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Abstract
We discuss polynomials orthogonal with respect to a semi-classical generalised higher order Freud
weight
w(a;t,A) = [z exp (ta® — 2°™), x €R,
with parameters A > —1,¢t € Rand m = 2,3,... . The sequence of generalised higher order Freud
weights for m = 2,3, ..., forms a hierarchy of weights, with associated hierarchies for the first moment

and the recurrence coefficient. We prove that the first moment can be written as a finite partition sum
of generalised hypergeometric | F,,, functions and show that the recurrence coefficients satisfy differ-
ence equations which are members of the first discrete Painlevé hierarchy. We analyse the asymptotic
behaviour of the recurrence coefficients and the limiting distribution of the zeros as n — co. We also
investigate structure and other mixed recurrence relations satisfied by the polynomials and related
properties.

1 Introduction

In this paper we consider polynomials orthogonal with respect to the generalised higher order Freud
weight
w(z;t,\) = |z|** L exp (ta:Q—QO) , z,t € R, m=2,3,..., (1.1)

with A > —1 a parameter. The main goal of this paper is to bring a comprehensive self-contained
analysis of these polynomials when the parameter m takes integer values higher than 1 and for any
values of A > —1 and ¢t € R. The analysis for the particular cases of m = 2,3 was considered in
6, [7, 8, (9] 30, [31]], with an emphasis on the study of the corresponding recurrence coefficients. We
significantly extend existing studies on Freud type weights whilst providing a coherent and consistent
approach, using techniques which are also likely to be adopted in the study of other semi-classical
type weights. Throughout, we link and explain the connections to existing theory. After giving a short
mathematical background in §2, in §3|we give a closed form expression for the moments with respect
to the weight (I.I), which correspond to a finite partition sum of generalised hypergeometric | F,,, func-
tions. The corresponding recurrence coefficients in the three term recurrence relation are investigated
in Therein we prove a recursive method that gives nonlinear recurrence relations satisfied by
these recurrence coefficients (see Proposition [4.4) and give them explicitly for the cases where m = 4,5,
whilst recovering the already known relations for m = 2,3. We prove structure relations and mixed
recurrence relations satisfied by generalised higher order Freud polynomials in The asymptotic
behaviour of the recurrence coefficients proved in §4|determines the limiting distribution of the zeros
and this, as well as other properties of the zeros, is investigated in We conclude with the quadratic
decomposition of the generalised higher order Freud weight in



2 Mathematical background

Let v be a positive measure on the real line for which the support is not finite and all the moments
,ukz/oo F dv(z), k=0,1,..., 2.1)
exist. The corresponding monic orthogonal polynomial sequence {Pn (2) }nzo is defined by
/OO P (z)Py(x) dv(x) = hym n, h, >0

where 6,, ,, denotes the Kronekar delta. A fundamental property of orthogonal polynomials is that they
satisfy a three-term recurrence relation of the form

Pryi(z) = (2 — an)Po(z) = BnPr1(2), (2.2)

with 8, > 0 and initial values P_;(z) = 0 and Py(z) = 1. The recurrence coefficients «,, and j,, are
given by the integrals

=i [P, b= [ aP@P@ ).

— 0 hn—l —oo

Relevant for this paper is the case of a measure that admits a representation via a positive weight
function w(z) on the real line as follows dv(z) = w(x) dz. Henceforth, we will only work with a weight
function representation.

The coefficient 3, in the recurrence relation can also be expressed in terms of the Hankel
determinant

Ho M1 ... Hp—1
-1 Y O

Ay =det [pier] o= . .. P - (2.3)
Pn—1 Hn - P2n—2

with Ag = 1, A_; = 0, whose entries are given in terms of the moments (2.1) associated with the
weight w(z). Specifically
o ArH»lAnfl

Bn = A2 (2.4)
The monic polynomial P, (z) can be uniquely expressed as the determinant
Mo M1 - Hn
1 M1 M2 - Hn41
P (z)=—] : o Do,
=g | o
HUn—1 HMn .. H2n—1
1 T ... z"
and the normalisation constants as
Ay,
hp = =2l o= Ay = po. (2.5)
Ay

Also from (2.4) and (2.5), we see that the relationship between the recurrence coefficient 5,, and the
normalisation constants h,, is given by
hn = Bnhn—l-
For symmetric weights, since w(z) = w(—z), it follows that «,, = 0 in (2.2). Hence, for symmetric
weights, the sequence of monic orthogonal polynomials {Pn (x)}n>0, satisfy the three-term recurrence

relation
Poi1(z) = 2Py (x) — BnPn1(z). (2.6)



The monic orthogonal polynomials P, (z) associated with symmetric weights are also symmetric, i.e.
P,(—z) = (—1)"P,(z). This implies that each P, contains only even or only odd powers of = and we can
write

22 p2n—2k 2n (2n) _2n—2 (2n)
Po(z +§:62n 2T =T77 + Cy, Lo +ootcy
__2n+1 (2n+1) 2n—2k 1 _ _2n+1 (2n+1) 2n—1 (2n+1)
Popii(z) = +§:2n 2k+1 =g t o1 T Tt .

Substituting these expressions into the recurrence relation (2.6) and comparing the coefficients on each
side, we obtain

(2n+2)
2n 2n+1 C P2n+2 (0)
Bom =2, — D By = ‘;(2“) =B 0] 2.7
0

It follows from that, for symmetric weights, o1 =0,k = 1,2,... and hence it is possible to write
the Hankel determinant A,, given by in terms of the product of two Hankel determinants obtained
by matrix manipulation, interchanging columns and rows. The product decomposition, depending on
n even or odd, is given by

A2n = Aanv A271—‘,—1 = A'n+1Bna (2.8)

where A,, and B,, are the Hankel determinants

Ho H2 .o H2n-—2 H2 Ha e H2n
H2 Ha oo H2n Ha He <o H2nt2
Hon—2 H2n  -.. H4n—4 Hon  H2n42  o.. H4n—2

with Ay = By = 1. Consequently, for a symmetric weight, substituting (2.8) into (2.4), the recurrence
coefficient 3, is given by
An+18n—1 An,Bn+1

Aan ’ ﬁ2n+1 B An+18n .

Semiclassical orthogonal polynomials are natural generalisations of classical orthogonal polynomi-
als and were introduced by Shohat in [41]]. Maroni provided a unified theory for semiclassical orthog-
onal polynomials (cf. [34, [35]). The weights of classical orthogonal polynomials satisfy a first-order
ordinary differential equation, the Pearson equation

BZn =

—Ho(@)w(@)} = 7(2) w(z), (2.10)

where o(z) is a monic polynomial of degree at most 2 and 7(x) is a polynomial with degree 1. For
semiclassical orthogonal polynomials, the weight function w(z) satisfies a Pearson equation with
either deg(o(z)) > 2 or deg(7(z)) # 1 (cf. [20] [34]). The generalised higher order Freud weight given
by is a symmetric weight that satisfies the Pearson equation (2.10) with o(x) = = and 7(z) =
2(tz? — ma®™ + X + 1) and therefore is a semiclassical weight.

3 Moments of the generalised higher order Freud weights
The existence of the first moment 1 (¢; A, m) associated with the generalised higher order Freud weight

(1.1) follows from the fact that, at oo, the integrand behaves like exp(—z?) and, at = 0, the integrand
behaves like z* which, for A > —1, is integrable.



Theorem 3.1. Let x € R, A > —1, t e Rand m = 2,3,.... Then, for the generalised higher order Freud
weight (1.1), the first moment is given by

o0 o
wo(t; A,m) = / |22 exp(ta? — 2?™) da = / s* exp(ts — s™)ds
—oo 0

1 o tht A+ k Ak k k+1 m+k—1 /t\™
:75 r 2Fm 771;77 yeeey I
m 1(k‘—l)! m m m’ m m m
A+1 A+1 1 m—1 /t\"
CLp(At) g (AL et (1))
m m m m m
m—1
1 th—1 k
— I
T 2 D ( m >
k=2
(A+k E k+1 m—1 m+1 m+k—1 <t>m)
XlFm—l ) il —

>
+ 3

) ) 7 )

m 'm’ m m m ’ m
gm—1 A A 1 2 2m—1 [t \™
m! m m m m m m

where ,F,(a; b; z) is the generalised hypergeometric function (cf. [39) eq. 16.2.1].

Proof. Using the power series expansion of the exponential function, we obtain

wo(t; A, m) = / 2|22 exp(ta? — 22™) dz = / s*exp(ts — s™)ds
—00 0

= /Oo st exp(—s™) Z (t;?” ds

n=0

/ X exp(—s™) ds
n= 0

tn > —m m
== Z f,/ y AN exp(—y) dy
m <~ n! J,
1 Z (A tn+ 1)

n()

where I'(z) denotes the Gamma function defined in [39] eq. 5.2.1] and the fourth equal sign follows

from the Lebesgue’s Dominated Convergence Theorem. Letting n = mk + j for j = 0,1,...,m — 1, we
can write )
oo m— A +] 41 > tmk+j
o(t; A,m) +k) ——.
R () G

Using the Gauss multiplication formula [39), eq. 5.5.6] yields

Al — Al mkm .7+£
(mk+ )l =4'm H(m )k

{=1

where (a); denotes the Pochhammer symbol (cf. [39] §5.2(ii1)], while it follows from [39, eq. 5.5.1] that

F<A+]+1+k>:<)\+3+1) F(A+]+1>7
m m k m



and hence we have

1 T
motAm) =3 > —o (i1

i P Atij+1 LI+l 42 m+j (t\"
o 24'm m ) m 9 m gy m ) m )

as required. O

Remark 3.2. In our earlier studies of semi-classical orthogonal polynomials, we proved special cases
of Theorem [3.1I]and Theorem [3.3] namely for m = 2 in [9] and for m = 3, 4,5 in [8].

In the following theorem we derive a differential equation satisfied by the first moment 1 (¢; A, m).
It is often much easier to derive properties of a function from the differential equation it satisfies rather
than from an integral representation or, as this case, a sum of generalised hypergeometric functions.

Theorem 3.3. Let x € R, A > —1, t e Rand m = 2,3,... . Then, for the generalised higher order Freud
weight (1.1), the first moment

po(t; A, m) = /

— 00

o0
2|22 exp(ta? — 2?™) dz = / s*exp(ts — s™) ds,
0

satisfies the ordinary differential equation

d™e  dp
_pt =0. 1
m de™ tdt ()‘ + 1)90 0 3.1)
Proof. Following [37]] and [8], we look for a solution of (3.1)) in the form
o(t) = / et v(s)ds. 3.2)
0

In order for (3.2) to satisfy (3.1), it is necessary that

d™e tde A+1 /°° " ts  A+1
9 18P AT o et(smoZ_2AT2 ds = 0.
de™  m dt m 7 0 o vls) ds

Using integration by parts, this is equivalent to

°° d A+1
/ est {smv(s) + iv(s) 220 i v(s)} ds =0,
0 m

m ds m

under the assumption that lim,_,, sv(s)e’® = 0. Hence, for ¢(t) to be a solution of (3.1), we need to
choose v(s) so that

dv
™A — =0.
(ms Ju(s) + s T
One solution of this equation is v(s) = s* exp(—s™). O

For the generalised higher order Freud weight (1.1), the even moments can be written in terms of
derivatives of the first moment, as follows

oo
pok (B A, m) = / 22z exp(ta? — 2¥™) dx

dk >
= |22 exp(ta? — 22™) da
dk N
= @,uo(t; A,m), k=0,1,2,..., (3.3)



where the interchange of integration and differentiation is justified by Lebesgue’s Dominated Conver-
gence Theorem. Furthermore, from the definition we have

tok+2(t; A, m) = pog (6 A+ 1,m), k=0,1,2,..., (3.4)

and therefore
M2k+2(t;)\,m):No(té)\‘i‘k‘i‘lam), k:Oa1727"' )

which illustrates the importance of the first moment.

4 Recurrence coefficients for generalised higher order Freud
weights

Theorem 4.1. For the generalised higher order Freud weight (1.1)), the recurrence coefficient (3, is given

by
d Bn d An+1

R N 1 = 1 , 4.1
Ban & HAn Bon+1 T B, 4.1)

with Ao = By = 1 and

dpo d™ g dpo d*po d" po

n — s T, vttt ) n — TR P n y 4.2
An = W <“ Ot 4! B =Wr (a2 dt “.2)

where -
o = po(t; A\, m) = / z* exp(ts — s™) du,
0

and Wr(p1, 9, ..., ¢,) denotes the Wronskian given by

1 ©2 s Pn
1 1 1
¢§ ) Spé ) - (,051, ) (k) dk@j
WI'(SOlaSDQwHuSDn): . : .. . ’ i T dek
sggn*l) (pgnil) @gznil)

Proof. 1t follows from (2.9) and (3.3) that A,, and B,, can be written in terms of the Wronskians given
by (4.2). Furthermore,

dB, ., dA, dApir B,
An dt - Bn? - An—i—an—la Bn dt - An—l—lﬁ - An+an (43)
(cf. [45], §6.5.1]) and (4.3), together with (2.10) yields (4.1). O

Theorem 4.2. Let wy(x) be a symmetric positive weight on the real line for which all the moments exist
and let w(z;t) = exp(tz?)wo(z), with t € R, is a weight such that all the moments of exist. Then the
recurrence coefficient (3, (t) satisfies the Volterra, or the Langmuir lattice, equation

dBn
F = ﬁn(5n+1 - 5n71)-
Proof. See, for example, Van Assche [43] Theorem 2.4]. O

Theorem 4.3. For the generalised higher order Freud weight (1.1), the associated monic polynomials
P, (z) satisfy the recurrence relation

Poi1(z) = 2Py (x) — Bn(t; A\) Pr—1(2), n=20,1,2,..., (4.4)
with P_1(z) = 0 and Py(x) = 1, where

Ani1 (AN A1 (EA+1)  d In An(t; A+ 1)

An(t ARG A+1)  dt T Ap(BN)
An (N Anp1 (A +1) d Any1(t; )

Pt G = BN A1) & A EA D)

5271 (t§ )\) =




where A, (t; \) is the Wronskian given by (4.2) with

1o~ tht Atk Ak k k+1 m+k—1 (t\™
tAm) = — r J (AL P () ).
Ho(t; A,m) m];(k’—l)! < m )2 ( m m’ m m <m> >

Proof. 1t follows from substituting (3.4) into the expression for B,,(¢; \) given in (4.2) that B,, = A, (¢; A\+
1) and then the result immediately follows from (2.10) and (4.1). O

4.1 Nonlinear recursive relations

We follow the approach found in [35] §7] whose key results are summarised in [36] Proposition 3.1].
Note that for a given m > 1, we can write

Py (x) = Y CCM P, (4.5)
l=—m
where

2m 1 oo m
Cy(wl% = - / ¥ Py op(2) Po(z)w(x)de for £=—m,...,m.

— 00

Observe that C’ff;’ﬂzk = Cr(inz)n =0 for [k| > 2m + 1 and

m In 2m 1 2m)
C(2 ) _ C( ) C(
n,n+24 hn+2£ n+24,n ﬁn-{-l . ﬁn-&-% n+24,n

From the recurrence relation (2.6) it follows
I2Pn(l’) = PTL+2 + (BTL + Bn—i-l) Pn + Bn—lﬂnpn—% n Z 0. (46)

for (=1,...,m.

In particular, one has C,(LQ% = Bn + Bn+1, C’,(fZL_Q = Bn_18, and 01(1221 4
C(2m+2) m+1

n—20n J¢=0

5 = 1. The computation of the

coefficients { can be derived from the coefficients {Cff_’g;n};l:o as follows

07(127";2:721) = ﬂ”+2/8”+107(127n;;,n+2 + (B’ﬂ + 6”4‘1)07(12772%,71 + 07(7.2:1;)5,77,72’ t= 0’ <o, (47)
which is a direct consequence of (4.5) multiplied by =2 and (4.6).

Proposition 4.4. The recurrence coefficient 3, for the generalised higher-order Freud weight (1.1) sat-
isfies the discrete equation

2mV,P™ — 218, = n 4+ (A + H)[1 - (=1)"]. (4.8)
where
vem = oY 4 p,0Rm=2), (4.9)
Alternatively, (4.9) can be written as
V(2m) o 1 < 2m—2p ﬁl > 2m—2 p2
= — x —2(x) Py (z) w(x) dz + x P (z) w(z)dz.
hn—Z — 00 hn —00

Proof. For any monic polynomial sequence { P, (z)} one can always write

n>0’
dP n

xT;(x) = an,an_j(x), for n>1,
j=0

with p,, ¢ = n. The assumption that {Pn (x)}n>0 is orthogonal with respect to the semiclassical weight
w(z) satisfying the differential equation (2.10) with o(z) = = and 7(z) = 2(tz? — ma®™ + X 4 1) gives,
using integration by parts,

>~ dP,
pustncs = [ @S @) P ) (o) ds

_ /OO {T(z)pn_j(x) + a:dpn_j(x)} Py (2)w(z) dz,

o dx



where hj, = / P2(r)w(z)dz > 0. Therefore p,, ; = 0 for any j > 2m + 1 and the symmetry of the

weight implieg pn,; = 0 for any j odd. Therefore we have

x) = ipn,gg P,_o9¢(x), for n>0. (4.10)
¢
Recall to write
hin _’: ?P2(z)w(r)dz = (B + Bnt1) and hnl_g /_O:O 22P,_5(2)Po(z) w(z) dz = BpB_1,
and hence
Qm/ 22" P2(2) w(z) dz — 24(B + Bust) — (A +24n), if £=0
hnﬂ 22" Py, _o(x) Py () w(z) dz — 2t B, 8,1, if (=1,
o= 2 > B () Pa(e) () d it 9<r<m-1, 4D
2m By -+ Brn—2m+1, if (=m
0, otherwise.

Take ¢ = 0 in (@.7) and note that ¢>" -2 — ¢c(®m~2) Bnﬂn_l to get

n,n—2 n—2,n

Qm) = 6 +1 ( n n+2 6n+2 + 07(12?_2)) + ﬁn ( n277; 712)/871—1 + 07(12)771”_2)) .
The symmetric orthogonality recurrence relation (2.6) implies that
Prio(x) Py () = P’I’2L+1(x) + BnPr1(x)Pryi(z) — ﬁn+1pg(1‘),
which gives the relation
CmDg 4 CEm=D — D) gy oemoD) (4.12)
and consequently we have
cCm =y Ly where V™ =8, (ﬂn_lcﬁ”;j) + cg?:f*)) . (4.13)

On the other hand, expressions for the coefficients p,, »; can be obtained through a purely algebraic
way, and therefore expressed recursively. For that, we differentiate with respect to x the recurrence
relation (2.6) and use the structure relation (4.10) to get

dp, dp,
Pu(o) + 3 uasPoae(s) = T (@) 4 Bu— g (@),

£=0

We multiply the latter by = and use again (4.10) and then to obtain a linear combination of terms
of {P.(z)} ., and this gives

m—+1
PnJrl(x) + Bnpnfl(x) = Z (pn+1,2£ — Pn,2¢ + Bn Pn—1,20—2 — ﬁn72€+2 pn,2Z72) Pn722+1(1')~
£=0
Since the terms are linearly independent, we equate the coefficients of P,, .1, P, ..., Phr_2m—1 to get
Pn,0 =M,
Pn+1,2 = Pn2 = 2Bn, (4.14)
Prt1,2¢ — Pn,20 = Prn—2042 Pn,20—2 — Bn Pn—1,20—2, for £=2,... . m—1,
/Bn—Qm Pn,2m = ﬁn Pn—1,2m; for .] =m— 1



We combine with to conclude that the first equation (when ¢ = 0) gives
mV, 25+ mV ™ — (B, + Bua) =n+ (A+1),
which implies (.8). O
The expressions for me) can be then obtained recursively using (4.9), and to write
V™ = B (VERT 4+ VED) 4 (B + Busn) Vi
= B B+ Burn) (V0 1 VETTY) 4 BBy (VY 4 VETTY)
+ BuBr-1Bns1Bns2Cly o). (4.15)

Combining (4.12) with (4.13) gives

Ve VI = (VTP v ?) < g (VI 1),
Using the latter relation, we replace the term (3,, + 3,41) V2= in to get
V) = 5, (VR 4y ) e
— Bnt+1Bn—1 (Vrggjf_‘l) + Vn(%;_él)) + 6n+25n+1ﬂnﬂn_1cﬁ'5ﬁ? (4.16)
Consider n — n — 1 and m — m — 1 in the latter expression, and replace it in and this yields
VE = b (VAT VI R VET) b B VY B V2

- 6n+1ﬁnﬁn72 <V7527n2176) + Vn(zgliw) + BnJrananl (ﬁn+15n72c7(l2,n§;16421 + 6n+2c7(l2,n21;:22> .

If we replace the term Vﬁ";*‘*) by the corresponding expression given by the latter relation and suc-

2m)

cessively continuing the process then one can deduce the following expressions for V,E as follows

V(Z) = 571
4 2 2 2 2
VO =1 (V41 £ 12,

v© _y© (V<4> R )

n n+1 n— n—1

For higher orders we compute the coefficients Vn@m) recursively as stated below. We opted for not giving
the expressions in terms of 3,, since those are rather long. For m = 4,5, we have

Ve =V (Vi V0 v ) + v v IV, (v, + v,
Vi =V (Vi v v )+ OV vE VIV, (VL + Vi)
+ Vrgr)l Vv, {(VTEQ) + Vsﬂ) vai)z + (Vrﬁ)l + Vf)) VD, + Vrfi)2v'r$3)2} :
Remarks 4.5.

(i) For the case when \ = —%, Proposition was proved by Benassi and Moro [2], using a result
in [3]. Although it is straightforward to modify the proof presented therein for the case when
A £ —%, we hereby present an alternative approach purely depending on the structure relation of
the semiclassical polynomials.

(ii) Equations such as (4.8) for recurrence relation coefficients are sometimes known as Laguerre-
Freud equations [16)},[26]; see also [1}, 21}, (31,132} 33]].



(iii) When m = 2 the discrete equation is
4ﬂn(ﬂn71 + Bn + BnJrl) - 2tﬁn =n + ()\ + %)[1 - (_1)n)}7 (417)
which is dP; and when m = 3 the discrete equation is

Gﬂn (Bn—Qﬂn—l + Bi—l + 2Bn—1ﬂn + /Bn—lﬂn-&-l + 672) + Qﬁnﬂn—i-l + Bi-i-l + Bn+1ﬂn,+2)
=2t =n+ A+ 51— (-1)"), (4.18)
which is a special case of dP%Q), the second member of the discrete Painlevé I hierarchy. For
further information about the discrete Painlevé I hierarchy, see [10, [11. Equations (4.17) and
(4.18) with ¢t = 0 were derived by Freud [16]; see also [30, [43]. Further equation (4.17) and (4.18)

with A = —% are also known as “string equations” and arise in important physical applications
such as two-dimensional quantum gravity, cf. [12] (13| (14} [15] [24] [401].

4.2 Asymptotics for the recurrence coefficients as n —

In 1976, Freud [16] conjectured that the asymptotic behavior of recurrence coefficients 3,, in the recur-
rence relation (2.6) satisfied by monic polynomials { P, (z)},>o orthogonal with respect to the weight

w(z) = ||” exp(=|z[™),
with z € R, p > —1, m > 0 could be described by

2/m
. Ba_ [TGm)T(1+ 5m)
o = T(m+1) ' (4.19)

Freud stated the conjecture for orthonormal polynomials, proved it for m = 2,4, 6 and also showed that
(4.19) is valid whenever the limit on the left-hand side exists. Magnus [30] proved Freud’s conjecture
for the case when m is an even positive integer and also for weights

w(z) = exp{—Q(z)},

where () is an even degree polynomial with positive leading coefficient. We refer the reader to [38,
§4.18] for a detailed history of solutions to Freud’s conjecture up to that point. The conjecture was
settled by Lubinsky, Mhaskar and Saff in [29] as a special case of a more general result for recursion
coefficients of exponential weights, see also [28]. In [27], Lubinsky and Saff introduced the class of
very smooth Freud weights of order o with conditions on @ that are satisfied when Q is of the form x%,
a > 0. Associated with each weight in this class, one can define a,, as the unique, positive root of the
equation (cf. [29, p. 67] and references therein)

2 Y a,s Q' (ans)
™ Jo V1 —s?
Theorem 4.6. Consider the generalised higher order Freud weight (1.1). Then the recurrence coeffi-
cients (3, associated with this weight satisfy

lig BeGA) 1 ((m_1)!>1/m.

ds. (4.20)

n—oco nl/m 4 (%)m
a2 (3)
Proof. Let Q(x) = %xzm, then evaluating (4.20) yields n = (;17_21;: and the result is a straightforward
consequence of the more general result in [29, Theorem 2.3] taking W (z) = exp{—Q(x)}, w = |z|**1/2,
P(z) = 1tz? and ¥(z) = 1. O

Remark 4.7. Taking m = 2 in Theorem we recover [6, Corollary 4.2 (ii)] for the recurrence coeffi-
cients associated with the generalised quartic Freud weight |z|?**! exp(tz? — 2*) which satisfy

B (t; ) 1

lim ——* = —

n— o0 \/ﬁ ./127

10



while, for m = 3, the recurrence coefficients associated with the generalised sextic Freud weight

|z|2M L exp(ta? — 29) satisfy

Bu(t;A) 1
vn /60

as shown in [8), Corollary 4.8].

5 Generalised higher order Freud polynomials

5.1 Differential equations

The second order differential equations satisfied by generalised higher order Freud polynomials can be
obtained by using ladder operators as was done for the special cases m = 2 and m = 3 in [9, Theorem
6] and [7, Theorem 4.3], respectively. An alternative approach is given by Maroni in [34] and [35]].

Proposition 5.1. The polynomial sequence {Pn(x)}n>0 orthogonal with respect to the generalised
higher order Freud weight (1.1)) is a solution to the differential equation

2
J(z;n) d (f;;l (z) + K (x;n) dl;’;“ () + L(z;n) Pyyr (z) = 0,
where
J(x;n) = xDpy(z),
K(x;n) = Co(v)Dpy1(x) — dg;+1( )+ Dpya(z),
L(x;n) = W (3(C1(2) = Co()), Dus1(2)) = D (2) Y %Dj(x),
j=0 "7
with
2z Bn x2
Cry1(z) = =Cp(z) + ED"(x), Dyyi(z)=—ax+ ﬂDn_l(:r) + ﬂ—nDn (z) — 2C, (),

subject to the initial conditions Co(z) = —1 + 2(tz? — ma?™ + X+ 1), D_1(z) = 0 and

Do(z) = 2= {mZuzj_z(t»/\)$2m2j - tﬂo(th)} :

Jj=1

5.2 Mixed recurrence relations

We first consider the connection formula between the corresponding sequences of generalised higher
order Freud orthogonal polynomials in the framework of Christoffel transformations when the mea-
sure is modified by multiplying with a polynomial. In our case, the measure is modified by a quadratic
factor.

Theorem 5.2. Let {Pn(x; )\)}n>0 be the sequence of monic generalised higher order Freud polynomials
orthogonal with respect to the weight (1.1), then, for m,n fixed,

xPop (3 A+ 1) = Papga (5 M), (5.1a)

Pong1(0;4)

2Pn— ) 1) = 2 Pop(x; - n D0\
T*Pop_1(x; A+ 1) = Py (x; N) {52 ()\)+P2/n71(0;A)

Proof. Let P,(x; A+ 1) be the polynomials associated with the even weight function

w(z; A+ 1) = [P P exp (t? — 2°™) = 2%w(z;)), m=2,3,... .

11



The factor 2> by which the weight w(z; )\) is modified has a double zero at the origin and therefore
Christoffel’s formula (cf. [42, Theorem 2.5], [22, Theorem 2.7.1]), applied to the monic polynomials
P,(z; A+ 1),1s

) 1 Pn(x; /\) P71,+1(1'; >\) Pn+2(x; )‘)
=Py (zs A +1) = 5 T — |Pn(03 ) Paga(0;A)  Poya(0;2)
Po(0; M) Py, 41 (0;A) — P (03 A) Pyy1 (03 A) PL0;A) Pl (0:0) Plo,(0:))
Since the weight w(z; \) is even, we have that P, 1(0; \) = P;,,(0; A\) while ,,(0; ) # 0 and P;,,  ,(0; \) #
0, hence
, 1 Po(z;A)  Pora(2;A)  Poga(z;A)
x“Pp(z; A+ 1) = : - 0 P,1(0;0) 0 ,
PONPa@ N [prony 0 Pl
for n odd, while, for n even,
, 1 P, (x;\) Ppri(z;A)  Puya(x; )
Py (z A +1) = : - — | Pn(0;2) 0 Poy2(0;M)].
Pn (07 /\)Pn+1(07 /\) 0 P7/1+1(0; >\) 0
This yields
2Py (A + 1) = Poyo(z;\) — anPa(z; M), (5.2)
where P (0N
o ]7;:?5;;\)), for n even,
") Piae(0:A)
g2\ A £ .
Pr0N) or n odd

Using the three-term recurrence relation (2.6) to eliminate P, 2(z; \) in (5.2), we obtain
2Py (2 A+ 1) = 2Py 1 (23 0) — (Bns1(N) + an) Po(a; N).
It follows from (2.7) that, for n even, 5,.1(\) + a, = 0 and the result follows. O

Theorem 5.3. For a fixed m = 2,3,..., let {Pn (z; )\)}n>0 be the sequence of monic generalised higher
order Freud polynomials orthogonal with respect to the weight (1.1). Then, for n fixed,

Poni1(z;0) = Popgr (3 A+ 1) + Ban(A+ 1) Pop—1(2; A 4+ 1), (5.3a)
Po (23 ) = Pop(z3 X + 1) — Ban(N)Ban 1A + 1) Py, (0:) Pop_o(z; A+ 1). (5.3b)

P2/n+1(0; A)

Proof. Substitute into the three term recurrence relation
Popi1(z;A) = 2P (w3 A) — Bon(A) Pan—1(25 A), (5.4)

to eliminate Ps,1(x;\) and obtain

P2/n+1 (07 )‘)

0N Substitute (5.1b) into (5.4) to eliminate P»,_1(z;\) and obtain
2n—1\*

Let Aop =
/6271(/\)

6271()\) + A2np

Simplification and rearrangement of terms in (5.5) yields

52n ()\) + asgy,

TPop (T A+ 1) = 2 Pop(x; A) — (ngn(m; A) — 22 Py (x5 N + 1)) . (5.5)

5271()‘)

— 22 Py i(m A+ 1),
Bon(N) + agn i )

) Pgn(l‘; )\) = Pgn(x; A+ 1)

12



then, using the three term recurrence relation to eliminate x Py, 1 (z; A + 1), we obtain

BQn(A) . o B 52117()\) B
(1 - /32,L(A)+a2n) Po(w;)) = (1 WO a2n> Pon(z: A+ 1)
T Ban (M) + aom Pon-1(A =+ 1) Pon—2(; A+ 1),

which simplifies to (5.3b). Substituting (5.1a) into the three term recurrence relation
P2n+l(x; A + ]-) = xPZn(:L7 A + ]-) - 62n(>‘ + 1)P2n—1(1'; A + ]-)a

yields (5.3a). O

Theorem gives the connection formula between the corresponding sequences of generalised
higher order Freud polynomials in the framework of Geronimus transformations, the inverse of a
Christoffel transformation. For more on quadratic Geronimus transformations of a weight w(z), where
(22 — ¢)v(x) = w(x), see [17]. The generalised Christoffel formula, where the weight is modified by a
rational function, often referred to as an Uvarov transformation, can also be considered as the Darboux
transformation of an integrable system (cf. [4} 22]]) and are considered in the framework of Gaussian
quadrature rules in [18, [19].

5.3 Quasi-orthogonality for )\ € (-2, 1)

Theorem yields the quasi-orthogonality of generalised higher order Freud polynomials for —2 <
A< -1

Theorem 5.4. Suppose —2 < \ < —1. For each fixed m = 2,3, ..., the generalised higher order Freud
polynomial P,(x;\) is quasi-orthogonal of order 2 on R with respect to the weight

|2)\+3 Qm)

|z exp (t:(;2 — M), teR.

Proof. Suppose —2 < A < —1,then A +1 > —1. When n is even, we have from (5.3b) that

/ 2P, (3 \) |22 3 exp (ta® — 2®™) dz

— 00

= / " Pz A+ 1) [z exp (t2® — 2®™) da (5.6)

) Bt A+ )P (0:A) [
_ BB ;/( (O))\) 1(05%) / 2" Py _o(zy A+ 1) 22 exp (ta? — ™) da,
n+1\ —o0

while, for n is odd, it follows from that

/ 2" P (z; \) 2P exp (t2? — 27™) da

oo
= / xkpn(xa A + 1) |$‘2>\+3 exp <t$2 — me) dx (57)
—00
+An(A+1) / 33kPn—2(33; A+1) |5U|2>\+3 exp (tx2 — xzm) dzx.

Since A + 1 > —1, it follows from the orthogonality of the generalised higher order Freud polynomials
that -
/ 2P, (2 X 4 1) |2)** T3 exp (th—x2m) =0 for £=0,...,n—1,

oo

and we see that all the integrals on the righthand side of (5.6) and are equal to zero for k& =
0,...,n—3. O

13



6 Zeros of generalised higher order Freud polynomials

6.1 Asymptotic zero distribution

The asymptotic behaviour of the recurrence coefficients of generalised higher order Freud polynomials
orthogonal with respect to (1.1), satisfying Freud’s conjecture, given by (4.19), is independent of the
values of ¢t and A. The asymptotic behaviour implies that the recurrence coefficients are regularly
varying, irrespective of ¢ and A. To consider the asymptotic distribution of the zeros of generalised
higher order Freud polynomials orthogonal with respect to the weight as n — oo, we use an
appropriate scaling and apply the property of regular variation as detailed in [25]].

Theorem 6.1. Let ¢(n) = n'/™) and assume that n, N tend to infinity in such a way that the ratio
n/N — L. Then, for the sequence of scaled monic polynomials P, n(x) = (¢(N)) " P,(¢(N)z) associated
with the generalised higher order Freud weight (1.1), the asymptotic zero distribution, as n — oo, has

density

2m
am(€) = M(Tm—l) (1- x2/c2)1/2 oFy (1,1 —m; 3 —m;a®/c?), (6.1)

where

oy MeEm)
c=2al"C™  with o= % ((m1)> ,
(§)m
defined on the interval (—2al'/(>™) 2401/ 2m),

Proof. The scaled monic polynomials P, ny(z) = (¢(IN)) " P, (¢(N)x) associated with the generalised
t

higher order Freud weight (1.I) have recurrence coefficient 3, n(t;\) = 5&%32 Since ¢ : Rt — R¥

and, for every ¢ > 0, we have
lim ¢(x£) _ fl/(%n)7

5 ()

¢ is regularly varying at infinity with exponent of variation 5 (cf. [44]). Since it follows from (4.6)

that
) \/ﬁn (t;A) o(n
n/l}\fm VB (£:4) n/Nae o(n) ¢(N)

the recurrence coefficients 3, y(¢; A) are said to be regularly varying at infinity with index ﬁ (cf. 125,
Section 4.5]). From the property of regular variation, using [25, Theorem 1.4], it follows that the
asymptotic zero distribution has density

L _ _
i/ S—l/(2m) (2a _ xS—l/(Q'm)) 1/2 (2& + xs—l/(Q'm)) 1/2 ds
0

¥4
[1/(2771) 2 \2 —1/2
pu— 1_ D
awﬂ/ ( (2ay> ) dy

o1/ (2m)

2k
m Y22
- d
arl Jy Z k! (2ay> Y

k=0

— qM/2m)

p1/(2m)

1
_ § i)%/ 2m—2k—2 4
arl Z k! (2a 0 Y 4

k=0

oo T 2k
a/ﬂ'fl/(Qm kZ:O ' 2m — 2]€ —1 (20/61/(2"7’))

00 1

_ m () (G=m)y ¢ x  \*
= anii/2m) (2m _ 1) kzzo % _ m)k k! (gagl/@m))

e (Wf"/(m)f) .

_ m 11 .
~am(2m — 1)¢1/@2m) 2£ (2 27

[ ][9]
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Figure [6.1] shows the zeros and the asymptotic distribution according to Theorem

Figure 6.1: The zeros of P, y(z) (red) for A = 0.5, ¢ =1, m = 3, n = N = 10 and ¢ = 1 with the
corresponding limiting distribution (6.1) (blue) and endpoints (—2a,0) and (2a,0) (green).

Figure shows the asymptotic distribution of zeros according to Theorem for various values
of £.

-10 ~05 05 1.0

Figure 6.2: The limiting distribution of the zeros a3(¢) for £ = 0.5 (green), £ = 1 (blue) and ¢ = 2 (red).

t
Remark 6.2. Note that the formula on [25, p. 189, line 22] should be % /0 %wfbdmb%a] (x5 ) ds.

6.2 Bounds for the extreme zeros

From the three-term recurrence relation (4.4), we obtain bounds for the extreme zeros of monic gener-
alised higher order Freud polynomials.

Theorem 6.3. For each n = 2,3,..., the largest zero, 1, of monic generalised higher order Freud
polynomials P, (z) orthogonal with respect to the weight (1.1), satisfies

0<z1, < max ~efr(t ),

1<k<n—1

where ¢, = 4 cos® T +¢e > 0.
n+1

Proof. The upper bound for the largest zero z, ,, follows by applying [23, Theorem 2 and 3], based on
the Wall-Wetzel Theorem to the three-term recurrence relation (4.4). O
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6.3 Monotonicity of the zeros

Theorem 6.4. Consider 0 < x|,,/2), < -+ < T2, < T1,, the positive zeros of monic orthogonal polyno-
mials P, (x) with respect to the generalised higher order Freud weight where | k| denotes the largest
integer less than or equal to k. Then, for A > —1, t € R and for a fixed value of v, v € {1,2,...,|n/2]},
the v-th zero x, , increases when (i), \ increases; and (ii), t increases.

Proof. This follows from [[7, Lemma 4.5], taking C(z) = x, D(z) = 22, p = 2A+1 and wo(z) = exp(—z?™).
O

6.4 Interlacing of the zeros

Next, for fixed A\ > —1, ¢t € R and k € (0, 1], we consider the relative positioning of the zeros of the
monic generalised higher order Freud polynomials {P,(z;\)} orthogonal with respect to the weight
(1.1), and the zeros of { P, (z; A + k), k € (0,1], orthogonal with respect to the weight

w(z;t, \) = |z|* T2 exp (tz® — 2*™), m=2,3,....

The zeros of monic generalised higher order Freud polynomials {Pn(x; )\)} orthogonal with respect to
the symmetric weight (1.1) are symmetric around the origin. We denote the positive zeros of P, (z; \)
by

A A A A
0< T 2n < Tn—12n << L2 2n < L1,2ns

and the positive zeros of P, 11(z; A) by
A A A A
0< Tp 2n+1 < Tp—1,2n+1 < < L2 2n41 < L1 2n+1>

noting that Tn+1,2n+1 = 0.

Theorem 6.5. Let A > —1 and t € R. Let {Pn(a;; )\)} be the monic generalised higher order Freud
polynomials orthogonal with respect to the weight (1.1). Then, for ¢ € {1,...,n— 1} and k € (0,1), we
have

A A Ak A1 A
Top19n < Troan—1 < Tpop_1 < Tpop_1 < Tq2n; (6.2)
and, for £ € {1,,...,n},
A A Ak A1 A
Tyt ,2n+1 < Toon < Typop < Typop = Tpont1: (6.3)

Proof. The zeros of two consecutive polynomials in the sequence of generalised higher order Freud
orthogonal polynomials are interlacing, that is,

A A A A A A
0<x)0p, <Th_q9n-1 <Th_1n < ' <X, <Tlop_1 <2Tlop (6.4)

and
A A A A A A
0 <2500 <Thony1 <Zh120 < 0 <T2o2p41 <272, < TP 2n11- (6.5)

On the other hand, we proved in Theorem that the positive zeros of generalised higher order Freud
polynomials monotonically increase as the parameter) increases. This implies that, for each fixed
te{1,2,...,n}and k € (0,1),

A A+k A+1
157271 < l€,2n < xé,Qn’ (66)

and
1'2271—1 < x?}’ffl < x?,;rlhl' (6.7)
Next, we prove that the zeros of P, (z; \) interlace with those of P, _1(x; A + 1). From (5.1b),

2P (25 A) = (Ban(A) + Poyy1(0;A)/ Py 1 (05 A)) Pon 1 (25 )
22

: (6.8)

Py _i(z;A+1) =
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Evaluating at consecutive zeros z;, = x?g and z,,, = xl(fi)l sl =1,2,...,n =1, of Py, (w;\), we

obtain

Pop_1(ze; A+ 1) Pop—1(xe41; A+ 1)
_ (Ban(A) + Py, 1 (05 X) /Pg,, 1 (05 N) P Pa—1 (o5 A) Pop—1 (2415 A)

2,.2
LyTyiq

<0,

since the zeros of Py, (z;\) and P»,_1(z; \) separate each other. So there is at least one positive zero
of Py, (z; A+ 1) in the interval (z,,z, + 1) for each £ = 1,2,...,n — 1 since there are exactly n positive
zeros and and this implies that

+1 A A1 A1 A1
0< xn on < x “12n-1 <ZTp_12n <Tp gop_1 < < Tygp1 < x5 on < T1op—1 < ay 2n- (6.9)

Equations (6.4), (6.7) and (6.9) yield (6.2). To prove (6.3), we note that by (5.1al) the n positive zeros of
Py (z, A +1) and P2n+1(x A) coincide, i.e xﬁi =) ony1 for £ € {1,2,...,n}, and the result follows using

(6.5) and (6.6). O

Figure shows the interlacing of the zeros of polynomials orthogonal with respect to the gener-
alised higher order Freud weight (1.1) for m = 3 as described in (6.4) of Theorern

1.0
0.5
e @ L ® L L @ P
-1.5 -1.0 -0.5 0.5 1.0 1.5
-0.5
-1.0

Figure 6.3: The zeros of P;(x; \) (green), P;(z; A + 1) (red) and Ps(z; A) (blue) for A = 0.5 and ¢ = 1.

Figure illustrates the interlacing of the zeros of polynomials orthogonal with respect to the
generalised hlgher order Freud weight (L.1) for m = 3 as described in (6.5) of Theorem [6.5]

1.0
0.5
— O & @ < R D D 9
-1.5 -1.0 -0.5 05 0.5 1.0 1.5
-1.0

Figure 6.4: The zeros of Ps(x; \) (green), Ps(x; A+ 0.5) (red), v Ps(x; A + 1) (blue) and Py(z; A) (blue) for
A=15and¢=23.

7 Quadratic decomposition of the generalised higher order Freud
weight

We apply known results [5, Chapter 1, Theorem 9.1] on the quadratic decomposition of any symmetric
polynomials to this particular case of generalised higher-order Freud weights. Precisely, if

Py (z;t,\) = By (2%, \,) Popy1(z3t,N) = 2R, (221, \), forall n >0,
then from the recurrence relation (2.6) we have

Bpii(z;t, \) = Rpqi(x;t, X) + Bang2Ru(23t, A),
xR, (x;t, N) = Bpy1(z;t, ) 4+ Bont1Bu(x;t, ),
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and this gives second order recurrence relations for both {B,},>0 and {R, } >0 as follows

B (238, A) = (& = Ban — Bony1) Bu(2;1,A) = Ban—1f2n Bn1 (21, A), n > 1,
Bi(z;t,\) =z — p1, Bo(w;t,A) =1,

Rn+1($; t, )\) — (g; — 52n+2 — ﬂ2n+1) Rn(l', t, )\) - 52n+152an71($; ta )‘)7
Ry(z;t,\) = — 1 — B2, Ro(x;t,\) = 1.

Furthermore, { B, },>0 and {R,, },,>o satisfy the orthogonality relations

o0
/ By (x;t, \) By (w51, \) 2 exp(te — ™) dz = oy (£, \) 6k,
0

/ Ri(x;t, N Ry (25, ) 2 exp(te — 2™) dx = hopy1 (6, \)on g, 1ok > 0.
0
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