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Abstract

The limit theory of a change-point process which is based on the Manhattan
distance of the sample autocorrelation function with applications to GARCH
processes is examined. The general theory of the sample autocovariance and
sample autocorrelation functions of a stationary GARCH process forms the
basis of this study. Specifically the point processes theory is utilized to obtain
their weak convergence limit at different lags. This is further extended to the
change-point process. The limits are found to be generally random as a result
of the infinite variance.
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1. Introduction

Empirical observation made in Econometrics and applied financial time series
literature for long time horizons reveal that log-returns of various series of share
prices, exchange-rates and interest rates depict unique stylized features. These
features include: the frequency of large and small values is rather high suggesting
that the data do not come from a normal but rather a heavy tailed distribution
and that exceedances of high thresholds occur in clusters which indicates that
there is dependence in the tails. It is also observed that the sample autocorrela-
tions of data are small whereas the sample autocorrelation of the absolute and
squared values is significantly different from zero even for large lags. This beha-
vior suggests that there is some kind of long-range dependence in the data.

Various models have been proposed in order to describe these features.
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Among these models is the GARCH model which has been found appropriate in
capturing volatility dynamics in financial time series particularly in modelling of
stock market volatility as seen in [1] and derivative market volatility as utilized
by [2]. GARCH (1, 1) in particular is often used in applications as it is believed
to capture, despite its simplicity, variety of the empirically observed stylized fea-
tures of the log-returns. However the log-return data cannot be modelled by one
particular GARCH model over a long period of time [3]. They observe that in
real financial time series the effect of non-stationarity of log-return series can be
seen by considering the sample autocorrelation function of moving blocks of the
same length as the estimates seem to differ from block to block. They suggest the
use of change-point analysis of financial time series modelled by GARCH
processes with parameters varying with time. The likelihood ratio scan method
has been proposed by [4] for estimating multiple change points in piecewise sta-
tionary processes where they use a scan statistics to reduce the computationally
infeasible global multiple change point estimation problem to a number of single
change point detection problems in various local windows. The cumulative sum
test is considered by [5] in determining volatility shifts in GARCH model against
long range dependence. Cumulative sum test has also been used by [6] for
change-point detection in copula ARMAGARCH Models. Markov switching
GARCH model has been proposed by [7] where the volatility in each state is a
convex combination of two different GARCH components with time varying
weights making the model have a dynamic behavior to capture the variants of
shocks. According to [8] change-point in the series could also be attributed to
change in GARCH model order specification. The trio proposes an estimator
based on the Manhattan distance of the sample autocorrelation of squared values.
This paper aims at furthering the works of [8] by deriving the distributional
convergence of the process used in deriving the estimator of change-point D).
Since D! is based on Manhattan distance of sample autocorrelation, the limit
theory for sums of strictly stationary sequences is utilized. Conditions that en-
sure that partial sums of strictly stationary processes converge in distribution to
an infinite variance stable distribution have provided by [9]. This is achieved by
relating the regular variation condition and weak convergence of point processes.
This was utilized by [10] in deriving the limit theory for the autocovariance
function of linear processes which they later extended to bilinear processes in
[11]. Limit theory for sample autocovariance of GARCH processes was also con-
sidered by [12] where they used weak convergence of point processes in combi-
nation with continuous mapping theorem. Point processes were also utilized by
[13] in examining the convergence of the partial sum process of stationary regu-
larly varying GARCH (1, 1) sequences for which the clusters of high thresholds
excesses are broken down into asymptotically independent blocks which they
established to be a stable Levy’s process. We utilize the point processes theory
and restrict ourselves to qualitative results.

The paper is organized as follows. Section 2 outlines the GARCH model speci-
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fication and change-point estimator with corresponding assumptions utilized.
The weak convergence of point processes associated with the sequence
(X ,2,0',2) is considered in Section 3. In Section 4, the asymptotic behavior of the

change-point process D) is studied. Here the limiting distribution of D! is

derived for a stationary GARCH sequence.

2. Change-Point Estimator

Let (X ,) be a GARCH process of order ( )2 q) given by the equation

teN
X,=0, forteN

D q
2 2 2
ol =ay+ ) X} +) pol,
=

i=1

(1)

By iterating the defining difference Equation (1) for o/ the GARCH model

can be further expressed as a stochastic differential equation as follows:

a1€t2 B B ﬁq—l :Bq o, o - Q,
1 o - 0 o o o0 - 0
2
0{+1 0 1 - 0 0 0 0 -- 0
02. E
Let Y = ’)’(";2 , A=l 0 0 1 0 0 0 0,
! e 0 0 0 0 0 0
X2 . 0 0 0 0o 1 0 0
0 o - 0 0o 0 0 1 O
B,=(a, 0 - 0) then () satisfies the following stochastic differential eq-
uation
Y, =AY _ +B, forteN (2)

Specifically for the GARCH (1, 1) case with 4, =a,¢’ +f, and B =a, Eq-
uation (2) reduces into a one-dimensional SDE

0',2:050-1-(cv16,2+ﬁ1)0,{1 forteN (3)

Assumption 1. (Strictly Stationary)
According to [14] the existence of a unique strictly stationary solution to (1) is
the negativity of the top Lyapunov exponent. This however cannot be calculated

explicitly but a sufficient condition for this is given by
P q
da+y B <1
i=1 j=1

Assumption 2. (Ergodic Process)

According to [15] standard ergodic theory yields that (.X,) is an ergodic
process. Thus its properties can be deduced from a single sufficiently large ran-
dom sample of the sample.

Consider the change-point test hypothesis to be investigated to be defined as:
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H:X, ~ GARCH(I,I) fort=1,---,n
against
. N{GARCH(I,I) fort=1,--,k (4)
e GARCH(p,q) fort=k+1,---,n
where p,q € N\{0}
Assumption 3. (Weight)
Let the weight w, be a measurable function that depends on the sample size

n and change-point k. It is arbitrarily chosen such that it satisfies the condition
that

k k n
Zpi :_zpi
i=l n i
1(& k&
3—(Zpi__zpij=0
[ ANE] n <

Consider Assumption [1], Assumption [2] and Assumption [3] to be satisfied.

©)

According to [8] the change-point estimator k as hypothesized in (4) is based
on the lower bound of the weighted Manhattan divergence measure of the sam-

ple autocorrelation function drawn for the process D! as

D":f[l—fjl 1
" on n

k n
DN e I
i=1
where p, and & denote sample autocorrelation function and the unknown

(6)

k iz n—k 54

change-point respectively which are estimated as:

z;:hthX/ih
p=—=——— forO<k<n O<h<n

X %

k= min{k :D, = max(D,’f )}

I<k<n

Proof. The works of [8] are utilized here. Let X=(X1,X2,-~-,Xk) be a &
dimensional vector and Yz(XkH,XM,---,Xn) be a (n—k) dimensional
vector. The autocovariance and autocorrelation functions can be expressed in

terms of the inner product as

acovar(X,Y)=(X -E(X),Y -E(Y)) (8)

(9)

_ X—E(X) Y—E(Y)
acorr(X,Y>—< sd(X) s sd(Y) >

where sd (X ) and sd (Y ) represents the standard deviation of X and Y re-
spectively which represents an L, distance from the mean. Applying the Hold-
er’s inequality in Theorem (7) to (8) and (9) yields

|ac0var(X,Y)| Ssd(X)sd(Y)eLlspace (10)
|acorr(X, Y)| <leLspace
Following (10) we can define a sequence of autocorrelation functions p,,

where for fixed i=0, 1<j<n-1 andforfixed j=n, 1<i<n-1 tobesuch
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that we have two subsequences p,j:(pu,p]yz,---,pl’,(,-n,pl,”_l) and
pin:(pz’n,p&n,'--,pkﬂgn,m,p,m) where p,, and p,,,, denote the autocor-

k n
relation of the sequence {th} 1 and {X,Z}[ . for 1<k<n. A change-point
1= =k+

process D! quantifying the deviation between o and p., . using a diver-
gence measure motivated by the weighted L, distance, with & denoting the
change-point is proposed. Specifically, they assumed the case when p=1 re-
sulting into a weighted Manhattan distance and by linearity and absolute value

of inequalities of the expectation operator results into

L, (pl.k = Prsin ) = [Z Wi |p1,k = Prerin ] Z W, |E<pl,k ) - E<pk+1,n )

k=h ;2 v,2

z,zl Xt Xt+h
k 4
Zt:le

The change-point estimator is processes D! is assumed to be the lower

(11)

where p,, = forO<k<n,0<h<n

bound of the Manhattan divergence measure (11) where the weight w, is as
specified in Assumption 3. The resultant process is as specified in (6). The
change-point estimator k ofa change point &~ is the point at which there is
maximal sample evidence for a break in the sample autocorrelation function of
the squared returns process. It is therefore estimated as the least value of k& that

maximizes the value of D,Ilt where 1<k <n ischosen as given in (7).

3. Point Process Theory

Point process techniques are utilized in obtaining the structure of limit variables
and limit processes which occur in the theory of summation in time series anal-
ysis. The point process theory as developed by [16] is utilized. Consider the state
space of the point process R” \{O} where R=RU {oo} U {—oo} . Let B be the
collection of bounded Borel sets in R” \{0}.Let F, bea collection of bounded
non-negative continuous functions on R” \{0} with bounded support and F,

be a collection of bounded non-negative step functions on R” \{0} with
bounded support. Write M for the collection of Radon counting measures on
R" \{0} with null measure o. This means that €M \{0} ifand only if xis of
the form Z: ney , where n € {1,2,~”} , the points X, are distinct and

1 for X, eB
0 for X, ¢ B

for any Bc M. Let M, <M be the collection of measures y such that
,u({X:|X| > y}) >0, so that, M, =M \{0}. Define

vji1|Xl.|<oo and &, is a Dirac measure at X, that is &, ={

M:{,ueM:,u({X:|X|>1}):Oand,u({X:XeS”“l})>O} and let B(M) be

the Borel set on M .
Consider a strictly stationary sequence (X ; )teN of random row vectors with
values in R”, thatis, X =(X,, -, X, ). The characterization of the asymptotic

behavior of the tails of the random variable X is examined through the regular
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variation condition.

Theorem 1. (Regular Variation Condition)

In Iight of [17] assume € has a density with unbounded support, a,>0,
E[ln(axle2 +ﬂl)J <0, E|0z,e2 +ﬂ]|E >1 and E|e"In|e|<w for some p>0
holds, then:

1) there exist a number k € (0, p] which is a unique solution of the equation
x/2
E[(ﬁ'1 rae)’ } 1

and there exist a positive constant ¢, =c, (ao, o, p ) such that
P(o>x)~cx™ asx— o0
2) If E|€|K+§ <o forsome &>0, then
P(|X| > x) ~ E|€|K P(O' > x)
and the vector (X , O') is jointly regularly varying such that
P(|X.0|>xt,(X,0)/|X,0]€B)

*>x“P(@eB) ast >0

P(|Xx,0]>1)
where —— denotes vague convergence on the Borel o-field of the unit sphere
S of R, relative to the norm || with
EleD) I,
P(@c)= | | {(/»‘l)(/\( e}
E|(e))

Proof. Following the works of [17] and [18], assume éand 7 are independent
non-negative random variables such that P(¢&>x)~L(x)x™ for some slowly
*¢ <o for some &>0,then
P(nE>x)~En*P(E>x) as x —>o.

Applying Theorem 1 yields

P(|X,0|>xt,(X,0)/|X,0|eB)

=P(O'|e,1|>xt,(e,1)/ eB)

varying function LZand En

6,1

= P(O‘|6,1| 1{((,1)/\(,1\63} > xt)

- E|6’1|K I{(e,l)/\e,l\eB}P(o_ > xt)

~Ele1[" 1, x“P(o>1)

(e.1)/|el|eB}
also

P(|X,0]>1)=P(cle.]|>t)~E|e.]|" P(o>1)
which completes proof.

Theorem 2. (Strongly Mixing Condition)

Let (a, ) be a sequence of positive numbers such that

nP(|X|>a,)—>1 (12)

The sequence (g, ) can be chosen as the (1 -n! ) -quantile of |X| . Since |X|
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1
is regularly varying, @, =n“L(n) for slowly varying function L(x). The con-

dition (12) holds for (X, ) if there exists a sequence of positive integers (7, ) such

that r, >, k,=[n/r,] > as n—>ow and

EHZ f[ij}“}{p{z f[in] 0 sy feF (13

The condition (12) implies by the strong mixing condition of the stationary
sequence ( X, ).

Assume that the joint regular variation in Theorem 1 and strongly mixing
conditions in Theorem 2 are satisfied for a stationary sequence ( X, ), then, the
statement can be made for the weak convergence of the sequence of point

processes
N, =D 6x 0, n=1,2, (14)
t=1

Define
(15)

n

where N, , are independent and identically distributed as N,,n 0 =zt:1 Exja, -

It therefore follows that ( N, ) converges weakly if and only if N, does and they
have the same limit N. Nis identical in law to the point process » " Z; Eng,
where zzl &p is a Poisson process R, with P describing the radial part of
the points and Z; &g, is a sequence of independent and identically distri-
buted point processes with O, describing the spherical part and a joint distri-
bution Qon (M,B(M)) .

Theorem 3. Assume that ( X,) is a stationary sequence of random vectors for
which all finite-dimensional distributions are jointly regularly varying index
k>0. To be specific, let 6 ,,---,6, be the (2m+l)n -dimensional random
row vector with values in the unit sphere (S(Z'”J'l)”_l ) , m=20. Assume that the

strongly mixing condition for ( X, ) and that

lim limsupP(\/;”] |X,| >any||X0| >any):O, y>0,

gl
y =lim

=T g

Then the limit

J=1

s

K

exists and is the extremal index of the sequence (|X | |) .
1) If y=0, then N,—‘—o
2)If >0, then N, L)Nizzlzg Eno,
where Z: &p Isa Poisson processon R, with P, describing the radial part

of the points and z; &g, Is a sequence of independent and identically distri-

buted point processes with Q; describing the spherical part and a joint distri-
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bution Q on (M,B(M)) , where Q is the weak limit of

E( -V ) I(ZMSm ggtm)
0= lim : A
EUQ(E"’) av ]

J
Theorem 4. Utilizing the theory developed by (3], let (X,) be a stationary

()
Hj

GARCH (1, 1) process and assume that the jointly regularly varying and strongly
mixing conditions hold. For fixed h>0, set X, = (Xt,at,---,XHh,O'Hh), then

the conditions in the Theorem 2 above are met and hence

1\7n :Z]\Zmi,izl,Z,---,mn; Nn;gX,/an —%N:ZZ(EP‘_QI_]_ (16)

i=1 i=1 j=1

where Q, =(Q[§°),~--,Q§"z)) and P, are as previously defined.
We now consider the convergence of point processes which are products of
random variables, which forms the basis of the results on the weak convergence
of sample autocovariance and autocorrelation for stationary processes.
Theorem 5 Let ( X, ) be a strictly stationary sequence such that
(x,)=((X,.-+.X,,,)) satistying the jointly regularly varying condition for

some m=>0 and further assume that Theorem 2 and Theorem 3 hold, then:

N :(](f ) — c L)N: & 17
n n.h h=0,--m ; “;]XIXHh h=0.:-- ZZ P’ZQ!(/O)Ql(/h) h= ( )

=1 j=1 0,

where the points Q, :(ng_o)’...’Qi(/_m)) and P are as previously defined, N,
and N are point processes on R\ {0} meaning that points are not included
in the point processes it X, X,,, =0 or Q;O)Q;.h) =0

We study the weak limit behaviour of the sample autocovariance and sample
autocorrelation of a stationary sequence ( X, ). Construct from this process the
strictly stationary n-dimensional processes (X,)=((X,.--,X,,,)), n=0. De-

fine the sample autocovariance function

t+h>

n—h
Vax (B)=n""2" X, X,,,, h>0 (18)
1=

and the corresponding sample autocorrelation function

7HX(h)
n,X h = - B hZI (19)
P (=20 (0)

Define the deterministic counterparts of the autocovariance and autocorrela-

tion functions as follows

7y (h)=EX,X,, h=0 (20)
7X(h)

() =22 e (21)
: ( ) 7X(0)

Theorem 6. Assume that ( X, ) is a strictly stationary sequence of random va-

riables and that for a fixed m >0, ( X,) satisfies the regular variation condition

_ n d _ © o .
and N, =3 &y, ——>N=2">" &g, Where the points
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0, = (QIS.O), TN Ql.(j”’)) and P, are as previously defined.
1) If k€(0,2), then

(nar?]/n,)( (h))h:(),---,m < (I/h)h:O,»--,m

(P (W), L’(%ll

where
Vo= X2 R000), =01 m

1 v

=

-,

The vector (Vy,--,V,)) isjointly k2 stablein R™".

>Tm

2) If K€(2,4) and for h=0,---,m

n—h
limlimsupVar| a,*» X, X,,, I =0
>0, Dcp " ; e th {‘X[XHJI‘SHI%(} ’

—>

then

(na;;z (7n,X (h) ~7Vx (h)))h:O,m,m _d_>(Vh )hzo,m,m

which implies that

(na,* (£ () =y (W), — =7 )V =px (W)),.,

s

4. Limit Theory of Change-Point Estimator

The following proposition is our main result on weak convergence for our pro-
posed change-point process Df (h) as specified in (6) for GARCH processes
based on the point process theory. In addition to the previously stated Theorems
are additional Theorems are utilized in the proof of the proposition, see Appen-
dix.

Proposition 2 Let (X,)
riables irrespective of the distribution of initial value X,. Specifically, let
(X : )teN be a GARCH (1, 1) process defined in the form of a stochastic differen-
tial Equation (3). For fixed h>0, set X, = (Xl,-'-,XHh) . Assume that the reg-

ular variation conditions hold. Let (an) be a sequence of constants such that

be a strictly stationary sequence of random va-

the strongly mixing condition is satisfied, then
N, =2 e ——N=2"2" &n, where the points O, = (Ql.(jo),---,Q;’”))
and P, are as defined in Theorem 2. Thus the conditions in Theorem 5 are met
and hence there exists a sequence of bounded constants (Cn (h)) which con-
verge in distribution to C, such that the following statements hold:

1) If k€(0,2), then

(2 (1), ——Ci (Kj

2) If K€(2,4) and for h=0,---,m
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llm limsup Var (a" Z X X7, {2

n—o0

4}}0’

then
(na,' D} (R), ., =na,*(Cop, o ()=, (h)),
— 7 (0)(CH = (WCH),
where
_h { AR
v, V, - W
v, =33 POY0", h=0,1,
e
wp h=0,1,

i l/ l/ ’

LMS

+1 j=k+1

Proof. Consider the GARCH (1, 1) model in the context of a stochastic diffe-
rential Equation (3) defined as o =q, +((x €, + ﬂ,) o, ,, then the necessary
and sufficient conditions for stationarity are ¢, >0 and
E [log( B +ae )J <0 where the latter implies that

i=1 ’ Z ﬁ.f<1'

If we assume that the sample vector X,,---,.X

n

comes from a stationary
model, then the initial values X, also have a stationary distribution. This
means that the distribution of X, is stationary whatever the distribution of
X, , given the latter is independent of (¢,)_, = and stationarity conditions. To
show this consider two sequences X, (X,)_, , —and X,(Z)[:O‘Lz,m

same stochastic differential equation recursion (2) but with initial conditions

given the

X, and Zwhere both vectors are independent of the future values
(4,,B,)_,,.. - Further assume that X has stationary distribution. By iteration
of stochastic differential Equation (3) we have

Y =B+ 44

i=1

B, t=12,-

—i+1
Thus for any initial values Z we have the following recursion
X, (Z)=4,- AZ+ZA Ay B, =12,

Then for any ¢>0 and for G{,&_]RCH (1, 1) model (3) the top Lyapunov ex-
ponent ¥ givenby A-A4=4 H(ﬂl + o€ 2)
E|X,(X,

-2)f

:ﬂAQ%—Zf(ﬂA+%

e t-1
¢) (22)
A t—1
2
& )
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If Elef* <o, E|X,|" <o and E|Z|" <co, then the right hand side is also
finite. In addition given the stationary conditions previously stated then
E | B +ae; <1 for some sufficiently small & Thus the left hand side of (22)

decays to zero as t — o0 . Thus we conclude that (X , )teN is stationary irrespec-

tive of the distribution of the initial values X, .
Now, consider the sample autocorrelation function as defined in (19), then the

following statements hold,

n—h k n—h
ththerh = ththih + 2 XtZXt2+h (24)
t=1 t=1 t=k+1
n—h k n—h
PR AEDIP ARIIP & (25)
t=1 t=1 t=k+1

From (23) and (24) it can be asserted that there exists constants € (h) and
€y (h) such that the autocorrelation functions Py (h) and P (h)
can be expressed in terms of the autocorrelation function p , (h) as follows:

Pz (M)=cix(h)p, 2 (h) (25)
and
P (W)= 2 (R)p, 2 (h) (26)
The change-point process (6) can be expressed in terms of (25) and (26) as

DE(h)=p e ()=, (M) =(e, 2 () =c, 2 (1)) (P, 2 (1)

The weak limits of the process D! (h) is characterized in terms of the limit-
ing point processes for the sample autocovariance and autocorrelation functions
through the application of the Continuous Mapping Theorem 12. To complete
the proof we independently prove the convergence of ¢, , (h) —C (h) and
P, (h) and apply Theorem 12.

Let 6>0, X, = (xfﬂﬂ,xff’j,---,xfﬁ,xﬁﬁ) eR™ \{0} . In order to proof the re-

sults, we define several mappings
Tsx MR

as follows

TW<Nn)=int(x533)(xff;:>)z{

The set {X,EIE\{O}”)C(/')‘>§} is bounded for any #>0 and thus the

mappings are continuous with respect to the limit point processes N. Conse-

quently by Continuous Mapping Theorem 12 we have that
T(N,)——T(N)
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where

T(N)=iie@,5°@;’”f{

0
e rof)

|

The prove of the convergence of P, (h) is examined for Ke(0,2) and
ke(2,4).

For the case of K€ (0,2) , the point process results of Theorem 3 holds and a
direct application of Theorem 5 yields:

(na:‘}/n’Xz (h)) —d)(Vh )h:O,-»-,m

h=0,--m

('Dn,X2 (h))hzl,---,m L){%]h 1,:em

For k€(2,4) we commence with the {0'2

,} sequence and establish the

convergence of 7, 2(0) We rewrite 7, 2(0 using the recurrence structure

)
of the SDE (3) so that ¢ =¢; ((ale +,B1 1) o' (4, —-pB) and
)

o] =a,+ 40, ~ 4o, :(a1<€ ) (e +5 )

Now using this representation yields:
! (7,.,2(0)-7,(0))
:a;“Zail(ff—l)zafﬂal (ar+ Ai)(c =)
e +B) ot~ (e + ) E(0")+ (e + 4) E(o*)-E(o")
&l z[ (e~ )}+(al+ﬂ1)2a;4g[of_l—E(GZ)J—FOp(l)
[1=(@+ B |na;* (7,2 (0)-7.+ (0))
~aia; 3| ot (1) [+ op()
~ ;42[ 6 1) 1 eS| 0 (6 1) [T+ OP(1)

t=1

(27)

=1+11+0p(1)

Assuming that the condition FE ( )<oo is satisfied, we first show that 17
converges in probability to zero by applying Karamata’s theorem (see [19]) on
the regular variation and tail behavior of a stationary distribution which yields

the asymptotic equivalence.

Var([]) Var{ot1 a, Z[ ,(Hl l)z]l{qsm}}
gﬁngq%ﬁﬁqﬁﬁﬁ) (28)

~const6¥™ asn— o

-0 aso—>0
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Now examining /we have
1= afa;“i[af (92 - 1)2}1{0,%5} +0p(1)
t=1

n 2
~a 3wt (s m)a Jrarort)
t=1

= a;4zo-:r11{o'[>an§} - (al + IBI )2 a;4zo—t4[{o',>anb"} + Op(l)
=1 t=1

_d—>T1,5,a (N(Z) ) _(al +4 )2 Thso (N(Z)) = S(&OO)

We utilize the argument given in Theorem 12 where § (5,00)—‘1)V0* as

0 — 0. Therefore, we finally obtain that:
6, (7,2 (0) =7, (0) —— ¥y =V, (30)
’ - ((al +5 ))
In the presence of a change-point k as hypothesized (4) it is evident that
E(4 ) #a, + f, forall tbut rather

o+ p forl<t<k

nE(A’)z{E(A) for k < <n G

Thus the convergence of y, ,(0) and y  ,(0) arerespectively given by

4 1 " ‘
ka (7k,az (0)_7/02(0)) ‘ \1_((0( +ﬂ))V0 =V (32)
4 1 n—k)* n—k
(n_k)a;_k (j/n—k,az (0)_7,;2 (0))_‘I—)I_E(A)VO( ) :Vo (33)

Following (31), (32) and (33) it is concluded that Vok # VO'HC .

Convergence of y (1) is determined in a similar manner where
n,o

na, (7, (-7, ()

=a,'Y 070l ~E(c")]
- . (34)
= a:‘;[afoﬁl - O'fEA] ]{Um”g} + ;[ofoﬁrl - O'fEA] I{Jréanb‘} +Op (1)
= T2,5,o‘ (NfSZ) ) - EATI‘,&,O' (Nr(IZ) )—d) Vl
Consequently for arbitrary lags we have

na; (7, 2 (0)=7 2 (W)=,

In the presence of a change-point k the convergence of y , (1) and

7, . ..(1) are respectively given by

ka* (7,”72 (1)-7.. (1))_d_>Vlk
(l’l — k)a;i‘k (7/)1_1{’0_2 (1) — }/O_z (1))—d>Vln_k

Now we consider the {Xf} sequence and establish the convergence of
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7, ,2(0) as follows:

na;’ (7/”,)(2 (0)- Y (O))
:a;“g[x;‘ ~E(x)]

=203 ! (& 1) 110y #2620 6 1)

t=1

=1r+1v

(35)

Equation (35) follows directly from Equation (27). In a similar way to Equa-
tion (28), })mg limsupVar(1V)=0.
Now examining /7 and following the results obtained in Equation (29) we

have that //7 converges as follows

% 2
2a;421:|:o-’4 (Etz - 1) :|I{J,>anb'} —d—)Ti,ﬁ,o’ (N(z) ) - (“1 + ,31 )2 7})’(5’0_ (N(z))
1=
=5(8.0) =7,
Thus we have that

n

na;’ (7 " (0)- Y (0))—d—>V0

Similarly it can be shown that the convergence of y, ,(0) and y  ,(0)
are respectively given by

ki (7, 42 (0)= 7,2 (0)) =7
(n=K)a" (7, , 42 (0)= 7,0 (0)) =

Next we consider the {Xf} sequence and establish the convergence of
7, (1) as follows:

na;' (7, 2 ()=7, (1))

—a*S [l -E(xx7)]

+
t=1

- a;“i[xfafﬂ (€ —E(e) ]+ aPE(e)Y | Xol —otE(X7)]
t=1 t=1
=V+VI

Now examining V/we have

VI = a;4E(€)Z":|:tho-t2+1 —UfE(Xg)]

t=1

=0, E(e) Y[ X2 (02, ~074,,) |- E[ X (0 -0t )]

t=1

Var(VI) = a:‘zn:Var[Xf (02 -074,,)]|-E[ X3 (o7 —024) |
(=1
=Y Y Cov[ X (07, ~074,.). X (02, ~ 074,
t=1 s=1

n
< constna;gzqh —>0 asn—o0
h=1
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By extending to arbitrary lags 7 =0,::-

where g e (0,1) is a constant and since (X ,,O't) is strongly mixing with geo-
metric rate, thus there exist a >0

E|:X§ (0'12 -0 4, )]2+5 <o and

C0V|:AX,2 (O'H-l o, A,+1) (O'Hl oA ):| Kq‘l—x“

and a constant K such that

s “Ts+l

Now examining V'we have
V= a:‘Zn:[Xfaf (- E(e))]
t=1
- a;“i[)(fafAm - X}l EA+ X}0}EA-E( X0} 4, )]
= a"‘Z[XZ (A —EA)]I,, g +a “Z[Xz (4, —E4)]
+ Eda’’ > A GRA(6) ] 1.

. EAagzé[G? (€= E() | 1ca

+ EAE(e)a;“Z":[a;‘ ~E(0*) |10 (36)
=1
+ EAE(e)a;“;[o—;‘ ~E(0*) |12, 5, EA
— VI + VI +IX + X + XI + XII

By applying Karamata Theorem [19] to (36)
!gré lnlm sup Var(VIH) =0
!gré lnlir(} supVar(IX)=0
limlimsup Var (X ) =

60 n—0

limlimsup Var ( XII ) =0

00 n—0

Examining VIIwe have

VIl = a;“Z[Xfo (Aa—EA) |1, 5

—a_42[ A a,>a<>] EAa;4i[G?I{Ur>an5}]

—o T, (N®) - BT, (N?)

Since E (6) =0 then for X7we have

XI = EAE(e)a:‘Zn:[Gf - E(O'4 )J I{g,m,,&} =0
=1

Thus we have that

na;’ (;/Mz (1)-7, (1))—‘1>Vl

,n the convergence of y (k) is
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given by
{1 01 )
Consequently the convergence of P, (h) is given by
n* (o, 2 ()= 9 (1)~ 77 (0)(V, o (1))

We have been able to examine the limiting behavior of p , (h) for two
cases. In the first case, when & €(0,2), the variance of X, is infinite and thus

P, (h) has a random limit without any normalization. When & € (2,4) , the

process has a finite variance but infinite fourth moment and na:‘( P, (h))

K
converges to an ) -stable distribution. By Theorem 8 convergence of P, 2 (h)

implies that the sequence is bounded with ‘ P, (h)‘ <I.

We now examine the convergence of ¢_,(h)~c_, (/). Consider Dy (h),

We can express ¢, (h)- C (h) as follows:

c (/’l)—C (h):’ok,X2 (h)_pn—k,X2 (h)
kX2 n—k, x> pn,Xz (h)

By the Bolzano-Weierstrass theorem, a bounded sequence has always a con-

vergent subsequence. This is further confirmed through the invariance property
of subsequences in Theorem 10 which states that if P,y (h) converges, then
every subsequence say, p,_ . (h) and Py (h) converges. By linearity rule
of sequences as prescribed in Theorem 11, P, 2 (h)—pnik’x2 (h) converges.
This further implies that p, , (h) and Py (h) are bounded since every

convergent sequence is bounded. The subsequences Py 2 (h) and Py (h)
are also bounded with ‘ P, 2 (h)‘Sl and ‘ Py (h)‘Sl, thus their absolute
difference is also bounded as ‘ P, (ll)—,z)rkk’x2 (h)‘ <2. Further assume that
we are considering only significant sample autocorrelation coefficients where
‘pn’xz (h)‘ 20.05, then ¢, , (h)—cnik’)(2 (h) is also bounded. Applying the qu-
otient property of subsequences, then ¢, , (h) —C (h) isalso convergent.

Consider the proposed change-point process D,f (h) as defined in (6), then

we can derive the limit of C, as follows:
(D: (h))hzl,...,m =Py (h)_pn—k,Xz ()
_ yk,Xz (h) _ 7}1-/{,)(2 (h)
yk,Xz (0) }/n—k,Xz (0)

k 212 n 2 12
_ ztzl Xt Xt+h _ Zt:kﬂ Xt XHh (37)
- k 4 n 4

21:1 X, zt=k+l X,

n ANO 2 2 n 2 2 nooy4
_ Zt:k+1Xf Zt:1Xt X _Zr:th Xt+hzt:1Xt

n 4 n 4 n 4
Zt:k+1Xt (Zt:IXf _Zz:k+1Xt )
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Thus applying Theorem 5 to 37 we have

GO

VoV =ViVo _Vo| WV =ViVs |V,

Vi (Vo=v) Vil v (v =vi) I, G

From (38) above, the sequence C, converges in distribution to C, as fol-

lows

Vo | WV =V,

ALY

n h

By application of Continuous Mapping Theorem 12, we have the limiting be-
havior of the proposed change-point process Df (h) for the three cases
k€(0,2), ke(2,4) and ke(4,%) asfollows.
for ke (0, 2) and by application of Theorem 5 (i):

(B0, €A )~

0

for K€ (2,4) and by application of Theorem 5 (ii):
(nay' DY (n)),,  =na’ (c,, p, 2 (h)=py (h))

—7y (0)(Cth TPy (h)CoVo)

h=l,-n

h=l,-m

which completes proof.

5. Conclusion

The asymptotic behavior of the change-point process D’ is established on the
basis of examining the asymptotic behavior of the sample autocovariance and
sample autocorrelation functions. The limits of the suitably normalized sample
autocovariance and sample autocorrelation functions are expressed in terms of
the limiting point processes. The limit distributions are the difference of ratios of
the infinite variance stable vectors or functions of such vectors. As a result, de-
termination of the quantiles from the limit distributions is difficult. The limits
are also generally random as a result of the infinite variance. Future work will be
aimed at identifying the limit distributions so as to make the results directly ap-

plicable for hypothesis testing purposes.
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Appendix

Theorem 7. (Holder’s Inequality)
Let I be a finite or countable index set. Given 1< p <o, if

X=(X,),,€L,(I) and Y=(Y,),_ €L, (I), where i+i,:1 then
p p

XY =(X.Y,),., €L (I) and

vl <f(x

k )kel

1 1
-zl (g ) <=
kel kel

Theorem 8. (Convergent sequences are bounded)
Let {A" }neN

the limit is unique.

Rt

be a convergent sequence. Then the sequence is bounded and

Theorem 9. (Bolzano- Weierstrass)

Let {Aﬂ }neN

a subsequence {Ank } N that converges.
nke

be a sequence of real numbers that is bounded. Then there exists

Theorem 10. (/nvariance property of subsequences)
If {4,}

quence converges to the same limit.

is a convergent sequence, then every subsequence of that se-

Theorem 11. (Algebra on Sequences)

If the sequences {An}
the following hold:

1) hm(A +B )—hmA +11mB =L+M

2) llm(A -B ) = 11mA £1mB =L-M

. converges to L and {Bn}”eN converges to M then

n—0 n—0
limd4, [
3) lim==220"— = for B, #0,¥neN and M #0
0B limB,

n—0

Theorem 12. (Continuous Mapping)

Let a function g:R* —R" be continuous in every point of a set C such that
P(XeC)=1.Thenif X,—X then g(X,)— g(X).

Theorem 13. (Algebra on Series)

Let z A, and Z B, be two absolutely convergent series. Then:

1) the sum of the two series is again absolutely convergent. Its [imit is the sum
of the limit of the two series.

2) the difference of the two series is again absolutely convergent. Its limit is
the difference of the limit of the two series.

3) the product of the two series is again absolutely convergent. Its limit is the
product of the limit of the two series.

Theorem 14. Let {X,}teN
sums of the sequence by S, =" X,

1) if k€(0,2) then

be a strictly stationary sequence. Define the partial

a'—58

where S=3"" z/ PO, has a stable distribution
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2) if KE(Z 4) and forall >0,
S,(0,6]-ES,(0,6] > £ |=0 then

a,'S, - ES,(0,1]—>S§

limlimsup P [

&0 n—>0

where S is the distributional limit of

ZZ Qt/ {|poyas) I&‘x‘gx,u(dx)

i=1 j=1
as 0 >0, uis the measure in section 2.1 which has a stable distribution.
For every >0, the mapping from M in section 2.1 into R is defined by

T:zl:gr, —>lext1ﬂxi‘>§}
1= t=

and is almost surely continuous with respect to the point process N. Thus by

continuous mapping theorem

S, (8,0)=T(N,)—>T(N)=S5(5,)

As 650, §(8,0)—>8(0,0)=3">" PO, .
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