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Abstract

In this thesis, I investigate properties of special polynomials associated with ratio-
nal solutions of the Painlevé equations. The Painlevé equations are second order
non-linear differential equations. The Painlevé equations have a plethora of in-
teresting mathematical properties and arise in a variety of applications such as
plasma physics, random matrix theory, linear waves, and quantum gravity. The
generalised Okamoto polynomials are special polynomials associated with ratio-
nal solutions of the fourth Painlevé equation. The main focus of this thesis are
the generalised Okamoto polynomials and polynomials that are defined in this
thesis called the 4-Okamoto polynomials. Both the generalised Okamoto and the
4-Okamoto polynomials depend on several parameters. In this thesis, we investi-
gate properties such as the structures formed by the roots of these polynomials in
the complex plane and the discriminant of the polynomials. We find that various
properties of the generalised Okamoto and the 4-Okamoto polynomials depend on
the relative size of the parameters of each polynomial. The generalised Okamoto
polynomials and the 4-Okamoto polynomials are naturally associated with families
of partitions. The partitions associated with the generalised Okamoto polynomials
are so-called 3-core partitions and the partitions associated with the 4-Okamoto
polynomials are so-called 4-core partitions. In this thesis, we explore how as-
pects of partitions associated with polynomials play a role in the properties of the

polynomials.



Acknowledgements

Thank you to my supervisors, Dr Clare Dunning and Professor Peter A. Clarkson,
for their guidance, support and unwavering patience throughout the years. I will
forever be grateful for their supervision. I also owe many thanks to the University
of Kent. I thankfully acknowledge the Engineering and Physical Sciences Research
Council for my PhD studentship. It has been a pleasure to be a part of the School
of Mathematics, Statistics and Actuarial Science. A special thanks to my friends

and colleagues at the university for all the cherished memories.

To my mum, dad and family, thank you for your continued support in all my

endeavours.

il



Declaration

I declare that this thesis was composed by myself and that the work contained in

this thesis is my own, except where explicitly stated otherwise.

iii



List of Figures

[[.1 Plot of roots of Yablonskii—Vorob’ev polynomials @), (z) for n = |
| 0. 15.200 . . . . . . . ... ... .. .. . . ... .. 9
(1.2 Plot of roots of generalised Hermite polynomials Hyg 19(2) and Hg 11(2).| 15
[L.3  Plot of the roots of Hsg1014(2). - - - - . . . . . ... 23
[L.4  Plot of the roots of Q391014(2) - - - - . . . . oo 24
[L.b  Plot of the roots of Ps16185(2) - - - -« . o oo 26
(1.6 The Young diagram of A\ = (5,3,2%,1%). | . . ... ... ... .... 28
(1.7 The Young diagram of the conjugate of A = (5,3,2%,1%). | . . . . . . 29
[1.8 The Young diagram of A\ = (5,3,2% 1%). The red boxes form the |
| hook in position (2,2) of the Young diagram. | . . . .. ... . ... 29
(1.9 The Young diagram of A = (5,3,2% 1%) with the hook length of |
| hooks in position (z,7). | . . . . . . ..o o 30
[1.10 The Young diagram of \ = (5,3,2% 1%). The boxes coloured red |
| form the rim of the Young diagram. | . . . . . ... ... ... ... 30
[1.11 The Young diagram of A = (5,3,2% 1) has a 7-hook in position |
| (1,2). The blue boxes form a rim 7-hook. | . . . . . ... ... ... 31
[1.12 The Young diagram of A = (5,3,2% 1) has a 7-hook in position |
| (2,1). The green boxes form a rim 7-hook. [. . . . . ... ... ... 31
[1.13 The Young diagram of A = (5,3,2% 1%). The 4-core of \ can be |
| found first removing the rim 4-hooks coloured by blue boxes and |
| then the ones coloured by red boxes.| . . . . . ... ... ... ... 32
[1.14 The Young diagram of A = (5,3,2% 1%). The 4-core of \ can be |

tound by first removing the rim 4-hooks coloured by red boxes and |

then the boxes coloured bluel . . . . . . . . .. .. ... ... 32

v



LIST OF FIGURES A\

15

The Young diagram A = (5, 3,2, 1%). The 2-core of A can be found |

by first removing the rim 2-hooks coloured by blue boxes, then the |

ones coloured by red boxes and lastly the rim 2-hooks coloured by |

| green boxes.| . . . . ... 33
[1.16 The Young diagram of A = (5, 3,27 1%) with green lines to highlight |

| the border of the Young diagram. . . . . . . .. ... ... ... .. 33
[1.17 The Young diagrams of A\ = (5,3,2 1%) with beads and empty |

| beads along the border of the diagram.| . . . . . . . ... ... ... 34
[1.18 The Maya diagram of A = (5,3,2%,1). |. . . . . . ... ... .. .. 34
(1.19 The 4-runner abacus display of A = (5,3,2°,1°).] . . . . ... .. .. 35
[1.20 The 3-runner abacus display of A = (5,3,2* 1%)| . . . . . ... ... 36
[1.21 The 4-runner abacus display of the 4-core A = (5,3,2% 1%).| . . . . . 37
[1.22 The Young diagram of the 4-core of A = (5,3,2°,1%).| . . .. .. .. 37
[1.23 The 2-runner abacus display of A = (5,3,2%,1%)] . . . . ... .. .. 37
[1.24 The 2-runner abacus display of the 2-core of A = (5,3,2%,1%)|. . . . 38
[2.1 Plot of roots of R,(z) and S, (z) for n =10 and n =15]. . . . . . . 45
[2.2  Blocks formed by roots ot generalised Okamoto polynomials.| . . . . 48
[2.3  Plot of roots of 74(2), Q44(2) and Qu7(2)| . . . . ... ... 48
2.4 Plot of roots of Qppn(z) withm >mn| . . . ... ... 0L 50
[2.5  Plot of roots of Y74(2), X44(2) and Xgr7(2).| . . . . . .. ... 51
[2.6 Plot of roots of Qy, ,(2) withn >m/| . . . ... ... ... 52
[2.7  Plot of roots of Q,,(2) forn=6,....8] . .. ... ... ... ... 53
[2.8  Examples of A,,, and the Young diagram of A,,,, when m and n

are not equal. Row b of the Young digram of A, ,, when m > n

or n > m is the shortest single row of the diagram. Row b of each

diagram in this figure contain purple coloured boxes to highlight |

the difference in length between row 6 and row 64+ 1. |. . . . . . .. 57

29

The Young diagram of A,,,, when m > n. Row b of this Young

diagram is the shortest single Tow of the diagram. Row b contains

a purple coloured box to highlight the difference in length between |

row band row b+ 1. | . . . . . H&




LIST OF FIGURES vi
[2.10 The Young diagram of A,,, when n > m. Row 0 of this Young
| diagram is the shortest single row of the diagram. Row b contains
| purple coloured boxes to highlight the difference in length between |
| rowbandrow b+ 1. 1. . . . . .. ... ... 58
[2.11 The Young diagram of A, ,. This Young diagram consists of 2n rows.| 59
[2.12 The Young diagram of A7, whenm >nf. ... ... ... ... .. 61
[2.13 The Young diagram of A;, , when m > n with brackets indicating |
| the number of rows in the diagram.| . . . . . . ... ... ... ... 61
[2.14 The Young diagram of A}, , whenn>m/|. . . ... ... ... ... 62
[2.15 The Young diagram of A} , when n > m with brackets indicating |
| the number of rows in the diagram. . . . . . ... .. ... ... .. 63
[2.16 The 3-runner abacus display of Ay, | . . . 0 0 0 0 o000 65
[2.17 The 2-runner abacus display of A,,, when m and n are odd with |
[ > D] o o e e e 66
[2.18 The 2-runner abacus display of A,,, when m and n are odd and |
[ > T . o o e 66
[2.19 The 2-runner abacus display of A, ., |. . . . . . ... ... ... 67
[2.20 The 2-runner abacus display of A, ,, when m is odd, n is even and |
I M >0 . . 67
[2.21 The 2-runner abacus display of A, ,, when m 1s odd, n is even and |
[ N> M o 68
[2.22 The 2-runner abacus display of Ao on . . . . . . . . oo 69
[2.23 The 2-runner abacus display of Aojy10n41 - - - - o o o oo 70
[2.24 A 90 degree rotation of the blocks formed by roots of generalised |
| Okamoto polynomials, shown in Figure[2.2|. . . . . ... ... ... 73
[2.25 The Young diagram of A;, , when m > n with brackets indicating |
| the number of rows in the diagram. . . . . . .. ... ... ... .. 74
[2.26 The Young diagram of A} .| . . . ... ... .. ... ... 76
3.1 Plot of roots of Qga11(2) - - . - . . o . 79
3.2 Plot of roots of Q1184(2) - - . . . . ..o 80
3.3 Plot of roots of Qypr(2) - - o o oo 81




LIST OF FIGURES vii

3.4 Further plots of roots of Q,,(2)]. . . . . . . ..o 82
13.5  Blocks formed by roots of Q. ,r(2).. . . . . oo 83
13.6  Plot of roots of (Q4115(2) with colour coded roots.| . . . . . . .. .. 84
[3.7 Plot of roots of ()4115(2) with colour coded roots.| . . . . . . . . .. 85
13.8 Plot of roots of Qy,pr(2) Withm >n>r| .00 000000000 86
3.9 Plot of roots of Qppnr(z) withm >r>n| .. .. ... ... .. 88
13.10 Plot of roots of Qppnr(2) withr >m >mn| ... .. 000000 89
13.11 Plot of roots of @y, prr(2) Withr >n>m/| ... ... 0000 .. 90
13.12 Plot of roots of Qy,pr(2) Withn >m>r| .0 0000000000 91
13.13 Plot of roots of (g 10,(2) for r = 2,...,5 with the condition n > |
I M >T] o 92
[3.14 Plots in Figure|3.13[ zoomed in at the origin.| . . . . . . ... .. .. 93
13.15 Plot of roots of ), 106(2) for m = 2,...,5 with the condition n > |
I T >0 oo e e e 95
[3.16 Plots in Figure|3.15(zoomed in at the origin.| . . . . . . . ... ... 96
[3.17 Plot of the roots of Q,nn(z) forn=9,... 11|. ... ... ... .. 96

13.18 Plot of roots of @y, pnr(2) Wwithm <n=r.m>n=randm=mn>r| 99

£3.19 Plot of roots of Qpr(2) Withm=n<r,m=r>nandn >r =

[3.20 Examples of A, ,, and the Young diagram of A, , . The parame-

ters m,n and r are not equal and n 1s not the smallest parameter.| .

[3.21 Examples of A, ,, and the Young diagram of A, , . The parame-

ters m,n and r are not equal and n 1s the smallest parameter.| . . .

[3.22 The Young diagrams in Figure [3.21] with coloured boxes. Row b

of each diagram contains purple coloured boxes to highlight the

difference in length between row 6 and row b 4+ 1. Row 0 of the

Young digram when m > r >n or r > m > n is the shortest single

row such that row b is shorter than row b — 1 by three boxes. | . . .

114



LIST OF FIGURES

viil

[3.23 The Young diagram of A,,,, when m > r > n and r > m > n.

| Row b of both diagrams is the shortest single row such that row 0 is

| shorter than row b — 1 by three boxes. The purple coloured boxes

| in row b highlight the difference in length between row b and row

| 2

114

[3.24 The Young diagrams in Figure |3.20[ with coloured boxes. Row b of

all four Young diagrams is the shortest single row of the diagram.

The purple coloured boxes in row b highlight the difference in length

between row b and row b+ 1. Row 0+ 2c — 1 and b 4 2¢ together

form the shortest double row of the Young diagram. Row 0 + 2c¢

contains green coloured boxes to highlight the difference in length

between row b +2candrow b+2c+ 1) . . . . . . ... ...

116

[3.25 The Young diagram of A, ,, when m > n > r, n > r > m,

n >m > r and r > n > m. Row b is the shortest single row

of the diagram and contains purple coloured boxes to highlight the

difference in length between row b and row b+ 1. Row b+ 2c—1 and

b+ 2c together torm the shortest double row of the Young diagram.

Row b+ 2c contains green coloured boxes to highlight the difference

in length between row 0 + 2c and row b+2¢c+ 1. . . . . . . .. ..

[3.26 The Young diagram of A, ,,», when r > n > m shown in Figure|3.25]

| The brackets indicate the number of rows in the Young diagram) . .

18.27 The Young diagram of A when r > n > m with brackets indi-

m,n,r

| cating the number ot rows. | . . . . . .. .. ...

[3.28 The Young diagram of A, ,,» when m > r > n shown in Figure|3.25]

| [he brackets indicate the number of rows in the Young diagram)]. .

*
m,n,T

13-29 Young diagram of A when m > r > n with brackets indicating

[ the number of rows.. . . . . . . . .

[3.30 The Young diagram of A, ,,. The bracket indicates the number of

| rows in the Young diagram.| . . . . . . . ... ... ... ... ...

(3.31 The 4-runner abacus display of Ay e . . . . o . oo o000

[3.32 The 2-runner abacus display of Ay . - 0 0 0 0 0 0000

125
125

[3.33 The 2-runner abacus display of the 2-core of A, ,,, when n <m +r. [126

[3.34 The Young diagram of the 2-core of A,, ,,, when n <m +r|

. 126

13.35 The 2-runner abacus display of \,, , , with an additional bead (coloured

| orange) to ensure the second runner contains at least as many beads

| as the first runner of the abacus display.| . . . . .. ... ... ...




LIST OF FIGURES

1X

[3.36 The 2-runner abacus display of the 2-core A, ,, when n >m+r| . 128

13.37 The second runner of 2-runner abacus display of \,,,,, (shown in |
| Figure|3.32) when r > m, r <mandr=m.| . ... ... .. ... 130
13.38 The first runner of 2-runner abacus display of \,, ,,, (shown in Fig- |
| ure|3.35) when r >m, r <mandr=m.| . ... ... ... .. .. 131
13.39 A 90 degree rotation of the blocks formed by roots of Q,..,(2) |
| shown in Figure[3.5[] . . . ... ... .. ... ... ... ... ... 133
;3.40 The Young diagram of A, , . when r > n > m. The brackets |
| indicate the number of rows in the diagram. |. . . . . . .. ... .. 134
B.41 The Young diagram of A7 . when m > r > n. The brackets |
| indicate the number of rows in the diagram. . . . . . . . ... . .. 136
.42 The Young diagram of A7 . when n > r > m. 'The brackets |
| indicate the number of rows in the diagram. |. . . . . . . ... . .. 137
1.1 Plot of the roots of Q391014(2) - - - . . . . .o 151




Contents

[Abstract]

[Acknowledgements|

[List of Figures|

(1 Introduction and background|

[I.1 Painleve equations| . . . . . .

[L.2  Rational solutions of Painlevé equations| . . . . . .. ... .. ...

(1.3 Partitions and diagrams| . . .

2 The generalised Okamoto polynomials|

[2.1 The partition A associated with Q,,»(2)] . . . . .. ... ... ...

[2.1.1 The partition Al . . . .
[2.1.2  The conjugate of Al . .
2.1.3 The 2-core of Al . . . .
[2.1.4  T'he 2-quotient of A . .
2.2 The R,,,(2) polynomials| . . .

[3 The 4-Okamoto polynomials|

1B.1 Roots of Qmnr(2) in the complex plane|. . . . ... ... ... ...

[3.2" The partition X associated with Q. (2) . - - -« . . . . . . .. ..

[3.2.1  The partition A . . . .
[3.2.2  'T'he conjugate of A . .

[3.2.4  The 2-quotient of A . .
8.3 The R, () polynomials| . .

3.4 The discriminant of ), . (2)|

4 Conclusion|

ii

iv

27
39

41
53
23
59
64
68
71

77

78
103
104
115
124
128
131
138

150



CONTENTS 2

(Bibliography| 153




Chapter 1

Introduction and background

In this chapter, we discuss the history and application of the Painlevé equations
and special polynomials associated with rational solutions of the Painlevé equa-
tions. We then define partitions and diagrams that we will use to investigate

properties of special polynomials. This chapter ends with an outline of this thesis.

1.1 Painlevé equations

The Painlevé equations are second order non-linear differential equations. Iwasaki,
Kimura, Shimomura and Yoshida [42] consider the Painlevé equations to be “the
most important non-linear ordinary differential equations” and state that “many
specialists believe that during the twenty-first century the Painlevé functions will
become new members of the community of special functions”. The Painlevé equa-
tions have arisen in a variety of applications such as non-linear waves, plasma
physics, random matrix theory, the asymptotic theory of orthogonal polynomials,
fibre optics, topological field theory, non-linear waves (e.g. resonant oscillations
in shallow water), quantum gravity, statistical mechanics (correlation functions of
the XY model and the Ising model) and Bose-Einstein condensation [2I]. The

Painlevé equations have attracted a lot of interest since they also arise in many

3



Chapter 1 Introduction and background 4

physical situations and as reductions of the soliton equations which are solvable
by inverse scattering [I]. The Painlevé equations are named after the French
mathematician and politician, Paul Painlevé, who served as the Prime Minister
of France twice, and as the French minister of War during the First World War.
The Painlevé equations were discovered by Painlevé, Gambier, Fuchs and their
colleagues (1893-1906) whilst studying a problem posed by Picard in 1887 [73].
Picard asked which second order differential equations of the form

d?w dw
— =F — 1.1
dz2 <z,w, dz) ’ (1.1)

where F' is rational in %1 and w, and analytic in z, have the property that the

solutions have no movable critical points, i.e. the location of critical points are
independent of the particular solution chosen and only dependent on the equation;
this property is now known as the Painlevé property. The critical points of
are the points (z, w, ‘é—‘z”) such that is equal to zero. Painlevé, Gambier and
colleagues showed that there are fifty canonical equations that have the Painlevé

property, up to a Mobius (bilinear rational) transformation

W(Q) ="t (= 0(2),

where a(z), b(2), ¢(z), d(z) and ¢(z) are locally analytic functions. Out of the
fifty equations that satisfy the Painlevé property, forty four are either integrable
i.e. solvable, in terms of previously known functions, such as elliptic functions
and linear equations, or are reducible to one of six non-linear ordinary differential

equations known as the Painlevé equations. The six Painlevé equations are

d?w
PI:@:&UQ—#—Z,
d2
PH:d—;):Qws—i-zw—i-a,
2w 1 (dw\?® 1ldw ow?+ )
Pum: w—=—\{+ ———+—B+’Yw3+—7
dz2? w \ dz z dz z w
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p 'dzw_l dw
V22 T 2w \dz

p Pw (11 N (dw)' ddw  (w—1)? (08
Vodz2  \ow  w—1 dz 2z dz 22 aw w

) 1
w w(w + 1)

z w—1
b RS U dw” L S S U
VI a2 2\w " w—1"w—2 dz z z—1 w—2z) dz

w(w —1)(w — 2) N Bz  q(z—1)  dz2(z-1)
e (e e )

2 4 3
) +§w3+4zw2+2(22—a)w+—,
w

_l_

Y

d%w

where «, 3, v and § are arbitrary constants. The Painlevé equations have a
plethora of interesting properties. For example, all six Painlevé equations can be
written as (non-autonomous) Hamiltonian systems [44, [69, [70]. Another property
of Painlevé equations is that Py-Py; have Backlund transformations which map
solutions of a given Painlevé equation to solutions of the same Painlevé equation,
with different values of «, 8, v and 9. We discuss Backlund transformations of

Painlevé equations later in this chapter.

The solutions of Painlevé equations are called the Painlevé transcendents. The
general solutions of the Painlevé equations are transcendental, i.e. irreducible,
in the sense that they cannot be expressed in terms of previously known func-
tions such as elliptic functions, rational functions or the classical special func-
tions. However, for certain values of «, 3, v and 4, the Painlevé equations Py-Pyq
have rational solutions, and Py, Py and Py also have algebraic solutions. The
Painlevé equations P-Pyy have special function solutions for certain values of «,
B, v and 0. The special function solutions (also known as one parameter solu-
tions) of Pp-Pyy are expressed in terms of classical special functions; Airy, Bessel,
parabolic cylinder, Kummer and hypergeometric functions, respectively (see, e.g.
[25], 34] 39] and the references therein). The rational, algebraic and special func-
tion solutions of Py-Pyp are often written in a determinantal form, for example,

as Wronskians of polynomials. In this thesis, our interest is in rational solutions
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of Painlevé equations. In particular, we are interested in special polynomials as-
sociated with rational solutions of Painlevé equations. A special polynomial is a
polynomial that has particular use in mathematical physics or other branches of
mathematics. Special polynomials are often named after an early investigator of

its properties.

1.2 Rational solutions of Painlevé equations

We now discuss rational solutions of Painlevé equations. In 1910, Gambier [30]
proved that for every a € Z there exists a unique rational solution w,(z) of Pyj.
Given a solution w(z;a) of Py with o € Z, the Béacklund transformations in
Theorem [1] can be used to find solutions of P;;. The Backlund transformations for

P, Prv, Py and Pyy can be found in [34], [51], [37] and [72], respectively.

Theorem 1. Suppose w(z;«) is a solution of Py then the transformations

S w(z—a) = —w(z; ),
20 £ 1

Cw(zat1) = —w(za) -
T+ w(zatl) w(z; o) 2w?(z; ) &+ 2w (z;0) + 27

where ' = d/dz, gives solutions of Py provided that o # $%.

The proof of this theorem can be found in [36] and [52]. Theorem [1] tells us that

given a solution w,(2) = w(z; @) with @ = n € Z, the Backlund transformation

2n+1
2wy, (2)? + wp(2)

i , (1.2)

Wn11(2) = —w,(2) e

can be used to generate the hierarchy of rational solutions of Py from the “seed
solution” wy(z) = 0. Table gives examples of rational solutions of Py obtained
from (|1.2) with wy(z) = 0.
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1
wy(z) = —
1 322
S F L
( ) - 322 B 62° + 6022

WslE) = 300 7 26 1 2023 — 80
wi(z) = 62°4+60z> 1 92%43602°

AT 6109202380 2 29 6026 + 11200°
ws(2) 1 928 + 3602° 1521 4+ 1680211 4 2520028 + 47040025 — 940800022

5 - -

Z 2946026 + 11200 215 + 140212 4 280029 + 7840026 — 313600023 — 627200’

TABLE 1.1: Rational solutions wq(2) = w(z;a) of Py, obtained from (1.2)) with
wp(z) = 0.

The result w;(z) in Table|1.1] can be written as

1

wi(z) = —
dl 1
= —In-.
dz =z

Similarly, other rational solutions of Py; can be written as the following

322
walz) = z 244

1
d | z

n [ —
dz 2344’

322 62° 4+ 6022
23 4+4 2642023 —80
d 2 +4
—In
dz = 2642023 — 80’

ws(z) =

) 62° + 6022 1 928 + 3602°
wy(z) = - ==
4 2612023 —-80 2z 2946026+ 11200

d 2542022 — 80
—1In
dz 210+ 6027 + 112002’
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and so on. In other words, rational solutions of Py obtained from ([1.2)) with the

seed solution wy(z) = 0 can be written as

o= n(59)

where P(z) and Q)(z) are polynomials. The rational solutions of Py are sum-

marised in the following theorem due to Vorob’ev [81] and Yablonskii [83].

Theorem 2. Rational solutions of Py exist if and only if « = n € Z, that are

unique, and have the form

wn(2) = w(zm) = o (QQ—(()))

forn > 1, where the polynomial Q,(z) satisfies the differential-difference equation

Quir()Qur () = 2Q3(2) — 4 (@n<z>d2§;§2) - (") ) SR

with Qo = 1 and ()1 = z. Other rational solutions of Py are given by wo = 0 and

W_y = —Wy,.

The proof of this theorem can be found in [35, [76, B, B3]. It is clear from the
differential-difference equation that @, (z) are rational functions. However,
remarkably @, (z) are actually polynomials despite dividing by Q,_1(2) at every
iteration. Taneda [76] used an algebraic method to prove that the Q,(z) are
indeed polynomials. Another surprising aspect is that gives polynomials
that are monic and have integer coefficients. The polynomials @, (z) are special
polynomials known as the Yablonskii—Vorob’ev polynomials. Examples of Yablon-
skii-Vorob’ev polynomials can be found in Table[1.2] The polynomials Q,(z) are

of degree @

Fukutani, Okamoto and Umemura [35] found that the Yablonskii—Vorob’ev poly-

nomials @), (z), where n is a positive integer, have @ simple roots and that

Qn(2) and Q,11(2) have no roots in common. The plots in Figure show the
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=1

Qo(2)

Q1(2) z

Q2(2) 2544
Qs(z) = 2°4202° —80
Qu(2)
Qs(2)

Qs (2)

2% + 6027 4 11200z

21% 11402 + 28002° 4 784002° — 3136002 — 6272000

= 221 4+ 28028 + 184802'° + 62720022 — 172480002 + 14488320002°
4193177600002 — 38635520000

TABLE 1.2: Yablonskii—Vorob’ev polynomials.

roots of some Yablonskii-Vorob’ev polynomials. Clarkson and Mansfield [28] in-
vestigated the locations of the roots of Yablonskii-Vorob’ev polynomials in the
complex plane and found that surprisingly the roots of @,(z) form very regu-
lar approximate equilateral triangle structures. The term “approximate” is used
since the structures are not exact triangles as the roots do not lie on straight lines.
Clarkson and Mansfield [28] used the numerical value of roots of @, (z) to show
that the roots lie in a triangular region bounded by curves. Many years later,
Buckingham and Miller [I5, [I6] and Bertola and Bothner [7] analytically studied
the Yablonskii-Vorob’ev polynomials and found that as n — oo the roots of @, (z)

lie in a triangular shaped region with sides that meet with interior angle %7‘(‘.

Q10(2) Q15(2) Q20(2)

Ficure 1.1: Plot of roots of Yablonskii—Vorob’ev polynomials @, (z) for n =
10, 15, 20.



Chapter 1 Introduction and background 10

Another indication that the Yablonskii—-Vorob’ev polynomials are special is given
by their discriminant. The discriminant of monic polynomials is defined in Defini-
tion (1} and will be used throughout this thesis. If the discriminant of a polynomial

is non-zero, it shows that the roots of the polynomial are simple.

Definition 1. The discriminant of a monic polynomial
f(2)=2"+an 12" +... + a1z + ao,

with roots ay, as,...,a, € Cis given by

Dis(f(2)) = ] (a5 — )

1<j<k<n

The discriminant of the first few Yablonskii—Vorob’ev polynomials are given in
Table [1.3l The results in Table show that the discriminant of @Q,(z) are ex-
pressed as products of small integers to large powers. The following theorem is

due to Roberts [74].

Dis(Q2) = —(2)*(3)°
Dis(Qs) = (2)*(3)"(5)°
Dis(Q4) = (2)*(3)*"(5)*(7)"

TABLE 1.3: Discriminants of Yablonskii-Vorob’ev polynomials.
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Theorem 3. The discriminant of Q,(z) is given by

[ Dis(Qn) = 200 [ T (25 4 1)@,

J=1

where Dis(Q,) < 0 if and only if n = 2 mod 4.

Another remarkable property of the Yablonskii—Vorob’ev polynomials is that they
can be written in a determinantal form as the Wronskian of polynomials. In
Theorem [2 the Yablonskii-Vorob’ev polynomials are defined by the differential-
difference equation . As a result, the first n Yablonskii—Vorob’ev polynomials
are required in order to find the n + 1 th polynomial. Kajiwara and Ohta [40]
showed that the Yablonskii—Vorob’ev polynomials can be written as the Wronskian
of polynomials p;(z) defined in Theorem The Wronskian of polynomials is
defined in Definition 2

Definition 2. The Wronskian of polynomials fi(z), fa(2), ..., f.(2) is given by
fi for o
dfy dfe dfn
dz dz U dz
W(fhf?u"‘?fn)(z): . . .
dn—1f1 dn—1f2 dn—lfn
dzn—1 dzn—1 v dzn—1

Theorem 4. Let p;(z) be the polynomial defined as

Zp] = exp (zs — 353) . (1.4)

Then the Yablonskii—Vorob’ev polynomial Q,(z) given by

QTL(Z) = CnW<p1’p3a ey Pon— 1 H 2] +1



Chapter 1 Introduction and background 12

with

w(zin) = % In (%n—zS)>

satisfies Prp with o =n € Z andn > 1.

Table gives the first few p;(z) polynomials defined in (1.4). The Yablon-
skii—-Vorob’ev polynomials arise in a multitude of areas, such as cold plasma physics
[75] and boundary value problems [4]. In 2021, Yang and Yang [84] showed that
Yablonskii—Vorob’ev polynomials can be used in the description of rogue wave
patterns. Rogue waves, also known as freak waves, refer to waves that appear as
extremely large, localized waves in the ocean, where the average height of a rogue
waves is almost twice the height of the surrounding waves. Rogue waves were
originally studied in oceanography due the potential threat rogue waves can have,

for example, to large ships [31].

po(2) =1

p(z) =2

p2(2) = ;_T

palz) = 2337 :
pa(z) = 2 ;!32z
ps(z) = 25_5—?022

TABLE 1.4: The first few polynomials p;(z) defined in ||

So far, we have discussed the special polynomials @, (z), associated with rational
solutions of Py;. We now discuss other special polynomials associated with rational
solutions of Painlevé equations. Umemura [77] derived special polynomials S,,(z; 7)
associated with rational solutions of Pr. The polynomials S, (z; 7) are known as
the Umemura polynomials and are defined in Theorem[5] The proof of this theorem
can be found in [23] and [45].
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Theorem 5. Suppose that S, (z;T) satisfies the differential-difference equation

d2s,  (dS,\? s, ,
i =2 (Sd_ - (d_> ) — S T EETS

with S_1(z;7) =1 and So(z;7) = 1. Then

Sp(z;7—1)Sn-1(2;7)
Sn(2;7)Spo1(z, 7 — 1)

Wn(2,7) = w(z; o, Br) =
satisfies Py with vy =1 and § = —1,

dz?2 w

2 1 S| 2 1
d*w dw dw+aw +ﬁ+w3__7 (15)
dz z dz z w

with o, =2n + 27 — 1 and B, = 2n — 27+ 1 and

Sn(z;7)Spo1(z;7 — 1)
Sp(z;7—1)S,1(2,7)’

wy(2,7) = w(z; any, En) =
satisfies Py defined in , with &, = —2n + 27 — 1 and En = -2n—27+1.

The Umemura polynomials have applications in multivortex solutions of the com-
plex sine-Gordon equation [§] and in MIMO wireless communication systems [20].
Examples of S,,(z;7) and plots that show the roots S, (z;7) in the complex plane
for various values of 7 can be found in [23]. The general form of the discriminants
of S, (z;7) can be found in [3]. Kajiwara and Masuda [48] derived the Wronskian
representation of Umemura polynomials associated with rational solutions for Py
with v =1 and 6 = —1. The result and proof can be found in [48]. Recent work

on rational and algebraic solutions of Py can be found in [12], 13} [18].

Theorem 6. The Painlevé equation Pry

Pw 1 (dw\® 3 , ) ) B
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has rational solutions if and only if

a=m, B=-22n—-m+1)? (1.6)
or
1 2
a=m, [=-2 (—m~|—§> , (1.7)

with m,n € Z. Further, the rational solutions are unique.

Rational solutions of Pry are classified in Theorem [6] The proof of this theorem
can be found in [0, 38, 51, [62]. Okamoto [71] derived special polynomials R, (z) and
Sn(z) associated with some rational solutions of Pry. The polynomials R, (z) and
Sn(z) are known as Okamoto polynomials. Noumi and Yamada [67] generalised
the Okamoto polynomials so that all rational solutions of Pry can be expressed
in terms of special polynomials known as the generalized Hermite polynomials
H,,n(2) and the generalized Okamoto polynomials @, »(%). Noumi and Yamada
[67] obtained their results on rational solutions of Py by considering the symmetric
representation of Pry. The symmetric representation of Py is discussed later in

this chapter.

The generalized Okamoto polynomials associated with rational solutions of Pry
arise in supersymmetric quantum mechanics [54] and generate previously unknown
rational-oscillatory solutions of the defocusing nonlinear Schrodinger (NLS) equa-
tion [26]. In Chapter 2, we discuss properties of the Okamoto polynomials and the
generalised Okamoto polynomials in detail. The generalized Hermite polynomials
associated with rational solutions of Py arise as multiple integrals in random ma-
trix theory [9], in the description of vortex dynamics with quadrupole background
flow [27] and in supersymmetric quantum mechanics [6]. For convenience, we will
use the monic integer coefficient form of polynomials associated with rational so-
lutions of Pry. The following definition is of the generalised Hermite polynomials

H,, n(2). Examples of generalised Hermite polynomials can be found in Table .
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Definition 3. The generalised Hermite polynomial H,,,(2), where m and n are

integers, satisfy the differential-difference equations

mHm+1,nHm—1,n = Hm,n

_nHm,n+1Hm,n71 - Hm,n

d*Hpn (de’n

2
H2
dz? dz ) T

d2H,, . dH,,,.\°
dz2

Hl,l =z
HQ’Q Z) = 24 +3
Hj4(2) = 2" + 62" + 452° 4+ 602° — 2252* + 13502* + 675
Hyz(2) = 2" — 62" +452° — 602° — 2252" — 13502% + 675
Hs3(2) = 2" — 152" 4 1352 — 5252 — 52527 + 67527 — 47252° — 78752°
+ 236252
TABLE 1.5: Generalised Hermite polynomials Hy, (z).
& &
N e bodabatottiat & - N EEpEETE SNy 8
—6 )
"R I R S SN AP "R Sy B A A
Hio,10(2) Hog 11(2)
FIGURE 1.2: Plot of roots of generalised Hermite polynomials Hig10(z) and

H9711 (Z)

The plots in Figure [1.2| show the roots of some generalised Hermite polynomials.

Clarkson [22] investigated the locations of the roots of H,,,(z) in the complex



Chapter 1 Introduction and background 16

plane and surprisingly found that the roots of H,,,(z) form an approximate rect-
angle structure of size m x n. Clarkson [22] used the numerical value of the roots
of H,,,(2) to show that the roots lie in a rectangular region bounded by curves.
Many years later, Masoero and Roffelsen [56] and Buckingham [I4] analytically
studied the roots of H,,,(2) as m,n — oo and showed that roots lie in rectan-
gles of size m x n bounded by curved lines. Recent studies on the asymptotic

distribution of the roots of certain H,,,(z) can be found in [I7, 55 56].

The generalised Hermite polynomials and the generalised Okamoto polynomials
can both be written in a determinantal form as the Wronskian of Hermite poly-
nomials. The Hermite polynomials are defined in Definition 4l The n th Hermite
polynomial denoted H,(z) is of degree n. The first few Hermite polynomials can
be found in Table [I.6, The Wronskian representations in Theorems [7] and [§] are
due to Noumi and Yamada [67]. For further details see Kajiwara and Ohta [47]
and Noumi and Yamada [67].

Definition 4. The Hermite polynomial H,(z) is defined as

52 d" 52

H,(z)=(-1)"e e

and satisfies the recurrence relation

Hyi1(2) =22H,(2) — 2nH,_1(2).

Theorem 7. The generalised Hermite polynomials Hy, ,(2), where m and n are

positive integers, have the Wronskian representation

Hpn(z) = EmﬂnW(Hm(z), Hya(2),. .. ,Hm+n_1(z))
= Cm TLW<{HJ(Z> m+n71);

) ]:m

where Cp,.p, 15 a constant that ensures the Wronskian is monic.
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Ho(z) =1

Hi(z) = 2z

Hy(z) = 42° -2

Hi(z) = 82°—122

Hy(z) = 162" — 482 + 12
Hs(z) = 322° —160z° + 120z

TABLE 1.6: The first few Hermite polynomials.

Theorem 8. The generalised Okamoto polynomials Q. (2), where m and n are

positive integers, have the Wronskian representation

Qun(2) = cnaW(Hi(2), Hi(2), ..., Hym_o(2); Ho(2), H5(2), ..., H3n-1(2))

= CnaW({Hi135(2) ;n;()l% {H2+3j(2)}?;01) ;

where ¢, ,, 15 a constant is a constant that ensures the Wronskian is monic.

The Wronskian of Hermite polynomials appear in the study of rational solutions of
Prv and in the theory of exceptional orthogonal polynomials (see, e.g. [30] 40, [68]
and the references therein). Felder, Hemery and Veselov [32] conjectured that the
roots of the Wronskian of Hermite polynomials are simple, except possibly at the
origin. This conjecture is due to earlier work by Veselov [79]. This tells us that
the discriminant of the Wronskian of Hermite polynomials with the exclusion of
roots at the origin, is non-zero. The general form of the discriminant of H,,,(z)

and @, ,(2) was found by Roberts (see [74]).

We now continue our discussion on special polynomials associated with rational
solutions of Painlevé equations. Kitaev, Law and McLeod [49] classified for which
values of a, 3, v and ¢ rational solutions of Py arise. Umemura [78] derived special
polynomials associated with some rational solutions of Py (also see [64]). Masuda,
Ohta and Kajiwara [59] generalised the polynomials found by Umemura so that

some rational solutions of Py can be expressed in terms of special polynomials
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known as the generalised Umemura polynomials Uy, ,(z; 7). Clarkson [24] investi-
gated the location of the roots of U,,,(2;7) and found that when the parameter
7 is large and negative, the roots U, ,(z; 7) form two separate triangle structures,
one with $m(m+1) roots and another with 1n(n+1) roots. Examples of structures

formed by the roots of Uy, ,(z;7) can be found in [24].

Masuda [57] found another set of special polynomials associated with rational
solutions of Py. The rational solutions found by Masuda [57] are a special case of
special function solutions of Py expressible in terms of confluent hypergeometric
functions 1 Fi(a;c : z), when the confluent hypergeometric function reduces to the

associated Laguerre polynomial (see [57] for details).

Umemura [78] also derived special polynomials associated with some rational and
algebraic solutions of Pyy (also see [63]). Mazzocco [61] classified for which values
of a, B, v and ¢ rational solutions of Py arise. Rational solutions of Py are still
under investigation. A summary of some of the the special polynomials associated

with rational solutions of Pii—Pvy can be found in Table

Equation Special polynomials
P Yablonskii-Vorob’ev polynomials @,,(z)
P Umemura polynomials S, (z; 7)
Prv Okamoto polynomials R, (z), S,(2)

Generalised Okamoto polynomials @, (%)
Generalised Hermite polynomials H,, ,,(2)

Py Generalised Umemura polynomials U, ,,(2; T)

TABLE 1.7: Some of the special polynomials associated with rational solutions of
Pu—Pv. The parameters m, n and 7 are integers.

One of the ways to generalize the Painlevé equations was proposed by Veselov
and Shabat [80] and Adler [2]. The idea is to write the Painlevé equations as
a symmetric system of first order non-linear equations. The symmetric form of
Painlevé equations are often used in the study of rational solutions of Painlevé

equations. For example, Noumi and Yamada [67] obtained their results on rational
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solutions of Py by considering the symmetric representation of Pry. Noumi and
Yamada [67] showed that the symmetric form of Pry is the following system of

equations

%‘i‘fo(fl —f2) = ao, (1.8)
(;—Q+f1(f2—fo) = ap, (1.9)
Y bR = o (1.10)

where ag, @7 and as are constants. By taking the sum of the three equations

(1.8))-(1.10) we get that

dfo ~dfi  dfs B
= dr T G tertaa=k

where k is a constant. Hence,

fo+t i+t fa=kz+c

where c¢ is the integration constant. Assuming that &k # 0, we normalize the

variables so that £k = —2 and ¢ = 0. This gives the constraints
f0+f1+f2:—22, Oé(]—i‘Oél—f—OéQ:—Z. (111)
Under the normalisation constraint fy + f1 + fo = —2z, the system of equations

(1.8)-(1.10) is equivalent to Pry.

Proof. 1f we multiply the equation fy + f1 + fo = —2z by fo and then subtract
equation (|1.8]) we find that

2 dfo

o P + 2fofo + 22 fo + g = 0.
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Therefore,

f2 2;0 (dfo fO — 22f0 — OZ()> (112)

Similarly, if we multiply the equation fy + f1 + fo = —2z by fy and then add
equation (|1.8)) we find that

d
fe+ dfo +2fofi +2zfo +ap = 0.
This tells us that
1 dfo
fi= “o% +fo + 22 fo + ag (1.13)
0

Substituting ((1.12)) and (| into equation (|1.9)) gives the result

2 2
4;()( fod fo <%) +3f§+8f§’z+f§(4z2—2a0—4a1—4)—a3>:0_

Therefore,

2fy 1 [ [dfe\?
V;:TJ%((d—;) +3fo +8f02+ [5(42° = 209 —day —4) —ag | -

Setting w = f; gives the result

2w 1 (dw\® 3 , od
Sl e R I 222 — ap — 20y — 2) — 0
2 w(dz) +owt wz +w(22° — oy — 209 — 2) o

This is Pry with @ = % + ay + 1 and § = —%. O

Noumi and Yamada [67] showed that the system of equations — possesses
a symmetry group of Béacklund transformations acting on the tuple of solutions
and parameters (fo, f1, fo | 2o, @1, a2) (see [67] for details). This symmetry group
is the affine Weyl group AS) (see [65] 67] for details). It follows from Noumi and
Yamada [67] that the system (1.8)-(1.10) with the constraints has the simple
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rational solutions

(l) (f(), fl; fg) = (—22,0, 0), (O{(),O./l,ag) = (—2,0,0)7
(i)  (fo, fi, f2) = <—§Z,—§z,—§z> ) (g, g, g) = <_§,_§,_§) _

The rational solutions (i) and (ii) can be used as “seed solutions” to generate the
hierarchy of rational solutions of Pry. Noumi and Yamada [67] showed that rational
solutions arising from (i) can be expressed in terms of the generalised Hermite
polynomials H,,,(z) and rational solutions arising from (ii) can be expressed in
terms of the generalised Okamoto polynomials @, ,(z), which will be discussed in

the next chapter.

Noumi and Yamada [66] soon realised that the structure of the system of equations
— can be generalised to any number of equations. This resulted in the
introduction of Ay-Painlevé system, also known as the Noumi and Yamada system.
The system of equations — is known as the A,-Painlevé system. The

Ag,-Painlevé system is a set of 2n + 1 non-linear differential equations defined as

df; & :
-+ £ (firnjr — fraz) =i, i=0,1,...,2n mod (2n + 1)

Jj=1

with the (normalisation) constraints

2n 2n
ij = —22, ZOéj = —2.
j=0 J=0

For example, the A4-Painlevé system is the following

(il—]?+fo(f1 —fotfas—fi) = o, (1.14)
bt fimf) = o (1.15)
df2 + folfs = fa+ fo—fi) = ay, (1.16)

dz
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%+f3(f4—f0+f1—f2) = aQg, (1.17)
((11—"73+f4(f0—f1+f2—f3) = Qy, (1.18)

where «q, a1, a9, a3 and ay are constants, with the constraints

fot i+t fs+fa=-22 atota+azt+a=-2 (1.19)

It has been conjectured by Veselov [79] that all Wronskians of Hermite polynomials
arise in connection to rational solutions of one of the Apy-Painlevé system. It

follows from results found by Matsuda [60] (also see [58]) that the As-Painlevé
system ((1.14)-(1.18) with the constraints ((1.19) has the simple rational solutions

(i) f=1(-220,0,0,0), a=(—2,0,0,0,0),
.. 2 2 2 2 2 2
(11) f - <_§Z7_§Z7_§Z7070) ) a = (_gy_g)_g,oyo) )
2 2 2 2 2 2 2 2 2 2
(111) f =\ —T& —¢T& TR TR TR, a=\|\——-,— =, 7T, T, "% |>
5} 5) 5) 5) ) 5 5 b 5 5

where f = (fo, f1, fo, f3, f1) and & = (ap, a1, as, as, ay). Filipuk and Clarkson
[33] investigated the rational solutions that arise from the simple solutions found
by Matsuda [60]. Filipuk and Clarkson [33] expressed rational solutions arising
from (i) in terms of new polynomials that they introduced, called the symmetric
Hermite polynomials. They also expressed rational solutions arising from (iii) in

terms of new polynomials called the symmetric Okamoto polynomials.

Definition 5. The symmetric Hermite polynomials have the Wronskian represen-

tation
Huro(2) = WY { Has (D157,

where H,(z) is the n th Hermite polynomial.
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Definition 6. The symmetric Okamoto polynomials have the Wronskian repre-

sentation

Qmnro(2) = W({Hrass (V5 (s (o) Vs { i)Y (s ()2

where H,(z) is the n th Hermite polynomial.

101
e e e
e e e
5 ® s e eeevece B 0 @
® ecegesecec e o
® e e ceeveeee e e @
(NN LY LY LN ]
e _*_ e
® e e egeatge 00 @
" e e eeesRee B O @
| R IEREN
0 ® e e egegrge e e @
P e e eeesnee e @
I NN LY LY I N
e * e
® e 0 egRegtgt B R @
e e s ererene B O @
oo.o:o:o:ooot
-5 e ® e eeRecen @ 0 @
* * @
e o @
-10 i T
-5 0 5 10

FIGURE 1.3: Plot of the roots of H3g 10,14(%).

Filipuk and Clarkson [33] observed that the roots of the symmetric Hermite poly-
nomials and symmetric Okamoto polynomials surprisingly form interesting struc-
tures and patterns in the complex plane. The plots in Figure [1.3| and Figure
are of the roots of the symmetric polynomial Hsg1014(%) and ()39.10,14(2), respec-
tively. Further plots can be found in [33]. As the plots show, the structures formed
by the roots of the symmetric Hermite and symmetric Okamoto polynomials are
more complicated than the structures we have discussed so far in this chapter. The
structures formed by the roots of the symmetric Hermite and symmetric Okamoto
polynomials are yet to be described, except the case where the symmetric Okamoto

polynomials are equal to the generalised Okamoto polynomials. The generalised
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Okamoto polynomials

Qmn(2) :W<{H1+3j(z)}g Von {Hayai(2) 52 1)

which arise in connection to the As-Painlevé system, are also known as the 3-
Okamoto polynomials because of the sequence of Hermite polynomials in the
Wronskian. Similarly, the symmetric Okamoto polynomials, defined in Defini-
tion [6 which arise in connection to the A,-Painlevé system can be called the

5-Okamoto polynomials.

It has been conjectured that the roots of the Wronskian of Hermite polynomials
are simple, except possibly at the origin [32]. It follows from Theorem 3.1 and
Remark 3.2 in [I1] that the roots of the Wronskian of Hermite polynomials at the

origin are of multiplicity
P—ap—q+1)
2 Y

(1.20)

where p is the number of Hermite polynomials in the Wronskian that are of odd

degree and ¢ is number of Hermite polynomials in the Wronskian of even degree.
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It has also been proven that if P(z) is the Wronskian of Hermite polynomials then
P(z) = 2" P(z?), (1.21)

where k is equal to (1.20) and ]3(22) is some polynomial [T1]. This tells us that
the roots of the Wronskian of Hermite polynomials are symmetric about the real

and imaginary axis, e.g. see Figure [1.3] and Figure [I.4]

In Chapter 2, we explore how the structures formed by the roots of the 3-Okamoto
polynomials @, ,(2) in the complex plane depend on the parameters m and n. The
structures and patterns formed by the roots of the 5-Okamoto polynomials (for
example in Figure|l.4)) are very surprising and intriguing, and unlike the structures
we have discussed in this chapter. The beautiful structures and patterns formed by
the roots of the 5-Okamoto polynomials @y, s(2) motivate us to first investigate
the roots of polynomials that we call 4-Okamoto polynomials @y, (2). We define
the 4-Okamoto polynomials to be

Qmnr(2) = W({Hl+4j(z) ot {Hara5(2) )50 {H3+4j(2)}§;(1)>-

In Chapter 3, we explore the structures formed by the roots of 4-Okamoto poly-
nomials in the complex plane and the relationship between the structures and the

parameters m,n and 7.

We now continue our discussion of the A,-Painlevé system. Earlier we discussed

the simple solution

Qi) f 2 2 2 0.0 2 2 2 0.0
1 =\|\—%%,—=ZZ%, —=Z a=|— —,—
3 Y 3 Y 3 ) Y Y 37 37 37 Y )

due to Matsuda [60]. Recent work by Clarkson, Gémez-Ullate, Grandati and Mil-
son [29] expressed rational solutions arising from (ii) in terms of a new polynomial

P, nrs(2) that they introduced.
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Definition 7. The polynomial P, . .(2) has the Wronskian representation

Pausrs(2) = W({Hui () V51 {Havag (2) 10 {Hog ()10,

provided that
re¢{l,4,...,3m—2,2,5,...,3n—1}.

Similar, to the polynomials H,, ,,5(2) and Qumn.rs(2) the roots of P, ., .(2) also
form surprising structures. Figureshows the roots of Pg 16.155(2) in the complex
plane. Further plots can be found in [29].
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FIGURE 1.5: Plot of the roots of Pg16,185(%).

The Wronskian of polynomials are naturally associated with partitions since Wron-
skians are labelled by partitions (see [32]). In the next section of this chapter, we
define partitions and explain how to visually represent partitions using Young dia-
grams and Maya diagrams. We also discuss cores and quotients of partitions. The
cores and quotients of partitions have many applications and are of great interest

in representation theory and number theory. Partitions are often used to study
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the structure of the Wronskian of polynomials. Recent work on the Wronskian
of Hermite polynomials and their coefficients was studied by Bonneux, Dunning
and Stevens [I1] using the combinatorial concepts of cores and quotients. In 2021
Goémez-Ullate, Grandati and Milson [41] provided a complete classification of ra-
tional solutions of the As,-Painlevé system using Maya diagrams and partitions

associated with some rational solution of the A,,-Painlevé system.

1.3 Partitions and diagrams

In this section, we discuss partitions, Young diagrams, Maya diagrams and cores
and quotient of partitions. The following definitions and theorems, as well as

further examples can be found in [43], 50, 53, [82].

Definition 8. A partition A of a positive integer A is a sequence (A1, Az, ..., Am)

of weakly decreasing positive integers such that Ay + Ay 4+ --- + X\, = A.

Example 1. For example, a partition of the integer 14 is

A = (53,2,2,1,1)

(5,3,2%,1?).

Definition 9. Given a partition A = (A1, Ag, ..., \y), the associated polynomial

Pa(z) is given by
,P)\<Z) = W(f”l?fn27"'7fnm)7
where f,; is a polynomial of degree n; and

n; =\ +m—j. (1.22)
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Definition 10. The degree vector associated with A is the sequence
ny = (N1, N, ..., Ny).

Example 2. For example, the polynomial associated with the partition A =
(5,3,2%1%) is
Pi(z) = W(f107f77f5,f47f27f1)

and the associated degree vector of A is ny = (10,7,5,4,2,1).

Definition 11. The size of a partition A = (Ay, Ag, ..., Ay) is denoted by

A=A+ X+ + A\

A partition can be visually represented by a Young diagram.

Definition 12. The Young diagram of A = (A1, Mg, ..., Ap) is a left-justified shape

of m rows of boxes of length \j, Ao, ..., \.

Example 3. Figure [1.6 shows the Young diagram of A = (5, 3,22, 1?).

FIGURE 1.6: The Young diagram of A = (5,3,22,12).

Definition 13. The conjugate A\* of a partition A is the partition found by re-
flecting the Young diagram of A about the diagonal, so that rows become columns

and columns become rows.

Example 4. Figure shows that the conjugate of A = (5,3,22,1%) is \* =
(6,4,2,1,1).
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FIGURE 1.7: The Young diagram of the conjugate of A = (5, 3,22, 12).

Definition 14. A partition A is called self-conjugate if A\ = \*.

Definition 15. Given a Young diagram the hook of a box in position (i, 7), i.e.
in the ¢ th row and j th column, consists of all boxes to its right, the box itself

and all the boxes below.

Example 5. Figure shows the hook at position (2,2) of the Young diagram
of A = (5,3,2%2,1%). The boxes that form the hook at position (2,2) have been

coloured red.

FIGURE 1.8: The Young diagram of A\ = (5, 3,22, 12). The red boxes form the hook
in position (2,2) of the Young diagram.

Definition 16. A hook has a corner, an arm ending in a hand, and a leg ending

in a foot.

Example 6. Consider the hook in position (2,2) of the Young diagram in Figure
1.8l The corner of this hook is the box in position (2,2), the hand is the box in

position (2,3), and the foot is the box in position (4,2).

Definition 17. The hook length of a box in position (4, j) is the number of boxes
in the hook at position (i, j).
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Example 7. Figure|l.8shows that the hook length of the box in position (2,2) is 4.
Therefore, we say that the hook in position (2,2) of the partition A = (5,3,2% 1%)
is of hook length 4. Figure shows the Young diagram of \ = (5,3,2% 1%) and
its hook lengths.

=N ]

N ROt

FIGURE 1.9: The Young diagram of A = (5, 3,22, 1) with the hook length of hooks
in position (i, j).

Definition 18. A hook of length p is called a p-hook.

Example 8. Figure [1.9) shows that the Young diagram of A\ = (5, 3,22, 1?) has a
7-hook in position (1,2) and another in position (2,1).

Remark 1. The first column hook lengths of the Young diagram of A are precisely

the elements of the degree vector ny of \.

Definition 19. The rim of the Young diagram refers to the set of boxes in position

(1,7) of the Young diagram such that the boxes (i 4+ 1,5 + 1) do not exist.

Example 9. Figure shows the rim of the Young diagram of A\ = (5, 3,22 1%).

FIGURE 1.10: The Young diagram of A\ = (5,3,2% 12). The boxes coloured red
form the rim of the Young diagram.
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Definition 20. A rim p-hook consists of boxes from the hand to the foot of a

p-hook along the rim of the Young diagram.
Remark 2. A rim p-hook is of length p i.e. it consists of p boxes.

Example 10. The 7-hooks of A = (5,3,2% 1?) are in position (1,2) and (2,1).
Figures and show the rim 7-hook corresponding with each of the 7-hooks
of A = (5,3,22,12).

FIGURE 1.11: The Young diagram of A = (5,3,22,12) has a 7-hook in position
(1,2). The blue boxes form a rim 7-hook.

FIGURE 1.12: The Young diagram of A = (5,3,2212) has a 7-hook in position
(2,1). The green boxes form a rim 7-hook.

Definition 21. The p-core of a partition is the partition corresponding to the

Young diagram after all rim p-hooks have been removed.

Example 11. The 4-core of A\ = (5,3,22,1?) can be found by first removing the
rim 4-hook in Figure [I.13] coloured by blue boxes and then the ones coloured
red. Removing the coloured boxes in Figure [1.13| results in the Young diagram of
(1?). Since the partition (1) has no rim 4-hooks, i.e. there are no rim 4-hooks to

remove, it means the 4-core of A = (5, 3,22, 12) is (1?).
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FIGURE 1.13: The Young diagram of A = (5, 3,22, 12). The 4-core of A can be found
first removing the rim 4-hooks coloured by blue boxes and then the ones coloured
by red boxes.

Alternatively, the 4-core of A = (5,3,2%,1?) can be found in the following way.

Example 12. If we first remove the rim 4-hooks in Figure that are coloured

by red boxes and then the ones coloured blue, we are left with the partition (1?%).

FIGURE 1.14: The Young diagram of A = (5,3,22,12). The 4-core of X\ can be
found by first removing the rim 4-hooks coloured by red boxes and then the boxes
coloured blue.

Figures and show that the 4-core of A = (5, 3,22, 1?) is (1?).

Theorem 9. Remouving all rim p-hooks leads to a unique p-core irrespective of the

order in which the hooks are remowved.

A partition is called a p-core if it does not contain any p-hooks. For example,
Figure shows that A = (5,3,2%1%) is a 3-core partition, since A does not
contain any 3-hooks. Similarly, A = (5,3,2% 1%) is also a 6-core partition. Figure
shows that A\ = (5,3,22%,12) is not a 2-core partition, since it contains 2-hooks.
In the following example we find the 2-core of A\ = (5, 3,22,1?).
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Example 13. Figure shows that if we first remove the rim 2-hooks coloured
by blue boxes, and then the ones coloured by red boxes, followed by the rim 2-
hook coloured by green boxes, we are left with the Young diagram of (1%). Since
the partition (1?) contains a 2-hook in position (1, 1) this means it contains a rim

2-hook. Therefore, the 2-core of A = (5, 3,22 1%) is the empty set.

FIGURE 1.15: The Young diagram A = (5,3,22,12). The 2-core of A can be found
by first removing the rim 2-hooks coloured by blue boxes, then the ones coloured
by red boxes and lastly the rim 2-hooks coloured by green boxes.

We later discuss how abacus displays of a partition can be used to find the p-core
of the partition. We now discuss Maya diagrams which are often used to represent
partitions visually. The Maya diagram of a partition is found using the border of

the partition’s Young diagram.

Definition 22. The border of a Young diagram refers to the boundary of the
diagram that connects the northeast corner of the diagram to the southwest corner,

along the southeast boundary of the Young diagram.

Example 14. Figure shows the border of the Young diagram of A = (5, 3,22, 1?).

FIGURE 1.16: The Young diagram of A = (5,3,22,12) with green lines to highlight
the border of the Young diagram.
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Definition 23. The Maya diagram of a partition X is a sequence of beads and
empty beads that can be found using the Young diagram of A. To find the Maya
diagram of A, start at the southwest corner of the Young diagram of A and walk
along the border of the diagram, placing a bead for each step up and an empty
bead for each step to the right. Straightening out the diagram of beads and empty
beads gives the Maya diagram of \.

The partition A of an integer A = Ay + Xo + - -+ + A, 18

A = (AnAss Am)
= (A2, Am,0,0,0,...,0).

As a consequence, the Maya diagram of partitions contains of an infinite number
of beads at the start of the diagram, and an infinite number of empty beads at
the end of the diagram. For convenience, we will not include such beads in our

examples.

Example 15. Figure[l.17shows the Young diagram of A = (5,3, 22, 1) with beads
and empty beads placed along the border of the diagram. Figure [1.18| shows the
Maya diagram of A = (5, 3,22, 1?).

olc®
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FIGURE 1.17: The Young diagrams of A = (5, 3,22, 12) with beads and empty beads
along the border of the diagram.

000000000 @

FIGURE 1.18: The Maya diagram of \ = (5, 3,22, 12).
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Given the Maya diagram of a partition A = (Ay, A, ..., Ap,), the terms Ay, Ao, ..., Ay
can be determined by counting the number of empty beads to the left of each bead
starting from the right hand side of the Maya diagram.

The sequence of beads and empty beads in the Maya diagram of A can be ar-
ranged into columns. If we read the Maya diagram from left to right starting
with the first empty bead of the diagram and then arrange the beads and empty
beads onto p columns it produces a display known as a p-runner abacus dis-
play. Since, the partition A = (A1, Ag,...,\,) of an integer is equivalent to
A= (A, A2, .., A0, 0,0,...,0), the abacus display of partitions include an infi-
nite number of beads at the start of each runner and an infinite number of empty
beads at the end of each runner of the abacus display. For convenience we will not
be including these beads in our examples. Figure shows the 4-runner abacus
display of A = (5,3,22,1%). The 2-runner abacus display is shown in Figure [1.23]

@ ‘(
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FIGURE 1.19: The 4-runner abacus display of A = (5, 3,22, 12).

A partition X is a p-core if and only if every bead in the p-runner abacus display
of X has a bead directly above it. Earlier, we discussed that A\ = (5, 3,22, 1?) is a
3-core since its does not contain any 3-hook. It is clear to see that A is a 3-core

from Figure [1.20]

If the p-runner abacus of A contains empty beads directly above beads it shows
that A contains rim p-hooks. As discussed earlier, the p-core of \ is obtained by

removing all rim p-hooks of A\. The rim p-hooks can be removed by pushing up all



Chapter 1 Introduction and background 36

LN N [N N [N
NN AN
LN N [N
NN AN

FIGURE 1.20: The 3-runner abacus display of A = (5, 3,22, 12).

the beads in the p-runner abacus of A up as far as they can go. Pushing up a bead
by one place in the p-runner abacus display of A is equivalent to removing a rim p-
hook. Once the abacus display of the p-core is obtained, the p-core can be found by
looking at the position of beads and empty beads to determine the corresponding
Young diagram, i.e. the Young digram of the p-core. In the following example, we

explain how to determine the 4-core of \.

Example 16. Figure is the result of pushing all the beads in Figure [I.19
up as far as they can go. Figure [1.21] shows that every bead in the display has a
bead directly above it. This shows that the partition corresponding to Figure|1.21
is a 4-core partition. The position of the beads and empty beads in Figure [1.21
tells us that the Young diagram of the 4-core is of the form shown in Figure [1.22]
Figure [1.22] shows that the 4-core of A = (5,3,22,1?) is the partition (12), which

we found earlier.

Example 17. If we push all the beads in Figure up as far as they can go we
get Figure [1.24] Since all beads in Figure [1.24] contain a bead directly above it,
we know that the corresponding partition is a 2-core. Figure [1.24] shows that the
2-core of A = (5,3,2%,1?) is the empty set, since no beads appear after the first

empty bead of each each runner.

Remark 3. A 2-core is always of the form

(m,m—1,m-—2,...,1),
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FIGURE 1.21: The 4-runner abacus display of the 4-core A = (5,3,22 12).
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FIGURE 1.22: The Young diagram of the 4-core of A = (5, 3,22 1?).
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FIGURE 1.23: The 2-runner abacus display of A = (5, 3,22, 12).

where m € Z*. Partitions of this form are known as staircase partition.

Definition 24. The p-quotient of X\ is an ordered set of p partitions where each
partition describes how many places beads in each runner of the p-runner abacus
display of A have been pushed up by to form the the p-runner abacus display of
the p-core of A.

The following example explains how to find the 2-quotient (i, v) of A = (5, 3,22, 1?).
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FIGURE 1.24: The 2-runner abacus display of the 2-core of A = (5,3,22,12).

Example 18. Figure [1.23] shows the 2-runner abacus display of A and Figure
1.24] shows the 2-runner abacus display of the 2-core of A\. To obtain Figure [1.24
from [1.23] all three beads in the first runner of Figure [I.23| need to be pushed up.
The first and second bead in the first runner need to be pushed up by one place,
and the third bead needs to be pushed up by three places. This tells us that the
partition y = (3,1%). The second runner of Figure [1.23|shows that two beads need
to pushed up, each by one place in order to obtain Figure This shows that
the partition v = (12). Therefore, the 2-quotient of A = (5, 3,22, 1?) is

((37 12)7 (12))'

Remark 4. To ensure that the 2-quotient (u, v) obtained from the 2-runner abacus
display of A is ordered, i.e. that the first runner gives p and the second runner gives
v, it is required that the second runner of the 2-runner abacus display contains
at least as many beads as the first runner (see [82]). According to Wildon [82],
including an additional bead to the start of the first runner and rearranging beads
and empty beads to include the additional beads, allows the second runner to

contain at least as many beads as the first.

Remark 5. With this convention to fix the order of the partitions p and v in

the 2-quotient of A, the correspondence between A and pairs of 2-cores § and
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2-quotients (i, v) is bijective (0, (u,v)).

Remark 6. Recent findings on the ordering of p-quotients for p > 2 can be found
in [I0]. Tt is known that there is a bijective correspondence between A and the

pairs of p-cores and ordered p-quotients of A (see [10]).

1.4 Thesis outline

Chapter 2 focuses on properties of the generalised Okamoto polynomials @, ().
We first consider properties of the Okamoto polynomials R, (z) and S,,(z) which
are special cases of @, ,(2). We then discuss structures formed by the roots
of generalised Okamoto polynomials in the complex plane. In this chapter, we
determine the explicit form of the family of partitions A associated with Q,, (%)
and show that these partitions are 3-core partitions. We find that the relative
size of m and n affects the structures formed by the roots of @y, ,(2) and the set
of partitions A associated with @, ,(z). We determine the explicit form of the
conjugate of partitions X associated with @), ,(2) by considering the general form
of the Young diagram A associated with @, ,(2). The conjugate partitions of A

are used when we discuss the polynomials

Rm,n(z) = ide,n(_iz)u

where d is the degree of @,,,»(z). The motivation for investigating the polynomials
R,,.n(z) is to confirm our findings on the structures formed by the roots of @, ,(2)
in the complex plane. We determine the 2-cores and 2-quotients of A associated

with Q.. (2) by considering the 2-runner abacus display of A.

Chapter 3 is on properties of the 4-Okamoto polynomials @y, (2). We start by
investigating the relationship between m,n and r and the structures formed by the
roots of @, n(2) in the complex plane. In this chapter, we determine the explicit

form of the family of partitions A associated with @y, ».(2) and the conjugate
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of these partitions. We explain why the family of partitions A\ associated with
Qmnr(2) are 4-core partitions. We use the 2-runner abacus display of A associated

with Q. (2) to determine the 2-cores and 2-quotients of A\. The polynomials

Rm,n,r(z) = ide,n,r(_iz)a

where d is the degree of Q. (2) are discussed towards the end of this chapter.
Chapter 3 ends with an investigation on the discriminant of a subset of the 4-

Okamoto polynomials.



Chapter 2

The generalised Okamoto

polynomials

In this chapter, we investigate properties of the generalised Okamoto polynomials
Qmn(2). The generalised Okamoto polynomials are naturally associated with a
specific family of partitions. In this chapter, we explore how aspects of these
partitions play a role in properties of Q,,,(z). We first discuss the structures
formed by the roots of @, ,(2) in the complex plane. We investigate the explicit
form of the partitions A\ associated with @), ,(z) and the conjugate of A. In
this chapter, we also determine the 2-cores and 2-quotients of A\ associated with

Qm.n(z). The polynomials

Rm,n<z) = ide,n(_iZ)a

where d is the degree of Q,,,(2) given in ({2.1]) are also discussed in this chapter.
The motivation for studying the polynomials R, ,(z) is to check the structures
formed by the roots of @y,.»(2) in the complex plane. We start this chapter by first

considering the Okamoto polynomials R,,(z) and S,,(z), which are special cases of

Qmn(2).

41
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The Okamoto polynomials are special polynomials associated with some rational
solutions of Pry. The following definition is of the monic integer coefficient form

of the Okamoto polynomials, defined by Okamoto [71].

Definition 25. The Okamoto polynomials R, (z) where n is an integer satisfy the

differential-difference equation

2
) + (22 = 2n - 1)R2,

d’R, dR,
RnJranfl =R - <

" dz2? dz

with R_1(2) = Ro(z) = 1. The Okamoto polynomials S,,(z) where n is an integer

satisfy

2
) + (2% — 2n)S?,

2
Sn—i—lSn—l = Snd Sn - (dSn

dz? dz
with Sp(z) =1 and S1(z) = =.

The Okamoto polynomials are of degree n(n + 1) and n?, respectively. The first
few Okamoto polynomials can be found in Tables [2.1] and

Ri(z) = -1

Ro(2) = 28 —524 4522 -5

R3(z) = 2" —142"0 4 652° — 14025 + 1752* — 3502% + 175
(2)

220 410218 — 5216 — 2402 — 6302'2 — 36420 — 21702° — 30402
—43962* — 139022 — 801

TABLE 2.1: Okamoto polynomials R, (z).

Si(z) = =z

So(z) = 2 —222-1

S3(z) = 2°—82"+142° — 352

Si(z) = 2" —202" +1402" — 4202 + 3502° + 9802° — 49002* + 49002>
+1225

TABLE 2.2: Okamoto polynomials S, (z).
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The Okamoto polynomials have the symmetric property (see [71])
R_,(z) =i "™ VR, _(iz),

and

2

S_p(z) =1"" 5, (iz).

As a result, Okamoto polynomials with n positive are often studied. The Okamoto
polynomials defined in Definition 25 for n > 1 can be written as the Wronskian
of Hermite polynomials defined in Theorem [10| (see [67]). For convenience, the
monic Hermite polynomials, also known as the probabilists’ Hermite polynomials,

can be used.

Definition 26. The probabilist’s Hermite polynomial He,(z) are defined as

[
N

z dn zZ
He,(2) = (—1)"eZ —e 7.
en(2) = (=1)" ez e

The n th probabilist’s Hermite polynomial is of degree n. The first few probabilist’s
Hermite polynomials can be found in Table [2.3]

Heg(z) = 1

Hei(z) = =z

Hep(z) = 2°—1

Hes(z) = 2° -3z,

Hey(z) = 2*—62243
Hes(z) = 2°—102° + 152

TABLE 2.3: The first few probabilist’s Hermite polynomials.

Theorem 10. The Okamoto polynomials for n > 1 have the Wronskian represen-

tation

R.(2) = e,V <{He2+3j (2) };:S) ;

Su(2) = e ({Heruay ()5 )
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where
1
e=1l7—=
i<j 7’ !
ensures that polynomials are monic. The terms ny,ns,...,ng are the degrees of

the Hermite polynomaials in the Wronskian.

Figure shows the roots of R,(z) and S,(z) in the complex plane. Clarkson
[22] observed that the roots of Okamoto polynomials form highly regular struc-
tures in the complex plane. Clarkson [22] found that the roots of R,(z) form
two approximate equilateral triangles of size n, and the roots of S, (z) form two
approximate equilateral triangles of size n — 1, with an additional row of roots on
a straight line between the two equilateral triangles. It is clear to see from the
plots in Figure that the equilateral triangle structures formed by the roots of

Okamoto polynomials are bounded by curves.

Over a decade after the Okamoto polynomials were introduced, Noumi and Ya-
mada [67] generalised the Okamoto polynomials so that all rational solutions of
Prv can be expressed in terms the generalised Hermite polynomials H,, ,(z) and
the generalised Okamoto polynomials @, ,(z). We discussed the generalised Her-
mite polynomials in Chapter 1. Examples of generalised Hermite polynomials can
be found in Table and examples of structures formed by the roots of H,, (%)
can be found in Figure[l.2] To recap, Clarkson [22] found that the roots of H,, ,(2)

form an approximate rectangle structure of size m x n.

The following definition is the monic integer coefficient form of the generalised

Okamoto polynomials defined by Noumi and Yamada [67].

Definition 27. The generalised Okamoto polynomials @, ,(2), where m and n

are integers, satisfy the differential-difference equations

Qerl,anfl,n - Qm,n

szm,n B de,n
dz? dz

d2Qm,n _ <de,n

2
) + (22 = 2m +n) fnm,

Qm,n—l-l Qm,n—l - Qm,n

2
1.2 ) + (22 +m—2n-1)Q3,,,
Z k)
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FIGURE 2.1: Plot of roots of R, (z) and Sy (z) for n =10 and n = 15.

with QO,—I(Z) = Q070(2) = Ql’_1<Z) =1 and QLQ(Z) = Z.

The generalised Okamoto polynomials @), ,(2) are of degree
d=m*+n*>—mn+n. (2.1)

Examples of Qy, () are given in Table [2.4]

Noumi and Yamada showed that @, »(z) can be written as the Wronskian of Her-
mite polynomials. The Wronskian representation of @), (%), defined in Definition

in terms of the probabilist’s Hermite polynomials is given in Theorem (L1 (see

[671).
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1,1(% 22 +1
12(2) = 2° — 5z
2,1(% = 24 -+ 222 —1

= P45 452245

2104528 —102° — 502* — 7522 4+ 25

= 21241420 46528 + 1402° + 1752* + 35022 4+ 175

= 21741625 4+ 602" — 1602 — 165027 — 44002" — 770025 4 96252
= 2% 4+212% +1052" — 4552 — 59502'* — 191102" — 191102"°
+318502% — 11147525 — 5573752* — 11147522 — 111475
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TABLE 2.4: Generalised Okamoto polynomials Qyy, ().

Theorem 11. The generalised Okamoto polynomials Qu, »(2) where m and n are

positive integers have the Wronskian representation

m—1 n—1
men(Z) = cm,nW({Heng(z)}j:O 3 {H€2+3j(2)}j:0>, (22)
where
1
Cm,n = H n; — ni’ (23)
1<)
ensures that Qu,,(z) is monic. The terms ny,na,...,n, are the degrees of the

Hermite polynomials in the Wronskian.

It is clear from Theorems |10 and [11] that the polynomials @, (z) and S,(z) are
equal, and the polynomials (), (2) and R,(z) are equal.

Alternatively, the generalised Okamoto polynomials can be defined by the polyno-
mials Q,, ,(z) and X, (%) introduced by Clarkson (see [22] and [26], respectively).
Note that in [22] and [26] the polynomials €, ,(z) that I defined in Theorem [12]
are called Q,.n(2), and the polynomials X, ,(z) that I defined in Theorem [13] are
called Q_,—n(2) in [26].
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Theorem 12. The generalised Okamoto polynomials €, ,(2) where m and n are

non-negative integers have the Wronskian representation

m+n—2

Qnn(2) = e ({Her gy ()} 145 {Heargs ()} ).

where ¢, 15 defined in .

Theorem 13. The generalised Okamoto polynomials ¥, ,,(2) where m and n are

non-negative integers have the Wronskian representation
m—1 . m+4n—1
Em,n(Z) = Cm,nW<{Hel+3j<z>}j:0 ) {Hez+3j(2)}j:0 >,
where ¢y, 15 defined in .

Figures and respectively show the roots of Q,,,(z) and %,,,(z) in the
complex plane. All of the plots in this chapter from Figure [2.3| onwards, exclude
any roots at the origin. Clarkson observed that the roots of both polynomials
form approximate equilateral triangle and rectangle structures in the complex
plane. Figure illustrates the structures observed by Clarkson. In this thesis,
we use the term “blocks” to refer to structures formed by the roots of polynomials.
The notation A — C, shown in Figure refer to the different types of blocks

formed by the roots of generalised Okamoto polynomials.

The blocks A—C' illustrated in Figure 2.2] are as follows:

e Block A are equilateral triangles on the imaginary axis.
e Block B are equilateral triangles on the real axis.
e Block C'is a rectangle that lies around the origin, and is of width ¢;, height

C9, and size ¢ X co.

Clarskon [22] investigated the roots of €2, ,(2) in the complex plane, and found

that the roots form A blocks of size n — 1, B blocks of size m — 1, and C blocks
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&1

FI1GURE 2.2: Blocks formed by roots of generalised Okamoto polynomials.

of size n x m. A summary of the size of blocks formed by €,,,(z) can be found

in Table 2.5
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FIGURE 2.3: Plot of roots of Q7.4(2), Qa,4(2) and Q4 7(2).

Block Qnn(2)
A (n — 1)-triangle
B | (m — 1)-triangle

C n X m rectangle

TABLE 2.5: Blocks formed by roots of Qp, ,(2).
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A comparison of Theorems [10] and [12] shows that

Qm,n(z) = Cm4n—1,n—1 Qm-{—n—l,n—l(z)- (24)

To recap, the parameters m and n of ,,,(z) are non-negative integers. It follows
from (2.4) and Table 2.5 that the roots of Q,,(2) when m > n, form the blocks
found in Table 2.6l The plots in Figure 2.4 show examples of blocks formed by

the roots of Q. (z) when m > n.

Block Qmn(z) with m > n
A n-triangle
B (m —n — 1)-triangle
C | (n+1)x (m—n) rectangle

TABLE 2.6: Blocks formed by the roots of Qp,,(z) when m > n.

Figure show the blocks formed by the roots of ¥,,,(z). Clarkson [26] found
that the roots of ¥,,,(2) form the blocks found in Table [2.7]

Block Ymn(2)
A m-triangle
B n-triangle
C' | m x n rectangle

TABLE 2.7: Blocks formed by roots of ¥, ,(z).

A comparison of Theorems [10] and [13] shows that

Em,n(z) = Cm,m+an,m+n(z)~ (25)

To recap, the parameters m and n of ¥, ,,(z) are non-negative integers. It follows
from ([2.5) and Table 2.7, that the roots of Q,,(2) when n > m, form the blocks
found in Table 2.8, The plots in Figure [2.6] show examples of blocks formed by

the roots of Q. (z) when n > m.

The plotsin F igureshow the roots of generalised Okamoto polynomials @, ,,(2).
Figure shows that the roots of @, ,(z) form A blocks of size n, and B and C
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Block

Qmn(z) with n >m

A
B
C

m-triangle
(n — m)-triangle

m X (n —m) rectangle

TABLE 2.8: Blocks formed by the roots of Qp, n(z) when n > m.
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blocks that are “empty”, i.e. of size zero. A summary of the blocks formed by

Qnn(z) can be found in Table [2.9]

Block
A

Qnn(2)

n-triangle

TABLE 2.9: Blocks formed by the roots of @ n(2).

Table gives a summary of the size of blocks A —C' formed by roots of @y, »(2)

for each parameter condition of m and n. A comparison of the results in Table

Block when m > n when m =n | when m <n
A n n m
B m-—n—1 n—m
C | (n+1)x(m—n) m X (n—m)

TABLE 2.10: Size of blocks formed by roots of Qp, n(z) when m > n, m = n or
m < n.

2.10| show that the size of block A is the smaller parameter out of m and n. By
introducing the terms a and b, the results in Table 2.10| can be simplified. Let
a denote the smaller parameter out of m and n, and let b denote the difference

between the larger and smaller parameter out of m and n. By also introducing

0 whenm<n
’y:
1 when m > n.
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FIGURE 2.6: Plot of roots of Q. (2) with n > m.

we can simplify the results in Table to Table [2.11} Note that when a = 0
block A is empty, and when b = 0, blocks B and C' are empty.

Block | size of blocks formed by @y, ()
A a
B b—~
C (a+7) xb

TABLE 2.11: Size of blocks formed by roots of Q. n(2).
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2.1 The partition )\ associated with Q,, ,(z)

The generalised Okamoto polynomials are naturally associated with a family of
partitions. The partitions associated with the generalised Okamoto polynomials
Qn(2) and X, ,(2) can be found in [26]. The partitions associated with @, ,
can be derived from the partitions associated with €, ,(z) and %,,,(z). The
motivation for studying the partitions \ associated with @, ,(2) is to explore how
aspects of these partitions play a role in properties of @, ,(2). In this section,
we determine the explicit form of the partitions A associated with Q,,,(z). We
then use the explicit form of A to find its conjugate partition A\*. For convenience,
we introduce the notation A, , to denote the partition X associated with Q,, (%),
and the notation A} , to denote the conjugate of A, ,. Towards the end of this

chapter, we determine the 2-cores and 2-quotients of \,, .

2.1.1 The partition A

As discussed in Chapter 1, the parts A; in the partition A associated with the
Wronskian W(fu,, fass - - fn,) are defined as
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We are interested in the partition A\ associated with

Quin(2) = e ({Herras ()} {Hezeas(2)}7) ). (2.7)

By the definition of A, the associated degree vector of A, ,, is ny = (n1,no, ..., ny),
where ny,ns,...,n, are the degrees of the Hermite polynomials in ({2.7)), ordered

from large to small.

Theorem 14. When parameters are equal

Proof. The generalised Okamoto polynomial
Qnn(2) = Cn,nW({HeHz’)j(Z)}?:—Ol; {He2+3j(2)}?:_01>’
therefore, the degree vector associated with A, , is
ny=Bn—-1,3n—2,3n—4,3n—5,...,1).
It follows from that

Ao = (n,n,n—l,n—l,...,l,l).

Theorem 15. When m > n the partition

Mo = <{n —1+ 2j};:n; {(1)2}::1 >

Proof. When m > n the degree vector associated with A, ,, is

ny=0Bm-—23m—->5,...,3n+1,3n—1,3n—2,3n—4,...,1).
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It follows from that when m > n
Amn = (2m—n—1,2m—n—3,...,n—|—1,n,n,n—1,...,1).
O
Theorem 16. When n > m the partition
o= (e} {0,
Proof. When n > m the degree vector associated with A, ,, is
ny=0Bn—-—1,3n—4,3n—-7,...,3m+2,3m—1,3m—2,...,1).
It follows from that when n > m
Amn = (Qn—m,2n—m—2,...,m+2,m,m,m—1,...,1).
[

A summary of the partitions A, , for all three parameter conditions of m and n

can be found in Table 2.12]

case no. | condition partition A\,
1 m>n ({n—1+2j}m_n; {61} )
j=1 j=1
2 m=mn ({ (j)Q}n )
j=1
QA g1 ™
3 m<n <{m+2j}j:1 ; {(]) }j:1>

TABLE 2.12: The partitions A, , for all three parameter conditions of m and n.

The partitions in Table are unordered, since the upper limit of each sequence
in Table gives the largest term of the sequence, and the lower limit, i.e. j =1

gives the smallest term of each sequence. A comparison of the results in Table
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shows that all partitions contain “double” terms, i.e. terms of the form (z)?,
where 2 is a positive integer. When m and n are not equal, the partitions A,, ,, also
contain “single” terms, i.e. terms of the form z. A comparison of the sequences
in Table shows that the upper limit of the sequence of single terms can be
described by the relative size of m and n. Similarly, each sequence in Table
can be expressed in terms of the relative size of m and n. By introducing the terms

a,b and v the partitions in Table [2.12] can be simplified to the following theorem.

Theorem 17. The partition A, for all parameter conditions of m and n is

— ({a—7+2j}j:1; {(j)Q};), (28)

where a denotes the smaller parameter, b denotes the difference between the larger

and smaller parameter out of m and n, and

0 whenm<mn
’y:
1  when m > n.

Our aim is to now determine the explicit form the conjugate partition A7, ,, using
the Young diagram of \,,,. Earlier we discussed that A,,, consists of single and
double terms when m and n are not equal (see Table 2.12)). This tells us that
the Young diagrams of A, ,, when m and n are not equal, will consist of single
rows, i.e. consecutive rows that are of different length, and double rows, i.e. two

consecutive rows of the same length.

Remark 7. It follows from that when m and n are not equal, the Young
diagram of )\, ,, consists of b single rows and a sets of double rows. When m and
n are not equal, row b of the Young diagram of ), ,, is simply the shortest single
row of the diagram. It follows from that the difference in length between
row b and row b+ 1, is one when m > n, and two when n > m. When m > n,
we call (), ,(2) a case 1 polynomial, and when n > m we call @y, ,(2) a case 2

polynomial.
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Figure shows examples of A, ,, and the Young diagram of A, ,, when m and n
are not equal. Figures and show the general form of the Young diagram
of Ay, when m > n and n > m, respectively. The coloured boxes in row b of the

diagrams highlight the difference in length between row b and row b + 1.

m>n n>m

[ | [ |

As2 = (7,5,3,22,1%) Ao = (8,6,4,2%1%)

FIGURE 2.8: Examples of A, and the Young diagram of A,,, when m and n

are not equal. Row b of the Young digram of A, ,,, when m > n or n > m is the

shortest single row of the diagram. Row b of each diagram in this figure contain

purple coloured boxes to highlight the difference in length between row b and row
b+1.

If the Young diagram of A, ,(z) consists of single and double rows it follows from
Remark [7] that the parameters m and n are not equal. The parameters m and n
can be found by first determining the terms a and b. The term b is the number of
single rows in the Young diagram, and the term 2a is the number of rows that form
double rows in the Young diagram. To recap, a denotes the smaller parameter our
of m and n, and b denotes the difference between the larger and smaller parameter
out of m and n. Table can be used as a criteria to determine the parameter

condition of m and n.

Remark 8. It follows from (2.8) that the Young diagram of )\, ,, consists of n
“sets” of double rows, i.e. 2n rows that form double rows, and no single rows.

Therefore, the total number of rows in the Young diagram of A, ,, is 2n.

Figure shows the general form of the Young diagram of A, .
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H IEI

FIGURE 2.9: The Young diagram of \,,, when m > n. Row b of this Young
diagram is the shortest single row of the diagram. Row b contains a purple coloured
box to highlight the difference in length between row b and row b+ 1.

[ ]

HEII

FIGURE 2.10: The Young diagram of A, when n > m. Row b of this Young
diagram is the shortest single row of the diagram. Row b contains purple coloured
boxes to highlight the difference in length between row b and row b + 1.
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99

case no | condition | row b and b+ 1
1 m>n 1
3 n>m 2

TABLE 2.13: Difference in length between row b and b 4 1 of the Young diagram
of Apn- When m and n are not equal, row b of the Young diagram of A, , is the

shortest single row of the Young diagram.

FIGURE 2.11: The Young diagram of ), ,. This Young diagram consists of 2n rows.

2.1.2 The conjugate of \

We have determined the explicit form of the partitions \,,, and the general form

of the Young diagram of A, ,. Our aim is to now determine the explicit form of

the conjugate partition of A, .

Theorem 18. The conjugate partition of A, s

*
)‘n,n

({Qn _9j+ 2}::1).
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Proof. Figure shows the general form of the Young diagram of A, ,. The first
column of this Young diagram is of length 2n. The second column is of length
2n — 2, the third column is of length 2n — 4 and so on. Therefore, the conjugate

partition of A, ,, is

A =(2n,2n —2,2n —4,...,2).

Theorem 19. The conjugate partition of A, ,, when m > n is

N = ({m fn-2j 4 2};:1 ; {(j)z};n_l)‘

Proof. When m > n the partition

Ao = <{n 14 2j}:1"; {(j)Q}::I > (2.9)

The general form of the Young diagram of A,,,, when m > n, can be found in
Figure 2.9 The row containing the purple coloured box in Figure 2.9 is row b of
the Young diagram. This row is of length n 4+ 1. As a result, the Young diagram

m,n

of \* ~when m > n, contains a column of length n 4+ 1. Figure shows the

*
m,n

Young diagram of A’ =~ when m > n. The box outlined in purple indicates the

position of the purple coloured box in Figure [2.9]

Figure shows that the Young diagram of A}, when m > n, consists of n + 1
single rows. It follows from that the first column of the Young diagram of
Am.n is of length m + n. Therefore, the first row in Figure is of length m + n.
Figure shows that consecutive single rows decrease in length by two. This

mean the single rows in the Young diagram of A}, , when m > n, are of length

m+n—27+2, 57=12,...,n+1.
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n + 1 rows

.

FIGURE 2.12: The Young diagram of A}, , when m > n.

It follows from that the first row of the Young diagram of \,,, when m > n
is of length 2m —n + 1. Hence, the first column of the Young diagram Ay , in
Figure is of length 2m — n 4+ 1. Figure [2.12| shows that the Young diagram
of A}, ,, consists of single and double rows. We can see that there are n + 1 single
rows in the diagram, therefore, the remaining 2(m — n — 1) rows of the diagram

form double rows.

n -+ 1 rows

2(m —n — 1) rows

-

Ficure 2.13: The Young diagram of A}, . when m > n with brackets indicating

m,n
the number of rows in the diagram.

Figure 2.13] also shows that consecutive double rows decrease in length by one,
and that the shortest double row of the diagram is of length one. Therefore, the
rows that form double rows in the Young diagram of \,,, when m > n, are of

length
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Theorem 20. The conjugate partition of A, when n > m is

X = ({m+n—2j+2}:;1; {(j)z}::)-

Proof. When n > m the partition

A = ({m+2j}::; {(j)Z};>. (2.10)

Figure shows the general form of the Young diagram of A, when n > m.
It follows from that the first row of the Young diagram in Figure is of
length 2n—m, and the length of row b of the diagram is m+2. The row containing
the purple coloured boxes in Figure is row b of the Young diagram. Figure
shows the Young diagram of Ay, , when n > m. The boxes outlined in purple

indicates the position of the purple coloured boxes in Figure [2.10]

[T1] m + 2 Tows

-

FIGURE 2.14: The Young diagram of A}, , when n > m.

Figure[2.14| shows that the rows that contain a box outlined in purple, form double

rows i.e two consecutive rows of the same length. Therefore, the Young diagram



Chapter 2 The generalised Okamoto polynomials 63

in Figure consists of m single rows. The longest single row in Figure is
of length m 4+ n and consecutive single rows decrease in length by two. Hence,
Figure shows that the Young diagram of A;, , when n > m, consists of single
rows of length

m4+n—27+2, j=1,2,....,m.

It follows from ([2.14]) that the first column of the Young diagram of A* in Figure
is of length 2n — m. Figure shows that the Young diagram consists of m

single rows. This means the remaining 2(n — m) rows form double rows.

m rows

2(n — m) rows

-

F1GURE 2.15: The Young diagram of A’ . when n > m with brackets indicating

m,n
the number of rows in the diagram.

Figure [2.15| shows that consecutive double rows decrease in length by one. There-

fore, the Young diagram of A}, , when n > m consists of double rows of length

A summary of the conjugate partitions A}, ,(z) can be found in Table
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case no. | condition partition Ay, .
.

U men | ({2 {0
) o <{2n—2j+2}:1>
S R

TABLE 2.14: The partitions A}, , for all three parameter conditions of m and n.

2.1.3 The 2-core of )\

The explicit form of the partition Ay, , for all parameter conditions of m and n
are given in Table [2.14] In Chapter 1, we discussed how to determine the 2-core
of A using the 2-runner abacus display of A. In order to find the 2-runner abacus

display of A\ we require the Maya diagram of \.

The Maya diagram diagram of \,,, can be found by placing beads and empty
beads along the border of the Young diagram of A, ,,. The Maya diagram of A, ,
will consist of empty beads in position 0 + 37, and beads in position 1 + 35 and
2 4 3j. If we arrange the Maya digram of A, ,, from left to right, onto three
runners, we get the abacus display shown in Figure [2.16, The first runner in
Figure [2.16| contains no beads, the second runner contains m beads, and the third
runner contains n beads. Figure shows that every bead in the 3-runner abacus
display A, has a bead directly above it. Therefore, \,,,, is a 3-core partition for

all parameters of m and n.

Theorem 21. When m is odd the 2-core of Ay, s

5 0  when n is odd

(1) when n is even.
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@
@
@
: 0 beads : m beads : n beads
@
@
@
@

FIGURE 2.16: The 3-runner abacus display of A, .

Proof. Figure shows the 2-runner abacus display of A, ,, when m and n are
odd, and m > n. Both runners in Figure contain the same number of beads.
Therefore, if we push all the beads up as far as they can go, we find that no beads
appear after the first empty bead of the abacus display. Hence, when m and n are

odd and m > n, the 2-core of \,,,, is the empty set.

Figure shows the 2-runner abacus display of A, ,, when m and n are odd and
n > m. Since the number of beads in each runner is the same, the 2-core is the

empty set.

Figure shows the 2-runner abacus display of A, ,. As the number of beads in
both runners is the same it means the 2-core of A, ,, is the empty set. Therefore,

when m and n are odd and m = n, the 2-core is the empty set.

Figures and show the 2-runner abacus display of A,,,, when m is odd
and n is even. The second runner in both figures contain one more bead than the
first runner of the figure. Therefore, it follows from Figures and that a
bead appears after the first empty bead of the abacus display. Hence, the 2-core

of A\, when m is odd and n is even, is (1).
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n beads n beads

~ ® o e
N
'...'

oo
N
A

@ [
: 3(m —n) beads : 3(m —n) beads
@ @
[ @
@ ?
FIGURE 2.17: The 2-runner abacus display of A, , when m and n are odd with
m >n.
@
[
° m beads ° m beads
@ [
[ @
@ [
@ @
° L(n —m) beads ° L(n —m) beads
. 2( ) () 2( )
@ [
@ @
? @

FIGURE 2.18: The 2-runner abacus display of A, , when m and n are odd and
n > m.



Chapter 2 The generalised Okamoto polynomials 67

n beads

: n beads

—0—0 00— 00—

FIGURE 2.19: The 2-runner abacus display of A, ..

@ ‘
: @
[
° n beads ° n beads
: @
@ :
@ @
[ @
.<> 3(m —n —1) beads .‘ 3(m —n+1) beads
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FIGURE 2.20: The 2-runner abacus display of A, , when m is odd, n is even and
m > n.

Theorem 22. When m is even the 2-core of A\, is the empty set.

Proof. Similar to the proof of Theorem m
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FIGURE 2.21: The 2-runner abacus display of \,,, when m is odd, n is even and
n > m.

2.1.4 The 2-quotient of )\

The 2-quotient (u,v) of a partition A can found by making a note of how many
places beads in the first and second runner of the 2-runner abacus display of A are
pushed up by, to form the 2-runner abacus display of the 2-core of A. Interestingly,

we found that whether parameters are odd or even effects the 2-cores of A, ..

Theorem 23. The 2-quotient (u,v) of Aapan is

o= (nQ, (n —1)2, (n—2)2,...,(1)2),

v = (n,(n—=1)% (n—2)*...,(1)%).
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Proof. Figure shows the 2-runner abacus display of Ay, 2,. All 2n beads in
the first runner shown in Figure 2.22] need to be pushed up to form the abacus
display of the 2-core. Figure shows that 2j th and the 25 — 1 th beads need
to be pushed up by j places. Therefore, the partition p in the 2-quotient of Ay, 2,
is

p=(n*(n—1)%(n-2)7>...,1%).

2n beads . 2n beads

00—
-0 <

FIGURE 2.22: The 2-runner abacus display of A2y, 2.

The second runner in Figure[2.22| contains 2n — 1 beads that need to be pushed up.
The 25 th and 25 + 1 th beads in this runner need to be pushed up by j places to
produce the abacus display of the 2-core. This means the last bead i.e. the 2n th
bead of the display needs to be pushed up by n places. The 2n — 2 th and 2n — 1
th bead need to be pushed up by n — 1 places, and so on. Hence, the partition v

in the 2-quotient of Ay, 2, 1S
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Theorem 24. The 2-quotient (i, v) of Aopi1,2n41(2) s

no o= (n+1,n2, (n_1)27"‘7(]‘)2)’

v = (n*,(n—17%(n—2)%...,(1)%).

Proof. The first runner in Figure [2.23| shows that the 27 — 1 th and 25 th beads
need to be pushed up by j places to form the abacus display of the 2-core. This
means the last bead i.e. the 2n + 1 th bead needs to be pushed by n + 1 places.
The 2n th and 2n—1 th bead need to pushed up by n places, and so on. Therefore,

the partition p in the 2-quotient of Ay, 41 9,41 1S

= (n+1,n2,(n—1)2,...,12).

) 2n + 1 beads ‘ 2n + 1 beads

b

? @

FIGURE 2.23: The 2-runner abacus display of Aoj11,2n41-

N ®© 0 o

The second runner in Figure |2.23|shows that the 25 th and 2741 th beads need to
be pushed up by j places. Therefore, the partition v in the 2-quotient of Aoy, 11 2p41
is

v=(n?(n—-17(n-2)?..,1%.
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Theorem 25. The 2-quotients of A, can be found in Tables[2.15 and[2.16 The

2-quotients in both tables are ordered.

polynomial partition p partition v

Qunon(2) | (Im+2 =12 {0)e) | ({Im+27 =215 {045
Qamont1(2) | ({m+27 = 2055 {(G)PH5") | (Im+ 27 = 155 {6)* )
Qomsranir(2) | (Im+ 27 = I {GPHL) | (Im+ 20 = 1555 {0)*H)
Qom+1,2n(2) ({m+2j =132 {G)* ) ({m+2j =132 {()*}m))

TABLE 2.15: The 2-quotients of A, , when n > m.

polynomial partition p partition v

Q2m2n(2) ({n+25375" {G)* =) ({42375 {G)* =)
Qam.2n+1(2) {n+237" G ) | (e +27+ 155 {0)HE))
Qamr2n1(2) | ({n+ 27 + 175" {()*H2) ({n+ 273757 {G)*H)
Qom+1,2n(2) ({TH‘QJ}J 7 HG)? ?:1) ({n+2j}] ) ?:1)

TABLE 2.16: The 2-quotients of A, , when m > n.

Proof. Similar to the proof of Theorems 23] and

2.2 The R, ,(2) polynomials

It is known that the Wronskian of Hermite polynomials P,(z) satisfies

where d is the degree of Py(z).

7))\(2) = id

P (-

iz),

(2.11)

The polynomial Py(z) is associated with the

partition A, and the polynomial Py«(z) is associated with the conjugate of \. It
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follows from ([2.11)) that the generalised Okamoto polynomials

Qm,n(z) = id Qs,t(_iz)a (212)

where d is defined in (2.1)), and s and ¢ are positive integers, such that Ay = = A, ;.
For convenience, we introduce the polynomials R, ,(z) defined in the following

definition.

Definition 28. Define R, ,,(2) as

Rm,n(z) = id cm,nW({Heng(—iz) };n:—ol ] {H€2+3j(—iz> }?;;)7
where ¢, ,, is defined in (2.3)) and d is defined in (2.1)) .

It follows form (2.12) that there exists positive s and ¢, such that

Qmn(z) = Rs1(2).

Our aim is to find the polynomials R,,(z) using the partitions A% . The mo-
tivation for studying the R,,,(z) polynomials, is to check the blocks formed by
the roots of Qy,n(2). Since the roots of R, ,(2) are the negative conjugate of the
roots of Qum..(2), there is a 90 degree rotation between the blocks formed by the
roots of both polynomials. Figure shows an illustration of the blocks A — C'
formed by the roots of generalised Okamoto polynomials. Figure [2.24] shows how

the blocks in Figure 2.2 look after a 90 degree rotation.

We are interested in the polynomials R;,(z) equal to @y, ,(2). By Definition ,

the polynomials

R;.(2) = idQS’t(—iz).

Therefore, we can check the blocks formed by the roots of @Q,,.,(2), by checking if
there is a 90 degree rotation between the blocks formed by the roots of @y, (2)
and the blocks formed by the roots of Q:(z). We can find the blocks formed by

the roots of Qs.(z) by considering the parameter condition of s and ¢.
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2

FIGURE 2.24: A 90 degree rotation of the blocks formed by roots of generalised
Okamoto polynomials, shown in Figure

Theorem 26. When m > n the polynomials Qun(z) and R, m—n-1(z) are equal.

Proof. When m > n the partition

N = ({m tn-2j 4 2};:1 ; {(j)z};n_l)‘

Figure shows the general form of the Young diagram of A, , when m > n.
Since the Young diagram in Figure consists of single and double terms, it
follows from Remark [7] that the parameters s and ¢ are not equal. Figure [2.25
consists of n + 1 single rows and m — n — 1 sets of double rows. This means
b=n+1and a =m—n—1of Ry;(z). This tells us that the parameters of Ry (%)
are m and m —n — 1. Row b of the Young diagram in Figure is the n + 1 th
row of the diagram. Figure [2.25 shows that the difference in length between row

b and row b+ 1 is one. This means Rg;(z) is a case 1 polynomial when m > n.

Therefore, the polynomial associated with Ay . when m > n, is Ry m—n-1(2).
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n + 1 rows

2(m —n —1) rows

.

*

FIGURE 2.25: The Young diagram of A}, ,, when m > n with brackets indicating
the number of rows in the diagram.

Suppose we want to check the results in Table 2.17, We have proven that when
Qman(z) when m > n, i.e. when @Q,,,(2) is a case 1 polynomial, it is equal to the
case 1 polynomial, R, ,—n—1(2). It follows from the results in Table that
the roots of @, m—n—1(2) form the blocks found in Table . A comparison of
the blocks in Tables and shows a 90 degree rotation between the blocks

formed by the roots of @, (%) and Q1 m—n—1(2), when m > n, as expected.

Block Qmn(z) with m > n
A n-triangle
B (m —n — 1)-triangle
C | (n+1)x (m—n) rectangle

TABLE 2.17: Blocks formed by the roots of Q. (2) when m > n.

Block Q m.m-n—1(z) with m >n
A (m —n — 1)-triangle

B n-triangle
C (m —n) X (n+ 1) rectangle

TABLE 2.18: Blocks formed by the roots of @, m—n—1(2) when m > n.

Theorem 27. When n > m the polynomials Q. n(2) and R,_p, »(2) are equal.
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Proof. When n > m the partition

Ao = ({m+n—2j+2}jl; {(j)Q}:In)

*

ron When n > m can be found in

The general form of the Young diagram of A\
Figure m The Young diagram of A}, , when n > m, consists of m single rows
and n — m sets of double rows. Therefore, it follows from that b = m and
a =n—m of R;;(z), when n > m. This tells us that the parameters of R; (%)
are n and n —m. Row b of the Young diagram in Figure [2.15]is the m th row of
the diagram. Figure [2.15 shows that the difference in length between row b and

row b+ 1 is two. Therefore, R;;(z) is a case 3 polynomial, when n > m. Hence,

the polynomial associated with A}, . when n > m, is Ry, n(2). O

Table shows that there is a 90 degree rotation between the blocks formed by

the roots of Qn(z) and @, n(2), when n > m.

Block Qmn(z) with n >m Q n—m.n(z) with n. > m
A m-triangle (n — m)-triangle
B (n — m)-triangle m-triangle
C' | m x (n—m) rectangle | (n —m) X m rectangle

TABLE 2.19: Blocks formed by the roots of Q. n(2) and @ n—m, »(2) when n > m.

Theorem 28. The polynomials Q, ,(2) and Ry, (z) are equal.

Proof. The partition

A, = ({2n —92j + 2}:1 )

Figure shows the Young diagram of A} . This Young diagram consists of n
single rows and zero sets of double rows. This means b = n and a = 0 of R (z).
Hence, the parameters of Rs;(z) are 0 and n. Row b of the Young diagram in
Figure [2.26]is the n th row of the diagram. Figure [2.26] shows that the difference
in length between row b and row b+ 1 is two. Hence, R () is a case 3 polynomial

when m = n. Therefore, the polynomial associated with A} is Ry (2).
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7 TOWS

FIGURE 2.26: The Young diagram of Aj .

In the proof above, we saw that when @), (%) is a case 2 polynomial i.e. when
m = n, it is equal to the case 3 polynomial Ry, (z). Earlier in this chapter, we
found that the roots of @, ,(z) form A blocks of size n and B and C' blocks that
are empty i.e. of size zero. It follows from Table [2.8|that the roots of Qo ,(z) form
empty A and C blocks, and B blocks of size n. This confirms that the roots of
Qn.n(z) form A blocks of size n.



Chapter 3

The 4-Okamoto polynomials

We now discuss the 4-Okamoto polynomials (), ,.-(2), defined in Definition .
The 4-Okamoto polynomials are naturally associated with a specific family of
partitions. In this chapter, we explore how aspects of these partitions play a role
in properties of Qy,n(2). We first investigate the structures formed by the roots
of Qm.nr(2) in the complex plane. We then find the explicit form of the partition
A of Qumnr(2) and its conjugate partition A*, and later the 2-core and 2-quotient

of A\. The polynomials
Rm,n,r(z) = ide,n,T(_iZ)a

where d is the degree of Q,,,(2) given in (3.3)), are also investigated in this
chapter. The polynomials R, ,.(z) will be used to confirm our observations on
the structures formed by the roots of Q. ,(2). In the end of this chapter, we

determine the discriminant of a subset of the 4-Okamoto polynomials.

Definition 29. The 4-Okamoto polynomials @y, (%), where m,n and r are pos-

itive integers are given by

Qmonr(2) = cm,n,rW<{Hel+4j(z)};n:_01 3 {He2+4j(z)};l:_ol§ {H63+4j(2)};;é)7 (3.1)

7
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where
1
c = 3.2
m,n,r H nj _ nia ( )
1<)
ensures that @, ,(2) is monic. The terms ny,ng,...,n, are the degrees of the

Hermite polynomials in the Wronskian.

It follows from results in [32] that the Wronskian of Hermite polynomials

W(H,,, H,,,...,Hy,,) is of degree

14

> ny - %E(ﬁ -1).

j=1
Therefore, the 4-Okamoto polynomials are of degree

3 1 1 3
d:§(m2—|—n2—|—r2)—mn—mr—nr—§m—|—§n—|—§r. (3.3)

In Chapter 2, we discussed the structure of blocks formed by the roots of @, . (2),
and how the relative size of m and n affects block size. The results in that chapter
motivate us to investigate the structure of blocks formed by the roots of 4-Okamoto
polynomials. Since the 4-Okamoto polynomials depend on three parameters m,n
and r it means there are thirteen possible parameter conditions to consider. The
parameter conditions of @, () include six cases where all parameters are not

equal, one case where all are equal and six cases where two parameters are equal.

3.1 Roots of Q,,,(2) in the complex plane

We now discuss the blocks formed by the roots of Q. n»(2). It follows from (1.20)),
(1.21)), and Definition 29] that the multiplicity of roots of Qu,.-(2) at the origin
is

(m+r—n)(m+r—n+1)

k= :
2

(3.4)
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and

Qumanr(2) = 2°P(22). (3.5)

Later in this chapter we determine the 2-core of A associated with @, ,(2). The
size of these 2-core partitions confirm that the multiplicity of roots of @ n.r(2)
at the origin is equal to (3.4)). The relationship between the size of 2-cores and
the multiplicity of roots of Wronskian of Hermite polynomials at the origin, is

explained in Theorem 3.1 and Remark 3.2 of [T1].

The factorised form of @, ,(2) in (3.5) tells us that the roots of Q.. (2) are
symmetric about the real and imaginary axis. This symmetry can be seen in plots
such as Figures[3.1]and [3.2] For convenience, the plots in this chapter exclude any

roots at the origin.
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FIGURE 3.1: Plot of roots of Qg 4.11(2).

In the generalised Okamoto chapter, we discussed that the roots of @, (2) form
triangle blocks that lie on the real axis, triangle blocks that lie on the imaginary
axis, and a rectangle block that lies around the origin. Figure shows that the
roots of @, .(2) also form triangle blocks that lie on the real axis and imaginary

axis. Figure shows that the roots of @, ,.(2) form rectangle blocks that lie
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FIGURE 3.2: Plot of roots of Q11.84(2).

on the real and imaginary axis, unlike the roots of @, ,(z), that form a single
rectangle block centred at the origin. Figure [3.2] also shows that the roots of 4-
Okamoto polynomials form triangle blocks that lie in each quadrant of the complex
plane. A comparison between the triangle blocks that lie on the real axis in Figures
and [3.2 shows that the block size is different, i.e. in Figure [3.1] the block is of
size three and in Figure the block is of size two. This shows that the relative
size of m, n and r affects the size of blocks formed by the roots of Qun.(2).
Our aim is to investigate the size and structure of blocks formed by the roots of

4-Okamoto polynomials.

Figures and show examples of blocks formed by roots of Q. (2). The
plots show rectangle and triangle blocks that lie on the real and imaginary axis.
Plots, such as of the roots of Q21611(2) in Figure , and @37.13(2) in Figure
[3.4] show equilateral triangle blocks that appear in each quadrant of the complex
plane. The blocks formed by the roots of Q)3105(2) and Q4115(%) in Figure
show that triangle blocks appear around the origin. The shape of the blocks
around the origin is unclear from Figures and [3.4] however, enlarged images
of the plots show that blocks around the origin change shape. Figures [3.3] and
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FIGURE 3.3: Plot of roots of Quyn.r(2).

show that the roots of Q. ,.,(z) form a total of sixteen blocks (e.g. roots of
Q1118(2) in Figure where some blocks can be empty, i.e. of size zero (e.g.
roots of Q1036(z) in Figure 3.4/ show only four non-empty blocks). An illustration
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FIGURE 3.4: Further plots of roots of Q. r(2).
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Q4,12,3(Z)

of the sixteen blocks formed by the roots of @y, (%) can be found in Figure |3.5]
The notation A—G (shown in Figure refer to the different types of blocks

formed by roots of Q. (2).
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dy

T
P

FIGURE 3.5: Blocks formed by roots of Qu,n.r(2).

To summarise, the blocks A—G illustrated in Figure [3.5] are as follows:

Block A are equilateral triangles on the imaginary axis.
Block B are equilateral triangles on the real axis.

Block C' are equilateral triangles that lies in each quadrant of the complex

plane.

Block D are rectangles that lies on the imaginary axis with width d;, height

ds, and size dy X ds.

Block E are rectangles that lies on the real axis with width e, height e,,

and size e; X e,.

Block F' lie on the imaginary axis and change shape. Further investigation

is required.
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e Block G lie on the real axis and change shape. Further investigation is

required.
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FIGURE 3.6: Plot of roots of Q4,118(2) with colour coded roots.

Figures and show colour coded roots of 4-Okamoto polynomials. Roots
that form F' blocks are coloured orange and roots that form G blocks are coloured
red. A comparison between the plots in Figures and shows that block
F can take the form of an isosceles triangle (e.g. Q4115(2)) or a trapezoid (e.g.
Q111,5(%)). Similarly, Figures and show that block G can also take the form
of an isosceles triangle (e.g. Q4118(2)) or a trapezoid (e.g. Q4115(2)). The plots
in Figures and show that the parameters of @, ,(z) affect the shape of
blocks F' and G. A comparison between Figures and shows that blocks are
of different size in each plot, for example, block C' formed by roots of Q4115(%) is
of size 4 and block C' formed by roots of Q4115(2) is of size 1. This suggests that
the parameters m,n and r affect the size of blocks. Our aim is to investigate the
relationship between parameters m,n and r and the structure of blocks formed

by the roots of Qy,.n(2), for all thirteen parameter conditions. To investigate the
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FIGURE 3.7: Plot of roots of Q4,11,5(2) with colour coded roots.
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size and shape of blocks, we keep two parameters constant and increase the third

parameter by increments of one.

The plots in Figure [3.8| are of the roots of 4-Okamoto polynomials with the pa-

rameter condition m > n > r. Figure |3.8 shows that blocks F' and G are empty

when m > n > r. The plots also show that when m > n > r block A is of size r.
The results in Table state the size of blocks formed by the roots of Q1073(%),
Q1077,4(Z) and Q10’7’5(Z), shown in Figure .

Block Q10,7,3(2) Q10,7,4(2) Q10,7,5(2)
A 3-triangle 4-triangle 5-triangle
B 2-triangle 2-triangle 2-triangle
C 3-triangle 2-triangle 1-triangle
D 4 x 4 rectangle | 5 x 3 rectangle | 6 X 2 rectangle
E 4 x 3 rectangle | 3 x 3 rectangle | 3 x 3 rectangle
TABLE 3.1:

Blocks formed by the roots of Q10,7,3(2), Q10,7,4(2) and Q19,7,5(2) shown

in Figure
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FIGURE 3.8: Plot of roots of Q. nr(2) with m >n > r.

The results in Table [3.1 and the plots in Figure [3.8 show that when m and n are
fixed and 7 increases by one, the size of block B remains unchanged. A comparison
of plots in Figure |3.8| and additional plots, show that when m > n > r, block B is
of size m —n —1. Figure|3.§/and Table|3.1{show that when m and n are fixed, and
r increases by one, the size of block C' decreases by one. The plots in Figure 3.8
shows that block C'is of size n —r — 1 when m > n > r. The results in Table

show that when m > n > r, block D is of width r + 1 and length n — r. Similarly,
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block E' is of width (n — r) and length (m — n). The general size of blocks when
m > n > r can be found in Table 3.2

Block Qmny(2) withm >n >r
A r-triangle
B (m —n — 1)-triangle
C (n —r — 1)-triangle
D (r+1) x (n — r) rectangle
E (n —7r) x (m — n) rectangle

TABLE 3.2: Blocks formed by the roots of Qm nr(2) when m >n > r.

Examples of blocks formed by the roots of @y, ., (2) when m > r > n can be found
in Figure 3.9 Figure |3.9| shows that when m and r are fixed and n increases by
one, the size of block A also increases by one. Figure [3.9also shows that block B
is unaffected by an increase in n, and blocks C' — G are empty. The general size

of blocks when m > r > n can be found in Table 3.3l

Block Qmnys(2) withm >1r >n

A n-triangle
B (m —r — 1)-triangle

TABLE 3.3: Blocks formed by the roots of Qp nr(2) when m > r > n.

The plots in Figure are of the roots of Qy,n,r(2) with r > m > n. Figure
shows that when m and r are fixed and n increases by one, block B remains
unchanged and block A increase in size by one. The size of the blocks formed by

roots of Qu.n.(2) when 7 > m > n can be found in Table

Block Qmnys(2) with r >m >n

A n-triangle

B (r — m)-triangle

TABLE 3.4: Blocks formed by the roots of Qm nr(2) when r > m > n.

Figure m shows examples of blocks formed by the roots of Q. ..r(2) with r >
n > m. Interestingly, the blocks F' and G have been empty for all the parameter
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FIGURE 3.9: Plot of roots of Q. nr(2) with m > r > n.

conditions of @y, ,.-(2) discussed so far. Figure shows that when n and r are
fixed, and m increases by one; the size of block A increases by one, the size of
block B remains unchanged, and, the size of block C' decreases by one. The size
of the blocks formed by roots of @, ,(z) when r > n > m can be found in Table
5.0l

So far, we have discussed the blocks formed by the roots of @Qy,,(2) when the

parameters m,n and r are not equal. We have seen that when the parameters are
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Qs,3,1o(z)

Q8,4,10(Z)

Qs,s,w(z)

FIGURE 3.10: Plot of roots of Qp,pnr(2) with r > m > n.

Block

Qmnys(2) with 7 >n>m

A
B
C
D
E

m-triangle
(r — n)-triangle
(n — m)-triangle

m X (n —m) rectangle

(n —m) X (r — n) rectangle

TABLE 3.5: Blocks formed by the roots of Qp, nr(2) when r > n > m.
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not equal, and n is the smallest parameter blocks C' — G are empty, and when n
is the second largest parameter blocks F' — G are empty. We now consider what

happens when parameters are not equal and n is the largest parameter.
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FIGURE 3.11: Plot of roots of Qppnr(2) with r > n > m.

The plots in Figure are of the roots of Q) ,(2) with n > m > r. The plots
show that when n > m > r the blocks A — G are non-empty. The size and shape
of blocks A — E can be clearly identified by looking at Figure |3.12] The size of
blocks A — E when n > m > r can be found in Table
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Block Qmnr(z) withn >m >r

N

r-triangle
(n — m)-triangle
(m —r — 1)-triangle

(r+1) x (m —r) rectangle

T QW

(m —7r—1) x (n —m) rectangle

TABLE 3.6: Blocks A — E formed by the roots of Qy,nr(2) when n > m > r.
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Our aim is to now determine the size and shape of blocks F' and G when n >
m > r. The plots in Figure show the blocks formed by the roots of Qg 10,
for r = 2,...,5. Roots that form F blocks in Figure [3.13| are coloured orange and
roots that form G blocks are coloured red. Figure shows the plots in Figure

3.13| zoomed in at the origin.
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FIGURE 3.13: Plot of roots of Q¢,10,(2) for r = 2,...,5 with the condition n >
m>r.

Similar to Figures and the blocks F' and G in Figure [3.13] are either
isosceles triangles or trapezoids. When a block is a trapezoid we will describe it

as a trapezoid of size

h xl

Y
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where h is the height of the trapezoid and [ is the length of the long base of the

trapezoid. The size and shape of blocks F' and G formed by the roots of Qg 10 (%)

for r =2,...,5 (shown in Figures and [3.14)) can be found in Table [3.7]

A

7

34

34

FiGURE 3.14: Plots in Figure zoomed in at the origin.

Block Q6,10,2(2) Q6,103(2) | Q6104(2) Q6,10,5(2)
F 2-triangle 3-triangle | 4-triangle | 4 x 5 trapezoid
G 3 x 4 trapezoid | 4-triangle | 4-triangle 4-triangle

TABLE 3.7: Blocks F' and G formed by the roots of Qg 10.,(2) for r =2,...,5 as

shown in Figures @ and

Further investigation shows that when n > m > r, block F' is a triangle when

n > m + r and a trapezoid when n < m + r. Similarly, when n > m > r, block

G is a triangle when n < m + r 4+ 1 and a trapezoid when n > m +r + 1. The

size and shape of blocks formed by the roots of @y, (2) when n > m > r can be

found in Table 3.8
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Block Qmnr(2) whenn >m >r

A r-triangle
(n — m)-triangle
(m —r — 1)-triangle
(r4+1) x (m — r) rectangle

(m —r —1) X (n — m) rectangle

MmO QW

r-triangle when n > m +1r

(n —m) x r trapezoid when n < m +r

@

(n — m)-triangle when n < m +r + 1

(r+1) x (n —m) trapezoid when n > m +r + 1

TABLE 3.8: Blocks formed by the roots of Qm nr(2) when n >m > r.

Figures and show examples of blocks formed by the roots of Q. (2)
when n > r > m. The roots that form the F' and G blocks are coloured in both
figures. Examples of the size and shape of F' and G blocks when n > m > r
can be found in Table 3.9, Interestingly, further investigation shows that when
n > r > m the shape of block F' and G depends on the size of n, m + r and

m + 1+ 1, similar to when n > m > r. The size and shape of blocks formed by

the roots of Q. (2) when n > r > m can be found in Table [3.10}

Block Q2,10,6(2) Q3106(2) | Qu106(2) Q@5,106(2)
F 2-triangle 3-triangle | 4-triangle | 4 x 5 trapezoid

G 2 x 3 trapezoid | 3-triangle | 3-triangle 3-triangle

TABLE 3.9: Blocks F' and G formed by the roots of Qpm,106(2) for m =2,....,5 as

shown in Figures and

So far, we have considered the blocks formed by the roots of @, () with pa-
rameters that are non-equal. We now consider what happens when parameters
are equal. Figure shows examples of blocks formed by the roots of @, ,..(2).
Figure suggests that the roots of @, (%) form two triangle blocks of size
n — 1, and two rectangle blocks of size 1 x n, i.e. A blocks of size n — 1 and F

blocks of size 1 x n.
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Q2,10,6(2) Q@3,10,6(2)
Q4,10,6(Z) Q5,1o,6(2)
FIGURE 3.15: Plot of roots of Q. 10,6(2) for m = 2,...,5 with the condition n >
r>m.
Block Qmnr(2) when n >r >m
A m-triangle
B (n —r — 1)-triangle
C (r — m)-triangle
D m X (r —m) rectangle
E (r—m+1) x (n—r) rectangle
F m-triangle when n > m +r
(n —r) x m trapezoid when n < m +r
G (n —r — 1)-triangle when n <m +r +1
m X (n—r —1) trapezoid when n > m +r + 1

TABLE 3.10: Blocks formed by the roots of Qp, () when n > r > m.
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FiGURE 3.16: Plots in Figure zoomed in at the origin.
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FIGURE 3.17: Plot of the roots of Qp pnn(z) for n =9,...,11.

A comparison of the blocks formed by the roots of @, ,.(2) when parameters are

not equal, shows that the size of block A is the smallest parameters out of m,n
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and r. Therefore, it follows that the roots of @, n.(2) form A blocks of size n
and B — GG blocks that are empty. Table states the size of blocks when all
parameters are equal. A summary of the size and shape of blocks when parameters

are not equal can be found in Tables |3.12H3.15]

Block
A n-triangle

Qm,n,r(z) withm=n=r

TABLE 3.11: Blocks formed by roots of Qp pnn(2).

In Chapter 2, we discussed that the roots of @), ,(2) also forms A blocks of size n. A
comparison between plots show that the roots of 4-Okamoto polynomials @, ,,.»(2)
form A blocks that are concave, and roots of generalised Okamoto polynomials
Qnn(z) form A blocks that are convex. The reason as to why this is the case is

yet to be determined.

Block | Qmn,r(2) when m > 17 >n | Qmanr(2) when r >m >n
A n-triangle n-triangle
B (m —r — 1)-triangle (r — m)-triangle

TABLE 3.12: Blocks formed when m >r >n or r > m > n.

Block | Qmnr(2z) when m >n>r | Qmnr(2) when r>n>m
A r-triangle m-triangle
B (m —n — 1)-triangle (r — n)-triangle
C (n —r — 1)-triangle (n — m)-triangle
D (r+1) x (n — r) rectangle m x (n —m) rectangle
E (n —r) x (m —n) rectangle | (n —m) x (r — n) rectangle

TABLE 3.13: Blocks formed when m >n >rorr >n > m.

We now investigate the blocks formed by the roots of Q,,,(2) when two pa-
rameters are equal. Figure shows examples of blocks formed by the roots of
Qmnr(2) when m <n =r, m >n =r and m = n > r. The results in Tables

3.16H3.18| state the size of blocks when m <n=r,m>n=rand m=n >r.

The plots in Figure m show examples of blocks formed by the roots of Q. (2)

when m =n <r, m =r >nandn >r =m. The size and shape of blocks formed
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Block Qmmnyr(z) when n>m >r

r-triangle

oo

(n — m)-triangle
(m — r — 1)-triangle
(r+1) x (m — r) rectangle

(m —r —1) x (n —m) rectangle

N O Q

r-triangle when n > m +r

(n —m) x r trapezoid when n < m +r

Q

(n —m)-triangle when n < m+r + 1

(r+1) x (n —m) trapezoid when n > m +r+1

TABLE 3.14: Blocks formed when n > m > r.

Block Qmnr(z) when n >r>m

A m-triangle
(n —r — 1)-triangle
(r — m)-triangle
m X (r —m) rectangle

(r—m+1) x (n — r) rectangle

MDD QW

m-triangle when n > m +r

(n —r) x m trapezoid when n < m +r

Q

(n —r — 1)-triangle when n < m +r + 1

m x (n —r — 1) trapezoid when n > m +r + 1

TABLE 3.15: Blocks formed when n > r > m.

Block | Qumnr(2) with m <n=r
A m-triangle
B
C (n — m)-triangle
D m X (n —m)-rectangle

TABLE 3.16: Blocks formed by the roots of Q. r(2) when m < n =r.

Block | Qumnr(2) withm >n=r

A n-triangle

B (m —n — 1)-triangle

TABLE 3.17: Blocks formed by the roots of Q. r(2) when m >n =r.
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-8 -6 -4

Qs,10,10(2) m<n=r Quogs(z) m>n=r Quo108(2) m=n>r

FIGURE 3.18: Plot of roots of Quynr(2) withm <n=r,m>n=randm=n>r.

Block | Qmnr(2) withm=mn>r
A r-triangle
B
c (n —r — 1)-triangle
D (r+1) x (n — r)-rectangle

TABLE 3.18: Blocks formed by the roots of Q. r(2) when m =n > r.

when m < n = r and when m = r > n can clearly be seen in Figure [3.19] The

size and shape of blocks when m < n =r and m = r > n can be found in Tables

and [3.20], respectively.
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QS,IO,S(Z) n>r=m

FIGURE 3.19: Plot of roots of Quypnr(2) withm =n <r,m=r>nandn >r=m

TABLE 3.19: Blocks formed by the roots of Q. r(2) when m =n <.

Block | Qumnr(2) with m=n <r
A m-triangle
B (r — m)-triangle

Figure shows that when n > r = m blocks F' and G are non-empty. Further

investigation shows that when n > r = m , block F' is triangle of size m when

n > 2m and a trapezoid of size (n —m) x m when n > 2m. Similarly, block G is
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Block | Qumnr(2) withm =7 >n

A n-triangle

TABLE 3.20: Blocks formed by the roots of Q. r(2) when m =r > n.

triangle of size n —m —1 when n < 2m+1, and a trapezoid of size m x (n —m—1)
when n > 2m + 1. Similar to when all parameters are non-equal and n is the
largest parameter, when n > r = m, the shape of blocks F' and GG depend on the
size of n, m +r and m + r + 1. The size and shape of blocks formed by the roots
of Qumnr(2) when n > r =m can be found in Table [3.21]

Block Qmnr(2) withn >r=m
A m-triangle
B (n —m — 1)-triangle
C
D
E 1 X (n — m) rectangle
F m-~triangle when n > 2m
(n —m) x m trapezoid when n < 2m
G (n —m — 1)-triangle when n < 2m + 1
m X (n —m — 1) trapezoid when n > 2m + 1

TABLE 3.21: Blocks formed by the roots of Qp, pn () when n >r=m .

We have determined the blocks formed by the roots of @, (%) for all thirteen
parameter conditions of m,n and r. The plots show that the blocks formed when
two or more parameters are equal can be described by the blocks formed when
parameters are non-equal. In other words, the results in Tables describe
the size and shape of blocks formed by the roots of @, n(2) for all thirteen
parameter conditions. By introducing the terms a, b and c¢ the size of blocks in
Tables can be simplified (as shown in Tables B-24). Let a denote
the smallest parameter of @), ,(2), let b denote the difference between the largest
and second largest parameter and ¢ denote the difference between the second

largest and smallest parameter.
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Block | block size when m > r > n | block size when r > m > n
A a a
B b—1

TABLE 3.22: Size of blocks when m >r >norr > m > n.

Block | block size when m > n > r | block size when r > n > m
A a a

B b—1

C c—1 c

D (a+1) xc axc

E cxb cxb

TABLE 3.23: Size of blocks when m >n>rorr >n>m.

Block block size when n > r > m block size when n > m > r

A a a

B b—1 b

C c c—1

D axc (a+1)xc

F (c+1)xb (c—1)xb

F n > m + r block size is a n > m + r block size is a
n < m +r block size is b X a n < m +r block size is b X a

G n<m-+r+1 block sizeis b —1 n <m-+r+ 1 block size is b

n >m+r+ 1 block size is a x (b—1)

n > m+r+ 1 block size is (a 4+ 1) x b

TABLE 3.24: Size of blocks whenn>r>morn>m >r.

By introducing the terms

0 whenr>m

")/:

(3.6)

1 when r <m,
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0 whenr <m
0= (3.7)

1 whenr > m,

—1 whenr <m
(= (3.8)

1 when r > m |

the results in Tables can be further simplified to the results in Table

0. 20l
Block largest parameter second largest parameter | smallest parameter
A a a a
B b—4§ b—ry b—~
C c—r c—7
D (a+7) xc (a+7) xc
E (c+¢)xb cxb
F n > m+ 7 block size is a
n < m+ r block size is b X a
G n <m-+r7r+1 block size is b — &
n>m+r+ 1 block size is (a + ) x (b — )

TABLE 3.25: Size of blocks formed by the roots of @, n»(2) when n is the largest,
second largest and smallest parameter. The term a denotes the smallest parameter,
b denotes the difference between the largest and second largest parameter and c
denotes the difference between the second largest and smallest parameter. The

constants 7, d and ¢ are defined in —.

3.2 The partition \ associated with Q,,, ,(2)

Our aim is to determine the explicit form of the partition A of Q. ,(2) and its
conjugate partition A*. The motivation for studying the partitions is to explore
how aspects of these partitions play a role in properties of Q. (2). Once we

have the explicit form of A\ we can find its conjugate partition A\* using the Young
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diagram of A\. Towards the end of this chapter we determine the 2-core and 2-
quotient of the partition A of @, ., (2). For convenience, we introduce the notation

Amnr(2) to denote the partitions associated with @, ,(2), and and A}, . .(2) to

m,n,r

denote the conjugate of and A, .. (2).

3.2.1 The partition A\

We are interested in the partition A\ of

Qmonr(2) = cm,n,rW<{Hel+4j(z)};n:_01; {He2+4j(z)}?:_ol§ {He3+4j(2) };;;) (3.9)

The parts A;, in the partition A of the Wronskian, W( f,.,, fu,, - - -, fn,) are defined
as

No=n;+j—1L (3.10)

By the definition of A the associated degree vector of Ay, ., nx = (N1, N9, ..., 1),
where ny,ng, ..., n, are the degrees of the Hermite polynomials in (3.9)), ordered

from large to small.

Theorem 29. When all parameters are equal

e ({01,

Proof. The 4-Okamoto polynomial

n—1 n—1 n—1
ann(z) = Cn,n,nW<{He1+4j(Z)}j:0 3 {H62+4j(2)}j:0 ) {H63+4j(2)}j:0 >,
therefore, the associated degree vector of A, , is

ny= (4n—1,4n —2,4n — 3,4n — 5,4n —6,...,3,2,1).
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It follows from (3.10)) that

Mnn = (n,n,n,n—l,n—l,n—1,...,1,1,1).

O
Theorem 30. When m > n the partition
N ({HSJ-_Q} "0 )
j=1 j=1
Proof. The 4-Okamoto polynomial @, (%) is defined as
m—1 n—1 n—1
Qunn(2) = cm,n,nW<{Hel+4j(Z)}j:O P {Hearaj(2) ) 5 {Hesrgs(2) ) )
(3.11)
Therefore, when m > n the associated degree vector of A, ,, , with m > n is
ny=(4m—3,4m —7,...4n+1,4n — 1,4n — 2,4n — 3,4n —5,...,3,2,1),
and the partition
Aman = (3m —2n—2,3m —2n—5,... . n+1,n,n,n,n—1,...,1,1,1).
n

Theorem 31. When n > m the partition

Arnin = ({(m =)'} {0} )



Chapter 3 The 4-Okamoto polynomials 106

Proof. The polynomial @, ,,»(2) is defined by (3.11]). When the parameter n > m

the degree vector associated with A, ,,,, is
ny = (4n—1,4n—2,4n—5,4n—6,...,4m+2,4m—1,4m—2,4m—3, 5 3,2,1).
It follows from ([3.10]) that when n > m the partition

A = (Qn—m, 2n—m, 2n—m—2,2n—m—2,... , m+2, m+2, m,m,m,..., 1,1, 1).

Theorem 32. When m > n > r the partition

A = ({2n —r+3j— 2};nln; {(7" + 25 — 1)2}:} {(j)g}zl )

Proof. When m > n > r the degree vector associated with A, ,,, is

ny = (4m—3,4m—7,. . dn+1,4n—2,4n —3,4n —6,4n —7,... 4r + 2,

Ar +1,4r — 1,4r — 2,4r — 3,4r — 5,...,3,2,1).
Therefore, when m > n > r the partition

Ay = (Sm—n—7“—2,3m—n—r—5,...,2n—r+1,2n—r—1,2n—r—1,

2n—r—3,2n—3—r,...,r+1,r+1,7’,7“,7‘,...,1,1,1).

O

Theorem 33. The partition Ay, ,..-(2) for all thirteen parameter conditions of m,n

and r can be found in Table[3.26,

Proof. Similar to the proof of Theorem n
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case no. | condition partition Am,nr
1 | msasr <{2n—r+3]'—2}::1n3{(7“+2j_1)2}?;I;{(j)3};:1>
A <{r+3j—1}::-{<j>3}7“ )
3 |m=n>r ({(r+2j—1) boe{o )
v fnsrsm| (foromesi- 1) {2 }m{ 1)
5 |ns>m>r ({2m—r+3j—1}:: {(r+2i-1)° }jzl;{(ﬁ?’};:l)
A (=2 {00
o P ({0r})
$ |nersm ({onv2y {0}
o emnom | (om0
[ meron| o (frones )" e T 00}
I I (e R S (IO
T ({rrai} {00}
T (e {00Y)

TABLE 3.26: The partition A, for all thirteen parameter conditions of m,n and

r.

The partitions in Table are unordered, since the upper limit of each sequence

in Table gives the largest term of the sequence, and the lower limit i.e. 7 =1

gives the smallest term of each sequence. A comparison of the results in Table

shows that all partitions contain “triple” terms,

x is a positive integer.

i.e. of the form (z)3

, Where

Similarly, all partitions in Table contain “single”

terms, i.e. of the form z, and only some contain “double” terms, i.e. of the form

().

A comparison of the sequences in Table m shows that the upper limit of
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each sequence can be described by the relative size of m,n and r. Similarly, each

sequence in Table |3.26| can be expressed in terms of the relative size of m,n and

r. Let a denote the smallest parameter, let b denote the difference between the

largest and second largest parameter, and ¢ denotes the difference between the

second largest and smallest parameter, out of m,n and r. The results in Table

can be simplified to Table [3.27]

U mensr ) (feeram2aa) {e-1e2) {600}
A ({o-1ew) {0

3 | menss ({-rv2ry {00}

o | (feras s _fwrt) o))
5 |nsm>r <{2c+a—1+3j}j13{(a_1+2j)2};1;{(j)3}:1>
o moner ({o-2ea} {00))

R ({07},

O ({er2r} {0r})

0 |r>n>m ({2c+a+3j}j,:1;{(a+21)2};:1?{(j)3}j:1>
10 |m>rsn ({2c+a—2+3j}j:1s{aﬂ}j;;{(j)g}::l)
0 [emea | (e 0]
N ({on)_ {0

A ({e )i f0r))

TABLE 3.27: The partition A, for all thirteen parameter conditions of m,n and
r. The term a denotes the smallest parameter, b denotes the difference between
the largest and second largest parameter, and ¢ denotes the difference between the
second largest and smallest parameter out of m,n and r.
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A comparison of the partitions in Table shows that that A, ,, when two or
more parameters are equal is consistent with the partition A, , , when no param-
eters are equal. For example, if we consider the partition A,,,, for cases 1, 3,
and 6. It is clear to see that the the partition for case 3 can be obtained from
the partition for case 1 by setting b = 0. Similarly, the case 6 partition can be
obtained from the case 1 partition by setting ¢ = 0. The case 6 partition can also
be obtained from the case 9 partition by setting ¢ = 0. In other words, A\, . (2)
when two or more parameters are equal parameters can be obtained from \,, ,, (%)
where no parameters are equal, by setting the term b and or ¢ to equal zero. This
means the partitions in Table for cases 1,4,5,9,10 and 11, covers all thirteen
parameter conditions of A, ,, ». Therefore, we will focus on these six cases of Ay, ,, .
A comparison of the partitions A, ,, when parameters are not equal, shows that
when n is the smallest parameter (i.e. cases 10 and 11) A, does not contain any
double terms and instead, contain two sequences of single terms and one sequence
of triple terms. However, when parameters are not equal and n is not the smallest
parameter (i.e. cases 1,4,5 and 9) A, ,, contains a sequence of single, double and

triple terms. By introducing the terms E and 7 defined in 1} and 1) the
partitions in in Table can be further simplified to Theorem [34]

Theorem 34. Let a denote the smallest parameter, b denote the difference between
the largest and second largest parameter, and ¢ denote the difference between the
second largest and smallest parameter out of m,n and r. When n is the smallest

parameter the partition
~ ] b ] 2c A3 a
Am,n,r=<{a+2c—6+3j} ;{a+J} ;{(J)} )
j=1 j=1 j=1
and when n is not the smallest parameter

b

Ay = ({a +2— B+ Bj}jzl; {(a ~F+ 21)2};:1; {(1)3}::1 )
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Where the term

0 when r is the largest parameter,

=
I
—

when n s the largest parameter, (3.12)

2 when m 1is the largest parameter,

and

_ 0 whenr >m,
v = (3.13)

1 when m > r.

We have determined the explicit form of the partition A, ,, for all thirteen pa-

rameter conditions of m,n and r. Our aim is to now determine the explicit form

*
m,n,r

the conjugate partition A using the Young diagram of A, ,, ..

We first discuss the Young diagram of A, ,,. Earlier we discussed that A, .,
consists of single, double and or triple terms (see Table . This means the
Young diagrams of A, ,, will consist of single rows, i.e. consecutive rows that
are different in length, double rows, i.e. two consecutive rows of the same length,
and triple rows i.e. three consecutive rows of the same length. Table tells us
that the Young diagram of A, ., for all parameter conditions will contain a sets
of triple rows i.e. 3a rows that form a total of a triple rows. The partitions A, .,
in Table tell us that when two parameters are equal, the Young diagram of
Am.n,r consists of single and triple rows or double and triple rows. The partition
Annn in Table tells us that the Young diagram of A, ,, consists of a sets of
triple rows. Earlier we discussed that A, ,, where two or more parameters are
equal can be obtained from A,,, , where no parameters are equal. Therefore, we

will be focusing on the partitions A, , , where parameters are not equal.

Remark 9. When parameters are not equal and n is not the smallest parameter

e = ({o 20 Ba3i}_{t-7+207)_{0r}). @
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where E and 7 are defined in 1' and 1) When this is the case, the Young

diagram of A, ,, consists of single, double and triple rows. It follows from (3.14])
that the Young diagram of A, ,.(z) consists of b single rows, ¢ sets of double
rows, i.e. 2¢ rows that form ¢ double rows, and a sets of triple rows, i.e. 3a rows
that form a triple row. Row b of the Young diagram of \,, ., (defined in (3.14))
is simply the shortest single row of the diagram and row b+ 2¢ — 1 and b + 2¢

together form the shortest double row of the Young diagram.

Figure shows examples of Young diagrams of A, ,, given by (3.14). The
Young diagrams in Figure |3.20] all consist of three single rows, two sets of double

rows and one set of triple rows. This tells us that b =3, ¢ =2 and a = 1 for each

Amn,r in Figure [3.20]

Remark 10. When parameters are not equal and n is the smallest parameter

o= ({ar2e=e} Lo} {02} ) e

where B and v are defined in and . When this is the case the Young
diagram of A, ., consists of single and triple rows and does not consist of any
double rows. It follows from that the Young diagram of A, ,, (%) consists
of b single rows where consecutive rows decrease in length by three and 2c¢ single
rows where consecutive rows decrease in length by two. The Young diagram also
consists of a sets of triple rows. Row b of the Young diagram of A, ,, . (defined in
is the shortest single row such that row b is shorter than row b — 1 by three
boxes. Row b+ 2c is simply the shortest single row of the Young diagram of \,, ,,,

defined in (3.15)).

Figure [3.21] shows examples of Young diagrams of A, given by (3.15). Both
Young diagrams in Figure [3.21] consist of three single rows where consecutive rows
decrease in length by three, four single rows where consecutive rows decrease in

length by one, and one set of triple rows. This tells us that b=3,c=2and a =1
for both A, , in Figure
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m>n>r n>r>m

ez = (12,9,6,4% 2% 13) g3 = (13,10,7,5% 3% 13)

n>m?>r r>n>m

Ase1 = (13,10,7,4%,22,1%) Aise = (14,11,8,5% 3% 1%)

FIGURE 3.20: Examples of A, , » and the Young diagram of A, ,, ». The parameters
m,n and r are not equal and n is not the smallest parameter.

It follows from in Remark [10[ that the difference between row b and b+ 1 of
the Young diagram of A, ,, »(2) is one when m > r > n, and three when r > m > n.
The difference between row b + 2¢ and row b+ 2c¢ + 1 is one for both cases. This
tells us that if a Young diagram consists of single and triple rows with no double
rows we can determine whether the parameter condition of A, ,, is m > r > n
or r > m > n by looking at the difference in length between row b and row b+ 1.
Table outlines the difference in length between row b and row b + 1 when

m >r >n and when r > m > n.

Figure [3.23] shows the Young diagrams in Figure [3.21] with coloured boxes to
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m>r>n r>m>n

Neas = (12,9,6,5,4,3,2,1%)  A316 = (14,11,8,5,4,3,2,1%)

FIGURE 3.21: Examples of A, , » and the Young diagram of A, , ». The parameters
m,n and r are not equal and n is the smallest parameter.

case no | parameter condition | row b and b+ 1

10 m>r>n 1

11 r>m>n 3

TABLE 3.28: Difference in length between row b and b+ 1 of the Young diagram of

Amn,r When m > 17 >mn or r > m > n. When parameters are not equal and n is the

smallest parameter, row b is the shortest single row such that row b is shorter than
row b — 1 by three boxes.

highlight the difference in length between row b and row b+ 1. Figure |3.23| shows
the general form of the Young diagram of A, ,, when m > r > n and when

r>m>n.

It follows from Remark [9] that when parameters are not equal and n is not the
smallest parameter, the difference in length between row b and b+ 1 of the Young
diagram of A, ,, defined in is either two or three. Similarly, the difference
between row b+ 2c and b+ 2c + 1 of the Young diagram is either one or two. The
results in Table [3.29 show that the combination of differences between row b and
b+1 and row b+2c and b+2c—+1 is different for each of the four parameter cases in
Table Therefore, if the Young diagram of A, ,,,(2) consists of single, double
and triple rows Table |3.29| can be used as a criteria to determine the parameter

condition of m,n and r.
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m>r>n r>m>n

- =

Neas = (12,9,6,5,4,3,2,1%)  A316 = (14,11,8,5,4,3,2,1%)

FiGurE 3.22: The Young diagrams in Figure with coloured boxes. Row b of

each diagram contains purple coloured boxes to highlight the difference in length

between row b and row b+ 1. Row b of the Young digram when m > r > n or

r > m > n is the shortest single row such that row b is shorter than row b — 1 by
three boxes.

S mm
S N

(A)ym>r>n (B) r>m>n

FIGURE 3.23: The Young diagram of A, ,» when m >r > n and r > m > n. Row

b of both diagrams is the shortest single row such that row b is shorter than row

b — 1 by three boxes. The purple coloured boxes in row b highlight the difference in
length between row b and row b + 1.

Figure shows the Young diagrams in with the addition of coloured boxes

to highlight the difference in length between between row b and b + 1 and row
b+ 2c and b+ 2c + 1. Figure [3.25 shows the general form of the Young diagram

of \pnr whenm>n>r n>r>m,n>m>randr >n>m.
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case no | condition | row band b+ 1 | row b+ 2c and b+ 2c+ 1
1 m>n>r 2 1
4 n>r>m 2 2
) n>m>r 3 1
9 T>n>m 3 2

TABLE 3.29: Difference in length between row b and b 4+ 1 and row b + 2¢ and

b+ 2c+1 of the Young diagram of A\, , ,. When parameters are not equal and n is

not the smallest parameter, row b is simply the shortest single row of the diagram

and row b+ 2¢ — 1 and row b + 2c¢ together form the shortest double row of the
Young diagram.

To summarise, if the Young diagram of A, ,.(z) consists of single, double and
triple rows, it follows from Remark [J]that the parameters m, n and r are not equal
and n is not the smallest parameter. When this is the case, Table can be used
as a criteria to determine the parameter condition of m,n and r. If the Young
diagram of A, ,(z) consists of single rows where consecutive rows decrease in
length by three and single rows where consecutive rows decrease in length by one
and the Young diagram also consists of triple rows, it follows from Remark
that the parameters are not equal and n is the smallest parameter. This means
the parameter condition of A, (z) is either m > r > n or r > m > n. We can
distinguish between the two parameters cases using Table as a criteria. The
terms a, b and ¢ can be found by determining the number of single, double and
triple rows in the Young diagram of \,,, . We will discuss examples later in this
chapter. To recap, the term a denotes the smallest parameter out of m,n and r,
b denotes the difference between the largest and second largest parameter and c
denotes the difference between the second largest and smallest parameter out of

m,n and r.

3.2.2 The conjugate of \

We have determined the explicit form of the partition A, , and the general form

of the Young diagram of A, ,,. Our aim is to now determine the explicit form of
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m>n>r n>r>m

ez = (12,9,6,4% 2% 13) Aoz = (13,10,7,5%, 3% 1%)

n>m?>r r>n>m

Ase1 = (13,10,7,4%,22,1%) Aise = (14,11,8,5% 3% 1%)

FiGURE 3.24: The Young diagrams in Figure with coloured boxes. Row b

of all four Young diagrams is the shortest single row of the diagram. The purple

coloured boxes in row b highlight the difference in length between row b and row

b+ 1. Row b+ 2c—1 and b+ 2¢ together form the shortest double row of the Young

diagram. Row b + 2c¢ contains green coloured boxes to highlight the difference in
length between row b + 2¢ and row b + 2¢ + 1.

the conjugate partition of A, ;..

Theorem 35. When r > n > m the conjugate partition of Ay, S

(LR Eas R (SRS e 0

j=1 j=1 j=1
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I N
- e e

. ([

(A)ym>n>r (B)n>r>m
TOD ™ [
(T[T TIT1 [ [ 1] (T[T TTI1 [ 171
| - H EESEE S H
FER EERes
HNEEN | EEEEE
N (c)n>m>r N (D) r>n>m

FIGURE 3.25: The Young diagram of A, ,, when m > n > r, n > r > m,

n>m >r and r > n > m. Row b is the shortest single row of the diagram and

contains purple coloured boxes to highlight the difference in length between row b

and row b+ 1. Row b+ 2¢ — 1 and b + 2¢ together form the shortest double row

of the Young diagram. Row b + 2c¢ contains green coloured boxes to highlight the
difference in length between row b+ 2¢ and row b+ 2¢ + 1.



Chapter 3 The 4-Okamoto polynomials 118

Proof. The partition A, ,, when r >n > m is

e = ({20 = w3} {202} {00) )

T — N rows

QESERERERRRERRENER

3m rows

FIGURE 3.26: The Young diagram of A\, ,,,» when » > n > m shown in Figure
The brackets indicate the number of rows in the Young diagram.
Figure m shows the general Young diagram of A, ,, when r > n > m. Row b
is the shortest single row of the diagram and is of length 2n — m + 3. The purple
coloured boxes in row b highlight the difference in length between row b and b+ 1.
Row b + 2c¢ in Figure [3.26 is of length m + 2. The green coloured boxes in row
b 4 2c¢ highlight the difference in length between row b+ 2¢ and b+ 2¢ + 1. Since
the Young diagram of A, ,,, consists of rows of length 2n —m + 3 and m + 2, the

*
m,n,r

Young diagram of A will consist of columns of length 2n — m + 3 and m + 2

(as shown in Figure [3.27). The boxes outlined in purple and green in the Young
diagram of \* shown in Figure indicate the position of the purple and

m,n,r

green boxes in the Young diagram of A, , in Figure [3.26]

Since, the first column of the Young diagram of A, ,, in Figure is of length

*
m,n,r

m + n + r, it means the first row of the Young diagram of A is of length
m-+n+r. Figure shows that the two rows containing a box outlined in green,

are both of the same length i.e. both rows form a double row. Figure [3.27] shows
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“ [ ] ‘.‘ ‘ m + 2 Tows

2n —m + 3 rows

BESERRERNERERRENER

*

FIGURE 3.27: The Young diagram of A;, ,, when r > n > m with brackets indi-
cating the number of rows.

*
m,n,r

that the Young diagram of A when r > n > m consists of m single rows. The
longest single row in Figure [3.27]is of length m +n+r and consecutive single rows

decrease in length by three. Therefore, the single rows in Figure |3.27| are of length

m+n—-3j+r+3, j=12,...,m. (3.16)

The first row of the Young diagram of A, ,, » in Figure is of length 3r —m —n.
This means the first column of the Young diagram of A, . in Figure is of
length 3r —m —n. Therefore, the 3(r —n—1) rows below the three rows containing
the boxes outlined in purple in Figure [3.27)). Figure shows that the three
rows that contain the boxes outlined in purple are of the same length, i.e. all three
rows form a triple row. Therefore, the Young diagram in Figure [3.27| consists of
3(r — n) rows that form triple rows. Figure shows that the longest row to

form a triple row is of length » — n and the shortest row is of length one. Figure

shows the rows that form triple rows are of length



Chapter 3 The 4-Okamoto polynomials 120

So far, we have found that Figure consists of m single row and 3(r — n) rows
that form triple rows. Therefore, the remaining 2(n — m) rows must form double
rows. We know that the rows in Figure that contain the boxes outlined in
purple are of length r — n. Figure [3.27] shows a difference of two boxes between
the longest triple row and shortest double row. This tells us that the shortest row
that form a double row is of length » —n+2. We know that there are n —m double
rows and that consecutive double rows decrease in length by two. It follows from
Figure that rows that form double rows in the Young diagram of A} , = when

r >n > m are of length

(r—m+25)72 j=12...,n—m.

Theorem 36. When m > r > n the conjugate partition of Ay, S

n+1

Sons = (fren =l e 0} 0) )

Jj=1 J=1 J=1

Proof. The partition A, ,, when m >r > n is

A = <{2r —n+3j-2) +j}j(rl_n); {0y )

Figure shows the general Young diagram of A, ,, when m > r > n. The
Young diagram does not contain any double rows. Instead, the Young diagram
in Figure [3.28] consists of m — r single rows, where consecutive rows decrease in
length by three, 2(r — n) single rows, where consecutive rows decrease in length
by one, and 3n rows that form triple rows. Row b of the Young diagram in Figure
is of length 2r — n + 1 and contains the purple coloured box. Row b + 2¢ of

the Young diagram is of length n 4+ 1 and contains the green coloured box.



Chapter 3 The 4-Okamoto polynomials 121

m — T rows

2(r — n) rows

3n rows

FIGURE 3.28: The Young diagram of A, ,,» when m > r > n shown in Figure
The brackets indicate the number of rows in the Young diagram.

n+1

2r—n+1

-FEEFFER- EXFFER-

FIGURE 3.29: Young diagram of A’ when m > r > n with brackets indicating

m,n,r
the number of rows.

Figure shows the Young diagram of A}, . when m > r > n. Figure 3.29
shows that there are n 4 1 single rows where consecutive rows decrease in length
by three. The longest single row is of length m + r +n. Therefore, the single rows

in Figure [3.29 where consecutive rows decrease in length by three are of length

m+n—33+r+3, j7=12,....n+1.
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We know that the first column of the Young diagram A}, , . in Figure is of
length 3m — r — n — 2. Hence, there must be 3(m — r — 1) rows below the row
containing the box outlined in purple in Figure |3.29] Figure [3.29] shows that all
the rows below the row containing the box outlined in purple form triple rows.

Figure [3.29 shows that the rows that form triple rows are of length

GG)?, i=1,2,...,m—r—1.

So far, we know that the Young diagram in Figure [3.29| consists of n + 1 single
rows, where consecutive rows decrease in length by three and 3(m — r — 1) rows
that form triple rows. Therefore, the remaining 2(r —n) rows are single rows where
consecutive rows decrease in length by one. The shortest row of this form is of
length m —r. Therefore, the single rows where consecutive rows decrease in length

by one are of length

m—r+j—1, j=12,...,2(r—n).

Theorem 37. The conjugate partition of A,y 18

- ({3n—3j+3}n )
AR j:l

Proof. The partition

Figure m shows the general Young diagram of the partition A, ,,. The first

column of the Young diagram in Figure |3.30|is of length 3n, the second column is
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> 3n rows

LT
N

FIGURE 3.30: The Young diagram of A, , ,. The bracket indicates the number of
rows in the Young diagram.

of length 3n — 3 and so on. Therefore, the conjugate partition of A, ,,, is

Nonn = (3n,3n—3,3n—6,...,3).

n,n,n

]

*
m,n,r

Theorem 38. The conjugate partition A of A for all thirteen parameter

conditions of m,n and r are consistent with the results found in Table[3.30.
Proof. Similar to the proof of Theorem 37| n

The partitions in Table [3.30| can be expressed by the terms a, b and ¢. Where a
denotes the smallest parameter, b denotes the difference between the largest and
second largest parameter, and ¢ denotes the difference between the second largest
and smallest parameter. The partitions in Table will be used later on in this
chapter.
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condition A
m>n>r <{m +n—-37+r+ 3}:1, {(m —n+2j— 2)2};:"; {(j)?)};n_lnl)
n>r>m m+n—3j " —r—2j A O
({ i) {n-r—2y 0
n>m>r <{m =354+ 3};1 {(n —m+ 2]')2}:1__:_1; {(j)S}:__in>
r>n>m ({m +n—3j+7r+ 3}:;; {(r —n+ 2j)2}:1m; {(])3};_T>
m>r>n ({m—i—n —3j+r —1—3}::1; {(m —r4j— 1)}??1_”); {(j)g}::r—1>
r>m>n ({m +n—-35+r+ 3};1; {(r -m -|-j) }j(_”z—n); {(])3};:?1)

TABLE 3.30: The conjugate partition )‘;knnw of Apn,r for all parameter conditions

of m,n and r.

3.2.3 The 2-core of )\

The explicit form of the partition A, ., for all thirteen parameter conditions of
m,n and r can be found in Table . The Maya diagram diagram of A,, ,,, can be
found by placing beads and empty beads along the border of the Young diagram
of A\pnyr. The Maya diagram of A, ,, will consist of empty beads in position
0 + 45 and beads in position 1 + 45, 2 + 45 and 3 + 45. Arranging the Maya
digram of \,, ,,, from left to right onto a four runners gives the abacus display in
Figure [3.31] Figure|3.31|shows that the first runner contains no beads, the second
runner contains m beads, the third runner contains n beads and the fourth runner

contains r beads.

Figure shows that every bead in the 4-runner abacus display A, ,, has a
bead directly above it. If an empty bead appeared above a bead in Figure [3.31
it tells us that A, , contains rim 4-hooks. Since, no beads appear above any of
the beads it Figure m, it shows that A, ,, does not contain any rim 4-hooks.

Therefore, A, ., is a 4-core partition for all parameters of m,n and r.
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@
@
@
: 0 beads : m beads : n beads : r beads
@
@
@
@

FIGURE 3.31: The 4-runner abacus display of A, 5 7.

Our aim is to determine the 2-core and 2-quotient of A, ,, .. Figure shows the
2-runner abacus display of A, ,,,. Figure is the result of arranging all beads
and empty beads in Figure [3.31] onto two runners.

@

®

@

®

. n beads . m + 7 beads
@ :

®

@ @

FIGURE 3.32: The 2-runner abacus display of A\, 7.

Theorem 39. The 2-core of A\, when n < m 41 is

(5:(m+r—n,m+r—n—1,m+r—n—2,...,3,2,1).
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Proof. Figure is the result of pushing all beads in Figure up as far as
they will go. Figure tells us that the Young diagram of the 2-core § when
n < m-+r is of the form shown in Figure [3.34. The Young diagram in Figure [3.34

tells us that when n < m + r the partition is

5:(m—i—r—n,m+r—n—1,...,3,2,1).

. n beads n beads

[ ]

[ ]

®

@

@

* 0 beads m +r —n beads
[ ]

[ ]

@

FIGURE 3.33: The 2-runner abacus display of the 2-core of A, ,,» when n < m +r.

E >m+r—nrows
1
s )

FIGURE 3.34: The Young diagram of the 2-core of A, ,» when n < m +r.

Theorem 40. The 2-core of A\, when n =m + 1 is the empty set.
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Proof. 1f both runners in Figure [3.32] consist of the same number of beads, once
all beads have been pushed up as far as they can go, only empty beads follow after

the last bead of each runner. OJ

Theorem 41. The 2-core of Ay, pn, when n >m 41 is

(5:(n—m—r—l,n—m—r—2,n—m—r—3,...,3,2,1).

Proof. Figure shows that the first runner of the 2-runner abacus display of
Am.n,r consists of n beads and the second runner consists of m + r beads. When
n > m + r the first runner will contain more beads than the second runner.
Therefore, the 2-quotients that are obtained will not be ordered when n > m + r.
In Remark [4]it explains how to ensure that the 2-quotient (u, ) obtained from the
2-runner abacus display of a partition is ordered. The display in Figure [3.35[is the
results of adding an additional bead to the start of Figure [3.32] and rearranging
beads and empty beads between the two runners. The orange bead in Figure |3.35

is the additional bead that has been added.

The abacus display in Figure is of the 2-core of A, ,, when n > m +r. A
comparison between Figures and shows that the Young diagram of the
2-core of A, ,,, when n > m + r is of the form shown in Figure but with
n —m —r — 1 rows instead of m + r — n rows. Therefore, when n > m + r the

2-core of A\, 1S

’y:(n—m—r—l,n—m—r—2,n—m—r—3,...,3,2,1).
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m +1r -+ 1 beads

Q....Q’...

o=

.O...

P

?

n beads

FIGURE 3.35: The 2-runner abacus display of A, ,, with an additional bead
(coloured orange) to ensure the second runner contains at least as many beads
as the first runner of the abacus display.

m +1r -+ 1 beads

00—

N

0 beads

[Ne®e6 —

m + r + 1 beads

n—m —r — 1 beads

FIGURE 3.36: The 2-runner abacus display of the 2-core A, , when n > m 4 r.

3.2.4 The 2-quotient of )\

Our aim is to now determine the 2-quotient of A, ,,,. Interestingly, we find that

whether n > m+7r or n < m+r affects the 2-core and the 2-quotient of ., ,, .. The

same conditions on n and m + r appear when we investigated the blocks formed
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by the roots of Q. (2).

Theorem 42. The 2-quotient (p,v) of Amn, when n < m+r is

((mn—l,n—?,...,l), (r—m,r—m-—1,...,1 ) when 1 > m,

)
((nn=1mn—=2,...,1),(m—r—1m—r—2,...,1)) when r<m,

((n,n—1,n—-2,...,1), 0) when r=m.

Proof. The abacus display in Figure tells us that the partition p in the 2-

quotient of A, ,, when n < m +r is
pw=mn—1n—-2,...,1).

Figure |3.32 shows that the number of beads in the second runner depends on the
parameters m and r. Figure [3.37] shows how the second runner in Figure |3.32
looks when r» > m, r = m and r < m. Figure |3.37shows that when » > m a total
of r — m beads need to be pushed up to form the second runner of the abacus
display of the 2-core. The j th bead that requires pushing up, needs to be pushed

up by j places. This means when r > m and n < m + r, the partition v is
v=r—-mr—m-—1,...,3,21).

Figure |3.37| shows that when r < m, the number of beads that require pushing up
is m —r — 1, and the j th bead that requires pushing, needs to be pushed up by

7 places. This tells us that when » < m and n < m + r, the partition v is

v=m-r—1m-r—2,...,3,21).
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Lastly, Figure shows that when » = m the number of beads that need to be
pushed up to form the second runner of the abacus display of the 2-core is zero.

Therefore, when r = m and n < m + r, the partition v is the empty set. O

2m beads 2r beads

2m beads

r —m beads m — r beads

.... . ._‘...

?

(A)r>m (B) r<m (c)r=m

FIGURE 3.37: The second runner of 2-runner abacus display of A, (shown in
Figure [3.32) when r > m, r <m and r = m.

Theorem 43. The 2-quotient (p,v) of Apn, when n >m+r is

((T—m,r—m—1,...,1),(n,n—1,n—2,...,1)) when r > m,
((m—r—1,m—7‘—2,...,1)(n,n—1,n—2,...,1)) when 1 < m,

(@,(n,n—l,n—?,...,l)) when 1 =m.

Proof. The second runner in Figure tells us that the partition

v=(mmn—-—1n-2...1),
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when n > m + r. Figure shows that the number of beads in the first runner

depend on the parameters m and r. Therefore, the relative size of parameters m

and r needs to be considered in order to find the partition p. Figure [3.38| shows

how the first runner of Figure looks when » > m, r < m and r = m. A
comparison between Figures and shows that the partition obtained from

each sub-figure is the same for both figures.

2m + 1 beads

r —m beads

.... . ._‘...

?

(A) r>m

(B) r<m

2r + 1 beads

m — r beads

2m + 1 beads

(c)r=m

FIGURE 3.38: The first runner of 2-runner abacus display of A, ,, , (shown in Figure
3.35) when 7 > m, r <m and 7 = m.

3.3 The R, ,,(z) polynomials

It follows from (2.11)) that the 4-Okamoto polynomial

Qm,nm(z) = id Qs,t,u(_iz)>

(3.17)
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where d is defined in (3.3) and s,t and u are non-negative integers such that
A = Astu. For convenience, we introduce the polynomial R, ,(2) defined in

m,n,r

the following definition.

Definition 30. Define R, ,,,(2) as

. . m—1 . n—1 . r—1
Rm,nﬂ«(z‘) = 1d cm,n,TW({HeHM(—lz) }j:O 3 {H62+4j(—12> }j:0 ) {H63+4j(—12) }j:0 ) s
where ¢, - is defined in (3.2) and d is defined in ({3.3)).

It follows from ([3.17]) that there exists non-negative integers s,t and u such that

Qm,n,r (Z) = Rs,t,u(z) .

Our aim is to find the polynomials R;;,(z) using the partition \} The moti-

m,n,r"*

vation for studying the R, (z) polynomials is to check our findings on the blocks
formed by the roots of Q.. (2). We do this by confirming that there is a 90
degree rotation between the blocks formed by Q. ..-(2) and Qs (z). Figure
shows an illustration of the blocks A — G formed by the roots of @, ,.(2). Figure
[3.39 shows how the blocks in Figure [3.5] look after a 90 degree rotation.

Our aim is to find the polynomials Rg;,(z) equal to Q. nr(2). We can find the

*
m,n,r

parameters s, t and u using the partition A associated with Ry, (z). Remarks
[9) and [10] can be used to determine if parameters s, ¢ and u are equal and whether

t is the smallest parameter or not by looking at the number of single, double or

*
m,n,r:

triple terms in A The parameters s,t and u can be determined by looking

*
m,n,r*

at the number of single, double or triple terms in A To recap the term a
of Rs;.(2) denotes the smallest parameter out of s,¢ and u, the term b denotes
the difference between the largest and second largest parameter and the term c
denotes the difference between the second largest and smallest parameter out of
s,t and u. The largest parameter out of s,t and u is the term a + b + ¢, the

second largest parameter is a + ¢ and the smallest parameter is a. We can find

the parameter condition of R;;,(z) by looking at the difference in length between
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/\

Vo

N/

FIGURE 3.39: A 90 degree rotation of the blocks formed by roots of Q, pn r(2) shown

in Figure

row b and row b+ 1 and row b + 2¢ and row b 4 2¢ + 1 of the Young diagram of
N associated with R, (z). The results in Tables and can be used
as a criteria to determine the parameter condition of Ry;,(z). The parameter
condition of Rg;,(z) and Qs+4(2) are the same. Therefore, by considering the
parameter condition of R ,(z) we can determine the blocks formed by the roots
of Qs+u(z) using the results in Tables . Once we have determined the

blocks formed by the roots of Qs+, (2) we can check if there is a 90 degree rotation

between the blocks formed by the roots of Qu,n.r(2) and Qs+.u(2).
Theorem 44. When r > n > m the polynomials Qumn,(2) and R, r—m »(2) are

equal.

Proof. When r > n > m the conjugate partition of A, ,,, is

m

Ny = ({m +n—3j+7r+ 3}]:1; {(7“ —n+ 2])2}:::1; {(])3}::T)
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Since A}, when r > n > m contains single, double and triple terms it follows

from Remark |§| that the parameters of associated polynomial R;,,(z) are not

equal and the parameter ¢ is not the smallest parameter. This means Rs;,(z) is

*
m,n,r

either a case 1,4,5 or 9 polynomial. The Young diagram of A when r >n >m
can be found in Figure |3.40, The Young diagram in Figure consists of m
single rows, 2(n —m) rows that form a double row, and 3(r —n) rows that form a
triple row. Therefore, the term b =m, c=n—m and a = r —n of R, ,(z) when

r > n > m. This tells us that the parameters of R;;, (%) are r —n, r —m and 7.

m rows

2(n —m) rows

~EHH - HH

3(r — n) rows

*

FIGURE 3.40: The Young diagram of Ay, |, . when r > n > m. The brackets indicate
the number of rows in the diagram.

Figure shows that the difference between row b and row b + 1 is three, and
the difference between row b + 2¢, i.e. the shortest row that forms a double
row, and b + 2¢ + 1 is two. According to Table m R 1.(2z) must be a case 9
polynomial i.e u > t > s. Therefore, the polynomial in Figure is associated
with R,_p r—m, »(2).

Suppose we want to check the results in Table [3.31. We have proven that when

r>n >mie when @, (2) is a case 9 polynomial, it is equal to R,_, —m (%),
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which happens to also be a case 9 polynomial. Therefore, Q,_p,—m,(2) is a
case 9 polynomial. It follows from Table that the roots of Q,—pnr—mr(2)
form the blocks found in Table [3.32] A comparison of the results in Tables
and show a 90 degree rotation between the blocks formed by Q.. (2) and
Qr—nr—my(2) when r > n > m. This confirms that the results in Table hold

true.
Block Qmnr(z) with r >n>m
A m-triangle
B (r — n)-triangle
C (n — m)-triangle
D m X (n —m) rectangle
E (n —m) x (r —n) rectangle

TABLE 3.31: Blocks formed by the roots of Qp, pn r(2) when r >n > m.

Block Qr—nyr—mr(2) with r >n>m
A (r — n)-triangle
B m-triangle
C (n — m)-triangle
D (r —mn) x (n —m) rectangle
E (n —m) x m rectangle

TABLE 3.32: Blocks formed by the roots of Q,—p r—mr(2) when r >n > m.

Theorem 45. When m > r > n the polynomials Q. pnr(2) and Ry m—r—1, m—n—1(2)

are equal.

Proof. When m > r > n the conjugate partition of A, ,,, is

oo = ({8} om0 0},

J=1 J=1 J=1

Figure shows the Young diagram of A} , . when m > r > n. The Young
diagram in Figure [3.41] consists of single and triple row and no double rows. It
follows from Remark [10[that the parameters of the associated polynomial Ry, (%)
are not equal and that ¢ is the smallest parameter. This means Ry, (%) is either a

case 10 or 11 polynomial. Figure tells us that the term b = n+1, c = r—n and
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n + 1 rows

2(r — n) rows

3(m —r—1) rows

FiGURE 3.41: The Young diagram of A} when m > r > n. The brackets indicate

m,n,r
the number of rows in the diagram.

a=m—r—1o0f Ry;,(2). Therefore, the parameters of R;;,(z) when m >r >n
are m —1r — 1, m —n — 1 and m. Figure [3.41| shows that the difference between
row b and row b + 1 is one. It follows from Table that Rs;.(2) is a case 10

polynomial i.e. s > u > t. Therefore, when m > r > n the polynomials @, ,(2)

and R, m—r—1,m—n—1(2) are equal. O

Theorem 46. When n > r > m the polynomials Qunr(2) and Ry_pm n n—r—1(2)

are equal.

Proof. When n > r > m the conjugate partition of A, ,,, is

m

Arnr = <{m +n—3j+r+ 3}]‘:1; {(n —r—2j+ Z)Q}Z;TH% {(J)S};:I—l>

Figure shows the Young diagram of A; , . when n > r > m. The Young
diagram in Figure consists of single, double and triple rows. It follows from
Remark |§] that the parameters of the associated polynomial R;; ,(2) are not equal
and that ¢ is not the smallest parameter. This means Ry, (%) is either a case 1,4,5

or 9 polynomial. Figure tells us that the term b = m, ¢ = r — m + 1 and
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m rows

2(r —m+ 1) rows

3(n—r—1) rows

FIGURE 3.42: The Young diagram of A}, when n > r > m. The brackets indicate

m,n,r
the number of rows in the diagram.

a =n —r — 1 of the associated R;;,(z). Therefore, the parameters of Rg;.,(z)
when n >r >m, aren—r—1, n—m and n. Figure shows that the difference
between row b and row b+ 1 is three and the difference between row b + 2¢ and
b+ 2c+ 1 is one. It follows from Table that R, (%) is a case 5 polynomial
ie. ¢ > s > u. Therefore, when n > r > m the polynomials @, .(z) and

Ry, n,n—r—1(2) are equal. O

Theorem [46] tells us that when @, ,,(2) is a case 4 polynomial, i.e. n > r > m it
is equal to Ry,—m n, n—r—1(2) which happens to be a case 5 polynomial. Therefore,
Ry, n,n—r—1(2) is a case 5 polynomial, The blocks formed by the roots of Q, ,,.-(2)
when @, ,,(2) is a case 4 polynomial can be found in Table m The blocks
formed when @, (2) is a case 5 polynomial i.e. n > m > r can be found Table
. It follows from Table that the roots of Q,—, n,n—r—1(%) form the blocks
shown in Table [3.35] A comparison of the blocks in Tables [3.33] and shows a

90 degree rotation, as expected.

Theorem 47. The polynomials R ,(2) equal to Q. (2) for each of the thirteen
parameter conditions of m,n and r can be found in Tables and[3.37
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Block Qmnr(z) whenn >r >m

A m-triangle
(n —r — 1)-triangle
(r — m)-triangle
m x (r —m) rectangle

(r—m+1) x (n—r) rectangle

MmO aQl®

m-triangle when n > m +r
(n —r) x m trapezoid when n < m +r

G (n —r — 1)-triangle when n <m+r +1

m X (n —r — 1) trapezoid when n > m +r + 1

TABLE 3.33: Blocks formed by the roots of Qp, () when n > r > m.

Block Qm,nr(z) when n>m >r

A r-triangle
(n — m)-triangle
(m —r — 1)-triangle
(r+1) x (m — r) rectangle

(m —r —1) x (n —m) rectangle

MmO QW

r-triangle when n > m +r
(n —m) x r trapezoid when n < m +r

G (n — m)-triangle when n <m +r +1

(r+1) x (n —m) trapezoid when n >m +r +1

TABLE 3.34: Blocks formed by the roots of Qp, pn r(2) when n > m > r.

Block Qn-m,n,n—r—1(z) when n >r >m
A (n —r — 1)-triangle
B m-triangle
C (r — m)-triangle
D (n—7r) x (r—m+ 1) rectangle
E (r —m) x m rectangle
F (n —r — 1)-triangle when n > m +r
m X (n —r — 1) trapezoid when n < m +r
G m-triangle when n <m +r +1
(n —r) x m trapezoid when n >m+r+1

TABLE 3.35: Blocks formed by the roots of Qn—m, n,n—r—1(2) when n >r > m.

3.4 The discriminant of Q,,,,(2)

In Chapter 1, we discussed the discriminant of Yablonskii—Vorob’ev polynomials

Qn(2). Examples of the discriminant of @, (z) can be found in Table [1.3] The
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case | parameter condition | equivalent polynomial | parameter condition | case
no. of Qmnr(2) of Rs1u(2) of Rg1u(2) no.

1 m>n>r R m—r—1,m-n-1(%) s>t>u 1
4 n>r>m Rym nn—r-1(2) t>s>u
5 n>m>r Ry nn—r-1(%2) t>u>s 4
9 r>n>m Ry romr(2) u>t>s
10 m>r>n R m—r—1,m-n-1(2) s>u>t 10
11 r>m>n P R——C-) u>s>t 11

TABLE 3.36: Polynomials R, (z) that are equal to Q. nr(2) when m,n and r are

not equal.

case | parameter condition | equivalent polynomial | parameter condition | case
no. of Qmnr(2) of Rgiu(2) of Rgiu(2) no.
2 n>m=r Ry nn—r-1(2) t>s>u 5
3 m=mn>r Ro nn—r—1(2) t>u>s 4
6 m>n=r R m—n—1m-n-1(%) s>t=u 6
7 m=n=r Ry 0.n(2) u>s=t 12
8 n=r>m Ro r—m,r(2) u>t>s 9
12 r>n=m Ry prnr(2) u>s=t 12
13 m=r>n R, _pn0,r(2) u>s>t 11

TABLE 3.37: Polynomials Rs;,(z) that are equal to Q. nr(2) when two or more
parameters of out of m,n and r are equal.

general form the of the discriminant of @,(z) polynomials is given in Theorem .
This theorem is due to Roberts [74]. The general form the of the discriminant
of generalised Hermite and generalised Okamoto polynomials can also be found
in [74]. A generalisation of the discriminant of 4-Okamoto polynomials is not ob-
vious from results found by Roberts on the discriminate of generalised Okamoto
polynomials. This motivates us to investigate the discriminate of 4-Okamoto poly-
nomials. We start our investigation by considering 4-Okamoto polynomials with

equal parameters. Let Dis(Qynn(2)) be the discriminant of

Qnnn(2)

2k

Y
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where
n(n+1
SIS
is the multiplicity of the roots of @, ,.n(2) at the origin. Table shows the
prime factors of the Dis(Qy nn(2)) for n =1,...,8. The results in Table were
found using Maple. Table shows that the prime factors of the Dis(Qynn(2))
include the prime 2 and primes of the form (4x — 1) and (4z + 1). A comparison
of the discriminants in Table shows that the Dis(Qynn(2)) is negative for
certain values of n. Further examples show that the Dis(Q, n(2)) < 0 when n =

1 mod 4 or n = 2 mod 4. A comparison of the results in Table [3.38 show that the

powers of 2 are of the form
n?(n+1)?
5 .

Dis(Q111(2)) = —(2)*(3)

Dis(Q22,2(2)) = —(2)'*(3)°(5)(7)°

Dis(Qs,3,3(2)) = (2)™(3)*(5)(7)'°(11)°

Dis(Q4,4.4(2)) = (2)(3)*(5)°(7)**(11) " (13)°

Dis(Qs,5,5(2)) = —(2)*7(3)*7(5)(7)*(11)*(13) ' (17)7(19)°

Dis(Qs,6.6(2)) = —(2)*(3)%(5)*2(7)'* (11)™(13)® (17)*°(19)* (23) !
Dis(Qr,7,7(2)) = (2)°°(3)(5)*7(7)* (1) *(13)™ (17)*(19) ™ (23)*

Dis(Qs,s.5(2)) = (2)*°%(3)19%(5)" (7)1 (11)*7(13) 17°(17)%(19)11(23)™(29) ¥ (31) °

TABLE 3.38: Prime factors of the Dis(Qpnn(z)) forn=1...8.

Our aim is to find the general form of the Dis(Qpn.(2)). The discriminants in
Table [3.38| show that the “last” prime factor, i.e. the one furthest to the right is of
the form (4n—1) to some power, when forn = 1,2,3,5,6,8. Whenn =4andn =7
the term (4n — 1) are integers that are not prime, therefore, they are “missing”
from Table [3.38 The results in Table suggest that the Dis(Qp n.n(z)) for all
values of n involve an integer factor of the form (4n—1) to some power. The results

in Table show that the second to last prime factor of the Dis(Qy, nn(2)) is of
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the form (4n —3) to some power for certain values of n, and the third to last prime
factor is of the form (4n —5) to some power for certain values of n, and so on. This
suggests the j th to last integer factor of Dis(Qn..(2)) is of the form (4n—2j+1)
to some power. Table shows that the Dis(Qnn.(2)) for n = 1 and n = 2
involves 2n small primes. This includes the prime 2 and 2n — 1 odd prime. The
number of primes involved in the the Dis(Q;,n (%)) in Table suggest that the
Dis(Qn.n.n(2)) can be written as 2n integers to some power, where integers can be

prime or not prime. So far, we know that integer factor of the absolute value of

the Dis(Qnnn(2)) is

I (4n - 25 + )9, (3.18)

Jj=1

n2(n+1)2
2

| DiS(Qn,n,n(z)) |: 2

where G, (7) is to be determined.

Dis(Q1,1,1(2)) = —(2)*(3)

Dis(Q222(2)) = —(2)"(3)°(5)(7)°

Dis(Q3,3,3(2)) = (2)™(3)*(5)*(7)"° (11)°

Dis(Qa,4.4(2)) = (2)*°(3)%(5)°2(7)°*(11) " (13)°

Dis(Qs,5,5(2)) = —(2)*°(3)*(5)#3(7)™ (13)'%(17)7(19)°

Dis(Qe,6.6(2)) = —(2)™(3)%(5)**(7)'® (11)™(13)® (17)*°(19)™ (23)
Dis(Q7,7,7(2)) = (2)°(3)7(5)*7(7)*°(11)*(13)™ (17)® (23)*
Dis(Qs,5,8(2)) = (2)*9(3)1(5) %% (7)1 (11)*7(13) 1> (17)*(19)11° (20)°(31)"

TABLE 3.39: Prime factors of the Dis(Qp nn(2)) for n =1...8. Terms of the form
dn —1,4n — 3, 4n — 5, 4n — 7 and 4n — 9 to some power, have been coloured red,
blue, purple, green and orange, respectively.

The discriminants in Table show that when j = 1 and n > 1 the terms (in
red) are of the form

(4n — 1)* 1.
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When j = 2 and n > 2 the terms (in blue) in Table are of the form
(4n — 3)*3,
when j = 3 and n > 3 terms (in purple) are of the
(4n — 5)%14,
when 7 =4 and n > 4 the terms (in green) are of the form
(4n — 7)%"22,
and when j =5 and n > 5 the terms (in orange) are of the form
(4n — 9)t8n=95,
Further example show that when j = 6 and n > 6 terms are of the form
(4n — 11)18=73,
and when j =7 and n > 7 terms are of the form
(4n — 13)32n—140,

The results above tells us that when n > j terms of the form (4n —2j5 + 1) are to

the power of

J 47° + 27
om (<) - 2= 1
n(Z) TR (3.19)

when j is even and

(3.20)

on (FHLY 450465 +2)
2 12 '

when j is odd. Therefore, the Dis(Q, n.n(2)) involves two separte products, one
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for n > j and one for n < j. This means the integer factor of the Dis(Q, n.(2)) is

of the form
n2(ng1)? 2n—1 n
| Dis(Quan(2) =272 ] (4n—2j + )OO ] (4n—2j +1) 9nG)| (3.21)
j=n+1 7j=1

where F,,(j) is to be determined. It follows from ({3.19) and (3.20)) that

6.) = 2n[3])" - AL 5.2

Our aim is to now determine F,,(j). We know that when n > j terms are of the

form

[n—2j+1) G(m), (3.23)
7j=1

where G(n) is defined in (3.22). We can use (3.23) to find “missing terms”, i.e.

integers that are not prime that are to the power of another integer. We can find
missing terms by dividing the prime factors of the Dis(Q,n.(2)) by the terms
obtained from ([3.23)). For example, Table m shows that the prime factors of the

Dis(Qsa.(2)) = (2)2(3)(5)*(7) °(11". (3.24)

According to (3.23)) the Dis(Q333(2)) includes the term (9)3. If we divide (3.24)
by (9)% we get
(2)™(3)*(5)(7)"(11)”.

This tells us that the Dis(Q333(2)) is

Dis(Qs5(2)) = (2)™2(3(5)*(7)"°(9)* (11"

If we continue this process of dividing the prime factors of the Dis(Qnn.(2) by
terms obtained from (3.23|) we find the results in Table The highlighted
terms in Table are the terms obtained from (3.23|) when j = n. The terms

in Table where j > n do not contain any missing terms. The terms in Table
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mwhere j < n do contain missing terms. For example, according to (3.21]) when
n > 5 the Dis(Qn.nn(2)) includes terms of the form (9)7»). Our aim is to now

determine F,, (7).

Dis Q171 1\2)) = —(2)2(3)
Dis(Q22.2(2)) = —(2)18(3)9(5)(7)3
Dis(@s3,3(2)) = (2)72(3)

(@1.11(2))
(Q222(2))
(@3:3(2)) 2(5)(7)°(9)*(11)°
Dis(Qa4.4(2)) = (2)*(3)*(5)2(7)*(9)"*(11)"(13)(15)"
(@s55(2)) = —(2)°(3)"77(5) (7)™ (11)* (13) " (17)7(15)*(19)"
(Qo6.6(2)) = (3)7(5)
(Q77,7(2))

Dis(Q555(2 —( (
Dis Q6,6,6 > (2)882 )357(5 169( )160(11)75(13)35(15)53(17>26(19)34(21>9(23)11
Dis Q7,77 2)) = (2)1568(3)621(5)261(7)266(11)159(13)79(15)84(17)53(19)71(21)34(23)42

(25)11 (27)13

TABLE 3.40: Prime factors of the Dis(Qpnn(2)) for n = 1...7 including with all
terms of the form of (3.23]). The terms highlighted in yellow are the terms obtained
form (3.23) when j = n.

Table [3.40] shows that when n = 2, 3,4, the powers of 3 are equal to
6n> — 10n + 5.
Similarly, Table shows that when n > 3, the powers of 5 are of equal to
10n* — 38n + 37
and when n > 4, the power of 7 are equal to
14n* — 76n + 112.
Let us assume that the powers of 3 for n > 2 are of the form

6n® — 10n + 5.
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We can find the missing terms of the form (9)7#() by diving the results in Table
for n > 5 by

(3)6n2710n+5.

For example, Table [3.40| shows that the
Dis(@s.55(2)) = —(2)"7(3)"77(5)""(7)™(11)*(13) " (17)7(15)*(19)°".
Dividing this result by (3)63)°~10G)+5 j e by (3)19 gives
—(2)°(3)™(5)” (7)™ (11)*(13)*(17)"(15)*(19)°,
which is equivalent to
—(2)"(9)(5)” (7)*™(11)*(13)*(17)"(15)*(19)".
Therefore, we find that the
Dis(@s.5,5(2)) = —(2)"°(3)"(5)"(7)™(9)* (11)*(13)*(17)"(15)*(19)".

Continuing this process of finding missing terms of the form (9)”»0) where n > 5
gives the results in Table [3.41. The results in this Table do not contain any

missing terms.

The general form of F,,(j) is unclear from the results in Table m For conve-

nience, we now write the product

2n—1
I @n—-2j+1)"0 (3.25)
j=n+1
as
n—1 _
[en -2+ 170 (3.26)
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(253 E) )

2(3)(5) (1) (9)° (11)°

200(3)%1 (5)1°(7)2(9)10(11)** (13)° (15)7

—(2)1%0(3) 105 (5)"7 ()2 (9)* (1) (13)!8(17)7(15)19)°
—(2)%82(3)%1(5)!%°(7)1%°(9) (1) (13)5(15) % (17)%(19) (21)° (28!

1568(3)229(5)261 (7)266(9)196(11)159(13)79(15)84(17)53(19)71(21)34(23)42
(25)11(27)13

o
n
/N /N /N /N /N —~
Ny
i~
=~
— — — —
N
R T N S—
N - = — - — N
—
[\
~ /\/\\/ \//-\ —~

TABLE 3.41: Factors of the Dis(Qnnn(z)) for n = 1...7 with no missing terms.
The terms highlighted in yellow are the terms obtained from (3.23) when j = n.

Table [3.42] gives examples of terms of the form of (3.26).

n|j=11]j=21]35=3
2 | (3)° - -

31 () | 3% -

41 (M2 | e | e

5.0 9% | m® | (57

6 (11)75 (9)98 (7)160
7 (13)79 (11)159 (9)196
8 (15)146 (13)175 (11)287
9 (17)150 (15)268 (13>323
10 (19)253 (17)284 (15>450

TABLE 3.42: Terms of the form of (3.26) in the Dis(Qy n.n(2)) for n = 1...10 with
j=1,j=2andj=3.

The results in Table show that when j = 1 and n = 2¢, where ¢ is a non-

negative integer,
~ 4 23
For(1) = gt?’ + 2% + 3-2
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and when n = 2t + 1,
~ 4 23
Fory1(l) = gtg + 2% + gt + 2.
This tells us that when n is even
~ 4 rn\3 n\2 23 /n
ORI RE T :
Fa(1) 53 + 5 + 3 \3 (3.27)
and when n is odd
]?(1)_4 n—1\" N 2+23 -1\, (3.28)
32 2 3 2 '
Table B.42] shows that
~ 4 95
For1(2) = =t + 48 + =t — 8,
3 3
and
~ 4 95
Fori2(2) = §t3 + 482 + ?t + 8.
Therefore, when n is even
f()_4 n—2 3+4 n—2\> 95 (/n—2 s (3.20)
32 2 3 2 ’ '
and when n is odd
~ 4 (n-1\° n—1\> 95 /n—1
W(2) = = 4 — — )
]—"()3(2)+(2)3(2)8 (5.30)

Similarly, the results in Table [3.42 show that

~ 4 215
Forro(3) = §t3 + 6t% + Tt — 18,

and

~ 4 215
F2t+3(3) = gtg -+ 6t2 + ?t + 18
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This tells us that when n is even

=32 () F () o

and when n is odd

ﬁn<3):§(";3)3+6(";3)2+¥(";2)+18. (3.32)

A comparison of the polynomials of the form f2t+a( ), where v is a positive integer,

shows that the coefficient of 2 is 27, and the coefficient of t° is either 252 or —2j2.
The polynomials that we have seen so far, show that the coefficient of ¥ is 252
when n + j is even, and —2;% when n + j is odd. A comparison of the terms in

(3-27)-(3.32)) shows that the terms inside the parenthesis are of the form

Exl

The results in (3.27))-(3.32)) and examples with large values of n and j show that
Fy =t (i 3+2. n—j 2+24j2—1 n=01\ 4 g_qyap2
TR T2 T\ 2 3 2 I

Conjecture 1. Let Dis(Q,,.n(2)) be the discriminant of

Qn,n,n('z)
k Y
z

where
b — n(n + 1)7
2

is the multiplicity of the roots of Q,,.(2) at the origin. Then the Dis(Qynn(2))

is given by

2(p41)2 _

| Dis(Quun(2)) =277 (20 —2j + 1)@ J](4n - 25 + 1)%0)
7j=1

J=1
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() (T (e s

N 3 9 9 ; :
5o J 45° + 35 — 357 (—=1)7 +2j
g"(j)_Qn([ED - 12 '

The Dis(Qnnn(z)) < 0if and only if n =1 mod 4 or n = 2 mod 4.

Conjecture [I] has been checked for n = 1,...,25. A problem that remain open is
to find the discriminant of 4-Okamoto polynomials for all parameter conditions of

m,n and r.



Chapter 4

Conclusion

The aim of this thesis was to explore properties of the generalised Okamoto poly-
nomials and the 4-Okamoto polynomials. I found that the structures formed by
the roots of generalised Okamoto polynomials and 4-Okamoto polynomials depend

on the relative size of the parameters of the polynomial.

In Chapter 1, we discussed that Veselov [79] conjectured that all Wronskians of
Hermite polynomials arise in connection to rational solutions of one of the Ay-
Painlevé system. Filipuk and Clarkson [33] investigated rational solutions of the
Ay-Painlevé system and found that some rational solutions of the system can be
expressed in terms of the 5-Okamoto polynomials. Figure |4.1 as well as other
plots, show that the roots of the 5-Okamoto polynomial @y, s(2) form A blocks,
i.e. equilateral triangle blocks that lie on the imaginary axis, of size a. Where
a denotes the smallest parameter of the polynomial. We saw that the roots of
the generalised Okamoto polynomials @, ,(z) and the roots of the 4-Okamoto

polynomials Q,..-(z) also form A blocks of size a.

Figure shows that similar to the blocks formed by the roots of 4-Okamoto
polynomials, the roots of the 5-Okamoto polynomial also form B blocks, i.e. equi-
lateral triangle blocks that lie on the real axis and C' blocks, i.e. equilateral triangle

blocks that lie in each quadrant of the complex plane. The size of the B and C

150
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FIGURE 4.1: Plot of the roots of @39 .10,14(2).

blocks in Figure suggests that the relative size of m,n,r and s has an affect on
the size of blocks formed by the roots of 5-Okamoto polynomials. The other blocks
that can be seen in Figure[4.1]are more complicated than the blocks formed by the
roots of 4-Okamoto polynomials. A problem that remains open is to determine

the blocks formed by the roots of 5-Okamoto polynomials.

In this thesis, I studied the families of partitions associated with the generalised
Okamoto polynomials and the 4-Okamoto polynomials. I found that the parti-
tions associated with @, ,(2) are 3-core partitions and partitions associated with
Qmnyr(2) are 4-core partitions. It follows from the Wronskian definition of the
5-Okamoto polynomials Qp,rs(2) (defined in Definition @ that the family of
partitions associated with the 5-Okamoto polynomials are 5-core partitions. By

the definition of @, 5. s(2) the partition X associated with 5-Okamoto polynomials

Qnnnn(z) is
= ({0r)
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Veselov’s [T9] conjecture motivates us to investigate properties of the Wronskian

of Hermite polynomials. Let us define the N-Okamoto polynomials as the

W({HeHNj(z)};:(;l {Heaow; ()} 7205 {Hewonps(2) )10 ) (4.1)

It follows from (4.1]) that the family of partitions A associated with N-Okamoto
polynomials are N-core partitions. The partition A associated with N-Okamoto

polynomials with parameters equal to m is

= ({07

The conjugate of this partition is

A = ({(N—1)m—(N—1)j+N—1}m )

j=1
An interesting task for the future would be to investigate properties of the N-

Okamoto polynomials. For example, the blocks formed by the roots of N-Okamoto

polynomial in the complex plane and the discriminant of N-Okamoto polynomial.

In this thesis, I determined the general form of the discriminant of 4-Okamoto
polynomials with equal parameters. A problem that remains open is to find the
discriminant of 4-Okamoto polynomials for all parameter conditions of m,n and

r.

Another interesting open problem is how the 4-Okamoto polynomials relate to

rational solutions of the Painlevé equations.
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