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ABSTRACT 

By using a transverse resonance technique, the frequency characteristics of slotted substrate integrated 

waveguides (SSIWs), slotted half mode substrate integrated waveguides (slotted HMSIWs) and slotted 

parallel plate SIWs loaded with capacitances and inductances are analyzed theoretically and related to those 

of conventional waveguides.   In practice, the slotted SIWs and HMSIWs are distributed structures, so that 

they are loaded with ladders of capacitances and inductances across their slots.  The cut-off frequencies of 

the slotted SIWs and HMSIWs loaded with specific capacitances and inductances are then calculated from 

our analytic technique.  These numerical predictions are both compared with and also in some cases used to 

clarify the corresponding values of cut-off frequencies estimated by HFSS and also by CST Microwave Studio 

by means of using S-parameters.  Field plots for some of these practical examples are used to provided 

further insights regarding the design and operation of these structures.  A tuneable resonator and tuneable 

single port narrow band antenna are designed.   A rudimentary design of a bandpass filter (in the form of a 

SIW loaded with both inductances and capacitances in series across the slot) is also outlined. 

Finally, a modal analysis technique for a general composite waveguide structure,  essentially consisting of 

three sections of SIW, is developed from first principles.  This method is used to establish matrices which are 

used to calculate the S-parameters of the full structure.  Though the technique itself is not entirely original, 

its application is a novel one which can be applied to a whole range of hybrid waveguide structures.  Some 

specific examples of the general case which have practical importance, namely rectangular SIW sections at 

either end of a slotted SIW region via means of a step with E-planes and H-planes respectively, are 

considered.  The operational characteristics of these waveguide structures are analyzed by means of 

examining their S-parameters over a suitable range of frequencies.  These predicitions are then compared 

with, and also in some cases, used to interpret the S-parameter estimates from HFSS.  The calculated 

predictions from the modal analysis for these examples  are useful for the determination of frequency 

characteristics of SSIWs, which are instrumental in the novel design of a plethora of microwave devices.  In 

fact, the mode matching method is compared with CST Microwave Studio to estimate the cutoff frequency 

of a slot SIW antenna.  
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1. Introduction  

1.1. Applications of the microwave spectrum 

Attenuation of outdoor radio propagation plays a major role in wireless technology.  The 

amount of attenuation is dependent on several factors such as  temperature, pressure and 

humidity.  Oxygen and water molecules  absorb the energy from electromagnetic waves, 

and the level of this attenuation rises for larger frequencies.  This is illustrated in the 

following figure from [1]. 

 

Figure 1.1: Average atmospheric attenuation vs frequency  

1.2.       Historical milestones 

The study of electromagnetic theory began with the work of James Clerk Maxwell [1] in 

1873.  Maxwell’s efforts were concisely recast by Oliver Heaviside [2] into a more modern 

format.  Heinrich Hertz subsequently devised a series of experiments from 1887 to 1891 

which vindicated Maxwell’s theory of electromagnetism.  This led to pioneering work in 

the 1890s by Ferdinand Braun, Oliver Lodge and Jagadish Chandra Bose in wireless 

telegraphy and radio microwave optics.  Guglielmo Marconi was able to turn this 

groundbreaking research into a commercial application by bringing long-distance radio 

transmission to the masses.  In December 1902,  Marconi and his colleagues successfully 

managed to send the first ever transatlantic message.  It was not until the Second World 

War and the introduction of radar that microwave technology begain to thrive.  Hollow 

tube waveguides were first proposed by Lord Rayleigh [3] in 1897.  They were 
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independently rediscovered in the 1930s by George C. Southworth [4] of Bell Labs and 

William L. Barrow [5] of MIT.  Waveguides were essential for the development of radar 

by the British in 1937.  In the United States, radar theory and its practical applications were 

intensively investigated during the 1940s by a number of key figures such as Hans Bethe, 

Julian Schwinger, Isidor Rabi, Carol Montgomery, Edward Purcell, Robert Dicke and 

Nathan Marcuvitz.  Their work on microwave engineering is summarized in the classic 28 

volume Radiation Laboratory Series.     

1.3. Substrate integrated waveguides 

Transmission lines and waveguides are fundamental components of both microwave and 

millimetre-wave circuits.  A waveguide, being a single conductor,  does not support TEM 

waves.  Instead, a waveguide supports a higher order of modes, namely TE waves and TM 

waves (for which there is no electric and no magnetic field in the direction of propagation, 

respectively) during its operation.  Each TE and TM  mode has a limited bandwidth in 

which it will propagate, so that there exists a cutoff frequency below which these modes do 

not work.   

The standard transmission lines used in microwave integrated circuits are usually either 

microstrip or coplanar waveguide because, being planar, both their accurate construction 

and integration with other components are achieved easily.  However, both microstrip and 

coplanar waveguide lines are far less efficient than rectangular waveguides.  On the other 

hand, rectangular waveguides are relatively bulky three-dimensional structures.  This 

means that rectangular waveguides are not only difficult to manufacture with sufficient 

precision, but they also are not easily integrated with active circuits at millimetre-wave 

frequencies. Consequently, rectangular waveguides are only used for high performance 

communication systems. 

However, the current state of play is set to change with the advent of multilayer fabrication 

techniques and low temperature co-fired ceramics (LTCC) which allow circuits to be built 

on multiple layers.  This could potentially pave the way for integrated three-dimensional 

circuits such as embedded waveguides. 
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Rectangular waveguides of smaller dimensions can be used if they are filled with dielectric 

materials. They can then be integrated with planar devices on the same substrate.  These 

types of RWG are known as substrate integrated waveguides (SIWs).  In practice, two 

periodic rows of metallic vias are used to connect the top and bottom ground planes, 

instead of conducting sidewalls.  The diameter and spacing of the vias are much smaller 

than the operating wavelength, and so their presence is equivalent to that of a conducting 

wall.   

Metallized via holes have been used in PCBs for decades in order to reduce coupling 

between electronic elements.  The idea of using via holes in a waveguide was conceived by 

Shigeki [6] in 1994.  Bandpass waveguide filters had been designed by inserting metal 

posts for decades.  Marcuvitz [7] has provided a survey of these techniques by taking 

various practical cases into account.  One such design is that of the inductive post, in which 

multiple metal posts with adjustable insertion depths are aligned parallel to the incident E-

field of a specific fundamental or higher order mode.  The incident wave then induces a 

current on the surface of a post.  This results in a scattering field around the post which 

may be analyzed by using an equivalent circuit model.  In the 1970s, Bradshaw [8] 

calculated the scattering field of a partially inserted thin post in a waveguide filter.  In the 

early 1980s, Leviatan [9] used the Method of Moments to analyze the instance of  a 

waveguide with a single large post.  Prior to that time, a post was represented by just a 

single a surface current parameter.  However, Leviatan’s innovative step was to model the 

large post with multiple thin surface currents in terms of Fourier series.  Leviatan 

subsequently extended this work when he collaborated with Li [10] by using an array of 

multiple posts.  In 1998, Ando and Hirokawa managed to build a waveguide antenna from 

a PCB structure with a metallized post array [11].  In this particular design, the parallel 

plate antenna and the feed structure shared the same grounded planar dielectric substrate, 

and the waveguide was fabricated by drilling an array of copper-plated via holes directly 

into the dielectric material.  In 2000, Tzuang [12] improved Hirokawa’s design by 

integrating a microstrip feedline with a via-post waveguide.  Tzuang used a 

photolithography procedure on a PCB to do this.  Hiroshi [13] introduced the concept of a 

laminated waveguide in 1998.  By incorporating ideas from Hirokawa, Tzuang and Hiroshi 

on post-wall and laminated waveguides, Wu [14] introduced the design of the SIW in 2001 
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that is widely adopted today.  In this thesis, the cross-sectional width and height of the SIW 

is denoted, with the standard notation, as   and   (as shown in the following figure 

overleaf), respectively.     

SIWs   can be fabricated using photo-imageable thick film [15] and Multilayer LTCC [16].  

Moreover, a substrate integrated waveguide does not support TM modes because its 

thickness is so small. SIW technology has been incorporated in the design of several 

microwave and millimetre components. 

  Figure 1.1: Standard schematic configuration of an SIW [17] 
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1.4. Folded substrate integrated waveguides 

 

 

Figure 1.2: Basic schematic diagram and photograph of FSIW 

SIWs can still be significantly wider than their planar counterparts, especially at low 

microwave frequencies.  This has led to the introduction of the folded substrate integrated 

waveguide (FSIW), as described in [18].  The folded waveguide is a rectangular SIW 

whose sides have been folded underneath its centre.  This is illustrated in Figure 1.2.  

Consider folding a dielectric-filled rectangular waveguide with cross-sectional width a and 

cross-sectional height b.  Then the resulting folded waveguide has cross-sectional width 

and height a/2  and 2b respectively, as shown above.  

Since a is much larger than b, it follows that FSIWs are viable small-sized waveguides 

which are easily integrated with planar devices, even at low microwave frequencies. 
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 It has been demonstrated in [18] that an FSIW offers the same performance as a standard 

air filled waveguide with width 6 times as large when using a substrate with a relative 

permittivity of 9. 

The cut-off frequency fc  of a FSIW is approximately equal to that of a conventional 

waveguide, which, from [19] or [20], is given by 

     
 

        
    ,    (1.1) 

where a is the width of the substrate,  εr is its relative permittivity and c is the speed of light 

in a vacuum.  The exact value of the gap width w (see Fig. 1) also affects the cut-off 

frequency .  It then becomes necessary to choose w so that both the cut-off frequency and 

propagation constant are sufficiently close to that of the equivalent full width waveguide.  

The horizontal propagation constant β is given by 

       
   

  

 
 
 

,    (1.2) 

where     
 

 
   is the wave number in free space and m is the number of variations in the 

horizontal direction. 

1.5. Half mode substrate integrated waveguides 

Another improvement on the standard SIW is the half mode substrate integrated waveguide 

(HMSIW) which was introduced in [21].  The HMSIW can be regarded as half of an SIW.  

One side wall of the HMSIW is composed of a linear array of metallic vias which 

synthesize a conducting wall, and the other side is open, as shown in Figure 1.2.  Since the 

ratio of waveguide width to height is relatively large, the open side can be considered as a 

magnetic wall.  It follows that only the TE modes can propagate in the HMSIW.  Substrate 

integrated circular cavities (SICCs) and half mode integrated circular cavities (HSICCs) 

have also been investigated in  [22] and [23] respectively.  HMSICs  are much easier to 

manufacture with precision than SICs because they consist of fewer layers in the substrate. 
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    Figure 1.3:  Diagram showing the dimensions of a HMSIW 

 

1.6. Components designed with SIWs and SICCs 

SIWs and SICCs have recently been implemented in the design of several different kinds 

of microwave devices.  For example, the HSICC structure is used to construct a power 

divider in [23].  In [24] a 3dB coupler is designed by using a HMSIW structure.  SIWs are 

used to build filters in [25] and [26].  In [27], a SIW is used as a diplexer and an HMSIW 

is used in the development of a bandpass filter in [28].  A HMSIW is used to feed 

transverse slot arrays in [29]. 

The full-mode SIW integrated with periodic components is proposed in [30].  There has 

been a great deal of investigation in this field.  Examples include antennas [31]-[34], filters 

[35]-[37], transverse electromagnetic (TEM) waveguides [38] and miniaturized 

waveguides and antennas in [39] and [40].  However, the characteristics of the guided 

modes has not received as much attention, and so we introduce our own mathematical 

model to describe periodic loaded components. 

It cannot be understated that one of the most important applications of the SIW is the 

substrate integrated waveguide phase shifter. 

The phase shifter occupies a  fundamental role in  signal transmission systems, especially 

in radar systems [41].  A phase shift of the signal allows for beam steering in antenna 

arrays [42].  

Conventional phase shifters are either digital or analogue.  Digital phase shifters depend on 

switching devices  such as pin diodes or transistors (see [43] and [44]).  Unfortunately, 
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however, several switches produce significant insertion loss.  As a result, a large phase 

shift range is compromised by this insertion loss. This means that there is greater demand 

for analogue phase shifters which are constructed by adding embedded devices like 

varactor diodes [45].  A substrate integrated waveguide variable phase shifter is formed by 

capacitively loading a slotted waveguide with varactor diodes.  These structures have now 

been developed so that they are tuneable and very simple to fabricate, as in [46] and [47].  

 

1.7. Slotted substrate integrated waveguides 

This thesis explores aspects of design and analysis of a certain type of SIW. Possible 

applications for the slotted SIW  (SSIW) include bandpass filters, phase shifters and leaky 

wave antennas.  The SIW is a rectangular box filled with a dielectric of relative 

permittivity 2.2 and with metal walls of thickness 0.5 mm.  A slotted line of the dielectric 

material is then placed on the top surface of the SIW.  This slot runs from one end of the 

guide to the other, as shown in the figures below.  The  modelling involves propagating 

electromagnetic waves through this SIW via an input port at one end and an output port at 

the other.  Electromagnetic radiation is then leaked out of the structure via the slot.  

 

Figure 1.4: A loaded slotted SIW attenuator 
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Figure 1.5: A schematic from CST Microwave Studio of a slotted SIW  

 

Slotted waveguides have several important applications.  One such microwave device is a 

SIW switch.  If the switch is open, then the propagating mode is the    

 
  

 mode.  If the 

switch is closed then the structure becomes a conventional waveguide in which the       

mode propagates.  In practice, the function of the switch is performed by pin diodes 

connected across the slot, as shown in the following figures. 

 

 

Figure 1.6: Switchable substrate integrated waveguide 
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Figure 1.7: Specifications for a switchable substrate integrated waveguide [48] 

As the voltage bias to the pin diodes is adjusted, the resistance represented by them can 

also be changed.  Each diode needs to be capacitively coupled to the waveguide by using a 

very thin insulating material capped with two pads of copper tape, so that a voltage can be 

applied across it without any risk of a short circuit occurring. 

 

Figure 1.8: Dispersion characteristics for SIW switch [48] 
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It is therefore possible to switch (i.e. bias) the pin diodes so that cutoff frequency can be 

raised from just under 3GHz to almost 5GHz, as shown in the corresponding dispersion 

curves. 

In [49], a slotted SIW is used to design a travelling wave attenuator, in which pin diodes 

are placed across the slot.   

 

  Figure 1.9: Specifications for a travelling wave attenuator [49] 

Since each pin diode can act as an electronically controlled resistor by adjusting the 

voltage bias, it follows that the resulting structure is equivalent to having a variable resistor 

across the slot.  The attenuation constant of the waveguide can therefore be adjusted by 

changing the load resistance across the slot.  This structure is capacitively coupled in the 

same way as the switchable SIW device.  The following figure shows the attenuation for 

various loading resistances.  As the resistance is decreased, the propagating mode 

eventually turns into the       mode, at which point the structure becomes a conventional 

SIW.     
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Figure 1.10: Effect of resistive loading for a travelling wave attenuator [49] 

 

1.8. Brief outline of thesis 

Transverse resonance analysis is used to determine cut-off frequencies for various slotted 

SIW structures in the subsequent content of this thesis.  In the second chapter, the cutoff 

frequencies of the fundamental mode for slotted SIWs, where the slots are loaded with a 

range of inductances and capacitances and are placed in different positions, are calculated 

and compared with results from simulations in both CST Microwave Studio and HFSS.  

These comparisons are also carried out for slotted HMSIWs in the third chapter.  The non-

trivial methods by which cutoff frequencies are determined from the simulations are also 

described in significant detail in the next chapter.   

The second, third and fourth chapters each begin with using the analytic transverse 

resonance technique to analyze the characteristics of the cutoff frequencies for the first five 

modes over the full range of normalized loaded capacitances and inductances for SIW, 

HMSIW and parallel plate SIW structures respectively.   
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In the latter parts of the second chapter, various SIW devices with loaded capacitances and 

inductances are designed in CST Microwave Studio by considering their respective 

resonant frequencies.  The work on establishing cutoff frequencies in the earlier parts of 

the second chapter is used to design a rudimentary bandpass waveguide filter.  The 

remainder of the second chapter includes novel designs for a two-port tuneable waveguide 

resonator and a single port tuneable narrow band antenna which both function over 

extremely large operational bandwidths.  The work on the antenna is intended to be the 

subject of a forthcoming paper.     

In the fifth chapter, a mode matching technique which determines S-parameters for novel 

hybrid structures consisting of slotted SIWs.  Though this method is neither new nor 

completely original, it has novel applications regarding SIW technology which are 

considered in the fifth chapter and are intended for a forthcoming publication.  This 

technique is also presented in a more general form than elsewhere.  A survey on the 

extensive literature on mode matching is also discussed.  S-parameters of hybrid structures 

containing E-plane and H-plane steps are analyzed and compared with HFSS simulations.   

Finally, this mode matching technique is used to estimate the cutoff frequencies of some 

slot SIW antenna structures, and these solutions are compared with corresponding results 

from CST Microwave Studio. 

Conclusions and potential future work are provided in the sixth chapter. 
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2. Transverse Resonance Technique  for the Slotted SIW 

2.1. Introduction 

This chapter begins with using a transverse resonance technique to analyze the 

characteristics of the cutoff frequencies for the first five modes over the full range of 

normalized loaded capacitances and inductances for SIW structures. 

Then the transverse resonance technique is used to calculate specific cutoff frequencies of 

the fundamental mode for slotted SIWs loaded with a range of actual capacitances and 

inductances.  These estimates of cutoff frequencies are compared with those from 

simulations in both CST Microwave Studio and HFSS, which depend upon defining the 

cutoff frequency by using the group delay and setting the phase to zero, respectively.    

This work on establishing cutoff frequency is subsequently used to attempt to design a 

rudimentary bandpass waveguide filter, which is matched by increasing the thickness of 

the SIW.  This confirms earlier S-parameter plots from CST Microwave Studio that loaded 

SIWs are better suited for the construction of narrow band devices.   This leads to the novel 

design of a two-port tuneable waveguide resonator which functions over a large 

operational bandwidth of several hundred MHz.  After showing that a two port tuneable 

antenna cannot be designed with the afore-mentioned types of loaded SIWs,  a single port 

tuneable narrow band antenna is designed.  This work on the antenna is intended to be the 

subject of a forthcoming paper.  Both devices can be finely tuned by using loaded 

capacitances.  The single-port antenna can be tuned over a huge range of almost 1GHz. 

2.2. Background theory 

The approach described here will be slightly different from the classical theory of 

electromagnetic waveguides, as  presented in [1]-[5].  Any rectangular waveguide can be 

analyzed in Cartesian coordinates by considering its width   and height  .   
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Figure 2.1:  Schematic diagram for a standard rectangular waveguide. 

The topic interest of this chapter is concerned with periodically loaded slotted SIWs. The 

identical load elements are connected along the slot of the top layer of the SIW, as shown 

in the subsequent figure.  Two cases are subsequently considered, namely when every load 

element is either a purely capacitive or purely inductive component.  A transverse 

resonance technique for the slotted waveguide is used to determine frequency 

characteristics.  This technique is described in further detail here.  The width of the slot is 

denoted by w, the longitudinal distance between the centre of each load element is 

represented by  , and the horizontal distance from each sidewall to the boundary of the slot 

is given by    and    respectively, such that        and          . 
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Figure 2.2:  Schematic of a periodically loaded slotted SIW. 

This is based on the fact that in a rectangular waveguide the wave travels with wave vector 

                                                                                                         

  

where i  and j are the components in the directions along the length and width of the 

rectangular waveguide respectively.   This is illustrated in the following figure. 

 

Figure 2.3:  Wave propagating through a rectangular waveguide 
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The horizontal component    of the wave vector k is known as the wave number, and is 

given by 

                                                                                                                                                                       

Note that the waveguide width and height are given by a and b respectively.  

Firstly,  consider the special c ase at cut-off in a rectangular waveguide without a slot when 

 =0, so that the wave bounces back and forth between the two sidewalls in such a way that 

its direction of propagation is perpendicular to them both.  In this particular instance, it is 

possible to model the waveguide as a parallel plate transmission line terminated by short 

circuits.  This can be used to determine the characteristic impedance    (over a distance d) 

of the transmission line, which is given by 

                                                                                  
 

 
 
 

 
                                       

where µ and ε are the permeability and permittivity of the substrate.  

The next step is to determine the cut-off frequency of the SIW without a slot.  This cut-off 

frequency is equivalent to the resonant frequency on the terminated transmission line.  

Take a point on the transmission  line.  Then the resonant frequency of the terminated 

transmission line, which is when the input and output impedances are equal in magnitude 

but opposite in sign, is therefore given by 

                                                                                               

This is equivalent to matching the voltage and current.  These impedances are opposite in 

sign due to to the different current directions. 

It is well known (see [6] or [7]) that the input  impedance of a lossless terminated line of 

length     is given by 
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Figure 2.4: Terminated loaded transmission line. 

Since the waveguide is being modelled as as a parallel plate transmission line terminated 

by short circuits, it is evident that            

Then at        we have 

                                                                           

                                                                                                                 

It follows that  

                                                                                                                 

Hence 

                                       
  

 
          where                        

At the point of cutoff, the angular frequency   of a propagating electromagnetic wave may 

be denoted as    , so that (2.2) may be rewritten as  

                                                                                                                  

It is evident from (2.10) that the cutoff frequency of a      rectangular waveguide is given 

by  

                                            
 

     
               where                            

The value of the cutoff frequency allows us to choose a suitable value for a, which we can 

take to be about 20 mm. 
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Now it is possible to model a slotted SIW as a lumped element transmission line circuit.  

The load elements across the slot can be modelled by a single impedance, as shown in the 

equivalent circuit diagram below. 

 

 

Figure 2.5:  Equivalent circuit model of slotted SIW 

Then 

                                                                                                                 

                                                                                                           

Since  

                                                                                           

it may be deduced that  

                                                                   =                                 

If      , then   

                                                                    =  
 

  
                                 

Note that if the total load across slot is being modelled by a capacitance C , then set 
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Alternatively, if the slot is loaded with an inductance L , then set 

                                                                                                                     

By substituting (2.10) and (2.17) into (2.16), it is evident that  

the cutoff equation is  

                             =  
 

    
                                                                     

for a capacitive impedance, 

and, by replacing (2.17) by (2.18) in the above procedure, it follows that the cutoff 

equation is                                    

                            =  
  

  
                                                                       

for an inductive impedance. 

2.3. Cutoff frequency equations 

If the SSIW is capacitively loaded, then define C’ to be the capacitance per unit length 

along the slot which could be taken to be in the range of anything from 0.1 pF/m to 100 

pF/m.    If the SSIW is inductively loaded, then define L’  to be the inductance per unit 

length.  Then for a distance d along the length of the slot, the total capacitance and 

inductance along the slot is given by 

                                                                                                           

and 

                                                                                                            

for the capacitively and inductively loaded SSIWs respectively.  By setting d = 1 in (2.3), it 

follows that 
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and that 

                                                               
  

  
 

   

  
 

 

                                                  

Then the cutoff frequency equations for capacitive and inductive impedances can be 

rewritten by substituting (2.23) into (2.19) and (2.24) into (2.20), and are given by 

                               =  
 

     
 

 

                                             

and 

                               =  
   

  
 

 

                                                   

respectively.  Note that the angular cutoff frequency is given by   and    represents the 

actual cutoff frequency, where  

                                                                                                                     

Now set   

                                                                                                                 

                                                     
   

 
                                                                             

                                                      
  

  
                                                                 

so that  ,   ,    represent normalized parameters of frequency, capacitance and inductance, 

respectively.  Then the respective cutoff equations for capacitive and inductive impedances 

given by (2.25) and (2.26) may be rewritten as 

                                                                   
 

 
 =  

 

   
                                  

and 

                                                      
 

 
 =       ,                                   



 
 
 
 
 
 

29 
 

where   
  

  
 . 

Since the cutoff equations are transcendental,   can only be determined numerically over a 

suitable range of values for    and    respectively.  In order to find the solutions of   in 

these equations, we determine successive intervals of   inside which possible solutions 

may exist over a full range of normalized parameters denoted by    and    respectively.  

Note that, for    , the     such interval is used to determine larger values of   than the 

        interval over the same range of    or    for capacitively or inductively loaded 

slots, respectively.  Hence, the     order mode corresponds to the solutions in the     such 

interval, where   is any positive integer. 

 

2.4. Normalized solutions of cutoff equations 

The software package Maple has been used to calculate the solutions of   for the first five 

modes (for values of          ) over a suitable range of    and   , respectively   These 

results are presented below as theoretical design curves.  In order to see the results over a 

suitably large range of    and    respectively, we have used a logarithmic scale.  By 

considering the cut-off frequency equations, the vertical axis of each design curve, being 

represented by  
 

 
 , is proportional to the angular cut-off frequency  .  The horizontal axis 

of each design curve is given by the reciprocal of  either    or   , which is regarded as 

normalized elastance or reluctance, respectively.  The reason for using these reciprocal 

quantities is so that the full range and continuity of the cut-off frequencies can be easily 

illustrated over all effective capacitances and inductances.   Therefore, these design curves 

show how the normalized cut-off frequency varies with the normalized capacitance or 

inductance across the slot, respectively.  Some explanations for these design curves are 

offered in the subsequent section. 
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Figure 2.6: Design curves for loaded capacitances and inductances for Γ=3 

 

 

Figure 2.7: Design curves for loaded capacitances and inductances for Γ=4 
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Figure 2.8: Design curves for loaded capacitances and inductances for Γ=5 

 

 

Figure 2.9: Design curves for loaded capacitances and inductances for Γ=6 

2.5. SSIW with small capacitive loads 

A very small capacitance is equivalent to an open circuit.  Therefore, the SIW slotted with 

a very small capacitance is equivalent to a half mode rectangular waveguide.  Consider the 

quarter cosine waveform which envelopes the electric field pattern of the 1
st
 order mode in 

the half mode rectangular waveguide (illustrated in the following figure).  It now follows 

that an  th
 order mode in this capacitively slotted waveguide has the cut-off frequency of 

an  th
 order mode in a half mode waveguide, where         .  This is  in agreement 
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with the graphs above where   
 

 
  ,   

  

 
  and    

  

 
  as the capacitance      for 

the 1
st
 , 2

nd
 and 3

rd
 order modes respectively, regardless of the choice for  . 

  

 

Figure 2.10:  Transverse Section  of  Electric Field pattern of the 1
st
 order mode in a 

half mode  waveguide 

 

2.6. SSIW with large inductive loads 

A  sufficiently large inductance is equivalent to an open circuit.  Therefore, the SIW slotted 

with a sufficiently large inductance is equivalent to a half mode rectangular waveguide.   

Consider once again the quarter cosine waveform (see Figure 2.10) which envelopes the 

electric field pattern of the 1
st
 order mode in the half mode rectangular waveguide.  By 

observing that this 1
st
 order mode corresponds to all values of       

 

 
 , and by noting that 

there are no solutions in this interval in any of the design curves for normalized reluctance 

given earlier, this particular mode cannot also be a mode of a waveguide slotted with a 

large inductance. 

It follows that an      th
 order mode in this waveguide slotted with a very large 

inductance has the cut-off frequency of an  th
 order mode in a half mode waveguide, where 

        .  This is in agreement with the design curves where   
 

 
 as the inductance 

     for the 1
st
 order modes, irrespective of the choice of  .  Likewise,   

  

 
  and 

  
  

 
  as the inductance      for the 2

nd
 and 3

rd
 order modes respectively, and this is 

also independent of  .    
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2.7. SSIW with large capacitive loads 

If the load across the slot is either an adequately large capacitance or relatively small 

inductance, it behaves more like a short circuit.  As this capacitance is increased, the cut-

off frequency decreases (as demonstrated in the design curves given earlier)  until 

eventually the electric field concentrates itself around the slot, at which point the 

mathematics of our transverse resonance technique breaks down.  In particular, the cut-off 

frequency of the 1
st
 order mode in the SIW slotted with a sufficiently large capacitance 

decreases to almost zero.   

It follows that the cut-off frequency of the  th
 order mode in the SIW slotted with a 

sufficiently large capacitance is equivalent to the cut-off frequency of the      th
 order 

mode in a rectangular waveguide, where         .   

Consider the half cosine waveform which envelopes the electric field pattern of the 1
st
 

order mode in the standard  rectangular waveguide (illustrated  in the following figure). 

 

Figure 2.11:  Transverse Section of Electric field pattern of the 1
st
 order mode in a 

rectangular  waveguide 

 

Defining   to be the transverse axis of the rectangular waveguide with width  , the 

standard condition at cut-off of the      th 
order mode in the rectangular waveguide is 

then given by                , where        , and where   is obtained from 

(2.28) and the wave number    is defined in (2.2).  It follows from the earlier part of the 

argument that the condition at cut-off of the  th 
order mode of the SIW slotted with a 

sufficiently large capacitance is the same as for the      th 
order mode of the rectangular 

waveguide at cut-off, namely that         , where         .  Note that   and   can 
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therefore also be taken to be the  transverse axis and width of this particular slotted SIW 

respectively. 

Note that    is given by (2.2) and that         , since the width of the slot   is 

negligibly small with respect to  . 

Then the condition at cut-off for the  th 
order mode of the SIW slotted with a sufficiently 

large capacitance, where         , is given by 

                         
        
     

 
      

   
 
  

                                            

For example, if     (i.e. considering the 2nd order mode of the slotted SIW), then it 

follows from the last equation that for    ,    
 

 
  for very large capacitances.  Also, if 

   , then for    ,    
 

 
   for very large capacitances. This is in agreement with the 

2nd order mode solution (when       respectively) design curve value for normalized 

frequency for very large capacitances.  By the above equation, we can see, for the 2
nd

 order 

mode, that as   becomes sufficiently large, then, theoretically,      for very large 

capacitances. 

2.8. SSIW with small inductive loads 

If the inductance is very small it behaves more like a short circuit.  Therefore, the SIW 

slotted with a sufficiently small inductance is equivalent to a standard rectangular 

waveguide.  Consider the half cosine waveform which envelopes the electric field pattern 

of the 1
st
 order mode in the standard  rectangular waveguide in the last figure.  This 

particular 1
st
 order mode corresponds to all values of       

 

 
 , and so, by the same 

argument in the section before last, it cannot also be a mode of a waveguide slotted with a 

large inductance. 

It follows that if the cutoff frequency of the      th
 order mode in the SIW slotted with a 

sufficiently small inductance is equivalent to the  th
 order mode in a rectangular 

waveguide, then it is necessary that             .   
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Recall that the right hand side of the inductive cutoff  equation, given by (2.32), is 

negative.  Define   to be the transverse axis of the inductively slotted waveguide.  On the 

grounds of the preceding argument, suppose that the cut-off frequency of the      th
 

order mode in the SIW slotted with a sufficiently small inductance is equivalent to  the  th
 

order mode in a rectangular waveguide, where              .  If this assumption is shown 

to be not strictly correct for all designated values  , then it will be modified accordingly.  It 

follows from this assumption that the condition at cut-off for this slotted waveguide is then 

given by               , where            . 

Then the condition at cut-off for the      th 
order mode of the SIW slotted with a 

sufficiently small inductance, where             , is given by (2.33). 

For example, for    , if     (i.e. considering the 1
st
 order mode of this slotted SIW 

which is equivalent to 2
nd

 order mode of the corresponding rectangular waveguide), then it 

follows from the last equation that    
 

 
  for very small inductances.  This is validated 

by the fact that           
 

 
   (by setting the right hand side of (2.32) to zero) at 

  
 

 
  is shown as the first zero in the positive  -axis of the function         

    
 

 
    in the Cartesian plot below.  This result that   

 

 
  is in agreement with the 

design curve (showing normalized frequency versus normalized inductance) for very small 

inductances in the 1
st
 order mode when    .     

For    , if    , then it follows from (2.33) that   
 

 
  for very small inductances.   

However, for the case with    , setting     does not correspond to the 2
nd

 order mode 

of the SIW slotted with a small inductance in the corresponding design curve (showing 

normalized frequency versus normalized inductance) above.  An explanation for this is 

given as follows.    

A Cartesian plot of the terms in the corresponding inductive cut-off equation for     (as 

shown below) demonstrates that   
 

 
  is in fact an asymptote.  Let        .  By 

considering (2.32), it follows that the condition that            
 

 
      as    

 

 
  is 

satisfied only as      , and not when    is very small (as     ,       coincides with 
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the  -axis in the Cartesian plot below).  Therefore, for the case where    , there exists 

no mode of an SIW slotted with a sufficiently small inductance for which   
 

 
 .     

 

Figure 2.12:   Cartesian plot of left and right hand side terms of the inductive cut-off 

equation for Г=3 and h’= -1. 

Therefore, for    , the instance where     for the SIW slotted with a very small 

inductance must be neglected. It follows by considering periodicity that the standard 

rectangular waveguide has certain modes which do not appear in the SIW loaded with a 

very small inductance. 

For    , if     (i.e. considering the 2
nd

 order mode of this slotted SIW which is 

equivalent to the 4
th

 order mode of the corresponding rectangular waveguide), then it 

follows from (2.33) that    
 

 
  for very small inductances.  This is validated by the fact 

that           
 

 
   at   

 

 
  is shown as the second zero in the positive  -axis of the 

function             
 

 
    in the last Cartesian plot.  This result that   

 

 
  is in 

agreement with the design curve (showing normalized frequency versus normalized 

inductance) for very small inductances in the 2
nd

 order mode when    .   



 
 
 
 
 
 

37 
 

For    , if     (i.e. considering the 3
rd

 order mode of this slotted SIW which is 

equivalent to the 5
th

 order mode of the corresponding rectangular waveguide), then it 

follows from (2.33) that       for very small inductances.  This is validated by the fact 

that           
 

 
   at      is shown as the third zero in the positive  -axis of the 

function             
 

 
    in the last Cartesian plot.  This result that      is in 

agreement with the design curve (showing normalized frequency versus normalized 

inductance) for very small inductances in the 3
rd

 order mode when    .   

Now consider the cases where    . 

For     and      (i.e. considering the 1
st
 order mode of this slotted SIW which is 

equivalent to 2
nd

 order mode of the corresponding rectangular waveguide), then it follows 

from (2.33) that    
 

 
  for very small inductances.  This is validated by the fact that 

          
 

 
   (by setting      in (2.32)) at   

 

 
  is shown as the first zero in the 

positive  -axis of the function             
 

 
    in the Cartesian plot below.  This 

result that   
 

 
  is in agreement with the design curve (showing normalized frequency 

versus normalized inductance) for very small inductances in the 1
st
 order mode when 

   .     

For     and     (i.e. considering the 2
nd

 order mode of this slotted SIW which is 

equivalent to 3
rd

 order mode of the corresponding rectangular waveguide), then it follows 

from (2.33) that    
 

 
  for very small inductances.  This is validated by the fact that 

          
 

 
   (setting      in the inductive cut-off equation) at   

 

 
  is shown 

as the second zero in the positive  -axis of the function             
 

 
    in the 

Cartesian plot below.  This result that   
 

 
  is in agreement with the design curve 

(showing normalized frequency versus normalized inductance) for very small inductances 

in the 2
nd

 order mode when    .    

For     and     (i.e. considering the 3
rd

 order mode of this slotted SIW which is 

equivalent to 4
th

 order mode of the corresponding rectangular waveguide), then it follows 
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from (2.33) that    
  

 
  for very small inductances.  This is validated by the fact that 

          
 

 
   (setting      in the inductive cut-off equation) at   

  

 
  is shown 

as the third zero in the positive  -axis of the function             
 

 
    in the 

Cartesian plot below.  This result that   
  

 
  is in agreement with the design curve 

(showing normalized frequency versus normalized inductance) for very small inductances 

in the 3
rd

 order mode when    .    

 

Figure 2.13:   Cartesian plot of left and right hand side terms of the inductive cut-off 

equation for Г=4 and h’= -1. 

 

2.9. Calculation of load-element capacitances across a slot 

Recall that the cutoff equation for a purely capacitive slot with capacitance    per unit 

length  is given by (2.31).  By substituting (2.2) into (2.31), it is easily seen that 
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                                           =  
 

     
 

 

                                                    

Since   
  

  
 , it follows that 

                                                                    
 

 
   =  

 

     
 

 

                                    

where, by applying (2.2) with (2.28), 

                                                                                                                                          

By noticing that 

                  
 

     
 
 

 
 

      
 

   
     

 
   
    

 
  

   
                                           

for which (2.29) is used to establish the last equality, it now follows easily that 

                                                         
 

 
   =  

  

   
                                                  

from which   can be determined for suitable values of   . 

At the point of cutoff, we have from (2.2) and (2.36) that 

                                                                                                        

where the cutoff frequency is denoted as   .  It follows that 

                                            
 

       
 

 

 
 
  

   
 

 

 
 

 

      
                                      

where we make use of the fact that the phase velocity    is given by  

                                 
 

   
 

 

       
 

 

   
                                                         

for which   is the speed of light in a vacuum. 
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These last equations may therefore be used to obtain calculated predictions for the cutoff 

frequency    over an appropriate range of values of   .  Comparisons of these predictions 

will now be made with those from CST Microwave Studio and HFSS. 

It is mentioned in [6] that in practice the inherent capacitance per unit length of the slot 

(which is referred to as      ) can be taken to be     pF over a distance of   mm, i.e. 

         pF/m.  The slot is loaded with additional capacitance.  This total loaded 

capacitance is the sum of a ladder of identical elemental capacitances, each of which are 

connected across the slot at an interval spacing of     mm apart (along the full length of 

the waveguide) in parallel to one another.  Each load-element capacitance is defined to be 

     .  The total loaded capacitance per unit metre across the slot is therefore given by 

     

 
 , and it can also regarded as being in parallel with       , so that the total capacitance 

per unit metre of the slot is given by  

                                               
     
 

                                          

It follows immediately that   

                                                                                                                    

from which, because the total slot capacitance per unit length    is at least    pF/m in 

practice, it is evident that 

                                                                                                        

in pF.  It follows from the last formula that it is possible to calculate corresponding values 

of       for     (as shown in the table below) which are then used to model specific slotted 

waveguide structures in CST Microwave Studio and HFSS.  
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   (pF/m)       (pF) 

20 0 

100 0.4 

200 0.9 

350 1.65 

500 2.4 

750 3.65 

1000 4.9 

Figure 2.14: Table for loaded capacitances 

It will be demonstrated how CST Microwave Studio and HFSS can be used to predict the 

cut-off frequencies from the subsequent definitions for the values for    in the table above.  

The slotted SIW structures which are considered have width      mm, height   

      mm and relative permittivity        .  Three such waveguide structures are 

considered, namely those with    
 

 
     .   

2.10. Two standard definitions for the cutoff frequency 

The cutoff frequency of microwave devices can be defined in several different ways.  Two 

such cutoff conditions are described in this section, namely the 3dB cutoff frequency and 

the point at which the phase constant   in (2.45) is zero.  These concepts are subsequently 

explained in greater detail. 

i). 3dB cutoff frequency 

In the case of  a filter, the cutoff frequency is usually defined by a 3dB point.  This is 

typically a frequency corresponding to a boundary point where a passband and transition 

band meet for which     is -3dB of the optimum passband value.   

ii). Zero phase constant definition of cutoff frequency 

The complex propagation constant of a plane electromagnetic wave  is defined to be given 

by 
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where          is the attenuation constant (Np/m) and         is the phase constant 

(rad/m).  The cutoff frequency can be defined by setting    .  This is equivalent to the 

condition described in (2.47), and is explained as follows.   

By considering (1.2) , whilst noting that the waveguide is modelled by a lossless structure ,  

it is evident that the propagation constant of a travelling electromagnetic wave is given by  

                                                    
    

                                        

where    is given by (2.9),  so that cutoff condition of     whilst noting (2.11) (from 

which the cutoff frequency    can be determined) also corresponds to the case when 

                                            
   

  

 
 
 

                                                               

This method of evaluating the cutoff frequency at     is employed by HFSS, and it will 

be presented in further detail later.       

2.11. Elimination of the 3dB cutoff frequency definition 

The well-known Helmholtz equation for the electric phasor field (see [1] or [2]) is given by 

                                                                                

which may be derived directly from Maxwell’s equations (as in [1]) . 

Suppose, as in standard notation from [1] or [2], that left hand rectangular      -

coordinates (on axes parallel to the width, height and length of the SIW, respectively) are 

applied.  By considering that the      mode in a rectangular waveguide, the last equation 

may be reduced to  

                        
      

     
                                                                                  

from which it is evident (and indeed well-known from [1] and [2]) that the solution of a 

forward-travelling electromagnetic wave for the time harmonic case at angular frequency 

  is given by 
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where    represents the amplitude coefficient of the electromagnetic wave.  Suppose that 

   represents the length of the waveguide.  By noting that if either   or   are vanishly 

small, then the corresponding frequency  at      is either larger or smaller than the 

cutoff frequency   , respectively.   Hence the S-parameter     is given by 

                                     
               

                                                      

                

  

Hence     depends upon the length    of the waveguide.  Therefore, by taking into 

consideration that the frequency is in fact a continuous parameter, it follows that if the 

cutoff frequency    is defined to be the 3dB point of    , then it would also be determined 

exclusively by the length of the waveguide.  This cannot possibly be correct because the 

length of the loaded SSIW is not being varied.  The fact the cutoff frequency   is not 

related to the length    of the waveguide can be confirmed by the following simple 

example.  Consider two      rectangular waveguides which have the same width      

mm and height         mm , but which differ in length    so that one is    mm long 

and the other is 50 mm.  By taking the standard dielectric constant        , the exact 

value for the cutoff frequency of  each of these waveguides c an be evaluated from (2.11) 

to be 5.05GHz.  The following two figures are HFSS simulations which illustrate how     

varies with frequency in the shorter and longer waveguides, respectively.  Both these S-

parameter graphs support the fact that both waveguides share the same cutoff frequency. 

   

 

 

Figure 2.15: S-parameter plot for SIW of length 25 mm, with a=20mm and 

b=1.575mm. 
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Figure 2.16: S-parameter plot for SIW of length 50 mm, with a=20mm and 

b=1.575mm. 

Hence, the cutoff frequency of a waveguide is not related to its length, and so it cannot be 

defined by the 3dB point of any S-parameter.  Other means of determining the cutoff 

frequency must therefore be sought.    

2.12. Group delay definition for cutoff frequency 

The phase of a propagating electromagnetic wave is given by 

                                                                                                                     

over a distance   along the length of the waveguide.  By considering the classical 

dispersion curve of   against frequency   (which can easily be determined either from 

(1.2) from the introductory chapter or from the Appendix at the end), the cut-off frequency 

corresponds to the point for which 
  

  
 is at its maximum value.  It follows that this instance 

is also one for which the group delay, given by 
  

  
 , is at an infinitely negative value.  In 

other words, the frequency gradient of the phase of the parameter     is at its most 

negative value at the point of cut-off.  The fundamental cutoff frequency is not just 

identified by the group delay.  It also occurs in a region for which the magnitude of     has 

just risen from zero for the first time (and, likewise, the magnitude of     has just started to 

reduce from its maximum value of  ), since electromagnetic fields are radiated from the 

slot at cutoff.  An application of radiative fields from the slot are important in the 

construction of slot antennas which are investigated in [7]-[11].     
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2.13. Modelling specific capacitances across a slot 

The group delay and S-parameter criteria in the preceding section are used to determine the 

cutoff frequency from CST Microwave Studio.  Consider the case where     and 

      pF/m, for which the following two figures are plots from CST Microwave Studio 

of how the magnitude and phase of the S-parameters (namely     and    ) varies with 

frequency respectively.  It is clear that the magnitude of     is rising from zero for the first 

time when the frequency is between 3GHz and 3.5 GHz.  It remains to find exactly where 

in this frequency interval that gradient of the phase of     (i.e. group delay) is at an 

infinitely negative value.  This is the point at which the frequency is approximately 3.09 

GHz.  Hence the cut-off frequency is approximately 3.09 GHz.  It will also be illustrated 

later on that all such estimates of the cutoff frequency from CST are in close agreement 

with those from HFSS.  It is also apparent from the phase plot, that the slotted waveguide 

can behave like a phase shifter. This is treated in more detail in [12]-[18]. 

Figure 2.17: Magnitudes of S-parameters for Г=3, C’ = 20 pF/m 

Figure 2.18: Phase plots of S-parameters for Г=3, C’ = 20 pF/m 

In this way, the cut-off frequencies from CST Microwave Studio for the other values of    

are obtained for       
 

 
.  These cut-off frequencies are shown with the subsequent plots 

of the magnitudes of the S-parameters.  These simulation plots exhibit some degree of 
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ripple because of mismatch effects both below and above cut-off.  However, this does not 

present ant difficulties, since only the cutoff frequencies are of interest.  All the S-

parameter plots that follow should not be regarded as representing the frequency 

characteristics of a working device.  Instead, they signify different regions of operation 

which can be used to provide better understanding the behaviour of the slotted waveguides.  

It should be noted that these loaded waveguides are extremely complicated structures 

which are not easy to analyze.  For instance, by considering the above phase plot of the     

parameter, it is evident that in there is a fast mode region (after the point of capacitive 

cutoff) from 3GHz to 5.5GHz, since the phase varies less rapidly as compared with before.  

Selected S-parameter plots from CST Microwave Studio are shown in the subsequent 

figures along with their respective cutoff frequencies for the waveguide specifications 

given earlier. 

 Figure 2.19: Magnitudes of S-parameters for Г=3, C’ = 100 pF/m 

 

Figure 2.20: Magnitudes of S-parameters for Г=3, C’ = 200 pF/m 
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Figure 2.21: Magnitudes of S-parameters for Г=3, C’ = 500 pF/m 

 

 

Figure 2.22: Magnitudes of S-parameters for Г=3, C’ = 1000 pF/m 

 

 

Figure 2.23: Magnitudes of S-parameters for Г=6, C’ = 20 pF/m 
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Figure 2.24: Magnitudes of S-parameters for Г=6, C’ = 100 pF/m 

 

 

Figure 2.25: Magnitudes of S-parameters for Г=6, C’ = 200 pF/m 

 

 

Figure 2.26: Magnitudes of S-parameters for Г=6, C’ = 500 pF/m 
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Figure 2.27: Magnitudes of S-parameters for Г=6, C’ = 1000 pF/m 

 

 

Figure 2.28: Magnitudes of S-parameters for Г=1.5, C’ = 20 pF/m 

 

 

Figure 2.29: Magnitudes of S-parameters for Г=1.5, C’ = 100 pF/m 
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 Figure 2.30: Magnitudes of S-parameters for Г=1.5, C’ = 200 pF/m 

 

 

Figure 2.31: Magnitudes of S-parameters for Г=1.5, C’ = 500 pF/m 

 

 

Figure 2.32: Magnitudes of S-parameters for Г=1.5, C’ = 1000 pF/m 

The method of evaluating the cutoff frequency by using the zero phase constant definition 

is employed by using an eigenmode solver in HFSS.  This eigenmode solver considers a 

single cell of the periodic structure (sketched in Figure 2.2) and calculates a resonance 

frequency associated with specific phase change on either side of this cell.  The resonant 

frequency for zero phase (for which    ) corresponds to the HFSS estimate of the cutoff 
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frequency of the structure.  Dispersion curves (for the same range of capacitances and 

waveguide structures) from HFSS  are given as follows.       

  

 

Figure 2.33: Dispersion curve from HFSS for SIW with Г=1.5 

 

 

Figure 2.34: Dispersion curve from HFSS for SIW with Г=3 
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Figure 2.35: Dispersion curve from HFSS for SIW with Г=6 

The predictions for the cut-off frequencies of the fundamental mode by both CST 

Microwave Studio and HFSS are in close agreement with those made by the transverse 

resonance technique, as shown in the following three figures.  

 

Figure 2.36: Predictions for cut-off frequency for Г=3 
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Figure 2.37: Predictions for cut-off frequency for Г=6 

 

 

Figure 2.38: Predictions for cut-off frequency for Г=1.5 

 

The following figure shows that the design curves cut-off frequencies for the specified 

values of   are relatively close to one another. 
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Figure 2.39: Predictions for cut-off frequency from transverse resonance technique  

 

Some field plots in a certain interesting case considered above, namely for     and 

  =500pF/m at 1.5GHz (which is just above the cut-off frequency), are presented here.  

The next figure shows the pattern of the component of  electric field which travels from the 

top of the guide to its base.  It is evident from this that the alternating electric field 

oscillates throughout the length of the guide.  

 

Figure 2.40: An aerial view field plot of Ez 0.4mm from the base of the guide for Г=3 

and a slot loaded with C’ = 500 pF/m at 1.5GHz 
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The following figure shows that the cross-sectional electric field vector pattern on the 

incident port of the waveguide is largest when closest to the slot. 

 

Figure 2.41: A cross-sectional E-field plot 5mm inside the incident port of the guide 

for Г=3 and a slot loaded with C’ = 500 pF/m at 1.5GHz 

 

It turns out that the field patterns do not significantly change so much at higher frequencies 

which are close to the next higher order mode.    

2.14. Modelling specific inductances across a slot 

The cut-off equation for a purely inductive slot with inductance    per unit length  is given 

by (2.20), which, by using the expression for     given by (2.2), may be rewritten as 

                                               =   
   

  
 

 

                                     

Since   
  

  
 , it follows that 

                                                      
 

 
   =   
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where         by (2.28) and (2.2). 

By noticing that 

              
   

  
 
 

 
     

 

  
 
      

 

     
 

   

     
 
   

   
                                 

where    
  

  
  by using (2.30), it now follows easily that 

                                                           
 

 
   =  

   

   
                                           

from which   may be determined from suitable values of   . 

By applying (2.39), (2.40) and (2.41) and (2.56) it is possible to obtain the cut-off 

frequency    over an appropriate range of values of   . 

In this way, calculated predictions for the cut-off frequency    are made over an 

appropriate range of values of    from 0.3 pH/m to 300pH/m.  These predictions are 

compared with those from CST Microwave Studio. 

The slot is loaded with an inductance as follows.  This total loaded inductance is the sum 

of a ladder of identical elemental inductances, each of which are connected across the slot 

at an interval spacing of          m apart (along the full length of the waveguide) in 

parallel to one another.  The total number of of these identical elemental inductances over a 

length  , where   is a positive integer multiple of  , is therefore given by 

                                  
 

 
                                          

  Each load-element inductance is defined to be      .  The total loaded inductance per unit 

length   across the slot can be denoted as equivalent to    identical elemental inductances 

in parallel to one another, and so it is given by  

                                    
     
    

                                    

The last two equations then imply that 
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where the length   is set to 1m, so that    represents inductance per unit metre and   

   .  It follows from the last formula that we can calculate corresponding values of       

for     (as shown in the table below) which are then used to model specific inductively 

slotted waveguide structures in CST Microwave Studio and HFSS as before. 

   (pH/m)       (nH) 

0.3 0.06 

3 0.6 

30 6 

100 20 

200 40 

300 60 

Figure 2.42: Table for loaded inductances 

Now both CST Microwave Studio and HFSS is used in the same manner as before to 

predict the cut-off frequencies from the values for    in the table above.  Once again, 

slotted SIW structures with width       mm, height         mm and relative 

permittivity        , are investigated.  The same three waveguide structures are 

considered, namely those with        
 

 
 .  Selected S-parameter plots from CST 

Microwave Studio are shown along with their respective cutoff frequencies as follows. 

 

Figure 2.43: Magnitudes of S-parameters for Г=3, L’ = 0.3 pH/m 
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Figure 2.44: Magnitudes of S-parameters for Г=3, L’ = 3 pH/m 

 

 

Figure 2.45: Magnitudes of S-parameters for Г=3, L’ = 30 pH/m 

 

 Figure 2.46: Magnitudes of S-parameters for Г=3, L’ = 100 pH/m 
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 Figure 2.47: Magnitudes of S-parameters for Г=3, L’ = 200 pH/m 

 

 

Figure 2.48: Magnitudes of S-parameters for Г=6, L’ = 0.3 pH/m 

 

 

Figure 2.49: Magnitudes of S-parameters for Г=6, L’ = 3 pH/m 
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Figure 2.50: Magnitudes of S-parameters for Г=6, L’ = 30 pH/m 

 

 Figure 2.51: Magnitudes of S-parameters for Г=6, L’ = 200 pH/m 

 

 

 

Figure 2.52: Magnitudes of S-parameters for Г=6, L’ = 300 pH/m 
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Figure 2.53: Magnitudes of S-parameters for Г=1.5, L’ = 0.3 pH/m 

 

 

Figure 2.54: Magnitudes of S-parameters for Г=1.5, L’ = 3 pH/m 

 

 

Figure 2.55: Magnitudes of S-parameters for Г=1.5, L’ = 30 pH/m 
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 Figure 2.56: Magnitudes of S-parameters for Г=1.5, L’ = 200 pH/m 

 

 

Figure 2.57: Magnitudes of S-parameters for Г=1.5, L’ = 300 pH/m 

The corresponding dispersion curves from HFSS, which are  obtained in the same manner 

as before, are provided in the following figures.  Recall that the cutoff frequency estimate 

from HFSS is obtained by considering    .  

 

Figure 2.58: Dispersion curves from HFSS for Г=1.5 
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Figure 2.59: Dispersion curves from HFSS for Г=3 

 

Figure 2.60: Dispersion curves from HFSS for Г=6 

 

The next three figures show the comparison between the predictions from our transverse 

resonance technique and the discrete values for the cut-off frequencies (shown in the 
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of       
 

 
 .  One shortcoming on solely relying on the data from CST Microwave Studio 

and HFSS is that, being discrete, they are few and far between.  In other words, it is 

imperative that we should use our method for calculated predictions in order to establish 

the proper shape of the design curves that follow.   

       

 

 

Figure 2.61: Cut-off frequency against inductance across slot in for Г=3 
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Figure 2.62: Cut-off frequency against inductance across slot in for Г=6 

 

 

Figure 2.63: Cut-off frequency against inductance across slot in for Г=1.5 

 

Unlike the calculated forecasts which consider  theoretically purely inductively loaded 

slots, the CST Microwave Studio results take into account that, in practice, the slot itself 

has a slight inherent capacitance.  This explains why the cut-off frequency predictions 

obtained from simulations are slightly lower than those calculated from the transverse 

resonance technique.  However, it is readily observed from the preceding graphs that this 

relatively small inherent capacitance of the slot has little effect, since there is appreciably 

close agreement between both categories of predictions.   

Consider the case where       .  In this instance,  the calculated predictions demonstrate 

that the first order mode applies for inductances per unit length which exceed 

approximately 25pH/m. For inductances per unit length below 25pH/m, our calculated 

predictions demonstrate that there is a higher order mode for which the cut-off frequency is 

in the range from 6-8GHz, which is readily apparent from the last graph.  Both the 

existence and nature of this higher order mode is not so easily ascertained by using the data 

from CST Microwave studio alone.  It may therefore be pointed out that this is an instance 

for which the calculated results can be used provide considerable assistance in effectively 
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interpreting the limited discrete data obtained from CST Microwave Studio and HFSS.  

The following graph shows the design curve predictions from our transverse resonance 

technique for the cut-off frequencies for the specified values of   over a range of 

inductances per unit length from 0.3 pH/m to 300pH/m. 

Figure 2.64: Predictions of cut-off frequency against inductance across slot from 

transverse resonance technique   

 

We now consider looking at some field plots in a certain interesting case considered above, 

namely for     and   =30pH/m at 4.25GHz (which is just above the cut-off frequency).  

The next figure shows the pattern of the component of  electric field which travels from the 

top of the guide to its base.  It is evident from this that the alternating electric field 

oscillates throughout the length of the guide.  
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Figure 2.65: An aerial view field plot of when Ez is 0.4mm from the base of the guide 

for Г=3 and a slot loaded with L’ = 30 pH/m at 4.25 GHz 

The following figure shows the alternating electric field vector pattern along the length of 

the waveguide. 

 

Figure 2.66: An aerial view E-field plot from the base of the guide for Г=3 and a slot 

loaded with L’ = 30 pH/m at 4.25 GHz 
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Figure 2.67: A cross sectional E-field plot 5mm inside the incident port of the guide 

for Г=3 and a slot loaded with L’ = 30 pH/m at 4.25GHz 

 

From the above cross-sectional view of  the incident port of the waveguide, it is evident 

that the electric field is largely centred around the slot. 

It turns out that the field patterns do not significantly change so much at higher frequencies 

which are close to the next higher order mode. 

2.15. Towards a bandpass waveguide filter 

The cutoff frequencies of SIW structures are of paramount importance in the construction 

of filters, as shown in [19]-[26].  In this section, a structure which holds some 

characteristics of a rudimentary bandpass filter is designed by considering a slotted SIW of 

the same dimensions as those in the previous section with    , except that each load 

element across the slot consists of an inductance of 1.4nH in series with a capacitance of 

1.13pF.  The load elements are places at a distance of 5mm apart, as before.  The estimates 

from CST Microwave Studio for the S-parameters of this structure are shown below. 
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Figure 2.68: Magnitudes and phases of S-parameters for an unmatched bandpass 

waveguide filter structure 
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As exhibited in the S-parameter plots above, the waveguide filter has both lower and 

higher cut-off frequencies.  These correspond to a capacitive cutoff for the lower frequency 

(at 1.68 GHz) and an inductive cut-off for the higher one (at 4.90 GHz).  The lower cutoff 

frequency is capacitive because the load-element capacitance of 1.13pF is close to a 

capacitance per unit length        pF/m (which corresponds to a load-element 

capacitance of 0.9pF from Fig. 2.11 in the previous section) for which the cutoff frequency 

is roughly 1.6 GHz according to the calculated predictions in Fig. 2.28.  The upper cutoff 

frequency is inductive because the load-element inductance is 1.4nH which is close to an 

inductance per unit length      pH/m (which corresponds to a inductance of 0.6nH from 

Fig. 2.39 in the previous section) for which the cut-off frequency is just under 5 GHz 

according to the calculated predictions in Fig. 2.52.  This means that the load is 

predominantly capacitive for lower frequencies in the range of 1.7-3 GHz until it starts to 

become mostly inductive at frequencies approaching 5 GHz.  There is a point where the 

impedance is zero (i.e. neither capacitive nor inductive) at resonance so that the guide is 

short circuited, resulting in a sharp dip in the magnitude of     in the range from 3-4 GHz 

just before it picks up again in the inductive region.  By looking at these S-parameter 

characteristics, this structure appears to exhibit some characteristics of a novel bandpass 

filter that is constructed differently from other ways (as proposed in [19]-[23]).  However, 

the excessive ripples in the S-parameter magnitudes indicate the guide is mismatched.  In 

particular, in the range from 1.5 GHz to 3 GHz, the magnitude of     goes down to well 

under -5dB.  Ideally, the magnitude of     should never be above -10dB over the entire 

frequency band in order for the structure to be properly matched.  This major shortcoming 

demonstrates that this kind of structure is better suited for a narrow band device than for a 

bandpass filter. 

It should also be noted from both the preceding S-parameter plots this ought to be regarded 

as a complicated waveguide structure which exhibits different regions of operation with 

important physical characteristics, rather than just a microwave device.  It is evident from 

the last S-parameter phase plot that the phase constant β varies very rapidly with frequency 

in the region from 3.25 GHz to 4.25 GHz.  As β varies very rapidly, the wavelength 

increases and the phase velocity decreases, so that the bandwidth from 3.25 GHz to 4.25 

GHz corresponds to a slow mode region.  This slow mode region occurs just before the 
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point of the upper cutoff frequency (due to the inductive load) at 4.9 GHz, as confirmed by 

the following HFSS plot, in which the phase φ varies very rapidly over a very small 

bandwidth when it is close to the inductive cutoff frequency. 

 

Figure 2.69: HFSS estimate of dispersion characteristics of slotted SIW with a 1.4nH 

load element inductance  

This waveguide filter structure can be better matched by changing the load element 

capacitance to 0.5 pF and the load element inductance to 0.4 nH, and increasing the 

thickness   from 1.575mm to 30mm.  The resulting S-parameter plots for this improved 

bandpass filter structure are shown as follows. 
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Figure 2.70: Magnitudes and phases of S-parameters for an improved bandpass 

waveguide filter structure 

         It can be observed from the above phase plot that there is a slow mode region from 

approximately 6 GHz to 8 GHz.  It is worth noting that     remains below -10dB from 1 

GHz to 5 GHz.  It is therefore evident from the last plot of the S-parameter magnitudes that 

the new structure is better matched than in the previous case.       
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2.16. Two-port tuneable waveguide resonator 

 

Figure 2.71: Structure of two-port SIW resonator 

Cavity resonators are explained in detail in [1] and [2], and have been used to design 

microwave filters in [27] and [28].  The design for a tuneable waveguide resonator is 

provided in this section as follows.  A slotted SIW structure is loaded with a series of 

lumped reactive elements across its slot.  Each load element consists of an inductor and a 

capacitor in series with each other.  As before, the horizontal distance from each sidewall 

to the boundary of the slot of width      mm is given by    and    respectively, such 

that the longer cross-sectional length is denoted as   .   

If the length of the waveguide (parallel to the direction of propagation) is excessively 

large, then unwanted higher order longitudinal resonances are produced.  It is therefore 

necessary to reduce the length of the waveguide to avoid any such disturbances.  For this 

reason, it has been found that the length of the waveguide should be set to be equal to 

10mm.  Since the distance between load elements is given by    mm (as before), it 

follows that three load elements are used across the slot.   

The design of this structure also involves using a rectangular microstrip feed joined to a 

triangular taper at both ends, as illustrated in the preceding figure.  The feedlines and 

tapers are embedded in the dielectric substrate.   The length and width of the microstrip 
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feed are denoted    and   , respectively.  Similarly, the perpendicular length and 

maximum width of the taper are denoted    and   , respectively.  The values for these 

parameters are selected (see the subsequent table) so that the characteristic impedance of 

the microstrip feed is very close to 50Ω.  It is assumed without loss of generality that the 

cross-sectional distance from the left sidewall to the slot is given by   .  The offset 

displacement   is defined to be the horizontal distance from the left sidewall to the end of 

the microstrip feed, i.e. the shortest distance between the slot and the microstrip feed is 

given by     .  

It transpires that if the offset displacement is sufficiently large, so that the microstrip feed 

is very close to the slot, then the structure becomes resonator at certain frequencies 

depending on the load elemental inductance and capacitance.  The actual sizes of the 

measurements used to construct the two-port antenna are shown in the following table. 

 

                     Parameter                     Length (mm) 

                          24 

                         1.575 

                          5 

                         0.5 

                        14.5 

                       13.75 

                          20 

                          15 

                           2 

                           2 

             

Figure 2.72: Measurements of parameters in two-port SIW resonator 

The condition for resonance of the fundamental (i.e. first order) mode occurs at the lowest 

frequency for which that a standing electromagnetic wave is produced in the waveguide 
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structure.  It follows that the resonant frequency corresponds to the point at which the     

characteristic dips below at least 10dB and also when     is very close to zero. 

The value for the load element inductance is permanently set to 0.9nH, as before in the 

previous section.  The load element capacitance, which is placed in series with each load 

element inductance, is varied from 2.2pF down to 1.3 pF.  In this way, the resonant 

frequency can be finely tuned from 1 GHz to almost 1.3 GHz, as shown in the following S-

parameter plots predicted by CST Microwave Studio for an SIW with 3 load elements.  

Note that, in each of these subsequent plots, a marker is used to identify the unique 

fundamental resonant frequency for a given capacitance over a range of approximately 

300MHz).   

 

 Figure 2.73: Magnitudes of S-parameters with a load element capacitance of 2.2pF 

 

 Figure 2.74: Magnitudes of S-parameters with a load element capacitance of 2.1pF 
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 Figure 2.75: Magnitudes of S-parameters with a load element capacitance of 2.0pF 

 

 Figure 2.76: Magnitudes of S-parameters with a load element capacitance of 1.9pF 

 

 Figure 2.77: Magnitudes of S-parameters with a load element capacitance of 1.8pF 

 

 Figure 2.78: Magnitudes of S-parameters with a load element capacitance of 1.7pF 
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 Figure 2.79: Magnitudes of S-parameters with a load element capacitance of 1.6pF 

 

 Figure 2.80: Magnitudes of S-parameters with a load element capacitance of 1.5pF 

 

 Figure 2.81: Magnitudes of S-parameters with a load element capacitance of 1.4pF 
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 Figure 2.82: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

It was noted earlier that a longer waveguide containing more load elements would produce 

multiple longitudinal resonances.  This is illustrated in the following plot, for which the 

length of the waveguide is doubled to    mm, so that the number of load elements (each of 

which consists of an inductor in series with a capacitance of the same specifications as 

before) is increased from three to five.  It is easily observed from this plot with a longer 

waveguide that there exist three resonant frequencies between 1GHz to 2.2GHz, and that 

the envelope pattern that can be traced from these resonant peaks of the     curve forms 

the plateau of what would be the characteristic of a bandpass filter.  However, as in the 

case of the previous section, this type of periodic structure falls short of being a workable 

bandpass filter, even though it shares some close similarities.   

 

Figure 2.83: Magnitudes of S-parameters with a load element capacitance of 1.2pF in 

an SIW of length 20mm with 5 load elements 

 

This tuneable resonator could be used in a feedback loop in a voltage controlled oscillator, 

which is a mandatory component in nearly all receivers and transmitters.  Since this 
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resonator can be finely tuned with load capacitances, it follows that the oscillator 

frequency can be adjusted to a high degree of accuracy.  

2.17. The difficulties associated with a two-port tuneable 

narrow-band antenna 

The same structure that was used in the previous section (from Figures 2.61 and 2.62) is 

used again here with the waveguide length being 24mm, with the exception that the offset 

displacement of the microstrip feed, which is denoted as  , is much smaller.  In other 

words, the microstrip feed and taper are placed further away from the slot and closer to the 

left waveguide wall.  This allows the slot to radiate an electric field.  It follows from 

Collier [29] that the S-parameters in a two-port network are given by 

                                                    
      
      

  
 

     
 
     
     

   ,    (2.60) 

where the characteristic admittance    must be equal to the shunt admittance   for the 

network to be properly matched, in which case           dB and           dB.  It 

follows that these S-parameter values need to be satisfied during resonance in order for the 

structure to behave as a properly matched antenna.  However, it can be determined from all 

the remaining plots in this section that both these ideal S-parameter values cannot be 

simultaneously satisfied at the resonant frequency by using the afore-mentioned two-port 

tapered structure from Figure 2.61.  It follows that a single-port structure is far better suited 

to being a matched antenna, because only one S-parameter would need to be satisfied.  The 

following set of S-parameter plots show the fundamental resonant frequency when the load 

element capacitance is set to 1.3pF, whilst keeping the load element inductance at 0.9nH, 

and the offset displacement   (of the microstrip feed) is varied from 3.5 mm to 4.45 mm.       
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 Figure 2.84: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=3.5 mm 

 

 

Figure 2.85: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=3.75 mm 

 

 

 Figure 2.86: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=4 mm 
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 Figure 2.87: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=4.25 mm 

 

 Figure 2.88: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=4.4 mm 

 

 

Figure 2.89: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=4.45 mm 

 

It is easily seen from the last few S-parameter plots that the desired pair of S-parameter 

values is not quite achievable with a load element capacitance of 1.3pF.  If the load 

element capacitance is varied from 1.2pF to 0.9 pF, the resonant frequency can continue to 
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be adjusted, but the desired valued of the S-parameters is not satisfactorily obtained, as 

shown in the following plots.   

 Figure 2.90: Magnitudes of S-parameters with a load element capacitance of 1.2pF 

with r=4.45 mm 

 

 

Figure 2.91: Magnitudes of S-parameters with a load element capacitance of 1.1pF 

with r=4.45 mm 

 Figure 2.92: Magnitudes of S-parameters with a load element capacitance of 1pF 

with r=4.45 mm 
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 Figure 2.93: Magnitudes of S-parameters with a load element capacitance of 0.9pF 

with r=4.45 mm 

If the offset displacement is increased slightly to 4.5mm and the load element capacitance 

is restored to 1.3pF,  then the structure is almost matched, as shown by the S-parameters at 

the resonant frequency of 1.28GHz in the plot below. 

 

Figure 2.94: Magnitudes of S-parameters with a load element capacitance of 1.3pF 

with r=4.5 mm 

 It can be concluded from all the plots in this section that it is not possible to produce a 

matched tuneable antenna by simply adjusting the load capacitance in the proposed two-

port structure. 
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2.18. A tuneable single-port narrow-band antenna 

 

Figure 2.95: Structure of single-port antenna 

Some recent SIW antenna applications are outlined in [30]-[34].  The design for a single-

port waveguide is provided in this section is modelled with CST Microwave Studio as 

follows.  Its structure, as shown in the preceding figure, is based on the two-port structure 

discussed earlier and is due to appear in a forthcoming paper.  The slotted SIW structure is 

loaded with a series of lumped reactive elements across its slot so that.  Each load element 

consists of a 0.9nH inductor and a capacitor in series with each other.  The horizontal 

distance from each sidewall to the boundary of the slot of width      mm is given by    

and    respectively, such that the longer cross-sectional length         mm.   

 The length of the waveguide    is set at 20mm in order to dispense with any unwanted 

higher order longitudinal resonances.  Since the distance between load elements is given by 

   mm (as before), it follows (see the preceding figure) that four load elements are used 

across the slot. 

The principal modification of this structure also involves using only one single rectangular 

microstrip feed without any taper structure, as illustrated in the preceding figure.  As 

before, the offset displacement   is defined to be the horizontal distance from the left 

sidewall to the end of the microstrip feed.  
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It transpires that if the microstrip feed is not close to the slot, then the structure radiates at 

certain frequencies.  The offset displacement is set at    5mm.  The actual sizes of the 

measurements used to construct the two-port antenna are shown in the following table. 

                     Parameter                     Length (mm) 

                          20 

                         1.575 

                          5 

                         0.4 

                        10.1 

                          5 

                          10 

                          2.5 

                          20 

Figure 2.96: Measurements of parameters in tuneable single port SIW antenna 

 

It was pointed out in the previous section that it is easier to match a device with one port.  

In other words, it is necessary to ensure that     reaches a value below -10 dB in order for 

the structure to be properly matched.  This requirement is satisfied by using loaded 

capacitances varying from 0.5pF to 1.2pF to finely tune a very large range of resonant 

frequencies from approximately 3GHz to 3.8GHz, as shown in the subsequent plots. 

As an initial example, consider the structure with a loaded capacitance of 0.5pF for which 

the following S-parameter plot from CST Microwave Studio indicates the cutoff frequency 

is 3.8462 GHz.  This fundamental resonant frequency is obtained in exactly the same 

manner as before with the resonator example, so that it is the smallest frequency for which 

the magnitude of     dips to its lowest value.  The 10dB operational bandwidth of the 

antenna is determined by finding the difference of the two boundary values of the 

frequency (between which the point of cutoff exists) for which     reaches -10 dB.  In the 

case of the following plot (for which the loaded capacitance is 0.5 pF), these two boundary 

values are given by 3.7906 GHz and 3.9013 GHz , so that the operational bandwidth, 
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which is equal to their difference, is given by 0.1107 GHz .  All these values of frequency 

are listed in the subsequent table.        

  

Figure 2.97: Magnitudes of S-parameters with a load element capacitance of 0.5pF 

 

The next figure shows a how the     parameter varies with load element capacitances from 

0.5 pF to 1.2pF.  The cutoff frequency (i.e. the resonant frequency at which the waveguide 

antenna radiates) of the waveguide structure is tuneable over the range from 3GHz to 

3.8GHz.  This is an exceptionally large range for a tuneable antenna and it is appreciably 

close to the standard wi-fi channel frequency at 2.5GHz.  The fact that the     parameter at 

each of the fundamental cutoff frequencies is less than -10dB (as shown in the following 

plot) is a mandatory requirement, so that the reflection is sufficiently small in order for 

enough energy to be radiated by the antenna.       
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Figure 2.98: Magnitudes of S-parameters for various load element capacitances 

 

It is important for a tuneable antenna to have a narrow band of operation.  A conventional 

system usually consists of a broadband antenna followed by a tuneable filter, so that it is 

possible to select the desirable resonant frequency which is required by the antenna.  

However, this novel antenna structure has the facility to perform the tuning without using 

an additional filter.  This tuneable novel antenna therefore allows for the specific choice of 

one of several different channels over a range of almost 1GHz.  It is clear from the 

subsequent table that the 10dB operational frequency bandwidth (i.e. the width of the 

resonant peak of the     parameter at -10dB) is tens of MHz. 
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Load element 

capacitance 

across  

slot  

(pF) 

Lower 

Fundamental 

10dB 

Frequency 

(GHz) 

Cutoff 

Frequency of 

Fundamental 

Mode  

(GHz) 

Upper  

Fundamental 

10dB 

Frequency 

(GHz) 

10dB 

Operational 

Frequency 

Bandwidth 

(GHz) 

0.50 3.7906 3.8462 3.9013 0.1107 

0.55 3.7189 3.7746 3.8296 0.1107 

0.60 3.6537 3.7029 3.7515 0.0978 

0.65 3.5886 3.6378 3.6863 0.0977 

0.70 3.5365 3.5821 3.6342 0.0977 

0.75 3.4779 3.5235 3.5625 0.0846 

0.80 3.4192 3.4583 3.5039 0.0847 

0.85 3.3606 3.4062 3.4453 0.0847 

0.90 3.3215 3.3576 3.3866 0.0651 

0.95 3.2694 3.3020 3.3310 0.0616 

1.00 3.2173 3.2498 3.2694 0.0621 

1.05 3.1717 3.1977 3.2238 0.0621 

1.10 3.1261 3.1521 3.1717 0.0456 

1.15 3.0805 3.1065 3.1261 0.0456 

1.20 3.0349 3.0609 3.0805 0.0456 

Figure 2.99: Operational frequency table over range of load element capacitances  

 

The following graphs use the data from the table to illustrate that both the operational 

frequency bandwidth and the resonant frequency decrease as the capacitance is increased 

over a range from 0.5pF to 1.2 pF. 
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Figure 2.100: Operational frequency bandwidth vs. load element capacitance 

A straight line of best fit is used to show that the operational frequency bandwidth of the 

antenna falls rather rapidly over a relatively small range of load element capacitances.    

It is evident that the relationship between the resonant frequency and the load element 

capacitance is very close to being a linear one.  This demonstrates that it relatively easy to 

finely tune the resonant frequency at which the antenna radiates.   
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Figure 2.101: Operational frequency bandwidth vs. load element capacitance 

The following field plot at the resonant frequency of 3.06 GHz illustrates an aerial view of 

the electric field at a position roughly equidistant from the top and base of the waveguide 

when the load element capacitance is 1.2pF.      

 

Figure 2.102: Aerial view field plot (at cutoff) of the magnitude of the E-field at a 

position 0.7mm above the base of SSIW antenna with a load element capacitance of 

1.2pF. 
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The subsequent cross-sectional plot shows the electric field vector at the resonant 

frequency of the same SSIW structure, for which the load element capacitance is 1.2pF. 

 

Figure 2.103: Cross-sectional vector plot (at cutoff) of E-field in the SSIW antenna 

with a load element capacitance of 1.2pF. 

Both the preceding field plots demonstrate that the electric field is concentrated across the 

slot region at resonance.  The next figure is a farfield plot  of the electric field in the same 

SSIW antenna structure at the resonant frequency.  The total efficiency of the antenna is 

given by the proportion of the radiated power with respect to the input power.  It is evident 

from this farfield plot that both the total and radiation efficiency are close to -3dB, so that 

the antenna is reasonably efficient.      
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Figure 2.104: Farfield plot at cutoff of the magnitude of the E-field in the SSIW 

antenna with a load element capacitance of 1.2pF. 

 

If the load element capacitance is reduced to 0.5pF, the SSIW antenna is even more 

efficient because both the total and radiation efficiency are roughly -2dB.  Any load 

capacitance over the specified range between 0.5pF and 1.2pF corresponds to efficiencies 

between -2dB and -3dB.  Also, any value of efficiency which does not dip below -6dB is 

desirable, though technically, an antenna with low efficiency may be compensated by 

using a larger value of input power.     
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Figure 2.105: Farfield plot at cutoff of the magnitude of the E-field in the SSIW 

antenna with a load element capacitance of 0.5pF. 

 

The next field plot at the resonant frequency of 3.85 GHz illustrates an aerial view of the 

electric field at a position roughly equidistant from the top and base of the waveguide 

when the load element capacitance is reduced 0.5pF. 

This plot suggests that the field becomes less concentrated if the load element capacitance 

is reduced.     
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Figure 2.106: Aerial view field plot (at cutoff) of the magnitude of the E-field at a 

position 0.7mm above the base of SSIW antenna with a load element capacitance of 

0.5pF. 

Bearing in mind that a capacitor stores an electric field so that, with two parallel plates, it 

is similar to a patch antenna, it follows that any capacitance radiates to a certain extent.  It 

is evident from this that the field becomes more concentrated if the load element 

capacitance is increased.  This explains why the SSIW antenna structure does not radiate as 

efficiently for larger capacitances.  It follows that the tuneable SSIW antenna loses 

bandwidth and efficiency if the load element capacitance is too large.  Consequently, there 

is an inevitable a trade off between tuneability and efficiency. 

2.19. Summary 

It has been established that a transverse resonance technique can be used to understand the 

characteristics of the cutoff frequencies for the first several modes over the full range of 

normalized loaded capacitances and inductances for slotted SIW structures.  In particular, 

this technique has been used to assist with the explanation of the calculations for cutoff 

frequencies when very large and very small inductances and capacitances are used to load 

the slot. 

This transverse resonance technique is then used to calculate specific cutoff frequencies of 

the fundamental mode for slotted SIWs loaded with a range of actual capacitances and 
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inductances.  These estimates of cutoff frequencies  compare well with those from 

simulations in both CST Microwave Studio and HFSS, for which the cutoff frequency is 

found by using the group delay definition from S-parameters and setting the phase to zero, 

respectively.  The transverse resonance technique is of great importance because it can 

provide a whole range of cutoff frequencies as a continuous function, unlike the simulation 

packages which can only evaluate discrete cutoff frequencies one at a time.   

It is clear from the S-parameter plots (from CST Microwave Studio) of these waveguide 

structures are much better suited to the design of narrow band devices.  Dispersion curves 

obtained from HFSS illustrate the relationship between the phase and the corresponding 

frequency, and it is evident from these results that the frequencies for sufficiently large 

phase values are changed much more by load capacitances than by load inductances, 

especially when the slot is closer to the centre of the waveguide.  It is also apparent from 

these dispersion characteristics that the cutoff frequencies (which correspond to a phase 

value of zero) are closer to one another for SIWs loaded with  inductances rather than with 

capacitances, particularly when the slot is closer to the centre of the waveguide.          

This work on establishing cutoff frequency is subsequently used to attempt to design a 

slotted SIW structure (with a load capacitance and load inductance in series) which 

exhibits distinctive features of a bandpass waveguide filter, which is better matched by 

increasing the thickness of the SIW to 3mm.  However, the associated S-parameter phase 

plots are useful in providing greater understanding of the behaviour of this structure in 

terms of fast modes and slow modes.   This confirms earlier S-parameter plots from CST 

Microwave Studio that loaded SIWs are better suited for the construction of narrow band 

devices.    

This provides the motivation for the novel design of two devices, namely a two-port 

tuneable waveguide resonator which can be adjusted over a frequency interval of 300 GHz, 

and a single port tuneable narrow band antenna which functions over a large operational 

bandwidth of almost 1 GHz.  It is also explained why a two port tuneable antenna cannot 

be designed with these types of loaded SIWs.  Both these narrow band devices are finely 

tuned by using loaded capacitances.  This antenna in particular is the subject of a 

forthcoming publication.            
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3. Transverse Resonance Technique for slotted HMSIW 

 

3.1. Introduction 

In this chapter, the transverse resonance technique is applied to the slotted half mode 

substrate integrated waveguide (HMSIW) to determine its cutoff frequency.  As it will be 

seen, the design and operation of the HMSIW  is related to the full rectangular SIW.  

However, as before, it is much easier to consider its equivalent circuit model for its design 

analysis, rather than to use  analytic techniques involving electric field calculations that 

appear in the standard textbooks [1]-[5] on the subject.  Ever since its introduction in 2006 

[6],  the versatility of the HMSIW has created the opportunity for it to be easily employed in 

many different applications.  Such devices include antennas [7]-[12], circular cavities [13]-

[14], couplers [15]-[16], filters [17]-[18] and switches [19]. 

The format of this chapter resembles that of the previous one.  However many of the results 

for the HMSIW are shown to exhibit contrasting characteristics which correspond to that of 

the SIW. 

3.2. Background theory 

By considering the equivalent circuit model of the slotted HMSIW (shown as follows),  it is 

assumed that the transmission line is terminated with an open circuit at one end. 
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Figure 3.1:  Equivalent circuit model of slotted HMSIW 

 

In other words, consider assigning             for the end where the input impedance is 

      and set             for the other end where the input impedance is      . 

By using the fact that the input  impedance of a lossless terminated line is given by 

                                   
                
                

             

 it follows that 

                                                                                                                   

                                               
   

         
                                                          

Since                                                                                                              

it may be deduced that  

                                                          
   

         
                                      

If      , then  
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                                                 = 
 

  
  

 

         
                                             

Note that if the slot is being modelled by a capacitance C , then set 

                       
 

  
                                                                 

Note that if the slot is being modelled by an inductance L , then set 

                                                                                          

 

By substituting (2.10) and (3.7) into (3.6), it follows that the cut-off equation for a capacitive 

impedance is given by 

                                                 =  
 

    
 

 

           
                                  

and, by substituting (2.10) and (3.8) into (3.6), it follows that the cut-off equation for an 

inductive impedance is given by      

                                                               =  
  

  
 

 

           
                                

3.3. Capacitive cutoff equation for a HMSIW 

Let C’ be the capacitance per unit length.  Then for a distance d along the length of the slot, 

the total capacitance and total inductance across the slot is given by   

                                                                                                                               

and 

                                                                                                                                

for the purely capacitively and inductively loaded HMSIWs respectively.  

Then, by substituting (2.23) into (3.9) and into (3.10), the cut-off equations for a purely 

capacitive and purely inductive impedance in a HMSIW are given by 
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                                           =  
 

     
 

 

 
 

          
                                                     

and 

                                         =  
   

  
 

 

 
 

          
                                                         

respectively, where the angular cut-off frequency is given by  . 

The respective cut-off equations for a purely capacitive and purely inductive impedance can 

be rewritten by substituting (2.28), (2.29) and (2.30) into both (3.13) and (3.14), and are 

given by 

                                                                               
 

    
 

 

  =  
 

   
                                              

                                                                               
 

    
 

 

 =                                                  

where   
  

  
 , and  ,   ,    represent normalized parameters of frequency, capacitance and 

inductance, respectively.  Since these cut-off equations for the HMSIW are  transcendental, 

they can only be solved numerically.  In order to find the solutions of this equation, it is 

necessary to locate intervals of   inside which possible solutions may exist. 

3.4. Normalized solutions of the capacitive cut-off equation 

for the HMSIW 

Maple software has been used once again  to calculate the solutions of   for the first five 

modes over a suitable range of    for values of             These results are presented  

below  as theoretical design curves.  In order to see the results over a suitably large ranges of 

   and    , a logarithmic scale is employed. 

By considering the capacitive cut-off equation for a HMSIW, the vertical axis of each design 

curve, being in units of  
 

 
 , is proportional to the angular cut-off frequency   by (2.28).  The 

horizontal axis of each design curve is given by the reciprocal of  either    or   , which is 
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regarded as normalized elastance or reluctance, respectively.  Some explanations for these 

design curves are provided in the subsequent sections. 

 

Figure 3.2: HMSIW design curves for loaded capacitances and inductances for Γ=3 

 

 

 

Figure 3.3: HMSIW design curves for loaded capacitances and inductances for Γ=4 
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Figure 3.4: HMSIW design curves for loaded capacitances and inductances for Γ=5 

 

 

Figure 3.5: HMSIW design curves for loaded capacitances and inductances for Γ=6 

 

3.5. Small capacitances for the capacitive cut-off equation 

If the capacitance is very small, it is equivalent to an open circuit.  It follows that the HMSIW 

slotted with a very small capacitance has the cut-off frequency of a standard half mode 
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waveguide.  This is shown in the graphs above where   
 

 
 ,   

  

 
   and    

  

 
   as the 

capacitance     for the 1
st
 , 2

nd
 and 3

rd
 order modes respectively, for any value of  . 

3.6. Large capacitances for the capacitive cut-off equation 

If the capacitance is sufficiently large it behaves more like a short circuit.   

Therefore, the HMSIW slotted with a sufficiently large capacitance is equivalent to a 

standard half mode waveguide.   

As the capacitance is increased, the cut-off frequency of the 1
st
 order mode decreases to 

almost zero  until eventually the E-field concentrates itself around the slot, at which point the 

mathematics of our transverse resonance technique breaks down. 

Consider the quarter cosine waveform which envelopes the electric field pattern of the 1
st
 

order mode in the standard  half mode waveguide, as shown in Figure 2.10.   

It follows that the cut-off frequency of the  th
 order mode in the SIW slotted with a 

sufficiently large capacitance is equivalent to the cut-off frequency of the       th
 order 

mode in a half mode waveguide, where         .  For simplicity, the non-existent even 

order modes are counted as modes of the standard half mode waveguide by definition. 

Defining   to be the transverse axis of the SIW slotted with a sufficiently large capacitance, 

the standard condition at cut-off for this SIW is then given by               
 

 
   , 

where        , where   is given by (2.28), and where the wave number    is defined in 

(2.2) and         (since the slot width is negligible in comparison to the guide width  ). 

Then the condition at cut-off is given by  

                    
      

 
   

     
 
      

 
 

   
 
  

                         

For example, if     (i.e. considering the 2nd order mode), then it follows from the last 

equation that for    ,    
 

 
  for very large capacitances.  Also, if    , then for    , 

   
  

  
   for very large capacitances. This is in agreement with the 2nd order mode solution 
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(when       respectively) design curve values for normalized frequency for very large 

capacitances.  By the above equation, we can see, for the 2nd order mode, that as   becomes 

sufficiently large, then, theoretically,    
  

 
  for very large capacitances. 

3.7. Large inductances for the inductive cut-off equation 

If the inductance is very large it behaves more like an open circuit.  For         , the  th
 

order mode of the HMSIW loaded with a large inductance has the cut-off frequency of the 

     th
 mode in in a conventional half mode waveguide.  As the inductance is increased, 

the cut-off frequency of the 1
st
 mode decreases to almost zero  until eventually the E-field 

concentrates itself around the slot, at which point the mathematics of our transverse 

resonance technique breaks down.   

The results for inductance in the graphs above can therefore be confirmed by considering the 

corresponding modes in the basic half mode waveguide.    

For instance     as the inductance     for the 1
st
 order modes of the slotted HMSIW, 

irrespective of the choice of  .  Also    
 

 
 and   

  

 
 as the inductance     for the 2

nd
 

and 3
rd

 order modes of the slotted HMSIW respectively, and this is independent of  .      

3.8. Small inductances for the inductive cut-off equation 

If the inductance is very small, it is equivalent to a short circuit.  Therefore, the HMSIW 

slotted with a sufficiently small inductance is equivalent to a standard half mode waveguide. 

Consider, as was done in the case for HMSIW slotted with a very large capacitance, the 

quarter cosine waveform which envelopes the electric field pattern of the 1
st
 order mode in 

the standard  half mode waveguide.  It follows that the cut-off frequency of the  th
 order 

mode in the SIW slotted with a sufficiently small inductance is equivalent to the cut-off 

frequency of the       th
 order mode in a half mode waveguide, where         .  For 

simplicity, by our definition we have counted the non-existent even order modes as modes of 

the standard half mode waveguide.   
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Defining   to be the transverse axis of the inductively slotted HMSIW, the standard condition 

at cut-off for this inductively slotted HMSIW is then given by                
 

 
 , 

where            .  Then this condition at cut-off is given by (3.17). 

For example, if     (i.e. considering the 1
st
 order mode), then it follows from the last 

equation that for    ,    
 

 
 
 

 
  

 

 
  for very small inductances.  Also, if    , then 

for    ,    
 

 
 
 

 
  

 

 
   for very small inductances. These calculations are in agreement 

with the 1
st
 and 2

nd
 order mode solutions from the the design curve value for normalized 

frequency for very small inductances  when       respectively.  By the above equation, we 

can see that as   becomes sufficiently large, then, theoretically,         
 

 
  for the   th

 

order mode for very small inductances for        . 

  

3.9. Modelling specific capacitances across a slot in a 

HMSIW 

We recall that the cut-off equation for a purely capacitive slot with capacitance    per unit 

length  is given by 

                                    =  
 

     
 

 

 
 

          
  ,                                 (3.18) 

which, by using the fact that         , may be rewritten as 

                                      =  
 

     
 

 

 
 

         
  .                                       (3.19) 

Since   
  

  
 , it follows that 

                            
 

 
   =  

 

     
 

 

   ,                                                        (3.20) 

where         by (2.36). 
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By recalling from (2.37) that 

                                 
 

     
 

 

 
  

   
                                                                  (3.21) 

where    
   

 
 from (2.29), it now follows easily that 

                                     
 

 
   =  

  

   
   ,                                                      (3.22) 

from which it is possible to determine   for suitable values of   . 

As in the previous chapter, (2.39)-(2.41) are used to obtain calculated predictions for the cut-

off frequency    of the first mode over a suitable range of values of    which is, in practice, at 

least 20pF/m (from [20]).  These predictions will now be compared with those from CST 

Microwave Studio. 

The corresponding values of       for    , which are used to model the specific slotted 

waveguide structures in CST Microwave Studio, are exactly the same as in the previous 

chapter and can be found in Figure 2.13 in Section 2.8.  

CST Microwave Studio is used to predict the cut-off frequencies from the values for    in the 

table above in exactly the same manner as before.  Exactly the same waveguide dimensions, 

where   
 

 
     , are considered as before.  Some S-parameter plots from CST Microwave 

Studio are shown in the following figures with the corresponding cutoff frequencies.     

 

Figure 3.6: Magnitudes of S-parameters for Г=3, C’ = 20 pF/m 
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Figure 3.7: Magnitudes of S-parameters for Г=3, C’ = 200 pF/m 

 

 

Figure 3.8: Magnitudes of S-parameters for Г=3, C’ = 500 pF/m 

 

 

Figure 3.9: Magnitudes of S-parameters for Г=3, C’ = 1000 pF/m 
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Figure 3.10: Magnitudes of S-parameters for Г=6, C’ = 20 pF/m 

 

 

 

Figure 3.11: Magnitudes of S-parameters for Г=6, C’ = 200 pF/m 

 

 

Figure 3.12: Magnitudes of S-parameters for Г=6, C’ = 500 pF/m 
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Figure 3.13: Magnitudes of S-parameters for Г=6, C’ = 1000 pF/m 

 

Figure 3.14: Magnitudes of S-parameters for Г=1.5, C’ = 20 pF/m 

 

 

 

Figure 3.15: Magnitudes of S-parameters for Г=1.5, C’ = 200 pF/m 
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Figure 3.16: Magnitudes of S-parameters for Г=1.5, C’ = 500 pF/m 

 

 

Figure 3.17: Magnitudes of S-parameters for Г=1.5, C’ = 1000 pF/m 

 

The following dispersion curves from HFSS indicate that the frequencies for the HMSIW 

structures are much closer together than for the SIW structures, and even more so for larger 

values of Г as the slot is further away from the centre of the waveguide.  This demonstrates 

that the cutoff frequency varies much less with the load capacitance in the case of HMSIW 

structures as compared with full SIW structures.        
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Figure 3.18: Dispersion curve from HFSS for HMSIW with Г=1.5 

 

Figure 3.19: Dispersion curve from HFSS for HMSIW with Г=3 
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Figure 3.20: Dispersion curve from HFSS for HMSIW with Г=6 

The next three figures show the comparison between the predictions for the cut-off 

frequencies of the first mode from our transverse resonance technique and the discrete values 

for the cut-off frequencies (shown in the preceding figures) from CST Microwave Studio for 

the respective values of       
 

 
 .  The agreement between these two sets of results is 

stronger when the slot is closer to the centre of the waveguide (i.e. for smaller values of   ).  

There is also better agreement between both sets of predictions when the loaded capacitance 

is relatively small. 
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Figure 3.21: Cut-off frequency against capacitance across slot in for Г=1.5 

  

 

Figure 3.22: Cut-off frequency against capacitance across slot in for Г=3 

 

 

Figure 3.23: Cut-off frequency against capacitance across slot in for Г=6 

 

The following graph shows the design curve predictions from the transverse resonance 

technique for the cut-off frequencies for the earlier specified values of   over a range of 

capacitances per unit length from 1 pF/m to 1nF/m. 
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Figure 3.24: Predictions of cut-off frequency against capacitance across slot from 

transverse resonance technique   

 

Now consider looking at field plots in a certain interesting case considered above, namely for 

    and   =500pF/m at 3.25GHz (which is just above the cut-off frequency).  The next 

figure shows the pattern of the component of  electric field which travels from the top of the 

guide to its base.  It is evident from this that the alternating electric field oscillates throughout 

the length of the guide, but it is not as strong as in the analogous capacitively loaded full 

guide case looked at before.  
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Figure 3.25: An aerial view field plot of Ez 0.4mm from the base of the HMSIW for Г=3 

and a slot loaded with C’ = 500 pF/m at 3.25GHz 

The following cross-sectional plot of the electric field on the incident port of the waveguide 

indicates that the field pattern is dominated by the part of the guide that is on the left hand 

side of the slot ( i.e. the larger section of waveguide corresponding to the cross-sectional 

length    for which the field is maximal when closest to the slot).  The smaller part of this 

cross-section corresponding to the length    is swamped with the largest values of electric 

field.  This demonstrates that the model from CST Microwave Studio may have difficulty in 

calculating results for the HMSIW, particularly when the length    is relatively small (as was 

demonstrated in the comparisons made earlier with both the analytical method and the HFSS 

simulations).    
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Figure 3.26: A cross-sectional E-field plot at the edge of the longitudinal side of the 

guide for Г=3 and a slot loaded with C’ = 500 pF/m at 3.25GHz 

 

It transpires that the field patterns do not significantly change so much at higher frequencies 

which are close to the next higher order mode. 

 

3.10. Modelling an inductively loaded slot in an HMSIW 

By using the fact that        , the cut-off equation for a purely inductive slot with 

inductance    per unit length  is given by (3.14) may be rewritten as 

                                            =   
   

  
 

 

           .                                 (3.23) 

Since   
  

  
 , it follows that 

                                 
 

 
   =   

   

  
 

 

   ,                                                     (3.24) 

where         by (2.36). 
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By noticing from (2.55) that 

                                                                 
   

  
 

 

 
   

   
                                  (3.25) 

where    
  

  
 from (2.30), it is easily observed that 

                                                      
 

 
     =  

   

   
   ,                            (3.26) 

from which it is possible to determine   for suitable values of   . 

By considering (2.39)-(2.41) and (3.26), it is possible to obtain the cut-off frequency    over 

an appropriate range of values of   .  This allows for calculated predictions for the cut-off 

frequency    over an appropriate range of values of    from 0.3 pH/m to 300pH/m.  These 

calculated estimates can now be compared with those from CST Microwave Studio and 

HFSS. 

The slot is loaded in exactly the same way with the same inductances as before in the case of 

the full waveguide (see Figure 2.42).   

Both CST Microwave Studio and HFSS used, with one side of the waveguide represented by 

an H plane, to predict the cut-off frequencies from the same values for    as before.  Once 

again, we consider slotted SIW structures with width       mm, height         mm 

and relative permittivity        .  The same three waveguide structures are considered, 

namely those with        
 

 
 .  Selected plots of S-parameters are shown with corresponding 

estimates for cutoff frequencies in the subsequent CST plots. 
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Figure 3.27: Magnitudes of S-parameters for Г=3, L’ = 0.3 pH/m 

 

 

Figure 3.28: Magnitudes of S-parameters for Г=3, L’ = 3 pH/m 

 

 

Figure 3.29: Magnitudes of S-parameters for Г=3, L’ = 30 pH/m 

  

 

 

Figure 3.30: Magnitudes of S-parameters for Г=6, L’ = 0.3 pH/m 
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Figure 3.31: Magnitudes of S-parameters for Г=6, L’ = 3 pH/m 

 

 

Figure 3.32: Magnitudes of S-parameters for Г=6, L’ = 30 pH/m 

 

Figure 3.33: Magnitudes of S-parameters for Г=1.5, L’ = 0.3 pH/m 
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Figure 3.34: Magnitudes of S-parameters for Г=1.5, L’ = 3 pH/m 

 

 

Figure 3.35: Magnitudes of S-parameters for Г=1.5, L’ = 30 pH/m 

The following dispersion curves from HFSS indicate that the frequencies for the inductively 

loaded HMSIW structures vary significantly less than for the corresponding SIW structures,  

especially for larger values of Г.  However the range of cutoff frequencies (at    ) for 

inductively loaded HMSIW  is roughly 1-1.5GHz, and it increases for smaller values of Г (as 

the slot is closer to the centre of the waveguide).  This range of cutoff frequencies is much 

larger than for the purely capacitive loaded HMSIW structures for larger values of Г (for 

which the corresponding range is approximately 0.2-1GHz.          
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Figure 3.36: Dispersion curve from HFSS for HMSIW with Г=1.5 

 

 

Figure 3.37: Dispersion curve from HFSS for HMSIW with Г=3 
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Figure 3.38: Dispersion curve from HFSS for HMSIW with Г=6 

 

The next three figures show the comparison between the predictions from the transverse 

resonance technique and the discrete values for the cut-off frequencies (shown in the 

preceding figures) of the first mode from CST Microwave Studio and HFSS for the 

respective values of   
 

 
     .  Unlike the calculated forecasts which implicitly assume 

theoretically purely inductively loaded slots, the results from the simulations take into 

account that, in practice, the slot itself has a slight inherent capacitance.  This explains why 

the cut-off frequency predictions obtained from simulations are lower than those calculated 

from the transverse resonance technique.  However, it is readily observed from the following 

graphs that there is very close agreement between both categories of predictions only when   

is not too large so that the slot is close to the centre of the guide. 
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Figure 3.39: Cut-off frequency against inductance across slot in for Г=3 

 

 

 

Figure 3.40: Cut-off frequency against inductance across slot in for Г=6 
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Figure 3.41: Cut-off frequency against inductance across slot in for Г=1.5 

 

It is apparent from the subsequent figure that the cut-off frequencies become less dependent 

on the inductance applied across the slot as   becomes sufficiently large, as the slot is closer 

to the H-plane of the HMSIW. 

 

Figure 3.42: Transverse resonance technique predictions for cut-off frequency against 

inductance across slot 
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The subsequent figures are field plots in a special case considered above, namely for     

and   =30nH/m at 2.5GHz (which is just above the cut-off frequency).  The next field plot 

shows the pattern of the component of  electric field which travels from the top of the guide 

to its base.  It is evident from this that the electric field oscillations along the length of the 

guide are less frequent.  The electric field it is not as strong as in the analogous inductively 

loaded full guide case looked at before.  

 

 

 

Figure 3.43: An aerial view field plot of Ez 0.88mm from the base of the HMSIW for 

Г=3 and a slot loaded with L’ = 30 nH/m at 2.5GHz 

The following cross-sectional plot of the electric field on the incident port of the waveguide 

indicates that the field pattern is dominated by the part of the guide that is on the left hand 

side of the slot ( i.e. the larger section of waveguide corresponding to the cross-sectional 

length    for which the field is maximal when closest to the slot).  The smaller part of this 

cross-section corresponding to the length    is affected more significantly as most of it 

manages to avoid receiving much electric field.  This demonstrates that the model from CST 

Microwave Studio may have difficulty in calculating results for the HMSIW, particularly 
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when the length    is relatively large (as was demonstrated in the comparison with the 

analytical transverse resonance method).    

 

 

Figure 3.44: A cross-sectional E-field plot at the edge of the longitudinal side of the 

guide for Г=3 and a slot loaded with L’ = 30 nH/m at 2.5GHz 

 

It turns out that the field patterns do not significantly change so much at higher frequencies 

which are close to the next higher order mode. 

3.11. Summary 

A transverse resonance technique is be used to understand the characteristics of the cutoff 

frequencies for the first several modes over the full range of normalized loaded capacitances 

and inductances for slotted HMSIW structures.  Limiting cases, for which very large and very 

small inductances and capacitances are used to load the slot cutoff frequencies, are explained 

in detail, as in the previous chapter. 

Estimates of cutoff frequencies for slotted HMSIWs loaded with a range of actual 

capacitances and inductances are then calculated.  These compare well with those from 

simulations in both CST Microwave Studio and HFSS.  Dispersion curves obtained from 

HFSS illustrate that the frequencies for sufficiently large phase values for HMSIWs  are 
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affected much less by loaded capacitances and inductances than for SIWs in the previous 

chapter.  It is also apparent from these dispersion characteristics that the cutoff frequencies 

(which correspond to a phase value of zero) are very much closer to one another for HMSIWs 

loaded with capacitances rather than inductances, especially when the slot is further way from 

the centre of the guide.  These dispersion characteristics are the opposite to the corresponding 

behaviour exhibited by the SIW structures in the previous chapter.   

The fact that the cutoff frequencies for capacitively loaded HMSIWs are so close to each 

other demonstrates that the transverse resonance technique is very accurate for the 

capacitively loaded HMSIWs and SIWs.  Because it does not take into consideration that in 

practice the slot itself has an inherent capacitance of 20pF /m in parallel with a possible load 

inductance, the transverse resonance technique does not compare as well with the simulated 

results for inductively loaded waveguides when the slot is further away from the centre of the 

guide.   

It is also evident from the dispersion curves that the frequencies corresponding to sufficiently 

large values of phase are convergent in the case of both inductively loaded SIWs and 

HMSIWs, irrespective of the value of load inductance.  This is of particular interest, since it 

has also been established that the cutoff frequencies (corresponding to a phase value of zero) 

are convergent in the case of both capacitively loaded HMSIWs (but not for SIWs). 
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4. Transverse Resonance Analysis for slotted Parallel plate 

SIWs 

In this chapter a transverse resonance technique is applied to the slotted parallel plate 

substrate integrated waveguide.  This is meant to be regarded as an extension of  the earlier 

work which is of purely theoretical interest,  rather than a topic of practical significance.  

Also, because of the difficulties with CST Microwave Studio mentioned in the case of the 

HMSIW, no simulation software for the parallel plate SIW.   The transverse resonance 

technique used here is a simple alternative method for estimating the cutoff frequency of the 

parallel plate SIW, as compared with more complicated approaches based on methods from 

standard treatises like [1]-[5] which consider field analysis.  Due to the nature of the results in 

this chapter, the mathematical reasoning in this section is significantly deeper than in the 

earlier work of this thesis.   

4.1. Background theory 

By considering the equivalent circuit model of the slotted parallel plate SIW (as shown in the 

next figure), the transmission line is terminated with an open circuit at both ends.   

 

Figure 4.1: Equivalent circuit model for a loaded parallel plate SIW 

In other words, set             for the end where the input impedance is       and set 

            for  the other end where the input impedance is      . 
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By using the fact that the input  impedance of a lossless terminated line is given by 

                                           
                

                
                             (4.1) 

so that 

                                              
   

         
 ,                                          (4.2) 

          and 

                                               
   

         
                                        (4.3) 

Since, at resonance, 

                                                     ,                                               (4.4)          

it may be deduced that  

                                 
   

         
    

   

         
                                     (4.5) 

If      , then  

                                    
 

         
  = 

 

  
  

 

         
 .                                     (4.6) 

Note that if the slot is being modelled by a capacitance C , then set 

                                            
 

  
                                                    (4.7) 

On the other hand, if the slot is being modelled by an inductance L , then set 

                                                                                                    (4.8) 

 

Since 

                                                       ,                                              (4.9) 
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it follows from (4.6) that  

                          
 

           
   =    

 

    
 

 

           
                        (4.10) 

for a capacitive impedance, 

and  

                           
 

           
  =  

  

  
 

 

           
                               (4.11) 

for an inductive impedance. 

 

4.2. Capacitive Cut-off Equation 

Let C’ be the capacitance per unit length which could be taken to be in the range of anything 

from 0.1 pF/m to 100 pF/m.  Then for a distance   along the slot, the total capacitance is 

given by 

                                                                                                         (4.12) 

so that, because    
 

 
 
 

 
 , it follows that 

                                                                
 

 
  ,                                       (4.13) 

So that the capacitive cut-off equation (4.10) may be rewritten as    

                                       
 

                  
 =  

 

     
 

 

 
 

           
   .          (4.14) 

Recall that that the angular cut-off frequency is given by  . 

By setting   

                                             ,                                                       (4.15) 

and 
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  ,                                                                (4.16) 

(4.14) can be rewritten as 

                                         
 

     
 

 

    
 

 

  =   
 

   
  ,                                      (4.17) 

where   
  

  
 . 

4.3. Normalized solutions of the capacitive cut-off equation 

Maple is used to calculate the solutions of   for the first six modes over a suitable range of    

for values of         These results are presented  below  as theoretical design curves.  A 

logarithmic scale to see the results over a suitably large range of   , which is represented by 

integers ranging from from 1 to 3000. 

By considering the capacitive cut-off equation for a parallel plate SIW, the y-axis of each 

design curve, being in units of  
 

 
 , is proportional to the angular cut-off frequency  .  

Similarly, the x-axis of each design curve, being in units of   , is proportional to the 

capacitance.  Therefore, these design curves show a plot of normalized frequency against 

normalized capacitance.  Explanations for these design curves are provided in the subsequent 

sections. 
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Figure 4.3: Design curves for loaded capacitances for Γ=3 

 

 

  Figure 4.4: Design curves for loaded capacitances for Γ=4 

 

4.4. Small capacitances for the capacitive cut-off equation 

If the capacitance is very small, it is equivalent to an open circuit.  Therefore, the parallel 

plate SIW slotted with a sufficiently small capacitance is equivalent to a standard parallel 

plate waveguide.  By considering the left and right hand side terms of the corresponding 

capacitive cut-off equation (4.17) graphically, as in the Cartesian plot for     below, it is 

evident that solutions of   for the cut-off equation for very small capacitances (for which 

     as in the case of     in the Cartesian plot below) get closer and closer to the 

asymptotes of the  function    
 

     
 

 

    
 

 

  ,  for     .    

Therefore, as    ,       for the corresponding  th
 order mode of the parallel plate 

slotted SIW, where           .  Note that this is independent of the choice for  .  This is 

confirmed by the above design curves showing normalized frequency versus normalized 

capacitance. 
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Figure 4.5:   Left and right hand side functions of the capacitive cut-off equation for the 

parallel plate slotted SIW with normalized capacitance of 10 and Г=3. 

4.5. Large capacitances for the capacitive cut-off equation 

If the capacitance is very large, it is equivalent to a short circuit.  Therefore, the parallel plate 

SIW slotted with a sufficiently large capacitance should be equivalent to a standard parallel 

plate waveguide.  So it may be assumed that the  th
 order mode in the parallel plate SIW 

slotted with a sufficiently large capacitance is equivalent to the  th
 order mode in a standard 

parallel plate waveguide for           }. 

Defining   to be the transverse axis of the parallel plate SIW slotted with a very large 

capacitance, it follows from this assumption that the condition at cut-off for this slotted 

waveguide is then given by       , where            , where the wave number    

     as in (2.2). 

In this case        and         . 

Then the condition at cut-off for the      th 
order mode of the SIW slotted with a 

sufficiently large capacitance, where            , is given by 

                                            
    

     
 

    

     
 

 
 
 

  

   
 

 
 
                              (4.18) 
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Now consider the instance when    .    

If     (i.e. considering the 1
st
 order mode), then it follows from the last equation that for 

   ,    
 

 
  for very large capacitances.  If     (i.e. considering the 2

nd
 order mode), 

then it follows from the last equation that for    ,    
 

 
  for very large capacitances.  If 

    (i.e. considering the 3
rd

 order mode), then it follows from the last equation that for 

   ,    
 

 
  for very large capacitances.   

These three calculations are in agreement with the 1
st
, 2

nd 
 and 3

rd
 order mode solutions from 

the the design curve values for normalized frequency for very small inductances  when   

 . 

If    , then it follows from the last equation that for    ,       for very large 

capacitances.  However, for this particular case with    , setting     does not 

correspond to the 2
nd

 order mode of the SIW slotted with a small inductance in the 

corresponding design curve (showing normalized frequency versus normalized inductance) 

above.   

This is because      cannot be regarded as a solution of any mode of the parallel plate 

waveguide slotted with a very large capacitance 

A Cartesian plot of the terms in the corresponding capacitive cut-off equation for     (as 

shown as follows with     ) demonstrates that      is in fact an asymptote.  It follows 

that the condition that            
 

 
  

 

   
  as       is satisfied only as       (as 

confirmed in the previous section), and not when    is very large (as     ,    
 

   
  

coincides with the  -axis in the Cartesian plot below).  Therefore, for the case where    , 

there exists no mode of a parallel plate slotted SIW slotted with a sufficiently large 

capacitance for which     .     
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Figure 4.6:   Cartesian plot of left and right hand side terms of the capacitive cut-off 

equation of the parallel plate SIW for Г=3 and sufficiently large capacitance. 

Therefore, for    , the instance where     for the parallel plate SIW slotted with a very 

large capacitance must be neglected. 

If    ,6,7 (i.e. considering the 4
th

, 5
th

 and 6
th

 order modes), then it follows from the last 

equation that for    ,    
  

 
   

 

 
   

  

 
   respectively for very large capacitances.  

These three calculations are in agreement with the 4
th

, 5
th

 and 6
th

 order mode solutions from 

the the design curve values for normalized frequency for very large capacitances when   

 , respectively. 

All the limiting cases for   given by    
  

   
 

 
 
 , where            , (except for those of 

the form         which instead correspond to the asymptotes of the function   
 

     
 

 

    
 

 

  as discussed earlier) are the same as those values of   for large capacitances in the 

design curves of the parallel plate slotted SIW showing normalized frequency versus 

normalized capacitance.  It follows that when these particular values of   are the zeros of the 

function   
 

     
 

 

    
 

 

  (see the last Cartesian plot above).   

It shall now mathematically proved that the individual numerical values of 
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 , such that       and            , are zeros of the function   

 

     
 

 

    
 

 

  

.   

Consider 

     
    

     
 
      

 
    

      
 
    

       
 

 
       

Then the function    
 

     
 

 

    
 

 

  may be rewritten as 

        
 

 
          

 

 
  

 

 
     

Substituting       
  

   
 

 
 
 

 

   
    into the last formula yields 

                      
 

 
 

 

   
          

 

 
  

 

   
      

                                                      
 

   
           

 

   
      , 

by using the trigonometric addition formula for tangents. 

Then              is not an integer multiple of      , 

i.e.      for                    , 

since                .         

4.6. Inductive cut-off equation for a  parallel plate  SIW 

Let    be the inductance per unit length.   Then for a slot width w , we have 

                                                                                                        (4.19) 

so that, because    
 

 
 
 

 
 , it follows that 
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  .                                             (4.20)             

Then the cut-off equation for an inductive impedance in a parallel plate waveguide is given 

by  

                             
 

          
  = 

     

  
 

 

 
 

           
   .                            (4.21) 

Note that the angular cut-off frequency is given by  . 

Set   

                                                           
  

  
  ,                                           (4.22) 

and 

                                                                                                           (4.23) 

The cut-off equation for an inductive impedance can then be rewritten as 

                                                 
 

     
 

 

    
 

 

       ,                               (4.24) 

where   
  

  
 . 

4.7. Frequency intervals for the inductive cut-off equation 

Since the inductive  cut-off equation is a transcendental equation, it can only be solved 

numerically.  The trigonometric terms in this inductive cut-off equation for the parallel plate 

slotted SIW are identical to those of the capacitive cut-off equation for the capacitively 

slotted parallel plate.  Therefore both cut-off equations share the same frequency intervals 

inside which the solutions of   exist. 

4.8. Normalized solutions of the inductive cut-off equation 

Maple is used to calculate the solutions of   for the first four modes over the full range of    

over which the frequency significantly varies for values of         These results are 
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presented below as theoretical design curves.  Since the results are over a suitably large range 

of     a logarithmic scale is used in the plots.       ranges from 0.01 to 30 at intervals of 0.01. 

By considering the cut-off equation, the y-axis of each design curve, being in units of  
 

 
 , is 

proportional to the angular cut-off frequency  .  Similarly, the x-axis of each design curve, 

being in units of   , is proportional to the inductance.  Therefore, these design curves show a 

plot of normalized frequency against normalized inductance. 

 

Figure 4.7: Design curves for loaded inductances for Γ=3 
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Figure 4.8: Design curves for loaded inductances for Γ=4 

 

 

4.9. Large inductances for the inductive cut-off equation 

If the inductance is very large, it is equivalent to an open circuit.  As the inductance is 

increased, the cut-off frequency decreases (as demonstrated in the graphs above)  until 

eventually the electric field concentrates itself around the slot, at which point the mathematics 

of the transverse resonance technique breaks down.  In particular, the cut-off frequency of the 

1
st
 order mode in the SIW slotted with a sufficiently large inductance decreases to almost 

zero.   

It follows that the cut-off frequency of the  th
 order mode in the parallel plate SIW slotted 

with a sufficiently large inductance is equivalent to the cut-off frequency of the      th
 

order mode in a standard parallel plate waveguide, where         .   

By considering the left and right hand side terms of the corresponding inductive cut-off 

equation graphically, as in the Cartesian plot for     below, it is evident that solutions of   

for the cut-off equation for very large inductances (for which     as in the case of     

in the Cartesian plot below) get closer and closer to the asymptotes of the  function 
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 ,  for     .   

Therefore, as     ,           for the corresponding  th
 order mode of the parallel 

plate inductively slotted SIW, where           .  Note that this is independent of the 

choice for  .  This is confirmed by the above design curves showing normalized frequency 

versus normalized inductance. 

 

Figure 4.9:   Left and right hand side functions of the inductive cut-off equation for the 

parallel plate slotted SIW for h’=1 and Г=3. 

 

4.10. Small inductances for the inductive cut-off equation 

If the inductance is very small it behaves more like a short circuit.  Therefore, the parallel 

plate SIW slotted with a sufficiently small inductance should be equivalent to a standard 

parallel plate waveguide.  By considering the left and right hand side functions of the 

inductive cut-off equation graphically with (4.23), as in the case of     in the Cartesian 
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plot above, it is evident that as      (i.e. as     ), then the solutions of   lie on the 

horizontal axis.   

Therefore the solutions of   are the zeros of the function  
 

     
 

 

    
 

 

 ,  such that      .  

But this was also the case for the solutions of   for the parallel  plate SIW slotted with very a 

large capacitance.   

Therefore the parallel plate SIW slotted with a very small inductance is equivalent to the 

parallel plate SIW slotted with a very large capacitance.   

It follows in both these cases that   
  

   
 

 
 
 , such that       , where              for 

each successive mode respectively. 

This is confirmed by all the design curves in this chapter showing normalized frequency 

against the normalized inductance and normalized capacitance. 
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5. Modal Analysis of loaded composite SIW structures 

5.1. Introduction 

The classical theory of waveguide discontinuities is detailed in [1]-[5].  Modal analysis, 

which is also known as mode matching, is an established technique that has been applied to 

electromagnetic problems for several decades.  It is explained comprehensively in the classic 

treatise by Mittra and Lee [4].  In this chapter, a generalized modal analysis technique  is 

used to determine the S-parameters for a large class of hybrid waveguide structures with 

discontinuities.  This mode matching method extends and improves ideas from [6] and [7].  

These results are compared with those from HFSS for specific examples of practical 

significance.  It is later reasoned that these operational characteristics can be used to model 

slotted SIWs (SSIWs) which are instrumental in the novel design of different types of 

microwave devices.   

Modal analysis has been used to to solve for the scattering problem when dealing with 

discontinuities within waveguides [8-9], finlines [10] and microstrip [11-13].  It has also been 

used to study composite structures which consists of  E-planes [14-19] and H-planes [20].  

Mode matching methods have been applied to the design of a variety of devices, including E-

plane filters [14-15] and power dividers [16].  Some basic structures involving E-planes and 

H-planes will be considered in the latter sections of this chapter.   

5.2. Background theory 

Consider a rectangular waveguide structure of width    in the transverse plane which is fed 

into a second waveguide structure of width   , where   ¹  , which is in turn fed into a third 

guided structure of width   .  According to Clarricoats [7], setting the middle section with 

width       can be used to model a slotted SIW (SSIW).  For the purposes in this section, 

the initial, middle and final sections are denoted as regions       with surfaces denoted as 

  ,   ,    respectively.  By considering the standard rectangular coordinates given by      , 

the junctions between these three guides are defined to exist at     and    .  Then it is 

clear that     for any point along guide  .  Similarly, it is evident that       for any 
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point along guide  , and   ³   for any point along guide  .  It is assumed that only the 

fundamental      mode is propagating in guide  , and that this mode is incident on the 

junction from    .  It is also assumed that no modes are propagating in guide   or  .  

Because of the discontinuity at    , all guides consist of reflected and transmitted waves 

consisting of infinite sets of      modes.  Since only the      mode propagates in guide  , 

the higher order modes account for stored energy localized near    .  It is also assumed 

that there does not exist any  -variation introduced by the discontinuities at     and    .  

It follows that the      modes, where both   and   are positive integers, and the    modes 

are not excited.  

 

 

 

Figure 5.1 :  Schematic of an arbitrary composite waveguide structure. 

Define the propagation constant and the wave impedance of the      mode of guides   and 

  to be given by 
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  ,             

                                                      
      

  
     

 
 .               

Note that   
     

  if    
  

     
 
 ,  and   

    
  if    

  
     

 
. 

Similarly, we have   
     

  if    
  

     
 
 , and   

    
  if    

  
     

 
 , so that the 

impedances in regions   and   are given by  

  
  

     
   

                             

  
  

     
   

                             

respectively, where      
  

  
       and            .  Suppose that the unit vectors in 

the       directions are represented by       respectively.  Then the transverse components 

of the incident      mode in region   may be given by  

          
    

                        

      
   

 

   
  

                  

where   
     is a sinusoidal function of   (for the     mode in waveguide  ) which vanishes 

at the maximum and minimum boundary values of   for the surface     for which we have 

   .  Similarly, the transverse components of the incident      mode in region   may be 

given by  
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where   
     is a sinusoidal function of   (for the     mode in waveguide  ) which vanishes 

at the maximum and minimum boundary values of   for the surface    for which we have 

      .  The fields are independent of the variation in   coordinates.  Then, by 

multiplying by the waveguide height   (since there is no  -variation) and integrating over the 

surface in the  -  plane where the incremental area element    is given by         , the 

complex power flow from solely the fields for the     mode in region   is given by 

  
     

    
  

  

    
 

   
     

      
     

  

      

 
 

   
          

                         

  
 

   
 

 

Similarly, the complex power flow from solely the fields fields for the     mode inside 

region   is given by 

  
     

    
  

  

    
 

   
     

      
     

  

                                     

The complex power flow from the magnetic field fields for the     mode in region   and the 

electric field fields for the     mode in region   is given by 

   
      

    
  

  

     
 

   
    

        
                                         

  
 

   
 

 

Similarly, it may be deduced that 

       
      

    
  

  

                                                                                            

Now consider the reflected and transmitted electric and magnetic waves at the discontinuities 

    and    .  At    , the superposition of the incident wave of the     mode and the 

transmitted waves of all the modes (for which the     mode amplitude is denoted as   ) from 
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the first boundary at     which are reflected from the boundary at     are equal to the 

forwards and backwards waves propagating in region  ,  i.e.  it follows that at        

  
     

 

   

  
     

 

 

   

  
     

 

 

   

  
                                                

   
     

 

   

  
     

 

 

   

  
     

 

 

   

  
                                             

for which the     mode amplitude of the forwards and backwards waves in region   is 

denoted as   
  and   

  respectively).   

Similarly, at     ,  it follows that  

      
       

 

   

  
     

 

 

   

       
     

 

   

  
                                 

      
       

 

   

  
     

 

 

   

       
     

 

   

  
                               

where    is the propagation constant of the     mode in region   and the     mode 

amplitude in region   is denoted as   .   

In this section, an analytical method is designed to determine the amplitude coefficients 

     
    

      .  Post-multiply (12) by   
  

 and integrate over the waveguide surface   , so 

that 
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for which, by using (9) , it follows that  

 

   
    

  

  

     
  
          

             

  

Consider two cases which both have the structure in the figure given above.  All the 

boundaries of both the surfaces    and    at both     and      are E-planes and H-planes 

in each of these  respective cases. 

5.3. E-plane case 

Note that the latter condition in the above expression follows directly from orthogonality 

relations.  It follows from the last two expressions and from (11) that 

     
      

     
  

 

   

   
      

  

 

   

   
                              

where the standard Kronecker delta symbol is used so that        iff     ,  and  

      for any other value of   .  Note that 

   
    

  

  

     
  
          

             

  

  

On the E-plane boundaries between   and  , which are represented by       at     , it is 

evident that 

  
     

 

   

  
                                                                                

On the E-plane boundaries (between   and  ) at     , it follows that 
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These two boundary conditions are implicitly assumed for the establishment of the 

subsequent derivations. 

Premultiply (13) by   
  

 and integrate over the waveguide surface, so that 

   
  

 

  

  
    

        
  

 

  

  
    

 

   

    
    

  
 

  

  
        

    
  

 

  

  
    

 

   

 

   

 

By taking the conjugate expressions of (10) and (11), it follows that 

   
  

   
 

  

     
  
  
         

             

  

and 

   
     

 

  

       
   

  

Combining the last three expressions implies that                                 

   
       

 

   

   
   

   
   

  
   

   
  
                                           

 Post-multiply (14) by   
  

 and integrate over the waveguide surface, so that 
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Thus, by applying the same procedure that was used to obtain (16), the last expression may 

be rewritten as 

   
          

  

 

   

    
         

  

 

   

     
                                                                         

Pre-multiply (15) by   
  

 and integrate over the waveguide surface, so that 

   
          

  
   

 

  

   

 

   

    
         

  
   

 

  

   

 

   

    

 

   

   
  

   
 

  

                               

Thus, by applying the same procedure that was used to obtain (16), the last expression may 

be rewritten as 

                                     
        

  
    

       
  

    

 

   

   
   

                                              

 By truncating the above equations so that both   and   are given values from   to  , it is 

possible obtain a general equation in terms of matrices which is equivalent to all four of the 

equations (16)-(19) (as explained below) given by 
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from which the        column matrix consisting of the amplitude coefficients         

  
       

       
       

            can easily be obtained.  The         square matrix has 

been partitioned into sixteen blocks of       matrices in order to clearly show that the 

equation contained in      involving each of the four rows of these       matrices 

corresponds to each one of the respective equations (16)-(19) in their truncated form. 

 

5.4. H-plane case 

On the H-plane boundaries between   and  , which are represented by       at     , it 

follows that 

  
     

 

   

  
                                                                                    

On the H-plane boundaries (between   and  ) at     , it is evident that 

   

 

   

  
                                                                                                 

Postmultiply (12) by   
  

 , so that 
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i.e. 

         
      

 

   

   
     

   
    

   
                                         

 Premultiply (13) by   
  

 , so that 

   
  

   
 

  

          
  

   
 

  

        
    

     
  

   
 

  

       

 

   

 

   

 

If both sides of the last equation are added to 

   
  

    
     

 

   

  
  

     

        

which, from (21), is zero, then it is possible to take the integrals on the left hand side of the 

last equation to be over    instead of    so that 

     
       

  
    

  

 

   

   
   

    
  

 

   

   
   

                         

Postmultiply (14) by   
  

 and integrate over    , so that 

  

    
         

          
    

  

  

   

 

   

    

 

   

   
    

  

  

                                

i.e. 

           
        

     
       

     

 

   

   
                                       

Premultiply (15) by   
  

 and integrate over   , so that 
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If both sides of the last equation are added to 

   
  

     

 

   

  
  

     

        

which, from (22), is zero, then the integral on the right hand side of the last equation can be 

taken to be over    instead of    so that 

   
          

   
 

   

    
         

   
 

   

     
  
                                                                          

By truncating the above equations so that both   and   are given values from   to  , a 

general equation can be obtained in terms of matrices which is equivalent to all four of the 

equations (23)-(26) (as explained below) given by 

 

from which the        column matrix consisting of the amplitude coefficients         

  
       

       
       

            can easily be obtained.  As before, we have partitioned 

the         square matrix into sixteen blocks of       matrices in order to clearly show that 

each equation contained in      contained in one of the four rows of these       matrices 

corresponds to one of the respective equations (23)-(26) in their truncated form. 
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5.5. Comparisons of practical examples with HFSS  

Now consider a special instance of the above structure with its three regions      .  The 

composite structure in which regions   and   are represented by rectangular SIWs and  

region   is a slotted SIW with E-plane and H-plane boundaries respectively.   This composite 

structure is equivalent to modelling another in which all regions       are regarded as 

rectangular SIWs, where the middle region   has a smaller width than the other two so that it 

forms a single E-plane / H-plane step.  This is illustrated in the schematic figure below.  The 

line segment      is used to portray an H-plane and the line segments      and      either 

both characterize a pair of E-planes or both represent a pair of  H-planes in the respective 

cases.  In this way, we consider two different manifestations of the structure in the figure 

below, namely an E-plane case and an H-plane case.  We make use of an offset perpendicular 

distance from     to the line segment     , which is denoted as  .   

 

Figure 5.2:  Schematic of a specific composite waveguide structure. 

 

The wave numbers of the waveguide regions   and   are represented by    
         

  
 and 

   
         

  
 respectively, so that 
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 where, by using the fact that     
  

 
   , 

    
  

       

  
  
 
   

                                                                                        

 Then (28) may be substituted into (9) to obtain the complex power flow from solely the 

fields for the     mode inside region  , which is given by 

  

  
     

    
  

  

    
 

   
    

      
            

   

    
                                          

  
 

   
 

 

Similarly, by substituting (29) into (10) ,  it follows that the complex power flow from solely 

the fields for the     mode inside region   is given by 
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where      
 

¹   
 

 . 

By considering (31)-(33), the necessary complex power flow integrals is substituted into (20) 

and (27) to obtain the amplitude coefficients for E-plane and H-plane cases respectively.  

Only the first mode is of particular interest.  In other words, the objective is to extract the 

amplitude coefficients    and    because they are equivalent to the S-parameters     and     

respectively.    

This modal analytic technique is implemented in Matlab to obtain the S-parameters in both 

the E-plane and H-plane cases over suitable range of frequency.  In all the subsequent 

numerical examples,        mm, waveguide height     mm and       .  It has been 

found that if the total number of modes considered is given by      , then the most 

accurate results are obtained from this modal analysis technique.  The following three figures 

show results for the E-plane case, and they suggest that the agreement with the HFSS 

simulations is appreciably close when the azimuthal length of the middle section is close to 

the width    of the feeder guides in the outer sections.  It was also found from HFSS that the 

distance   (which is proportional to the width of the middle section) should be significantly 

less than half of    in order for a significantly large electric field to propagate (as indicated 
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by a sharp fall / climb in the magnitude of      /     respectively during operation) over a 

frequency above cutoff from roughly 2.2-3.5 GHz.    

 

 

Figure 5.3: S-parameters for E-plane case with L=48.5mm, X= -5mm and N=50 

 

 

Figure 5.4: S-parameters for E-plane case with L=48.5mm, X= -10mm and N=50 

0 

0.2 

0.4 

0.6 

0.8 

1 

1.2 

2.3 2.5 2.7 2.9 

M
ag

n
it

u
d

e
 

Frequency (GHz) 

S11 (Calculated) 

S21 (Calculated) 

S11 (HFSS) 

S21 (HFSS) 

0 

0.2 

0.4 

0.6 

0.8 

1 

1.2 

2.5 2.7 2.9 3.1 3.3 

M
ag

n
it

u
d

e
 

Frequency (GHz) 

S11 (Calculated) 

S21 (Calculated) 

S11 (HFSS) 

S21 (HFSS) 



 
 
 
 
 
 

161 
 

 

Figure 5.5: S-parameters for E-plane case with L=20mm, X= -5mm and N=50 

The next three figures illustrate results for the H-plane case with     , and they suggest 

that the agreement with HFSS is even stronger than for the E-plane case, irrespective of the 

length of the middle section, over the operational frequency range (i.e. above cutoff) for 

propagation of the first order mode which is 2.5-3GHz.  This modal analysis technique can 

therefore be used to clearly identify the fundamental (first order) mode which is of 

importance when considering the practical design of this composite structure.  Of course, this 

modal analysis method can easily provide estimates for the S-parameter curves for higher 

order modes up to and including  , but this would purely be of theoretical interest.    
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Figure 5.6: S-parameters for H-plane case with L=48.5mm, X= -5mm and N=50 

 

 

 

Figure 5.7: S-parameters for H-plane case with L=48.5mm, X= -10mm and N=50 
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Figure 5.8: S-parameters for H-plane case with L=30mm, X= -5mm and N=50 

 

The following three figures show that if we consider only 4 modes instead of 50 for each of 

the three previous instances of the H-plane case, then our modal analysis is still significantly 

accurate, but not quite as close to the CST results as before.  

 

Figure 5.9: S-parameters for H-plane case with L=48.5mm, X= -5mm and N=4 
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Figure 5.10: S-parameters for H-plane case with L=48.5mm, X= -10mm and N=4 

 

 

Figure 5.11: S-parameters for H-plane case with L=30mm, X= -5mm and N=4 

For the E-plane case, because the E-field must drop to zero on the      plane, it may be that 

many more points are required in the expansion to model it more accurately, in order for the 
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results were effectively identical for           , and if   is even larger, then the matrices 

become close to being singular and cannot be evaluated in Matlab.  This would suggest it 

could be possible to make significant improvements by using more advanced methods from 

numerical analysis in order to find the inverse of large matrices for the Matlab programming. 

Note that an unloaded slotted substrate integrated waveguide (SSIW) is effectively a 

capacitively loaded SSIW.  By using the cross-sectional electric field plots of a single SSIW 

loaded with a capacitance or inductance (shown in Fig. 2.33 and Fig. 2.58 respectively), it is 

evident that the electric field in the SSIW is predominantly in the longer horizontal section 

described by    (see Fig. 2.3) and is effectively non-existent in the remaining section 

annotated by   .  The SSIW is therefore similar to the HMSIW.  We see that like an HMSIW 

the fundamental mode is of the TE1/2,0 type, with the electric field predominantly in the 

vertical direction, varying almost sinusoidally from zero on the left wall to a maximum at the 

slot.  Indeed the propagation constant of the SSIW is very similar to that of an equivalently 

sized HMSIW, as mentioned in [19].  In our examples for the modal analysis technique, the 

transition from a full mode SIW to a SSIW can therefore be used to model an HMSIW fed by 

a full mode SIW.  This is of practical importance, because  SSIWs can be used to construct 

many different types of microwave devices.  The SSIW has a small horizontal field in the slot 

region that can be used to connect discrete devices to the waveguide.  This has been used to 

good effect in [19] to form a microwave switch in a new way.  SSIWs are used to make 

attenuators in [20]. 

5.6. Estimation of cutoff frequencies of SIW slot antenna 

The H-plane modal analysis example that was considered in the previous section can also be 

used to determine an estimate for the fundamental resonant frequency of a SIW slot antenna, 

in which the middle section of Figure 5.2 is replaced with a slotted waveguide.  This is shown 

in the following diagram.  Note that the horizontal  H-plane in Figure 5.2 can be used to 

model a slot in exactly the same position between    and    at the same offset displacement 

  from the centre of the guide.  In other words, the modal analysis (H-plane) example from 

Figure 5.2 can be used to model the cutoff frequency characteristics of the SIW slot antenna 

in Figure 5.12, which is also compared with results from CST Microwave Studio.  It should 
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be noted that the content of this section is in no way meant to design a properly working slot 

antenna.  

 

Figure 5.12: Schematic of SIW slot antenna 

The values of      mm and the slot length       mm of are the same as before from 

the previous section.  The height of the SIW slot antenna is taken to be  mm, and its total 

length is four times the distance  . 

The modal analysis technique does not take loss in radiation into consideration, and this is 

clearly illustrated by the plots in the previous section because the magnitudes of the S-

parameters can reach zero and 1.  In practice, when the slot antenna radiates at the cutoff 

frequency, there is some loss (as illustrated in the subsequent plots from CST Microwave 

Studio).  The reason why there is some loss is because there is a resistance which effectively 

loads the slot.  At resonance, the reactive element of the impedance of the slot vanishes.  It 

follows that the impedance of the slot is purely real at the cutoff frequency.  The analytic 

modal technique does not consider the resistive loading of the slot, and is therefore not 

designed to predict exactly the same magnitudes of the S-parameters as those obtained for the 

slot antenna.  As it will be seen, the behaviour of the S-parameters from the modal analysis is 

different from that of the slot antenna, in any case.  The important point to note is that both 

models share the same cutoff frequency in theory. 

At resonance, the field in the SIW antenna is concentrated around the slot.  This is illustrated 

in the following plot from CST Microwave Studio, for which the offset displacement of the 

slot is      mm and the length of the slot is 48.5mm and the cutoff frequency is 2.39 GHz.   
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Figure 5.13: SIW slot antenna plot of the magnitude of the E-field at a position of 

0.5mm from the base with  L=48.5mm, X= -10mm at the resonant frequency. 

This field plot shows that electromagnetic waves do not pass through the entire structure 

when it resonates.  By considering the following S-parameter plot as well, it is clear that 

electromagnetic waves will pass through the entire structure except when it resonates.  Note 

that     and     do not quite reach    and 0 at resonance respectively, because there is some 

radiative loss.   
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Figure 5.14: S-parameter (CST) plot of SIW slot antenna with  L=48.5mm, X= -10mm. 

In the case of the corresponding modal analysis model from Figure 5.2, electromagnetic 

waves only pass through region   from, say, region   to region  , only when the structure (in 

Figure 5.2) is resonating because of the positioning of the H-planes.  This explains why the S-

parameter characteristics of this modal analysis appear to be opposite to those for the slot 

antenna.  The actual corresponding calculated modal analysis S-parameter plot (with 

      mm and       mm) is given in Figure 5.7, and it predicts (with confirmation 

from HFSS) the cutoff frequency to be 2.88 GHz which is in reasonably close agreement 

(within 2% error) with the resonant frequency of 2.83 GHz (as shown in the S-parameter CST 

plot above) for the slot antenna.   

By considering the following S-parameter plot from CST Microwave Studio, it is evident that 

a SIW slot antenna with       mm and      mm has a fundamental resonant frequency 

of 2.48 GHz.  The corresponding prediction from the modal analysis / HFSS H-plane model 

(from Figure 5.6) is 2.54 GHz.     
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Figure 5.15: S-parameter CST plot of SIW slot antenna with  L=48.5mm, X= -5mm. 

 

Similarly, it follows that a SIW slot antenna the offset displacement with       mm and 

       mm has a fundamental resonant frequency of 2.39 GHz, as shown in the 

subsequent S-parameter plot.    

 

Figure 5.16: S-parameter CST plot of SIW slot antenna with  L=48.5mm, X= -2.5mm. 

The corresponding prediction from the modal analysis H-plane model (for which   

    mm and        mm) for the cutoff frequency is is 2.44 GHz.  This estimate is within 

a 2.1% error from the value given by CST Microwave Studio, and it would suggest that the 

modal analysis technique is very slightly less accurate if the slot is closer to the centre of the 

waveguide.  
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Figure 5.17: Calculated S-parameter plot of H-plane modal analysis model with  

L=48.5mm, X= -2.5mm. 

The following diagram is a farfield plot of the slot antenna with       mm and   

     mm at the resonant frequency.  Though its total efficiency of -4.2 dB (which 

corresponds to approximately 40%) does not go down to the threshold of -6dB (which could 

correspond to an efficiency 25%), it is still not quite as small as the radiation efficiency.  This 

suggests that the slot antenna could be slightly better matched.  However, it does also indicate 

that the slot antenna is more efficient if the slot is sufficiently close to the centre of the 

waveguide. 
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Figure 5.18: Farfield plot of SIW slot antenna with  L=48.5mm, X= -2.5mm. 

 

The following results show that the mode matching technique is in reasonably close 

agreement with CST Microwave Studio in the estimation of cutoff frequencies for slots of 

different lengths. 

 

Figure 5.19: Cutoff frequencies of SIW slot antenna with L=48.5 mm 
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Figure 5.20: Cutoff frequencies of SIW slot antenna with L=60 mm 

5.7. Summary 

A modal analysis technique is used to derive S-parameters analytically for a general hybrid 

structure consisting of three waveguide sections such that the middle section is smaller than 

the other two. 

This modal analytic technique is implemented in Matlab to obtain S-parameters plots for a 

hybrid structure of rectangular waveguides (RWG) with the middle section consisting of 

either an E-plane step or an H-plane step over suitable range of frequency above cutoff.  

Numerical examples for both cases are in close agreement with simulations from HFSS, 

particularly for those with H-plane steps.  It has been found that if the total number of modes 

considered is given by      , then the most accurate results are obtained from this modal 

analysis technique. 

The H-plane step model is then used to predict resonant frequencies for slot antenna designs.  

The H-plane step model based on the  mode matching technique is in reasonably close 

agreement (to within approximately 2%) with CST Microwave Studio in the estimation of 

cutoff frequencies for slots of different lengths.    
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6. Conclusions 

6.1. Summary 

In the second chapter, the frequency characteristics of the full-mode SIW loaded with 

respective capacitive and inductive slots are obtained by means of a transverse resonance 

technique.  It is confirmed that an SIW loaded with a very small capacitance was equivalent 

to a standard half mode rectangular waveguide.  The  th 
order mode of the SIW slotted with a 

sufficiently large capacitance is shown to be the same as for the      th 
order mode of the 

rectangular waveguide, where         .  The      th
 order mode in the SIW slotted with 

a very large inductance is shown to have the cut-off frequency of an  th
 order mode in a half 

mode waveguide, where        .   The standard rectangular waveguide is shown to have 

several modes which also appear as modes of the SIW loaded with a very small inductance.  

However, it is found that the standard rectangular waveguide has certain modes which do not 

appear in the SIW loaded with a very small inductance.  

In the third chapter, the frequency characteristics of the HMSIW loaded with respective 

capacitive and inductive slots are obtained.  It is confirmed that the HMSIW slotted with 

either a sufficiently large capacitance or very small inductance is equivalent to the 

conventional half mode waveguide.  It is demonstrated that for         , the  th
 order 

mode of the HMSIW loaded with a large inductance has the cut-off frequency of the    

  th
 mode in a conventional half mode waveguide.   

In the second and third chapters, the cut-off frequencies of the slotted SIWs and HMSIWs 

loaded with specific capacitances and inductances are determined from a transverse analysis 

technique for the purposes of practical application.  These numerical predictions both 

compare well with, and also in some cases used to clarify, the corresponding values of cut-off 

frequencies estimated by CST Microwave Studio and HFSS by using S-parameters and 

dispersion characteristics respectively.   

The transverse resonance technique is of considerable importance because it can be used to 

calculate a whole range of cutoff frequencies as a continuous function, unlike the simulation 
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packages which can only evaluate discrete cutoff frequencies one at a time.  Field plots for 

some of these practical examples are used to show that the loaded slot plays a major role 

regarding the design and operation of these structures.   

Dispersion curves for SSIW (i.e. slot SIW) structures obtained from HFSS demonstrate that 

the frequencies for sufficiently large phase values are changed much more by load 

capacitances than by load inductances, especially when the slot is closer to the centre of the 

waveguide.  It is also apparent from these dispersion characteristics that the cutoff 

frequencies (which correspond to a phase value of zero) are closer to one another for SIWs 

loaded with  inductances rather than with capacitances, particularly when the slot is closer to 

the centre of the waveguide.  Dispersion curves obtained from HFSS for the third chapter 

illustrate that the frequencies for sufficiently large phase values for HMSIWs  vary 

significantly less with loaded capacitances and inductances than for SIWs of similar 

dimensions.  The dispersion characteristics from HFSS also illustrate  that the cutoff 

frequencies (which correspond to a phase value of zero) are very much closer to one another 

if the HMSIWs are loaded with capacitances instead of  inductances, especially when the slot 

is further way from the centre of the guide. 

In the latter parts of the second chapter, the earlier efforts to predict cut-off frequencies for 

specific loaded slots culminate with some novel practical applications.  The first such 

example is an attempt to design a slotted SIW structure (with a load capacitance and load 

inductance in series) which exhibits hallmarks of a bandpass waveguide filter, which is 

subsequently matched more efficiently by increasing the thickness of the SIW to 3mm.  It is 

evident from all the S-parameter plots of these loaded waveguide structures that they are 

much better suited to the design of narrow band devices.  This leads to the novel design of 

two devices, namely a two-port tuneable waveguide resonator which can be adjusted over a 

frequency interval of 300 GHz and a single port tuneable narrow band antenna which 

functions over an exceedingly large operational bandwidth of almost 1 GHz.  Both these 

narrow band devices are finely tuned by using loaded capacitances.            

 In the fourth chapter, the frequency characteristics of the parallel plate SIW loaded with 

respective capacitive and inductive slots are obtained.  It is affirmed that the parallel plate 

SIW slotted with a sufficiently small capacitance is equivalent to a standard parallel plate 
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waveguide. The standard parallel plate waveguide is shown to have several modes which also 

appear as modes of the parallel plate SIW loaded with either a very large capacitance or very 

small inductance.  However, it is proved that the standard parallel plate waveguide has certain 

modes, depending on the choice for  , which do not appear in the  parallel plate SIW loaded 

with either a very large capacitance or very small inductance.  It is demonstrated that the cut-

off frequency of the  th
 order mode in the parallel plate SIW slotted with a sufficiently large 

inductance is equivalent to the cut-off frequency of the      th
 order mode in a standard 

parallel plate waveguide, where         . 

In the final chapter, a modal analysis technique is used to obtain S-parameters of a hybrid 

waveguide structure composed of three sections, in which the middle section has a smaller 

width than the other two identical regions, over a suitable range of frequencies.  A  special 

instance of this structure is considered, in which the middle section is a slotted SIW (with 

either an E-plane or H-plane step respectively) and the outer sections are rectangular shaped.  

The calculated predictions of the S-parameters over the frequency range 2-3 GHz are shown 

to be in very close agreement with HFSS, particularly for the H-plane case.  Finally, the 

mode matching method is used to predict a rough estimate for the fundamental cutoff 

frequencies of slotted SIW antenna structures.  

6.2. Future work 

The HMSIW has several antenna applications, such as the leaky wave antenna [1], the slot 

antenna [2], the frequency scanning antenna [3] and the slot ray antenna [4].  The half-mode 

technique is convenient for antenna applications because it allows for fabrication, integration 

with planar circuits, large bandwidth, with low cost and reduced loss and size.  The 

determination of cut-off frequencies for loaded SIWs and HMSIWs is useful in determining 

at what frequencies the slot in a given structure can radiate.  The work on filters can be 

readily expanded in a more practical context.  For instance, folded SIW structures can be 

used to make efficient bandpass filters [5].  SIWs can also be used in novel ways to make 

phase shifters [6] rather than by using  traditional means [7].  The phase plots of S-parameters 

demonstrate that it is possible to construct rudimentary phase shifters from loaded SIWs. 
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The modal analysis technique that  was discussed is not entirely original, and there are 

several treatments of waveguide discontinuity problems in the existing literature (see [8]-

[11]).  However, its application to a general case of hybrid waveguide structures allows 

operational characteristics of many different kinds of slotted SIW structures with 

discontinuities to be modelled in a novel way.  This potentially has a wide range of 

applications in the form of slot antennas, filters and many other different devices.  It was 

established earlier for the examples of the modal analysis technique that the transition from a 

full mode SIW to a SSIW can be used to model an HMSIW fed by a full mode SIW.  This is 

of practical importance, because modal analysis can be used to readily determine operational 

characteristics for SSIWs for the construction of many different types of microwave devices, 

such as a switches [12] and an attenuators [13]. 
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7. Appendix:  Transverse resonance analysis of loaded 

SIW 

7.1. Background theory 

We consider a SIW with a slot that is loaded with an impedance Z, which can either be 

formed by a distributed structure or by periodically loaded discrete impedances. The unit of Z 

will therefore be Ω m or, if we express Z as an admittance Y, S m
-1

. 

In the transverse direction the equivalent circuit of the waveguide is shown in the figure 

below. 

 

 

 

 

 Fig 7.1: Equivalent transverse resonance circuit. 

 

 

Let    and    be the impedances seen looking to the left and right respectively.  Then, at 

resonance, the condition       must be satisfied.  By using the propagation constant in the 

x-direction given by             it follows that the resonance condition is 

                                             

Z

Z1
Z0,  x Z0,  xZ2

L1 L2
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Since we are considering a TE problem with the transverse resonance technique, the 

characteristic impedance is given by    
  

  
 

   

  
 [6] and the equivalent voltage and current 

are set equal to the electric and magnetic fields respectively. However, because we embed 

discrete components into the waveguide we need to ensure that the equivalent waveguide 

voltage and current value (and therefore   ) are compatible with the voltage and current 

presented to the impedance Z. If the electric field is independent of y then the voltage at the 

impedance will be    , where   is the height of the waveguide. The current (per unit length) 

at the embedded impedance is      .  Hence we choose 

                                   
   

  
                              

which has units of  m. Let       ,    
  

  
  and  

                                 
 

     
              

Then, by substituting equations (7.2) and (7.3) into equation (7.1), we obtain 

 

    

  
              

    

  
           

                                   

                                        

There are two types of solution to equation (4).  They can be categorized as fast and slow 

modes, where fast and slow are defined with respect to the velocity of propagation in the 

substrate material. We analyze lossless propagation when the impedance Z is purely 

capacitive, i.e. when        
 

   
. 

Fast mode propagation 
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For fast mode propagation          and therefore the field varies sinusoidally across the 

waveguide cross section, as is the case in conventional waveguide. Under this condition 

equation (7.4) becomes 

                                               

                                          

                                               

                                                                         

where we set         and       .  We make use of the standard definition of the 

propagation constant given by 

      
    

                                                                                    

where           . 

so that at cutoff, we have 

  
      

 
 

                                                                                                  

where the cutoff angular frequency    is given by  

                                        
  

        
                              

By substituting Z = jX=-j/ωC  into (7.3), we have  

                                
  

       
                                

so that we have 
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The structure has height        , slot width        , relative permittivity       , 

       ,        and      .  The solutions of (7.5) can be determined easily using 

standard numerical techniques, by substituting (7.7), (7.8) and (7.9) into (7.5).  Using the 

above formulae, we can use the transverse resonance technique to predict the following 

dispersion curves showing how   varies with   for the slotted waveguide with     and 

   . 

 

It is however useful to consider the ranges were the solutions lie. Figure x shows a typical 

plot of the left and right hand side of equation (5) for some   . The effective reactance    

will of course vary with frequency and therefore the slope of the line      will also change. 

Therefore, unlike conventional waveguide the value of    is frequency dependent. 

 

 

 

 

 

 

 


