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Two-Timescale Design for Reconfigurable
Intelligent Surface-Aided Massive MIMO Systems

with Imperfect CSI
Kangda Zhi, Cunhua Pan, Hong Ren, Kezhi Wang, Maged Elkashlan, Marco Di Renzo, Fellow, IEEE, Robert
Schober, Fellow, IEEE, H. Vincent Poor, Fellow, IEEE, Jiangzhou Wang, Fellow, IEEE and Lajos Hanzo, Life

Fellow, IEEE

Abstract—This paper investigates the two-timescale transmis-
sion scheme for reconfigurable intelligent surface (RIS)-aided
massive multiple-input multiple-output (MIMO) systems, where
the beamforming at the base station (BS) is adapted to the
rapidly-changing instantaneous channel state information (CSI),
while the nearly-passive beamforming at the RIS is adapted to the
slowly-changing statistical CSI. Specifically, we first consider a
system model with spatially independent Rician fading channels,
which leads to tractable expressions and offers analytical insights
on the power scaling laws and on the impact of various system
parameters. Then, we analyze a more general system model
with spatially correlated Rician fading channels and consider
the impact of electromagnetic interference (EMI) caused by any
uncontrollable sources present in the considered environment.
For both case studies, we apply the linear minimum mean square
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error (LMMSE) estimator to estimate the aggregated channel
from the users to the BS, utilize the low-complexity maximal ratio
combining (MRC) detector, and derive a closed-form expression
for a lower bound of the achievable rate. Besides, an accelerated
gradient ascent-based algorithm is proposed for solving the
minimum user rate maximization problem. Numerical results
show that, in the considered setup, the spatially independent
model without EMI is sufficiently accurate when the inter-
distance of the RIS elements is sufficiently large and the EMI
is mild. In the presence of spatial correlation, we show that an
RIS can better tailor the wireless environment. Furthermore, it
is shown that deploying an RIS in a massive MIMO network
brings significant gains when the RIS is deployed close to the
cell-edge users. On the other hand, the gains obtained by the
users distributed over a large area are shown to be modest.

Index Terms—Reconfigurable intelligent surface (RIS), massive
MIMO, two-timescale transmission scheme, channel estimation,
spatial correlation, electromagnetic interference (EMI).

I. INTRODUCTION

As an emerging candidate for next-generation communica-
tion systems, reconfigurable intelligent surfaces (RISs), also
termed intelligent reflecting surfaces (IRSs), have attracted
significant interest from academia and industry [2], [3]. An
RIS is a reconfigurable engineered surface that does not
require active radio frequency (RF) chains, power amplifiers,
and digital signal processing units, and is usually made of
a large number of low cost and passive scattering elements
that are coupled with simple low power electronic circuits.
By intelligently tuning the phase shifts of the impinging
waves with the aid of a controller, an RIS can constructively
strengthen the desired signal or can deconstructively weaken
the interference signals, which results in an appealing nearly-
passive beamforming gain.

Compared with existing multi-antenna systems [4]–[9], it
has been demonstrated that RIS-aided systems have the po-
tential to achieve better performance in terms of cost and
energy consumption [10]–[17]. Recently, RISs have been
considered for being integrated into various communication
scenarios, such as terahertz, sub-terahertz, and millimeter-
wave systems [18], [19], simultaneous wireless information
and power transfer (SWIPT) [20], unmanned aerial vehicle
(UAV) communications [21], cell-free systems [22], physical-
layer security [23]–[25], mobile edge computing (MEC) [26]–
[28], device-to-device (D2D) communications [29], [30]. Fur-
thermore, the effectiveness of RIS-aided systems in the pres-
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ence of practical imperfections has been demonstrated in [31]–
[34]. Specifically, relying on imperfect instantaneous channel
state information (CSI), the robust transmission design of RISs
was studied in [31], [32]. The authors of [33] studied the
RIS beamforming design by considering transceiver hardware
impairments. With the consideration of RF impairments and
phase noises, the authors of [34] conducted a theoretical study
on the fundamental tradeoffs between the spectral and energy
efficiency of an RIS communication network. In addition, a
valuable experimental investigation of RIS-assisted channels
was carried out in [35].

While several benefits of RISs have been demonstrated in
the above-mentioned contributions, most of them considered
the design of the nearly-passive beamforming at the RIS under
the assumption that the instantaneous CSI is estimated in each
channel coherence interval. In practice, however, instantaneous
CSI-based schemes face two challenges. The first one is the
overhead for the acquisition of the instantaneous CSI. Due
to the absence of power amplifiers, digital signal processing
units, and radio frequency chains at the RISs, many authors
proposed to estimate the cascaded user-RIS-BS channels in-
stead of the separated user-RIS and RIS-BS channels [36],
[37]. The pilot overhead of these channel estimation schemes
is proportional to the number of RIS elements. However, an
RIS generally consists of a large number of reflecting elements
to ensure the desired coverage enhancement [38], which incurs
in a prohibitively high pilot overhead. Secondly, in each
channel coherence time interval, the BS needs to calculate the
optimal beamforming coefficients for the RIS, and needs to
send them back to the RIS controller via dedicated feedback
links. For instantaneous CSI-based schemes, therefore, the
beamforming calculation and information feedback need to be
executed frequently in each channel coherence interval, which
results in a high computational complexity, feedback overhead,
and energy consumption.

To address these two practical challenges, recently, Han et
al. [39] proposed a novel two-timescale based RIS scheme,
which facilitates the deployment and operation of RIS-aided
systems. This promising two-timescale scheme was further
analyzed in recent research works [40]–[51]. In the two-
timescale scheme, the BS beamforming is designed based on
the instantaneous aggregated CSI, which includes the direct
and RIS-reflected links. The dimension of this aggregated
channel is the same as for conventional RIS-free systems,
which is independent of the number of RIS elements. Hence,
in the two-timescale scheme, the number of pilot signals
needs to be only larger than the number of users, which
significantly reduces the channel estimation overhead. More
importantly, the two-timescale scheme aims to optimize the
RISs only based on long-term statistical CSI, such as the
locations and the angles of arrival and departure of the users
with respect to the BS and the RIS, which vary much slower
than the instantaneous CSI, for typical applications in the sub-
6 GHz bands. The phase shifts of the RIS elements need
to be updated only when the large-scale channel information
changes. Compared with instantaneous CSI-based designs that
need to update the phase shifts of the RIS elements in each
channel coherence interval, therefore, RIS-aided designs based

on statistical CSI can significantly reduce the computational
complexity, feedback overhead and energy consumption.

In addition, massive MIMO technology has been identified
as the cornerstone of the fifth generation (5G) and future
communication systems [52], [53]. Massive MIMO exploits
tens or hundreds of BS antennas to serve multiple users
simultaneously. Due to the complexity of wireless propagation
environments, e.g., the presence of large blocking objects,
however, the signal power received at the end-users may be
still too weak, and it may be insufficient to support emerging
applications that entail high date rate requirements, such as
virtual reality (VR) or augmented reality (AR). Inspired by
the capability of RISs to customize the wireless propagation
environment, a natural idea is to integrate them into mas-
sive MIMO systems. By constructing alternative transmission
paths, it is envisioned that RIS-aided massive MIMO sys-
tems can achieve significant performance gains, especially
when the direct links between the BS and the users are
blocked by obstacles. In RIS-aided massive MIMO systems,
the transmission scheme needs to be carefully designed, and
the channel estimation overhead needs to be taken into account
considering the large channel dimension. The application of
instantaneous CSI-assisted schemes, in particular, may lead
to a prohibitive complexity and overhead. Instead, due to
the reduced channel estimation and feedback overhead, the
two-timescale scheme is deemed more suitable for RIS-aided
massive MIMO systems.

Even though RIS-aided massive MIMO systems have been
investigated in some recent works [49], [50], [54], [55], three
key issues are still not well understood. Firstly, it is crucial to
identify the ultimate performance limits of RIS-aided massive
MIMO systems based on the two-timescale scheme under
imperfect CSI. In the presence of channel estimation errors, the
impact of key system parameters, the achievable rate scaling
law, and the power scaling law are unknown. To tackle these
open problems, it is necessary to derive explicit information-
theoretic analytical frameworks that provide guidelines for
system design. Secondly, it is essential to adopt realistic
channel models that account for line-of-sight (LoS) and non-
LoS (NLoS) components, so that the impact of the LoS and the
scattered power can be appropriately modeled and analyzed.
This enables one to provide guidelines for the deployment
of RISs. Thirdly, some unique and realistic characteristics
need to be considered when analyzing RIS-aided systems,
including the spatial correlation among the RIS elements and
the electromagnetic interference (EMI). To date, the impact
of spatial correlation and EMI have not been examined in
RIS-aided massive MIMO systems based on the two-timescale
scheme and in the presence of imperfect CSI. To be specific,
due to the planar structure of the RIS, the channel spatial
correlation among the RIS elements cannot be ignored [56].
To model the LoS and NLoS channel components and the
spatial correlation among the RIS elements, the correlated
Rician fading model is considered an appropriate choice. Also,
due to the large aperture, an RIS may be subject to a large
amount of EMI, which is generated by any uncontrollable
external sources (e.g., the signals from adjacent cells and the
natural background radiation) [57], [58]. Therefore, the EMI
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re-radiated by a large RIS towards the intended receiver might
deteriorate the channel estimation quality and reduce the end-
to-end SINR, especially when the RIS is large and the useful
signal power is weak. These three open research problems
motivate the present research work.

In this paper, we analyze the uplink (UL) two-timescale
transmission of an RIS-aided massive MIMO system that
is subject to imperfect aggregated CSI. The Rician channel
model is adopted to evaluate the impact of the LoS and NLoS
channel components. To gain some initial design insights, we
first analyze a channel model with spatially independent Rician
fading, which admits tractable expressions of the achievable
rate, and enables us to develop a comprehensive theoretical
framework to evaluate the impact of critical system parameters
and power scaling laws. Then, we generalize our analysis to
a channel model with spatially correlated Rician fading and
EMI. In this context, we focus our attention on the impact
of spatial correlation and EMI on the achievable rate and
the power scaling laws. Finally, we propose a gradient ascent
method to solve the minimum user rate maximization problem
based only on statistical CSI. The specific contributions of this
paper are summarized as follows.

• To begin with, we consider the spatially independent
Rician fading model. The aggregated channel is esti-
mated by relying on the linear minimum mean square
error (LMMSE) method and its performance in terms of
mean square error (MSE) and normalized MSE (NMSE)
is analyzed. Under the assumption of MRC detectors,
we derive closed-form expressions for the use-and-then-
forget (UatF) bound of the achievable rate. The derived
results hold for an arbitrary number of BS antennas and
RIS elements. Then, we analyze the impact of important
system parameters, the asymptotic behavior of the rate,
and the power scaling laws. We specialize our findings to
the single-user case in order to obtain further engineering
insights.

• Next, we consider a more general system model that in-
cludes spatial correlation at the RIS and the EMI captured
by the RIS. Also in this case, we compute the LMMSE
channel estimates and formulate the UatF bound of the
achievable rate in a closed-form expression. Our analysis
shows that the presence of spatial correlation provides
the RIS with an enhanced capability of customizing the
wireless environment. On the other hand, the presence of
severe EMI may result in different power scaling laws.

• For both the spatially independent and spatially corre-
lated channel models, we propose an accelerated gradient
ascent-based algorithm to solve the minimum user rate
maximization problem. We first apply a log-sum-exp
approximation to obtain a smooth objective function.
Then, we compute the gradient vectors with respect to
the angle vectors. The performance loss in the projection
is avoided since the objective function is periodic with
the angles and the unit modulus constraint holds for all
the angles. Besides, closed-form solutions are obtained in
the special case of a single user.

• Numerical results validate the accuracy of analytical

RIS

EMI

M antennas

User K

...

...
User 1

User k

BS

EMIEMI

Fig. 1: An RIS-aided massive MIMO system.

insights derived by neglecting the spatial correlation and
EMI. In the presence of spatial correlation and EMI, the
obtained numerical results show that similar trends hold
when the spatial correlation and the EMI are moderate.
Specifically, our numerical study reveals that (i) an RIS
with a large number of elements may benefit from the
presence of spatial correlation; (ii) in the presence of
severe EMI, an RIS-aided system may not offer better
performance than a conventional massive MIMO system;
(iii) the integration of RISs in massive MIMO systems
is especially beneficial when the RISs are deployed near
the cell edge users.

The remainder of this paper is organized as follows. The
performance analysis based on spatially independent chan-
nels without EMI is carried out in Sections II, III, and IV.
Specifically, the system model is introduced in Section II, the
LMMSE channel estimator is derived and analyzed in Section
III, and a closed-form lower bound expression of the achiev-
able rate is obtained in Section IV. The extension to spatially
correlated channels in the presence of EMI is discussed in
Section V. In Section VI, a gradient ascent-based algorithm
for solving the minimum user rate maximization problem
is introduced. Extensive numerical results are illustrated in
Section VII and the conclusions are drawn in SectionVIII.

Notations: Vectors and matrices are denoted by boldface
lower case and upper case letters, respectively. The transpose,
conjugate, conjugate transpose, and inverse of matrix X are
denoted by XT , X∗, XH and X−1, respectively. [X]m,n
denotes the (m,n)th entry of matrix X. The real, imaginary,
trace, expectation, and covariance operators are denoted by
Re {·}, Im {·}, Tr {·}, E {·}, and Cov {·}, respectively. The
l2 norm of a vector and the absolute value of a complex
number are denoted by ‖·‖ and |·|, respectively. CM×N
denotes the space of M × N complex matrices. IM and
0 denote the M × M identity matrix and all-zero matrix
with appropriate dimension, respectively. The operator mod
returns the remainder after division, and bxc denotes the
nearest integer smaller than x. x ∼ CN (x̄,C) is a complex
Gaussian distributed vector with mean x̄ and covariance matrix
C. O denotes the standard big-O notation. Besides, for ease
of reference, the main symbols used in this work are listed in
Table I.
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TABLE I: List of Main Symbols

Symbol Definition Symbol Definition
M /N /K Number of BS antennas/RIS elements/users p Transmit power for each user
θn Phase shift of the n-th RIS element θ Phase shift vector equal to [θ1, θ2, . . . , θN ]T

c Vector equal to ejθ Φ RIS phase shifts matrix, Φ = diag(c)

σ2/σ2
e , ρ Power of thermal noise/EMI, ρ =

σ2
e
σ2 x/n/v Signal/noise/EMI vector

dris/dbs Element spacing of RIS/BS λ Wavelength
τ /τc Lengths of pilot signal/coherence interval sk , S User k’s pilot sequence, S = [s1, s2, . . . , sK ]

N/V Noise/EMI vectors over τ time slots γk Pathloss of user k’s direct link
αk Pathloss of user k-RIS link β Pathloss of RIS-BS link
δ Rician factor of RIS-BS link εk Rician factor of user k-RIS link

dk , d̃k User k-BS direct link, dk =
√
γkd̃k hk , hk , h̃k User k-RIS link, comprised of hk and h̃k

H2/Hc,2 RIS-BS link without/with correlation H̃2/H̃c,2 NLoS part of H2/Hc,2

qk/qc,k Aggregated link without/with correlation Q/Qc Matrix with the k-th column of qk/qc,k
q̂k/q̂c,k Channel estimate of qk/qc,k Q̂/Q̂c Matrix with the k-th column of q̂k/q̂c,k

q1
k-q4

k , q
k

Notations defined in (10) q̂1
k-q̂4

k , q̂
k

Notations defined in (17)

y/yc BS received signal without/with correlation r/rc Decoded symbols from y/yc
YP /Yc,P Received pilot signals at the BS ykp /ykc,p Observation vector without/with correlation

aM(.)/aN(.) Array response vector for BS/RIS Eu A constant used in the power scaling laws
ck , ĉk ck = βαk

(δ+1)(εk+1)
, ĉk = βαk

δ+1
ak1 - ak4 Notations defined in Lemma 1 and Theorem 1

ek1 - ek3 Notations defined in Lemma 2 fk(Φ) Scalar equal to aHNΦhk

Ak , Bk Matrices defined in Theorem 1 Υk Matrix defined in Theorem 3
Rk/Rc,k Rate of use k without/with correlation f(θ)/fc(θ) Approximated minimum user rate

Rris,Remi Spatial correlation matrices fd(.), zk(.) Function defined in Lemma 4, 5
fc,1(Φ), fc,k,2(Φ) - fc,k,7(Φ), fc,ki,8(Φ) - fc,ki,9(Φ) Scalar functions defined in (79)
f ′
c,1(θ), f

′
c,k,2(θ) - f ′

c,k,7(θ), f
′
c,ki,8(θ) - f ′

c,ki,9(θ) Gradient vectors defined in Lemma 6

E
signal
k , Iki, Eleak

k , Enoise
k Signal, interference, leakage, and noise in Theorem 2

E
signal
c,k , Ic,ki, Eleak

c,k , Eemi
c,k , Enoise

c,k Signal, interference, leakage, EMI and noise in Theorem 4

II. SYSTEM MODEL

To begin with, we consider an RIS-aided massive MIMO
system under spatially uncorrelated channels and in the ab-
sence of EMI. These two aspects will be analyzed in Section
V. Specifically, as illustrated in Fig. 1, we consider the UL
transmission of an RIS-aided massive MIMO system, where
an RIS is deployed in the proximity of K users to assist their
UL transmissions to the BS. For convenience, we denote the
set of users as K = {1, 2, . . . ,K}. The BS is equipped with M
active antennas, the RIS comprises N nearly-passive reflecting
elements, and the K users are equipped with a single transmit
antenna. The channels from user k, k ∈ K to the BS, from
user k, k ∈ K to the RIS, and from the RIS to the BS are
denoted by dk ∈ CM×1, hk ∈ CN×1, and H2 ∈ CM×N ,
respectively. Additionally, we define D = [d1,d2, . . . ,dK ]
and H1 = [h1,h2, . . . ,hK ].

The RIS shapes the propagation environment by phase-
shifting the impinging signals. Its phase shift matrix is denoted
by Φ = diag

{
ejθ1 , ejθ2 , . . . , ejθN

}
, where θn ∈ [0, 2π)

represents the phase shift of the nth reflecting element. Based
on these definitions, the cascaded user k-RIS-BS channel can
be written as gk = H2Φhk, and the cascaded channels of the
K users are collected in the matrix G = [g1,g2, . . . ,gK ] =
H2ΦH1 ∈ CM×K .

The K users transmit their data in the same UL time-
frequency resource. For ease of exposition, let Q = G+D =
[q1,q2, . . . ,qK ] ∈ CM×K denote the aggregated instanta-

neous channel matrix from the users to the BS. Thereby, the
signal vector received at the BS is given by

y =
√
pQx + n =

√
p
∑K

k=1
qkxk + n, (1)

where p is the average transmit power of each user, x =
[x1, x2, . . . , xK ]T are the transmit symbols of the K users,
and n ∼ CN

(
0, σ2IM

)
denotes the noise vector.

The BS applies a low-complexity MRC receiver to detect
the transmitted symbols. Before designing the MRC matrix,
the channel Q has to be estimated at the BS. A standard
LMMSE estimator is employed to obtain the estimated channel
Q̂, as explained in the next section1. Relying on the channel
estimate, the BS performs MRC by multiplying the received
signal y with Q̂H , as follows

r = Q̂Hy =
√
pQ̂HQx + Q̂Hn. (2)

Then, the kth element of the vector r can be expressed as

rk =
√
pq̂Hk qkxk +

√
p
∑K

i=1,i6=k
q̂Hk qixi + q̂Hk n, k ∈ K,

(3)

where q̂k is the kth column of Q̂.

1Given the LMMSE channel estimator, this work is focused on the possible
benefits of deploying RISs in massive MIMO systems. It is meaningful to
investigate other channel estimators (such as the least-squares and element-
wise MMSE [53], [59], [60]) and to evaluate the trade-off between estimation
quality and implementation complexity. The comparison between different
channel estimation strategies is postponed to a future work.
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A. Channel Model

Since the users may be located far away from the BS
and a large number of environmental blocking objects (i.e.,
blockages such as trees, vehicles, buildings) may exist in the
area of interest, the LoS path between the users and the BS
could be blocked. As in [39], [47], [48], we adopt the Rayleigh
fading model to describe the NLoS channel between the user
k and the BS, as follows

dk =
√
γkd̃k, k ∈ K, (4)

where γk denotes the distance-dependent path-loss, and d̃k
denotes the fast fading NLoS channel. The entries of d̃k
are independent and identically distributed (i.i.d.) complex
Gaussian random variables, i.e., d̃k ∼ CN (0, IM ).

Considering that the RIS is often installed on the facades
of high-rise buildings and it could be placed near the users,
the channels between the users and the RIS have a high
LoS probability. In addition, the RIS and the BS are usually
deployed at some heights above the ground, which implies
that LoS paths are likely to exist between the RIS and the BS.
Therefore, as in [39], [47]–[50], we adopt the Rician fading
model for the user-RIS and RIS-BS channels, as follows

hk =

√
αk

εk + 1

(√
εk hk + h̃k

)
, k ∈ K, (5)

H2 =

√
β

δ + 1

(√
δH2 + H̃2

)
, (6)

where αk and β represent the path-loss coefficients, εk and
δ are the Rician factors that account for the ratio of the LoS
power to the NLoS power of the corresponding propagation
paths. Furthermore, hk and H2 denote the LoS components,
whereas h̃k and H̃2 represent the NLoS components. For the
NLoS paths, the components of h̃k and H̃2 are i.i.d. complex
Gaussian random variables with zero mean and unit variance.
For the LoS paths, the uniform linear array (ULA) and uniform
squared planar array (USPA) models are adopted for the BS
and the RIS, respectively. Hence, hk and H2 are, respectively,
modelled as follows

hk = aN (ϕakr, ϕ
e
kr) , k ∈ K, (7)

H2 = aM (φar , φ
e
r) aHN (ϕat , ϕ

e
t ) , (8)

where ϕakr (ϕekr) is the azimuth (elevation) angle of arrival
(AoA) of the incident signal at the RIS from the user k,
ϕat (ϕet ) is the azimuth (elevation) angle of departure (AoD)
reflected by the RIS towards the BS, and φar (φer) is the azimuth
(elevation) AoA of the signal received at the BS from the RIS,
respectively. Furthermore, aX (ϑa, ϑe) ∈ CX×1 denotes the
array response vector, whose x-th entry is

[aM (ϑa, ϑe)]x = exp

{
j2π

dbs
λ

(x− 1) sinϑe sinϑa
}
,

[aN (ϑa, ϑe)]x = exp

{
j2π

dris
λ

(
b(x− 1) /

√
Nc sinϑe sinϑa

+
(

(x− 1) mod
√
N
)

cosϑe
)}

,

(9)

where dbs, dris, and λ denote the BS antenna spacing, the RIS
element spacing, and the wavelength, respectively.

To simplify the notation, in the sequel, we denote
aM (φar , φ

e
r) and aN (ϕat , ϕ

e
t ) simply by aM and aN , respec-

tively. Then, the aggregated channel from the user k to the BS
can be expressed as

qk = gk + dk = H2Φhk + dk

=
√
ckδεk H2Φhk︸ ︷︷ ︸

q1
k

+
√
ckδH2Φh̃k︸ ︷︷ ︸

q2
k

+
√
ckεk H̃2Φhk︸ ︷︷ ︸

q3
k

+
√
ck H̃2Φh̃k︸ ︷︷ ︸

q4
k

+
√
γk d̃k

, q
k

+ dk, (10)

where ck , βαk
(δ+1)(εk+1) , and q

k
=
∑4
ω=1 qωk . Note that q

k
and dk are mutually independent.

III. CHANNEL ESTIMATION

In this section, we use the LMMSE method to obtain the
estimated aggregated instantaneous channel Q̂. Specifically,
the BS estimates the aggregated channel matrix Q based on
some predefined pilot signals. Let τc and τ denote the length
of the channel coherence interval and the number of time slots
used for channel estimation, respectively, where τ is no smaller
than K, i.e., τ ≥ K. In each channel coherence interval,
the K users simultaneously transmit mutually orthogonal pilot
sequences to the BS. The pilot sequence of user k is denoted
by sk ∈ Cτ×1. By defining S = [s1, s2, . . . , sK ], we have
SHS = IK . Then, the M × τ pilot signals received at the BS
can be written as

Yp =
√
τpQSH + N, (11)

where τp is the transmit pilot power, and N denotes the M×τ
noise matrix whose entries are i.i.d. complex Gaussian random
variables with zero mean and variance σ2. Multiplying (11)
by sk√

τp and exploiting the orthogonality of the pilot signals,
the BS obtains the following observation vector for user k

ykp =
1
√
τp

Ypsk = qk +
1
√
τp

Nsk. (12)

The optimal estimate of the k-th user’s channel based on
the observation vector ykp can be determined based on the
MMSE criterion, which has been widely utilized in con-
ventional massive MIMO systems [61]–[63]. In RIS-aided
massive MIMO systems where Rician fading is considered for
all RIS-aided channels, however, it is challenging to obtain the
MMSE estimator. This is because the cascaded user-RIS-BS
channel G in RIS-aided systems is not Gaussian distributed,
but double Gaussian distributed [64]. To obtain closed-form
channel estimates, as is needed to obtain useful design insights,
we adopt the sub-optimal but tractable LMMSE estimator. This
is because the LMMSE estimator only requires the knowledge
of the first and second order statistics, and therefore it does not
need to know the exact channel distributions. In the following
lemma, we present the required statistics for the channel vector
qk and the observation vector ykp .
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Lemma 1 For k ∈ K, the mean vectors and covariance
matrices that are needed to compute the LMMSE estimator
are given by

E {qk} = E
{
ykp
}

=
√
ckδεk H2Φhk, (13)

Cov
{
qk,y

k
p

}
= Cov

{
ykp ,qk

}
= Cov {qk,qk}

= ak1aMaHM + ak2IM , (14)

Cov
{
ykp ,y

k
p

}
= Cov {qk,qk}+

σ2

τp
IM

= ak1aMaHM +

(
ak2 +

σ2

τp

)
IM , (15)

where ak1 = Nckδ and ak2 = Nck (εk + 1) + γk are two
auxiliary variables.

Proof: See Appendix B. �

Theorem 1 Using the observation vector ykp , the LMMSE
estimate q̂k of the channel vector qk is given by (17) at the
bottom of this page,2 where

Ak = AH
k = ak3aMaHM + ak4IM , (18)

Bk = (IM −Ak)
√
ckδεk H2Φhk, (19)

ak3 =
ak1

σ2

τp(
ak2 + σ2

τp

)(
ak2 + σ2

τp +Mak1

) , (20)

ak4 =
ak2

ak2 + σ2

τp

, (21)

and the NMSE of the estimate of qk is

NMSEk =
Tr {Cov {qk − q̂k,qk − q̂k}}

Tr {Cov {qk,qk}}

=

σ2

τp

(
Mak1ak2 + a2k2 + (ak1 + ak2) σ

2

τp

)
(
ak2 + σ2

τp

)(
ak2 + σ2

τp +Mak1

)
(ak1 + ak2)

.

(22)

Proof: See Appendix C. �
As evident from Theorem 1, we only estimate the aggre-

gated channel matrix Q ∈ CM×K including the reflected and
direct channels, which has the same dimension as the user-
BS channel matrix in conventional massive MIMO systems.
Therefore, we only require that the length of the pilot se-
quences is no smaller than the number of users, i.e., τ ≥ K.

2Note that q̂1
k and q1

k are identical due to the unbiased estimation. However,
we define two symbols in order to simplify the analytical formulation and
make the derivations easier to understand (see (141) and (146) for example).

Compared to methods that estimate the MN individual chan-
nels in RIS-aided communications [36], [37], the proposed
method has a lower overhead and computational complexity.

Remark 1 When ck = 0,∀k, i.e., the RIS-assisted channels
are absent, we have ak1 = 0, ak2 = γk, ak3 = 0,
ak4 = γk

γk+
σ2

τp

and Bk = 0. In this case, the estimate in

(16) reduces to q̂k = γk

γk+
σ2

τp

ykp and the MSE matrix in (133)

reduces to MSEk =
γk

σ2

τp

γk+
σ2

τp

IM , which, as expected, is the

same as the MSE in conventional massive MIMO systems
[62]. If the RIS channels only have the LoS components, i.e.,
δ, εk → ∞,∀k, we also obtain ak1 → 0 and ak2 → γk. In
this case, the MSE matrix in (133) is again the same as that
in conventional massive MIMO systems. This is because the
LoS channels are deterministic and known, and, thus, they do
not introduce additional estimation errors.

Corollary 1 In the low pilot power-to-noise ratio regime, high
pilot power-to-noise ratio regime, and large N regime, the
asymptotic NMSE is, respectively, given by

limσ2

τp→∞
NMSEk → 1, (23)

limσ2

τp→0
NMSEk → 0, (24)

limN→∞NMSEk → 0. (25)

Besides, assume that the power p is scaled proportionally to
p = Eu/N , where Eu denotes a constant. As N → ∞, we
have

limp=Eu
N ,N→∞NMSEk < 1. (26)

Proof: When σ2

τp →∞ or N →∞, by selecting the dominant

terms in (22), which scale with (σ
2

τp )
2

or N3, we arrive at
(23) and (25), respectively. Substituting σ2

τp = 0 into (22), its
numerator reduces to zero, which leads to (24). Replacing the
power p in (22) with p = Eu/N , as N →∞, we can readily
find that all the dominant terms in the numerator are present
in the denominator as well, which results in (26). We omit the
specific limit of (26) since it is a complex expression but is
simple to compute. �

It is worth noting that NMSE values between 0 (i.e., perfect
estimation) and 1 (i.e., using the mean value of the variable
as the estimate) quantify the relative estimation error [53].
In conventional massive MIMO systems, a common method
for reducing the NMSE is to increase the length of the pilot
sequence τ . In RIS-aided massive MIMO systems, Corollary
1 indicates that increasing the number of RIS elements N can

q̂k = Aky
k
p + Bk (16)

=
√
ckδεk H2Φhk︸ ︷︷ ︸

q̂1
k

+ (Mak3 + ak4)
√
ckδH2Φh̃k︸ ︷︷ ︸

q̂2
k

+
√
ckεkAkH̃2Φhk︸ ︷︷ ︸

q̂3
k

+
√
ckAkH̃2Φh̃k︸ ︷︷ ︸

q̂4
k︸ ︷︷ ︸

q̂
k

+
√
γkAkd̃k +

1
√
τp

AkNsk,

(17)
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play a similar role as increasing τ . Therefore, increasing the
number of RIS elements not only helps improve the system
rate, but it also helps reduce the NMSE. Additionally, (26)
reveals that an RIS equipped with a large number of reflecting
elements N can help the NMSE converge to a limit lower than
one, even for low pilot powers.

To better understand the impact of increasing N for channel
estimation, we present the following asymptotic results.

Corollary 2 When τ →∞, we have q̂k → qk, which implies
ek → 0 and therefore the channel estimation is perfect. When
N →∞, by contrast, we have

q̂k → qk +
1
√
τp

Nsk, (27)

ek = qk − q̂k →
−1
√
τp

Nsk, (28)

MSEk = E
{
eke

H
k

}
→ σ2

τp
IM . (29)

Proof: When τ → ∞ or N → ∞, based on Theorem 1,
we have ak3 → 0, ak4 → 1, and Mak3 + ak4 → 1, which
yields Ak → IM . If τ →∞, we further get 1√

τp → 0, which
completes the proof. �

Although the NMSE converges to zero as N → ∞ (see
(25)), Corollary 2 shows that, in contrast to increasing τ ,
the MSE of the LMMSE estimator converges to a non-zero
constant as N →∞. If we estimate the channel qk based on
the least-squares (LS) estimator [53, (3.35)], it is interesting
to note that we obtain the same results as in (27) and (29).
In general, the LS estimator, which does not exploit any
prior channel statistics, has worse estimation performance
(higher MSE) than the LMMSE estimator [37], [53], [59].
Therefore, Corollary 2 indicates that the MSE performance of
the LMMSE estimation converges towards an upper bound,
which is the MSE performance of the LS estimation, as
N →∞. This result will be validated in Section VII.

Corollary 3 When the RIS-BS channel reduces to the
Rayleigh channel (i.e., δ = 0), the estimated channel vector,
MSE, and NMSE, respectively, simplify to

q̂k = ak4IMykp =
Nβαk + γk

Nβαk + γk + σ2

τp

ykp , (30)

MSEk =
(Nβαk + γk) σ

2

τp

Nβαk + γk + σ2

τp

IM , (31)

NMSEk =

σ2

τp

Nβαk + γk + σ2

τp

. (32)

Proof: When δ = 0, we have ak1 = 0, ak2 = Nβαk + γk,
ak3 = 0, ak4 = Nβαk+γk

Nβαk+γk+
σ2

τp

and Bk = 0. The proof follows

by inserting these results in Theorem 1 and (133). �
Corollary 3 corresponds to a scenario where a large number

of scatterers exist nearby the RIS and the BS, and the LoS path
between the RIS and the BS is negligible. Therefore, the RIS-
BS channel is dominated by the NLoS paths. In this case, both
the MSE and NMSE have simple analytical expressions, which
help us better understand the conclusions drawn in Corollary

1 and Corollary 2. It is apparent that the MSE (represented by
the trace of MSEk in (31)) and the NMSE (represented by
NMSEk in (32)) are decreasing functions of the pilot power
τp. As a function of N , on the other hand, the MSE is an
increasing function, while the NMSE is a decreasing function.
When N →∞, we have MSEk → σ2

τpIM but NMSEk → 0.
Note that we can obtain the MSE and NMSE for conventional
massive MIMO systems by setting N = 0 in (31) and (32).
Therefore, the obtained result implies that the MSE of RIS-
aided massive MIMO systems is worse than the MSE of
massive MIMO systems without RISs, while the NMSE of
RIS-aided massive MIMO systems is better than the NMSE
of massive MIMO systems without RISs. The reason is that an
RIS introduces N additional paths to the system, but the pilot
length τ does not increase correspondingly, which increases
the estimation error. However, the presence of an RIS results
in better channel gains, which help decrease the normalized
error.

Furthermore, if we reduce the power as p = Eu/N , as
N → ∞, the NMSE in (32) converges to a limit less than
one, as follows

limδ=0, p=Eu
N , N→∞NMSEk →

σ2

τEuβαk + σ2
< 1. (33)

IV. ANALYSIS OF THE ACHIEVABLE RATE

Based on the channel estimates provided in Theorem 1,
closed-form expressions for a lower bound of the achievable
rate are derived and analyzed in this section3. In Section VI,
the obtained analytical expressions are utilized for optimizing
the phase shifts of the RIS based on statistical CSI.

A. Derivation of the Rate

As in [59], [65]–[67], we utilize the so called UatF bound,
which is a tractable lower bound, to characterize the ergodic
rate of RIS-aided massive MIMO systems. First, we rewrite
rk in (3) as

rk =
√
pE
{
q̂Hk qk

}
xk︸ ︷︷ ︸

Desired signal

+
√
p
(
q̂Hk qk − E

{
q̂Hk qk

})
xk︸ ︷︷ ︸

Signal leakage

+
√
p
∑K

i=1,i6=k
q̂Hk qixi︸ ︷︷ ︸

Multi-user interference

+ q̂Hk n︸︷︷︸
Noise

. (34)

Then, we formulate the lower bound of the k-th user’s
ergodic rate as Rk = τc−τ

τc
log2 (1 + SINRk), where the pre-

log factor τc−τ
τc

represents the rate loss that originates from
the pilot overhead, and the SINR is given in (35) at the bottom
of the next page.

To simplify the expression of Rk, we define three auxiliary
variables ek1, ek2, and ek3. These variables capture the per-
formance degradation due to the imperfect knowledge of the
CSI.

3To avoid verbose expressions, “lower bound of the achievable rate” is
replaced with “achievable rate” in the rest of this paper. It is, however, implied
that we compute a lower bound.
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Lemma 2 For k ∈ K, we have Tr {Ak} = Mek1, AkH2 =
ek2H2 and Tr {AkAk} = Mek3, where

ek1 , ak3 + ak4, (36)

ek2 ,Mak3 + ak4, (37)

ek3 ,Ma2k3 + 2ak3ak4 + a2k4. (38)

Furthermore, ek1, ek2 and ek3 are bounded in [0, 1]. When
τp → ∞ or N → ∞, we have ek1, ek2, ek3 → 1. When
τp→ 0, by contrast, we have ek1, ek2, ek3 → 0.

Proof: See Appendix D. �
In the following theorem, we derive a closed-form expres-

sion for the achievable rate.

Theorem 2 A lower bound for the ergodic rate of the k-th
user is given by4

Rk = τo log2 (1 + SINRk) ,

SINRk =
pEsignal

k (Φ)

pEleak
k (Φ) + p

K∑
i=1,i6=k

Iki (Φ) + σ2Enoise
k (Φ)

,

(39)

where τo = τc−τ
τc

, Esignal
k (Φ) =

{
Enoise
k (Φ)

}2
. The ex-

pressions of Enoise
k (Φ), Eleak

k (Φ), and Iki (Φ) are given in
(40), (41), and (42) at the bottom of this and the next pages,
respectively, with

fk(Φ) , aHNΦhk =
∑N

n=1
ej(ζ

k
n+θn), (43)

ζkn = 2π
d

λ

(
b(n− 1)/

√
Nc (sinϕekr sinϕakr − sinϕet sinϕat )

+((n− 1) mod
√
N) (cosϕekr − cosϕet )

)
. (44)

Proof: See Appendix E. �
The closed-form expression in Theorem 2 does not involve

the calculation of inverse matrices and the numerical computa-
tion of integrals. In contrast to time-consuming Monte Carlo
simulations, the evaluation of the rate based on Theorem 2
has a low computational complexity even if M and N are
large numbers, as usually is in RIS-aided massive MIMO
systems. Besides, Theorem 2 only relies on statistical CSI.
Therefore, by using the analytical expression of the rate in
(39) as an objective function for system design, we are able
to optimize the phase shifts of the RIS only based on long-
term statistical CSI. For clarity and analytical tractability,

4The phase shift matrix Φ is assumed to be fixed when deriving the
achievable rate. After obtaining the achievable rate, we will design Φ so
that the derived rate is optimized.

the statistical CSI is assumed to be perfectly known [40],
[53], [54]. In practice, due to the user mobility, there may
exist location and angular estimation errors based on, e.g.,
GPS (Global Positioning System) information, which could
result in some performance loss for the design of receiver
at the BS and passive beamforming at the RIS. The impact
of imperfect statistical CSI can be analyzed by averaging the
angular estimation error in the expression of the achievable
rate similar to [68]. This analysis is interesting and is left to
a future research work.

By comparing the formulation in Theorem 2 with that given
in [49, Theorem 1], it can be seen that the impact of imperfect
CSI is completely characterized by the parameters ek1, ek2, ek3
and σ2

τp . In the perfect CSI scenario, we have τ →∞, which
leads to ek1 = ek2 = ek3 = 1 and σ2

τp = 0. Based on Theorem
2, we can analyze the performance of RIS-aided massive
MIMO systems for arbitrary system parameters. Even though
the obtained analytical expressions may look cumbersome at
the first sight, they provide clear insights in terms of the key
system parameters M , N , and fk(Φ), ∀k. For example, since
the interference term Iki scales as O(M2), we infer that RIS-
aided massive MIMO systems suffer from stronger multi-user
interference than conventional massive MIMO systems. In the
following, we provide a comprehensive analysis of RIS-aided
massive MIMO systems, including the asymptotic behavior of
the rate for large values of M and N , the power scaling laws,
and the impact of the Rician factors. To this end, we begin
with a useful lemma.

Lemma 3 • If N = 1, for arbitrary Φ, we have |fk(Φ)| =
1 in (43).

• If N > 1, by optimizing Φ, the range of values 0 ≤
|fk(Φ)| ≤ N is achievable in (43).

• If we configure the phase shifts of the RIS to achieve
|fk(Φ)| = N , unless the user i, i 6= k, has the same
azimuth and elevation AoA as the user k, the function
|fi(Φ)| in (43) is bounded when N →∞.

• Unless the user i, i 6= k, has the same azimuth and

elevation AoA as the user k, the term
∣∣∣hHk hi

∣∣∣2 is bounded
when N →∞.

Proof: See Appendix F. �

B. Multi-user Case

In this section, we consider the general multi-user scenario,
i.e., K > 1. Since any two users are unlikely to be in the
same location, we assume that the azimuth and elevation AoA

SINRk =
p
∣∣E{q̂Hk qk

}∣∣2
p
(
E
{∣∣q̂Hk qk

∣∣2}− ∣∣E{q̂Hk qk
}∣∣2)+ p

K∑
i=1,i6=k

E
{∣∣q̂Hk qi

∣∣2}+ σ2E
{
‖q̂k‖2

} . (35)

Enoise
k (Φ) = M

{
|fk(Φ)|2 ckδεk +Nckδek2 + (Nck (εk + 1) + γk) ek1

}
, (40)
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of any two users are different, i.e., (ϕakr, ϕ
e
kr) 6= (ϕair, ϕ

e
ir).

To begin with, we investigate the asymptotic behavior of the
rate in (39) for large values of M and N .

Remark 2 From Theorem 2, we observe that, as a function of
M , Esignal

k (Φ), Eleak
k (Φ) and Iki (Φ) behave asymptotically

as O
(
M2
)
. Therefore, the rate Rk converges to a finite limit

when M → ∞. If, on the other hand, we align the phase
shifts of the RIS for maximizing the intended signal for the
user k, i.e., we set |fk(Φ)| = N , then we have Rk →∞ for
user k, and Ri → 0 for the other users i 6= k as N → ∞,
based on Lemma 3. In a multi-user scenario, this implies that
it is necessary to enforce some fairness requirements among
the users when designing the phase shifts of the RIS.

Next, we study the power scaling laws of RIS-aided massive
MIMO systems with different Rician factors. Specifically, the
Rician factor characterizes the fading severity of the environ-
ment and the richness of scatterers in the environment. The
smaller the Rician factor, the larger the number of scatterers
in the environment. If the Rician factor is zero, we retrieve
the Rayleigh fading channel as a special case in which only
the NLoS components exist. If the Rician factor tends to
infinity, the channel is deterministic and is characterized only
by the LoS component. It is worth mentioning that, under the
assumption of imperfect CSI, decreasing the transmit power p
results in a reduction of the power used for both the data and
pilot signals.

We analyze several scenarios for the RIS-BS and user-RIS
channels. For ease of exposition, we summarize the obtained
power scaling laws as a function of M and N in Table
II. Specifically, the following notations are used. “Imperfect
CSI” and “Perfect CSI” are referred to the power scaling
laws obtained for imperfect and perfect CSI, respectively. By
setting ek1 = ek2 = ek3 = 1 and σ2

τp = 0, which are
obtained when τ → ∞, the imperfect CSI setup reduces to
the perfect CSI setup. The notation “(Rician, Rician)” means
that the RIS-BS channel and all the user-RIS channels are

Rician distributed, i.e., δ > 0 and εk > 0,∀k. Similarly, the
notation “(Rician, Rayleigh)” means that the RIS-BS channel
is Rician distributed and all the user-RIS channels are Rayleigh
distributed, i.e., δ > 0 and εk = 0,∀k. The notations
“1/M”, “1/

√
M” and “1/N” imply that the rate tends to

a non-zero value if the transmit power scales proportionally
to 1/M , 1/

√
M and 1/N , respectively. We mention, for

completeness, that the readers interested in the power scaling
laws as a function of M in conventional massive MIMO
systems without RISs may refer to [61] and [62]. Besides,
we note that the rate does not depend on the RIS phase shift
matrix Φ if δ = 0 or εk = 0,∀k, which will be proved in
Corollary 5. In the following, we mainly consider the proof
for the imperfect CSI case, since the perfect CSI setup can be
obtained in a similar manner, by setting ek1 = ek2 = ek3 = 1
and σ2

τp = 0.

Corollary 4 (“1/M” for “(Rician, Rician)” and “(Rician,
Rayleigh)”) Assume that the transmit power p is scaled as
p = Eu/M . For M →∞, the rate of user k, k ∈ K, is lower
bounded by (45) shown at the bottom of the next page, where

Eleak
k (Φ) = N |fk(Φ)|2 c2kδ2εk

(
e2k2 + 1

)
+

σ2

τEu
|fk(Φ)|2 ckδεke2k2 +N2c2kδ

2e2k2 +
σ2

τEu
Nckδe

2
k2,

(46)

Iki (Φ)= |fk(Φ)|2 |fi(Φ)|2 ckciδ2εkεi+N |fk(Φ)|2 ckciδ2εk

+ |fi(Φ)|2 ciδεie2k2
(
Nckδ +

σ2

τEu

)
+N2ckciδ

2e2k2 +N
σ2

τEu
ciδe

2
k2, (47)

ek2 =
Nckδ

σ2

τEu
+Nckδ

. (48)

Proof: If p = Eu/M and M → ∞, we have ek1 → 0,
ek3 → 0, and ek2 tends to (48). The proof is completed by

Eleak
k (Φ) = M |fk(Φ)|2 c2kδεk

{
N (Mδ + εk + 1)

(
e2k2 + 1

)
+ 2 (Mek1 + ek2) (ek2 + 1)

}
+M |fk(Φ)|2 ckδεk

{
γk +

(
γk +

σ2

τp

)
e2k2

}
+M2N2c2kδ

2e2k2+MN2c2k

{
2δ (εk+1) e2k2+(εk+1)

2
ek3

}
+M2Nc2k

{
(2εk + 1) e2k1 + 2δek1ek2

}
+MNck

{
ck
(
2δe2k2 + (2εk + 1) ek3

)
+

(
2γk +

σ2

τp

)(
δe2k2 + (εk + 1) ek3

)}
+Mγk

(
γk +

σ2

τp

)
ek3,

(41)

Iki (Φ) = M2 |fk(Φ)|2 |fi(Φ)|2 ckciδ2εkεi +M |fk(Φ)|2 ckδεk {ci (MNδ +Nεi +N + 2Mek1) + γi}
+M |fi(Φ)|2 ciδεi

{
ckek2 (MNδek2 +Nεkek2 +Nek2 + 2Mek1) +

(
γk + σ2

τp

)
e2k2

}
+M2N2ckciδ

2e2k2 +MN2ckci
{
δ (εk + εi + 2) e2k2 + (εk + 1) (εi + 1) ek3

}
+M2Nckciek1 {(εk + εi + 1) ek1 + 2δek2}+M2ckciεkεiek1

(∣∣∣hHk hi

∣∣∣2 ek1 + 2δRe
{
fHk (Φ)fi(Φ)h

H

i hk

})
+MN

{(
γk + σ2

τp

)
ci
(
δe2k2 + (εi + 1) ek3

)
+ γick

(
δe2k2 + (εk + 1) ek3

)}
+Mγi

(
γk + σ2

τp

)
ek3,

(42)
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TABLE II: Power scaling laws in the multi-user case.

(RIS-BS channel, user-RIS channels)
(Rician, Rician) (Rician, Rayleigh) (Rayleigh, Rician) (Rayleigh, Rayleigh)

Imperfect CSI M 1/M 1/M 1/
√
M 1/

√
M

N � 1/N

Perfect CSI M 1/M

N � 1/N

substituting p = Eu/M into Theorem 2 and retaining the non-
zero terms whose asymptotic behavior is O (M). �

For a massive number of antennas, Corollary 4 shows that
the rate of all the users tends to a non-zero value when the
transmit power scales as p = Eu/M . From (45), we evince
that the rate Rk is still non-zero if εk = 0,∀k, i.e., all the user-
RIS channels are Rayleigh distributed. This proves the power
scaling law “1/M” for the “(Rician, Rayleigh)” setup in Table
II. However, the rate Rk in (45) reduces to zero if ck = 0 or
δ = 0, i.e., the RIS-aided channels are absent or the RIS-BS
channel is Rayleigh distributed. This indicates that the power
scaling law “1/M” does not hold for these two case studies.
Specifically, the considered system degenerates to an RIS-free
massive MIMO system with Rayleigh fading if ck = 0,∀k.
In this case, it has been proven that the rate can maintain a
non-zero value when the power scales as p = Eu/

√
M [62,

(37)]. As for the power scaling law for δ = 0, we first provide
an analytical expression of the rate when δ = 0.

Corollary 5 If the RIS-BS channel is Rayleigh distributed
(δ = 0), the rate of user k, k ∈ K, is lower bounded by

R
(NL1)
k =τo log2

(
1+

pEsignal
k

pEleak
k + p

∑K
i=1,i6=k Iki+ σ2Enoise

k

)
,

(49)

where

Esignal
k = M (Nck (εk + 1) + γk)

2
ek1, (50)

Enoise
k = Nck (εk + 1) + γk, (51)

Eleak
k = N2c2k (εk + 1)

2
ek1 +MNc2k (2εk + 1) ek1

+Nck

{
ck (2εk + 1) +

(
2γk +

σ2

τp

)
(εk + 1)

}
ek1

+ γk

(
γk +

σ2

τp

)
ek1, (52)

Iki = N2ckci (εk + 1) (εi + 1) ek1

+MNckci(εk+εi+1) ek1+Mckciεkεi

∣∣∣hHk hi

∣∣∣2 ek1
+N

{(
γk +

σ2

τp

)
ci (εi + 1) + γick (εk + 1)

}
ek1

+ γi

(
γk +

σ2

τp

)
ek1, (53)

and

ek1 =
Nβαk + γk

Nβαk + γk + σ2

τp

. (54)

Proof: When δ = 0, we have ak1 = 0, ak2 = Nβαk + γk,
and ak3 = 0. Thus, we obtain ek3 = e2k1, where ek1 = ak4 is
given in (54). Substituting δ = 0 into Theorem 2 and using
ek3 = e2k1, the proof follows with the aid of some algebraic
simplifications. �

It is observed that the rate in Corollary 5 does not depend on
Φ. Therefore, in a fully NLoS RIS-BS channel, any RIS phase
shift matrix results in the same ergodic rate. This is because
the RIS phase shift matrix Φ is a unitary matrix and the entries
of the NLoS channel H̃2 are Gaussian distributed. Therefore,
H̃2Φ has the same statistical properties as H̃2. Likewise, there
is no need to design the RIS phase shifts if all the user-RIS
links are fully NLoS. This conclusion is apparent from (39)
by setting εk = 0,∀k.

By analyzing the dominant terms of (49) when M,N →∞,
we evince that the rate increases without bound for all the
users. This implies that fairness requirements among the users
are implicitly guaranteed in this special case. As N → ∞,
specifically, the dominant terms in (49) scale asymptotically
as O

(
N2
)
, and the rate converges to

R
(NL1)
k → τo log2

(
1 +

Mαk∑K
i=1 αi

)
, as N →∞, (55)

= τo log2 (1 +M/K) , if α1 = . . . = αK . (56)

From (55), we evince that the SINR, Mαk∑K
i=1 αi

, does not depend
on the pilot power τp and it increases linearly with M .
Therefore, good performance can be obtained if δ = 0 and
N →∞.

Rk → τo log2

1 +
Euc

2
kδ

2
(
|fk(Φ)|2 εk +Nek2

)2
EuEleak

k (Φ) + Eu
K∑

i=1,i6=k
Iki (Φ) + σ2ckδ

(
|fk(Φ)|2 εk +Nek2

)
 , (45)
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With the aid of Corollary 5, we investigate, in the following
corollaries, the power scaling laws as a function of M and N
when δ = 0.

Corollary 6 (“1/
√
M” for “(Rayleigh, Rician)” and

“(Rayleigh, Rayleigh)”) If the RIS-BS channel is Rayleigh
distributed (δ = 0), and the power is scaled as p = Eu/

√
M

with M → ∞, the rate of user k, k ∈ K tends to
R

(NL1)
k → τo log2 (1 + SINRk), where the effective SINR is

given by (57) at the bottom of this page.

Proof: First, we substitute p = Eu/
√
M into Corollary 5

and ignore the terms that tend to zero as M → ∞. Then,
we divide the numerator and denominator of the SINR by
Nβαk+γk

σ2 . This yields (57) and the proof is completed. �
From (57), we evince that the numerator of the SINR scales

with O
(
N2
)
, but the denominator of the SINR only scales

with O (N). Therefore, Corollary 6 indicates that the rate
scales logarithmically with N if p = Eu/

√
M and M →∞,

which is a promising result for RIS-aided massive MIMO
systems. Besides, it is worth noting that (57) reduces to the
same expression as in [62, Eq. (37)] when ck = 0,∀k.

Corollary 7 (“1/N” for “(Rayleigh, Rician)” and
“(Rayleigh, Rayleigh)”) If the RIS-BS channel is Rayleigh
distributed (δ = 0) and the power is scaled as p = Eu/N
with N → ∞, the rate of user k, k ∈ K, is lower bounded
by (58) at the bottom of this page.

Proof: First, we substitute p = Eu/N into Corollary 5.
When N →∞, we have ek1 → βαk

βαk+
σ2

τEu

. Then, we remove

the non-dominant terms that do not scale as O (N). By
noting that ck (εk + 1) = βαk,∀k, and dividing the numerator
and denominator of the SINR by βαk, we obtain (58). This
completes the proof. �

Corollary 7 sheds some interesting insights. Firstly, we note
that Corollary 6 has unveiled that the transmit power p can
only be reduced proportionally to 1/

√
M , while maintaining

a non-zero rate, when δ = 0. Corollary 7, on the other hand,
proves that the transmit power can be reduced proportionally
to 1/N , while maintaining a non-zero rate, when δ = 0. This
reveals the positive role of deploying RISs in massive MIMO
systems. Secondly, the obtained power scaling law does not
depend on the Rician factors of the user-RIS links, i.e., εk,∀k.
This implies that the rate in (58) is the same for LoS-only and
NLoS-only user-RIS channels. Thirdly, in (58), the desired
signal term in (58) scales as O(M) and the interference term
scales as O(1). As a result, the rate scales logarithmically with

the number of BS antennas. When the number of antennas
is large, the power of the interference is relatively small
compared with the power of the desired signal, and then a
good rate can be guaranteed with the setup stated in Corollary
7. Therefore, a rich-scattering environment between the RIS
and the BS (δ = 0) is beneficial in RIS-aided massive MIMO
systems, since it can provide sufficient spatial multiplexing
gains and help mitigate the multi-user interference. Finally,
(58) unveils that, if the users are all located at the same
distance from the RIS, i.e., α1 = . . . = αK , they all
achieve the same rate. Therefore, fairness requirements can
be guaranteed in this special case.

Corollary 7 sheds light on the achievable rate when the
RIS-BS channel is Rayleigh distributed (δ = 0). In the next
corollary, we analyze the opposite scenario in which the user-
RIS channels are Rayleigh distributed (εk = 0,∀k).

Corollary 8 (“1/N” for “(Rician, Rayleigh)”) Assume δ >
0. If the user-RIS channels are Rayleigh distributed (εk =
0,∀k) and the power is scaled as p = Eu/N with N → ∞,
the rate of user k, k ∈ K, is lower bounded by (59) at the
bottom of the next page, where

Eleak
k +

K∑
i=1,i6=k

Iki

=

K∑
i=1

ci

{
Mckδ

2e2k2+ck
(
2δe2k2+ek3

)
+

σ2

τEu

(
δe2k2+ek3

)}
,

(60)

ak3 =
ckδ

σ2

τEu(
ck + σ2

τEu

)(
ck + σ2

τEu
+Mckδ

) , (61)

ak4 =
ck

ck + σ2

τEu

. (62)

Proof: It follows from Theorem 2 by setting εk = 0,∀k
and p = Eu/N , and by keeping only the dominant terms for
N →∞. �

Corollary 8 characterizes the achievable rate when the
user-RIS channels are characterized by rich scattering. The
obtained performance trends are different from those unveiled
in Corollary 7 (i.e., the RIS-BS channel characterized by rich
scattering). In contrast to Corollary 7, in particular, both the
desired signal and the interference in (59) scale as O (M). As
a result, if the user-RIS channels are Rayleigh distributed, the
rate in (59) is still bounded from above even if the number of
BS antennas is very large. Besides, it is not hard to prove that

SINRk =
τE2

u (Nck (εk + 1) + γk)
2

τE2
uNc

2
k (2εk + 1) +

∑K
i=1,i6=k τE

2
uckci

{
N (εk + εi + 1) + εkεi

∣∣∣hHk hi

∣∣∣2}+ σ4

. (57)

R
(NL1)
k → τo log2

1 +
EuMβαk∑K

i=1

(
Euβαi + αi

αk
σ2

τ

)
+ σ2

(
1 + σ2

τEuβαk

)
 . (58)
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the rate in (59) reduces to the same expression as (58) if we
set δ = 0. This result confirms the conclusion in Corollary 7
that the scaling law unrelated to the Rician factor εk if δ = 0.

From Corollary 7 and Corollary 8, we conclude that a
small value of δ is beneficial in terms of power scaling laws.
This is because a small δ corresponds to a high-rank RIS-BS
channel, which provides sufficient spatial diversity for multi-
user communications. It is known that, due to the product
pathloss law that characterizes RIS-aided links in the far-field
region, it is better to deploy an RIS either close to the BS
or close to the users [69], [70]. Our analysis reveals that the
best deployment for an RIS depends on the spatial diversity
provided by the RIS-BS channel. When the RIS is deployed
close to the users, δ could be small since the Rician factor
commonly decreases with the communication distance [71].
Therefore, placing the RIS close to the users is still a good
choice since this results in a high rank RIS-BS channel. If
the RIS is deployed near the BS, δ could be large and the
RIS-BS channel could become rank-deficient. In this context,
other methods are needed to improve the rank of the channel
such as introducing some artificial scatterers between the BS
and the RIS or placing the RIS very close to the BS [46].

C. Single-user Case

In this subsection, we analyze the power scaling laws in the
special case with only one user, i.e., K = 1. Without loss of
generality, the user is referred to as user k. Since no other user
exists, the rate can be obtained from Theorem 2 by ignoring
the multi-user interference term, i.e., by setting Iki (Φ) = 0.
For analytical tractability, we further assume that the number
of RIS elements is large. In this scenario (single-user and large
N ), it can be proved that the optimal phase shift matrix that
maximizes the rate corresponds to the condition |fk(Φ)| = N .
This statement is formally proved in the next section (Theorem
5).

Therefore, by setting Iki = 0 and |fk(Φ)| = N in
Theorem 2, we obtain that the power of the desired signal
scales as O

(
M2N4

)
, the power of the signal leakage scales

as O
(
M2N3

)
, and the power of the noise term scales as

O
(
MN2

)
. Therefore, the rate is bounded for M →∞, but it

can grow without bound for N →∞. For ease of exposition,
similar to the multi-user case, we summarize the obtained
power scaling laws in Table III. In the following, we report
the proofs only for some (those that lead to insightful design
guidelines) system setups that are summarized in Table III.
The proof of each case study can, in fact, be obtained by
using analytical steps similar to the multi-user case. Finally,
we mention that the power scaling laws in the single-user case
with perfect CSI can be derived readily based on [39, Eq. (17)].

Corollary 9 Consider a single-user system with |fk(Φ)| =
N . If the transmit power is scaled as p = Eu/

(
MN2

)
with

M,N →∞, the rate is lower bounded by

Rk → τo log2

(
1 +

Eu
σ2

βαkδεk
(δ + 1) (εk + 1)

)
. (63)

If the transmit power is scaled as p = Eu/N
2 with N →

∞, the rate is lower bounded by

Rk → τo log2

(
1 +

Eu
σ2
Mckδεk

)
. (64)

Proof: Let us set p = Eu/
(
MN2

)
, |fk(Φ)| = N and

Iki = 0 in Theorem 2. The rate in (63) follows because
ek1, ek2, ek3 → 0 and by retaining the dominant terms that
scale as O

(
MN2

)
for M,N → ∞. Similarly, let us set

p = Eu/N
2, |fk(Φ)| = N and Iki = 0 in Theorem 2. The

rate in (64) follows by retaining the dominant terms that scale
as O

(
N2
)

for N →∞. �
The SNRs in (63) and (64) do not depend on τ , and except

for a pre-log scaling factor, the same SNR as for perfect
CSI-based systems can be obtained from [39, Eq. (17)]. We
evince, therefore, that τ = K = 1 is the optimal pilot length
based on (63) and (64). Therefore, the overhead for channel
estimation is relatively low. Furthermore, the rates in (63)
and (64) are increasing functions with the Rician factors δ
and εk, which unveils that LoS-dominated environments are
favorable for RIS-aided single-user systems. If both δ → ∞
and εk → ∞, (63) and (64) are maximized. On the contrary,
if δ = 0 or εk = 0, we observe that (63) and (64) tend to zero.
This implies that the power scaling law 1/N2 does not hold
anymore. In these two cases, the transmit power can be scaled
only proportionally to 1/N to maintain a non-zero rate when
N → ∞. Mathematically, the corresponding power scaling
laws can be proved from Corollary 7 and Corollary 8 by setting
the multi-user interference to zero. As an example, the case
study for δ = 0 is analyzed in the following corollary.

Corollary 10 Consider a single-user system with δ = 0. If
the transmit power is scaled as p = Eu/N with N →∞, the
rate is lower bounded by

R
(NL1)
k →τo log2

1+
EuMβαk

Euβαk+ σ2

τ +σ2
(

1 + σ2

τEuβαk

)
 .

(65)

As τ increases, the denominator of the SNR of (65) de-
creases. Therefore, the SNR of (65) is an increasing function
of τ . Therefore, τ = 1 is not guaranteed to be optimal in
a rich-scattering environment (δ = 0), and a relatively large
number of pilot signals may be needed. Thus, Corollary 10
also unveils that LoS environments are favorable for RIS-aided
single-user systems.

R
(NL2)
k → τo log2

1 +
EuMc2k (δek2 + ek1)

2

Eu

(
Eleak
k +

∑K
i=1,i6=k Iki

)
+ σ2ck (δek2 + ek1)

 , (59)
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TABLE III: Power scaling laws in the single-user case.

(RIS-BS channel, user-RIS channel)
(Rician, Rician) (Rician, Rayleigh) (Rayleigh, Rician) (Rayleigh, Rayleigh)

Imperfect CSI M 1/M 1/M 1/
√
M 1/

√
M

N 1/N2 1/N

Perfect CSI M 1/M

N 1/N2 1/N

V. EXTENSION TO CORRELATED CHANNELS WITH EMI

In this section, we generalize the analysis in Section IV by
considering the impact of spatial correlation at the RIS and the
presence of EMI. We ignore the spatial correlation at the BS,
since a ULA with half-wavelength antenna spacing is assumed
at the BS. On the other hand, the RIS is usually modeled
as a UPA and the spatial correlation cannot be ignored in
general [56]. Specifically, this section has two objectives: (1)
to analyze the impact of spatial correlation and EMI in RIS-
aided massive MIMO systems; and (2) to study to what extent
the findings obtained in Section IV hold in the presence of
spatial correlation and EMI.

A. Channel Model with Spatial Correlation

The evaluation conducted in Section IV indicates that it is
appropriate to place the RIS near the users. In this scenario,
the LoS components dominate the user-RIS channels, and
therefore the Rician factor εk is relatively large. For ease of
analysis and brevity, this section is focused on the scenario
where the user-RIS channels are characterized only by the
LoS component (i.e., εk → ∞, ∀k).5 In the following, we
present the generalized system model in the presence of spatial
correlation and EMI. For the avoidance of doubt, the subscript
c is utilized to indicate the existence of spatial correlation.

In the presence of spatial correlation and EMI, the received
signal at the BS is

yc =
√
pQcx + Hc,2Φv + n, (66)

where v ∼ CN
(
0, σ2

eRemi

)
denotes the EMI received at the

RIS whose spatial correlation matrix is Remi. Specifically, the
EMI is reflected by the RIS and reaches the BS through the
RIS-BS channel Hc,2 resulting in the term Hc,2Φv in (66).
The matrix Qc = [qc,1,qc,2, . . . ,qc,K ] ∈ CM×K denotes the
spatially correlated aggregated channel from the K users to the
BS, where qc,k = Hc,2Φhk+dk is the aggregated channel of
user k. The user k-RIS channel hk and the RIS-BS channel
Hc,2 are, respectively, given by

hk =
√
αkhk, (67)

Hc,2 =

√
β

δ + 1

(√
δH2 + H̃c,2

)
, (68)

where H̃c,2 = H̃2R
1/2
ris and Rris denotes the spatial correla-

tion matrix of the NLoS channel components. Assuming an

5Many research works have revealed that the rate is marginally affected by
the Rician factor when it is greater than 10 [39], [40]. Thus, the considered
scenario serves as a tractable approximation when εk can be assumed to be
relatively large. The analysis of arbitrary values for the Rician fading factors
εk, ∀k, is postponed to a future research work.

isotropic scattering environment for v and H̃c,2, the spatial
correlation matrices Remi and Rris at the RIS can be formu-
lated as Remi = Rris = R with [56], [57]

[R]a,b = sinc

(
2 ‖ua − ub‖

λ

)
, 1 ≤ a, b ≤ N, (69)

where ‖ua − ub‖ denotes the distance between the a-th and
b-th elements of the RIS, which depends on the RIS element
spacing dris. Since sinc(·) is an even function, we have R =
RH . For ease of writing, we define ĉk = αkβ

δ+1 . Therefore,
based on (67) and (68), the spatially correlated aggregated
channel of user k can be expressed as

qc,k = Hc,2Φhk + dk

=
√
ĉkδH2Φhk +

√
ĉkH̃c,2Φhk +

√
γkd̃k.

(70)

B. Channel Estimation

In this section, we derive the LMMSE channel estimate q̂c,k
for the aggregated channel of the k-th user. During the channel
estimation phase, the BS receives the M × τ pilot signal as
follows

Yc,P =
√
τpQcS

H + Hc,2ΦV + N, (71)

where V = R
1/2
emiṼ ∈ CN×τ and each element of Ṽ ∈ CN×τ

is independently distributed as CN
(
0, σ2

e

)
. After correlating

Yc,P with sk, the observation vector for the channel of the
k-th user qc,k is given by

ykc,p =
1
√
τp

Yc,P sk = qc,k +
(Hc,2ΦV + N) sk√

τp
. (72)

Theorem 3 Based on ykc,p, the LMMSE channel estimate for
qc,k is given by

q̂c,k =
√
ĉkδH2Φhk +

√
ĉkΥkH̃c,2Φhk +

√
γkΥkd̃k

+
ΥkHc,2ΦVsk√

τp
+

ΥkNsk√
τp

,

(73)

where Υk is shown at the bottom of the next page.

Proof: See Appendix G. �
Besides, applying [72, Eq. (12.21)], the MSE matrix is given

by

MSEc,k =
(
ĉkh

H

k ΦHRrisΦhk + γk

)
(IM −Υk) . (75)

Equation (75) embodies the impact of spatial correlation and
EMI on channel estimation. By the direct inspection of (75),
we can make the following observations. On the one hand,
the MSE may be degraded by the EMI power σ2

e through the
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term Υk. On the other hand, the unitary matrices ΦH and Φ
do not cancel out in the presence of spatial correlation, i.e.,
the matrices Rris and Remi are not identity matrices. This
implies that an RIS can be utilized for improving the channel
estimation accuracy for transmission over spatially correlated
channels. This is a benefit that spatial correlation brings in
RIS-aided systems. If the spatial correlation is negligible, by
contrast, we obtain Rris = Remi = IN and the MSE matrix
in (75) no longer depends on Φ, and therefore we cannot
optimize the phase shifts of the RIS to improve the quality of
channel estimation.

C. Achievable Rate

Based on the estimated channel q̂c,k, the MRC detector
can be obtained and the corresponding UatF bound of the
achievable rate can be computed in the presence of spatial
correlation and EMI as well. Specifically, by pre-multiplying
the MRC decoding matrix Q̂H

c = [q̂c,1, . . . , q̂c,K ]
H with the

received signal yc in (66), the decoded symbols at the BS are
given by

rc = Q̂H
c yc =

√
pQ̂H

c Qcx + Q̂H
c Hc,2Φv + Q̂H

c n. (76)

Then, the k-th entry of rc can be expressed as follows

rc,k =
√
pE
{̂
qHc,kqc,k

}
xk+
√
p
(
q̂Hc,kqc,k−E

{
q̂Hc,kqc,k

})
xk

+
√
p

K∑
i=1,i6=k

q̂Hc,kqc,ixi + q̂Hc,kHc,2Φv + q̂Hc,kn.

(77)

Accordingly, the SINR of user k can be written as

SINRc,k=
pEsignal

c,k

pEleak
c,k +p

∑K
i=1,i6=k Ic,ki+σ

2
eE

emi
c,k +σ2Enoise

c,k

,

(78)

where the desired signal is Esignal
c,k =

∣∣∣E{q̂Hc,kqc,k

}∣∣∣2, the

signal leakage is Eleak
c,k = E

{∣∣∣q̂Hc,kqc,k∣∣∣2}−∣∣∣E{q̂Hc,kqc,k

}∣∣∣2,

the interference is Ic,ki = E
{∣∣∣q̂Hc,kqc,i∣∣∣2}, the EMI is

Eemi
c,k = E

{
q̂Hc,kHc,2ΦRemiΦ

HHH
c,2q̂c,k

}
, and the noise is

Enoise
c,k = E

{
‖q̂c,k‖2

}
.

In order to obtain a compact expression for the UatF bound
of the achievable rate, we introduce the following shorthand
functions, for 1 ≤ k, i ≤ K

fc,1(Φ) = Tr
{
RrisΦRemiΦ

H
}
,

fc,k,2(Φ) = h
H

k ΦHRrisΦhk,

fc,k,3(Φ) = Tr
{

Υ2
kH2ΦRemiΦ

HH
H

2

}
,

fc,k,4(Φ) = Tr
{
Υ2
k

}
, fc,k,5(Φ) = |Tr {Υk}|2 ,

fc,k,6(Φ) = h
H

k ΦHRrisΦRemiΦ
HRrisΦhk,

fc,k,7(Φ) = |fk(Φ)|2 , fc,ki,8(Φ) = h
H

i ΦHH
H

2 Υ2
kH2Φhi,

fc,ki,9(Φ) = h
H

i ΦHH
H

2 ΥkH2ΦRemiΦ
HH

H

2 ΥH
k H2Φhi.

(79)

Theorem 4 In the presence of spatial correlation and EMI,
the UatF bound for the achievable rate of the k-th user is
given by

Rc,k = τo log2 (1 + SINRc,k) , (80)

SINRc,k=
pEsignal

c,k

pEleak
c,k +p

∑K
i=1,i6=k Ic,ki+σ

2
eE

emi
c,k +σ2Enoise

c,k

,

(81)

where the signal term is Esignal
c,k =

(
Enoise
c,k

)2
and the noise

term is

Enoise
c,k = Mĉkδ |fk(Φ)|2 + ĉk Tr {Υk}h

H

k ΦHRrisΦhk

+ γk Tr {Υk} .
(82)

Υk = ΥH
k =

(
ĉkh

H

k ΦHRrisΦhk + γk

)
×{(

ĉkh
H

k ΦHRrisΦhk + γk +
σ2

τp
+
σ2
eβ Tr

{
RemiΦ

HRrisΦ
}

τp(δ + 1)

)
IM +

σ2
eβδH2ΦRemiΦ

HH
H

2

τp(δ + 1)

}−1
. (74)
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The EMI term is given by Eemi
c,k = β

δ+1

∑8
ω=1E

ω,emi
c,k where

E1,emi
c,k = M2ĉkδ

2fc,k,7(Φ)aHNΦRemiΦ
HaN ,

E2,emi
c,k =

(
ĉkδfc,k,2(Φ) +

2βδσ2
e

τp(δ + 1)
fc,1(Φ)

+ δ

(
γk +

σ2

τp

))
fc,k,3(Φ),

E3,emi
c,k =

(
Mĉkδfc,k,7(Φ) +

(
σ2

τp
+ γk + ĉkfc,k,2(Φ)

+
βσ2

e

τp(δ + 1)
fc,1(Φ)

)
fc,k,4(Φ)

)
fc,1(Φ),

E4,emi
c,k =

βδ2σ2
e

τp(δ + 1)
Tr

{(
RemiΦ

HH
H

2 ΥkH2Φ
)2}

,

E5,emi
c,k = 2ĉkδTr {Υk}

× Re
{

h
H

k ΦHH
H

2 H2ΦemiΦ
HRrisΦhk

}
,

E6,emi
c,k =

2βδσ2
e

τp(δ + 1)
Tr {Υk}

× Tr
{

RemiΦ
HH

H

2 ΥH
k H2ΦRemiΦ

HRrisΦ
}
,

E7,emi
c,k = ĉkfc,k,5(Φ)fc,k,6(Φ),

E8,emi
c,k =

βσ2
e

τp(δ + 1)
fc,k,5(Φ) Tr

{(
RrisΦRemiΦ

H
)2}

.

(83)

The interference term is Ic,ki =
∑8
ω=1 I

ω
c,ki, where

I1c,ki = γiE
noise
c,k +M2ĉk ĉiδ

2fc,k,7(Φ)fc,i,7(Φ),

I2c,ki =

{
Mĉk ĉiδfc,k,7(Φ)

+

(
ĉi

(
γk +

σ2

τp

)
+

ĉiβσ
2
e

τp(δ + 1)
fc,1(Φ)

)
fc,k,4(Φ)

+
ĉiβδσ

2
e

τp(δ + 1)
fc,k,3(Φ)

}
fc,i,2(Φ),

I3c,ki = {ĉk ĉiδfc,ki,8(Φ) + ĉk ĉifc,k,4(Φ)fc,i,2(Φ)} fc,k,2(Φ),

I4c,ki =

{
ĉiβδσ

2
e

τp(δ + 1)
fc,1(Φ) + ĉiδ

(
γk +

σ2

τp

)}
fc,ki,8(Φ),

I5c,ki =

{
ĉk ĉi

∣∣∣hHk ΦHRrisΦhi

∣∣∣2 +
ĉiβσ

2
e

τp(δ + 1)
fc,i,6(Φ)

}
× fc,k,5(Φ),

I6c,ki = 2ĉk ĉiδTr {Υk}

× Re
{

h
H

k ΦHH
H

2 H2Φhih
H

i ΦHRrisΦhk

}
,

I7c,ki =
ĉiβδ

2σ2
e

τp(δ + 1)
fc,ki,9(Φ),

I8c,ki =
2ĉiβδσ

2
e

τp(δ + 1)
Tr {Υk}

× Re
{

h
H

i ΦHRrisΦRemiΦ
HH

H

2 ΥH
k H2Φhi

}
.

(84)

The signal leakage term is Eleak
c,k =

∑8
ω=1E

ω,leak
c,k , where

E1,leak
c,k = Mĉkδγkfc,k,7(Φ),

E2,leak
c,k =

{
Mĉ2kδfc,k,7(Φ) + ĉ2kδfc,kk,8(Φ)

+

(
ĉ2kfc,k,2(Φ) + 2ĉkγk +

ĉkσ
2

τp

)
fc,k,4(Φ)

}
× fc,k,2(Φ),

E3,leak
c,k =

{̂
ckδγk+

ĉkβδσ
2
e

τp(δ+1)
fc,1(Φ)+

ĉkδσ
2

τp

}
fc,kk,8(Φ),

E4,leak
c,k =

{
γ2k +

γkσ
2

τp

+
βσ2

e

τp(δ + 1)
(γk+ĉkfc,k,2(Φ)) fc,1(Φ)

}
fc,k,4(Φ),

E5,leak
c,k =

ĉkβδ
2σ2
e

τp(δ + 1)
fc,kk,9(Φ),

E6,leak
c,k =

2ĉkβδσ
2
e

τp(δ + 1)
Tr
{
ΥH
k

}
× Re

{
h
H

k ΦHH
H

2 ΥkH2ΦRemiΦ
HRrisΦhk

}
,

E7,leak
c,k =

βδσ2
e

τp(δ + 1)
{γk + ĉkfc,k,2(Φ)} fc,k,3(Φ),

E8,leak
c,k =

ĉkβσ
2
e

τp(δ + 1)
fc,k,5(Φ)fc,k,6(Φ).

(85)

Proof: See Appendix H. �
By comparing the rate Rc,k in Theorem 4 with the rate Rk

in Theorem 2, we can unveil the impact of spatial correlation
and EMI. The impact of spatial correlation on the achievable
rate is discussed in the following remark.

Remark 3 As briefly mentioned for the MSE in (75), the
presence of spatial correlation could enhance the capabilities
of an RIS to tailor a wireless channel. This is apparent by
the direct inspection of the rate in Theorem 4 as well. To be
specific, consider the term h

H

k ΦHRrisΦhk as an example. If
the spatial correlation is negligible, this term is fixed and equal
to N without any possibility to be adjusted by the RIS, since
the matrix Φ is a unitary matrix and ΦHΦ = IN . However,
the same term can be shaped by an RIS in the presence of
spatial correlation. For simplicity, let us assume the most
severe setup in terms of spatial correlation, i.e., Rris = 1N×N

so that h
H

k ΦHRrisΦhk =
∣∣∣hHk ΦH1N×1

∣∣∣2. Based on the

proof of Lemma 3, we have 0 ≤
∣∣∣hHk ΦH1N×1

∣∣∣2 ≤ N2, which
demonstrates the enhanced adjustment ability of an RIS to
shape the channel in the presence of spatial correlation.

Next, we discuss the impact of the EMI on the power scaling
laws. Due to the complex expressions in (83) and the fact that
the optimal design of the RIS phase shifts matrix Φ cannot
be obtained in a closed-form expression, general conclusions
cannot be drawn. However, some special cases are discussed
in the following corollary based on the proof by contradiction
method.
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Corollary 11 The power scaling laws summarized in Table II
are not guaranteed to hold in the presence of EMI.

Proof: We first give a counterexample for the power scaling
laws as a function of M . Specifically, we note that the desired
signal Esignal

c,k and the EMI term E1,emi
c,k in (83) scale as

O
(
M2
)
. If the power is scaled proportionally to p = 1/M ,

therefore, the SINR in (81) tends to zero when M →∞. Let
us now give a counterexample for the power scaling laws as
a function of N . Consider the case study in which only the
NLoS components of the channels are present, i.e., δ = 0,
and no spatial correlation is present, i.e., Rris = Remi = IN .
Accordingly, Υk simplifies as follows

Tr{Υk} =
M(Nĉk + γk)

Nĉk + γk + σ2

τp +
Nσ2

eβ
τp

. (86)

Then, we have Esignal
c,k =

(
Enoise
c,k

)2
where

Enoise
c,k =

M(Nĉk + γk)2

Nĉk + γk + σ2

τp +
Nσ2

eβ
τp

. (87)

If the power is scaled proportionally to p = 1/N when
N →∞, (87) implies that Esignal

c,k → (
τMĉ2k
σ2
eβ

)2, which implies

pEsignal
c,k = Esignal

c,k /N → 0. Therefore, the SINR would tend
to zero. This special case demonstrates that the power scaling
laws with respect to N are not guaranteed to hold in the
presence of EMI. �

A simple explanation for Corollary 11 is the following. If
the users’ transmit power p is scaled proportionally to 1/M or
1/N , as M or N increases, the intended signal power received
by the RIS becomes weaker and weaker while the power of
the EMI received by the RIS is unaffected. Thus, the EMI
becomes stronger and stronger as compared to the intended
signal. In other words, as M,N → ∞, the useful power
becomes extremely weak and the EMI power dominates the
received signal at the RIS.

Nevertheless, we note that the importance of the power
scaling laws does not lie in the performance limits in the
asymptotic regime for M,N → ∞. In practice, neither the
number of BS antennas nor the number of RIS elements can
be infinite. The analysis of the power scaling laws is insightful
to understand whether the transmit power of the users can
be reduced by increasing M or N while not significantly
sacrificing the rate. Therefore, we are usually interested in
the power scaling laws when M or N is large but finite.
The considered channel model can, in addition, be applied
in the far-field region of the BS and RIS, and hence it is
not possible to consider an infinite number of BS antennas
or RIS elements. Besides, the users share the same RIS-BS
channel in RIS-aided systems, which results in strong multi-
user interference when applying MRC, as noted in Remark 2.
Even though the EMI re-radiated by an RIS may be stronger
than the thermal noise, it may not necessarily be stronger than
the multi-user interference when M or N is not very large.
Specifically, some numerical examples about the impact of
the EMI on the achievable rate and power scaling laws are
reported in Section VII.

VI. DESIGN OF THE RIS PHASE SHIFTS

In this section, we optimize the phase shifts of the RIS
to maximize the achievable rate derived in Theorem 2 and
Theorem 4. Since the derived ergodic rate depends only
on statistical CSI, we need to update the phase shifts of
the RIS according to the time variations of the long-term
CSI. This results in less frequent updates of the RIS phase
shifts especially in the sub-6 GHz frequency range, which,
in turn, reduces the channel acquisition overhead and the
computational complexity.

A. Single-user Case

Before tackling the general optimization problem, we first
justify the statement made in Section IV-C that the optimal
phase shift matrix that maximizes the rate in the single-user
case fulfills the condition |fk(Φ)| = N . To this end, this
subsection aims to solve the phase shifts optimization problem
in the single-user case and in the absence of spatial correlation
and EMI.

In the single-user case, only the user k is present. We aim to
find the phase shifts matrix Φ that maximizes the lower bound
of the ergodic rate Rk in Theorem 2 by setting Iki (Φ) = 0.
Only the scenarios with N > 1, δ > 0 and εk > 0,∀k are
considered, since Φ can be set arbitrarily otherwise. It can be
observed that the phase shifts matrix Φ appears only in the
term |fk (Φ)|2. For clarity, we denote x = |fk (Φ)|2 as the
optimization variable. Then, the rate Rk in Theorem 2 can be
rewritten as given in (88), which depends on some constants
s1, s2, t1 and t2, as follows

Rk = τo log2 (1 + SNRk (x))

= τo log2

(
1 +

Esignal
k (x)

Eleak
k (x) + σ2

p E
noise
k (x)

)

= τo log2

(
1 +

(s1x+ s2)
2

t1x+ t2

)
. (88)

The expressions of s1, s2, t1 and t2 can be derived by direct
inspection of Theorem 2 and therefore are omitted for brevity.
Besides, it is not difficult to prove that s1, s2, t1, t2 > 0. From
Lemma 3, we know that the domain of the variable x is 0 ≤
x ≤ N2. Based on (88), therefore, the optimization problem
can be formulated as follows

max
x

SNRk (x) =
(s1x+ s2)

2

t1x+ t2
, (89a)

s.t. 0 ≤ x ≤ N2. (89b)

To solve the problem in (89), we compute the first-order
derivative of SNRk (x) with respect to x, as follows

∂SNRk (x)

∂x
=

(s1x+ s2) (s1t1x+ 2s1t2 − s2t1)

(t1x+ t2)
2 . (90)

The first-order derivative of SNRk (x) is positive or negative
depending on the numerator in (90), which is a quadratic
function of x, i.e., a parabola opening upward, with two roots.
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The two roots can be obtained by setting (90) equal to zero,
which yields

xL0 =
−s2
s1

, xR0 =
s2t1 − 2s1t2

s1t1
, (91)

where xL0 < 0 while xR0 can be positive.
We can design the optimal configuration of Φ by analyzing

the derivative ∂SNRk(x)
∂x in the domain of x, i.e., (89b), which

depends on xR0 . For example, if xR0 ≤ 0, for a parabola
opening upward, we obtain ∂SNRk(x)

∂x ≥ 0 in the domain
0 ≤ x ≤ N2. The complete optimal design criterion is
summarized in the following theorem.

Theorem 5 For RIS-aided single-user systems subject to im-
perfect CSI, the optimal phase shift matrix Φ obtained by
maximizing the UatF bound of the achievable rate can be
summarized as follows.
• It is optimal to set |fk (Φ)| = N if (1) xR0 ≤ 0; or (2)

0 < xR0 < N2 and SNRk (0) ≤ SNRk

(
N2
)
; or (3)

N →∞.
• It is optimal to set |fk (Φ)| = 0 if (4) 0 < xR0 < N2 and

SNRk (0) > SNRk

(
N2
)
; or (5) xR0 ≥ N2.

Proof: It follows by direct inspection of xR0 . If xR0 ≤ 0,
we obtain ∂SNRk(x)

∂x ≥ 0 in the domain 0 ≤ x ≤ N2. Thus,
the SNR is an increasing function of x in its domain, which
implies that the maximum SNR is reached at the endpoint x =
N2. Therefore, it is optimal to set |fk (Φ)| = N . If xR0 ≥ N2,
we obtain ∂SNRk(x)

∂x ≤ 0 in the domain of x. Thus, the SNR is
a decreasing function of x, which implies that the maximum
SNR is reached at the endpoint x = 0. Therefore, it is optimal
to set |fk (Φ)| = 0. If 0 < xR0 < N2, the SNR first decreases
for x < xR0 , and then increases for x > xR0 . Therefore, the
maximum SNR is obtained either at x = 0 or at x = N2. By
comparing SNRk (0) with SNRk

(
N2
)
, we can identify the

optimal design. Finally, we focus on a special case of N →
∞. In this context, we have SNRk (0) < SNRk

(
N2
)
, since

SNRk (0) is bounded while SNRk

(
N2
)
→ ∞. Therefore, it

is optimal to set |fk (Φ)| = N if N →∞. �
Finally, we note that the optimal design obtained for N →

∞ substantiates the analysis reported in Section IV-C for large
N .

B. Multi-user Case

In this subsection, we consider the design of the RIS phase
shifts in the general multi-user scenario with K > 1. In the
multi-user case, as mentioned in Remark 2, it is necessary
to guarantee some fairness requirements among the different
users. To this end, we aim to maximize the minimum rate
of the users. As a result, the optimization problem can be
formulated as follows

max
Φ

min
k∈K

Rk (Φ) or Rc,k (Φ) , (92a)

s.t.
∣∣∣[Φ]n,n

∣∣∣ = 1,∀n, (92b)

where Rk (Φ) is given by (39) in Theorem 2 and Rc,k (Φ)
is given by (80) in Theorem 4. Constraint (92b) is the unit
modulus constraint for the RIS phase shifts matrix.

For tractability, we introduce the vectors
θ = [θ1, θ2, . . . , θN ]T and c = [ejθ1 , ejθ2 , . . . , ejθN ]T

so that c = ejθ and Φ = diag (c). Then, the problem in (92)
can be solved effectively based on the gradient ascent method
with respect to the real variable θ. It is worth noting that
our proposed method is different from existing works which
adopted the projected gradient ascent method with respect to
complex variable c [46]. To be specific, after updating c, the
projected gradient ascent method needs a projection operation
to ensure that the updated variable cnew fulfills the unit
modulus constraint |cnew| = 1. By contrast, the proposed
gradient ascent method avoids the suboptimality caused by the
projection operation since the complex exponential functions
are periodic with θ and the unit modulus constraint holds for
every phase shifts vector θ. Besides, the performance of the
gradient ascent method highly depends on the step size, and
working with real variables makes the algorithm more robust
to the choice of this tuning parameter [73].

The gradient with respect to θ is given as follows. Since the
objective function in (92) includes the min function, which is
not differentiable, we first approximate the objective function
in (92) as

min
k
Rk(θ) ≈ − 1

µ
ln

{
K∑
k=1

exp {−µRk(θ)}

}
, f(θ), (93)

min
k
Rc,k(θ) ≈ − 1

µ
ln

{
K∑
k=1

exp
{
−µRc,k(θ)

}}
, fc(θ),

(94)

where µ is a constant value for controlling the accuracy of the
approximation. It can be proved that the approximation error
is smaller than lnK

µ based on the method in [74]. Thus, the
problem in (92) can be recast as

max
θ

f(θ) or fc(θ), (95a)

s.t. 0 ≤ θn < 2π,∀n. (95b)

As mentioned, the constraint (95b) can be neglected thanks
to the periodicity of the objective functions f(θ) and fc(θ)
with respect to θ. Therefore, there is no need to perform any
projection operation after updating variable θ. Then, we need
to calculate the gradient of f(θ) and fc(θ). Since these two
gradients can be calculated in a similar way, we only provide
the detailed process for ∂fc(θ)

∂θ . Based on the chain rule, we
have

∂fc(θ)

∂θ
=

τo
∑K
k=1

{
exp{−µRc,k(θ)}
1+SINRc,k(θ)

∂ SINRc,k(θ)
∂θ

}
(ln 2)

(∑K
k=1 exp

{
−µRc,k(θ)

}) , (96)

and ∂ SINRc,k(θ)
∂θ shown at the bottom of the next page.

Therefore, the gradient of fc(θ) can be obtained after

calculating
∂Esignal

c,k

∂θ ,
∂Eleak

c,k

∂θ , ∂Ic,ki∂θ ,
∂Eemi

c,k

∂θ , and
∂Enoise

c,k

∂θ in (97).
Based on Theorem 4, we note that Esignal

c,k , Ic,ki, Eleak
c,k , Eemi

c,k

and Enoise
c,k can be computed from the functions in (79). For

ease of description, we first provide two useful lemmas and
then use them to calculate the gradient of the terms in (79).
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Lemma 4 Given the deterministic matrices A and B, the
gradient of Tr

{
AΦBΦH

}
with respect to θ is given by

∂ Tr
{
AΦBΦH

}
∂θ

=jΦT
(
AT �B

)
c∗−jΦH

(
A�BT

)
c

,fd(A,B).
(98)

If A = AH ,B = BH , we further have

∂ Tr
{
AΦBΦH

}
∂θ

= 2 Im
{
ΦH

(
A�BT

)
c
}
. (99)

Proof: See Appendix I. �

Lemma 5 Define ψ1
k = ĉkh

H

k ΦHRrisΦhk + γk and Υk =
ψ1
kΥ

1
k. Then, given the deterministic matrix T, the gradient

of Tr {TΥk} with respect to θ is given by

∂ Tr {TΥk}
∂θ

= 2ĉk

{
Tr
{
TΥ1

k

}
− ψ1

k Tr
{

T
(
Υ1
k

)2}}
× Im

{
ΦH

(
Rris �

(
hkh

H

k

)T)
c

}
− 2σ2

eβ

τp(δ+1)
ψ1
k Tr

{
T
(
Υ1
k

)2}
Im
{
ΦH(Rris�Remi) c

}
− σ2

eβδ

τp(δ + 1)
ψ1
kfd

(
H
H

2 Υ1
kTΥ1

kH2,Remi

)
, zk(T)

(100)

Proof: The proof is similar to the proof of Lemma 4 after
applying the chain rule to the inverse matrix ∂

(
X−1

)
=

−X−1(∂X)X−1. �
With the aid of Lemma 4 and 5, we obtain the following

lemma.

Lemma 6 The gradients of the functions defined in (79) are
given by

f ′c,1(θ) =
∂fc,1(Φ)

∂θ
= 2 Im

{
ΦH (Rris �Remi) c

}
,

f ′c,k,2(θ)=
∂fc,k,2(Φ)

∂θ
=2 Im

{
ΦH

(
Rris�

(
hkh

H

k

)T)
c

}
,

f ′c,k,3(θ) =
∂fc,k,3(Φ)

∂θ
= zk

(
H2ΦRemiΦ

HH
H

2 Υk

)
+ 2 Im

{
ΦH

(
H
H

2 Υ2
kH2 �Remi

)
c
}

+ zk

(
ΥkH2ΦRemiΦ

HH
H

2

)
,

(101)

f ′c,k,4(θ) =
∂fc,k,4(Φ)

∂θ
= 2zk (Υk) ,

f ′c,k,5(θ) =
∂fc,k,5(Φ)

∂θ
= 2 Tr {Υk} zk (IM ) ,

f ′c,k,6(θ) =
∂fc,k,6(Φ)

∂θ

= 2 Im
{

ΦH
(
RrisΦhkh

H

k ΦHRris �Remi

)
c
}

+ 2 Im

{
ΦH

(
RrisΦRemiΦ

HRris �
(
hkh

H

k

)T)
c

}
,

(102)

f ′c,k,7(θ) =
∂fc,k,7(Φ)

∂θ

= 2 Im

{
ΦH

(
aNaHN �

(
hkh

H

k

)T)
c

}
,

f ′c,ki,8(θ) =
∂fc,ki,8(Φ)

∂θ
= zk

(
ΥkH2Φhih

H

i ΦHH
H

2

)
+ zk

(
H2Φhih

H

i ΦHH
H

2 Υk

)
+ 2 Im

{
ΦH

(
H
H

2 Υ2
kH2 �

(
hih

H

i

)T)
c

}
,

(103)

f ′c,ki,9(θ) =
∂fc,ki,9(Φ)

∂θ

= zk

(
H2ΦRemiΦ

HH
H

2 ΥH
k H2Φhih

H

i ΦHH
H

2

)
+2Im

{
ΦH
(
H
H

2 ΥH
k H2Φhih

H

i ΦHH
H

2 ΥkH2 �Remi

)
c
}

+ zk

(
H2Φhih

H

i ΦHH
H

2 ΥkH2ΦRemiΦ
HH

H

2

)
+2Im

{
ΦH
(
H
H

2 ΥkH2ΦRemiΦ
HH

H

2 ΥH
k H2�

(
hih

H

i

)T)
c
}
.

(104)

Proof: It follows by applying the chain rule to compute the
derivatives and using Lemma 4 and 5. Consider f ′c,ki,3(θ) as
an example. By applying the chain rule, we have

f ′c,k,3(θ) =
∂ Tr

{
ΥkΥkH2ΦRemiΦ

HH
H

2

}
∂θ

=
∂ Tr {TΥk}

∂θ

∣∣∣∣
T=ΥkH2ΦRemiΦHH

H
2

+
∂ Tr {TΥk}

∂θ

∣∣∣∣
T=H2ΦRemiΦHH

H
2 Υk

+
∂ Tr

{
AΦBΦH

}
∂θ

∣∣∣∣∣
A=H

H
2 Υ2

kH2,B=Remi

.

(105)

The proof follows by applying Lemma 4 and 5. The other
terms can be obtained similarly. �

∂ SINRc,k(θ)

∂θ

=
p
∂Esignal

c,k

∂θ

pEleak
c,k + p

∑K
i=1,i6=k Ic,ki + σ2

eE
emi
c,k + σ2Enoise

c,k

− pEsignal
c,k

p
∂Eleak

c,k

∂θ + p
∑K
i=1,i6=k

∂Ic,ki
∂θ + σ2

e
∂Eemi

c,k

∂θ + σ2 ∂E
noise
c,k

∂θ(
pEleak

c,k + p
∑K
i=1,i6=k Ic,ki + σ2

eE
emi
c,k + σ2Enoise

c,k

)2 . (97)
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Algorithm 1 Accelerated Gradient Ascent Algorithm

1: Initialize θ0 randomly, i = 0, a0 = 1, x−1 = θ0;
2: while 1 do
3: Calculate the gradient vector f ′c(θi) = ∂fc(θ)

∂θ

∣∣∣
θ=θi

;
4: Obtain the step size κi based on the backtracking line

search;
5: xi = θi + κif

′
c(θi);

6: ai+1 = (1 +
√

4a2i + 1)/2;
7: θi+1 = xi + (ai − 1) (xi − xi−1) /ai+1;
8: if fc(θi+1)− fc(θi) < 10−4 then
9: θ∗ = θi+1, break;

10: end if
11: i = i+ 1;
12: end while

Therefore, the gradient of ∂fc(θ)
∂θ in (96) follows from (97),

Lemmas 4, 5, 6 and by applying the chain rule. For example,
we have

∂Esignal
c,k

∂θ
=

∂

{(
Enoise
c,k

)2}
∂θ

= 2Enoise
c,k

∂Enoise
c,k

∂θ
, (106)

and

∂Enoise
c,k

∂θ
= Mĉkδf

′
c,k,7(θ) + {ĉkfc,k,2(Φ) + γk} zk (IM )

+ ĉk Tr {Υk}f ′c,k,2(θ).
(107)

All the other terms in ∂f(θ)
∂θ and ∂fc(θ)

∂θ can be obtained
similarly to (106). For brevity, the final analytical expressions
of ∂f(θ)

∂θ and ∂fc(θ)
∂θ are given in the extended version of the

present paper [75, Appendix K]. It is known that gradient-
based methods may have a slow convergence rate. To tackle
this issue, we apply Nesterov’s accelerated gradient method,
which effectively increases the convergence speed of the
gradient method [76]. For completeness, the algorithm for
optimizing fc(θ) is presented in Algorithm 1 where steps 6-7
correspond to Nesterov’s acceleration method.

VII. NUMERICAL RESULTS

In this section, we evaluate the performance of RIS-aided
massive MIMO systems and validate the impact of key system
parameters unveiled in the previous sections. We first consider
a typical RIS-aided scenario where an RIS is deployed in close
proximity to some cell-edge users. In this case, the direct links
are relatively weak, and therefore an RIS may improve the
end-to-end system performance. Accordingly, we assume that
K = 8 users are evenly distributed on a semicircle centered
at the RIS and of radius dUI = 20 m. The distance between
the RIS and the BS is dIB = 700 m. The distance between
the user k and the BS is obtained from the network topology,
i.e.,

(
dUB
k

)2
=
(
dIB − dUI cos

(
π
9 k
))2

+
(
dUI sin

(
π
9 k
))2

. The
path-loss exponent of the direct links is larger than the path-
loss exponent of the RIS-assisted links in order to charac-
terize the more severe signal attenuation due to the presence
of blocking objects on the ground. Specifically, we set the
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Fig. 2: MSE and NMSE of user 1 versus the number of RIS elements.

distance-dependent path-loss factors equal to αk = 10−3d−2UI ,
β = 10−3d−2.5IB and γk = 10−3

(
dUB
k

)−4
,∀k. The number of

symbols in each channel coherence time interval is τc = 196
[61], [62], and τ = K = 8 symbols are utilized for channel
estimation. The noise power is σ2 = −104 dBm (correspond-
ing to a noise spectral density equal to −174 dBm/Hz over
a bandwidth of 10 MHz). The other simulation parameters
(unless stated otherwise) are listed in Table IV.

A. Spatially independent Channels in the Absence of EMI

We first validate the obtained analytical results by assuming
that the channels are spatially independent and the EMI is
not present. This help us obtain initial but useful insights
on the performance offered by RIS-aided systems thanks to
the simpler analytical expressions of the rate and the explicit
analytical insights obtained in Section IV. Specifically, the
analytical results are obtained by using Theorem 2 and related
corollaries. The Monte Carlo simulations, which are referred
to as “Simulation” in the legends of the figures, are obtained
from (35) by averaging over 105 random channel realizations.
The phase shifts are obtained by solving Problem (95) with
respect to f(θ).

1) Quality of the LMMSE Channel Estimation: To begin
with, we investigate the MSE and NMSE of the proposed
channel estimation scheme. The MSE and NMSE of the
channel estimation algorithm of the k-th user are characterized
through the functions Tr {MSEk} and NMSEk, respectively.
Without loss of generality, Fig. 2 illustrates the MSE and
NMSE of user 1 versus the number of RIS elements N .
In general Rician channels, we observe that the MSE is an
increasing function of N while the NMSE is a decreasing
function of N , which is consistent with Corollaries 1, 2
and 3. This is because the number of communication paths
increases with N , but the pilot length τ does not increase
correspondingly, which increases the estimation error. How-
ever, the intensity of the channel gains increases with N ,
which, in turn, decreases the normalized errors. In purely LoS
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TABLE IV: Simulation parameters.

(ϕat , ϕ
e
t ) (4.17, 0.09) (φar , φ

e
r) (6.28, 4.21)(

ϕa1r, ϕ
e
1r

)
(5.20, 4.32)

(
ϕa2r, ϕ

e
2r

)
(0.41, 2.52)(

ϕa3r, ϕ
e
3r

)
(3.84, 1.78)

(
ϕa4r, ϕ

e
4r

)
(1.35, 4.15)(

ϕa5r, ϕ
e
5r

)
(5.08, 5.76)

(
ϕa6r, ϕ

e
6r

)
(4.75, 1.56)(

ϕa7r, ϕ
e
7r

)
(4.74, 5.36)

(
ϕa8r, ϕ

e
8r

)
(0.09, 1.40)

BS antennas M = 64 RIS elements N = 64

Transmit power p = 30 dBm Antenna spacing dbs = λ/2

Rician factors δ = 1, εk = 10, ∀k Approximation factor µ = 100
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Fig. 3: Comparison of the two-timescale design and instantaneous
CSI-based design.

RIS-assisted channels (δ = εk → ∞), the MSE and NMSE
are, on the other hand, independent of N . This is because
LoS channels are deterministic, and therefore do not introduce
additional estimation errors. Also, we see that the MSE tends
to an upper bound but the NMSE tends to zero when N →∞,
which validates Corollary 1 and 2. By increasing the length of
the pilot signals from 8 to 30, we see that the NMSE decreases.
However, the NMSE that is obtained for τ = 30 can also be
obtained for τ = 8 but by using a larger value for N . This
validates our remark that increasing the RIS elements can play
a similar role as increasing τ . Finally, we see that the NMSE
tends to a limit less than 1 when the transmit power is scaled
proportionally to p = 100/N , as N → ∞. This validates the
correctness of (26).

2) Single-user Case: Next, we evaluate the ergodic achiev-
able rate in the single-user scenario, where only user 1 is
present.

In Fig. 3, we compare the proposed two-timescale scheme
with the conventional instantaneous CSI-based scheme. For
brevity, the detailed implementation of the instantaneous CSI-
based scheme is presented in the companion extended version
of the present paper [75, Appendix J]. By assuming the same
rate loss factor (ideal but not achievable), it is seen that the
instantaneous CSI-based scheme outperforms the proposed
two-timescale scheme, especially when N is large. This is
because the LoS and NLoS channel components are both
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6

Fig. 4: Rate versus N in a single-user system. The transmit power
is scaled as p = Eu/N

2 or p = Eu/N , where Eu = 20 dB.

exploited in the instantaneous CSI-based RIS design. By
contrast, the fast-fading NLoS channel information is averaged
out in the proposed statistical CSI-based RIS design. When
considering the actual channel estimation overhead, however,
the proposed scheme outperforms the instantaneous CSI-based
scheme. This is because the instantaneous CSI-based scheme
requires a longer pilot length, which is proportional to N ,
even though it results in a higher SNR. When N is large,
the instantaneous CSI-based scheme needs a large number
of time slots to transmit the pilot sequence, and then only a
few symbols are left for data transmission. As a result of the
high estimation overhead, the instantaneous CSI-based scheme
incurs in a rate loss, which leads to a severe decrease of the
rate in the large N regime. Therefore, Fig. 3 validates the
effectiveness of the proposed two-timescale scheme.

In Fig. 4, we illustrate the power scaling law as a function
of N in a single-user scenario. In agreement with Corollary
9, the rate converges to a limit if we reduce the power propor-
tionally to 1/N2 in Rician fading channels. Also, the limit is
maximized in LoS-only RIS-assisted channels (δ = εk →∞).
In NLoS-only RIS-assisted channels (δ = εk = 0), scaling
the power proportionally to 1/N2 reduces the rate to zero. As
proved in Corollary 10, in NLoS-only RIS-assisted channels,
the power can only be scaled proportionally to 1/N for
maintaining a non-zero rate. These observations highlight that
LoS environments are preferable for the deployment of RIS-
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Fig. 5: Minimum user rate versus the Rician factor δ or εk,∀k.
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Fig. 6: Minimum user rate versus M .

aided single-user systems.
3) Multi-user Case: In Figs. 5-8, we evaluate the perfor-

mance of RIS-aided systems in the general multi-user scenario.
Fig. 5 shows the impact of the Rician factors. It can be

observed that the achievable rate is a decreasing function of
δ but an increasing function of εk,∀k. This is because the
rank of the LoS component H2 between the RIS and the BS
is 1, while the rank of the LoS component H1 between the
users and the RIS is not. When δ → ∞, the rank of the
RIS-BS channel tends to 1, which leads to a rank-1 cascaded
user-RIS-BS channel. As a result, the RIS-assisted channel
becomes rank-deficient, which cannot effectively sustain the
transmission of multiple users simultaneously. It is known that
the RIS should be deployed either near the BS or near the
users so that the product pathloss effect is mitigated [69]. In
addition, Fig. 5 provides some suggestions with respect to
the spatial diversity gain provided by the deployment of an
RIS. To increase εk, it is beneficial to install the RIS at a
certain height with respect to the ground, which results in
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Fig. 7: Minimum user rate versus M when δ = 0. The transmit
power is scaled as p = Eu/

√
M , where Eu = 10 dB.

increasing the strength of the LoS components of the RIS-
user channels. Besides, it is necessary to guarantee a high-rank
RIS-BS channel. This condition holds for small values of δ
under the considered Rician fading model. Since small values
of δ are typically obtained when the RIS is deployed far away
from the BS, it is still a good choice to place the RIS near
the users after taking into consideration the impact of spatial
diversity. On the contrary, if the RIS is deployed near the
BS, δ could be large and the BS-RIS channel could be rank-
deficiency under the considered Rician fading model. In this
case, possible options for increasing the rank of the channel
may be the deployment of artificial scatterers between the BS
and the RIS or placing the RIS very close to the BS so that
the spherical wave model is valid [46].

In Fig. 6, we evaluate the rate as a function of the number
of BS antennas. The figure illustrates the impact of deploying
an RIS in conventional massive MIMO systems. It is observed
that the deployment of an RIS effectively improves the rate,
and the improvement increases with the number of RIS
elements. It is worth nothing that this performance gain is
obtained by using a simple MRC receiver at the BS, and that
the LMMSE channel estimator requires the same amount of
overhead as conventional massive MIMO systems. With the
help of an RIS, we can achieve the same rate as conventional
massive MIMO systems, but with a much smaller number of
BS antennas. In particular, the rate obtained by a 200-antenna
BS in conventional massive MIMO systems can be obtained
by a 100-antenna BS in RIS-aided massive MIMO systems
with N = 64 RIS elements. The number of BS antennas
can be further decreased to M = 64 if the number of RIS
elements is increased to N = 400. Since the cost and energy
consumption of one RIS element is much lower than that of
one BS antenna, we conclude that the integration of RISs in
conventional massive MIMO systems is a promising and cost-
effective solution for future wireless communication systems.

In Fig. 7 and Fig. 8, finally, we investigate the power scaling
law over a purely NLoS RIS-BS channel (δ = 0) and a purely
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Fig. 8: Minimum user rate versus N when δ = 0 or εk = 0. The
transmit power is scaled as p = Eu/N , where Eu = 10 dB.

NLoS user-RIS channels (εk = 0,∀k). In Fig. 7, the transmit
power is scaled proportionally to 1/

√
M for the NLoS RIS-BS

channel (δ = 0). In agreement with Corollary 6, if δ = 0, the
rate can be maintained to a non-zero value when the power is
scaled proportionally to 1/

√
M as M → ∞. Compared with

conventional massive MIMO systems, the deployment of an
RIS effectively improves the asymptotic limit when M →∞,
and the rate gain could be further improved by increasing N .

In Fig. 8, the transmit power is scaled proportionally to
1/N over a purely NLoS RIS-BS channel (δ = 0) or purely
NLoS user-RIS channels (εk = 0,∀k). For N → ∞, the
rate maintains a non-zero value, which is consistent with
Corollaries 7 and 8. Besides, in agreement with Corollary
7, the asymptotic limit for δ = 0 when N → ∞ can
be significantly improved by increasing the number of BS
antennas from M = 64 to M = 400. This is because the
RIS-BS channel has a high rank if δ = 0, which decreases the
spatial correlation among the users and mitigates the multi-
user interference. Furthermore, in agreement with Corollary
8, the asymptotic limit for εk = 0,∀k when N → ∞ only
marginally increases when increasing M from 64 to 400.
This observation confirms once again that guaranteeing a high
spatial diversity between the RIS and the BS could offer a
good rate in RIS-aided massive MIMO systems.

B. Spatially correlated Channels in the Presence of EMI
The results illustrated in Figs. 2-8 showcase the gain of

RIS over spatially independent channels and in the absence of
EMI. In this section, some numerical examples are presented
to explore the impact of spatial correlation and EMI and study
under what conditions the spatial correlation and the EMI can
be ignored as a function of the inter-distance between the
RIS elements and the strength of the EMI. Specifically, the
strength of EMI with respect to the thermal noise at the BS
is characterized by the following ratio [58]

ρ =
σ2
e

σ2
. (108)
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Fig. 9: Achievable rate versus N for different values of the RIS
element spacing dris.
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Fig. 10: Impact of the EMI.

Fig. 9 illustrates the impact of channel spatial correlation,
which is due to the sub-wavelength spacing between the RIS
elements, on the achievable rate. In this context, the objective
function of the optimization problem (92) is Rc,k (Φ) where
the impact of spatial correlation is taken into account in the
design of the RIS phase shifts. First, as expected, we see that
the impact of spatial correlation can be safely ignored when
the inter-distance between the RIS elements is half of the
wavelength (dris = λ/2) and the EMI is light (ρ = 30 dB).
This confirms that the analytical insights drawn in Section
IV over spatially independent channels and in the absence
of EMI are meaningful to understand the fundamental per-
formance limits of RIS-aided systems in practically relevant
scenarios. As the spacing between the RIS elements decreases
(dris = λ/4, λ/8), however, the spatial correlation cannot
be ignored and it has a non-negligible impact on the rate.
Specifically, we identify two operating regions: (i) small values
of RIS elements N and (ii) large values of RIS elements N .
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Fig. 11: Achievable rate when the power is scaled proportionally to
p = 10/N .

For small values of N , the rate decreases as the inter-distance
decreases. This is attributed to the decrease of the channel
rank. For large values of N , the channel rank still decreases
but we can leverage the large number of RIS elements and the
greater ability of an RIS to customize the wireless channels in
the presence of channel correlation, as discussed in Theorem 3
and Remark 3. For large values of N , the beamforming gains
provided by optimizing RIS outweigh the negative impact of
spatial correlation, which in turn results in a better achievable
rate.

The impact of EMI is studied in Fig. 10. When the power
of the EMI is sufficiently small with respect to the noise
(ρ < 60 dB), the impact of the EMI on the achievable
rate is negligible. This is attributed to the strong multi-user
interference when using MRC. As a result, when the EMI is
mild, its impact is negligible as compared with the multi-user
interference. As ρ increases, the EMI becomes more severe,
and it eventually becomes the dominant contribution. For large
values of the EMI, RIS-aided systems may even perform worse
than conventional massive MIMO systems.

Fig. 11 illustrates the power scaling laws as a function of
the channel spatial correlation and EMI. Specifically, Fig. 11
shows the achievable rate when the power is scaled as p =
10/N . The figures validate Corollary 11: if the EMI is mild,
the power scaling law as a function of the transmit power is
confirmed. On the other hand, it does not hold anymore in the
presence of strong EMI. As a function of the inter-distance
dris, Fig. 11 is in agreement with Fig. 9.

In Fig. 12, we study the convergence behavior of the
proposed accelerated gradient method compared with its non-
accelerated counterpart. By applying the proposed acceleration
method, it can be observed that the speed of convergence is
effectively improved. In the presence of spatially independent
channels, the algorithm converges very quickly due to the
simple expression of the achievable rate. By contrast, when
considering spatial correlation of dris = λ/4, the expression of
the rate becomes more complex and the optimization variable
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Fig. 12: Convergence behavior for spatially independent and spatially
correlated cases, M = N = 64.
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Fig. 13: Performance comparison between different optimization
algorithms.

Φ appears more frequently, as discussed in Remark 3. As
a result, the number of iterations needed for convergence
increases. Nevertheless, it can be observed that the accelerated
gradient algorithm converges within 100 iterations even though
the number of optimization variables is 64.

Fig. 13 compares the performance of the proposed method
with two benchmark algorithms, i.e., the genetic algorithm
(GA) [49] and the gradient ascent method formulated in terms
of the complex variables c = ejθ [46]. In the absence of spatial
correlation, it can be observed that the three algorithms provide
almost the same performance. This is because the objective
function possesses a simple and tractable form. Nevertheless,
the proposed algorithm performs slightly better than the gradi-
ent ascent method applied to complex-valued variables. This is
because the proposed method treats the angles as optimization
variables and therefore avoids the performance loss due to the
projection operation. In the presence of spatial correlation, the
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Fig. 14: CDF of the minimal user rate for RIS-aided and RIS-free
systems, dris = λ/4, ρ = 30 dB, p = 20 dBm.

objective function of the optimization problem becomes more
complex. In this case, it can be seen that the proposed method
outperforms the other two methods especially when N is large.

C. Randomly Distributed Users in a Large Area

The numerical results illustrated in the previous figures are
obtained by assuming that the RIS is deployed near the cell-
edge users. In this subsection we examine the case study
in which the users are distributed over a large area and the
transmit power may not be very high due to the deployment of
many BS antennas. We set the transmit power equal to p = 20
dBm and assume that the users are randomly distributed
in a 100 m × 100 m area identified by the coordinates
(200 m, 0) to (300 m, 100) [54]. The BS and the RIS are
deployed in (0, 0) and (200 m, 0), respectively. Also, we
assume dris = λ/4 and ρ = 30 dB for the spacing between
the RIS elements and the EMI, respectively.

In Fig. 14, we illustrate the average rate of RIS-aided
systems as a function of 500 random locations of the users and
compare it against the rate provided by conventional massive
MIMO systems. We observe that the deployment of an RIS
still provides some performance gains, but these are reduced
as compared to the optimized deployment of the RIS near the
cell-edge users. As expected, in addition, the achievable rate
is low if the RIS phase shifts matrix is not optimized with the
gradient ascent algorithm, but the phase shifts are randomly
set.

VIII. CONCLUSION

This paper investigated the two-timescale design for RIS-
aided massive MIMO systems by taking into account the
impact of channel estimation errors. We first considered a
spatially independent channel model in the absence of EMI,
and we then extended the study to a spatially correlated
channel model in the presence of EMI. In both cases, we
obtained the LMMSE channel estimator for the user-BS ag-
gregated channels, employed the MRC detector, derived the

UatF bound of the achievable rate, and optimized the phase
shifts of the RIS based on a gradient ascent method. To gain
a better understanding of the performance offered by RIS-
aided systems, we unveiled fundamental scaling laws over
spatially independent channel models. We demonstrated that
the transmit power can be reduced proportionally to 1/M ,
while maintaining a non-zero rate, as M →∞, over RIS-BS
Rician channels. If the RIS-BS channel is Rayleigh distributed,
on the other hand, a non-zero rate can be maintained when
the power is reduced proportionally to 1/

√
M as M →∞ or

proportionally to 1/N as N → ∞. Over spatially correlated
channels and in the presence of EMI, we demonstrated that the
presence of spatial correlation is beneficial in terms of shaping
the wireless channels. We also found that it is beneficial to
place the RIS close to the cell-edge users to compensate for
the product path-loss law in the far-field region. Finally, we
proved that the scaling laws in the absence of EMI may not
be preserved in the presence of EMI, especially if the EMI is
strong enough.6

APPENDIX A
SOME USEFUL RESULTS

Lemma 7 Consider a matrix X ∈ Cm×n, m,n ≥ 1, whose
entries are i.i.d. random variables with zero mean and vx
variance. Consider a deterministic matrix W ∈ Cn×n. Then,
we have

E
{
XWXH

}
= vx Tr{W}Im. (109)

Proof: See [75]. �

Lemma 8 Consider the deterministic matrices W ∈ CN×N
and vectors w1,w2 ∈ CN×1, and w3,w4 ∈ CM×1. Then, we
have

E
{

H̃2WH̃2

}
= E

{
Re
{

H̃2WH̃2

}}
= 0, (110)

E
{

h̃Hk w1h̃
H
k w2

}
= E

{
Re
{

h̃Hk w1h̃
H
k w2

}}
= 0, (111)

E
{

wH
3 d̃kw

H
4 d̃k

}
= E

{
Re
{

wH
3 d̃kw

H
4 d̃k

}}
= 0. (112)

Proof: See [75]. �

Lemma 9 For deterministic matrices C ∈ CM×M and W ∈
CN×N , if C = CH , we obtain

E
{

H̃H
2 CH̃2WH̃H

2 CH̃2

}
= Tr{W}Tr

{
C2
}

IN + |Tr{C}|2W, (113)

E
{

H̃H
c,2CH̃c,2WH̃H

c,2CH̃c,2

}
= Tr {RrisW}Tr

{
C2
}

Rris + |Tr{C}|2RrisWRris.
(114)

6For brevity, the appendices provide a sketch of the proofs of the main
results of the present paper. The interested readers may find the detailed proof
in the companion extended version of the present paper [75].
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Proof: Define H̃2 = [J1, . . . ,JN ], where Jn ∈ CM×1, 1 ≤
n ≤ N , are independent of each other, and Jn ∼ CN (0, IM ).
Denoting [W]m,n = wmn, then we have[

H̃H
2 CH̃2WH̃H

2 CH̃2

]
i,j

=

N∑
h=1

N∑
m=1

JHi CJmwmhJ
H
h CJj .

(115)

Note that E
{∣∣JHi CJi

∣∣2} = |Tr(C)|2+Tr
(
C2
)

[77, (35)].
The expectation of the i-th diagonal term can be calculated as

E
{[

H̃H
2 CH̃2WH̃H

2 CH̃2

]
i,i

}
= E

{
JHi CJiwiiJ

H
i CJi

}
+ E


N∑

m=1,m 6=i

JHi CJmwmmJHmCJi


= wiiE

{∣∣JHi CJi
∣∣2}

+ E


N∑

m=1,m 6=i

wmmJHi CE
{
JmJHm

}
CJi


= wii|Tr(C)|2 + Tr{W}Tr

{
C2
}
.

(116)

The expectation of the (i, j)-th non-diagonal term is given
by

E
{[

H̃H
2 CH̃2WH̃H

2 CH̃2

]
i,j

}
= E

{
JHi CJiwijJ

H
j CJj

}
= wijE

{
JHi CJi

}
E
{
JHj CJj

}
= wij |Tr{C}|2.

(117)

Combining (116) and (117) completes the proof of (113).
Then, we prove (114) by using H̃c,2 = H̃2R

1/2
ris . �

Applying Lemma 9, we obtain some useful results summa-
rized in the following Lemma.

Lemma 10 For a deterministic matrix W ∈ CN×N , we have

E
{

H̃H
2 AkH̃2WH̃H

2 AkH̃2

}
=e2k1M

2W+ek3M Tr{W}IN ,
(118)

E
{

H̃H
2 H̃2WH̃H

2 H̃2

}
= M2W +M Tr{W}IN , (119)

E
{
H̃H

2 aMaHMH̃2WH̃H
2 aMaHMH̃2

}
=M2W+M2Tr{W}IN .

(120)

where Ak is defined in (18), and ek1 and ek3 are defined
in Lemma 2. For a deterministic matrix C ∈ CM×M and a
random vector u ∼ CN (0, IM ), we have

E
{
uuHCuuH

}
= C + Tr{C}IM , (121)

E
{
‖u‖4

}
= Tr

{
E
{
uuHuuH

}}
= M2 +M. (122)

APPENDIX B
Recalling the definition of qk in (10), where H̃2, h̃k, d̃k,

and N are independent of each other and composed of zero-
mean entries, we have

E
{
ykp
}

= E {qk}+
1
√
τp
E {N} sk = E {qk}

=
√
ckδεk H2Φhk. (123)

The covariance matrix between the unknown channel qk
and the observation vector ykp can be written as

Cov
{
qk,y

k
p

}
= E

{
(qk − E {qk})

(
qk + 1√

τpNsk − E {qk}
)H}

= Cov {qk,qk} ,
(124)

and

Cov
{
ykp ,qk

}
=
(
Cov

{
qk,y

k
p

})H
= (Cov {qk,qk})H = Cov {qk,qk} .

(125)

Invoking the definition of qk, we obtain

Cov {qk,qk} = E
{

(qk − E {qk}) (qk − E {qk})H
}

= E
{
ckδH2Φh̃kh̃

H
k ΦHH

H

2 + ckεkH̃2Φhkh
H

k ΦHH̃H
2

+ckH̃2Φh̃kh̃
H
k ΦHH̃H

2 + γkd̃kd̃
H
k

}
(b)
=NckδaMaHM + (Nck (εk + 1) + γk) IM ,

(126)

where (b) exploits Lemma 7 and the mutual independence of
H̃2 and h̃k.

Similarly, we have

Cov
{
ykp ,y

k
p

}
= E

{
(qk − E {qk}) (qk − E {qk})H

}
+

1

τp
E
{
Nsks

H
k NH

}
= Cov {qk,qk}+

σ2

τp
IM .

(127)

Finally, by introducing the auxiliary variables ak1 = Nckδ
and ak2 = Nck (εk + 1) + γk, the proof is completed.

APPENDIX C

The LMMSE estimate of the channel qk based on the
observation vector ykp can be written as [72, Chapter 12.5]

q̂k = E {qk}
+ Cov

{
qk,y

k
p

}
Cov−1

{
ykp ,y

k
p

} (
ykp − E

{
ykp
})
,

(128)

where the mean and covariance matrices are given in Lemma
1.

Let us compute Cov−1
{
ykp ,y

k
p

}
. Using the Woodbury

matrix identity [72, Page 571], we have

Cov−1
{
ykp ,y

k
p

}
=

(
ak2 +

σ2

τp

)−1
IM

−
ak1

(
ak2 + σ2

τp

)−2
1 +Mak1

(
ak2 + σ2

τp

)−1 aMaHM .

(129)
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As a result, we have

Cov
{
qk,y

k
p

}
Cov−1

{
ykp ,y

k
p

}
=

ak1
σ2

τp(
ak2 + σ2

τp

){(
ak2 + σ2

τp

)
+Mak1

}aMaHM

+
ak2

ak2 + σ2

τp

IM

, ak3aMaHM + ak4IM , Ak = AH
k .

(130)

Since we have E {qk} = E
{
ykp
}

=
√
ckδεk H2Φhk, the

LMMSE channel estimate in (128) is calculated as

q̂k =
√
ckδεk H2Φhk + Ak

(
ykp −

√
ckδεk H2Φhk

)
= Aky

k
p + (IM −Ak)

√
ckδεk H2Φhk , Aky

k
p + Bk.

(131)

Additionally, we can expand the above linear expression and
rewrite it as

q̂k = Ak

(
qk +

1
√
τp

Nsk

)
+ Bk

= q1
k +

∑4

ω=2
Akq

ω
k +
√
γkAkd̃k +

1
√
τp

AkNsk.

(132)

Then, by exploiting the property AkH2 =(
ak3aMaHM + ak4IM

)
aMaHN = (Mak3 + ak4) H2, we

arrive at (17).
Based on the estimate q̂k, we can obtain the estimation error

ek = qk − q̂k. By direct inspection, the mean of ek is zero.
Exploiting [72, Eq. (12.21)], Lemma 1 and (130), the MSE
matrix of the estimation error is calculated as

MSEk = E
{
eke

H
k

}
= Cov {qk,qk}

−Cov
{
qk,y

k
p

}
Cov−1

{
ykp ,y

k
p

}
Cov

{
ykp ,qk

}
= Cov {qk,qk} −Ak Cov {qk,qk}
= (IM −Ak) Cov {qk,qk}
= (ak1 (1− ak4)−Mak1ak3 − ak2ak3) aMaHM
+ak2 (1− ak4) IM

, ak5aMaHM + ak6IM ,
(133)

where ak5 =
ak1

(
σ2

τp

)2(
ak2+

σ2

τp

)(
ak2+

σ2

τp+Mak1

) , and ak6 =
ak2

σ2

τp

ak2+
σ2

τp

.

Based on the MSE matrix, the NMSE of the estimation error
is expressed as [53, Eq. (3.20)]

NMSEk =
Tr {MSEk}

Tr {Cov {qk,qk}}

=

σ2

τp

(
Mak1ak2 + a2k2 + (ak1 + ak2) σ

2

τp

)
(
ak2 + σ2

τp

)(
ak2 + σ2

τp +Mak1

)
(ak1 + ak2)

.

(134)

Hence, the proof is completed.

APPENDIX D

Recalling that Ak = ak3aMaHM+ak4IM , and H2 = aMaHN ,
we obtain

Tr {Ak} = M (ak3 + ak4) ,Mek1,

AkH2 = ak3aMaHMaMaHN + ak4IMaMaHN

= (Mak3 + ak4) H2 , ek2H2,

Tr {AkAk} =Tr
{
Ma2k3aMaHM + 2ak3ak4aMaHM + a2k4IM

}
= M

(
Ma2k3 + 2ak3ak4 + a2k4

)
,Mek3.

(135)

By direct inspection of ek1, ek2, ek3, we evince that they
are composed of non-negative terms. Therefore, we have
ek1, ek2, ek3 ≥ 0. Then, we aim to prove ek1, ek2, ek3 ≤ 1.
We first focus on the parameter ek2. Using the expressions of
ak3 and ak4 in (20) and (21), we can expand ek2 as

ek2 = Mak3 + ak4

=
ak2

(
ak2 + σ2

τp +Mak1

)
+Mak1

σ2

τp

ak2

(
ak2 + σ2

τp +Mak1

)
+Mak1

σ2

τp + σ2

τp

(
ak2 + σ2

τp

) .
(136)

It is clear that the numerator in (136) is smaller than the
denominator. Therefore, we proved that ek2 ≤ 1. Then, we
can directly obtain ek1 ≤ ek2 ≤ 1 and ek3 ≤ e2k2 ≤ ek2 ≤ 1.
Finally, when τp → ∞ or N → ∞, we have ak3 → 0 and
ak4 → 1, which implies that ek1 = ek2 = ek3 → 1. When
τp → 0, we have ak3, ak4 → 0, which gives ek1 = ek2 =
ek3 → 0. This completes the proof.

APPENDIX E

A. Signal Term and Noise Term

According to the orthogonality property of the LMMSE esti-
mator, we have E

{
ek
(
ykp
)H}

= 0. Besides, since ek has zero

mean, we obtain E
{
q̂Hk ek

}
= E

{(
Aky

k
p + Bk

)H
ek

}
= 0.

Therefore, we have

E
{
q̂Hk qk

}
= E

{
q̂Hk q̂k

}
+ E

{
q̂Hk ek

}
= E

{
‖q̂k‖2

}
.

(137)

Denote the intended signal in (35) as
∣∣E{q̂Hk qk

}∣∣2 ,
Esignal
k (Φ), and the noise in (35) as E

{
‖q̂k‖2

}
,

Enoise
k (Φ). Clearly, E

{
‖q̂k‖2

}
is a real variable. Then, from

(137), we obtain

Esignal
k (Φ) =

∣∣E{q̂Hk qk
}∣∣2

=
(
E
{
‖q̂k‖2

})2
=
(
Enoise
k (Φ)

)2
.

(138)

Let us now derive Enoise
k (Φ). Recall the expressions in (10)

and (17). Since H̃2, h̃k, d̃k and N are independent of each
other and they all have zero mean, we can derive the term
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E
{
q̂Hk qk

}
by selecting the non-zero terms in the expansion

as

Enoise
k (Φ) = E

{
‖q̂k‖2

}
= E

{
q̂Hk qk

}
=
∑4
ω=1 E

{
(q̂ωk )

H
qωk

}
+ γkE

{
d̃Hk AH

k d̃k

}
=ckδεkh

H

k ΦHH
H

2 H2Φhk+ek2ckδE
{
h̃Hk ΦHH

H

2 H2Φh̃k

}
+ckεkh

H

k ΦHE
{

H̃H
2 AH

k H̃2

}
Φhk

+ckE
{

h̃Hk ΦHE
{

H̃H
2 AH

k H̃2

}
Φh̃k

}
+ γkTr

{
AH
k

}
(c)
=M

{
|fk(Φ)|2 ckδεk+Nckδek2+(Nck (εk+1)+γk) ek1

}
,

(139)

where (c) applies Lemma 7 and exploits the identities
Tr{Ak} = Mek1, ΦHΦ = IN , and Tr

{
H
H

2 H2

}
=

MN . Substituting (139) into (138), we complete the
calculation of Esignal

k (Φ) and Enoise
k (Φ). Besides, by

using a procedure similar to that used for obtaining
(139), we obtain E

{
qHk qk

}
, E
{

q̂H
k

q̂
k

}
, E
{

qH
k

AkA
H
k q

k

}
,

E
{

qH
i

AkA
H
k q

i

}
, and E

{
q̂H
k

q
k

}
. The details are omitted

for brevity.

B. Interference Term

In this subsection, we derive the interference term in (35).
The interference term is denoted by E

{∣∣q̂Hk qi
∣∣2} , Iki (Φ).

First, it is worth noting that the derivation of the interference
term in the presence of imperfect CSI and double-Rician
channels in RIS-aided massive MIMO systems has two main
differences compared to conventional massive MIMO systems.
Firstly, the channel qk and qi are not independent, since
different users experience the same RIS-BS channel. This
can be readily validated by examining that E

{
qHk qi

}
6=

E
{
qHk
}
E {qi}. Secondly, the LMMSE error ek is uncorre-

lated with but dependent on the estimate q̂k, since the cascaded
channel is not Gaussian distributed. To tackle these two
challenges, we derive the interference term by decomposing it
as

Iki (Φ) = E
{∣∣q̂Hk qi

∣∣2}
= E


∣∣∣∣∣
(

q̂
k

+ Akdk +
1
√
τp

AkNsk

)H (
q
i
+ di

)∣∣∣∣∣
2


= E
{∣∣∣q̂H

k
q
i
+ q̂H

k
di + dHk AH

k q
i
+ dHk AH

k di

+
1
√
τp

sHk NHAH
k q

i
+

1
√
τp

sHk NHAH
k di

∣∣∣2}
= E

{∣∣∣q̂H
k

q
i

∣∣∣2}+ E
{∣∣∣q̂H

k
di

∣∣∣2}+ E
{∣∣∣dHk AH

k q
i

∣∣∣2}
+ E

{∣∣dHk AH
k di

∣∣2}+
1

τp
E
{∣∣∣sHk NHAH

k q
i

∣∣∣2}
+

1

τp
E
{∣∣sHk NHAH

k di
∣∣2} . (140)

The derivation of the interference term follows by calculat-
ing the six expectations in (140) one by one. Based on the
independence between the noise and the channels, it is not

difficult to complete the derivation of the 2nd - 6th expectation
terms. The details are presented in [75]. To derive the first term

E
{∣∣∣q̂H

k
q
i

∣∣∣2}, we first expand it as

E
{∣∣∣q̂H

k
q
i

∣∣∣2} = E
{∣∣∣∑4

ω=1

∑4
ψ=1 (q̂ωk )

H
qψi

∣∣∣2}
=
∑4
ω=1

∑4
ψ=1 E

{∣∣∣(q̂ωk )
H

qψi

∣∣∣2}
+
∑4

ω1,ψ1,ω2,ψ2,
(ω1,ψ1)6=(ω2,ψ2)

E
{((

q̂ω1k
)H

qψ1i

)((
q̂ω2k

)H
qψ2i

)H}
,

(141)

where q1
k - q4

k are defined in (10), and q̂1
k - q̂4

k are defined in
(17).

Equation (141) can be derived by calculating the expec-
tations of the 16 modulus-square terms and the expectations
of the other cross-terms. The derivations utilize Lemma 7,
Lemma 10, the independence between H̃2, h̃k, and h̃i,
and some algebraic manipulations. The derivation is lengthy.
Therefore, we provide the details only for some terms, as
an example. Firstly, we need to derive the 16 modulus-

square terms in (141), i.e., E
{∣∣∣(q̂ωk )

H
qψi

∣∣∣2}, 1 ≤ ω ≤ 4,

1 ≤ ψ ≤ 4. When ω = 2 and ψ = 4, based on the
independence and using Lemma 7, we have

E
{∣∣∣ek2√ckδ√ci h̃Hk ΦHH

H

2 H̃2Φh̃i

∣∣∣2}
=e2k2ckciδE

{
h̃Hk ΦHH

H

2 E
{
H̃2ΦE

{
h̃ih̃

H
i

}
ΦHH̃H

2

}
H2Φh̃k

}
= e2k2ckciδE

{
h̃Hk ΦHH

H

2 E
{

H̃2H̃
H
2

}
H2Φh̃k

}
= e2k2ckciδN Tr

{
H
H

2 H2

}
= e2k2ckciδMN2.

(142)

When ω = 3 and ψ = 3, using Lemma 10, we have

E
{∣∣∣√ckεk√ciεi hHk ΦHH̃H

2 AH
k H̃2Φhi

∣∣∣2}
= ckciεkεi

×h
H

k ΦHE
{

H̃H
2 AH

k H̃2Φhih
H

i ΦHH̃H
2 AkH̃2

}
Φhk

= ckciεkεih
H

k ΦH

×
(
e2k1M

2Φhih
H

i ΦH + ek3M Tr
{

Φhih
H

i ΦH
}

IN

)
Φhk

= ckciεkεi

(
e2k1M

2h
H

k hih
H

i hk+ek3M Tr
{

hih
H

i

}
h
H

k hk

)
= ckciεkεi

(
e2k1M

2
∣∣∣hHk hi

∣∣∣2 + ek3MN2

)
.

(143)
For the remaining cross-terms in (141), even though they

are 16 × 15 in total, only a few terms are non-zero. The
non-zero terms can be identified by exploiting Lemma 8, the
independence, and the zero-mean of H̃2, h̃k and h̃i. Then,
based on methods similar to (142) and (143), we can complete
the derivation. The details can be found in [75].

C. Signal Leakage
In this subsection, we derive the signal leakage term in (35)

as

Eleak
k (Φ) = E

{∣∣q̂Hk qk
∣∣2}− ∣∣E{q̂Hk qk

}∣∣2 , (144)
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where E
{
q̂Hk qk

}
is given in (139). Therefore, we only need to

derive the expectation E
{∣∣q̂Hk qk

∣∣2}. By exploiting the zero-
mean properties of dk and N, and exploiting the independence
between the cascaded channel, the direct channel, and the
noise, we can expand this term and remove the terms with
zero expectation as

E
{∣∣q̂Hk qk

∣∣2}
= E

{∣∣∣(q̂H
k

+ dHk AH
k + 1√

τpsHk NHAH
k

)(
q
k

+ dk

)∣∣∣2}
= E

{∣∣∣q̂H
k

q
k

+ q̂H
k

dk + dHk AH
k q

k
+ dHk AH

k dk

+ 1√
τpsHk NHAH

k q
k

+ 1√
τpsHk NHAH

k dk

∣∣∣2}
(d)
=E

{∣∣∣q̂H
k

q
k

∣∣∣2}+ E
{∣∣∣q̂H

k
dk

∣∣∣2}+ E
{∣∣∣dHk AH

k q
k

∣∣∣2}
+E

{∣∣dHk AH
k dk

∣∣2}+ E
{∣∣∣ 1√

τpsHk NHAH
k q

k

∣∣∣2}
+E

{∣∣∣ 1√
τpsHk NHAH

k dk

∣∣∣2}
+2 Re

{
E
{

q̂H
k

q
k

(
dHk AH

k dk
)H}}

,

(145)

where in (d) the cross-term E
{

q̂H
k

dk

(
dHk AH

k q
k

)H}
is zero

due to Lemma 8, and the cross-term E
{

q̂H
k

dk
(
dHk AH

k dk
)H}

is zero because the odd-order central moments of a zero-mean
Gaussian variable are zero [78, Eq. (12)].

The derivation of the signal leakage follows by calculating
seven expectations in (145). The derivations of the 2nd - 7th
terms are not difficult and the details are omitted for brevity.
On the other hand, the first term is expanded as

E
{∣∣∣q̂H

k
q
k

∣∣∣2} = E
{∣∣∣∑4

ω=1

∑4
ψ=1 (q̂ωk )

H
qψk

∣∣∣2}
=
∑4
ω=1

∑4
ψ=1 E

{∣∣∣(q̂ωk )
H

qψk

∣∣∣2}
+
∑4

ω1,ψ1,ω2,ψ2
(ω1,ψ1) 6=(ω2,ψ2)

E
{((

q̂ω1k
)H

qψ1k

)((
q̂ω2k

)H
qψ2k

)H}
.

(146)

To derive (146), we need to calculate the 16 modulus-square

terms E
{∣∣∣(q̂ωk )

H
qψk

∣∣∣2}, 1 ≤ ω ≤ 4, 1 ≤ ψ ≤ 4, and

the remaining cross-terms. Similar to the derivation of the
interference term, we only provide some examples. The details
are presented in [75]. When ω = 2 and ψ = 4, using (121),

we arrive at

E
{∣∣∣ek2√ckδ√ck h̃Hk ΦHH

H

2 H̃2Φh̃k

∣∣∣2}
= c2kδe

2
k2E

{
h̃Hk ΦHH

H

2 H̃2Φh̃kh̃
H
k ΦHH̃H

2 H2Φh̃k

}
(e)
=c2kδe

2
k2

×Eh̃k

{
h̃Hk ΦHH

H

2 EH̃2

{
H̃2Φh̃kh̃

H
k ΦHH̃H

2

}
H2Φh̃k | h̃k

}
= c2kδe

2
k2Eh̃k

{
h̃Hk ΦHH

H

2 Tr
{

h̃kh̃
H
k

}
H2Φh̃k | h̃k

}
(f)
= c2kδe

2
k2E

{
h̃Hk ΦHH

H

2 H2Φh̃k

(
h̃Hk h̃k

)}
= c2kδe

2
k2 Tr

{
ΦHH

H

2 H2ΦE
{

h̃kh̃
H
k h̃kh̃

H
k

}}
(g)
= c2kδe

2
k2 Tr

{
ΦHH

H

2 H2Φ(N + 1)IN

}
= c2kδe

2
k2MN(N + 1),

(147)

where (e) utilizes the law of total expectation, which calcu-
lates the conditional expectation of H̃2 given h̃k, and then
calculates the expectation of h̃k. Since H̃2 is independent of
h̃k, the conditional expectation of H̃2 given h̃k is the same as
its unconditional expectation; (f) comes from Tr

{
h̃kh̃

H
k

}
=

h̃Hk h̃k which is a scalar number and its place can be arbitrarily
moved; and (g) applies a special case of (121).

When ω = 4 and ψ = 4, we have (148) shown at the bottom
of the next page, where (i) uses (122).

Similar to the interference term, after the calculation of the
16 modulus-square terms, we identity the non-zero cross-terms
and calculate their expectations. Interested readers can find the
details in [75].

APPENDIX F

Recall the definition of fk(Φ) in (43). If N = 1, we have
ζk1 = 0. Then, for any θ1, we have |fk(Φ)| =

∣∣ejθ1 ∣∣ = 1. If
N > 1, we aim to prove the inequalities 0 ≤ |fk(Φ)| ≤ N .
Firstly, by invoking the triangle inequality, we have

|fk(Φ)| =
∣∣∣∣∑N

n=1
ej(ζ

k
n+θn)

∣∣∣∣ ≤∑N

n=1

∣∣∣ej(ζkn+θn)
∣∣∣ = N.

(149)

The equality holds if the phase shifts of all the RIS elements
are aligned as θn = −ζkn + C0,∀n, where C0 is an arbitrary
constant. Next, we aim to prove that the minimum value of
|fk(Φ)| is zero. Firstly, if N is even, the minimum value 0 is
obtained when θ2i−1 + ζk2i−1 =

(
θ2i + ζk2i

)
+ π, 1 ≤ i ≤ N

2 .
Otherwise, if N is odd, the minimum value 0 is still achievable
for

θ2i−1 + ζk2i−1 =
(
θ2i + ζk2i

)
+ π, 1 ≤ i ≤ N−1

2 − 1,

θN−2 + ζkN−2 = π
3 , θN−1 + ζkN−1 = −π3 , θN + ζkN = π.

(150)

Next, we aim to prove that the term |fi(Φ)| for user i,
i 6= k, is bounded as N → ∞ if the phase shifts of the RIS
are designed to maximize |fk(Φ)|. This result can be proved
rigorously for the one-dimensional ULA model.

By ignoring the elevation direction in (7) and (8) of the
USPA model, we obtain a one-dimensional ULA model for
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hk and aN with ϕakr and ϕat being the AoA and the AoD,
respectively. Then, we rewrite fk(Φ) as

hk,aN (ϕakr)=
[
1, ej2π

d
λ sinϕakr , . . . , ej2π

d
λ (N−1) sinϕ

a
kr

]T
,

aN ,aN (ϕat )=
[
1, ej2π

d
λ sinϕat , . . . , ej2π

d
λ (N−1) sinϕ

a
t

]T
,

fk(Φ) = aHNΦhk =
∑N
n=1 e

j2π dλ (n−1)(sinϕ
a
kr−sinϕ

a
t )+jθn .

(151)

If θn = 2π dλ (n− 1) (sinϕat − sinϕakr), we have |fk(Φ)| =
N . Also, for user i, we have

fi(Φ) = aHNΦhi =
∑N

n=1
ej2π

d
λ (n−1)(sinϕ

a
ir−sinϕ

a
t )+jθn

=
∑N

n=1
ej2π

d
λ (n−1)(sinϕ

a
ir−sinϕ

a
t+sinϕat−sinϕ

a
kr)

=
∑N

n=1
ej2π

d
λ (n−1)(sinϕ

a
ir−sinϕ

a
kr).

(152)

Then, by using properties of geometric progressions, we
obtain

|fi(Φ)| =
∣∣∣∣∑N

n=1

(
ej2π

d
λ (sinϕ

a
ir−sinϕ

a
kr)
)(n−1)∣∣∣∣

=

∣∣∣∣∣1− ej2π
d
λN(sinϕair−sinϕ

a
kr)

1− ej2π
d
λ (sinϕair−sinϕakr)

∣∣∣∣∣
=

∣∣∣∣∣e−jπ
d
λN(sinϕair−sinϕ

a
kr) − ejπ dλN(sinϕair−sinϕ

a
kr)

e−jπ
d
λ (sinϕair−sinϕakr) − ejπ

d
λ (sinϕair−sinϕakr)

×e
jπ dλN(sinϕair−sinϕ

a
kr)

ejπ
d
λ (sinϕair−sinϕakr)

∣∣∣∣∣
=

sin
(
π dλN (sinϕair − sinϕakr)

)
sin
(
π dλ (sinϕair − sinϕakr)

) .

(153)

Therefore, if the user i does not have the same AoA as user
k, the term |fi(Φ)| is bounded when N →∞. Using a similar

process, we can prove that the term
∣∣∣hHk hi

∣∣∣2 is bounded when
N →∞.

APPENDIX G

To begin with, we need to derive the first and second order
statistical properties of the aggregated channel and the obser-
vation vector. The expectation is E

{
ykc,p

}
=
√
ĉkδH2Φhk.

Aided by Lemma 7, the covariances between qc,k and ykc,p is
given by

Cov
{
qc,k,y

k
c,p

}
=E
{
(qc,k−E {qc,k})

(
ykc,p−E

{
ykc,p

})H}
=E
{(√

ĉkH̃c,2Φhk+
√
γkd̃k

)(√
ĉkH̃c,2Φhk+

√
γkd̃k

)H}
= E

{
ĉkH̃2R

1/2
risΦhkh

H

k ΦHR
1/2
ris H̃H

2 + γkd̃kd̃
H
k

}
=
(
ĉkh

H

k ΦHRrisΦhk + γk

)
IM .

(154)

Using Lemma 7, the definition of Hc,2 in (68), the fact
V = R

1/2
emiṼ, and the independence between the channels,

noise, and EMI, the covariance of ykc,p is calculated as (155)
shown at the bottom of the next page.

Then, the LMMSE channel estimate for channel qc,k is
given by

q̂c,k = E {qc,k}
+ Cov

{
qc,k,y

k
c,p

}
Cov−1

{
ykc,p,y

k
c,p

} (
ykc,p − E

{
ykc,p

})
.

(156)

Combining (156) with (154) and (155) completes the proof.

APPENDIX H
With the aid of Lemmas 7 and 9, the proof follows as the

proof of Appendix E. Using the orthogonal property, the noise
is given by

Enoise
c,k = E

{
‖q̂c,k‖2

}
= E

{
q̂Hc,kqc,k

}
= ĉkδh

H

k ΦHH
H

2 H2Φhk + γkE
{

d̃Hk ΥH
k d̃k

}
+ E

{
ĉkh

H

k ΦHH̃H
c,2Υ

H
k H̃c,2Φhk

}
= Mĉkδh

H

k ΦHaNaHNΦhk + γkE
{

d̃Hk ΥH
k d̃k

}
+ ĉkh

H

k ΦHR
1/2
ris E

{
H̃H

2 ΥH
k H̃2

}
R

1/2
risΦhk

= Mĉkδ |fk(Φ)|2 + ĉk Tr
{
ΥH
k

}
h
H

k ΦHRrisΦhk

+ γk Tr
{
ΥH
k

}
.

(157)

By substituting Hc,2 =
√

β
δ+1

(√
δH2 + H̃c,2

)
, the EMI

is calculated as
E
{
q̂Hc,kHc,2ΦRemiΦ

HHH
c,2q̂c,k

}
=

β

δ + 1

(
δE
{

q̂Hc,kH2ΦRemiΦ
HH

H

2 q̂c,k

}
+ 2
√
δE
{

q̂Hc,kH2ΦRemiΦ
HH̃H

c,2q̂c,k

}
+ E

{
q̂Hc,kH̃c,2ΦRemiΦ

HH̃H
c,2q̂c,k

})
.

(158)

E
{∣∣∣√ck√ck h̃Hk ΦHH̃H

2 AH
k H̃2Φh̃k

∣∣∣2} = c2kEh̃k

{
h̃Hk ΦHEH̃2

{
H̃H

2 AH
k H̃2Φh̃kh̃

H
k ΦHH̃H

2 AkH̃2

}
Φh̃k | h̃k

}
= c2kEh̃k

{
h̃Hk ΦH

(
e2k1M

2Φh̃kh̃
H
k ΦH + ek3M Tr

{
Φh̃kh̃

H
k ΦH

}
IN

)
Φh̃k

}
= c2kE

{
e2k1M

2h̃Hk h̃kh̃
H
k h̃k + ek3M h̃Hk h̃kh̃

H
k h̃k

}
(i)
=c2k

{
e2k1M

2N(N + 1) + ek3MN(N + 1)
}
,

(148)
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Equation (158) is derived by inserting the definition of
q̂c,k from (73), using Lemmas 7 and 9, and utilizing the
independence between H̃H

c,2, V, and N. Details of the proof
are omitted for brevity.

Next, we discuss the derivation of the multi-user interfer-
ence. For notational simplicity, define

q̂H
c,k

=
√
ĉkδh

H

k ΦHH
H

2 +
√
ĉkh

H

k ΦHH̃H
c,2Υ

H
k ,

q
c,i

=
√
ĉiδH2Φhi +

√
ĉiH̃c,2Φhi.

(159)

Then, based on the independence, the multi-user interfer-
ence term can be decomposed as

E
{∣∣q̂Hc,kqc,i∣∣2} = E

{∣∣∣q̂Hc,kqc,i∣∣∣2}+ E
{∣∣∣√γiq̂Hc,kd̃i∣∣∣2} ,

(160)

where

E
{∣∣∣√γiq̂Hc,kd̃i∣∣∣2} = E

{
γiq̂

H
c,kd̃id̃

H
i q̂c,k

}
= γiE

{∥∥q̂Hc,k∥∥2} = γiE
noise
c,k ,

(161)

and

E
{∣∣∣q̂Hc,kqc,i∣∣∣2} = E

{∣∣∣q̂H
c,k

q
c,i

∣∣∣2}
+E

{∣∣∣∣∣
(
√
γkd̃

H
k ΥH

k +
sHk VHΦHHH

c,2Υ
H
k√

τp
+

sHk NHΥH
k√

τp

)

× q
c,i

∣∣∣∣∣
2}

= E
{∣∣∣q̂H

c,k
q
c,i

∣∣∣2}+ E
{(

γk +
σ2

τp

)
qH
c,i

Υ2
kqc,i

}
+ E

{
σ2
e

τp
qH
c,i

ΥkHc,2ΦRemiΦ
HHH

c,2Υ
H
k q

c,i

}
.

(162)

By utilizing Lemma 7 and Lemma 9 and utilizing steps similar
to Appendix E, the computation of the multi-user interference
can be completed by calculating the three expectations in
(162).

Finally, we derive the signal leakage. Recall that Eleak
c,k =

E
{∣∣∣q̂Hc,kqc,k∣∣∣2} − ∣∣∣E{q̂Hc,kqc,k

}∣∣∣2 and E
{

q̂Hc,kqc,k

}
are

derived in (157). Therefore, we only need to derive

E
{∣∣∣q̂Hc,kqc,k∣∣∣2}, which can be decomposed as

E
{∣∣q̂Hc,kqc,k∣∣2} = E

{∣∣∣(q̂H
c,k

+
√
γkd̃

H
k ΥH

k

)
qc,k

∣∣∣2}

+E


∣∣∣∣∣sHk VHΦHHH

c,2Υ
H
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where
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The calculation of the signal leakage follows from (163) and
(164).

APPENDIX I
Recall that Φ = diag{c} and c = ejθ. Then, we can express

Tr
{
AΦBΦH

}
as
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Applying the chain rule, the gradient of Tr
{
AΦBΦH

}
with respect to the n-th element of θ, i.e., θn, is
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Equation (166) is the n-th element of
∂ Tr{AΦBΦH}

∂θ .
Thus, the proof of (98) is completed by casting (166) for
all values of n in a vector. The proof of (99) follows by
noting that

{
ΦT

(
AT �B

)
c∗
}∗

= ΦH
(
AH �B∗

)
c =

ΦH
(
A�BT

)
c if A and B are unitary matrices.
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