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Abstract

In this thesis we explore how moving frames can be applied to variational prob-
lems and symmetry reduction. First we consider the difference variational cal-
culus. We show how the recently-developed difference prolongation space can be
used to find a moving frame applicable to partial difference equations. This is
used to develop the invariant difference calculus of variations for partial difference
equations, which includes finding the Euler-Lagrange equations in an invariant
form. Moreover, we use the infinitesimal and adjoint action to write the conver-
sation laws for partial difference equations in terms of invariants and the adjoint
action. Using difference forms, new formulas for the invariant Euler-Lagrange
equations are found. Several different Lie group actions on the dependent vari-
ables are explored throughout.

This is extended from the standard rectangular mesh to include meshes con-
structed from non-rectangular tilings of the plane, looking particularly at the
snub square tiling as a running example.

We define the differential-difference moving frame, using recent results on
differential-difference structure. With this we develop the invariant differential-
difference calculus of variations. This enables us to find the invariant formulation
of differential-difference Euler—Lagrange equations for several different types of
Lie group actions, including actions on an independent variable.

Finally, we expand the applicability of the moving frames symmetry reduction
algorithm for ordinary difference equations. Currently, this does not address Lie
group actions that depend on the independent variable, nor can it deal with
partitioned difference equations. We give a framework in which these equations
can be analysed and discuss differences and similarities between the canonical

coordinates method and moving frames method.
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Chapter 1

Introduction

Since the modern development of moving frames by Fels and Olver [7, 8], finding
different Lie group invariants such as differential invariants, joint invariants, and
semi-differential invariants has become more algorithmic. In addition to this there
has been the development of several practical applications, see [29] by Olver. For
example in computer vision, moving frames have been used in a program that
automatically assembles apictorial jigsaw puzzles. Also moving frames have been
applied to practical image processing with a focus on medical imaging like, for
example, an MRI scan. Additionally, moving frames are used for invariant numer-
ical approximations within the study of symmetry-preserving numerical methods
(geometric numerical integration/structure-preserving algorithms). This gears
the motivation to consider moving frames for difference equations.

This thesis extends the theory of moving frames developed by Fels and Olver
[7, 8] to variational problems and symmetry reduction. In particular, we use
moving frames to determine the calculus of variations in terms of invariants of a
Lie group action. This problem has been resolved for differential equations (with
a Lie group action on the independent and/or dependent variables) by Kogan
and Olver [19]. With L* the invariant form of the Lagrangian, they showed that
the Euler-Lagrange equations of partial differential equations (PDEs) have the
invariant form

A*E (L®) — B*H (L*) = 0,

where £ (L") is the invariantized Eulerian, H (L*) a suitable invariantized Hamil-



CHAPTER 1. INTRODUCTION

tonian and A*, B* certain invariant differential operators. Formulas for each of
these components are given by Kogan and Olver [19]. The invariant calculus of
variations for ordinary difference equations (OAEs) has also been resolved by
Mansfield et al. [26], who found that the original Euler-Lagrange equations in

invariant form are equivalent to

HE, (L) = 0.

Here H* is a matrix of linear difference operators and E,, (L") is a column vector
of the Euler operators of L" with respect to some generating invariants «. The
method in both these papers starts by writing the Lagrangian in terms of the
invariants of the Lie group action. This is done by using the moving frame and
the replacement rule given by Fels and Olver [8].

Although the papers by Kogan and Olver [19], and Mansfield et al. [20]
reached their desired outcomes, the methods used to attain their results are quite
different. For PDEs, Kogan and Olver [19] introduce the invariant variational bi-
complex, which is an invariant version of the variational bicomplex introduced by
Anderson |1} 2]. For OAEs, Mansfield et al. |26] use a method based on intro-
ducing an additional dummy variable, which was originally used in a textbook
on invariant calculus by Mansfield [22]. In this book, it was shown, by letting the
dependent variables depend on an additional variable, that the Euler-Lagrange
equations could be written in terms of invariants of the Lie group action when
the Lie group acts on the dependent variables.

Currently, there is no known Lie group invariant formulation of the Euler—
Lagrange equations for partial difference equations (PAEs) or for differential-
difference equations (DAEs). PAEs with two independent variables typically lie
on a regular square tiling. A generalization to other types of tilings has not yet
been considered.

Several applications in the physical world can be modelled by PAEs and
DAESs, see the difference equations book by Hydon |15] for some PAEs exam-
ples. Therefore, it would be good to have an invariant formulation of the Euler—

Lagrange equations for these different types of equations. So a natural question



arises. “Is it possible to find an invariant formulation of the Euler-Lagrange
equations for PAEs and DAEs?”

In this thesis, we derive the Lie group invariant Euler—Lagrange equations for
PAEs on a rectangular lattice and a non-rectangular tiling of the plane and indi-
cate how this can be extended to various other tilings. For DAEs, we construct
the invariant calculus of variations for Lie group actions on the dependent vari-
ables. We also find the invariant Euler-Lagrange equation of a DAE with a Lie
group action on one independent variable only. Considering only one independent
continuous variable and one dependent variable, the invariant Euler—Lagrange
equation for a Lie group action on both continuous variables is found.

To achieve these results, we begin by looking at the PAEs case using the
method in the OAEs paper [26], that is, using an additional dummy variable.
Then we look at the same calculations using a difference version of the invari-
ant variational bicomplex. This is constructed from the difference variational
bicomplex introduced in a paper by Hydon and Mansfield |[17]. From here the
two methods can be compared showing many similarities between them. From
this point, either method can be used to find the formula of the invariant Euler—
Lagrange equations.

In addition to finding the invariant Euler—Lagrange equations for various types
of equations, we also construct conservation laws of PAEs by developing an equiv-
ariant form of Noether’s Theorem. Mansfield [22] showed that for ODEs the con-
servation laws could be written in terms of the moving frame and the invariants
of the Lie group. Similar methods for PDEs have been developed by Gongalves
and Mansfield in several recent papers [9, 10, [11], using extensions to the original
method. Very recently, the method of introducing an additional variable to find
the conservation laws has progressed from PDEs to OAEs in two papers 25} |26],
where both linear and semi-simple actions were explored.

At present, it is unknown whether or not a similar formula exists for writing
the conservation laws of PAEs in terms of invariants and the moving frame. Con-
servation laws are important for many reasons, including the fact that if a PAE
is the Euler-Lagrange equation for a variational problem then the conservation

laws are linked with variational symmetries by Noether’s Theorem for PAEs (see
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[15]). The goal is to find a similar formula for the conservation laws of PAEs
using the same approach as seen in the OAEs paper by Mansfield et al. [26].

To finish this thesis we consider symmetry reduction. Symmetry reduction
of ODEs was first described by Lie (see the texts by Olver |28, Bluman and
Anco [5] and Hydon [16]). This approach is known as the canonical coordinates
method, and it involves finding the invariant and equivariant components of a
particular equation. This method has been extended to OAEs in the difference
equations book by Hydon [15]. Benson and Valiquette [4] recently showed that
the moving frame can be used for symmetry reductions of OAEs. It was also
shown by Valiquette [34] that symmetry reduction can be done for ODEs by
moving frames. At present, the OAEs theory requires the Lie group actions not
to depend on the independent variable. Additionally, the theory for partitioned
OAEs, as defined in the difference equations book by Hydon [15], has not been
studied yet.

Many OAEs have Lie group actions that depend on the independent variable
so these must be considered. Therefore, we extend the moving frames method by
Benson and Valiquette [4] to include these Lie group actions. Furthermore, we
show how to apply this method for partitioned OAEs. A thorough comparison
of symmetry reductions of OAEs by moving frames and canonical coordinates
methods is also given.

Here is a summary of the topics covered in the rest of the thesis. In Section
the difference prolongation space is explained in detail; this space is the foun-
dation of the difference moving frame theory. Section introduces difference
calculus of variations and gives some key results from the literature, including
the difference case of Noether’s theorem. Section defines the Lie group ac-
tion and gives the linearized symmetry condition, which is used to find the Lie
group symmetries of an equation. Section describes the current knowledge
of moving frames and explores how we get from using a moving frame which is
useful for the continuous case to one adapted to the discrete case. This will in-
clude the most important extension for us, the difference moving frame. Section
2.5| presents the main proposition of the chapter, which explains how the Euler—

Lagrange equations can be calculated directly in terms of invariants of the Lie



group action. Section [2.6] uses difference forms, which are comparable to differ-
ential forms, to complete the proof of the main proposition in Section It also
gives rise to two new formulae for the invariantized Euler—Lagrange equations.
Indeed, this section amounts to the difference form version of what is shown by
Kogan and Olver [19]. A running example is used throughout these sections to
help with understanding these concepts. In Section |2.7] one of the new formu-
lae for the invariantized Euler-Lagrange equations is used to revisit an example
from the OAE paper [25]. In Section we look at the same Lagrangian and
explore some of its different Lie subgroups. These include a one-parameter Lie
group of translations, a two-parameter Lie group of translations, a 4-parameter
Lie group of scalings and translations, and the projective SL(2) action which is
a semi-simple group action. The Lie group action depends on the independent
variables in both the two-parameter Lie group of translations example and the
4-parameter Lie group of scalings and translations example. When the Lie group
action depends on the independent variables some additional complications can
occur. For each example, the calculations to find the invariant Euler-Lagrange
equations are shown. Also, we show how changing the normalization can change
the difficulty of some of the computations. Section [2.9]discusses infinitesimal gen-
erators and the adjoint action, which is used to help formulate the conservation
laws in Section 2.101

In Chapter [3] the extension to non-rectangular tilings of the plane is con-
sidered. To help explore this topic the snub square tiling is used as a running
example; the prolongation space for this is described in Section (The pro-
longation for other regular and semi-regular tilings is outlined in Appendix )
Then in Section the difference variational calculus on non-rectangular tilings
is discussed. Most of this section is an extension of the rectangular case with some
subtle differences, so some details are omitted. Section defines a difference
moving frame on a non-rectangular mesh and explains how this is used to extend
the definitions and propositions in Chapter The last section in this chapter,
Section lays out the definition of difference forms on a non-rectangular mesh,
proves the formula for the invariant Euler-Lagrange equations on non-rectangular

mesh and provides a simple example to illustrate the theory.
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Chapter [4 extends the theory by considering different variational problems
for differential-difference equations (DAEs). Section [4.1] explains the differential-
difference structure developed very recently by Peng and Hydon [32]. This ex-
tends the difference prolongation space in Chapter [2] to include a differential
structure. In Section the difference moving frame is extended to include
DAEs. Then we consider the differential-difference calculus of variations in Sec-
tion Section [£.4] explains how to obtain the invariant differential-difference
Euler-Lagrange equations, for several Lie groups.

Chapter [5] considers the use of moving frames to reduce and solve OAEs. In
Section [5.1| we introduce the inductive moving frame construction that is used for
the moving frame reduction of OAEs with a solvable symmetry group. Inductive
moving frames have been developed across many papers [4, |18, 30} 33, 34] of which
the most important for us is the OAE reduction theory introduced by Benson
and Valiquette [4]. Section [5.2|adapts this theory to the difference moving frame,
enabling group actions to involve the independent variable. This section includes
theory and examples for both one-parameter and multi-parameter solvable sym-
metry groups. Section [5.3| explores more examples, including a third order OAE
with a solvable symmetry group of dimension three. The theory of symmetry
reductions using moving frames for systems of OAEs is discussed, with an ex-
ample, in Section Section gives the reduction method and an illustrative
example for partitioned OAEs. To conclude this chapter, Section discusses
some of the positives and negatives of the moving frame method compared to
the canonical coordinates method. All of the examples in this chapter are OAEs
that have a Lie group that depends on the independent variable.

Finally, Chapter [6] gives some conclusions and potential future areas of re-
search.

Throughout this thesis, propositions and lemmas represent new results found

and theorems represent current results in the literature, as cited.



Chapter 2

Variational partial difference

equations: rectangular mesh

This chapter extends the invariant calculus of variations theory from ordinary dif-
ference equations (OAEs) to partial difference equations (PAEs). This includes
the difference moving frame, differential-difference invariants and syzygies, the
invariant formulation of the Euler-Lagrange equations, and conservation laws.
This newly extended theory is illustrated by several examples. The most novel
material is in the section where the invariant formulation of the Euler-Lagrange
equations is found using difference forms. This is then related to the existing

method of finding the invariant formulation of Euler-Lagrange OAEs.

2.1 Difference prolongation space

In the differential case, one can represent differential equations on a connected
space using independent variables, dependent variables, and derivatives of the de-
pendent variables (see [28]). As for the differential case, it is important to obtain
a connected space to represent difference equations. The difference prolongation
space achieves just this. We now outline the construction of the difference pro-
longation space for the case of one independent variable [26] and more than one
independent variable [32].

The total space in which solutions of the difference equations lie is ZP x R,

where the coordinates of the independent variables are n := (nl, n?, ..., np) S/
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L
L. b
(b)

(a) OAES. PAES

Figure 2.1: The total space for OAEs (Figure [2.1a]) is 7 = Z x R and the total
space for PAEs with 2 independent variables (Figure D is T =7° xR.

and the dependent variables are u := (ul,uQ, ...,uq) € R9. As an example in

Figure a diagram of the OAEs total space (with one dependent variable)
(Figure and PAEs total space (with one dependent and two independent
variables) (Figure is shown.

We give here some definitions found in [15] that will help define a product
lattice. For many difference equations, the independent variables do not take all
possible values in ZP. When p = 1, the domain is a set of consecutive points in 7Z;
such a set is called a discrete interval, whether or not it is finite, that is, either the
domain D = Z or some finite discrete interval D = [ng,n1]| N Z, where ng,ny € Z
with ng < ny. The simplest p-dimensional analogue of a discrete interval is the
Cartesian product of p discrete intervals called a box. Now we introduce a valid
lattice map, which is a map that does not shuffle points arbitrarily because the
image of the lattice must be the Cartesian product of p copies of Z. A valid
lattice map is a bijective change of the independent variables that preserves the
structure of the lattice. Then a product lattice is any set of points in ZP that can
be mapped to a box by a valid lattice map.

The total space is disconnected; therefore, finding a connected representation
of this space, over each base point m, is necessary to relate values of u on different

fibres. Consider the horizontal translation
T :ZP xRY - 7P xR, Tk :(n,u)~ (n+K,u),

where K € ZP is a multi-index. Let u§ denote the value of u® on the fibre

n + J. The total prolongation space is ZP x P (R?), with coordinates (n,uy),
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where u§ : P(R?) — R are functions. Furthermore, we extend the translation

operator to this space

Tk : (n, (ug)) = (n+ K, (ug)).

Thus, it is possible to move a prolonged dependent coordinate from one fibre to
another using this same horizontal translation. It is also possible to construct a
copy of the prolongation space P (R?) over each n; this prolongation space on n,
denoted by P, (R?), contains the values of u on all fibres. The prolongation space
allows us to represent values of u on different fibres onto a single fibre. To do
this we introduce the pullback. Given f is a (locally smooth) function on P (R?)

with its restriction to P, (R?) denoted

fo ((u5)) = f (0, (uf))

the pullback Ty of fuik ((u3)) to Pa (R?) is

Ti fork ((ug)) = f (0 + K, (u5,x)) -

Therefore, the pullback by Tk takes uj on n + K to the function uf, g on n.
Finally, the shift operator is the operator on each continuous fibre P, (R?) that

mimics translation by K, i.e.,

Sk /[ (n, (u§)) = f (n+ K, (uf,x)) -

Therefore, the shift operator relates to the pullback as follows: Sk fn := Tk fa+K-

From now on the prolongation space over n is used to represent all values of u

on different fibres onto a single fibre. Here the fixed n is called the base point.
Before we discuss difference variational problems, we need to define what is a

regular domain D, [15]. To do this, let

A(m,n,{u;;: (i,j) € S}) =0

be the PAE with (m,n) € D and S a non-empty finite set, called the stencil
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of the PAE. Here we consider two independent variables but can extend this to
more if required. For any PAE the stencil at (m,n) is denoted by S (m,n) and
is obtained by evaluating A = 0 at (m,n) and finding the stencil of the resulting
expression. A border is a line in (4, 7)-plane, [; (k), that includes at least two
points of § and is not straddled by S. A vertex is a point that belongs to two
distinct borders, so each border contains exactly two vertices. Any point (m,n)
at which at least one vertex of S does not belong to S (m,n) is called a singular
point. A regular domain D for a given PAE is a product lattice that has no
singular points (for more details, see Chapter 4 of |15]).

For the rest of this thesis, we omit neighbourhoods of singularities and treat n
as fixed, using the shift operator to represent structures over different base points
m. The difference prolongation space allows us to introduce key definitions and
theorems for the difference calculus of variations. We use the Einstein summation

convention to denote sums over all variables other than n where this is possible.

2.2 The difference variational calculus

The definitions and results in this section can be found for PAEs in Chapter
6 of the difference equations book by Hydon [15] and for OAEs in Section 3
of the paper by Mansfield et al [26]. We first write the Euler operators and
Euler-Lagrange equations in terms of shifts and derivatives. A system of PAEs
is a given system of relations between the quantities ug j, for each multi-index
J= (jl, ...,jp) . For convenience we write J = j*1;, where 1; is the multi-index
whose k' entry is 1 and whose other entries are 0. The system will hold for
all n in a given product lattice, which may or may not be finite, so we can
suppress n and use the shorthand notation as before of u§ for u® (n+ J) and ug
for u(n+ J). As noted in the last section n is taken to be the base point. From
now we often drop the multi-index 0 when representing variables at n; however,
where the multi-index adds clarity it will be included. For any multi-index J,
the corresponding shift operator is Sy = S{l e Sip , where S; := Sy, denotes the

forward shift with respect to n’. Specifically, the forward shift operator in the

10
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k

direction n” is

Sk :(n, f () = (n+ 1y, f (0 +14)),

for all functions f whose domain includes n and n + 1;. Consequently,
Sk:ru—uy,, Sg:ugeugyy,,
on any domain where these quantities are defined. The identity operator is
id:n+— n, id: f(n)— f(n), id : u§ — u§,

and the forward difference operator in the direction n is

D, i = Si —id.

A difference divergence is an expression of the form Div (F) = D, x F* for some
F = (Fl, ey Fp). These are all the essential definitions for us to start looking
at difference variational calculus, as introduced by Kupershmidt [20].

The basic variational problem is to find the extrema of a given functional

L] =) L(n,[u]), (2.1)

with [u] representing finitely many shifts of the dependent variables. Throughout
this thesis, L = L (n, [u]) is used to denote the Lagrangian in terms of the original
variables u and their shifts. While L* = L" (n, [k]) denotes the Lagrangian in
terms of generating invariants k and their shifts. The sum is over a regular domain
D, which may be unbounded, if it is bounded u is prescribed at the boundaries
of the domain. From here on, we work formally assuming the boundary terms
do not contribute. The extrema can be found for variational PAE problems by
requiring that

=0,
e=0

{iﬁ [u + ew] }

for all w : Z? — R? that vanish on the boundary (or in the appropriate limit,

where the domain is unbounded). Consequently, the variation of £ [u] in the

11
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direction w is

=" w"Bya (L) + Div (Ay (n,w)), (22)

where S_y = S7715;72 ... 5,7 and

0
Eyo =S_j——
S J(‘)u.of

is the Euler operator with respect to u®. This was derived by Kupershmidt in
the book on discrete Lax equations and differential-difference calculus [20]. To

derive (2.2)), the summation by parts formula,

(Saf)g=f(S—39) + (Ss —id) f (S-39) (2.3)

for each J, is used. Hence, the last term in (2.2)) is

Div (Ay (n,w)) = > (Sy — id) w*S_; <£§> :

J
This can be written into the form D, ; (A% (n, [u]) w®), with difference operators
Al (n,[u]) for i = 1,...,p. It is known that the extrema satisfy the following
system of Euler-Lagrange (difference) equations

Eyo (L) =S_3 <§é> = 0. (2.4)

Each E,o depends on only n and [u]. Note if we let the dependent variable
depend on an additional independent variable ¢ one can achieve the same result
using

L[u] =0, (2.5)

(u®) =we

dt

where (u®)" = du®/dt. The following sections will show how to find the invari-

antized version of the Euler—Lagrange equations using a similar method.
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2.2. THE DIFFERENCE VARIATIONAL CALCULUS

Certain variations w in are important in relation to the Lagrangian. For
a particular Lagrangian L, certain variations Q are linked with the symmetries
of the Lagrangian. The variations Q linked with symmetries of the Lagrangian
will leave the Lagrangian invariant up to a total difference term. Now we define

the symmetry condition for a Lagrangian, L. = 0.
Definition 2.2.1. Suppose that a nonzero function Q satisfies

oL

— = D, B" (n,u), where Q§ = S3Q%, (2.6)
ou§

Q5 (n,u)

with potentially some or all B’ (n,u) being equal to zero. Then the Lagrangian
L is said to have a variational symmetry (this is shorthand for a one-parameter
local Lie group of variational symmetries, see [28]) with characteristic Q. The

Lagrangian is invariant under this symmetry if B* = 0 for all 1.

In this thesis, we only consider symmetries which leave the Lagrangian in-
variant. Section 9 of the OAE paper [26] explains how to deal with variational
symmetries for which not all B? are zero. An extension of this method to PAEs
is trivial.

More details on the relationship between symmetries and characteristics are
discussed in Section 2.3]and Section 2.9 The next theorem is Noether’s Theorem
for PAEs, which outlines the importance of symmetries and their relationship to

conservation laws.

Theorem 2.2.2 (Difference Noether’s theorem). Suppose that a Lagrangian L
has a variational symmetry with characteristic Q # 0. If @ = u is a solution of

the Euler-Lagrange system for L then
(Di{ AL (n,[u]) Q% = B (n,w)}) |u=u = 0. (2.7)
Proof. Substituting Q@ for w® in (2.2)) and using

Div (Ay (n,w)) = D,i (A% (n, [u]) w®)

13



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

gives

Q" (1,1) Eye (L) + D,y (4] (m, [u]) Q%) = Q5 (n, ) ({f@z ~D,.B (n,u).

The result follows immediately. O

The expression in is a conservation law for the Euler—Lagrange system.
Note for difference equations (and differential-difference equations) transfor-
mations in addition to Lie point symmetries are possible. For example, one
can use a lattice transformation of the form n = An + ng, where the matrix
A € GL, (Z) and ng is a column vector with p rows, (see [15] for more details).

However, only Lie point symmetries are considered here.

2.3 Lie group actions and symmetries

This section details some of the basic facts about Lie group actions and Lie
symmetries, in particular, what they are and how to find them. To start we

introduce the definition of a Lie group action using [35].

Definition 2.3.1. Let M be a manifold, and let G be a Lie group. A C* map

G x M — M such that

19192, 2) = p (g1, 1 (g2, 2)), n(e z) =z, (2.8)

for all g1,g92 € G, e the identity element of G and z € M is called an action of
G on M on the left. If the map p: G x M — M is an action of G on M on the
left, then for a fixed g € G the map z — p (g, z) is a diffeomorphism of M, that
is, a smooth invertible map whose inverse is also smooth. Similarly, a C'>° map

w: M x G— M such that

p(z,9192) = p(p(z,91) 92), p(z,e) =2

for all g1,92 € G and z € M is called an action of G on M on the right.

The choice of action can significantly affect the difficulty of computations. For

simplicity, in this thesis, the left action is used throughout. Using u(g,2) — ¢- 2,

14



2.3. LIE GROUP ACTIONS AND SYMMETRIES

the condition for a left action ([2.8]) above can be written as

(9192) z2=g1-(92-2), e-z=z.

With this understanding of a Lie group action, one should now ask how to
find the Lie group symmetries of an equation. As the majority of this thesis
examines difference equations we restrict attention to the PAEs case, which is
described in the difference equations book by Hydon [15]. For the PDEs case,
see the differential equations texts [5, |16} 28].

From Hydon [15] “A transformation of a differential or difference equation
is a symmetry if every solution of the transformed equation is a solution of the
original equation and vice versa. Thus the set of solutions is mapped invertibly
to itself.”

The type transformations we are interested in are diffeomorphisms. Given
an equation (system) whose dependent variables are u = (ul, - ,uq), a point
transformation is a locally defined diffeomorphism I" : u +— u (u;e€); the term
‘point’ is used because u depends only on the point u. A parameterized set of

point transformations,
Fe:ur—u(uye), €€ (e,e€1),
where ¢g < 0 and ¢; > 0, is a one-parameter local Lie group if the following
conditions are satisfied:
e Iy is the identity map, so that U = u when € = 0.

o ['sI'c = I'sy . for every 4, € sufficiently close to zero.

e Each u® can be represented as a Taylor series in € (in a neighbourhood of

€ = 0 that is determined by u), and therefore
u® (u;e) :uo‘—l—er‘(n,u)—i—(’)(eQ), a=1,...,q.

For further details see |15] by Hydon.

For this thesis, we only consider Lie point transformations that belong to

15



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

a one-parameter local Lie group. Additionally, all the Lie symmetries are one-
parameter local Lie group symmetries (more parameters may be used later). To
find the Lie symmetries one needs to find each of the terms ¢, more commonly
known as the characteristics (see Section . One way to find the character-
istic is by using the linearized symmetry condition (LSC) first stated in a paper
by Maeda [21]. Given a system A = (Aj,...,A;) = 0 of s equations with ¢

dependent variables and p independent variables, to find the LSC substitute
n=n, Ug=ug+eQmn+Kug)+0(), KeZ,

into the PAE, and use that A = 0. This will leave an equation for the O (¢)
terms, which is the LSC. Then using an ansatz one can at least partially solve
the LSC (see [15]).

Another method to solve the LSC is by differential elimination. For OAEs
there is a six-stage process to finding the characteristics ) by this method given

in the difference equations book [15].
1. Write out the LSC for the OAE using the method described above.

2. Differentiate with respect to the dependent variables ug (and, if necessary,
rearrange) the LSC repeatedly, so that at least one term involving a shift

of Q,Q’,... is eliminated. Continue doing this until an ODE is obtained.

3. Split the ODE into a system of ODEs whose coefficients involve only the

arguments of the unknown function Q.
4. Simplify the system of ODEs (if possible).

5. Integrate the simplified ODEs, one step at a time, and substitute the results
successively into the hierarchy of functional-differential equations that were
constructed in stage 2. If possible, solve the linear OAEs for coefficients of

terms in ), and solve these.

6. Finally, substitute Q) into the LSC, collect and simplify any remaining OAEs

for coefficients of terms in @), and solve these.

16



2.3. LIE GROUP ACTIONS AND SYMMETRIES

A similar process can be used for PAEs (see [15] for examples). As an example
of this method we show how to find the symmetries of the autonomous dpKdV

equation. This example is given in [15] by Hydon.

Example 2.3.1. The autonomous dpKdV equation is

U1 =u+ (29)

Uu1,0 — U,1

For equations of the form w1 = w (m, n,u, w1, uo,1) using the substitution
~ 2
U=u+eQ(m,nu)+ 0 ()

yields

Q(m+1,n+1w)=

Ow
%Q (mv n, U) +

w Ow
1 —_— 1
8U1’0Q (m + 7”7“1,0) + 8%071Q(m’n+ 7u0,1) )

as the LSC. Thus, for the autonomous dpKdV equation (2.9) the LSC is

Q(m,n+1up1)—Q(m+1,n,u1p)

Q(m+1,n+1,w)=Q (m,n,u)+ 5
(u1,0 — uo,1)

(2.10)
Now applying the partial differential operator 0/0u; o+ 0/0up1 to (2.10]) gives

Q (m,n+1up1) —Q (m+1,n,u9)=0. (2.11)
Then applying the partial differential operator —0/0u; o to (2.11) yields
Q" (m+1,n,u10) =0. (2.12)
Shifting back using S1_1 and then integrating gives

Q' (m,n,u) = A(m,n).

17
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Substituting shifts of this into (2.11)) gives the condition
A(m+1,n)=A(m,n+1)
that leads to
Q' (m,n,u) = A(m+n).

Then integrating a second time yields
Q(m,n,u) =A(m+n)u+ B(m,n). (2.13)
Substituting this into (2.10]) gives the following conditions

Am+n+2)=—-A(m+n+1)=A(m+n),

B(m+1,n+1)=B(m,n), B(m+1,n)=B(mmn+1).
Therefore, the set of all characteristics of Lie point symmetries is spanned by
Q=1 Q=(-1)"", Q3=(-1)""uw. (2.14)

The last step we need to consider is how to get from the characteristics Q', for
i=1,...,rand o =1,...,qto the Lie group action on u®. Let u® (n,u;€) = g-u®

and @Za = g - Qf, solving the system

@ mie, w0 = (215)
€

yields u®. For an example we find the Lie group action on u of Qs in ([2.14)

above.

Example 2.3.2. Using (2.15)) for Q3 in (2.14) we obtain

di

7__1m+n/\
% = b

u, u(m,n,u;0)=u.
Therefore, integrating this first-order differential equation gives

In|al = (=1)""e4c

18



2.4. MOVING FRAMES

using the condition @ (m,n,u,;€) = u gives ¢ = In|u| and so after simplification

~ _1\ym+n
=Y “u.

2.4 Moving frames

Here we discuss the theory of moving frames, beginning by looking at these in
general and then turning to their extension to discrete moving frames on a prolon-
gation space. This allows us to introduce the important difference moving frame
theory, where additional prolongation conditions apply. When discussing differ-
ence moving frames and related examples v is used as a coordinate. Otherwise
when discussing moving frames in more general terms z is used. The results at
the start of this section on general moving frames come from the seminal papers
by Fels and Olver |7, [8], the book on invariant calculus by Mansfield [22] and are
all included in the OAE paper [26].

An important assumption for the moving frame theory (see |7, |8 22]) is

summed up in the following theorem.

Theorem 2.4.1. A moving frame exists in a neighbourhood of a point z € M if

and only if the group G acts freely and regularly near z.

A group action is free if the only group element g € G which fixes every point
in the neighbourhood is the identity. A group action is regular if the orbits form
a regular foliation.

Therefore, to be free and regular in some domain €2 C M means, in effect, for
every z € () there is a neighborhood U C €2 of z such that the following conditions

are satisfied [22].
e The group orbits all have the dimension of the group and foliate U.

e There exists a submanifold K C U that intersects the orbits of U trans-
versely, and the intersection of i and K is a single point. The submanifold K

is known as the cross-section and has dimension equal to dim (M) —dim (G).

e If O(z) denotes the orbit through z, then the element h € G that takes

z € U to k, where {k} = O (z) N K, is unique.
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K

//— three

9=rp(2) P O(2) different

orbits

)

Figure 2.2: Moving frame defined by a cross-section.

If M is not free and regular replace it with a domain M on which the action is
free and regular.

In Beffa and Mansfield [3] Remark 4.19 discusses research detailing conditions
under which an action will become free and regular. For results on product
actions, with a suffiently large number of products, see Boutin [6]. Using this we
assume we have a free and regular group action.

Figure shows an example for which there exists a cross-section K C M
that is transverse to orbits O (z) for each z € M. Furthermore, the set £ N O (z)
has just one element which is the projection of z onto K. The cross-section K is
not unique, that is, there are different choices of the cross-section, some of which

can vastly reduce the difficulty of computations.

Definition 2.4.2 (Moving frame). Given a smooth Lie group action Gx M — M,
a moving frame is an equivariant map p : Y C M — G. Here U is called the

domain of the frame.

Note here we construct moving frames in a neighbourhood &4 C Q C M of
any point z and the map p is a smooth equivariant map [22].

For a left action, a left equivariant map satisfies p(g-z) = gp(z) and a
right equivariant map satisfies p(g-2) = p(2) g~!. The frame is called left or
right accordingly. In theoretical developments, it is not necessary to choose the
handedness of the frame, as to get a left frame from a right frame we take the
inverse of the right frame. In order to find the frame let the cross-section K be a

system of equations 1, (z) =0, for r = 1,..., R, where R is the dimension of the
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group G. Then by solving the so-called normalization equations
U (g-2)=0, r=1,...,R, (2.16)

for g as a function of z, the solution is the group element g = p(z) that maps z

to its projection on K. As a result, the frame p (z) satisfies

The conditions on the action above (i.e. freeness and regularity) are those for the
implicit function theorem [12] to hold, so the solution p (z) is unique. Therefore,

the frame is right equivariant as both p (g - 2) and p (z) g~! solve the equation

Ur(p(g-2)-(g-2)) =0.
A consequence of uniqueness is that

plg-2)=p(2)g™"

Solving the normalization equations produces a right frame. Throughout, this
chapter examples will use a left action with a right frame. Knowing that the

frames are equivariant will enable us to obtain invariants of a Lie group action.

Example 2.4.1. To illustrate the theory, we use the Lagrangian

L1y (u2,0 —u11) (u1,—1 — uop)
2 |(uz,0 —u1,-1) (u1,1 — uop)

(2.17)

as a running example. This Lagrangian has six different symmetries which can

be expressed by the infinitesimal generators

m+n
V1 = Up,0 auo’(p V2 = (_]-) U0,0 8u0’07 V3 = auo’()a
m-+n 2 m+n 2
vy = (-1) Aug > V5 = Uj o Oug v = (—1) U0 Oug g, (2-18)
where
0

Vy = Qrauoﬂ =Qr Do o .

21



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

Additionally,

Vr = (Si,jQT) aum- = (Si,jQr) a0 (2.19)

see Chapter 6 of [15]. To show that the Lagrangian, L, is indeed invariant under
these infinitesimal generators one can use the symmetry condition (Definition
2.2.1)

v, (L) =0 when L =0, (2.20)

for each r (see [15]). As an example see Section in Appendix [A| for detailed
calculations showing that L is invariant under vi. See Section for more
details on infinitesimal generators. The Lagrangian (2.17)) is up to a divergence

equivalent to the Lagrangian,

U1,0 — Uo,1
Uu1,1 — U0,0

Lo=1In , (2.21)

see Section [A.2]in Appendix [A] for details. Divergence terms are in the kernel of

the Euler operator, that is,

Eya (DIV (A)) =0,

for any divergence term Div (A). Therefore, L has the same Euler-Lagrange
equation as the Lagrangian Lg. To find the Euler-Lagrange equation of L ([2.17))

the key partial derivatives are

oL Uy —1 — U1l oL Ul —ul,—1
duop 2 (uoo —u1,—1) (uop —ur1) " Ougp 2 (ury — up) (ur,—1 — uzp)

oL u,0 — U2,0 oL 0,0 — U2,0
Oui—1 2(ugo —ui—1)(ugo —ui—1) " Ouix  2(ury —u2p) (uoo —u1,1)’

(2.22)

with key shifted partial derivatives

OL U_1,1 — U_1,—1
S_20 = )
Ouzg 2 (u—1,1 — uo,0) (u—1,—1 — uo,0)
6L u_171 — U171
S-11 = ,
Oui—1 2 (u—1,1 —uoyp) (u1,1 — uo,0)
0L U1, -1 — UL,—1
Sfl 71 ) )

Oury 2 (uop —u1—1) (u_1,-1—uop)
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even
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Figure 2.3: Partitioned PAEs.

Using these and (12.4]) gives

oL oL OL OL
E, (L) = aTO,O + S—l,laul’_l + S—l,—lml’1 +5-20 aUQ,O

1 1 1 1
+

U1,1 — U0,0 U—-1,1 — U0,0 U1,—1 — U0,0 U—-1,—1 — U0,0

a Toda-type equation satisfied by all solutions of the autonomous dpKdV equation
among others, (see [15] for details).

For the Toda-type equation, a phenomenon arises which can only arise for
difference or differential-difference equations. As the total space is disconnected
things can happen on one fibre without affecting another fibre. The Lagrangian,
L, and Euler-Lagrange equation for the Toda-type equation contains only shifts of
u with n' 4+n? of even parity. Therefore, the odd and even parts of the lattice act
entirely independent of one another (see Figure . Specifying initial conditions
for the Euler-Lagrange equation on the odd (even) part of the lattice determines
solutions on the odd (even) part only. However, it gives no information about the
even (odd) part. When restricting to solutions of the equation the odd and even
parts of the lattice are considered separately. The Lagrangian in respects
this partitioning whereas the Lagrangian does not. Later this split in the
lattice will manifest itself in other ways. For other Lagrangians it is possible that
the lattice could be split up into something other than even and odd n' + n?.

As a running example, consider the moving frame method using the Lie group
action derived from the infinitesimal generators vi and vs. This group action is
represented by

g U = ﬂi,j = QU;j + b, (2.23)
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where i,7 € Z, a € RT is a scaling and b € R a translation. Choosing the

normalization equations (2.16)) to be

Y1 ([u]) = wop, Y2 ([u]) =uwiq—1, (2.24)
with [u] denoting shifts of w, yields
g-uopo =augo+b=0, g-u=au+b=1 (2.25)

These normalization equations give the values of the parameters on the frame as

1 —
P S 0,0

, _ (2.26)
Ui,1 — U0 U1,1 — U0,0

Alternatively, this choice of normalization equations can be denoted by the coor-
dinate cross-section

K= {UO,O = 0, Uyl = 1}. (2.27)

Remark 2.4.3. For the majority of applications and throughout this thesis, the

normalization equations have the form

g-z1 =Cy, g-z2 = C2, g ZR = CR, (228)

where z, are coordinates on M and ¢, are constants, for r = 1,..., R. Typically,
each of the constants ¢, are either 0 or 1 for simplicity. From this point on
instead of giving the functions v, (z), for r = 1,..., R, we write the normalization

equations as in ([2.28) or use a coordinate cross-section, that is,
,CZ{Zl261,22262,...,ZR=CR}. (2.29)

Here there is a freedom in the choice of normalization equations, for example,
we could also choose g - ugpp = 0 and g - w11 = 2. Additionally, one could
also use the normalization equations g -uy = 0 and g-uy = 1 for I # J and
I,J € Z2. However, we cannot choose ¢ - upg,o = 0 and g - w11 = 0 as the resulting

normalization equations cannot be solved in terms of the parameters. Therefore,
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an appropriate choice of normalization equations needs to be able to find the
solutions for the parameters of the Lie group. Other nuances in the choice of a

particular normalization equation will be discussed throughout this thesis.

Remark 2.4.4. This Lie group action is not free on the space R over n, as this
space only has the coordinate ug o and is not a continuous space; therefore, to
achieve freeness we need to work in a higher-dimensional continuous space. To
do this we work on the prolongation space P, (R), which includes the coordinate
U1

Remark 2.4.5. As a > 0, this normalization is only valid throughout the half-
space U = {Pn (R) : w11 > upp}. For the other half-space when w11 < upp an

appropriate normalization is g - up0 = 0 and g - u11 = —1.

The following (three) definitions and (two) theorems come from Section 4 of
the OAE paper by Mansfield et al. [26], but analogous results can also be found

in one of the papers by Fels and Olver [8].

Theorem 2.4.6 (Normalized invariants). Given a left or right action GXxM — M

and a right frame p, then

L(z) =p(2)- 2 (2.30)
in the domain of the frame p, is invariant under the group action.

Proof. First, apply the group action to z; then, by definition,

g 2)=plg-2)-(g-2)=p(2)-g 'g-2=p(2) 2=1(z),

o ¢ (z) is an invariant function. O

In general, let ¢ (u; ;) = p([u]) - u;j, where i,j € Z. Additionally, the invari-

antization of u§ is ¢ (ug) = p ([u]) - ug, for J € Z*.
Definition 2.4.7. The normalized invariants are the components of ¢ (z).

Definition 2.4.8. A set of invariants is said to be a generating, or complete, set
for an algebra of invariants if any invariant in the algebra can be written as a

function of elements of the generating set.
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This definition will be important when finding the generating invariants of a
group action, which enables us to write the Lagrangian in terms of invariants.
We now state the replacement rule and see that the normalized invariants

provide the set of generating invariants.

Theorem 2.4.9 (Replacement rule). If F(z) is an invariant of a given Lie group

action G x M — M for a right moving frame p on M, then F' (z) = F (1(2)).
Proof. As F (z) is invariant it is clear that F'(z) = F' (g - z). Then taking g = p(z)

and using the definition of ¢ (z) gives the result. O

Definition 2.4.10 (Invariantization operator). Given a right moving frame p,
the map z — ¢ (z) = p(z)-z is called the invariantization operator. This operator

extends to functions as f (z) — f(¢(z)), and

L(f(2) = [ ((2) (2.31)

is called the invariantization of f.

If z has components 2%, then let ¢ (2%) denote the ath component of ¢ (z).

The invariantization operator ¢ on 2% is also given by

L (Za) =g Za’g:p(z)v

where |, ) takes the value of the parameters to their value on the frame. This
form of the invariantization operator is important for when the invariantization
operator is applied to different objects like du®/dt later in this section and d,u®

in Section 2.6

Example 2.4.2. (Example cont.) The action of the frame on wu;; (or

invariantization of u; ;) is

Sy Wi — U0
¢ (uig) Ui — Ugp

It is clear to see this is invariant under the group action.

Remark 2.4.11. It is possible to calculate the recurrence relations for these in-

variants and show that one can write all invariants in terms of two fundamental
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invariants for this group action. Note each shift of an invariant is an invariant
itself; consequently, the recurrence relations can be found by simply using the

replacement rule.

Let the two fundamental (or generating) invariants for the running example

be

U1,—1 — 40,0 U2,0 — U0,0
) = e AT T

(2.32)
As an example, we show how to find ¢ (u22) in terms of these generating invariants
and their shifts. Let K,i’B ; represent SﬁSénﬁ for different generating invariants (this
convention will be used throughout.) In general let Kg represent SyxP®. Shift x

to involve ug 2 and lower shifts of x and A:

U2,0 — UL1

81S2n = I£1,1 = .
U22 — U1,

Then using the replacement rule to find the right-hand side of the shifted equation

in terms of invariants gives

R1,1 = 5

thus, by substituting in ¢ (ug20) = A and ¢ (u1,1) = 1, and rearranging gives the

result
A—=14+kK11
t(ugp) = ——.
K11
Remark 2.4.12. Recurrence relations can also be constructed for different invari-
ants ¢ (Ujyr j+s) using shifts of ¢ (u; ;). Indeed, a recurrence relation for ¢ (w41 j41)

is possible by shifting ¢ (u;;) in both directions and invariantizing (2.31):

A—1

K11

L(tig1541) = ( ) S182¢ (uig) +1.

Note that taking ¢ = j = 1 gives the same formula for ¢ (ug2) as before. Also
if one calculates the recurrence relations for the positive shifts, that is, ¢ (u; ;)
to ¢ (uiy1,5) and ¢ (u; ;) to ¢ (u;j41) then their inverses can be constructed. By
changing the index from n' to n! — 1 and rearranging the formula for the new

invariant ¢ (u; ;) gives the recurrence formula for ¢ (u; ;) to ¢ (u;—1,;). Similarly,
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one can obtain the recurrence formula from ¢ (u; j) to ¢ (u; j—1). This enables one
to find ¢ (u; ;) for all i, j € Z.

It is clear to see from the above example that the invariants ¢ (uy) do not
behave well under the shift map in the sense that Sx{¢(uy)} # ¢(uyik), in
general. So, even though the shift operator takes invariants to other invariants

there may be complicated expressions relating them.

2.4.1 Discrete moving frames

The discrete moving frame, as developed in papers by Mansfield, Beffa and Wang
[23] and by Beffa and Mansfield [3] can be thought of as a moving frame adapted
to discrete base points. The following definitions of the diagonal action of a
group G on z, discrete moving frames and invariants for the discrete frame are
given in the discrete moving frames papers (3}, [23]. However, we follow closely the
explanation provided in Section 4 of the OAEs paper by Mansfield et al. [26].
The manifold on which G acts will be the Cartesian product manifold M = M.
The regularity and freeness of the action now refers to the diagonal action on the
product; given a (left) action (g, z;) — g - z;, for z; € M, the diagonal action of

G on z = (21,22,...,2N) € M is

qg- (zlaZQa"'7ZN) = (9'2179'227"'79'21\[)'

For discrete moving frames there are no assumptions made about any relation-

ships between the elements z1, ..., zy.

Definition 2.4.13 (Discrete moving frames). Let G denote the Cartesian prod-

uct of N copies of the group G. A map

pr MY =GN, p(2) = (p1(2), e pn (2))

is a right discrete moving frame if
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and a left discrete moving frame if

pe(g-2)=gpr(2), k=1, N.

As with the continuous theory of moving frames, using the normalization
equations for discrete moving frames gives a right frame. So, the right
moving frame component py, is the unique element of the group G that takes z to
the cross-section K. The sequence of moving frames with a nontrivial intersection
of domains (py) which makes up the discrete moving frame is, locally, uniquely
determined by the cross-section K = (Ky,...,Cn) to the group orbit through z
(see 23] for more details on discrete moving frames).

The invariants of the right (discrete) frame are
It j = pi (2) - 2.

If M is g-dimensional then each z; has ¢ components z}, o zg. So, there are ¢

components of Ij ; and these are

It =pr(2)- 27, a=1,.,q
For the same reason as for normalized invariants of a general moving frame, each
o s .
I kj 1s invariant.
The discrete moving frame applies to a wide variety of discrete domains.
We now use the discrete moving frame and the difference prolongation space to

develop the difference moving frame.

2.4.2 Difference moving frames

A difference moving frame is a particular type of discrete moving frame, so the
definitions and theorems for discrete moving frames in |3} |23, 26] apply here. For
PAESs, the fibres lie on a regular lattice ZP. This gives us a geometric context
which determines the additional structures on the manifold M. Let K and p ([u])
denote the cross-section and frame on n, respectively. The cross-section on n,

denoted IC, is replicated for all the other base points n + J if and only if the

29



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

cross-section over n + J is represented on M by SzK.

Definition 2.4.14. A difference moving frame is a discrete moving frame such
that M is a prolongation space P, (U) and the cross-section over n + J is repre-

sented on M by S3K for all necessary J.

For difference moving frames, the invariants are

Ix.5 = px ([u]) - uy = (Skp ([u])) - (Syu),

where K and J are multi-indices. Here the multi-index K relates to the number of
shifts of the frame and the multi-index J relates to the number of shifts of u. By
definition S; (Ix.3) = Ik 11,3+1,- Hence, every invariant Ik j can be expressed
as a shift of Ip 3-x = (p([u])) - (Sy—xu). Again we drop the multi-index 0 when

talking about the moving frame on n.

Definition 2.4.15 (Discrete Maurer—Cartan invariants). Given a right discrete
moving frame p ([u]) (often given in matrix form), the right discrete Maurer—

Cartan group elements are

K = S () p(u)) ™ =S (),  i=1...p.

To get multiple shifts in one or more different directions, use the fact that

(SiS;p ([u])) p ([u]) ™! = (S;K5)) ).

It is possible to extend this formula further when necessary. The frame is equivari-
ant, therefore, each K(;) is invariant under the group action of G. The Maurer—

Cartan invariants are the components of K(; and their shifts. The equality

L(Sip ([u])) = (Sip ([u])) p ([u]) ™" is due to

by Definition [2.4.13] of a right moving frame. Therefore,

L(Sip ([u]) = (Sip (9~ [a) lg=pru)y = (Sip ([u])) p ([u]) ™" (2.33)
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Definition 2.4.16 (Syzygy). A syzygy on a set of invariants is a relation between

invariants that expresses functional dependency.

In other words, syzygies on a set of invariants are functions of invariants that,
when expressed in terms of the underlying variables, are identically zero.
One way to obtain a set of generating invariants is to use the Maurer—Cartan

elements; for example,

Ky - loo = (Sip ([u])) p ([a) ™" p([u]) - uo = (Sip ([u])) - uo = 0.

It is possible to extend this to look at multiple shifts in different directions to
achieve all invariants. The next proposition follows from Proposition 3.11 in
the discrete moving frames paper by Mansfield et al. [23] and the fact that a

difference moving frame is a particular type of discrete moving frame.

Proposition 2.4.17. Given a right discrete moving frame p ([u]), the compo-
nents of K;), together with the set of all diagonal invariants, I3 3 = py ([u]) - ug,

generate all other invariants.

The difference identities, or syzygies, K ;) - Io,o = I1;,0 and other extensions

are also recurrence relations for the invariants. The next definition is from [26].

Definition 2.4.18. A set of invariants is a generating set for an algebra of
difference invariants if any difference invariant in the algebra can be written as a

function of elements of the generating set and their shifts.

Therefore, the right difference moving frame identity Iy 5 = Sjlo,0 together
with Sk K(;), which can be written as shifts of the Maurer—Cartan components

Kjy, for j =1, ..., p, gives us the following proposition.

Proposition 2.4.19. Given a right difference moving frame p ([u]), the set of all
invariants is generated by the set of components of K;y = (S;p([u]))p (la]) ™,

where j =1,...,p, and Ip o = po ([u) - uo.

2.4.3 Differential-difference invariants and syzygies

This subsection extends the results for OAEs [26] to PAEs and introduces an-

other method of finding the first-order differential invariants. To enable us to
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write the Euler-Lagrange equations in terms of the invariants we need to find
the so-called differential-difference syzygies between differential and difference
invariants. Given any smooth path ¢ +— 2 (¢) in the space M = M N consider
the induced group action on the path and its tangent. The group action is ex-
tended to the dummy variable ¢ so that ¢ is invariant. The action extends to the
first-order jet space of M as follows:

de(t) _d(g-= (1)

9T T A&

For a component ug we have

(dug _ O(g-ug) dug
dt — ouy dt

(2.34)

If the action is free and regular on M, it will remain so on the jet space and we

may use the same frame to find the first-order differential invariants which are

du§ (t

Fega = (Sxcp (u])) - 2410
BT ’
g=Skp([u])

for any multi-indexes K and J in the domain. The frame depends on z (t), so in

general,

d
Ikae 7 g (Ik.) -

For the calculations of the invariantized Euler—Lagrange equations the impor-

tant differential-difference syzygies are
B
— =HBo", (2.36)

where k? represents the generating invariants and o represents the generating
first-order differential invariants. The terms Hg are linear difference operators
whose coefficients are functions of x° and their shifts. Relating this to the other
notation, x” are components chosen from I§ 5 to give us a set which can generate
all Iy using shifts of k%. Therefore, the set of generating invariants x° are a

subset of the set of invariants I& 3- Typically, one needs at least ¢ x p (the num-
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ber of independent variables multiplied by the number of dependent variables)
generating invariants x°, e.g., for the running example we need two (x and \).
Additionally, 0% = Ig o+ are the generating first-order differential invariants, and
in particular shifts of x? and o are used to write each I§ k. for K € Z?. Here
represents o = 1,...,q, and § is used to represent different generating invariants.

One method to find these differential-difference syzygies is to write ds?/dt
in terms of the original variables and then apply the replacement rule (Theorem
2.4.9). This will be the method we adopt. The relations between the generating
first-order differential invariants and other first-order differential invariants can
be obtained by applying a shift to the generating first-order differential invariants
in its original variables and then using the replacement rule. This is similar to the
way of finding the recurrence relations. This implies that each of the first-order
differential invariants can be written in terms of shifts of the generating invariants
P and the relevant shift of the generating first-order invariant ¢®. This method
will be shown in Example [2.4.3] but first, we explain another way using matrices
to achieve the same differential-difference syzygies.

The second method is derived from Theorem 4.6 in the discrete moving frames
paper by Mansfield et al. [23]. It involves differentiating the Maurer—Cartan
matrix with respect to . The dependent variables u® depend on t. Therefore,
p([u]) and K; are dependent on . Given a matrix representation of p ([u]) and

the product rule we obtain

%Kw = % ((Sip () p () ™)
d

P
- (isﬂ)([‘”)) (Sin () ™") Kooy~ Koo ((ﬂmun)p([u])-l,

fori=1,...,p.

Definition 2.4.20 (Curvature matrix). The curvature matrix N is

N = (L)) o) = (o)
(5ir 1)) (&

when p ([u]) is in matrix form. Note that also

v = (S0 (1)) Sip ()
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and it is clear to see that S;p ([u]) ™" = (S;p ([u])) ™" for difference moving frames.

The equality

(o) o = (S0 )

is as a result of N being invariant (allowing the use of the replacement rule

Theorem and
(o)) =14,

(see (2.33)) where Id is some identity matrix.
It is easy to see that the curvature matrix N and any of its shifts are in-

variant matrices which involve first-order differential invariants. Using all these

definitions, (2.37) becomes

d

From these matrices we can solve componentwise for the differentials dx?/dt to
obtain the differential-difference syzygies in . It is clear there is some re-
arranging of the components to achieve the same results as in the first method,
which uses the replacement rule; for this reason, we make use of the first method.
Additionally, leads to some redundant information (unlike the first method)
because there are often more components of the matrix than generating invari-

ants.

Example 2.4.3. (Example cont.) We now find the differential invariants
for the running example. Recall the group action is a scaling and translation

on u (2.23). Writing w;; = u;;(t), the action of the group on the derivative

!/

Uu;

j = du;; /dt is induced by the chain rule, as follows:

So, the Lie group action is not trivial on the derivative u ; as can be the case
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with some group actions. The invariantization (2.31) of u; ; is given by

dui,j

dt = 9 Ui ilg=po o((u):

9=r0,0([u])

and is derived from ([2.35). Therefore, with a given in ([2.26]) under the action of

the frame
/

/ o 1,J
‘ (u”) B Uu1,1 — U0,0 '

u

which is a differential-difference invariant for u; In particular, this is the

e

ifferential-difference invariant for v’ . deriv rom invariantization rator

differential-difference invariant fo ;jde ed from the invariantization operato
9.

(Definition [2.4.10)).

With the generating differential-difference invariant

!
U0

O = ——",
U1,1 — U0,0

we can find the formula for the other differential-difference invariants by shifting
o and then applying the replacement rule (Theorem [2.4.9)). As an example we

work out ¢ (u’lﬁl). First, shift o in the direction S;S;

/
Uy 1

$S;log = — 70
22 7 0 — ur_1)

This gives us the differential u’L_l we need. Then by using the replacement
rule (Theorem , there is no change to the left-hand side of the equation,
but the right-hand side now includes the differential invariant ¢ (u’lﬁl) and some
additional invariants. Moving these additional invariants in the denominator to

the other side achieves the result
c(uh 1) = (A —k)S185 0.

To find the differential-difference syzygies, we use the first method, involving
the replacement rule (Theorem [2.4.9)), that is described above. Firstly, find dx/d¢

and d\/dt in terms of the original variables. To do this let x := k(¢t) and
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A= A(1), ie.,

i (t) = uy 1 (t) —uoo (t) A1) = u2,0 () — uop (1)

1,1 (t) — Up,0 (t) ’ N 1,1 (t) — Up,0 (t) ’

Then the derivatives of the generating invariants are

de uy 4 — Upg _ (u1,—1 —uo,) (“/11 - “6,0)

dt U1,1 — Uo,0 w11 — o) 7

. (11 , 00) , (2.39)
dA  ug0 —Upp (u2,0 — uo,0) (“1,1 - “0,0)
dt U1,1 — U0,0 (ul,l — UO,O)Q ’

(after dropping the variable t). Knowing that the generating invariants and ¢ are
invariant under the group action allows us to use the replacement rule (Theorem
2.4.9) to find the right-hand side of the equations above in terms of invariants.

Therefore, the equations in (2.39)) become

d
0 () — o () + (5 1) ().

dA
5 = ¢ () = Ae(urg) + (A= 1) ¢ (up) -

(2.40)

Once each ¢ <u; j> in (2.40) has been found, they can be substituted into ([2.40

which gives

d .
di:: <(A—m)81821+

Q B <(1 — )\) (51’1 — )\1,1)
dt

wslsz + (kK — 1) id) o,

A(1 =)
S? + ( )
K1,1 R1,1

L1 (2.41)

S1S2+ (A —1) id) o.

Therefore, the differential-difference syzygy between the derivative of the gen-
erating difference invariants, dx/dt and d\/dt¢, and the generating differential

invariant, o, can be put into the canonical form

A
-, — H,{O-, E — H)\O-,

where H, and H) are linear difference operators that depend only on the gen-

erating difference invariants and their shifts. Therefore, using the differential-
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difference syzygies in (2.41)), the linear difference operators are

1—
He = ()\ - H) 8182_1 + (ﬁ)\)HSlSQ + (K — 1) id,
(=3 (ot = M) A(L— ) (242)
Hy = LSS St es VS $182 4+ (A — 1)id.
K11 K11

Remark 2.4.21. From the formula for the differential-difference syzygies (2.36)),
note that the number of generating first-order differential invariants is equal to
the number of dependent variables. So the running example only requires one

generating differential invariant, o.

2.5 The invariant formulation of the Euler—Lagrange

equations

Here we show how to calculate the Euler—Lagrange equations, in terms of invari-
ants, for the Lie group invariant difference Lagrangian. The following definition

is derived from Peng and Hydon [32].

Definition 2.5.1. Given a linear difference operator H = ¢’Sjz, the adjoint
operator ' is defined by
HI(F)=S_;('F)

and the associated boundary term Ay is defined by
FH(G)—H (F)G = Div (Ay (F,G))

for all appropriate expressions F' and G.

Now suppose we have a Lie group action G x M — M, and a difference
frame for this action. Any group-invariant Lagrangian L (n, [u]) can be written,

in terms of the generating invariants x° and their shifts /i? = SyKP:
L(n,[u]) = L* (n, []).

Proposition 2.5.2 (Invariant Euler-Lagrange equations). Let £ be a Lagrangian

functional whose invariant Lagrangian is given in terms of the generating invari-
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ants,

L= L(n]x]),

n

and suppose the differential-difference syzygies are

dxf
d&” _ 8 _a
T Hoo.
Then,
ay/ B f K «
Eyo (L) (1) = (”Ha) E, 5 (L%) ) 0®, (2.43)
where
0
B =S 5—5 (2.44)
Ok}

is the difference Euler operator with respect to x?. Consequently, the invarianti-

zation (2.31) of the original Euler-Lagrange equations is,

(B (1) = (HE) B (29 (2.45)

where a = 1,...,q. As a result, the original Euler-Lagrange equations, in invari-

ant form, are equivalent to
A K
(#2) B (%) =0,

where a =1,...,q.
In Section this proposition will be proved using difference forms.

Example 2.5.1. (Example cont.) For the Lagrangian (2.17) we continue
to use the most convenient generating invariants k£ = ¢ (uj,—1) and A = ¢ (ug)
which reduces the invariantized Lagrangian to

A=1)k

L ==1
. A—K

(2.46)

It is often wise to choose the normalization equations (2.16) and generating in-
variants to fix as many of the original variables in the Lagrangian as possible.
This can make the Euler operators with respect to the generating invariants eas-

ier to obtain because there are fewer shifts of the generating invariants. For the
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invariantized Lagrangian, the action of the Euler operators with respect to x and

A gives
Ky A
B (L7) = 2k (k — A)’ (2.47)
oy k—1 '
B =50y

One can find the adjoint operators from the linear difference operators (2.42)) by
using Definition Thus,

HE = Aoy — ko11)ST'S0 + (1- >\1,H1) Fololgoig-
+(k—1)id,

1l = (1-— )\2,0)1%(1{1711,1 - )\71,1)81,2 N A1,-1 (1,; >\71,71)Sl,182,1 (2.48)
+ (A —1)id.

By the formula in Proposition the invariant Euler-Lagrange equation for

the running example is
HIEy (LF) + HLE, (L®) = 0.

So substituting the adjoint linear difference operators and the Euler operators of
L* with respect to the generating invariants into this equation and simplifying
gives the invariant Euler-Lagrange equation

A1 k—A1-1—1
2 (5_171) 2K

(k20— 1) (K11 — A1) (2.49)
2 (k2,0 — A_2,0) Fi_1,1

HIE, (LF) + HE, (LF) =

=0.

It is possible to check the resulting invariantized Euler—Lagrange equation by
changing it into the original variables wu;; and comparing this with the invari-
antization of the original Euler-Lagrange equation, also given in terms of
the original variables (see Section in Appendix [Al).

39



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

2.6 Invariant Euler—Lagrange equations by difference

forms

This section explores a new way of finding the invariant formulation of the Euler—

Lagrange equations and links it to the previous method.

2.6.1 The proof of the invariant Euler—Lagrange equations for-

mula in Proposition by difference forms

This subsection will prove the invariant Euler—Lagrange equations formula
in Proposition and in doing so will give us two useful formulas for finding
the Euler-Lagrange equations directly in terms of invariants. We use some basic
features of the difference variational bicomplex, which was introduced in [17]
and examined in detail in [31] and is analogous to the differential variational
bicomplex |1} 2]. The difference structure is a consequence of the ordering of each
independent variable. Hydon and Mansfield |17] introduced difference forms on
ZP. These have the same algebraic properties as differential forms on RP, with
the exterior algebra on p symbols, Al ... AP, replacing the exterior algebra on

dz!,...,daP. For differential forms these algebraic properties include
det Adat =0, dzf Adad = —da? A daf,
while for difference forms
ATAA =0, A'AAN =N AAL

There are several other similarities between differential forms and difference
forms. The symbols A’ at any two different points are related by (horizontal)

translations, so that
Allp = T (Alnx) = Sk (A%]a) - (2.50)

The standard exterior derivative on each fibre P, (R?) is denoted d,.

A (k,l)-form on ZP x P (R?) is a (k + [)-form w that can be written (without
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redundancies) as

w — fqlV"'jJ.l l (n, [u]) AL A A AR A dvu?i A-ee A dvugf; (2.51)

T geensTfg O] 5eenyCU

we denote the set of all such forms by Q%!. The exterior derivative is the mapping

dy : QP QR whose action on (2.51)) is

{ T it g (s U)o A AT A A AR A dyu§E A A dyu).

(2.52)

Additionally, the exterior difference operator is the mapping dﬁ s QFl s QFHL

whose action on (2.51)) is

dftw =D {f) (0, [W]) JAT A AT A A AT A dyu§t A A dyu!

Zk} a17 e}

The notation d, and dﬁ mirrors the notation used for the differential variational

bicomplex where

. . o
dp=dai AD;, dy= (dug'; - ugﬂidxl) Agrs

J
are the horizontal and vertical derivatives with
0 0
L ogt I+ oug
Shifts of (2.51)) are
J 9 7 3 3
Sxw = Sk{f;) 5 () FAT A AAR A dyuG! e A Adoug!

because ([2.50) implies that SxA? = A7. Denote the restriction of a difference

form w on ZP x P (RY) to Py, (R?) by wy. Then the pullback of Tk to wy is
Skwn = TkWniK.

By the standard properties of the pullback, Sk commutes with the wedge product
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and with the exterior derivative on the fibre P (R?), so
Sk (w1 Awg) = (Skwi) A (Skwz), Sk (dyw) = d, (Skw) . (2.53)

This gives us sufficient knowledge of difference forms to begin to explain the

theory that will prove the formula (2.45]) in Proposition m

Definition 2.6.1. A difference Lagrangian functional is the sum over ZP of a
QPO form,

= Ln,u) A" A AAP € QPO

always assumed to be finite to avoid technical problems.

From this point on we use the notation vol for the volume form A A--- A AP,

Therefore,
= Z L (n, [u]) vol.

Additionally, when looking at forms there is no need to include m under the
summation sign.

The exterior derivative of A" is

oL

dy A" =
oug

~—d,u§ Avol.

Using summation by parts gives the Euler operator of L. with respect to u®, as

follows:

Z S_ J d 2Ug A vol

= Z Eye (L) dyug A vol.
This can be adapted to finite domains using the discrete analogue of Stokes’
theorem, see [24]. The divergence terms which arise disappear (for appropriate
boundary conditions) because of the summation over the boundary. The exterior

derivative is coordinate independent, therefore, if we have the same difference

Lagrangian functional written in different variables,

Z L* (n, [k]) vol € QPO

42



2.6. INVARIANT EULER-LAGRANGE EQUATIONS BY DIFFERENCE FORMS

then the exterior derivative of this is
ZE (L") d, K2 A vol,

where E, s is the Euler operator with respect to KP.
Lemma 2.6.2. If L (n, [u]) = L* (n, [k]), with s = F8 ([u]) for some functions
FB_ then the exterior derivatives d,L and d,L" are equal:

> Bue (L) dyu§ Avol =Y "E, 5 (L) dyr® A vol. (2.54)

This comes as no surprise as the exterior derivative d, is coordinate independent
as stated in Definition (2.6.1) above. However, the proof of this can be insightful
for the approach to the proof of the formula (2.45)) in Proposition so it is

shown here.

Proof. Starting with the right-hand side of (2.54)),

RHS:Z(S Jg )g”aduKAvol
:ZZ S_g—= | S %dua A vol
_Jaﬁﬁ K 8U8 v
oK’
—zz(z ) L
oug
J

K

- Z ; deuﬁ Avol  (where I =J+K)
L
= Z <S_Iaau%> dyug A vol (using I, = Ln)

= LHS.

O

Definition 2.6.3. Two difference functions are called equivalent if they differ by

a divergence term.

Now we introduce an important lemma which uses the equivalence of func-

tions.
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Lemma 2.6.4. Let F, G be two difference functions and P = fJSj a linear

difference operator. Then,
Y FP(G)=) PI(FG,

where PT(F) =S_j (fIF).

Proof. Using the summation by parts formula (2.3) and that the divergence terms

disappear by Stokes’ theorem,

Y FP(G) =) F({'8;G)
=> s (r'F)c

=> PH(F)G.

This idea works equally for difference forms.

We now introduce the matrix ¥ with components

g=po([u])

The inverse of this matrix is very important in the proof of (2.43)) in Proposition
as it introduces a key equivariant component. Therefore, we need to show
that ¥ is non-singular. The vertical derivative of g - ug is

d(g-ug)

dyud.
5 v20
Ouy

dy (9‘“3) =

This difference form is not necessarily invariant under the group action; however,
to achieve an invariant difference form one needs to introduce an equivariant

component. Applying the action of the frame to this gives the invariant difference
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forms in terms of the original variables as

L (dyug) = (9 doug) |g=po((u))
= (dv (9 - ug)) lg=po([u))
= (9)§ dyuy.

To prove that 9! exists, invariantize ([2.31)) this equation

(dou) = (95 ¢ (duud)
and note that the left-hand side is unchanged as it is already invariant
(0 (dyud)) = 1 (dorid).
Not only this but it is clear to see that

1 if a=9,

0 if a#9.

Consequently, ¢ (¥) = Id,, where Id, is the ¢ x ¢ identity matrix, and so its

determinant is 1. Using the property
¢ (det (9)) = det (¢ (9))
of invariantization means it is obvious to see that
t(det () =1 implies det () # 0,

and so the inverse 9! exists. From here onwards we are more interested in the
components of the inverse matrix ¥~', so we introduce g = 9. The shifts of
0o are

03 = S3bo.

In all that follows, E,« represents the Euler operator with respect to the

original variables, u®, and E,_s represents the Euler operator with respect to the
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generating invariants, £°.

Proposition 2.6.5. The invariantization of the original Euler-Lagrange equa-
tions is

(B (1) = (#5) B (29), (2.55)

where

(1) =S (o (gzg) (003 ) 5 (256)

J

Proof. The exterior derivative of the generating invariant x° is

OrKP

dyk? = 8—u§dvu§; (2.57)

this was used without introducing it in the proof of Lemma [2.6.2] It is stated
here because is central to the calculations. We show how to construct invari-
ant difference forms; developing the theory of an invariant difference variational
bicomplex, that is comparable to developments for the differential case in the
PDEs paper by Kogan and Olver [19]. For the difference case the horizontal
forms A’ are all invariant, as the lattice remains unchanged. In the differential
case or differential-difference it is possible that the independent variables can be
changed by a Lie group action. The invariant difference forms have already been
defined and are

L (dyug) = (9)5 dyug.
Inverting the matrix on the right-hand side gives
(B0)o+ (dvuig) = duu,
which can be shifted to get
(03)2 Sy¢ (dyu§) = duusf.

The key identity is
. ((eJ)i) Syt (dyud) =1 (dvug) , (2.58)

where ¢ (Sy¢ (dyug)) = Syt (dyug) as the invariantization (2.31) of an invariant is
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unchanged. So, by invariantizing (2.57)), we obtain

L (dvnﬂ> =1 <gzg> L (dvug) ,

and hence substituting in (2.58)) yields

. <dmﬁ> _ ZJ:L (ggg) . ((HJ)i) Sye (dyud). (2.59)
Let
HI=D (‘;f) (02, 83, (2.60)
J Uy
so that is
. (dM’) = 1B 1 (dyud) . (2.61)

Lemma implies dyA" = d,A®. By invariantizing (2.31)) both sides of this

equation, we obtain

3t (Bue (L)) ¢ (duug) Avol = Y E 5 (LF)e (dmﬁ) A vol, (2.62)

where ¢ (E_ 5 (L¥)) = E,3 (L*), as E,3 (L*) is invariant. Also ¢ (vol) = vol as vol

does not depend on the Lie group action. From (2.61)),
> 1 (Bya (L) ¢ (dyug) Avol =Y B, 5 (L%) HE ¢ (dyuf) A vol.
Then Lemma gives
T
3t (Bue (L)) ¢ (doug) Avol = 3 (Hg) E, 5 (L%) ¢ (dyud) A vol.
Therefore, pulling out the coefficients of the invariant difference forms,
A "
L (Bue (1) = (HE) Byp (£7),

where

47



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

Accordingly, the invariantized original Euler—Lagrange equations are
8\ n
(”Ha) E, 5 (L%) = 0. (2.63)

O]

Remark 2.6.6. The adjoint operators (2.56)) can be worked out independent of the
form of the invariant Lagrangian. For the adjoint operators only the Lie group

action, normalization equations (2.16)) and generating invariants are required.

Example 2.6.1. The running example has only one dependent variable, so we
adapt notation for H', to include the generating invariant as a subscript, i.e., ’HI\
and H}.

The difference operator HL for this example is

Hi = XJ: S_3 [L <§;> L (03)} S_j. (2.64)

We differentiate x with respect to g, u1,1, and u1,—1, as these are the only
shifts of the dependent variable in the definition of the generating invariant k.

Invariantizing (2.31]) these derivatives gives

L Ox =rk-—1 L Or = —K L Or =1
aUQ,o N ’ 871,171 N ’ 87117_1 -

As the action ([2.23) is a translation and scaling, d (g - uo,0) /dugo = a, where a

comes from the scaling part of the group action. Taking the inverse of this and

applying the value of the parameter on the moving frame (2.26]) gives

0,0 = u1,1 — uo,0-

To find all relevant ¢ (0y), shift the above equation by all relevant values J and

invariantize (2.31)):

A—1
L (9070) = 1, L (9171) = K11 N L(gl,_l) =)\— kK.
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Substituting these results into the formula (2.64]) gives

(I—=A_1—1)ko1,-1

Hi= (11— r-1,1) 5712 + SyiSyt + (k- 1)id

Next, we go through similar calculations for

Hi = XJ:SJ [L (;Z) . (9;,)] S_J. (2.65)

The components are

O oA oA
1 T e e A P

and

A—1 1—=X) (k11— A
L(QO,O) = 17 L(el,l) = K11 5 2 (9270) = ( ) (&11711 171) )

Substituting these into ([2.65)) gives

(1—X_20) (k11— A1) g2 A1 (1—=A2121)
10+
H_171 K

Hi = STISst+ (A —1)id.

These two adjoint linear difference operators are the same as ([2.48]) found in
Example Using E, (L*) and Ej (L*) from before one can then find the

invariant formulation of the Euler-Lagrange equations using Proposition [2.6.5

There is a second way to get the invariant formulation of the Euler-Lagrange
equations. This produces a different formula for the adjoint linear difference
operators compared to the one found in Proposition However, it
achieves the same results as the adjoint operators in Proposition m
and more interestingly it demonstrates a link between the order of invariantizing

and shifting.

Lemma 2.6.7. The invariantization of the original Euler—Lagrange equations is

(B (L) = (H2) By (1), (2.66)
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T
where (’Hg) is a difference operator given by

(HQ)T - EJ: . (%’%’) S_j. (2.67)

Proof. Knowing that the exterior derivative is coordinate independent allows us

to manipulate the right-hand side of (2.54)), using (2.57) and Lemma m le)

that the difference form which remains is d,ug, as follows:

= ZZ g 7JS 3 (E 5 (L*)) dyug A vol. (2.68)

Therefore, invariantizing ([2.31)) the left-hand side of (2.54)) and the right-hand side
of (2.68]) gives, after dropping the summation over n and extracting components

of difference forms,

where ¢ (S_y (E,5 (L¥))) = S_3 (E,s (L*)) as this is already invariant. Writing

() =3 (G2 )5

gives the result. O

Corollary 2.6.8. As a consequence of Proposition [2.6.5] and Lemma [2.6.7] the
T
two representations of the linear difference operators (’Hg) are equivalent when

acting on E, s (L"). Therefore,

S8 (gug) ((003) B )] = 2 (ﬁ%) S_gE s (7).
J J
(2.69)

This is a new identity that gives a relationship between invariantization that is

done before and after a shift.
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2.6.2 How the difference form theory relates to using the addi-

tional variable trick

In Section 2.4] we considered the first-order differential invariants

duy

Ik 3¢ = px ([u]) - -

The components of these first-order differential invariants are

(7
du§

I%,J;t:pK ([u]) dt

SO

[ (8(gu_°]‘)) dug
KJt= | a5 —

8ug dt
~ (0(g-ug) s\

For J = K = 0, this gives the first-order generating invariants

o 0 (g ) ua)
Ig0 = <0)

)
ouy

g=pk ([u])

9=rk ([u])

g=ro([u])

and so
!/
<ug) = (60’ 0°.
To find the invariants ¢ <(u§)/> one shifts the above formula by J
1) ! «a
(uJ) = (03)5 Syo®,

and then invariantizes (2.31):

((8)) = ((@)2) 810" @.1)

Here the invariantization in the last line leaves Syo® unchanged, as it is already
invariant.
We now inspect the differential-difference invariants dx”/dt. The aim is to

show by using (2.71) that we can achieve the same differential-difference syzygies
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(2.36) with linear difference operators (2.60|). Thus, by direct computation

o ()]

() ()

D (25) ¢ ((62)2,) Sa”

J

=HP o™

This shows that the method of using the additional variable ¢ gives the same linear
difference operators as in the difference forms theory. The generating first-order
invariants ¢ in effect play the same role as ¢ (d,ug) does in the difference form
theory. Likewise, the first-order invariants ¢ ((ug)/) play the role of ¢ (dvuf}) in
the difference forms theory and d,ug plays a similar role to (ug)/. Using these
similarities we now prove several propositions for both the additional variable

and difference form methods.

Proposition 2.6.9. The following identity holds
By (L) dyud A vol = (”HQ)T E_s (L%) ¢ (dyug) A vol. (2.72)
Proof. From the proof of Proposition the identity
L (B (L)) ¢ (dyud) A vol = (%Q)T E, 5 (L) ¢ (dyug) A vol,
implies
Eye (L) dyug A vol — <’H§>T E, s (L)t (dyug) A vol € Ker (1) ,

where this is invariant under the group action. The only (p, 1)-form which exists

with ¢ () = Q and Q € Ker (¢) is 2 = 0. Therefore, this proves the identity. [

Next, we prove identity (2.43]) in Proposition by implementing a similar

approach.

52



2.6. INVARIANT EULER-LAGRANGE EQUATIONS BY DIFFERENCE FORMS

Proposition 2.6.10. The following identity holds
Eyo (L) (ug) = (Hﬁ)TERB (L) 0. (2.73)
Proof. Multiply the main result in Proposition by o® to obtain
(B ()" = (H2) B, (27) 0"
Consequently,
Bue (L) (1) — (1) By (£9) 0% € Ker (1),

where this is invariant under the group action. Similar to the proof of the previous
proposition, the only function F (u%)/ which is invariant under the group action

and is an element of Ker (1) is F' = 0, which proves the identity. O

This proves the formula ([2.43]) in Proposition which completes the ex-
tension to PAEs of the main theorem in the paper [26] by Mansfield et al. Now
we use this identity to prove another result for the divergence terms. Note the di-

vergence terms first appeared in the calculation of the Euler—Lagrange equations

in (2.2). Also recall the additional independent variable ¢t method (2.5)).

Proposition 2.6.11. The divergence terms

Div (Ay) = OL duj (S_ 6L> du :

- Guﬁ dt J@u_of dt

oL" dk” oLc\ dk?

Div (4,;) = —J S /= ,
(Ae) &%? dt < 8&?) dt

t
Div (Ap) = Bys (L) Hio® — (HE) By (L) 0",
have the following relationship
Div (Ay) = Div (Ax) + Div (Ay) . (2.74)

Proof. In order to effect the variation, we set u®* = u® (¢) where the group action
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acts trivially on ¢ and compare

dL

4 = Buo (L) (ug)' + Div (Au), (2.75)

with the same calculation in terms of the invariants. (This is the same result as

(2.2) but replacing w® with (u®)’.) Note that dL/dt = dL*/dt, so

aL®  oLFdsl

dt aﬁg dt
ALF  dkP
= — Ji
ok dt
ALF \ dxP
— s ;< | =5 4 Div (4,
( Ja,g) a TP (As) (2.76)
8
—E (L")ddit—i—Div(AK)

—E,s (L) (’Hﬁa"‘) + Div (A,)

_ <<%§)T o (L”)) 6% + Div (Ax) + Div (Ay).

Thus, using the identity in Proposition [2.6.10] and comparing (2.75)) to (2.76)

gives the result. 0

Let the divergence terms be equal to

. OL duy oL\ du® ; /
uw = ——— _J — :D 7 A/L 5 « )
Div (Ay) ug dt (S J@u?) a ni (A (n, [u]) (u))
, OLF dx) dL*\ dwf : /
k) —=——F—7— — _J—= — =D % Fl ) A )
Div (Ak) 8/4;? T (S J8H§> 1 n < 5 (n, [£]) <“ >>

«

Div (Ay) = E, 5 (LF) Hio® — (’H,Q)T Es (L") 0% = D,i (H: (n, [x]) ),

for some difference operators A%, F é and H!. In Section m these divergence

terms will be vital for calculating the conservation laws.

Remark 2.6.12. The divergence Div (Ay) is linear in dx” /dt and their shifts, while

Div (Ayg) is linear in 0® and their shifts.
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2.7 A linear action of SL(2) on the plane

In the previous example of finding the invariantized Euler—Lagrange equation,
the matrices ¢ (0y) were trivial 1 x 1 matrices. In the following OAE example
of a linear action of SL(2) on the plane, the matrices ¢ (63) are not 1 x 1 or
diagonal. Therefore, it is a more representative example of the general theory.
This example is taken from the OAE paper [25], which also explores other SL(2)
actions. By using the same normalization and generating invariants here the
results can be compared with those found in [25]. As this is a OAE example

replace the multi-index J by j and use S; to denote j shifts.

Example 2.7.1. Consider the following action of SL(2) on the prolongation space

P, (]RQ), which has coordinates <u}, u?) The infinitesimal generators are

1 2 2 1
Veo=uw 0, —u0,2, Vy=u"0,, Ve=u0,;,

and the action is

ud a b ud uy
0 0 0
g: — = , ad—bc=1.
2 2 ~2
uf c dJ \ug ug

A Lagrangian has an SL(2) symmetry if it satisfies the symmetry condition,
v, (L)=0 when L=0

for r = a, b and c¢. In this example we assume we have a general Lagrangian that
satisfies this condition.

The normalization used in [25] is

which gives the values of the parameters on the frame as

2 1
uy Uy 2

a— ——F—35 b:—i C= —U d:u
1,9 1,2 i) 1,2 0 0
UgUy — Uy UgUy — Uy
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Also, the generating invariants are

L (2 1,2 1.2
= L) e =) =il

Any Lagrangian L with an SL(2) symmetry can be written in the invariant form

L“:L“([ﬂl],[ﬁ2]). To use 7We need
Ok! 2 Or! KlK2
1 R\ _ (1 oK™\ _ KK
> . L(@u%) (K)’ L<8u%> K2
L W T T W G W
out) k%’ ouy) K%’ oud) K’
2 OK? OK? OK?
2
)= (ag) =0 (Ga) o (5m)

Furthermore,

1
77 QN —
0 T.2_ 1.2
Oy = Uguy—U1Yg
0 2 5
2 U1

u [N
R AR

which can be shifted to find the matrices 6; for all j. The formula for the invari-

antized Euler-Lagrange equations requires the values of the invariantized (2.31))

components of each ¢; for j =0,1,2:

1 0
L(GO): )

01

0 -4
L(61) = .

k2 k!

B

2 2

t(02) = 152 N%nl:%*ﬁ

K K] p

The components of the inverse matrices together with the invariantized deriva-

tives of the generating invariants give the values of the linear difference operators
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of the differential-difference syzygies by using (2.60):

H =S (ZZ;) c((0)1) 85+ (gg;) ((003) 85

J

=r' (id - 8),
Or! Okl
Hy=) <8 1) t ((%‘)é) Sj+e <8u2.) ‘ ((%)3) Sj
J J
1 K2
= —id —
/432 %)2
OK?
H3 = ( > )i+ <8u2) c((0)3) 8,
j
S +id),

The adjoint of these can be found by using (2.56|). Consequently, by (2.63)), the

invariantized Euler—Lagrange equations are

(id — S_1) &'E,1 (LF) + (id + S_1) k*E,2 (L*) = 0,
(2.77)

—S-2 <(K’22)2 il (L“>> + %Eﬁl (L*) +S-1 (k'E,2 (L®)) = 0.
K1

When comparing (2.77) with Equation 2.11 found in [25] one will see the results

are the same. However, this is a simpler method of obtaining the result found in

25).

Remark 2.7.1. The matrix ¢ (), in this example, is the inverse of the Maurer—
Cartan matrix Ko = p1 ([u]) po ([u]) ™" given in the paper [25] on OAEs. This
occurs when the group action on the dependent variables is of the linear homo-

geneous form

When this happens, ¢ (f3) = <pJ ([u]) po ([u})_l) in general, which can be

written as shifts of concatenating Maurer-Cartan matrices K ;).
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2.8 Examples of different group actions

The action can have a significant impact on the difficulty of calculations in the
moving frame method for finding the invariant Euler—Lagrange equations. To
illustrate this consider the same Lagrangian with different Lie group ac-
tions. In this section we use the additional variable ¢ method, used throughout
the running example, to find the invariant Euler—Lagrange equations. Alterna-
tively, one could use the formulas for the invariant Euler-Lagrange equations

found in Section 2.6l

2.8.1 One-parameter group of translations

Example 2.8.1. We start with the most simple example of the moving frame
method, that is, a single translation, vs3 in the infinitesimal generators ([2.18)).

The action of this translation on the original variables is
g Ui U = U+ a. (2.78)

Now using the normalization equation ([2.16]

g-upp=0
the value of the parameter on the frame is

a = —ugy-
Consequently, the invariantization of u; ; is

t(uij) = uij — uop,

and therefore, let the two generating invariants be

k=1t(u1,1) =ui,1 —uop, A=-t(ugp)=u20— uop.
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Now to write the Lagrangian (2.17)) in terms of the generating invariants we need

¢ (u1,—1) in terms of shifts of A and x. This is achieved by looking at

K1,—1 = U2,0 — U1,—1

= )\ — L (ul,_l) N
which gives
L (Ul,fl) =\— K1,-1-
Now using the replacement rule (Theorem [2.4.9)) on the Lagrangian (2.17]) gives

e Ly AR (A= k0]
2 (Hl,—l) Y

Then the Euler operators (2.44]) of L* with respect to the generating invariants

are

K ()\—)\,1 1)%—2)\()\,1 1)
E;{ L — ) I ,
(L%) 2k (k=) (k—AZ11)
-2\ + Ki—1+K

2 (/{ — )\) ()\ - /‘61771) '

Ex (L) =

Next to find the differential-difference syzygies (2.36)) extend the action (2.78)) to
the first-order jet space
Cduig () dui (t)
dt dt -

Therefore, the Lie group action is trivial on the derivative ;- Consequently, take
o = 1 to be the first-order generating invariant then each u; ; can be written as
a direct shift of o, or more precisely u; ;= Si Sga. As a result, ¢ (u;j> = SﬁSga.
Now the first derivative of the generating invariants with respect to the additional

variable ¢ are

d

d—/: = u'Ll — u{m = (u/ll) - (u670) = (S1S2 —id) 0 = Hyo0,
dA

T Uy — Upg =L (u'zo) - (ufm) = (S% —id) o = Hyo.
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Consequently, the two linear difference operators are
He =918y —id, Hy=S? —id,
and their adjoint operators are
Hi=s7's;t —id, Hi=57%—id.

Then using the formula in Proposition the invariantized Euler-Lagrange

equation is

—2XA 90+ kK_1,1+ kK 20
2 (k2,0 — A_2,0) (A=2,0 — K—1,—1)
_ -2\ + R1,—1 + K - ()\ — )\_171) K— 2\ ()\_1,1)
2(k—=A) (A —K1,-1) 2k (k—A)(k—AZ11)
N (A1,—1+A20) k1,1 —2A 11 (A2p)
21,1 (Ko1,-1 — Ao1,—1) (K—1,—1 — A—20)

HIEy (LF) + HIE, (LF) =

2.8.2 Two-parameter group of translations

Example 2.8.2. Another easy example of the moving frame method involves
looking at the action of the two translations. The infinitesimal generators ([2.18])
for these two translations are vg and v4. The action of the translations on the

original variables is
g Ui Ui = g+ a4 b(—1)mT (2.79)
Now using the normalization equations
g-uo0 =0, g-uio=0,
the values of the parameters on the frame are
— (uo,0 + u1,0)

= — b:
“ 2 ) 2
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Consequently, there are two different invariantizations (2.31)) of u;; depending

on the parity of ¢ + j. For ¢ + j even the invariantization is

v (us5) = uij — uoo,

and for ¢ + j odd the invariantization is

L (ui,j) = ’UJZ'J — ULO.

Now we concentrate on writing the Lagrangian (2.17) in terms of invariants

of this new Lie group action. Take the two generating invariants to be

A =t(ug0) =u20 —uo, kK =1(uo1)=uo1 — U0

Unlike the running example, not all components of the invariantized Lagrangian
have been worked out in terms of these generating invariants and their shifts.
Here we still require ¢ (u1,—1) and ¢ (u1,1) in terms of the generating invariants

and their shifts. To find ¢ (u1,1) look at the shifted invariant

K10 = u1,1 —u20 =t (u1,1) — A,

which after rearranging gives ¢ (u1,1) = £1,0+ A and in a similar manner the other
invariant is ¢ (u1,—1) = —ko,—1. Using these identities along with ¢ (ug0) = 0,
from the normalization, and ¢ (u20) = A, by definition, the Lagrangian (2.17)) is

written in terms of these invariants as

e Ly (R (ko—1) |
2 | (A +ko—1) (K10 + M)

Then the Euler operators ([2.44]) of L" with respect to x and A are

K(A-10+ A1) +2(A-10) (Mo1)
26 (k+A1,0) (Aot + k)
—K1,0 — 2A — Ko,—1
2(A+ ko,—1) (K10 + A) )

E, (L*) =

)

Ex (L) =

Next to find the differential-difference syzygies (2.36)) extend the action ([2.79))
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to the first-order jet space, which gives

dum- (t) . dum (t)
dt dt

Similar to the one-parameter group of translations example (Example [2.8.1]), the

Lie group action is trivial on the derivative u; ;. Consequently, with o = ug g,

each w; ; can be written as a direct shift of o, or uj; = SiS%o. As a result,

J
L <u;J) = SiS%O’. Now the first derivative of the generating invariants with

respect to the additional variable t are

d
d—/: = U6,1 — Ull,o =y (U6,1) - (ull,O) = (S2 —S1) 0 = Hyo,
dX ,

T U — gy =t (uhg) — ¢ (ugp) = (S% —id) o = Hyo.
Consequently, the two linear difference operators (2.60)) are
H.=S2—S1, Hy=S?-id,
and their adjoint operators ([2.56)) are
Hi =87t ST, HL =572 —id.
Then using the formula in Proposition the invariantized Euler-Lagrange
equation is
k1,0 + 2A + Ko,—1

A+ HO,—l) ("@1,0 +A)
B K-1,0+ 2)\_270 + K21 Ko,—~1 ()\_17_1 + )\) + 2 (/\_17_1) ()\)

2(A—20 +K-2,-1) (K—10 + A=20) = 2k0,—1 (Ko,—1 + A-1,-1) (A + Ko,-1)

k10 (A0 A1) +2(A20) (A-10)
2k_10(K—1,0 + A=20) (A211 + K—1,0)

HAEN (L") + HE (L") = 5

=0.

This is slightly more complex when compared to the invariant Euler-Lagrange
equation ([2.49)) attained using the scaling and translation Lie group action.

In the following examples, the calculations of the different invariantized Euler—

62



2.8. EXAMPLES OF DIFFERENT GROUP ACTIONS

Lagrange equations get unwieldy. So, unless otherwise stated we show the results
for the linear difference operators , their adjoints and the Euler oper-
ators of the Lagrangian with respect to the relevant generating invariants.
Of course, the formula in Proposition [2.5.2] can then be used to find the invari-

antized Euler-Lagrange equation for each example.

2.8.3 Dependence on the independent variables

An example of a Lie group that depends on the independent variables has already
been given in Example Nevertheless, it is appropriate to show a more
substantial example which uses the same Lagrangian (2.17)).

Example 2.8.3. Consider the 4-parameter Lie group that has the infinitesimal
generators vy, ve, v3 and v4 from the possible infinitesimal generators (2.18)).

The action of the group on u;; can be written as

g U > Ui j = exp (a +b (—1)m+”+i+j) uij 4 c4d(—=1)"TH L (2.80)
However, a more practical representation of the action is

Ui j = exp (a) (cosh (b) 4+ (=1)™ "+ ginh (b)> Ui j 4 e+ d(—1)"THT
One possible choice of normalization equations for this group action is

g-uo=0, g-u1=1, g-uio=1, g-ug1 =0,

where the value of the parameters, for this normalization, are
1 N 1

)
Uy,1 — U0,0 u1,0 — Uo,1

exp(a)sinh(b):(_l)m+n< ! - ! )

U1 — U0  UL,0 — Uo,1

2
1 U,0 uQ,1
c= —— ) + ) ,
2\ uy1 —ugop U1 — Uo,1

m—+n
—-1) < upp  Upa )
2 U1 — Up,0 U0 — Up,1

This gives a similar split in the invariantization (2.31)) of u; ; as the 2-parameter

exp (a) cosh (b) =

63



CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

Lie group of translations has in Example This is because the 4-parameter

Lie group depends on the parity of 7 + j again. The invariantization of u; ; is

Ui, j — U0,0 .
t(u;j) = —2——= fori+j even,

u1,1 — 0,0

U5 — UO,1 L
t(u;j) = —2——= fori+jodd.

u1,0 — Uo,1

In this example take k = ¢ (ug,—1) and A = ¢ (ug,) as the generating invariants.
It follows that ¢ (u1,—1) = (A — 1) k1,0 + 1 is the other relation needed to write the

invariantized Lagrangian in terms of the generating invariants and their shifts:

L"‘zlln
2

’{1,0 (1 — )\) -1
%1,0 -1 ’

Accordingly, the Euler operators (2.44)) of L* with respect to x and A are

A-1,0
2(k—=1) (A0 -1 rK+1)’
K1,0
2+ (2N =2)k1p

E. (LF) = —

Ey (L%) =

We now find the differential-difference syzygies. Firstly, the induced action is

g-uj; = exp (a +b (—1)m+n+i+j) u; (2.81)

and applying the parameters on the frame to this gives the first-order invariants

1 L 1 L 1
Y= (1+ (=1 ’+J>7 (1_ -1 ’+J>7 -
¢ (i) 2 < ( =D u1,1 — Uo,0 * (=1) u1,0 — Uo,1 g

for each ¢ and j. Consequently, there are two different invariantizations (2.31)) of

!/

U; 5 depending on the parity of 7 + j, specifically

!/

1 . .
L(u;j)zi’j, for i + j even,
’ U1,1 — U0,0
!/
/ Ui j L
L(uij)zi, for i + 7 odd.
’ U1,0 — Uo,1

The first-order generating invariant is then

Uo,0

O = —"""—.
U1,1 — U0,0
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Looking at the derivative of the generating invariants with respect to t,

de Uy — U B (uo,—1 — uo,1) (u/l,O - “6,1)

dt u1,0 — Uo,1 U0 — ugq)? ’
o (10 , 04) , (2.82)
d\ upo —ugg  (uz0 — uoo) (ui1 — upp)

)

dt — uyy —ugp (u11 — uo0)?

and using the replacement rule (Theorem [2.4.9)) to invariantize (2.31]) the right-

hand side of these equations gives

d

OT? = 1 (up 1) — o (uho) + (k= 1) (uhy),

at (2.83)
5~ L (uz0) = Ae(ung) + (A= 1) () -

A small complication arises here when the values ¢ (u; j) need to be found in

terms of the generating invariants and SiSéJ. To find even ¢ (u%) is fairly
straightforward and we continue as before by shifting ¢ in the original variables
by SZiS% and then using the replacement rule. To find odd ¢ (u; j> one can simplify
the calculations by shifting ¢ (u671) in the original variables by S’iSé_l and then
using the replacement rule and the identity

Soo

/

LU = .
( 0’1) 1-— K1,1 (1 — )\071)

Once the values for all ¢ (u;]> are found in terms of the generating invariants

and SZ'IS%'O', they can be substituted into 1) giving the differential-difference
syzygies ([2.36))

de _ (A-R) 0+ Qo1 —-Drr-1)gr
dt 1—r1-1(1—Xo—1) 2
n k—1
1 —(k1,1) (1= Xo1)

dd - (A =1Dkrog = A= A1 +1) (A2 —1) (k12) — (Mo2) (A11)

K ()\07_1 — 1) (1 — /i)
1 — (k2,0) (1 = A1)

Sio

Soo,

= S2
dt (1 + ()\0’2 — 1) 51,2) (K,OJ — 1) 17
K/OJ (1 — )\) + )\ + )\171 -1 20_ . )\ (K,Lg — 1) ()\072 — 1) S S o
(1 + ()\072 — 1) %172) (/‘i()’l — 1) 1 (50,1 — 1) (1 + K12 ()\072 — 1)) 192
+(A=1)0.
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Therefore, the linear difference operators ([2.60]) are

(1 — I*i) (1 + ()\0,71 — 1) /61,71) K ()\0771 — 1) (1 — H)

He = S_l - S
1 —k1,—1(1—Xo—1) 2 1 —(k2,0) (1 — A1) !
+ ol S
1—(k11) (1 —Xo1) »
(A =Dkro1 = A=A11+1) (A2 — 1) (k12) — (No2) (A\1,1) 2
H)\ — S]_
(1 -+ (/\072 — 1) /il,g) (/1071 — 1)
Ko,1 (1 — )\) FA+A -1 §2 A (KJLQ -1) ()\072 -1) $1S,
(1 + ()\072 — 1) I€172) (KOJ — 1) 1 (145071 — 1) (1 + K12 ()\0,2 — 1))

+(A—1)id,

and their adjoints (2.56)

(I1—=ko1) 1+ A—=1)K10) k10 (Ac1,—1 — 1) (1 — Kk_1)0)

HI = Sy — s7!
1—r1o(1—N) 2 1— (rk10) (1= ) 1
KRQ.—1 — 1 -1
+ ’ S5,
1—(k1,0) (1=X)"2
yt = = (Az20—1) ko1 —A20— A1+ 1) (A22—1)(k_12) g2
A (1 + ()\_2,2 — 1) H_LQ) (Iﬂ:_g,l — 1) 1
e (A22) (A=11) +h21 (1 —A20) +A20+ A1 — 1y
1

1+ A22—1)Kk_12)(k-21—1)
B A1, (li(),l -1) (A11—1) et o
(k1,0 —1) (1 + ko1 (A=11 — 1))81 ST+ (A—1)id.

The next example will explore a different normalization of the same group
action in Example to show some of the subtle differences this can have on
the results. The new choice of normalization shows some computations can be

made simpler than those in Example 2.8.3]

Example 2.8.4. To start the new normalization equations (2.16)) are

g-uo=0, g-u1=1 g-uo=1, g-ug-1=0.

The only change from the previous normalization is the substitution of the nor-

malization equation g -ug —1 = 0 for g-up,1 = 0. This changes the parameters on
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2.8. EXAMPLES OF DIFFERENT GROUP ACTIONS

the frame to

1 1

b
U1,1 — U0,0 U1,0 — Uo,—1

exp(a)sinh(b):(_l)m+n< ! — ! )

U1 — U0  U1,0 — U0,—1

1 Uup,0 up,—1
c= —— ) _|_ 5 ,
2\ uy1 —uogo UL — Up,—1

d:_(—l)m+n< oo U1 >

U1 — U0 UL, — Uo,—1

Likewise, the invariantization (2.31) of u;; changes to

Uj 5 — U0,0

t(uiy) = P for 7 + j even,
1,1 — 0,0
Ui, — UO,—1 .o
t(u; ) = —2——=— for i+ j odd.
’ U1, — U, —1

For this case let the two generating invariants be A = ¢ (u20) and £ = ¢ (ug 1),

consequently, the invariant Lagrangian is

1
LF = §ln|1 — (K1,0) Al

and so the Euler operators (2.44)) of L® with respect to x and X\ are

A-1,0
E. (LF) = -,
( ) 2(/\_170)I£—2
K1,0
Ey(LF)= ————.
)\( ) 2(:‘{170))\—2

Now to find the differential-difference syzygies again we apply the values of the
parameters on the frame to the induced action ([2.81]), which gives the invariant

first-order derivatives

1 . 1 . 1
Y= (1 _1”])7 (1_ _1Z+J)7 .
t (uw) 5 < ( +(=1) uL1 — oo + (—1) Lo — o1 Ui g

for each i,j. As in Example there are two different invariantizations ([2.31))
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of u ”, depending on the parity of ¢ + j, specifically

!/

©,] . .
L(u;j)zij, for i + j even,
’ U1,1 — UQ,0
ul
! i, . .
L (u”) =—2 _ fori+jodd.

U1,0 — U0,—1

The most advantageous part of this current normalization is its ease of moving

from the odd to even ¢ (u”). For example, with o = ¢ (ugp) it is clear to see

that
!
U
S;lo=—2"  — i (uf) ).
2 U1,0 — U0,—1 ( 0 1)
Here
ds Uy — Uy B (uo,1 — uo,—1) (ull,o - Uf),—l)
dt ~ wig—uo-1 (wo—uo—1)* (2.84)
d\  up — gy _ (u2,0 — u0,0) (ulll - U6,0) '
dt u1,1 — Uo,0 (uLl — 'U/(]’O)2 ’
SO
dr
ik’ (U01) — Kt (Ull,o) +(k—1) (u6 _1) ,
& (2.85)

After working out the values of relevant ¢ (u;;), they can be substituted into

(2.85), giving the differential-difference syzygies (2.36)

de (k11 —1) (k1) U_H()\m ) (k—1) ot (k-1
dt — (oa) (k11) — 1 52 (Ao1) (k11) — 1 S174 (5 =18 0
dd - QA A -1 Akea—1)(A-1) - U
dt (k1) (A1) — 1 S (k21) (A1) — 1 S150+ (A= 1)e:

Therefore, the linear difference operators ([2.60]) are

7_(%1,1—1)(,%—1) _/i()\()l )(H—l)
e = (Ao,1) (K1,1) — 1 5 (Ao,1) (K1,1) — 1
A1 —DA=1 o Ak —1) (A=

(

p—— s2 -
A (k2,1) A1) —1 71 Kk21) (A1) — 1

Sl + ("f - 1) 82_17

)8182 + ()\ — 1) id,
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and the adjoint (2.56)) of these are

(k1,0 — 1) (ko—1 — 1) k-10(A11—1) (k1o — 1)

Hi =~ Syt — s;t
" A(k1p0) —1 ? (A-1,1) (Ko,1) — 1 !
+ (/‘1071 — 1) SQ,
A —DRA20-1D o Aaamo—DA1-1) 1o
i = - An g2 omln ’ ST's
A (ko1) A1) =1 71 (k10) (A) =1 b
+ (A —1)id.

Remark 2.8.1. An interesting question arises from this example “can we find a
better choice of normalization equations and generating invariants than those in
Example to give a less complex invariant Euler-Lagrange equation?” The

answer to that question is yes. If we choose two of the normalization equations

to be those in the running example , that is,
g-uoo=0, g-ui1=1,
with the other two say,
g-up,—1=0, g-up=1.

Then using the same choice of generating invariants as in the running example,
k=t (u1,—1)and A = ¢ (ug), we get the same invariant Euler-Lagrange equations
as in . Now why is this the case? Well for this choice of normalization the
invariants ¢ (u; ;) with even i + j are the same as those in the running example.
Therefore, the generating invariants £ and A, and the recurrence relations for even
¢ (u;,5) are the same as those in . So, the Lagrangian reduces to the
same as before and as a consequence has the same Euler operators
with respect to the generating invariants . Additionally, as the relationship
between the generating invariants and ¢ (u; ;) for even ¢ 4+ j remains the same,
the adjoint operators also remain the same meaning the invariant Euler—
Lagrange equations are the same as those in . Note that the choice of

normalization equations for ¢ + 7 odd does not matter in this example. We could
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have used

g‘U27_1:2 g-ul,gzO,

and the result would remain the same.

The same situation would happen in Example if we had used the nor-
malization equation g-upo = 0 and generating invariants as in Example In
this case Example would have the same invariant Euler-Lagrange equations
as in Example [2.8.1]

Therefore, for Lagrangians like L in (2.17) with symmetries that depend on
(—1)™*™ it might be worth considering only those symmetries without (—1)™%"
and taking the generating invariants to be of the same parity as the Lagrangian.

As this seems to find the best representation of the invariant Euler-Lagrange

equations for these particular types of group actions.

2.8.4 A semi-simple group action SL(2)

Example 2.8.5. Now consider the semi-simple group action of SL(2). The in-
finitesimal generators (2.18]) of this action are vy, vs and vs. However, by taking

the group action to be

au;j +b

—>——_  where ad—bc=1,
cu;; +d

g Wi Uij =
the adapted infinitesimal generators are
Vg =2V, Vp=7Vs3, Ve,=—V;s.

Let the normalization equations ([2.16]) be

g-uil = 1/2, g-upo = O’ g-ul—1 = _1/2
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For this normalization the value of the parameters are

- ULl — Ul,—1
=./-— :
dug o — dup,our,n — 4ur,—1uo,0 + 4ui1ur,—1

U] — U,—1
b=— |— 5 U0,0,
dug o — dup,our,n — dur —1uop + 4uiur,—1
2ugp — U1, — UL,—1
c= ,
ul,1—ul,—1
2(u —Uur.—-1) (u — U1l — ? ’
( 0,0 ) )( 0,0 ) ) 4u%7074u070u17174u17_1u070+4u171u17_1

(—u1,1 — ui,—1) uo,0 + 2u1 1u1,—1

2 (uo,0 — u1,—1) (w00 — u1,1) \/— 3 A1,

dug g—4uo,0u1,1—4u1,—1ug 0 +4ug 1u1,—1

d=

consequently, the invariantization (2.31)) of w; ; is

(uo,0 — uij) (U1 —wr,—1)
(2u070 — 4U1,1 + 2ui7j) uyp,—1 + (2u171 — 4um~) up,0 + 2ui7ju1,1

v(uig) = —

This invariant can be hard to use, so instead let the generating invariants be

~ (uoo —w1) (uo2 —u1,—1) 1+ 2e(uop)

(U()o —uy—1) (up2 —u1,1) C1-2 (uo,2) ’
5= (u0,0 — ur,1) (ug0 —u1,—1) 1420 (uz0)

(uo,0 — u1,—1) (ug0 —u11) 1 —2e(ugp)

A similar trick for the generating invariants is used in the OAE paper, [25], for
the SL(2) projective action. Accordingly, the invariants ¢ (up2) and ¢ (uz0) can

be written in terms of generating invariants as

1 /k—-1 1 /A-1
o) =5 x1) o =555 )

and so the invariantized Lagrangian in terms of the generating invariants is

. 1
L —ilnx

1 ‘
Taking this normalization simplifies the invariant Lagrangian considerably. Con-

sequently, the Euler operators (2.44]) of L* with respect to x and A are

1

Ex(L7)=0,  Ex(I%) =5
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As E, (L*®) = 0, we only need to look at the derivative d\/d¢, which when

invariantized (2.31)) is

% = -4\ (%,0) —(A=1) X (u'“) +(A=1)¢ (u’l,,l) +(A+ 1)2 L (U/Q,O) . (2.86)

To find the form of the first-order differential invariants use the induced group

action on u; ;,
2.
!/
dg-wij) Wi

dt (cu;j + d)2 ’

and then substitute the value of the parameters on the frame:

i (urn —u1,—1)

up0 — u1,—1) (uo0 — u11)

i,j) :_4(

Here
ug o (u1,1 —u1,-1)
up0 — u1,—1) (wo0 —ur1)’

a:L(u070):—4<

is the generating first-order differential invariant. This leads to the differential-

difference syzygy (12.36))

Q — o + 4\ ()\ - 1) (Ii171 — )\072) Slsg()' _ 4 ()\ — 1) )\818510
dt (/{1,1 - 1) (H - )\) R1,—-1 — 1
+ 4 ()\ — 1)2 (51,71 — 1) A )\1,1 ("ﬁ?l,l — 1) (/i — )\) S%J

7 ([x], [A]) ’

where

7 ([5], [A]) = (8) (A1,1) (R1,-1 — A1,—1) (K1a — 1)
— (k1,1 — 1) (k1,1 — Ao2) (A)
+ [ A—1 = DR+ (1= Xo2) k1,1 + Aoz — Ar,—1] (A1) (A)

Thus, the linear difference operator (2.60)) is

AANA=1) (k11— Xo2)S1S2 4(A—1) XSS,

Hy = —4Xid + CREDICED 1
+ 4 ()\ — 1)2 (111771 — 1) A )\1,1 (/41,1 — 1) (I{ — )\) S%
7 ([s], [A) ’
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and the corresponding adjoint operator (2.56) is

4 ()\71,71) ()\71771 — 1) (H — )\71,1) 81_182—1
(/<a — 1) (’f—l,—l — )\_17_1)
A 1) (A1) S'Ss
k—1
41,21 —1) (Ao20) (A—11) (ko110 — 1) (K20 — A_20) S7°
T ([k], A ’

Hi = —4xid +

+
with

(K] [A]) = (k—2,0) (A—1,1) (K—1,-1 = A_1,—1) (K11 — 1)
— (k1,1 = 1) (F—1,1 — A2,2) (A—2)0)

(A1 = Droa+ (1= Ag2) horm1 + A2 — Aog 1] (Ao11) (A—2p0) -
Then as E, (L*) = 0, the invariantized Euler-Lagrange equation is
HIE, (L*) = 0.

As is shown in the examples the type of Lie subgroup used can have a signif-
icant impact on the resulting invariantized Lagrangian and invariantized Euler—
Lagrange equations. The calculations involved in the moving frame formulation
are also significantly more difficult for some Lie subgroups. For the Lagrangian
, possibly the best Lie subgroup, normalization equations and generating
invariants are given in the running example. (Here a 2-parameter Lie group of
scalings and translations is used.) The main advantage is this reduces the La-
grangian and Euler—Lagrange equation down to something quite simple. This
is something which the other Lie subgroups struggle to do. The more param-
eters used, (i.e., the larger the Lie subgroup) the further one can reduce the
Lagrangian down. For example, the SL(2) action reduces the Lagrangian
to one generating invariant. However, this comes with the added difficulty of
a more complex group action and relation between the invariants resulting in a
complex expression for the adjoint linear difference operator.

Using a Lie subgroup with fewer parameters, like in Example results

in nice expressions for the adjoint linear difference operators but does not sim-
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plify the Lagrangian significantly resulting in difficult expressions for the Euler
operators of the Lagrangian with respect to the generating invariants. Using Lie
subgroups which involve the independent variable (and partitioning) comes with
its own set of complications. The normalization equations need to be chosen so
that the invariantization of u; j on the odd (even) part of the lattice has
only variables u; ; from the odd (even) part.

It is currently not yet fully understood why using a particular Lie subgroup
will give better reductions of the invariant Euler—Lagrange equations. It appears
using the entire Lie group may in fact be the least optimal choice for some ex-
amples. As a result this topic deserves further investigation.

Different Lagrangians invariant under a particular Lie group will need a dif-
ferent choice of Lie subgroup, normalization equations and generating invariants.
Remark helps find the best choice of these by allowing one to calculate the
adjoint operators individually for different Lie subgroups, normalization
equations and generating invariants to find the most suitable choice for a partic-
ular invariant Lagrangian and its Euler operators. Importantly for PAEs (with
two generating invariants) there exists a syzygy between the two generating in-
variants meaning if one has a solution to the Euler—Lagrange equation for either
generating invariant the solution for the other can be found (if one can solve the
resulting PAE from the syzygy). One can find the solution to the original Euler—
Lagrange equation from either generating invariant, (however, for PAEs this is
difficult.) For OAEs the number of dependent variables is equal to the number
of generating invariants so there is no syzygy. Solving the Euler—Lagrange OAEs

is discussed in Section 8 of paper by Mansfield et al. |26].

2.9 On infinitesimal and adjoint action

This section extends the ideas in the OAEs paper by Mansfield et al. [26] to
PAEs. For us to state the results for conservation laws, it is essential to introduce
the action of infinitesimal generators of a Lie group on a manifold, including
the adjoint action of the Lie group. Infinitesimal generators and some of their

properties have already been discussed in Section Here we start with a more
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rigorous definition of the infinitesimal generator.
Definition 2.9.1. Let G x U — U be a smooth local Lie group action. If v (¢)
is a path in G with 7 (0) = e, the identity element in G, then

V=< t207 (t)-u (2.87)

is called the infinitesimal generator of the group action at u € U, in the direction
~'(0) € T.G, where T.G is the tangent space to G at e. In coordinates, the
components of the infinitesimal generator are Q¢ = v (u®) so

0

V:Qo‘aua.

The infinitesimal generator is extended to the prolongation space P, (RY) by

the prolongation formula

d

vt = S| () uf = QF = 5507,
t=0

for all J in the domain (see Chapter 6 in [15]).

Therefore, in coordinates, the prolonged infinitesimal generator is

v =Q% 0

JTZL(} 9 (2-88)

this is a generalization of (2.19)).

Lemma 2.9.2. If a Lagrangian L (n, [u]) is invariant under the Lie group ac-
tion G x M — M, the components of the infinitesimal generator of the group
action from Definition form the characteristic of a variational symmetry of
L (n, [u]), as defined in Definition [2.2.1]

Proof. The Lagrangian L is invariant so

for all g, where g-[u] represents the action of the group on the dependent variables
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and finitely many of their shifts. Thus,

d oL

0=+ tZOL(n,’V(t) [u]) = v (L) ZQS‘@-

By Definition [2.2.1] the components Q% of the infinitesimal generator are the

components of the characteristic of a variational symmetry of L. O

By the same reasoning as in the OAEs paper [26] the elements v (0) € T.G
determine each of the infinitesimal generators, with the remainder of the path in
G being immaterial. A property of the tangent space T, G is that it is isomorphic
to the Lie algebra g, where g is the set of right-invariant vector fields on G.
The right-invariance yields a Lie algebra homomorphism from g to the set X of
infinitesimal generators of symmetries (see [28]). Further, if the group action is
faithful, that is, there are no group elements g (except the identity element) such
that g - uw = u for all w € U, then this is an isomorphism.

Now we provide details on how to obtain the adjoint representation of g
from [26]. Let G be an R-dimensional Lie group. The Lie group G can be
parameterized by a = (al, e aR) in a neighbourhood of the identity, e, where the
general group element is ' (a) and the identity element of the group is " (0) = e.
Let the action of G on the local coordinates, u = (ul, e uq) onU,beu=T (a)u.
Varying the parameters a” one by one in the process above yields R infinitesimal
generators,

ou”

v, = QF (n,u) 9ya, where QF = . (2.89)
da’ a=0

These form a basis for X'. As the set of infinitesimal generators of symmetries,
X, is homomorphic to the Lie algebra, g, the adjoint representation of G on g
gives rise to the adjoint representation of G on X. Given g € G, the adjoint
representation Ad, is the tangent map on g induced by the conjugation h
ghg~!. The corresponding adjoint representation on X is expressed by a matrix,
Ad (g) = (a;), which is obtained in the following way.

First calculate a basis for X,

v, = QY (n,u) Oy, r=1,...,R.
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Then let 1 = g - u and define
v, =QF (n,u) 0, r=1,..,R.

Now to determine .Ad (g), express each v, in terms of vi,...,vg and use the
identity

Vr = a;Vs, where Vgi=vg|,g.-3. (2.90)

As v, and v, are known for » = 1,..., R, one can read off the components
a; of the adjoint representation of g. Additionally, by regarding the infinitesimal
generators as differential operators and applying the left-hand side of the identity
(2.90) to each u® in turn, one obtains via the chain rule

ve @) = (G5 ) @2 ). (2.91)

where 0u®/0uf denotes the a row and $ column component of the Jacobian

matrix. Similarly, applying the right-hand side of (2.90) to each ©® in turn gives

0%, (i) = a2Q2 (n, ). (2.92)

Combining the results (2.91) and (2.92)) yields

(gzﬁ) Q% (n,u) = a2Q% (n, 7). (2.93)

This identity is extended on to the prolongation space P, (R?) where points
in that space include coordinates of the form uk which lie in this domain.
The infinitesimal generators v,., prolonged to all variables uk for all K in the

domain, satisfy (2.90)). Applying this identity to uy gives the formula

(%) QF (n+3,uy) = a2Q (n + J, 1) . (2.94)
duy

2.10 Conservation laws

For ODEs [9, |11, 22|, PDEs [10] and OAEs |25, [26] it has been shown that in

general, the conservation laws are not invariant. However, they are equivariant
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and they can be written in terms of the invariants and the moving frame. For

PAESs, the key result is that the R conservation laws can be written in the form
Dni{‘/tsiaﬂg:po([u])} =0, r=1,...,R, (2.95)

where a are the components of the adjoint representation of pg ([u]) and

*lg=po([u))
V¢ are invariants for each i.

We use the same reasoning as is given in the OAEs paper by Mansfield et
al. in the calculation of the Euler—Lagrange equations and boundary terms. In
terms of the original variables, suppose that the dummy variable ¢ effecting the
variation is a group parameter for GG, under which the Lagrangian is invariant.
Then the resulting boundary terms yield conservation laws; this is the difference

version of Noether’s theorem (Theorem [2.2.2)). So it is useful to identify ¢ with a

group parameter by considering the following path in G:
t—y(t)=T (a1 (t),...,a (t)), where a” (t) =t and a (t)=0,1#r. (2.96)

We know that a — IT" (a) expresses the general group element in terms of the

coordinates a. On this path, each (ug)" at t = 0 is an infinitesimal generator,

from .

For the invariantized calculation, we follow essentially the same route to the
result, identifying the dummy variable effecting the variation with each group
parameter in turn. Remember that L* is a function of k with each x” a function
of u and their shifts. The dependent variables u® depend on ¢, so L" depends on
t. The identity

dL"
dt

T
(M2) Bys (17) 0® + Div (Ay) + Div (Ay),

(12) Bps (L) 0% 4D, <Fé (n, []) (M)') + D, (HY (n,[w]) o),

(2.97)

is given in the proof of Proposition [2.6.11| and is important here. Recall Remark
2.6.12|which states that Div (A) is linear in (I’é}ﬁ)/ and their shifts, while Div (Ay)

is linear in ¢ and their shifts. As t is a group parameter and each x? is invariant,

78



2.10. CONSERVATION LAWS

(K’B )/ = 0. As a consequence, {) reduces to
f .
(#2) Byo (L) 0 + Dy (HE (n, [K]) o) =0, (2.98)

so D,,i(H! (n,[k]) 0*) = 0 on all solutions of the invariantized Euler-Lagrange
equations, i.e., when

]
(Hﬁ) E,s (L%) = 0. (2.99)
We now derive the conservation laws from this condition.

Proposition 2.10.1. Suppose that the conditions of Proposition hold.
Write
H! (n,[k])o® = CLISy () (2.100)

where the H), (n, [k]) come from D, ; (H, (n, [k]) c®) and each i’ depends only
on n, K and its shifts. Let Q¢ be the component of the matrix of characteristics
corresponding to the dependent variable ug and the group parameter a®. Then

the R conservation laws amount to

D, (C57S3{t(Q%) aflg—po(u)}) =0 (2.101)

That is, to obtain the conservation laws, it is sufficient to make the replacement

0 = {Q2 g po () = ¢ (Q2) 3] g—poy(fu) (2.102)

in each D,,; (H, (n, [k]) 0%), with Q% =g Q% (n,u) = Q% (n, ).

[0}

Proof. Recall that

d(g-ug)

o = o (u]) - () = (H458)) (2.103)

g=po([u])

To obtain the conservation laws, conflate ¢ with the group parameter a”, making

the replacement

e ([u]) - v (t) - ug (2.104)

po ([u]) - (ug)" —

dt
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CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

in D, (HY, (n,[k]) c®), where v, (t) is the path defined in (2.96)). For any g € G

d o O(g -y (t) uf d
G ey = (2B ) (2] )
t=0 0 (% (t) - “o) t=0 t=0 (2.105)
d(g-ug) (d
== 5 (5| w®-ug).
8”0 t=0
Using ([2.94) yields
d @ 9(g-ug A s
L) (gt ug) = LB g8 _ Geas.
dt|,_, il
As a result, setting g = po ([u]), the required replacement is
o% = (Q?) afj|g:p0([u}). (2.106)
0

By the prolongation formula Sy (po ([u])) = ps ([u]), the conservation laws

amount to

Dni (C;l);J (SJL (Q?)) af"g:p‘]([u])) =0. (2107)

As the adjoint is a group representation

! —1\s I
gl g=p3([u)) - (a )r l9=po () = aT’g:pJ([u])po([u])_l

(with a=! the inverse adjoint matrix) is invariant, this leads to the following

corollary.

Corollary 2.10.2. The conservation laws for a difference frame may be written
in the form

D, {Va}]g=pg ()} = 0, (2.108)

where V! are invariant components, specifically

i _ i,d a l
Vi =€ (83 Q) (g o) (2.109)

As the conservation laws depend only on the terms arising from Div (Ay),

80



2.10. CONSERVATION LAWS

the laws can be calculated for all Lagrangian in the relevant invariant class, in
terms of E.e (L*), independently of the precise form that L* = L* (n, [k]) takes.
Now using Proposition [2.6.5] we can derive a useful result for the divergence

term Div (Ay).

Corollary 2.10.3. The divergence term Div (Ay) is given by

Div () = 3 (5 —i0) [s- (. (guj) ((62)8) B (1)) .

J

Proof. The divergence term is

Div (Ay) = E, 5 (L") (Hgaa) - <<7—(§)TEK5 (L"””)) . (2.110)

T
The formulas for ’Hg and <7—[§) in Proposition [2.6.5| give

E, s (L~ (7—[6 a) ZE <82J>L((9J)i)s;,aa,
(42) s 12y = 253 (B 090 (G ) (0010) ) o

Thus, substituting these into (2.110)) gives the result. O

T
Remark 2.10.4. Using the formulas for Hg and (%2) in Lemma [2.6.7] would

give

e
Div (Ay) = Y _ (S5 —id) [L (aaugJ> (S_3E, 5 (L%)) aa] .

J
From this point we can use identities to write different (Sy — id) F' in terms
of DniFi, that is,

(Sy —id) F =D 1 F' +-- -+ DpFP,
for each F withi=1,...,p. As a consequence, the terms H’ and Céj'] in ([2.100))

can be found.

Example 2.10.1. Here we find the conservation laws of the Lagrangian (2.17))
when considering the group action in the running example of a scaling and trans-

lation (2.23]). First, we calculate the divergence term Div (A ), using the Euler
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CHAPTER 2. VARIATIONAL PAES: RECTANGULAR MESH

operators of L* with respect to the generating invariants (2.47)), linear difference

operators (2.42)) and adjoint linear difference operators (2.48)). Therefore,

. A AN CA(r-1)
E,i (L ) (,HEU) = 2%8182 (o 2/43171 (/<; — )\) Snga % (FL — )\) g,
By (1) (Hao) = — D = ) A=) g

2/4,171 (K - )\) O 2/@171 (K, - )\)
Lt
2k — N
A A1 1(1—=X11) Ak —1)
t E. (LF 1,1 _ 1,—-1 1,-1 _
((7_[”) " ( )> 2/€71,1 7 2K (/4,71771 — )\71771)0- 2K (K — )\) o
g (25 = — (k20— 1) (ko1 —A-11)  Acp-1 (k11— 1)
((H)‘> A ( )> 2/<a_1,1 (H_Q’O — )\_2’0) g 2K (Iﬁ_l,_l - )\_1,_1)0-
ML
2(k— M) 7

Using (2.110)) the divergence term is

Div (Ay) = E, (L%) (Hxo) — ((HD By (LR)>
+Ex (L") (Hao) — ((H>EA )

Hll

P (Jm—w 1) (e = A—ma) |

2k_1,1 (K—2,0 — A=2,)

Now we need to write this in the form
Div (Ay) = (S; —id) G' + (S — id) G,
To do this we use the following identities

(S185' —id) F' = 84S, F! — F' = (S; —id) (S 'F*') + (S2 —id) (—S; ' F'),
(S§—id) F? = SiF? — F? = (S1 —id) (S1F?) + (S1 —id) F?,

(S1S2 —id) F? = $189F? — F* = (81 —id) (SoF*) + (S2 — id) F>.
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2.10. CONSERVATION LAWS

Thus, the key divergence term is

Div (Ay) = (Sy — id) <2)\1’082_10> +(Ss — id) (-WS;U)

K—1,0 2610
. (k—1,0 — 1) (ko,1 — Ao,1) )
4+ (S1 —id) | — : : =~ Si0
(5110 ( 2k, (K10 = A-10)
. (k2,0 — 1) (K—1,1 — A=1,1) )
+(S1 —id) | — : : o
Bi=id) < 2k-1,1 (K—20 = A-20)

A A1
+ (81 —id) <—2 ”’slo) +(Sy — id) <_21,;10) :

R0,1

from which we find the corresponding values of cit (where o = 1 as we take

u = u') are the following

cL00 _ _ (k=20 —1) (F—11 — A-1,1)
! 2611 (k=20 — A—20)

clo1 _ A1
1 2/@0,1 ’
otro _ _ (F-10—1) (Ko1 — Aoa)
! 2’%0,1 ("{—1,0 - )\—1,0) ’ (2111)
Cl,(],*l _ )\71,0
! 2k_10’
020-1 _ _ A-10
! 2K_10
0200 _ A1
e 2k

Note for PAEs the values of CQJ are not unique. To obtain the conservation laws
we need the invariantized (2.31)) form of infinitesimals restricted to the variable

u

L(Q) =0, () =1,

and the components of the adjoint matrix on the frame:

1 1
atlg=poo(u) =1 @2lg=pg () =0
1

U1,1 — U0,0

Uo,0

3= o)) =
) = u -
Uit — oo 9=0,0

2
al‘g:po,o([U]) =
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Using the formula (2.101f) gives the conservation laws

1,00 (2 1,01 ( 2

Dnl{cl (aj|9:po,o([U])> } T Dnl{cl (aj|9:”0’1([“})> }+
1,10 ( 2 1,0,-1 ( 2

D1 {Cl (aj,g:pl,o([u])> } + D {Cl <aj‘g:p0**1([u]

2,0,—1 2,0,0
D,z {Cl (a?|g:p07_1([1d)) } + D2 {Cl <a?‘g=f)0,o([u]

+

=0,

)}
)}
for j = 1,2. These expressions are complicated, so we omit writing them explic-

itly.
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Chapter 3

Extension to a non-rectangular

mesh

In this chapter, the results on variational problems for the rectangular mesh are
extended to a non-rectangular mesh. In particular, the snub square tiling, a type
of semi-regular tiling, is explored. We build on a new prolongation space for this
tiling due to Hydon [14], which is summarized in Section This enables us to

explore the calculus of variations and its invariantization.

3.1 The prolongation space of the snub square tiling

Most of the current literature considers regular tilings of the plane, that is, tilings
using regular polygons (squares, equilateral triangles and regular hexagons). The
snub square tiling is a semi-regular tiling, that is, its tiling uses more than one
regular polygon. Considering such tilings aids the development towards looking
at completely free mesh, which would have possible applications in numerical
approximations. The material in this section is due to Hydon [14]. The base
points in the snub square mesh (see Figure|3.1)) are the vertices of the snub square
tiling (see Figure . Given an arbitrary base point, which is labelled 0, the

tiles touching 0 form the following arrangement, called the standard template

(see Figure [3.1a)).

Definition 3.1.1. Neighbouring points (vertices) are connected via edges on the

graphs.
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CHAPTER 3. EXTENSION TO A NON-RECTANGULAR MESH

>

(a) Standard template.

Figure 3.1: Snub square standard template and tiling.

Here we introduce steps which allow one to move along edges between different

points in a tiling.

Definition 3.1.2. A step, T, maps a tiling 7 of the plane to itself, i.e.,

T:T-—>T.

Steps can be applied more than once, r steps of T being denoted by T". Two

steps Ty and Ty are independent if and only if

T1 () #T2(J), T3(J)#Ti(J)

for all r, s € Z and where J represents a particular point in the tiling. We consider
tilings of the plane with at most two independent steps.

Steps we consider consist of a translation between neighbouring points, pos-
sibly followed by a rotation. In the regular square domain, the two independent
steps are the horizontal and vertical translations with no rotations for either. We
now define two independent steps for the snub square tiling. For a brief outline
of other regular and semi-regular tilings, see Appendix

The group of symmetries of the mesh include all translations from one point to
another (with a rotation following the translation to map the standard template

on the source point 0, to the standard template on the target.) The rotations

!-uniform_n9 by Tomruen, retrieved from ”https://commons.wikimedia.org/wiki/File:
1-uniform_n9.svg’ is licensed under (CC BY-SA 4.0. This image has been rotated and some
shapes have been added.
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3.1. THE PROLONGATION SPACE OF THE SNUB SQUARE TILING

are integer multiples of 7/2. There are also reflections, but these are not used to
describe the prolongation space over 0.

Let T; denote the translation from 0 to 1 followed by a rotation of /2
clockwise, and let Ty denote the translation from 0 to 2 followed by a rotation of
w. On Figure the step T; is denoted by the blue arrow and Ts by the red
arrow. So 1 =Ty (0) and 2 = T4 (0). Moreover,

3 =TT (0),
4 =T ToT, T, (0),

5 =T ToT1ToTi T2 (0),

6 =T3(0),
7="T3:(0),
and

T4 = (T1Ty)* = T2 = id.
So applying T repeatedly to 0 gives the cycle
0—1—7—6~—0,

clockwise around the right-hand square in the standard template, and similarly

applying T1T9 repeatedly cycles anticlockwise around the left-hand square:
0—3—4—=5~0.

Additionally, applying Ts repeatedly cycles between 0 and 2.

A path between 0 and any other point J which may be anywhere in the mesh,
is obtained by applying T¥, k € {1,2,3} and Ty successively to translate along
the edges between the tiles; this may produce a very long expression for the
path. Note that the order of the steps for the snub square tiling is important.
The steps for the snub square tiling do not commute, as T1T2 (0) # T2T; (0).
Two different paths between 0 and J, P; and P, say, differ by a trivial path:

P (0)=P, (P2_1P1 (0)), SO P2_1P1 is a trivial path (either the identity or a cycle,
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i.e., a closed loop). For instance, if one goes from 0 to 6 in the standard template
via 5, the path is not P, = T3 (0), but could be P, = To (T1ToT1ToT1T2) (0).
Then Py ' Py (0) is the trivial path

O—1—7—6—5—4+—3—0,

which is a cycle (note some of this path goes off the standard template). The
identities T} = (T To)* = T3 = id, enable us to factor out such trivial paths: two
paths P; and P, are equivalent if and only if P2_1P1 = id (modulo the identities).
This means they produce a path between 0 and some point J in the tiling. In the
example above, Py = T1_1 (T1T2)4, where T1_1 is equivalent to T?l’. Consequently,
Py, = Py.

Using equivalence of paths enables one to write complicated paths in a shortest
possible form. Even then, the notation can be cumbersome.

For a function u (or, more generally, a difference form — yet to be defined)
on the mesh, the prolongation space over 0, P, (U), is the product space giving
the values of u at all points in the mesh. Here, we are not thinking about any
particular function, but rather the space of all functions so uy can take any value
in R (or C if needed). Here uy is the value of u at the point J, that is, the
pullback of w by any translation from 0 to J. We talk about the path from 0
to J henceforth, as equivalent paths are counted as the same. We think of the
equivalence class of all paths which take 0 to J. It is important for the calculations
later that we use a single representation of a path from 0 to J.

The structure of the mesh (and hence the ability to distinguish difference
forms from arbitrary discrete forms) is built into this construction, as every path
consists of translations between successive adjacent points (and its points can be
labelled by a set of consecutive integers).

For the snub square tiling, T9 only occurs (in paths) raised to the first power,
whereas T can be raised to the power 1, 2 or 3. Asin Chapter T% denotes the
pullback by Tk. To shorten the notation, write J in uy as a sequence of colons
(:) representing T% and digits k € {1,2, 3}, representing (T’f)* In this chapter

we mainly focus on the case of one dependent variable only. The extension to
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more dependent variables is trivial.

For instance, J = Pj (0), where Py = ToT3ToT T2 Ty, gives
uy = Pju = T{T3T; T35 (T3)" Thu,

SO uy = u1.1.3. - Bear in mind that the indices used in going from 0 to J are read
from left to right in the pullback. Therefore, the pullback of Pk Py is Py Py, and
so PyPiu = uyk, where JK represents the concatenation of indices, simplified

by the relations

=0,
1:1:1:1:=0,
:1:1:1:1=0,
3:3:3:3:=0,
:3:3:3:3=0,

nm=mn+m(mod4);

any zeros that occur are deleted and simplification continues until no further
simplification is possible.

One can also use the identities

to keep the representation as short as possible.
In calculations, because we represent the paths from 0 to J with one repre-

sentation the pullback also only has one representation.
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3.2 The non-rectangular difference variational calcu-

lus

Much of the theory for PAEs in Chapter 2| extends to the non-rectangular case,
with a few subtle differences. The main difference to consider is that the multi-
index J for the PAEs is now described using a set of consecutive integers. As
much of the theory remains the same, a proof will be given only when required.

The equations hold for all n in Z2. Assume all equations are regular over Z?
[15]. Therefore, n is suppressed and uy is used to represent u on the fibre nJ. The
J here is the set of integers in the pullback of the path Py (from 0 to J). Taking
n to be the base point, we must find the Euler operators and Euler-Lagrange
equations in terms of shifts and derivatives. The identity operator remains the

same, that is,
idin—mn, id:f@n)— f(n), id:uy+— uy,
but the shift operator becomes
Sk :n—nK, Sk:f(n)— f(nK), Sk:uy+— wk,

with K the set of integers in the pullback of the path by Pk. If f,3 is a function on
the fibre nJ then the pullback is related to the shift operator by Sk fn := Tk fak-

The variational problem is to find the extrema of a given functional
Llul=) L(n[u]),
n
where the sum is over Z2. The extrema are found using

Lu+ew] =0,
e=0

de

for all w that vanish on the boundary (or in the appropriate limit, where the

domain is unbounded). It is simple to check that the variation of £ (u) in the
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direction w is

d .
T _ [u+ ew] E w*Eye (L) 4+ Div (Ay (n,w)) . (3.1)
Here
0 . oL
Eua—S Jaa, DlV EJ SJ-Id’LUS_](auJ),

with —J the set of integers in the pullback of the inverse path P_j (path from
J to 0). The divergence terms Div (Ay) summed over the domain will only give
boundary terms which are assumed to disappear. Therefore, the extrema satisfy

the system of Euler—Lagrange equations

=25 Vo =2 Z 0,
and the Euler operator with respect to the original variable u® is

0

Eyo = .
SJaa

Divergence terms are in the kernel of the Euler operator, that is,
E,o (Div (4)) =0,

for any divergence term Div (A). The systems of Euler-Lagrange equations over

n are
oL

E, o =
u() SJaa

=0, a=1,...,q. (3.2)

Example 3.2.1. For an example consider the Lagrangian,

Lzh(w%>, (3.3)
u1p — up

and find the Euler-Lagrange equation. Using (3.2)) the Euler-Lagrange equation

is

U, — UL

. 1 1 —_—
(0 — o) (s —g) T (uo —m) T5-0 <—u0 —u:) =0
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v

Figure 3.2: Relevant points for E,, (L).

where S,(l) = Sg and S,() = S; , SO

U. — Ul 1 1
E, (L) = — =0. 3.4
u() (U:—UO)(Ul—U0)+U3—u0 U. — Uy ( )

Figure |3.2 shows all the points that are involved in the Euler-Lagrange equation

E, (L) = 0.

Remark 3.2.1. The Euler-Lagrange equations can also be found using an addi-

tional independent variable t:

d
a (ua)/: ;C [u] =0.

wa

with (u®)" = du®/dt. Alternatively, one could also use difference forms and a

vertical derivative, as described in Chapter

3.3 Difference moving frames for a non-rectangular

mesh

The geometric setting for functions on the snub square tiling is represented by its
prolongation space. Coupling this prolongation space with the discrete moving
frame (Definition [2.4.13)) leads to a difference moving frame. Therefore, let

and p ([u]) denote the cross-section and frame on n, respectively.

Definition 3.3.1. A difference moving frame for the snub square tiling is a

discrete moving frame on the prolongation space P, (U) where the cross-section
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over nd is represented by S3K and this holds for all J.

Remark 3.3.2. This definition also applies to other tilings with two independent

steps (see Appendix , not just the snub square tiling.

From this definition, a large amount of the content in Chapter [2| can be repli-
cated for the non-rectangular case. This includes all the definitions and propo-
sitions in Section that follow after Definition of the discrete moving
frame. The only change to make for these definitions and propositions is that the
multi-index J now represents the concatenation of indices in the pullback of the
path, Py, from 0 to J. Therefore, the invariants I§q = po ([u]) - ug along with
the Maurer—Cartan invariants K ;) = (S;p ([u])) p ([u])~! with i = 1,:, and their
shifts, provide the set of all invariants. From here if one is using the additional

dummy variable method, the important differential-difference syzygies are still

These are then found using either method described in Section [2.4] Using differ-

ence forms, as defined in the next section, the linear difference operator
8%5 5
J J

from Section[2.6|can be used. The adjoint of a linear difference operator is defined
in the same way as in Section Therefore, the adjoint linear operator can be

found and is equivalent to

<%§)T = ;S—J (L (ggg) L ((QI)Z)) S-J,

found in Chapter 2]

3.4 Non-rectangular invariant Euler—Lagrange equa-

tions

To see how Proposition [2.6.5] and its proof carry over to the non-rectangular

case, all that remains is to understand how difference forms can be defined on a
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non-rectangular tiling. The following definition of difference forms is a standard
application of homology theory, developed by Hydon [13].

Let 7 be an edge-to-edge tiling of R?; this consists of points, edges and tiles
(which need not be the same shape as one another). The tiling splits R? into
disjoint interiors of tiles, interiors of edges, and points. The points are the vertices
of the polygonal tiles, and the edges link neighbouring points.

The standard (anticlockwise) orientation on R? leads to a compatible orien-
tation on each tile, which induces an orientation on the edges that bound the
tile; neighbouring tiles that share an edge induce opposite orientations on their
common edge.

Consider what can be deduced directly from the given tiling 7. In the fol-
lowing, I is any index.

Let cgo) be the point labelled I; the set of all fundamental 0-chains is the set
of all c%o) . A 0-chain is a linear combination of fundamental 0-chains.

Let ¢{”) be the edge labelled I, and let ¢{”) be the tile labelled T; the set of all
fundamental r-chains is the set of all CY), and an r-chain is a linear combination

of fundamental r-chains. The vector space of all r-chains is denoted by A" (7))

Example 3.4.1. Consider the 2-tile system shown in Figure taking orien-
(2)

tation into account, label the fundamental 2-tiles as cjy,5; and 0523)4. The funda-

mental 1-chains are the edges c%), c%), c%), cg?, c:(,,4) and c( ) The fundamental

0-chains are cgo), cgo), céo), cflo) and cg ). The index used is a matter of convenience;

Cartesian coordinates would be just as well. The boundary of 0522)45 is

1 1
8052)45 = ng) + C( ) + Cz(ls) - 055)

Here the assumed orientation of the fundamental 1-chains is from the smallest

index to the largest; if we had chosen to label the edge between points 1 and 5

as 0(51), with the orientation from the first index to the second, we would have

written cé ) in place of —055) Similarly (90%)4 = c%) + cé4) — c§4) The boundary

(1) 1 _ (0) _ C(O)
€ i

operator 0 acts on the fundamental 1-forms cij as follows: 80

94



3.4. NON-RECTANGULAR INVARIANT EULER-LAGRANGE EQUATIONS

Figure 3.3: Two tiles of the snub square tiling.

Note that

o (0e2h) =0 () + et~ o)

= <ch) — cgo)) + (0510) — c§0)> — (cflo) — 0(20)> =0.

Similarly, 620522)45 =0.

More generally, the boundary operator 9 is defined as the linear map taking
each (oriented) r-chain to its boundary. This is a slight adaptation of what
happens for a triangular tiling (where every tile is a triangle). In that case, the
orientation of the triangle is shown by the ordering of its vertices cl(.?,l, and the
boundary operator gives

2 1 1 1
‘%fgjl)c = Cz(j) + CE’k) - cz(k)'

Similarly, acg) = Cgo) - c&o)’ so that 8201(‘]2‘12; = 0.
One can regard C§22)45 in the example above as a chain consisting of c§22)4 + cﬁ)g),

so that the boundary is

2 2 2
0 () + <) = ekt + o)
1 1 1 1 1 1
= (84l )+ (e 4 )~ lt)

1 1 1 1
= C§2) + 054) + 0515) - (355)7

as expected. The internal ‘edge’, cﬁ), which is not part of the tiling, is cancelled

out by the boundary operator.
The point is that 0 : A, (T) — Ar—1 (T), r > 1, is a familiar object, behaving

in exactly the same way as the boundary operator for simplicial homology. The
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coboundary operator for simplicial complexes is defined by (dw) (¢) = (w) (9c),
where w is an r-form and ¢ is an (r + 1)-chain; brackets are used to indicate
the pairing between forms and chains. Note that if w is an r-form and c is an
(r + 2)-chain,

(6°w) (c) = (dw) (Oc) = w (9%c) = 0,

so 62 = 0.

The construction of the coboundary operator in the simplicial case suggests
how to deal with difference forms on a general tiling. Define the fundamental
r-forms A{r) dual to the fundamental r-chains. With the pairing indicated by an

integral sign,

for all fundamental r-chains cgr).

Then an r-cochain is a linear combination of the fundamental r-cochains, with
coefficients in the same (abelian) group as the r-chains. So if ¢ = aJ CST), and

w = bIAb) is an r-cochain,
/( : w=a’b ") A%T) = a‘]b15} = a’by.
c\”r cy

The coboundary operator A is defined by

/ Aw = / w,
C('r‘+1) ac(r+1)

for all ¢"t1) ¢ A,41, which looks like Stokes” Theorem, but merely expresses a
definition that is analogous to that for the simplicial coboundary operator. Let
A" (T) denote the vector space of r-cochains; then A : A™ (T) + A" (T) and
A% =0.

For now, assume that the coefficients of chains and cochains are arbitrary real

numbers. A function f takes values on the vertices, so it can be regarded as a
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mapping f: Ag = R. So f = fiA%O), where f; € R, and therefore
[ = 185=1;
J

Similarly, a 1-form A can be written as

A= AAl

(as every edge can be indexed by the points it joins). Thus
/(1) A= )\,J(glk]l = )\135]25{ = il
ki

By definition,

L0 = [ = fo = [ d =55

and therefore Af = (f; — fx) A](c{)- Note that as Aﬁ) =

been written as Af = (fx — f1) Al(’f) if we had chosen the indexing differently.

—Afll), this would have

Similarly, for a given 2-form, n = nIA%Q), where 11 € R,

J

/ A)\z/ A
032) 60.(]2)

defines A\ in terms of Ab). Given that some tiles may not be triangles, this

and

needs to be calculated case-by-case.

Example 3.4.2. (Example Cont.)
For the 2-tile in Figure the 2-forms are

n= 771245A%22)45 + 77234A%§’fl-
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In particular,

>

+
=

>

—I—/(l))\—/c(l))\:)\12+>\24+)\45—)\15,

€45 15

N
>
>
Il
=
>~
_l’_
S
=

/\—/(1)/\:/\234-)\34—/\24;
Coq

SO

AX = (M2 + Aoa + A5 — Ais) A%22)45 + (A23 + Aza — Aog) A%S)ZL

Note that if

A= Af
= (fo= AR + (s — AR + (s — f2) AR

+ (f1— f2) A%f) + (fa— f3) Az()’f) +(fs = fa) A?ls)

then we obtain A%2f = 0, as required.

Everything that has been done so far is coordinate-free. Functions are paired
with points, 1-forms are paired with edges, and 2-forms are paired with tiles. The
homology and cohomology groups will be exactly those that would be obtained
using a simplicial approach for any triangulation that uses the same set of vertices.

The above definition of difference forms enables us to find the invariantized
Euler—Lagrange equations for a Lie group invariant Lagrangian. The setup is the
same as before: suppose that we have a Lie group action G x M — M, and a
difference frame for this action. Any group-invariant Lagrangian L (n, [u]) can be
written, in terms of the generating invariants x” and their shifts /ig = SyK?, as
L* (n, [k]), for some finite number of shifts of the generating difference invariants.

Let the difference Euler operator with respect to x” be the same as before, namely

0
Eﬁﬁ = S_ A3
J@/ﬁg

where J (—J) is the concatenation of indices in the pullback of the path, Pj
(P_3), from 0 to J (J to 0).

Proposition 3.4.1. The invariantization of the original Euler-Lagrange equa-
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tions is

By (1) = (H2) B0 (1), (35)

where
(n2)' = IR ( (ggg) L (<9J>i)> S 5. (3.6)

Proof. The proof remains the same as the one in Proposition however, the
difference forms are defined as above. Assuming an anti-clockwise orientation on
all the tiles means that tiles which share an edge will have that edge summed both
positively and negatively. Therefore, any divergence terms will vanish leaving

only boundary terms which are assumed to disappear. O

Remark 3.4.2. In a similar manner to the rectangular case for the non-rectangular

case, the invariant Euler-Lagrange equations can also be written as

(B (L) = (H2) By (1),

with

) =5 () s

Therefore, as before there are two representations of the invariant Euler—Lagrange

equations as

IES : (gf) ((603) B (29)] = 30 (a;f “") S4B, (%))

a
J 0

Example 3.4.3. Here we show how to find the invariant Euler-Lagrange equa-

tion of the Lagrangian

L:ln(“:_“()). (3.7)

Uy — ug
This has several Lie symmetries including scaling and translations, for which the
action is

g-u=au+b.

For the construction of the moving frame let the cross-section be given by the
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normalization equations (|2.16]
g-up=0, g-up=1
which gives the value of the parameters
1 —Uup

b=

Ul_U07 Ul_UO'

a =

In this example, take the two generating invariants to be

1 U — U 2

ko =1(u,) K :L(u2):u2—u0

ul—u(]’ ul—u()'

In a similar manner to Remark [2.4.12] one can find recurrence relations that
determine all ¢ (uy) in terms of shifts of the generating invariants.

Thus, the invariant form of the Lagrangian (3.7) is

L¥ =In (k). (3.9)
Therefore,
1
Eq (L=, Ee(=0.

To find the invariant Euler-Lagrange equation, use the formula in Proposition

For this example, the relevant adjoint linear operator is

o) =35 ( (g )+ (@11)) .

J

where u! = u. The invariantization (2.31]) of the nonzero partial derivatives gives

Ok! 1 Ok! 1 ol
L <au0> =K — 1, L <8u1> = —K, L <8u> =1. (310)
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The values of the components ¢ (f3) for J =0,1,: are

0o = u1 — uo,
01 = uz — uy,

0. = uq — u.,

and the invariantization (2.31]) of these are

L(Qo) = 1,
L (91) = KQ - 17

t(0.)=1t(uy) — Kk =——.

Therefore, the invariant form of the Euler-Lagrange equation is

() B () = 7L - (3-1) - (3.1)

which can be checked by comparing with the invariantization of the original

Euler-Lagrange equation.
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Chapter 4

Differential-difference

variational problems

This chapter introduces and develops the invariant calculus of variations for
differential-difference equations (DAEs). The first DAE we consider has one
independent continuous variable, one independent discrete variable, one depen-
dent variable and a Lie group action on the dependent variable only. This is then
extended to DAEs with more of each of these variables with the group action
still only on the dependent variables. Finally, the case where the group action is
on the independent variable or both variables is discussed for DAEs with one of

each type of variable.

4.1 Differential-difference structure

This section summarizes the geometric setting for DAEs by Peng and Hydon [32].
This paper resolves the extent to which a continuous symmetry can depend on the
discrete independent variables and dependent variables. DAESs, like PDEs and
PAEs, have independent and dependent variables. The distinction between these
variables leads to a geometric structure, the prolongation space, whose preser-
vation determines the class of transformations and, in particular, symmetries.
The prolongation structure of PDEs and PAEs is well known, (see [26], [28]). A
combination of these structures gives rise to the structure for DAEs. Restricting

attention to DAEs on RP x Z™ (for other domains, treat these variables as local
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S

Figure 4.1: The total prolongation space for a DAE with one independent con-
tinuous variable, one independent discrete variable and one dependent variable
is T =R x Z x R. A representation is shown in this figure.

coordinates), the continuous independent variables are x = (xl, . ,xp) € RP, the
discrete independent variables are n = (nl, e ,nm) € Z™, and the dependent
variables are u = (ul, . ,uq) € RY. The total space is T = R? x Z™ x R%. As
an example Figure shows a graph of the total space for one of each variable.

To avoid discussion of technicalities associated with singularities and other
discontinuities, from this point onwards all functions are assumed to be locally

smooth in each of their continuous arguments, for each n.

4.1.1 Differential structure

Given n € Z™, a slice Tp, = RP x {n} x R? is a continuous space whose functions
u = f (x,n), restricted to this slice, can be prolonged by differentiation as many
times as is needed. Hence one can define the infinite jet space over n, denoted
by J* (Ta). The coordinates u_of;o with J = (jl, e ,jp) represent the values of
the derivatives of the dependent variables, where each j° denotes the number of
derivatives with respect to z*. In particular, ug.o = u” and the first derivatives
of u* = f*(x,n) are represented by the coordinate values

Of* (x,n)

O , 1=1,...p,

U1;;0 =

where 1; has 1 in the i-th entry and zero elsewhere. More generally, the action
of the first derivative with respect to z’ on any differentiable function defined on

J* (Tyn) is given by the operator

0 0

Di‘JOO(Tn) = — +ujiq..
+1;;0 «
Ox? T oug .
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It is enough to consider the jet space over a single (arbitrary) slice 7, as a
copy of this can be produced over every n. This is due to x and n being mutually

independent; consequently, the total jet space is
JX(T)=Z™ x J*®(Ta) .

4.1.2 Difference structure

The majority of the difference structure remains the same as in Section
However, there are some important extensions to make for DAEs. The total

space T is preserved by all translations
Tk : T =T, Tk : (x,n,u) — (x,n+ K, u),

with Ty, o Tk = Tk for all KL € Z™. The total space is disconnected;
however, a connected representation is possible over each n. Using the pullback
Tk, for all K, each slice can be prolonged to include coordinates on other slices.

The prolongation space, denoted P (7y,) includes all coordinates

ug.x = Tk (Ug;o\nJrK) :

This difference prolongation structure must be preserved by every transformation.
To combine the differential and difference structure first extend the translation

operator Tk to the total jet space:
Tk : JZ(T) = J*(T), Tk: (n,x,...,u?;o,...) — (n—}—K,x,...,u?;O,...).

Then the coordinates on the jet space over n + K can be pulled back to the
prolongation space over n in a similar way to the difference case. Therefore, the

space P (J* (Tn)) has coordinates

u§x = T (45 0lk)

and is a connected component on n of the total prolongation space denoted
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P(J®(T))=2Z™ x P(J*(Ta)) - The composition rule for translations gives

ufk+r = Tk (U?f;L|n+K) .

In general, if f is a (locally smooth) function on P (J*° (7)) with its restriction

to P (J* (Ta)) denoted by

fn(x,...,uﬂ‘;L,...) ::f(x,n,...,ug;L,...),

then the pullback of fnix (x, UG ) to P (J* (Tn)) is

T%fn—i—K :f(x7n+Ka~"7u§;K+L7"')'

The shift operator,

SK:f(X,n,...,uﬁ;L,...) r—>f(x,n+K,...,u§;L+K,...),

mimics the action of the translation Tk on P (J* (Ty)), with the same relation
Sk fn = Tk futxk as before. From here we use shifts to denote points on different
slices, that is, we use Sk (u§gln) or Sxug.g for T (ug.ln+k). Consequently,
the derivative with respect to z* on J> (T) is represented on P (J* (Ty)) by the

total derivative

0

0
(07
6uJ;K

ozt

Crucially, all the total derivatives and shift operators commute:
D;D; = D;D;, D;Sk = Sk D;, Sk S1, = SLSK.

It is convenient to use the following shorthand notation for a product of total
derivatives:

DJ:D{1-~DIJ;F, where JZ(jl,---ajp)'

The difference operators on the continuous space P (J* (7T,)) arise from the
ordering of each n’. For any index K = (k:l, ce km), the corresponding shift

operator is Sy = S]fl .- Skm where S; = S1, denotes the forward shift with

m
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respect to n’. Then the forward difference in the n’-direction is represented on

P (J* (Tn)) by the operator
D, =8S; —id,

where id is the identity mapping. A differential-difference divergence is an ex-
pression C of the form

C=D;F'+D,G".

The formal adjoint of a linear operator  is the unique operator H' such that
IHg — (H1r) g = Div (4n).

where Div (Ay) is a (differential-difference) divergence for all functions f and g
defined on the prolongation space P (J*° (Ty)). Here the adjoint of the ith shift

operator, the ith differential operator and the identity operator are
si=s;', D/=-D; id=id,

respectively. The composition rule (Hng)T = 7—[;7—[{ determines the adjoint of a
product of linear operators. Thus, as the shift operators and differential operators

commute,

ily4q
Sk =Sk, Dj=(-D);:=(-1) " Dy,

4.1.3 Lie point transformations for differential-difference equa-

tions

This subsection identifies the constraints that must be satisfied by transforma-
tions of DAEs. Using the passive viewpoint, that is, viewing a transformation as
a change of coordinates, a point transformation is a transformation of the total
space

r:7—-7, TI':(x,n,u)— (x,n,0).

Here we do not consider lattice transformations (see [15]), so n = n. Every

one-parameter Lie group from the total space T to itself can be expressed in the
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form
i =a' e (x,mu)+ O (62) , W =u"4+en® (x,n,u)+ O (62) . (4.1)

As such mappings change only x and u, they are represented on P (J* (Tn)) by
using the same shift operator Sk in both the original and transformed coordi-
nates. Now we introduce an important theorem from Peng and Hydon [32] about

the allowable variables for each &°.

Theorem 4.1.1. A one-parameter Lie group of mappings (4.1) prolongs to a
transformation group for P (J* (Ty)) if and only if each & is independent of n

and u.

Therefore, from Theorem [4.1.1] every one-parameter Lie group from 7T to

itself that preserves the prolongation structure is necessarily of the form
=t (x)+0 (62) . Al=nt 1% =u+en® (x,n,u) + 0O (62) . (4.2)

As both continuous independent variables and dependent variables can be
acted on by a Lie point symmetry group, there is an increase in the potential
choice of normalization equations in comparison to the PAEs case. How-
ever, to make the calculations slightly simpler, we restrict the possible normal-

ization equations when a group action on an independent variable exists.

Definition 4.1.2. A projectable normalization is a normalization for which the
group parameters affecting the independent variables are written only in terms

of the independent variables.

A sufficient condition for this to happen is that the group action is free on

the space of independent continuous variables.

4.2 Differential-difference moving frames

The construction of a differential-difference moving frame is similar to that of
the difference moving frame. For a differential-difference moving frame, I and

p (%, [u]) denote the cross-section and frame on n, respectively.
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Definition 4.2.1. A differential-difference moving frame is a discrete moving
frame on the prolongation space P (J* (7y)) and the cross-section over n+ K is

represented by S/ and this holds for all necessary K.

Remark 4.2.2. In the differential case, it is often ideal to use the dependent
variables with the least number of derivatives for the normalization equations.
This advice extends to choosing the normalization equations of a cross-section in

the differential-difference case.

Remark 4.2.3. As stated in Chapter [2] discussion of research detailing conditions
under which an action will become free and regular is given in [3]. Results for
product actions are given by Boutin [6]. Additionally, results for a jet bundle
can be found in [8] by Fels and Olver, under a sufficiently large prolongation
(considering higher-order derivatives). Here we conjecture that similar results

hold for actions in the differential-difference space.

4.3 The differential-difference calculus of variations

The majority of DAEs of interest have one independent continuous variable and
one independent discrete variable. Therefore, we initially consider DAEs of this
type and also assume for simplicity there is only one dependent variable. If
one wants a formula for multiple dependent variables just replace u by u® in
the equations below. The Lagrangian in this case is L = L (z,n, [u]), where [u]
denotes finitely many derivatives and shifts of the original dependent variable
u. To find the Euler-Lagrange equations for the difference case one can use
difference forms or the additional dummy variable trick. The difference forms
method leads to the explicit formula of the invariant formulation of the Euler—
Lagrange equations in a more natural way. Therefore, the important horizontal

differential-difference forms are
w = fjlr"vjm;ila--wik (X, n, [U]) dl‘Jl NN dxjm A Ail AREERA AZk

From this point on, we use D; (S;) to denote j derivatives (shifts) for the case with
one independent continuous (discrete) variable. This is done so we can use the

Einstein summation convention and reduce the number of summation signs. The
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Euler—Lagrange equation in the original variables is obtained as follows (using

the exterior derivative (2.52)))

dUZ/deAA:Z/dUL/\dx/\A
oL
oL .
= Z/ |:(Sk> dvu]';o + Div (As):| Adz AN A
Ou,
to 0L . .
= Z DSy ™ dyug,0 + Div (Ap) + Div (4g) | Adz A A
Jik

= Z/Eu (L) dvuO;() Adx A A.

(4.3)

The divergence terms arising from the summation and integration by parts are

Div (Ag) and Div (Ap), respectively. Hence the Euler-Lagrange equation is

E, (L) = DIS_ =0, (4.4)

with DI = (1) D;.

Unlike in the difference case, it is important to consider the Lagrangian func-
tional and not just the Lagrangian itself. This is because Lie point symmetries
can act on the independent continuous variable meaning the differential form
component dz is not necessarily invariant. If there is a group action on the inde-

pendent continuous variable then the invariant differential form is ¢ (dz) = Jdz

(%)

for all k € Z when a projectable normalization (Definition |4.1.2) is used. Here

with

| (45)
g:p;k(z,[u])

p.i (x,[u]) denotes k shifts of the moving frame p, (z, [u]). Therefore, the La-

grangian functional
Z/L(w,n, [u])dz A A

can also be written as

Z /L (x,n,[u])e(dz) AN A (4.6)
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with L = J~'L. This form of the Lagrangian functional is helpful to find the
invariant formulation of the Euler-Lagrange equation when using a group action
on the independent variable. The Euler operator of L with respect to u can be

achieved using differential-difference forms

dUZ/LL(dx)/\A:Z/dUL/\L(dx)/\A
—Z/ 5ty A (da) A A
-/ [(skﬁ) dyiiz0 + Div (As)] Ad(dz) A A
— Z/ [(D}S_kaii]) dyug, + Div (AD)] Au(dz) A A

—Z/ duoo/\L(dx) A A.

(4.7)

This is not the Euler—Lagrange equation of L with respect to u. To find this, use

the identity

L o0(J7L -1
oL O ):J,1 oL 07t oL |
Qujk  Oujip Qujk — ugy Ok
~——

=0

and the following relation from the Euler operator of L with respect to u
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Rearranging gives

) =78, (1) -1 S 17 (]) (007 (D54 22 )

§>11=0

=JE, (L) - P, (4.8)

with

pP= szi(l)j <§> (Dj—i (J7Y) <DlS_k oL ) .

§>11=0
This will be used later to find the invariant formulation of the Euler-Lagrange
equations of L when a group action is on the independent variable.

The differential-difference form method is similar to the additional variable
t trick with duj,;/dt replacing d,u;.;. Just as in the difference form theory, the
terms ¢ (dyup) and o = ¢ (dug,/dt) are equivalent in the different methods.
Having looked at the simple case, we now look at having more than one of each
variable.

For a DAE with ¢ dependent variables, p continuous independent variables
and m discrete independent variables, assume that the Lie group action on all
independent continuous variables is trivial, i.e., g-x' = 2¢, for all i = 1,...,p.
Consequently ¢ (dxl) =daf, foralli=1,...,p and L = L. Similar to Chapter

we use the notation (vol) for the volume form, that is,
vol=dz! A--- AdaP AAY A - A A™,

We again use differential-difference forms to find the Euler-Lagrange equa-
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tions in terms of the original variables:

dy Z/Lvol
= Z / d,L A vol
oL o

= z / %dvquK A VOl
= dyug.g A vol

Z/ ( 8uJ ) :

oL
= Z/ (D}S_Kaua ) dyug. A vol
J;K

=> / Eye (L) dyugg A vol,

where D} = (—1)|J| Dy and |J| = j! + --- + jP. Therefore, the Euler-Lagrange

equations are

If one needs to look at a DAEs with a Lie group action on more than one in-
dependent continuous variable then the invariant differential forms and invariant

derivatives change slightly. So the invariant forms are

L (dz) = o) da? = Jida!
L )

for all multi-indices K and 4,5 = 1,...,p. Accordingly, the invariant derivatives

are

D; = J} Dj,

where jij are the components of the inverse matrix J~!. Additionally, for group

actions on the independent variable ¢ (vol) # vol as
¢ (vol) :L(dxl) A Av(dzP) AAY A A A™.

In this case, the invariant calculations will become quite complex, so for simplicity
we focus on the first three cases and find the Euler—Lagrange equations in terms

of their invariants.
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4.4 Invariant formulation of the differential-difference

Euler-Lagrange equations

This section shows the calculations for the invariant Fuler—Lagrange equations for
several different types of Lie group actions. First, we consider a group action on
the dependent variable only, and compare this with the difference case. The in-
variant formulation of the Euler—-Lagrange equations when there is a group action
on the independent continuous variable only is discussed, restricting attention to
one of each type of variable for simplicity. Finally, we consider a Lie group action
on both the independent continuous variable and dependent variable. Again, we

only consider the case with one of each type of variable.

4.4.1 A group action on the dependent variable only

In this case, g - * = x, that is, the group action on the continuous indepen-
dent variables is trivial. Consequently, ¢ (dz) = dz and L = L. Therefore, let
L% (x,n,[k]) = L* be the invariant Lagrangian written in terms of invariants,
with [k] representing finitely many derivatives and shifts of x°. The Euler oper-

ator with respect to x? is

0
aﬁik

E,s = DIS_, (4.9)

when the group action is trivial on the independent variable. The components

0. = DjSkbo,0 = D;Sy,
7 ! o0 ! 9(g-u0;0)
ouyg.
Y0 g=poafu)

are important for the calculations (similar to the difference case in Chapter [2)).

Proposition 4.4.1. The invariantization of the original Euler-Lagrange equa-

tion with a group action on the dependent variable only is

(B (1) = () B, (15)
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where

3%)

() =S5 (o (. (3 )

Proof. The differential-difference forms approach is used; it is similar to the

method for the difference case in Chapter [2| The change of variables formula,

kP

d. kP =
oht Ou;,j

+— dyuy;j,

is invariantized (2.31]) to give

. (dv,k;ﬂ) — < a”“é) (o) - (4.10)

Then we need to write ¢ (dyu;;;) in terms of ¢ (dyuo,) . As in the difference case,

the invariant differential form for i = j = 0 is
L (dUUO;O) = ﬂdv“O;O:

where
0 (g : Uo;o)

J =
a’LLo;o

9:/’;0(33’[“])

Let the reciprocal of 9 be 0p.o giving
dyuoo = oot (dwuop) ,

similar to the difference formula found in Section 2.6l

The general Leibniz rule gives

dyujo = Djdyuo = D; [6o:0¢ (dyu0:0)]

2;:() (Dj—if0,0) (Dit (dvuos0))

(2

i() - s0 (Dat (dyin)) -

=0
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Applying k shifts to this gives

7 .
dvuj;k = Skdvuj;o =Sk [ <Z> aj—i;o (DiL (dvuﬂ;o))]
=0

(2

<‘7> (05—i;x) (Ssz‘L(dvuo;o))] :

~

and invariantizing (2.31]) this gives

C(douj) = <'Z> L (0j-ix) ¢ (SkDie (dvuos))

=0

_ EJ: (i ) L (0;—s) SiDit (dyugo) -

Therefore, the invariantized change of variables formula (4.10)) can be written as

L (dvn5> = zk:z]: L (;:i) Zj; <‘Z> v (0j—i:k) Sk Dit (dyuoy)

ST () () s

The adjoint of this linear differential-difference operator acting on f is

(Hﬁ)T (f) = ZZi <‘Z)DJSZ (L (SSB) L (0j-isk) f) -

ik i=0 J
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Consequently,

de/L”L(dx)/\A:Z/de"/\L(da})/\A
oL*
:X://6 dvli?;k/\L(dx)/\A

oL"®

>d K 0+D1V(Bs) Av(dz) ANA

(22
—Z/ ( Tsk )d/ﬂoo—l—Dlv(BD)
(i

Av(dz) AA

5 (L) 7—[5 (dy uoo)} Au(dz) A A

( E.s ( )> (dyuoyp) + Div (BH)} Au(dx) A A

_Z/<( ) )(dugo)/\L(d:c) AA.

(4.11)

The divergence terms Div (Bg), Div (Bp) and Div (By) all become boundary
terms which we assume disappear. As the vertical derivative is coordinate inde-

pendent,

Z/ ¢ (dyup) At (dz) A A
_Z/ ,Hﬁ Enﬁ L ))L(dvUO;O)/\L(dJJ)/\A

and therefore

LB, (L) = (#7)' (B, (7))

As a result, the invariant Euler—Lagrange equation is
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with the Lie group action
g Ujik = QUjik, g-T==x.

Using the normalization equation (2.16)) g - up,0 = 1 gives

Ujsk

uo;0

L(ujik) =
Let the two generating differential-difference invariants be

uo;1 Uu1;0
k' = K2 = .
U0;0

- Y
0,0
The Lagrangian in terms of these generating invariants is

2
K
LF=—.

]
The partial derivatives of the generating invariants are

Okl Uo:1 Okl 1 OK? U0

Ok? 1

Oug,o _(uo;o)w dupr  uoo Oupyp _(uo;o)w

with invariantizations (2.31))

L O =Kk, 0! =1, 0K =K% 0K =1
duo ) ’ oug ) dupo ) ’ ourg)

The component

o
U0;0
has the inverse
0.0 = u0,0-
As a consequence,
01,0 = u1,0, to;1 = uo;1,

)

and the invariantizations (2.31]) of the # components are

Jur,o o0

L(000) =1, (o) =K% 1(Boa) = K.
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Finally, the Euler operators (4.9) of L* with respect to the generating invariants

are

112

B (L) = -

B, (L*) = —
Hl( ) (K/1>2’ K K/l

)

and so using Proposition yields

T K\ _ al{l K —1 8’%1 K
(7—[ ) E. (L%) =1 <3u0;0> t(60:0) E, 1 (LF) + S (L <3U0;1 t(0o) E, 1 (L)
o 12 - K’%;—l
Kl /i(l);_l ’
2\t K\ __ 8’%2 K aHQ K
(0)' B2 (1) = (e ) B0 B ()4 () 061 By (1)
o 2
—D (L (au,{l;()) L (90;0) EHQ (LR)>
/432 ﬁg;l
IR R

Consequently, the invariantization of the Euler-Lagrange equation is

K2 K2
(M) B (7 + () B (1) = 22 - Sl =g,
k Kp,—1

For comparison, the original Euler-Lagrange equation (4.4)) is

oL
E, (L) = DIs_
(L) =D;S e
oL oL
=-D B
<3u1;0> 5 <3U0;1>
(A U1

(wo)®  (uo)?
Therefore, the denominator has been reduced from a square term to a first-order
term in the invariantized Euler—-Lagrange equation.
4.4.2 Multi-variable case with a group action on the dependent

variable only

Now consider the case with more than one of each type of variable, where the

group action on all the independent variables is trivial. Therefore, ¢ (dx’) = dz*
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and the Lagrangian functional can be written as

Z/L(x, n, [u})volzz/m (x,n, [k]) vol.

To help simplify the formula, we use the notation
N _x (7 7
(1) -2 () ()
J>1 i1 P

where J > I means that j! > i! for  =1,...,p. The Euler operator with respect

to kP is
0
E. = DS j——.
! al{’?;K
Similarly, if
(19)04 . 9 (g " Ug 0)
1) 5 ’
Moo |g=p.o(x,[u))

then g0 = 91 and (GJ;K)(; = DjSk (19*1)2. This allows us to introduce the

proposition.

Proposition 4.4.2. The invariantization of the original Euler-Lagrange equa-

tions with a group action on the dependent variables only is

(B (1)) = (H3) ' By (17

where

(1) (=L X% (1) pis-x [ ( aigi) LwJ_I;K)if] .
K J J>I 5

Proof. Using differential-difference forms again, the change of variables formula

is
OkP

5
Uy

dyr? = dvug;K

with invariantization ({2.31))

120



4.4. INVARIANT DIFFERENTIAL-DIFFERENCE EULER-LAGRANGE EQUATIONS

Then the fundamental invariant differential-difference forms are

v (dyugg) = (V)5 dvug;o,

SO

d uoo—(eoo) v (dyugeg) -

Using the general Leibniz rule gives

dvuio = DJdvug;O = Dj [(00;0)‘; L (dvug;o)}

(Y (7 :
— Z e Z (Zl> . <2p> (ejlfil,...,jpf’ip;o)a Dip e Dilb (dvug;o)

il g
J J a
= Z <I> (QJ_LO)O( DIL (dUUO;O) :
J>1

Applying K shifts to this gives

dvug;K :SK Z( > QJ 10 DIL (dvug;o)

J>1

J
— Z <I> 9J IK SKDIL (dvug;o) s

J>I

and therefore

L (dvuiK> = <i> (03— IK) ¢ (Sk Dre (dyug, 0))

/]
=3 <I>L (03-1x)° Sk D1t (dyugye) -

Therefore,

J OrP o
(I> L ((%31() L (HJ_I;K)Z SKDII, (dvuo;o)
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and so for any smooth function f,

- (e ()0t

K JJ>I

Consequently,

dvz / L" vol
- Z / d, L* A vol
LK,
= Z/aﬁdvm?K A vol
Ok JK ’

L*
—Z/<DTSKa )dHOOAVOI
6JK

_Z/ LRHL(d ug.g) A vol
<Z/ 7{5 "B, L“)) ¢ (dyugg) A vol.

As the vertical derivative is coordinate independent,

Z/ Eyo (L)) ¢ (doug) A vol = Z/ 7—[5 E (L5) ¢ (dyuf.g) A vol.

So the adjoint of this linear differential-difference operator acting on E, s (L")

gives the formula for the invariant Euler-Lagrange equations

(H@TEHB (L%) =
ZZZ \I\ < )Dls_K [L (;?B) L (QJ—I;K)Z E.s (L%)| = 0.
Uy.K

)

O

This looks somewhat similar to the difference case in Proposition In-

deed, if there are no derivatives this formula reduces to the one found in Propo-

sition [2.6.5]
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4.4.3 A group action on the independent variable only

Now assume that g - up,0 = uo,0, so the group action on the dependent variable
is trivial. As now we consider a group action on the independent variable alone,

the invariant differential form is
¢ (dz) = Jdez,

where a projectable normalization is used and
(5

The Lagrangian functional can also be changed from

g:p;k(x,[u])

Z/L(x,n,[u])dx/\A

to its invariant form

Z/L(:L‘,n, ) ¢ (de) A A

with L = JL where J = J~ 1. To find the invariant formulation of the Euler—

Lagrange equation of L, use the relation (4.8)). Its invariantization ([2.31)),
L(Ey (L) = ¢ (Ey (L)) — ¢ (P), (4.12)

is needed.

Proposition 4.4.3. The invariantization of the original Euler—Lagrange equa-

tion with a group action on the independent variable is

LELL) =Y (Hj) _ P, (4.13)

where
H! =(-1YD[...[D[H}J]...]T], H{=S oL (4.14)
i = . 0 PN s 0= _ka ' .
N—— W 7k
7 times 7 times
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and the correction term is

j—1 ; l I oL~ aﬁgr
P=>> (1Y (D (T)) ] <S>L(Dsj) L (Dl—ss—k: <8/<;§T 8%;]6)) -

§>11=0 s=0

Proof. To show this, we use (4.12]) to split the calculation into two parts. First,
we find ¢ (Eu (f)) in terms of invariants, then turn to finding ¢ (P) in terms of
invariants. The normalization equation must include the only independent
continuous variable x, so the Lagrangian will be of the form L* = L* (n,[k]),

with the functional

Le(de) NA = L% (dx) AN A. (4.15)
x/ >/

As there is an action on the independent continuous variables the derivatives
themselves are not necessarily invariant. The invariant differential operator is
D = JD. Therefore, by definition k1,0 = Dro,p. The invariant differential op-
erator, like the differential operator, commutes with shifts (because the normal-
ization is projectable). (For more than one continuous independent variable, the
invariant differential operators do not necessarily commute; however, we do not
consider this case.) Using differential-difference forms, summation by parts, and
the first iteration of integration by parts one moves from the vertical derivative
of the Lagrangian functional to a formula involving the differential form d,x;_1,0

in the following way:
Z/de”/\L(dx)/\A:Z/ 8L“d oRjik AL (dz) A A
OKj.k

"/ ()
8LK>Dd/@10/\L(dx) AA
)

dpkjo A (dz) ANA

:Z/ 3/€jk

(>
A
:Z/[DT« a/{ﬂg)j)]dvﬁj_l;o/\b(dx)AA.

As we only consider projectable normalizations the vertical derivative of ¢ (dx) is

J (Ddykj—1,0) Ae(da) A A
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zero. Now introducing the components

oL*
Okjik

=01 [117] = [0/ 9] 9] = o o [137] ]

H) =S_}

i = D' [mJ| =D |HJ7|,

and more generally,

H =D'[...[D'[H]J]...]7] = (-1 D[...[D[H] J]...]T].

7 times 7 times 7 times 7 times

After the second iteration of integration by parts the vertical derivative of the

Lagrangian functional becomes

Z/dULH/\L(dI)AA:Z/ZHgdUKJ]‘_Q;O/\L(dLU)/\A
J

and after j iterations of integration by parts the formula becomes

Z/de"”/\L(dx)/\A:Z/Zdevmo;gAL(dx)/\A.
J

Thus,

Z/L(dvm Av(dz) AA = Z/ZL (Hj) L (dyuoo) A (dz) A A, (4.16)

This gives the equivalence

Z/ ¢ (dyug) A e (dz) NA = Z/Z Hj) (dpug0) A (dz) AA,
(4.17)
which gives the first term ¢ (Eu (f)) in the relation 1D The correction term

in the original variables is

P=7y ]i (—1)/ (;) (D1 (7)) <Dls_k£3k> .

>1 1=0
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We now write the invariantization (2.31)) of the last term,

in terms of the invariant Lagrangian. The original Lagrangian can be written as

L=JL", so

L L¥) Ok
L <DlS_k 9 ) =1 <DlS_ka(J. )(%’) ,

and by the chain rule,

O(JIF)  AL% 8] oL"
= LK’ =
8Hi;r Jaﬁi;r * aﬁi;r Jaﬁi;r
=0

(as we use a projectable normalization). Therefore,

oL OL* Oki.y
D;S_ = D;S_ :
L( 5 kﬁ“j;k) L( S k<J3Hz';r 3Uj;k>>
oL* 8I<,Z'~r
= D _ J
' ( : (JS ¢ ((%m auj;k>>>
and using the general Leibniz rule again gives
!
oL® 8:‘£i.7~
D Dy :
(o) =[5 ()0 (o4 (5555)
!
aLK’ 8I<Li.7~
Dy : .
-2 (e (s (5550)

Thus, the invariantized (2.31]) correction term P = ¢ (P) amounts to

Pex 5 7 () S (o (o1 (5 50)).

OKj.r OU;.
j>1 1=0 s=0 i 853k

with ¢ (J) = 1 for a similar reason to ¢ () = 1. Finally, using the relation (4.12))
for the Euler-Lagrange equation of L, the invariant formulation of the Euler—
Lagrange equation is

LE, (L) =S (Hj) _P, (4.18)

J

with Hg, for each j € Z™, and P as defined above. O
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Example 4.4.2. Consider the Lagrangian,

with Lagrangian functional
> [raena.

Using the group action
g -Tr=ax, g - Uo;0 = U0;0,

and the normalization equation (2.16|) g - =z = 1, the Lagrangian and Lagrangian

functional become

L= 240 and Z /LL (dz) AA

uo;1

respectively, as

¢ (dz) = (8 (gx z)

) dz = d—x .
9=p:0(x,[u]) x

The invariantization of uj.y is
L(ujw) = @i,
and the generating invariant is
Kk =t (up;0) = uoyp-

For the invariant Euler—Lagrange equation, we need the terms H{ and H{ in
Proposition The Lagrangian in terms of shifts and derivatives of the gen-
erating invariant is

K1;0

LK/ — )
Ro;1
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and therefore

dL~ -
H8:81< ):_"”"1’ L,

Oko (K0s0)
OLF 1 K11
H! = Dt H1.7=—D{ 93]:_"‘ 2
1 [ 0 ] 8/{1;0 Ro;1 (KJO;l)2

The invariantization (2.31)) of these leaves them unchanged so

K1:—1 1 1
[t M , L H = —— 4+
(k0,0)? () ro (ko)

R1;1

L(Hg):— 5 -

The correction term for this example is

1 0 1 OL"® Okr1.0
g —1 _ 3
P=1 <0>L(D (=) (0>L <33> ' (3“31;0 3U1;0>
., OL® Okr1y
8/-@1;0 aul;o

1

Ro;1

Therefore, the invariant Euler—Lagrange equation of L is

K1:—1 1 K1;1 1
C(HD) o (HD) — P — e L _(_ )
( 0) ( 1) (/10;0)2 Ro;1 (50;1)2 Ko;1
_ '%1;—12 + R1;1 5= 0.
(K00)”™  (Kos1)

Remark 4.4.4. The terms H JJ and P are invariant here, however, the invariantiza-
tion operator is needed here to write these (using the replacement rule Theorem

2.4.9)) in terms of shifts and invariant derivatives of the generating invariant.

4.4.4 A group action on all continuous variables

Here for a more general case, we assume that there is a group action on both the
independent continuous variable and the dependent variable. We also restrict
attention to actions for which a projectable normalization (Definition [4.1.2)) is

possible and is used.

Proposition 4.4.5. The invariantization of the original Euler-Lagrange equa-

tion with a group action on both the independent and dependent variable is of
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the form

(B 0) = 30 () e (,) — P

where (’Hﬁ )T is a linear differential-difference operator,

‘ j j ; oL
Hig=(-1YD[...[D[HypJ])...]T], Hjz=Sr—5, (4.19)
) —— " N————— ’ aﬂj;k

j times j times

and the correction term is

o Lo oL O’
P = ZZ (=17 (D (7)) Z (S>L(Ds=]) L (Dl—ss—k <8/@Z'BT 3ujk>> .

j>11=0 s=0

Proof. Again, use (4.12) to split the calculations into two parts. First find
L (Eu (E)) Here using that L (n, [k]) = L® =L,

Z/Lb(dx)/\AZZ/L”L(dx)AA.

Then

de/L’“‘L(dJ:)/\A:Z/de“/\L(dx)/\A

LK,
:2:/6ﬁ dvlﬁ?;k/\L(dJU)/\A
aﬁj;k

LK',
= Z / aiﬁSijdvﬁg;O A (dz) AN A.
aﬁj;k

As we only consider projectable normalizations the vertical derivative of ¢ (dx) is

zero. Summation by parts gives

oL*
dy Z/LK'L (dz) NA = Z/ <S_k8ﬁﬁ> Djdvliao Av(dz) A A,
Jik
and integrating by parts, the terms

H) ., =8 oL” H) .= _D|H
08 = =k 5 8=~ [ o,ﬁj]v
75k

H = (-1 D [ [D [Hgﬁj} ] j} ,
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reappear. After several iterations, we obtain

de/L"”L(dl‘)/\AZZ/ZHj,gdvﬁg;o/\b(dx)/\A-
J

Then using the replacement rule (Theorem [2.4.9) to invariantize this gives

d, Z/L”L (dz) NA = Z/Z L (HJJB> L (dv/ag;o) Av(dz) ANA. (4.20)
J

Recall that

oK’
dvlig;o - Ou(:? dvti,

SO A

OFkp.

L (de/O O) =t ( 8u07?> ; (d'l)ulvl)
Again,
(dytin) = [ 209 M00) duuog
) 8“0;0 g:p;o(w,[u]) 7
= ﬁdUUO;O

and so

dyuo = foor (dvuoso) ,
with 6p,0 = ¥~1. Then by shifting by [, taking the ith derivative and using the
general Leibniz rule gives
dvui;l = z; (T) ei—r;l (DrSlL (dUUO;O)) ,
r=

as before. Invariantizing (2.31)) this gives

)

i) = 3 (1)1 0r) (0,810 ().

r=0

but as the derivatives are not invariant here, the term D,S;¢ (d,uo.0) is not invari-

ant. It is possible to find ¢ (D,S;¢ (dyuo,0)) in terms of the invariant derivatives,
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shifts and ¢ (dyuo,0), but this can involve some arduous calculations. By letting

oKl
H5, (dyuoyp) =t ( O’?) ¢ (dypuiy) ,

the linear differential-difference operator H? is

8 e 8%@@.0
Hu(dyuo) =Y D> (T>L T L (0i_r) ¢ (DrSpe (dyuoy))

and so

dy Z/L“L (dx) NA = Z/ZL (HJJ/B) HP L (dyuoo) A (dz) A A.
J

The last step is to take the adjoint of the linear differential-difference operator
#? in the formula above, to give the formula for the invariantization of the Euler

operator of L with respect to u:

dy Z/L”” (dz) A A = Z/Z Hﬁ HJ )L(dvuo;o)/\b(dx)/\A.
Hence,
Z/ L(dx) NA = Z/Z Hﬁ HJ )L(dyuO;o)/\L(d.%‘)/\A.

For the correction term, we use the same calculations as in the proof of the

previous proposition and find that

j-1 ‘ Lo B~ (%f;r
- g R on@ g (o (o (335))

§>11=0 5=0

where there is more than one generating invariant for this case. With these
results, the invariant formulation of the Euler-Lagrange equation of L is found

from (4.12)) in the same way as before. O

This formula for the invariant Euler—Lagrange equation is less explicit than
the others that we have found. So here is an example of how one could use this

formula.
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Example 4.4.3. Consider the Lagrangian

with the Lagrangian functional
> / Ldz A A.
Here use the 2-parameter Lie group action
g-x = bz, g+ up;0 = aug;o,
with the normalization equations ,
g-x=1, g-upo=1.

The invariantization (2.31f) of ;. is

xju ik
J— J?
L (k) =
U0;0
and the two generating invariants are
1 ZU1;0 2 Uo;1
k=1 (upo) = = K* =1 (up1) = :

0,0 u0;0

The Lagrangian functional can be written as

Z/LL(dx)/\A,

with

Tui;o dx

L= L(dx):?.

uo;1 ’
However, for us the important invariant form of the Lagrangian and Lagrangian

functional is

L":FG—2 and Z/L"L(d;n)/\A.
Using the formula in Proposition the first step is to find the terms H J] 5 in
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this example. As there are no shifts or derivatives of the generating invariants,
1
0 0 0 0
t (HOJ) = HO,l = ? ) 12 (H[)’Q) = Ho,z =— 7. (4.21)

Next we need the adjoint of the linear differential-difference operators H? for

B =1,2. Using the method in the proof of Proposition [4.4.5]

Okl Okl
dyr! = =——d
"7 u U0;0 w0 + Out.o

3

ok Ok
=1 <3u0;0> L (dUuO;o) +¢ <au1;0> L (dvul;o)

dvul;O

with

t(dyut0) = ¢ (61:0) ¢ (dpuo0) + ¢ (6o:0) ¢ (D (dyuoyp)) -

Then the identity D = J D gives

¢ (De (dypuo)) = ¢ (J (De(dyuo))) = ¢ (De (dyuoo)) = D (dyuoyo) ,

and therefore

dyk (6o:0) ¢ (d
(6u00> 0:0) ¢ (dyuy0)
1

i <3u1;0> [ (B1,0) ¢ (dvuoy0) + ¢ (Bo0) De (dwuoyo)]

) (2]

N {L (ai’iJ . (90;0)] D] ¢ (dytigeo)

The adjoint of the operator ! on a smooth function f is

) (= [ (Yo 0+ () 010 5

-2 [ (o) 000 £] - D) [+ () 000 1]
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CHAPTER 4. DIFFERENTIAL-DIFFERENCE VARIATIONAL PROBLEMS

Also,

Or? OK?
dpk® =1 < a > L (B0;0) ¢ (dyuoyo) +¢ <8 - > t (fo;1) St (dvuoyo)
Uo;1

-[+( Ui )ettoa)ia-+o ai’i) 06| 1 (o)

SO
ot Or? Or?
= 0o S_ 0o. .
(H*)" () [L<6uo;0>L( o,o)f]Jr 1[L<8u0;1 L (0o,1) f
Putting together the necessary components,
uoyp g=po(x,[u]) Y00 ’

and hence

Bo,0 = uo;0, 01,0 = w10, o;1 = uo;1,

with invariantizations (2.31])
L (00;0) = 1, L (01;0) = /ﬁ?l, L (00;1) = /432.

Then J =z, so D (J) = 1. Finally,

Okl TUL0 Okt x OK? Ug;1 Okt 1

2

Auoo () dugo U Buoo  (uoy) OJup;1 U0

and their invariantizations (2.31]) are

. Okl _ . Okl _, . OK? _ 2 . Okl _,
dugp ) ’ ougp) ougo) oup )

Using

de/L”L(dx)/\A:Z/Z(’HB)TL(Hjﬁ)L(dvuo;o)/\L(dx)/\A,

gives the invariantization (2.31)) of the Euler operator of L with respect to .
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Du; ;
. [L <68u{00> Ono) o (1 1)} —D(J) |:L (;ﬁ;) ¢ (8o00) ¢ (Hp 1)]

duo;o Uo;1
2 K/l 2 /{1
( (H2)2> (k%)
- il . /i%];fl
a HZ K’g;—l ’

the invariantization li of E, (f) is the following

(M) (H 1) + ()0 () =~ — 5 =

The correction term P for this example is

& Ok,
P—, 511 K0;0
8/430;0 8u1;0

1

K2

Therefore, the invariant formulation of the Euler—Lagrange equation for L is

Kl. /11._
(1) (H ) + (1)1 (HE,) — P =~ — 5=

—5 .
k Ko;—1
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Chapter 5

Reductions of ordinary

difference equations

This chapter broadens the moving frame symmetry reduction method to different
types of OAEs that have a Lie group action involving the independent variable.
Additionally, the applicability of the method is extended by showing how it works
for partitioned OAEs. A comprehensive comparison of this method and canonical

coordinates is also given.

5.1 Introduction to moving frame reductions

This chapter aims to show how to reduce and solve OAEs, systems of OAEs and
partitioned OAEs using moving frames. This chapter follows closely the method
used by Benson and Valiquette |4] on OAE reductions. In [4], a given OAE is
reduced multiple times by a technique called inductive moving frames, which was
developed in several different papers [4} 18| 30, [33] 134]. This technique and the
general method of moving frame reductions are outlined in this chapter.

Benson and Valiquette’s approach does not allow the OAE to depend explic-
itly on the independent variable. This limits the applicability of the method as
many OAEs have this property. Also, the current literature does not address par-
titioned OAEs, for which the group action may differ between partitions. Here
we extend the method to OAEs that depend on the independent variable and

show how to apply the method for partitioned OAEs in an example. Further-
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more, we discuss some of the benefits and disadvantages of using moving frames
in comparison to the canonical coordinates method, which is described in [15].
Many OAEs require multiple reductions to solve them. The key component
for multiple symmetry reductions using inductive moving frames or canonical
coordinates is the existence of a solvable Lie symmetry group which leaves the

OAE invariant.

Definition 5.1.1. Let G be an r-dimensional Lie group with Lie algebra g. The

Lie group G is said to be solvable if there exists a chain of Lie subgroups
{e}=G0ccVWccg?Pc...cagrVca=a (5.1)

such that for I = 1,...,r, G® is a [-dimensional subgroup of G and GOV is a
normal subgroup of G(). At the infinitesimal level, the Lie algebra g is solvable

if there exists a chain of Lie subalgebras

I-1)

such that for I = 1,...,r, dimg® = [ and g is a ideal of gV, that is,

[g(l_l),g(l)] c g~ Here [, ] represents the Lie bracket, see [28].

We use the difference prolongation space (with one independent variable) as
described in Section Consequently, when we construct a moving frame it is
a difference moving frame over a particular fixed n (see Section [2.4).

Let G = Gt in a solvable chain and let H = G®) in the same chain.
The Lie group action of H on the prolongation space P, (R) is obtained by pulling
back the action h-u, h € H, on the total space to P, (R).

A moving frame for H is given by the set of normalization equations
Kt ={u,=c¢l|l=1,...,s=dimH}, withn'€ Zfor alll, (5.2)

defining its coordinate cross-section (2.29)). Then, let p? ([u]) be the correspond-

ing right moving frame, and let ./ denote the induced invariantization map with

M () = p™ ([u]) -, (5:3)
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denoting the H-normalized invariants.

The key observation to make for inductive moving frames is that
g‘ul:(ghil)h'ul:”gv-(h-ul), g=gh 'l eq. (5.4)

This means the group G naturally acts on the H-lifted invariants (h - w;), for
all h € H, and more importantly the Lie group G acts on the H-normalized
invariants ([5.3]) as follows

G- (u) =g (p" ([W]) - w). (5.5)
To implement the moving frame construction for G, let
KY = {7 (u,1) = 1y e ooy 07 (uns) = e, 17 (u,591) = cop1} € KH (5.6)

be the cross-section (2.29) of the Lie group action (5.4]). Here it is easier to work
with the group action of G in (j5.5) than in (5.4) because the first s equations
in (5.6)) are constant under invariantization (2.31)) by H. Accordingly, the first s

constants remain the same as in (5.2)). Solving the normalization equations

g- (LH (unl)) =c1, ..., - (LH (un8+1)) = Cs+1,

for g € G gives the right moving frame ;é : KH — @. The right moving frame

p% : P, (Z) — G corresponding to the original Lie group action (5.4)) is then

Here is a simple example of how to use the inductive moving frame construction.

Example 5.1.1. Let G be the group generated by the infinitesimal generators
0y and ud,, and let H be the subgroup generated by the infinitesimal generator

Oy. The action of the Lie (sub)group H is

g-u=u+b, beR.
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Let the cross-section ([2.29) for H be

KH = {uy = 0}. (5.7)
This gives the value of the parameter on the frame as b = —ug. Therefore, the
H-normalized invariants are

M (ur) = ug — o,

for [ € Z. Now the action of the Lie group G is

g-u=au+b, whereaecR".

Using the cross-section (2.29) for G given by

K = {H (up) = 0, (uy) = 1}

the equations we need to solve for the parameters are

This yields

a = 5
Uy — up

So, the invariants of the group G are

0 (ur) = p° (u]) - = ([u]) ¥ ([u) - e = PO ([u]) - (= 11g) = L0

ul—uo'

It is easy to check this gives the same result as the moving frame with the coor-
dinate cross-section K¢ = {ug = 0,u; = 1}.

A schematic of the inductive moving frame construction is shown in Figure
(As the cross-section K¢ is a submanifold of the cross-section C* it is difficult
to give an accurate visual representation of this method in two dimensions.)

For the symmetry reduction algorithm, the subgroup H is a normal subgroup

of G, so the quotient group G/H induces an action on the space of H-normalized
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P, (R) KcH K&

Figure 5.1: Inductive moving frame.

invariants (5.3)). This action is obtained symbolically by looking at the partial

cross-section

K = {7 (1) = c1,. oot (uns) = ¢}
Solving the normalization equations,

§~LH (u,1) =c1, ..., §-LH(uns) = cs,

for the group parameters of the normal subgroup H, one obtains a partial moving
frame p* : KH — H C G. Then the action of the quotient Lie group G/H on
the H-normalized invariants is obtained by substituting the values of the partial
moving frame p' ([u]) into .

The partial cross-section KCH is a direct result of the cross-section in KH
. When considering group actions that depend explicitly on the independent
variable, it is important to note that the partial moving frame on P, (R) depends
on the independent variable n. Therefore, when finding the action of the quotient
Lie group G/H on the H-normalized invariants one substitutes the values of
the partial moving frame p™ ([u]) = po™ ([u]) (over n) into , as this is the
moving frame associated to the partial cross-section. The Lie group does not
change the discrete variable n; thus, n is a fixed value in the partial moving

frame calculations.

Remark 5.1.2. The normalized invariants ¢g (u1) and ¢; (u1) are related by the

recurrence relation

v (u1) = Ko - o (u1), (5.8)
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where Ko = p1 ([u]) po ([u]) " and the product operator (-) in (5.8) stands for the
group product in G. Note that Ky denotes K1) (in the notation used in previous
chapters), as there is only one independent variable. The normalized invariants

o (u—1) and ¢—q (u—_1) are related by the recurrence relation

Lo (u_l) = K_l L1 (u_l) s (5.9)

where K_1 = S_1 K. In general, K; = S;Kj is the jth shift of the Maurer—
Cartan invariant K. Thus, for [ > 1, the recurrence relations are the following;:
Lo (ul) = Ko_lKl_l .. Kl_—12Kl_—11 s (ul) y

(5.10)
w(uy) =K 1K o.. . K_g 1)K ;-1 (uy).

Consequently, the normalized invariants g (u;), with [ € Z, can be expressed
in terms of shifts of the normalized invariant ¢ (ug) and shifts of the Maurer—
Cartan invariant K (or its inverse). For convenience, let m; = Kj_1 (in line with
Benson and Valiquette’s notation).

Therefore, when ¢ (ug) is a phantom invariant, that is when (g (ug) = ¢ (a
constant), the recurrence relations provide expressions for all normalized

invariants ¢o (u;) in terms of the Maurer-Cartan invariant Ky (or mg) and its

shifts as follows. For [ > 1,

to (w) = momy ... my_omy_; - c,
(5.11)

Lo (U—l) = KflK,Q e K—(Z—I)K—l + C.
5.2 Symmetry reduction using moving frames

By incorporating the moving frame machinery into the symmetry reduction al-
gorithm, it is possible to implement the algorithm without relying on the co-
ordinate expressions for the canonical variables and the difference invariants.
First, we explain how to do this by describing the constructions for OAEs with
a one-dimensional Lie symmetry group. We then extend this to OAEs with a

multi-parameter solvable Lie symmetry group.
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5.2.1 One-parameter symmetry groups

We use what is known about the canonical coordinates method (see [15]) to
help describe the moving frame method. Doing this will also show some of the
similarities and differences between the two approaches. Consider a kth order
OAE,

F(n,ug,...,u;) =0, (5.12)

that is invariant under the action of a one-parameter Lie point symmetry group.
The local action of this one-parameter Lie group is induced by the flow of the

infinitesimal generator v = @ (n,u) d,, that is,
g-ug=explev]-ug, ¢gE€QG.

Here € is the parameter that we use below for the moving frame. In the canonical
coordinates method, one seeks an equivariant component, sy, and an invariant

component ry, which satisfy
g-Sso=8So+e€ g-rog=rg. (5.13)
To find these one can use the formula
= | G
for the equivariant component and then for the invariant component
ro =51 —50, (as g-S1—g-So=51—90)-

Note that other forms of the equivariant and invariant components are

where a and b are smooth functions and b is invertible. For the moving frame
method, the equivariant component is the moving frame pg ([u]). To show this we

go through in detail the calculations for the moving frame. Let the cross-section
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2.29) be
K= {U() = /0\1},

with normalization equation (2.16)) g-ug = ¢1, which must be solved for the group
parameter € = pg ([u]) . Then, for the general group element g parameterized by
67

po(g-[u]) =po([u]) g~ = po([u]) — e

For the cross-section with ¢; = 0 the canonical coordinate is s = —pp ([u]). The
invariant component for the moving frame is, up to a sign, the inverse Maurer—

Cartan invariant

mo = po ([ul) p1 ([ul) ™" = po ([u]) = p1 ([u]) ,

with p1 ([u]) = Spo ([u]). This is invariant for the same reason as ry is in the

canonical coordinates method, that is,

po ([u]) — €= (p1([u]) —€) = po ([u]) — p1 ([u]) = mo.

To reduce the OAE the (normalized) invariants ¢ (u;), for I = 1,..., k, are writ-
ten in terms of k — 1 shifts of the inverse Maurer—Cartan invariants. Using the
recurrence relations (5.11)) and the fact that the group product is addition, the

recurrence relations (5.11]) become
L(w) =[mo +my + - +my_og +my_q] - 1, (5.14)

Finally by invariantizing (2.31) the OAE, (5.12)), and using the recurrence
relations (5.14)) we obtain the (k — 1)th order reduced OAE

F'(n,mg,...,mu_1) = 0. (5.15)

All the computations are performed symbolically meaning without relying on
the coordinate expressions (in terms of u and n) of canonical variable (moving

frame) or the difference invariants (Maurer—Cartan invariants). Therefore, the
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K

//— three
/ p(2) P 0O (2) different
ook

PG = ()" orbits

Figure 5.2: Right and left moving frame defined by a cross-section.

coordinate expressions for the moving frame pg ([u]), the invariants

Lo(ul), lZO,...,k,

and different shifts of the Maurer—Cartan invariant are unnecessary to find the
reduced OAE (5.15)).

From here to find the solution ug = f (n) of the original OAE (5.12)) one needs
the solution to the reduced OAE (5.15)). For first-order OAEs (i.e. equations of
the form F' (n,up,u1) = 0) the moving frame method reduces to the solution for
mgy. For other OAEs there may be other methods to find the solution for my,
including but not restricted to multiple symmetry reductions (as explained in the
next subsection). By construction of the right moving frame, ¢, = pg ([u]) - up.
Therefore, the solution is uy = pg ([u]) - 1, where pg ([u]) = po ([u]) ™" is the left
moving frame (see Figure . As the group product is the usual sum, its inverse

is the additive inverse, so

mo = po ([u]) = p1 ([ul) = 71 ([ul) — 75 ([u]) - (5.16)

Equation (5.16)) is called the reconstruction equation for the left moving frame
po ([u]). Once my is known, (5.16|) yields a first-order linear difference equation

for po ([u]). The general solution to the reconstruction equation (j5.16)) is

po ([u]) = e1 + o{my; no, n},
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where ¢; is an arbitrary constant of integration and

n—1
Zl:no my, n > no,
o{m;ng,n} = 0, n = ng,
no—1
\— Zl:n my, n < ng.

Therefore, the general solution to the OAE (j5.12) is

uo = po ([u]) - e1 = [e1 + or{my; no, n}] - c.

Example 5.2.1. We show how to solve a first-order OAE which depends on n.
This example comes from [15], where canonical coordinates are used to solve it.
The OAE is

ug—n

== >2 5.17
Cal TLU()—17 n =z, ( )

and is invariant under the group action

62(—1)"%0 — e2(=1)" _ ug — 1 ’

g-up = — (5.18)

coming from the characteristic Q(n,u) = (—1)" (uf — 1). Here we are interested

in the solution for n > 2 with ug = u (2). Let the cross-section ([2.29)) be
K= {UO = 0}.

This means that o (up) = 0 and Sig (up) = ¢1 (u1) = 0. Invariantizing (2.31)) u;

and using the recurrence relations for the Maurer—Cartan equations (5.14) gives

to (u1) = mg - 11 (uy)

:m0'0

1— 62(_1)n+1m0

2" mg 4 1

Therefore, the reduced OAE is

1 — 2(=1)"mg

_= TL,
2" mg 4 1
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which is the invariantization of the original OAE (5.17). Solving for, mg, the

inverse Maurer—Cartan invariant is

where Log is the principal value of the complex logarithm:
Log (=) = In (|2]) + iArg (), Arg(z) € (—m,7].
The fact that n > 2 means that (1 —n)/(n+ 1) < 0, which implies

0= Ty n+1 )

by the formula for a complex logarithm (see Example 2.10 in [15]). To find the

solution wug to the original OAE we first need to solve mg = p1 ([u]) — po ([u]) for

25 () = ex +ak{<_12)k+l (m (Z;) +m> ;2,n}
=+ (_21)” <ln <”;1> +Z;T> (5.19)

Then using up = po ([u]) - 0 gives

1 — o2(=1)"25(fu))

2" 20(u) 1 1°

(5.20)

uyg =

the general solution of the OAE (5.17) when substituting in the left moving
frame (5.19), po ([u]). However, we are looking for the solution for n > 2 with
uo = u (2). This needs to be split into two cases. This is because of the form of
the left moving frame pg ([u]) which is

7 () = T o (1‘“0) , (5.21)

UO—l

from the rearranged formula of the general solution (5.20]). The first case we look
at is when (1 —ug) / (up +1) > 0. So, first to find the value of the constant ¢;
in terms of u (2), compare the left moving frame (5.19)) with the formula (5.21])

for the left moving frame pg ([u]), with ug = w (2). This gives the value of the

147



CHAPTER 5. REDUCTIONS OF OAES

constant

= (i)

Substituting this into the equation for the left moving frame pg ([u]) (5.19) gives

7o (1) = 5 ((” _ 1>(Un <2 S(;)“ﬁ?))) + (“”; - 1) |

Then by substituting this into the equation for ug (5.20)) the solution is

oo (W)(_Dn exp (i (=5)) . (5.22)

2 () ()

The solution can be written as

(@) +)nt2w@-D(n=1)
up = (w(2)+)n—2(u(2)—1)(n—1) (5.23

2(1—u(2))n+(u(2)+1)(n—1)

21—u@))n—(u(2)+)(n-1)> " odd.

For the case when (1 — ug) / (up+ 1) < 0,

NETCETES

“a= 1+u(2) 4

1
2

so from ([5.19)),

i (1) = 5 n ((’”Lnl>(_”n (2 (2)”)) + ().
Finally, gives the solution

) (e ()

ot (A22) ™ i (G0} 41

This is equivalent to ug found in the formula (5.22]). As expected, the solution by

moving frames agrees with what is found using the canonical coordinates method

in [15).

Remark 5.2.1. Any canonical coordinate sy that meets the requirement that one

must be able to invert the map from wugy to so (at least, for all points (n,u) that
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occur in any solution of the original OAE and satisfy @ (n,u) # 0) is called
compatible with the OAE (see [15]). In the moving frame method, we can take
the inverse of the right moving frame to give us the solution ug = pg ([u]) - €.
Therefore, if we can find a cross-section that works in some domain U effectively,

we have a compatible canonical coordinate with the OAE on U.

5.2.2 Solvable symmetry groups

Now we show how to reduce and solve an OAE with a multi-parameter solvable

Lie group using the moving frame method. This time the kth order OAE
A (n,ug,...,ux) =0, (5.25)

is invariant under an r-dimensional solvable symmetry group G. Let (5.1 be
a corresponding chain of normal subgroups. At the infinitesimal level, let g be
the corresponding r-dimensional solvable Lie algebra spanned by the infinitesimal

generators vi, ..., Vv, such that
g(j) =span{vy,...,v;}, j=1,...,m

Here let G denote the one-parameter Lie group for the infinitesimal generator
v;. The local group action of this one-parameter Lie group is induced by the flow
of v;:

gj - =exp(evy)-w, gj€Gy, €.

Using the chain of solvable groups the first reduction of the OAE (/5.25)
is done using the one-parameter Lie group G; = G(!). Therefore, let the cross-
section of the one-parameter group action G1 be K = {ug = ¢}, with p{ ([u]) the
corresponding right moving frame and L(l) denoting the induced invariantization
map. Also the corresponding Maurer—Cartan invariant is m} = p§ ([u]) — pi ([u]).
To find the order k — 1 reduced OAE we invariantize the kth order OAE
by 1§ and use the recurrence relations

1 (wy) = [m(l)—i—m%—i—---—I—mll,Q%—m},l] a, 1>1,
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to obtain

F (n,mg,...,m_;) =0. (5.26)

Nothing up to this point has changed from the one-parameter group case.

For a second iteration of the symmetry reduction algorithm use the one-
parameter group Go ~ G(Q)/G(l) to reduce the order of the reduced OAE 1)
To find the induced action of Go on the Gi-normalized invariants apply the
inductive moving frame construction. Once the Ga-action on ¢} (u;) is known for
I =1,...,k, the action on the inverse Maurer—Cartan invariant m} is deduced
from ¢§ (u1) = m}-¢1. Then for the Ga-action on the first k—1 forward shifts of m},
ie., gg-ml1 for I = {0,1,...,k—1}, take shifts of the action on m}, i.e., S, (gg . m(l)).
This allows us to implement the moving frame construction a second time. Let
K? = {m{ = ¢} be a cross-section, pj (|m']) the corresponding right moving
frame, L% the induced invariantization map, and mg = pg ([ml]) - p% ([ml]) the
corresponding Maurer—Cartan invariant. Invariantizing with respect to L(Z),
we obtain the order k — 2 reduced OAE

F? (n,md,...,m{_,) =0.

Reducing this OAE using G3 ~ G(3)/G(2), followed by G4 and so on up to G,

will leave in the end an order k — r reduced equation
F" (n,mg,...,mp_.) =0. (5.27)

At each iteration of the symmetry reduction algorithm by moving frames a cross-

section is introduced. Therefore, in the end, there are r cross-sections ([2.29))

1 -~ +1 l i~
K" ={uy =21}, K :{m0261+1},
with normalization equations

I~ 1 -~ ~
g1 -up = C1, gZ'mOZCQ, SN g,,,‘mo = Cp,
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for{=1,...,7 —1,. There are also r associated right moving frames

oo (™), s pB ([m']), po ([u])

and consequently r inverse Maurer—Cartan invariants

forl=2,...,r.

If k = r then the original OAE ((5.25) reduces to the solution for mlo"’ k<
then one can use the first k& symmetries to reduce to m§. If k > 7 then one needs
to solve the resulting OAE for m{ to then find the solution to the original OAE
. In all these cases the method can be stopped if one can find a solution
for an inverse Maurer—Cartan invariant along the way.

Suppose that mg is the general solution for the reduced OAE ([5.27). The
solution ug to the original OAE ([5.25)) is obtained using an iterative form of the
reconstruction procedure in the one-parameter case. First, solve the reconstruc-

tion equation
A7 ([m]) = ([m"]) = mp

for the left moving frame pf ( [m’”*l]). Then, using the cross-section of the left

moving frame pfj ([m“l]) and the definition of the left moving frame gives

where the group product is the action of G, on mgfl. Knowing mgfl allows us to

solve the reconstruction equation for p6_1 ([mT*Q] ) Iterating the reconstruction

procedure enables us to obtain the left moving frames

() o P () s A ().

Once pT% ([u]) is known, the solution to the original OAE 1) is ug = pT% ([u])-c1.
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Example 5.2.2. The second-order OAE,

(n+ 1) upuy
(n+1)uy +2up’

U9 = (5.29)

has two symmetries with infinitesimal generators
= nudod = (0.
V1 = NUGOuyg, V2 = U0y -

These symmetries are commutative and their group actions are

Up

g1 - ug = g2 - ug = ey,

1-— nejug ’

respectively. We start the reduction with the first symmetry group G* = G
(containing g;) and use the cross-section X! = {ug = 1} which gives the following

recurrence relations

= m(l)m% -1

C1—(n+2)(mj+m})’
Invariantizing (2.31]) the OAE (5.29)) with respect to ¢} gives the reduced OAE

~mgn® + mgn + 2
n2+3n+2

my = (5.30)

For the second iteration we use the one-parameter group Gy ~ G2 / GW. The
action of this one-parameter group G2 on the inverse Maurer—Cartan invariants

is found by looking at the partial cross-section K = {1} (ug) = 1}, which has the
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normalization equation (2.16]

1
g.Lé (uo) = 7@62 +é"n :1
Bug) 1

Using ¢} (ug) = 1, solving for the group parameter of GO yields the partial

moving frame parameter

1 —e2
€1 —

n

From
1

+éa(n+1)’

1
gty (u1) = —
1§ (uy)

we can use the partial moving frame parameter and recurrence relations to get

) n
. = — . 5.31
G e2mgn? + e2mgn + e2 —n — 1 (5:1)
Comparing (5.31]) with
1
1
Lo (U == )
g-to(w1) 1—(n+1)g-m}
yields
L eemin? +e2min +e2 — 1
n(n+1)
As a consequence,
., 1+ (m}n2 + 3nmi + 2mi + 1) €2
g-my = '

n2+3n+2

Using the cross-section K2 = {m} = 0} gives the recurrence relations

i (mg) =0,

—14 m%
2 (ml) = c

n2+3n+2°

Therefore, invariantizing (2.31) the reduced OAE ([5.30) by ¢ gives after simpli-

fication
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We now reconstruct the solution to the original OAE by using the relation

mg = p? ([m!]) — ,07) ([m']) to solve for the left moving frame:

p?)([ml]) =c1 +op{im; 1,n}

=c1+ (n—1)im.

Then using m} = ;% ([m']) - 0 implies that

erd((m]) — 1
n(n+1)

e (=1)" -1

 n(n+1)

md =

Finally, using the relation m} = p! ([u]) — p¢ ([u]), it follows that

_ —efl (—1)k —
) = et o =

= i(- et (=1)" v (Z + ;) n+ e (1) nW (g)

+e1(=1)"+(—2In(2)n+n)el —n+ 1> + 2,
where W (n) is the digamma function; consequently, the solution is

uo = pg ([u]) -

= —<— et (-1)" ¥ (Z + ;) n+ et (—=1)" n¥ (g)

-1
+e1 (=1)"+n((—2In(2)+1) e + ¢y — 1)) .

5.3 Higher-order examples

In this section, the moving frame method of symmetry reduction is used to reduce
and solve two third-order OAEs. For the first example, we reduce the OAE by its
two symmetries and find that the resulting reduced OAE is of a particular solvable
form. For the second example, a three-parameter symmetry group completely
reduces the OAE. For both, iterating the reconstruction procedure gives the

solution to the original OAE.
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Example 5.3.1. The OAE

uy (ug — up)

= 5.32
u = (5.32)

has two Lie symmetries given by the infinitesimal generators
V] = UOauO, Vo = (—1)” ’u,()auO. (533)

This Lie group is commutative, giving us a choice of which symmetry to start
with (see Hydon [16] for further details). We start by reducing with the first

symmetry which has the group action,
g1 - up = eluy, € € Gy,
and take the cross-section to be
K = {up = 1}.
This implies that

L(I) (ug) =1,

i () = e,
L(l) (u2) = emfl’er%,
b (uz) = embFmitm),

These recurrence relations allow us to invariantize (2.31)) the OAE (5.32) with

respect to L(l), which gives the reduced OAE

m1+m1 .
im0 L (5.34)
emo—i—ml -9

The action of Gy ~ G® /G on the inverse Maurer-Cartan invariants is

found using the partial cross-section K = {¢} (ug) = 1} with normalization equa-

tion (2.16)

g1 (ug) = e T2V (ug) = 1.
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Using ¢4 (ug) = 1 and solving for the group parameter of Gy (G(l)) yields
6~1 = €9 (_1)n+1 )

From,

Ly

~ +
tea(—1)" 0 (ul) 7

g-L(l](ul):e

substituting the partial moving frame parameter and recurrence relations gives

_ _1\n 1
g-L(l) (Ul) —e 2e9(—1)"+mg

As a result, g - m(l) = m(l) —2¢9 (—1)". For the calculations the group action on
™0 is not only sufficient but also more convenient than the group action on m}.

Accordingly, the action of the second group on e™ and e™ is

qg- em% = 6252(_1)n+m%’ g 6"% = 6_252(_1)n+m%.

Next by choosing the cross-section K2 = {m{ = 0}, the recurrence equations

for the exponentials of the inverse Maurer—Cartan invariants are

1 2(_1\n
(eml) — 21"

eQ(m(Q)er%)(fl)""'l.

/N
9]
E]
DN =
N—
Il

Therefore, to find the final reduced OAE invariantize (2.31) the reduced OAE

(5.34) by L%, and substitute in the recurrence relations above and simplify:

2m3(~1)" _
e (e (5.35)
eng(—1)" _9

. e 20_1)" - . . .
Using the substitution vy = e?mo(=1) , we see that this is a Riccati equation,

which is an equation of the form

avg + b
Vg + C

v = , a,bceR.
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The solution to a Ricatti equation is obtained by using the substitution

and solving the resulting linear OAE, (see [27]). Here using the substitution

2 n . . . .
vg = e2™0(=1" the Ricatti equation is

’Uo—l
v =

U0—2,

and if we linearize using the substitution
vg=—+1, (5.36)

this gives the linear OAE

wy + wp — wg = 0.

The solution to this linear OAE is

w-a () e (55

which is substituted into (5.36|) to find

(5.37)

This splits the example into two cases, that is, ¢; # 0 and ¢; = 0. When ¢; # 0,

the solution for mg is

15 n—1 15 n—1
Loy ((FRE) ek (20)
T2 (_1_¢5>”+1 R 1<_1;¢5)"+1 ’
with k1 = ca/c1. Using the relation m3 = ,0? ([ml]) — p? ([ml}) and observing
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that

mj = 5 o (_1_\/5)n+1+k1 (_15\/5 nt1
VN G MY o ) M
e )

(—15\/g>n—1 ks (_1_5\/5)71—1
(= o (352

From here solve the Maurer—Cartan invariant

mg = pf ([ul) — p§ ([u])

n—1 n—1
~1-v5 ~14+v5
(=2%) +m(227)
for pl ([u]) to obtain the left moving frame

1
(255)" m (22) "

pb ([u]) =In + ko (—1)" + ks.

Finally, using ¢{ (up) = 1 implies that the solution, for ¢; # 0, to the original
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OAE (5.32) is

uo = pj ([u]) - 1
P (%)
exp (ko (—=1)" + k3)
(255)" h (28)"

For the case when ¢; =0, 1} and vy = 2™ (-1" gives

)

mZ = (—1)"+11n< 5

Using the relation m? = ,0? ( [ml]) — ;% ( [ml]), the left moving frame is

%QWD—04wm<4;¢3+wm

— (‘1;*/5> + 2k (—1)"FL

Therefore, the left moving frame is

ot ([u]) = —In <—1-;-\/5> n+ ks (—1)" + ks.

So the solution for ¢; = 0 of the original OAE (/5.32]) is

ug = pg ([u]) - 1

= exp (b ([u)))

(s

5 ) exp (kg (—1)" + k5) .
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Hence, the full solution to (5.32) is

exp(kg(—l)n-‘rk:g)

61#07

15 n—1 145 n—1 >
w = (FF2) m(FE2) (5.38)
—n
(F55) " exp (ki (<) +5), e =0,
with kl = 02/61.
Example 5.3.2. Here we show how to reduce the third-order OAE
1
Uz = uy + R (5.39)
U2 — UQ

and solve for the original variable ug. This OAE has three symmetries whose

infinitesimal generators are
V] = auo, Vo = (—1)” 8u0, V3 = (—1)” an“O’

To begin the reduction we need to start with the first symmetry which has
the group action

g1-ug =wup+e€1, € €Gi.
Using the cross-section K! = {ug = 0} gives
1
) ('LLQ) = 07
L(l] (u1) = m(l]v

1o (1) = mg +my,

1 (uz) = mh +mi + ml.

These recurrence relations allow us to invariantize (2.31)) the OAE (5.39) with

respect to L(l), to find the reduced OAE

mi +ml = (5.40)

1 1
mg + my

To iterate the algorithm a second time we use the action Gg =~ G(Q)/G(l). Using
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the partial moving frame K = {t} (ug) = 0} the normalization equation is
g 19 (uo) = 15 (uo) + €1 + (=1)" e2 = 0,
solving for the parameter in G (G(l)) gives
& = e (=)™,

Then looking at

Therefore,
g-ml =m] +2(-1)" e, g-ml=ml—2(-1)"e.

Now using the cross-section K? = {m} = 0},

Then if we invariantize (2.31)) the reduced OAE (5.40)), with respect to (2, this
gives the second reduced OAE

2 1

=——7. 5.41

This reduced OAE is solvable, but to find a further reduced OAE we use the
algorithm a third time by considering the group action G3 ~ G / G@. Us-

ing the partial moving frame K = {u§ (4§ (u0)) = 0,¢§ (1§ (u1)) = 0} the first
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normalization equation is
g 1§ (16 (o)) = e(=D)"es,2 (15 (o)) + & + & (-1)" =0, (5.42)
and using ¢ (¢§ (u0)) = 0 (as ¢{ (up) = 0) implies that
q =6 (—1)". (5.43)
The second normalization equation is

_1\yn+1 R R
915 (16 (ur)) = eS8 (o (un) + & + & ()" =0,

and using ¢ (¢f (u1)) =0 (as ¢§ (w1) = m§ and ¢§ (mj) = 0) implies that

G=6(-1)". (5.44)

Comparing the equations ((5.43)) and (5.44)) it is clear to see that €, = éa = 0, and

so considering 3 (1§ (u2)) yields the group action

2 _ e3(-1)" 2
g-mo—ed( )mo.

Note this action can also be found by considering the quotient group action

G®) /G which yields the normalization equation (2.16)
g1 (u0) = e 7"15 (o) + & + 2 (-1)" =0

with solution

6~1 = ¢ (_1)n+1 )
Therefore,

_1\n+1 ~
g-Lé (up) = e3(=1) L(l] (u1) + €1 +62(71)"+1

_ 663(*1)n+1m(1) — 2¢9 (_1)71

_ 1
=g -mg.
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From here the cross-section K? = {m} = 0} is used which has the associated

partial cross-section IC = {L% (m(l)) = 0} with normalization equation 1'
n+1
g} (m}) = es=D i i (m)) — 26 (1) = 0.

This normalization equation yields €2 = 0. Hence considering L(l) (m%) and using
the recurrence relations achieves the same result.

By taking the final cross-section to be K3 = {m2 = 1}, we obtain

Lg (m%) =1,
1§ () = e,

Invariantizing ([2.31)) the reduced OAE (5.41)) with respect to L%, the final reduced
OAE is

=7 (5.45)

™o
We start the reconstruction procedure by solving the above equation for mg:

mg = (—1)"In(4) + (—1)" " im.

Using the relation mg = p? ( [mQ]) - pg ([mQ]) gives

3 ([m?]) = c1 + o { (1) In (4) + (—=1)* " im; 0, n}

=1+ ((_1);_1> i+ 1n (2) ((—1)”+1 + 1) :

As m3 = p3 ([mz]) -1, it follows that

mZ = exp <c1 (—1)" + <1(21)n> i +1n (2) ((-1)" — 1)>

= 200" (sinh (¢1) + (—1)" cosh (c1)) .
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Consequently,

08 ([m']) = e2 + 020" (sinh (e1) + (<) cosh (e1)) 0.m)
3(=1)"  5n 3>
_l’_

16 8 16
5(-1)" 3n 5
(=17 3n )

= ¢y + sinh (¢;) (—

+ cosh (¢1) (— T s T 16

Then m} = p2 ([m']) - 0 gives

—1 n
mg = 2(-1)"" (Cz + sinh (¢1) <_3(16) + %l + 136>

+ cosh (¢1) <—5(Ig)n +38n+156> >

Finally, using m} = pi ([u]) — pT%([uD the solution for the left moving frame is

k
pb ([u]) = e3 + ok{2(—1)’“H <c2 + sinh (¢;) <_3(1) Lok 3 >

16 8 16

5(-1)F 3k 5
+cosh(cl)<—(16)+8+16>>;0,n}

((1 +3n)cosh (¢1) 4+ (5n — 1) sinh (¢1) + 8¢2) (—1)"
8
(5n —1)cosh(¢1) (14 3n)sinh (¢1)
8 + 8

— C2 + c3.

Therefore, the solution to the original OAE ([5.39) is

= pg ([u])
((1 + 3n) cosh (¢1) + (5n — 1) sinh (¢1) + 8¢o) (—1)"
8
(5bn — 1) cosh (¢1) n (14 3n)sinh (¢1)
8 8

— Co + C3.

5.4 Reductions of systems

Now we discuss the moving frame reduction theory for systems of OAEs. This

theory for group actions that do not depend on n was again developed by Benson

and Valiquette [4]. We extend the method to systems of OAEs with group ac-

tions that depend on the independent variable. The systems we consider depend
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on shifts of the dependent variables uy = (u(l), . ,ug) and potentially the inde-
pendent variable n. Here we only consider systems of OAEs invariant under a
one-parameter Lie group. It is possible to use a solvable group to achieve multiple

reductions; however, the notation becomes cumbersome. Let
F, (n,up,uy,...,u;) =0, a=1,...,q, (5.46)

be a system of OAEs invariant under a one-parameter Lie group action. The Lie
group must act on at least one dependent variable. Without loss of generality
assume the group acts on the dependent variable u! (among maybe others). As

before, we start the moving frame construction by choosing a cross-section ([2.29))
K ={u} =721}

Then, as the group action may act on other dependent variables, we introduce

the order zero invariants
to = (té,t%,...,t8_1> = (i (ud) ... b (ud)).

The recurrence relations from before are replaced with the equations
o (up) = [mg+my+ -+ +m ] (e t)

With these, all invariants ¢{ (u;) can be written in terms of shifts of the inverse
Maurer—Cartan invariants m[l) and shifts of the order zero invariants tg. Then as
before, we invariantize (2.31) the system of OAEs ((5.46) to find the new reduced

system of OAEs
Ey(mb,...,mp_q,to,t1,...,t6) =0, a=1,...,q (5.47)

This new system of OAEs is reduced by one for the inverse Maurer—Cartan
invariants. From here if there are more Lie group symmetries one can reduce this
system of OAEs further using the method for solvable groups (see Section .
If a general solution to the reduce OAE is found, that is, (m(l), to) then the
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reconstruction procedure can be applied. Therefore, solving the reconstruction
equation m} = p! ([u]) — pT%([u]) for the left moving frame pT%([u]), the general

solution to the original system ([5.46)) is

11 2 1 -1
=S () e, wd = ()t s ud = o () e
Now consider an example of a system that is dependent on the independent
variable n.

Example 5.4.1. Let fy =2+ (—1)" and consider the system of OAEs

f+70 — 3yo ~ 3wo+ [-yo

xry = Y= 75 7 5>
frad+ f-yd

_ Jx%o = 3% (5.48
frxg+ f-vs )

which has a two-dimensional abelian Lie group. The characteristics of this Lie

group are linear homogeneous in = and y:

Q= (Q9.Q"), Q¥ =a(-1)"s - &f-y, QW = a(-1)"y + & fsx,

where ¢; and ¢ are arbitrary constants. The group action of the two-parameter

Lie group is (zg,y0) — (2o, Yo) where

7o = exp{ea(—1)"} {cos(el)xo - \/?sin(el)yo} 5
+
Yo = exp{e2(—1)"} {\/?Sin(el)xo + COS(El)yO} '

Here €; and ey are the Lie group parameters. Note that fif_ =3 and Sf+ = f+,

(5.49)

which will be used in the calculations. To start the reduction of this system we

take the cross-section K! = {yo = 0}. The recurrence relations for this cross-
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section are then

Lo (yO) - 07
1 (y1) = \/Esin (mg) 11,
o (‘TO) = t(llv

1 (z1) = cos (mg) t1.

Now we use these to invariantize (2.31)) the system of OAEs ([5.49)), with respect
to L(l], which gives the following reduced system of OAEs

cos (m[l)) th = L /- sin (m(l)) th = 3 : (5.50)

ty’ f+ f+to

Next, instead of using the second symmetry, we seek two equations, one of which
only depends on the inverse Maurer—Cartan invariant, m(l), and another which
only depends on the order zero invariant and its first shift, i.e., t§ and ¢}. This
can be done at any stage during the process so long as we can find the order zero
invariants and Maurer—Cartan invariants explicitly. The first of these equations
is

cot (mg) = () =

1
JEG @) V3
This gives

m(l) = g + kyw, where k; € Z.

Therefore, using the relation m} = p! ([z], [y]) — o ([2], [y]),

Al ) = (5 +h ) mt

Also
4

e

We seek real-valued solutions, which correspond to the positive square root:

(1) = i (e + 20 ) =

==, (5.51)
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Next to find the solution to the original system of OAEs (5.48]) one must find
the solution for the order zero invariant t}. By taking the natural logarithm we
obtain

v+ v =1n(2), (5.52)

where vg = In (t(l)). Then using that

In(2) = %ln(12)—|—%ln <f+1f_>

the OAE

1 1 1
Ul—l—v0:2ln(12)+2ln<f+f>

has the general solution

vo = %m <fl+) + iln(12) by (—1)".

Taking the exponential of this gives the solution for the order zero invariant:

4
V12 by
V I+

th = (5.53)

Finally, using the identities z¢ = pT% ([z],[y]) - t§ and yo = pT% ([x],[y]) - 0 allows us

to find the solutions

w0 = cos (ph ([a], 1)) th = j/\/gcos <<?1) + k1> ™ + c1> (1",

Yo = sin (;Tg)([x] , [y])) o V12 ((; + k1> ™+ 01> e (=17,

is
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5.5 Partitioned equations

As defined in [15] a partitioned OAE is an OAE of the form,

qu:u)(n,uo,uL,UQL,...,u(q,l)L) y (5.54)

where n, L, ¢ € Z. An OAE of this form can be split into L. OAEs of the form

l l l l
ugl) =w (mL + l,ug),ug),ug), e ,ugq)_l)) , (5.55)

where m, L, [, ¢ € Z and u) (m) = u(mL+1). One can apply the moving
frames method for a solvable Lie group to find the solutions uél) for each of the

L OAEs separately. Then the solution to the original OAE is

u(()O), where n(®) = Lm,
ug =
uéLil), where n“=1) = Lm + (L — 1).

To illustrate the method of moving frame reductions for partitioned OAEs

consider the following example.

Example 5.5.1. Let the OAE be

2(ug)?
— . 5.56
T e+ (L+ (1)) (5.56)
This OAE can be split into the two OAEs
(0
2
uf) = 7@1 ) (5.57)
2T L0 5,0 '
0 1
(1)
o) (ul ) (5.58)
O :
0

Both of these OAEs are symmetric under the scaling symmetry with the
infinitesimal generator

v = u0,
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and the group action

These two OAEs are completely separate; therefore, we could use two different
cross-sections (2.29)) for the moving frame reduction. However, here we use the
same cross-section for both OAEs, namely K = {u(()o) = uél) = 1}. This leads to

the recurrence relations

for [ = {0,1}. Invariantizing (2.31) the odd partitioned OAE (/5.58)) with respect

to 1} gives the reduced OAE

This is a simple linear OAE for e™, which has the solution
m{" = nW1n (2) + k.
Using the relation m{? = oD ([u®]) = p{! ([uV]) gives
A ([10]) =1 (V2) 0 (0 = 1) + an® + 1.

Then

7 ()

_ <\/§)n(1)(n(1)_1) <ek1n(1)) ’

where ko = €. This is the solution for the odd part of the lattice.

The even partitioned OAE (5.57), invariantized (2.31) with respect to ¢{,
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simplifies to a Ricatti equation :

Using the same method as in Example [5.3.1] gives the solution

n(0)
m{” = In <b22> . (5.59)

by + bp2n!V+1

We can simplify this by letting k3 = b2/b;. However, as before this splits the

problem into two cases, the first being when b; # 0. Using the reconstruction

equation m(()o) = F ( [u(o)] )— p[()o) ([u(o)]) we then try to solve for the left moving

frame péo) ([u(o)]). This cannot be solved easily in closed form so we leave it as

© ([ ) _ k325N o
() -ofm () hos o

Then to find the solution for the even part when b; # 0 we use

For the second case, when b; = 0, the inverse Maurer—Cartan invariant is

m(()o) =1In (;) ,
A ([u0]) =1 (5) 0 + b

which gives

Thus,
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Therefore, for the even part of the lattice, the solution is

O ([u©])

0) , forby #0,

(1" ek, forby =0,

s 157 <o ) 02

Finally, we can give the solution for ug as a piecewise solution as follows

s ()

(

) for by # 0, where n(0) = 2m,

ug = (%)n K ks for by =0,

D (n(1) -
\

with p(()o) ([U(O)D = g'k{ In (Hllzij’%) ; 0, n(o)} + k4. Another way in which this

can be represented is as follows

uo = V7 (n) + umo (n),

where 7g (n) = (14 (—=1)") /2 and 7o (n) = (1 — (—=1)") /2.

In this example, the even and odd partitions admit the same symmetry group.

This is not necessarily true for general partitioned equations.

5.6 Comparison with canonical coordinates

The moving frame method gives an alternative to canonical coordinates for re-
ducing and solving OAEs. Despite some of their similarities, there are also some
important differences between the two methods. The first of these is in how each
calculates the equivariant component. For the canonical coordinates method, to

find the equivariant component there is an integration step using the formula

= /Q(rlz,u)du

By contrast, the moving frame method makes use of the fact that the frame itself

is an equivariant component. This makes the choice of cross-section, defined by
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the normalization equations , comparable to the integration step for the
canonical coordinates method. Therefore, one of the potential benefits of the
moving frame method is that there is no integration step to be done. A possible
disadvantage of the moving frame method is the need to pick a normalization
equation. Is there a best choice of the normalization equation? To answer this
question it is wise to do the calculations for an arbitrary constant, ¢1, and then
see what the resulting OAE will look like for different values of the constant.
If the resulting OAE is solvable for a particular value then it is sensible to use
that. For most simple examples, both the integration step and choice of the
cross-section are particularly easy. But some examples may be easier to
solve by one of the two methods.

Next, we consider compatibility. For this, we need to summarise some of the
calculations of Example [5.2.1] using the canonical coordinates method. In this
example the canonical coordinate sg is valid but the coordinate s; is not as it
becomes complex, therefore, there is no compatible sy that exists on R. This is
due to the fact that if |ug| is greater (less) that 1 then |up]| is less (greater) than

1 (with w # 1/n). To overcome this problem in [15] the canonical coordinate

-H" ug—1 ug—1
(_1)nLog (Uo - 1) _ i (ugﬂ) , w1 > 0;

up + 1 —)" 1— . -1
G5 (m (k) +im), s <o

is used. Therefore, as no real-valued compatible sy exists to get passed this
problem one needs to extend the space from the reals, R, to the complex numbers,
C. This splits the problem in to two cases where the canonical coordinate sq is
different depending on if (ug — 1) / (ug + 1) is positive or negative. Looking back
at the moving frame approach the extension to complex numbers is more natural
as the inverse Maurer—Cartan invariant is always complex. It is also unnecessary
at this stage to consider the two different cases. In fact, it is only necessary
when finding the solution to the initial value problem with ug = u (2). Whether

(ugp — 1) / (up + 1) is positive or negative the OAE amounts to

B B (71)n+1 | n—1 L
S1 So = 5 n n+1 (21 I
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which is the same as the inverse Maurer—Cartan invariant m(l). From here to find
the general solution in both methods one solves the OAE above for sg or the left
moving frame pg ([u]). Then in the moving frame method, we look at the left
moving frame and the original cross-section to find the solution for ug. In the
canonical coordinates method one writes the equivariant canonical coordinates,
s, in terms of ug and solves for ug. In this case, there are two equivariant
canonical coordinates, sg; therefore, both need to be checked.

Finally, for solvable Lie groups, the action of the inherited symmetries on the
invariants is found differently for each method. In the moving frame method, the
inductive moving frame is used to find the Lie group action on the inverse Maurer-
Cartan invariants. For the canonical coordinates method, one has to find the new
canonical coordinates for each reduced OAE. To do this a new characteristic is
found by applying the unused symmetry generators to the invariant rg. If the

symmetry is inherited then this is of the form

v (ro) = f (n,70),

and the new characteristic is @ = f (n,79). The equivariant and invariant com-

ponents are then found in the usual manner.
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Conclusions and further

research

In this thesis, we have explored several different applications of difference moving
frames. To begin with, we looked at extending the theory on variational prob-
lems for OAEs to PAEs on a rectangular mesh. This includes the problem of
finding the Euler-Lagrange equations directly in terms of invariants. This led to
several new discoveries in the form of Proposition and Lemma giving
direct formulas for the invariant Euler—Lagrange equations for PAEs. Then by
creating a difference prolongation space for the non-rectangular case (with two
independent steps) we were able to look at variational problems for this case and
found that the resulting formula remains essentially the same (Proposition .
(The difference prolongation space for two independent steps is new, however.)
Then we extended this approach to DAEs and found the invariant formulation

of the Euler—Lagrange equations for several different types of Lie group actions

(Proposition [4.4.1] |4.4.2] |4.4.3| and |4.4.5]).

Finally, we examined the problem of finding the solutions to OAEs using
moving frames. Benson and Valiquette had already looked at the problem and
produced a method which works in lots of examples. However, two considerations
that were not looked at were when the Lie group depends on the independent
variable and partitioned OAEs. So we extended the applicability of the method
to include these considerations, with several examples to illustrate this.

Some potential research ideas which could be looked into in the future include
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the following.

e Develop a Maple package for the difference (differential-difference) invariant
Euler-Lagrange equations, in which one can choose the normalization and
generating invariants. This would lead to a quicker computation of the best

reduction.

e The difference prolongation space for non-rectangular mesh could be ex-
tended to a completely free mesh. This would have several applications,

particularly for finite difference approximations of PDEs.

e Obtain the general formula for all differential-difference invariant Euler—
Lagrange equations. In this thesis the formula for a group action on only
one independent continuous variable has been found. However, a formula
for a group action on more than one independent continuous variable has
not been found. Neither has a formula been found for group actions on
both variables where there is more than one group action on the inde-
pendent variables. Additionally, one can drop the need for a projectable
normalization (Definition allowing for more Lie group actions. The
general formula could potentially be found using a similar method to that in
the paper by Kogan and Olver [19] with the differential-difference structure

in the paper by Peng and Hydon [32].

e Develop the invariant differential-difference variational bicomplex. This can
potentially be used to examine the form of the equivariant conservation

laws.

e Develop a Maple package for symmetry reductions using moving frames.
This would need to include finding the best set of normalization equations

at each stage.

e Find an equivariant formulation for conservation laws of DAEs.
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Appendix A

Additional details

A.1 Symmetry condition applied to the Lagrangian
The Lagrangian (2.17)) in the running example is

L= Ly, [ (20 —wia) (ur—1 — uop)

2 (u2,0 — u1,—1) (w11 — uo,0) |

Using the symmetry condition (2.20) and (2.19) for v; we have

() oL 4 OL . OL n OL
A% = U Ea— U R a— u Ea— Ul -1 —=.
1 0,0 oo 2,0 Dung 1,1 Dur L 1,-1 Dur 1

The partial derivatives are given in (2.22)). Consequently,

u,0 (1,1 —u1,-1)
2 (w0 — u1,—1) (uo,0 — w1,1)
u2,0 (u1,1 - Ul,—1) Ui, (Uo,o - U2,0)

V1 (L) = —

_l’_
2(ur,1 —ugp) (u1,—1 —u2p0) 2 (ui,1 —u20) (o0 —u1,1)
B u1,—1 (uo,0 — u20)
2 (uo,0 — u1,—1) (u1,—1 — u2yp)
=0

Similar calculations can be done for the other infinitesimal generators v; for

i=2,...,6 @13).
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A.2 Lagrangians equivalent up to a divergence

The Lagrangians L (2.17) and Lg (2.21) are equivalent up to a divergence. To

prove this we find the divergence term Div (A4), such that,
L = Lo + Div (4).

Here we see that

Div (4) = L — Lo
_ lln (u2,0 —u1) (u1,-1 —uop) | I | 410 — o1
2 | (u2,0 —u1,—1) (u1,1 — uop) UL,1 — U0,0
1 | (ug,0 —u1,1) (u1,—1 — u0,0) (1,1 — uo,0)
=—In 5 .
2 (u2,0 — u1,—1) (u1,0 — uo,1)

After some rearranging, we see the divergence term can be written in the form

)

1
+ (8182_1 — id) <—2 In ‘Ul,l - u0,0’) .

. . 1 . 1
Div (A) = (Sl — ld) (2 In |’LL170 — u0,1|) + (SQ — ld) (—2 In |U1771 — Up,0

A.3 Checking the invariant Euler—Lagrange equations
The invariant Euler—Lagrange equation is

A1 kK—A1,-1—1
2 (5—1,1) 2K
(k20— 1) (Ko11 — A1)
2(k—20—A-20) k-1,1

HIEy (LF) + HIE, (LF) =

(A1)
= 0.

In the original variables,

U, —1 — 0,0
k=1t(u—1) = —-7, = ="
U1,1 — U0,0 U1,1 — U0,0
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Therefore,
ULl — U1 U000 —U-1,1
A =—"——"", K11=—"—""-,
Up,2 — U-1,1 ug2 — U_1,1
_Up,o0 —U-20 _U-—1,-1—U-20
Agp=—""", Kaoo=—"—"">,
U-11 — U-20 U_11 —U_20

up,—1 — U-1,—-1
)\71771 =
up,0 —U-1,-1

Substituting these into (A.1)) yields

HIE (L®) + HLE, (L*) =

(Ui, —u,—1 —U—1,1 —U—1,-1) U%,o + (—2u—1,—1u1,1 + 2ur,—1u—1,1) Uoyp

A2
(10,0 — u—1,1) (u0,0 — w1,—1) (w00 — u—1,-1) (A-2)
(w10 —u—1,1) Ut,—1 + U1 1U11) U—1,—1 — UL 1UL,—1U—1,1
(w00 — u—1,1) (wo,0 — w1,—1) (0,0 — U—1,-1) '
The original Euler-Lagrange equation is
1 1 1 1
E, (L) = - - + —0. (A3)

U1 —Up,0  U-1,1 — U0 UL,—1 — U0 U—1,—1 — U0

The invariants

U—1,1 — U0,0
L (UO70) = O, L (ul’l) = 1, L (Ufl,l) =,
U1,1 — Uo,0
Uy,—1 — U0,0 U—-1,—1 — U0,0
L(Ul,fl) =", L(Ufl,fl) =,
U1,1 — U0,0 U1,1 — U0,0

are used to find the invariantization (2.31)) of (A.3),

1 1 1
)t | r(uoi)
(wig —u1,—1 — U110 — U—1,—1) “?),0 + (—2u—1 —1ui1 + 2u1 —1u_1,1) U0
(uo,0 —u—1,1) (uo,0 — u1,~1) (uo,0 — U—1,-1)
((u1g —w—11)ur,—1+u_11u11)u_1,-1 — UL 1U1,—1U_11
(up,0 —u—1,1) (u0,0 — u1,-1) (uo,0 — U-1,-1) '

t(Ey (L) =1-

+

(A4)
Hence, comparing (A.2)) and (A.4]) gives

HIEN (L®) + HLE, (L) = 1 (B, (L))
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Appendix B

Other regular and semi-regular

tilings

B.1 Path generators for various tilings

In this section, we explore how one can find a basis for describing paths in various

regular (Figure B.1|and [B.2)) and semi-regular (Figure|B.3] [B.5| [B.6|and [B.7))

tilings of the plane. To do this, we give one choice of the two independent steps

needed for each of the different tilings. For the different tilings there are several
choices for the two independent steps. The regular square tiling and stub square
tiling have already been explained in detail and so are left out of this section.
Included in the explanation of each tiling will be a figure of the basic shape
which tessellates the plane, and the tiling itself. On the figures of the basic shape,
arrows in blue and red describe the translation component of the two independent
steps. The base point, which is the point we apply the steps from, is labelled
0. The other important points are ones that the two steps map 0 to; these are
labelled by the number of the step. On the figures, neighbours are joined by
edges. The regular square tiling is an example of a locally rectangular tiling,

which means it has 4 neighbours for each point.
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Triangle tiling

——

1

(a) Standard template.
(b) Tiling[T}

Figure B.1: Triangle standard template and tiling.

The two independent steps (see Figure for the triangle tiling are the trans-
lation from 0 to 1, along the horizontal edge of the upright triangle, and the
translation from 0 to 2, along the edge angled 7/3 anti-clockwise from the hori-
zontal edge. To get to all points in the tiling (see Figure we can take steps
and inverse steps of these two translations. These steps are similar to how we

move around the square mesh as they do not require a rotation component.

-uniform_n11 by |[Tomruen, retrieved from ”https://commons.wikimedia.org/wiki/File:
1-uniform_nil.svg’ is licensed under CC BY-SA 4.0.
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B.1. PATH GENERATORS FOR VARIOUS TILINGS

Hexagonal tiling

(b) Tiling?]

(a) Standard template.

Figure B.2: Hexagonal standard template and tiling.

For the only other regular tiling of the plane, the first step is from 0 to 1 (along
the horizontal edge of the hexagon) followed by a rotation 7/3 clockwise. The
second step is from 0 to 2 (along the edge angled 27 /3 anti-clockwise from the
horizontal edge) followed by a rotation by m. We always look at the image (see

Figure [B.2a]) from the point of view with 0 in the bottom left corner of a hexagon
(Figure [5:25).

21-uniform_n1 by retrieved from ”https://commons.wikimedia.org/wiki/File:|
|t-uniform_nl.svg’ is licensed under CC BY-5A 4.0}
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Truncated square tiling

—_

(a) Standard template.

Figure B.3: Truncated square standard template and tiling.

For the truncated square tiling (Figure , the first step is from the point 0
to 1 (along the horizontal edge between the square and octagon) followed by a
rotation of /2 clockwise. The second step is from 0 to 2 (between two octagons
angled 37w/4 anti-clockwise from horizontal) followed by a rotation of m. We
always look at the image (Figure from the point of view with 0 in the
bottom left corner of the octagon. This tiling is very similar to the snub square
tiling, as both have one step which used twice takes one back to the same point

and another step that when it is used four times takes one back to the same point.

31-uniform_n2 by Tomruen, retrieved from ”https://commons.wikimedia.org/wiki/File:
1-uniform_n2.svg’ is licensed under CC BY-SA 4.0l
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B.1. PATH GENERATORS FOR VARIOUS TILINGS

Snub trihexagonal tiling

(a) Standard template.

Figure B.4: Snub trihexagonal standard template and tiling.

For the snub trihexagonal tiling (Figure , the first step is from 0 to 1 (along
the horizontal edge between the hexagon and the top triangle) followed by a
rotation of /3 clockwise. The second step is from 0 to 2 (along the edge angled
7/3 anti-clockwise from the horizontal edge) followed by a rotation of 27/3 anti-
clockwise. We always look at the image (Figure from the point of view

with 0 in the top left corner of the hexagon.

41-uniform_n10 by Tomruen, was retrieved from the site ”https://commons.wikimedia.org/
wiki/File:1-uniform_n10.svg’ and is licensed under (CC BY-SA 4.0.
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APPENDIX B. OTHER REGULAR AND SEMI-REGULAR TILINGS

Truncated hexagonal tiling

(a) Standard template.

Figure B.5: Truncated hexagonal standard template and tiling.

For the truncated hexagonal tiling (Figure , the first step is 0 to 1 (along
the horizontal edge between the triangle and dodecagon) followed by a rotation
of 2m /3 anti-clockwise. The second step is from 0 to 2 (along the edge between
two dodecagons at an angle of 57/6 clockwise from the horizontal edge) followed
by a rotation of m. We always look at the image (Figure from the point of

view with 0 in the bottom left corner of the top triangle.

®1-uniform_n4 by Tomruen, retrieved from ”https://commons.wikimedia.org/wiki/File:
1-uniform_n4.svg’ is licensed under CC BY-SA 4.0l
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B.1. PATH GENERATORS FOR VARIOUS TILINGS

Trihexagonal tiling

(a) Standard template.

Figure B.6: Trihexagonal standard template and tiling.

For the trihexagonal tiling (Figure , the first step is from 0 to 1 (along the
horizontal edge of the triangle) then a rotation of 7 /3 clockwise. The second step
is 0 to 2 (along the edge angled 7/3 anti-clockwise from the horizontal edge) then
a rotation 7/3 anti-clockwise. We always look at the image (Figure from

the point of view with 0 in the bottom left corner of a triangle.

61-uniform_n7 by retrieved from ”https://commons.wikimedia.org/wiki/File:|
|t-uniform_n7.svg’ is licensed under CC BY-5A 4.0}
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Rhombitrihexagonal tiling
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(a) Standard template.

Figure B.7: Rhombitrihexagonal standard template and tiling.

For the rhombitrihexagonal tiling (Figure , the first step is 0 to 1 (along
the horizontal edge) then a rotation by 7/3 clockwise. The second step is from
0 to 2 (vertically up the square edge) then a rotation by 27/3 anti-clockwise.
We always look at the image (Figure from the point of view with 0 in the
bottom left corner of the square.

As stated at the start, for most of these tilings there are other choices for the
two steps to move around the plane. However, the ones chosen here represent

possibly the easiest choices for the different tilings.

"1-uniform_n6 by [Tomruen, retrieved from “https://commons.wikimedia.org/wiki/File:
1-uniform_n6.svg’ is licensed under CC BY-SA 4.0l
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B.2. PROLONGATION SPACE FOR TWO INDEPENDENT STEPS

Semi-regular tilings not considered

\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV
JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY

NN\ NN NN NN NN NN NN NN NN
NN NNNNNNNNNNNNNN NN NN/
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
YAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN

(a) Elongated triangular tilingﬂ (b) Truncated trihexagonal tilinﬂ

Figure B.8: The other semi-regular tilings.

The elongated triangular tiling (Figure is the only tiling which we have
looked at so far which requires 3 different steps to create all possible paths. The
main reason for this is that there are three types of edges. There are edges
between squares and squares; triangles and triangles; and squares and triangles.
There is no way to describe one of these edges in terms of the other two, because
of the way they tessellate the plane. Therefore, as we only consider tilings which
need two independent steps, this example is omitted from the discussion.

The other semi-regular tiling (Figure of the plane the method does not
work for is the truncated trihexagonal tiling (Figure . For this, one needs
to use reflections which we do not consider due to the need to preserve the
orientation of the mesh. Reflections could potentially be used but would make
the calculations more complex.

For the prolongation space, we restrict attention to tilings with only two

independent steps.

B.2 Prolongation space for two independent steps

The two independent steps T1 and Ty are of two types. The first type is a

translation without an ensuing rotation. For this type of step the only k € Z such

81-uniform_n8 by [Tomruen, retrieved from "https://commons.wikimedia.org/wiki/File:
1-uniform_n8.svg’ is licensed under CC BY-SA 4.0

¥I-uniform_n3 by Tomruen, retrieved from "https://commons.wikimedia.org/wiki/File:
1-uniform_n3.svg’ is licensed under CC BY-SA 4.0.
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that TF = id is k = 0. This type of step is used in triangle tilings and regular
square tilings. The other type of step is a translation followed by a rotation. This
type of step takes us along a closed path (either an edge or polygon) meaning
there exists k € Z%/{1} such that T¥ = id. This variety of step is used for all
the other types of regular and semi-regular tilings we consider.

The steps map the tiling to itself, so their inverses exist at every point in the
tiling. The inverse of the step which is a translation only is just a translation
in the opposite direction, i.e., (TT)_1 = T, . For a step which is a translation
followed by a rotation, the inverse step is the opposite rotation followed by a
translation back in the opposite direction, i.e., (TT)_1 = Tk=1, where TF = id.

A path between 0 and any other point J, which may be anywhere in the tiling,
is obtained by applying the steps T, successively to move along edges between
vertices in the tiling. Two paths P; and P, differ by a trivial path (either the
identity or a cycle, i.e., a closed loop) if and only if they map 0 to the same point
J. Note there may be multiple ways one can get from 0 to J in the tiling, but, it
is important for the calculations that only one path is used to describe each path
from 0 to any other vertex J in the tiling.

Using the equivalence of paths enables one to write complicated paths in a
shortest-possible form.

For a function w (or, more generally, a difference form) on the tiling, the
prolongation space over the base point n is the product space giving the values
of u at all points in the tiling. Here we are not thinking about any particular
function, but rather the space of all functions, so each uy can take any value in R
(or C if needed). The variable uy is the value of u at the point nJ. The pullback
of u on nJ by a path Py is uy on n. The general notation of the pullback by Pk

is Pj. For u on nJ where J = r...r the pullback by T¥ is (T,’f)* u = uj on n.

k times
We use the snub square tiling case as an example of this new notation.

Example B.2.1. Let u be a function on nJ, where the path from 0 to J is
Py = ToT3ToT1ToT;. Then the pullback of u by Py is the function

uy = iju = TTT;TTT; (Ti))* T;“ = U1:1:3:
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on n. Using the general notation this is

Uy = u12121112-

The indices used in going from 0 to J are read left to right in the pullback.
Therefore, the pullback of P Py is Py Pju = ujk, where JK represents the con-
catenation of indices, simplified by whatever relations apply. If f,3 is a function

on nJ, the pullback is related to the shift operator as follows: Sk fn := Tk fuk-
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