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ABSTRACT

Three different types of group representations have 
been considered together with their possible applications. 
These are atom and bond representations which are topolo- 
gically-relevant representations of the molecular symmetry 
group, projective representations which, although still 
composed of sets of unitary matrices, obey a modified group 
multiplication rule and corepresentations which consist of 
sets of matrices half of which are unitary and half anti- 
unitary.

Atom and bond representations are defined as reducible 
representations of a molecular point group which serve to 
describe the topological structure and composition of a 
molecule. They are amenable to computer storage and methods 
are given for resolving these representations into irredu­
cible representations which correspond to equivalent sets of 
atoms or bonds. It is shown how bond representations can be 
derived from atom representations and a set of tables of

i

both atom and bond representations is included. Appli­
cation to additivity formulations of molecular properties 
is indicated, together with structural details of molecules 
and the identification of bending, stretching and redundant 
vibrational modes.

All different representation groups of the point 
groups are established and their character tables presented. 
These enable the construction of equivalent alternative sets 
of projective representations as well as to provide an easy 
route to the determination of double and space group repre­
sentations. The construction of the representation group



clears up incompatabilities in already published literature 
on character systems for projective representations and shows 
that of all different methods available for the construction 
of these representations this one is most likely to be free 
from errors. The availability of alternative representation 
groups allows greater scope for the processes of ascent and 
descent in symmetry. Correlation tables are provided for 
the representation groups as well as tables of the symmetrized 
squares and cubes of projective representations.

The set of single and double valued corepresentations 
for each black and white magnetic group is identified with 
the vector representation of one or two abstract groups of 
known structure and character table. This facilitates the 
construction of the character tables (complete sets of which 
are presented for the first time) and reveals that in those 
cases where one abstract group is sufficient a formal character 
theory for providing symmetrized powers of corepresentations 
can be established, contrary to recent indications. Two 
types of cases are found where it is convenient to transform \ 
Signer’s corepresentation matrices and it is shown that normal 
group theoretical analysis can only be applied to ïïigner's 
first type of corepresentation if his concept of physical 
equivalence is replaced by a group theoretical concept.
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CHAPTER

INTRODUCTION TO REPRESENTATION THEORY
1.1 HISTORICAL REVIEW

The first development of the concept of a "group" 
arose from the theory of algebraic equations. The problem 
was to find the solutions X  , X  g » .... 
equation of degree n,

X  n to an algebraic

anX " + an-lX
n- 1 + 3-iX + a — 01 o

with arbitrary coefficients, a^. In 1771, Lagrange (1) 
discovered that these solutions for equations of degree two, 
three, or four were interpretable in terms of sets of permu­
tations on two, three, or four elements which had the pro­
perty that composition of two permutations belonging to the 
set resulted in a third permutation of the same set. He 
recognised that substitutions and permutations were a 
special case of linear substitutions and could be represented 
as a group of linear transformations or permutation matrices.

Cayley in 1878 (2'), noted that abstract groups and 
hence all groups could be regarded as permutation groups. 
These ideas were further developed by Gauss in 1801 (3) and 
Abel in 1829 (4). The real importance of the group concept 
for the theory of algebraic equations was established by 
Galois in 1830 (5), who first used the term "group theory". 
Klein in 1876 (6 ) and Lie in 1893 (7) extended the group 
concept to other domains in mathematics. Instead of 
permutations, the group elements now acquired a more general 
meaning as transiormations, or symmetry operations on 
geometric figures. The first general set of group postu­

lates were given by Kronecker in 1870 (8).
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The central figure in the history of group represen­
tation theory is Georg Frobenius who created the theory of 
group characters and much of representation theory. His 
first paper on the matrix representations of groups was 
presented at the November 18th, 1897 meeting of the Prussian 
Academy of Sciences at Berlin, where he was led to his dis­
coveries by his analysis in 1896 of the group determinant. 
Dedekind (10) introduced this idea of group determinant and 
proposed its study to Probenius. The problem concerning 
the group determinant was as follows:

Let G be a finite group with elements g-̂ , g2 ... gn, 
where g-̂  is equal to the identity. Associated with each 
element g^ is a variable X X  = X  g. where the polynomial O' 
in X  ^ . ...X is defined by

e c q .... x n)=

and X  g.g .-1 denotes X for k such that g. g. 1 = gv.1 J X. ± J it
Probenius recognised that the decomposition of the group
determinant into irreducible factors was equivalent to the 
decomposition of the regular representation into irreducible 
representations and that the degeneracies of the represen­
tations corresponded to the degrees of the factors in the 
group determinant. He also realized that matrix repre­
sentations of groups were important from a practical point 
of view, since many groups have their natural representations 
in terms of matrices. Examples of these include the groups

X g  R - 1 
S1S1

X g  g - 1 
gl° 2 • • X  S l8 n 1

X g  . - 1  
S 2 ° l ^ g 2g2_1 ••• • ’ X  ^ « i f 1

* -1 X g » -l X„ g -1sn6l 6n62 ....  °n6n



- 3 -

which are isomorphic to groups of geometrical operations 
in three-dimensional space, or those representing groups of 
operations in quantum mechanics operating on the vectors of 
a Hilbert space.

Burnside, in his book of 1911 (11) rediscovered 
independently the chief results of Frobenius's early papers. 
However, he achieved his results from the theory of hyper­
complex numbers which provided the link between the theories 
of finite and continuous groups; the link was made through 
the idea of the algebra of a finite group. This was based 
on the recognition of that special class of hyper-complex 
systems, the elements of which could be expressed in the 
form

n
E

i, 0=1

?where the n basis elements 
to the rule

can be multiplied according

eij ekA " S jk eij
Reflecting upon the mathematics of the nineteenth 

century, J. Pierpoint wrote in 1904 (12)
"The group concept, hardly noticeable at the beginning 

of the century, has, at its close, become one of the funda­
mental and most fruitful notions in the whole range of our 
science".

1.2. WHAT IS A REPRESENTATION?

A representation of an abstract group, G, is a homo­
morphism ̂  of G onto a group T of non-singular linear operators 
acting on a finite-dimensional vector space, V, in a complex



field. Let g = T for all elements g of G. Then when <po
is a representation

Tgl(Tg2 X) = Tglg2X V g l , g 2 £  G a n d V X e V

An identity operator, is defined such that
te x = x v x e  v

Also T _1X = T nX V p C G  and V X C Vg g- 1 &
If the mapping l G ---^T conserves the multiplication
laws of a group i.e.

<t> (g]_) 0 (g2) = 0

for any pair of elements g^, g^ in G, then it is a homo­
morphism. If <f) is an isomorphism the matrix images of G 
are called the faithful representations of G. Choosing a 
basis function <XI consisting of linearly independent 
vectors X X ...X^ spanning the space V, matrices 

(g) can be defined such that

c ^ 1-2....
J

I (g) is said to be the matrix representing g with respect A
to the basis <(x| in the representation cfi . The set of all
distinct matrices P  (g) is a matrix group and is the homo-X
morphic image of G under the mapping g- _ » r v (g). TheA
kernel of the homomorphism is those elements of G which are 
mapped onto the unit matrix.

If <X| and <y| are two bases of V defined such that

d.
= S  X; (k = 1 to d)

and S is a non-singular matrix thenr (g) = s_i r (g) s
y  x

- 4 -
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for all elements g of G. That is to say a change of basis
leads to the matrix group P  (g) and Py(g) which are equi-X
valent. It is always possible to choose a basis <̂ z| in Y 
such that P  (G) is a unitary matrix group obeying the
relationshipr or1),, = r (s),i-3 1 u i
where the asterisk denotes complex conjugation.

If eft is a representation of G such that T =<^G is a 
group of non-singular linear operators acting in a vector 
space, V, then U will be an invariant subspace of V under T 
if U is a vector subspace of Y and

Tg X £ U for all Tg £ T and all X 6 U 
If Y has no proper invariant subspace under T then <£> is an 
irreducible representation. If Y can be split up into the 
direct sum of subspaces, each of which is invariant under T 
and each of which is the corner space for an irreducible 
representation of G, then <p is said to be completely reducible.

An important result in representation theory is ob­
tained from Schurfs lemma which states:

"If P(g) and P  (g) are two irreducible representations 
of G such that

P(g) S = S P  (g) for all elements g of G 
then either S equals zero or is a non-singular matrix and 
T(g) is equivalent to P  (g)'r.

A. consequence of this is the fact that a representation 
is irreducible if and only if, the only matrices which commute 
with all matrices of rhe representation are scalar multiples 
of the unit matrix. In addition | (g) is an irreducible
representation if and only if
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1

M
= 1

wherer is±) G | is the order of G and'X<̂(gj_) is the character of 
i.e. the trace or the spur of the matrix.
Other essential theorems about group representations

include
1. The number of representations of a group is equal to the 

number of conjugacy classes, r , where each conjugacy 
class consists of the set of elements of the type 
X-^gX where X runs through all the elements of the group, 
Gr •2 .

3.

The sum of the squares of the degeneracies of the 
irreducible representations of G is equal to the order 
of G.
Two irreducible representations are orthogonal if

r 1* ^ )  pvTcgj) qw vw

where 1 (g.) is the (pa)-th element of theD pq
matrix representative of g. in the representationt)
P  1 with d^ equal to the dimension of P  1. Also

£ ^  = i ifpi  is identical tof^

= 0 i f P 1 is not equivalent t o P k 
4. The matrix representatives reproduce the group multi­

plication table of elements of G.

1 .3  EXTENSION OF THE CONCEPT 0? A REPRESENTATION 
OF A FINITE GROUP

Ordinary or vector representatives as discussed in the
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previous section have important applications in numerous 
physical problems, as will be seen in following sections. 
However, the concept of a representation can be extended in 
several different ways to deal with physical properties that 
so far representation theory has not been able to explain.

One of these problems is the inclusion of the effects 
of electron spin into the molecular or crystal system. Vector 
representations correspond to the single-valued representations 
of the spherical rotation group and describe systems that 
have zero or integral spin. However, if the total angular 
momentum, J, has half-integral values (i.e. the ions have an 
odd number of electrons) the required representations of the 
rotation group must be double-valued. This means that the 
quantum number, j, forms a basis for the character of the

r

representation under a given symmetry operation, if j is an 
integer, the character of the rotations through an angle c* 
is given by

X  ( °0 = Sin (j + j)cx 
sin

and X  (<* ) =X(<*+ 2TT)

therefore 2 TT is the identity operator. For half-integral 
values of j,

X  («+ 2TT) = - X  (ex.)
"X (c*+ 417) = 'X (°0

hence 4 TT is now the identity operation. This leads to the 
concept of the double group, which was in fact introduced 
by Frobenius (13) calling these groups binary groups and 
producing character tables for them. Bethe (14) realized
the application of double groups to systems of ions with an
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odd number of electrons, and calculation of these double­
valued representations was given by Opechowski (15).

Other types of representations that are of use in 
physical problems are the so-called "representations up to 
a factor" or projective or ray representations. The concept 
of projective representation was introduced by Schur (16,17). 
They play an important role in the theory of non-symmorphic 
space groups, and are quite generally of importance for many 
quantum-mechanical systems because quantum-mechanical states 
are described by rays rather than by vectors of a Hilbert 
space. Such systems are systems of particles with half 
integral spin (i.e. in connection with the double groups 
previously mentioned) and those of charged particles in an 
electromagnetic field (in connection with gauge trans­
formations ).

If one non-singular n by n matrix D(g) is assigned 
to each element g of a group G such that

D(g1) D(g2) = W  (g1 ,g2) D (g1g2) .
(where CU (g^,g2) is a complex number) for all g^ and g2 in
G, then the set of matrices D (g^), D (g2) ....  is called
an nth degree projective representation of G and the constants 
CO (g-̂ , g2) is called the factor system. The projective rep­
resentations of a finite abstract group, G, can be found by 
a mapping process from a covering group of G called the 
representation group.

When dealing with crystal systems that have magnetic 
properties, a new type of group must be introduced whose 
representations are called corepresentations. normally, 
the symmetry elements of the group leave the time averaged 
atomic positions and electronic charge density invariant.
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However, if the crystal possesses unpaired electrons it is 
possible for the equilibrium state to have a nonvanishing 
time averaged magnetic moment density as with ferromagnetic, 
antiferromagnetic, and ferrimagnetic crystals. Shubnikov 
(18) introduced the idea of antisymmetry by introducing an 
extra co-ordinate into the crystal system which is only 
allowed to take one of two values to deal with these magnetic 
structures. These new series of groups are called the black 
and white magnetic groups where the operation of antisymmetry 
occurs in half of the elements of the group. The other type 
of magnetic groups are the grey groups where the operation of 
antisymmetry is itself an element of the group and describes 
paramagnetic or diamagnetic crystals where the time averaged 
magnetic moment is zero.

In fact this operation of antisymmetry is the operation 
Qf time inversion, O ' , and as shown by Wigner (19) is an anti- 
unitary, antilinear operator, since the effect of O  on the 
wave function is to change it into its complex conjugate.
All representative matrices so far discussed have been unitary 
obeying the condition

D(g) D(g*) = 1 for all elements g of 5

However, in this case due to the fact that half of the 
symmetry elements of the magnetic group are antiunitary, this 
leads to a new set of multiplication rules for their corepre­
sentations. If u is a unitary operator and a an antiunitary 
operator of G then

3) (u. ) D (u.) = D (u.u.)-L J  ̂ d

D (u) D (a) = D (u a)

D (a) D*(u) = D (a u)
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D (a.) D* (a.) = D (a-a..)

where the asterisks denote complex conjugation.
It can now be seen that a special type of algebra has 

been introduced to deal with the various types of represen­
tations of finite group mentioned above. However, this 
restricts the mathematics of representations to the extent 
that a lot of manipulations and theory used when dealing with 
vector representations is no longer applicable. One of the 
main results of the following work is the recognition of these 
special types of representations as ordinary representations 
of finite abstract groups. Since when the restrictions on 
these representations have been lifted it is possible to 
formulate a fuller and more accurate account of the physical 
properties described by these irreducible representations. 
Chapters 3, 4 and 5 deal with the study of projective repre­
sentations and their application to double groups and space 
groups. Chapter 6 deals with the theory and applications 
of corepresentations in magnetic systems. As will be seen, 
this approach also clears up demonsxrable errors in previously 
published mutually incompatible results between various sets 
of projective representations and leads to much simpler calcu­
lations when dealing with either projective representations or 
corepresentations. The creation of the representation groups 
needed to find the projective representations of the point 
groups also produces more abstract group tables than are 
readily available.

1.4 SOME APPLICATIONS OF REPRESENTATION THEORY TO CHEMICAL 
AND PHYSICAL PROBLEMS

The foundations of the application of group theory



11

(more precisely representation theory) in quantum mechanics 
were laid around 1930 principally by Weyl (20) and V/igner 
(21,22). Prom early work on crystal-field theory by Bethe 
(14) and on electronic band structures by Bouckaert,
Smoluchowski and V/igner (23) it became apparent that the key 
to much of the exploitation of symmetry in the quantum mechanics 
of a molecule or solid lay in the irreducible representations 
of the classical point groups and space groups.

One of the oasic chemical problems is always the 
determination of the structure of a molecule or crystal 
i.e. now atoms in a molecule are related to each other in 
space, and how these individual molecules are related to one 
another in a crystal lattice. The first part of the following 
work deals with these atom and bond representations. Atom

r
and bond representations of a molecule are defined such that 
they are the reducible representations of the molecular point 
group spanned by the sets of atoms or bonds in the molecule.

One of the fundamental theories to group theoretical 
applications was enunciated by Y/igner (21). He showed that 
for a system belonging to an abstract group G, any wave function 
Y(p) of the system must belong to, i.e. must transform 

according to, one or other of the irreducible representations 
of G. That is to say the wave function of a particle 

or quasi-particle in a molecule or crystal must be one 
component of a basis of one of the irreducible representations 
of G of that molecule or crystal. The degeneracies of energy 
levels can be predicted since they are determined by the 
degeneracies of the irreducible representations of G.
Y/igner applied this theorem to the classification of the 
normal modes of a vibrating system, and showed how any normal
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mode transformed according to one or other of the irreducible 
representations of the group of the symmetry operations of 
that molecule. Also exactly how many normal modes there 
are belonging to each of the irreducible representations of 
the group and to find the exact form of each of the normal 
modes i.e. to find the normal co-ordinates.

Considering the electron in a hydrogen atom the 
potential in which it moves is just the potential due to the 
nucleus which is equivalent to a point charge. The system 
as seen by the electron then has spherical symmetry and there­
fore the electronic wave function must transform according to 
one of the irreducible representations of the three-dimensional 
rotation group. This means that its wave function must be a 
basis of where oc , ̂  , * are the Euler angles of some
rotation.When considering atoms more complicated than hydrogen 
various approximations are involved. For example, the wave 
function of the whole system is assumed to be able to be 
expressed as a product of the individual particle wave functions 
or rather as a properly antisymmetrized sum of products of 
individual wave functions. The potential field seen by any 
one of these electrons is assumed to be a radially-symmetric 
field due to the nucleus and all the other electrons, which 
is only an approximation. If the above approximations are 
accepted then the individual particle wave functions will 
transform according to the irreducible representations 
D "2 [ o< , p , . The application of atom and bond represen­
tations to the problem of the normal modes of a vibrating 
system is discussed in chapter 2.

Again using Wigner's theorem, Bethe (14) applied it 
in solid state physics in connection with the splitting of
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the atomic energy levels in crystalline solids. The 
eigenvalues and eigenfunctions of an electron must belong to 
the irreducible representations of the symmetry operations of 
the Hamiltonian, H, of the system containing the electrons.
It is accepted that the wave function is not "a physically 
observable property" of a system although it can be used in 
the determination of the matrix elements which can then be 
related to various physical properties of the system, where 
the point group symmetry of the system will impose some 
restrictions on the allowed forms of the wave function.
The Hamiltonian operator can be regarded as having the 
symmetry of the crystallographic point group or space group.
In a similar way as when dealing with the normal modes of a 
vibrating system, in the case of a free atom the appropriate 
group is the three-dimensional rotation group. If an atom 
is part of a crystal structure the electrostatic potential 
which is experienced by an electron in that atom will no 
longer be spherically symmetrical but will have the symmetry 
of one of the crystallographic point groups G. This often 
results in the partial or complete lifting of the degeneracy 
of the states of a given angular momentum quantum number.
All quantum numbers with the exception of the socalled 
principal quantum number are indices characterizing irredu­
cible representations of groups. Group theory can, if the 
symmetry of the crystal is known, give a qualitative des­
cription of the splitting.

This was extended, to include the effects of electron 
spin, into the double groups by Opechowski (15). The v/ave 
function of a system of identical particles is either 
symmetric or antisymmetric to the interchange of two identical



particles. For Bosons, having integral or zero spin, the 
wave function is symmetric and so is related to the single­
valued representations of the molecular or crystal point 
group or space group. However, for Fermions, having half­
integral values of spin, the wave function is antisymmetric 
and belongs to the double-valued representations of the 
molecular or crystal point group or space group.

A useful application to the study of molecules was 
made by Jahn and Teller (24) and Jahn (25). They found that 
by considering only the orbital part of the wave function, 
then with the sole exception of linear molecules, if the 
electronic wave function belongs to one of the degenerate 
representations of the molecular point group, the molecule 
is liable to instability due to vibrational interaction.

Similarly, when considering selection rules in the 
molecule or crystal system, if the wave functions V  ̂  of 
the individual atoms or molecules belong to the irreducible 
representations of the appropriate abstract group, under a 
physical influence, represented by the quantum-mechanical 
operator, P, a transition between states i and j is forbidden 
if the transition probability is zero i.e.

i

i

Y . P V dx = oD -

Y  P Y 1 dt is a physical observable and hence belongs to
the totally symmetric representation of the group. Group
theory can find the condition that has to be satisfied by
two states i and j between which transitions are to be inves-
tigated. For an allowed transition, V . must belong to
the totally symmetric, A-,, representation of the group. Thi

* ^

can be written as • ( P Y- ) hence the d irect product of the
¿3 ^
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two representations to which Y  . and PY. belong must contain<3 ^
A-,. V  • belongs to an irreducible representation but (PY^)
may be reducible. Therefore, the direct product representation
of P Y  . must contain the representation to whichYY belongs » J
if the matrix element is to be non zero.

In summary, group representations are important 
when dealing with problems in valence theory and molecular 
dynamics, the description of the symmetry of crystals, and is 
of fundamental importance in quantum physics where it reveals 
the essential features which are independent of any special 
form of the dynamical laws and of any special assumptions 
concerning the forces involved. Among these numerous uses of 
representations are the labelling and degeneracy of elec­
tronic energy bonds, the description of one or many electronf .
wave functions, calculation of crystal field splitting, 
magnetic ordering in crystals where the operation of time- 
inversion is considered, labelling and degeneracy of dis­
persion curves for phonons, magnons and other quasi-particle 
states in a crystal, structure determination and application 
to phase transitions. A comprehensive study of recent
developments in the use of group theory in solid state 
physics has been given in a review by Cracknell (26).
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CHAPTER 2

THEORY AND APPLICATION OF ATOM AND BOND REPRESENTATIONS
2.1 INTRODUCTION

The understanding of molecular structure has always 
been one of the basic problems of chemistry; we need to 
know how atoms in a molecule are related to each other in 
space and how these individual molecules are related to one 
another in a crystal i.e. the symmetry properties of the 
molecule or crystal. One of the uses of symmetry conside­
rations is the recognition of equivalent atoms in a molecule 
which will, for example, show that there is only one possible 
monsubstituted ethane but two possible monsubstituted pro- 
panes. Symmetry considerations alone can give a complete 
and rigorous answer to the question "what is possible and 
what is completely impossible". For example from symmetry 
considerations, the number of vibrational modes, their acti­
vity in the infra-red and Raman can be deduced.

These fundamental ideas lead to the theory of atom 
and bond representations. The atom or bond representation 
of a molecule is that reducible representation of the mole­
cular point group spanned by the set oX atoms, or bonds in 
the molecule. The topological structure of a molecule is 
defined by its atom and bond representations, and since they 
are group representations, they permit a fuller description 
of a molecule than is possible with graph theory. It will 
be seen that these atom and bond representations are parti­
cularly amenable to computer storage of this data which 
describes the molecule's symmetry. Methods will be intro­
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duced which enable the resolution of these atom and bond 
representations into irreducible representations corres­
ponding to equivalent sets of atoms or bonds; the bond 
representations being deducible from the atom representations. 
They have an application to additivity properties of molecules 
and also in the prediction of bending, stretching and redun­
dant vibrational modes.

2.2 THEORY OF ATOM REPRESENTATIONS

In the same way that the set of atoms in a molecule 
can be resolved into subsets of equivalent atoms, the atom 
representation of a molecule can be regarded as built up from 
the atom representations of the subsets of equivalent atoms. 
The atom representation of a subset of m equivalent atoms 
occupying sites of symmetry group H (order h) in a molecule 
of symmetry group G- (order g) is that n (=g/h) - dimensional 
reducible representation of G obtained by ascent in symmetry 
(Boyle, 27) from the totally symmetric representation of H. 
Thus for the hydrogen atoms in methane, G = T^, H = C^v and 
hence from Table 5 of Boyle the H^-atom representation is 
^l+^2* This is four-dimensional since there are four 
( = 24/6) atoms and contains the totally symmetric, A-̂ , 
representation of G once since the four atoms belong to a 
single subset of equivalent atoms. The atom representation 
of the carbon atom in methane is A^ since H=G. The atom 
representation of methane is therefore ^A-^+Tg* The utility 
of storing this information as 2A-^+T2 rather than (A-̂ ) Q + 
(At+T0)tt is only assured if atom representations can be 
resolved uniquely into the atom representations of the sub-
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sets of equivalent atoms. It will be shown that this can 
always be done, although it involves the rather novel step 
for representation theory of resolving a reducible repre­
sentation into i reducible representations. Such resolutions 
will not only be required to regenerate the input information 
out also to resolve the problem of identifying the different 
subsets of equivalent atoms obtained from certain distortions 
of a molecule. Thus if the methane molecule is distorted 
along a three-fold axis so that = G^v then the H-atom 
representation is obtained by descent in symmetry from G to 
G / as 2A-̂ +E. This is in fact the sum of A-̂  and A-̂ +E, i.e. 
atom representations of different subsets of equivalent atoms 
in the distorted molecule.

There are only five different kinds of site symmetry 
in tetrahedral molecules and hence all atom representations 
can be built up from just five reducible representations 
corresponding to the different types of site symmetry.
These are enumerated in table 1

Site
Symmetry

Atom
Representation

Number of 
Equivalent 

Atoms
Number of 
Equivalent 
Sets of 
Atoms

Symmetry 
of Point 
Complex

T a A i 1 mo K h

O <1 V T 2 4 m^ T a

° 2 V A^+E+T^, 6 ° h

C l h A1+E+T1+2T2 1 2 m d T d

° 1 A^+A2+2E+3T +3 T 2 24 m T d

Table 1. The atom representations of sets of equivalent 
atoms in tetrahedral molecules.
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In the fourth column of Table 1, the number of sets 
of atoms of a given site symmetry is denoted by the traditional 
notation used in connection with Brester's tables for analy­
sing molecular vibrations. This enables the total number of 
atoms, N, of the molecule to be expressed as

N = mQ + 4m^ + 6m2 + 12m^ + 24m

If the constituent atom representations are denoted as D(mQ), 
D(m^) etc, the total atom representation DA , may be written

DA = moD(mo )+m^D(m^ )+m2D(m2 )+m^ D(md)+mD(m)

and also

DA = f(A1 )A1+f(A2)A2+f(E)E+f(T1 )T1+f(T2)T2

where the f's are frequency factors specifying the occurrence 
of the irreducible representations of T^ in the atom repre-

Asentation D . These frequency factors are entirely determined 
by the number of site symmetries as

mo + Birr3 + m0 + m, + m2 d
f(A2) = m

f(E) = m2 hh md + 2m

f(Tx) = md + 3m

f(T2) = m, 
0
+ m2 + 2m̂  + 3m

However, each of the five m's cannot be negative and hence 
five inequalities exist which govern the relative magnitude 
of the frequency factors. These can be illustrated in the 
following diagram in which each tie-line represents an in­
equality in the sense that the function above must be greater 
than or equal to the function below. Further each function 
is a non-negative integer.
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There is another inequality which is entirely physical in 
origin. The occupation number, m, of the central site can 
never be greater than one and hence

1 >, f(A1) - f(A2) + f(T1) - f(T2) >  0

The restrictions on the frequency factors imply that not all 
possible reducible representations can be atom representations 
and the diagrams provide a simple method (which is very 
appropriate for transcription into a computer programme) for 
determining the acceptability of a reducible representation for 
the analysis which is to follow.

An illustration of this is in consideration of the 
molecule (CH^Li)^ shown below
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The structure of (CH^Li)^ is that suggested by Weiss and 
Lucker (28). Diagram (a) shows the tetrahedral Li^ unit 
with the CH^ groups located symmetrically above each face of 
the tetrahedron. Diagram (b) shows how the structure can 
also be regarded as derived from a cube.

The reducible representation 3A-̂  + E + T-̂ + 4T2 relevant 
to (CH^Li)^ is now examined. Inserting the frequency factors 
into the diagram yields

which is acceptable. Further, the physical criterion 
1 > 0 > 0  is also satisfied.

Finally a criterion is needed to decide whether the 
molecule is actually tetrahedral, or whether it actually 
belongs to a higher symmetry group and is just being des­
cribed by tetrahedral symmetry. The atom representation 
DA = 2A-̂  + E + T2 = D(mQ) + D(m2) meets the preceding criteria 
but in fact describes an octahedral molecule of MLg type.
The solution of this problem is to examine the symmetry 
of the "point complexes" as defined by Niggli (29). These 
are the symmetries of the equivalent sets taken in isolation 
and have been included in Table 1. Thus in the MLg complex, 
the isolated M atom has spherical (K^) symmetry while the 
six L atoms form a point complex of octahedral (Cb ) symmetry. 
The symmetry of the molecule is the intersection (due regard 
being paid to orientation, where relevant) of the symmetries 
of constituent point complexes. For a molecule to be tetra-
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hedral at least one of the point complexes of site symmetry 
C^v , C-^» or Cx must be occupied, 

i. e. m ^ + m ^  + m ^ l

This could also be written as f(T2) - f(E)^l and hence also 
as an additional tie-line in the diagram.

The resolution of atom representations into the 
reducible representations of Table 1 is effected by expressing 
the number of site symmetries in terms of the frequency 
factors. Then

DA = [f(A1 )-f(A2) + f(T1 )-f(T2)] D(mo) + [2f(Ag)-f(E)- 
f(T1 )+f(T2)] D(m5)

+ [f(A2)-f(E)-f(T1)j D(m2) + [f(T1 )-3f(A2)J D(md) + 
f(A2)D(m)

and hence for (CH^Li)^, m^ = 2, m^ = 1, mQ = m2 = m = 0.
Since D(m^) is four-dimensional and D(md) is twelve-dimensional, 
both carbon and lithium atoms form tetrahedra of four atoms 
while the hydrogen atoms lie in the reflection planes. The 
relative orientation of the tetrahedra and the bonding remains 
to be determined by the bond representations.

The example of tetrahedral molecules so far considered 
has been fortuitous in that the number of possible site 
symmetries equalled the number of irreducible representations 
and also the frequency factors were mutually independent.
This has made the analysis of the atom representations fairly 
straightforward. However, this is not generally the case 
since there are the two further possibilities to consider, 
where in the first case the number of irreducible represen­
tations of the molecular point group exceeds the number of 
site symmetries and secondly where the number of irreducible
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representations is less than the number of site symmetries.
The first case to be considered is the case for octa­

hedral molecules, 0 ,̂ where the number of frequency factors 
exceeds the number of site symmetries on which they depend 
i.e. 0^ has ten irreducible representations and only seven 
atomic site symmetries. This leads to some equalities that 
must be satisfied by the frequency factors. As for the 
tetrahedron the total number of atoms, N, of the molecule may 
be expressed as

N = mQ + 6m^ + 8m^ + 12 m2v + 24mh + 24md + 48m

Hence for a reducible representation to be an atom repre­
sentation of 0^ the following three equalities and seven 
inequalities on the frequency factors must be satisfied

f<hu> * f(A2u> + f< V

f( V  = f(V  + f(v
f(T2g) = f(A2u) - f(A2g) + f(T2u)

f< V

There remains two inequalities to be satisfied, one which 
is the condition that there is only one or no atom at the 
centre of the octahedra and secondly the condition on the 
site symmetries for the molecule to have octahedral symmetry.

These are
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1 > f(Aig) - f(V  -f(Aiu) + f(A2g} + f(Eu } >  0

m, + m, + m, + m, + m, + m ^ 1*4 ' T m2v T “h T “d T ^
The opposite case to that of the octahedral example 

is for those cases where the number of irreducible repre­
sentations is less than the number of site symmetries as is 
the case for those molecules with purely rotational symmetry 
of types D , T, 0 and I. The number of site symmetries 
exceed the number of frequency factors and hence the correct 
number of linearly-independent inequalities is composed of 
inequalities between the frequency factors and also restric­
tions on their absolute values. In such cases it is 
usually sufficient to include the condition m ^ 1 which 
guarantees their symmetry (Jahn and Teller, 30) in the cons­
truction of the inequality diagram.

Considering molecules possessing symmetry the 
simultaneous equations expressing the dependence of the 
frequency factors on the site symmetries are only solvable 
if the physical condition 0 ^ m Q^ l  is also included. The 
analysis proceeds as follows. There are four different 
sets of site symmetry in molecules shown in the following 

table

Site
Symmetry

Atom
Representation

Number of 
Equivalent 

Atoms
Number of 
Equivalent 
Sets of 
Atoms

Symmetry 
of Point 
'Complex

Ai 1 0 £ m0 $ 1 Kh

°3 Al+A2 2 0 $ m^ Dooh

c 2 A-j+E 3 0^ m2 ■D3h

C1 A1+A2+^E 6 1 ^ m
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The total number of atoms, N, of the molecule is
N = m + 2m, + 3m0 + 6m o 5 2

The frequency factors can be expressed

f(A-̂ ) = mQ + m̂  + m2 + m 
f(A2) = m^ + m 
f(E) = m2 + 2m

Since the number of site symmetries is greater than the 
number of frequency factors this has to be resolved on a 
parity argument. Prom the above table it is seen that 

f(A-ĵ ) - f(A2) = mQ + m2 
f(E) - 2f(A2) = m2 - 2m^

Consideration of the parity of these equations gives the 
following

m2 mo f(A1)-f(A2) f(E) - 2f(A2)

odd 0 odd odd

even 0 even even

odd 1 even odd
even 1 odd even

Hence mQ may be determined by j f(A-̂ ) + f(A2) - f(E) | mod 2,
Aand now D may be uniquely resolved as

DA = [|f(A1)+f(A2)-f(E) | mod 2] D(mo)+ £  [f(A ± )+f(A£)-f(E)
- |f(A1)+f(A2)-f(E) | mod 2 ] D(m5)

+ [f(A1)-f(A2)- |f(A1)+f(A2)-f(E) | mod 2] D(m2) + £ [f(A2) 
-f(A1)+f(E)+ |f(A1)+f(A2)-f(E) | mod 2j D(m)

The atom representations must obey the equality



26

The normal process of descent in symmetry can be app­
lied to atom representations and by examining the accept­
ability of atom representations derived in this way one can 
decide which symmetries are obtainable by distortion. Thus 
descent in symmetry from the atom representation 2 A + Eg + 
T-̂ u of 0^ to Dj yields the acceptable atom representation 
2A-̂  + Ag + 2E and hence MLg molecules can be distorted to a 

structure. However, boron trifluoride, BF^, which has 
the atom representation 2A^ + E / of cannot be distorted
to D^ symmetry since 2A^ + E is not an acceptable atom rep­
resentation of D^. Descent in symmetry between atom rep­
resentations can also be used to determine whether any sets 
of equivalent atoms have split into two or more such sets 
on distortion. The number of equivalent sets (or point 
complexes) occupied is the number of totally symmetric 
representations contained in the atom representation. Thus 
distortion of MLg from 0^ to D^ symmetry does not cause any 
splitting of sets of equivalent atoms since the atom repre­
sentation contains the same number of totally symmetric 
representations in both symmetries.

2.3 THEORY OF BOND REPRESENTATIONS

For some purposes, the atom representation of a 
molecule will be a sufficient means of classifying its
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structure. However, in general it is helpful to be able 
to specify which pair of atoms are connected by bonds.
The site symmetry of a bond may be defined as those elements 
of the molecular point group which leave the bond in situ: 
in the case of homopolar bonds (i.e. those between equivalent 
atoms) those symmetry operations which interchange the ends 
of the bond are also included. In all cases the oond site 
symmetry is the symmetry of the mid-point of the bond, though 
it is only in the case of homopolar bonds that this is a 
special point. Bond representations can thus be generated 
by ascent in symmetry from the totally symmetric represen­
tation of the symmetry group of the mid-point. The bond 
representation of a molecule can be defined as the sum of the 
bond representations corresponding to the equivalent sets of 
bonds within the molecule. Thus the octahedral MLg molecule 
would have different bond representations according to whether 
the M-L bonding was supplemented by L-L bonding or not.

Atom and bond representations can be related group 
theoretically by the following argument. An atomic property,
P of a molecule can be written as a sum of one-atom 
functions, fj.

i.e. P A = £ fi
all atoms 

i
whereas a bond property,P®, is a sum of two-atom functions,

P B

i ? j
In the case of bonds between different equivalent sets 
atoms, the atoms can be numbered so that i > j where i

of
runs
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over one set and j the other. By writing

» i i
SiJ = fi f.i

Then P B = E - E  f / E t , "  - (PA)’(PA)"
i>3 13 i 1 j 3

Now the symmetry of the atom representations of the two sets 
is not necessarily the same and hence the symmetry of the

■pbond representation, D is
DB =(DA)'(DA )

i.e. the direct product of the atom representations of the
two sets of atoms involved.

in the case of bonds within a single equivalent set
of atoms, the dummy induces i and j run over the same range
and the bond function g.. must be of the type^ ¿3

• i i i
sij f ifj + f jfi 

An atom function can be defined on the basis of

Then

i « tf. = f. f.l l iPB . E s.. - E
i >3 1J

. I » * » M.
(f± f, + fi fi )

i>3 0 3E q '  E r.”  - E
i j J i

f t t

= (PA)'(PA)” - PA
Now the symmetry of ( P A) and ( P A ) must be identical 
and the symmetry of ( p A ) ( P A ) must be symmetric to 
interchange of primes and hence is the symmetry of the 
symmetric square, f(DA)^J of the atom representation, DA.

Hence
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d b  = [ ( d a ) 2J  -  d a

for bonds between equivalent atoms.
The bond representations generated by these formulae

■pfor D will certainly include all possible chemical bonds 
between the atoms considered. Chemically, however, bonds 
are not recognized if they would have to intersect other bonds 
e.g. trans - (L,L) bonds in MLg complexes are disallowed, 
quite independently of recognizing M-L bonding instead.
The midpoint of every chemical bond is a possible atomic 
site hence the bond representation of a set of equivalent 
bonds is always isomorphic with an atom representation. The 
bond representations for the tetrahedral P ̂  molecule is iso­
morphic with the atom representation A-̂  + E + Tg and is not 
restricted by the fact that this representation would not be

g
acceptable as an atom representation. Although D is subject 
to different acceptability criteria, the analysis of an

■pacceptable D can be performed with the same formulae as 
for an atom representation. This is because the chemically- 
allowed bond representations of equivalent sets of bonds are 
isomorphic to those atom representations which correspond to 
atomic site symmetries which are also subgroups of the
symmetry of an isolated bond. The chemically forbidden bond 
representations are those for which ^he apparent site symmetry 
(i.e. that of the midpoint) is a subgroup of the molecular 
point group which, due regard being paid to the orientation 
of symmetry elements, is either not allowed as an atomic 
site symmetry and/or the point of intersection of the bonds 
corresponds to a point which actually has a higher symmetry 
than that of the midpoint of the bonds.
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Resolution processes are needed for bond represen­
tations which have been obtained from atom representations 
by the processes described above and also for bond represen­
tations which are constructed from a known molecular struc­
ture for storage in a computer. The latter problem presents 
no additional difficulties as all chemical bond represen­
tations will be isomorphic with atom representations for 
which a resolution process has been devised in the preceding 
section. The former problem, however, requires the recog­
nition and elimination of those chemically forbidden bond 
representations which are not isomorphic with atom represen­
tations. Such difficulties only arise when dealing with 
the bonds within a single equivalent set of atoms as all non­
chemical bonds between inequivalent sets, even those of the 
same symmetry, have apparent site symmetries which are 
possible atomic site symmetries. To illustrate the problem, 
the sets of all possible bonds within given equivalent sets 
of atoms of a tetrahedral molecule can be resolved as follows:

Apparent Site Symmetries

d a [(da )2] -d a
Chemical
Bonds

Non-chemical
Bonds

D( m^) A^+E+Tg C2v —

D(m2) 2A1+2E-i-T1+2T2 AHO D2d
H(mh) 5A1+2A2+7E+6T1+9T2 G2v,2Glh C2'C1
D(m) 16A1+10A2+26S+30T1+36T2 5Glh’2Cl 3C2,Clh,5C:

Table 2. Resolution of the sets of bonds wathin given
equivalent sets of atoms in tetrahedral molecules.

It can be seen from Table 2 that the only apparent site
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symmetries not occurring as atomic site symmetries are
and C2 and the table indicates when they need to be

r, A\2l Aeliminated from the expression [_(D ) J - D before this 
can be resolved into sets of equivalent bonds using the 
formula for atom representations. Similar analysis can be 
presented for all other point symmetries. In the case of 
the (CH^Li)^ molecule, the C-Li bonds must be contained in 
the representation

(DA )c x (DA)Li = D(m3) x D(m5) = (Aj+Tg) ( A - ^ )  = 2A1+E+T1+3T2

= D(m3) + D(md)
Now if both carbon and lithium tetrahedra are positive, the 
D(m3) set is chemical and the D(md) non-chemical, while if 
one tetrahedron is positive and the other negative, the reverse 
is true. In fact the C-Li bond representation is D(md) and 
hence this specifies the relative orientation of the carbon 
and lithium tetrahedra in this molecule - a fact which could 
not have been deduced from the atom representation alone.

A full set of tables are included at the end of the 
chapter of the atom and bond representations for the mole­
cular point groups. These have been generalized into group 
families wherever appropriate. To simplify the compilation
of these tables the summations over the dummy index, r, have

r=n y
been abbreviated so that becomes n etc. The tables

include all possible sets of equivalent atomic site symmetries 
given in a molecular structure, their atom representations, 
the number of equivalent sets of atoms of a given site 
symmetry denoted in the traditional way used in connection 
with Brester's tables for analysing molecular vibrations.
The symmetry of the point complex is also given together with
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the physical condition that there is only one or zero atoms 
at the centre of a molecule, and the symmetry condition 
that certain atomic sites must be occupied to conserve the 
symmetry of the molecule. The bond representations between 
atoms of equivalent sets have been split into the chemically 
allowed bonds and the non-chemical bonds i.e. the crossing 
bonds that will be predicted by use of the bond represen­
tation formula given previously.

2.4 APPLICATION OF ATOM AND BOND REPRESENTATIONS

The first application is the storage of structural 
and topological information about molecules in the computer. 
Examples of how this might be achieved are given in Table 3.

f .

Molecule Atom Representations Bond Representations

P4 Al+T2 ~ D(mj)p A^+E+Tg = D(m2 p̂-p
CH.4 2Ai+t2 = D(m0)0D(m3)H ai+t2 D(m5  ̂c-h

Ni(CO)4 3A1+2T2= D(“o)Hi+I)(m3)c 2Ax+2T2 = D(m5 N̂i-c
+D(m,)3 0 +D(m_)3 'c-o

(CH5Li)4 3A1+E+T1+4T2 = D(m5)c+D(m5)Li 2A1+2E+2T1+4T2 = D(md)
+ D(md)H +D(md)c

Table 3. The atom and bond representations of some tetra­
hedral molecules

The resolution of the atom and bond representations indicated 
above provides a means of constructing additivity schemes 
for those physical properties which can be adequately treated
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by such an empirical approach. A diamagnetic molecule 
possesses no resultant magnetic moment and the magnetic 
susceptibility,”̂  , has a negative value. Henrichsen (31), 
when studying the magnetic susceptibilities of organic 
compounds, observed that it was possible to assign definite 
susceptibility values to individual atoms which allowed a 
very rough estimate of susceptibilities, in accordance with 
the principle of additivity. He expressed the suscepti­
bility of a diamagnetic organic compound by the additive 
formula

X  - E  X A

where^  are the susceptibilities of the individual atoms 
comprising the molecule. This can be re-expressed in terms 
of atom representations by associating a partial molar susce­
ptibility with each part of the atom representation corres­
ponding to a different equivalent set of atoms. Pascal (32) 
refined Henrichsen’s scheme by introducing correction factors 
due to the structural characteristics i.e. the bonds of the 
given molecule and therefore obtained much more accurate 
values for susceptibilities. This serves as a practical 
method for analysing the structure of molecules, since every 
atom can be assigned a unique value f o r ^  ̂  while the stru­
ctural corrections i.e. double or triple bond, aromatic or 
aliphatic ring etc., were experimentally determined. The 
correction factors can again be re-expressed in terms of the 
bond representations. The use of atom and bond represen­
tations is particularly useful when dealing with the aniso­
tropic components of physical property tensors. Since each 
equivalent set of atoms can be regarded as a "point complex"
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of symmetry greater than or equal to that of the molecule, 
we shall not he concerned with any components of the indi­
vidual atoms which are averaged out in the whole molecule. 
Further, if the anisotropic component under investigation 
is averaged out in the symmetry of a "point complex", then 
the contribution of that part of the atom representation is 
necessarily zero. Thus in the study of tris-bidentate octa­
hedral complexes of symmetry the contributions to the 
optical activity in an additivity scheme should only come 
from atoms in general (C-̂ ) positions since only their point 
complex symmetry is that of a point group admitiing optical 
activity. The same can be said of the bond contributions.

Atom and bond representations are also useful for 
visualizing the normal modes of vibration. Every molecule,

r •

at all temperatures is continually executing vibrational 
motions i.e. motions in which its distances and internal 
angles change periodically without producing any net trans­
lation of the centre of mass of the molecule or importing 
any net angular momentum to the molecule. These internal 
vibrations are the result of the superposition of a number 
of motions known as the normal modes of vibration. Since 
an atom has three degrees of motional freedom i.e. displace­
ment in the x,y or z direction without necessary displacement 
in all three, a molecule consisting of n atoms will therefore 
have 3n degrees of freedom. However, of these three degrees 
of freedom three are translations and three correspond to 
molecular rotations hence the number of vibratory motions 
in a molecule is 3n - 6. Except in the case of a linear 
molecule where there are 3n - 5 vibrational modes since 
rotation of nuclei about the molecular axis cannot occur
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since all nuclei lie on the axis. When considering the 
appropriate class of molecules the number of in-plane modes 
is 2n - 3 and the number of out-of-plane modes n - 3.

In non-cyclic molecules the symmetry of the stretching 
modes is the bond representation, since the stretching of a 
bond is a scaler, or symmetry-preserving motion. The bending 
modes can be derived from atom representations. A bending 
mode preserves the symmetry of all points on the bisector of 
the angle between the bonds involved and is therefore to be 
associated with the representation which atoms placed on these 
bisectors would have. Such an atom representation is easily 
derived from the calculation of the midpoint symmetry described, 
in the previous section. However, such calculations need to 
be modifiedto take account of redundancies amongst the symmetry 
co-ordinates. If S non-coplanar bonds meet at an atom there 
will be -g- S(S-l) bond angles. However, these bond angles 
are not all independent of each other since if there are n 
atoms in the molecule, there will be S+l non-coplanar bonds 
meeting at an atom. The number of stretches is equal to 
the number of bonds, S, hence the total number of Donds will 
be 3n - 6 - S and the total number of independent angles 
3(S+l) - 6 - S = 2 S - 3 .  The symmetry of these redundant 
modes has therefore to be subtracted from the atom represe­
ntation corresponding to the midpoints before this can be 
used to specify the bending modes. When there is only one 
redundant mode, this will be totally symmetric. When there 
are more than one redundant mode, their symmetry corresponds 
in general to a sum of chemical and non-chemical bond repre­
sentations .

In the case of SFg, the redundant modes are of symmetry
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A. + E in (X, i.e. the non-chemical bond representation ig g h*
corresponding to an apparent site symmetry This occurs
because the redundant co-ordinates correspond to the sum of 
the angles in each of the three planes of four fluorine atoms 
(each of which is separately of symmetry D^) being 360 
degrees. In ethane, the redundant co-ordinates are
each totally symmetric in C2V » the site symmetry of the carbon 
atoms and the redundant modes are hence of symmetry Ag+ B^u 
(choosing the C=C axis to be the z axis) of

To illustrate the technique the normal modes of SFg 
are enumerated, which will also serve as a model for any 
MLg-type octahedral complex. There will be 15 normal modes 
of which the six stretching modes are isomorphic with the bond 
representation, viz A^g + Eg + Tlu of 0^. The midpoint of 
two cis-fluorine atoms is of symmetry and the corres­

ponding atom representation is Aig + Eg + Tiu + T2g + T2u *
Casting out the A, + E„ redundant modes leaves T , + T0n. +lg g iu ¿g
T2U as the nine bending modes. The sum of the stretching 
and bending modes is A + Eg + 2T-̂ U + T2g + T2U in agreement 
with the symmetries derived by the method of ascent in symmetry 
(Boyle, 27) or other methods. The following table gives a 
selection of molecules belonging to various molecular point 
group symmetries illustrating the above description.



MOLECULE SYMMETRY BOND REPRESENTATION
= STRETCH

SE6 °h Alg+Eg+Txu=D (m4̂  S-P

G2H4 D2h V Blu+B2u+B3u=D<mhy )o 
+ Ag = D(mo)0_c

■>=J'
i—!O•PPs B4h Alg+Blg+Eu=B ̂ m2u ̂ Pt-Cl

NH,3 °3v A1+E = D(mh)c _C1 
3v

CH4 Td V T2 = B m̂3y^C-H

BP,3 B3h A]_ +E = -̂ (m2v^B-P

V 2 C2h Ag+Bu = D(mh)„.i, 

+ A g  = D (m2h^N-B

CHC1,3 C3v A1+E = D(mh )c_cl

A1 - D(na5v)c_H

ANGLE REPRESENTATION REDUNDANT
=  BEND

Alg+Eg+T 2g+T iu+T 2u~B ̂ m2 v ̂ PSP 

Ag+Blu+B2u+B3u=I) ̂ mhJ ̂ HOC 

+ Ag+Blu = D<m2v>HCH 

Alg+B2g+Eu=I)̂ m2d ̂ GlPtGl
A1+E = D(mh)HNH 

A1+E+T2 = D(m2v ̂h cH 

A1 +E = B m̂2v^PBF 

Ag+Bu = B ̂ mh ̂ PNN

ANGLE REPRESENTATION

+ Eg
+ Blu

I
-3
I

A-J.+E " D(mh4lCCl A1

+A1 + E = B(mh>HCCl
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In conclusion it may be noted that this work arose from an 
attempt to derive new chemically-useful information from 
graph theory. It appeared in the course of that study 
that apart from the applications reviewed by Rouvray (33)> 
the technique was far too limited in power to generate any­
thing more than a re-formulation of a structure and some 
interesting empirical formulae. Storage of bonding infor­
mation in an adjacency matrix is far less efficient than in 
atom and bond representations for molecules with about four 
or more atoms. Further the power of representation theory 
allows derivation of midpoint symmetries and also to specify 
vibrational symmetries: graph theory is peculiarly insen­
sitive to the symmetry of a structure. Thus the graph- 
theoretical description of PF^ is independent of whether it 
is a trigonal bipyramid, right pyramid or a square base or 
some other structure with the same topology.
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CHAPTER 3

THE REPRESENTATION GROUPS OF THE POINT GROUPS

INTRODUCTION

3 .1  The purpose o f t h is  chapter i s  to in v e s tig a te  d if fe r e n t  a lte r n a tiv e  
rep re se n ta tio n  groups fo r  the p o in t groups, which lead to d if fe r e n t  
e q u iv a le n t s e ts  o f p r o je c tiv e  r e p re s e n ta tio n s. The p o s s i b i l i t y  o f  
choosing a p h y s ic a lly  re le v a n t s e t from these i s  d iscu ssed  in  the n ext  
two ch a p te rs .

R ecen tly  [Doring ( 33 ) ;  Rudra ( 34 ) ;  Hurley ( 35 ) ;  Bradley  
and C ra ck n e ll ( 36 ) ;  Jan ssen  ( 37 ) ;  Mozrzymas ( 38 ) ] ,  in te r e s t  has 
been shown in the p r o je c tiv e  re p re se n ta tio n s o f  the p o in t groups because 
o f th e ir  valu e in  f a c i l i t a t i n g  the determ ination o f the rep re se n ta tio n s o f 
the non-symmorphic space groups.

There are vario u s methods fo r  determ ining these p r o je c tiv e  
re p re s e n ta tio n s; and y e t fo r  those methods where ta b le s  have a c t u a lly  been 
p u b lish e d , the variou s r e s u lts  obtained were in co m p atib le . In  a l l  o f the 
above mentioned p ap ers, the approach adopted has been to choose s u ita b le  
fa c to r  systems rath er than to c a lc u la te  the rep re se n ta tio n  group. I t  w ill  
be shown th a t i t  is  both a f i n i t e  and tr a c ta b le  problem to determine a l l  
the a lte r n a tiv e  rep resen tatio n  groups fo r  each p o in t group, u sin g an 
approach based on S ch u r's  o r ig in a l  p r e s c r ip tio n  la id  down in  two papers in  
1904 ( 16 ) ,  and 1907 ( 17 )• This leads to d if fe r e n t  e q u iv a le n t s e ts  of 
p r o je c tiv e  rep resen tatio n s fo r  each p o in t group.

A l l  the a lte r n a tiv e  e q u iv a le n t s e ts  o f  p r o je c tiv e  rep resen tatio n s can 
now be o b tain ed , and i t  i s  seen th a t a l l  the ch a ra cte r systems o f  
p r o je c tiv e  rep resen tatio n s th a t have been p r e v io u sly  p u b lish ed  are e ith e r  
incom plete or erroneous or b o th . These se ts  o f p r o je c tiv e  rep resen tation s  
on ly d i f f e r  in  variou s phase fa c to r s  fo r  in d iv id u a l c h a r a c te r s . However, 
these phase fa c to r s  cannot be permuted between d if fe r e n t  s e t s , as appears
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to be the case in  previous papers which led  to erroneous r e s u lt s .

3 _ 2  THEORY OF MULTIPLICATORS AND REPRESENTATION GROUPS

Schur ( 17 ) d efin ed  a rep resen tatio n  group, R, o f  a f i n i t e  group, G, 
as an a b stra c t group p o sse ssin g  an in v a r ia n t subgroup, M, c a lle d  the 
m u ltip lic a to r  o f  G , which i s  contained in  both the c e n tr e , Z , and the  
commutator subgroup, K, o f R such th a t the fa c to r  group R/M is  isomorphic 
to G. The order o f  M i s  as sm all as p o s s ib le  w ithout b ein g t r i v i a l ,  unless  
no n o n - t r iv ia l  p o s s i b i l i t i e s  e x i s t .  The order o f R is  the product o f  the 
orders o f G and M. The mapping o f R onto R/M i s  a can n on ical epimorphism 
w ith Kernel M and image R/M, sin ce  i t  maps the elem ents o f  R onto the co set  
elements R/M. Since R/M is  isom orphic to G, there is  an epimorphism IT from 
R onto G.

A rep resen tatio n  group i s  th e refo re  a c e n tr a l exten sio n  o f  G by M.

In  gen eral R i s  not unique although M i s  unique fo r  a given  G. Although  
the elements o f G can be i d e n t if ie d  w ith  the co se t re p re se n ta tiv e s  R/M, the 
co n stru ctio n  o f R i s  such th a t the m u ltip lic a tio n  ru le  in  R fo r  elements 
id e n t if ie d  with elem ents o f G i s  n ot the same as fo r  those elements in  the 
group G. G is  th e refo re  not a subgroup o f R and hence R cannot have a 
d ir e c t  or s e m i-d ire ct product stru ctu re  in v o lv in g  G and M.

One can extend the concept o f a re p resen tatio n  o f  a group G o f  
elements £_g^} to allo w  a m u ltip lic a tio n  law fo r  the re p re se n ta tiv e  
m a tr ic e s , 6 , o f the form

¿■(ĝ  ¿'(gj) = "(g^ gj) * (g^gj)
where the fa c to r  systems co(g^, g^) are complex numbers o f u n it  modules.

Not every fu n ctio n  eo can occur as a fa c to r  system because o f the 
a s s o c ia t iv e  law o f m atrix  m u ltip lic a tio n  v i z :

C r f X g ^ ^ g j ) ] ^  = i ( g i ) ^ ( g j )rf(gk )]

* -( gi . g j ) « f ( g 1»g:j)«f(gk) = <f(gi )to(gj ,gk ) i ( g ^ , g k )

" ( 8 i , g j M g 1 g j , g k)«f(gi  g .  gk) = ^ ( g r gkM g i , g j  gk)<f(g± gj  gk)
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Therefore the co n d itio n  on ui fo r  a l l  g . ,  g . ,  g, 6 G i s :i J
^ ( g i » g j)^ ( g i  = w ( g j ,g k)a.(gi ,g j  .g fc)

These fa c to r  systems form a m u lt ip lic a t iv e  Abelian group. A p a r tic u la r  
case i s  given  by a l l  ¿ o ( g ^ ,g j)  = 1 when normal p o in t group algeb ra i s  
o b tain ed .

I t  can be shown by the fo llo w in g  argument th a t the true (or v e cto r)  
re p re se n ta tio n s or R correspond to e ith e r  v e c to r  or g e n e ra lise d  (or 
p r o je c tiv e  or ray or m u ltip lie r )  rep re se n ta tio n s o f  G. A rep resen tatio n  
m atrix A (r^ ) o f R i s  a lso  a re p re se n ta tiv e  m atrix £  (irr^) o f G sin ce  
the epimorphism ¥ maps the element r^ o f R onto the element o f G. 
S in ce  A i s  a true rep re se n ta tio n  o f  R ,

A (r±) A (r..)  = A (r± r..)  
but A ( r;L) A ( r j )  = (¥r±) (¥r^)

= «f(TTr± rj)

hence cf(TTr. r .)  =<A (r. r .)
i  3 i  J

and th e re fo re  A  i s  a ls o  a rep resen ta tio n  o f  G.

Now l e t  rk be th a t element o f R such t h a t ¥ r k = gk> Because

¥(rk rt> ■irrk-iri< ■ sk gt * 8k« =irrkt

17 <rkt rk"1 't'1' ■ E 
the id e n t it y  o f G. T his i s  s a t i s f i e d  i f

rk r* = “ue rk€
where m ^  i s  an element o f M which l i e s  in  the commutator subgroup K o f 
G and which commutes w ith  a l l  elements o f R.

S ch u r's  ienna ( 1 6  ) ,  s ta te s  th a t i f  A and B are two ir r e d u c ib le  s e ts  
o f m a tric e s , o f dimensions n and m r e s p e c tiv e ly  and S an mxn m atrix such 
th a t SA = BS, then e ith e r  S = 0 or S i s  n o n -sin g u la r  and A and B are 
e q u iv a le n t. A consequence o f th is  i s  i f  an nxn m atrix commutes w ith a l l
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the elem ents o f an ir r e d u c ib le  s e t o f m atrices then S i s  a m u ltip le  o f  
the u n it m atrix I .  Hence S = u>I and i s  o n ly  v a l id  fo r  complex m a trice s .

A p plyin g S ch u r's  lemma to the previous c a lc u la tio n s

A ( r .) A ( r .)  = A ( r .  r .)  = A ( m. . r .  .)  = oo(r. ,r .) A ( r  .)  i 3 i 3 ij ij i 3 iJ
and sin c e

A  ( r ±) = (gt )

^ ( g i ) ‘f (g j)  = ^ ( g i » g j)^ ( g i  g j)  
i . e .  i  i s  a p r o je c tiv e  rep resen ta tio n  o f G.

Sin ce  <?(g  ̂ g j)  and £ ( g ^ ) ^ ( g j) on ly d i f f e r  by a fa c to r  they determine

the same transform ation o f p r o je c tiv e  sp ace. T his tra n sfo rm ia tio n  w i l l  be

unchanged i f  £ (g^) i s  rep laced  by uCg^)^(gi ) where u (g ) £  0 and i s  a

complex fu n ctio n  o f the group. Two such p r o je c tiv e  rep re se n ta tio n s <f and

&' are sa id  to be a s s o c ia te d  i f  <f/ (g^) = u(g^)<f(g^). I f  S and are

a s s o c ia te d  the corresponding fa c to r  systems are then r e la te d  by

cn'Cg^gj) = u(gi)u(g-.) oo(gi,g;.)

u(gi g j)

which i s  the co n d ition  fo r  them to be a s s o c ia te d .

I f  the S’s are n x n m a tric e s , u(g^) may equal any n th root o f  
det £ (g^) fo r  a ll . g.̂  £ G, hence

det [ i / (gi ) i ^ ( g j) ]  = det [a/ ( g ^  ĝ . )<S' (g± g^.)] 
u (g i )n [det £ (gi ) ]u (g i )n [det «f (g ..)] = ( g ^ g j  g j )n [det £ ' (g± g^)]

1 = ^ / (gi ,g j )n

Therefore every fa c to r  system belon ging to an n th -d egree p r o je c tiv e  
re p resen tatio n  i s  a s s o c ia te d  to one in  which a l l  fa c to r s  are the n th  
ro o ts o f u n ity .

c o (g ^ ,g j)  and < ^ ^ (g^ ,gj), together w ith a l l  other fa c to r  systems

2
a s s o c ia te d  to them, form a m u lt ip lic a t iv e  A b elian  group,B (G) o f a sso cia te d
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fa c t o r  system s. This i s  an in v a r ia n t subgroup o f the group o f a l l  fa c to r

2 2 2 2 system s Z (G ). The fa c to r  group Z (G)/B (G) i s  isom orphic to H (G ), the

group o f a l l  c la s s e s  o f  a s s o c ia te d  fa c t o r  systems which i s ,  in  th is

c o n te x t, the m u lt ip lic a to r  M o f G.

To compare t h is  w ith  cohomology th eory, i t  can be seen th a t the

fa c to r  systems are those tw o-dim ensional co -c h a in s  which are two-

dim ensional c o - c y c le s . The s e ts  o f a s s o c ia te d  fa c to r  systems are those

tw o-dim ensional c o -c h a in s  which are a ls o  co-boundaries o f some one-
2

dim ensional c o -c h a in s . H (G) i s  the second cohomology group o f exten sions  
o f G by M.

3 .3  DETERMINATION OF THE MULTIPLICATORS OF THE POINT GROUPS

In  order to fin d  th e number o f rep resen ta tio n  groups fo r  the p o in t  
groups G, the m u lt ip lic a to r  o f G, which i s  unique, must be determ ined.

The most e f f i c i e n t  method i s  u sin g an aufbau p r o ce ss , s ta r t in g  w ith  the 
c y c l i c  groups Cn , S 2 n> ^ (2 n -l)h * 'Î ie ^0-*--*-0w:*-11S isomorphisms e x is t  between 
these groups:

C2n = S 2n; C4n-2 = S4n-2 = C (2 n -l)h

so th a t i t  i s  only n ecessary to co n sid er the fa m ily  o f groups Cn > These 
are s in g le -g e n e r a to r  groups and hence A b e lia n . T h eir re p resen tatio n  groups 
must th e refo re  a lso  be s in g le  generator A b e lia n  groups and hence have a 
commutator subgroup K = C^. Since the m u ltip lic a to r  must be contained in  
the commutator subgroups o f  the rep resen tatio n  grou ps, the m u ltip lic a to r s  o f 
the c y c l i c  groups must a l l  be and th e re fo re  the rep resen ta tio n  group 
c o in cid e s w ith the o r ig in a l  group and there are no p r o je c tiv e  rep re se n ta tio n s.

The n ext fa m ily  o f groups to consider are the d ih ed ral groups 
D2 n+  ̂ = C(2 n+ l)v o r ^er ^n + 2. T heir m u ltip lic a to r s  may be found using  
the fo llo w in g  theorem V o f Schur ( 1 7  ) .
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" I f  p i s  the h ig h e s t power o f  the prime number p , which d iv id e s  the 
order g o f  the group G , and i f  the subgroups o f G o f order pa are c y c l i c  
grou ps, the order o f  the m u lt ip lic a to r  o f G i s  not d i v i s i b l e  by p ."

Therefore the order o f  the groups D2 n+  ̂ i s  2  ̂ x (2n + 1)^ . Hence 
the order o f  th e ir  m u lt ip lic a to r  i s  d i v i s i b l e  by no prime number g re a te r  
than 1. T heir m u ltip lic a to r  i s  hence C^.

For the groups o f  the fa m ily  = C^nv = ^2nd’ n o n -tr i v i a i  
m u ltip lic a to r s  can be found and i t  w i l l  be s u f f i c i e n t  to show th a t one 
re p re se n ta tio n  group o f tw ice th e ir  order e x is t s  to prove th a t the 
m u ltip lic a to r s  are a l l  C2 . The double groups are known to have the 
property D ^ / c £  = sin ce  they are c e n tr a l exten sio n s o f by D^n and 
sin ce  th e ir  commutator i s  C^, C*(= C2 ) i s  a p o s s ib le  m u lt ip lic a t o r . Since  
t h is  group i s  o f  the minimal n o n - t r iv ia l  o rd er, the m u ltip lic a to r  must be 
isom orphic to the a b s tr a c t  group C2  fo r  a l l  p o s s ib le  rep resen ta tio n  groups.

The V ierergru p p e, D2  = C2 v = C2 ^ i s  the f i r s t  example o f  a d ir e c t  
product group as i t  can be fa c to r is e d

d2 = C2 x C2

Before we can apply S ch u r's  theorems we have to show th a t i f  K i s  the 
commutator subgroup o f  a f i n i t e  group G , then the fa c to r  group G/K i s  
always A b e lia n .

The commutator o f  an ordered p a ir  o f elements { g ^ ,g j }  o f a f i n i t e  
group G i s  the element g^  ̂ g j  ̂ g^ gy  The commutator subgroup K o f G is  
the subgroup generated by a l l  the commutators o f G. L e t N be a normal 
subgroup o f G, then the fa c t o r  group G/N i s  A b e lia n  i f  and on ly i f  N 
co n ta in s K; sin ce  the elements o f the co se ts G/N are the co se ts  

gN = Ng V g e G

G/N i s  A b elian  on ly i f

gi Ngi N = gj Ng^ N e G
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Hence

Ng£ gj = Ngj g£
x, -1 -1

- N '  8 j  ^  8 j  S i

Therefore g . g . g .  ^g.  ̂ must be an element o f  N and hence N must co n tain  a l l  J i J i
commutators sin ce  g^ and gj are any two elements o f G. Thus G/K i s  always 
A b e lio r , and can be fa c to r is e d  in to  d ir e c t  products o f c y c l i c  groups.

Theorem V I o f Schur now proves th a t i f  G  ̂ and G2  are two f i n i t e  groups 
w ith  commutator subgroups and r e s p e c tiv e ly , and w ith q u o tie n t groups 
G^/K^ and G2 /K2  fa c to r is e d  as d ir e c t  products o f c y c l i c  groups o f orders

H. ^ 2 ........... and ^ 2 .......................^ l‘* t *ien t îe m u itip lic a to r  ° f  G  ̂ x G2  is

the d ir e c t  product o f  the groups M^, M2  and the k< c y c l i c  groups o f  orders

h c f 5 1 ) h c f ( i 2 > 3 ^) ........... h c f (^k > 3 where h c f (a ,b ) i s  the h ig h e st

common fa c t o r  o f a and b .

The m u lt ip lic a to r  o f  D2  i s  then given  by 
M(D2) s  M(C2) x M(C2) x Ch c f (2 ,2 )

= C1  x  C1  x  C2

The m u ltip lic a to r s  o f  the te tr a h e d r a l, o ctah ed ral and ico sah ed ral  
r o ta tio n  groups, T, 0 and I  r e s p e c tiv e ly , may now be determined by Theorem V 
o f Schur ( I ?  ) .  Since apart from c y c l i c  groups o f odd o rd e r, th e ir  Sylou; 
subgroups are r e s p e c tiv e ly  D2 , D^, D2 . These a l l  have m u ltip lic a to r s  
isom orphic to C2  and hence i f  T , 0 and I  are to have n o n - t r iv ia l  
m u lt ip lic a t o r s , these must a l l  be isom orphic to C2 . The m u lt ip lic a to r  o f 
the re g u la r te tra h e d ra l group, T^, must a ls o  be isom orphic to C2  sin ce  T  ̂
i s  isom orphic to 0 .

A l l  o th er remaining p o in t groups can be regarded as d ir e c t  product

gro u p s:
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C2 nh C2 n X C 2

^4n+2 ^(4n+2)v ^(2n+l)d

° 2 nh ° 2 nX C 2

Th = T x c2

0 ^ = 0  x  C j

!h = 1 x C2

D(2 n + l)h  ° 2 n+l X °2

and hence th e ir  m u ltip lic a to r s  can be determined usin g Theorem VI o f  
Schur ( 17 ) .

F in a lly  the s p h e r ic a l r o ta tio n  group, K , i s  known to have a double 
group, K+ , such th a t K^/C^ = K- This obeys the requirements fo r  a 
rep resen ta tio n  group and hence the m u lt ip lic a to r  i s  determined to be 
isom orphic to C2 . The sp h e ric a l group re le v a n t to atoms i s  = K x  S2  

and- co n tain s r e f le c t io n  planes and the in v e r s io n . This has a d ir e c t  product 
group stru ctu re  and again  u sin g Theorem V I o f  Schur (1 7  ) ,  i t s  m u ltip lic a to r  
i s  a ls o  isom orphic to C2 .

The r e s u lts  may be summarised as fo llo w s , where only one member o f an 
isomorphism c la s s  i s  ta b u la te d  as the r e s u lts  fo r  the r e s t  o f  the c la s s

a u to m a tic a lly  fo llo w . 
P o in t Group G Sylow Subgroups a

P

° 2 n+l C 2  * C2 n+ 1
2 1, (2 n+l)

T ° 2 ’ C3 22, 31

0 °4 * C3 23, 31

2  „ 1  ^ 1
I ®2 * ^3 » ^ 5 2 , 31, 51
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Point Group G = x K 1 V K i * r * 2 K 2 g 2 /k 2 5 1

D2 = C2 XC2 C1 C2 2, - C 1 C2 2

C2nh = C2n X C2 C1 C2n 2n, - C1 C2 2

°4n+2 = °2n+l X C2 C2n+1 C2 2, ~ C1 C2 2

°2nh = D2n X °2 Cn C2 x C2 2, 2 C1 C2 2

Th =  X X C 2 D2 C 3 3, - C1 C2 2

0h = 0 x C2 T C2 2, - C1 C2 2

!h = ! x G2 I C 1 1, " C1 C2 2

1^ S K X C2 K C 1 1, ~ C1 C2 2

Multiplicator = :

Cn ’ C (2n-l)h’ C (2n-1) v ’ D2n+1’ S2n

Multiplicator = C2 : f

C 2nv’ C2nh’ D 2n’ °nd’ D (2n+l)h* I, Ih , K, 0, T, Th

M u ltip lic a to r  = x  :

M u lt ip lic a t o r  = x x :

2 nh

I t  i s  seen th a t the m u ltip lic a to r s  fo r  the p o in t groups are isomorphic 
to or products o f  C2- However, m u ltip lic a to r s  o f  other types can appear 
e .g .  i f  p i s  a prime number, the m u lt ip lic a to r  o f  the d ir e c t  product groups 
Cp x Cp (used in  d e sc rib in g  m olecules e x h ib itin g  in te r n a l ro ta tio n ) are 
isom orphic to C^. The sim p le st example o f  t h is  occurrence is  when 
co n sid e rin g  the d ir e c t  product group x where the m u ltip lic a to r  is  
isom orphic to C^.

I t  should be noted th a t the above determ ination o f the m u ltip lic a to r  
as a means o f fin d in g  the second cohomology group i s  a la b o u r-sa v in g  method
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fo r  those problems in v o lv in g  the exten sio n s o f  a group by i t s  m u ltip lic a to r  
and i s  fa r  sim pler than d ir e c t  a p p lic a tio n  o f cohomology theory.

3 .4  DETERMINATION OF THE MAXIMUM NUMBER OF REPRESENTATION GROUPS

The determ ination o f  the number o f  rep resen tatio n  groups i s  u s e fu lly  
preceded by the determ ination o f  the maximum p o s s ib le  number o f such groups 
u sin g Theorems I  and I I  o f  Schur (17 ) .  To apply these theorems we need 
to know the m u ltip lic a  t o r s , M, determined in  the previous s e c tio n  and the 
commutator subgroups, K, o f  the p o in t groups G. The q u o tie n t groups G/K 
which have been shown to be always A b elian  are fa c to r is e d  in  terms o f  c y c li c

groups x C£ 2  x  ........... where the orders e 2 ............... are the in tegers

re fe rre d  to by Schur as the in v a r ia n ts  o f the q u o tie n t group. The 
m u ltip lic a to r  i s  lik e w ise  fa c to r is e d  and i t s  in v a r ia n ts  denoted by e^, e 2  . . . .  
Schur (Theorem I)  then proved th a t the maximum number o f rep resen tatio n  
groups, nmax» i s given  by the product o f  a l l  p o s s ib le  h ig h e s t common fa c to rs  
o f the type h c f (e^, ej ) *  When G i s  a complete group as fo r  example the 
groups T^ and 0 , th is  maximum number i s  the a c tu a l number o f rep resen tatio n  
groups. I f  the orders o f  the fa c to r  group G/K and M have no fa c to r s  in  
common then G has o n ly one rep resen ta tio n  group (Sch u r's  Theorem I I ) .  This 
case happens p a r t ic u la r ly  when G = K, as in  the case fo r  the p o in t groups I  
and K, when there i s  on ly one re p resen tatio n  group ir r e s p e c tiv e  o f  the  
m u lt ip lic a t o r . The r e s u lts  may be summarised in  the fo llo w in g  ta b le  where 
n i s  the a c tu a l number o f rep resen ta tio n  groups determined in  the fo llo w in g

s e c tio n .
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G K G/K M maxn n

C2 n- 1 C 1 C2 n- 1 C 1
1 1

*̂ 2 n ’ ^2 n* ^nh(nodd) C 1 C2 n C 1
1 1

C2 nh C 1 C 2 nx C 2 C 2
4 2

^2 n - l *  ^ (2 n - l ) v C2 n - 1  C 2 c i 1 1

D2 n ’ C 2 n v’ Dnd- Dnh(n0d<1> Cn C2 X C 2 C 2 * i
f 2 , n = 
^3, n *

1

1

° 2 nh Cn C2xC2xC2 C2 x C2 x C 2
512 'f l ,  n = 

i_2 , n *
1

1

T
° 2 C3 C 2

1 1

V  0
T

C 2 C 2
2 2

Th ° 2 C2XC3 C 2
2 2

°h T C2 x C 2 C2 X C 2
16 4

I I
C 1 C 2

1 1

*h
I

C 2 C 2
2 2

K K
C 1 C 2

1 1

*h
K

C 2 C 2
2 2

q .S  DETERMINATION OF THE EXACT NUMBER OF ALTERNATIVE REPRESENTATION GROUPS

The determ ination o f the a c tu a l number, n , o f  non-isom orphic  
re p resen tatio n  groups o f  a given group, G , req uires an exam ination o f the 
nmax Po s s ^ -k ilitie s  to see i f  they lead to groups and then what isomorphisms 
e x is t  between them. T his can be done by examining the gen eratin g r e la tio n s  
o f a given  group i . e .  exam ination o f  the behaviour o f a minimum s e t o f  
elements o f the group which s p e c ify  the behaviour o f a l l  elements o f th at  
group. The process can be f a c i l i t a t e d  by co n sid e rin g  f i r s t  the 
rep resen tatio n  groups, R, o f  p o in t groups, G, which can be s p e c ifie d  by two
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gen erato rs and then u sin g these as a b a s is  in  a com position s e r ie s  fo r  
c o n sid e rin g  those groups which must be s p e c ifie d  by three ge n e ra to rs, 
then stepw ise to those groups which are c o n v ie n tly  s p e c ifie d  by four or 
f i v e  g e n e ra to rs.

Let us consider a group G s p e c ifie d  bv two generators A and B such 
th a t An=Bn=E and BA=AxBy .A  rep resen ta tio n  group R fo r  G must be s p e c ifie d  
in  terms o f two g e n e ra to rs, P and 0 such th a t =QP =E, and QP = P^Q1"1 . 
The order o f G is  £m sin c e  fo r  a l l  p o in t groups in  qu estion  A ^  +B^m and 
hence the order required fo r  R i s  2£m sin c e  the m u ltip lic a to r  fo r  a l l  
tw o-generator p o in t groups i s  o f order 2 .H e n c e ,if  P J ^ + Q^P, 2£m= Xy i . e .

X = 2£ ,y  = m or X— £, y = 2m . I f  h o w e v e r,P ^  = then 2to =rXy i . e .

X =  L £  y =2m, [cases such as X = M  ,y  = m are excluded s in c e  these would

n o t correspond to a m u ltip lic a to r  o f order 2 ] . Con sid erin g now The r e la tio n
xv r nBA = A B ' ,t h e  corresponding r e la t io n  QP = P Q in  the rep resen ta tio n

group can perm it d if fe r e n t com binations o f valu es of £ and p according

the v a lu e s o f X and y.The r e s u lts  can be summarized as fo llo w s :

Label G enerating M u ltip lic a to r Commutators o f R
R e la tio n s  in  R K fx=I) K 1 x=2 n -I)

lv=I / (y=i /

R
I

p2 £=Qm=E ;QP=PXQy { e , p £ } E
21 „n even:P . =E. 

n odd : (p ) =E

P 2
p2 £=Qin=E ; QP=P3H'£Qy [ e , p M (p 2 H - E p 2£=e

P 3
p£'=Q2 m=E ; Qp=pXQy {E ,Q m} : e p £=e

P 4 p W - E i Q P - p V 41“ i E ,Q mi (q2 r - E
i 2 2\ln even: (P Q ' sE 

n odd :P =(Q / =E

P 5
P2 £=Q2 m=E ;QP=PXQy [E ,P  =Qm } E

.

n e v e n : ^ = E  
n odd : [P4) i =E

P 6 E2 t , q2 "‘, E ; Qp ,P» )'1QV
o m

iE ,P  =Q ] Ip 2) * - e p 2£=e

P 7
p“ .Q 2 » . E j Qp ,p xQy+™ i E ,P £=Qm} (p 2 H - e p 2£=e

P 8
P2 1 . 0 2 m.E ;Q P .p x + tqy+”  Î E . p V i E

n e v e n :P ~ = E  
n odd : P2 -̂  =E
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Of the e ig h t  p o s s i b i l i t i e s  i t  may be noted th a t = /°g and P^ ~ ̂  ~j 

sin c e  fo r  these groups, the in v a r ia n t element = Qm. Among the relevan t  
p o in t groups, we always have y = 1  and e ith e r  x = 1  ( fo r  the C2 n  ̂ fam ily)  
or x = 2 n -l ( fo r  the D. fa m ily ) . For these two c a s e s , the gen eratin g  
r e la tio n s  o f the commutator subgroups o f the rep resen ta tio n  groups are 
l i s t e d .  Comparison w ith  the elements o f  the m u ltip lic a to r  shows th a t fo r  
the C2 n^ g r o u p s ,/ ^  an  ̂ ^ 6  are Po ssak le  rep resen tatio n  groups when ■£ is  even 
which i s  the case sin ce  £ = 2n, andP ̂  is  a re p resen tatio n  group when m i s  
even, which i s  s a t i s f i e d  sin ce  m = 2 fo r  the C2 n^ p o in t groups. In  fa c t  
/ ° 2  and P ̂ are isom orphic sin ce d if fe r e n t  ch o ices o f generators w i l l  lead to  
the two d if fe r e n t  form u lation s o f the group. There are thus only two 
d if fe r e n t  re p resen tatio n  groups fo r  each group o f the C^nh

In  the case o f the D2 n groups, comparison o f  commutator subgroups and 
m u ltip lic a to r s  shows th a t when n i s  even , p P ^  an<̂ /°^ are p o s s ib le  
rep re se n ta tio n  groups w hile when n i s  o d d ,P P^  and P^  are the p o ssib le

rep re se n ta tio n  groups. D e ta ile d  exam ination o f  the stru ctu re  o f these  
groups shows th a t when n i s  e v e n , i s  isom orphic to P  ̂  and hence there  
w i l l  be three rep re se n ta tio n  groups, a lb e it  o f d if fe r e n t  ty p e s , fo r  each 
valu e o f n * 1. When n = 1 , P ̂  = P^ and so there are on ly two non­

isom orphic rep resen tatio n  groups v i z  p^ and p^.

This approach may be extended to the remaining p o in t groups by 
co n sid e rin g  the fo llo w in g  com position s e r ie s  in  which each group i s  a 
normal subgroup o f the fo llo w in g  group and hence by a d d itio n  o f one generator 
and a s p e c if ic a t io n  o f  i t s  m u lt ip lic a t iv e  p ro p ertie s w ith the other  
g e n e ra to rs, one can a rr iv e  a t  the next group in  the s e r ie s .

2  h

D2 ------*  T -------0(2 T d )----------> Oh

D2  —— T ------ > I ^ Ih
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Now considering the tetrahedral rotation group, T, this may be 

specified by three generators viz

D2 : A2=B2=E; BA=AB

T : A2=B2=E; BA=AB; C3=E; CA=BC; CB=ABC

Using the fact already established that there are only two possible 

representation groups for D2, the behaviour of the corresponding two 

generators for the representation group of T are determined. The results 

for the number of possibilities for the representation group of T are shown 

in the following table.

Generators of R^(D2) Remaining Generators for R(T) Label

C3=E; CA=BC; CB=ABC 'l
a 4=b2=e C3=E; CA=BC; CB=A3BC CM<<

ba=a 3b ----  3—  C =E; CA=A2BC; CB=ABC ^3
3^-C =E; CA= A2BC; CB=A3BC

Generators of R^CD^
3C =E; CA=BC; CB=ABC ^5

4 4 A =B =E 2
2 2 A =B

^  ____. C -E;
.__ 3

CA=A BC; CB=ABC
3

^ 6

’ 3 -- C =E; CA=BC; CB=A BC P-!BA=A B /

C3=E; CA=A2BC; CB=A3BC ^8

Consideration of the doubling of the order of the three fold element in the 

representation group results in isomorphisms to the above table of groups.

On detailed examination of the above results it is found that 

p^ a n d d o  not constitute a group. The remaining relationships are all 

non-isomorphic to each other, resulting in only one possible representation 

group for T.
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We can now consider the fo u r-g e n e ra to r group, T^, which has the 
g en eratin g  r e la t io n s :

A2 =B2 =C3 = I 2 =E; BA=AB; CA=BC; CB=ABC 
IA = A I; IB = B I; IC=CI

u sin g  the generators o f R(T) as a b a s is . The fo llo w in g  ta b le  shows the 
p o s s ib le  r e la tio n s h ip s  th a t the fo u rth  gen erator I  has w ith  the generators  
o f  R (T ).

'l
I 2 =E; IA = A I; IB =B I; IC = C I

^ 2 I 2 =E; IA=A3 I ;  IB = B I; IC = C I

^ 3 I 2 =E; IA = A I; IB=A2 B I; IC =C I

I 2 =E; IA=A3 I ;  IB=A2 B I j IC = C I

' 5
I 4 =E; IA = A I; IB = B I; IC = C I

^ 6
I 4 =E; IA=A3 I ;  IB = B I; IC = C I

^7 I 4 =E; IA = A I; IB=A2 B I; IC = C I

^ 8
I 4 =E; IA=A3 I ;  IB=A2 B I; IC = C I

I t  i s  then found th a t and are a l l  isom orphic a n d z3̂ ,

and Z’g are a l l  isom orphic r e s u lt in g  in  on ly two p o s s i b i l i t i e s  fo r  the  
re p re se n ta tio n  groups o f  T^.

The next fo u r gen erator group to be considered i s  the octahed ral 
r o ta tio n  group 0  s p e c if ie d  b y:

A2 =B2 =C3 =D2 =E; BA=AB; CA=BC; CB=ABC;

DA=BD; DB=AD; DC=C2D

u sin g R(T) as a b a s is . The fo llo w in g  r e s u lts  are o b tain ed :
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' l
D2 =E; DA=BD; DB=AD; DC=C2D

^ 2
D2 =E; DA=A2 BD; DB=AD; DC=C2D

^3 D2 =E; DA=A2 BD; DB=A3 D; DC=C2D

^4 D2 =E; DA=BD; DB=A3 D; DC=C2D

' 5
D4 =E; DA=BD; DB=AD; DC=C2D

' 6
D4 =E; DA=A2 BD; DB=A3 D; DC=C2D

^7
4

D =E; DA=BD; DB=A3 D; DC=C2D

00

A
D =E; DA=A2 BD; DB=AD; DC=C2D

I f  i t  is  found th a t Z ^ , Z ^ , z°y and Ẑ g do not form a group, z3̂  is  
isom orphic to   ̂ and Z3,. i s  isomorphic to Therefore there are on ly two

p o s s i b i l i t i e s  fo r  the re p re se n ta tio n  group o f the o ctah ed ral group 0 .

The f i n a l  fo u r-g e n e ra to r p o in t group is  the ico sah ed ral r o ta tio n  
group I ,  s p e c ifie d  by:

A2 =B2 =C3 =F5 =E; BA=AB; CA=BC; CB=ABC; FA=AF4 ; FB=BC2 F 2; FC=C2 F 4

and again  R(T) can be used as a b a s is  fo r  fin d in g  the rep resen ta tio n  groups 
o f the icosah edron . The fo llo w in g  ta b le  shows the p o s s i b i l i t i e s  fo r  the

behaviour o f the fo u rth  generator in  R ( I ) .

' l F 5 =E; 4 2 2 2 4 FA=AF ; FB=BC F ; FC=C F

^ 2
F 5 =E; 3 4 ? 2  2 4 FA=A F ; FB=BC F ; FC=C F

^ 3 F 5 =E; 4 2 2 2 2 4 FA=AF ; FB=A BC F ; FC=C F

^4 F 5 =E; 3 4 2 2 2 0  FA=A F ; FB=A^BC F ; FC=C F

*5
F 5 =E; 4 2 2 2 2 4 FA=AF ; FB=BC r ; FC=A C F

^ 6
F 5 =E; 3 4 2 2 2 2 FA=AJ F ; FB=BC F ; FC=A C F

^7 F 5 =E; 4 2 2 2  2 4 FA=AF ; FB=BC F ; FC=A C F

00

F 5 =E; 3 4 2 7 2 2 
FA=A F ; FB=BC F~; FC=A C F
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As w ith the rep resen ta tio n  group fo r  T, doubling the order o f the 
f i v e - f o l d  generator r e s u lts  only in  isomorphisms to the above groups. I t  
i s  found th a t the o n ly gen eratin g r e la tio n s  in  the previous ta b le  th a t  
c o n s titu te  a group i s  g iven  by P g . Hence, there i s  on ly one rep resen tatio n  
group fo r  the ico sa h e d ra l group I .

The determ ination o f the re p re se n ta tio n  groups fo r  the f iv e  generator  
grou ps, the icosahedron, 1 ^ , and the octahedron, 0 ^ , proceeds in  e x a c tly  
the same way as fo r  the fo u r-g e n e ra to r groups. T his is  r e l a t i v e l y  
s tra ig h tfo rw a rd , even fo r  the case o f 0 ^ where the m u ltip lic a to r  i s  o f  
in creased o rd e r. Therefore i t  does not appear to be necessary to ta b u la te  
the d e ta ile d  c a lc u la tio n s  fo r  these c a s e s .

The groups o f the fa m ily  f>2nh’ h °wever» where the m u ltip lic a to r  is  
o f order e ig h t , req u ires an approach s im ila r  to th a t fo r  two g en era to rs.

The f>2 nh fa m ily  is  s p e c ifie d  by the g en eratin g  r e la tio n s h ip s :

A 2 n=B2 =C2 =E; BA=A2 n _ 1 B; CA=AC; CB=BC

S in ce  th is  group is  bein g extended by a group o f order e ig h t i t  would be 
very ted iou s to have to enumerate a l l  the p o s s ib le  gen eratin g re la tio n s h ip s  
fo r  the rep re se n ta tio n  groups, R. However, the commutator subgroup, K, of 
R must co n ta in  the m u lt ip lic a to r  o f G . Then by in v e s tig a tio n  o f the 
commutator elements fo r  each gen eratin g r e la t io n s h ip , the allo w ab le  
commutator subgroups co n ta in in g  M, w i l l  be the sum and the products o f  
each s e t o f commutator elem ents. I t  was found th a t o f the 512 p o s s i b i l i t i e s  
found by Sch ur, only 64 need be considered because o f the symmetrical 
nature o f the exten sio n  i . e .  the exten sio n  is  by the group = C^xC2 xC 2  not 
Cg hence i t  fo llo w s th a t each generator may be doubled in  o rd e r. Other 
p o s s i b i l i t i e s  o f non-sym m etrical change to the group s tru ctu re  may be 
ign o red . Of these 64 p o s s i b i l i t i e s  o n ly 14 have allo w ab le commutator 
subgroups th a t co n tain  the m u lt ip lic a t o r , and o n ly two are non-isomorphic 
fo r  any p a r tic u la r  valu e o f n- except when n=l when there i s  only one
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non-isom orphic re p re se n ta tio n  group.

F i n a l ly  the sp h e ric a l r o ta tio n  groups K and need to be considered. 
I t  has alread y been mentioned th a t the double group K+ i s  a p o ssib le  
re p re se n ta tio n  group and i t  i s  the o n ly rep resen ta tio n  group in  accordance 
w ith Theorem I I  o f Schur ( 1 7  )• S im ila r ly  the group has a d ir e c t  
product group stru ctu re  and i t  has been shown th a t the maximum number o f 
re p re se n ta tio n  groups i s  two. The double group K "̂ i s  one rep resen ta tio n  
group o f K^, the second bein g one in  which a n o n -in v a ria n t fo u r -fo ld  
element and i t s  in verse map onto the in v e rsio n  in  K^.

The sim p lest group whose m u lt ip lic a to r  i s  not isom orphic to or 
products o f C2  i s  the d ir e c t  product group C^xC^ m u ltip lic a to r  = C^.

On a p p lic a tio n  o f Theorem I  o f Schur ( 17 ) i t  i s  found th a t the maximum 
number o f re p re se n ta tio n  groups i s  th r e e . In  f a c t  o f these on ly two are 
n on-isom orphic, having the fo llo w in g  gen eratin g r e la t io n s :

C3 xC3  : A3 =B3 =E; BA=AB

R ^ C ^ x C-j ) : A9 =B3 =E; BA=A4 * * * *B

9 9 3 3 A
R2 (C3x C3) : A =B =Ei A =B ; BA=A B

3  6  THE CHARACTER TABLES FOR ALL REPRESENTATION GROUPS OF THE POINT GROUPS

The fo llo w in g  ch a ra cter ta b le s  o f the rep re se n ta tio n  groups are l is te d

here fo r  the f i r s t  tim e. These supersede a l l  previous com pilation s o f

p r o je c tiv e  re p re s e n ta tio n s, e ith e r  because they do not l i s t  more than one 
p o s s ib le  s e t o f p r o je c tiv e  rep re se n ta tio n s (Doring 1959; Hurley 1965) or 
a d d it io n a lly  they co n ta in  demonstrable errors ( e .g .  the ta b le s  o f

Ja n sse n  (1973) and Mozyrzymas (1975)), u s u a lly  in  an in c o rr e c t choice o f  
phase o f  the. c h a r a c te r s . The advantage o f u sin g the f u l l  rep resen tatio n

group rath er than a s e t o f ch a ra cte rs o f  the p r o je c tiv e  re p resen tatio n s of

the p o in t group i s  th a t R is  a genuine group and hence operations in vo lvin g
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the p r o je c tiv e  re p re s e n ta tio n s, such as the sym m etrization o f powers, can 
be performed w ithout need fo r  any a d d itio n a l a lg e b r a ic  fo rm u la tio n s. The 
ta b le s  are a ls o  u s e fu l as they co n tain  a l l  c e n tr a l exten sio n s o f G by M 
and hence may a s s i s t  in  p h y s ic a l problems where group exten sio n s are  
needed, as w e ll as e n la rg in g  the c a te g o r ie s  o f a b s tr a c t groups fo r  which 
ch a ra cte r ta b le s  are a v a ila b le .

The ta b le s  are presented in  the format customary to m olecular physics  
in  which { l , 2 , 3 , 4 , 5 , 6 , 8 , 1 2 j  -d im en sion al rep re se n ta tio n s are denoted by 
the l e t t e r s  { A ,E ,T ,G ,H ,I ,K ,O j  o f the M u llik e n -P la cze k  system ir r e s p e c tiv e  
o f whether the degeneracy i s  separable (Froben ius, 39 ) or not .  The 
complex co n ju gate components o f separably-d egen erate re p resen ta tio n s have 
been denoted by the su p e rs c rip ts  + and - .  The elem ents o f the m u ltip lic a to r ,  
M, have been placed a t the begin n ing and, sin ce  they c o in c id e  w ith the 
ce n tre  o f the re p re se n ta tio n  group, th e ir  c h a ra cte rs are t those fo r  the 
id e n t it y  elem ent. The v e c to r  re p resen ta tio n s have p o s it iv e  ch a ra cte rs fo r  
a l l  elements o f  the m u lt ip lic a t o r , w hile the p r o je c tiv e  rep resen tatio n s  
have h a lf  o f these ch a ra cte rs p o s it iv e  and h a lf  n e g a tiv e . The d if fe r e n t  
c la s s e s  o f  rep re se n ta tio n s have been c a lle d  co -rep resen tatio n s by Bradley  
and Backhouse ( 40 ) and are denoted by s u b s c rip ts  a, 8 , af3, e t c .  (except 
fo r  those groups w ith m u ltip lic a to r  where the well-known double group i s  a 
re p re se n ta tio n  grou p): in  such cases the double-valued re p resen tatio n s  
denoted by h a l f - in t e g r a l  s u b s c rip ts  are the p r o je c tiv e  or a -r e p r e s e n ta tio n s . 
The elem ents o f the re p re se n ta tio n  group have been described in  terms o f 
gen erato rs P ,Q ,R  . . . .  and the elem ents o f the p o in t group (described in  
terms o f gen erators A ,B ,C  . . . . )  to which these correspond are in d icated  in  
the re le v a n t columns below the c h a r a c te r s . The com position o f a c la s s  has 
been denoted by a symbol o f type Xe which means th a t i t  co n tain s X elements

X

o f order x .  In verse p a ir s  o f elem ents have been c o lle c te d  on the same 
h o r iz o n ta l l i n e  and the r e la tio n s h ip  between the gen erato rs fo r  both R and 
G have been c o lle c te d  on the rig h t-h a n d  s id e .
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The a b s tr a c t gen erato rs o f the p o in t groups may be id e n t ifie d  by 
means o f the fo llo w in g  t a b le .

G A B C D F I

C2nh C2n 'h

C2nv C2 ' v

°2n C2n c 1 C2

Dnd S2n d̂

D( 2 n + l)h S2n+1

D2 nh C2n
T C x C2 ^h

Th c x C2 c3xyz S2

Td c x °2
r xyz

0 C2X r xyz  
C3

r / zx
S

°h « 2 * « 2 *
r xyz  
L3

r t ZX ü2
I C2 c x C2

r xyz  
C3

c ( ¿ o i_ 1 ) s 2

*h C2Z c x L2
r xyz  
C3

r ( i o T 1)
C5 S2

I t  may be mentioned th a t not o n ly do these ta b le s  co n ta in  the f i r s t

c o r r e c t  ch a ra cte rs fo r  the p r o je c tiv e re p re se n ta tio n s o f but a ls o  they

co n sid er the ico sa h e d ra l groups fo r  the f i r s t  tim e.
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1 2 (C2 nh)

l< £ < n -l;E

l< £ < n -l;E  
n odd; 

l< £ < Jn ;G ,

18

£u

u
.+

!*g
iu
iu

l<p^n
il< p < n -l ) 
\n+l^pS2 n -l) l<p< 2 n - l

l e l l e 2 2 e4n/hc.f ( n ,2 p -l) 2 e 2 n / h c f( 2 n ,p ) 2g4 2e. . 4n ,4 . 
£cm(h c f(4 n ,p )  >

p2 n+2 p - l P2tlQ P2n+I>Q

E p 2 n p 2 p - l P2p Q PPQ

1 1 1 1 1 1

1 1 - 1 1 ( - l ) n <-Dn+p
1 1 1 1 - 1 - 1

1 1 - 1 1 (-Dn+1 ( - i ) n + p + 1

1 1
i£  ( 2 p - l ) 7r/n e e2i£pir/n (-D* _ei£piT/n

1 1
e~ i£  ( 2 p -l)ir/n e~ 2 i£ p 7r/n

( - 1 ) £
_e~i£pTT/n

1 1
i £ ( 2 p - l ) 7r/ne

e2i£.pu/n
( - i ) t + 1

^ii-pir/n

1 1
e- i £ ( 2 p -l) n / n e- 2 i£pir/n

( - 1 ) £ + 1
e-i£piT/n

2 -2 0 2 ( - l ) P 0 0

2 - 2 0
2 ei p ( 2 £,-l)ir/n

0 0

2 - 2 0
2 e- i p ( 2 £-l)ir/n

0 0

8 n elements

P^n=Q^=E
P2 n=Q2

QP=P2n+1Q

a=+l

>. a = -l

00



l< p < 2 n -l

l £ l le2 2e4 n /h cf(4 n ,p) 2ne.4 2ne.4
8n elements

0<q<2n-l 0<q<2n-l

p4n-p
P4n-Q 4- E ;  P2n-Q 2

l( D2n) E P2n PP P2qQ P2q+1Q QP=PAn_1Q

A1 1 1 1 1 1 \

A2 1 1 1 -1 -1

B1 1 1 ( - D P 1 -1 r-H+IIÖ

B2 1 1 ( -1 ) P -1 1

ls A s n -1 ; E a 2 2 2cos£pií/n 0 0
l<Z<n; E£q 2 -2 2cos (2£-l)pTr/2n 0 0  ̂ a = - l

° 2 n
E AP A2qB A2q+1B A2n=B2=E

0<q<n-l O á q S n - 1 BA=A2n_1B
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l< p < 2 n -l

l E l le2 2e4n /h cf(A n ,p) 2ne2 2nE2 8n elements

0<q<2n-l 0<q<2n-l

p4n-p PAn=Q2=E

- ^ v
E P2n Pp P2qQ P2q+1Q QP=P4n-1Q

A1 1 1 1 1 1 >

A2 1 1 1 -1 -1

B1 1 1 ( - D P 1 -1 G II + l-1

B2 1 1 ( -1 ) P -1 1
l< « .< n -l;E £ 2 2 2cos£pïï/n 0 0 >

l S t <n 2 -2 2cos (2£-l)pii/2n 0 0 “- 1

°2n E AP nA2qB nA2q+1B A2n=B2=E

0<q<n-l 0¿ q á n -l BA=A2n_1B
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P5Q 

P3Q3 
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P3R3 
Q3R 
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PQ3R 
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R
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P3Q2R
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E P2 

Q2 R2 
P2Q2 

P2R2 
Q2R2 

P2Q2R
2 PQ2R

2,P3Q
2R2 P

2QR2,P
2Q3R2 

P2Q2R
,P2Q2R

3 PR2
,P3R2 

P2Q,P
2Q3 Q

2R,Q2
R3 P3

Q3R2 
P3QR2 

P3Q2R
3 PQ2

R3 P2
Q3R3 

P2Q3R
 PQ3R

3 P3Q
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•S’,"w» « r2*«2 •2 «v rV r2"«
*>• 1 1 l 1 i l 1

1 1 1 1 i 1 1
•u 1 1 1 1 î 1 1
*2« 1 1 1 i i 1 I
Au 1 1 1 1 1
A2*» 1 1 1 1 I 1 1
*»M 1 1 1 1 i 1 1
*2* 1 1 1 i 1 1 1Kl'jrli **• 2 2 2 2 2 2 2I **•-«-1} flu 2 2 2 2 2 2 2mite; a 2 -2 2 2 2 -a -a
Eli 2 2 ”2 2 •a -a 2
l26 2 2 ■> 2 •a “2 2

|tlu*l; C.. ‘■i,c*|fcl»
llT 2 2 2 -2 •a 2 "2
L2t 2 2 2 •a •a 2 •a

(C* 2 2 2 « «2 2 _2• «van; •sliiîj u.-l); C‘Y 4 4 4 “4 -4 4 -4
15*;«; N 2 -2 •2 2 “2 2 •a2 2 -2

2 ”2 2 .2 -2 _2 2• -J4; C J •Y j _? 2 -2 -2 -2 2OYtai|a; C1«.Y 4 -4 4 -4 •* 4
2 2 _2 .2 2 -2 -2c*. CY 2 2 2 -2*Ya *•««>. 2 2 "2 •a 2 -a -2

a 2 2 -a 2 ■a -2ïîiij(rr-l); c<„ 4 4 -* 4 -* -4

a lut» 2 -2 -a -a 2 2 2a a*U; C2<«î»y 2 -2 -a ■a 2 2
C,ioSY 4 “4 ** 4 4 4

C

■ M- 1 lIfS B -1 lspia-1 Upta l* r O - l“ î » S . 2' » . 2<> . “ u l k l K l r l lr‘ « ti-jp ^ îr 2p- ‘ . 2
h W k l ( ) M l

, ‘ - - V r ‘ - 2p«2 ,* » • !-]»r2\ V K2' , 1 î 2» .2 r 2pQV r2p->1 1 1 l i 11 > 1 1 1 1» 1 I 1 -l 11 1 l l •i 1! 1 i l 1 11 1 1 1 1 I1 l 1 1 -1 11 1 1 1 -1 »2 2co»2lp»/n 2co*2*p«/i> 2co»2lpi/n 2coal(2p-l)a/a 2co«2(p*/a2 2coa2i|ia/n 2cua2l|»/n 2co«2tp«/u 2ct>al(2p-l)a/i 2««*2fp*/a-2 2cok(2i-l)pa/n 2c u i(21’ 1)p</b 2coa(2t~l)pk/a 2cù»(2î-1)(2p-l)«/2a
- i -2 2 -2 2 2-» -2 2 -j 2-2 -2io*2tj.«/n 2co»2»p>/»> -2c»»2tp«/n 2coii(2p*l)i/a JCM»r>/4-2 ~2cu«2(|>(/n 2cu>2<|ii/u -2co»21p«/n 2cotl(2p*l)i/t u -> + u ^ /»1 -2 -2 0 2-2 2 -2 -2 0 2-2 1<-1>P 2C-»*’*1 0 «-»'-2 2 (-l)p 2<-:)p*1 2 t-l> '* ‘ 0 2(-«>p-* 4co«34pi/n -4c«(2()i(/n -4co*2Xp»/n 0 4<*»2pi#/n2 -2c*»k(24-J)i*./u 2ct>»(2i>l)p«/a ~2ct>a<24~l)pi/n 2coa(2l-l)(2p-l)»/2a 2c*»*(21'lif ■/•2 -2^w#(2i-l)p»/n 2cu«(2(~l)pi/o -2c»>k(2l-l)ps/n 2c««(21-l)(2?-i)i/2a 2«»s(2t-I/p«/»2 2 (-l)p 2<-l>p’ ‘ 2t-l>p* ‘ 0 k-i>p2 2 (-l) ' 2<-l>P*‘ 2<-l>P*‘ 0 i ( - i> p4 4CM(2l*l)pl/A -4co«(2l-l)pi/a •4«ai(2t'l)pi/a 0 4c««(2l>l)p>/a-2 -2 2 0 22 -2 -2 2 0 22 ï i - î j 4" 1 2(-l)1’-1 j (-d p 0 k-i>p2 2<-l>p*‘ 2<-I)p*1 j ( - i ) p 0 2<-l)p4 -4co«2tpa/n *4ïB<2tpi/n 4coa2tpi/n 0 4ca«2Xp«/a-2 2("l)p** 2<-»>2*** 2<-l>P 0 « (-!> '-2 21-1)1"1 2 i- l) ‘**J 2<-»P 0 «•1)'>4c»a(2i*l)ps/a -4coa(2*-l)pi/n 4cofc (2i-l)pi/n 0

*2p-> * 2P

continues
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S i  ( T ) E P“

PR p 3q r2 R2 R

P,P3 QR p 3r2 PR2 P2QR

q ,p2q PQR p 2qr2 QR2 p 3qr

p q ,p 3q P2R p2r 2 PQR2 p 3r

G3T

E

E"

T

E,

+
GsT
G7T

1
1
1
3

2

2

2

1
1
1
3

- 2

-2-2

1 1 1 1 1
1 *33 to* CO
1 0)* CO a> CO*

■1 0  0 0 0
0 1 1 - 1 - 1
0 33 - c o * -co
0 m * w -co - c o *
A AC C2 C

B BC AC2
AB ABC BC2

ABC2
, 2iri/3v((j)Ke )

24 elements

p 1+=q ‘4=r 3=e
p2=q2

QP=P3Q;RP=QR

RQ=PQR

a=+l

1
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00

1

a=-l

A2=b2=C3=E

AB=BA

CA*=BC
CB-ABC
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l e , U j  U 2 l c 2
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fct4 8 t 6 8c 3 2 4 i4 1 2 t8 12c8 6 t 4 8 c 6 8 l 6
S . S 3 PS Q S3P Q S .F Q S 3 p 2q s P3S 3
r 2s , r 2s 3 PQRS PRS3Pk2S ,P R 2S 3 p 3r s p 3q r s 3Q R S.Q R S3 q r 2s p q r 2s
p 2r s , p 2k s 3 p 3q r 2s p V s 3
p 2s , p 2s 3 P S 3 QS3 3 3 P Q S ,P  QS p V P3s

p r , p 3q r 2 r 2 , r p 2r 2s , p 2r 2s 3 PQRS3 PRS p r s 2 , p 3q r 2s 2 r V . r s 2P ,P 3 q r , p 3r 2 p r 2 , p 2qr p V s . p W p 3r s 3 p 3q r s p s 2 . p V q r s 2 , p 3r 2s 2 p r 2s 2 , p 2q r s 2Q , p 2Q p q r , p 2q r 2 2 3QR ,P  QR 2 2 3 P QR S.P QRSJ q r 2s 3 p q r 2s q s 2 , p 2q s 2 2 2 2 2PQRS ,P  QK S q r 2s 2 , p 3q r s 2
p q , p 3q 2 2 2 P R , P R p q r 2 , p 3r R S ,R S 3 3 2 3 P QR S p 2q r 2s 2 3 2 PQS ,P  QS 2 2 2 2 2 P RS ,P  R S 2 2 3 2 PQR 5 ,P ^ R i

1 1 1 1 1 1 1 i 1
1 1 1 - 1 - l -1 1 1 12 -1 -1 0 0 0 2 - i - l-1 0 0 -1 1 1 -1 0 0" I 0 0 1 -1 -1 -1 0 01 1 1 1 1 1 1 1 11 1 1 -1 - 1 -1 1 1 1

2 -1 - 1 0 0 0 2 - 1 -1
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2 - 1 -1 0 0 0 -2 1 l
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12c 4 8 c 12 8 t 12 8 c 12 8 c 12 24c 4 12c8 12ce 192 e le m e n t«
s t , s 3i rsTV q s 3tPijSt ,P f(S 3T p 2q s t p 3s 3i
r 2s t , r 2s 3t PQRST p 3r s 3t2 2 3 PR S T ,P R  S T p 3r s t p 3q r s 3t
q r s t , q r s 3t q r 2s t p (j r 2s 3i
p 2r s t , p 2r s 3t p 3q r 2s t p 2q r 2s t

p t , p 3s 2t P2S I , P 2S 3I p s 3t QST 4 A 3 L L P -Q  «R - S  - T  -E
7 7 „ 2 __3_ _ 3 ___ „2  . 2  „2  _ 2Q T .P  QS T P Q ST .P  QS T P QS T P ST P -Q  ; S -T

p q t , p 3q s 2t 3 2 2P R T ,P  QR S T p r s 2i , p 3q r 2t r 2t , r s 2t r 2s 2t , r t p 2r 2s t , p 2r 2s 3t PQRS3T p 3r s t QP=P3Q ; RP-QR; RQ-PQR2 3 PS T ,P  T q r t . p W t 2 3 2 QRS T , P R  T 2 2 2 PR T ,P  QRS T 2 2 2 PR S T , P  QRT p 3r 2s i , p 3r 2s 3t f 3r s 3t p 3q r s t SP“ P 2Q S ; S Q *P3S ;  CR»R2S2 2 QS T ,P  QT 2 2 2PQ RT.P QR S T p q r s 2t , p 2q r 2t q r 2t , p 3q r s 2i 2 2 3 QR S T ,P  QRT p 2q r s t , p 2q r s 3t q r 2s 3i p q r 2s t TP=PT; TQ*QT; TR=RT
p q s 2t , p 3qt p 2r t , p 2r 2s 2t 2 2 2 2 P R S T ,P  R T 2 3 2 PQR T ,P  RS T 2 2 3 PQR S T ,P  RT r s t , r s 3t p 3q r 2s t 2 2 3 P QR S T i s - s 3t

1 1 i 1 i 1 1 I >
1 1 1 i i - I -1 - I2 -1 -1 - 1 - I 0 0 0-1 0 0 0 0 - l I 1-1 0 0 0 0 1 - I - I- 1 -1 -1 -1 - i -1 - I -1 ► a-=*+l; ß-+l

- 1 - 1 -1 - I - i 1 1 I- 2 1 I 1 l 0 0 01 0 0 0 0 1 -1 - l1 0 0 0 0 -1 1 1 >0 -1 -1 1 1 0 0 0 >
0 1 1 -1 -1 0 0 00 1 1 -1 -1 0 i/ 2 - i / 2 . a — 1 ; ß - * l0 1 1 - I - l 0 -iA i/ 20 -1 -1 1 I 0 -i/2 i/ 20 -1 -1 1 1 0 i/ 2 - i / 2 J0 0 0 0 0 0 0 00 - / I A A 0 0 0 ß**-l ; a-+l0 A -A -A A 0 0 00 0 0 0 0 0 0 0 -0 0 0 0 0 0 0 00 -A A -A A 0 0 0 »—1; e—l0 A -A A -A 0 0 0 J

A I A CI ch Cl DI ADI BI 2 2 3 2 2 A - U - C - D - l - KBI BCI AC2 ! ABDI BA-AB; C A - B C ; CD-ABCABI A SC I Be2: c 2di ABCDl ACDI D A -B D ; D B -A Ü ; D C -C “ D ;*> •>MUTI AC‘ DI *> IA-AI; I B - U l ; I C - C I ;»au H C 'D Î ABC Ï D - D Icm
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FT s t , p 2s t
QT FíjS T ,P 3((5T_ 2  2 2
PUT R S T ,P  K ST
p s 2t P k2S T ,P 3R2ST
q s 2t PRT p q r 2t p 2r 2t RT ((RST,P2QRST
p q s 2t QRT p r 2t p 3r 2t P 2fjkT p 2r s t , r s t
p 3t PQRT q r 2t p 2q r 2t p \ rt s 3t , p 2s 3t p s t , p 2q s t q s t , p 3s t 4 A 3 4 4 P - Q - R - S - T - E
p 2q t p 2rt r 2t p 3q r 2t p 3rt p q s 3t , p 3q s 3t p q r s t , p 3r s t p r s t , p 3q r s t p V - T 2

f 3q t p W t r s 2t p r s 2t pqp. 2s 2t r 2s 3t . p 2r 2s 3t q r 2s t , p 3q r 2s t 2 2 2 PQR S T ,P  QR ST Q P -P3Q ; R P-'JR ; KQ*PQR

p 3s 2t p 3r 2s 2i p 2q r s 2t q r s 2t 2 2PR S T p r 2s 3t , p 3r 2s 3t 3 2 3 PS T ,P  QS T q s 3t , p 3s 3t s p - p 2q s ; e q - p 3s ¡ s r - r 2s
p 2q s 2t 2 2 2 P QR S I 3 2 P QRS T p q r s 2t q r 2s 2t q r s 3t , p 2q r s 3t p q r s 3t , p 3r s 3t p r s 3t , p 3q r s 3t T P -P T ; TQ -Q T; TR=RT
f 3q s 2t 3 2 2 P QR S T p 3r s 2t p 2r s 2t r 2s 2t 2 3 3 P RS T .P S  T qp. 2s 3t , p 3q r 2s 3t p q r 2s 3t , p 2q r 2s 3t t s * s 3t

1 i 1 1 1 1 1 1
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CHAPTER 4

ASCENT AND DESCENT IN SYMMETRY AND SYMMETRIZED POWERS 
FOR PROJECTIVE REPRESENTATIONS

4<I ASCENT AND DESCENT IN SYMMETRY

The process o f ascen t and descent in  symmetry (a lso  known as in duction  
and subduction) r e la te s  the v e c to r  re p resen ta tio n s o f the poin t group, G, 
to those o f a subgroup o f G, due to the fo llo w in g  r e c ip r o c ity  theorem o f 
Frobenius ( ^*2 ).

L e t D be a re p re se n ta tio n  o f a f i n i t e  group G w ith ch aracter X  ( g ) .

L et H be a subgroup o f G . Then the number o f times th a t D w i l l  appear in  
the ascen t o f D'' to G in to  ir r e d u c ib le  re p resen ta tio n s o f G, i s  equal to 
the number o f  times the re p re se n ta tio n  D'' appears in  the descent o f D to H.

G can be fa c to r iz e d  in to  l e f t  c o se ts  w ith resp ect to H:

G = 2 P H a a

where p are any l e f t  c o se t r e p r e s e n ta tiv e s . The number o f tim es, n , that 
D appears in  the ascen t o f D̂  to G i s  equal to the in te rtw in in g  number

n = J _  SX(g) XD(g_1 )

IGI 8

Then the elements o f G may be expressed in  the fo llo w in g  way

n = J L  r  S x j (h ) *
IGI K *

But h  ̂ and p  h  ̂P  are in  the same conjugacy c la s s  o f G and so have the
a a

same ch a ra cter X D(h fo r  a l l  v a lu e s o f a from 1 to I GI / I HI .

Therefore

n = 1 2 X j  (h)^D(h ■*■)
— — h 
I HI

w ith the co n d itio n  th a t D i s  ir r e d u c ib le  in  G and D̂  i s  ir r e d u c ib le  in  H.

T his i s  a well-known process fo r  r e la t in g  rep re se n ta tio n s o f a super­

group to a subgroup. R e la tio n s between the p r o je c tiv e  rep re se n ta tio n s of
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G and H are in  g e n e ra l, however, se v e re ly  r e s t r ic t e d , not on ly by 
d iffe r e n c e s  in  the m u ltip lic a to r s  but a lso  by the ch o ice  o f rep resen tatio n  
group. Indeed fo r  s p e c i f i c  p h y s ic a l problems i t  may be advantageous to  
choose a p a r tic u la r  re p re se n ta tio n  group and hence a p a r tic u la r  s e t o f 
p r o je c t iv e  re p re s e n ta tio n s, to f a c i l i t a t e  the process o f descent in  
symmetry.

To quote s p e c if ic  exam ples, the re p resen tatio n  groups o f 0^ and 
are r e s p e c tiv e ly  o f orders 192 and 128 and hence the p r o je c tiv e  
re p re se n ta tio n s o f 0 ^ cannot be subduced onto those o f even though

i s  a maximal subgroup o f 0^. T his i s  c le a r ly  because the m u ltip lic a to r  
o f i s  o f greater order than th a t o f 0 ^ .

F u rth e r, o f  the two re p re se n ta tio n  groups o f D2 » on ly i s  a

subgroup o f R(T) and hence there i s  c le a r ly  some advantage to  be gained  
in  d e a lin g  w ith  the p r o je c t iv e  rep re se n ta tio n s o f D2  derived from R q .^ 2  ̂
ra th er than those derived from R2 (D2 ) when descent fo r  the te tra h e d ra l group 
i s  o f  in t e r e s t .

D escents in  symmetry are sometimes p o s s ib le  when the order o f the

m u ltip lic a to r  decreases from G  ̂ to G2 . For example, the m u ltip lic a to r  of

0, i s  o f order four w h ile  th a t o f 0 , T , , T, and D _ , i s  o f order two. h ’ d ’ h 3d

However, on ly from ^ ( 0 ^ )  and ^2^h^ a descent p o s s ib le  to a 
re p re se n ta tio n  group o f each o f these four groups.

The only descents to maximal subgroups presented are those to maximal 
subgroups which are them selves rep re se n ta tio n  groups o f a p o in t group.

T his in clu d es cases where the m u ltip lic a to r  i s  n e c e s s a r ily  t r i v i a l  so that  
fo rm a lly  the p o in t group i s  i t s  own re p re se n ta tio n  group. The c o rre la tio n s  
obey a l l  o f Fro b en iu s's  r u le s , th e re fo re  only descen ts to maximal subgroups 
have been presented in  the fo llo w in g  t a b le s . The complete se t o f descents  
in  symmetry from a supergroup to a l l  p o s s ib le  subgroups are presen ted, where 
the dotted lin e s  in  the diagrams in d ic a te  th a t the descent in  symmetry
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co n tin u es in  th e above way u n t i l  the t r i v i a l  group i s  o b tain ed .

The c o n sid e ra tio n  o f d if fe r e n t  re p re se n ta tio n  groups fo r  a group G 
le a d s to  more complete and d e ta ile d  r e s u lt s  than those o b ta in a b le  by 
H arter ( 43 ) .

A . I . I  C o r r e la tio n  Tables
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% * ^ Aii-» E * Q A "
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X

- - T a b l e  I . C o r r e la tio n  o f the ir r e d u c ib le  re p re se n ta tio n s o f the C2 n^ groups w ith  those o f 
th e ir  maximal subgroups.



119

I V  c d A f e i ) n .

j ?a i c an A(K) £ ± ( K )

A, A A, A,
K A A 2 Az
B , A B , A ,

B z A B z a 2
F

X oJ j i : 6 , - ^ 6 ^
c  r v - r w o t l  r vl c n - | n - t | » v u f J . i o

E *
'• 6 | + 8 i

6 > , - & z■X £A.'fcw * A  j ^

E X * n  —  —  ( jit  -  i )  2 .AJivurr^rv E U
£

/ r v + Z ~  ) n + 4 . - f  n ^ d .2 < -.R < X

C a n M O M O

A , A a , A i A ,

A z A A z A
2 . A z

B . A A , A i f i ,

B z
A

A z A 2 4

i * - ;  E t E e - o -2 < L r v t * it  *\| E i n - | t n - 2 t > w > i L n | E * -

\
I n - i j i v u x l i ' »  1

£ v £ ~ -  , A , - f  A r

E n
2 6 — j - i n  -  O f . iw td . a ) 6 > ( +  8 Z  •

X o r u i  S , +  6 z  

l A .  e u e ~ . '  ^ , + A z

♦ * * ;  E x * H -  | o - ( 2 f c - | )  rw*xi 2/\| Ovett rv ^  n —  | n  +  1 - 2 i  | » « J n

£
—  |o ■*• E ~ <{_rvv*rl 2 n ) ^ o (

^  — ( 2 £  “ i)rv ^ * tl2 o  |rv^-«tjL/\
A , ^ A r

\ n  ■*■
E l *

rt

M O *“ 4 o - Z 4 - , K M

A , A A , A t

A z A A z 6 »

6 ,
6 A z A z

B z 6
A , B z

£ , E i p  . .
C r ld  1 A ^ +

-1

E * A - + 8 A j + A ^
E , « t

2 E
a t - l  • n - i - l o - ^ - Z i i w d U . A 2 E U .

M O ^ 4 n * i W A I M

A , A A ) A ,

A z A
a , A z

* t
A

A z A ,

B z f\ A z A z

£
J r , - | 2 A - 2 t ] ^ « t a n

E
^  —  \o - 2 .  1 *w<nt f\

E
n ~  | r \ - , l| r v « d l  *\

2 6 6 , - B z S . a - 8 z

< 5 * Ar\ —  | 2r* - 22. -n | —  | r\ -  i  )  rvvcnt 2n|^j (A \o  — (k« ( . - 'J r V v » iA .2 A | | ^

T a b i c  2 •  C o r r e l a t i o n  o f  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  r e p r e s e n t a t i o n  

g r o u p s  o f  t h e  d i h e d r a l  g r o u p s  D 2 n  w i t h  t h o s e  o f  t h e i r  m a x i m a l  s u b g r o u p s .
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A : A A ̂
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i «.-zU ' E
A Cv<~'. pK2«:AC2î
HcrdU'. ^

U '. At',f
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Ea*
EiirEU
GK(?

G„Jav
E
U2x^
E, -<- pi*pr 2*£)

Table 3. Correlation of the irreducible representations 
o f the representation groups of the SrouPs

those of their maximal subgroups. The groups have
no representation groups as maximal subgroups.
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Table 4 . C o r r e la tio n  o f the ir r e d u c ib le  re p re se n ta tio n s o f 
the re p re se n ta tio n  groups o f the te tr a h e d r a l groups w ith  
th e ir  maximal subgroups. The two re p re se n ta tio n  groups o f 
the re gu la r tetrah ed ral, group (Td> are isom orphic w ith  
those o f the o cta h e d ra l r o ta tio n  group (0 ) , q .v .  The 
ta b le s  fo r  (0 ) and &  2 (0 ) should th e re fo re  be used,

w ith the corresponding changes in  the subgroups, v i z .  ^  (D^)

—̂  &  (D2 d̂  and D3~* C3v'
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Es EiX E*. Gi Gi
Gl

X

GiX
i X

5 L K ) X j o ) j U \ ) 1 A ) 5UtJ (̂ 3ell) ft3 ioK) jG iU J
A„ A, a9 Ai A,, A, As A, A|3 a3

Alu. Ax A, Bx A|U A, A3 S, At. a3

Ai3 Ax a3 Ax A A. a9 Ax A23 Ag
Ax A, 8 x A2. Ax A3 &x Ax. A3

E Es Ex f -3
E E. ^x E3 E3

£. E Eu Ei Eu E EJ E , Eu £ 3

t; t9 K * h T-3 T, T, V E. t3
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V E* 2 Ei3 Gx. G '*9 Gx
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K 263 2S G3 G-i, G'otU Gb
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* 3 2Eb

26 ^Eu Gi.< GiX 2Eb 2Ex G"oiu 2E,
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Ei Ei* E 1
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%
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^ * 6 i v£i
6 x.p ^3

<C"X
Gt* Eu  + E2k

E2 - * E3*
V
G3

T a b l e  5  .  C o r r e l a t i o n  o f  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e  r e p r e s e n t a t i o n  g r o u p s  o f  t h e

A,
8i A*A,+ 6* E
A^E, Az+E

A, + E 
El- 2E

& ± K )
Aa

A,
61
E.

A

26,

'
3.
W

E|*+E2^E3*
ES4

E2."E3*
E,-< + EX«.

o c t a h e d r a l  g r o u p s  w i t h  t h o s e  o f  t h e i r  m a x i m a l

subgroups. Entries for the subgroupsJ^CT^) and^^T^) are identical with those for the isomorphic groups and (0).
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W E-tT A >+E)-tE2 A,+2E
P—l e. E

h
E lX E, E

c 4 G i e . Ê2. A.t A^e

IsX
Ei + Gi A i

V A ^ e , ^ A ,-*-A2+2f

£ l( I J 5U i J * ( 1 )
a3 A

a 3 A j A A9
A Au Au A A .T<3 T T9 T‘i T, T3 '
\ T* I , T, X

\ \ T* \ \ T3
\ X  ■ Tz \G3 G

V TS s
G V Ts

G
K + X

G Au+ 'u
h3 H E3*T$ 3̂ W

K W A, H Eu^Tw
Ej E, E, a 2 E , G v13 £ 13 i< *

Et* Exi. *ez G«<

l b EzA Eb K< 2G,_ & : <

Eb EjX. a* ¿Is-
X ^ u * GL+G

Gl a Sj -G i­
ta6|*c*

Is »•3 'S 
Ei ■+ ,IsX.

T a b l e  6 .  C o r r e l a t i o n  o f  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  t h e

r e p r e s e n t a t i o n  g r o u p s  o f  t h e  i c o s a h e d r a l  g r o u p s  w i t h  t h o s e  o f  

t h e i r  m a x i m a l  s u b g r o u p s .

M h ) A t i j

\ A3
Ôu K»>3 X

K T i.

\ »3
K

% V G3
V K*

V o .

h  < Ga* + 0«
— .............

T a b l e  7  .  C o r r e l a t i o n  o f  t h e  i r r e d u c i b l e

r e p r e s e n t a t i o n s  o f  t h e  r e p r e s e n t a t i o n  

g r o u p s  o f  t h e  s p h e r i c a l  r o t a t i o n - r e f l e c t i o n  

g r o u p  K ,  w i t h  t h o s e  o f  i t s . m a x i m a l  s u b g r o u p s .
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4 .1 .2  Subgroups of the R ep resen tatio n  Groups

c,

c,
S U B G R O U P S  O F  R j ( C w h )  &  R i ( C < w . „ , ) , L = 1 ,2
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SUBGROUPS OF & R »(D fw^ )
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SUBGROUPS OF R3(Din ) ,n  even
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SUBGROUPS OF R3(D8n) )n  odd
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SUBGROUPS OF R,(Oh)
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S U B G R O U P S  O F  R 2( 0 h)
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S U B G R O U P S  O F  R 3 (0 S) &  R 4(0 h)
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SUBGROUPS OF Rn(Ih),n= l,2
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4 .2  THE SYMMETRIZED POWERS OF PROJECTIVE REPRESENTATIONS

The concept o f  symmetrized and antisym m etrized powers o f  group 
rep re se n ta tio n s i s  based on the f a c t  th a t the wave fu n c tio n  o f a s e t  o f 
id e n t ic a l  p a r t ic le s  must be e ith e r  symmetric or antisym m etric w ith resp ect  
to the in terchan ge o f any p a ir  o f these id e n t ic a l  p a r t i c l e s . The t o t a l  
wave fu n c tio n  being symmetric fo r  bosons and antisym m etric fo r  ferm ions.

The ca ses o f p a r tic u la r  p h y s ic a l in te r e s t  are those o f the symmetrized 
squares and cubes. The symmetric square i s  used in  the determ ination of 
the second e x cite d  s t a t e  o f a degenerate v ib r a tio n a l  mode, the antisym m etric  
square in  determ ining e x p e cta tio n  v a lu e s fo r  an im aginary o p era to r. The 
symmetrized cubes are needed in  the L a n d a u -L ifs h itz  ( ^  ) theory o f second- 
order phase t r a n s it io n s .

The d ir e c t  product o f p r o je c tiv e  re p re se n ta tio n s has been considered  
by Rudra ( 34 ) and co rre cte d  by H arter ( 43 )• However, the r e s u ltin g  
form ulae are unwieldy because by not in v o lv in g  the a c tu a l re p resen tatio n  
groups they require the knowledge o f the la rg e  numbers o f  fa c to r  systems 
o f the p r o je c tiv e  re p re se n ta tio n s and the form ation o f len gth y products o f 
th e s e .

The use o f the standard form ulae fo r  v e c to r  re p re se n ta tio n s in  the  
re p re se n ta tio n  group, however, enables the c a lc u la t io n  to be performed fo r  
p r o je c t iv e  rep re se n ta tio n s w ithout re fe re n ce  to  fa c to r  system s. F u rth e r, 
th ere are no co m p licatio n s or need fo r  s p e c ia l  th e o r ie s  in  the c a lc u la tio n  
o f the symmetrized powers o f p r o je c t iv e  r e p r e s e n ta tio n s . Hence the fo llo w in g  
standard formulae have been used , where X  (g) i s  the ch a ra cte r o f the  
rep re se n ta tio n  under the element g . The n o ta tio n  o f T isza  ( 4 5  ) has been 
used where A / symmetric square, A" antisym m etric square, A  ̂ symmetric cube,

A2  d eterm in an ta lly-an tisym m etric cube and € the p e rm u tatio n ally-d egen erate  
p a rt o f the cube.
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A* : i {*2(g) + X(g2)J 

A" : J {*2(g) - X(g2)J 

Ax : è t z 3 ( ë ) + 2*(g3) + 3 1 ( g )  X ( g 2 ) ]

A2  : i { * 3 (g) +  2 * (g 3) -  3X(g) X ( g 2) ]

£ : 1  ( * 3 (g) -  * ( g 3)}

The r e s u lt s  are summarized in  the fo llo w in g  t a b le s . The symmetrized 
powers o f the v e c to r  rep re se n ta tio n s o f the re p re se n ta tio n  groups are the 
same as those fo r  the corresponding p o in t groups and may be found in  the 
papers o f Jahn and T e lle r  ( 24 ) aru* Boyle ( 46 )•

The f a c t  th a t the powers o f any re p re se n ta tio n  o f a group must be 
sym m etrizable provides co n vin cin g proof o f erro rs in  the underived ta b le s  
o f p r o je c tiv e  re p re se n ta tio n s published by Jan ssen  ( 3 7  ) .  By deducing the

re p re se n ta tio n  group from the p r o je c tiv e  re p re se n ta tio n s published one can 
by comparison w ith our ta b le s  deduce the ch a ra cte rs fo r  those elements o f 
the rep re se n ta tio n  group which do not map onto G and hence perform a rigorous  
sym m etrization -  u s u a lly  the sym m etrization o f the square i s  s u f f i c i e n t  to

re v e a l d iscre p a n cy . In  t h is  way the ch a ra cte rs o f magnitude 2 i in  the
. )

p r o je c t iv e  re p re se n ta tio n s and P ^  o f were found to be a c tu a lly  
2 w h ile  the 2 in  P^  should be 2 i . D o rin g 's  ( 3 3  ) and H u rle y 's  ( 3 5  ) 
p r o je c t iv e  rep re se n ta tio n s fo r  were s im ila r ly  wrong sin ce  th e ir  p r o je c tiv e  
re p re se n ta tio n s only co n ta in  r e a l c h a r a c te r s .

I t  w i l l  be n o tice d  from the ta b le s  th a t the symmetrized powers o f 
p r o je c tiv e  rep re se n ta tio n s d i f f e r  co n sid e rab ly  accord in g to the rep resen tatio n  
group chosen. However, in  p h y s ica l problems such as those to be discussed  
in  the next ch a p te r, there w i ll  always be one ch o ice  fo r  which the se t of 
p r o je c t iv e  c h a ra cte rs i s  p h y s ic a lly  re le v a n t w ithout m o d ific a tio n . Hence 
by id e n tify in g  th is  ch o ice  the fo llo w in g  ta b le s  can be used to so lve any 
given  p h y s ic a l problem re q u irin g  symmetrized squares or cu b es.
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CHAPTER 5

APPLICATION OF THE THEORY OF PROJECTIVE REPRESENTATIONS 
IN THE DERIVATION OF THE DOUBLE-VALUED REPRESENTATIONS 
OF THE POINT GROUPS AND ALL THE REPRESENTATIONS OF THE 
SPACE GROUPS

5  j DOUBLE-VALUED REPRESENTATIONS

5 . 1.1 INTRODUCTION

The concept o f a double group was introduced by Bethe (14 ) fo r

co n sid e ra tio n  o f the e f f e c t s  o f  e le c tr o n  s p in . Sin ce  i f  the t o t a l  anguler 
momentum J  has h a lf  in te g r a l valu es ( i . e .  ions w ith  an odd number o f ele ctro n s)  
the rep re se n ta tio n s o f the r o ta tio n  group are d o u b le-valu e d . The quantum 
number j  forms a b a s is  fo r  the ch a ra cte r o f  the rep re se n ta tio n  under a given  
symmetry o p e ra tio n . I f  J  i s  an in te g e r , the ch a ra cte r o f  the r o ta tio n  through 
an an gle a i s  given  by

X(a) = s in  (j + 2 ) a 
s in  (ja )

Hence X (a ) = X (a + 2TT) and 27T i s  the id e n t it y  o p e r a tio n . However, i f  J  has 
h a l f - i n t e g r a l  valu es

X(a + 2 1) = -X(ct)

hence 4 T  i s  now the id e n t it y  o p e r a tio n . These c la s s e s  o f groups are c a lle d  
the double groups. The d e fin it io n  o f a double group given  by 
Opechowski ( 1 5  ) i s  as fo llo w s

The double group G+ , o f a group G o f order g , which i s  a subgroup o f 
K = 0 ( 3 ) , the th ree-d im en sio n al r o ta tio n  group, i s  the a b s tr a c t group o f 
order 2g having the same m u lt ip lic a t io n  ta b le  as the 2g m atrices o f K-*" = SU(2) 
which correspond to the elem ents o f the group G. The group K"*" = SU(2) 
co n ta in s  a l l  the u n ita ry  unimodular m a trices in  two dim ensions.



150 -

The re p re se n ta tio n s o f G+ are th e re fo re  o f two types

1 . The s in g le -v a lu e d  rep resen taio n s where

* ( g .)  = X ( R g .)  g± € G

R r o ta tio n  through 2 7T

2. The double-valued re p re se n ta tio n s where

* ( g ±) = -^ (R gi )

5 .1 .2  THE DERIVATION OF THE DOUBLE-VALUED REPRESENTATIONS FROM THE 
PROJECTIVE REPRESENTATIONS OF THE POINT GROUPS

P r o je c tiv e  re p re se n ta tio n s may be used to fin d  the double-valued  
re p resen ta tio n s o f a group, ir r e s p e c tiv e  o f whether the m u ltip lic a to r  i s  
o f order two. I t  should be emphasized th a t whereas the re p re se n ta tio n  group 
i s  the exten sion  o f G by M, the double group, G , i s  the exten sio n  o f C-̂  by 
G where is  the group c o n s is tin g  o f the id e n t it y  and the elem ent, R, which 
rev erses the sig n  o f the spin fu n c tio n s  fo r  systems w ith  an odd number o f 
e le c tr o n s . Any isomorphism o f R(G) and G+ i s  th e re fo re  a c c id e n ta l rath er  
than in h e re n t. However, i t  can be shown th a t a c e r ta in  c la s s  o f  
rep re se n ta tio n s o f R (G ), which correspond to a c la s s  o f  p r o je c tiv e  
rep re se n ta tio n s o f G , can always be m odified so th a t they provide the double­

valued rep re se n ta tio n s o f G and fu r th e r  th a t these unique double-valued  
re p re se n ta tio n s can be obtained from any o f the d if fe r e n t  s e ts  o f p r o je c tiv e  
re p re se n ta tio n s corresponding to re p re se n ta tio n  groups. T his problem was 
f i r s t  d iscussed by Weyl ( ) and subsequently developed by Hurley ( 3 5  ) .

The double-valued re p re se n ta tio n s o f a group G are d efined such th at

S  (Rg±) = - < f ( g ±)

where R commutes w ith a l l  elements g^ o f G+ . T his law i s  a ls o  obeyed fo r  
the c la s s  a o f re p re se n ta tio n s o f R(G) fo r  which the re p re se n ta tiv e  m a trice s,

A = “  A ( r ±)
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where m̂  i s  an element o f the m u lt ip lic a t o r , sin c e  by p r o je c tio n  onto

G,

17 m̂a r P  = g i  and 77 r̂ i^ = S i  and A (r i^ = t *  (g±)» 
where 4 i s  a phase fa c to r  to be determ ined.

The double-valued re p re se n ta tio n s are thus id e n t if ie d  by the c la s s  a 
o f re p re se n ta tio n s o f R(G) and th e ir  ch a ra cte r systems can be determined 
once the phase fa c to r  (known as a gauge tran sfo rm atio n  in  t h is  co n text)  
has been found by comparing the r e la tio n s h ip s  between the gen eratin g  
m a tr ic e sL? , Q, A , B } o f the group R(G) w ith those which hold fo r  the  
dou ble-valued re p re se n ta tio n s o f  the group G+ . This w i l l  now be i l lu s t r a t e d  
in  the case o f  the d ih e d ra l group G = D^.

R1 < v V V R3 < V
~4 ~  
A =-E P4 = aE ? 4 = aE P 4 = aE

9  ~ 
B = -E Q = aE Q2 = aE Q2 = aE

~~ ~3~
BA = -A J B QP = aP3Q QP = aPJ Q QP = p 3q

Required gauge!
/

P A P ^ A P-* t 1A

tran sfo rm atio n I Q. B A ±iB t  iB

Required c la s s of a = -1 a = -1 a = -1

re p re se n ta tio n s

The ch aracter systems are now derived by e f f e c t in g  the gauge 
tran sfo rm atio n s on the elements o f  a re p re se n ta tio n  group and then 
d iv id in g  the re le v a n t p r o je c t iv e  ch a ra cte rs  through by any r e s u ltin g  phase 
fa c to r s  to o b tain  the ch a ra cte rs  o f  the dou ble-valued re p re se n ta tio n s o f D^+ . 
As an example we choose R^CD^). The required p r o je c tiv e  c h a ra cte rs are  
those o f the separably degenerate G  ̂ re p re s e n ta tio n .
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Hence th is  process has reso lved  the complex co n ju gate p a ir  o f  
re p re se n ta tio n s £ G ^ ,  G  ̂ } in to  the r e a l double-valued rep re se n ta tio n s  
{ e , , E 3] o f  D .+ . The same re p re se n ta tio n s are obtained as a s e t i f  
com binations o f t s ig n s  in  the phase fa c to r s  are used . F u rth e r, the same 
re p re se n ta tio n s are s im ila r ly  obtained from R-^(D^) and R^CD^).

The case o f  the re g u la r octahedron double group, 0^+ = G, i s  in te r e s tin g  
s in c e  i t  provides the sim p lest example among the p o in t groups where the  
dou ble-valued re p re se n ta tio n s are derived from on ly one c la s s  o f p r o je c tiv e  
r e p r e s e n ta tio n s . The gen eratin g r e la tio n s h ip s  fo r  the m atrices corresponding  
to  the elements o f the d if fe r e n t  re p re se n ta tio n  groups are s im p lifie d  by 
w r itin g  them in  terms o f m atrices o f th ese elements which can be mapped onto

m atrices o f  the elements o f 0, .h
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W R2 (0 h ) V V V V

p 2 =q 2=«e P2 =Q2=aE P2 =Q2=aE P 2 =Q2 =T2=aE

~ 2  ~ 2  ~ 2  ~ 
A =B =D =-E S 2 =3E -3  -2  ~ R =S =E r 3=e R3=E

~3 ~2 ~ 
C = I = E

~3 ~2 -  
R =T =E T2 =3E

~ 2  - 2  ~ 
S =T =3E

- 2  -  
S =3E

BA=-AB QP=aPQ QP=aPQ QP=nPQ QP=aPQ

CA=BC
/»'A'

RP=QR RP=QR RP=QR RP=QR

CB=ABC RQ=PQR RQ=PQR RQ=PQR RQ=PQR

DA=-BD SP=aQS SP=aQS SP=aQS SP=aQS

DB=-AD
A"*/ -v*
SQ=aPS SQ=aPS SQ=aPS SQ=aPS

d c=c 2d SR=R S s r =r 2s s r =r 2s s r =r 2s

IA=AI TP=PT TP=PT TP=PT TP=PT

IB=BI TQ=QT TQ=QT TQ=QT TQ=QT

i c = c i TR=RT TR=RT TR=RT TR=RT

fD=DI TS=a3ST TS=3ST TS=3ST TS=3ST

Required P~-> A P -> A P -*  A P -»  A

gauge Q B Q -» B Q B Q B
tr a n s fo r -

<
m ations R -> C R C R —* C R ->  C

S D S -> l i D S t iD S-> i i D

 ̂ T -» I T - i  I T I T -* + i l

Required
f  a = - l a = - 1 a = - 1 a = - 1

c la s s  o f
3 = +1 3 = +1 3 = -1

represen­

ta tio n s

The c a lc u la t io n  o f the double-valued re p re se n ta tio n s then proceeds 
as in  the example o f and id e n t ic a l  s e ts  o f double-valued rep resen tatio n s

o f 0 h+ are obtained from a l l  four re p re se n ta tio n  groups.
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5 .2  SPACE GROUP REPRESENTATIONS 
5.2.1 INTRODUCTION

Every space group d e scrib e s a p a r tic u la r  c r y s t a l  s tru c tu re  based on 
one o f the fou rteen  B ravais l a t t i c e s  i . e .  a th ree-d im en sio n al array o f  
m athem atical p o in ts  which s a t i s f y  the co n d itio n  th a t every one o f them is  
in  an environment e x a c tly  s im ila r  to th a t o f any other l a t t i c e  p o in t. 
Every space group G co n ta in s a s e t o f  pure tr a n s la tio n s  { E / t ]  which form 
an in v a r ia n t subgroup o f G. T his i s  the group o f the tr a n s it io n a l  
symmetry operations o f the B ravais l a t t i c e  where

corresponding point group Gq such th a t the fa c to r  group G/T i s  isomorphic 
to Gq . A l l  elements o f  G may be represented in  terms o f the minimal non­

p r im itiv e  tr a n s la tio n s  a s s o c ia te d  w ith  the r o ta tio n  a^ , corresponding to  
g lid e  plan es and screw a x e s .

The space groups where a l l  v(a^) = 0 are the symmorphic space groups o f 
which there are s e v e n ty -th re e . These co n tain  the e n tir e  p o in t group as a 
subgroup. The remaining 157 space groups are c a lle d  the non-symmorphic 
space groups.

The r e c ip r o c a l l a t t i c e  i s  now defined where the B r il lo u in  zone i s  
the u n it  c e l l .  I t  i s  s p e c ifie d  by the s e t o f r e c ip r o c a l l a t t i c e  v e c to rs

R = n . t ,  + n 0 t 0  +  n „t  n 1 1  2  2  3n

n ^, n2> n^ are in te g e rs  and t ^  t 2, t 3  the tr a n s la tio n s  o f the B ravais  
l a t t i c e .  A l l  pure (or p r im itiv e )  tr a n s la tio n s  are o f the form

[ ai/t} = fai/v(ai) + Rn} = { e/Rn) {¿.¡Ma^}

g2’ g3} where
gi t j  = 2ïïVfi j ( i , j  = 1 ,2 ,3 )
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The B r il lo u in  zone can be described by a s e t o f k v e c to r s  where the poin ts  
Kq o f the r e c ip r o c a l l a t t i c e  are given  by Kq = (q^g^, q , q^g^) where 
^ ^ 2 *3 3 }  are in te g e r s .

The holosymmetric p o in t group P o f a given  c r y s t a l  system i s  th a t point 
group which co n tain s the la r g e s t  number o f symmetry o p e r a tio n s . Given a 
p o in t k o f the B r illo u in  zone there e x is t  c e r ta in  elements o f P which w i l l  
transform  k in to  i t s e l f  or some e q u iv a le n t k v e c to r . These elements form a 
subgroup o f  P c a lle d  P ( k ) , the symmetry group o f the k v e c t o r s . For any 
k v e c to r , P(k) w i l l  be a space group which in clu d e s the e n tir e  group, T, o f 
pure t r a n s la t io n s .

F o ste r  ( 4 7  ) reduced the problem o f determ ining space group

re p re se n ta tio n s to th a t o f determ ining the re p re se n ta tio n s o f P (k ), by 
proving the fo llo w in g  theorem:

Any ir r e d u c ib le  re p re se n ta tio n  o f the space group G in clu d e s an

ir r e d u c ib le  re p re se n ta tio n  o f P(k) in  which the pure tr a n s la tio n s  [e/R }
~ n

are represented by the diagon al m atrices

exp ( - i k .R  ) I  ~ n

where I  i s  the u n it m a tr ix . The converse i s  a ls o  tr u e . The problem can 
be reduced s t i l l  fu rth e r  by co n sid e rin g  the p o in t group GQ(k) co n tain in g  
the r o ta tio n a l p a rts o f the elements o f P (k ) , such th a t the reduced set  

co n tain s the elements

l  g) = { g / v ( g ) j

L e t D ( { g lt } )  be an ir r e d u c ib le  re p re se n ta tio n  o f  P (k ) . Then fo r  any two 
elem ents o f (Go (k)}

D ( ig i } ) D ( £ g j} )  = D C ig ^  { g j } )

= D ({e lR n ( i , j ) j  { g f g j j  
= D (£elRn ( i ,  j) }  )D ({g i g^3)

= e x p ( -ik .R n ( i , j ) ) D ( f g i g j} )
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Hence t h is  s e t o f m atrices form a re p re se n ta tio n  o f P(k) w ith fa c to r  
system , exp ( - i k .R ^ C i .j )  )

For symmorphic space groups a l l  Rn ( i , j )  = 0 , th e re fo re  the v e c to r

re p re se n ta tio n s o f G (k) w i l l  g iv e  the space group rep re se n ta tio n s o f

P (k ) . S im ila r ly  fo r  p o in ts  on the in te r io r  o f the B r il lo u in  zone a l l

elem ents g^ o f GQ(k) leave k in v a ria n t and again  the v e c to r  rep resen tatio n s

o f G (k) lead  to the space group rep re se n ta tio n s o f P (k ) . Hurley ( 35 ) o ^
n o tice d  the above f a c t s  th a t the v e c to r  rep re se n ta tio n s o f GQ(k) were 
s u f f i c i e n t  when d e a lin g  w ith p o in ts  in  the in te r io r  o f the B r illo u in  zone 
fo r  non-symmorphic space groups.

P r o je c tiv e  re p re se n ta tio n s are required fo r  p o in ts  on the su rfa ce  or 
the e x te r io r  o f the B r il lo u in  zone in  non-symmorphic space groups.

5  _ 7  0 DERIVATION OF SPACE GROUP REPRESENTATIONS

Hurley ( 35 ) showed how the space group re p re se n ta tio n s could be 
derived from h is  ta b le s  o f p r o je c tiv e  rep re se n ta tio n s and i t  w i l l  be shown 
th a t the space group rep re se n ta tio n s are un iqu ely determ ined, ir r e s p e c tiv e  
o f which se t o f p r o je c tiv e  r e p r e s e n ta tio n s , and hence which rep resen tatio n  
group, i s  chosen. However, the erroneous ta b le s  published which have been 
s p e c ifie d  in  previous c h a p te rs , do indeed lead to in c o r r e c t space group 
re p r e s e n ta tio n s. I t  w i l l  be shown th a t double-valued space group 
re p re se n ta tio n s are e a s i ly  o b tain ab le  from the ta b le s  o f rep resen ta tio n  
groups in  chapter 3 .

The f i r s t  example concerns the poin t R on the su rfa ce  o f the B r illo u in

2zone o f the space group 0^ (=Pn3n). For t h is  p o in t , GQ(k) i s  0^ and a 
s u ita b le  s e t o f gen erators fo r  t h is  group can be derived from those given  
by B radley and C ra ck n e ll ( 3 6  ) .  These are in  S e it z  n o ta tio n ,

A = { C 2 Jr|0 0 0 }, B = { C 2y |0 0 0 }, C = { C 3 1 + |0 0 0 }, D = |0 0 0 },

i = ¿s9 j n  ii
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and d ir e c t  a p p lic a tio n  o f Bradley and C r a c k n e ll's  ta b le s  y ie ld s  the 
r e la tio n s h ip  between these generators o f P (k ). As in  s e c tio n  S' i ■ Z , 

these are compared w ith the gen eratin g r e la tio n s  o f the m atrices o f the  
re p re se n ta tio n  group to determine the re le v a n t c la s s  o f p r o je c tiv e  
re p re se n ta tio n s and a ls o  by which phase fa c to r s  they are to be m o d ified .

?(k ) v y v v V V V V

~ 2  - 2  -  A =B =E P2 =Q2=aÊ P2 =Q2=aE P 2 =Q2=aE P2 =Q2 =T2=aË

~ 3 v  
C =E S 2 =3É

- 3 - 2 -  
R =S =E r 3=ë r 3=é

~ 2  - 2  ~ D =1 =E r 3 =t 2=ê T2 =3Ë - 2 - 2  -  S =T =3E S 2 =3Ê

BÂ=ÂB QP=aPQ QP=aPQ QP=aPQ QP=aPQ/■v -%/ /v V
CA=BC RP=QR RP=QR RP=QR RP=QR

CB=ÂBC RQ=PQR RQ=PQR RQ=PQR
-v -v- v -J-s
RQ=PQR

DÀ=BD SP=aQS SP=aQS SP=aQsf SP=atjS

DB=ÀD SQ=aPS SQ=aPS SQ=aPS ?Q=aPS

d c =c 2d s r =r 2s s r =r 2s s r =r 2s s r =r2s

XÂ=ÂX TP=PT TP=PT TP=PT TP=PT

ÏB=BI TQ=QT TQ=QT TQ=QT TQ=QT

ÏC = C Ï TR=RT TR=RT TR=RT TR=RT

ï d =-d î TS=a3ST TS=3ST TS=3ST TS=3ST

Required

gauge

tcans-

r‘P-> A.;.
Q— >B 

< R— *C

form ation >3iD
V T —>1

Required  
c la s s  of 
re p résen t­
ions

a = + 1

L 3 = -1

P —» A 
Q— ?B 
R — >C 
S —>D 
T - * ± i I  
a = + 1  

0 - -1

P —* A

a = + 1  

0 = -1

P — t A 
Q — >B . 
R—AC 
S —* t iD  
T —? Î i I  
a = + 1  

3 = -1
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In sp e ctio n  of the ap p ro p riate c la s s e s  of re p resen tatio n s and d iv is io n  o f  
the ch a ra cte rs by the phase fa c to r s  r e s u ltin g  from the gauge transform ations  
confirm s th a t the space group rep resen tatio n s are unique. g

A fu rth e r example w ill u s e fu lly  consider the p o in t L in  0^[=Fd3c].

The group <jQ(k) is  and gen eratin g m atrices fo r  th is  are s u ita b ly  
choosen as

X - [ S ^ | S  J  8] and B -[ c a | i  j }

The r e la tio n s  between these generators and those o f the rep resen tatio n  
groups o f are compared below:

pl!s) Rl ‘ D3d) R2<D3d' R3 (D3d)

X6=É P6=aÉ P6=aÉ P6=É

b2=e - 2  -  q =cxE ~ 2  ~ Q =E
v9
Q =aE

m =-a 5b QP=cxP5Q QP=cxP5Q QP=aP5Q

Required Gauge P -*± iA P->±iA P—̂ A

Transform ations , Q-£iB Q—>B Q ^ i i B

Required c la s s  of
*

a = -I a=-I a = -I

R ep resen tation s

In  a l l  these cases,an d  fo r  a l l  ch o ices o f ± sig n s in the phase

the same space group re p resen tatio n s r e s u lt .

The f i n a l  example concerns the do u ble-valued re p resen ta tio n s o f the 
2p o in t R o f 0^ d iscu ssed  in  the f i r s t  example.The r e la tio n s  between the

gen eratin g m atrices fo r  P(k) d i f f e r  from those fo r  the s in g le -v a lu e d

~2  - 2  —re p re se n ta tio n s only in  the sig n s o f A ,B  ,BA,DA and D B .The appropriate  
gauge tran sform ation s and ch o ices o f re p resen tatio n s are th e refo re  !
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P— >A, Q— } B, R— } C , S —) D, T—^1; ot— I ,  B— I

A, 0kpqTO' R— } C , S — >D, T—>~I; a = - I , B=-I

A, Q— R— *C , S —} -  iD , T— *1 p ii M k0 M1IIca

'A, Q— ^B, R—> C, S —> iiD , t—>-i ; R II 1 l—1 k0 M1IICQ

The double-valued space group re p re se n ta tio n s so produced are again  uniaue, 
ir r e s p e c tiv e  o f the ch o ice of rep re se n ta tio n  group.

The p r o je c tiv e  re p re se n ta tio n s o f the space g r o u p s ,r e c e n tly  
d iscu ssed  by Backhouse and Bradley (40,41) could a lso  be s t r a ig h t fo r d ly  
derived from the re p re se n ta tio n  group ta b le s  in  chapter 3 .The advantage 
o f these i s  th a t i t  would allo w  one to c o n stru ct the e q u iv a le n t but , 
d if fe r e n t  s e ts  o f p r o je c t iv e  re p resen ta tio n s and hence g iv e  g re a te r  
f l e x i b i l i t y  fo r  ascending and descending in  symmetry.



CHAPTER__6
COEEPRESEI'TATIOES OF MAGNETIC GROUPS

6.1 INTRODUCTION
The theme of the previous three chapters is now 

extended to the representations of the magnetic groups, 
called ccrepresentat ions. It will he shown that the magnetic 
'groups have Doth unitary and antiunitary symmetry elements 
and that a special algebra is needed when dealing with their 
corepresentations.

When considering the projective representations of 
the point groups, it was shown that the algebra of the 
projective representations could largely be avoided by 
identifying them with the ordinary representations of an 
abstract group called the representation group. In a similar 
way the algebra special to corepresentations can be avoided 
by recognizing them as ordinary representations of abstract 
groups. This can be applied to both single-valued and 
double-valued corepresentations.

Symmetry properties may be used to simplify the 
eigenvalue problem, since if the Hamiltonian is invariant 
■under a group of transformations, the eigenstates may be 
assigned to irreducible representations of the group, 
normally the symmetry elements leave the time-averaged 
atomic positions and electronic charge density invariant. 
However, if the crystal possesses' unpaired electrons it is 
possible for the equilibrium state to have a non-vanishing 
time-averaged magnetic moment density, i.e. the magnetic 
moment changes sign, as with the case of ferromagnetic, 
antiferromagnetic and ferrimagnetic crystals. These crystals



may be described by the black and white (or dichromatic) 

magnetic groups where the operation of time inversion, 0, 
occurs in half the elements of the group. Paramagnetic and 
Diamagnetic crystals have a time averaged magnetic moment 
equal to zero and may be described by the grey magnetic groups 
where 9 is itself a symmetry element of the group.

ShubniKov, (18) introduced the idea of operations of 
anti-symmetry. This operation may be defined by intro­
ducing an extra co-ordinate, s, into the crystal system 
which has only two possible values. Hence in addition to 
the ordinary crystal co-ordinates, there is the additional 
co-ordinate which will for example change colour, black'to 
white, or direction of the magnetic moment parallel or 
antiparallel, or change the spin of a particle from "spin up" 
to "spin down".

Tavger and Zaitzev (1+8) first classified the magnetic 
point groups and realized their significance in the study of 
the macroscopic properties of magnetic crystals.
6.2 THE EFFECT OF THE OPERATION OP TIME REVERSAL

Allowing operations of antisymmetry in a group structure 
now leads to a new series of groups:
TYPE I The ordinary point groups of which 32 are crystallo­

graphic .
TYPE II The grey point groups of which 32 are crystallo­

graphic .
TYPE III The black and white or magnetic point groups of 

which 58 are crystallographic.
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In type I groups the operation, R, of anti-symmetry is not 
present. For the grey point groups the extra co-ordinate, 
s, that has been introduced is allowed to take both of its 
two values simultaneously so that any operation of the point 
group, G, leaves s unchanged and R times any operation of G 
changes both black into white and white into black, again 
leaving s unchanged. For the grey point groups the structure 
can be written

M = G + RG
2and since R is the identity and R commutes with all elements,

the grey groups are direct product groups of the form
M = G x $ . E  + R]

In the black and white groups R is not an operation 
in its own right, but multiplies half of the symmetry 
operations of G, and so

M = H + R(G - H)
where H is a halving subgroup of G. It is possible to derive 
56 of these crystallographic magnetic groups from the 32 
crystallographic point groups, since if G is the full point 
group of unitary and antiunitary operators and H is the 
invariant subgroup of unitary operators, the 58 magnetic 
groups can be found by choosing all possible distinct 
combinations of G and K, where G has twice as many elements 
as H.

The operation of antisymmetry, R, can be thought of as 
changing the direction of the magnetic moment or reversing 
the direction of an electric current. This concept can be 
extended to that of time inversion. The origin of the
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magnetic moment of an atom can "be pictured "by considering 
that the electrons are moving in orbits within the atom.
The orbiting electrons are similar to small loops or coils 
carrying an electric current and therefore produce a magnetic 
moment. A reversal of the time co-ordinate t — > -t would 
cause the electrons to orbit in the opposite sense and there­
fore reverse the direction of the magnetic moment.

Wigner, (i|9) showed that this operation of time
inversion, 0, is antiunitary and that 

29 = +E for an even number of electrons
o8 = -E for an odd number of electrons.

The operation of time inversion on a wave function,V , . 
may be determined by considering the time-dependent 

Schrttdinger equation
H r  = i t  6V

6t
where H is the Hamiltonian operator.
Taking the complex conjugate of the above expression

H Y* = -ili 6£*
5t

Hf* = -i % 6f*
sFt)

Therefore the sign of t is reversed if Y  is changed into its 
complex conjugate. Hence the effect of the operation of 
time inversion 0 on a wave function Y is to produce Y  .e r  = Y  *
therefore 0 is an antiunitary operator. In ordinary point 
groups all operations are unitary and hence all represen­
tative matrices, A, obey the conditionA T *A A = 1



V/igner (50) showed that if u is a unitary operator of 
M then it is also linear and if it is an antiunitary operator,

а, of M it is antilinear.
б. 3 COR"FRESF-irrATIChS OF MAGNETIC GROUPS

The corepresentation representative matrices of these 
non-unitary magnetic groups do not multiply in the same way 
as the symmetry operations. The corepresentation matrices, 
Dx(u) and Dx(a) can he defined such that

u f i
a

K
= E 

(3=1

a Y i
a

K
E
3=1

which leads to the following

D(u.)D(u;j) 

D(u) D(a) 

D(a) D*(u)

D ^pcc^p 

D â^pa^p

multiplication rules:

= b(u.u.)v 1 V

= D(ua)

= D(au)

D(a.)D*(a.) = D(a.a.)

where the asterisk denotes complex conjugation.
Two solutions of the above are equivalent if they can 

he transformed into each other by a unitary matrix, a, such 
that

D(u) = cc-i*D(u)a 

D (a) = af1D(a)a*



The matrix D(u) remains unchanged if a =w 1 is a multiple of
— i •k *2the unit matrix. D(a), however, is multiplied hy w w = w 

The explicit forms for these corepresentation matrices 
were obtained by Wigner (50). He found that there were 
three distinct types of corepresentations. If u is an 
element of the unitary subgroup H and a is one of the anti- 
unitary operators in M and A(u) is a representation of H, 
the type of corepresentation of M depends on A(u) and A(u), 
where

A(u) = A*(a~1u a Q)

where aQ is any antiunitary operator in M. If A(u) and A(u) 
are equivalent it is possible to express A(u) in the form

(3"1A ( u )(3

where 3 is a unitary matrix. Two possibilities now arise: 
FIRST TYPE (33* = +A(a^)

D(u) = A (u) ; D(a) = ±A(aa~1)3

SECOND TYPE 33* = -A(a^)

D(u) = / A(u> 0 'l ; D(a) = ° . A(aa; V
V o  A(u)) \ -A (a a“1) 3 o ,

If A(u) and A(u) are not equivalent this leads to a third 
type of corepresentation:
THIRD TYPE

D(u)
A(u) o \

o S(u)/
; -D(a) =

A(aaQ)
A(ao a)

Wigner also pointed out that it does not matter which of the
antiunitary operators is chosen to be a .
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All that remains is to obtain a method to decide which 
of the above three cases is applicable for each corepresen­
tation. Dimmock and Wheeler (51) gave a very simple test 
using the characters of the representations of the unitary 
subgroup.

Since (3 and Ai(u) are unitary the Ai(u) matrices will 
satisfy the normal orthogonality relation

For the first two types of corepresentation this summation

where 1^ is the dimension of A1(u) and g the order of H. 
Then

is £
X

) (3o'mr ^rp v

i

± g
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For the third type this summation is

5 ^ V l m  Al(ao>mr °K ao)rlK

_ Z Al(uK)im Al âo')mr A^ uK')rl ii

= 0
Therefore

i 2E X (av) = +6 for the first type
K

= -g for the second type 
= 0 for the third type.

The corepresentations of the grey magnetic groups are 
fairly straightforward to determine since aQ can he chosen
to he 0 . Then

A(u) = A*(0 1 u9) = A*(u)

Hence the following simplifications of corepresentation 
theory are applied only to the black and ’white magnetic groups. 
6.h IDENTIFICATION OF G OREPRE SENT AT I ON S AS ORDINARY

REPRESENTATIONS
For the purposes of identifying corepresentations with 

the ordinary representations of abstract groups, the corep­
resentations should he divided into those which derive from 
real (i.e. 1-dimensional or inseparahly-degenerate) 
irreducible representations of H and those which derive from 
the imaginary, separahly-degenerate, irreducible represen­
tations of H. Those deriving from real irreducible represen­
tations of H can be constructed from a set of real represen­
tative matrices for which A*(u) = A(u) and hence, whichever 
of Wigner’s types of representations of K is involved, A(u)
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is also real and the representative matrices of M, D(u) and 
D(a) are real. The associative laws for these matrices 
therefore reduce to those of ordinary representations of an 
abstract group isomorphic to M. A convenient realization of 
such an abstract group is G. Hence in this case the 
representation of G = M are isomorphic with the corepresen­
tations of M = G.

The corepresentations which derive from imaginary, 
separably-degenerate, representations of H correspond to the 
ordinary representations of an abstract group, A, which has 
a halving subgroup isomorphic to H. If the representative
matrices of A are S(u'), S(a’)..... a mapping must be found
between the antiunitary elements [a] of M and the corresponding 
elements £a'j of A such that the following equations may be 
satisfied simultaneously.

D(a)D*(u) = D(au) ô(a')ô(u*) = ô(a'u')

D(a.)D*(a.) = D ^ a . )  ô(a*)ô(a*) = ô(a' al)

In general a set of such matrices D(u), D(a) ..... will not
form a group but a loop unless the set contains the complex
conjugate of ever:/ matrix. This is because the associative
law is only established if D*(u.) = D(u.) [u. eH] and
D*(aK) = D(a ) [a^ e 0(G-H)]. The condition on the unitary
elements is always satisfied since it imnlies u. = u. and theJ l
inverse of every unitary element is contained in K. However, 
the conditions on the antiunitary elements is not necessarily 
satisfied and the representative matrices as formulated by 
Wigner do not obey this condition for all the black and white 
magnetic groups. Notwithstanding this, it has been found for



- 169 -

the point groups that Signer's matrices can "be transformed to 
an equivalent set obeying the condition that the complex 
conjugate shall lie within the set. A single example of 
this concerns the corepresentation generated by the E repre­
sentation of in the magnetic group Cg/ C^. The E represen­
tation of is separably degenerate and generates two 
equivalent real corepresentations of Cg/ in which the 
respective representative matrices for any given element are 
complex conjugates. A simple transformation of either by a 
phase factor of modulus unity on the antiunitary elements 
yields another equivalent corepresentation which contains the 
complex conjugate of every representative matrix. The 
corepresentation can then be identified with an ordinary 
representation of a group, in fact the E representation of

f
the dihedral group D^. The actual matrices are tabulated 
below:

V cu

Wigner1s 
D(E+) 
Wigner's 
D(E")

E

f 1 0 
0 1 

0
0 1

A
-i 0N 
0 i'

0C,

Transformed/I

A  A
/ i 0\/-1 O'
I 0 —i ' 0 -V 
-i 0 \M 0
‘ 0 i^ 0 -1 ''0 -i/ M
/ i 0\f— 1 0 \ f - i  G \ ( 0  -q

BC ®Cg'8 u°8 
' 0 i W 0 -1 \ j 0 —i'

oA-i OA-1 0/

0C8
0 1 '

Vi 0

0\ 10 -i\IO - 1 W 0 i\/ 0 1

D(E+) 0 V  V 0 - i 'V  0 -1 'V 0 p 0 )\r} 0

i  O/V-1 O/v-i o

o -pw o -p yo p
)/\-p o /\r\* 0

r\ = exp(iTcA); i = exp(iV2); aQ = eCg; 0 = 1
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Another case when it is convenient to transform Wigner's 
matrices is that when the corepresentation generated is in 
fact separahly-degenerate and yet the representative matrices 
are not in appropriate diagonal form. Such separable 
degeneracies are not self-evident from Tigner's formulation 
and have to he diagnosed by determining the frequency of the 
totally symmetric corepresentation in the square of the 
irreducible corepresentation being tested. If this is two 
rather than one the degeneracy is separable. Another test is 
to see if Burnside's theorem.can be applied to the set of 
corepresentations by comparing the sums of the squares of the 
degeneracies with the order of the magnetic group. The 
simplest example of such an occurrence appears in the magnetic
group C, / C 0 where the corepresentation generated by the B•4-
representation of Cg, which is of Wigner's second type, yields 
a two-dimensional representation described by the matrices 
below (Gard and Backhouse, 52):

V ° 2
Wigner's

D(B)
Diagonalized
D(B)

E 0C,'2
' 1 OW-1 0 W  0 1
,0 1 / ' 0 -1 ' 1-1 0

8C2

0 -1

1 0
M 0
. 0 1

•1 O' 

0 -1 ‘

i 0' 
0 -i

-1

v 0
0
i

These matrices can be diagonalized by a straightforward 
canonical transformation to exhibit the separably-degenerate 
components with their imaginary characters. Such a diagonal- 
ization would have considerably simplified the laborious 
calculation of the symmetrized cube outlined by Gard and 
Backhouse (52). The symbol f ±  used by Gard and Backhouse
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needs to be used with caution since ( f l  ) * = = ±i/i.
However only the lower, negative, sign leads to the correct 
result ( y ±  )* = 1//T.

The structure of the abstract group, A,generated by 
the corepresentation matrices does not appear to be deter­
minable in an entirely general way, but certain structures 
appear when the corepresentations belong to specific types.

When all the corepresentations of M leading to Wigner's
first type, as in the magnetic group C^y/ C^, Wigner's formula
produces two corepresentations of M for every representation
of H and hence M is a direct product of H with a group of
order two, provided that the matrix (3 is the unit matrix.
Examples of this kind occur whenever all the antiunitary
elements, 0(G-H), are two-fold. A chosen element aQ, of
9(G-H) v/ill then act as a generator of M such that
M = H + a H. Hence a correspondence a. = u.a exists between o x 1 1 o
the unitary and antiunitary elements and D^.^) = ¿A(u^)(3 by 
insertion in Wigner's formula. Hence when (3 = 1,
D(a^) = ±a (u )̂ as required for a direct product structure.
It should be noted that since the characters of the corep­
resentations, D, depend on whether the + or - sign is chosen, 
two group-theoretically inequivalent corepresentations are 
generated, not one as asserted in the current literature. 
Indeed, the - sign has been omitted in many papers subsequent 
to Wigner's work. Inclusion of both possibilities enables 
the corepresentations to satisfy Burnside's theorem. The 
concept of equivalence defined by Wigner on page 336 of his 
book (50) referred to the fact that wave functions trans­
forming as either corepresentations of the - pair would have
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the same energy and that one could not decide physically to 
which possibility a given wave function should he ascribed.

The corepresentations of C^v/ can now be described as 
ordinary representations of a group isomorphic to the abstract 
group x C2 = C^. However, since D(A), l\a ) , D(B), and 
D (3j derive from real representations of H = C^, they can 
also be described as ordinary representations of as 
explained earlier. This is possible because they are not 
faithful representations of M = C^v/ C^, a fact which is true 
for all one-dimensional representations (except B of C^) .
For simplicity, therefore, the corepresentations of
have been described in terms of just one group isomorphic to

Ci+h*
However, in the case of the magnetic group, T^/T, 

where the corepresentations are also of Wigner’s first type, 
the matrices 3 are not all trivial and so only the corep­
resentations D(A), D(a ), D(E) and D(E) can be put into 
correspondence with the representations of an abstract group 
isomorphic with the direct product group, T̂ .. Since the A 
and T representations of H = T are real, D(A), D(A), D(T) and 
DlfT correspond to representations of T^ and hence the 
corepresentations of T^/T require two abstract groups for 
their description in terms of real representations. This has 
occurred because D(T) and D(T) are faithful corepresentations 
of T j/T.

When the corepresentations of M belong to either 
Wigner's first or third types, as in the magnetic groups 
isomorphic to C ^ / C n (n 3), each real representation of H 
yields an inseparably-degenerate corepresentation of 1.1.
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This is diagnostic of a semi-direct product structure for the
abstract group A. Since the only real representations of
C . / C are one-dimensional, the corenresentations can be nh' n
described in terms of just one abstract group A = Cny.
However, in the case of the group T^/ T, D(T) and D(T) are 
faithful corepresentations and hence must be described in 
terms of a semi-direct product group A = T^.

The corepresentations for the non-crystallographic as 
well as the crystallographic black and white magnetic groups 
have been studied, since the non-crystallographic magnetic 
groups could be useful due to the existence of quasi- 
icosahedral structures in complex intermetallic compounds 
where there are magnetic interactions of non-crystallographic 
symmetry within the unit cell. The generalization of the 
magnetic groups into group families is fairly straightforward, 
the type of corepresentation can easily be found since the 
structure of all the unitary subgroups, H, which are normal 
point groups, is well knovm. All that remains is the 
generalization of the unitary matrix |3. It is found that in 
most cases (3 is equal to the unit matrix. The following 
example is one where ¡3 does not equal the unit matrix.

Considering the family of groups D^n/ D2n having the 
following structure:

P^n = Q2 = E
Unitary Elements

1 v< P v< n
pUn-2p o  ̂ q  ̂ 2n-1 

P2qQ

QP = P1111 1Q
Antiunitary Elements

1 N( p n
pUn-p

p 2 p PP
0 N< q s< 2n-1
P2!+1q



aQ may "be chosen to he the antiunit ary element PQ. The 
condition on (3 is

A(u)(3 = i3A*(a"'uao)
Hence (3 must satisfy the following equations

A(P2?)(3 = (3A*(PQP2pPQ) = (3A*(P̂ n“2p)
A (P2pQ)(3 = pA*(PQP2qQPQ) = pA*(PLi'n+2“2qa)

But the unitary subgroup Bgn has all real matrices. 
Therefore A(P2p)|3 = (3A(P̂ n 2p)

A(P2qQ)[3 = (3A (P^n+2-2pQ)
If (3 is the matrix associated with the element PQ then 
substitution in the above equations shows that they are . 
satisfied. Hence (3 will be the matrix.

cos (^/2n) -sin (x/2n)
-sin (%/2n) -cos (%/2n)

The results for the black and -white magnetic groups may be 
summarized in the following table.
Abstract .group A = G

All representations of

Abstract Group A  = H x

All representations of

Abstract Group A  = H A C g

All representations of

/Cnv, B , / C , D , / C .B 2nv ’ nd' nv’ nh/ nv’
®r' ’  y ® O n V i / ®n* nh n' 2nh‘ ndJ

D, /l1-,, 0,/Q, I,/ I,

V K -

C /  C , B /  C , B , /  C , ,  nv/ n’ n/ n’ nlr nh*
Dnd/ S2n

: . /  C , C,  r./ C 0 . ,  nr/ n* bn-2 2n-1 *
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Cases where two abstract groups are needed are tabulated 

below.
BLACK ALT) WHITE COREPRESENTATIONS ABSTRACT

GROUPS M CROUP A

Cl4n'/ C2n D(A) D(B) G

SUn// ̂ 2n dU T d ^ ) H a C2

C4nh'/ C2nh D(Ag), D(Ag) E(Bg), D(BU) G
D(AU), D"[A~) D(Elg), D(Elu) H a C2

V T D(A) D(S) H a Cg
dTa 7 D(T), d (t ) Kx C2

Tfl/T D(A) D(E), l (e ) K x C2
0/T . t Ia J D(T), D(tT H A C2

< V Th U A g) L(Eg), f(E^) H x C2
bia^t D(EU), D(BU)
D(AU) D(T ), DlT )tS o H a C,

D(TU), D(BU)
2

6.5. PROPERTIES CP C ORE?RE SELT/.TICK CHARACTER TARLES .
It has already been mentioned that Burnside’s theorem 

can always be applied to corepresentations, provided that the 
group-theoretical concept of equivalence for corepresentaticns 
of Wigner's first type is used rather than the physical 
concept be imposed. Character tables are, however, not 
necessarily square unless a single abstract group A can be 
defined to describe the corepresentations. The concept of 
conjugacy class as presently defined can only be described in 
terms of the elements, and not the corepresentative matrices, 
of M and hence unless A = M the class structure is likely to
be disturbed. The elements of M have to be manned into the
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classes of A and then each column of the character table will 
he different. However, when two abstract groups A are required, 
the number of classes is greater than that of either abstract 
group. The columns are all orthogonal in the normal sense as 
indeed are the rows. The order of each class is a direct 
division of the order of M. The character table is dependent 
on the choice of aQ but different choices only lead to 
permutations of the classes corresponding to a given column, 
of characters.
6.6 DESCENT IN SYMMETRY

The supergroup-subgroup relationships between the black; 
and white groups have been studied by Ascher and Janner (53)*
It has now been found, on examination of the relationships 
between the corepresentations, that provided that all group- 
theoretically inequivalent corepresentations of Signer’s 
first type are included, the processes of ascent and descent 
in symmetry obey Frobenius's reciprocity theorem and behave 
in every wray in a similar manner to ordinary representations. 
Further evidence for not discarding on physical grounds 
half of the corepresentations of Wigner's first type is 
provided by the fact that if only the positive sign in the 
formula D(a) = -A(aaQ )(3 is arbitrarily chosen, some descents 
become impossible when a corepresentation in the supergroup 
correlates with the corepresentation which would have a. negative 
sign in this defining equation in the subgroup. The converse 
can also happen. The actual correlation of the corepresen­
tations does depend on the choice of a in each group.o
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TY£*pCVPTi"v.: Jl-S  i JJ.\ J. Jr .¿TICKS6.7 the sykkktris^d pq'.t.rs o? cc:K::r:

Rules for determining the direct products of corepre­
sentations have been studied by Karavaev (5U) and Bradley and 
Davies (55) and rules for reducing symmetrized powers were 
established by Gard and Backhouse (52) who related all 
calculations to the unitary subgroup. They were therefore 
only able to symmetrize their powers up to unitary equi­
valence and hence could not solve the problem completely.
The approach just described solves this problem completely 
for all black and white groups whose corepresentations can be 
described in terms of just one abstract group, A. Knowing the 
symmetrization of the powers of the powers of the ordinary 
representations of A, the symmetrized powers of the corep­
resentations of M are determined by correspondence.

As an example of this method, consider the symmetric 
cube of the corepresentation D(T^) of the magnetic group 
Oh/ T^. This corresponds to the T^ representation of 0^ 
and'by inspection of Table II of Boyle (27) its symmetric 
cube is A„ +2T, + T 0 which corresponds to the reducible
corepresentation B(A2) + 2D(T^) + D(T2) of 0 ^ / T^ in agree­
ment with Cracknell and Sedaghat (56). The correspondence 
thus indicates the possibility of a full character theory, 
contrary to the indications of Gard and Backhouse (52).

However, when two abstract groups are needed to describe
the corepresentations, the symmetrization can only be performed 
in the intersection of these, viz. the unitary subgroup. No 
full character theory can then exist in such cases.



6.8 T)v SCRIPT I Oil OF TIP7 C:IAR/-CT~R TABLE'S OF
DOUBLE-VALUED CORPPRBSPLT^TIONS_______
It is important to study double-valued corepresentations 

as well as single-valued ones since the wave function of a 
particle, which is placed in an environment with the symmetry 
of one of the magnetic point groups, must belong to one of 
the single valued corepresentations of that group if it has 
zero or integer spin and to one of the double-valued corepre­
sentations if it has half odd integer spin.

The double-valued corepresentations of the black and 
white double groups were discussed by Dimmock and Wheeler (51) 
and Cracknell and Wong (57). Cracknell and Wong specified to 
which of Wigner's three types each corepresentation belonged 
together with the matrix (3. The matrix (3 was specified 
incorrectly in Table 7 of Cracknell and Wong and again in the 
notes to Table 7*15 of Bradley and Cracknell (36) for those 
cases where it was claimed to equal the unlikely matrix

X ( y/3 + 1) + i( v/I-1)
hi ( \ / 3 + i )

k±

-  i(/3-0

where it should have been - a* = - 1 1_ 1+i 0 \ for the
[ j 2  0 1-i /

representation Ex and / 0 -i
\ —i 0

There are also two errors in the Cayley table for O' (Table 

6.2(a) of Bradley and Cracknell) where ^ 2 s P h j s-̂oul^ equal
C~ and C0 cf should equal ct~ and not as minted. Also in52 2a hx x 32
table 6.1 of Bradley and Cracknell (which specifies the

for the representation G3/2*

matrices of 3U(2) corresponding to the point group O’) the
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matrix C ^  should read 1/1 —i 1-i
2 1 -i 1+i

Since double-valued representations are merely ordinary 
representations of an extended group, double valued corep­
resentations are just corepresentations of an extended black 
and white group and hence no modification of Winner*s (50) 
formulae is required to determine them. Wigner had already 
noted that A(B ) = -1 for systems with an odd number of 
electrons via. the systems where double-valued representations 
are necessary. The results for the character tables of these 
double-valued corepresentations show that they can be 
conveniently derived from one or two abstract groups, A, as 
summarized in the following table.

Abstract Group A = G
All representations of c i m v / a 2 n v ’ B2na/ c '2nv- D

DÀ n ^ D2n» 0 ' / T * I ' / I ’Uh / 1d’ xh/ 1
K *h/K*

Abstract .<Group A = H x Cg
All representations of Civ/ Gn> C ( k n - 2 ) v / C(2n-1 )v’

CA> Dnh/ Cnh’ Dih/ Cnv>

D (2n+1)d/ C(2n+1)v* Dùn+2'/ D2n+1
C (2n+1 )d// D2n+1 » DA /  Dh
D2nh-/ DAd’ D2nh^ EA-
D( An+2)h^ D( 2n+1 )a> DAa/ s h

Abstract Groun = HA C,
C ’nh / C*, Cl / c *, O t

i.n-2/ C ’2n-1
r\ t
°2nh / SA2n5 C2nh / Cnh

All representations of
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Cases where two abstract groups are needed are tabulated 

below.
Black and White Corepresentations Abstract Group A
Groups, M 1

T^/T* D(E1/2), D(Ei/2) G

d (g 3/2) H ̂ C2
O’/T' G

T<3./ T ' d (g3/2) P.xC2

° i / Ti E(Ei/2g), D(E1/2g) 

D(E1/2u )» D(E1/2u )

G

D(G3/2g^ D(G3/2g^ 
b (03/2u), d (g3/2u)

H x C2

l----------- -;_______

The character tables for the single-valued and double­
valued corepresentations are given in the next section. The 
two sets of tables could not be conveniently coalesced 
because the isomorphisms between the black and white groups 
are changed on extending to the double groups and because it 
would be necessary to superimpose the different set of 
relationships between the generating matrices.
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D̂ nh /D dH
D̂ nh /
Dmh /C-mv 
Dj.nh/ Dîn E
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f l2n-pf l p
CKq,<n-i 0<^n-| 

Pñ6 p*-+,B

04p $n

pin-pç
ftpC

O^cn-i O^c^n-i 

tf’fiC R^'RC

a=C
BR’ R ^B  /3=1 
CR = r £
CB — BC

DC a ) 1 1 i 1 1 1 1
D (a> ! 1 -1 -| 1 -1 -1
D(B.) 1 (-l)P ! '1 (-If 1 -1
D (a ) 1 Í-I / -1 1 (- if -1 1
D (a> 1 t 1 1 -1 -1 -1
DCfiJ ! 1 -1 -1 -i 1 1
DCS,) 1 (-if t -! f i r -i l
d ( b2) 1 (~>f -1 ! a  r 1 -i

! n- 1 ? D ( Et) 2 2 cos pfrr/ n 0 0 2cosptn/n 0 0
l«U n -l; D (Q 2 2co5p£lT/ri 0 0 -2 cospfrr/n 0 0

Dj.nh /  Dnh R = r  j B <  5 c = e s x
D̂ nh !  Dnd P = 3 =Cl ; C= ©C2
D2nh /  Cznv R = Can > B-Cg* C = aSz
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RBC, BC2 
fìC  , RBC*
BC, RC*
C , C x

RB
B
fì D

fìBCD, BC2D 
RCO, RBC^D
BCD, RC2D 
CD , CZD

RBD
BD
RD

DCR) I 1 ! 1 1 t

D (fì) [ t 1 3 '1 -1

D (T ) 3 0 -i 3 0 -ì

D C t ) 3 0 -I -3 0 -1

D(e ) 2 -1 2 0 0 0

\ / T

a0= D  
ß = l

A
fì=B=C=D=E
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