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Abstract.

Five dimensional Kaluza-Klein theory is described from the
historical viewpoint. This theory is then generalised firstly for a
non-Abelian group and then for the specific group SU(2) x U(1). The
calculation of the scalar curvature of the extended manifold is
performed using Cartan's structure equations. The role of Killing
vectors is heavily emphasized in this treatment.

Using certain results from this calculation an eight dimensional
Dirac equation is derived and then simplified. Each term in the
equation is then discussed.

The thesis ends with some concluding remarks.




Introduction.

Kaluza-Klein theory originated in the 1920's with Kaluza's attempt
to unify electromagnetism with Einstein's new theory of gravitation.
Later, Klein tried to reconcile Kaluza's theory with the new ideas on
quantisation. Although this ended, by Klein's own admission, in failure,
Kaluza-Klein theory had been born. It was comprehensively studied by
Einstein and Bergmann in their search for the one true unified field
theory, and, indeed the most complete account of Kaluza-Klein theory, at
least in its five dimensional form, is given in Bergmann's book.

( Bergmann 1942 ). After this it fell into the doldrums but was revived
in 1968 with Kerner's proof that it could be extended to 4+n dimensions
to describe the gauge fields assosciated with Yang-Mills theory.

( Kerner 1968 ). The upsurge in interest in geometrical methods as
applied to gravitational physics has carried Kaluza-Klein theory along
too, and it can be safely said that it now stands at its strongest point
ever.

The exact details of the theory will be found later on but,
basically, the idea is to extend spacetime to 4+1 dimensions to describe
electromagnetism, or to 4+n dimensions to describe n gauge fields. A
special form of the metric tensor is hypothesized on the extended
spacetime, the curvature scalar of which is used as the Lagrangian. This
extended curvature scalar decomposes into the curvature scalar R4
for gravity and the square of the field tensor for electromagnetism or
the Yang-Mills field ( or both ).

There are a number of ways of formulating Kaluza-Klein theories.
Historically, the starting point was to define the special Kaluza-Klein

metric and to impose certain conditions on some components of this




metric. The scalar curvature of the extended spacetime could then be
calculated and could be taken, as in general relativity, to be the
Lagrangian. Einstein and Bergmann showed however that the special form
of the metric and the necessary simplification conditions occur
naturally if a Killing vector field exists. In recent years in the
treatment of generalised Kaluza-Klein theories the special form of the
metric has become the centre of attention and the existence of Killing
vectors is not overemphasized. The modern spirit is to try to describe
theories in co-ordinate free language and some authors follow this ideal
and use fibre bundles in their treatment of Kaluza-Klein theories.
( McImmes 1982a, 1982b ) Others avoid this approach and use classical
tensor calculus. Some use both methods. ( Cho 1975, Cho and Jang 1975 ).
It is worthwhile noting at this point that the theory of fibre bundles
is a mathematical theory and not a physical theory. The power of fibre
bundle theory is conceptual but its use is neither necessary nor
sufficient in the treatment of Kaluza-Klein theory. Most importantly
there is no a priori way to define a metric on a fibre bundle. Certain
authors ( Cho 1975, Chang et al. 1978 ) have tried to circumvent this
"problem" by defining a horizontal lift basis on the bundle manifold,
and by demanding that the metric is diagonal with respect to this basis.
It then follows that the metric expressed in a co-ordinate basis has the
special Kaluza-Klein form. However, we take the view that it is the
Killing vectors which determine the form of the metric and this point
will be stressed throughout our work.

An increasingly popular developement in relation to Kaluza-Klein
theory is the theories of spontaneous compactification ( Cremmer et al.,
1976a, 1976b, 1977a, 1977b, Scherk et al., 1979. ). These theories use

extra spacetime dimensions as does Kaluza-Klein theory, but the main
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emphasis is on the defenition of fields on the extended manifold. No
attempt is made to hypothesize Killing vectors. We shall not consider
spontaneous compactification here, but we do point out in our
conclusions that such theories will go hand in hand with Kaluza-Klein
theory in future developements.

The motivation of our work here is to try to unify Kaluza-Klein
theory with the Weinberg-Salam model, that is to use the extra
dimensions to describe the specific gauge group SU(2) x U(1).
Accordingly we shall use four extra dimensions so that our extended
spacetime is eight dimensional. We shall not use fibre bundle theory but
instead use the more classical methods. Our main calculational technique
will be to use Cartan's structure equations. This is less time consuming
than tensor calculus and a further benefit is that when we go on to
treat the Dirac equation we can use some of our previous results.

The structure of this work is as follows: Chapter 1 describes five
dimensional Kaluza-Klein theory, most of which has been considered
already by Bergmann. The second chapter describes the generalisation of
this to eight dimensions in the particular case of the product group
SU(2)xU(1). The geometrical calculations use Cartan's structure
equations. The final chapter discusses the Dirac equation on the
extended spacetime. The thesis ends with a discussion about the

prospects for the future of Kaluza-Klein theory.




CHAPTER 1

FIVE DIMENSIONAL KALUZA-KLEIN THEORY

The Historical Treatment.

We begin with the hypothesis that spacetime is five dimensional
and that the metric tensor can be expressed in some co-ordinate

systems, known as K-systems, in the following way :

€ 1«1 )

The indices <, A refer to the entire manifold and take the
values 1, 2, 3, 4, 5, vhereas #,” are spacetime indices and take
the values 1, 2, ?4. This means that the above matrix is in block
form : the top left-hand block is 4 x 4, the top right-hand block is 4
x 1, the bottom left-hand block is 1 x 4 and the bottom right-hand
block is 1 x 1.

Thé 1 lco-ordinate is the time co-ordinate and so the Minkowski
metric for this five dimensional spacetime is N ag = diag (-1, 1, 1,
1,1 ¥ /-?/N is a four-vector and will, at a later stage, be
identified with the vector potential of electromagnetism.

The metric (1.1) is a symmetric tensor of rank 2 in five

dimensions, so it has fifteen independent components; ten of these



describe gravity and four describe electromagnetism, which leaves one
extra component. It is usual to put ¥ss5 = 1. It can be shown that

the sign of %y must be positive, that is x5

is a spacelike
dimension, to ensure that results from this theory are consistent with
electromagnetism. ( Thirring 1972 ). Some authors put Yss  equal to
a scalar function cr(ﬂ) in order to achieve unification with the
Brans-Dicke theory of gravitation as opposed to Einstein's theory.
Although this approach is interesting we shall not pursue it here.

As well as the condition Y55 =1, we impose the following

restrictions :

% Jur =0 (1.2)
o A = o (1.3)

We are now in a position to calculate the connection coefficients
and thence the scalar curvature. The calculations are straightforward
and easily verifiable.

The inverse of the metric tensor ( 1.1 ) is :

x5

(1.4)

The index convention and the block convention are the same as
A
before and § is the inverse of the four dimensional metric f]ﬂv .

The connection coefficients are given by the formula :



& J olJ‘(
[y = 3% Vod v * Yyd, 8 " ?’;nr,f>

(1.5)

Explicit calculation gives the following results :

&= @ c ; ¢~ —
/:’M» :/—’M,; *1(7[,, A -r/), A/w>

s
fower = 2 (Auje © A v/ )
LA (£ A oo CAL)
s
[ = L L0 A

(1.6 )

where




£ 1.7 )

and /ﬂGQ F

e is the comnection coefficient of the four dimensional

metric z . We are continuing the index convention that Greek
letters near the beginning of the alphabet refer to the extended

manifold and that those near the end refer to four dimensional

spacetime.

The final step is to calculate the scalar curvature. This is done

by contracting the Ricci tensor with the metric tensor :

5) _ o
R77= v /l,qws

(1.8)

where

(1.9’)

Sumning over & and /5 gives :



1Y« _ J E
( /:‘nf,f /-;J‘)/ﬁ*‘/lg/;'j.—/i;/;"f/
2 <
. (B)
sV
+Xf r pd & Mo
[;’7 ! /:’f”' +/:VFJ-/;f/li§

Now summation over d and & is performed and simplification is

effected by using formulae (1.2), (1.3), and (1.6) and by noting that:

[0 = ©

For clarity each part is calculated separately. Part (A) equals :

(1.10 )



(A1)

and part (D) equals :

(/+ fﬂwﬁ/ﬂ/),>(" ZL,‘ /PP /Fr>

(D1 )

Now because of the symmetry of both the metric tensor and the
Ricci tensor, parts (B) and (C) are equal so either one can be

calculated and then doubled. So part (B) is :

anA
I Ay (-4 2 L e Lr

T

R o~ o~
-ﬁ//'o. 7(;” fé /4/’\7120 7[;_[’ |

{ .
(B1)

Finally adding (A1) to (D1) to twice (B1) gives the final answer :



i T
(1.11)

If we take as our action :

_ (s)
Z /K /-y oA x

(1.12)

then since ¥ = det yq/; = det = j we can see that

this will give us :

76D _ /(K("" Ny /MJ)/_’FOL&

(1.13)

from which, by variation, we shall be able to derive Einstein's field
equations and Maxwell's equations. Thus we are well justified in
identifying A.. with the vector potential of electromagnetism and
in claiming that Kaluza-Klein theory wnifies gravity and
electromagnetism.

Two points are worth mentioning here in passing. Firstly, since

we have put Y5 equal to the constant wnity it cannot be varied. We
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shall see later that this is not a problem in the covariant
formulation of Kaluza-Klein theory. However Ke and Ying have overcome
this difficulty using the method of Lagrange multipliers to formally
prove that Einstein's equations and Maxwell's equations are deriveable
from the action (1.12). ( Ke and Ying 1981 ).

Secondly, since the argument in (1.12) is independent of x5,
the x5 co-ordinate must close on itself after a finite length,
otherwise the integral is infinite. This is the origin of the idea of
spontaneous compactification. Some authors state that the radius of
curvature of the fifth dimension is the Planck length. While this may
be a trifle rash we can defenitely say that the radius of curvature is

very small due to its non-observability in daily life, even at the

microscopic level of electromagnetic phenomena.

Covariant Formulation of Kaluza-Klein Theory

In the above paragraphs we began with a special form of the
metric tensor and our reasoning continued under the assumption that we
were still in a K-frame of reference. Although this procedure is not
incorrect, it is a violation of the spirit of General Relativity where
all reference frames are equally permissible. Since a co-ordinate
transformation cannot affect the physics of the system, what must be
shown is that Kaluza-Klein theory can be cast in a co-variant form and
that when a co-ordinate transformation takes us out of our K-frame we
observe no contradictions with our previous deductions. This procedure
has been extensively carried out by Bergmann ( Bergmann 1942 ) and we
give here a brief resume of his ideas.

[ 8
We begin with a five dimensional spacetime with co-ordinates f

1




and metric tensor ¥y and introduce four functions of these
co-ordinates x° ( SOL) where a = 1,2,3,4, with the proviso that

the derivatives of these four functions are linearly independent. In
this way the four functions define a set of curves x* = constant

in ‘the five dimensional space, and this set of curves is itself a
manifold, of dimesion four, on which can be defined wvectors and
tensors.

Writing the derivatives of these four functions with respect to

the co-ordinates as :

a_
Xak ¥ ol

R
"

(1.14 )

. . X : :
allows us to introduce a vector field /A defined to satisfy:

(1.15)

X, .
Yup A A7 = 7 (1.16 )

and

12



We can define an inverse 'Kaax_ by the following conditions:

(117 )

A X%, = ©
and (1.18)

Vectors, or tensors, in the five dimensional space will be
referred to as ordinary while vectors, or tensors, in the four
dimensional space will be referred to as parameter tensors, or
p-tensors for short. With any ordinary vector \/OL can be assosciated

a p-vector and a scalar thus:

(1.19)

(1.20 )

13



and similarly for a covariant ordinary vector:

gl B4

/8
VALY, fe
(1.22)

It is natural to take the p-tensor assosciated with the ordinary

metric tensor as the metric of the four dimensional space thus:

£ 1.23°)

To carry dlt analytic calculations in the four dimensional space
it is necessary to define the operation of diffe.rentiation. There are
two inequivalent types of differentiation that can be defined. Firstly
there is A-differentiation, defined as being the derivative of the
p-tensor contracted with the A-vector:

A-derivative of ( e bcd ) =X abcd,iA *

14



Secondly, there is p-differentiation, defined by:
oL
p-derivative of ( Xabcd ) = Xabcd/e = Xabcd, x ¥ e.

We can now perform analysis in the four dimensional space
embedded in the five dimensional space. What has to be done now is to
consider the connection between tensors in this covariant formulation
and those in the K-frame.

We recover a K-frame by demanding that the first four
co-ordinates f' ..... iq are the same as x1....x4, and ’55-

is chosen so that A5 = 1. In this case

b,a\o(: ‘Yqot , B = 1, mesis 4.
LR & =5

AT=(0,1) (1.24a )

Au= (A1) (1.24b )

To go from one K-frame to another can be achieved by the

following transformations:

15



~~N\
V‘
I
N\
U‘
4
N
vy
~
<
\_

{ 1:23 )

To maintain invariance under these transformations means that A ...

has to transform thus:

"

A./V”~>A/’: A = 9./"“"7[5_
(1.26 )

which is the same as a gauge transformation in electromagnetism.
Kaluza-Klein theory in a K-frame is therefore co-variant with respect
to the transformations (1.25) which are co-ordinate transformations in
the four dimensions and gauge transformations for the electromagnetic
vector potential.

Finally, we must try to express the conditions (1.2) and (1.3) in
co-variant language. A simple calculation shows that because of (1.24)

if the A-derivative of the metric p-tensor is zero, that is if :

®
A\
R
\
)

( 1.27 )
then in a K-system this reduces to the conditions (1.2) and (1.3).

Bergmann has shown that the condition for (1.27) to hold is that the

16



A-vector must be a Killing vector of the metric. This is an important
fact and will be used to great effect in the next chapter.

Summarising then, Kaluza-Klein theory is built up by assuming
that spacetime is five dimensional and that its metric tensor has a
unit Killing vector. In a special frame of reference in which the
first four co-ordinates of the extended spacetime are identified with
the co-ordinates of ordinary four dimensional spacetime this Killing
vector has the form specified in equations ( 1.24a ) and ( 1.24b ),
which is to say that we identify the first four components of the
Killing vector with the components of the electromagnetic four-vector.
Treating the metric for the extended spacetime as the potential for
five dimensional gravity in the same way that General Relativity does
in four dimensions permits description of gravity and electromagnetism
in the standard way. The five dimensional theory in a special frame of
reference is covariant with respect to general co-ordinate
transformations in the four dimensions and with respect to gauge
transformations. The existence of the wnit Killing vector maintains
absolute covariance with respect to arbitrary transformations in the

five dimensions.

Fibre Bundles

In the preceding discussion classical tensor calculus was used.
Nowadays the preference is to formulate theories in a co-ordinate
independent mamner. As well as making many calculations simpler this
carries the additional advantage of conceptual clarity. One branch of

modern differential geometry which is of particular relevance to us is

17



the theory of fibre bundles.

A fibre bundle is a manifold which can locally be expressed as a
product space B x F where B and F are manifolds. B is known as the
base space and F is called the typical fibre. If m is the dimension of
the base space and n is the dimension of the fibre then the bundle has
dimension mtn. A projection T is defined which maps the bundle
onto the base space by mapping all the points on a fibre to the

"‘ associated ;point on the base space. We can think of the action of the
projection 77 as shrinking each fibre to a point. Conversely, if x &
B then T (%) is the fibre over x and this can be thought of as a
light shining through a pinprick, the pinprick being the point of the
base manifold and the light ray being the fibre over that point.

Now consider a point x which is in two different overlapping
regions Ui and Uj of the base space B, and consider the
co-ordinate maps which maps points on a fibre onto a co-ordinate
system. The mapping ¢ . 0‘(:; Imaps F to F and it is a requirement that

the transition functions, defined by

-1

b = b oF

belong to a group G which is called the structure group of the bundle.
When the typical fibre is a vector space and the structure group is a
Lie group, so that each fibre is isomorphic to each other fibre, we
have what is called a principal fibre bundle.

A cross section is a curve in the bundle which is nowhere
parallel to a fibre, so when we have a principal fibre bundle a cross
section defines a vector at each point on the base space, that is a
vector field on the base space.

It is clear then that Kaluza-Klein theory can be described using

18



fibre bundles, the base space being spacetime and the fibre space
describing the additional dimensions. This approach can be
particularly useful when Kaluza-Klein theory is generalised from the
U(1) group to some other non-Abelian group. ( Witten 1981 ). Where
fibre bundle theory comes into its own is in conceptual understanding
and the reader is referred to the paper by Bemm et alia ( Benn, Dereli
and Tucker, 1980 ) as an example of the strength of this approach.
However, it must be stressed that there is no standard way to define a
metric on a fibre bundle and it is this procedure, or equivalently the
postulated existence of a unit Killing vector field, which elevates
Kaluza-Klein theory to the level of a unified field theory. We shall
not use fibre bundles in our work because having chosen to generalise
Kaluza-Klein theory for the case where the internal space is to
describe the gauge group SU(2) x U(1) our conceptual faculties are
temporarily suspended and we must use co-ordinate dependant geometry
to obtain answers. Nevertheless it should be pointed out that fibre
‘bundle theory is a valuable aid to the theoretical physicist

particularly when it comes to general geometric considerations.
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CHAPTER 2

GENERALISED KALUZA-KLEIN THEORY

Introduction.

The generalisation of Kaluza-Klein theory to 4+n dimensions has
already been studied in the literature. ( Kernmer 1968, Cho 1975, Chang
et al 1976, Mecklenburg 1980. ) There are a number of ways of
generalising the theory, all of which are roughly equivalent.
Initially, it was considered sufficient merely to generalise the
metric (1.1) and to impose conditions which guaranteed that the
curvature scalar decomposed into the required additive combinations of
the scalar curvature in four dimensions plus the Yang-Mills field
tensor squared plus a term describing the scalar curvature in the
internal space. Subsequently, the theory was described from a more
geometric point of view which gave clearer insight into the theory and
to the nature of the conditions which have to be imposed to afford

simplification. It is with the benefit of hindsight that we can now

pick and choose between these methods to suit our specific
requirements. As mentioned previously we shall not use fibre bundles
so our method will be more akin to the historically earlier
treatments. It is worth pointing out that no ad hoc conditions have to
be used : all the simplification techniques are rigourously deriveable
from the hypothesis that certain Killing vectors exist.

The most powerful theory is the one which makes the most
predictions from the fewest hypotheses. It is important then to be
clear as to what are our initial assumptions and what the logical

consequences of these are. The only assumption which has to made is

20



that there exists a wnit Killing vector of the metric of the extended
spacetime, and that when we are in a special reference frame then the
first four components of this Killing vector are identified with the
Yang-Millé gauge fields. With this assumption, the special form of the
metric occurs naturally. The authors who employ the more geometrically
oriented arguments find that this special form of the metric occurs if
a horizontal lift basis is defined on the bundle manifold and that the
metric on this basis is diagonal.

The method we shall use to calculate the scalar curvature of the
extended spacetime will be Cartan's structure equations. This has the
advantage of being slightly more efficient than classical tensor
calculus, since many terms drop out of before they actually have to be
calculated. It has the further advantage that some parts of the
calculation come in useful in the later chapter on the Dirac equation.
This method has been used by Thirring in considering five dimensional
Kaluza-Klein theory. ( Thirring 1972 )

We shall firstly discuss the generalisation of Kaluza-Klein
theory from five dimensions to 4+n dimensions to describe a
non-Abelian group, and then in greater detail we shall present the
specific calculations for the group SU(2) x U(1). The reason for this
choice is that this is the symmetry group of the Weinberg-Salam model,
which has recieved much attention recently, and which, at going to
press, has been well vindicated by the discovery of the intermediate

vector bosons.
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Kaluza-Klein Theory for a non-Abelian Group.

A group is well described by its Lie algebra ( except for some
global topological aspects ). If we take a linearly independent set of
left invariant vector fields ;Z? as a basis for the Lie algebra then
the vectors satisfy the following relation :

[-;7 - v
V5 s ve ] = Csc L ¢ 2.1 )

The c¢'s are the components of a tensor, known as the structure
tensor. They are also sometimes called the structure constants of the
group.

The crucial point in what follows is that we can chose as a basis
for the group manifold G either the left-invariant vectors in (2.1)
which therefore form a non-co-ordinate basis, or alternatively another
co-ordinate basis. We shall put co-ordinates xi on the manifold G
and so we shall use a co-ordinate basis. In this co-ordinate basis

each left invariant vector field can be written as :

—7 (~ _>
- K .
S K s 9» ( 2.2)

i il
where /(; are the components of the vector in the basis QL-
Note that the subscript s here does not refer to components of the
vector: it is the label appertaining to a particular vector. If the

same vector V5  had been expressed in the non-co-ordinate basis it

t
would have components ( s thus:

Vs

—>
& s Ve

N

{ 2.3 ] &
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The K _; are written suggestively in this form because later we
shall make the hypothesis that they are Killing vectors of the metric.

In Yang-Mills theory a set of gauge fields are introduced which
act as a representation of the group G. In our language, having
already described the group by its basis vectors and its Lie algebra,
this amounts to introducing a vector ﬁzi ( the index a~ refers to
the spacetime component) which has components ﬁ/‘i in the
non-co-ordinate basis of the internal space, or ﬂ/’i in the
co-ordinate basis.

We can now write down the generalisation of the metric (1.1) of
the 4+n dimensional spacetime, again assuming that we are in a K frame

of reference and that the basis vectors both for the internal space

and for spacetime are co-ordinate based :

o Joo * G- AL AL 3 a7

(2.4)

where « 4 indices range from 1 to 4+n, 4 ,¥ range over
spacetime, that is from 1 to 4, and ,;) J' range over the internal
space that is from 4 to 4+n. ‘Z\M, is the metric of spacetime and
3,;,' is the metric of the internal space. Notice that at this point
we have not specified the exact form of the metric tensor of the
internal space nor shall we do so at a later stage. Some authors

specify that the internal metric has the Cartan-Killing form but all
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that we are saying is that there exists a metric in the internal space.
It is not difficult to show that the metric (2.4) has the same

form in a non-co-ordinate basis, thus:

—_>
9/\ = co-ordinate basis vectors
p(/;c‘j = co-ordinate based 1-forms,such that :
Pl - "
<DJ- )a{m"> = Jd. ( 2.5)
—>
Vs = non-co-ordinate basis vectors :
- - ;/ —>
Vs = Kg o ( 2.6 )
i = non-co-ordinate based 1-forms such that :
: &
— & _ Cj-
( \/_S > ) > S ( 2.7 )
& © J
Now let Y ( 2.8 )
. & Py == t g
then <V5)w> s < sag,Ku'O"X>
\ —d 9
. KL KE <A A >

\

R SV
Ko k54

= /«5‘ K &
7~ (2.9)
=
and comparison with (2.7) shows formally that the /< , are the

- / -
inverse of S s ¢
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Since the metric tensor has components given by ( Schutz 1980 ) :
- >
i\/ > \9/(9/",9d'>

then the components of the metric in the non-co-ordinate basis are:

_ = oY o ¢ e
tes 9l (BT = kiRl g (a0
R, A'
Now since the vector .~ has components /4 .~ in the

co-ordinate basis and /}/i\ in the non-co-ordinate basis, that is :

—> A .l =
An = AL 2. = A v (2.11)
d since: —> [ =
and since: Ve = Ke 9
then - T A ( 2.12 )
AM Ky = ﬁ»
SO Al -
. ¢
Jij Auhy, = It A A (2.13)
So the metric is :
| . 2
j v a j.SC A /?\/ 3,5‘6 A
o /
Xd/s = S
£ i
j.st A,
35‘(:
: ( 2.14 )
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which has the same form as (2.4), but the basis vectors of the
internal space do not form a co-ordinate basis, an important
difference. Since we will be using the mathematical language of forms,
which involves extensive use of the exterior derivative we shall use
the co-ordinate based metric given by equation (2.4).

We now come to our main hypothesis, which is that the set of left
invariant vectors fields r/: are Killing vector fields of the
metric. A Killing vector field is a vector field such that the Lie

derivative of the metric with respect to this vector field is zero :

L»¥ = o0 ( 2.15 )

which in component notation is :

o
V o Yy * Wax %Y 4 Ny 3,V = o ( 2.16)

( For a fuller discussion of the concept of the Lie derivative and a
proof of the last equation the reader is referred to Appendix Two. )
>
Now the basis wvectors Vs of the group have no spacetime

components, so that in equation (2.16) the 4+n components of VKare :

« '
v:- = (eo,0,0,0,0, K ) (217 )

and K.

s 1s independent of spacetime.

In equation (2.16) the pand ¥ indices are free, so we shall in

turn put them equal to :

a) /5T Y=z ¥ which gives :

7
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( be
<o quaint) < o
b) Az n Y= k which gives :

KoY n + 8k ks +V . Puky=

K;&ﬁfﬁkﬁi} + QAL Ks =0

ey A=y , ¥k which gives :

5 oI _ -
€ where L = At
() i< i< y

and K 9/»' e‘k ey 9/4. /<.‘Y - O
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(2.18 )

(2.19 )

( 2.20 )

(2.21 )

(2.22)

(2.23)

(2.24 )

(2.25)




- 4
where the e are the "internal vierbiens'" given by:

p o r T
i.. : 1 e » ’e .
J Jomr ( 2.26 )

with ’}LI_T = the n dimensional Euclidean metric.
Another set of internal vierbiens relative to the non-co-ordinate

based metric tensor can be defined by :

= I

\7St = “s <4 Ny
and because of equation (2.10) :
i T '
€¢ = £ 5 /(S

We shall return to the internal vierbiens in a later section when
we perform our explicit calculation.
The case for the non-Abelian group being explicitly SU(2) x U(1)

can now be considered.
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Eight Dimensional Kaluza-Klein Theory for SU(2) x U(1).

The use of SU(2) x U(1) as the non-Abelian group is motivated by
the success of the Weinberg-Salam model. It is also interesting from
our point of view in that it is the explicit product of the U(1) group
with a non-Abelian group. This means that we can use the U(1) part as
a bookeeping device to keep checks on the results, since we already
know the U(1) results from chapter 1.

The first step is to consider the form of the internal metric.
This in turn requires consideration of the Lie algebra of SU(2) x
U(1). There are four left invariant vector fields which we shall call

Vsand Vs and they satisfy the following commutation relations :

[%. %] =o°
[ve, @] =0
\'7 e v\7>
Ve el = est e

Putting a basis on the group space with co-ordinates x5 and x'

(i=1,2,3 ) means that the Lie algebra can be expressed thus :

— )

- K& 2
V.S" / & 95— +~ K~ g/
- _ s Salla ( —>
Vs = K5 05+ K

so that the commutation relations imply that :
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K

5
¢ = kg = o0

p
K.S' = a constant which we shall put equal equal to 1 for later

convenience, and

’ /. 5 " ‘ . o
Ks o, kY = k) 9 KY- 7 <

( 2.27 )

The left invariant vector fields are then :

— —>

AR
i

—_ Lt

‘/..S = I<'_S 9/

So if we assume that the metric for the internal space, in the

co-ordinate basis is :

This is why k;was chosen to equal 1.
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Finally, in the expression (2.4) for the general non-Abelian

metric, such terms as

\

now become

AN

s s . S J i 5 .. ) J
j;,’ﬁ Ay + G- A /7')7 *‘Z\‘;ﬁrﬁ’)-f& AM’q

7

and writing A’ simply as A and A' as W ' and remembering
ot Y o ~” i !

that 3{1- = 0 gives us the form of the metric as :
I' J' 4:' ', Vi )'
\iﬁ‘) 'f’/q/‘,\lq‘) +iJ WMW.}\:A//\ ' 3/ W/A'
= - - - - - —_— — B e —
Ao SR A o
Xo( = ‘ T K I
A :
J . /
j”;) W'\? o \71. )
r J
[
' [
(2.28 )

where the indices «, A range from 1 to 8, that is over the entire
space; , v range from 1 to 4 and refer to spacetime and i,j take
values 6,7 or 8 and refer to the group space for SU(2).

The determinant of the above matrix is :

det YX/J = det (g‘ﬁ‘)).det ( j‘,-d‘)

and its inverse is :




( 2.29 )

2 T
where j’” and j J are the inverses, respectively, of q -
an

and g ig s

In the five dimensional Kaluza-Klein theory the Killing vectors

were:

A%= (0,0,0,0,1) Ay = [ﬂ,\l/>

and in extending the theory to eight dimensions we make the hypothesis

that the Killing vectors are :

ﬁx-‘: (0)0)0/0;/)0/0)O)

W“:(0,0)O)O)O} /<.IS>

>
X
\
o>
>
3
~

o,o0, 0)

) / 4
| _ N J. y
Woa = (9yxiwd 0, 90kl )

Substituting these into Killing's equation (2.16) gives the following

conditions :
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af Xa(/s = O and 9{ IKg = O ( 2.30a )

@"j = O and a-A. = o ( 2.30b )

< ( 2.30c

2
€ = ( 2.30d
/ < < /
Ksd:en * €. On Ks = O ( 2.30e
where
T - J
= LW
€ . €d A

-
and the € are as in equation (2.26) except that indices now take

values 6,7 or 8 for the group space of SU(2).

There is one other condition which can be derived from the
existence of the above Killing vectors. This condition will not be
needed unt:ﬂ the end of this chapter at which point it will be
revealed.

We can now perform our main task which is to calculate the

curvature of the extended space.
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The Curvature of the Eight Dimensional Space.

The curvature of this eight dimensional spacetime is now about to
become the focus of our attention. The calculation of the curvature
can be carried out in the same way as before using Riemann calculus.
This is the method employed firstly by Kerner and developed by Cho.
This method is perfectly feasible but is complicated by the use of
non-co-ordinate bases so that the comnection coefficients are no
longer given by Christoffels formula. This is the reason for the
slight difference in the results of these two authors. An alternative

method is to use Cartan's structure equations ( O'Neill 1966 ) :

5]
Mﬂ+ aoAgAN = O
( 2.31)

A A Z.
and KA/5= Ao o +07 c A g ( 2.32)

where d denotes the exterior differentiation operator ( Schutz 1980 )
and A denotes the wedge product. The LoA are the one-forms related

to the co-ordinate based one-forms a(otx by :

A
wre{(M

x
{ 2.33 ).

where the eé are the vierbien.
This method has been used by Thirring to calculate the scalar

curvature for five dimensional Kaluza-Klein theory.
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The first stage in the calculation is to calculate the vielbiens

from the metric. They are defined by the relation :

A g
« e, Myp (2.34)

Y, .= e
X y

where M, = diag (-1,1,1,1,1,1,1,1 ). In the above relation A and
B are tangent space indices which take values from 1 to 8. They will
be decomposed into tangent space indices for spacetime a,b, tangent
space index for the fifth dimension, 5, and tangent space indices for
the internal space 1,J. This index convention is summarised in table
2.1. It can be seen from the table that we shall be using the same

index, 5, to refer to the fifth world space dimension and to the fifth

reader will verify by reading on, since the type of index is indicated
by position.

|
tangent space dimension. However, no ambiguity is incurred, as the
|
To find the vielbiens it is necessary to solve equations like :

)/ _:ea* 5 4_45’ S/ﬂ— T T
2 T Cm by Mok Tl oy s vl by Nz (55

-

. Q 6 S ~ b
and  Jus T Coe; Nab *o_ 0% Ney re "l Ny (2.36)

1

) T o
and T ML “Hap e 2] e 5 N e, e Mg, (2.37)
vhere / , = diag( -1,1,1,1), "L;, , Urs =diag( 1,1,1).
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It is not difficult to show that the vielbeins are given by :

a _ . : - o 4
= 4~d vierbien, that is - ( 2.38 )
e/vv : ‘ZM’ eM €~ 44&‘9
T rF T
- = internal vierbein, that is .= e - s ( 2.39 )

s . A
€ o T i~ ( 2.40 )
I I /
= - W
Q//V” ,2/‘ i ( 2.41)
s
ey =/
- ( 2.42 )
and all the others are zero :
& Ey a 5 _ o
€= £ ¢ = €. = & - - s
N~ Pad
( 2.43)

It is also possible to calculate the inverse vielbiens from the

inverse metric tensor by :
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o(/1 _ ol -~ L ;4'/3
¥ B, B, M ( 2.44 )
and their values are :
= AA ary —AA a/Q
A o =4-dvielbein, that is § = Ka &, N (2.45)

—

- A 4\\ A _ * IJ
AT = internal vierbein, that is 3 Y El" L’-} n ( 2.46 )
- -V
b s - K A
&~ s ( 2.47 )
i = AN A
Lo = —K , W
( 2.48 )
=& j
1\.5’ - /
( 2.49 )
and all the others are, as before, zero :
- = 5 A
~ & = ;:I = EI = & = @
( 2.50 )

We have written these vielbiens with a capital E to emphasize

that they are inverse vierbiens. The following relationships will be
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useful later on :

- - A~ a P AL - Lenl 4
~ 6/\17 - a - + &gt rP ey
- A a
= S a R Vv = Or/‘:
( 2.51 )
A A ‘
A L = L. et v el <
J a o “2/&/ +L~I &d
_; 7 i 1
= L1 e - d .
i J
2ol
QE"( ~ e " ( )
o b T € K, * e, + e & 2T
z 5
R, = A KX
= &Mt‘b = f L
p= 4 € 253 )
o D . .
Y _ r - A~ I;-.s', T J
o 7 -&MKJTL>EI*4A~E-(_
= A or 5
= & . L7 = 5" .
N|
( 2.54 )

From these vielbiens we can write down the orthonormal basis

one-forms. They are :

o a o
A = Q Ax
( 2.55)
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( 237 ]

The first step in solving Cartan's first structure equation for
" ; ; ; . . .
the & r 1is to find the exterior derivative of the basis one-forms.

This is quite straightforward :

o w2 0o el x4 A ( 2.58 )

a
since € .. is a four dimensional quantity and so is independent of
x5 and x* . In four dimensions the following relation is

satisfied :

ol 4 & = - O
b A & ( 2.59 )

where, following Thirring, the bar denotes a purely four dimensional

one-form. The reason for this notation will become clear in due course.
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SO

( 2.60 )

Notice in the above that we have antisymmetrised explicitly in
the dumy suffixes. This practice will be used extensively in the
calculations which follow. It is necessary to do this since in
equating the coefficients of two wedge products, the wedge products,
and hence the explicit antisymmetry, will disappear, and so the
coefficients themselves must be made explicitly antisymmetric.

Finally

o
SO o(/o-)'—‘—ﬁ

since 5 - = -



Having thus found the exterior derivatives of the one-forms we

are now in a position to find the connection one-forms from the

equation :
A TS
ol— + wﬁg 2 B = O

The usual method is to guess a solution and see what happens,
since once a solution is found it is known to be wnique. However, in
our case, because of the plethora of indices and the rampant
antisymmetries we shall use the method outlined in the tome by Misner
et al ( Misner, Thorne and Wheeler, 1973 ) on page 358. Once the dA—JA

are computed they are arranged in the format :
A / A e
A = -2 Cpge XL
The &4 can then be worked out from :
C
Wrg = 1 (Gge © Cacs™ Cren) @

This is what we shall now do.

a _ _ i a A T
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but

~
A ™ = By 2 o Ta o
a (5 c

where the bar refers to a purely four-dimensional quantity. By
inspection then :

a a
- L c = C%;c,
C & paedl v . < = O
r3 O ) 5 5
L Q
— : | — o
ij- = O N C.S-J'
( 2.62 )
The same can be done for w;

do® = -l gt wBPaAn©
= ~.{ Cwéik‘&/\r”s = Cq—s'rulm"" d
- C?cL;TS-£~)q‘A,bJ e (:5175- bJ:r;\L~‘tr
—:1’.« CIJ'S- ‘*’Ia >
But 06«-—‘-;- =
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i s a 5
0 2 Cats” A = { £~\> NPT I

g == s
) 2 Cas 5Q2/3 Ay dY = _2( f...,,; Ax™ A
Therefore
S5 - A _ 7 )
- —-K = N
Cai abetoo = L ( 2.63 )
and all the others are zero :
S5 s
y 5 _ CE _
Csg” =0 - Crg = ©
Y,
( 2.64 )

Finally,

- / ko ' - v i = 3 / \/'
Aed =£eﬂ-f olad™Sn Ji(Qﬁe.-%z,-pld,\M

oS J
where A I . 2.65
£, = B W, -0 W _ ( )
T T =
d‘) = -’i Ca_b Q&Awb —_ Ca,s LJDBI\,N;
5 = s i

In order to solve all these structure constants it is necessary

to express the orthonormal basis one-forms in terms of the co-ordinate
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basis one-forms :
o= QT el o dumaon”
=~ Cas 25 ™ (Ao du™ )
—Cog el dx A (2Tt + e T i)
= Cra T (Ao s o I (€L ™ s 2T st )
~} CouT (el da=s Tk In (@S e o it

By inspection

and

[
zCa/b 2/ ‘.\ M/LM\)

= ;‘
(
- ¢ £- > <
- oy e el oo AT~ fm»’”‘" e
/ x T Kk
—2 Sox e _e., ol
( 2.66 )
and
I a i AN 4
—(23 &M‘e/u 0‘/)‘ /\0(4“‘ _ o

T K AN
( 2.67 )




and, finally,

T T o
2 G’ e e/,e Al = L(3ces - Fiex )”‘“ ( 2.68 )

Using equations (2.27) and (2.30e) we obtain :

: T € s % v
%ol -0jel = e KIKIKL oot
and from above
—
< L T
SO
T =V 'Y I T
CJ";( — A ,T&K [9d~ch-gh£d>

( 2.69 )
Equation (2.67) is easy to solve :
Cagre® o7 - - Croarreo & T
A J - I<g .QM Qu.
' x = . T ic 1‘ | T
“ Ca.gr Ko e W Ceg
K
e "
— WQ cl(q-
Z K
= Cr™ W, : ( 2.70 )
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K

< !

_AA
where W is shorthand for K a & W

o

f M

. { I a
Finally ot Ce b e . P/f; . '
e = tel )]
- ~ — i T o 7 Vad v
1 g e e, 7 CTK e_ e, p~
SO
2Cb 2 o, = “{e:fo Cox Wae e» {Crce.

o | b i b & T
= = - - I J <

o T Bt Crc e~ er 'iCJ'Ic e_ 2o

~f L E it { I K ~ g

- es » = a5 L

Z ~ 7[»" 2 I K Q/w e

-
) -
- 5 e’:
I v
A v / P
( xr =V
= 2 € Vv /—/\NV

t ¥ I % / .
Cs¢ KK e, K, W W
€ ‘ ke
Cse TRE K eiky Wi
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(2.71)

To summarise, then, all the structure constants are zero apart

from the following :

(2.72)
CKJI - CJ-KI WOIS ¢ 2
Cas SR — e

( 2.74 )
Cas® = ™ el ( 2.75 )

The reader should notice, in passing, that the structure
constants are antisymmetric in the bottom two indices and that the
topmost index occupies a unique position.

It is a straightforward question of substitution to evaluate the

connection one-forms. The results are :
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Weab ;a/é + 4

= D/J I
= Cat g GRS Bt O (2.76 )

Lo - = [

A 5 fai W © ( 2.77 )
bo. = 4 w e L T ( 2.78 )
atT 2 Cabr -#l(CazJ+Cq71)LJ .

—_ {
LJIZZT = a Cc Fagy ~ Crarx ) o
-
20C25 + Cxpg -~ Crey D S
( 2.79 )
and W7 = © 5 LW s = O . ( 2.80 )

A further check could be made by subsituting these connection
one-forms into Cartan's first structure equation. The details are not

included here.

We can now calculate the scalar curvature of this eight
dimensional space. The first step is to calculate the curvature

two-form using Cartan's second structure equation :

/4_
R B oéw'46+ uAC,\wQ

3
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which is related to the Riemann tensor by :

( 2.81 )

This enables us to read off the values of the Riemarm tensor and the

scalar curvature is related to the Riemann tensor by contraction :

AR
K= R ( 2.82 )

which because of summation is :

_ AR
K/ K 4 0
at
= £ a s
b s 2R o &
+"ZR‘LI¢1 + RR>T
s I

(2.83)

The calculation is quite long but not too difficult :

a a

y 5 = oo 5 ~ ‘kt' A %8
tnt oA, v Ltz 0Ty

Now

—

A(wB) = (L% +{c%Ysw”+L clor 07)
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where we have used

A (Fot) c 2 f oxfan®s LA

and
25 (c"sx ) = 8 (c%ez) = o
Now
N L LT T TS PLL
A(S%+4 e s feer 0 )
and

%% s = (5 Vs ) A (-4 Coes )

T J A/ A a @ T
ol A, = (J.C"‘/LIW sz € I¢+cg—z)w )
/\(—’,C I(,_)'e ! CC = o i<
2 “he 2 b &k *CoiT) o J
So adding all these terms gives :
ROL, _ oc—“’& + / CCL O/L s
L = W 2 b;r) AL L n
( ) pr 2
+ 4 28 A
2 C b AL T A «

+5 %5 (£ Fiue X a0 )
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(i C&oL.s' “oL) A(—’;:Cbcs-wc)

But

So the only term in which we are interested is R o‘,a & ol and by

inspection we can say that

J oo« —
2R bed wEan® - da™y #Lcus (fp 0 FamT)
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Relabelling dummy suffixes :

/ _ _ —
2 fecLb col WA Wt = LS 6 + Rl onw <4
+ .t La .
“ © *’5']0(,& wcAWOL -ZI‘ C/a‘ﬁz C“LI :__:‘Au"L
/ Q ¢ A
o € ds Cocs AR "’Z’c clshr CocT w"/\‘-d"('
— - e a c ok
= dS %+ A Sh + :fr_ Cos fc/(,(, LA
w»‘(cad; Ceoc s - a e ek
g ¢ s c%cs Coots ) &
/
_,;(Cqsz CooLI) O
L (Ch Ut Co.F a ) c ot
t4 AT b¢C - C "¢ C’ao( 2N AN

where we have made the coefficients explicitly antisymmetric.

Therefore :

/ a
- - C
;L,Q Sc = c{',\:q'b - D e A b

b o
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—

and since
a a
Qpa,: ~ a7 = O
then
ab («)
R “ab= R¥ _3 pasb
A -
* ab I
(2.84)

Also
/QCL - a c

g = dww & + 75 nw 5

, T
A s A o &7 A 5
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Therefore, by inspection :

aQ — _ ! al S
R scs T Z2 © 65 © s
Therefore :
Kng - + '/ > q 5
as - 4:)[ 671‘& | ( 2.85)



But
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Therefore, by inspection and relabelling certain dummy suffixes :

/Qq - 25 T B4 a @ ¢
Tes ~e = (¢ zry *C J"I>,c‘\’ aT

+ g% ( %

a 5 C —_

h RN

/ ~ ~7 ~

It is now necessary to use the explicit form of &2 qs -

G Ry o= T a
“d -
6 2 (¢ 6¢-&c,06—c$cc“)u




Strictly speaking the bars above the c's are not absolutely necessary

but they are kept for the sake of emphasis .

A
[
]

/ —_— —_ .
2(C%c + TRy - Coe®)( < er tcrz)

_/ ~ a Q
7 <z 1Cc:r (C e+ C MZ)

+1 Q
“«Cem ( CMJ'J’ r e Trr - Czrs™)

- (c ~
‘»‘[ sy - O :rm)(c CI'CIC,M)

Therefore :
W s
R oy = ,((Ca.:r @ ::>
- - r ¥ =z , &
+) = —a_ oy b b I
LCC ba* C Ws‘(%aq)(c IT'*C - )
- a &
z C C N #1 a T a £
% s7Cazx 2 Caz (c e g )
g a ~M T
3 o
&« a ~ (-(: r +c 171: - c 25’1

Tw( g C—QI”’>(CMOVI‘CI@M>

Now the last term in this equation vanishes because the first
part is symmetric under interchange of I and M, and the scalar product

of an antisymmetric and a symmetric tensor is zero. The other terms

vanish because

=Y



which are consequences of equations (2.69) and (2.74).

This leaves us with :

ar

- 7 A b atb . ~M o.x a T
R az = Zz oo F 1 1 Cor (¢ m*c m
( 2.86 )
s s s
Also ,QI = oo r _QAHQI L “Js-J/\ ‘JTI

-
-~

(’;’, Coak s b3” In (£ CQ&J“A*E’,(CQPJ*CQJL)“T>

Bu s / 5 s~ & s

5 - — T i<

So, by inspection :

ST
R sz =0 ( 2.87 )
Finally
a . = K
KIJ = iy tTi A T TR kAN T

'S
= o(,(;_/(c:g“-,— 'CJA.I)N‘L 4 (CTrr+ CI(J - CrieT) )
-4 T b g L PN &S
*(= 4 CabTeo® ~1en® o + CarnTInOn (£ Uzt~ uz)")
. - . _
(5 (Parc~ Cea™ )™ *;{CCIMK +(’,I,<M —CriT) < )

A’l
AL T - Crot’)es e LleM, ~c g - D PR
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= &
VR 2 R g ek o
= <
+R JTag ot Y p0d ././QIJGJ< PR )
e =
tR ek A« S e

and so, by inspection : iRIJ'kL “k,\u‘- —
% a k* Cax )(C g * € LT)"\’ b

) - . . M)(‘_J[(/\LQL—
#Z (¢Tmu+ Crrm —CM,(I)( c g+ Ty Gae

’/ r I - o h"
—z (¢ grmtcTmg ™ Cam )CkL wam®

It is now necessary to make explicit the antisymmetry in K and L in

o P AS L
the coefficients of & and

A I L
R T K - -
£ Kl LD A =

= o 'S -
xr =~ [ wJ
/ M CI +C" MT T ™ )‘—J n
- T
z G (
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o |
7{ (Ca® v Car®) (e riec®r)

- (Cq,lg* Cac.z)( CQJ‘/<+ qugj)g et

4—,’2 xr T x
5>‘ CC M+ C xm~ Cryc )(CA’J—‘_J—CMLU“CII_M)

)
L

_( en® I/ M & ‘
Mot CTim = Cpyu )[c T+ C KJ"C&T“”’);L\)‘(/\“

Therefore : < Tie S £ C/(L (CI\’TM.,—C M7 T )

L{(CLIK+ C«LKI)(C‘LJL-*C‘LA-T)
— X
Cea*e “Car T )¢ C/o”:nc+c“;<3)$

( I ~
4’7_‘{ CC M+ CL:<1-1‘C¢~1¢<I)CC/MJ-g+C/L.U'—C’CT‘—H)

2
— (Mt T - e Y Mg kg ‘C‘TKM>;

So RIJ
-~ -/ ~ o F - =

e L. x
e} ¥z ¢ carT (T ey T)
a T
e (CaIJ JbCCVUI)CQC..:T‘IA_C - }
rL; T - T
- ~ ~m T J
< CC MT +C 1M Crmr )(C Iu,-v-c T ‘C-J-M>
- b T
~(c myrc _TM‘CM:I'I)(CMJI e —C':Iﬂ)g
So
R T - ;C(/& gt Cax )(C’ T +C = )

.y ~M o= - - -
2 Sz (¢ Tgm e C T T CTA )
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— z ~MT
é(CIMJ’“CIM _C»ﬂ:rz)(c ¢z T )

-
<

R = / T z AT a T

e o -

(2.88 )

Collecting all these terms together gives us our expression for

the scalar curvature :

( 5 -
R €); g“ ol +2@Q°k{ '/'ZIQQZ ﬁz:r;:r

ar +

Tatr ~ QIM(CQZ-erq”I)

-é Qwi’ﬂ(CQ;ﬂ + CQMZ>

- 1

‘ .
~7 S
= CIJ (Czy/vz-#clmu' Crm )

( 2.89 )
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The final term in this expression looks very much like a quantity
which depends only on the internal space, and indeed a calculation
similar to the one above but using only the metric of the intermal
space, that is the metric on page 30, would show that this term is
exactly the scalar curvature of the internal space. The exact details
of the calculation can be found in the appendix ; here we shall merely

quote the result which is that :

o oW
%M :—‘;/CIJ'/( (C$7K+ c:‘fl(J‘~ CTKI>

( 2.90 )

Earlier in the chapter we mentioned that there remained one
further condition which could be extracted from the Killing vector
hypothesis and it is at this point that this condition will be

revealed. The Lie derivative operator follows the Liebnitz rule

( Schutz 1980 ) so that :

(L ANTF) = Lo KT = §1CZe 7 E)
91T L5 Z)

< S >
where X,Y and Z are vectors and 5[ is the metric tensor. Now

consider the above equation with X,Y and Z replaced by the left

e - _—
invariant vector fields, that is by ¥ , ¥y and Vv

We have :

If

(/(/»‘3/)(% Ko gl (0D - 922 Ve V)
51 (Ve Lo Vo)
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But the Lie derivative of a vector field with respect to some other
vector field is just the commutator of the two vector fields, so that

in our case :

Therefore :
5 x - -
K sDRZ) = Kzsl@R) + e J1C%,70)
o GICE )

But the hypothesis that the left invariant vector fields are Killing
vectors means that the Lie derivative of the metric with respect to

them is zero, so that :
” X
Cs ¢ ij’ ca Csv jéx = O
( 2.91 )

This is a very important result.

Equation (2.69) can be written as :

¥ T T ¥ <
s = = e;-zt;EKi Cry
SO
* T '
3xvCS'(7 = ?xve5‘et‘7kl( C_‘EJ
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X J K,I,L
/<€'t C:CJ' L7

L o T T K
:‘J-K %LM €v e€s ey C g

— 'N r T K
Arm €v 5 e Cxr

- 7 T T
= - € v eS Q,(: C,Ij"/“7
and also
\? c r o r T
xt Csv = — € es e Gy
. < T
= T €ves e CrxT
therefore
x x _ M r J/c /‘1+CIM\7‘>
C;é j’x'/-f—CS,/ jxt' == € V‘Cset( FJ

so the above equation (2.91) means that :

C +~ Crmg = ©O
FTM L ( 2.92 )
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This condition will be used from now on to effect simplification
whenever necessary.
Using the two equations (2.90) and (2.92) gives us our final

answer :

®) _ (<) ab
K - ﬂ - "Z/‘ (7[ 7(;/6

j abr _ | G -t)
Tz F raér -/rf‘”—,

€ 2.93 )

This shows that if we use as our Lagrangian the curvature scalar
in eight dimensions that it decomposes into the curvature scalar in
four dimensions plus the U(1) field tensor squared plus the SU(2)
field tensor squared plus le(é~t), the scalar curvature of the
internal space. This last term is usually interpreted as a
cosmological constant, but since the internal space is highly
compactified its value is too large by far. In cosmology, simple

arguments show that if the cosmological constant is not exactly zero

it must be very small. ( Misner et al., 1973 ). Note that since :
(Mt) _ y s sl 3
R - - C’J:JV< =
then it is always positive. It is interesting that this term, which
gives an absurdly high value of the cosmological constant, is also
responsible for predicting particles of very large mass in the Dirac

equation. This will become apparent in the next chapter.
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CHAPTER 3.

The Dirac Equation.

Introduction.

So far, we have found that gravity, electromagnetism, and
Yang-Mills fields have separated out, as Pauli put it, "like o0il and
water". This is now about to change in considering the Dirac equation.

The position we are in now is that the electromagnetic field and
the Yang-Mills fields have been absorbed into the space as properties
of that space. The Dirac equation has, since its original inception,
been seen in a more geometric light and Cartan has shown that Dirac's
original equation is one particular example of a general equation
which exists in an n-dimensional space which may be either curved or
flat ( Cartan 1966. ). Utiyama ( Utiyama 1956. ) has shown that a
curved space may be described as a patchwork of flat tangent spaces
each related to the others by spacetime dependent Lorentz
transformations, thus showing the exact way to generalise the Dirac
equation. This means that in our case we can rigorously write down a
Dirac equation and because .the electromagnetic and the Yang-Mills
fields are propeties of the space then they will enter into the
equation naturally.

It was Thirring who first noted the existence of a Fierz-Pauli
term in the Dirac equation in the five dimensional case ( Thirring
1972. ) and in extending his work to eight dimensions many more extra
terms appear. Once the Dirac equation has been found there is a

certain amount of freedom in interpreting these terms. As always, it
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is wise to proceed cautiously and so we shall make explicit the form

of the Dirac equation before making any simplifying assumptions.

The Dirac Equation on a Curved Space.

The Dirac equation is generalised to a curved space by
introducing the vierbein field and by replacing the ordinary
derivative by the appropriate covariant derivative ( Nieh and Yan

1982, Utiyama 1956. ) thus :

my = SYET

O A

( 3.1 )

where m is the mass of the particle concerned, f)b is a spinor on
the flat tangent space, Qw is the covariant derivative and ’b’k

is a set of Dirac matrices which satisfy :

ab

|

(3.2)

where '}LGA is the Minkowski tensor :

67




., Qb
7 = diag ( -1,1,1,1) (3.3)

The covariant derivative 0, is given by :

A v
Doz G =% oy 25
( 3.4)
) .
where < = the generator of Lorentz transformations
C’Vb - B =N l’*‘j
. o2 Y
o = 2 [ 1
( 3.5 )
and Dpln is the spin connection, which is related to the
connection coefficients by the formula :
= o~
’/-, - E a. < a (<]
i & (2/«49 = 5""@/%)
( 3.6 )

If we make the assumption that there is no torsion then the cornection

coefficients are given by Christoffels formula :
[ = 44r
=190 A )
/V”¢ j/oM)-,) \/,OV/M 9/,\9;(0
{ 3.7 )
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and hence oot . is given by :

Xy = A <
P B 3 £ (ﬁ Seat ~ Yabe — };}ncL‘)
( 3.8 )
where
& — e P o -V o~

c
These ¥ ot  are sometimes called the Ricci rotation
coefficients, and we now show that they are in fact equal to the
structure constants which were used in the previous chapter.

In our eight dimensional index notation ( 3.9 ) reads
Y% = (A4 5
( 3.10 )
which by relabelling dummy suffixes is equal to :
YC;B - E:Eé; (ei,rﬁ'e/j,x>
( 3.11 )

The structure constants were defined as follows :
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. X

But

¢ c

oo = aé(e*o(,x«)
S Gyen sxSadxS
= -’[ec -eC > Yol
.2 ‘%)A ﬂ,{ 0@‘ I‘\&“</)<,“K

- I = C ' <

=5 (e _ex'ﬂ),/(/x A xS
and

_ c A R A 7 4
SO
— C 4 8 _ C C
G ele, T g (Cpan ex,a)

and comparing this with ( 3.11 ) shows that:

1
Notice that the ¥ § as they have been written are
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antisymmetric in their last two indices whereas the c's are

antisymmetric in their first two. Some authors write it one way, some
the other. Notice in my case, having chosen to use the notation of
Misner et al., that the lowered top index takes the third place ,

whereas for the ¥ 's it will take the first place, that is :

Year = Care

The Spin Connections.

As a last step before proceeding to the Dirac equation we need to
calculate the spin comnections for our eight dimensional space.
Formula ( 3.8 ) can, by the arguments of the previous section be
written in terms of the structure constants as :

_ c
Cupx = i e o ( cprc * Cheg = Cgen )

( 3.12 )

The indices A,B can take the value a, 5, or I, and the o index
can take the value An 5, or i so that we shall have connections like

& , “ass etcetera. They are presented here in a fairly logical

ab,,

fashion :

‘ C
A’o.//\, = 2 eM(Cq"aC 7 C’M" clb%)

s o — ,_
-Pi eM(CW‘,g*C«LSb Cosa )

e’ (Catr * Cazn — Coxol )
/\

N
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P

where (5, 1is the four dimensional spin connection thus :
Vand

wmkziei((abc-f Ca,ob'%%)

“-’a_,b; = E/. 2;'( Ca/b_')'—+ Cash - Ce)’(«,)
£
3 7[&5
( 3.14 )
Aok -

( 3.15)
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) - c I

L
f s . — CJS‘N>
- o C
Y C/A(‘(/q,ga ass
xr - _ Coe
ki ‘@P(C@;I Ceaerxrs 5;&>
- 2 ‘. ]Z;LC/
( 3.16 )
(2 —
boass = 5/' ej/(CA/((. + C acs Cyc,a>
’PE/\ {?’(&giru;{f@s‘&)
, Z(Ca, b Cezxs CfIk)
2
= &
( 3.17 )
Lo - / C
AT - 2 -Q/N' (CQSC » QCQ"C;{,&)
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( 3.18 )

o a &~
8 = /
F o 2 € [Cmrc * Caezr = Cz:c.\)
( 3
+ 4 e/:r (Ca - +Ca
2 A = J J '—C‘J:J'a\_>
- [ - I
- .LCM Fﬂ.QI *’é C»CC&IJ "_CC\:_T‘I>

_ i _c _

( 3.19 )
lo - 4 (a8
oI§ 2 €5 (C&Ic-k Cacr ~Cxea )
. ~
2 e7(Cors v casy ~ cpge )
o+t J
R ea»(C&u;_T.L c‘*—J’I cIJ’q_,)
— O
€ 3.20 )
C
LJ&/ZJ' = ieJ (Covzc, + Cact - CZc&»)



= O
( 3.21)
- - =
/ S
'/'2 e/h C Csrs + CssT CZSJ/)
; g
* 2z € C Cszy * Csax CJ:3-5>

( 3.22 )

All the c's in the above equation are identically zero so

Lo - = .
SIS © and  Loyz, = O (3.23)
L| - C
S = .2{ € ( Crye * Cxex— cJ’cI)
4 e’ (Czys + Creg ~ Cgsz )
/ w
T2 e ( Crox Crrys Corz )

+ 1 ic
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Now, since

and since e < Ic c
=
al g €
/ - _ _ <
then 2z e’.»a (CT'CT C:rcr) - f?.( € .. ("CIKJ € C’J'/c.t)

i

=72 e//: CCI/c:r' CTic T >

hence
Lo - - ! I
T~ % 2e. Crgc ( 3.24)
Lo _ _ 4 _c
I . 2efCCIJC+C£c,J' =~ Cqex )
‘L —
7R j’( Crys + Crzsg — Cgsz)
«<
YL e (Cxai + Czrwg = Cquz )
= &
( 3.25)
L3 .
rJ . ] ;’LQ/:.'CCIJ—L'*C%{’CCR,I)
2% (Czys + C
e s T35 + Crsg - Cgs=x )
.
"'i < (C’Ij‘/c + Creg C-:T/(I)

76



(<
- _ _

S P ( 3.26 )
- £ e/\ cIJ’/(
This completes the calculations of the spin connections. Notice
that they are antisymmetric in their first two indices so that, for
example, in the above terms like (J;4¢ and ‘*’5/% and 55, are

automatically zero.

The Eight Dimensional Dirac Equation.

We can now explicitly work out the Dirac equation using the
results of the previous section.
The equation is a generalisation of (3.1) with A~ replaced by

o« and a replaced by A :

s a¥ "B Dot

The gamma matrices are a set of matrices which satisfy a relation like
(3.2) but since the Minkowski tensor is now eight dimensional then
there are eight matrices in all. Cartan has shown ( Cartan 1966 ) that
the minimum rank of a Dirac matrix in an n dimensional space is

2[: ’%J , where the square bracket means the biggest integer less
than the argument. Hence in four dimensions the Dirac matrices have

Caild 2 ) .
rank four ( 2 =21 = i ) and in eight dimensions they have
Lwdd -
rank sixteen ( 2 = Z‘f = il ). We shall make explicit these

16 x 16 matrices at a later stage.
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After performing the summation :

a A

ot = AXYTEY Do+ 477&152:0;,”70
~+

. — A ¢y, Luiry R
-/—/J/Q'I—CQ‘D"’% + 0 Y f-:af’ 05’70 S 4 T D/

. — A ——i‘ = A - 3
since ~ s ZLZ.{'-'/-\I =~ - = 0
Now D) ~ =
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( 3.28 )

( 3.29 )



( 3.30 )

So the Dirac equation in full glorious detail is :

/V\’)[’ = B . - AA -
A X - ;{
Fa Qo #2087 E os
l’/‘lb/bgr/f a. — A . T
S FA YT K g @ AR Y E2 QL ~
# s O
x5 8 £ é; g .
ol ?f_lfdo.‘a,w - & _’i“)&%vab
7 A’I@;w. ¢ K’VL)
A
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Let us look at the part of this equation containing the spin

comnections that is the part which doesn't contain any derivatives :

/; b’o(éM I' ( v =z ;'. = al
"\MG}—J\——' P O @‘w
__/‘ il G )
S & S fac ) id

and the terms underlined in wiggly red lines cancel out as indicated.
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This leaves us with the following spin connection parts :

yd __a .
S T Gy SV

—

C
eMr&cI 70"1)

>

-y S — ab
s ¥ g %’ fw(o g 3/70
P S WL T
A A | L. Fabr 7@‘:
.1. Z —,
"7 ¢, Cogrz eI ; v

= 2 L (¥ v TY)
and that :
A YD/('/’ (,"’a/é =
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Now since

XBD’A: 2%'4@

Yoy® syt =2 =o

so that in effect 7 “ and Yj anticommute :

. b’; _,,' ab - /, YKYSKS'#'Yb[{_{K)
(-4 fabv=*) = I fu( "

SR ALYy vty
(B)
- 4‘)/",("%;_? 7[4/6 G_C’\J-)
so that :

A h A (e ) Ty s o)

= f{z/a(vé_{l (—'g, O_aS)

( Note that in going from line (A) to line (B) above we have used

-—

4 &y 5 o8
Foah r50° 5% = o ¥ XY
which is true because of dummy suffixes. Alternatively we could have

said that :
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vpaé Y‘“?f"h”/ = fwé («X"x“ ¥7 zz‘vb (‘)

and the last term vanishes since it is the scalar product of a
symmetric and an antisymmetric tensor. )

A similar calculation shows that :

B AT . oz ak Ao e
2 ¥ FRuz et L YR T = Y ek

Therefore the Dirac equation in this curved eight dimensional

space is :

4”/ XO(" s < ; T
7 & :

— J /<
7 ¥ Corr @ 5) +

¢ 3.31 )
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At this juncture it is worth pointing out that this equation has
been derived using completely rigorous methods and that no assumptions
have been made. This then will be the foundation stone of further work.

It is commonly stated in the literature that Kaluza-Klein theory

predicts particles of very high bare mass because in any matter field

equation the radius of the curvature of the internal space appears as
an eigenvalue of the derivative operator, and since this radius is
very small this means that the particle has very high mass ( Witten
1981 ). To see how this comes about remember that the scalar curvature
is given by :

Gt ) 4 TIK,
K = ; C;71< c

Now, the scalar curvature has dimensions of inverse length squared so
that the structure constants in equation (3.31) will have dimension of
inverse length and will, if the internal space is highly compactified,
have magnitude of the order of the Planck length. Accordingly, any
mass entering into the equation via the last term in equation (3.31)
will have magnitude of the order of the Planck mass. This point will
become clearer when each term in equation (3.31) is considered in
turn. It is easier to do this if we choose a specific representation

of the Dirac matrices, which is what the next section is all about.
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The Dirac Matrices.

According to Cartan ( Cartan 1966 ) in an n dimensional space the
Dirac matrices are 2C'i]7< 2[:‘,] matrices, so that in eight
dimensions the Dirac matrices are 16 x 16 matrices. Extending the
procedures of Mecklenburg and Domokos and Kovesi-Domokos ( Mecklenburg
1980, Domokos and Kovesi-Domokos 1977 ) we shall use the following 16

x 16 Dirac matrices :

a a

Vi I ¥ apiy & Le ¥ 4
z g a ¥¥

y /6 /6 X “ x & @ e

( 3.32 )
( In the above equation the index I refers to the fifth dimension too.)

a
where ¥ 4x« = the normal 4 x 4 Dirac matrices which satisfy

(3.2). Explicitly they are :
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= }

=\ 2 &
sodmt(fv = 1 and XaY*X>YA’ = 0.

The 16 x 16 Dirac matrices are therefore :

iyl

XK
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It is not difficult to work out the generators of the Lorentz

transformations

v

AR _ ‘é& Z: ),/¥ ) ),’3.:7

The results are :




. 5 R d
a_g -~/ TAD
- = e

/'6)(/(,

« W

( Henceforth the subscripts 16 x 16 and 4 x 4 will be dropped unless

special emphasis is necessary. )

o N
T

L

~Fe
T
T
\A\I
g
S 7 — A
0 - ( P 3
T
s€
2
e
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79 —

This concludes all the necessary algebra of the Dirac matrices,

so that we can now consider each of the terms in the equation (3.31).

s Tk
! C
1) The mass term ¥ ¥ Crez T 76.

This term is referred to as the mass term since in the
( unrealistic ) limit of no U(1) and no SU(2) and no gravitational
interaction, and a spinor 7# which is independent of the xs and

the x* co-ordinates, and m = 0, then this is the only term which

remains and the Dirac equation (3.31) becomes :

SECET o = L T i

Performing the summation and using the following relationships :
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and writing
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gives us :

B il
’PI b | Y ’\//3
< S
Lo A & 2 - Y ’7"-.,(.
¥k, g [ = Z Core .
T “ A2
/)04 .‘X’ ’)(’.‘_

For this to be an eigenvalue equation means that ’70 has to

¥y
— ’%1
7 = %qc, )

and our equation becomes two separate equations :

have the form

s

. = 3 f
AXTEL o A = oz Cre ¥ 7

- b - A~ S
VRO A 2 2w T
Now since :
(o)
/Q = ! T Ji T¢
& CI:TI( ¢ —= 2‘6‘ 6678 C A ]/rz
then :
Ceg o 1fx

where r is the radius of curvature of the internal space. If r is of
the order of the Planck length then any mass arising from this term
will be of the order of the Planck mass. Note also that if 7&
does not have the above form then we do not have an eigenvalue

equation and we camnot interpret this as a mass term.
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N a. AA & O o 4
2) The terms 79 & A5V ong 1 ¥ ACTZZTP~§¢;SZ.19.

In the literature most authors assume that the spinor has some
kind of exponential dependence on the internal co-ordinates ( see, for
example, Souriau 1963, Thirring 1972, Mecklenburg 1980 ). Carrying on
this tradition if we assume our spinor has the following dependence on

the internal co-ordinates :
- y y A.
5 > S L ,;j/l_x (XM)
'7b(xM)x°)x J e e

then these two terms give us the standard covariant derivative terms

in the equation thus :

> a"M . & ‘
A RBCOIS e Ma Y am i ¥ (0 s )
5w

3) The terms ‘ 5{95”70 and P JL—&’“/’

These terms will decompose under the above scheme into :

st ()

\

.A- 1{;3;,)1/

S¥ T E 2. e Rl ek B8

\\

Notice that, since in our representation of the Dirac matrices
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e
the elements of ¥ do not lie on the leading diagonal, we have a

further case of component mixing, the phenomenon we first noticed when

we considered the mass term.

A _n ,—/ s
4) The term LY TR Rebn o7

This term represents a gravitational interaction term and is
usually put equal to zero in the literature by demanding that four

dimensional spacetime is flat.

a, as ‘ Y Y- O =
¢ A o
5) The terms ¥ ° ol © and s’f(“l- -

These terms represent contributions from the U(1) and the SU(2)
field tensors. The first of these terms also appears in the five
dimensional case considered by Thirring and that author argues that it

is so small as to be unobservable.

4 e
6) The term z ¥ ' : .

This term represents an interaction from the W-vector. Notice
again that there will be component mixing in the same way as in the

mass term.
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The reader will observe that we have avoided coming to any direct

conclusions concerning the above Dirac equation : this is because we
wish to emphasize the degree of freedom there is in the equation. For
example we have shown that because the radius of curvature of the
internal space appears in the equation then we expect particles of
very high mass to appear. However we can "tune" our mass by changing
the original m which appears in the equation. The phenomenon of
component mixing awaits interpretation, but may offer us another

degree of freedom in dealing with the equation.
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Conclusion.

Kaluza's initial hypothesis to extend spacetime from four to five
dimensions probably seemed highly speculative at the time. Furthermore
the special form of the metric tensor and the necessity to impose
certain conditions was more open to criticism than admiration. It was
the work of Einstein and Bergmann, however, which honed the theory to
perfection, showing that it could now be formulated with only one
hypothesis namely that there exists a unit Killing vector field on the
extended manifold. The question as to why there should be such a
Killing vector field remained unanswered.

In the extension of the theory to 4 + n dimensions to describe
gauge fields, the concept of a group manifold is introduced. From this
we take the hypothesis that the basis vectors of the Lie algebra are
Killing vectors of the group manifold, which in turn leads to the same
hypothesis for the covariant form of these vectors ( see page 32 ),
the first four components of which are identified with the Yang-Mills
gauge fields. The question as to the origin of the Killing wvectors has
now been answered : they come from the geometric unification of
spacetime with a group manifold.

The calculation of the scalar curvature of the extended space is
the cornerstone of Kaluza-Klein theory and chapter two shows the
result for the particular case where the gauge group is SU(2) x U(1).
In this calculation the Killing vector hypothesis is used to great
effect and the fundamental result is obtained using completely
rigorous methods. No additional hypotheses are necessary. As expected,

a cosmological term appears in the Lagrangian in the form of the
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scalar curvature of the internal space. Since the internal space is

assumed to be highly compactified this means that the cosmological

term is very large. It may be possible to compensate for this by
adding in by hand an additional multidimensional cosmological constant.

In chapter three the exact form of invariant equation of the
Dirac type was derived from the multidimensional metric tensor. Having
obtained this equation we are faced with the problem of its
interpretation. We have shown explicitly how Witten's idea of wvery
massive particles comes about, but other than that all we can say is
that there exists a great deal of freedom in treating the finished
equation : the fact that the spinor is a sixteen component spinor may
make it possible for us to describe four particles ( that is four
four-component spinors ) in one fell swoop but then this freedom is
reduced by the phenomenon of component mixing. On an optimistic note,
the standard covariant derivatives of Yang-Mills theory are easily
obtained by hypothesising that the spinor has an exponential
dependence on the internal co-ordinates.

In the text it was stated that the reason for choosing SU(2) x
U(1) as the gauge group was to investigate the possible link between
this theory and the Weinberg-Salam model. We have been successful, as
anticipated, in obtaining the Lagrangian for the U(1) and the SU(2)
fields and, in chapter three, in displaying the usual covariant
derivative terms but beyond this no further unification has been
demonstrated. The measure of the lack of our success lies in the fact
that the Weinberg-Salam theory goes much further than this : the

left-hand electron and the neutrino are doublets under SU(2) and the
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right-handed electron is a singlet with U(1) symmetry, this scheme
being repeated for muons and muon neutrinos and for any other
generations of leptons, for example the tau leptons ; covariant
derivatives are defined in the usual way thus introducing the W-vector
field and the A-vector field, and then the crucially important
phenomenon of spontaneous symmetry breaking is used to give the fields
mass, as a result of which some mixing occurs so that the observed

photon field is :

o 3
epfbd & S B W - # ian Gey A

and the neutral intermediate wvector boson is :

2 -
=z fits B WL S T g an e A

P aia

where G is the Glashow-Weinberg angle (Aitchison and Hey,

1982) .In fairness though, we could not expect much more than that
which we have achieved since a complete geometric reproduction of the
Weinberg-Salam theory from Kaluza-Klein theory would be a major
breakthrough.

In considering the future of Kaluza-Klein theory we must ask how
it could be improved. Initial advances will come from the nature of
the theory itself : the work here has been done to permit
generalisation to larger groups by extending the dimensions of the
internal space which, if we are searching for a complete unified field
theory, will be necessary to describe the strong interactions too. As
far as the internal space itself is concerned we have treated it as a
group manifold. Witten, however, has suggested a more economical
method which is to consider the internal space as a manifold acted on

by the relevant symmetry group. For example the group manifold of
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SU(2) is the three-sphere which has as a symmetry group SU(2) x SU(2),
that is it invariant with respect to both left and right translation.
In his paper " Search for a realistic Kaluza-Klein theory " ( Witten
1981 ) he argues that to effect a complete description of particle
interactions the internal space must at least have SU(3) x SU(2) x
U(1) as its symmetry group, and that the manifold of minimum dimension
with this symmetry group is CP2 X 82 X S1 which is a seven
dimensional manifold. A Kaluza-Klein theory with this internal space
would have 4 + 7 = 11 dimensions. This freedom to specify the internal
space exactly will be one area whence improvements to Kaluza-Klein
theory will come.

In the above paper Witten goes on to point out that supergravity
is widely believed not to exist in a space of dimension greater than
eleven. This tentative suggestion of a link between the two theories
could be a fruitful line of future research and is in fact being
actively pursued by those authors who study spontaneous
compactification ( Cremmer et al 1976a, 1976b, 1977a, 1977b ).

One aspect of the theory which has lain dormant is that of the
gravitational unification. If ultimately the theory meets all its
demands in the particle sector then interest will be focussed on how
it is modified by gravity. It should be pointed out though that there
is a large degree of separation of the interactions in the theory : in
the calculation of the scalar curvature each term stands isolated from

its neighbour, and in the Dirac equation there is only one term,

LJﬁzévv , which represents a gravitational interaction. Chodos
and Detweiler have looked at the five dimensional theory from the
cosmological point of view and shown how it could have happened that

the fifth dimension has become so highly compactified. It would be
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interesting to examine their ideas in the case where spacetime has
more dimensions.

The theory of fibre bundles will be another tool open to the
future researcher. The geometrical methods now available to the
physicist represent a formidable array of techniques and these will be
particularly useful when the nature of the four dimensional
gravitation is being taken into account ( see, for example, Eguchi,
Gilkey and Hanson 1981 ).

Further research is needed and will no doubt quickly come. The
steady trickle of papers in Kaluza-Klein theory is growing and, indeed
the two scientists who recently won the Nobel prize for their work on
unified weak and electromagnetic theory have now turned their
attention to Kaluza-Klein theory ( Salam and Strathdee 1982, Weinberg
1983 ).

In summing up our opinions of this theory we point out that it
has survived for sixty years and, like a good tree, has bent with the
winds of progress and, although not yet able to "explain everything"
is still flourishing and looks like continuing to grow for some time

yet.
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APPENDIX ONE.

The Curvature of the Internal Space.

The purpose of this appendix is to show that the expression for
the curvature of the internal space is as quoted in the text. Again
Cartan's structure equations will be used so that this derivation
mimics part of the main calculation.

The group is described vby the left invariant vector fields Vs

-
and Vi which satisfy :

— —
[Vy,vs] = ©
[‘;:‘) ] - &
: —>
(V7T = ™ W

(A1)
whose components on a co-ordinate basis are, as bbefore :
— —>
v‘- = E_;—
= b > UIRARY_}
Vg = Ky 9/; /PER“D\/
(A.2.)
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so that :

Using the metric on page 30 :

and making the Killing vector hypothesis gives us :

l‘ " .
/<5 QA\ZIL + Z‘/{ ad' /<J g j,“/ 9}2 /<'.;

Decomposing the above metric gives the vierbien as :

{ [ . S —
e =/ : 2> =o0
n
- = O , = T

'e’.bv ) e/‘ Cd‘ VLI
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(A.3.)

(A4, )

( A.S5. )




The above metric can also be expressed in a non-co-ordinate basis :

so that the vierbien in this basis are :

s 4 s
6\; =/ ) ra P = O
T T
_ = O ; -
¢ ) ) €s ey N a IsT
and since

then

- .
NI = € 4 d’ﬂl

(A.7.)
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Cartan's first structure equation is :

db\.)A-f A &

(A.8.)
and defining the structure constants by :
A A
e = -4 Cgac w8 A ©
(A.9.)
gives for the connection one-forms :
- <
bor + = 9{ ( Cxgnx + CznxT C’J‘KI)U
( A.10. )

Cartan's second structure equation is : °*
A
A A <
R R = d “J R - P c A W~ R

(A1)
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b
SO ,<

P (’/I - .
4—2_( ke + ¢ L)< CI((__ ) Lo =
4 K i< <\ o
Al gmr Chmg T ST )
Antisymmetrising :

o , { ( - .
- ! y c .
“ J T oz ] z (

7 <

o - .:,' .

[

[ T T 3

C i<

) - . . ) )
fZL{CC,I,(L —~C ri — CI(A. )C C J_/‘1+C/ . _y

i1 iy = (< e _ < |
- C C,IK/“I + C M ~ Ckm YC C gL+t CoT ey }}
f—1

[
Lo A D
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r - - '3 ~
B S i'Q Term S ~AR
SO
- .
R — JienZ r .
s 2 = = [ e o+ - p '
J z.( T C T C’,?J ’))"I:I

/ /< =
~5 € 7 s 5 =
t Cza (e < T 0k - ¢ kK )

= g 7l<)

L I r r <
rm{(CchJ—cIK—CKI )Cc ‘I+C,1<T —C'J‘

— I /(I <
(C KT *CIJ'/(-CKJz)(C I+C IJ—." CTIK>

But

SO
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where we have used

- T < <_ T _ T _
(cTusr €T D T3 w27 =) < o
which follows by reasons of symmetry-antisymmetry.
Therefore :
- -/ K =T o T -
R = QCI\T(C/ <K 7 C K -CKI>
(A2.)

which is as claimed in equation (2.90).

Note that because of equation (2.92) this expression can also be

written as :

R = 1

= { i< \7— I
A Czg C "
- / < T
= 7 Czg g =%
“« i<
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This calculation can also be performed by finding the Riemann
tensor from the antisymmetrised covariant derivative of a Killing

vector. The starting point is equation (2.27) :

and because the connection coefficients are symmetric we can replace

ordinary derivatives by covariant ones :

) J ) /‘ g. R » J
/<.5 Kt 3N o /<t /<S )A = C'SC /<l/
1
Multiply by K ,
' . I'
€ ‘ v . J . hal J C
t L0,y i J v .
Kr /<'S Kt)‘A = KS b = cCst < vk

(A3.)

Now the covariant derivative of the metric tensor is zero :

3/‘.\’. 2 k = o
and using &
LY
. = << ).
g/u - U jé’t
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gives
(ot
K- .
) K(;J RO+ K

where we have written g.st /< S as Kt -
v

Raising the j index :

k¢ kY /<t</‘ Ke
Kf )/( + = ; L = O
(A4, )
so that (A.13.) becomes :
b c. J \/ _\; /(,t
—Ke KT . - Ky. R = ¢St K &
S K’b/ej y s k v
Now using Killing's equation in the form :
£ & - o
/<". , A~ * /(./‘ p r
gives
k/‘ /<tJ. K d - C tv /<u. /<ﬁ
S 3 T /<5 5= S w o lSg
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and using (A.14) once again :

/‘ t , J'

t;/q

Therefore :
<.U _ /l v J b
( A.15. )
Now the Riemann tensor can be found from :
k! e . £ 0
S5Usk T Rs kT T RS R 2k
_ f/{, Al' .
S5d ) 5 k — J © k.
- ! v ﬁrg
- § 2 Gt Ry kG ke - ek



' g 4 / y
R'gsh = ~Fe § 2 cst” ey KU Ix Ko
v & X 4
‘*’é Cst ¢ y KU K& K
k
So = J
R R dA‘
= ! eseY eCLX L 14
Zz &t ¢ oyt K KY Kix Kk
X Sk & vy . d
-1 Cst” Cvy KT K OK] /(x
/ v X u Sk y
2 C,sﬁ cC v K‘/ K‘?—_K < k(/
» sk . & Y et
L CseV Coy 1< Ky K

11

fese kU 4 5y ko k]|
v y i x v .

s € KJ fC\/)/ /<k /<;‘} o d(~>L(
v & X

Ge ¢ by Ky Ku‘x K‘:

Cst C\/yx )< I<Z l("

g =k



and the last term vanishes because of the antisymmetry in the first

two indices in the structure constants.Therefore

v
R = ! Cs¢ C‘SV %

v
= C st C/vst

/ v &
T Gt &

-—
—-—

-—

v € t
Z cst (CSV*C\/‘S“CévS}

N v s€ S ¢ & s
= TL cst {*C N S

because of equation (2.91),

and because of equation (2.69) this is the same as our previous answer.
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APPENDIX TWO.

Lie Groups and Lie Derivatives.

The point of this brief appendix is to outline some of the ideas
used in the text concerning group theory, Lie derivatives and Killing
vectors. It is not intended to be an exhaustive account of these
topics and for further elucidation the reader is referred to the
literature ( see, for example, Schutz 1980 ).

A group is a collection of elements under a binary operation if
it exhibits the usual group axioms, namely closure, associativity, the
existence of an identity element and the existence of inverses for
every element. If the elements are continuous then the group can be
considered as a manifold. Now any element g of the group maps any
other element h under left translation to gh and under right
translation to hg. These mappings will carry tangent vectors at one
point to tangent vectors at the image point. A vector field is a rule
which defines a vector at each point so if a mapping carries a vector
at one point to the corresponding vector at the image point then that
vector field is said to be invariant under the mapping. In particular,
if a vector field is invariant under left translation then it is known
as a left-invariant vector field. Similarly, each vector at a
particular point defines a left invariant vector field by the
operation of left translation. If V and W are two left
invariant vector fields then so is [ 345 3 w ] so that the left

invariant vector fields form a Lie algebra, known as the Lie algebra

113



of the group. If we take some set of linearly independent

left-invariant vector fields then we can write :

[\7,.57{] = Cstv \71/

which defines the structure constants of the group. The significance
of this lies in the fact that every Lie group has its own uniqe set of
structure constants.

The Lie derivative is a co-ordinate independent way of taking
derivatives of functions or vectors or tensors on a manifold. loosely,
the Lie derivative of a function is the difference in value of that
function at two points on a curve separated by a parameter value

AN | divided by that parameter value A X . Similar
definitions can be made for vectors, one-forms or tensors. Now a
vector field defines a set of curves to which it is always tangent,
called the integral curves, so that the Lie derivative with respect to
a given vector field involves taking the difference along these
integral curves.

If the Lie derivative of the metric tensor is zero with respect
to a given vector field then that vector field is known as a Killing
vector field, and an analytic expression for its components can be
derived as follows

The metric tensor is a rank 2 covariant tensor as is its Lie
derivative, and, furthermore, the Lie derivative operation follows the

Liebnitz rule, so that :
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$p 91C5,5) = (&= 91 )(x,Y)

+ 9| (L%, T) + 9[(xX,4L:Y)

( A2.1)
where )? and 7 are two arbitrary vectors. But
(“‘ )? = [—h >
v Vv , )(;7
which in components is :
-\ ") A dn A
(,(;X) = V@d-X —XDJ\/

so that ( A2.1 ) can be written in components as :

‘ . J Rk
V7o (‘?JA XQ\/‘L> = (/(\7 3l )Jk XY
. ' b,
£

+ 35k (ViR X - X 2.4 Y

* £ b L k

oxY( VTR Sy vt)

* 3§ X ( e Y
Therefore :

. N oyt
((‘7 3/)_kxdyvzzv 9/ (3\1'14 La )
J

| . b
—8 X (VYT Y V)
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e : - T
= v’™(a, jd.h)xd\/l‘ + Gk v (9, XY

O ~—

F GVl YR - g v Y

@,\/—/\’ CD
Tk xt (V)Y - G X v (2 YS)
@

Yo Xy (i vh)

and the underlined terms cancel as indicated. Changing dummy suffixes

gives us :
: N . .
(/{;; 3[)011)(\)\/){: v o, jdk X Y
t*3k »@y“‘ 9, v’

C A
- w * Sy th
3y XV

so that finally because of the arbitrariness of ;Z and ;;. -
- V' ey ‘
(Z; Iy =V ULk IR AV 3 Duv”

and by demanding that this is zero gives equation (2.16).
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TABLE 2.1 - The Index Convention.

WORLD TANGENT SPACE
INDICES INDICES
A 15
The extended manifold : % o :
a o
Four dimensional spacetime : P /
The fifth dimension : S y
The internal space : ey g R Y S




TABLE 2.2 - Reference Guide to Various Quantities.

The Vierbien.

The four dimensional vierbien and the internal vierbien are

| defined normally:

-~ S

€ o, W= o,

r o
C’/ﬁ e fVLLJ_ = 3'\/
Most of the others are zero :
aQ w - -3 5-
€ Ry e < B e S e )
but
&
IR A
= = K ‘




The Inverse Vierbien.

As expected :

Eams iy '~ 7

and
I T SR = 2

s T ATl TP
and

Xy
ey
"

~



The Structure Constants.

Q.
» a_
Cé\sf >
a
cs’:r e
% &
c"»b’ =4y
&
Csa e
i
Cq)'/ =)

1




The Ricci Rotation Coefficients.

TS s B L el

e
\)

Ao
N

5 ot -
‘va.{/\ - ;/' -ei g
‘*Jaz/‘ﬁ =+ é ef\ i T

s S % 3 e/i Cogse

~r oo

N

1]
{4
R

L\ka’)' = O
"’\’&5’/‘; = O
MNaz & - .

bed s o S
L‘-’s”;/w = (®)
g e D
Gt b = e
o e AL 7
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