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Abstract 7 

This paper presents a new delay time modelling method for reusing single-component systems with two 8 

defective states and one failure state. It assumes that a component may be reused for the purposes of 9 

resource, economic and environmental sustainability. The possibility of reusing industrial components is 10 

not generally considered in maintenance models, which represents a knowledge gap in the literature, 11 

especially in the delay time related models. To address this gap, this paper proposes a method based on 12 

the delay time modelling method to investigate different scenarios of component reusability and uses 13 

real-world systems in the mining industry to illustrate its applicability. The paper then derives the 14 

expected cost rate, obtains lower and upper bounds of the expected total cost, considers the improving 15 

learning rate of correctly classifying defective components and incorporates the environmental impact of 16 

disposed components in optimization of the inspection interval. Results discuss when the reuse action 17 

may provide economic benefits even when the reused item may have different reliability than new one.  18 

Keywords: reuse of deteriorating components; delay time; component heterogeneity; misclassification 19 

problem; cone crusher equipment 20 

1. Introduction 21 

1.1 Background 22 

New regulations, such as the ‘right to repair’, have been extensively discussed in some countries 23 

such as the USA [1] and the UK [2]. Encouraged by these innovative rules and motivated by the idea 24 

that reusable industrial components should be reused [3-5], this paper analyses the reusability of 25 

deteriorating components in a technical system. It aims to reflect the growing awareness of the need to 26 

protect the environment and is directly associated with two of the seventeen sustainable development 27 

goals of the United Nations (goals 9 and 12) [6]. In fact, the reuse of components is one of the 3R 28 

(Reduce-Reuse-Recycle) concept to promote inclusive and sustainable industrialization and ensure 29 

sustainable production. 30 

In order to analyse the reusability of a deteriorating component, this paper proposes a method that 31 

uses the delay time model for a system with four states, including one perfectly working state, two 32 

defective states, and one failed state. The delay time model assumes that an item passes a period in the 33 
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defective state prior to the failure state [7,8]. It is widely used to model the deteriorating process of 34 

systems in many publications. The reader is referred to [9] for an excellent review paper. In the current 35 

paper, a component is assumed reusable if it is correctly classified at the minor defective state, but it 36 

cannot be reused anymore if it is classified at the major defective state or the failed state. As a component 37 

classified as minor defective necessarily passes by a refurbishment process in order to return to the system 38 

later, it is assumed that used components can have same lifetime distributions, but they can be quite 39 

different from the lifetime distributions of new components. Concisely, refurbished components can have 40 

the same lifetime distributions as the new components. The term “refurbishment” differs from repair. 41 

According to British Standard (GB3811, 1993), repair refers to the maintenance carried out after fault 42 

recognition and intended to put an item into a state in which it can perform a required function whereas 43 

refurbishment is an extensive work intended to bring plant or buildings up to current acceptable 44 

functional conditions, often involving modifications and improvements [41]. In addition, the state of a 45 

component may be mistakenly assessed. Consequently, a reusable component may be mistakenly 46 

classified non-reusable or vice versa. This causes a problem of misclassification. As such, the paper then 47 

also considers component heterogeneity and misclassification problems. 48 

1.2 Motivating examples 49 

Along with the theoretical development, the application of maintenance models in practical 50 

contexts should be emphasised on demonstrating their applicability in real-world cases [10]. In this 51 

section, we show a physical degradation process of a single-component system that inspired us to develop 52 

this paper. 53 

The system is the mantle and the bowl liner of cone crusher equipment. The components in the 54 

system operate together as a component and a socket, both of which perform one operational function 55 

and can be considered as a single-component system [11,12]. During the operation period, the system 56 

suffers a continuous wearing process since it needs to crush hard materials into small fragments [13], as 57 

depicted on the left drawing in Figure 1. This wearing process is an intrinsic characteristic of the system 58 

and is one of the main causes of failures [13,14]. In addition, as a consequence of different material 59 

gradation, the normal wear can turn into a more severe stage of degradation presented by the abnormal 60 

wear, as depicted on the right drawing in Figure 1. 61 

 62 
Figure 1. Illustrative example of one possible practical application. On the left, a draft of a cone crusher equipment. In the 63 
middle, the bowl liner (external element) and the mantle (internal element). On the right, representations of normal wear 64 
(considered as minor defective state) and abnormal wear (considered as major defective state). Source: Adapted from [4], 65 

[14] and [42]. 66 
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As can be seen in Figure 1 and aforementioned, the system has two distinct defective states: the minor 67 

defective state and the major defective state, respectively. If the component is found in the major 68 

defective state (with abnormal wear), it cannot be refurbished and reused anymore due to the level of its 69 

severe degradation. This poses a challenge on when the component should be preventively maintained 70 

in order to minimise the relevant cost. Notice that this challenge differs from brand-new components: 71 

used items normally may be prone to fail and therefore need more inspections and maintenance whereas 72 

brand-new items are more reliable and need few inspections and maintenance. Consequently, the relevant 73 

costs incurred are different: despite maintenance on used items may be more frequent than brand new 74 

ones, used components have a lower acquisition cost, especially when they can be refurbished in-house. 75 

In addition, they are more environmentally friendly and save more resources than brand new ones. 76 

1.3 Literature review and our methods 77 

This brief literature review focuses on what has been studied in the context of reuse. First, it is shown 78 

a more general view, since this concept is also studied in other research areas. Then, it is presented how 79 

the reuse is generally dealt with in the context of maintenance and reliability, situating the current paper 80 

in the literature. 81 

Considering a more general perspective, the most used approaches are based on circular economy 82 

[15-17, 20] and reverse logistic [18,19, 21], both with the focus on the product rather than the component. 83 

Regarding the circular economy approach, the effect of the original product design on the recovery and 84 

reuse of composite products are investigated in [15]. Some practical guidelines for viable recycling 85 

business models are proposed in [16]. Possible improvements towards a more circular built environment 86 

are discussed in [17]. Wakiru et al. [20] develop an integrated methodology to optimise maintenance, 87 

remanufacturing, and multiple spare strategies for the life extension of an ageing multi-component 88 

system. In terms of reverse logistic, a two-stage stochastic mixed-integer programming model is 89 

developed in [18]. The authors applied this model in a real-world problem to design a reverse logistics 90 

network for product reuse, remanufacturing, recycling and refurbishing under uncertainty. Similarly, a 91 

redesign of the reverse logistics network is proposed in [19], based on decisions associated with the 92 

remanufacturing policies and the location of the collection facility. [21] presents a review of quality, 93 

reliability and maintenance issues in closed-loop supply chains with remanufacturing and deals with 94 

reverse logistic by using very distinct approaches. The reader is referred to papers [22-24] for other 95 

relevant investigations on reverse logistic and closed-loop supply chains. 96 

Concerning maintenance studies, [25] characterises three distinct approaches to maintenance models 97 

in terms of sustainability: (i)“lean maintenance”, which refers to provide maintenance services with the 98 

smallest quantity of generated waste [25,26]; (ii) “green maintenance”, which refers to the management 99 

of maintenance operation in respect of the environment [25,27]; (iii) “sustainable maintenance”, which 100 

involves eliminating sources of energy waste [25,28]. Reuse actions of components and equipment may 101 
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be associated with these approaches that aim to improve sustainability by means of developing better 102 

maintenance actions. 103 

[33,34] are examples of interesting investigations that use reuse-related actions in the context of 104 

maintenance. [33] investigates a collaborative maintenance service and component sales strategy for 105 

original equipment manufacturers challenged by booming used-component sales. The authors consider 106 

the possibility of using a preventive replacement policy based on used components in the maintenance 107 

service strategy. [34] considers the maintenance policy in which some components are still usable and 108 

can be sold as second-hand products. The price of these usable components depends on their original 109 

lifetime and the replacement time of the system. 110 

Both approaches in [33,34] consider maintenance polices to deal with the reuse-related actions. This 111 

consideration has been extensively investigated in a recent literature review of maintenance models and 112 

policies that make use of strategies for reuse and remanufacturing [35]. [35] describes that there is a lack 113 

of studies in the area of reuse and remanufacturing, which represents an opportunity for developing 114 

maintenance policies that address economic, environmental and social dimensions of sustainability by 115 

means of more appropriated maintenance actions. [35] also depicts two main scopes of reuse and 116 

remanufacturing in maintenance models and policies. The first and more common scope refers to the 117 

reuse or remanufacturing of products to be sold in second-hand markets while the second and less 118 

common scope refers to the reuse or remanufacturing of industrial items to be reintroduced in industrial 119 

systems. 120 

Within the first mentioned scope, the literature generally deals with warranty policies due to the 121 

necessity of determining a type of assurance for second-hand products to be safely used and also to meet 122 

customers or dealers’ requirements [32, 36-40]. [32] proposes a warranty policy for second-hand 123 

products to determine the optimal length of warranty period from the dealer's point of view. [36] 124 

investigates an optimal age replacement policy for second-hand products with a second life-cycle in a 125 

more severe environment and with an uncertain initial age. [37] develops a stochastic model for obtaining 126 

the derivation of the optimal upgrade level for used products sold with warranty and identifies the optimal 127 

upgrade action strategy leading to maximisation of the dealer’s expected profit. [38] uses a profit model 128 

to determine the optimal upgrade level and warranty length so that the expected profit per used item for 129 

the producer can be maximised. [40] investigates the worthiness of reliability improvement of repairable 130 

second-hand products sold with a two-dimensional warranty from a dealer’s viewpoint. The authors 131 

propose a new modelling approach that considers the effects of customer usage heterogeneity, PM actions 132 

and upgrade on the product reliability. More recently, [39] investigates different PM strategies for 133 

second-hand products covered by a two-dimensional warranty from the perspectives of both dealers and 134 

customers. 135 

With the second mentioned scope, most papers develop PM models that incorporate the reuse or 136 

remanufacturing of items in the industrial system [3-5]. In terms of the number of investigations, this 137 
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scope has been more neglected in the literature [35], which emphasises the importance of the current 138 

paper that deals with the reuse-related actions for industrial items. Some recent contributions that are 139 

more specifically related with the scope of this paper are the ones that consider the delay time model for 140 

developing preventive maintenance policies that consider reuse-related actions. In [3], the first delay time 141 

model for reuse of items is proposed, emphasising how reuse can be incorporated in this type of model. 142 

In [5], the effect of different reliability between reused and new components in a maintenance policy 143 

subject to human error is investigated. Finally, in [4], a delay time model for a repairable system subject 144 

to two defective states prior to the failure is presented. The consideration of two defective states were 145 

also interestingly presented before in papers [29,30]. 146 

The current paper is an extended version of a conference paper [4] and an extended version of a model 147 

proposed in the academic thesis of the first author [42]. It brings an innovative idea related to the practical 148 

conditions that determine the possibility to reuse a component. In this paper, different from the previous 149 

ones mentioned in the last paragraph, the way to determine if the component is reusable or not, does not 150 

require any strong skills regarding the understanding of degradation of the component, neither make this 151 

a minor issue that should be faced by the company. Here, we consider that the defective state comprises 152 

two steps, the minor defective state, and the major defective state. And the way to define if the component 153 

can be reused or not, is based on the stage of defect state after an inspection. This notion not only provides 154 

a much more natural understanding for practical use, but it also draws attention to possible errors that 155 

may occur when making this judgment. Thus, part of the article is devoted to the analysis of the influence 156 

of misclassification on the reusability of a component, since that may be a real issue in the practical 157 

application of this model. 158 

1.4 Novelty and contributions 159 

This section emphasises the novelty of this paper and contributions to reliability engineering. First, 160 

specific novelty and contributions compared to the existing literature are explained in detail, and then 161 

more general contributions are presented. These contributions are also highlighted because the 162 

importance of the paper is not restricted to the context of reuse of items but can also be associated with 163 

the application of sustainability in reliability engineering. 164 

1.4.1 Specific novelty and contributions compared to the existing literature 165 

Considering the effort to respond to the need for reuse in practical contexts, the specific importance 166 

of this paper rests on the following topics. (i) The investigation of the reuse of components rather than 167 

only focusing on the reuse of products, noting a product may be composed of more than one component. 168 

(ii) The modelling of the related costs associated with the reusing process. In maintenance models that 169 

deal with reuse, a special attention needs to be paid into terms of costs. This is due to the conflicting 170 

relation between the cheaper cost of acquisition of a reused component and its lower dependability that 171 

requires more inspections in the long run. For this reason, the percentage of reused items used in the long 172 
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run needs to be carefully determined in order to obtain both environmental and economic benefits. In 173 

addition, existing research has not considered the uncertainty of the expected cost, as discussed in Section 174 

4 in this paper; (iii) The consideration of the learning rate of correctly classifying the defective items 175 

(Section 5) and (iv) The consideration of the environmental impact of disposed items, which has not been 176 

tackled in related literature as investigated in Section 6 in this paper. 177 

The novelty of the paper can be mainly associated with the filling of two important gaps in the 178 

literature. 179 

• Existing research relating to 3R in the reliability literature generally focuses on the product itself, or 180 

a system level, instead of a component level, where the most of maintenance actions is addressed 181 

[18,19,31,32]. 182 

• Most existing literature refers to reuse as the refurbishment of the component or the system in order 183 

to be sold again in second-hand markets [35]. Nevertheless, this paper proposes that reusable 184 

components should be repaired in-house in order to be able to make part of the reused spare parts. 185 

From this perspective, this paper creates novelty as it considers the sustainability issue in maintenance 186 

models to encourage sustainable industrialization. In addition, it is related to a very new tendency in 187 

the maintenance environment: that is, the use of 3D printed spare parts. Indeed, few changes in the 188 

proposed model may address the possibility of using printed spare parts instead of reused ones. 189 

Additionally, the novelty also includes the following bullets, which were not addressed in 190 

maintenance policies where the delay time theory is used:  191 

• The consideration of the learning rate of correctly classifying the defective items; and 192 

• The consideration of the environmental impact of disposed items. 193 

The paper also uses a real-world example as a case to illustrate the applicability of the method 194 

proposed in it. 195 

As can be seen, the novelty of this paper is related to new considerations of reuse-related techniques 196 

to preventive maintenance, more specifically, to the delay time theory. The contribution of this paper 197 

goes beyond the context of reuse of items due to the promotion of sustainability via reliability 198 

engineering. As such, Section 1.4.2 shows wider contributions to reliability engineering based on the 199 

novelty of this paper and on the contemporaneous context in which sustainability has been advocated as 200 

an important issue in reliability engineering. 201 

1.4.2 General contributions to reliability engineering 202 

Research on sustainability has gained a substantial attention in many research areas, including 203 

reliability engineering, due to a significant concern with the future of our planet. For example, the number 204 

of sustainability papers published in journal Reliability Engineering and System Safety (RESS) has 205 

considerably increased  over the last 20 years, as illustrated in Figure 2, which  reflects a growing concern 206 

about sustainable issues. As shown in [25], factors such as increasing complexity of industrial process 207 
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and the search for higher profits require the implementation of sustainable maintenance policies. As a 208 

result, adapting maintenance policies that incorporate sustainability is a current challenge for many 209 

organisations. 210 

 211 
Figure 2. Number of RESS papers that address sustainability over the last 20 years. Source: Elaborated by authors from 212 

[43]. 213 
 214 

 215 

The concern of sustainable development motivates us to perform the research of this paper, which 216 

addresses goal 9 and goal 12 of the United Nations Sustainable Goals [6]. Goal 9 refers to “build resilient 217 

infrastructure, promote sustainable industrialization and foster innovation” and goal 12 refers to “ensure 218 

sustainable consumption and production patterns”. Both goals are addressed by the current paper due to 219 

the promotion of sustainable industrialization or sustainable consumption patterns, especially by 220 

considering the possibility of reusing defective components instead of purchasing new ones. This 221 

reinforces the potentiality of adopting reliability techniques to promote a positive impact in terms of 222 

sustainability to industries. For this reason, this paper makes an important contribution to reliability 223 

engineering, since it clearly illustrates how reliability engineering can be adopted not only in an economic 224 

view but also from a sustainable perspective. 225 

The second general contribution to reliability engineering is the consideration of environmental 226 

perspective of sustainability in maintenance models, which is a significant gap in the literature. 227 

Succinctly, even the maintenance models that adopt reuse or remanufacturing have not been considering 228 

this important perspective [35]. In summary, both general impacts of the paper to reliability engineering 229 

can be illustrated as follows. Sustainability is an important tendency to be incorporated in the reliability 230 

engineering area, and reuse-related actions optimally provided by maintenance policies is one of the 231 

interesting ways to promote sustainability via reliability techniques. As such, the paper suggests a model 232 

that integrates sustainability to reliability by means of considering the reuse of defective items. 233 

As such, the importance of this paper to reliability engineering, can be assessed in two ways: by 234 

providing specific novelties for an important type of preventive maintenance models that are based on 235 

the delay time theory, and by promoting the consideration of sustainability in reliability-related area. 236 
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1.5 Overview 237 

The remainder of the paper is structured as follows. Section 2 shows the notation and the 238 

assumptions. Section 3 presents the method developed based on the delay time model, emphasising its 239 

main characteristics. Section 4 derives the lower and upper bounds of the expected total cost of the three 240 

cases. Section 5 obtains the expected total cost for the case when the capability of correctly classifying 241 

defective items is improving with the number of inspections. Section 6 proposes a new objective function 242 

for the case when the environmental impact of disposed items is considered. Section 7 includes a 243 

numerical application and provides a discussion on interesting maintenance insights. Section 8 wraps up 244 

the paper, discusses its limitations, and proposes future research. 245 

2. Notations and assumptions 246 

2.1 Notations 247 

Prior to the introduction of the proposed method based on the delay time model, we present the 248 

notation used in this paper (Table 1) to provide a reference guide to the terminology. 249 

 250 

Table 1. Notation. 251 
Decision variable 

𝑇 Interval between inspections 

Decision criterion 

𝐶(𝑇) Long run cost per unit of time (cost rate) 

Model parameters 

𝑅𝑖𝑡𝑒𝑚𝑠 Percentage of reused components. Also, the mixing parameter in Eq. (1) 

𝑋, 𝑌, 𝐻 
Sojourn times in the good state, in the minor defective state and in the major defective state, 

respectively 

𝛽𝑥1, 𝛽𝑥2 
Shape parameters for Weibull distribution of the arrival of minor defects in reused 

components and in new components, respectively 

𝛽𝑦 , 𝛽ℎ  
Shape parameters for Weibull distribution of the arrival of major defects and arrival of 

failure, respectively 

𝜂𝑥1, 𝜂𝑥2 
Scale parameters for Weibull distribution of the arrival of minor defects in reused 

components and in new components, respectively 

𝜂𝑦,  𝜂ℎ 
Scale parameters for Weibull distribution of the arrival of major defects and arrival of 

failure, respectively 

𝑓1(𝑥), 𝑓2(𝑥) 
Probability density functions of the arrival of minor defects in reused components and in 

new components, respectively 

𝑓𝑥(𝑥) Mixture distribution of the arrival of minor defects, based on the 𝑅𝑖𝑡𝑒𝑚𝑠 

𝑓𝑦(𝑦), 𝑓ℎ(ℎ) 
Probability density functions of the sojourn time of minor defect and major defect, 

respectively 

𝑝, 𝑞 
Probability of a minor and a major defective component to be correctly classified, 

respectively 

𝐶𝑖 , 𝐶𝑑 Cost of inspection and disposal cost of a major defective or failed component, respectively 

𝐶𝑒𝑟𝑟𝑜𝑟 , 𝐵𝑟 

Penalty cost for not classifying the real state of a major defective component and sent it for 

repairing, and bonus due to the reuse of the current component classified as minor defective, 

respectively 

𝐶𝑟𝑖𝑡𝑒𝑚 , 𝐶𝑛𝑖𝑡𝑒𝑚 Cost of using a reused component and cost of acquisition of a new component, respectively 

𝐶𝑟_𝑟 , 𝐶𝑟_𝑛𝑟 

𝐶𝑟_𝑛𝑟_𝑒 

Replacement costs when the current component is in the minor defective state and is 

correctly classified, when it cannot be reused but is not failed, and when it cannot be reused 

and is incorrectly classified as reusable 

𝐶𝑝𝑒𝑛 , 𝐶𝑓 Penalty cost due to failure and cost of failure, respectively 

 252 
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2.2 Assumptions 253 

(1) The component has four states: good, minor defective, major defective and failed. The minor 254 

defective state does not promote severe damage to the component, whereas the major 255 

defective state does. The component can be new or reused. If the component is major 256 

defective or fails, it will be disposed of. 257 

(2) The lifetime distributions of used and new components in the good state may be different. 258 

(3) Inspections are performed in order to detect the state of the component and to prevent non-259 

reusing action. Upon inspection, the minor defective component can be correctly classified 260 

with probability 𝑝, being reused, or mistakenly classified with probability (1 − 𝑝), being 261 

discharged of. Upon inspection, the major defective component can be correctly classified 262 

with probability 𝑞, being discharged of, or mistakenly classified with probability (1 − 𝑞), 263 

being initially sent to repair but then discharged as well. 264 

(4) The inspections take place every 𝑇 units of time. Each inspection incurs a cost of 𝐶𝑖. 265 

(5) If the component cannot be reused, there exists an additional cost 𝐶𝑑 due to its disposal. If the 266 

component can be reused, there exists a discount 𝐵𝑟 due to its refurbishment. 267 

(6) If failure occurs, there exists an additional penalty cost 𝐶𝑝𝑒𝑛 due to the negative impacts of a 268 

failure. An additional penalty cost due to this judgment error is considered, 𝐶𝑒𝑟𝑟𝑜𝑟. 269 

(7) The sojourn time in the good state, 𝑋, is distributed according to a known mixed distribution 270 

based on the level of 𝑅𝑖𝑡𝑒𝑚𝑠, for which the probability density function is 𝑓𝑥(𝑥). 271 

(8) The sojourn times in the minor defective state, 𝑌, and in the major defective state, 𝐻, are 272 

distributed according to known Weibull distributions, for which the probability density 273 

functions are 𝑓𝑦(𝑦) and 𝑓ℎ(ℎ), respectively. 274 

3. Development of the method 275 

We are trying to determine the optimal inspection interval 𝑇 in order to minimize the long run cost 276 

per unit of time 𝐶(𝑇). It is assumed that components come from an inventory composed of reused and 277 

brand-new spare parts (Figure 3). The percentage of reused components to be introduced in the system 278 

is defined according to the maintenance policy adopted by the company in order to obtain the economic 279 

and environmental advantages shown in this paper. 280 

 281 

 282 
Figure 3. Inventory of reused and new components. 283 

 284 
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Upon inspections, the current defective component is replaced by another one that can be new or 285 

reused (a previous component that has been refurbished in order to return back to the system), the same 286 

occurs for a failed component. Depending on the state of the component or on the perception of the 287 

maintenance personnel about the state, the current component is discharged with a cost 𝐶𝑑 or sent to the 288 

in-house repair with a bonus 𝐵𝑟 due to the possibility of reutilization. The reused component may have 289 

the same or a different dependability of a new one due to the different lifetime distribution associated to 290 

its good state. This is a practical concern to be considered because a refurbished component is unlikely 291 

to have the same characteristics of a new one. In the proposed model, we consider that the sojourn time 292 

in the good state (up to the arrival of the minor defect) is influenced according to the status of the 293 

component being brand-new or reused. So, the probability density function, 𝑓1(𝑥), of the arrivals of the 294 

minor defect in a reused component is different from that of the minor defect in a new component, 𝑓2(𝑥). 295 

Also, the probability density function that represents the arrival of the minor defect in a system sometimes 296 

composed of a reused component and sometimes composed of a new component is considered as a 297 

mixture distribution based on the percentage of reused components 𝑅𝑖𝑡𝑒𝑚𝑠  and new components 298 

(1 − 𝑅𝑖𝑡𝑒𝑚𝑠) in the long run (Eq. 1). The sojourn time in the minor defective state and in the major 299 

defective state follow the same probability function in new and reused components, respectively 𝑓𝑦(𝑦) 300 

for minor defective state and 𝑓ℎ(ℎ) for major defective state. 301 

 𝑓𝑥(𝑥) = 𝑅𝑖𝑡𝑒𝑚𝑠𝑓1(𝑥) + (1 − 𝑅𝑖𝑡𝑒𝑚𝑠)𝑓2(𝑥)  (1) 302 

The analysis of this important characteristic of the model can establish up to which level the 303 

dependability of the reused component can be reduced and still be economically viable to be introduced 304 

in the system, given a specific 𝑅𝑖𝑡𝑒𝑚𝑠. The analysis is performed by varying 𝛽𝑥1in comparison with 𝛽𝑥2 305 

and 𝜂𝑥1in comparison with 𝜂𝑥2. The former is to consider a higher dispersion on the arrival of minor 306 

defects in reused components, which is in line with a less standard process of refurbishment when 307 

compared to a manufacture process of a brand-new component. The latter is to consider a shorter time to 308 

the arrival of the minor defect in reused components, once that even make the best job in refurbishment, 309 

it is not possible to make the component be like a new one. Also, it is possible to establish the expected 310 

cost rate for varied combinations of new and reused components in order to verify the one that provides 311 

the best cost relation. 312 

Another important issue being considered in the model is the mistakes made in classifying the 313 

current state of the component being analysed at inspections. We consider that a reusable component can 314 

be correctly classified with probability 𝑝 and mistakenly classified with probability (1 − 𝑝). Also, a non-315 

reusable component (currently in the major defective state) can be correctly classified with probability 𝑞 316 

and mistakenly classified with probability (1 − 𝑞). A failed component is always correctly classified due 317 

to the interruption of the process. The replacement costs regarding the different possibilities of 318 
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classification are as follows: (1) when the current component is in the minor defective state and is 319 

correctly classified, the cost of replacement is defined as (𝐶𝑟_𝑟), (2) when the current component is in the 320 

major defective state (it cannot be reused anymore, but it is not failed yet), the cost of replacement is 321 

defined as (𝐶𝑟_𝑛𝑟), and (3) when the current component cannot be reused and is mistakenly classified as 322 

reusable, the cost of replacement is defined as (𝐶𝑟_𝑛𝑟_𝑒). 323 

The decision variable is 𝑇, its optimum values are found by the minimization of the objective 324 

function, that is, the long run cost per unit of time 𝐶(𝑇). All possible disjunct and mutually exclusive 325 

renewal events are called by cases. They are represented by Table 2. For each case we develop its 326 

respective probability, cost, and cycle length expressions. 327 

 328 

Table 2. All possible cases and cost structure. The circumference (empty circle), the square and the circle 329 
represent the arrivals of the minor defect, the major defect and the failure, respectively. 330 

 331 

 332 

Note that in case 1, the current component is in the minor defective state. So, when it is correctly 333 

classified with probability 𝑝 , the replacement cost 𝐶𝑟_𝑟  has the benefit of the bonus 𝐵𝑟  (related to 334 

practical benefits of reuse actions, such as, the reduction in the quantity of disposed components and, 335 

consequently, the reduction in negative environmental impact). This is due to the refurbishment of the 336 

current component that costs less than a brand-new component and the fact that the reuse does not incur 337 

discharging cost. When it is mistakenly classified with probability (1 − 𝑝) , so the component is 338 

discharged and a new one should replace the defective component, in this way the replacement cost 𝐶𝑟_𝑛𝑟 339 

takes into consideration the discharging cost 𝐶𝑑 and the acquisition of a new component. In case 2, the 340 

current component is in the major defective state. So, when it is correctly classified with probability 𝑞, 341 

the replacement cost 𝐶𝑟_𝑛𝑟  takes into consideration the discharging cost 𝐶𝑑 . However, when it is 342 
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mistakenly classified with probability (1 − 𝑞), the replacement cost 𝐶𝑟_𝑛𝑟_𝑒 adds the error cost 𝐶𝑒𝑟𝑟𝑜𝑟 of 343 

sending one non-reusable component to the in-house maintenance. In case 3, the component fails so that 344 

there is an addition of the penalty cost of the failure 𝐶𝑝𝑒𝑛 to the replacement cost of a component that is 345 

discharged 𝐶𝑟_𝑛𝑟. The probability, the expected cost of a cycle and the expected length of a cycle for each 346 

case are as follows. 347 

Case 1: The probability of a cycle that ends at a positive inspection of a minor defective state is 348 

shown in Eq. (2). 349 

 
1

1 ( 1)

( ) ( ) ( )

iT

x y

i i T iT x

P T f x f y dydx



= − −

=     (2) 350 

The expected cost of a cycle that ends at a positive inspection of a minor defective state is given 351 

by Eq. (3). 352 

 

1 _

1 ( 1)

_

1 ( 1)

( ) ( ) ( )

(1 ) ( ) ( )

iT

i r r x y

i i T iT x

iT

i r nr x y

i i T iT x

U T p iC C f x f y dydx

p iC C f x f y dydx



= − −



= − −

 
 = +  

  

 
 + − +  

  

  

  

  (3) 353 

The expected length of a cycle that ends at a positive inspection of a minor defective state is given 354 

by Eq. (4). 355 

  1

1 ( 1)

( ) ( ) ( )

iT

x y

i i T iT x

V T iT f x f y dydx



= − −

=     (4) 356 

Case 2: The probability of a cycle that ends at a positive inspection of a major defective state is 357 

shown in Eq. (5). 358 

 
2

1 ( 1) 0

( ) ( ) ( ) ( )

iT iT x

x y h

i i T iT x y

P T f x f y f h dhdydx

− 

= − − −

=      (5) 359 

The expected cost of a cycle that ends at a positive inspection of a major defective state is given 360 

by Eq. (6). 361 

 

2 _

1 ( 1) 0

_ _

1 ( 1) 0

( ) ( ) ( ) ( )

(1 ) ( ) ( ) ( )

iT iT x

i r nr x y h

i i T iT x y

iT iT x

i r nr e x y h

i i T iT x y

U T q iC C f x f y f h dhdydx

q iC C f x f y f h dhdydx

− 

= − − −

− 

= − − −

 
 = +  

  

 
 + − +  

  

   

   

  (6) 362 
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The expected length of a cycle that ends at a positive inspection of a major defective state is given 363 

by Eq. (7).  364 

  2

1 ( 1) 0

( ) ( ) ( ) ( )

iT iT x

x y h

i i T iT x y

V T iT f x f y f h dhdydx

− 

= − − −

=      (7) 365 

Case 3: The probability of a cycle that ends due to a failure is shown in Eq. (8). 366 

 
3

1 ( 1) 0 0

( ) ( ) ( ) ( )

iT x yiT iT x

x y h

i i T

P T f x f y f h dhdydx

− −−

= −

=      (8) 367 

The expected cost of a cycle that ends due to a failure is given by Eq. (9). 368 

 
3

1 ( 1) 0 0

( ) ( 1) ( ) ( ) ( )

iT x yiT iT x

i f x y h

i i T

U T i C C f x f y f h dhdydx

− −−

= −

 = − +       (9) 369 

The expected length of a cycle that ends at a failure is given by Eq. (10). 370 

 
3

1 ( 1) 0 0

( ) ( ) ( ) ( ) ( )

iT x yiT iT x

x y h

i i T

V T x y h f x f y f h dhdydx

− −−

= −

= + +      (10) 371 

Since all possible cases were defined and ∑ 𝑃𝑖(𝑇) = 13
𝑖=1 . This provides a validation on the 372 

exhaustiveness of the cases. Eq. (11) shows the long run cost per unit of time 𝐶(𝑇) and the next section 373 

presents the numerical examples. 374 

     

3

1

3

1

( )

( )

( )

i

i

i

i

U T

C T

V T

=

=

=



      (11) 375 

4. Bounds of the expected total cost 376 

In Section 3, the expected costs of a cycle that ends at a positive inspection of a minor defective 377 

state, major defective state and failed state are listed respectively. In practice, especially in project 378 

planning and evaluation, practitioners may want to know that the bounds of ∑ 𝑈𝑖(𝑇)3
𝑖=1  for uncertainty 379 

analysis. More importantly, under the circumstance where the exact and precise value of costs is difficult 380 

to obtain (probably involving arduous calculations such as integrals), it is essential to derive an 381 

appropriate upper and lower bound of the costs. Hence, this section derives the lower and upper bounds 382 

of ∑ 𝑈𝑖(𝑇)3
𝑖=1  when sojourn times in the good state, in the minor defective state and in the major defective 383 

state follow Weibull distributions. 384 

• For Case 1, we have 385 

 386 
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∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

387 

= 𝑅𝑖𝑡𝑒𝑚𝑠 ∫ ∫ 𝑓1(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

+ (1 − 𝑅𝑖𝑡𝑒𝑚𝑠) ∫ ∫ 𝑓2(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

388 

=
𝑅𝑖𝑡𝑒𝑚𝑠𝛽𝑥1

𝜂𝑥1

∫ (
𝑥

𝜂𝑥1

)

𝛽𝑥1−1

exp (− (
𝑥

𝜂𝑥1

)

𝛽𝑥1

− (
𝑖𝑇 − 𝑥

𝜂𝑦
)

𝛽𝑦

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

389 

+
(1 − 𝑅𝑖𝑡𝑒𝑚𝑠)𝛽𝑥2

𝜂𝑥2

∫ (
𝑥

𝜂𝑥2

)

𝛽𝑥2−1

exp (− (
𝑥

𝜂𝑥2

)

𝛽𝑥2

− (
𝑖𝑇 − 𝑥

𝜂𝑦
)

𝛽𝑦

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

       (12) 390 

 391 

Because exp (− (
𝑖𝑇−𝑥

𝜂𝑦
)

𝛽𝑦

) is an increasing function of 𝑥, given 𝑥 ∈ [(𝑖 − 1)𝑇, 𝑖𝑇], we have 392 

exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

) ≤ exp (− (
𝑖𝑇 − 𝑥

𝜂𝑦
)

𝛽𝑦

) ≤ 1 (13) 393 

 394 

Therefore, we obtain the following inequality, 395 

 396 

𝑅𝑖𝑡𝑒𝑚𝑠 exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

) ∫
𝛽𝑥1

𝜂𝑥1

(
𝑥

𝜂𝑥1

)

𝛽𝑥1−1

exp (− (
𝑥

𝜂𝑥1

)

𝛽𝑥1

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

+ (1397 

− 𝑅𝑖𝑡𝑒𝑚𝑠) exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

) ∫
𝛽𝑥2

𝜂𝑥2

(
𝑥

𝜂𝑥2

)

𝛽𝑥2−1

exp (− (
𝑥

𝜂𝑥2

)

𝛽𝑥2

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

398 

≤ ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

399 

≤ 𝑅𝑖𝑡𝑒𝑚𝑠 ∫
𝛽𝑥1

𝜂𝑥1

(
𝑥

𝜂𝑥1

)

𝛽𝑥1−1

exp (− (
𝑥

𝜂𝑥1

)

𝛽𝑥1

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

+ (1400 

− 𝑅𝑖𝑡𝑒𝑚𝑠) ∫
𝛽𝑥2

𝜂𝑥2

(
𝑥

𝜂𝑥2

)

𝛽𝑥2−1

exp (− (
𝑥

𝜂𝑥2

)

𝛽𝑥2

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

      (14) 401 

 402 

At the same time, we have 403 

 404 

∫
𝛽𝑥𝑘

𝜂𝑥𝑘

(
𝑥

𝜂𝑥𝑘

)

𝛽𝑥𝑘
−1

exp (− (
𝑥

𝜂𝑥𝑘

)

𝛽𝑥𝑘

) 𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

= (1 − exp (− (
𝑥

𝜂𝑥𝑘

)

𝛽𝑥𝑘

)) |(𝑖−1)𝑇
𝑖𝑇405 

= exp (− (
(𝑖 − 1)𝑇

𝜂𝑥𝑘

)

𝛽𝑥𝑘

) − exp (− (
𝑖𝑇

𝜂𝑥𝑘

)

𝛽𝑥𝑘

) , 𝑘 = 1,2.    (15) 406 

 407 

The result of Eq. (15) can be denoted as 𝑊(𝑇; 𝛽𝑥𝑘
, 𝜂𝑥𝑘

), 𝑘 = 1,2. Substituting Eq. (15) to Eq. (14), 408 

we can denote 409 

 410 
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𝑅𝑖𝑡𝑒𝑚𝑠 exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

) 𝑊(𝑇; 𝛽𝑥1
, 𝜂𝑥1

) + (1 − 𝑅𝑖𝑡𝑒𝑚𝑠) exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

) 𝑊(𝑇; 𝛽𝑥2
, 𝜂𝑥2

) 411 

as 𝐿𝑜𝑤𝑒𝑟(𝑇), and  412 

 413 

𝑅𝑖𝑡𝑒𝑚𝑠𝑊(𝑇; 𝛽𝑥1
, 𝜂𝑥1

) + (1 − 𝑅𝑖𝑡𝑒𝑚𝑠)𝑊(𝑇; 𝛽𝑥2
, 𝜂𝑥2

) 414 

 415 

as 𝑈𝑝𝑝𝑒𝑟(𝑇), which are the lower and upper bounds of ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇
 respectively. 416 

Thus, the upper and lower bounds of the expected cost 𝑈1(𝑇) have the following forms. 417 

 418 

𝑝 [∑[𝑖𝐶𝑖 + 𝐶𝑟_𝑟]𝐿𝑜𝑤𝑒𝑟(𝑇)

∞

𝑖=1

] + (1 − 𝑝) [∑[𝑖𝐶𝑖 + 𝐶𝑟_𝑛𝑟]𝐿𝑜𝑤𝑒𝑟(𝑇)

∞

𝑖=1

] ≤ 𝑈1(𝑇)419 

≤ 𝑝 [∑[𝑖𝐶𝑖 + 𝐶𝑟_𝑟 ]𝑈𝑝𝑝𝑒𝑟(𝑇)

∞

𝑖=1

] + (1 − 𝑝) [∑[𝑖𝐶𝑖 + 𝐶𝑟_𝑛𝑟 ]𝑈𝑝𝑝𝑒𝑟(𝑇)

∞

𝑖=1

]       (16) 420 

 421 

• Similarly, for Case 2, the lower and upper bounds of the integral  422 

∫ 𝑓𝑘(𝑥) ∫ 𝑓𝑦(𝑦) ∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇−𝑥

0

𝑖𝑇

(𝑖−1)𝑇
, 𝑘 = 1,2 can be derived as follows. 423 

(where 𝑓ℎ(ℎ) ∼ 𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝛽ℎ, 𝜂ℎ)) 424 

 425 

0 ≤ ∫ 𝑓𝑘(𝑥) exp (−
𝑖𝑇 − 𝑥

𝜂ℎ
)

𝛽ℎ

∫ 𝑓𝑦(𝑦)
𝑖𝑇−𝑥

0

𝑑𝑦𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

426 

≤ ∫ 𝑓𝑘(𝑥) ∫ 𝑓𝑦(𝑦) ∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇−𝑥

0

𝑖𝑇

(𝑖−1)𝑇

≤ ∫ 𝑓𝑘(𝑥) ∫ 𝑓𝑦(𝑦)
𝑖𝑇−𝑥

0

𝑑𝑦𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

427 

≤ [1 − exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

)] ∫ 𝑓𝑘(𝑥)𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

   (17) 428 

 429 

where ∫ 𝑓𝑘(𝑥)𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇
 is given in Eq. (15). 430 

 431 

• For Case 3, we have (𝑘 = 1,2) 432 

0 ≤ ∫ 𝑓𝑘(𝑥) ∫ 𝑓𝑦(𝑦) ∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
𝑖𝑇−𝑥−𝑦

0

𝑖𝑇−𝑥

0

𝑖𝑇

(𝑖−1)𝑇

433 

≤ ∫ 𝑓𝑘(𝑥) [1 − exp (− (
𝑖𝑇 − 𝑥

𝜂ℎ
)

𝛽ℎ

)] ∫ 𝑓𝑦(𝑦)
𝑖𝑇−𝑥

0

𝑑𝑦𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

434 

≤ [1 − exp (− (
𝑇

𝜂ℎ
)

𝛽ℎ

)] [1 − exp (− (
𝑇

𝜂𝑦
)

𝛽𝑦

)] ∫ 𝑓𝑘(𝑥)𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇

      (18) 435 

 436 

where ∫ 𝑓𝑘(𝑥)𝑑𝑥
𝑖𝑇

(𝑖−1)𝑇
 is given in Eq. (15). 437 
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Substituting the two above inequities (17) and (18) to Eq. (6) and Eq. (9) respectively, the upper 438 

bounds of the expected costs in Case 2 and Case 3 can be obtained. 439 

5. Improvements of the classification capability 440 

With the development of engineers’ capability of classifying the defective items, the accuracy of 441 

classifying the minor and major defective states may increasing gradually when more inspections are 442 

performed. Thus, the probability of correctly classifying 𝑝 or 𝑞 is a function of the number of inspections. 443 

The learning rates of minor defective state and major defective state detection may be different, 444 

which can be described using two completely different probability distributions or the same distribution 445 

with different parameters. The practitioners can choose an appropriate discrete distribution based on the 446 

real situation. 447 

Here, as an illustrative example, if we assume that the correctly classification probabilities of minor 448 

and major defective states follow the same distribution 𝑃(𝑋 = 𝑗; Θ) with different parameter vectors Θ1 449 

and Θ2, namely, 450 

 451 

𝑝 = 𝑃(𝑋 = 𝑗; Θ1), 𝑞 = 𝑃(𝑋 = 𝑗; Θ2), (19) 452 

 453 

the expected costs in Case 1 and Case 2 can be re-written as follows. 454 

 455 

𝑈1
𝑣(𝑇) = ∑ 𝑃(𝑖; Θ1)[𝑖𝐶𝑖 + 𝐶𝑟_𝑟 ] ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥

∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

∞

𝑖=1

456 

+ ∑(1 − 𝑃(𝑖; Θ1))[𝑖𝐶𝑖 + 𝐶𝑟_𝑛𝑟 ] ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

∞

𝑖=1

,                                              (20) 457 

 458 

𝑈2
𝑣(𝑇) = ∑ 𝑃(𝑖; Θ2)[𝑖𝐶𝑖 + 𝐶𝑟_𝑛𝑟 ] ∫ 𝑓𝑥(𝑥) ∫ 𝑓𝑦(𝑦)

𝑖𝑇−𝑥

0

∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇

(𝑖−1)𝑇

∞

𝑖=1

459 

+ ∑(1 − 𝑃(𝑖; Θ2))[𝑖𝐶𝑖

∞

𝑖=1

460 

+ 𝐶𝑟_𝑛𝑟_𝑒 ] ∫ 𝑓𝑥(𝑥) ∫ 𝑓𝑦(𝑦)
𝑖𝑇−𝑥

0

∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇

(𝑖−1)𝑇

.                                 (21) 461 

 462 

Then, in Eq. (11), replacing the original values 𝑈1(𝑇)  and 𝑈2(𝑇)  with the above 𝑈1
𝑣(𝑇)  and 463 

𝑈2
𝑣(𝑇), the long run cost per unit of time with varying probabilities of correctly classifying a defective 464 

item, denoted by 𝐶𝑣(𝑇), can be derived. 465 

Example. The Planck distribution is a discrete form of the exponential distribution, and its 466 

Probability Density Function (PDF) denoted by 𝑃(𝑗; 𝜆) and Cumulative Distribution Function (CDF), 467 

denoted by 𝐹(𝑗; 𝜆) are given below. 468 

 469 

𝑃(𝑗; 𝜆) = (1 − exp(𝜆)) exp(−𝜆𝑗) , 𝑗𝜆 ≥ 0 (22) 470 
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 471 

𝐹(𝑗; 𝜆) = 1 − exp(−𝜆(𝑗 + 1)) , 𝑗𝜆 ≥ 0 (23) 472 

 473 

Because the probability 𝑝 of correctly classifying a defective item is in the interval (0,1) and 474 

increases with the increase of the number of inspections, the CDF of the Planck distribution can be used 475 

to model the learning process of classifying, the plot of which is shown in Figure 4. 476 

 477 
Figure 4. The CDF plot of the Planck distribution with different parameters 478 

 479 

Note that 𝐹(0; 𝜆) is the initial ability of correctly classifying, and the learning progresses rapidly 480 

at first, and then gradually becomes stable. The parameter 𝜆 is related to the value of the starting point 481 

𝐹(0) as well as the speed of learning. 482 

For the minor and major defective state inspection, the learning parameters are denoted as 𝜆𝑚𝑖𝑛𝑜𝑟 483 

and 𝜆𝑚𝑎𝑗𝑜𝑟 respectively. Then, the expected costs for Case 1 and Case 2 are 484 

 485 

𝑈1
𝑣(𝑇) = ∑[1 − exp(−𝜆𝑚𝑖𝑛𝑜𝑟(𝑖 + 1))][𝑖𝐶𝑖 + 𝐶𝑟_𝑟] ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥

∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

∞

𝑖=1

486 

+ ∑ exp(−𝜆𝑚𝑖𝑛𝑜𝑟(𝑖 + 1)) [𝑖𝐶𝑖 + 𝐶𝑟_𝑛𝑟] ∫ ∫ 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥

𝑖𝑇

(𝑖−1)𝑇

∞

𝑖=1

,    (24) 487 

 488 

and 489 

𝑈2
𝑣(𝑇) = ∑ [1 − exp (−𝜆𝑚𝑎𝑗𝑜𝑟(𝑖 + 1))] [𝑖𝐶𝑖

∞

𝑖=1

490 

+ 𝐶𝑟_𝑛𝑟 ] ∫ 𝑓𝑥(𝑥) ∫ 𝑓𝑦(𝑦)
𝑖𝑇−𝑥

0

∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇

(𝑖−1)𝑇

491 

+ ∑ exp (−𝜆𝑚𝑎𝑗𝑜𝑟(𝑖 + 1)) [𝑖𝐶𝑖

∞

𝑖=1

492 

+ 𝐶𝑟_𝑛𝑟_𝑒
] ∫ 𝑓𝑥(𝑥) ∫ 𝑓𝑦(𝑦)

𝑖𝑇−𝑥

0

∫ 𝑓ℎ(ℎ)𝑑ℎ𝑑𝑦𝑑𝑥
∞

𝑖𝑇−𝑥−𝑦

𝑖𝑇

(𝑖−1)𝑇

        (25) 493 
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 494 

respectively. Then 𝐶∗(𝑇) can be easily obtained based on Eq. (11). 495 

6. Considering the environmental impact of disposed items 496 

Based on the delay time model, all the preceding discussion is relevant to how to minimize the cost 497 

per unit of time by recycling and reusing components with acceptable defective states. However, 498 

considering the environmental factors, practitioners may want to recycle and reuse as many components 499 

as possible on the premise that the total cost would not be excessive. A multi-objective optimization can 500 

be applied to describe this problem. Here, according to Assumption (1) listed in Section 2.2, a component 501 

with a minor defective state can be renewed and reused. Meanwhile, the probability of a cycle that ends 502 

at a positive inspection of a minor defective state, denoted as 𝑃1, is given in Eq. (2). Thus, we have two 503 

objectives in this case, including minimizing the long run cost per unit of time 𝐶(𝑇) and maximizing the 504 

probability 𝑃1(𝑇) at the same time. Considering the different units and scales, we use division to integrate 505 

the two objectives and transfer them to the objective 506 

 507 

max
𝑃1(𝑇)

𝐶(𝑇)
, (26) 508 

 509 

where 𝑃1(𝑇) and 𝐶(𝑇) are given in Eq. (2) and Eq. (11) respectively. 510 

It should be noted that objective function (26) does not need to assume the cost of the environmental 511 

impact as estimating the cost is difficult. For example, cost of repairing or replacing a damaged tyre can 512 

easily and accurately be estimated. However, estimating the cost of the environmental impact of 513 

disposing this tyre may never be accurate. 514 

7. Numerical examples 515 

This section aims to show the application of the proposed method for a single-component system 516 

(that can be interpreted as a component and a socket in series, where the socket never fails) subject to 517 

two defective states. In the present analysis, we first investigate the effect of different dependability 518 

between new and reused components on the optimal inspection interval 𝑇 (decision variable) and on its 519 

respective cost rate 𝐶(𝑇), the decision criterion used to determine the inspection policy. 520 

We verify up to which level the dependability of the reused component can be different than the 521 

new one, and still be economically viable, given different percentages of reuse in the long run. Then, we 522 

analyse the influence of misclassification of minor and major defective states on 𝑇 and 𝐶(𝑇). The case 523 

with varying probabilities of correctly classifying a defective item and the multi-objective optimization 524 

considering the environmental impact are also involved. The results were obtained numerically and the 525 

computing language R was used for programming. 526 

 527 
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7.1 The expected cost with constant p and q 528 

The parameters considered in this analysis are presented in Table 3. 529 

 530 
Table 3. Parameters of the model. 531 

Weibull distributions Reuse Error Costs 

𝛽𝑥1 𝜂𝑥1 𝛽𝑥2 𝜂𝑥2 𝛽𝑦 𝜂𝑦 𝛽ℎ 𝜂ℎ 𝑅𝑖𝑡𝑒𝑚𝑠 𝑝 𝑞 𝐶𝑖 𝐶𝑛𝑖𝑡𝑒𝑚 𝐶𝑟𝑖𝑡𝑒𝑚 𝐶𝑑 𝐵𝑟  𝐶𝑒𝑟𝑟𝑜𝑟  𝐶𝑝𝑒𝑛 

2.5 varied 3 5 2.5 1 2.5 1 varied 0 0 0.05 1 0.5 0.1 0.1 0.05 5 

 532 

Regarding the parameters of Weibull distributions, the shape parameter 𝛽𝑥1 of the distribution of 533 

the arrival of minor defects in a reused component is slightly smaller than the shape parameter 𝛽𝑥2 for a 534 

new component, due to its larger dispersion in the arrival of the minor defect. This consideration is based 535 

on the practical fact that the reused component may not be as dependable as the new one, having a more 536 

dispersed time for the arrival of the minor defect. In addition, the sojourn time in the good state is 537 

expected to be shorter in the reused component than in the new one and that is the main effect in terms 538 

of different dependability between them. For this reason, we vary the scale parameter of the distribution 539 

of the arrival of minor defects in reused components, 𝜂𝑥1, as a percentage of the same parameter for new 540 

components, 𝜂𝑥2. By doing so, we can verify the effect of a shorter life in the reused component on 𝑇 541 

and 𝐶(𝑇), depending on the 𝑅𝑖𝑡𝑒𝑚𝑠, which is also considered as variable values. The other parameters 542 

that characterise the arrival of the major defective state and the arrival of the failure are the same for new 543 

and reused components and represent that, in these states, the component has a more dispersed and 544 

shortened time, compared to the time in the good state of a new component. The error parameters related 545 

to the probability of misclassification of minor and major defects are initially set to zero, because the 546 

analysis of misclassification will be presented separately afterwards. Concerning the cost parameters, the 547 

cost of acquisition of a new component 𝐶𝑛𝑖𝑡𝑒𝑚 = 1 monetary unit was taken as a reference for the 548 

definition of the other cost values, all of them as a proportion of this value, based on the benefit or on the 549 

inconvenient associated. For instance, the penalty cost due to a failure is five time the cost of acquisition 550 

of a new component and 10 times the cost of using a reused component in the replacement of a defective 551 

one. Also, the discharging cost has the same value of the bonus for a component being reintroduced into 552 

the system. 553 

Regarding the influence of different dependability levels of a reused component in comparison 554 

with a new one, the analysis contemplates reductions on 𝜂𝑥1 up to 80% of 𝜂𝑥2, varying at a step of 10%. 555 

The objective is to quantify the variations on the optimal inspection interval 𝑇 and on its respective cost 556 

rate 𝐶(𝑇) for different 𝑅𝑖𝑡𝑒𝑚𝑠. In Table 4, considering cases 1, 10, 19 and 28, compared to case 0 that 557 

represents the non-reuse action, the higher the percentage of reused components, the best is the benefit 558 

in terms of cost when there are no significant changes in terms of dependability, reaching a maximum 559 

cost reduction of 46.35%, for 100% of reuse. In fact, the reuse alternative is less expensive than using a 560 

new component when the dependability between reuse and new components are similar. This is quite 561 

logical because the company uses a reused component similar to a new one, with a discounted cost. 562 
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Table 4. Effect of different dependability between new and reused components. 563 

 Case 𝜂𝑥1 𝑅𝑒𝑑𝜂𝑥1 𝑇 𝐶(𝑇)  Case 𝜂𝑥1 𝑅𝑒𝑑𝜂𝑥1 𝑇 𝐶(𝑇) 

Non-

reuse 
0 5 0 1.0632 0.2835 

Non-

reuse 
0 5 0 1.0632 0.2835 

100% 

Reused 

1 5 0 0.9543 0.1521 

75% 

Reused 

10 5 0 0.9636 0.1774 

2 4.5 10 0.9396 0.1620 11 4.5 10 0.9536 0.1864 

3 4 20 0.9245 0.1739 12 4 20 0.9435 0.1969 

4 3.5 30 0.9092 0.1888 13 3.5 30 0.9335 0.2091 

5 3 40 0.8942 0.2078 14 3 40 0.9238 0.2236 

6 2.5 50 0.8804 0.2331 15 2.5 50 0.9147 0.2409 

7 2 60 0.8700 0.2683 16 2 60 0.9070 0.2622 

8 1.5 70 0.8683 0.3213 17 1.5 70 0.9020 0.2890 

9 1 80 0.8860 0.4100 18 1 80 0.9031 0.3237 

50% 

Reused 

19 5 0 0.9729 0.2025 

25% 

Reused 

28 5 0 0.9821 0.2276 

20 4.5 10 0.9668 0.2096 29 4.5 10 0.9794 0.2316 

21 4 20 0.9608 0.2174 30 4 20 0.9766 0.2359 

22 3.5 30 0.9548 0.2260 31 3.5 30 0.9740 0.2403 

23 3 40 0.9491 0.2356 32 3 40 0.9713 0.2450 

24 2.5 50 0.9436 0.2462 33 2.5 50 0.9688 0.2499 

25 2 60 0.9387 0.2581 34 2 60 0.9665 0.2550 

26 1.5 70 0.9349 0.2715 35 1.5 70 0.9646 0.2604 

27 1 80 0.9364 0.2868 36 1 80 0.9666 0.2660 

 564 

On the other hand, when the dependability between reused and new components starts to become 565 

very different, the benefits in terms of cost may not be enough to counterbalance the worst performance 566 

of the system due to a short period of life, consequently a more likely failure. As a result, the higher the 567 

utilization of reused components in the system, the biggest can be the increase in the cost when the 568 

dependability of a reused component is far different from a new one. Comparing cases 9, 18, 27 and 36 569 

with case 0, we note that there is a significant increase in the cost for high levels of reuse, 100% and 570 

75%; no significant increase for 50% of reuse and there is still a small reduction in terms of cost for a 571 

low percentage of reuse of 25%. This result leads us to an important conclusion. Small percentages of 572 

reuse are the ones that result in the lowest benefits in terms of cost but they are the ones that interfere 573 

less in the system when dependability of a reused component is far distinct from the dependability of a 574 

new one. This behaviour can be better visualized in Figure 5. 575 
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 576 
Figure 5. The expected cost of using a determined 𝑅𝑖𝑡𝑒𝑚𝑠 according to the reduction in the scale parameter of the 577 

distribution of the arrival of minor defects. 578 

 579 

In practical terms, if the company is able to execute a refurbishment process that can guarantee a 580 

reused component with a similar dependability of a new one, it is indicated to use a significant percentage 581 

of reused components in the long run. Thus, an ideal refurbishment process can enable both economic 582 

and environmental benefits. However, if the company is not able to provide an ideal refurbishment 583 

process and the dependability of reused and new components are far different, it is indicated that the 584 

reuse action not to occur or to be sporadic. 585 

Regarding the effects of having a misclassification of minor and major defects, the analysis shows 586 

that the misclassification problem has a higher effect in the model when it is related to the minor defect. 587 

Regarding the optimal time to perform inspections, 𝑇 , the model suggests larger interval between 588 

inspections when the probability 𝑝 decreases. This is an expected behaviour because the model is trying 589 

to reduce the impact of the cost related to the discharge of a reusable component. However, when the 590 

misclassification error refers to the major defect, the model indicates a very slight reduction in 𝑇, which 591 

is also an expected behaviour because the model is established to emphasise reused actions. Also, the 592 

indication of reducing 𝑇  as 𝑞  decreases is a good strategy to reduce the negative effects of 593 

misclassification of the major defect because when inspections are performed earlier, there exists a higher 594 

chance for the system to be in the previous defective state (minor defective state). The effect of 595 

misclassification on the optimal inspection interval is illustrated in Figure 6. 596 
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 597 
Figure 6. Effect of misclassification on the optimal inspection interval. On the left, variation on the probability of 598 
misclassification of minor defects. On the right, variations on the probability of misclassification of major defects. 599 

 600 

Regarding the optimal long run cost per unit of time 𝐶(𝑇) (Figure 7), the highest increment in the 601 

cost rate is given by the misclassification of the minor defect. Even with prior inspections suggested by 602 

the model in order to try to lessen the impact of misclassification on the cost, there is an expected increase 603 

in terms of cost for lower values of 𝑝. The effect of misclassification of the major defect is lesser, 604 

especially because the penalty cost for sending a non-reusable component to the spare parts is 605 

considerably lower compared to the cost of not reusing a reusable one. 606 
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 607 
Figure 7. Effect of misclassification on the optimal inspection interval. On the left, variation on the probability of 608 
misclassification of minor defects. On the right, variations on the probability of misclassification of major defects. 609 

 610 

In practical terms, companies should put emphasis on training actions to reduce the probability of 611 

errors in the classification of defects, prioritizing the correct classification of the minor defect, the one 612 

that implies on the greatest change in the maintenance policy and on the highest cost rates. 613 

7.2 The expected cost with varying p and q 614 

Following the above examples using the Plank distribution to model varying values of the 615 

probabilities of correctly classifying a defective item, this subsection conducts numerical experiments 616 



24 

 

for the expected cost with varying 𝑝 and 𝑞. Because the major defective state may cause some operation 617 

indicators of the system to be obviously abnormal, it is easier to be spotted. Thus, we assume 𝜆𝑚𝑎𝑗𝑜𝑟 >618 

𝜆𝑚𝑖𝑛𝑜𝑟, and 𝜆𝑚𝑎𝑗𝑜𝑟 = 0.5, 𝜆𝑚𝑖𝑛𝑜𝑟 = 0.3. 619 

Other parameters are set the same as those listed in Table 3, where 𝑅𝑖𝑡𝑒𝑚𝑠 is equal to 0.5 and 𝜂𝑥1
 620 

takes 1 and 5 respectively. The plot of expected cost is presented in Figure 8. 621 

 622 
Figure 8. The expected cost per unit of time with varying probabilities 𝑝 of correctly classifying a defective item  under two 623 

different values of the scale parameter 𝜂𝑥1
. 624 

 625 
It can be observed that the optimal inspection interval 𝑇 is around 1, and the minimum expected 626 

costs are approximately 0.2 and 0.3 for the two cases with 𝜂𝑥1
= 5 and 𝜂𝑥1

= 1 respectively. 627 

7.3 With the consideration of the environmental impact of disposed items 628 

This subsection simulates the situation where the environmental impact of disposed items is 629 

considered and the objective function given by Eq. (26) is implemented. With the same parameter setting 630 

as shown in Table 3 and 𝑅𝑖𝑡𝑒𝑚𝑠 = 0.5, 𝜂𝑥1
= 1, 5, the plot of the change of the objective with different 631 

𝑇 is given in Figure 9. 632 

 633 
Figure 9. The changing trend of the objective 𝑃1(𝑇)/𝐶(𝑇)under two different values of the scale parameter 𝜂𝑥1

. 634 

 635 

In this case, the inspection interval can take the value around 0.7 to maximize our objective. 636 

 637 



25 

 

7.4 Suggestions of new perspectives, models and analyses 638 

As can be seen in the previous analyses, the focus of this paper is on the optimisation of the interval 639 

between inspections and its associated cost, for different proportions of reused items adopted in the long 640 

run. In this context, some important scenarios such as, a system with two defective states, 641 

misclassification errors at inspections and the environmental impact of disposed items, were evaluated. 642 

This paper did not address the optimization of the percentage of new and reused items in the stock. 643 

However, different levels of percentage of new and reused items were considered. In practice, a mix of 644 

weak and strong components can be generally considered during the quality control stage. During this 645 

stage, manufacturers need to ensure the quality and reliability of their product items. As such, they screen 646 

out weak components and keep strong ones. Alternatively, it is motivating to investigate when a weak 647 

component may be still economically and environmentally used. In this paper, we extended the 648 

operational activities to the operation and maintenance stage and investigate this issue by considering 649 

and showing that the reused items (weak items) can also be adopted, within certain limits, with economic 650 

and environmental benefits. 651 

Our future research will consider scenarios that are closer to practical scenarios, especially 652 

regarding the stock of spare parts. For example, if the inspection cannot be executed in the defined 653 

optimal time, by some external interference, the number of new and reused items in the stock could 654 

considerably change over time. In this perspective, the optimal inspection period can be considered as an 655 

impact factor of 𝑅𝑖𝑡𝑒𝑚𝑠. Aimed at this new perspective, the current model can serve as an initial base. 656 

However, due to a very distinct set of assumptions to be considered, new models, methods of 657 

investigation and analyses will be required in our future research. 658 

8. Conclusions 659 

This paper applied the delay time model to the context of reuse of components. The paper 660 

emphasised the importance of reuse of industrial deteriorating components and investigated two 661 

important practical characteristics: component heterogeneity and misclassification errors. It also 662 

presented a practical context for application and a numerical analysis that points out some practical 663 

insights into this area. 664 

Finally, the new considerations in the present reuse method enables analyses of important practical 665 

characteristics found in reality and it has not been investigated in the literature to a large extent yet. The 666 

method proposed in this paper provides an effective way to investigate the possibilities of reuse of an 667 

industrial component, based on an analysis of important issues and also taking into consideration the 668 

multiple costs involved with the process of reusing or not. A limitation is that the model is only applicable 669 

to single-component systems and a suggestion for further investigations is to extend it to a 670 

multicomponent-system. Nevertheless, further contributions can also be included in single-component 671 

systems, such as the one mentioned in Section 7.4. In addition, applications on different practical 672 
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examples would enhance practical insights for different particular cases. 673 
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