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Abstract. In this paper classical solutions of the degenerate fifth Painlevé
equation are classified, which include hierarchies of algebraic solutions and
solutions expressible in terms of Bessel functions. Solutions of the degenerate fifth
Painlevé equation are known to be expressible in terms of solutions of the third
Painlevé equation. The classification and description of the classical solutions of
the degenerate fifth Painlevé equation is done using the Hamiltonian associated
with third Painlevé equation. Two applications of these classical solutions are
discussed, deriving exact solutions of the complex sine-Gordon equation and of
the coefficients in the three-term recurrence relation associated with generalised
Charlier polynomials.
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1. Introduction

In this paper we are concerned with solutions of the equation

d*w (1 1 dw\?> 1dw N (w —1)%(aw? + B) L (1)
22 \2w  w-1 dz z dz 22w z’

with «, S and v constants. Equation (1) is the special case of the fifth Painlevé
equation (Pv)

2w+w71

2w ( 1 1 ) (dw>2 1dw N (w —1)%(aw? + B)

dz> dz z dz 22w
1) 1

with «, 3, v and § constants, when 6 = 0 and is known as the degenerate fifth Painlevé
equation (deg-Pv), cf. [39].

The six Painlevé equations (P;—Pvy1), were discovered by Painlevé, Gambier and
their colleagues whilst studying second order ordinary differential equations of the

form
d2w dw
- _F ==

d2’2 (Z,U), dz > ’ (3)

where F' is rational in dw/dz and w and analytic in z. The Painlevé functions can
be thought of as nonlinear analogues of the classical special functions. The general
solutions of the Painlevé equations are transcendental in the sense that they cannot
be expressed in terms of known elementary functions and so require the introduction
of a new transcendental function to describe their solution. However, it is well known
that Py—Pvy1 possess rational solutions, algebraic solutions and solutions expressed in
terms of the classical special functions — Airy, Bessel, parabolic cylinder, Kummer
and hypergeometric functions, respectively — for special values of the parameters, see,
e.g. [11, 21] and the references therein. These hierarchies are usually generated from
“seed solutions” using the associated Backlund transformations and frequently can be
expressed in the form of determinants. These solutions of the Painlevé equations are
often called “classical solutions”, cf. [50, 51].

It is well known that solutions of deg-Py (1) are related to solutions of the third

Painlevé equation
2 2 2

dgzl(dq> _l@+w+cq3+2, (4)

dzx q \dz x dx T q
with A, B, C and D constants, a result originally due to Gromak [20]; see also [21,
§34]. The relationship between solutions of deg-Py and the third Painlevé equation is
given in Lemma 2.1 below. The objective of this paper is to give a classification and
description of the classical solutions of deg-Py (1) using the associated Hamiltonian
formalism, rather than through solutions of the third Painlevé equation (4).

In §2, the relationship between deg-Py (1) and the third Painlevé equation (4) is
discussed using the associated Hamiltonian. In §3, classical solutions of the third
Painlevé equation (4) are reviewed, the rational solutions in §3.1 and the Bessel
function solutions in §3.2. In §4, Bécklund transformations of deg-Py (1) are given,
which can be used to derive a hierarchy of solutions from a “seed solution”. In §5,
classical solutions of deg-Py (1) are classified, the algebraic solutions in §5.1 and the
Bessel function solutions in §5.2. In §6, two applications of classical solutions of deg-P,
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(1) are given to derive exact solutions of the complex sine-Gordon equation, which is
equivalent to the Pohlmeyer-Lund-Regge model, and to derive explicit representations
of the coeflicients in the three-term recurrence relation satisfied by generalised Charlier
polynomials, which are discrete orthogonal polynomials.

2. The relationship between deg-Py and Py

In the generic case when CD # 0 in the third Painlevé equation (4), we set C' = 1

and D = —1, without loss of generality (by rescaling the variables if necessary), and
so consider the equation
?¢ 1 (d¢\* 1dq¢ AF+B 1
73:, 7(] _,7q+q7+q3_, (5)
dzx q \dz x dx T q

In the sequel, we shall refer to this equation as Pyyy since it is the generic case.
Consider the Hamiltonian associated with Py (5) given by

Hui(g,p, x5 a,b,€) = ¢°p* — x¢’p — (2a+ 2b+ 1)qp + exp + 2bxq, (6)

with a and b parameters and € = +1, see [27, 43]. Then p(z) and ¢(x) satisfy the
Hamiltonian system

d

vl = ORI o g~ (a2 Vg e, )
d 0

“ﬁ - ?qm = —2qp” + 2xqp + (2a + 2b+ 1)p — 2ba. (8)

Solving (7) for p(x) gives

1 dqg 9
= —Jr— 2 2 1)g —
p(z) o {xdx+xq + (2a+2b+1)q 53:},

and then substituting this in (8) gives

2 1 (dg\> 1dq 2(@—b¢* 2(a+b+1) 4 1

ST (5L) =2 — = (9

dx? q(dz) zdx+ T + T ta q (9)
which is Py (5), with parameters

A=2(a-0), B=2s(a+b+1). (10)
Solving (8) for ¢(z) gives

1 dp
=—<z— — (2 2b+1 2b
00) = ot { Sl — ak 204 Dk 20

and then substituting this in (7) gives

2p 1/1 1 dp\” d 2h?
7]2):, -+ l _Lip_FQEp_i
dx 2\p p—=x dx z(p—z)dx D

4a2 =1 1 —4(a® — b?) — 4ep?

— 11
2(p—x) 2z (11)
Then making the transformation
2
play = 220G o (12)

w(z) =1’
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in (11) gives

d?w 1 1 dw\?> 1dw (w—1)2%(a2w?—b?)  cw
o) (=) 222 = 13
dz? <2w+w—1)<dz) d T 222w T (13)
which is deg-Py (1) with parameters

a= %aQ, ,Bz—%bz, vy =e. (14)

Hence we have the following result; see also [21, Theorem 34.2].
Lemma 2.1. If () is a solution of (9) then

g (@) +2q(2) + (20 + 2b+ 1)g(z) — ex 1
W) = zq' (z) — zq¢?(z) + (2a + 20+ 1)q(x) — ez’ 2=t (15)

with ' = d/dx, is a solution of (13), provided that

d
xﬁ—mq2+(2a+2b+1)q—sm7ﬁ0.

Conversely, if w(z) is a solution of (13), then

q(z) = 2\/1% {zfiz’+(w—1)(aw+b)}, r =2z, (16)

is a solution of (9).

Proof. Solving (7) for p(z), substituting in (12) and solving for w(z) gives (15). Also
solving (8) for ¢(z) and substituting (12) into the resulting expression gives (16). O

An alternative method of deriving solutions of (13) involves the second-order,
second-degree equation satisfied associated with the Hamiltonian system (7,8), due to
Jimbo and Miwa [27] and Okamoto [43], which is often called the “c-equation”.

Theorem 2.2. If Hi(q,p,x;a,b,e) is given by (6), then
0(1’; a, bv 5) = HIH(qvpa za, b7 5) + qp — %Exz + (CL + b)27 (17)
where q(x) and p(x) satisfy the system (7)-(8), satisfies the second-order, second-degree

equation (St)
d?c  do 2 do\? do
S2 %0 4ol (2] —a2 b (252 2
<xdx2 dx) * { (dm) v } (zdx U)

d
— 8¢(a® - b2)x£ = 8(a® + b))z (18)
Conversely, if o(x;a,b,e) satisfies (18) then the solution of the Hamiltonian system
(7,8) is given by
exo’(z) —e(2a+2b+ 1)o’(z) — 2(a — b)x
Q(x) = 5 ; D) )
z” —[o'(z)]

p(z) = 3eo’(z) + Su.

Proof. See Jimbo and Miwa [27] and Okamoto [43]. O

Consequently solutions of deg-Py (13) can be expressed in terms of solutions of
SIII (18)



Classical Solutions of the Degenerate Fifth Painlevé Equation 5

Corollary 2.3. If o(x;a,b,¢e) is a solution of Siy (18), then

o'(z;a,b,e) + ex
. b = ! L) = l 2 19
UJ(Z,CL, 76) a’(x;a,b,g) —ex’ z 2T, ( )

is a solution of (13).
Proof. This immediately follows from (12) and Theorem 2.2. O

Remark 2.4. From Lemma 2.1 and Corollary 2.3, it’s clear that it’s simpler to derive
solutions of deg-Py (13) from equation (19) rather than equation (15). Further as
shown in §3, classical solutions of Syj; involve one determinant, whereas classical
solutions of Py involve two determinants.

3. Classical solutions of P and Sypp

3.1. Rational solutions of Pry1 and St

Rational solutions of Py (5) are classified in the following theorem.
Theorem 3.1. Equation (5) has a rational solution if and only if

1A+ 2B = 4n, (20)
with n € Z and €3 = 1, €3 = 1, independently.

Proof. For details see Lukashevich [30]; see also [36, 37]. O
Umemura [52]] derived special polynomials associated with rational solutions of

Piir (5), which we now define; see also [9, 28, 29].

Definition 3.2. The Umemura polynomial S, (x; ) is given by the recursion relation

2,  (dS,\’ dsS, >
Sny1Sn-1 = —x {Sn da? - (dx) } —Sh dz + (.’L‘—I—,LL)Sn, (21)

where S_1(z; u) = So(z; ) = 1, with g an arbitrary parameter.
Remarks 3.3.

(i) The Umemura polynomial Sy, (x; 1) has the Wronskian representation

n

Su(@; 1) = en Wr (01,02, 0m1),  en = [J@F+1)"7F, (22)
k=0
where Wr(p1, @3, ..., 0an—1) is the Wronskian defined by
¥1 ¥3 cee Pon—1
1 1 1
Spg ) <pi(3 ) te Spén)—l (k) dk(pj
Wr(90179037~-‘7902n71): : : . : 9 QDJ :ﬁa
n—1 n—1 n—1
R
and

Gom—1(z; p) = L2+ (),

with Léa)(:v) the Laguerre polynomial, for details see Kajiwara and Masuda [29];
see also [9, 28].
1 The original manuscript was written by Umemura in 1996 for the proceedings of the conference

“Theory of nonlinear special functions: the Painlevé transcendents” in Montreal, which were not
published; for further details see [44].
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(ii) Rational solutions of Prp (5) are expressed in terms of Umemura polynomials.
For example,

d Sp-1(z;p— 1)
n(zip) =1+ —In{ ————7, 23
wnei) =1+ g { Bl (23)
satisfies (5) for the parameters
A=2n+2u—1, B=2n—-2u+1.

To describe rational solutions of deg-Pvy (1), it is more convenient to use rational
solutions of Sty (18), which involve one Umemura polynomial and are discussed in the
following theorem, whereas rational solutions of Py (5) which involve two Umemura
polynomials, as shown in (23).

Theorem 3.4. The rational function solution of Sy (18) is given by

on(x;p,e) = Qx% {In Sy, (z; 1)} — %zz —2ur—1, n>0, (24)
with Sy (z; 1) the Umemura polynomial, for the parameters

a:n—!—%, b=p, e=1
Proof. See Clarkson [9]. O

3.2. Special function solutions of Py and Sy

Special function solutions of Py (5) are expressed in terms of Bessel functions. These
are classified in the following Theorem.

Theorem 3.5. Equation (5) has solutions expressible in terms of the Riccati equation
d
xﬁ =e12¢* + (Aey — 1)q + eox, (25)
if and only if
€1A+€2B :47’L+2, (26)

with n € Z and €3 = 1, €3 = 1, independently. Further, the Riccati equation (25) has
the solution

d
Q(x) = —&1 a 1H¢u(£)a (27)
where 1, (x) satisfies
d2y, dw,
x d;é +(1- 2511/)% + e16021), = 0, (28)
which has solution
x¥ {C1J,(x) + CY,(x)}, if e1=1, ey=1,
v{C J, () + CRY, , if =1, = -1,
" {C11,(x) + C2 K, (z)}, if e9=1, e=-1,
=V {C11,(z) + C2K,(z)}, if e9=-1, eg=1,

with Cy, Cy arbitrary constants, and J,(z), Y, (z), I,(x), K,(z) Bessel functions.

Proof. For details see Okamoto [43]; see also [11, 21, 34, 36, 37]. O
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Determinantal representations of special function solutions of Py (5) were given
by Okamoto [43]; see also [18, 35]. As for rational solutions, to describe special function
solutions of deg-Pv (1), it is more convenient to use special function solutions of Sy
(18), which are discussed in the following theorem.

Theorem 3.6. Suppose 1, (x; u,€) is the determinant given by

n—1

d Jj+k
Tn(z; 1, €) = det [(xda:) gpﬂ(x;a)l , (30)
3,k=0
where
adu(z) + Y, (z), if e=1,
oulwie) = {Cl]u($)+CQKM($)7 if e=-1,

with ¢y, ¢ arbitrary constants, and J,(z), Y, (2), 1,.(z), K.(z) Bessel functions. The
Bessel function solution of Stir (18) is given by

d
on(z; p,e) = Qxd— {In7,(z;p,€)} + Se2® + > — n® + 2n, (31)
x
for the parameters
a=n, b=p. (32)
Lemma 3.7. The determinant 7, (xz; p, ) given by (30) satisfies the equation
d?r, dr,\? dr,
: { W (&) } POy =TT (39)
or equivalently the Toda equation
d\? Trn+1T,
_ In+1in—-1
Proof. See Okamoto [43, Theorem 2]. O

4. Backlund transformations

A Bdacklund transformation relates the solution of a Painlevé equation either to another
solution of the same equation with different values of the parameters, or to another
Painlevé equation. All Painlevé equations, except the first Painlevé equation, have
Bécklund transformations. Hierarchies of classical solutions of the Painlevé equations
can be obtained by applying Bécklund transformations to a “seed solution”.

Let w;(z;; &5, 85,75), 7 = 0,1,2, be solutions of deg-Pv (1) with

21 = —2p, (a1, B1,7) = (0, Bo, —0),
Z9 = Zzp, (a2, B2,72) = (—fo, —a0, —0)-
Then deg-Py (1) has the symmetries
81 : w1(21) = wo(—Zo), (35)

82 : w2(22) = 1/11)0(2:0). (36)
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Theorem 4.1. Suppose that Wy = w(z; «, 8,7) satisfies deg-Py (1) with parameters

a:%a2, ﬁ:—%b2, v =c.
Let W; = w(z; 5, 85,74), = 1,2,3,4, be solutions of (1) with parameters
ar = z(a+1)% fr = —3b?% n=c
ar = 1(a—1)2, By = —3b%, Y2 = ¢
Oégiéaz, ﬂng%(b+1)2, v3 = ¢,
a4=%a2, 64:—%(1)—1)2, Y4 = c,

respectively. Then these solutions can be obtained from Wy as follows

{ZW(S + (WO — 1)(G,W0 — b)} {ZW(; + (WO — 1)((1W0 + b)}

W= 22(Wh)? + 2a2Wo(Wo — V)W + 2¢22Wo(Wo — 1) + (W — 1)*(a®*WE — b?)’
W, — {2W§ — (W — 1) (aWy — b)} {zW — (Wo — 1)(aWp + b)}
2(WY)? = 2a2Wo(Wo — V)W 4 2c22Wo(Wo — 1) + (W — 1)*(a*WE — b?)’
Wy — 22(WY)? + 2b2(Wy — D)W + 2c22WE(Wy — 1) — (W — 1) (a*W§ — b?)
{zW5 — (Wo — 1)(aWo — b)}{=Wg + (Wo — 1)(aWo + b)} ’
Wy = 22(Wh)? = 2b2(Wo — )W + 2¢22WE(Wo — 1) — (Wo — 1)*(a*WE — b?)
{zWg — (Wo — 1)(aWo — b)} {zWg + (Wo — 1)(aWo + b)}
Proof. See Adler [2]; also Filipuk and Van Assche [17]. O

5. Classical solutions of deg-Py

To discuss classical solutions of deg-Py (1), it is convenient to make the transformation
w(z) = u(x), z =127, (37)
in (1), which gives

d?u 1 1 du\>  1du  4(u—1)2(au? + B)
Sl (e &y o -fv 2.
dz? <2u+u—1> (da:) + +2yu (38)

x dx z2u
We could fix the parameter v in (38), by rescaling z if necessary, but it is more
convenient not to do so. Instead classical solutions will be classified for v = £1. From
Corollary 2.3 and (37), we have that if o(x; a,b, €) is a solution of Sy (18), then

o'(x;a,b,¢) + ex (39)

u(z;a,b,¢) = o'(x;a,b,e) —ex’
) )

is a solution of (38) with v = . As remarked above, it is easier to derive classical
solutions of deg-Py (1) from Sy; rather than Pryp, compare equations (19) and (15).

Theorem 5.1. Supppose that ug = u(x; «, 8,7) satisfies (38) with parameters

a:%aQ, B:—%bQ, v =c.
Let u; = u(z;ay, B5,7;), 7 = 1.2.3,4 be solutions of (38) with parameters
Q) = %(a—i— 1), b1 = —%bQ, v =c,
as = 3(a—1)% B2 = =507, "2 =
oz = 3a%, Bs = —3(b+1)2 73 =c,
a4f%a2, ﬂ4:f%(b71)2, Y4 = ¢,
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respectively. Then these solutions can be obtained from ugy as follows
{zu" +2(u — 1)(au — b)} {zu’ + 2(u — 1)(au + b)}

= 2?(u')? + dazu(u — Du’ + deu(u — 1)z? + 4(u — 1)?(a®u® — b*)’
. — {zv' —2(u — 1)(au — b)} {zu' — 2(u — 1)(au + b)}
? 2 (u')? — dazu(u — 1)u’ + deu(u — 1)z? + 4(u — 1)%(a*u® — b?)’
_ 2?(W)? + bz (u — DU + dez®u® (u — 1) — 4(u — 1)*(a®u® — b?)
s = {zv' —2(u — 1)(au — b)} {zu' + 2(u — 1)(au + b)} ’
= 2?(u')? — dbx(u — D' + dex?u?(u — 1) — 4(u — 1)?(a®u® — b?)

{zv —2(u —1)(au — b)} {zu' + 2(u — 1)(au + b)}

Proof. This is easily proved by applying (37) to the Bécklund transformations in
Theorem 4.1. O

5.1. Algebraic solutions

Since deg-Py (1) and equation (38) are related by the transformation (37) then
algebraic solutions of deg-Pvy (1), which are rational functions of \/z, are equivalent
to rational solutions of (38), which are rational functions of . Therefore we discuss
rational solutions of (38), which are classified in the following Theorem.

Theorem 5.2. Necessary and sufficient conditions for the existence of rational
solutions of (38) are either

(@,8,7) = (3(n + 5), —34*, 1), (40)
or

(0[7B77): (%H27_%(n+%)7_1)7 (41)
where n € Z and p is an arbitrary constant.

Proof. For details see Gromak, Laine and Shimomura [21, §38]; see also [36, 37]. O

We remark that the solutions of (38) satisfying (40) are related to those satisfying
(41) through the analog of the symmetry (36). Consequently we shall be concerned
only with rational solutions of (38) for the parameters given by (40).

Theorem 5.3. The rational solution of (38) for the parameters (40) is given by
xS (w3 1)

Sn1 (@5 1) Sy (5 1)

where Sy, (x; p) is the Umemura polynomial (22).

n >0, (42)

Up(z;p) =1 —

Proof. Substituting the rational solution of Sy (18) given by (24) into (39) and then
using the reccurence relation (21) gives the result. O

Remark 5.4. The Umemura polynomial S,,(z; 1) satisfies the difference equation
Sp1 (w5 1) Snr (5 1) = &S5 (w5 1) + pSu (w5 0+ 1) S p— 1), (43)
Hence from (42) there are two alternative representations of the rational solution
wSn(z;p+ 1) Sp(z; 0 — 1)

(1S (5 A1) Sy (s p — 1) + 282 (w5 1)’

pSn (s pp+ 1) Sp (s p—1
(2 1) = ( ! ) Sn( " )

Sn+1(SC, :U‘)Sn—l(xv :U‘)

Up (25 1) =
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5.2. Bessel function solutions

Theorem 5.5. Necessary and sufficient conditions for the existence of Bessel function
solutions of (38) are either

(e, 8,7) = (3n% —30°,¢) , (44)
or

(O[7B77) = (%H27_%n27—5) ) (45)
with ¢ = £1, and where n € ZT and p is an arbitrary constant.
Proof. From (10) and (14), the parameters in Pyy; (5) and deg-Pvy (38) are given by

(4,B) = (2(a—0),2e(a+b+1)),  (a,8,7) = (30, —5b%e),
respectively, for parameters a, b and . The result then follows from Theorem 3.5. [

Theorem 5.6. The Bessel function solution of (38) for the parameters
(01757’)/) = (%’I’L27 _%/1?76) )

is given by
a7 (2 p €)
Un(T;pt,e) =1+ , n>1, 46
( H ) Tn+1($,u, )Tn,1($7u76) ( )
where
d jak n—1
o (@5 1, €) = det [(l’d) w(m;S)] : (47)
* 4,k=0
and To(x; p,e) = 1, with
() + Y, (x), if e=1,
SD (.’,CE): 1 H( ) 2 H( ) ] B (48)
cil,(z) + 2K yu(x), if e=-1,

c1 and ¢y arbitrary constants, and J,(x), Y, (x), I,(x) and K,(x) Bessel functions.

Proof. Substituting the Bessel function solution of Syp (18) given by (31) into (39)
and then using (33) gives the result. O

Corollary 5.7. The Bessel function solution of (38) for the parameters

(@, B,7) = (3n°, =512, 2¢)

s given by
_ B e2T* (25, €)

wn(Zpye) =1+ Trt1(z5 5 €) Tae1 (23 py€) n=th (49)

where
d \Vtk n-l
Tolzine) = det [(d) zmz;e)] , (50)
3,k=0

and To(z; puy€) = 1, with
1, (2vz) + Y, (2Vz), if e=1,
oulz;e) = .
el (2vz) + oK, (2V/7), if e=-1,
c1 and ¢y arbitrary constants, and J,(x), Y, (x), I,(z) and K,(x) Bessel functions.

(51)
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In the next Lemma, it is shown that the first solution wuq(x;u,e), the “seed
solution”, satisfies a first-order, second-degree equation.

Lemma 5.8. The solution of (38) for the parameters
(a,ﬂ,’y) = (%a 7%N275) ,
18

x;e) |z z;e) — 2epp, (x; e
i) = e (o) 2l
vy 1 (@5 €) — 2epppi (z5€)pu(a; €) + expy (w3 €)
where
adu(z) + Y, (z), if e=1,
ouliie) = LT
cil,(z) + Ky (x), if e=-1,
with ¢1 and co constants, satisfies the first-order, second-degree equation
du)’ d
22 (1) — doru(u — 1)—u +dex®u(u — 1) + 4(u — 1) (u? — p?) = 0. (53)
dz dz
Proof. Define
<,OM+1($; 6)
D, (x;¢) =
u(ie) oul(x;€)
then from (52)
uy(x; p,e) =1 - (54)

a ex®2 —2u®, + 1’
and @, (x;¢) satisfies the Riccati equation
d®
xd—; =cx®’, — (2u+1)0, + . (55)

Next we assume that uj(x; u,e) satisfies a first-order, second-degree equation of the
form

du\? d
2 ($) + o laloend + Aomehuct folons)] T
4
+ E:gj(x7 we)u? =0, (56)
j=0

where {f; (x,,u,e)}?zo and {gj(z,u,s)}?zo are to be determined. Then substituting
(54) into (56), using the fact that ®,(z;¢) satisfies (55) and equating coefficients of
powers of ®,, yields

f2:_47 f1:47 f0:07
ga=4, gz=-8 ga=dea® -4’ +4, g1 = —dex® + 8% go = —4p’.
Hence we obtain equation (53), as required. O

This demonstrates that special function solutions of (38), and hence also deg-Py
(1), are different from special function solutions of P;—Py where the “seed solution”
satisfies a Riccati equation, a first-order, first-degree equation.
Remark 5.9. Gromak, Laine and Shimomura [21, equation (38.7)] give, without

proof, a first-order, second-degree equation associated with Bessel function solutions
of deg-Pv (1); see also Filipuk and Van Assche [17, §2.3].
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6. Applications

6.1. Complex sine-Gordon equation

Consider the two-dimensional complex sine-Gordon equation
(Ve)*y

+ (1—]y*) =0, 57
o o (1 ) 67)
where Vi) = (¢,1,). Making the transformation

V2 +

¥(z,y) = cos(p(z,y)) exp{in(z,y)}, U(x,y) = cos(p(z, y)) exp{—in(z,y)},
in the complex sine-Gordon equation (57) yields

cos .
V3 + 3 W(Vn)z — $sin(2p) =0,

sin(2¢) V277 = 4(pane + @yny)y
which is the Pohlmeyer-Lund-Regge model [31, 32, 47].
The complex sine-Gordon equation (57) has a separable solution in polar
coordinates given by 1 (r,0) = R, (r)e"?, where R, (r) satisfies

d2R, 1dR R dR,\> n2
n + n n n o . 1— 2\
dr? + r dr 1—-R2 {( dr ) r2 } + RL( R”) 0, (58)

We remark that this equation also arises in extended quantum systems [4, 5, 6], in
relativity [19] and in coefficients in the three-term recurrence relation for orthogonal
polynomials with respect to the weight w(f) = e***? on the unit circle, see [53,
equation (3.13)]. The orthogonal polynomials for this weight on the unit circle are
related to unitary random matrices [46].

Equation (58) can be shown to possess the Painlevé property, though it is not in
the list of 50 equations given in [24, Chapter 14]. Equation (58) can be transformed
to the fifth Painlevé equation (2) in two different ways.

(i) If R, (r) satisfies (58) then making the transformation
- 1+ upy (Z> 1

= m’ r=52, (59)

d%u,, 1 1 du, 29 du,
mQZ(mm+me><dz)_zdz
n%(u, —1)2(u2 —1)  up(uy, +1)
822uy, C 2un — 1)
which is Py (2) with a = %nz, 8= —%nz, ~v=0and § = —%.
(ii) If R, (r) satisfies (58) then making the transformation

R, (T)

yields

+

1
Ry(r) = ———, r =z, (61)
1—v,(z)
yields
d2v, 1 1 dv,\°  1dv, n2(v,—1)2 o,
o (L don )" Ldve  n7en 217 oo (62)
dx 2, v, —1 dx r dx 2220, 2x

which is deg-Py (1) with a =0, 8 = —3n? and v = } so is equivalent to P (5),
as mentioned above.
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This shows that solutions of equations (60) and (62) are related by

duq(2) 1.2
'Un(fL'):HT%(Z), .’,C:Zz .
The function R,(r) satisfies the ordinary differential equation (58), the
differential-difference equations

dR n
"+ -R, - (1-R>)R,_1=0 63
dr + r ( n) 1 ) ( )
an—l n—1 2
— R, _ 1-R: _{)JR,=0, 64
dr 1+ ( n 1) ( )

since solving (63) for R,_1(r) and substituting in (64) yields equation (58). Also

eliminating the derivatives in (63)-(64), after letting n — n + 1 in (64), yields the

difference equation

2n R,

r 1-R2’

which is known as the discrete Painlevé II equation [38, 46].
If n =1 then equations (63)-(64) have the solution

~ C1li(r) — Ca Ky (r)

-~ Cilo(r) + CoKo(r)’

where Io(r), Ko(r), I1(r) and K;(r) are the imaginary Bessel functions and C; and Co

are arbitrary constants. For solutions which are bounded at » = 0 then necesssarily
Cy =0 and so

Ryi1+Ru1 = (65)

Ro(T‘) = 1, R1 (T’)

~

_ L(r)
Io(’l"

Hence one can use the difference equation (65) to determine R, (r), for n > 2, which
yields

Ro(r) =1, Ry(r) . (66)

~—

3 rR2(r) + 2Ry (r) —r

B =R -
B R3(r) —rR3(r) — 2Ry (r) +7r
() = R O PR ) T Ralr) =]
o P(r2 1 5)RA(r) + AR(r) — 2r(r? + 3)RI(r) 1 1

o [(r2 — 1)R}(r) + 4rR3(r) — 2(r2 + 2)R3(r) — 4rRy(r) + r?]’

These results suggest that (58) should be solvable in terms of Py (5), which is
illustrated in the following theorem.

Theorem 6.1. If R, (r) satisfies (58) then w,(r) = Rp41(r)/Rn(r) satisfies

d%w,, 1 /dw,\’> 1dw, 2n 5 2(n+1) 3 1
L U i S S 67
dr? wp ( dr ) W Ty 7 (67)

r dr r T Wh,
which is Prr (5) with parameters a = —2n and 8 =2(n+ 1).

Proof. See Hisakado [22] and Tracy & Widom [49]; see also [53, §3.1]. O

We note that since the parameters in (67) satisfy —a+ 8 =4n+2, withn € Z7T,
then the equation has solutions expressible in terms of the modified Bessel functions
Iy(r) and I (r) (as well as Ko(r) and K;(r), but these are not needed here).
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Theorem 6.2. Let 7,(r;v) be the n x n determinant

n—1

Tn(r;v) = det l(ri)ﬁk Iy(r)] ; (68)

Jsk=0
with I,,(r) the modified Bessel function, then

wn(r;y):Tn+1(’f';l/+1)Tn(’I’;V) Ei In Tn+1 z;V) n—|—1/ (69)
Tna1(r V) ma(rv+1)  dz Ta(z;v+1
forn >0, satisfies Py (5) with o = 2(v — n) and § = (1/ +n+ 1)
Proof. See, for example, [18, 35]. O
Theorem 6.3. Equation (58) has the solution
_ Ta(r1)
Rn(r) - Tn(T; 0)7 (70)
where T, (r;v) is the determinant given by (68).
Proof. The proof is straightforward using induction. From (66) we have
I i1
Rl(r) _ 1(7‘) _ 7'1(7“, )’
Io (’l”) 1 (7’; 0)
o (70) is true if n = 1. Assuming (70) holds then from Theorems 6.1 and 6.2
T2 (13 1) Tn(r;0)  7o(ril) _ Tnga(r;1)
R, = wy(r;0) Ry = = )
1) = wn(r30) Bn(r) Tne1(150) 7 (r31) = 70(r;0)  Tpa1(r30)
as required, and so the result follows by induction. O

Corollary 6.4. Equations (60) and (62) have the Bessel function solutions

o) (V30)
" (/1)

TH(%Z; 1)+ Tn(%z; 0)
Tn(%z; 1) — Tn(%z; 0)’

respectively, with 7,,(r; V) the determinant given by (68).

vp () =

Lemma 6.5. The formal asymptotic behaviour of the vortex solution R, (r) is given

by
Rar) = g {1 = s+ 0 () —0 ™)
n(r) = An+1) "y v

n n2 nn?+1 _

Proof. These are determined from (65) and (66). O
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6.2. Generalised Charlier polynomials

The Charlier polynomials C,,(k; z) are a family of orthogonal polynomials introduced
in 1905 by Charlier [7] given by

Crlk; 2) = oFy (—=n, —k;;—1/2) = (=1)"n!L1R) (=1/2), 2> 0, (73)
where oFy(a,b;;z) is the hypergeometric function and L%a)(z) is the associated

Laguerre polynomial, see, for example, [45, §18.19]. The Charlier polynomials are
orthogonal on the lattice N with respect to the Poisson distribution

ok
w(k) = 7k z >0, (74)
and satisfy the orthogonality condition
= 28 nle?
> Cnlls 00 (ki2) 37 = 0

Smet and Van Assche [48] generalized the Charlier weight (74) with one additional
parameter through the weight function

L(v+1)zF
kv) = 0
B = sorrsnrarny 200
with v a parameter such that ¥ > —1. This gives the discrete weight

Sk

(v+ 1)kl

where (v+ 1), =T (v +1+k)/T'(v + 1) is the Pochhammer symbol, on the lattice N.

Discrete orthogonal polynomials are characterized by the discrete Pearson equation
Alo(k)w(k)] = 7(k)w(k), (76)

where A is the forward difference operator
AF(K) = f(h+1) — f(h).

The weight (75) satisfies the discrete Pearson equation (76) with
o(k) = k(k +v), (k) = —k* — vk + 2,

and so the generalised Charlier polynomials are semi-classical orthogonal polynomials
since 7(k) is a polynomial with deg(7) > 1. The special case v = 0 was first considered
by Hounkonnou, Hounga and Ronveaux [23] and later studied by Van Assche and
Foupouagnigni [54].

For the generalised Charlier weight (75), the orthonormal polynomials p,(k;z)
satisfy the orthogonality condition

> D (k; 2)pn (ks 2)

k=0

w(k;v) = z >0, (75)

k

_
(V =+ l)k k!

= 6m,na

and the three-term recurrence relation
kpn(k; 2) = ant1(2)pn1(k; 2) + bn(2)pn(k; 2) + an(2)pn—1(k; 2), (77)

with p_1(k; z) = 0 and po(k; z) = 1. Our interest is in the coefficients a,,(z) and b, (z)
in the recurrence relation (77).

Smet and Van Assche [48, Theorem 2.1] proved the following theorem for
recurrence relation coefficients associated with the generalised Charlier weight (75).
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Theorem 6.6. The recurrence relation coefficients an,(z) and b,(z) for orthonormal
polynomials associated with the generalised Charlier weight (75) on the lattice N satisfy
the discrete system

(a741 — 2)(af — 2) = 2(bn = n)(bp —n+v),

) (78)
bp +bp1 —n+v+1=nz/a;,
with initial conditions
2 VZly41(2v7) d v
= =4t - ——1Inl,(2 - =,
=0, =Y Ly} -5 (1)

with I,,(k) the modified Bessel function.

Remark 6.7. The discrete system such as (78) for the recurrence relation coefficients
is sometimes known as the Laguerre-Freud equations, cf. [3, 23, 33].

The recurrence relation coefficients a,,(z) and b, (z) also satisfy the Toda lattice,
cf. [53, Theorem 3.8]

d
Z@“i =a2(bp —bn_1), zabn =al,, —a;. (80)

Letting a2 (z) = z,(2) and b,(2) = y,(2) in (78) and (80) yields

dz,,

(anrl - Z)(J;n - Z) = t(yn - n)(yn -—n+ V)a z dt = mn(yn - yn71)>
nz dyn
YntYn—1—n+trv+l=—, Z—— = Tp+l1 — Tn-
Ty dz

Eliminating x,41 and y,—1 in these equations yields the differential system

dz,
Zidz = ajn(2yn—|—y—n+ 1) —nz, (81)
d n n - n -
dz Ty — 2
Solving (81) for y,, gives
_idxn+ﬂ+n—u—l
Yn = 2z, dz 2%, 2 ’
and substituting this into (82) yields
d%z,, 1 /1 1 Ty dz,, 235%
22 2 \z, Th—2 z2(xn — 2) dz 22
do, +n? -2 +1 n? 1—v2
-t . (83)
2z 2,  2(x, — 2)
Making the transformation
z
n = —— 84
rul2) = Ty (34)
in (83) yields
d%w,, 1 1 dw, 2 1 dw, wy, — 1)2(n2w2 — 12 2w,
dz 2w, w,—1 dz z dz AT z

which is deg-Pvy (1) with parameters o = $n?, f = —41? and v = —2.
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Solving (82) for x,, gives

dyn
Ty = —%z%—&—z—i—%Xn, (86)
where
Qo \2
X2 =22 <$> +42(yn — n)(yn —n +v). (87)

From (87) we get

dx, iden dyn z (dyn )2 22(2yn, — 2n +v) dyn

dz X, dz? dz Xin X dz

dz

N 2(Yn — n)gg: —n+v) (88)

Substituting (86) into (81), then using (88), solving for X,,, and substituting into (87)
yields the second-order, second-degree equation

Py, | dy, ’
<22dy2 +y+8yn—8n+4u>
z

dz
dyp — 21+ 2v + 1)2 dy, \
_ Uy ) {z (y) +4(yn—n)(yn—n+u)}. (89)
z dz
Making the transformation
yn(2) = %vn(x)—l—%n—%z/—i, x =22,

in (89) yields

d%v, ’
( o +4vn—4n—2)
dx

42 [ (do, V
_ % { <(;;) FAv2 — 42+ D)v, + (20 + 1)2 — 4u2} . (90)

Equation (A.5) in [14] is

d?v > 42 dv
(de—aU—b>:$2{(dx> —CL’U2—2b’U—C}7 (91)

with a, b and ¢ parameters, an equation derived by Chazy [8], and is the primed
version of equation SD-IIT in [15]. Hence equation (90) is the special case of equation
(91) with
a=—4, b=4n+2, c=4v% — (2n+1)2
Cosgrove [14] showed that equation (91) is solvable in terms of solutions of Py (5).
Consequently, the solution of (90) is given by
r (dg

n =5\ 3= 1 )
v () 2q<dx+Q+)

where ¢(z) satisfies Py (5) for the parameters A = 2v —2n — 2 and B = 2v + 2n.
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Theorem 6.8. The recurrence relation coefficients an(z) and b,(z) are given by

~ Tap1(z0)Th1(25v)

ai(z) =x,(2) = T2(z:0) , (92)
bn(2) zyn(z):zdd—z {ln’]m} —%, (93)
where
Jt+k n—1
Tn(z;v) = det [(z;z) I, (2\/5)] ;
3,k=0

with To(z;v) = 1, and I,(x) is the modified Bessel function.

Proof. The expression (92) for a2 (z) follows immediately by substituting (49) in (84).
To prove the result (93) for b,(z) we use induction and the fact that from equation
(80), a2(2) = z,(2) and b, (2) = yn(2) are related by

dx
dtn xn(yn - yn—l):

and initially

yo(z) = z;—z{ lnTl(z;u))} — %
Hence
d
y1(z) = zg{ lnsr:l(z)} + yo(2)

d {ln Ta(z;v)To(z;v)

= z—

} +Z(%; {InTi(z;v)} — g

dz T2(z;v)
A T v
AP nTl(z;u) P

since To(z;v) = 1, so (93) is true for n = 1. Now suppose that (93) is true, then

d
pus1() = 2 {In2a(2)} + 902
d Tn+2(2;v)Tn(25v) d Tot1(23v) v
— s, —<In 5
ak ERCT I A ER G ACTIN B
d Tn+2(2;v) v
=z—qln—""2 % — —|
dz Tr+1(z;v) 2
as required, and so the result follows by induction. We remark that equation (80) is
identically satisfied by a2 (z) and b, (2) given by (92) and (93), respectively. O

In a recent paper, Ferndndez-Irisarri and Manas [16, §2] discuss the generalised
Charlier weight (75), in particular properties of the coefficients in the recurrence
relation. The relationship between the notations in [16] and those here are z,(z) =
Yn(n) and y,(2) = Bn(n), with z = n. Ferndndez-Irisarri and Mafias [16] relate x,,(z)
and yy, (z) to Okamoto’s Hamiltonian for Py [43] and derive two ordinary differential
equations for z,(2).
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(i) Equation (45) in [16, Theorem 4] is the third-order equation

2
s, (9”; {53(lnxn)+2xn}+nxz> =2,  &(f)=

A3z, 1 dz,, A%z, dz,, 2
. % <Zdz xn> {2xndz2 - ( dz > +n2}

da, dzy,  22,(x, + 2)

22 dz + 23 ’ (94)
and the authors state that this equation “should have the Painlevé property”.
Equation (94) can be integrated to give equation (83), with v? as the constant of
integration. Since equation (83) is equivalent to deg-Py (38) then equation (94)
does have the Painlevé property.

i.e.

(ii) Equation (60) in [16, Theorem 5] is the second-order equation

(1 - x—") {52 <52(”T")+m> + an} +2{z, — 2+ (n—b)n}

z Tn

-1 <W>2+(n+1) (‘W>+(n—b—1)(3n—b+1),

Ln Ln
which is equation (83) with
P =2(b-n)*>+n?—2n—1.

7. Discussion

In this paper the classical solutions of deg-Pvy (38) have been classified. Ohyama and
Okumura [40, Theorem 2.1] give a list of classical solutions of Py to Py and state that
“deg-P5 with o = %ag, 8= —%, ~ = —2 has the algebraic solution w(z) = 1+2+/z/a”§
and “deg-P5 with 8 = 0 has the Riccati type solutions”. The results in this paper
show that there are more classical solutions of deg-Py (1). The algebraic solution is
equivalent to the “seed solution” obtained by setting n = 0 in (42), i.e.

I
z+p
and there is a more general hierarchy of “Riccati type solutions” which are described
in Theorem 5.6.

All solutions of P;1—Py that are expressible in terms of special functions satisfy
a first-order equation of the form

(%) - JZ:F 6:2) (i:)J (95)

where Fj(u,x) is polynomial in u with coefficients that are rational functions of z. It
can be shown that the Bessel function solutions of Py (5) satisfy a first-order equation
of the form (95) for n odd, whereas the Bessel function solutions of deg-Py (38) satisfy
a first-order equation of the form (95) for n even.

ug (w5 ) =

§ As noted in [1], there is typo in [40] who say 8 = —8 rather than 8 = —%.



Classical Solutions of the Degenerate Fifth Painlevé Equation 20

The relationship between Py (5) and deg-Pvy (1) is similar to that between the
second Painlevé equation (Pyy)

d?q

2 = 2t (96)
with « a parameter, and Painlevé XXXIV equation (Ps4)

d2p 1 /dp\° ) (a+1)?

—=—|— 2p? —xp — ——2 97

dz®  2p <d$> T U o

which is equivalent to equation XXXIV of Chapter 14 in [24], in that both pairs of
equations arise from a Hamiltonian. The Hamiltonian associated with Py (96) and
P34 (97) is

Hu(g, p,z0) = 1p* — (® + 32)p — (a + 3)q (98)
and so

dq 2 dp

L P73 L = vta+ty, (99)

see [27, 41]. Tt is known that Py (96) and P34 (97) have special function solutions
in terms of Airy functions, cf. [13]. It can be shown that the Airy function solutions
of Py1 (96) satisfy first-order equation of the form (95) for n odd, whereas the Airy
function solutions of Py (97) satisfy a first-order equation of the form (95) for n even.
Further the function o(z;a) = Hu(g,p, z; ) given by (98), with ¢ and p satisfying
(99), satisfies the second-order, second degree equation (Syr)

20\’ do\? do [ do
9 4 (== 2 (== ) =1 1y2 100
<d22> * (dz) * dz (zdz U) ila+3), (100)
see [27, 41]. Conversely, if o(z;«) is a solution of (100), then
40" (z; 2 1
grroy = TEDIIAL ) = a0 (5a), (10)

8/ (z; ) ’
with * = d/dz, are solutions of (96) and (97), respectively. Consequently it is easier
to express classical solutions of Psy (97) in terms of classical solutions of Sy (100),

which involve one determinant, rather than solutions of Py (96), which involve two
determinants.
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