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Abstract—In this paper, output tracking control of four-body
systems with flexible links is considered, where only the first and
last bodies are with actuators. The systems are mathematically
modelled based on the Newton’s second law, which is described
as an interconnected system with two subsystems. Due to the
mechanical wear and changes of the external environment, it
is necessary to consider uncertainties in the systems which are
assumed to be bounded by known functions. Based on sliding
mode techniques, a decentralized control scheme is proposed
such that the outputs of the controlled systems can track the
desired signals uniformly ultimately. Using specific coordinate
transformations, the considered systems are transformed to a
new system with a special structure to facilitate the design of
sliding surfaces and sliding mode controllers. A set of conditions
is developed under which the designed decentralized controller
drives the tracking errors onto the sliding surface and stay on
the surface thereafter while the system states are bounded. For
simulation purposes, the desired signals are selected as part of a
hyperbolic function which is time-varying and in consistence with
the real situations. Simulation demonstrates that the proposed
control strategy is effective and feasible.

Index Terms—Decentralized control, Large-scale system, Slid-
ing mode control, Tracking control.

I. INTRODUCTION

Control of large-scale interconnected systems is a popular
research topic in the area of system control. Such a class
of systems widely exists in our real life, for example, a
coupled inverted pendulum, river quality control, high-speed
transaction and flight control etc. (see, [21], [13]). These
systems have received great attention and many results have
been obtained (see, e.g. [17], [22], [3]).

A large-scale system can be modelled by interconnections of
a set of lower-dimensional subsystems, and each subsystem is
usually affected by the others due to the interactions between
these subsystems. Underactuated mechanical systems actually
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belong to a class of large-scale systems with some special
structure. The controller design for such a mechanical system
is more challenging when compared with that of normal
systems due to less actuators. However, this type of systems
has its own advantages such as light weight, low cost and small
energy consumption [9]. Therefore, an underactuated system is
purposely introduced in some of practical engineering systems,
such as aircraft, underwater vehicles and humanoid robots, for
which the control problem has attracted much attention (see,
e.g. [5], [6], [10]).

In this paper, the tracking control of a class of underactuated
four-body systems with unmatched uncertainties is considered.
The four bodies are connected by springs and dampers shown
in Fig. 1 where only the first body and fourth body are
controlled by actuators installed on them [14]. It is well-
known that multi-body systems are usually composed of
several bodies by interconnections that have similar structure
as many other physical systems (see, e.g. [2], [7], [16]). In
recent decades, there have been many researchers working on
the control of multi-body systems. A neural network-based
adaptive control of multi-link robots in the joint space is
studied in [19]. In [11], an absolute coordinate based method
is considered to deal with the dynamics and control of a rigid-
exible multi-body system with cylindrical clearance joints.
Also, a robust PD control scheme [8] is proposed for exible
joint robots based on a disturbance observer, and He and
Sun proposed a boundary feedback control [4] for the exible
robotic manipulator to achieve the desired angular position
tracking. Among all these existing works, the considered
systems are usually required to be full-actuated. This has
motivated the study of underactuated multi-body systems.

Trajectory tracking and output tracking are very popular
and important topics in both control theory and control engi-
neering, and many tracking control results have been obtained
(see, e.g. [1], [12]). In [20], an adaptive fuzzy technique based
tracking control of large-scale systems is considered and a kind



of decentralized tracking control for large-scale systems is
studied in [18] where model reference control is investigated.
It should be noticed that the work obtained in [20] and [18]
requires the isolated subsystems have a typical structure. So
far, the study on output tracking control of underactuated
multi-body systems using sliding mode control is very limited.
Sliding mode control is a popular method in dealing with
complex systems with uncertainties because this type of con-
trol is totally robust to matched terms. Therefore, the sliding
mode control based method has been widely applied in system
tracking control. In [23], a tracking problem for a class of
large-scale systems with interconnections is considered using
sliding mode techniques where desired signals are required
to be constant. It should be emphasised that the research on
decentralized tracking control for large-scale underactuated
multi-body systems using sliding mode control is very few,
specifically when the desired signals are time-varying.

In this paper, the four-body underactuator mechanical sys-
tem shown in Fig.1 is considered. The mathmatical model is
from [15] where the centralised control is focused although
the tracking problem is considered. The four-body system
is described by an interconnected system where unmatched
uncertainties are considered. Also, a different suitable coor-
dinate transformation is introduced to transfer the original
system to an interconnected system with two low-dimensional
subsystems connected by springs and dampings when com-
pared with the coordinates in [15]. Then, the sliding surface
is designed in terms of the tracking errors between system
outputs and corresponding desired signals. A set of conditions
is proposed to guarantee the uniformly ultimately boundedness
of the corresponding sliding motion. A decentralized sliding
mode control scheme is proposed to drive the states of the
transformed interconnected system to the designed sliding
surface. Finally, simulation study on a four-bodies dynamic
system is presented to demonstrate the proposed approaches.

[ Zy 7, [z, A

1 ] ‘ 1 1
A A

Fig. 1. Under-actuated four-body system structure

II. FOUR-BODY SYSTEM DESCRIPTION

In this paper, for a square matrix A, Ami,(A) means the
minimum eigenvalue of matrix A. || - || demotes the Euclidean
norm or its induced norm and col(-) is a column matrix. The
considered benchmark system has been shown in Fig.1 which
is composed of four mass bodies connected by springs and
dampers. From the Newton-second law and the work in [15] ,
the dynamical equations of the four-body system in Fig.1 are
given by

Mz (t) =Fi(t) — ki (z1(t) —22(2))

—di(21(t) —22(1)) —bry 21 (1) (D
Mois(t) = —ka(22(t) — z3(t)) — ki (22(1) — 21 (1))
—da(22(t) = 23(1)) —di(22(t) = 21(1)) = bri22(t)  (2)
M3Z3(t) = —k3(z3(t) — za(t)) —ka(z3(t) — 22(1))
—d3(23(t) — (1)) —da(23(t) — 22(1)) — bryza(t)  (3)
=Fy(t) —k3(za(t) — z3(1))
—d3(2a(t) — 23(t)) — by, 24(t) (4)

Muia(t)

where M; is the mass of the i-th body, k; and d; are the spring
and damping constants respectively for i=1,2,3,4. b,, denotes
the corresponding friction parameter. z;, z;+1 and z;, Z;11 are
the displacements and the corresponding speeds of the i-th and
(i+1)-th bodies. F; and Fy are the tractive forces acting on
the 1st and 4-th bodies respectively.

III. SYSTEM STRUCTURE ANALYSIS

In this paper, a more practical situation is considered. On
one hand, it is assumed that there exist some uncertainties
in the isolated subsystems which might be caused by the
variations of spring and damping parameters. On the other
hand, it is assumed that there exist some uncertainties in the
interconnections which might be caused by external factors
like temperature change, external disturbances and so on.

For the system (1)-(4), choose the following coordinate
transformation:

T
[X11,%12,X13, X14, %21, X22, X23, %24

5
= [Z1(t),z'1(t),zz(t),z'z(t),a(t),zé(t),Z4(t),Z'4(t)}T ©)
and let the inputs col (uy,up) := col (Fy(t), F4(t)). It is assumed
that the velocities of four-bodies 7;,727,z3 and Z4 are measur-
able which are taken as system outputs.
Furthermore, an additional feedback transformation is intro-
duced as:

uy = kixiy + (di + by, )x12 — kix13 — dixig + My

(6)
— d3x2s + k3xoz + (dz + by, ) x0a + Mavo

uy = —k3x1

where v and v, are the new control inputs which will be
designed later. Then, the system (1)-(4) can be described by

X11 =X12
X12 = v + AP (X1)
X13 = X14

k d ki +k
X4 = Mflxn +ﬁ1x‘2_ ( 11;;2 2)3613

(d1 +ds +br2) ko d>

TR T o) 22+ 2 AY
M x14+(M2X21 +MZX22)+ 12(x)

Y1 =X12

(7



X21 = X2
Xp =— (k2 Jrk3)9€21 _(datds +br3)X22 + ki?%
M, M M
+;433x24—|—(1‘];3x13+ d3X14)+A‘I’21( ) (8)
X23 = X24
X24 = vo + APy (XQ)
Y2 =X24

where x11, x13, Xx2; and xp3 represent the displacements
of the four bodies. xip,x14,X2 and xp4 are the corre-
sponding speeds. u#; and up € R are the inputs. x; =
col(x11, X12, X13,X14), X2 = col(x21,X22,X23,%24) and x =
col (x11,X12,X13,X14,X21,X22,X23,%24). APy and Ady; repre-
sent the uncertainties in the corresponding isolated subsystem.
And A%, A¥,; denote uncertainties in the interconnections.

The object of this paper is, for a given desired output signal
va(t), to design a decentralized sliding mode control such that
the speeds of the first and the fourth bodies can track the same
desired signal y (1), i.e.

lim |yi(r) =ya(6)| =0, i=1,2

In the meanwhile, the variables z;(z) — z2(t), z1(t) — za(t),
z23(t) —z4(2), z2(r) — z3(t), 22(¢) and z3(r) are bounded.

Assumption 3.1: The desired output signal y,(f) is smooth
and

Wa(t)| <L

where L is a known constant for all ¢ € [0,00).

Assumption 3.2: There exist some known continuous func-
tions p;(-) and y;(-) such that
@). [ADPy| < pi(x)[lxi]l,  [ADPxn| < pa(x2)]x2-

(D). [AW 12| < g ()], [AW21] < paa () [x]].

Remark 1: The Assumption 3.2 implies that the uncertain-
ties considered in this work are bounded. The boundedness
of A® is only related to the local information because it is
assumed to be caused by the changes of spring and/or damping
parameters which only affect the corresponding subsystem
dynamics. The interconnected uncertainties AY are assumed to
be bounded by a function of the whole system states because
the uncertainties are considered to be caused by some external
factors which might affect all the dynamical performance of
the four bodies.

If the speeds do not go to zero, it means that some of
the states in (7)-(8) may not be bounded. For this situation,
an appropriate coordinate transformation 7' is introduced as
follows

S =xn &1 = x11 —x23
Si2 = x11 —x13 & =x21 —x23
€))
&13 =x14 &3 =X
€1 =X12 = Yd €2 =X24 —Yd-
The system dynamic (7)-(8) under the coordinate col(€,e) can
be shown in the following sliding mode standard form:
& = A& +Anei+Hn (& e,54,74) (10)

éi =Ap1&i+Anei+Bvi+Hp(E,e,y4,vq) (1)
for i = 1,2 where
0 o 0 17
Ay = 0 0 -1 A= 11
0 (k1 +kp) _ (dl+d2+br2> dp
L M, My M, |
r Va 1 (12)
Hy = Yd
yd + 7 (82— S21) + 5623+ 112(8,e) ]
By = 1 Hpp = F11(<§17€1) —Yd
[0 0 0 —1
A= |0 0 1 Ay = |1
ky  (kptks)  (datd3tbry) d3
| M5 M3 M M;
- o
Hy = J yd
|35 ZEnt i #e+T(Ee)
By=1 Hp= rzz(éz,ez) —Ya
(13)
and
Li1(81se1) = TAR 1 corgy ) =T,
le(éae) TAle‘CDl(é e) (14)
I (é ) e) TAY, ‘u)l(é e)
F22(§27€2) TACI)22|L()I(52 er)=Tx

where & = col(&1,8), &1 = col(&11,812,813), & = col(&a1,

&, &23), and e = col(ey,e;). The transformation T has been
defined in (9).

IV. SLIDING MODE STABILITY ANALYSIS
A. Sliding Surface Design

It is assumed that the desired signal y,(¢) satisfying the
Assumption 3.1. Then the tracking errors e; are defined as
e; =yi(t) —yq(t) fori=1,2.

For the system (10)-(11), the sliding mode surface is defined
as

[el,ez]T =0. (15)

Then, the sliding mode dynamics have the following form
according to the structure of (10)-(11):

gs =A11§s+H1(€a0aYd)

where & = col(&115,E125, E135, Ea15, E225, E235) is the considered
system states and H; = col(Hy1,Hy2). &5 and &y for i =
1,2,3 are the sliding mode variables when the system (10)-
(11) moving on the sliding surface (15), and

(16)

0 0 0 0 0 0
0 0 -1 0 0 0
k1+k k k d

A= 0 (lez) d122 _sz sz sz (17)
=10 0 0 0 0 0
0 0 0 0 0 1




d d
71yd +H12(€,€)7O,yd, ﬁyd +11y; (éae))
3

M,
(13)
(di+da+by,)

Hl = COl(yd7yd7

dy+d3+b,
where d122 = — and d233 = —M

Remark 2: When the sliding motion occurs e =0. Com-
bining with the inequaliy |x|| < Y4, |xi;| + Xt |x| and

Assumption 3.2, it follows that the uncertainties ITj>(&,¢) and
I, (&, e) in (18) satisfy
3 3
Mix(8,e) < #1(T71(§70))(Z [Suisl + X 1€ais])
i1 (19)
HZl(gae)S,uZ( (‘g 0) Z glzs“"z §21S|

B. Sliding motion stability

The coordinate transformation (9) is nonsingular. Thus, the
stability of (7)-(8) is equivalent to that of (10)-(11).

After calculating, the matrix Aj; in (16) has two zero
eigenvalues, corresponding to the dynamic equations
(20)
2D

Eis=va, ie, Z(t)=ya
S5 =0, e, zi(t)—2(t)=0.

Remark 3: For (20), it could get ‘5113 =X11 =X12 =Y4. As
x12 and x1; represent the speed and displacement of the first
body, respectively. The displacement trajectory xj; tracks a
desired speed trajectory. Then, the state x1p = y; satisfies the
system performance requirement. Hence, in the analysis of
the system stability of (16), the state variable &1, is separated
from the rest of the state variables in (16) and only the bound-
edness of the partial state vector [Ejas, 135, 215, E2s, &3] 1S
considered.

Remark 4: From (21), it could get &, =z1(t) —z(t) =
21(0) —z4(0), which means the displacement between the first
and fourth bodies is constant and equal to the displacement
at the initial time. Therefore, in the analysis of the sys-
tem stability of (16), the state variable &1, is eliminated
as well. Finally, only the further partial state vector & =
col(&12s, 8135, E225, E235) is considered.

After the above analysis, remove the first and fourth row
and column. The new distribution matrix Aj; corresponding
to the new state & can be shown as

& =An& +H(£,0.y) (22)
where
(ki+ky)  (ditdatby,) o @
A= " My M> it
_ k. dy _(ktks)  (datdstbry)
M3 M3 M3 M3
(23)
_ dl d3
H, = col (yd, —va+1112(&,€),y4, —ya + 112 (§,e)>, (24)

Remark 5: According to the IT2(&,e) and Iy (€,e) in
(19), the H; in (24) can be shown:

H, <Hy +Hp (25)

where
. 0
= [T G0N G+ G+ |
MZ(Til(ESvO))(|‘§12s|+|‘§13s|+|‘§22s|+|‘§23s|>
_ d d
Hyp = col ()’da ﬁlz)’da)’dv ﬁiyd) 27

Next, a stability result will be presented for the interconnected
system (16).
Assumption 4.1: The matrix A1 in (22) is Hurwitz stable.
From Assumption 4.1, it follows that for any positive
definite matrix Q, the following Lyapunov equation has a
unique solution P >0
Al,P4+PA; = —-0. (28)

Theorem 1: Consider the sliding mode dynamics given in
(16), under Assumptions 3.1-3.2, the sliding mode is uniformly
ultimately bounded if there exists a domain

Q = {(&125, &135: E225, &35 |1 &6l <}
for the constant ¢ > 0 such that MT +M >0 in Q\{0}, where
g 0 0 0

(29)

_|p2 gtp2 p2 P2
M=1% 0 q 0 (30)
P3 D3 p3 q+p3
where g = Ayin(Q), p2 = —2|P|[ui(-) and p3 = =2[|P||p2(-).

Proof 1: From the above analysis, all that needs to be proved
is that (22) is uniformly ultimately bounded. For (22), consider
the following Lyapunov function candidate

V(é\‘) = (ES)TPES

where P satisfies (28). Then, the time derivate of V(a) along
the trajectories of system (22) is given by

V(&) =& PE+E PE
=[A11&+H(E,0,yq)] P&+ & PIA1 &+ H1(E,0,y4)]
=ETA\PE +E PAE+ Hi(E,0,y4) " PE;
+& PA,(&,0,y4)

3D

(32)
where (28) is used to establish the above. Combining with the
H in (25), it follows that

V(&) < & Q& +2& PHI(£,0,y4)
< = Amin( @)1 &I1” + 211E | [P 1 (8,0, 34)

1 33
< (M7 +ID|EIP 420 E NP P
1
<~ P + M) || = 4P 2] E
It is clear to see that V <0, if ||&| > 74‘“2‘1&'11}3”) Hence, the

conclusion follows.



V. DECENTRALIZED SLIDING MODE CONTROL
DESIGN

The objective is now to design a decentralized sliding mode
control such that the system states are driven to the sliding
surface. For the interconnected system (11), the reachability
condition is described by

i ei(t)éi(t) <o.

(34
i=1 |€,~(t )|
Then, the following control law is proposed
Vi = [ i(&isei) +L]. (35)

|,|

Theorem 2: For the interconnected system (10)-(11), under
Assumptions 3.1-3.2, the controller (35) drives the system
(10)-(11) to sliding surface (15) and maintains a sliding motion
on it thereafter if the controller gain K;(&;,e;) in (35) satisfies

w

™

Ki(&iei) >p1(T~(&1,e1)) Z Siil +ler])+
1 i=1
3

(&) (Y &l +eal)

i=1

I

(36)
p2(T

where p; and p; are defined by Assumption 3.2, and &; and
e; for i = 1,2 are mentioned in (9).

Proof 2: From the analysis above, all need to be proved
is that the composite reachability condition (34) is satisfied.
From the error dynamics in (11), it follows

éi=vi+Ti(&iei) —ya (37)
for i = 1,2. From (35)-(37),
o = Toyli(Gue) o = KilGe) =L (38)

Combining with the Assumption 3.1, |y4| < L. According to
(14), Assumption 3.2 and transformation (9)

ITu| < pi(T71(E,e1)) Z|§1z|+|61

3

(&, e2)) (Y &l + lea]).

i=1

(39)
T2 < po(T

Substituting the above inequalities (39) into (38), it follows

Ze(elt) ¢ § ;
;W<—;Ki(§i7ei)+p](T (él’e'))(;|‘§li|

3
“H(&,e))( Z|§2z|+|€2\

(40)
Then, if K;(&;,e;) is chosen to satisfy (36), it follows that
the reachability condition (34) is satisfied. Hence, the result
follows.

Remark 6: Theorem 1 shows that the sliding dynamic (16)
is uniformly ultimately bounded. Theorem 2 shows that the
designed control (35) can drive the considered system (10)-
(11) to the sliding surface (15). From the sliding mode theory,

+le1]) + p2(T

Theorems 1 and 2 together show that the considered system
(10)-(11) is uniformly ultimately bounded.

From Remark 6, it follows that the closed-loop systems
formed by applying the control (35) to system (10)-(11) is
uniformly ultimately bounded, which implies that the variables
I€]] and ||e|| are bounded. Further, from e; = y; —y, and the
Assumption 3.1, it is straightforward to see that y; are bounded
as well due to y; =¢; +yg.

Therefore, all the state variables of the system (10)-(11) are
bounded. This shows that the proposed decentralized control
(35) can not only make the system outputs track the desired
signal but also keep all the state variables of the system
col(&,e) bounded.

VI. SIMULATION STUDY

In this section, simulation study is to be carried out to
demonstrate the obtained results above. For simulation pur-
pose, the desired speed signal is introduced as follows:

ya(t) =

which is consistant with the practical case.

Consider the four bodies connected by the spring and
damper as shown in Fig.1 where the first and the fourth bodies
are controlled by actuators. It is assumed that M| = My =
126000 kg, M, = M3 = 101090 kg, b,, = b,, = by, = b,, =
1.08 x 10~* Ns/(mkg), k; = k3 = 100 x 10® N/m, k, = 30 x 10°
N/m, di = d3 =80 x 10* Ns/m, d> = 40 x 10* Ns/m. The initial
conditions are chosen as x(0) =[01.300000 0.4]".

By direct calculation, the eigenvalues of the matrix Ay are
—7.9137+38.9887i and —3.9569£31.2019i. All of the eigen-
values have their negative real part which means the matrix Ay,
satisfies the Assumption 4.1. In this case, once the proposed
controller (35) drives the system onto the sliding surface, the
tracking errors e; will be zero. So the sliding dynamics in
(22) will be uniformly ultimately bounded, which means the
distance between the adjacent bodies will be bounded and the
speed of four bodies will track the desired signal (41).

For simulation purpose, the uncertainties are assumed as

tanh(z). t >0 41

|AD 1| < oy lx12| + Q2 |x14] (42)

|AD| < 01 |x22| + Q2 |X24] (43)

AP 5] < sinz(xll +2x21) ||| (44)
3

|A¥,; | < ECOSZ(XB +x22) ||| (45)

where o1, 12,01 and o, are some known constants.

The proposed controller v; according to the above analysis
(35) is given by v; = —‘i—;:‘[l(i(éi,ei) +L), fori=1,2 where ¢; =
yi(t) —tanh(z). L is chosen as 1 and according to Assumption
3.2 and (36), the controller gain K;(-) and K(-) are set as

Ki(&1,e1,t) > ayyler + tanh(t)| + 02| Es + tanh(7)|

(46)
Kz(éz,ez,l‘) > 00 |§6 +tanh(t)| + OC22|€2 —|—tanh(t)|

where a1 = 1,0512 = 2,0621 =1 and oy =2.
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Fig. 2. Time responses of bodies’ speed.

According to (28), choose Q as an identity matrix. And
according to (19), the u(-) in (44)-(45) are as follows

() = sin* (2611 — &1 + Ex)

3 “47)
po(-) = Ecosz(én —Ein+&x3).
By direct calculation, it follows from (30) that
M'+M
2 —ap 0 —atl
|mau 2-2apy  —apy  —apy —app (48)
I ) —all 2 —allp
—ally —aly—aly —aly 2—2auy

where a = 125.13. After direct verification, it is easy to show
MT +M >0, when ||&]| <0.02176. And for this example,
V(&) <0, if ||&| > 0.0018. Therefore, the considered system
is uniformly ultimately bounded.

The tracking results are shown in Fig.2. The speeds of
the first and fourth bodies can track the desired signal y,(¢),
despite the existence of the interconnections and uncertainties
caused by the spring and damping. And the middle two bodies
also have similar tracking performance when the system was
stable. The simulation demonstrates that the result developed
in this paper is effective.

VII. CONCLUSIONS

A sliding mode based decentralized tracking control of
a class of underactuated multi-body systems with unknown
uncertainties has been proposed in this paper. The desired
signal is allowed to be time-varying. A decentralized sliding
mode control scheme has been proposed to satisfy the reacha-
bility condition to drive the interconnected close-loop system
onto the pre-designed sliding surface. Some assumptions are
introduced to make sure that the system states are uniformly
ultimately bounded. The simulations of the developed results
to the four-body system have demonstrated that the proposed
approach is effective and practicable.
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