.50 (880.91)
2000 1(23.11)  9.20 (212.51)  759.12 (17543.24)

10000 1 (3026.28) 4.64 (14045.90) -

Note: Relative computational time, figures in parenthesis are time in seconds.
All procedures exclude eigen-decomposition. The DGP of y is withp =1,
B =1, p1 =09 and p = 4. FstepZ is the forward stepwise algorithm outlined
in |Tiefelsdorf and Griffith| (2007

benefit in terms of computational time if such reductions are applied).

The key findings from these simulation results in this setup are (1) the Mi-Lasso

procedure when a = 2 gives a much better performance in terms of both bias and

MSE than a = 1. (2) the Lasso estimators perform better in terms of MSE than

the post-Lasso estimators when the level of spatial correlation is high. (3) the post-

Lasso estimators perform better in terms of bias than the Lasso estimators when the

level of spatial correlation is high. (4) ESF can handle higher-order spatial lags. (5)

Mi-Lasso is substantially faster than both CV-Lasso and FstepZ.

2.7 Empirical Application - Boston Housing Dataset

I now compare the ESF selection procedures using the Boston Housing Dataset,

which was first used by Harrison and Rubinfeld| (1978) to evaluate the relationship

between house prices and demand for clean air. (Gilley and Pace, (1996)) later revisited

the dataset when they noted the high spatial correlation in the dataset and proposed
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estimating a spatial error model instead. However, as there is no guarantee theirs

is the correct specification, and given that the researcher is only concerned with the

direct effect (just control for the spatial part of the model), ESF is an appropriate

methodology.
Table 2.3: Variables used in Boston housing application
Variable Description
p Median values of owner-occupied housing in thousands of U.S. dollars
crim Per capita crime
zn Proportion of residential land zoned for lots over 25,000 ft? per town
indus Proportion of non-retail business acres per town
cr An indicator: 1 if tract borders Charles River; 0 otherwise
nox Nitric oxide concentration (parts per 10 million) per town
rm Average number of rooms per dwelling
age Proportion of owner-occupied units built prior to 1940
dis Weighted distance to five Boston employment centers
rad Index of accessibility to radial highways per town
tax Property-tax rate per $US10,000 per town
ptr Pupil-teacher ratio per town
black Percentage of blacks
Isp Percentage of lower status population

The dataset includes 508 census tracts (spatial units). Table describes the

variables used in the analysis. The eigenvectors are from a binary SWM where the

tracts are connected if they share a border, and SWM is normalised by the maximal

of the row (or column) sum.

The following basic model (excluding the eigenvectors) is

log(pi) =Bo + Prerim; + Bazn; + Psindus; + Bychas; + ﬁmox? + Berm; + Brage;

+ Bsdis; + Borad; + Piotax; + Briptr; + Bioblack; + Bislsp; + €.
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Table shows the parameter estimates (excluding eigenvectors) for simple-OLS
(ignoring the spatial correlation), Mi-pLasso2, CV-pLasso, and FstepZE These re-
sults show that some of the OLS estimates are biased by spatial dependence. For ex-
ample, age had a positive (but insignificant) coefficient when the spatial dependence
is ignored, but in the filtering estimates, the coefficient is negative and significant as
expected; the coefficient on nox?, dis, and rm also have a downward bias. Addition-
ally, the filtered estimates also give a substantially better fit of house prices, with
Mi-pLasso2 having an adjusted R? of 0.978, implying an almost perfect fit of the
data. Mi-pLasso2 standard errors are generally the same or smaller than the other
estimator.

Table[2.5]shows the computational times, the number of selected eigenvectors, and
their significance levels, for the three ESF estimators. There is substantial variation
in the number of selected eigenvectors between the procedures. Mi-Lasso2 selected
six and three times more eigenvectors than CV-Lasso and FstepZ. However, despite
selecting substantially more eigenvectors for Mi-Lasso2, only 0.5 percent of selected
eigenvectors are insignificant compared to 28 percent and 19 percent for FstepZ and
CV-Lasso. Mi-Lasso2 has more eigenvectors with coefficients significant at the 0.1
percent level than FstepZ or CV-Lasso selected in total, implying these techniques
may be under-selecting in this case. Mi-Lasso2 is also over 65 times faster than both

FstepZ and CV-Lasso.

15Mi-Lassol (a = 1) estimates are the same as simple-OLS, given no eigenvectors are selected in
this case
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Table 2.4: Parameter Estimation Results

Dependent variable:

In(p)
simple-OLS FstepZ CV-pLasso Mi-pLasso2
(1) 2) 3) (4)
crim —0.010*** —0.009*** —0.010*** —0.011*
(0.001) (0.001) (0.001) (0.001)
7n 0.001* 0.001 0.001** 0.0001
(0.001) (0.0005) (0.0004) (0.0002)
indus 0.002 —0.0003 0.002 0.004***
(0.002) (0.002) (0.002) (0.001)
chas 0.104*** 0.038 0.065** 0.055**
(0.034) (0.030) (0.026) (0.016)
nox? —0.588"** —0.219* —0.165* —0.304***
(0.114) (0.125) (0.091) (0.051)
rm 0.091** 0.177** 0.209*** 0.169***
(0.017) (0.015) (0.014) (0.008)
age 0.0001 —0.001** —0.001*** —0.001***
(0.001) (0.0004) (0.0004) (0.0002)
dis —0.047* —0.032*** —0.030*** —0.033***
(0.008) (0.007) (0.006) (0.004)
rad 0.014* 0.011* 0.012%* 0.012**
(0.003) (0.002) (0.002) (0.001)
tax —0.001** —0.0004*** —0.001*** —0.001***
(0.0002) (0.0001) (0.0001) (0.0001)
ptr —0.039"** —0.006 —0.023*** —0.036***
(0.005) (0.006) (0.005) (0.002)
black —0.003*** —0.005"** —0.005*** —0.005"**
(0.001) (0.001) (0.001) (0.0005)
Isp —0.029"** —0.020*** —0.018*** —0.022***
(0.002) (0.002) (0.002) (0.001)
Constant 4.031* 2.655"* 2.734%* 3.352%*
(0.175) (0.171) (0.155) (0.079)
Adjusted R? 0.785 0.896 0.893 0.978

Residual Std. Error  0.189 (df = 492)  0.132 (df = 431)  0.134 (df = 461) 0.061 (df = 295)

Note: *p<0.1; *p<0.05; **p<0.01. Robust standard errors in parenthesis. For Mi-Lasso I set a = 2
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Table 2.5: Computational time and Selected Eigenvectors

FStepZ CV-pLasso Mi-pLasso2

Computational time (seconds)  42.99 39.54 0.64
Number of Eigenvectors 61 31 197
Significant at 0.1% level 16 17 85
Significant at 1% level 7 4 40
Significant at 5% level 13 2 56
Significant at 10% level 8 2 15
Not significant 17 6 1

Note: computational times exclude spectral decomposition. FStepZ uses the
‘SpatialFiltering’ function from the R package ‘spdep’.

2.8 Conclusion and Further Work

In this chapter, I have formalised the ESF assumptions and evaluated the existing
solutions to the ESF eigenvector selection problem. Our analysis of existing proce-
dures has shown that a dominant selection procedure currently does not exist. The
forward-iterative procedure with a user-defined cut-off and eigenvector inclusion cri-
terion can be viewed as ad hoc and are slow, especially as the sample size increases.
Seya et al.| (2015)) proposed using Lasso with prediction accuracy CV to estimate
the tuning parameter. However, as ESF aims to estimate (3, rather than prediction
accuracy, it is unclear if prediction accuracy CV is the best way to estimate the
tuning parameter. Additionally, CV-based Lasso procedure is also slow, especially
when n is large. The most computationally demanding aspect of the procedure is
the CV part.

I have proposed an alternative Lasso-based procedure called Morans’ ¢ Lasso
(Mi-Lasso) that uses information about the level of spatial correlation in the simple

regression residuals (ignoring the spatial correlation) to determine a point estimate
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for the Lasso tuning parameter instead of using CV. The key benefits of Mi-Lasso are
that it is intuitive, theoretically grounded, and substantially faster than Seya et al.
(2015) CV Lasso or any forward stepwise procedure proposed and thus, can easily
be implemented on large data sets. I have derived performance bounds for the Mi-
Lasso estimates of the eigenvectors coefficients and shown the conditions necessary
for the estimator to provide consistent eigenvector selection. Our simulation results
confirm the estimator performs well in terms of bias and MSE compared to existing
selection procedures for a range of levels of spatial correlation and in an empirical
application on house prices. Additionally, I have shown using a property of the
spectral decomposition and a simulations experiment, that ESF is robust to the
presence of an unknown number of higher-order spatial lags in underlying DGP.

A key limitation of the ESF literature is that there are no results on constructing
robust standard errors. As all the proposed procedures can be viewed as post-
model selection estimators. Thus, all the corresponding estimators suffer from the
corresponding post-model selection inference problem (Leeb and Potscher, [2008]).
Given the spatial dependence in the model debiasing techniques such as Double Lasso
(Belloni et al.,|2013)) or Partial Lasso (Chernozhukov et al., 2015 does not work well
when the covariates being studied are also spatially correlated. A promising avenue of
future research in the ESF literature is to extend Mi-Lasso (and other procedures),
so standard errors robust to selection mistakes and the spatial dependence in the
model can be calculated. Additionally, developing a further understanding of the
Mi-Lasso tuning parameter exponent (a) and exploration of alternative variants of

Lasso, such as adaptive Lasso, will also be promising avenues for further research.
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2.9 Appendix

2.9.1 Proofs

Proof of Lemma[l Two important point to note is by Assumption [1]2 the n x k
matrix X has full column rank and only the coefficient of the matrix E are being
penalized. The objective function in is coercive (for minimization) and strictly
convex, thus, [B,’?] is a unique global minimizer. (2.18) is also subdifferentiable,

specifically from the Karush-Kuhn-Tucker conditions for Lasso we have

X'(y—XB—-E4) =0 (2.26)

By~ XB — BY) — 5s(3) = 0 (2.27)

where s(-) maps positive entry to 1, negative entry to -1 and zero to € [—1, 1].

Rearranging (22.26]) to make 8 1 the subject:
B=(X'X)"'X'(y - E¥)

Substituting this into (2.27]) yields

By~ X(X'X) " X'y~ BY) ~ B4) — 2s(4) = 0
B((I - X(X'X) " X)y — (I - X(X'X) " X')BA) ~ 7:5(4) =0
B(§-B4) -~ 5s3) =0 (229

The left-hand side of (2.28) is a sub-vector of the objective function in (2.19) at
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~v =4 and it equals 0, thus, 4 = ~, if the minimisation is unique. ]

Proof of Theorem[]. By definition
~ . ~ i 2 1
v = argmin ||y — Ev[[; + ﬁH’YHl
v

Denoting A = 4 — -y, then by the optimality of 4 and dividing by n

o 1 . 1
15— B3I/ + |3l < 115~ Brol3/n + ool
L = L = 1 .
g — EF|[3/n —||lg — Evll3/n < (10l = 11%111) (2.29)

Given A, = 9, Yo = Yo and the reverse triangle inequality ||¥all1 > ||vall1 —

|| Aql]1, we have

ol = 131l = llvolly = (Felly + [Fall) = llvoll = (lFalls + [[Aqll)

[volly =[]l < llvolls = (el = [[Acll + [[Aglh) < [[Aall = [[Agll (2.30)

Furthermore

15 — EF||5/n— 1§ — Evol[3/n = [|E(¥ — ) — v|[3/n — [|v|3/n
= ||EA||§/n—2'v'EA/n
> [|EA|3/n — 2|[v'E||/n||Al]s

1

>an ||EA|2/n —
—(”) || ||2/n Zabn

1A[L (2.31)

(1) uses Holder inequality with £o and ¢4 norms, 2|v' E(A)|/n < 2|[v'E||«/n||All1.
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(i) uses the event

T = 2||VE||o/n < (2.32)

AL
where b > 1 is an arbitrary constant, note this ensures the penalty should dominate

the random part of the process.

Combining (2:29), [£30) and (Z:31)

- 1
IBAIR/ < (1ol +185]1) + 5 (1Aalh — [ Aglh) (239
1 1 1 1
<(1+- A —([1—=)=—]||A¢ 2.34
< (145) Zamllall = (1= 3) e liAall (2.3)

Given ||[EA|[3/n > 0 and using (2.34) we have
1Ayl < bl|Aqlh

where b = (b+1)/(b — 1), this allow us to use the restricted eigenvalue condition
RE(D), substituting in for || EA||3/n in ([2.33) gives
1
Z%n
1 1
<[(-+1 A
< (5+1) gl 2all

1 NG
<|(=+1 A 2.
< (5+1) Zlaall (2.35)

1
2 1Al < ——||A A — || A
2l A3 < Al + S (18l = [Ag]1)

where the last inequality uses ||Aqll1 < v/$||Agq||2 which holds by the Cauchy-

Schwarz inequality. Which implies the following /5 parameter bound
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(1+1)\f
Za

mzn

5 = oll2 <

Which is (2.23). Again we can swap the ¢, norm for the ¢; norm and rearrange

to gives

(3 + e
Za

mzn

17 =l <

Which is (2.22)). Similarly substituting RE(b) in for ||Ag]|z in (2.33) and given
(2.35)) yields

- 1 \/_
1BAIR/n < (5+1) ol 1BAll

n3/2

Which implies the following /5 performance bound

JoIBG -l <

Which is (2.24).
Now we have obtained ([2.22)), (2.23) and (2.24) by assuming (2.32). Next we

evaluate the probability this event is true i.e. P(7T). Let % = t and using the
definition of || - || We can rewrite (2.32]) as

T := max2bjv'e;| <t
JEN

where €; is the jth column of E.
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By a union bound

P(T) = P(Ijnez}\z;c 20jv'e;| > t) < nrjne%cP(QbW'éﬂ > 1) (2.36)

Given v is sub-Gaussian (0, 0,) and €, is a vector of real numbers, thus, v'e; is

also sub-gaussian.

P(T) < P(2bl'e;|/n > 1) < 2 it <9 nt”
m . — _——
< nmax v'é;|/n>1t) < 2nexp G T— Tl n exp 207
where the final equality holds by assuming max;ey ||€;]]2 < /1.
let t = \/w% we get
N 2
P(T)< =
<>
We now have the following property
N 2
PT)=1-PT)>1-——-——1
n
as n — 00 O]

To prove Propostition [I] we state Lemma 2] which is a direct consequence of the

Karush-Kuhn-Tucker conditions:
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Lemma 2. ¥ = (%,...,9j,...,7s) are the Lasso estimates defined by (2.19)) if and

only if
d||y — B3 o o
—= s =— . s A 0
d,yj |’YJ =7 Za Slgn(f}/j> fOT J fY] ;é
d||y — Ev|[3 1
' |y gilb < forj:4;,=0
d; v =% 4

Proof of Propostition[]. Need to show that AN B implies sign(dq) = sign(vq) and
Yo =0
By definition

. .= . = 1
v = arg ngn[(y — Ev)(y— Ev)+ ﬁHvHﬂ

Let A =~ — v, and define

dA) =[5 - Er+A)§—E~r+A)|—(§—Ev) (G- Ev)+ %Ih + A

Then

A = arg mAin d(A) (2.37)
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Splitting d(A) into two parts di(A) and do(A). Let

di(A)=[H7—-E+A) (- Er+A)]—(§-Ey)(y— E)
= [(® — EA) (v — EA) — 9'9]
= 2A'E'v+ A'E'EA

_ 9(VRAY'z + (VRAYC(/A)
where z = E'v/\/n. Differentiate d;(A) w.r.t. A

ddi(A)
dA

=2/n(C(VnA) - z) (2.38)

Now assuming that A exists such that Ay = 0 and Ag is the solution of

1 :
Caoa(VnAgq) — zq = NG sign(vyq) (2.39)
Now, Event A says
1 .

[(Caa) ' zal < Vn(lval - 2Zan|<CQQ>_1 sign(vo)|) (2.40)

Event B and the IC implies

_ 1 1.

Cop(Can) ™ 20 — 2| < W(l — |Ciyo(Can) ™" sign(va)|) (2.41)
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Now, (2.39) and ([2.40) implies
[Aql < |7al (2.42)

and (2.39) and (2.41]) implies

1 1
- 1< Coo(ViAg) — 2o < 1
YN an(Vnha) = 2, < SYANG

Thus, by Lemma , (2.37), (2.38) and the uniqueness of the Lasso solution,

(2.43)

sign(¥a) = sign(va) and ¥, = A, = 0.
]

Proof of Theorem[4 This proof works by bounding the tail probability of Proposi-

tion [1f using conditions on the disturbance term. By Proposition (1| we have
P (¥ =sv) = P(AN B)
thus,

1—P(ANB) <P(A) + P(B)

<32 (1612 V(= gt ) ) + 37 (161> 77w

(2.44)

where k = (ki,...,ks) = Copza, € = (&1,...,&) = CyqCanza — 25 and b =

(b1,...,bs) = Cgé sign(vyq)
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Now if we write k = H/yv where H); = (h14,...,hs,) = C&é(n_%Eg), then

H\H, = Coin 'ELEqCLL = Col

Therefore (using Assumption .2) ki = h; ,© with

1
||hl-,ay\§§ﬁ2 Vi=1,...,s. (2.45)

Similarly if we write £ = Hyd where Hyy = (Bap, . .., hyp) = CogCob(n 2 El)—

1z,
n zE, then

N

HpHp = (CooCob(n 2 Ey) —n 2 EL)(n 2 EqColCog — 1 Ey)

— VB (1 - Bo(ByEo) BY) By

Given the eigenvalues of I — Eq(ELEq) 'E/, are 0 and 1, therefore (using As-

sumption [i]1) & = hj,v with
|hipll3 < My Vi=1,...,s. (2.46)

Also note that,

1
Z“Mgn

1 1. )
e Citsienton)| < o lsimntomll = Vs (240

1
Zen
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Given (2:45), (2.46) and Assumption [1}4 E[v}] < oo, implies E[k}] < oo and

E[¢}] < oo. In fact for any given constant n-dimensional vector o

E(o'v)" < (3)!]|ee|[3 E[v;]

For an i.i.d. random variable with bound 4* moments, their probability tail is
bounded by
P(k; >t) = O(t™%) (2.48)

Rearranging the first summation term of ([2.44])

S (- ) S (12 (250 1)

Next, we can use ([2.48)) to bound the s probabilities:

$e (11> ot (2202 1)) = S0 () (25 ) )

(2.49)

We now need to evaluate the bounds for both terms in (2.49). Starting with the

second term. We can use (2.47) and Assumption .4 to replace ”bﬁ by 2 \/§M2 and

its associated O(n®) bound:

(e )-of (= ) -of (- )

c1—

Next, using Assumption .3 to bound /n|v;| and ﬁ = 0,(n"77), and as all

the bounds that contain a power of n cancel out, leaving a term that depends only
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on constants My and M3 and is therefore O(1):

o (et of (1)) -

Note that Assumption .3 is used with equality V|;| rather than as an inequality
on min |y;|. This is because of the negative exponent, —4, as this implies that the
highest bound will be obtained for the smallest value of the expression in brackets.

Expression (2.49) now reduces to:

Sof(ata) (51 ) -o((aa) ) o)

Using ([2.47) again to replace ﬁ by "MQZ , integrating s into the bound and

ignoring the constants:

lz4a2 1z4a 2M2 Z4a2
o) (PR ()
b; 5 5

Note that because s + ¢ =n and s,n > 0, it must be that:

Z4an2
S

< n3 Z4a

This is because the left hand side denominator is smaller by a factor s and right

hand side larger by a factor n. Therefore:

Z4a 2
O( n ) = o(n®Z*)

S
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Thus,

>0 (161> V(- 5505 ) ) = ooz (250

For the second summation term of (2.44)), using (2.48) we have:

yr(er ) - 2ol () )

As v; (by Assumption 4)) and 2 are both constant they can be ignored

vo((za) ) -t

Integrating ¢ into the bound and noting that s < n, so if s = O(n) then ¢ = O(n)

qO (Z4an2) — O(TL3Z4a)

thus,
- 1 3 74
P&t > | = O0(n°Z™ 2.51
Sop (1612 g7 ) = 0047 (251)
Finally
P(ANB)>1—0(n*Z*) -~ 0n*Z*) -1 asn — oo (2.52)
for n?’% — Q. [l

112



Chapter 3

Moran’s I 2-Stage Lasso for spatial

models with endogenous variables.

3.1 Introduction

The main aim of economic modelling is to explain how endogenous variables evolve
according to fundamental processes such as productivity, taste, and policy. If the
parameter(s) of interest are coefficients of endogenous variables, least squares estima-
tion is invalidated by the endogeneity bias. ‘Instrument variables’ (IV) have a long
history of estimating the parameters of endogenous, dating back to |Wright| (1928)).
This research is concerned with the situation where the equation being estimated
contains (1) endogenous variables and (2) includes some possibly higher-order spa-
tial process based on some given spatial weights matrix (SWM), and the endogenous

variable also includes some possibly higher-order spatial process based on some given
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SWM ] However, we assume that the exact functional form of the spatial process is
unknown. There may also be mismeasured links in the SWM, and the researcher
is only interested in estimating the direct effect of the right-hand-side variable(s).
The spatial parameters are thus considered nuisance parameters. This setup is ar-
guably a realistic situation for many applied researchers as they can test for cross-
sectional /spatial dependence using a test such as a Moran’s I test (Moran, |1950)),
but determining the exact form of the spatial process is much more challenging.

Spatial dependence and endogeneity are common in many economic models.
Some examples include modeling the relationship between economic growth and en-
ergy consumption or pollution, employment and migration, and the effect of policing
on crime. Many papers in the econometrics literature have shown how to incorpo-
rate endogenous variables into a given spatial modelP] The Generalised Method of
Moment (GMM) based estimation techniques such as Generalised Spatial Two-Stage
Least Squares (GS2SLS) are commonly used by applied researchers when estimating
a spatial model with an endogenous variable. However, to use any of the proposed
GMM-based estimation techniques, the researcher must specify (1) a spatial eco-
nomic model and (2) define the spatial structure, i.e., the SWM. A misspecified
model will yield inconsistent estimates, and this problem will become more acute if
the SWM is also misspecified (LeSage and Pace, 2014)).

Given the uncertainty of which spatial economic model to use and the spatial pa-

rameters are considered nuisance parameters, we propose using Eigenvector Spatial

LA spatial weights matrix is an n x n matrix that describes the pair-wise relationship between
each of the n cross-sectional units.

2Some recent examples include Hoshino| (2018); [Jenish| (2016); [Liu and Lee| (2013); [Fingleton
and Le Gallo| (2008]).
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Filtering (ESF), a methodology developed by |Griffith| (2000, [2003), as it has the key
advantage of being agnostic to the underlying functional form of the spatial process.
Instead of explicitly modeling the underlying spatial process, ESF uses a subset of
eigenvectors from the SWM as controls in a linear regression framework to approxi-
mate the terms involving the SWM instead of estimating any spatial parameters.

Even if we ignore the endogenous variable, we cannot estimate ESF with the
complete set of eigenvectors using Ordinary Least Squares (OLS). As the spec-
tral decomposition of SWM yields n eigenvectors, and we have k covariates, the
corresponding Gram matrix will be necessarily rank-deficient, as there are more
columns/parameters (n + k) than rows/observations (n). Under a sparsity assump-
tion, i.e., only a subset of the eigenvector will have non-zero coefficients, estimation
is possible. However, this creates a variable selection problem. To solve this selection
problem, we propose using a Lasso-based procedure that uses information contained
in the Moran statistic to determine a point estimate for the Lasso tuning parameters.
The proposed estimator is called Moran’s i two-stage Lasso (Mi-2SL) and is a three-
step procedure where the first and second stages are first estimated by a Moran’s
based Lasso to extract the relevant eigenvectors. The union of the set of selected
eigenvectors is then used as controls in a two-stage least squares (2SLS) regression.
The 2SLS part deals with the endogenous variables, and the Moran’s I based Lasso
deals with the (weak) cross-sectional dependence [

Several studies have used two-stage Lasso procedures in a spatial setting. For

example, Peng| (2019)) estimates a spatial autoregressive model (SAR) by a two-stage

3We will use the terms cross-sections dependence and spatial dependence interchangeably.
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Lasso procedure to allow heterogeneous peer effects and the identification of the in-
fluential individuals in a network. As both stages are high-dimensional, they are both
estimated by Lasso. [Ahrens| (2015) estimate the effect of conflict risk on economic
growth using Belloni et al,| (2012)) two-stage procedure, where Lasso estimates the
high-dimensional first stage and the second is a low-dimensional panel SAR model.
Additionally, |Ahrens and Bhattacharjee| (2015)); Lam and Souzal (2016, 2020) all use
two-stage Lasso-based procedures to estimate/select a SWM.

We derive theoretical results on consistent and asymptotically normal parameter
estimation under the assumption the support (relevant) set of eigenvectors is known.
Even under the assumption of perfect selection, proving the parameter estimates
are consistent and asymptotically normal is not trivial. As the eigenvectors are de-
rived from the SWM, a matrix with elements that describe the pair-wise dependence
between the observations, so the standard assumption of row-wise independence is
difficult to justify. To account for this dependence, we use |[Kojevnikov et al.| (2021)
notion of ¥-dependence and their corresponding limit theorems to derive the results
on consistency and asymptotic normality.

Our Monty Carlo simulations show the proposed estimator performs well in finite
samples. We look at how the proposed procedure performs for various degrees of
correlation between the first and second-stage errors and various degrees of mismea-
sured links in the SWM. Mi-2SL performs best in terms of bias and mean squared
errors relative to the other estimators when there is a high degree of mismeasured
links. Demonstrating that Mi-2SL and, thus, ESF can perform well in the presence

of mismeasured links.

116



As a motivating application, we apply our methodology to [Cadena and Kovak
(2016), who analyse the impact of Mexican mobility on local labour markets em-
ployment outcomes of natives in the US. They use a standard IV strategy to correct
for possible endogeneity when testing if Mexican-born immigrants respond causally
to changes in local labour demand. Despite having an explicit spatial dimension in
their data they do not account for it in their estimates. A standardised Moran’s [
test on the first and second-stage residuals indicates significant spatial correlation
with a higher spatial correlation level in the first stage than the second for most
demographic groups. As we do not know the functional form of the spatial pro-
cess and have some uncertainty regarding which SWM to use, we re-estimate their
model using Mi-2SL to account for the unknown spatial structure. We find using
Mi-2SL does not change |Cadena and Kovak| (2016) overall conclusion. However, it
substantially improves the strength of the Bartik instrument in the first stage, which
improves the precision (reduces the standard errors) in the second stage.

The rest of the paper is outlined as follows, Section [3.2] presents the underlying
model. Section [3.3]proposes the Mi-2SL procedure. Section [3.4]we drive the theoreti-
cal properties of 2SLS ESF under perfect selection. Section 3.5 provides Monte Carlo
studies to evaluate the finite sample properties of the proposed estimator and how it
performs in the presence of mismeasured links. Section [3.6] we apply the proposed
procedure to |Cadena and Kovak (2016)). Finally, Section offers our concluding

remarks.
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3.2 Underlying model

Consider the following equation where the endogenous n x 1 vector y is specified as
a function of an n x k; matrix of exogenous regressors X; and an n x 1 endogenous
vector xq, as well as follows some spatial process (3.1). However, the exact spatial

process (which spatial parameters are non-zero), including p, is unknown.
p .
y = X181+ X200 + Z W'ypio + W Xi1h + &, (3.1)
i=1

where ¢ is an n x 1 vector of innovations[]] W is a n x n symmetric weights matrix,
pio’s and 1Py are unknown parameters that represent the degree of spatial correlation
in the endogenous variable y and the predetermined exogenous variables X; with
moment conditions E[X|e] = 0 and E[(W X, X;)'e] = 0. The unknown parameter
of interest is 2. The regressor x, is endogenous, in the sense that E(xhbe) # 0.
The extension to the case where x5 is a matrix is straightforward and omitted for
simplicity. The variables Wiy and W X are typically referred to as ith and first
order spatial lags of y and Xj;.

Given the uncertainty over the exact functional form of the linear in-parameters

spatial process, an alternative representation of (3.1)) is

y=X 1810+ x2020+ f(W,y,X1) +¢,

4The data generating process of y could also include spatial autoregressive disturbances; how-
ever this is excluded from the model for simplicity.
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where f(W,y, X) are some index linear function of W, y and X;.
We also assume the endogenous variables in x5 also follow some spatial process

with an unknown number of lags (1),

!
Ty = XG0+ Z2Coo + WX (30 + W Zoluo+ Z 5172WiCi,5,0 + uo, (3.2)

i=1
where Z, is an n x ¢ matrix of instrument variables with ¢ > 1 and E(Zje) =0
and wus is a vector of disturbances respectively, with E[( X7, Zy, W X1, W Z5)'us] = 0

and E[(X, Zy, W X, W Z;)'e] = 0. The alternative representation of (3.2) is

Ty = X1C10 + Z2Co0 + g(W, 2, X1, Z5) + uy

where g(W,xs, X1, Z5) are some index linear function of W, x5, X; and Zs.

Let N, = N = {1,...,n} be the set of cross-sectional unit indices with n € N
denoting the number of observations. For reasons of generality, we allow the elements
of e =€,y =Yn, W =W,, Zy = Zy,,, us = us,, X; = X, and x5, = T,
to be dependent on n- that is to form triangular arrays. However, to simplify the
notation, the n index is omitted. Our analysis is conditioned on realised values.
Thus, matrices and vectors such as X, x5, W and Z, are viewed as matrices and
vectors of constants.

Equation (3.1]) contains two sources of endogeneity, x5 because E(ube) # 0 which
in turn causes E(xbe) # 0 and y is also clearly endogenous as it appears on both

sides of (3.1)). Both sources of endogeneity cause the Ordinary Least Squares (OLS)
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estimate of By = (B1,0, f2,0)’ to be inconsistent (BOZS #» Bo)-

Substituting (3.2]) into (3.1)) gives the reduced form for y

Yy :Sfl(X1ﬁ1,0 + 551(X17T1,0 + Zymog + WX s o+ W Zymyo) + WX 19+ d),
(3.3)

where ™10 = 52,0C1,0, 20 = 52,0C2,0, T30 — 52,0C3,0, T40 = 52,0C4,0, d =
Sy ugByg + € and both S; = (I — 37 pioW?), and Sy = (I — 321, Wi¢;50)

are non-singular.

3.3 Moran’s i 2 Stage Lasso

As discussed above we have two sources of endogeneity in (3.1]), €z and W'y Vi.
Estimation of is also not trivial as Wiz, Vi is also endogenous. Given we have
valid instruments to deal with the endogenous variable x5, the key issue is how to
capture the unknown underlying spatial processes in (3.1)) and . Even if the
exact underlying spatial process was known, estimation of would be feasible
but non-trivial. One method would be to first estimate by GS2S5LS, which was
first developed by Kelejian and Prucha (1998) and extended by Drukker et al.| (2019)
to allow for higher-order spatial lags, which would use higher order spatial lags of the
exogenous variables in as instruments for Wiz, Vi. The resulting fitted values
can then be used to estimate . GS2SLS does have the advantage that it can be
easily extended to include other right-hand-side endogenous variables. However, the

procedure will require the researcher to specify which spatial parameters to estimate,
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and given this extra layer of estimation, the standard GS2SLS standard errors would
be invalid.

Given the uncertainty regarding the functional form of the spatial part of the un-
derlying model, we propose using eigenvectors E,, = FE from a spectral decomposition
of W to approximate f(W,y, X,) and g(W, 2, X1, Z) ie. f(W,y, X1) = E~v,p
and g(W,xq, X4, Z;) = E~,o where =, and -, are vectors of unknown con-
stants. This methodology has the key advantage that it is agnostic to the exact
form of f(W,y,X,) and g(W,xy, X, Z5), including the presence of higher-order
lags, stemming from the spectral property that the eigenvectors from W and W*
Vi € ZT are the same. So instead of trying to estimate the system and
the following system could, in principle, be estimated (assuming the approximation

is valid)

Yy = GTO + €, (34)

Ty = ZCO + usg, (35)

where G = [Xi,x, E], Yo = [B1, 020,70l Z = [X1,Z2,E] and ¢ =
[€1.05 €2.00 Vao) With E[G'e] = 0 and E[Z"u,] = 0.

Now the problem with and is they are both high-dimensional linear
regressions, as in each equation the number of parameters is greater than the number
of observations. This means both the (re-scaled) Gram matrices G'G/n and Z'Z /n

are necessarily rank deficient. Thus, neither (3.4)) or (3.5)) cannot be estimated by

121



OLS or by 2SLS.

Griffith| (2000) argued that only a subset of eigenvectors would be relevant to
the data generating process (DGP) of y and @s will have non-zero coefficients, i.e.,
the parameter vectors 7y, and =, are sparse. The intuition behind this sparsity
assumption is each of the n eigenvectors can be viewed as an orthogonal spatial
pattern, and only a specific subset of these patterns are relevant to the DGP of y
and xy (Griffith, [2003)). Thus, a selection procedure is needed.

Moran’s 7 based Lasso was first proposed in Section [2.4] considered a single equa-
tion where all the covariates are exogenous, i.e., with 8, = 0. They only
penalised the =, coefficients and set the Lasso tuning parameter to Z=¢ V z # 0
where a is a positive constant (generally set equal to 1 or 2), Z is the absolute
value of the standardised Moran’s i (z) of the residual h = Mxy where Mx =
I - X, (X[ X)X with,

m — E[m]
( Var(m)) (3.6)

with
o _hWh
T Wh
Efm] = tr(M;i/I;Mx)?
2((n = Ry (MxW M ?) = [ir(Mx W b))
Var(m) =

(n—k)*(n—Fk—2)
Given that the aim of ESF is to eliminate any spatial correlation patterns, the

122



intuition behind calibrating the tuning parameter this way is by assuming that when
the level of spatial correlation in the residuals is low, only a small set of eigenvectors is
necessary, thus a high level of regularization (large tuning parameter) is required. In
contrast, when the level of spatial correlation is high, a large set of eigenvectors will
be necessary, thus a low level of regularization (small tuning parameter) is required.
As z gives a large value when the overall correlation is high and small values when the
overall correlation is low, they propose using the absolute value of the standardised
Moran’s ¢ with a negative exponent as the tuning parameterﬂ

Our proposed procedure is outlined in Algorithm [3]and is called Moran’s i 2 stage
Lasso (Mi-2SL). The proposed estimator can handle both endogenous covariates and
cross-sectional dependence.

The procedure is relatively simple first, do a spectral decomposition of the SWM
to get the candidate set of eigenvectors. Then calculate standardised Moran’s i on the
naive first stage residuals (ignoring the spatial correlation), which is used to estimate
to get @, using the Lasso (or post-Lasso) estimates and the extracting selected
eigenvector E,. Subsequently, @, is used instead of @, to calculate standardised
Moran’s ¢ for the naive second stage residuals (ignoring the spatial correlation),
which is then used to estimate to get the selected eigenvector Ey. Finally

estimate [ by 2SLS using the union of E, and Ey as controls.

5A positive tuning parameter is required for the Lasso solution to be unique. Thus, the absolute
value is used.
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. Decompose the SWM to get the candidate set of eigenvectors E.

. Estimate simple first stage residuals » = Myxs where
My=1—-H(HH)'H' and H = (X1, Z5) and calculate corresponding
the standardised Moran’s I of # denoted z,

. Estimate

&1, Co,Ae) € min{||@s — X1¢1 — Zolo — B2+ |22 el 1} (3.7)

Use the Lasso or post-Lasso estimates of (3.7) to get the fitted &5 and save
the selected set of eigenvector F,.

. Estimate simple second stage residuals h=M %Y where
My =1-X(X'X)"'X"and X = (X1, 2,) and calculate corresponding the
standardised Moran’s I of h denoted z,

. Estimate

By, B2, %) € min{|ly — X181 — 28 — By |3 + |2 "llwllhi}  (38)

and save the selected set of eigenvector Ey.
. Estimate py by 2SLS using both E, and Ey as controls.

Algorithm 3: Mi-2SL Algorithm
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3.4 Theoretical results

We will now derive some theoretical properties of the 2SLS ESF procedure. In scalar

notation, the spatial model (3.1]) can be rewritten as

n k1

P n k1
l .
yi = E E Wi YipLo + E TijaBi10 + Ti2f20 + E E wijTaaPio+e, 1=1,...,n.
Jj=1

=1 j=1 j=1 1=1

We now make the following assumptions about (3.1)) and (3.2).
Assumption 5.

1. (a) W are stochastic real symmetric n X n matrices with w;; = 0. (b) Sy
and Sy are non-singular for all n. The sequences {W}, {87} and {S;'} are
uniformly bounded in both row and column sums. (c) The largest eigenvalue of

W is bound, max; \; < 00.

2. (a) The n x q instrument matrices Zy and the n x (ki + 1) matrices [ X1, 2]
both have full column rank (for a large enough n), E[ X e] =0 and E[Zle] =0
and (b) all the elements of Zs, xs and X, are uniformly bound in absolute

value.

3. The innovations {e; : 1 < i < n,n > 1} are identically distributed triangular
arrays. Further the innovations {e; : 1 < i < n} are for each n distributed

(jointly) independently with E[e] = 0 and E[e?] = 02 € (0, 00).

Assumptions [5}1(b)-3 are standard assumptions in the spatial econometrics liter-

ature (Kelejian and Prucha) [1998| [1999; [Leel 2004). Assumption [f|1 (a) is required

125



for the spectral decomposition. Assumption .1 (b) is necessary to ensure the model
is complete and the assumption that the row and column sums are uniformly bound
and to limit the degree of dependence in y and x,. Assumption 5|1 (c) ensure the
elements of the eigenvectors have the same dependence coefficient as the elements
of the SWM. Assumption [5|2 (a) E[Z}e] = 0 is necessary for variables in Z, to
be valid instruments and the assumption ¢ > 1 corresponds to the order condition
which says the number of instruments must be greater than or equal to the number
of endogenous variables.

We also make the following assumptions about the ESF approximation.
Assumption 6.

1. f(W,y,X1) = Evyo = Eq,va, and g(W,xs, X1, Zs) = Ev,o = Eq,7a,
where Eq, and Eq, are nx sy and n X sy matrices with columns that correspond
to the active sets €y, := supp(vy,0) and € := supp(¥zp), and vyq, and Yo, the

corresponding vectors of unknown constants.
2. 1Q] =s <n—ky —q where Q=Q,UQ,.

Assumption[6]1 is a strong assumption that says weighted sets of eigenvectors are
enough to approximate all the spatially correlated terms in the first and second stage
of the model (i.e., the ESF approximation is valid). We view these as approximations
of f(W,y,X1) and g(W,x2, X1, Z5). Assumption [0]1 is a weak sparsity assump-
tion on the total number of eigenvectors with non-zero coefficients. Unfortunately,

verifying these assumptions in practice or even in simulations is impossible.
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Under these assumptions, we now have the following low dimensional ESF reduced

form system of equations

y=GoYq+e, (3.9)

o = ZaoCo + U, (3.10)

where G = [Xl,ilf2,EQ], Zg = [Xl,ZQ,EQ] , Yo = [51,0,52,07’79], and Co =
[€1,0, 62,0, €30

We will now derive a consistency proof for estimating Yo by 2SLS, assuming €2 is
known. Even under perfect selection, estimating - by 2SLS is non-trivial,
as the standard weak law of large numbers (LLN) and central limit theorem for tri-
angular arrays used for spatial models requires assuming the row-wise independence.
This is not realistic for the elements of E, which are constructed from a linear trans-
formation of W, a matrix which encapsulates the spatial structure. We thus, need
to formalise this dependence and apply appropriate limit theorems.

To model this dependence, we use the notion of -dependence first proposed
by [Doukhan and Louhichi| (1999)) for time-series data and adapted by |Kojevnikov
et al.| (2021)) to allow for cross-sectional dependence. This allows us to use the limit
theorems proposed by Kojevnikov et al. (2021). Roughly speaking, -dependence
measures the strength of dependence between two sets of random variables by the
covariance of non-linear functions of the random variables.

Suppose we observe some spatial structure which is a function of N, and let
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dijn = d;; denote the (shortest) distance between ith and jth cross-sectional unit
given the spatial structure, the distance d is a metric on the set N. We view the
cross-sectional dependence as a stochastic dependence pattern of random variables
on the metric d in the spatial structure.

Let {w;;,1 < i < n,n > 1}, j = 1,...,n, be a triangular arrays of random
variables, where w;; = w;;,, denotes the 7, jth element of matrix W which is derived

from the spatial structure. For any a € N, we endow R”* with distance

da(q7 h’) = Z |QZ - hl|7
=1

where ¢ = (¢1,...,¢.) and h = (hq, ..., h,) are points in R

Let L, denote a family of real values, bounded Lipschitz functions

Lo={f: R R:|[f|lc < oo; Lip(f) < oo},

where Lip(f) is the Lipschitz constant of f|and ||f||s = sup, |f(z)] is the sup-norm
of f.

Now consider two sets of cross-sectional units (of size a and b € N) with a distance

between each other of at least 7 > 0. Let P, denote the collections of all pairs

Popr ={(A,B) : A,BC N,|A|=a, |B|=0b, dap >r}

where dy g = min;e 4 minjep d;; (note Py py, dap and d;; are also implicitly indexed

6The Lipschitz constant for a function f : R* — R is the smallest constant C' such that
|f(g@) — f(h)| < Cda(q,h),V q,h € R".
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by n, but we omit the index to simplify the notation). For each set A of positive
integers we say wy = {w;; 11 € A}

We take {C,, = C} be a sequence of given o-fields, such that for each n > 1,
the spatial weights matrix W,, = W is C-measurable. Definition [2 gives the exact

definition of conditional ¢ dependence we use.

Definition 2. (Kojevnikov et al., |2021) The triangular array {w;;, = w;;, 1 < i <
n,n > 1}, j = 1,...,n is called conditionally 1-dependent given {C,, = C}, if for
each n € N there exists a C-measurable sequence pi, = {jt = iy : 7 > 0}, po = 1,

)

and a collection of non-random functions ., : Lo X Ly, — [0,00) such that for all

(A, B) € Popyr withr >0 and all f € L, and g € Ly,

| Cov(f(wa), g(wp)| C)] < Yas(f,9)pr  a.s. (3.11)

The sequence {y.} is the dependence coefficients of {w;;}.

We will now explicitly specify the latent spatial formation process. We consider
binary connectivity based on physical distance plus some stochastic elements. Specif-
ically, the connection for each pair of spatial units i and j (i # j) is randomly realised

if and only if

wi; = L{ps; > nij},

where the ¢;;’s and 7;;’s are random variables such that ¢;;, = ¢i; = ¢ji, ni; = ;i
and {n;; : @ < j} is i.i.d. and independent of ¢ = (¢;;)i<;. The random variable

¢;; which determines the formation probabilities, is assumed to be a function of
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observable characteristics I;;,, = l;; (e.g., the physical distance between the spatial
units) and unit specific unobservable characteristics ¢;,, = t; (i.e. ¢;; = f(t;,¢;, 1)
where f(-) is some function). Thus, the o-field C is generated by ¢;, t; and I;; for all

7 and j.

3.4.1 Estimation consistency

In scalar notation (3.9) can be rewritten as

k1 s (k1+1+s)
Yi = Z mij,lﬂj,l,o + xi,QﬂQ,o + E €0 t& = E gijngj@ + &4,
Jj=1 j=1 j=1

(k1+g+s)

k1 q S
Tio = E Tij1G51,0 + E 2ij.2Gj,2,0 + E €ijCj3.0 T Uip = E Zijoja + Ui,
=1 i=1 =1 =1

fori=1,...,n.
We now state the additional assumptions for consistent estimation of B3¢ by

2SLS.
Assumption 7.

1. The triangular array {w;;}, is conditionally -dependent given {C} with the
dependence coefficients {u,} satisfying the following condition. For some con-

stant C' >0

Yap(f,9) < Cab(|| f|lso + Lip(f))(J19]loc + Lip(g)) (3.12)
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2. for some | > 2 sup,»; max;ey (E[Z (k1 +1+4s) |g”, ! ]C]) < 00 a.5.,
Sup,,>; MaxX;e N (E[|yz|l| C])l/l < o0 a.8. and

SUp,,>; MaX;ey (E[Z (k1 +g7+s) |zijal |CD < 00 a.s.

nt Zéfm 45 0, N — 00 (3.13)

where §¢ = 'Y, v INL] and Nf. = {j € N : d;; = r} denotes the set of

cross-sectional units exactly distance r from unit 7.
4. E[ZLe|C] = 0.

Assumption [71 is from [Kojevnikov et al| (2021) and the function v, satisfies

Assumption [7]1 if

sup max E[|w;;|?| C,] < 00 a.s.
n>1 €N

for some ¢ > 4 and Vj. Assumption [7]2 states that all variables have conditional
finite second moments, so all are C measurable. Assumption [7]3 is also from [Ko-
jevnikov et al. (2021)) and puts a restriction on the denseness of the spatial structure
and the rate of decay of dependence with regards to the distance between the spatial
units. In the mixing literature, it is common to assume the mixing coefficients can
be summed n1 Y "7, = O,(1) as n — co. A sufficient condition for Assumption
[713, in this case, is if the average number of neighbours at distance r grows slower
than the sample size n i.e. sup,s; 6% = o,(n). The basic idea of this assumption is

it requires the number of spatial connects at distance r must not grow too fast as r

131



increases, however, as the precise condition includes the dependence coefficient
(4, this assumption can be relaxed if u, decreases appropriately fast with r. This as-
sumption seems reasonable as in the literature on estimating SWMs a sparse spatial
structure is often assumed (Ahrens and Bhattacharjee, [2015; |[Lam and Souza, [2016,
2020). An example of where Assumption .3 could fail is if one unit is connected to
all other units, such as in the star network. This is because the distance between any
two units is never larger than 2.|Z| Assumption .4 requires the instruments (including
E,) are uncorrelated with the error, conditional on C.

It is important to clarify that assumption m.l, which requires that w;; are -
dependent triangular arrays, carries over to the eigenvector elements e;;, which are

generated by a linear combination of w;;, A\; and ejy,

5¢ =2(n—1)/n, 6§ = (n—2)(n —1)/n and 5751 =0forr>3
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W = zn: )\keke;

k=1

We, = )\kek, Vk e N

wy; Wiz -+ Win €1k €1k
W21 W22 -+ Wap €2k €2k
= )\k
Wnp1 Wp2 - Wpp Enk Enk
n
ijl wljejk/)\k €1k
n
ST waje /Mg ek
7=1 J=] o (3 14)
n
D1 Wnjik/ Ak Enk

The second equality holds as the columns of the eigenvectors matrix (ey) are

mutually orthonormal,ﬂ and (3.14)) holds if and only if Ay # 0 VE i.e. none of the

eigenvalues are zero.

Lemma 3. Suppose the triangular array {w;;}, with w;; € R satisfies Assumption
@.1 with dependence coefficient {y,}. For eachn > 1 let {\pn = M }ren, A € R and
{€kn = er}ren, er € R" be a sequence of C measurable random scalars and random
vectors with maxgen |Ax| < 00 a.s. and ||ey||3 = 1 Vk. Then the array {e;,} defined

by e = Z;L:1 wii€k/ Mk, = 1,...,n and k = 1,...,n is conditionally 1-dependent

Se;ej =1landeje, =0Vj#k
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given {C} with the dependence coefficients {u.},

‘COV (f(zwaejk//\k)79(Zwbejk//\k) | C)‘ < Yap(fer ge)pr s,

JjEN JEN

The proof is provided in Section |3.8.1]

Lemma |3[ shows that as long as the largest eigenvalue is bound and the eigenvec-
tors are mutually orthogonal (both of these requirements are satisfied by Assumption
[Bl1) the eigenvector elements will have the same dependence coefficients {y, } as the

elements of the SWM.

Theorem 3. Assuming Assumption 37 holds we have
TQ —p TQ,

where Yq is the 2SLS estimate of Yq from (3.9), as n — oc.

The proof is provided in Section [3.8.1}

Theorem [3| shows that under an appropriate mixing condition, some additional
regularity conditions and if 2 is known, we could estimate Y, consistently by 2SLS.
The proof of Theorem [3| uses the weak LLN for triangular arrays, which gives con-
vergence in probability, and the strong LLN for cross-sectionally dependent random
variables of Kojevnikov et al. (2021) which gives almost sure convergence, thus,
overall gives convergence in probability. An almost sure convergence result could be
obtained similarly by using the strong LLN for triangular arrays instead of the weak

LLN for triangular arrays.
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3.4.2 Asymptotic Distribution

We need some additional assumptions, to derive the asymptotic distribution of the

2SLS estimator for known ).

Assumption 8.

1. for some l > 4 sup,>; maXen (E[Zgl:;rus) |gij’9|l| C])l/l <00 4.5,
1/
Sup,,>1 MaxX;en (’yz‘l‘ C]) / < 00 and

S 1 l
sup,s maxiey (B[ E) 2001 €)Y < oo

2. There exists a positive sequence m, = m — oo such that for k =1,2

> 24k
NS EON " e T s, 0, (3.15)
r=0
st 5,00, (3.16)
/ 2 . 1ot cq 1-1/«
where X = E[Z{,Zq| Clo?, crmp = infas1 [Ar kel [57,7&/(1_0()} ,

5f«l,k = n ZieNlNiC,lr ,, Apmg = n! ZieN maxjeN;f,lNi,m/Nj,r—ﬂk; Ni, =
{jeN:d;<r}, NN.={jeN:dyj=r}andl >4 is as same as in

Assumption |8 1. Asn — oco.

Assumption [8]1 states that all variables have at least conditional fourth finite
moment, so are all C measurable, which is in line with many spatial and 2SLS mod-
els. Assumption [§]2 is from [Kojevnikov et al] (2021) and limits the extent of the
spatial dependence of the random variables through restrictions on the spatial struc-

ture. When the spatial structure is given ¢, can be computed, it is composed of
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two parts A, ke and 5;{& J(1—a)> which capture the denseness of the spatial structure
through the average size of neighbourhoods and the average shell size of the neigh-
bourhood. Note that after r goes beyond a certain level A, ,,; tends to decrease
fast, as the set N;,_; becomes large quickly. For to be satisfied i, (the spatial
dependence) needs to decay fast enough as r becomes large, this is because it will
become increasingly difficult to find a slowly increasing sequence m to satisfy the

condition.

Theorem 4. Assuming Assumptions[JH8 holds we have
V(Yo = Ya) =4 N(0, (E[G Zo| CIE[Z)Zo| €)™ B[ Z,Go| C]) ' 0?)

where Y is the 2SLS estimate of Yq from (3.9), as n — oc.

The proof is provided in Section |3.8.1]

Theorem 4] shows that if €2 is known, then under an appropriate mixing condition,
restriction on the denseness of the spatial structure, and some additional regularity
conditions, the 2SLS estimate of Y and thus, (2 will be asymptotically normal.

It is important to note that the rate of convergence will be n=/2.

3.5 Simulation

In this section, we provide simulation evidence to assess the finite sample performance
of the Mi-2SL estimator and compare its performance to correctly and incorrectly

specified /estimated models. We generate the following system of equations ({3.17)) -

136



(3.18)) where the equation includes a SAR(4) and the endogenous variable a SAR(1):

4
Yy = Z Wz’ypl + at + 51151 + ﬁgﬂ?g + u, (317)
=1
o =+ at + <122 + Cle + W.’BQCg + v, (318)
O'Z Oy
(uiavi) ~N Oa )
Oy 0'12)
zZ9 NN(O, I),
ZLq NN(O, I),

where u; and v; are the ith elements of w and v, ¢ is a unit vector, f5 = 1 is the
parameter of interest and W is a symmetric SWM. Additionally we set 02 = 02 = 1
aiu =0.3,06,09 GG =G =a=p0 =0 =1, = 0.6 and p; = 0.6, po = 0.5,
p3 = 0.4 and pys = 0.3.

The elements of W denoted w;;, are independent draws from a Bernoulli dis-
tribution with success probability p = u/n for some constant p < oo, wy; = 0 and
w;j = wj;. By this construction, each unit’s expected number of links equals p. We
setp = 4, 8 to see how the estimators perform at different SWM densities. Each SWM
is normalised by the largest row sum and the eigenvectors are from the normalised
SWM. Sample sizes considered are n = 100, 250, 500, and we run 1000 replication.

The models estimated are:

1. Simple OLS, i.e., estimating y = at + fix; + Poxs + u by OLS (denoted
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simpleOLS) ignoring the spatial process and that x; is endogenous.

2. Simple IV i.e. estimating y = at + f121 + Poxs + w by IV where 2; is used as

instrument for @, (denoted simplelV).

3. Spatial Autoregressive (SAR(p)) model but equation for @ ignores the spatial
process i.e. estimating y = av + Y 7 p;W'y + @161 + @22 + u, by GS2SLS
where Zfif Wiz, are being used as an instrument for > 7, W'y and 2z, is

used as instrument for xo (denoted GS2SLSa-SAR(p)).

4. Spatial Autoregressive (SAR(p)) model with x, estimated as a SAR(1) i.e. esti-
mating y = at+ 3.0 piWiy+x, 1 +220; +u, by GS2SLS where 3742 Wig,

are being used as an instrument for Y 7 W'y, z is used as instrument for
and Wz, being used as an instrument for Wz, (denoted GS2SLSb-SAR(p))

i.e. the true model when SAR(4) is estimated.

5. The estimates from the Mi-2SL Algorithm |3| with the first-stage fitted values
from Lasso (step 3) and a = 1 (denoted Mi-2SLl-al).

6. The estimates from the Mi-2SL Algorithm [3| with the first-stage fitted values

from Lasso (step 3) and a = 2 (denoted Mi-2SLl1-a2).

Note GS2SLSb-SAR(4)* is the correctly specified and estimated model. The
results present in this section are only for fs. See the tables in Section for
the results for £, SAR(2), SAR(3), and Mi-2SL estimates with the first-stage fitted

values from post Lasso (Mi-2SLpl).
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Table and shows the bias and MSE of 8, and the number of selected
eigenvectors at the first-stage and second-stages, and the number of eigenvectors used
in the IV regression (the union of the first and second stage selected eigenvectors)

when p =4 and p = 8 for different levels of error correlation and sample sizes.

Table 3.1: Bias and MSE of 8, and number of selected eigenvectors, p = 4

ol Estimator By No Vecs B No Vecs Ba No Vecs

[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 n=250 n=>500

0.3  GS2SLSa-SAR(1)  0.009(0.016) - 0.018(0.005) - 0.017(0.003) -

0.3  GS2SLSa-SAR(4) -0.001(0.016) - 0.002(0.006) - 0.001(0.003) -

0.3 GS2SLSb-SAR(1) -0.001(0.013) - 0.016(0.005) - 0.015(0.003) -

0.3 GS2SLSb-SAR(4)* -0.008(0.014) - 0.001(0.005) - 0.001(0.003) -

0.3 simpleOLS 0 427(0 212) - 0.28(0.082) - 0.296(0.09) -

0.3 simplelV 55(0.048) - 0.047(0.01) - 0.048(0.006) -

0.3 Mi-2SLl-al 0 006(0 022)  32[32,0] 0.016(0.007)  27[27.0]  0.014(0.003)  82[82,0]

0.3 Mi-2SLl-a2 0.098(0.088) 81[80,10] 0.068(0.02)  169[164,23]  0.11(0.026) 418[410,78]

0.6  GS2SLSa-SAR(1) 0.01(0.016) - 0.018(0.005) - 0.017(0.003) -

0.6  (GS2SLSa-SAR(4)  0.001(0.017) - 0.003(0.006) - 0.002(0.003) -

0.6  GS2SLSb-SAR(1) 0.004(0.013) - 0.017(0.005) - 0.016(0.003) -

0.6 GS2SLSb-SAR(4)* -0.005(0.014) - 0.001(0.005) - 0.001(0.003) -

0.6 simpleOLS 0.58(0.365) - 0431(0.189) ; 0.447(0.202) -

0.6 simplelV 0.052(0.048) - 0.046(0.01) - 0.047(0.006) -

0.6 Mi-2SLl-al  -0.001(0.023) 34[340] 0.015(0.007)  31[31,0]  0.012(0.003)  91[91,0]

0.6 Mi-2SL1-a2 0.092(0.056) 81[80,11]  0.07(0.019) 168[165,23] 0.118(0.029) 414[409,78]

0.9 GS2SLSa-SAR(1) 0.012(0.017) - 0.019(0.005) - 0.017(0.003) -

0.9 GS2SLSa-SAR(4)  0.001(0.017) - 0.004(0.007) - 0.002(0.003) -

0.0 GS2SLSb-SAR(1)  0.008(0.013) - 0.019(0.005) - 0.016(0.002) -

0.9 GS2SLSb-SAR(4)* -0.002(0.014) - 0.002(0.005) - 0.001(0.003) -

0.9 simpleOLS 0.733(0.564) - 0.582(0.341) - 0.598(0.36) -

0.9 simplelV 0.05(0.049) ; 0.045(0.01) - 0.047(0.006) -

0.9 Mi-2SLlal  -0.006(0.025) 35[35,0] 0.014(0.007)  36(36,0]  0.012(0.004)  99[99,0]

0.9 Mi-2SL1-a2 0.079(0.043)  80[80,11] 0.067(0.017)  169[167,22]  0.111(0.024) 411[409,78]

Note: Bias (MSE) and GS2SLSb-SAR(4)* is the correctly specified and estimated model.

These tables show the number of selected eigenvectors is always higher in the
second-stage than first-stage regardless of the exponent a, which is reasonable given
in this simulation setup, the overall level of spatial correlation is higher in the DGP

of y (second stage) than x, (first stage), due to the higher-order lags. The larger
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the exponent, the more eigenvectors are selected regardless of error correlation, p or
sample size. For small sample sizes (100) the number of included eigenvector does
not change much as the error correlation increases, where as for larger sample sizes
(500) when a = 1 the number of included eigenvectors increases and when a = 2
the number of included eigenvectors decrease, for a given y. From the number of
selected eigenvectors at each stage we can see this decrease is actually being driven
by greater overlap between the sets of eigenvectors selected at the first and second

stages.

Table 3.2: Bias and MSE of 8 and number of selected eigenvectors, u = 8

aiu Estimator B No Vecs B No Vecs B No Vecs

[2nd, 1st] [2nd,1st] [2nd, 1st]
n=100 n=250 n=>500

0.3 GS2SLSa-SAR(1)  0.004(0.012) - 0.011(0.005) - 0.013(0.003) -

0.3 GS2SLSa-SAR(4) -0.002(0.015) - 0.003(0.006) - 0.002(0.003) -

0.3 GS2SLSb-SAR(1) 0.003(0.011) - 0.008(0.005) - 0.011(0.002) -

0.3 GS2SLSb-SAR(4)* -0.009(0.014) . 0.001(0.005) - 0.001(0.003) .

0.3 simpleOLS 0.231(0.061) - 0.302(0.096) - 0.261(0.07) -

0.3 simplelV 0.016(0.017) - 0.038(0.012) - 0.034(0.005) -

0.3 Mi-2SLl-al 0.002(0.015) 6[6,0)  0.014(0.007) 31[31,0] 0.014(0.003) 38[38,0]

0.3 Mi-2SL1-a2 0.013(0.022)  34[33,3] 0.067(0.022) 183[180,20] 0.056(0.012)  371[366,40]

0.6 GS2SLSa-SAR(1)  0.004(0.012) - 0.012(0.005) - 0.012(0.003) -

0.6 GS2SLSa-SAR(4) -0.001(0.015) - 0.003(0.006) - 0.002(0.003) -

0.6 GS2SLSb-SAR(1)  0.006(0.011) - 0.01(0.005) - 0.011(0.002) -

0.6  GS2SLSb-SAR(4)* -0.007(0.014) - 0.001(0.005) - 0.001(0.003) -

0.6 simpleOLS 0.382(0.153) - 0.452(0.209) - 0.412(0.171) -

0.6 simplelV 0.013(0.018) - 0.037(0.012) - 0.034(0.005) -

0.6 Mi-2SLl-al -0.003(0.017)  7[7,0]  0.012(0.007) 36(36,0] 0.013(0.003)  45[45,0]

0.6 Mi-2SLl-a2 0.01(0.021)  34[33,3]  0.066(0.02) 181[180,20] 0.058(0.012)  368[365,40]

0.9 GS2SLSa-SAR(1)  0.006(0.012) - 0.012(0.005) - 0.012(0.002) -

0.9 GS2SLSa-SAR(4)  0.001(0.016) - 0.003(0.006) - 0.002(0.003) -

0.9 GS2SLSb-SAR(1) 0.01(0.011) - 0.011(0.005) - 0.012(0.002) -

0.9 GS2SLSb-SAR(4)* -0.003(0.014) - 0.002(0.005) - 0.001(0.003) -

0.9 simpleOLS 0.533(0.29) - 0.602(0.367) - 0.562(0.317) -

0.9 simpleIV 0.01(0.018) - 0.036(0.012) - 0.033(0.005) -

0.9 Mi-2SLl-al -0.006(0.018)  7[7,0]  0.011(0.007) 40[40,0] 0.011(0.003) 52[52,0]

0.9 Mi-2SL1-a2 0.007(0.021)  33[33,3]  0.06(0.017)  181[180,19]  0.058(0.011) 367[366,40]

Note: Bias (MSE) and GS2SLSb-SAR(4)* is the correctly specified and estimated model.
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Generally, we observe that the bias and MSEs of Mi-2SL are smaller when a
stronger penalty is applied, a = 1. When a = 1 Mi-2SL generally beats the mis-
specified SAR(1)s, simpleOLS, and simplelV in terms of bias and simpleOLS and
simplelV in terms of MSE. The bias of a = 1 Mi-2SL also fall as the level of error
correlation increases, where as the MSE tends to stay the same or increases, for a
given sample size and p. In contrast, when a = 2 Mi-2SL can perform worse in terms
of both bias and MSE than simplelV, this is likely due to over-selection in this case.
The bias of Mi-2SL tends to falls as the level of error correlation increases, for a
given p and sample size. The biases and MSEs are smaller for denser SWMs, = 4
compared to g = 8, with Mi-2SL having the most substantial improvement, when
a=2.

A recent study by |[Lewbel et al.| (2021) showed that GS2SLS is robust to mis-
specification of links in a binary SWM and will still produce consistent and asymp-
totically normal estimates when the rate of misspecification grows slower than n¢!
Ve < 0.5. We now run a Monte Carlo experiment to see how Mi-2SL performs
in this situation for the case when o2 ,=0.6. We generate misclassified links using
the same set up as Lewbel et al| (2021), let h;; = wjjti;1 + (1 — w;j)t;;2 for all
i # J; 1 > j; hij = hj;; where t;;, and t;;2 are Bernoulli random variables with suc-
cess probabilities 1 — 71 ; and 7o, respectively. Therefore, 7;; is the misclassification
probability that h;; = 0 when the true w;; = 1, and 7,5 is the misclassification prob-
ability that h;; = 1 when the true w;; = 0. We set 7,1 = r;n°"! and 7,2 = 100r;n%;
where r; = (37, wij/p + |ui])/3. For each i, the probability of misclassification

increases in the number of individual i’s links »7_, w;;, and in the magnitude of i’s
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Table 3.3: Bias and MSE of 8, and number of selected eigenvectors, p = 4 with

misspecified links

c Estimator o No Vecs 32 No Vecs Ba No Vecs
[2nd, 1st] [2nd,1st] [2nd, 1st]
n=100 n=250 n=500
- simpleOLS 0.58(0.367) - 0.432(0.19) - 0.445(0.2) -
- simplelV 0.071(0.052) - 0.043(0.009) - 0.044(0.006) -
0.1 GS2SLSa-SAR(1) 0.033(0.024) - 0.018(0.005) - 0.017(0.003) -
0.1 GS2SLSa-SAR(4) 0.017(0.028) - 0.006(0.006) - 0.003(0.003) -
0.1 GS2SLSb-SAR(1)  0.027(0.02) - 0.017(0.005) - 0.016(0.003) -
0.1 GS2SLSb-SAR(4)* 0.005(0.022) - 0.003(0.006) - 0.001(0.003) -
0.1 Mi-2SLl-al 0.014(0.026)  32[32,0] 0.015(0.007) 29[29,0] 0.01(0.004) 86[86,0]
0.1 Mi-2SL1-a2 0.096(0.069) 79[78,8] 0.064(0.018) 164[160,21] 0.108(0.025) 409[404,73]
0.3 GS2SLSa-SAR(1)  0.044(0.03) - 0.022(0.006) - 0.02(0.003) -
0.3 GS2SLSa-SAR(4) 0.032(0.037) - 0.012(0.007) - 0.007(0.005) -
0.3 GS2SLSb-SAR(1) 0 043(0.024) - 0.022(0.006) - 0 019(0 003) -
0.3 GS2SLSb-SAR(4)* 0.013(0.026) - 0.009(0.006) - 05(0.004) -
0.3 Mi-2SLl-al 0.027(0.033)  29[29,0] 0.019(0.008) 25[25,0] 0 010(0 004) 77[77,0]
0.3 Mi-2SL1-a2 0.109(0.082)  74[73,7] 0.053(0.016) 153[151,16] 0.096(0.021) 400[397,59]
0.5 GS2SLSa-SAR(1) 0.058(0.039) - 0.032(0.007) - 0.027(0.004) -
0.5 GS2SLSa-SAR(4) 0.041(0.054) - 0.026(0.008) - 0.018(0.004) -
0.5 GS2SLSb-SAR(1) 0.062(0.034) - 0.032(0.007) - 0.027(0.004) -
0.5 GS2SLSb-SAR(4)* 0 025(0.036) - 0 022(0.008) - 0.016(0.004) -
0.5 Mi-2SLl-al 0.032(0.041)  22[22,0] 0.029(0.008) 15[15,0] 0.023(0.004) 51[51,0]
0.5 Mi-2SL1-a2 0.073(0.07)  61[60,4] 0.045(0.014) 121[119,8]  0.06(0.013) 371[369,30]
0.7 GS2SLSa-SAR(1) 0.069(0.042) - 0.042(0.008) - 0.037(0.005) -
0.7 GS2SLSa-SAR(4) 0.069(0.069) - 0.039(0.01) - 0.034(0.006) -
0.7 GS2SLSb-SAR(1) 0.075(0.041) - 0.043(0.008) - 0.038(0.005) -
0.7 GS2SLSb-SAR(4)* 0.048(0.054) - 0.035(0.009) - 0.032(0.005) -
0.7 Mi-2SLl1-al 0 052(0.051)  10[10,0]  0.04(0.009) 5[5,0] 0.038(0.005) 14[14,0
0.7 Mi-2SL1-a2 0.064(0.062)  34[33,1] 0.045(0.012) 57[56,3] 0.042(0.008) 246[246,6]

Note: Bias (MSE) GS2SLSb-SAR(4)* is the correctly specified and estimated model and o2 ,

Table B1]
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unobserved error (|u;]). This construction makes the measurement errors endoge-

nous, correlated with the errors. The eigenvectors are from H.

Table 3.4: Bias and MSE of 8, and number of selected eigenvectors, p = 8 with
misspecified links

c Estimator 5 No Vecs B No Vecs [ No Vecs
[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 n=250 n=>500
- simpleOLS 0.386(0.157) - 0.451(0.209) - 09(0.169) -
- simplelV 0.021(0.019) - 0.034(0.012) - 0 029(0 005) -
0.1 GS2SLSa-SAR(1) 0.013(0.014) - 0.011(0.005) - 0.011(0.003) -
0.1 GS2SLSa-SAR(4) 0.01(0.018) - 0.004(0.006) - 0.003(0.003) -
0.1 GS2SLSb-SAR(1) 0.017(0.013) - 0.008(0.005) - 0.01(0.003) -
0.1 GS2SLSb-SAR(4)* 0.003(0.016) - 0.001(0.006) - 0.001(0.003) -
0.1 Mi-2SLl1-al 0 008(0.015) 66,0 0 011(0.007) 34[34,0] 0.01(0.003) 44[44,0]
0.1 Mi-2SL1-a2 0.017(0.021)  31[30,3] 0.058(0.017) 179[177,18] 0.054(0.012) 366[363,40]
0.3 GS2SLSa-SAR(1) 0.017(0.015) - 0.013(0.006) - 0.012(0.003) -
0.3 GS2SLSa-SAR(4) 0.017(0.019) - 0.008(0.006) - 0.005(0.003) -
0.3  GS2SLSb-SAR(1) 0.021(0.014) - 0.012(0.006) - 0.011(0.003) -
0.3 GS2SLSb-SAR(4)* 0.009(0.016) - 0.005(0.006) - 0.003(0.003) -
0.3 Mi-2SLl-al 0.011(0.016)  5[5,0] 0.011(0.007) 32[32,0] 0.012(0.003) 41[41,0]
0.3 Mi-2SL1-a2 0 019(0.021) 27[26,2] 0.055(0.017) 173[172,16] O 054(0.011) 360[357,35]
0.5 GS2SLSa-SAR(1) 0.023(0.016) - 0.02(0.007) - 0.015(0.003) -
0.5 GS2SLSa-SAR(4)  0.02(0.022) - 0.017(0.009) - 0.011(0.004) -
0.5 GS2SLSb-SAR(1) 0.027(0.015) - 0.019(0.007) - 0.015(0.003) -
0.5 GS2SLSb-SAR(4)* 0.012(0.019) - 0.012(0.008) - 0.009(0.003) -
0.5 Mi-2SLl1-al 0.013(0.018)  4[4,0] 0.014(0.009) 25[25,0] 0.016(0.004) 30[30,0]
0.5 Mi-2SL1-a2 0.018(0.021)  20[19,2] 0.046(0.019) 157[155,11] 0.041(0.009) 334[333,23]
0.7 GS2SLSa-SAR(1) 0 025(0.017) - 0.03(0.009) - O 022(0.004) -
0.7 GS2SLSa-SAR(4) 0.028(0.024) - 0.029(0.011) - 0.021(0.004) -
0.7 GS2SLSb-SAR(1) 0.031(0.017) - 0.031(0.009) - 0.023(0.004) -
0.7 GS2SLSh-SAR(4)*  0.02(0.021) - 0.022(0.011) - 0.019(0.004) -
0.7 Mi-2SLI-al 0.018(0.019) 1[1,0] 0.026(0.011) 12[12,0] 0.025(0.004) 11[11,0
0.7 Mi-2SL1-a2 0.018(0.022)  9[9,1] 0.035(0.016)  100[99,5]  0.029(0.007) 236[235,8]

Note: Bias (MSE), GS2SLSb-SAR(4)* is the correctly specified and estimated model and 02, = 0.6. ¢ = 0 is the same was when o2 , = 0.6 in
Table B21

Table and Table (3.4 shows the bias and MSE of 5 and the number of selected
eigenvectors at the first-stage and second-stages, and the number of eigenvectors used
in the IV regression (i.e., the union of the first and second stage selected eigenvectors)
when g =4 and p = 8 for different rates of misspecified links (¢) and sample sizes.ﬂ

These results show that Mi-2SL has good performance in terms of both bias and

9See Section for the full set of simulation results.
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MSE when the SWM contains misspecified links, with its performance improving as
¢ increases relative to the other estimated models. Mi-2SL has the smallest bias of
all estimators considered when ¢ = 0.7, a = 1 n = 100 and u = 8, even beating the
correctly specified and estimated model, GS2SLSb-SAR(4) and in the other cases
performs similarly to the other estimators for ¢ = 0.7. Mi-2SL performs better in
terms of both bias and MSE when a = 1 than a = 2 but the difference between the
two falls as ¢ increases, likely due to the reduction in the number of selected /included
eigenvectors when a = 2. The denser the SWM the smaller the bias and MSE,
regardless of the sample size or level of misspecification.

Comparing these simulation results to those presented in Section [2.6] we find that
adding an endogenous variable that is also spatially correlated changes the behavior
of the exponent a. In Section 2.6| a = 2 gives the best performance in terms of
MSE and bias, whereas when the endogenous variable is added a = 1 gives the
best performance in terms of MSE and bias. Estimation of the first stage is
equivalent to the setup A when p; = 0.6 in Section (with an additional exogenous
variable added), the selection behavior in the first stage in these simulations is similar,
when a = 1 in most cases no eigenvectors are selected, and when a = 2 a larger set
is selected. In contrast, the selection behavior in the second stage is systematically
selecting more eigenvectors, so in this case, a = 2 is likely over-selecting. Thus when
the level of spatial correlation in the variable (y) being studied is large (p = 4)
adding an endogenous variable that is also spatially correlated appears to be causing
over-selection in the second stage when a = 2, a stronger penalty (a = 1) is need to

improves the performance of the procedure.
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3.6 Application on impact of migration on labour
markets

This section revisits the empirical application of |Cadena and Kovak| (2016) empirical
work. They find ‘that low-skilled Mexican-born immigrants’ location choices respond
strongly to changes in local labour demand, which helps equalize spatial differences
in employment outcomes for low-skilled native workers’ using an IV strategy. (Ca-
dena and Kovak| (2016) starts from the observation that over the Great Recession
low-educated Mexican-born male immigrants were more mobile than their native
counterparts. Given this observation, they want to test if their location choice is
being driven by local labour market conditions and leverage the geographic variation
in employment changes during the Great Recession as a natural experiment. They
argue that the change in labour market conditions over the Great Recession can be
approximately measured by changes in employment as wages are sticky downward.
Thus, they look at the effect changes in employment has on population changes for
20 different demographic groups. The demographic groups are split by gender (males
and females), education (high school or less and some college or more), and nativity
(native-born, foreign-born, Mexican-born, and other foreign-born). The unit of ob-
servation is a metropolitan area and they include 95 metropolitan area in their IV
analysis. Figure shows the 95 metropolitan areas included in the |Cadena and

Kovak| (2016) IV analysis and reveals clear spatial heterogeneity.
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Figure 3.1: Metropolitan areas in |Cadena and Kovak| (]2016[)

Legend

250 0 250 500 750 1000 km
[ Cadena and Kovak (2016) metropolitan areas N TN .

Their system of equations is

Apop; = By + frAemp; + Pamex; + Bspolicy; + B4287¢g; + u;, (3.19)

Aemp; = g + 1 Abartik; + amex; + Wspolicy; + 14287g; + v;, (3.20)

where the index i is for the metropolitan area, Apop; is the proportional change
in working-age population from 2006-2010, Aemp; is the proportional change in em-
ployment from 2006-2010, mex; is the share of Mexicans-born population in 2000,
policy; and 287g; are both immigration policy controls, and Abartik; is the ‘Bartik
instrument’ , which predicts changes in local labour demand by assum-
ing that in each industry national employment changes are proportionately allocated

across cities, based on each cities initial industry composition of employment. For
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the reader’s convince, Table [3.5| replicates their main IV results, Table 4 in |(Cadena
and Kovak| (2016). We have also added the first stage (full) F-statistic, so this can
be compared to the partial F-statistic and give further insight into the actual impact
of the Bartik instrument in their estimates. Table B.5 shows the full F-statistic is
always smaller than the partial F-statistic, implying that in their specification, the

Bartik, which is supposed to give the identification, is not helping the first stage.

Table 3.5: Replication of main IV results (Table 4) in |Cadena and Kovak (2016])

Other
All Native-born Foreign-born Mexican-born foreign-born

Panel A: Men, high school or less

Change in log of group-specific  0.223 0.007 0.402 0.992 -0.675
employment (0.166) (0.09) (0.409) (0.468) (0.278)
First stage F-statistic 11.42 10.94 12.76 8.28 17.11
Partial F-statistic (Bartik) 35.74 36.14 25.31 11.94 45.61
Panel B: Men, some college or more
Change in log of group-specific ~ 0.27 0.411 -0.237 -0.475 -0.161
employment (0.157) (0.192) (0.264) (0.387) (0.329)
First stage F-statistic 7.19 6.74 13.07 14.59 13.02
Partial F-statistic (Bartik) 23.89 21.9 37.76 31.79 36.89
Panel C: Women, high school or less
Change in log of group-specific ~ 0.145 -0.405 0.272 1.811 -0.979
employment (0.168) (0.287) (0.504) (0.665) (0.556)
First stage F-statistic 10.43 8.76 15.21 6.04 22.42
Partial F-statistic (Bartik) 28.59 26.09 26.76 13.74 39.17
Panel D: Women, some college or more
Change in log of group-specific -0.066 -0.054 -0.754 0.438 -1.092
employment (0.378) (0.42) (0.716) (0.919) (0.738)
First stage F-statistic 1.53 1.56 3.39 7.75 3.49
Partial F-statistic (Bartik) 5.85 5.58 12.97 27.33 13.12

Note: Robust standard errors appear in parentheses. See|Cadena and Kovak|(2016) Table 4 for further details.

For the SWM, we will use a binary distance-based SWM where w;; = 1 if the
distance between the metropolitan areas is less than A kilometres and zero otherwise.

We consider cutoff distances (A) of 500km, 700km, and 900km. Note 500km is the
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smallest distance that ensures every metropolitan area has at least one neighbour.

Table 3.6: standardised Moran’s i of first and second stage (Cadena and Kovak|
2016))

SWM Other

cutoff All Native-born Foreign-born Mexican-born foreign-born
Panel A: Men, high school or less

900 12,179 4.9 13.34** 3.6  10.38***, 3.91*** 11.18%* 3.59*** 11.38***, 0.95

700 10.59™*, 4.33"> 11.96***, 2.86™*  8.83™**, 3.88"** 9.38"* 2.6%** 10.25%*, 2.28**

500 10.1%%*, 3.25%** 11.36™*, 1.04  8.83"%*, 2.86"** 9.7 2.53" 9.79%* 2.7+
Panel B: Men, some college or more

900 12.85"* 1.13 13.31%*,0.36  11.24** 3.06"** 12.91**, 1.62 12.38**, 2.34**

700 11.31"** 1.39 11.8***,0.22 10%*, 2.01* 11.84***0.35 11.17** 1.3

500 10.43**,0.37 10.67*, 0.01 9.93*, 2.91* 12.05™*,0.25 10.35***, 1.89*
Panel C: Women, high school or less

900 10.08™*, 3.4™*  13.42"** 3.02"*  4.67"*, 5.05"** 5.81%%*, 4.34** 9.78*0.61

700 9.34** 2.85%*  12.84** 23" 4.13"* 5.01** 3.977 4.04% 8.98** 1.36

500 8.35%%, 2.47* 11417, 1,71 4.49**, 3.03*** 4.217 3.39"** 8.79*, 1.53

Panel D: Women, some college or more

900 12,79 3.95"*  12.44** 2.53** 13***, 6.14*** 6.44** -0.63 14.05%**, 4.23***

700 11.27%* 3.53  10.98***, 2.03**  11.71*, 2.96"** 6.83***, -0.19 12.53**, 3.4+

500 9.147 277" 8.87, 1.28 9.89*, 2.92%** 6.53**, 0.1 10.5%*, 3.15***

Note: first stage, second stage. *p<0.1; **p<0.05; ***p<0.01.

Table [3.6] shows the standardised Moran’s ¢ for the first and second stages of
Cadena and Kovak| (2016) IV regressions for the three SWMs considered. This table
shows that the standardised Moran’s i of the first stage is always significant at the
one percent level, and the second stage in most samples is also significant at the
ten percent level. In almost all cases, the first-stage has a substantially higher level
of spatial correlation than the second-stage. For low-educated Mexican-born male
migrants, the standardised Moran’s i is significant at the five percent level in both
stages for all three SWMs, with a test statistic three times larger in the first than
second stage.

Table|3.7|shows the Mi-2SLI (the first stage fitted values from the Lasso estimates,
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Table 3.7: Mi-2SLI results of |(Cadena and Kovak| (2016) with SWM cutoff 500km

Other
All Native-born Foreign-born Mexican-born foreign-born
Panel A: Men, high school or less
Change in log of group-specific ~ 0.275 0.164 0.328 1.385 -0.6
employment (0.18) (0.1) (0.436) (0.308) (0.321)
First stage F-statistic 62.47 48.25 63.73 80.35 435.1
Partial F-statistic (Bartik) 75.9 65.84 39.54 56.82 144.96
Number of vecs [1st,2nd] 8[8,0] 15[15,0] 6[6,0] 14[14,0] 4[4,0]
Panel B: Men, some college or more
Change in log of group-specific ~ 0.211 0.323 -0.223 0.19 -0.125
employment (0.175) (0.243) (0.18) (0.679) (0.251)
First stage F-statistic 21.77 27.04 35.61 200.98 42.07
Partial F-statistic (Bartik) 33.81 46.72 55.71 190.03 63.06
Number of vecs [1st,2nd] 5[5,0] 7[7,0] 4[4,0] 19[19,0] 4[4,0]
Panel C: Women, high school or less

Change in log of group-specific ~ 0.148 -0.442 0.272 1.811 -0.737
employment (0.158) (0.304) (0.504) (0.665) (0.458)
First stage F-statistic 41.51 30.29 15.21 6.04 49.4
Partial F-statistic (Bartik) 64.18 31.98 26.76 13.74 95.59
Number of vecs [1st,2nd] 1[1,0] 6[6,0] 0[0,0] 0[0,0] 1[1,0]
Panel D: Women, some college or more
Change in log of group-specific ~ -0.02 -0.037 -0.581 0.061 -0.987
employment (0.301) (0.381) (0.517) (1.118) (0.508)
First stage F-statistic 12.32 10.64 22.37 24.51 21.14
Partial F-statistic (Bartik) 9.62 8.17 26.81 36.29 24.32
Number of vecs [1st,2nd] 1[1,0] 1[1,0] 1[1,0] 1[1,0] 2[2,0]

Note: First stage fitted values from Lasso estimates (step 3 in Algorithm [3) with a = 2 and the cutoff for the
SWM 500km. Robust standard errors appear in parentheses.
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step 3 in Algorithm |3) with @ = 2 and an SWM with a cut-off of 500kmF_UI No
eigenvectors are selected in any of the second stages due to the low levels of spatial
correlation in each of the second stages, so the fitted values from Lasso and post-Lasso
yield the same results. The tables of results with SWM with larger cut-off and where
the first stage fitted values from post Lasso (Mi-2SLpl) are in Section [3.8.3] The
Mi-2SL results do not change the conclusion of |(Cadena and Kovak (2016) that low-
educated Mexican-born migrants respond positively to changes in employment. For
low-educated Mexican-born males we find the magnitude of the coefficient increases
by approximatly a standard error. A key general impact of the included eigenvectors
is a substantial improvement in the first stage F-statistic and partial F-statistic. For
example, for low-educated Mexican-born males, the first-stage F-statistic and partial
F-statistic increased from 8.28 and 11.94 to 80.35 and 56.82. This improvement in
the first-stage estimates leads to an increase in the precision of the second-stage
estimates, which can be seen by the reduction in the estimated standard errors on
employment change from 0.468 to 0.308. The smaller partial F-statistic than full
F-statistic also implies that the Bartik is now having a stronger positive effect, at

least in the case of low-educated Mexican-born migrants.

3.7 Conclusion

In conclusion, we have proposed a new two-stage lasso-based procedure to estimate

classical regression parameters of endogenous variables in the presence of spatial

10When a = 1 no eigenvectors are selected, thus the results for this case are equivalent to Table

B3
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correlation of an unknown functional form called Morans’ i 2 stage Lasso (Mi-2SL).
Under the assumption that the relevant set of eigenvectors is known, an appropriate
mixing condition holds, some further restriction on the spatial structure, and some
additional regularity conditions, we show that the ESF 2SLS parameter estimates
are consistent and asymptotic normality.

Our simulations result imply the Mi-2SL estimators have a reasonable perfor-
mance against a range of error corrections and have good performance when the
SWM also includes misclassified links, compared to existing selection procedures,
when the second stage includes a higher overall level of spatial correlation than the
first. Our empirical application, where we replicate the IV results of (Cadena and
Kovak| (2016) where the overall spatial correlation is higher in the first-stage than
the second, demonstrates the benefits of using Mi-2SL by improving the first-stage
partial F-statistic and full F-statistic and the reduction in second stage standard
erTors.

Avenues of further research include extending the consistency and asymptotic
normality to allow for mistakes in selection (accounting for the fact that € need
to be estimated), greater theoretical understanding of why Mi-2SL/ESF performs
well in the presence of misclassified links and if ESF also performs well if there is
misspecification in non-binary SWMs, as well as further theoretical understanding

of how the choose the Mi-2SL exponents (a).
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3.8 Appendix

3.8.1 Additional Lemmas and proofs main results

The following Lemma shows that as linear transformation (denoted h,) is a Lipschitz
functions, then taking f. = f(h.(+)) is also a Lipschitz functions, as long as the linear

transformation is bound.

Lemma 4. If f(r;) is a bounded real Lipschitz function with f € L, and {r; € R}
are triangular arrays and h.(r;) is a bounded real linear Lipschiltz function which

linearly transforms r; by the triangular arrays {c¢;}, ¢; € R with max; |¢;| < co. Then

fe(ry) = f(hc(rz)) is also a bounded real Lipschitz with f. € f.

Proof of Lemma[4 Let the linear function h. be multiplicative i.e. h.(r;) := ¢y,
R — R is Lipschitz iff there exists a constant K} such that |h.(x1) — he(z2)| = ¢z —
cixa| < Kp|(z1 — x2)| where 21 and x5 are points in R. Note by the Cauchy-Schwartz
inequality (c¢;(z1 — x9))? < ¢2(z1 — x2)%. Thus, h.(-) is Lipschitz as Kj, = |¢;| < oc.

Now as f is a bounded real Lipschitz function | f(c;x1) — f(ciz2)| < Ky|ciag —cias,

[fe(xr) = fe(an)| = [f(cizn) — fleiwo)| < Kylei(wy — x5)] (3.21)

< K |(z1 — 22)| (3.22)

where (33.22)) uses the Cauchy-Schwartz inequality and K. := K;Kj,.
Similarly let the linear function h. be additive i.e. h.(r;) == ¢; + 1, R = Ris

Lipschitz iff there exists a constant K} such that |h.(z1) — he(z2)| = |(¢;+ 1) — (¢;+
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x9)| < (1 — x2)|, note K = 1. Thus,

|fe(z1) = fe(z)| = |f(ci + 21) — flei + 22)| < Kyl(ei + 1) — (¢ + 22)| = K[ — 12

= K|(z1 — 22)]

where Kf = KCKh = KC. ]

Proof of Lemmal[3 As ejr and \j, satisfy the linear transformation requirements in

Lemma [4] thus, these transformations are f. € f and g. € g, so we have

[ ov (¢ S waen/ e ) o (3 i/ )1€)| =1 Conthwa).acan) €

JEN JEN

< Yap(fes Ge)pir a-s.

The inequality holds due to (3.11]). ]

Let A be some n X s matrix with typical elements a;; and column a;, further the
columns are orthonormal and B be some n x d matrix with typical elements b;; and

column b;, thus,
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a’ll a12 st als a’ll a12 “ e a’lS
Az1 Qg2 - Qs Aoy Goy -+ Qos
A'A =
Ap1 Qp1 - Qps Apl Ap1 **° Qps
n n n
Doh Qk1GRL D g Qk1GR2 D Gk1Oks
n n n
Dokt Ok20k1 D g Gk20k2 Dy (k2Cks
n n n
Dbt QksQkl D g OksOk2 =+ Dy (ksOis
and
_ o )
a1 G2 ccc Qs byy by -+ big
/ Qg1 Q22 -+ Q2 by by -+ boy
A'B =
Anl Qpl " Qns bnl an T bnd
n n n
Zkzl k1 b Zk:l ag1bra - Zk:l %1054
n n n
Zkzl ak2bi Zk:l agabry - Zk:l ap2bra
n n n
Zk:l ksbi Zk:l agsbra - Zkz:l Qsbra

Lemma 5. Suppose the triangular arrays {ag;}, ar; € R which satisfies Assumption
[1.1 with dependence coefficient {u,} and the columns of A are orthonormal (||a;||3 =

1 Vi). Then the array {d ,_, ariar;}, @ = 1,...,s, j = 1,...,s is conditionally
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Y /dependent given {C} with the dependence coefficients {ji,}.

‘ Cov (f ( Z aaakj) %) ( Z abakj> | C )’ < %,b(fc, gc)/lr a.s.
keEN keN

where a, = arg and a, = app

Proof of Lemma[5, As ||a;||3 = 1 satisfy the linear transformation requirements in

Lemma [4] thus, these transformations are f. € f and g. € g, so we have

ov (( S aaany ) X avany)1€)| = | Covtufen), (e O] < bunlfni s

keEN kEN
The inequality holds due to (3.11)). ]

Lemma 6. Suppose the triangular array {ag;}, ar; € R which satisfies Assumption
[11 with dependence coefficient {p,}. For eachn > 1 let {by;}, by; € R be a sequence
of C measurable random variables with sup,, maX;cy (E[|bkj|2|C])1/2 < o0, Vj.
Then the array {> ._, aribe;}, i =1,...,s, j = 1,....d is conditionally 1)-dependent

given {C} with the dependence coefficients {ji,}.

| Cov (f ( 3 aabkj) y ( 3 abbkj) 10)] < buslfngr s

keN keN
where a, = arg and a, = app

Proof of Lemma [l As sup,,s; max;en (E[|b;€j|2|C])1/2 < 00, Vj satisfy the linear
transformation requirements in Lemma [4] thus, these transformations are f. € f

and g. € g, so we have
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‘Cov (f(lgvaabkj),g<

> iy )1€)| = | CovlAlaa), (a0 O < Vantf g

keN
The inequality holds due to (3.11]). O
Note a special case of Lemma[0]is then d = 1, i.e. B is a vector.

Proof of Theorem[3 Starting from the 2SLS solutions of ({3.9)
Yo = ((G4Za/n)(26Za/n) " (Z26Ga/n)) " (GoZa/n)(Z4Za/n) " (Ziy/n)
Substituting in (3.9)) yields

Yo = ((GoZa/n)(Z4Z0/n) " (Z4Ga/n)) (3.23)
x (GoZa/n)(Z4Za/n) " (Zo(GaYa +€)/n)
Yo — Yo = ((GoZo/n)(ZhZa/n)  (ZHGao/n)) ™ (3.24)

% (GiyZo/n)(ZhZo/n) " (Zhe n) (3.25)

Expressing Z(,Zq/n, GoZo/n, ZLGqo/n and Z{,e/n in block-wise form,
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XIX\/n X|Zo/n X|Eo/n
ZoZo/n = | ZLX /n  ZLZy/n  ZLEq/n
ELX,/n Eb\Zs/n ELEq/n
_X{Xl/n Xi1Zs/n X{Eg/n_
GoZo/n = o X /n  xhZy/n  xhEq/n

E X /n ELZy/n ELEq/n
-X{Xl/n Xixzy/n X Eq/n
ZoGo/n= | Z,X\/n  Zixs/n ZLEq/n
E\X,/n E{xs/n ELEq/n
_Xie/n
Zoe/n = | Zie/n

Eqe/n

Given the elements of X1, x5 and Z, are triangular arrays of real number that are
bound in absolute value (Assumptions [52). Additionally by Assumptions [53 and
the LLN of triangular arrays we have X|X,/n —, E[X{X;|, X{Zy/n —, E[ X Z;],
ZVX\/n —, E|ZLX)), ZbZao/n —, B[Z5Z,], 24Xy /n —, ElxyX1), Xlaa/n —,
E[ X {xs], Zixo/n —, E]Z)xs], xhZs/n —, E[x)Z,), Xie/n —, E[X|e] = 0 and
Zle/n —, E[Zle] =0asn — oo

By Lemma [3] - [6] terms involving Eq are weakly ¢-dependence with dependence
coefficient {p, }, thus, under Assumptions [7land the LLN of |[Kojevnikov et al. (2021)

we have
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X! Eq/n ey E[X!Eo|Cl, ZLEo/n —us E|ZLEa|Cl, ELX) /1 —as E[ELX:|C),
ELZy/n —.s BlELZ,|Cl, ®hEq/n —.s ElxbEq|Cl, EGxa/n — ., E[EGxs|Cl,
ELEq/n —as E[EGEq|Cl and Ejhe/n —,s. E[ELe|C] =0, as n — o0

Thus, we have Z(,Zo/n —, E[Z{Zq|C|, GhLZo/n —, E|GLZo|C] Z6Ga/n —,
E[Z{,Gq|C] and Zie/n —, E[Ze|C] = 0.

Finally applying the Continuous Mapping Theorem we have

Yo — Yo =, (ElGnZa| CIE[Z,Z0| €)' E[Z4Go| C])
x B[G{, Za| C] B[ 24, Zo| €] E[Zje | C]

=0.

Proof of Theorem[4. Multiplying (3.25)) by /n gives

V(Yo — Yo) = ((GoZa/n)(ZoZa/n) ™ (Z4Ga/n))

X (GoZa/n)(ZHZa/n) " (Zhe//n)

Under Assumptions [5H7], the LLN of triangular arrays and the LLN of Kojevnikov
et al| (2021) that matrices involving G and Zg are O,(1) (proved in Theorem [3)).

We now need to look at the behavior of
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Xie/\/n
Zoe/Nn= | Zie/\/n
Eqe/v/n
Given ¢; is a triangular array of identically distributed random variables that is
(jointly) independently distributed for each n with E[e;] = 0 and E[e?] = 02 < oo (As-
sumption [f|2), and E[X|X|C] and E[Z}Z,|C] are finite and non-singular (implied
by Assumption .2 and .2). Then the central limit theorem for triangular arrays
implies X e/v/n —4 N(0,02E[X|X:|C]) and Zie/\/n —4 N(0,02E[Z}Z,|C]).
Lemma [4] 3] and [6] insure that the element of Ef,e are 1)-dependent with depen-
dence coefficients p,. Additionally given assumptions [53, [7]4 and [§] we can apply
the CLT of Kojevnikov et al.| (2021), E4e/v/n —4 N (0,02 E[ELEq|C)).

Thus, we have

V(Yo —Ya) = (GoZa/n)(ZyZa/n)  (ZoGa/n))
x (GoZa/n)(ZHZao/n)  (Zhe/Vn)

—4 N(0, (E[GyZa| C|E[Z4,Z0| C) ' B[ Z4Ga|C)) ' 0?)

Final we show that Z{,e has a finite second moment. By Minkowski’s inequality
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we have

(k1+1+8)
Ellel' DY = Ellyi— Y gyaTsal'|C)Y*
j=1
(k1+1+s) (k1+1+s)
< Ellgl'|CDY* + B[ Y lgual'lCDY* Y- The<oo
P =1

under Assumption [§1, for i = 1,...,n. Then by the Cauchy-Schwarz inequality

(k1+1+s) (k14+1+s)
E[ > lzosilPICI<E[ Y |z0l'|CIE[el*C] < oo
j=1 j=1
under Assumption [§1, fori =1,...,n. O

3.8.2 Full simulation tables

This section includes the full simulation tables (tables with more misspecified models
and versions of Mi-2SL) Tables 3.11 The simulation setup is as described in
Section 3.5

3.8.3 Additional application tables

This section includes the Mi-2SL estimates for larger SWM cutoffs and when the

first-stage fitted values from post Lasso estimates (step 3 in Algorithm , Tables
0. 12H3. 16l
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Table 3.8: Bias, MSE and number of selected eigenvectors, pu = 4 (full)
af_u Estimator o b1 No Vecs o b1 No Vecs B 51 No Vecs
[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 =250 n=500
03 GS2SLSa-SAR(1) 0.009(0.016) 0.023(0.020) - 0.018(0.005) 0.012(0.009) - 0.017(0.003)  0.016(0.005) -
0.3 GS2SLSa-SAR(2) -0.017(0.014) -0.008(0.025) - -0.002(0.005) -0.008(0.009) - -0.005(0.002) -0.005(0.004) -
0.3 GS2SLSa-SAR(3) -0.007(0.015) -0.005(0.025) - 0.002(0.009) -0.005(0.01) - 0.001(0.003) -0.001(0.005) -
03 CS2SLSa-SAR(4) -0.001(0.016) -0.012(0.027) - 0.002(0.006) -0.006(0.01) - 0.001(0.003)  -0.001(0.005) -
0.3 GS2SLSb-SAR(1) -0.001(0.013) 0.032(0.025) - 0.016(0.005) 0.014(0.009) - 0.015(0.003)  0.017(0.005) -
03 GS2SLSD-SAR(2) -0.015(0.011) -0.011(0.023) - -0.004(0.005) -0.009(0.008) - -0.005(0.002) -0.005(0.004) -
0.3  GS2SLSb-SAR(3) -0.011(0.013) -0.011(0.023) - 0.001(0.005) -0.007(0.009) - -0.001(0.002) -0.002(0.004) -
0.3 GS2SLSH-SAR(4)* -0.008(0.014) -0.017(0.024) - 0.001(0.005) -0.009(0.009) - 0.001(0.003)  -0.003(0.005) -
03 simpleOLS  0427(0.212) -0.313(0.150) - 028(0.082) -0.206(0.052) - 0.206(0.09)  -0.218(0.054) -
03 simplelV/ 0.055(0.048)  0.065(0.09) - 0.047(0.01)  0.031(0.015) - 0.048(0.006)  0.033(0.009) -
03 Mi2SLlal  0006(0.022) 0.019(0.036) 32(320] 0.016(0.007) 0014(0.012)  27[27.0]  0.014(0.003) 0.01(0.006)  82[82,0]
03 Mi-2SLplal  0.011(0.022) 0.014(0.036) 30(30,0] 0.017(0.007) 0.014(0.012)  26[26,0]  0.014(0.003)  0.01(0.006)  7979,0]
03 Mi2SLla2  0.098(0.088) -0.083(0.179) SL[80,10] 0.068(0.02) -0.046(0.027) 169[164,23] 0.11(0.026) -0.086(0.028) 418[410,78]
03 Mi2SLpka2  0.095(0.063) -0.064(0.103) SL[78,10] 0.065(0.015) -0.042(0.022) 158[146,23] 0.095(0.017) -0.066(0.018) 411[392,78]
0.6 GS2SLSa-SAR(1)  0.01(0.016)  0.022(0.03) - 0.018(0.005) 0.011(0.009) - 0.017(0.003)  0.016(0.005) -
06 GS2SLSa-SAR(2) -0016(0.014) -0.01(0.025) - -0.002(0.005) -0.009(0.009) - -0.005(0.002) -0.005(0.004) -
0.6 GS2SLSa-SAR(3) -0.006(0.016) -0.009(0.025) - 0.001(0.012) -0.006(0.01) - 0.001(0.003)  -0.001(0.005) -
0.6 GS2SLSa-SAR(4)  0.001(0.017) -0.017(0.028) - 0.003(0.006) -0.007(0.01) - 0.002(0.003) -0.002(0.005) -
06 CS2SLSD-SAR(L) 0.004(0.013) 0.028(0.025) - 0.017(0.005) 0.012(0.009) - 0.016(0.003)  0.017(0.005) -
0.6 GS2SLSb-SAR(2) -0.012(0.011) -0.015(0.023) - -0.003(0.005) -0.011(0.009) - -0.005(0.002)  -0.006(0.004) -
0.6 CS2SLSb-SAR(3) -0.008(0.013) -0.017(0.023) - 0.002(0.005) -0.009(0.00) - -0.001(0.002) -0.003(0.005) -
0.6 GS2SLSb-SAR(4)* -0.005(0.014) -0.024(0.025) - 0.001(0.005) -0.012(0.009) - 0.001(0.003)  -0.004(0.005) -
06 simpleOLS 0.58(0.365) -0.466(0.275) - 0.431(0.189) -0.358(0.137) - 0.447(0.202)  -0.371(0.143) -
0.6 simplelV 0.052(0.048)  0.069(0.002) - 0.046(0.01)  0.032(0.016) - 0.047(0.006)  0.034(0.01) -
0.6 Mi-2SLlal  -0.001(0.023) 0.026(0.039) 34[34,0] 0.015(0.007) 0.014(0.012)  31[3L0]  0.012(0.003) 0.011(0.006)  91(91,0]
0.6 Mi-2SLplal  0.007(0.023) 0.018(0.038) 32(32,0] 0.016(0.007) 0.013(0.012)  31[3L,0]  0.013(0.003) 0.011(0.006)  88[88,0]
06  Mi2SLla2  0.002(0.056) -0.072(0.086) SL[S0,11] 0.07(0.019) -0.047(0.025) 168[16523) 0.118(0.020) -0.093(0.020) 414[409,78]
06 Mi-2SLpla2  0.102(0.051) -0.072(0.079) SO[78,11] 0.086(0.02) -0.062(0.024) 154[142,23] 0.135(0.028) -0.106(0.026) 405[384,78]
09 GS2SLSa-SAR(1) 0012(0.017)  0.021(0.03) - 0.019(0.005) 0.011(0.009) - 0.017(0.003)  0.016(0.005) -
0.9 GS2SLSa-SAR(2) -0.015(0.013) -0.012(0.025) - -0.001(0.005) -0.009(0.009) - -0.005(0.002) -0.005(0.004) -
0.0 GS2SLSa-SAR(3) -0.005(0.016) -0.013(0.026) - 0.001(0.018) -0.007(0.012) - 0.001(0.003) -0.002(0.005) -
00 CS2SLSa-SAR(4) 0.001(0.017) -0.021(0.020) - 0.004(0.007) -0.009(0.01) - 0.002(0.003)  -0.003(0.005) -
0.9 GS2SLSb-SAR(1) 0.008(0.013) 0.024(0.026) - 0.019(0.005) 0.011(0.009) - 0.016(0.002)  0.016(0.005) -
09 GS2SLSD-SAR(2) -0.008(0.011) -0.019(0.023) - -0.002(0.005) -0.012(0.009) - -0.005(0.002) -0.007(0.004) -
0.9 GS2SLSb-SAR(3) -0.005(0.013) -0.024(0.024) - 0.002(0.005) -0.012(0.009) - -0.001(0.002)  -0.004(0.005) -
0.9 GS2SLSH-SAR(4)* -0.002(0.014) -0.032(0.026) - 0.002(0.005) -0.015(0.01) - 0.001(0.003)  -0.006(0.005) -
09  simpleOLS  0.733(0.564) -0.619(0436) - 0.582(0.341) -0.51(0.268) - 0.508(0.36)  -0.524(0.279) -
0.9 simplelV’ 0.05(0.049)  0.073(0.095) - 0.045(0.01)  0.033(0.016) - 0.047(0.006)  0.035(0.01) -
09  Mi2SLlal  -0.006(0.025) 0.031(0.042) 35(35.0] 0.014(0.007) 0014(0.013)  36[360]  0.012(0.004) 0.011(0.007)  99[99.0]
0.9 Mi-2SLpkal  0.004(0.025) 0.019(0.041) 34[34,0] 0.015(0.007) 0.013(0.013)  35(350]  0.013(0.004)  0.01(0.006)  96[96,0]
09  Mi2SLla2  0.079(0.043) -0.056(0.06) S0[S0,11] 0.067(0.017) -0.044(0.021) 169[167,22] 0.111(0.024) -0.086(0.024) 411[409,78]
09  Mi2SLpka2  0.113(0.046) -0.082(0.06) S0[77,11] 0.096(0.022) -0.072(0.025) 150[137,22] 0.162(0.036) -0.133(0.031) 397[376,78]

Note: Bias (MSE) and GS2SLSb-SAR(4)* is the correctly specified and estimated model.
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Table 3.9: Bias, MSE and number of selected eigenvectors, u = 8 (full)

af‘u Estimator By B No Vecs Ba By No Vecs o B No Vecs

[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 n=250 n=500

0.3 GS2SLSa-SAR(1) 0.004(0.012)  0.009(0.023) » 0.011(0.005)  0.01(0.01) » 0.013(0.003)  0.011(0.005) -

0.3 GS2SLSa-SAR(2) -0.008(0.012) -0.007(0.026) ~ -0.006(0.006) -0.009(0.01) - £0.005(0.002) -0.005(0.005) -

0.3 GS2SLSa-SAR(3)  0.001(0.027) -0.008(0.029) - 0.001(0.007)  -0.004(0.009) - 0.001(0.003)  0.001(0.005) -

0.3 (GS2SLSa-SAR(4) -0.002(0.015) -0.01(0.027) . 0.003(0.006)  -0.006(0.01) - 0.002(0.003) -0.001(0.005) .

0.3  GS2SLSb-SAR(1)  0.003(0.011)  0.011(0.022) - 0.008(0.005)  0.013(0.009) - 0.011(0.002)  0.012(0.005) .

0.3 GS2SLSb-SAR(2) -0.005(0.011) -0.008(0.023) - -0.007(0.004) -0.011(0.008) - -0.006(0.002)  -0.005(0.005) -

0.3 GS2SLSb-SAR(3) -0.008(0.013) -0.012(0.024) - -0.001(0.005) -0.007(0.009) - 0.001(0.003) -0.001(0.005) .

0.3 GS2SLSb-SAR(4)* -0.009(0.014) -0.018(0.025) 0.001(0.005)  -0.009(0.009) - 0.001(0.003)  -0.002(0.005) .

0.3 simpleOLS 0.231(0.061)  -0.191(0.06) - 0.302(0.096)  -0.24(0.072) - 0.261(0.07)  -0.207(0.049) -

0.3 simplelV 0.016(0.017)  0.026(0.033) . 0.038(0.012)  0.027(0.022) - 0.034(0.005)  0.021(0.008) .

0.3 Mi-2SLl-al 0.002(0.015)  0.017(0.020)  6[6,0]  0.014(0.007) 0.01(0.012)  31[31,0]  0.014(0.003) 0.014(0.005)  38[38,0]

0.3 Mi-2SLpl-al 0.002(0.015)  0.017(0.029) 5[5,0] 0.014(0.007)  0.009(0.012) 31[31,0] 0.014(0.003)  0.014(0.005) 38[38,0]

0.3 Mi-2SLl-a2 0.013(0.022)  0.006(0.04) 34[33,3] 0.067(0.022) -0.047(0.029) 183[180,20] 0.056(0.012) -0.035(0.016) 371[366,40]

0.3 Mi-2SLpl-a2 0.01(0.02) 0.007(0.037)  31[29,3]  0.062(0.017) -0.039(0.024) 176[169,20] 0.056(0.009) -0.033(0.012) 351[334,40]

0.6 GS2SLSa-SAR(1) 0.004(0.012) 0.008(0.023) - 0.012(0.005)  0.009(0.01) - 0.012(0.003)  0.011(0.005) -

0.6 (GS2SLSa-SAR(2) -0.007(0.012) -0.008(0.026) - -0.006(0.006) -0.01(0.011) - -0.005(0.002) -0.005(0.005) -

0.6  GS2SLSa-SAR(3) -0.001(0.019) -0.01(0.027) - 0.001(0.006)  -0.006(0.009) - 0.001(0.003)  0.001(0.005) -

0.6 GS2SLSa-SAR(4) -0.001(0.015) -0.013(0.027) - 0.003(0.006) -0.007(0.011) - 0.002(0.003)  -0.002(0.005) -

0.6 GS2SLSb-SAR(1)  0.006(0.011)  0.008(0.022) : 0.01(0.005)  0.011(0.009) . 0.011(0.002)  0.012(0.005) -

0.6  GS2SLSb-SAR(2) -0.001(0.011) -0.012(0.024) - -0.006(0.004) -0.012(0.008) - -0.005(0.002)  -0.006(0.005) -

0.6  GS2SLSb-SAR(3) -0.004(0.013) -0.018(0.024) - -0.001(0.005) -0.01(0.009) - 0.001(0.003)  -0.002(0.005) -

0.6 GS2SLSb-SAR(4)* -0.007(0.014) -0.024(0.025) 0.001(0.005) -0.012(0.009) - 0.001(0.003)  -0.003(0.005) -

0.6 simpleOLS 0.382(0.153)  -0.341(0.137) - 0.452(0.209)  -0.392(0.167) - 0.412(0.171)  -0.359(0.134) .

0.6 simplelV 0.013(0.018) 0.03(0.033) - 0.037(0.012)  0.028(0.022) - 0.034(0.005)  0.022(0.008) -

0.6 Mi-2SLl-al -0.003(0.017)  0.022(0.031)  7[7,0]  0.012(0.007)  0.01(0.013)  36[36,0]  0.013(0.003) 0.014(0.006)  45[45,0]

0.6 Mi-2SLpl-al -0.003(0.016)  0.022(0.031) 6[6,0] 0.013(0.007)  0.009(0.013) 35(35,0] 0.013(0.003)  0.014(0.006) 45[45,0]

0.6 Mi-2SLl-a2 0.01(0.021)  0.007(0.04)  34[333]  0.066(0.02) -0.046(0.027) 181[180,20] 0.058(0.012) -0.037(0.015) 368[365,0]

0.6  Mi-2SLpla2  0.012(0.021) 0.005(0.038) 30[28,3]  0.082(0.02) -0.061(0.026) 173[165,20] 0.079(0.013) -0.056(0.015) 342[324,40]

0.9 GS2SLSa-SAR(1)  0.006(0.012)  0.007(0.023) X 0.012(0.005)  0.008(0.01) ) 0.012(0.002)  0.011(0.005) :

0.9 GS2SLSa-SAR(2) -0.006(0. 013) -0.009(0.027) - -0.006(0.006) -0.011(0.011) - -0.005(0.002) -0.005(0.005) -

0.9 GS2SLSa-SAR(3) -0.001(0.016) -0.012(0.026) . 0.001(0.006)  -0.007(0.01) - 0.002(0.003)  0.001(0.005) .

0.9 GS2SLSa-SAR(4) 0.001(0.016) -0.016(0.027) - 0.003(0.006)  -0.009(0.011) - 0.002(0.003)  -0.002(0. 005) -

0.9 (GS2SLSh-SAR(1)  0.01(0.011)  0.005(0.022) . 0.011(0.005)  0.01(0.01) . 0.012(0.002)  0.011(0.005) .

0.9 GS2SLSb-SAR(2)  0.002(0.011) -0.016(0.024) -~ -0.004(0.004) -0.014(0.009) - -0.005(0.002) -0.006(0.005) .

0.9 GS2SLSb-SAR(3) -0.001(0.013) -0.023(0.024) - 0.001(0.005) -0.012(0.009) - 0.001(0.003) -0.003(0.005) -

0.9 (GS2SLSb-SAR(4)* -0.003(0.014) -0.03(0.026) 0.002(0.005) -0.015(0.009) . 0.001(0.003)  -0.005(0.005) .

0.9 simpleOLS 0.533(0.29)  -0.491(0.258) . 0.602(0.367) -0.543(0.306) - 0.562(0.317) -0.511(0.265) .

0.9 simplelV 0.01(0.018)  0.033(0.035) - 0.036(0.012)  0.03(0.023) - 0.033(0.005)  0.023(0.008) -

0.9 Mi-2SLl-al -0.006(0.018) 0.025(0.033)  7[7,0]  0.011(0.007)  0.01(0.014)  40[40,0]  0.011(0.003) 0.015(0.006)  52[52,0]

09  Mi-2SLplal  -0.006(0.018) 0.025(0.033)  7[7,0]  0.012(0.007) 0.01(0.014)  39[39,0]  0.011(0.003) 0.015(0.006)  51[51,0]

0.9 Mi-2SL1-a2 0.007(0.021) ~ 0.011(0.04)  33[33,3]  0.06(0.017) -0.041(0.023) 181[180,19] 0.058(0.011) -0.036(0.013) 367[366,40]

09  Mi-2SLpla2 0.01(0.02)  0.007(0.038) 29[27,3] 0.094(0.023) -0.072(0.027) 172[164,19] 0.099(0.019) -0.075(0.019) 335[317,40]

Note: Bias (MSE) and GS2SLSb-SAR(4)* is the correctly specified and estimated model.
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Table 3.10: Bias, MSE and number of selected eigenvectors, u = 4 with misspecified
links (full)

c Estimator By 51 No Vecs B 51 No Vecs B 51 No Vecs
[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 n=250 n=500
0.1 GS2SLSa-SAR(1) 0.033(0.024) 0.007(0.045) - 0.018(0.005) 0.016(0.01) - 0.017(0.003)  0.017(0.005) -
0.1 GS2SLSa-SAR(2) 0.003(0.022) -0.018(0.044) - —0.001(0 005) -0.003(0.01) - -0.002(0.003)  -0.003(0.005) -
0.1 GS2SLSa-SAR(3) 0.017(0.024) -0.022(0.043) - 0.004(0. 006) -0.003(0.011) - 0.002(0.003)  -0.001(0.005) -
0.1 GS2SLSa-SAR(4) 0.017(0.028) -0.028(0.042) - 0.006(0.006)  -0.005(0.011) - 0.003(0.003)  0.001(0.005) -
0.1 GS2SLSb-SAR(1) 0.027(0.02)  0.015(0.037) - 0.017(0.005) 0.016(0.01) - 0.016(0.003)  0.017(0.005) -
0.1 GS2SLSb-SAR(2) 0.009(0.016) -0.024(0.033) - 0.001(0.005)  -0.005(0.01) - -0.003(0.002) -0.004(0.005) -
0.1 GS2SLSb-SAR(3)  0.008(0.02)  -0.03(0.035) - 0.003(0.005)  -0.007(0.01) - 0.001(0.003)  -0.003(0.005) -
0.1 GS2SLSb-SAR(4)* 0.005(0.022) -0.036(0.039) - 0.003(0.006)  -0.008(0.01) - 0.001(0.003)  -0.003(0.005) -
0.1 simpleOLS 0.58(0.367)  -0.476(0.291) - 0.432(0.19)  -0.357(0.136) - 0.445(0.2) -0.368(0.141) -
0.1 simplelV 0.071(0.052)  0.041(0.104) - 0.043(0.009)  0.038(0.016) - 0.044(0.006) 0.039(0.01) -
0.1 Mi-2SLI-al 0.014(0.026)  0.014(0.054)  32[32,0]  0.015(0.007)  0.017(0.013) 29(29,0] 0.01(0.004) 0.013(0.007) 86(86,0]
0.1 Mi-2SLpl-al 0.02(0.026)  0.009(0.054)  31[31,0]  0.016(0.007) 0.017(0.013) 29[29,0] 0.011(0.004)  0.013(0.007) 83(83,0]
0.1 Mi-2SL1-a2 0.096(0.069) -0.07(0.1) 79[78,8]  0.064(0.018) -0.038(0.025) 164[160,21] 0.108(0.025) -0.083(0.027) 409[404,73]
0.1 Mi-2SLpl-a2 0.107(0.062) -0.081(0.092)  78[76,8]  0.079(0.018) -0.049(0.023) 149[137,21]  0.13(0.026)  -0.105(0.027) 398[377,73]
0.3 GS2SLSa-SAR(1)  0.044(0.03)  0.005(0.061) - 0.022(0.006)  0.018(0.011) - 0.02(0.003) 0.019(0.006) -
0.3 GS2SLSa-SAR(2) 0.021(0.024) -0.015(0.052) - 0.008(0.006)  0.001(0.011) - 0.003(0.003)  0.001(0.006) -
0.3 GS2SLSa-SAR(3) 0.032(0.031) -0.022(0.053) - 0.01(0.007)  0.001(0.012) - 0.007(0.003)  0.002(0.006) -
0.3 GS2SLSa-SAR(4) 0.032(0.037) -0.034(0.055) - 0.012(0.007) -0.002(0.011) - 0.007(0.005)  0.002(0.006) -
0.3 GS2SLSb-SAR(1) 0.043(0.024)  0.01(0.048) - 0.022(0.006)  0.018(0.011) - 0.019(0.003)  0.019(0.006) -
0.3 GS2SLSb-SAR(2) 0.025(0.022) -0.019(0.048) - 0.009(0.005)  -0.001(0.01) - 0.002(0.003)  0.001(0.005) -
0.3 GS2SLSb-SAR(3) 0.018(0.026) -0.033(0.046) - 0.009(0.006)  -0.004(0.011) - 0.005(0.003)  0.001(0.006) -
0.3 GS2SLSb-SAR(4)* 0.013(0.026) -0.042(0.049) - 0.009(0.006)  -0.006(0.011) 0.005(0.004)  0.001(0.006) -
0.3 simpleOLS 0.58(0.367)  -0.476(0.291) - 0.432(0.19)  -0.357(0.136) - 0.445(0.2) -0.368(0.141) -
0.3 simplelV 0.071(0.052)  0.041(0.104) - 0.043(0.009)  0.038(0.016) - 0.044(0.006) 0.039(0.01) -
0.3 Mi-2SLl-al 0.027(0.033)  0.014(0.075)  29[29,0]  0.019(0.008) 0.02(0.014) 25[25,0] 0.015(0.004)  0.015(0.008) 7777,0]
0.3 Mi-2SLpl-al 0.032(0.033)  0.009(0.074)  28[28,0]  0.019(0.008) 0.02(0.014) 25(25,0] 0.015(0.004)  0.014(0.008) 75(75,0]
0.3 Mi-2SL1-a2 0.109(0.082) -0.072(0.138)  74[73,7]  0.053(0.016) -0.019(0.024) 153[151,16] 0.096(0.021) -0.068(0.023) 400[397,59]
0.3 Mi-2SLpl-a2 0.13(0.145)  -0.093(0.283)  73[71,7]  0.065(0.017) -0.032(0.024) 138[128,16] 0.124(0.025) -0.093(0.023) 386[368,59]
0.5 GS2SLSa-SAR(1) 0.058(0.039) 0.011(0.073) - 0.032(0.007)  0.022(0.012) - 0.027(0.004)  0.023(0.007) -
0.5 GS2SLSa-SAR(2) 0.045(0.035) -0.013(0.066) - 0.022(0.007)  0.012(0.014) - 0.013(0.003)  0.009(0.006) -
0.5 GS2SLSa-SAR(3) 0.051(0.044) -0.028(0.069) - 0.027(0.019)  0.005(0.026) - 0.017(0.004) 0.01(0.008) -
0.5 GS2SLSa-SAR(4) 0.041(0.054) -0.034(0.075) - 0.026(0.008)  0.007(0.014) - 0.018(0.004) 0.01(0.007) -
0.5 GS2SLSb-SAR(1) 0.062(0.034) 0.011(0.065) - 0.032(0.007)  0.022(0.012) - 0.027(0.004)  0.024(0.007) -
0.5 GS2SLSb-SAR(2) 0.049(0.032) -0.016(0.062) - 0.022(0.006) 0.01(0.012) - 0.013(0.003)  0.009(0.006) -
0.5 GS2SLSb-SAR(3) 0.035(0.035) -0.038(0.065) - 0.021(0.007)  0.005(0.013) - 0.015(0.004)  0.009(0.007) -
0.5 GS2SLSb-SAR(4)* 0.025(0.036) -0.046(0.067) - 0.022(0.008)  0.003(0.013) 0.016(0.004)  0.008(0.006) -
0.5 simpleOLS 0.58(0.367)  -0.476(0.291) - 0.432(0.19)  -0.357(0.136) - 0.445(0.2) -0.368(0.141) -
0.5 simplelV 0.071(0.052)  0.041(0.104) - 0.043(0.009)  0.038(0.016) - 0.044(0.006) 0.039(0.01) -
0.5 Mi-2SLl-al 0.032(0.041)  0.031(0.089)  22[22,0]  0.029(0.008) 0.03(0.015) 15[15,0] 0.023(0.004)  0.024(0.008) 51[51,0]
0.5 Mi-2SLpl-al 0.034(0.041)  0.03(0.088) 21[21,0]  0.029(0.008)  0.029(0.015) 15[15,0] 0.023(0.004)  0.023(0.008) 51[51,0]
0.5 Mi-2SL1-a2 0.073(0.07)  -0.008(0.121)  61[60,4]  0.045(0.014)  0.001(0.023)  121[119,8 0.06(0.013)  -0.018(0.017) 371[369,30]
0.5 Mi-2SLpl-a2 0.088(0.07)  -0.024(0.116)  59[57,4]  0.053(0.014) -0.006(0.022)  108[102,8 0.083(0.016)  -0.04(0.017)  350[338,30]
0.7 GS2SLSa-SAR(1) 0.069(0.042) 0.023(0.086) - 0.042(0.008)  0.026(0.014) - 0.037(0.005)  0.029(0.008) -
0.7 GS2SLSa-SAR(2) 0.062(0.042) -0.002(0.082) 0.036(0.008)  0.019(0.014) - 0.027(0.004)  0.018(0.008) -
0.7 GS2SLSa-SAR(3)  0.071(0.06) -0.025(0.082) 0.038(0.01)  0.014(0.015) - 0.032(0.005)  0.021(0.008) -
0.7 GS2SLSa-SAR(4) 0.069(0.069) -0.034(0.087) - 0.039(0.01)  0.012(0.015) - 0.034(0.006) 0.02(0.008) -
0.7 GS2SLSb-SAR(1) 0.075(0.041) 0.022(0.082) - 0.043(0.008)  0.025(0.014) - 0.038(0.005)  0.029(0.008) -
0.7 GS2SLSb-SAR(2) 0.065(0.039) -0.004(0.078) - 0.036(0.008)  0.017(0.014) - 0.028(0.004)  0.017(0.008) -
0.7 GS2SLSb-SAR(3) 0.049(0.048) -0.032(0.076) - 0.034(0.009) 0.01(0.014) - 0.031(0.005)  0.018(0.008) -
0.7 GS2SLSb-SAR(4)* 0.048(0.054) -0.043(0.082) - 0.035(0.009)  0.008(0.015) 0.032(0.005)  0.016(0.008) -
0.7 simpleOLS 0.58(0.367)  -0.476(0.291) - 0.432(0.19)  -0.357(0.136) - 0.445(0.2) -0.368(0.141) -
0.7 simpleIV 0.071(0.052)  0.041(0.104) - 0.043(0.009)  0.038(0.016) - 0.044(0.006) 0.039(0.01)
0.7 Mi-2SLl-al 0.052(0.051)  0.041(0.103) 0[10,0] 0.04(0.009)  0.035(0.016) 5[5,0] 0.038(0.005)  0.031(0.009) [14,0]
0.7 Mi-2SLpl-al 0.052(0.051)  0.04(0.103) 10[10,0] 0.04(0.009)  0.035(0.016) 5[5,0] 0.038(0.005)  0.031(0.009) 14[14,0]
0.7 Mi-2SL1-a2 0.064(0.062)  0.025(0.118)  34[33,1]  0.045(0.012)  0.022(0.021) 57[56,3] 0.042(0.008) 0.02(0.014) 246[246,6]
0.7 Mi-2SLpl-a2 0.065(0.061)  0.023(0.115)  32[31,1]  0.045(0.011) 0.022(0.02) 52[49,3] 0.049(0.009)  0.012(0.014)  231[227.6]
Note: Bias (MSE), GS2SLSb-SAR(4)* is the correctly specified and estimated model and 02 ,, = 0.6
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Table 3.11: Bias, MSE and number of selected eigenvectors, u = 8 with misspecified
links (full)

c Estimator By 51 No Vecs B 51 No Vecs B 51 No Vecs
[2nd, 1st] [2nd, 1st] [2nd, 1st]
n=100 n=250 n=500
0.1 GS2SLSa-SAR(1) 0.013(0.014) -0.001(0.026) - 0.011(0.005)  0.013(0.01) - 0.011(0.003)  0.012(0.005) -
0.1 GS2SLSa-SAR(2)  0.003(0.013) -0.016(0.026) - -0.007(0.005)  -0.008(0.009) - -0.005(0.003)  -0.005(0.006) -
0.1 GS2SLSa-SAR(3) 0.008(0.016) -0.02(0.028) - 0.002(0.006)  -0.003(0.011) - 0.002(0.003)  -0.001(0.005) -
0.1 GS2SLSa-SAR(4)  0.01(0.018) -0.023(0.029) - 0.004(0.006)  -0.006(0.01) - 0.003(0.003)  -0.002(0.005) -
0.1 GS2SLSb-SAR(1) 0.017(0.013) -0.003(0.025) - 0.008(0.005)  0.015(0.01) - 0.01(0.003)  0.013(0.005) -
0.1 GS2SLSb-SAR(2) 0.006(0.012) -0.02(0.025) - -0.006(0.005)  -0.008(0.009) - -0.005(0.002)  -0.006(0.006) -
0.1 GS2SLSb-SAR(3) 0.003(0.014) -0.028(0.026) - -0.001(0.006)  -0.007(0.01) - 0.001(0.003)  -0.003(0.005) -
0.1 GS2SLSb-SAR(4)* 0.003(0.016) -0.032(0.027) - 0.001(0.006)  -0.01(0.01) - 0.001(0.003)  -0.004(0.005) -
0.1 simpleOLS 0.386(0.157)  -0.349(0.142) - 0.451(0.209)  -0.388(0.164) - 0.409(0.169)  -0.356(0.132) -
0.1 simplelV 0.021(0.019)  0.018(0.035) - 0.034(0.012)  0.035(0.022) - 0.020(0.005)  0.028(0.009) -
0.1 Mi-2SLl-al 0.008(0.015)  0.012(0.03)  6[6,0]  0.011(0.007) 0.016(0.013)  34[34,0]  0.01(0.003)  0.015(0.006)  44[44,0]
0.1  Mi-2SLplal  0.008(0.015) 0.012(0.03)  6[6,0]  0.012(0.007) 0.015(0.013)  33[33,0]  0.011(0.003) 0.014(0.006)  43[43,0]
0.1 Mi-2SL1-a2 0.017(0.021) -0.003(0.041)  31[30,3]  0.058(0.017) -0.034(0.024) 179[177,18] 0.054(0.012) -0.038(0.015) 366[363,40]
0.1 Mi-2SLpl-a2 0.017(0.019) -0.001(0.039)  28[25,3]  0.077(0.019) -0.054(0.025) 170[163,18] 0.078(0.014) -0.06(0.015)  341[323,40]
0.3  GS2SLSa-SAR(1)  0.017(0.015) -0.002(0.027) - 0.013(0.006)  0.014(0.011) - 0.012(0.003)  0.013(0.005) -
0.3 GS2SLSa-SAR(2) 0.008(0.013) -0.017(0.029) - -0.002(0.006) -0.004(0.013) - -0.003(0.003) -0.003(0.005) -
0.3 GS2SLSa-SAR(3) 0.013(0.017) -0.02(0.029) - 0.006(0.006)  -0.003(0.012) - 0.003(0.003)  0.001(0.006) -
0.3 GS2SLSa-SAR(4) 0.017(0.019) -0.024(0.031) - 0.008(0.006)  -0.005(0.011) - 0.005(0.003)  0.001(0.006) -
0.3 GS2SLSb-SAR(1) 0.021(0.014) -0.004(0.026) - 0.012(0.006)  0.015(0.011) - 0.011(0.003)  0.014(0.005) -
0.3 GS2SLSb-SAR(2) 0.011(0.012) -0.02(0.026) - 0.001(0.005)  -0.007(0.01) - -0.003(0.003)  -0.004(0.005) -
0.3 GS2SLSb-SAR(3) 0.007(0.015) -0.028(0.028) - 0.004(0.006)  -0.007(0.011) - 0.002(0.003)  -0.001(0.005) -
0.3 GS2SLSb-SAR(4)* 0.009(0.016) -0.031(0.029) - 0.005(0.006)  -0.009(0.011) - 0.003(0.003)  -0.002(0.006) -
0.3 simpleOLS 0.386(0.157) -0.349(0.142) - 0.451(0.209)  -0.388(0.164) - 0.409(0.169)  -0.356(0.132) -
0.3 simplelV 0.021(0.019)  0.018(0.035) - 0.034(0.012)  0.035(0.022) - 0.029(0.005)  0.028(0.009) -
0.3 Mi-2SLl-al 0.011(0.016)  0.011(0.032) 5[5,0] 0.011(0.007)  0.016(0.014) 32[32,0] 0.012(0.003)  0.014(0.006) 41[41,0]
0.3 Mi-2SLpl-al 0.012(0.016)  0.01(0.031) 5[5,0] 0.011(0.007)  0.016(0.014) 32(32,0] 0.012(0.003)  0.014(0.006) 40[40,0]
0.3 Mi-2SL1-a2 0.019(0.021)  -0.003(0.04)  27[26,2]  0.055(0.017) -0.035(0.024) 173[172,16] 0.054(0.011) -0.035(0.015) 360[357,35]
0.3 Mi-2SLpl-a2 0.021(0.02)  -0.005(0.038)  24[22,2]  0.072(0.019) -0.049(0.024) 165[158,16] 0.075(0.013) -0.054(0.015) 334[317,35]
0.5 GS2SLSa-SAR(1) 0.023(0.016) -0.002(0.03) - 0.02(0.007)  0.017(0.013) - 0.015(0.003)  0.015(0.006) -
0.5 GS2SLSa-SAR(2) 0.015(0.016) -0.013(0.031) - 0.011(0.007)  0.001(0.015) - 0.004(0.003)  0.003(0.006) -
0.5 GS2SLSa-SAR(3)  0.019(0.02) -0.019(0.033) - 0.014(0.008)  0.002(0.013) - 0.009(0.003)  0.005(0.006) -
0.5 GS2SLSa-SAR(4)  0.02(0.022) -0.024(0.033) - 0.017(0.009)  0.001(0.014) - 0.011(0.004)  0.004(0.006) -
0.5 GS2SLSb-SAR(1) 0.027(0.015) -0.003(0.029) - 0.019(0.007)  0.018(0.013) - 0.015(0.003)  0.016(0.006) -
0.5 GS2SLSb-SAR(2) 0.019(0.015) -0.018(0.029) - 0.011(0.006)  0.001(0.013) - 0.004(0.003)  0.003(0.006) -
0.5 GS2SLSb-SAR(3) 0.013(0.017) -0.029(0.031) - 0.011(0.007)  -0.002(0.013) - 0.008(0.003)  0.003(0.006) -
0.5 GS2SLSb-SAR(4)* 0.012(0.019) -0.034(0.032) - 0.012(0.008)  -0.004(0.014) 0.009(0.003)  0.002(0.006) -
0.5 simpleOLS 0.386(0.157) -0.349(0.142) - 0.451(0.209)  -0.388(0.164) - 0.409(0.169)  -0.356(0.132) -
0.5 simplelV 0.021(0.019)  0.018(0.035) - 0.034(0.012)  0.035(0.022) - 0.029(0.005)  0.028(0.009) -
0.5 Mi-2SLl-al 0.013(0.018)  0.013(0.034) 4[4,0] 0.014(0.009)  0.022(0.017) 25(25,0] 0.016(0.004)  0.017(0.007) 30[30,0]
0.5 Mi-2SLpl-al 0.013(0.018)  0.013(0.034) 3[3,0] 0.015(0.009)  0.021(0.017) 25(25,0] 0.016(0.004)  0.017(0.007) 30[30,0]
0.5 Mi-2SL1-a2 0.018(0.021)  0.004(0.04)  20[19,2]  0.046(0.019) -0.014(0.029) 157[155,11] 0.041(0.009) -0.017(0.013) 334[333,23]
0.5 Mi-2SLpl-a2 0.016(0.021)  0.007(0.04)  18[16,2]  0.059(0.019) -0.028(0.028) 148[143,11]  0.06(0.011) -0.034(0.013) 310[298,23]
0.7 GS2SLSa-SAR(1) 0.025(0.017) 0.006(0.033) - 0.03(0.009)  0.021(0.017) - 0.022(0.004)  0.02(0.007) -
0.7 GS2SLSa-SAR(2) 0.022(0.017) -0.006(0.033) - 0.026(0.009)  0.005(0.026) - 0.015(0.003)  0.012(0.007) -
0.7 GS2SLSa-SAR(3)  0.025(0.021) -0.013(0.035) - 0.027(0.011)  0.006(0.017) - 0.02(0.004)  0.012(0.007) -
0.7 GS2SLSa-SAR(4) 0.028(0.024) -0.019(0.037) - 0.029(0.011)  0.004(0.017) - 0.021(0.004)  0.012(0.007) -
0.7 GS2SLSb-SAR(1) 0.031(0.017) 0.003(0.032) - 0.031(0.009)  0.022(0.017) - 0.023(0.004)  0.02(0.007) -
0.7 GS2SLSb-SAR(2) 0.026(0.017) -0.01(0.032) - 0.026(0.009)  0.008(0.016) - 0.016(0.003)  0.011(0.007) -
0.7 GS2SLSb-SAR(3) 0.021(0.019) -0.022(0.033) - 0.022(0.01)  0.001(0.016) - 0.018(0.004)  0.01(0.007) -
0.7 GS2SLSb-SAR(4)*  0.02(0.021) -0.027(0.035) - 0.022(0.011)  -0.001(0.017) - 0.019(0.004)  0.009(0.007) -
0.7 simpleOLS 0.386(0.157) -0.349(0.142) - 0.451(0.209)  -0.388(0.164) - 0.409(0.169)  -0.356(0.132) -
0.7 simplelV 0.021(0.019)  0.018(0.035) 0.034(0.012)  0.035(0.022) - 0.029(0.005)  0.028(0.009)
0.7 Mi-2SLl-al 0.018(0.019)  0.018(0.036) 1[1 0] 0.026(0.011)  0.028(0.02) 12[12,0] 0.025(0.004)  0.021(0.008) [11,0]
0.7 Mi-2SLpl-al 0.018(0.019)  0.017(0.036) 10, O] 0.026(0.011)  0.028(0.02) 12[12,0] 0.025(0.004)  0.021(0.008) 11[11,0]
0.7 Mi-2SL1-a2 0.018(0.022)  0.015(0.042) 99,1 0.035(0.016)  0.012(0.027)  100[99,5]  0.029(0.007)  0.008(0.012)  236[235,8]
0.7 Mi-2SLpl-a2 0.017(0.022)  0.018(0.041) 8[7,1] 0.04(0.017)  0.006(0.026) 94[90,5] 0.035(0.007)  0.002(0.012)  220[215.8]

Note: Bias (MSE), GS2SLSh-SAR(4)* is the correctly specified and estimated model and o2
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Table 3.12: Mi-2SLI results of Cadena and Kovak (2016) with SWM cutoff 900km

All

Other

Native-born Foreign-born Mexican-born foreign-born

Panel A: Men, high school or less
Change in log of group-specific ~ 0.312

employment (0.167)
First stage F-statistic 46.88
Partial F-statistic (Bartik) 52.76
Number of vecs [1st,2nd] 16[16,0]

Panel B: Men, some college or more
Change in log of group-specific ~ 0.338

employment (0.176)
First stage F-statistic 29.32
Partial F-statistic (Bartik) 62.89
Number of vecs [1st,2nd] 16[16,0]

Panel C: Women, high school or less
Change in log of group-specific ~ 0.083

employment (0.152)
First stage F-statistic 20.63
Partial F-statistic (Bartik) 49.17
Number of vecs [1st,2nd] 2[2,0]

Panel D: Women, some college or more
Change in log of group-specific ~ 0.231

employment (0.218)
First stage F-statistic 13.1
Partial F-statistic (Bartik) 27.33
Number of vecs [1st,2nd] 11[11,0]

0.083
(0.133)
54.67
80.16
19[19,0]

0.407
(0.193)
40.43
69.16
19[19,0]

0.189
(0.329)
23.76
25.6
19[19,0]

-0.003
(0.364)
9.46
15.79
10[10,0]

0.516
(0.391)
50.47
48.72
16[16,0]

0.005
(0.233)
29.23
60.2
10[10,0]

0.272
(0.504)
15.21
26.76
0[0,0]

-0.009
(0.351)
21.8
95.31
10[10,0]

1.558
(0.612)
93.47
23.86
19[19,0]

-0.57
(1.762)
73.26
38.29
17[17,0]

1.811
(0.665)
6.04
13.74
0[0,0]

-0.033
(1.117)
18.8
33.34
1[1,0]

-0.29
(0.308)
57.48
77.39
10[10,0]

0.127
(0.326)
52.72
68.66
13[13,0]

-0.615
(0.415)
29.02
127.88
3[3,0]

-0.191
(0.34)
28.59
108.93

15[15,0]

Note: First stage fitted values from Lasso estimates (step 3 in Algorithm [3) with a = 2 and the cutoff for the

SWM 900km. Robust standard errors appear in parentheses.
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Table 3.13: Mi-2SLpl results of Cadena and Kovak| (2016) with SWM cutoff 900km

Other
All Native-born Foreign-born Mexican-born foreign-born
Panel A: Men, high school or less
Change in log of group-specific ~ 0.312 0.083 0.524 1.661 -0.29
employment (0.167) (0.133) (0.342) (0.52) (0.308)
First stage F-statistic 46.88 54.67 44.03 88.95 57.48
Partial F-statistic (Bartik) 52.76 80.16 48.67 22.84 77.39
Number of vecs [1st,2nd] 16[16,0] 19[19,0] 17[16,1] 21[19,2] 10[10,0]
Panel B: Men, some college or more
Change in log of group-specific ~ 0.338 0.407 0.005 -0.57 0.127
employment (0.176) (0.193) (0.233) (1.762) (0.326)
First stage F-statistic 29.32 40.43 29.23 73.26 52.72
Partial F-statistic (Bartik) 62.89 69.16 60.2 38.29 68.66
Number of vecs [1st,2nd] 16[16,0] 19[19,0] 10[10,0] 17[17,0] 13[13,0]
Panel C: Women, high school or less

Change in log of group-specific ~ 0.083 0.189 0.272 1.811 -0.615
employment (0.152) (0.329) (0.504) (0.665) (0.415)
First stage F-statistic 20.63 23.76 15.21 6.04 29.02
Partial F-statistic (Bartik) 49.17 25.6 26.76 13.74 127.88
Number of vecs [1st,2nd] 2[2,0] 19[19,0] 0[0,0] 0[0,0] 3[3,0]
Panel D: Women, some college or more
Change in log of group-specific ~ 0.231 -0.003 -0.009 -0.033 -0.191
employment (0.218) (0.364) (0.351) (1.117) (0.34)
First stage F-statistic 13.1 9.46 21.8 18.8 28.59
Partial F-statistic (Bartik) 27.33 15.79 95.31 33.34 108.93
Number of vecs [1st,2nd] 11[11,0] 10[10,0] 10[10,0] 1[1,0] 15[15,0]

Note: First stage fitted values from post Lasso estimates (step 3 in Algorithm [3) with a = 2 and the cutoff for
the SWM 900km. Robust standard errors appear in parentheses.
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Table 3.14: Mi-2SLI results of (Cadena and Kovak (2016) with SWM cutoff 700km

Other
All Native-born Foreign-born Mexican-born foreign-born
Panel A: Men, high school or less
Change in log of group-specific ~ 0.231 0.089 0.491 1.544 -0.524
employment (0.135) (0.092) (0.345) (0.413) (0.302)
First stage F-statistic 37.17 27.65 45.92 84.3 63.92
Partial F-statistic (Bartik) 66.06 83.1 36.25 42.24 163.15
Number of vecs [1st,2nd] 9[9,0] 13[13,0] 8[8,0] 11[11,0] 4[4,0]
Panel B: Men, some college or more
Change in log of group-specific ~ 0.473 0.545 -0.091 0.017 0.287
employment (0.15) (0.136) (0.21) (0.842) (0.243)
First stage F-statistic 29.93 29.32 23.45 88.71 40.81
Partial F-statistic (Bartik) 88.93 138.98 68.67 69.26 181.3
Number of vecs [1st,2nd] 12[12,0] 13[13,0] 7[7,0] 17[17,0] 11[11,0]
Panel C: Women, high school or less

Change in log of group-specific ~ 0.221 0.004 0.272 1.811 -0.616
employment (0.129) (0.235) (0.504) (0.665) (0.367)
First stage F-statistic 29.66 36.31 15.21 6.04 48.42
Partial F-statistic (Bartik) 72.12 60.39 26.76 13.74 140.81
Number of vecs [1st,2nd] 2[2,0] 8[8,0] 0[0,0] 0[0,0] 2[2,0]
Panel D: Women, some college or more
Change in log of group-specific ~ 0.267 0.206 -0.176 -0.036 -0.094
employment (0.218) (0.288) (0.327) (1.134) (0.342)
First stage F-statistic 34.73 32.15 39.95 17.16 49.31
Partial F-statistic (Bartik) 30.59 27.58 53.89 31.75 66.99
Number of vecs [1st,2nd] 5[5,0] 5[5,0] 4[4,0] 1[1,0] 8[8,0]

Note: First stage fitted values from Lasso estimates (step 3 in Algorithm [3) with a = 2 and the cutoff for the
SWM 700km. Robust standard errors appear in parentheses.
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Table 3.15: Mi-2SLpl results of Cadena and Kovak| (2016) with SWM cutoff 700km

All

Other

Native-born Foreign-born Mexican-born foreign-born

Panel A: Men, high school or less
Change in log of group-specific ~ 0.231

employment (0.135)
First stage F-statistic 37.17
Partial F-statistic (Bartik) 66.06
Number of vecs [1st,2nd] 9[9,0]

Panel B: Men, some college or more
Change in log of group-specific ~ 0.473

employment (0.15)
First stage F-statistic 29.93
Partial F-statistic (Bartik) 88.93
Number of vecs [1st,2nd] 12[12,0]

Panel C: Women, high school or less
Change in log of group-specific ~ 0.221

employment (0.129)
First stage F-statistic 29.66
Partial F-statistic (Bartik) 72.12
Number of vecs [1st,2nd] 2[2,0]

Panel D: Women, some college or more
Change in log of group-specific ~ 0.267

employment (0.218)
First stage F-statistic 34.73
Partial F-statistic (Bartik) 30.59
Number of vecs [1st,2nd] 5[5,0]

0.089
(0.092)
27.65
83.1
13[13,0]

0.545
(0.136)
29.32
138.98
13[13,0]

0.004
(0.235)
36.31
60.39
8[8,0]

0.206
(0.288)
32.15
27.58
5[5,0]

0.491
(0.345)
45.92
36.25
8[8,0]

-0.091
(0.21)
23.45
68.67
7[7,0]

0.272
(0.504)
15.21
26.76
0[0,0]

-0.176
(0.327)
39.95
53.89
4[4,0]

1.544
(0.413)
84.3
42.24
11[11,0]

0.017
(0.842)
88.71
69.26
17[17,0]

1.811
(0.665)
6.04
13.74
0[0,0]

-0.036
(1.134)
17.16
31.75
1[1,0]

-0.524
(0.302)
63.92
163.15
A[4,0]

0.287
(0.243)
40.81
181.3
11[11,0]

-0.616
(0.367)
48.42
140.81
2[2,0]

-0.094
(0.342)
49.31
66.99
8[8,0]

Note: First stage fitted values from post Lasso estimates (step 3 in Algorithm [3) with a = 2 and the cutoff for

the SWM 700km. Robust standard errors appear in parentheses.
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Table 3.16: Mi-2SLpl results of (Cadena and Kovak]| (2016)) with SWM cutoff 500km

All

Other

Native-born Foreign-born Mexican-born foreign-born

Panel A: Men, high school or less
Change in log of group-specific ~ 0.275

employment (0.18)
First stage F-statistic 62.47
Partial F-statistic (Bartik) 75.9
Number of vecs [1st,2nd] 8[8,0]

Panel B: Men, some college or more
Change in log of group-specific ~ 0.211

employment (0.175)
First stage F-statistic 21.77
Partial F-statistic (Bartik) 33.81
Number of vecs [1st,2nd] 5[5,0]

Panel C: Women, high school or less
Change in log of group-specific ~ 0.148

employment (0.158)
First stage F-statistic 41.51
Partial F-statistic (Bartik) 64.18
Number of vecs [1st,2nd] 1[1,0]

Panel D: Women, some college or more
Change in log of group-specific ~ -0.02

employment (0.301)
First stage F-statistic 12.32
Partial F-statistic (Bartik) 9.62

Number of vecs [1st,2nd] 1[1,0]

0.164
(0.1)
48.25
65.84

15[15,0]

0.323
(0.243)
27.04
46.72
7[7,0]

-0.442
(0.304)
30.29
31.98
6[6,0]

-0.037
(0.381)
10.64
8.17
1[1,0]

0.328
(0.436)
63.73
39.54
6[6,0]

-0.223
(0.18)
35.61
55.71
A[4,0]

0.272
(0.504)
15.21
26.76
0[0,0]

-0.581
(0.517)
22.37
26.81
1[1,0]

1.385
(0.308)
80.35
56.82
14[14,0]

0.19
(0.679)
200.98
190.03

19[19,0]

1.811
(0.665)
6.04
13.74
0[0,0]

0.061
(1.118)
24.51
36.29
1[1,0]

-0.6
(0.321)
435.1
144.96
4[4,0]

-0.125
(0.251)
42.07
63.06
A4,0]

-0.737
(0.458)
49.4
95.59
1[1,0]

-0.987
(0.508)
21.14
24.32
2[2,0]

Note: First stage fitted values from post Lasso estimates (step 3 in Algorithm [3) with @ = 2 and the cutoff for

the SWM 500km. Robust standard errors appear in parentheses.
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Chapter 4

The Environmental Kuznets Curve

for forest: an application of

Mi-Lasso

4.1 Introduction

Understanding the relationship between environmental degradation and economic de-
velopment is an important question, especially in the context of accelerating climate
change as this helps understand if economic development only causes environmen-
tal problems, or if it can also be part of their solution. The original hypothesis
of Kuznets (1955) was that income inequality increases with development at early
stages, up to a point, after this point, inequality decreases. The graphical represen-

tation of this hypothesis is the inverted U-shaped curve. One conclusion drawn from
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this hypothesis was economic growth would solve the problem of income inequality
in the long term. The World-Bank (1993) World Development Report demonstrated
empirically that there is also a similar relationship between economic development
and environmental degradation. This sparked a large (growing) wave of research on
testing for the presence of the environmental Kuznets curve (EKC), i.e., analysing the
relationship between economic growth and environmental pollutants such as carbon
dioxide, sulphur dioxide, nitrous oxide, etc.

This study focuses on another critical environmental resource/indicator, forests,
which is an important resource at both the global and local levels. In the context of
the global challenge of climate change, forests play a pivotal role in carbon storage
(Seymour and Busch, 2016). At the local level, forest cover plays a central role in
biodiversity. Deforestation can arguably be reversed, however, from a biodiversity
perspective, all re-forestation is not equal as primary forests tend to have much more
biodiversity than plantations.

Deforestation is not a new phenomenon. Historically, human activity has played
a crucial role in reshaping the forest landscape for at least 6000 years, with forests
being used as a core input for economic development (Williams|, 2003} 2008). Between
1982 and 2016, 60% of land use change can be attributed directly to activity and
the remaining 40% to indirect human activity, which includes the sources of climate
change (Song et al., 2018). Different sources of global forest trends show alternative
trends. For example, FAO) (2021) concludes that the world is experiencing net forest
loss, with a declining rate of deforestation. In contrast, [Song et al| (2018 using

satellite data found since 1982 that total forest cover has increased, as the decline
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in tropical forest cover has been outweighed by the gain in forest cover in boreal,
subtropical, and temperate regions. In contrast, economic growth has been relatively
sustained over the equivalent period. (Caravaggio| (2020) argues this is preliminary
evidence of the presence of the environmental Kuznets curve for forests (EKCY).

Interestingly over the last 20 years, carbon dioxide emissions from land-use, land-
use change, and forestry have shown a slight decrease (Friedlingstein et all [2021)).
However, this does not reflect the rise in Brazilian deforestation in recent years
(Silva Junior et al. 2021). As many land-use changes are small and hard to detect
by remote sensing, these figures need to be taken with caution (Caravaggio, |2020)).
In the last few decades, there have been several global initiatives related to forests.
One example which started in 2005 is the United Nations (UN) program of REDD+
(Reducing emissions from deforestation and forest degradation).

When investigating the EKCf, only a few studies have tried to account for the
spatial dimension of the data. Some examples include McPherson and Nieswiadomy
(2005); Busa and Waite| (2009), and Busal (2013) [] A standard assumption placed on
the cross-sectional units in classical statistical/econometric analysis is independence.
If this assumption is violated, i.e., the cross-sectional units are dependent, then the
estimates will be biased and/or inconsistent. In cross-country or regional analysis
like being conducted for the EKCf, it is hard to justify that the cross-sectional
units (countries or regions) are independent. The sample being used is either the
whole observed population (all countries/regions) or a specific subset of the observed

population. Additionally, deforestation rates are spatially heterogeneous and the

! A much larger set of papers have estimated spatial models when looking at other environmental
indicators.
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geographical distribution of forests (and population/economic activity) is clearly not
independent to start with, Spatial modelling is required to account for this.

Classical spatial modelling in economics requires defining two things (1) an n xn
spatial weights matrix (SWM) where the elements define the pair-wise spatial inter-
actions, i.e., the spatial structure, and (2) the spatial economic model like the com-
monly used first-order spatial autoregressive (SAR(1)) or spatial error model (SEM),
i.e., which parts of the structural model are spatially correlated. The problem with
parametric structural, spatial models like the SAR(1) is there is no guarantee they
are correct specifications. A standard robustness check in the applied spatial eco-
nomics literature is to test how sensitive the estimated parameters are to different
SWDMs. When estimates are found to be sensitive to the choice of SWM, researchers
have attributed this sensitivity to the choice of SWM; however, as |LeSage and Pace
(2014) demonstrates, as long as the SWMs are reasonably well correlated, the results
should not be overly sensitive to the exact choice of SWM, implying the sensitivity
many researchers observe is being driven by the misspecification of the spatial eco-
nomic model rather than the choice of SWM. Thus, LeSage and Pace| (2014)) argue
that researchers should focus on the spatial model specification rather than finding
the ‘ideal” SWM.

In the context of the EKCY, I view the spatial parameters in the structural model
as nuisance parameters, as [ am only interested in the direct effects, i.e., the co-
efficients on income per capita, and controlling for any possible spatial effects. So
rather than trying to specify a structural, spatial model such as the SAR(1) or SEM

and then estimating the corresponding spatial parameters, I instead propose using a
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methodology called Eigenvector Spatial Filtering (ESF) |Griffith| (2000} 2003)). This
approximates the model’s spatially correlated parts using a subset of eigenvectors
from the SWM as regressors in a linear regression framework. Unlike the conven-
tional approach, where the spatially correlated terms are explicitly specified and the
corresponding spatial parameters estimated. ESF has an additional advantage, as
demonstrated in simulation in Section [3.5] that the procedure is robust to misspeci-
fication of the SWM. To select the relevant subset of eigenvectors, I use the Morans’
i Lasso (Mi-Lasso) proposed in Section . This chapters adds to the EKCf litera-
ture by robustly accounting spatial correlation while avoiding misspecification of the
spatial parts of the model.

The rest of the paper is outlined as follows, Section provides an overview
of the theoretical, empirical, and spatial EKCf literature. Section describes the
data used. Section outlines the methodology. Section presents our estimated

results, and finally, Section offers our concluding remarks.

4.2 Literature Review

4.2.1 Theory

Grossman and Krueger| (1991)) adapted the Kuznets| (1955)) curve for income inequal-
ity to environmental application, which has been widely tested and debated ever
since. The|World-Bank! (1993)) Development Report in 1992 inspired further research
into the hypothesis by highlighting from observation evidence that after a certain

level of economic growth, there is a higher demand for environmental protection,
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i.e., reduced environmental degradation. The classic EKC is for all environmental
resources. The focus of the EKC literature has been on greenhouse gases as there
are long time-series available for this. In contrast, forests have received much less
attention.

One of the first papers to propose a theoretical relationship between environmen-
tal impact and growth was Ehrlich and Holdren| (1971)). Specifically, they proposed
that the total negative impact of society on the environment (F) follows the rela-
tionship £ = PF where P is population and F' a function on per capita impact,
which is determined by factors such as consumption, availability of resources and
technology. By assuming technological progress has a natural or weakly beneficial
effect, they proposed the adverse effects of using resources and population growth.
This sparked a debate on the role of technological progress on the environment, with
some arguing that technological progress substantially offsets the negative effect of
wealth and population increase. Arrow et al.| (1995) argues the EKC relationship
can be justified through natural economic progression. A clean agricultural-based
economy develops into a dirty industrial resource-depleting manufacturing economy,
then into a ‘clean’ service economy. Suri and Chapman| (1998) propose that this
process could be accelerated by developed economies exporting polluting processes
to less developed countries which have weaker environmental institutions.

In the political economy literature, it is argued that the EKC is a consequence of
advanced institutions that directly result from economic development. The idea is
that development leads to environmental degradation, which can generally be viewed

as externalities. These externalities can only be internalised by advanced institutions,
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which requires an advanced level of development. Jones and Manuelli (1995) use an
overlapping generations model to show that the inverse-U shaped relationship can be
generated through market interaction and the extent of pollution regulation through
collective decision-making.

Looking specifically at deforestation (Ehrhardt-Martinez et al., [2002)) proposed
‘ecological modernisation theory” where economies place more value on the environ-
ment and reform themselves to promote environmental goals beyond a certain level
of development. This views environmental degradation as short-term disequilibria
which are naturally self-correcting. They argue rapid economic transformations cause
the deforestation disequilibrium, which is then corrected, i.e., a reduced rate of de-
forestation or even reforestation, by rural-to-urban population shifts, improved land

productivity, and economic evolution.

4.2.2 Empirical

In general empirical investigations into the EKCf estimate the following reduced-form

regression:

k

deforestation; = By + [Brincome; + ﬁzincomef + Bgincome? + E ;T + &,
j=1

where x; is a vector of controls.

Figure shows expected functional forms for various combinations of coefficient

signs. The classic EKCY inverted u-shape (Figure (a)) would require a positive

176



coefficient on income, a negative coefficient on the squared of income, and a zero
on the cubic term. This would indicate that the rate of deforestation rises initially
with income up to a point and then falls as income rises further. Figure (b) a
positive linear relationship. Figures [4.1] (¢) and (d) show more complicated cubic
relationships.

Figure 4.1: Functional Forms for deforestation and income

(@) B;>0, B, < 0, B3= 0 (Classic EKCH) (b) B1>0, B, =B3=0
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Empirical studies investigating the EKCf hypothesis of an inverted U-shape have
generally not reached a consensus. The first paper to investigate environmental
degradation and economic development was Grossman and Krueger| (1991) in the
context of trade liberalisation. [Shafik and Bandyopadhyay| (1992) was the first paper
to graphicly depict the EKC. They were also the first to use forests as an environmen-

tal indicator and other pollutants. They look at 77 countries from 1961 to 1988 and
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estimate a panel data model with fixed effects. Each environmental indicator allows
for linear, quadratic, and cubic relationships. They find the signs of the estimates

do support the hypothesis but are not statistically significant.

The first paper to look solely at EKCf was Cropper and Griffiths| (1994), which

estimated a panel with fixed effects of 64 tropical countries and found for Latin
American and African countries evidence of the EKCf, but not for Asian countries
(insignificant results). The author argued higher levels of forest plantations in Asian

countries cause this. Their forest data comes from the FAO Production Yearbook.

Many other studies have also used this data, e.g., Koop and Tole (1999)); Bhattarai

and Hammig| (2001)); Ehrhardt-Martinez et al. (2002); Damette and Delacote| (2012).

However, the reliability of this source was questioned by Rudel and Roper| (1997).

Now looking at more recent country-specific studies. [Polomé and Trotignon|

(2016) who estimate a vector error correction model for the Brazilian Amazon be-

tween 1975 and 2014 and find evidence to support the EKCf. However, their less

aggregated analysis at the regional level (Araujo et al., [2009) and municipal level

(Oliveira and Almeidal 2011) found much weaker evidence. [Wang et al.| (2019) in-

vestigated the EKCf for China between 1970 and 2013 using a provincial-level panel

estimated by Generalised Method of Moments and found evidence in support of

EKCf. Murshed| (2020)) investigated the EKCf for Bangladesh using Fully Modified

Ordinary Least Squares (Phillips and Hansen| 1990)) between 1971 and 2018 and also

finds evidence in support of EKCH.

Leblois et al.| (2017)) use satellite data from Hansen et al.| (2013) over the period

2001-2010 for 128 countries, estimating a dynamic panel they find evidence of a linear
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relationship only, i.e., evidence against the EKCf. |Caravaggio| (2020) investigated
the EKCf using an unbalanced panel of 114 low-, middle- and high-income countries
with a maximum period covered from 1960 to 2015. They estimate an Autoregressive
Distributed Lag (p,q) error correct pooled mean group model (Pesaran et al., [1999)
by income group to account for the non-stationary in the data and find evidence in
support of EKCHt.

Choumert et al.| (2013) provide an excellent meta-analysis of the EKCf. The
authors consider 69 cross-country and country-specific studies between 1992 and
2012 and find the more recent studies with better data, and different econometric
techniques tend not to find the hypothesised inverted U-shape. However, Caravaggio
(2020), who reviews more recent papers and conducts cross-country analysis, finds
evidence supporting the hypothesis.

In conclusion, broadly speaking, the literature has shown mixed results when
looking for the presence of the EKCf, with early papers supporting the hypothesis,
then until around 2012 refuting the hypothesis, and more recent papers supporting
the hypothesis. Thus, the question of the existence of the EKCf is still very much

open.

4.2.2.1 Spatial

Most of the research testing the ECKf hypotheses uses conventional statistical tech-
niques, i.e., cross-sectional, panel, or time-series techniques, ignoring possible cross-
sectional (spatial) dependence in the data.

Several papers have tried to address this dependence in the EKC literature. For
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example, McPherson and Nieswiadomy| (2005) estimate a SAR(1), i.e., a mode with a
single spatial lag of the dependent variables y = Wyp+ X 3+ u where y is a vector
of the dependent variable and X is a matrix of covariates, by Maximum Likelihood
(ML). Consistent ML estimation of the SAR(1) requires the underlying model to
have normally distributed errors, a strong and arguably unrealistic assumption. In-
stead of looking at forests, they are looking at threatened bird and mammal species.
Maddison, (2006]) estimate a SAR(1) by robust instrument variables and SEM(1) i.e.
a model where the errors u = Wul+ v follow a autoregressive process by ML. They
use statistical tests to try and determine which spatial model to estimate and a range
of different SWMs. Instead of looking at forests, they are looking at various green-
house gases. Hao et al.| (2016]) estimate a spatial Durbin model, i.e., a model with a
lag of the dependent variable and exogenous variables y = Wyp+ X3+ W X0+ u
estimated by ML and look at coal consumption rather than forests. As their model
includes a lag of the dependent variable, they can calculate the direct and indirect
(spatial) effect. However, they find only the direct effects are significant, despite p
being significant and negative, which implies negative spatial correlation. |Wang and
Ye (2017) estimate both a SAR(1) and SEM and look at C'O,. They find the spatial
parameters to be significant, but as the spatial spillovers are not of interest, they do
not calculate the direct and indirect effects. |Chang et al.| (2021)) estimate a dynamic
panel with fixed effects and a spatial lag of the dependent variable estimated by
Generalised Method of Moments (Lee and Yu, 2014) and look at air quality instead
of forests. The authors find the spatial lag significant but do not calculate the direct

and indirect effects.
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In contrast, only a few papers have tried to address this dependence in the ECKf
literature, Busa and Waite| (2009) and Busa (2013) account for the spatial correlation
using an alternative spatial filtering approach called principal coordinate of neigh-
bour matrices (PCNM) spatial filtering (Borcard and Legendre, |2002) to account for
the spatial correlation in a model agnostic way. PCNM uses principal coordinates
(i.e., eigenvectors) from a singular value decomposition of a truncated Euclidean
distance matrix. A distance threshold implements the truncation, distances above
this threshold are given an arbitrarily large value. They suggest 4(«) where a is
the threshold. The number of candidate eigenvectors is sensitive threshold (Borcard
and Legendre, 2002)). |Borcard and Legendre| (2002)) note that negative eigenvalues
cannot be used as their coordinates are complex.

Both Busa and Waite (2009) and Busa| (2013) only use two eigenvectors with-
out discussing how the eigenvectors were selected or what threshold was used for
truncation in their analysis. [Busa and Waite (2009) estimate a panel quantile re-
gression model with and without the two eigenvectors. They find the eigenvectors
are significant but do not qualitatively change the results. Busa (2013]), who also
estimate a panel quantile regression model, finds both eigenvectors are significant
but do not show/discuss results without the eigenvector. How these eigenvectors are
selected and under what conditions consistent selection is achieved in the procedure
used is unclear. Additionally, there are few theoretical results for PCNM. Thus, I
follow Section Mi-Lasso spatial filtering procedure instead as the method works
against a wide range of classical spatial economic models, the statistical properties

of the estimator have been studied, and the assumptions necessary for consistent
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eigenvector selection are known.

4.3 Data

I am working with a panel of 90 countries between 1990-2010. Our forest data is
from FRA Global Tables and was first published at 10-year, then 5-year intervals. I
thus, have data for 1990, 2000, 2005, and 2010. FRA data has been chosen over FAO
data, as FRA data is obtained from officially validated country reports. In contrast,
the FAO data uses different definitions of forest and woodlands between developed
and developing countries. Thus, FAO is not appropriate for cross-country analysis.

The variable of interest is real Gross Domestic Product per capita (GDPpc) in
2005 dollars (1,000) per capita. Taken from the Pen World Tables for each of the
sampling years, which serves as a proxy for economic development. I also include
civil liberties (CL) and political freedoms (PR) variation as a proxy for institutions
and democracy; obtained from Freedom House, each index is measured on a scale
declining scale of 1-7. Population density (popd), forest area (Fora) in 1000’s of
hectares, land area (Landa) also in 1000’s of hectors and a dummy for if the country
is developing (Dev).

Table [4.1] shows the descriptive statistics for the variables used in the analysis.
Interestingly the average yearly deforestation rate in the three periods is negative
but very close to zero. GDPpc has become more skewed over the years. Average
forest area appears to stay relatively constant over the periods considered.

A visual examination of the raw data is presented in Figure [£.2] which shows
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Table 4.1: Descriptive Statistics and definitions

Variable Definition Mean  St. Dev. Min Max
1990-2000
Af Change in forest cover pa —0.066 1.213 —3.374 4.377
Y initial real GDP pc ($1000) 6.885 7.361 0.177 31.515
Fora Forest area (1000 hectors) 32.976 78.919 0.044  574.839
Landa Land area (1000 hectors) 97.178  200.734 0.259  942.530
Popd Population density 1.038 1.268 0.022 8.561
CL Civil liberties 3.433 1.879 1 7
PR Political freedoms 3.411 2.167 1 7
Dev Developing country (dummy)  0.278 0.450 0 1
2000-2005
Af Change in forest cover pa —0.074 1.131 —4.503 2.576
Y initial real GDP pc ($1000) 10.214 11.343 0.192 54.354
Fora Forest area (1000 hectors) 32.251 76.925 0.059  545.943
Landa Land area (1000 hectors) 97.178  200.734 0.259  942.530
Popd Population density 1.188 1.448 0.025 10.152
CL Civil liberties 3.300 1.725 1 7
PR Political freedoms 3.100 2.120 1 7
PR Political freedoms 0.278 0.450 0 1
Dev Developing country (dummy) 0.278 0.450 0 1
2005-2010
Af Change in forest cover pa —0.190 1.138 —5.755 2.788
Y initial real GDP pc ($1000) 13.060 14.253 0.169 71.160
Fora Forest area (1000 hectors) 32.085 76.146 0.067  530.494
Landa Land area (1000 hectors) 97.178  200.734 0.259  942.530
Popd Population density 1.257 1.541 0.026 11.073
CL Civil liberties 2.989 1.764 1 7
PR Political freedoms 3.044 2.109 1 7
PR Political freedoms 0.278 0.450 0 1
Dev Developing country (dummy)  0.278 0.450 0 1
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Figure 4.2: Average annual deforestation rate and initial GDP per capita

(a) 1990-2000 (b) 2000-2005

Change in forest cover per annum
Change in forest cover per annum

0 10 20 30 0 20 40
Initial real GDP per capita ($1000) Initial real GDP per capita ($1000)
(c) 2005-2010

Change in forest cover per annum

0 20 40 60
Initial real GDP per capita ($1000)

Note: The blue solid line is a LOWESS (locally weighted scatterplot smoothing) function.

a scatter plot of the average annual rate of deforestation in initial GDPpc for the
three periods considered. The curvature of the solid blue line is obtained through a

Locally Weighted Scatterplot Smoothing (Cleveland and Devlin, |1988|, LOWESS)E]

2LOWESS function splits the data into subsets and then fits a low degree polynomial to each
of the subsets using weights least squares.

184



indicating preliminary evidence of a nonlinear relationship between the deforestation

rate and income.

4.4 Methodology

Our underlying cross-country model is:

Af = Pot+ Py + Poy® + Bay’ + XC+ g(W, f, X y) +u, (4.1)

where A f is an n x 1 vector, ¢ is an n x 1 unit vector, X is an n x ¢ matrix of controls
(including a constant) and g(W, f, X, y) is some linear in parameter function of the
weights matrix W and possibly f, X and y. For example, g(W,Af, X, y) could
include not just first-order lags but also higher-order lags (powers). The coefficient
of interests are 31, B> and 3. A cubic term has also been added to allow for a more
complicated relationship, the cubic term is the highest order income term that is used
in the literature, we thus also include a cubic income term. Due to the availability
of the forest data, I consider three periods 1990-2000, 2000-2005, and 2005-2010.
GDPpc and the controls are all taken from the starting year, i.e., 1900, 2000, and
2005. This allows us to see the effect that initial income has on the proceeding
average deforestation rate.

The SWM W used has a similar setup to (Csereklyei and Stern| (2015). I use a
binary connectivity matrix where pairs of countries get a one if they are neighbours
and zero otherwise. Our definition of neighbour is if they share a land border (this

includes lakes), and for countries with no land borders, I judge their nearest neigh-
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bour. For example, New Zealand’s nearest neighbour is Australia. The matrix is
symmetric, and the diagonal elements are set equal to zeroE]

As in our setup, there is substantial uncertainty over which parts of the model
exhibit spatial correlation, and as I am not interested in estimating any corresponding
spatial parameters, I have generalised the model to include g(W,Af, X y) rather
than explicitly specifying which parts of the models are spatially correlated and
estimating a classical spatial econometric model like the common SAR(1) or SEM. I

instead approximate g(W ,Af, X, y) using ESF.

4.4.1 Eigenvector Spatial filtering

To account for spatial correlation in this cross-country analysis, I use ESF rather
than eigenvectors from a lower triangular distance matrix like the filtering procedure
of (Borcard and Legendre, 2002). ESF proposed by |Griffith! (2000, 2003); Tiefelsdorf
and Grifhth| (2007) takes a more structural approach and uses eigenvectors from a
SWM to approximate any spatially correlated omitted variables. The SWM used is
assumed to be part of the underlying data-generating process of A f. This method is
chosen due to the uncertainty over which parts of the model are spatially correlated
and the SWM. The idea is to use the eigenvectors E from a spectral decomposition
of W as explanatory variables to control or proxy for g(W ,Af, X, y)f_f] This yields

the high-dimensional ESF reduced form model:

Af = Bot+ By + By’ + Bsy® + X¢ + Ev + u, (4.2)

3SWM used available upon request.
4A spectral decomposition of W gives n eigenvector.
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where E is an n X n matrix of eigenvectors.

I view E+ as a first order approximation of g(W,Af, X, y). It is important to
note that is a high-dimensional linear equation as there are more parameters (4+
k+n) than observations (n). Thus, estimation by OLS is infeasible. However, Griffith
(2000, [2003) argue only specific subset eigenvectors are related to the dependent
variable A f and will thus have non-zero coefficients, i.e., the parameter vector ~ is
sparse. OLS estimation is possible if only the subset of relevant eigenvectors is used.
However, as the relevant subset is unknown, a selection procedure is required. To
solve this selection problem, I use the Lasso-based procedure proposed in Section

. Seya et al.| (2015)) first proposed selection via Lasso, with the objective function,

18,¢,4] € argmin{||Af — Sy — 5ov” — Bsy® — X — EAll5 +0llv][1}, (43)

where 3 = [f1, B2, 53] and @ is the lasso tuning parameter.

It’s important to note that the choice of 6 determines the number of selected
eigenvectors. The selection problem can now be considered a tuning parameter
calibration problem. [Seya et al. (2015) proposed using k-fold cross-validation pre-
diction accuracy to estimate . However, as the aim of ESF is to eliminate patterns
of spatial correlation, there is no guarantee the target of prediction accuracy will
achieve this. Additionally, when the Lasso tuning parameter is derived by cross-
validation, the existing results on theoretical error bounds require the assumptions
of random /independent observations (Chetverikov et al., 2021). Given the eigenvec-

tors are derived from a matrix that describes the dependence relationship between

187



the observations, these bounds are unlikely to hold for ESF. I instead propose us-
ing the more intuitive Mi-Lasso, where the tuning parameter is calibrated from the
standardised Moran’s I (z). Section describes the procedure, and Section
shows the conditions necessary for consistent eigenvector selection and derives finite
sample performance bound for the Lasso-based procedure. I estimate the model by
post Lasso (OLS estimation with the selected eigenvectors of Mi-Lasso included),

and to account for heteroscedasticity robust standard errors are also calculated.

4.5 Results

Table 4.2: Results excluding controls

Dependent variable:

Af
(1) (2) (3) (4) (5) (6)

Yy 0.309*** 0.225%** 0.182*** 0.073* 0.177*** 0.058*

(0.101) (0.071) (0.061) (0.043) (0.055) (0.030)
y? -0.017* -0.012* -0.007* -0.002 -0.006*** -0.001

(0.008) (0.005) (0.003) (0.002) (0.002) (0.001)
3 0.0003* 0.0002 0.0001** 0.00001  0.00005***  0.00001

(0.0002) (0.0001)  (0.00003)  (0.00003)  (0.00002)  (0.00001)
Constant -0.973**  -0.588**  -(0.846™** -0.419* -1.084™*  -0.475**

(0.285) (0.222) (0.285) (0.169) (0.316) (0.135)
Period 1990-2000 1990-2000 2000-2005 2000-2005 2005-2010 2005-2010
Estimator OLS Mi-Lasso OLS Mi-Lasso OLS Mi-Lasso
Adjusted R? 0.149 0.391 0.129 0.612 0.157 0.784
Partial F-statistic - 8.15%* - 34.44*** - 16.30***

Note: *p<0.1; ®p<0.05; ¥ p<0.01. Figures in parenthesis are robust standard errors.
OLS is a regression with no eigenvectors included and Mi-Lasso is a regression which
includes the selected eigenvectors from Mi-Lasso (Section [2.4), see Table [4.5]for the es-
timates of the eigenvector coefficients. The ‘Partial F-statistic’ is for an F-test on the
included eigenvectors.
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Table 4.3: Results including controls

Dependent variable:

Af
(7) (8) 9) (10) (11) (12)
Yy 0.384*** 0.259™* 0.262*** 0.172*** 0.212%** 0.120***
(0.096) (0.089) (0.071) (0.058) (0.061) (0.042)
y? -0.025**  -0.018***  -0.009*** -0.005** -0.006*** -0.003**
(0.007) (0.006) (0.003) (0.002) (0.002) (0.001)
3 0.0004***  0.0003**  0.0001*** 0.00004 0.0001***  0.00002**
(0.0001) (0.0001)  (0.00003)  (0.00003)  (0.00002) (0.00001)
Fora -0.003* -0.002 -0.002 -0.004* -0.001 -0.004*
(0.002) (0.002) (0.002) (0.002) (0.002) (0.002)
Landa 0.001 0.001 0.001 0.001 0.0004 0.001
(0.001) (0.001) (0.001) (0.001) (0.001) (0.001)
Popd 0.034 0.008 0.039 -0.072 0.010 -0.011
(0.068) (0.053) (0.061) (0.052) (0.058) (0.037)
CL 0.087 -0.061 0.063 0.263** 0.109 0.258
(0.171) (0.189) (0.138) (0.125) (0.238) (0.193)
PR 0.066 0.173 0.159 -0.041 0.009 -0.155
(0.155) (0.155) (0.124) (0.099) (0.196) (0.154)
Dev 0.855 0.869* 0.020 -0.157 -0.136 -0.269
(0.543) (0.482) (0.409) (0.375) (0.442) (0.406)
Constant -1.813* -1.129* -2.029**  -1.465***  -1.698*** -0.924*
(0.642) (0.581) (0.481) (0.503) (0.560) (0.404)
Period 1990-2000 1990-2000 2000-2005 2000-2005 2005-2010 2005-2010
Estimator OLS Mi-Lasso OLS Mi-Lasso OLS Mi-Lasso
Adjusted R? 0.144 0.348 0.166 0.526 0.118 0.692
Partial F-statistic - 2.81% - 1.88** - 8. 78

Note: *p<0.1; ™p<0.05; ™ p<0.0I. Figures in parenthesis are robust standard errors.
OLS is a regression with no eigenvectors included and Mi-Lasso is a regression which
includes the selected eigenvectors from Mi-Lasso (Section [2.4), see Table [£.5]for the es-
timates of the eigenvector coefficients. The ‘Partial F-statistic’ is for an F-test on the
included eigenvectors.

I now present our results where I compare the Mi-Lasso estimated (filtered - in-

cluding the selected eigenvectors - columns 2, 4, and 6) results with the (unfiltered -

columns 1, 3, and 5) OLS results for the three periods considered. Table shows
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the filtered and unfiltered results for the three periods considered without any con-
trols included. The unfiltered results (columns 1, 3, and 5) indicate a complex cubic
relationship between deforestation and income. However, when the selected eigen-
vectors are included, the magnitude of the coefficients and standard errors shrinks,
and the relationship becomes substantially weaker, quadratic (column 2) or linear
(columns 4 and 6). The magnitude of the filtered and unfiltered coefficients on in-
come decreases as the periods become more recent. The inclusion of the eigenvectors
is further justified by the improvement in the fit of the models (adjusted R?) in the
filtered estimates and given the partial F-test on the Mi-Lasso selected eigenvectors
is always significant at the one percent level for all three periods considered.
Tablepresents the unfiltered (OLS - columns 7, 9, and 11) and the filtered (Mi-
Lasso - columns 8, 10, and 12) results for the three periods with the controls included.
The included controls are generally found to be insignificant. This is reflected by the
adjusted R? being lower than in the corresponding column in Table (except in the
case of unfiltered 2000-2005 regressions - column 9/3). The impact of the inclusion
of the eigenvectors (filtering) on the income coefficients is similar to Table the
absolute magnitude of the coefficients as well as their standard errors shrink when
the results are filtered, compared to the unfiltered estimates for each of the periods.
The main difference between Table and is the cubic becomes significant in
both the filtered and unfiltered estimates, except in the 2000-2005 filtered regression
(column 10). Again filtering is further justified by the improvement in the fit of the
models (adjusted R?) in the filtered estimates, and given the partial F-test on the

selected eigenvectors is always significant at the five percent level for all three periods
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considered.

Table 4.4: Number and significance of selected eigenvectors

—~
[\
~—

(®) (4) (10) (6) (12)

No of Eigenvectors 4 3 13 8 23 14
Significant at 1% level 3 2 8 4 17 9
Significant at 5% level 0 0 3 4 3 3
Significant at 10% level 1 1 2 0 2 2
Not significant 0 0 0 0 1 0
Period 1990-2000 1990-2000 2000-2005 2000-2005 2005-2010 2005-2010
Controls excluded included excluded included excluded included

Note: Columns (2), (3), (4), (10), (6) and (12) correspond to the equivalent columns in
Table E2]and E.3]

Table shows the number of selected eigenvectors and their significance. This
table shows all the eigenvectors are significant at the 10 percent level, except for
the 2005-2010 sample when the controls are excluded (column (6) where 1 of the 23
selected eigenvectors is insignificant). At least half the coefficients on the eigenvectors
are significant at the 1 percent level, demonstrating the selected eigenvectors do have
explanatory power. Additionally, more eigenvectors are selected when the controls
are excluded than included.

Figure shows LOWESS functions of the fitted values from the regressions
presented in Table against initial incomes in the three periods considered with
their respective turning points. In the 1990-2000 period (Figure .a), the turning
point for income is the same for the filtered and unfiltered estimates. These estimates
look similar to the classic EKC (Figures (a)). In contrast, in the 2000-2005 and
2005-2010 periods (Figure (b) and Figure (c)), the turning point is higher,
the peak is flatter, and the second turning point is less clear in the filtered than

unfiltered results. Comparing across periods, the per capita income level when the
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Figure 4.3: Predicted average annual deforestation rate and initial GDP per capita

(a) 1990-2000

0 10 20 30
y
(c) 2005-2010

0 20 40 60
y

(b) 2000-2005

-1.0-

Estimator Mi-Lasso == OLS

Note: &? are the fitted values from the regression results presented in Table and the blue and
red lines are a LOWESS (locally weighted scatterplot smoothing) function, and the dots show the
turning points.

deforestation rate begins to fall is increasing with time, in both the filtered and

unfiltered cases. The peak rate of deforestation is also lower in more recent periods.

Interestingly comparing the filtered estimates, I find in the 1900-2000 periods after

a per capita income of around $12,000 the deforestation rate fall quickly. Whereas,

in the 20002005 after a per capita income of around $12,000 the deforestation rate

is still rising but at a slower rate and by the 2005-2010 periods the deforestation rate

remains relatively constant after around $12,000, only falling after about $30,000.
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Overall, these results confirm that after accounting for spatial correlation, there is
a non-linear relationship between the rate of deforestation and income, however this
relationship appears to be changing with time. Like Busa and Waite| (2009); Busa,
(2013) I find the included eigenvectors significant, but unlike Busa and Waite (2009);
Busal (2013)), I find their inclusion systematically changes the parameter estimates of

the covariates.

4.6 Conclusion

In conclusion, I have re-investigated the relationship between a country’s per capita
GDP and the rate of deforestation for a sample of 90 countries between 1990—2010.
To account for the spatial correlation of an unknown functional form and possible
misspecification of the SWM, I have used the Moran’s I based Lasso (Mi-Lasso)
procedure proposed in Section [2.4 T find that if the spatial correlation is ignored,
the OLS estimates of income exhibit a systematic absolute upward bias, justifying
using Mi-Lasso to estimate the model. In both the filtered (Mi-Lasso) and unfiltered
(OLS) estimates, I find evidence of a non-linear relationship that is changing with
time. I observe a more complicated relationship in some periods than the originally
inverse-U shape postulated by the EKCf. The average peak rate of deforestation
appears to be falling with time, while the income level required for the deforestation

rate to start falling is increasing with time.
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4.7 Appendix

This appendix includes eigenvector parameter estimates for Mi-Lasso results pre-

sented in Table [4.2] and [4.3]
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Table 4.5: Eigenvector parameter estimates

Dependent variable:

Af
(2) (4) (6) (8) (10) (12)
vecl —3.643*** —2.182*** —1.699*** —3.106*** —2.738** —3.242%*
(0.619) (0.714) (0.457) (0.714) (0.562) (0.378)
vec2 —3.323*** —2.754*** —2.886"** —3.793*** —3.723*** —5.101***
(1.094) (0.586) (0.323) (1.229) (1.002) (0.780)
vec3 —2.685* —4.082*** —4.937* —3.002* 2.178** 1.956**
(1.601) (0.734) (0.635) (1.772) (0.921) (0.775)
vecd —2.507*** 1.981** 1.353*** —2.260** —1.626™**
(0.863) (0.835) (0.458) (1.012) (0.424)
vech 1.953*** 2.389*** —2.063** —1.460*
(0.738) (0.601) (0.985) (0.811)
vech 1.963*** —1.147** 1.872%** —1.684**
(0.475) (0.547) (0.595) (0.777)
vec7 —2.129*** 1.176** —2.238** —1.634**
(0.565) (0.491) (0.886) (0.640)
vec8 —1.696** —1.465"** —2.106*** 1.814***
(0.718) (0.453) (0.808) (0.506)
vec9 —1.489** —1.320*** 1.768***
(0.687) (0.373) (0.628)
veclO 1.607* 0.901 —2.190***
(0.953) (0.673) (0.692)
vecll 1.568* —1.468*** 1.424*
(0.855) (0.424) (0.730)
vecl2 —1.821*** —2.040*** 1.780***
(0.664) (0.609) (0.610)
vecl3 —2.178*** —1.268*** —2.652**
(0.786) (0.456) (0.688)
vecld 1.248** 1.509***
(0.564) (0.510)
veclb 1.473***
(0.504)
vecl6 —1.998***
(0.500)
vecl7 1.546***
(0.471)
vecl8 1.496*
(0.897)
vecl9 —2.568***
(0.617)
vec20 1.019*
(0.520)
vec2l —1.323**
(0.347)
vec22 1.573***
(0.557)
vec23 —1.108***
(0.344)
Period 1990-2000 2000-2005 2005-2010 1990-2000 2000-2005 2005-2010
Controls No No No Yes Yes Yes
Note: *p<0.1; *p<0.05; **p<0.01. Figures in parenthesis are robust standard errors. Columns

correspond to the equivalent columns in Table
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