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Abstract

Objective prior distributions represent a fundamental part of Bayesian infer-
ence. Although several approaches for continuous parameter spaces have been
developed, Bayesian theory lacks of a general method that allows to obtain priors

for the discrete case.

In the present work we propose a novel idea, based on losses, to derive objec-
tive priors for discrete parameter spaces. We objectively measure the worth of
each parameter values, and link it to the prior probability by means of the self-
information loss function. The worth is measured by taking into consideration
the surroundings of each element of the parameter space. Bayes theorem is then
re-interpreted, where prior and posterior beliefs are not expressed as probabilities,
but as losses. The approach allows to retain meaning from the beginning to the
end of the Bayesian updating process. The prior distribution obtained with the

above approach is identified as the Villa-Walker prior.

We illustrate the approach by applying it to various scenarios. We derive ob-
jective priors for five specific models: a population size model, the Hypergeometric
and multivariate Hypergeometric models, the Binomial-Beta model, and the Bi-
nomial model. We also derive the Villa-Walker prior for the number of degrees
of freedom of a t distribution. An important result in this last case, is that the

objective prior has to be truncated.

We finally apply the idea to discrete scenarios other that parameter spaces:
model selection, and variable selection for linear regression models. We show
how an objective model prior can be obtained, by applying our approach, on the

basis of the importance that each model has with respect to the other ones. We




illustrate various cases: nested and non-nested models, models with discrete and

continuous supports, uniparameter and multiparameter models. For the variable

selection scenario, the prior includes a loss component due to the complexity of

each regression model.
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Chapter 1

Introduction

Objective Bayes represents an important aspect of Bayesian analysis and, more in
general, of statistical inference. The motivations behind objective Bayesian proce-
dures can be different, but all originate from the same assumption: there is little
or no prior knowledge about the quantity of interest; or, as it may be also the case.
the knowledge is intentionally ignored. It is not our intention to contribute to the
debate about the “legitimacy” of objective Bayes (debate far from being over).
Detailed discussions on the matter can be found, for example, in Berger (2006).
Our work focuses on Bayesian objective methods for discrete parameters where,
according to the literature, there is a lack of a general approach for defining prior
distributions. We believe that the void can be filled by solving a foundational
gap affecting objective Bayes: probabilities cannot be directly obtained through
objectivity. Instead, we claim that they have to be derived through the objective

definition of loss functions.

The Bayesian framework can be formalised as follows. Let us consider the
Bayesian model M = {f(z]0),7(0)}: f(x|0) represents a family of probability
distributions chosen to model exchangeable or independently and identically dis-
tributed (i.i.d.) outcomes; 7(#) is the prior distribution representing the initial

guess with respect to the true value of the unknown parameter # € ©. Bayesian



inference is then performed on the basis of the posterior distribution
7(6le) o< f(xl0) x (0), (L1)

where the initial guess about 6 is updated on the basis of the information gained
from an experiment, expressed by the likelihood f(z|0).

We assume that the densities exist, with respect to some measure on X x O,

where X' is the support of f(x|f) (z € X), and O is the parameter space. For

simplicity in the notation, 7 indicates both the prior and the posterior; the context
will give indications on which one is discussed. Furthermore, x represents both
the random variable from which the observations are drawn in an experiment, and
the vector of observations itself: = (z1,...,x,); # can be a scalar or a vector of

parameters: 6 = (61,...,0y).

Here 7(#) in (1.1) represents the initial uncertainty we have about the true
value of #, and can be defined in two ways: subjectively or objectively. The for-
mer presumes some knowledge about 6 prior to the experiment. The method to
subjectively obtain the prior distribution are beyond the scope of this thesis, and
therefore not discussed; discussions about subjective Bayes can be found, among
others, in Ramsey (1964), de Finetti (1937), Lindley (1972), French (1982) and
Goldstein (2006). In the objective approach, the idea is to have a procedure that,
free from personal considerations, allows one to define 7(#) once f(z|f) has been

chosen. This case constitutes the main topic of the thesis.

If prior distributions are the building blocks of the Bayesian approach, objec-
tive priors represent one of the cornerstones. Even though it is appealing (and
advisable) to rationally take advantage of any suitable prior information that may
be available, this is not always feasible. In some circumstances there is no such
initial information; and in others, even though this knowledge is theoretically
available, it might be prohibitive even to think about using it. As an example,
consider complex and large models, where the number of parameters can be easily
of the magnitude of hundreds or thousands. It would be unrealistic to think that a

subjective definition of the prior for each one of these parameters can be performed.



The literature about objective priors is vast. Several general methods to ob-

jectively obtain m(#) have been designed: Jeffreys’ prior (Jeffreys, 1961), reference
priors (Bernardo, 1979), Probability Matching Priors (Welch and Peers, 1963),
among others.

When 6 is discrete, solutions to find an objective prior tend to be problem
specific. No effective general cases have been so far proposed. For this reason, we
focus on discrete scenarios, and propose a general approach that may be applied to
any model for which the parameter takes values on a discrete space. For example,
the number of trials n in a Binomial model; or the number of populations units
R that have a certain property in a Hypergeometric distribution. Furthermore,
the approach is extended to other discrete problems: model selection and variable
selection for linear regression models. In fact, procedures to assign prior mass to
each model, in an objective way, can be defined.

A second aspect about objective priors is that, in general, they are improper.
In practice, this does not constitute an issue, as long as the posterior is proper,
thus suitable for inference. The marginalisation paradox that may rise from the
use of improper priors (Dawid et al., 1973), has been overestimated (Berger, 2006).
In fact, objective improper priors have been and still are widely used. However, a
conceptual gap remains: the prior and posterior do not represent the same “thing”,
as the posterior represents probabilities while the prior does not. Therefore, if we
regard at the Bayesian procedure as a process with an input (the prior) and an
output (the posterior), there is no retention of meaning from one end to the other.
Attempts to justify this incongruence, mainly from a probabilistic point of view,
have been made. Our method gives a new view of the problem resolving the con-

ceptual gap.

The idea we propose is simple and it is the following. Instead of representing
initial beliefs by probabilities directly, we objectively represent them through losses
and, by means of the self-information loss function, derive the prior mass. Recall
that objectivity arises from the absence of knowledge, actual or alleged, about the

true value of the parameter, we can see the justification of this approach, as we can



still have an idea of the worth that each parameter value represents in the model.
And by assigning the mass to each parameter value by a measure of its worth, we
are not subject to the constraints of properness, intrinsic in a probability measure.

The worth of an element of the parameter space can be assigned by answer-
ing the following question: "What do we lose, if an element of the parameter
space is removed and it is the true one?” More formally, let us consider the prior
distribution 7(#) for the discrete parameter § € ©. If a prior mass 7 has been
assigned then we link this to a worth by means of the self-information loss func-
tion —logm(#) (Merhav and Feder, 1998). We can then find an objective way
to associate a loss to each 6, representing its worth in the model line-up, and
the prior distribution 7(6#) then follows. Furthermore, we note that in this way
the Bayesian approach is conceptually consistent, as we update an initial worth

assigned to #, through the application of Bayes’ theorem, to obtain the resulting

worth expressed by —log7(f|z). Indeed, there is an elegant procedure akin to

Bayes which works from a loss point of view, namely that
—logm(f|z) = K —log f(z|f) — log 7(6),
which has the interpretation of

Loss(f|z,m) = K + Loss(6|z) + Loss(0|r).

This is a cumulative loss function for assessing the loss of 6 in the presence of
two pieces of mutual information z and 7. Here K is a constant which does not
depend on 6.

The next part that we have to clarify is how the worth is objectively assigned.
The worth to be assigned to each model is equal to the Kullback-Leibler divergence
(Kullback and Leibler, 1951) measured from the model to the nearest one. This
is justified by the fact that, if the model is misspecified (which it would be if
we remove ¢ and it turned out to be the true value), the posterior distribution
accumulates asymptotically at the nearest model with respect to the Kullback—
Leibler divergence (Berk, 1966); also, refer to Theorem 3.1. Thus, this divergence

represents the loss incurred by removing the model, and is the true one, and this



will be the quantification of the worth of that model. The objectivity of this
measure is obvious, as it will depend on the available set of options (i.e. choice of
the family of densities) solely. Thus, we have that the utility of keeping 6 in © is
u(@) = Dgr(f(x|0)|f(x]0)), where Dgp(-||-) is the Kullback-Leibler divergence
(refer to Section 2.1.1). We can therefore associate a loss to each parameter value
as

1) = —Drr(f(x|0)]f(x6),

representing the loss in keeping # in the space ©. We link this measure of the
worth of 6 via the self-information loss function by setting —logm(6), and the

resulting prior is

m(0) oc exp {D(f(z|0)]| f(x]6"))} .

Outline of the work

In Chapter 2 we present a review of the current objective approaches to derive
prior distributions for parameter spaces. It has three sections. The first one
discusses motivations for an objective Bayesian approach, criticisms, and a gen-
eral discussion on improper priors. The second section discusses three approaches
for continuous parameter spaces: Jeffreys’ prior, reference priors and probability
matching priors. The last section of the chapter refers to the challenges in defining
objective priors for discrete parameter spaces, illustrating the current methodolo-
gies. Chapter 3 contains the main result of the thesis: the novel approach we
propose that allows to design objective priors for discrete parameter spaces. After
a section discussing our motivations, we briefly discuss loss functions in general
and, in particular, the self-information loss function. The last section of the chap-
ter presents the formal definition of our approach.

The following two chapters provide examples of the application of our approach
to specific models. Chapter 4 focuses on five particular models discussed in Berger
et al. (2012). In Chapter 5 we show how our approach can be applied in estimating
the number of degrees of freedom of a ¢ density. In the chapter we also provide
the analysis of the posterior, both for i.i.d. samples and a regression model with

t-distributed errors.



Chapter 6 is a first example of the application of our objective approach to
model selection problems. We first briefly review major objective approaches,
then present our method with some illustrations: nested and non-nested mod-
els, discrete and continuous supports, uniparameter and multiparameter models.
Chapter 7 refers to a particular type of model selection scenario: variable selection
in linear regression models. Our prior is derived and its use is illustrated on a real
data situation. Comparison with other two objective priors is carried out on the
basis of marginal posterior inclusion probabilities. The chapter includes also some
interesting results that, although not directly relevant to the work discussed in
this thesis, are noteworthy and should drive future investigation.

Finally, Chapter 8 provides a general discussion of the overall results of the
thesis, including some ideas for future work. In particular, possible extension
of our approach to continuous parameter spaces and other selection problems
(polynomial regression and mixture models, for example). In each of the chapters
from number 4 to number 7 we present a discussion of the specific results obtained

therein.



Chapter 2

Background

In this Chapter, we review and discuss some of the objective procedures to assign
prior probability to parameter spaces. To set the appropriate context for this work
it is paramount not only to examine these process from a mathematical point of
view, but to grasp what is the motivation behind their development.

We start by presenting some historic facts about the origins of Bayesian infer-
ence. We show that, in fact, this has been the first type of inference. We move then
to discuss invariance property, which represents the trigger for the development of
Jeffreys’ priors. Reference analysis and probability matching priors are presented
next, alongside with other less general objective approaches. Finally, as the core of
this thesis is about discrete parameter spaces, we review some approaches designed

specifically to deal with this type of scenarios.

2.1 Notation and initial considerations

The literature about objective Bayes is full of different terminology about prior dis-
tributions defined through objective approaches. Some words are non-informative
prior, ignorant prior, vague prior. As these refer, at least in principle, to the same
concept, we use throughout this work the adjective objective prior. By objective
prior, we mean a prior distribution that is obtained through a procedure that does
not involve subjective input after a model has been chosen.

We consider the model M = {f(z|0),0 € O}, where x+ € X, with X being



2.1. Notation and initial considerations

the support of f(-|#), and © the parameter space. The aim is to make inference
about the value of the unknown parameter §. In a Bayesian framework, this is
achieved by obtaining a distribution of the parameter, posterior to the observation
of a sample x = (z,...,2,) drawn from f(-|#). The posterior is the result of
the combination of the information contained in the sample, expressed by the
likelihood function f(x|@), and the prior 7(6) representing the uncertainty about
0

rol) — LG0T
J f(@|0)m(0) db

Throughout this thesis, we assume that all probability functions exist with respect

to some reference measure on X" x 0.

As it appears from the above, a key step is the definition of 7(f). In essence,
there are two ways of doing this. If we possess sufficient and sensible information
about 6, we can use it to elicit the prior. The information can come in various
forms, such as expert knowledge, but in many circumstances it derives from his-
torical data. A subjective prior is extremely powerful, if both the basis and the
process of elicitation are robust and rational. However, the conditions for elicita-
tion are not always possible, or realistic. Sometimes this prior information is not
available, because there is no sufficient (or not at all) historical data; or because
models are complex, in the sense that the number of parameters is too high to
allow a sensible elicitation for each one of them.

There are also other more subtle motivations in deciding not to subjectively
define 7(6), as detailed in Berger (2006). First, the idea of subjectivity in the
non-scientific community creates the belief that the analysis does not bear the
necessary scientific rigour. For example, there may be the concern that results not
supported solely by experiments, which could be objectively replicated, are some-
how the consequence of skilled “manoeuvres” intent to support biased outcomes.
Objective Bayes can also be considered as a way of connecting with frequentist
methods. In Bayarri and Berger (2004) there is an exhaustive review of literature
aimed to support the argument that objective procedures are an interface between

the Bayesian and the classical (i.e. frequentist) approach.

Besides motivations, in Berger (2006) it is also possible to find criticisms to



2.1. Notation and initial considerations

objective Bayes. In addition to the alleged lack of scientific rigour mentioned
above, doubts are driven by the presence of multiple objective methods which, in
some cases, lead to different results. Thus, the necessity to choose between these

methods is perceived as a weakness in the overall idea. The general approach for

discrete parameter spaces (Berger et al., 2012) suffers from this issue.

2.1.1 Definitions

The objective approach we propose is based on an asymptotic property of the pos-
terior distribution, when the model is misspecified, which involves the Kullback-
Leibler divergence (Kullback and Leibler, 1951).

Definition 2.1 (Kullback-Leibler divergence). The Kullback—Leibler divergence
between probability mass functions f(x|0) and f(x|p) is given by

D (f(x]0)[|f (z]9)) Zf e {E:Z))}

If f(x|0) and f(x|p) are probability density functions, the Kullback—Leibler diver-

gence has the form

Dicw(f(zl0)|1f(l6)) = /X £(xl6) 1%{?—@} din

Objective prior distributions are, in general, improper.

Definition 2.2 (Improper distribution). A probability mass function f(x|0), with
x € X and 0 € O, is improper if

> f(xlo) =

If f(x|0) is defined in the continuous, that is it is a probability density function,

/Xf(:E[H) di = ox3

then it is improper if
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2.1.2 A few words on improper priors

Objective approaches lead in many circumstances to improper priors, in the sense
that these distributions do not integrate (or sum, in the discrete case) to one. This
happens because, as we want to represent as less knowledge as possible about the
parameter value, the parametric space is often unbounded.

There are cases where objective priors are proper. For example, a commonly
accepted objective prior for the parameter 6 € (0,1) of a binomial distribution,
representing the probability of success, is m(0) = Be(1/2,1/2), where Be is the
Beta density. However, a bounded parameter space is not per se a sufficient condi-
tion for having a proper objective prior. As an example, if we consider a Negative
Binomial distribution with parameters (r,p), where r > 0 and p € (0, 1), the usu-
ally recommended objective prior for p is 7(p) o< p~'(1 — p)~'/?; this distribution,
although the parameter space is bounded, turns out to be improper. Finally, there
are scenarios where for an unbounded parameter space it is possible to have proper
objective priors, as for the case of the ratio of two multinomial parameters, where

the parameter space is (0,00) (Bernardo, 1997).

Given that inference depends on the posterior, improper priors can be used
in practice, as long as the posterior is proper. However, improper priors are
not probability distributions, and they simply represent positive functions, that
is a technical device to be used in Bayes theorem to obtain (proper) posterior
distributions (Bernardo, 1997). But it is obvious that, conceptually, Bayes theorem
no longer applies.

Berger et al. (2009) give a justification on the adoption of improper prior
distributions. If an improper prior () is defined, then Bayes theorem does not
apply and its use has to be justified. Berger et al. (2009) show that the posterior
7(f|z) is a suitable limit of posteriors obtained from proper priors. Consider
the increasing sequence of compact sets of ©, {©; };‘;1 The sequence of proper
priors 7(6;), defined on ©;, is called the approximating sequence of posteriors
{m;(0x)};Z,, approximating the formal posterior 7(6|x). Thus, the sequence of

posteriors is said to be expected logarithmically convergent (to the formal posterior)

10
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if
tim [ i (ko)) o) d 2.1)

where f;(z f@ (x]0)7;(0) df. The conclusion is that a prior distribution
satisfying the property in (2.1) yields a posterior that, in expectation, is an ap-
proximation of the formal posterior; in the sense that it approximates the posterior

that would be obtained by restricting the sample space © to a large compact set.

2.2 Review for continuous parameter spaces

2.2.1 A brief discussion on the term non-informative

We do not wish to debate on etymological aspects, but we deem appropriate to
spend a few words to clarify the meaning of non-informative, when it is referred to
prior distributions. For an interesting discussion on the matters, refer to Bernardo
(1997).

Bernardo and Smith (1994) pointed out that “there is no prior that repre-
sents ignorance”. Every prior distribution carries some amount of information
(although sometimes minimal), in the sense that it depends on the model that has
been chosen. In fact, it is commonly agreed that objectivity is intended from the
moment that the model has been selected to represent the quantity of interest.
Therefore, when we refer to a prior distribution representing “ignorance”, it has
to be understood in the above sense.

Many terms have been used to label this type of distribution: conventional,
default, flat, formal, neutral, non-subjective and objective (Bernardo, 1997). Inde-
pendently on what expression we decide to adopt, there is some common agreement
on what a prior which is not elicited should represents: derive posterior distribu-
tions, through Bayes theorem, where the contribution from the observations is as

large as possible. In other words, it is the data that should dominate the scene.

11
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2.2.2 Inverse Probability and the Uniform Prior

Even though in Bayes’ essay (Bayes, 1763) the prior distribution is not mentioned,
it is clear that, in his attempt to estimate an unknown probability, he used a con-
tinuous uniform distribution as the prior for the unknown parameter. A simplified
illustration of the experiment described by Bayes is as follows. Consider a pool
table of a length that conventionally we refer to as one. A ball is placed on it
following a uniform distribution. What we have to guess is the distance of the ball
from one of the ends of the table, say the left-end. To do this, we throw another
ball on the table, and the number of times it is closer to the left-end than the
other ball is counted. We use this information to make our guess.

The inference problem, in modern terms, is to estimate the parameter p of a
Bernoulli distribution. To do this, even though not explicitly stated, Bayes puts
a uniform prior on the parameter space: that is m(p) o 1, with p € [0, 1]. He then
considers the likelihood of observing = successes, given p, which is the number of
times the second ball gets closer to the left-end of the table than the first ball.
Thus, he combines the prior information with the likelihood function f(z[p) to

obtain the posterior distribution of the parameter

e = _LEpT®)
Pl) = Tl
_ ”“( o 2
) p(1 — p)n—=dp
n !

which is a Beta distribution with parameters x +1 and n —x + 1. Note that, while
the successes are independent when they are conditional on p, they are not when
they are unconditional on p, i.e. marginalised.

Of course, the above result in (2.2) is the outcome of a reinterpretation pro-
cess, where modern considerations have been made. Nevertheless, it seems that at
least two key points can be noted. First, from this example it appears that Bayes
intention was of starting with an initial guess and update this by consequent ob-

servations. This, as we know, is the core of the Bayesian framework. Second, his

12
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initial guess was made in a condition of total ignorance, and he has translated
this ignorance in a probability distribution that treats equally each value in the
parameter space; in other words, Bayes considered the uniform distribution as the

distribution for ignorance.

This idea was developed, independently from Bayes, by Laplace a few years
later; possibly in a more comprehensive and sophisticated manner (Laplace, 1774).
We are not going to detail Laplace’s contribution, as it would lead to the results we
have outlined above. Besides a formal definition of Bayes theorem, as it is today
known, he has clearly specified what a prior distribution representing ignorance
should be. His idea that, if we know nothing about the value of a parameter
there is no reason to assigning more mass to a value than another, took the name
of indifference principle and it dominated the statistical inference scenery up to
the birth of the frequentist approach. As mentioned in Fienberg (2006), Laplace
started the statistical quest of finding prior distributions that reflect ignorance; a
quest that it is still going on under the name of objective Bayes.

In his work, Laplace reinforced the concept that a prior distribution on the un-
known parameter of a Bernoulli distribution p, which aims to represent ignorance,
has to be uniform on the interval [0, 1]. He has also adopted the same approach
for other cases, such as for location parameters. As reported in Fienberg (2006),
Laplace has clearly expressed that the posterior distribution for a parameter 6, is

proportional to the likelihood function, times the (uniform) prior distribution
m(0]x) o f(x|6).

The concept of uniform prior is implied.

The terminology inverse probability appearing in the title of this section, re-
flects the concept of inferring backwards from the data to the parameters or, as it
can also be put, from the effect to the causes. However, the name came into use
later and was used until the middle of the last century, when replaced by Bayesian

inference (Fienberg, 2006).

13
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2.2.3 Jeffreys

The main criticism about uniform priors is that they do not represent ignorance.
Knowing nothing about 6 and knowing that it can take any value with the same
probability are two well distinct facts. The above criticism to uniform priors
mainly came from the fact that, in general, they are not invariant under one-to-one
reparameterisations. This property is by many seen as a must for an objective prior
(Dawid, 1983; Jaynes, 1968; Bernardo, 1997). In particular, Jaynes asserts that
the way a model is parametrised involves subjectivity; as such, a prior distribution
that is influenced by this subjective choice, cannot be considered entirely objective.
The state of knowledge about a model does not change by simply rearranging its
parameters. Let us better understand the meaning of invariance under one-to-one
reparameterisations. Consider a statistical model f(-|#) with the prior 7(0) x 1,
that is a uniform. If we do not have any knowledge about #, we also do not have
any knowledge about 1/6. Therefore, by applying the change-of-variables formula

for random variables on the one-to-one transformation g(¢) = 1/6, we have

d
d(1/9)

") =1 | i o) = -5
which is not uniform.

In designing an objective approach to derive priors, Jeffreys stressed the im-
portance that the resulting distributions were invariant under any one-to-one (dif-
ferentiable) transformations. He then based his method on the considerations that
Fisher information (Edgeworth, 1908), I(f), is a quantification of the amount of
information about the parameter 6 that is expressed by the model, and that it is
invariant under these type of transformations. Fisher information is defined as

=
1(6) = —E, {ﬁlogmm} |

where [y is the expectation with respect to model f(x|6), and log f(x]@) is the

log-likelihood function. For example, Casella and Lehmann (1998) show that,

if ¢ = h(f) and 6 are two parameterisation of the same estimation or decision

14
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problem, and ) is a continuously differentiable function of 6, then
1(6) = I(y)(W'(9))*, (2.3)

where h'(6) represents the derivative of h(6) with respect to 1. Expression (2.3)
links the Fisher information of the parameterisation 6 and the one of the param-

eterisation ). Thus, by taking the square root of both parts in (2.3), we have
1(0)'/2 = I(4)"/2|1(6)].

Therefore, the prior for  will be linked to the prior for its reparameterisation 1
by
m(8) oc 1(6)"? = m(v) |1 (6)], (2.4)

which is the well known expression of Jeffreys prior, that is the square root of the
determinant of Fisher information. On the right-hand-side of (2.4) it is possible to
recognise the transformation formula, showing Jeffreys prior invariance property.

As an illustration, Jeffreys prior for the parameter 6 € (0,1) of a Binomial
distribution with known n, is given by 7(6) o #7Y/2(1 — #)~1/2; that is, a Beta
with both parameters equal to 1/2. Also, if we consider a Normal distribution with
unknown mean ¢ and known variance, it can be shown that 7(u) o< 1; showing that
the uniform prior can still be a valid objective prior, in the sense that is complies
to the desiderata of being invariant under one-to-one reparameterisations.

An important limit of these type of priors, noticed by Jeffreys himself, is that
in general it does not lead to acceptable results when applied to a vector of pa-
rameters. Let us consider a distribution function f(z|@), where 8 = [6y,....604]"
is a vector of d parameters. The Fisher information matrix for this vector of
parameters is given by

2

1O); = ~B{ g o8 1(alt) .

Thus, Jeffreys prior for the multiparameter case can be found by taking the square
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root of the determinant of the Fisher information matrix, that is

7(0) o det(I(6))"/>.

The prior obtained according to Jeffreys’ rule for the unknown parameters
(i1, 0) of a normal distribution is 7(u, o) o 1/0; this prior has poor convergence
performance (Chopin et al., 2009).

To overcome this weakness, Jeffreys suggested to consider the two parameters
as independent a priori: w(u,0) = w(u)w(o) o< 1/0% which has desirable prop-
erties. To distinguish between the two priors, we call the first one as Jeffreys’
rule prior (as it has been obtained applying directly Jeffreys’ method), whilst the
second (assuming parameter independent a priori) is called Jeffreys independent

prior.

2.2.4 Reference priors

We examine in detail reference priors because, as we will see in Section 2.3, they
represent an important building block of what can be considered the more evolute
general approach for deriving objective priors for discrete parameter spaces that
can be currently found in the literature.

Approaches based on Jeffreys’ method where used to deal with multiparameter
problems until the early 70’s (Bernardo, 1997), when marginalisation paradoxes
began to emerge. Up to then, no particular issues were identified in using im-
proper priors, such as Jeffreys’, in Bayesian inference. It appeared that having to
deal with a proper posterior was sufficient, independently of the prior used (i.e.
proper or improper). These paradoxes, presented and discussed in a systematic
way in Dawid et al. (1973), show that the use of improper priors in multiparameter
problems may lead to marginal posterior distributions that do not posses Bayesian
properties, as it would be the case if proper priors would be instead adopted. In
Berger (2006) and Berger and Sun (2006), there are interesting discussions about
the marginalisation paradoxes. In particular, it is agreed that the avoidance of
these paradoxes, through the design of appropriate priors, may not be a funda-

mental task. It is in fact possible to find optimal posteriors even though they suffer
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from the paradox. Conversely, there are posteriors (also coming from subjective
priors) far from being good which are free from the paradox. As such, we decided
not to further pursue this topic.

Even though reference priors were not a direct answer to the above paradox
(Bernardo, 1997), they allow one to deal with multiparameter problems avoiding
the marginalisation paradoxes. Based on the work of Lindley (1956), who first
thought about using information theory concepts to measure the difference in
information between prior and posterior, Bernardo (1979) laid the groundwork
for reference priors. The work was subsequently developed and structured and,
finally, grouped under the name of reference analysis. Extensive reference on the
subject can be found in Berger and Bernardo (1989, 1992a.b), Clarke and Sun
(1997, 1999) and Berger et al. (2009).

The basic idea of the reference prior is as follows. The posterior distribution,
as known, is the “combination” of the prior knowledge about the parameter and
the likelihood. Therefore, if we measure the difference in information between the
posterior and the prior, this difference can only be the information about the pa-
rameter (the unknown quantity of interest) that is contained in the data. We have
already mentioned that the aim of an objective approach is to obtain posterior dis-
tributions where the contribution of the data is as large as possible. And this can
be interpreted as defining a prior such that the difference in information between
posterior and prior, called the missing information, is maximised (in expectation).
An important contribution of reference priors is that they allow, through a step-
wise procedure, to deal with multidimensional parameter spaces, where only a
number of them are considered of interest, and the remaining are considered as
nuisance parameters. If there are no nuisance parameters (plus certain regularity
conditions are satisfied) and, in particular, in the one-dimensional case, reference
priors coincide with Jeffreys’ rule prior. When there are nuisance parameters, the

reference priors will in general differ from Jeffreys’ rule prior.
We start by presenting the case of a model with one parameter only, as for

this situation reference priors are defined without heuristic components. We then

extend to the multiparameter case where, as Berger et al. (2009) state, not all
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definitions and theorems are supported by non-heuristic arguments as for the

uniparameter case. Reference priors in the presence of nuisance parameters are

discussed in this extension.

Missing information

The notion of missing information introduced by Bernardo (1979) is based on the
concept of gain in information provided by an experiment, discussed by Lindley
(1956).

Let us consider a set of observations from a statistical distribution f(x|f), with
¢ € © is an unknown parameter. A random sample of size n from f(x|6) can be
represented by the sequence of i.i.d. random variables * = (x1,...,x,). The
gain in information provided by the experiment is based on information theory
concepts developed by Shannon (1948), and it is given by the Kullback-Leibler
divergence between the prior distribution for 6, 7(#), and the posterior given the
data, 7(f|z). That is

K, = Dyu(n(6lz)|x(9))

ol 10 1D ,
= /@ (01 g == do. (2.

o
~—

The expected gain in information K] is given by the expectation of (2.5)
K7 = Ex {Dk.(r(6]z)||7(6))},

where the expectation is taken with respect to the marginal m(z) = [ f(x|0)m(6)db.
The missing information is the value of K7 for large values of n, and the prior that
maximises this missing information is the reference prior. That is, the distribution

7(f) maximizing K7 = lim,,_,., K.

Definition of reference priors

Let us now discuss the derivation of reference priors for the case where 6 is a

scalar.
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We have introduced the definition of expected logarithmic convergence condi-
tion in Section 2.1.2, anticipating that reference priors satisfy this property. In
particular, Berger et al. (2009) define as permissible prior any 7(6) for which this
is true. Consider model M = {f(z|¢),0 € ©}. Note that = represents the entire
vector of observations, and the model M represents, in the context of reference pri-
ors, the probability model for the actual vector of observations. In fact, the theory

of reference priors requires the theoretical possibility to replicate the experiment.

Definition 2.3 (Permissible prior). A strictly increasing probability function 7(0)

15 a permissible prior for model M, if
1. w(8|z) x f(x]|0)m(0) df < oo for all x € X; and

2. for some increasing sequence {©; }]Oil of subsets of the parameter space, such
that lim; . ©; = ©, and [7(#)df < oo,

lim / fi(x)o{m;(8|z), m(6]x)} dx =0,
IR

where 7;(6) is the renormalised restriction of w(6) to ©;, m;(0|x) is the cor-
responding posterior, f;j(x) = [ f(x|0)7;(8)dO the corresponding predictive
distribution, and w(0|x) o< f(x|0)7(6). 0 is the intrinsic discrepancy between
the distributions: 6{p,q} = min{Dxk(pllq), Dxr(qllp)}.

To measure the difference in information between prior and posterior, which
is at the basis of reference priors, Berger et al. (2009) suggest Shannon’s expected
information (Shannon, 1948; Lindley, 1956).

Definition 2.4 (Expected information). For model M, the information expected

from one observation, with prior w(0), is

I(x|M) = /X{/eﬂ((ﬂx)log ”;?g;) d@}m(as) da

= / Dici(n(B]) | (6))m(z) de,

where m(x) = [, f(x|0)7(0) db is the marginal for observation x, and 7 (f|x) =
f(x|0)m(0)/m(x).
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The expected information I(7|M) represents what it is gained in observing z
from model M, given that the prior on # is 7. If we extend the information to
a sequence of k vectors of observations, ® = (z;,...,z;), intuitively, the gain
will be higher, as we would learn more and more from the data as k becomes
bigger. Thus, if we indicate by I(w|M*) this information, we would expect that,
for k — oo, the result would be a quantification of the missing information about
6, given the initial one represented by the prior 7(6). So, if we define by P the set
of priors that can represent the initial information we have about €, the sought
distribution will be the one in this set that maximises the missing information.

Two issues raises when the parameter set is continuous. The first one is that the

limy o I(7|M*) is not finite, in general; second, on unbounded sets, the expected

information is not defined. To solve these problems, Berger et al. (2009) consider

the following

Definition 2.5 (Maximising Missing Information property). Let M be a model
with continuous parameter § € © € R, and let P be the class of proper prior
distributions for 6. The function w(0) is said to have the Maximising Missing
Information (MMI) property for model M, given P, if for any compact set O, € ©
and any p € P

lim {I(mo|M¥) — I(po|24)} > 0,

with my and po the (renormalised) restrictions to Oy of, respectively, © and p.

The definition of the MMI ensures that the missing information exists for any
k. This is a consequence of the restriction to a compact set. This “device”, as
labelled by Berger et al. (2009), allows one to handle the fact that the missing
information diverges when £ tends to infinity; and this is done by noting that
the reference prior will always provide more (missing) information than any other
potential prior in the set P.

Now, Berger et al. (2009) are ready to give the formal definition of reference

prior for model M.

Definition 2.6 (Reference prior). A function 7(0) = w(0|M,P) is a reference
prior for the model M, given P, if it is permissible and has the MMI property.
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It is worth to mention that, prior to this formal definition, the justification
of working with the maximisation of missing information was somehow heuristic.
For example, refer to Bernardo (1979) and Berger and Bernardo (1989).

It is key, for the existence of the reference prior, that both I(m|M*) and
[(po|M*) are finite, when we consider the (artificial) replications & of the experi-
ment (Berger et al., 2009).

Properties of the reference prior

Reference priors hold three desirable properties (Berger et al., 2009) for an ob-
jective prior distribution. These are independence from the sample size, com-
patibility with sufficient statistics and consistent under reparameterisation. The
first property says that, if + = (z,...,z,) is a random sample from model
M = {f(z]0),0 € ©}, with reference prior m(6), then 7(6|M") = 7(6|M) for
any fixed n. This property is satisfied for i.i.d. observations. In cases where ob-
servations are not i.i.d., such as time series, then the reference prior may depend
on n.

Consider model M as above, with sufficient statistic t = t(z) € T. Let
M, = {f(t|f),t € T,0 € O} be the transformed model in terms of t. Then,
because expected information is invariant under this type of transformation, we
have 7w(6|M) = w(0|M,), where m(-) is the reference prior for 6.

For model M above, consider the one-to-one transformation of 6 given by
¢»(0). Let M, indicate the model reparametrised according to this transformation.
Then, for the invariant property under one-to-one transformation of the expected
information, m(¢|My) will be the reference prior induced from 7(6|M) by the

appropriate probability transformation.

Practical computation of reference priors

Definition 2.6 has no practical use. To compute reference priors Berger et al.
(2009) give the following theorem. Consider vector ) = (2, ..., x;) of (artificial)
independent replicates of a vector of observation, and let ¢, = ty(xy,...,2) € T

be any sufficient statistics of z(*.
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Theorem 2.1. Assume a standard model M = {f(x]6),0 € © C R} and the stan-
dard class Ps of candidate priors. Let m*(0) be a continuous strictly positive func-

tion such that the corresponding formal posterior

. _ f(tle)m*(9)
T (0ltk) = Jo F(txl0)7(6) db’

s proper and asymptotically consistent, and define, for any interior point 6y of ©,

) =g { /T w(4]6) log 7 (61t dtk} and

= lim i (0)
)= I e

If (i) each m(0) is continuous and wo(0)/7Y(6y) is either monotonic in k or is
bounded above by some h(6) which is integrable on any compact set, for any
fized 0 and sufficiently large k, and (ii) 7(0) is a permissible prior function, then

m(0| M, Ps) = w(0) is a reference prior for model M and prior class Ps.

Generalisation to the multiparameter case

Reference priors for the case where the model has more than one parameter are
computed by simply generalising the case of one parameter. However, Berger
et al. (2009) assert that not all definitions and theorems can be extended. In
particular, Theorem 2.1 does not have an analogous explicit representation for
the multiparameter case. However, it is in principle possible to simply consider a
model M = {f(z]0),0 € O}, and Bernardo (1979) showed, somehow heuristically,
that the distribution maximising the expected missing information,

K =Ex {Dkr(n(8|z)||7(0))},

n

which is computed for large n (i.e. n — oc0) is Jeffreys’ prior. That is

7(0) o det(1(6))"/2. (2.6)
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This can be seen as the distribution maximising the expected missing information

on each compact set ©; of ©, given by 7(6;) o det(I()), were (weakly) converging
to (2.6), as shown in Bernardo (1979).

The result in (2.6) is an important aspect of reference priors, as anticipated.
If there are no nuisance parameters, that is if all the parameters are of interest
(or, in the case of uniparameter models, the parameter), then Jeffreys’ prior is
the reference prior, in the sense that it is the prior distribution which maximises
the expected missing information. The result has been formally shown by Clarke
and Barron (1990, 1994). Under regularity conditions, which assure asymptotic
posterior normality, by repeated sampling from model M = {f(z|f),0 € ©} the

above result is attained by the prior

e 10) =~ [ stelo {%Mgmxw} .

The result holds for uniparameter and multiparameter models.

Nuisance parameters

Bernardo (1979) proposed to apply reference priors to the case of nuisance param-
eters. The procedure is, in short, as follows. Consider a model M as above, where
the parameter of interest is  and the nuisance parameter is A. To deal with this

problem, Bernardo (1979, 2005) proposes the following three-steps algorithm.

1. The prior for the parameters (6, A\) can be written as 7(6,\) = w(\|0)7 ().
Model f(z]0, A), conditional on €, depends on A only. Therefore, the one-

parameter reference prior m(A|6) can be found.

2. The nuisance parameter can then be integrated out to derive the marginal

model

f(zl0) = /\ F(]6, \)m(N]0) dA. (2.7)
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3. The one-parameter reference procedure can then be applied to (2.7) to obtain
7(6) and, therefore, 7(#, ). The reference posterior for the parameter 6 will

then be

m(0|r) /Af(xw,/\)ﬂ(ﬁ, A)dX = f(z|0)m(0).

However, the prior m(\|f) is improper, so that (2.7) is not a valid statistical
model. In this case, the proposed solution is to restrict the integral to a sequence
of compact sets. In particular, it is defined the increasing sequence of subsets
of A, {Aj};’c:l converging to A. By restricting m(A|f) on each A;, we obtain the

marginals

F5(al6) = [ al6 Aymy(2l6) dx

from which we can derive the reference posteriors m;(f|z). Note that m;(\|6)
represents the renormalised proper restriction of 7(A|f) to A;. In other words,
from the sequence {A;}]2, we obtain the sequence of posteriors {m;(f|x)} %, and
the required reference posterior for the parameter of interest is given by 7(6|z) =
Iittiz s 5 (8| )«

The reference prior does not depend from the nuisance parameter, but it may
depend on the choice of the parameter of interested. In the former case, for any

Y =1(6, ) such that (6,) is a one-to-one function of (6, \), we have

(6,

%) = (6, ) ] 9(0, %) ) |

0(0,)

which is the probability transformation of the reference prior. In the latter case,
the reference prior for  is not the same as the reference prior for ¢ = ¢(6, A), unless
¢ is a one-to-one transformation of @, or it does not (asymptotically) depend from
it. The reason is that the prior maximising the expected missing information about
6 is not (in general) the same that maximises the expected missing information
about ¢ (Bernardo, 2005).

In this case as well, under regularity conditions (i.e. asymptotic normality)

the prior for the parameter of interest coincide with Jeffreys’ prior.

The approach for dealing with nuisance parameters can be extended to models
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where the number of parameters is greater than two. Consider the d-parameters
model M = {f(x]0),0 = {6,,...,04}.6 € ©}. If the parameter of interest is, for
example, #;, and therefore the remaining d — 1 parameters are nuisance param-
eters, and under normality hypotheses for the conditional posterior of 6; given
{6, ...,0,} and for the marginal of 6, the algorithm for one nuisance parameter

described above can be extended to obtain each element of the
7T(9) = 7T(9d|91, wioni ,(9,171) o 01 10 ’7T(92|91)7T(91) (28)

which corresponds to the reference prior distribution for that particular ordering
of the parameters. Intuitively, (2.8) represents the distribution maximising the
missing information about parameter 6;, but also the one which maximises the
missing information about #, given #; and so on so forth. Practically, the reference
priors are obtained “backwards”, that is, before finding 7(6;), one has to find
7(62/61), and so on. Bernardo (2005) shows that the prior is sensible to the ordering
of the parameters. In fact, this ordering should reflect the prior knowledge in terms
of inferential importance for the parameters, being ¢, the most important one and
04 the less important one. The formal procedure to deal with reference priors for
multiparameter models can be found in Bernardo and Smith (1994).

It is important to see that in the multivariate case, unlike for the univariate
case, the reference prior does not yield Jeffreys' prior, as the following exam-
ple shows. The reference prior for a location-scale model (Fernandez and Steel,
1999a), is mr(u, o) = o1, both for ordering (i, o) and (o, ). Whilst Jeffreys’ is
7;(p,0) = 072, which we know already to be inappropriate as it produces both
marginalisation paradoxes (Dawid et al., 1973) and strong inconsistencies (Eaton
and Freedman, 2004).

The problem of eliminating nuisance parameters in the Bayesian framework,
especially for practical purposes, is important. It is true that, because in the
framework we can compute the marginal posterior of the parameter(s) of interest,
this may appear as a false problem. However, Liseo (2005) shows that there
are practical consequences in eliminating nuisance parameters; several approaches
within the Bayesian framework are considered. In particular, for objective Bayes,

the integrated likelihood approach (Berger et al., 1999), and the reference prior
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approach (Liseo, 1993).

2.2.5 Other priors based on maximising missing informa-

tion

In the literature it is possible to find other approaches in finding objective priors
based on the concept of maximising the missing information. On the line of
reference priors, the idea is to find a prior distribution for which the expected
“difference” in the prior and posterior distributions is maximum. As we have
seen, in reference prior the “difference” between the distributions is measured by
means of the Kullback—Leibler divergence.

Clarke and Sun (1997, 1999) use the Chi-squared distance to maximise the
expected missing information. If we consider density p(x) and density ¢(x), the

Chi-square distance between the two is given by

(4@) = p(@))?

p(l) x.

Dyx(p(a)lla(x)) = /

Therefore, for model M = {f(z|f),0 € O}, the prior 7(f) is the one which

maximises XQ(T['(H)):/ {/ (7(6lz) — 7(0))* de}m(’lf) dx
Vo (0) o

where 7(6|x) is the posterior and m(z) the marginal of z. The main result by

Clarke and Sun (1997, 1999) is that, in the case of the uniparameter exponential
family of distributions, where the canonical parameter is the parameter of interest,
the prior obtained by maximising the expected Chi-squared distance between prior
and posterior is different from Jeffreys’ (including the case of nuisance parame-

ters). In particular, it turns out to be the fourth root of the Fisher information.

Ghosh et al. (2011) consider a more general divergence

_1- [A{[7B0)x' 7 (6]x) df} m(x)p(dx)
B(1 - B)

R%(m) p<1, (2.9)

where p(dz) is a dominating measure. Expression (2.9) represents a family of
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divergences, indexed by /3; when g — 0, for example, (2.9) becomes the Kullback—-
Leibler divergence. Other interesting cases are when § = —1, for which is the
Chi-square distance, and 5 = —1/2, for which it represents the Bhattacharrya-
Hellinger distance (Hellinger, 1909; Bhattacharyya, 1943). The main result of
Ghosh et al. (2011) is that Jeffreys’ prior is the prior distribution which maximises
the expected missing information in (2.9), with the exception when the Chi-square

distance is considered (i.e. § = —1)

2.2.6 Probability matching priors

A different approach in obtaining objective prior was firstly proposed by Welch
and Peers (1963) and Peers (1965). The idea is to obtain prior distributions such
that, exactly or as an approximation of a certain order, the posterior probability
of the Bayesian credible set coincide with the corresponding frequentist coverage
probability. To grasp the idea, we see the following example from Datta and
Sweeting (2005).

Example 2.1. Consider a random variable x normally distributed with unknown
mean 6 and variance equal to 1. The prior we put on 0 is the uniform, which is
known to be improper: w(0) < 1. Thus, the distribution of x and the posterior for
6 are the same, that is f(x|0) = w(0|x). If we consider the posterior distribution of
Z =0 —x, we have P, {0 = (9(,(1”1,} = Pp{0 < 0,(2)} =, with,(z) =+ z—«
and z, 1s the a-quantile of the standard normal distribution. We can then see that
a credible interval for 8 with posterior probability equal to «, is also a confidence

interval with confidence level equal to «.

We then say that the uniform distribution is Probability Matching Prior (PMP).

The main reason PMP method has been developed lies in its frequentist prop-
erties. In particular, objective priors can be seen as those prior distributions that
“let the data speak” (Kass and Wasserman, 1996), in the sense that the major
contribution to the posterior should come from the likelihood (as discussed above).
One then may argue that the posterior should lead to inference results that are
close to the one coming from classical inference: if the posterior probabilities agree

with the sampling ones, we would have obtained the desired result of letting the
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data “speak”. It is in fact for this that probability matching is seen as a property
that objective priors could have. An interesting conclusion in this direction can be
found in Datta and Sweeting (2005), where they argue that PMP cannot be seen
as a general approach in defining objective priors but, rather, as a nice property
that priors can have, alongside the invariance property, for example. The main

reasons behind this apparently not-favourable argument with respect to PMP, can

be sought in the fact that there are many matching criteria and that, in the mul-

tiparameter case, there may be infinite possible priors.

The probability matching property can be obtained either exactly or asymp-
totically. The former is difficult to attain, making the latter of more frequent
application. An example on exact PMP can be found in Lindley (1958), Datta
et al. (2000a) and Datta and Mukerjee (2004). The authors developed in succes-
sion proofs more and more general for a transformation 7 = g(#) resulting in a
location model with a location parameter. In this case, by assigning a uniform

prior on the location parameter, exact matching holds.
We will discuss asymptotic PMP in the reminder of the section.

PMP for one parameter models

The asymptotic matching can be reached in different orders of approximation.
There is not a unique terminology on what is classified as first-order, second-order
and so on. We use the same approach as in Datta and Sweeting (2005), where
an approximation of the coverage probability differs from the credible interval by

1is defined as second-order, and one that differs by terms of

terms of order n~
n~3/? is defined as third-order.

Let us consider the random sample z = (xy,...,x,) from the density f(z]0),
with § € © € R. Under regularity conditions, we choose the a-quantile of the

posterior distribution €, such that for the posterior probability we have

P{0 <Oz} =a+0(n™"),
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for some strictly positive 7; and, at the same time, for the coverage probability

we have

P{0<6,,} =a+0(n"). (2.10)

Then we say that some order of matching has been achieved. In particular, if
7 = 1, the second-order probability matching has been achieved. If v = 3/2, then
the third-order probability matching has been achieved. Welch and Peers (1963)
has showed that equation (2.10) holds if and only if 7(#) {[(6’)}1/2. Therefore,
Jeffreys’ prior is second-order probability matching. This particular method for
obtaining PMP, is called the quantile matching method, as it is based on finding
an appropriate quantile of the posterior distribution. And it can be extended to

two sided intervals by finding quantiles 6, , and €., such that

T,

P{eﬁ-a SQSG;',01|‘I} :P{Hﬂ,ageggl }:OZ.

T,

for some order of precision O(n?).

PMP for multiparameter models

Let us first consider the case where a model f(z|6,..., ;) with d > 1, has one
parameter of interest and d — 1 nuisance parameters. It is known (Datta and
Sweeting, 2005) that the approximation to normality, both from a Bayesian and
a frequentist point of view, holds at the first-order level. As such, similarly to
the uniparameter case, for multiparameter models there is always a PMP of order
O(n'/?). Consider the scalar parameter #; and the vector of nuisance parame-
ters given by (6y,...,604). Let 6, , be the a-quantile of the marginal posterior

distribution of #; satisfying
P{el < 971',(1|1‘} = Q,

where 2 is a random sample from f(z|f,...,60;). Then, the prior 7(-) is of second-

order probability matching prior with respect to the parameter of interest 6, if

P{6; <b,a}=a+0(n1),
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for every a € (0,1). Whilst it is possible to find cases where the PMP is the same
independently of the parameter of interest, in general, the prior changes when the
parameter of interest changes.

There are two types of PMP in the multiparameter case: the simultaneous
marginal PMP, and the joint PMP. For the first type, the priors are simultaneously
PMP for each parameter of interest and, in general, second order PMP of this kind
do not exist (Peers, 1965; Datta, 1996).

The second type of PMP for multiparameter models are the joint probability
matching priors. These are obtained by matching the joint posterior and frequen-
tist cumulative density functions. These have been discussed by Mukerjee and
Ghosh (1997).

Other types of matching priors include, matching priors for highest posterior
density regions, moment matching priors and predictive PMP. Highest posterior
density (HPD) regions are, either in uniparameter or multiparameter models, d-
dimensional intervals with associated the highest volume, for a given credible
interval. When these regions have also frequentist validity, in the sense that they
match the corresponding confidence region (or interval) we have the HPD matching
priors. For models where 6 is a scalar parameter, Peers (1968) and Severini (1991)

have shown that for location and for scale models, Jeffreys prior is HPD matching.

A particular type of matching priors has been proposed by Ghosh and Liu
(2011), and it goes under the name of moment matching priors. The basic idea is
to define prior distributions such that the posterior mean matches, up to a certain
order of approximation, the maximum likelihood estimator (MLE).

A first motivation for these type of priors is that, for obvious reasons, they share
the same optimal asymptotic properties held by MLE’s. A second motivation is
that credible regions for the parameters of interest, can be found only on the basis
of posterior mean and variance. And these regions, approximatively, match the
confidence intervals based on maximum likelihood.

Some interesting remarks (Ghosh and Liu, 2011). Moment matching priors,

conversely to probability matching priors, are not invariant under one-to-one repa-
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rameterisations. In the multiparameter case, the approaches are similar (Ghosh
and Liu, 2011).

Another way of looking at the matching approach is to consider predictive
distributions. We consider a future observation y from the model f(x|f), with
) € © areal-valued parameter. On the basis of a random sample x = (x,. . ., T, 4
the a-quantile 6., of the predictive distribution, based on the prior 7(+), is such
that

P{Y >0, .z} =a.

If it is also the case that

P{Y >0,,} =a+0(n™"),

then 7(#) is predictive probability matching (Datta et al., 2000b; Sweeting, 2008),
with v typically equal to 2. Similarly to PMP, the matching can be achieved at
quantile level, as discussed above, but also in terms of the highest predictive den-
sity region (Sweeting, 2008). These type of priors have some interesting properties
(Sweeting, 2011), such as avoiding the problems related to improper priors, as the
only requirement is that m(#) > oo. Furthermore, it seems a more appropriate
approach when the interest is predicting data yet to be observed. However, unlike

PMP, the prior can depend on the value of a.

2.3 Review of objective approaches - Discrete

parameter spaces

We now examine objective approaches to define prior probabilities on discrete
parameter spaces, which represent the main topic of this work. The literature
on the matter tends to be model-specific, in the sense that there are not many
approaches designed to be applied to (virtually) any discrete parameter space;
rather, specific discrete priors are defined for each particular model. Appropriate
model-specific priors will be examined in Chapters 4 and 5. It can be said that

objective Bayesian estimation, when the parameter of interest has a discrete space
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(either finite or infinite), has always been challenging, and none of the methods
discussed in Section 2.2 can be directly applied to such type of parameter spaces.
Tools such as Fisher information are not defined in discrete scenarios.

If we first consider (for historical reasons) Jeffreys’ prior, we know that for a

positive unbounded real-valued parameter ¢, the prior would have the form 1/6.

Therefore, Jeffreys (1961) proposes the prior 7(N) o 1/N for the unrestricted

integer parameter N =0,1,2,.. ..

Rissanen (1983) proposes a method to derive objective priors for discrete pa-
rameter spaces based on information theory concepts. On signal decoding, to be
precise. We briefly discuss this approach later in the section.

For what it concerns reference priors, Bernardo and Smith (1994) show that, in
the case of a finite parameter space, the resulting prior is the uniform distribution,

as the following proposition explains.

Proposition 2.1. Let x be the observation from distribution f(x|0), where 6 is
a discrete parameter defined over a finite space: 8 € © = {0,,...,05}. The
reference prior for the parameter 6 is then the discrete Uniform: mw(6;) = ¢, for
7=1,....N, with ¢ > 0.

This result is a consequence of the fact that, if the parameter space is finite, than

the expected missing information is finite as well, and it is equal to the entropy

Hin(6)] = = 3 w(6,) logn(6)),

J=1

which is maximised if and only if 7(#) is a discrete Uniform.

This result is not satisfactory (Berger et al., 2012), as it is not always advisable
to have a uniform prior for discrete parameters with a structure. For example,
suppose we wish to estimate the number of elements in a finite population having
a certain characteristic. This problem can be represented by a Hypergeometric
probability distribution, which has a specific structure. Therefore, Berger et al.
(2012) present a method, based on four embedding approaches, to derive prior
distributions for discrete parameter spaces. This approach represents the most

general and recent one that allows to derive objective priors distributions for dis-
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crete parameter spaces; hence, it will be discussed in detail.

We also discuss the principle behind the approach proposed by Barger and
Bunge (2008), based on the linear difference score function (Lindsay and Roeder,
1987), which allows to obtain a discrete version of the Fisher information matrix

for some specific models.

A universal prior for integers

The prior proposed in Rissanen (1983) applies to the set of natural numbers:
N ={1,2,...}. This prior has the form
1 1 1 1

N) = - N =1,2,... 2.11
m(N) Nlog, N log,---log, N ¢’ T (2.11)

where ¢ = Y 27182V ~ 2 865064, with logs N = log, N + log, log, N + - - -, which
is the sum (finite) of all the terms that are non-negative. The prior in (2.11)
derives from estimation problems related to information theory. Here the aim is,
given a message v = (x1,...,,) generated by some probability model f(z|6), to
identify the shortest code that allows to describe x and the unknown parameter

#. This is achieved by minimising on 6 the following
L(z,0) = —log, f(x]0) + L(9), (2.12)

where f(x]0) is the likelihood, and L(#) represents the total number of bits required
to encode the parameter. Rissanen (1983) bases his result by optimising the worst
case code performance; where the performance of a code is measured by the inverse

of the ratio of the entropy and the mean code length

N N
min Slflp ]\}1_1};0 z_; {f(?)L(z)}/{ — ; f(i)log, f(z)}
By setting L(N) = logi(N) + log, ¢, a rewriting (2.12) in terms of powers of two,
the expression is minimised for 7(N) = 27L0V) which represents (2.11).

The first term in (2.11) corresponds to the objective prior proposed by Jeffreys

for discrete numbers; the remaining terms have the function to make 7 (V) proper.
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By setting m(0) = 1/2, and replacing ¢ with 2¢, the prior in (2.11) becomes suitable

for any parameter defined on the non-negative integers.

Prior based on the linear difference score function

It is well know that Fisher information is not defined for discrete parameter spaces,
and it can only be found for likelihood functions which are differentiable with
respect to the parameters. As such, Jeffreys’ prior, and consequently, reference
priors are not defined. However, Barger and Bunge (2008) have derived objective
priors for discrete parameters of some specific model, on the basis of the linear
difference score (LDS).

Definition 2.7. Let f(z|N) be a distribution with unknown discrete parameter N
and let L(N) be the likelihood function. Then, the difference score function in N

15 given by
_LN)—-LEN-1) VL

= L(N) L’

where V is the backward difference operator.

The difference score can be seen, in discrete parameter settings, as the equivalent
of the score function for continuous parameter settings. If the difference score
for N can be expressed as U(N) = (x — un)/cn, where uy and cy are function
of N, then the variance of the difference score is the information in N. And
this information is interpretable as the Fisher information in the discrete case.
Therefore, recalling the connection between Jeffreys’ prior (and reference prior as
well) and Fisher information, we have 7(N) oc {Var(U(N))}/2.

Example 2.2. Let x be a random wvariable with a binomial distribution, x ~
Bin(n,p), where the parameter n, representing the number of trials, is unknown,
and the parameter p, representing the probability of success at each independent
trial, is known. As the likelihood is L(n|x) = (Zf’)pf(l —p)"~*, the LDS is given by

(Z)])I(l - p)ﬁf.l‘ _ (71;1)]91(1 — 1))71‘1_‘1,
(';)1)1(1 — p)n,fg,

Un) =

n— %
n(1—p)
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T —np
n(l—p)

Therefore, the information about n is

Var(U(n)) = Var(x)

_r
n(l—p)’

1/2

n2(1 — p)?

leading to Jeffreys’ prior m(n) o (1/n)

In addition to the binomial case in Example 2.2, Barger and Bunge (2008)
derive a prior with the same principle for two Poisson-based models, with appli-
cations to estimation of the number of species.

It is worth mentioning that the class of models with the LDS property, that is
models for which the LDS can be factorised as U(N) = (z—puy)/cy, is substantial,
as shown in Lindsay and Roeder (1987). However, it appears that no research has
been performed to generalise the results in Barger and Bunge (2008) to this wide
class. Perhaps, it could be interesting to explore this possibility and find, if any,

possible general results connected to Jeffreys rule (or reference analysis).

2.3.1 “Reference” priors for discrete parameter spaces

What is probably the most recent, and most comprehensive, approach to define
objective priors for discrete parameter spaces, has been introduced by Berger
et al. (2012). As we have mentioned, when reference analysis is applied to finite
parameter spaces, the result is a uniform prior, and this is not always a desirable
result when the problem has certain types of structure.

The general idea in Berger et al. (2012) is to embed the discrete problem into a
continuous one, such that the structure is preserved, and then apply the standard
reference analysis (as seen in Section 2.2.4) to derive the objective prior of interest.
The particularity of this method, which we believe representing also one of its
major limits, is that it does not exist a unique way to embed the discrete problem
into a continuous one; therefore, there is not a “universal” method that can be

applied indistinctly to any model with discrete parameters. In addition, when
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more than one method can be applied for the same model, the priors obtained are
in general different, and it is necessary to adopt some comparison procedures to
identify the most appropriate.

It has to be noted that, even though we refer to this priors as reference, they
are not strictly as such, in the sense that they do not arise by the asymptotic
maximisation of the missing information of the original (discrete) problem. In fact,
Berger et al. (2012) do not call these prior as reference; however, for simplicity and
consistency with the work here presented, we prefer to label them as “reference”
priors.

Let us consider model f(z|f), with 8 € ©, where the set © is discrete. The
embedding approaches identified by Berger et al. (2012) are four, and we will

discuss some applications in Chapter 4. The approaches are the following.

Approach 1: assuming parameters are continuous The first approach and,
possibly, the most simple, is to treat the discrete parameter 8 as continuous. It can
be applied, for example, in the estimation process for a Hypergeometric model.

There are some limitations to this approach, however. It is quite likely that the
“new” probability model will not integrate to 1, and a normalising constant has
to be introduced. Therefore, the actual model is going to be K (6)~! f(x|6), where
K(0) = [ f(z]0)dx. As such, it may be possible that the new continuous structure
is no longer the same as the discrete one; therefore, Berger et al. (2012) do not
recommend this approach when a new normalisation constant is introduced.

A way to overcome this problem, when feasible, is to treat as continuous the
data x as well. It may be possible that no additional normalising constant is
added, and the approach can be applied. An example is when x is a uniform
random variable on the discrete set of integers {1,2,...,0}. By considering both
x and # as continuous, we obtain the new problem z ~ U(0,6), and no additional
normalising constant is added. In this case, the reference prior for € (Bernardo

and Smith, 1994) is 7(6) < 1/6.

Approach 2: continuous hierarchical hyperparameter This approach con-
sists in adding a hierarchical level of modelling, with the aim of having a contin-

uous parameter (i.e. hyperparameter), for which standard reference analysis can
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be applied. In general, we will have the model f*(6|6*), with 6* continuous, rep-
resenting the probability distribution of the discrete parameter . The problem is
solved by finding the objective prior 7(6) = [ f*(0]0*)7*(6*) df*, where 7*(6*) is
the reference prior for the continuous hyperparameter 6*.

Although this is an appealing approach, it is rare to have scenarios where it
can be applied. In addition, even when applicable, it is possible that there is more
than one way of adding a hierarchical level, leading in general to different objective
priors. It appears then that the objectivity of this approach, even in the limited

number of circumstances under which is feasible, may be severely impaired.

Approach 3: consistent estimator To understand this approach, we recall
that reference priors are based on considering the asymptotic behaviour, for k —
oo, of a set of k (imaginary) independent replications of the data observed from the
model, that is z*) = (21, ...,7x), where each element is a vector of observations in
turn (refer to Section 2.2.4). Analogously, this approach first considers a consistent
linear estimator 6, of @ (which is continuous for £ — o0); then finds its asymptotic
sampling distribution, and pretends that the parameter 6 is continuous in this
distribution. Finally, the reference prior is derived with the usual procedure. For
example, if (:k(ék — 0) is normally distributed with zero mean and variance o2(6),
for some constants ¢y, the prior will be given by 7(6) oc o(6) ! (Bernardo, 2005).

There are two important issues with this approach. First, the estimators used
can only be inefficient (Berger et al., 2012), leading to conceptual (i.e. philosoph-
ical) problems. Second, different estimators may lead to different priors which, as
discussed for Approach 2, raises some conceptual concerns about the objectivity of
the method. Berger et al. (2012) suggest that this approach, more than resulting
in objective priors, simply gives prior distributions which have to be validated by

other criteria (e.g. frequentist coverage properties).

Approach 4: parameter-based asymptotics The fourth approach defined
by Berger et al. (2012) consists in letting the discrete parameter go to infinity
and, in the limiting asymptotic distribution of z, let 6§ be continuous. Thus,
standard reference analysis is applied to obtain a prior for 4. In other words, a

formal limiting operation in 6 is used to make the parameter of interest continuous.
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Recalling the example introduced in Approach 1, we note that z/6 has a uniform
distribution on the discrete set {0.1/6,....(6 —1)/0.1}. As 6 tends to infinity,
we can replace the elements of the set by the continuous interval (0, 1). Therefore,
we can consider the distribution of x/6 ~ U(0, 1), and pretending both x and 6 as
continuous, we have () oc 1/6.

The limit of this approach is that it defines a prior for large values of 8, but it
may not represent a suitable solution for relatively small values of the parameter.
As such, similarly to Approach 3, this can be seen more as a method to suggest

objective priors which will require validation by other means.
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Chapter 3

An Objective Prior Based on

Loss Functions

In this chapter we present a new method to derive objective prior probabilities for
discrete parameter spaces. In Chapter 1 we have mentioned that our approach
aims to obtain the prior mass for a parameter value by objectively measuring a
loss. Therefore, in order to have an appropriate understanding of our method, we
briefly introduce loss functions and, in the specific, we discuss the self-information
loss function. We then give the formal definition of our method. The generalisation
of our approach to other discrete scenarios, such as model selection and variable

selection, will be outlined in Chapter 6 and Chapter 7, respectively.

3.1 Criterion

The essence of an objective approach is (or should be) to provide a result that
does not involve subjective input. We understand that the above statement can
be somehow too strong, and it is therefore necessary to put it into the appropriate
context.

In Bayesian parametric inference, a prior has to be assigned to the parameters
of the model. There is now common agreement (Bernardo, 2005) that the objec-
tivity of a Bayesian procedure is considered from the moment the model has been

chosen. In other words, whilst it is possible to define a sort of automated process
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that derives a prior distribution for the parameter of a model, the choice of the

statistical model is subjective. We can then conceptually represent an objective

Bayesian criterion as a sealed black box, containing principles and procedures,

where we input the chosen model and the prior for the parameters is returned.

We believe that the choice of the model necessarily includes its parameterisa-
tion. The idea of prior distributions that are invariant under one-to-one trans-
formations, as discussed in Chapter 2, it is at the basis of Jeffreys’ prior, for
example. A thorough discussion on the invariance property for the most common
objective priors is carried out by Datta and Ghosh (1996). The message there is
that, although invariance is a nice property to have, it does not constitute a neces-
sity. After all, it is plausible to assume that a choice of a particular model would
include the choice of its parameterisation as well. Furthermore, for discrete pa-
rameter spaces, the concept of invariance under one-to-one transformation looses

meaning, given that assumes differentiability.

An important criticism to objective Bayes, as seen in Section 2.1, relates to
the existence of several approaches which may lead to different priors for the same
problem. It is in fact legitimate to expect that, if an objective prior distribu-
tion on a parameter space (for a given model) exists, this should be unique and
independent from the procedure applied to obtain it. For continuous parameter
spaces this is true in some specific circumstances: when both reference prior and
probability matching prior lead to Jeffreys’ prior, for example. But it is not true
in general. For discrete parameter spaces the picture is more complicated. From
one side, different approaches lead to different priors (Berger et al., 2012), forc-
ing to select the best option on the basis of some criterion (mostly subjective). In
addition, there are no general Bayesian procedures that allow to objectively deter-
mine a prior distribution for any discrete parameter. The lack of such a procedure
represents the main motivation of our work. It is in fact on this ground that we

have developed the criterion presented in the thesis.

The criterion proposed, as anticipated, deals with losses instead of probabilities
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directly. For this reason, our idea allows a different interpretation of the Bayesian
framework. Prior probability represents the uncertainty about the true value of
the parameter; therefore, if we assume to have no knowledge about the parameter
value, it makes perfectly sense that this cannot be encapsulated in a proper prior
distribution as, in other words, our uncertainty would be “infinite”. This concept
has been expressed in Bernardo and Smith (1994), where they claim that is not
possible to objectively define a prior representing the absence of knowledge (i.e.
ignorance). We can then notice an incongruence in applying Bayes theorem: we
begin the process by defining a prior distribution which does not represent proba-
bilities, update it through the likelihood function, i.e. expressing the information
contained in the observed data, and we obtain a posterior distribution which is
proper. There is then a conceptual deficiency brought by the fact that we start
the Bayesian procedure with an entity of a certain nature (the prior) and we end
it with another entity of different nature (the posterior). And, as the Bayesian
paradigm is based on updating initial beliefs through observation, the fact that
the meaning (nature) is not retained throughout the process is a conceptual incon-
gruence. We will see later in Section 3.3 that Bayes theorem can be represented
in terms of loss functions, allowing for the retention of meaning throughout the
process.

The next section discusses loss functions and their properties, in general, as

they represent an important component of our idea.

3.2 Loss functions

Loss functions are used to measure the loss [(-) that one would incur if an event e
occurs, and the loss is quantified by [(e). For general considerations on loss func-
tions see, for example, Hirshleifer and Riley (1992). In some cases, loss functions
are used to associate a loss to a pair of events, say e and «a; in this case, the loss of
any combination of the events will be expressed by [(a,e). In particular, if event
a is under our control whilst event e is not, the first one is identified as action,
and the loss function represents the cost deriving from a specific action we take

(or decision we make), when the event that is out of our control arises.
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Another way of looking at loss functions is by considering the fact that each
action we take leads to certain consequences which do not depend on the action
only, but also on external circumstances which can only be predicted up to a a
certain level of certainty. In this light, the cost of the consequence is measured by
a loss function.

Regardless of the way we look at the problem, which is undoubtedly a decision
problem, it is licit to assume that a rational behaviour would be the one that aims
to minimise the loss. In particular, given that the cost of our actions depends on
something uncertain, the aim is to minimise the expected loss, where the weights
of this expectation are represented by a probability distribution describing our
uncertainty around the random event.

In statistics, for example, loss functions can be applied in estimation or predic-
tion (Berger, 1985). In inference the unknown quantity of interest is the parameter
of a model; in prediction, the quantity of interest is the future value of a random
variable. To illustrate this, let us assume that we are interest in estimating a

parameter 6 € O of a given family of densities f(-|6).

Definition 3.1. Let X be the set of all possible outcomes of random variable x.
A decision rule 0 is a function that maps these outcomes (or a subset of X in
the continuous case) into space A, representing all the possible actions that can be
taken: 6 : X — A.

In other words, action a = §(z) represents the estimate of #, based on the obser-
vations. The loss function can be then re-interpreted as a real-valued function,
upper bounded by zero, which measures the cost of estimate a of the true (and
unknown) value of the parameter #. That is, {(a = §(z),0). d(x) represents the
estimator of ¢, and a possible loss function employed is I(6(x),8) = (5(x) — 6)2,
which expectation with respect to the probability distribution f(z|f) represents

the risk function

R(5(z),0) = /X (5(x) — 0)2f(x|0)d6.

The above loss function is called the squared-error loss function. Other possible

loss functions are the absolute-error loss function, I(d(x),0) = [0(x) — 6], and the
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0-1 loss function

— B if 0 € O,
(6(2),6) = { ifeO;, (j+£4i)

where ©; U ©; = O. More information on loss functions and how to select the
most appropriate one can be found, for example in French and Insua (2000) and
Berger (1985).

3.2.1 Self-information loss function

An important type of loss function that we consider is the self-information loss
function. In order to understand it properly, we need to introduce the information
theory concept on which it is based upon: self-information.

Uncertainty and information are highly related. In fact, we can say that they
represent two sides of the same coin. For if there is no uncertainty, then there will
be no information as well. To understand this, let us first assume that we have
complete information with respect to an event, say e. In this case there would
be no uncertainty around it as we would be one hundred percent sure about its
realisation. At the other extreme, if we have no information about event e, we
immediately see that we are in the maximum possible level of uncertainty. From
the point of view of uncertainty, it is clear that the more uncertainty we have
about e the more information we will gain if e occurs; similarly, if the level of

uncertainty is zero, its realisation will no add any information to the existing one.

Remark 3.1. Information is a measure of the decrease of uncertainty from the
receiver point of view, for if we are highly certain about an event, its occurrence
would not significantly decrease our uncertainty. If we are highly uncertain, its

occurrence would considerably decrease the level of our uncertainty.

The measure of the information content associated with the level of uncertainty
of a probabilistic event e is called self-information, and it is based on the following

three axioms.

Axiom 3.1. When event e has an associated probability of occurrence equal to

one, the self-information it carries is zero.

43



3.2. Loss functions

Axiom 3.2. Self-information is a decreasing function of the probability associated
with event e. In other words, the higher the probability that event e occurs, the

lower the level of self-information the event carries, and vice versa.

From Axioms 3.1 and 3.2, we see that the self-information is a non-negative and

unbounded function.

Axiom 3.3. If events e and €' are independent, the self-information of the joint
event representing the simultaneous occurrence of both e and €', is equal to the

sum of the self-information associated with each event.
The logarithmic function simultaneously satisfies the above three Axioms.

Definition 3.2. Let e be an event with probability of occurrence equal to P(e), for
some probability function P. The self information associated with (the occurrence
of ) e is given by

I(e) =log(1/P(e)) = —log P(e).

Thus, from Axiom 3.1, we have that if P(e) = 1, then I(¢) = 0. From Axiom
3.2, we have that, if P(e) < P(€’), then I(e) > I(e’). Finally, from Axiom 3.3,
if P(ee’) = P(e)P(€’) (i.e. the two events are stochastically independent), then
I(ee’) = I(e) + I(€).

Before formalising the self-information loss function, as discussed in detail
in Merhav and Feder (1998), we give an intuitive definition of it. To do this,
we take into consideration the familiar statistical task of estimating a parameter
characterising a probability distribution. This task, as usual, is to make a sensible
guess on the parameter 6 of f(x|f), with x ~ f(z|f). Given an observed sample,
the inference is made by means of a loss function. Let us first consider the simple
case where the sample size is n = 1. Thus, the self-information loss function for

the estimation of #, on the basis of observation z; ~ f(x|#), has the form
[0, 1) = —log f(x1]0). (3.1)

If we observe xy, and @ represents our sensible guess about the true value of

the parameter, loss function (3.1) measures the self-information of our choice by
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considering the probability associated with the distribution of x;, when 6 is the
parameter value. In particular, if what we have observed (i.e. ) is very likely to
be generated by the distribution f(xz]f), then the loss associated to the estimate
would be relatively low; in fact, the probability f(x;]f) would be relatively large.
On the other hand, if it is unlikely that z; comes form the distribution f(x|6), the
loss associated to the sensible guess would be relatively large.

It can be noted that the self-information loss function is nothing more than the
likelihood function for the observed value x;. For a sample of size n, that is z =
(z1,...,2y), the likelihood of having observed this sample is given by [, f(x|6).
Therefore, by extending equation (3.1) to the general case of n observations from

x, we have

(0,x) = —log (Hf(:tiw))
= —Zlogf(rf-}e), (3.2)

which is called cumulative self-information loss function, and it can also be derived
by Axiom 3.3, considering that (xy,...,x,) is a random sample. In other words,
the self-information loss for a sample of size n, on the basis of the choice (i.e.
estimate) #, is given by the sum of the self-information loss in choosing 6 for
each element of the sample. An interesting aspect is that equation (3.2) can be
rearranged as
n
v(0,2) = exp{l(6,2)} = [ F(il0), (3.3)
i=1
where is clear that, in order to minimise the (self-information) loss, we need to
maximise the likelihood function, on the right-hand-side of (3.3). Our best guess
of 6 is nothing more than the Maximum Likelihood Estimate (MLE) of the pa-
rameter.
The above example of deriving the self-information loss function in a scenario
of parameter estimation, can be generalised, and it goes under the subject of
universal prediction (Merhav and Feder, 1998).

Let us assume that we have observed outcomes (zi,---,z,) from a certain
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phenomenon with support X. The idea is to predict the next outcome, z,, on
the basis of the first n — 1 observations. That is, we make a decision b,,, and we
measure the quality of this decision by means of the loss [(b,,, x,,). As seen, this loss
can be measured in different ways. Another way of proceeding is by considering
the level of confidence we may have about each possible next outcome x,,. That

is, define a probability function on z,, given observations x" ! = (zy,...,2,_1).

This probability distribution is indicated by the function b,(-|z"~!). Once we

have observed z,,, we can evaluate the “goodness” of b, by considering its value
for x,: b,(z,|z"!). The loss function representing this evaluation should give
relatively low values for relatively high values of b,,; vice versa, the function would
give relatively high values for low probabilities. The self-information loss function
represents an appealing candidate for this role. Thus, we have that, for every
probability distribution b = {b(z),z € X'}, for every x € X, the self-information
loss function is defined as

[(b,z) = —logb(z),

where we consider the logarithm to be the natural logarithm.
There are several reasons why this particular loss function is appealing. As

discussed in Merhav and Feder (1998):

e [t satisfies the condition that it has to decrease monotonically with the

probability assigned to an event;

e As it is based on logarithms, which transform products into sums, this loss

function is one of the easiest to work when dealing with joint probabilities;

e In estimation problems, shows that the best guess is the MLE.

3.3 The formal definition of our approach

This thesis proposes a procedure to define objective prior distributions for dis-
crete scenarios. These include objective prior distributions for discrete parameter
spaces and objective prior masses on model spaces in model selection and variable

selection problems.
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Let us assume that a specific probability distribution f(x|f) has been chosen
to model a certain quantity of interest. This probability distribution has the form
of either a probability mass function, if the quantity of interest takes values in
a discrete set, or of a probability density function. In this case, the quantity of
interest is defined over a subset of the set of real numbers R, or a subset of it.
The parameter 6, which can be a vector of parameters, takes values in the discrete
space O.

The aim is to assign a prior probability 7(#) representing the initial uncertainty
around the true value of the parameter.

If 7(#) is determined through objective Bayesian methods, this distribution
will often be improper. This fact raises some important concerns about defining
objective probabilities directly. Contrary to the subjective approach, whereby the
prior and the posterior retain the same meaning, the same can not be said of an
objective prior. For the posterior derived from it must, at some point, represent
beliefs in order to be used. We believe that a solution to this difficulty is not to
be objective by assigning a mass to every element of the discrete parameter space
O, but by assigning a worth to every one of them. In other words, to “work” with
losses instead of probabilities. Recalling that objectivity arises from the absence
of knowledge, actual or alleged, about the true value of the parameter of interest,
we can see the justification of the proposed approach, as we can still have an idea
on the worth that each parameter value represents in the model.

The worth of an element of the parameter space can be assessed by describing
and evaluating what is lost if this value is removed from the space. And by
assigning a mass to each parameter value as a function of its worth, we are not
subject to the constraint of properness, intrinsic in a probability measure.

By looking at the problem of assigning a prior mass from a differ perspective,
we can connect it with the self-information loss function discussed in Section 3.2.1.
For the prior probabilities represent a probability assignment on the elements of
6: m={n(f),0 € O}. We can then assign a loss to each element of the parameter
space by setting [(7,0) = —logm(#). This loss will be expressed simply as [(6).
Thus, if a prior 7 has been assigned, we can then link this to a worth of each

element by means of this particular loss function. Therefore, we can identify an
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appropriate objective way to associate a loss to each 6 € ©, representing its worth
in the model, and the prior distribution 7(#) then follows.

Before discussing how the worth can be objectively determined, let us examine
the impact of our approach on the Bayesian paradigm. We note that, by consid-
ering the worth as expressed by the self-information loss, the Bayesian approach
is conceptually consistent, as we update the initial worth assigned to €, through
the application of Bayes theorem, to obtain the resulting final worth expressed by
the self-information loss —logm(6|x). Indeed, there is an elegant procedure akin

to Bayes which works from a loss point of view, namely that
—logm(0|x) = K — log f(x|6) — log 7 (), (3.4)

where K is a constant which does not depend on 6. Equation (3.4) can be read in
the following way: the initial information (expressed by the self-information loss)
contained in the probability statement about 6, is updated on the basis of the
information contained in the sample (expressed by the log-likelihood function) in
order to obtain the posterior information about the parameter (again, expressed
by the self-information loss, which in this case is contained in the probability
statement of the posterior distribution). In terms of losses, equation (3.4) can be
interpreted as a cumulative loss function for assessing the loss of # in the presence
of two pieces of mutual information, x and 7. That is, the information coming
from the data and the information coming from the prior. We can then rewrite

the equation as
Loss(f|z,m) = K + Loss(6|z) + Loss(|r).

To better understand how the worth can be objectively measured, we recall
that our approach assign a level of “importance” to each element 6 of the discrete
parameter space © by considering what do we lose if we remove from the space
that parameter value, and it is the true value. The following theorem (Berk, 1966,
1970) is at the foundations of the quantification of the worth. Note that is a

simplified version of the actual theorem.

Theorem 3.1. Consider model M = {f(x|0),60 € ©}. Let us assume that the
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true value of the parameter is 0y & ©. The posterior distribution for the parameter

w(0|x) x f(x|0)7(0), for some prior distribution w(0), asymptotically accumulates
on the value §' € ©, such that Dy (f(x|6o)| f(x|0))) attains its minimum.

The result of Theorem 3.1 states that, if a parameter value is removed from
the parameter space, and it is the true parameter value, the posterior tends to
accumulate on a specific value of ©: the value such that the distance from the true
model, with respect to the Kullback—Leibler divergence, is minimised. In other
words, the divergence above represents the utility of keeping # in the parameter
space.

The objectivity of this measure of utility is obvious, as it will depend on the
available set of options solely, which is determined by the choice of the model.
Once we have selected the model we want to use to represent the quantity of
interest, the worth of each element of the parameter space would be determined
by considering the relative “position” of the possible models.

To better illustrate how an objective criterion to assign a worth to each element
of the parameter space can be derived, the following example may be helpful. Let
us assume we have a scenario where the possible models are three: f;, fo and
fs, that is fi = f(z|61), fo = f(x]62) and f3 = f(z|f3), with parameter space
© = {61,0,,03}. Let us also assume that f; and f, are very similar, whilst f; is
significantly different from the other two. We do not question the rational behind
this choice of model options, we just assume that there is one. If we remove from
the scenario either f; or f,, as they are relatively close, there is no appreciable
change in the whole structure of options, as we still have the remaining model
(either fy or f1) to support that specific position. On the other hand, if we
remove f3, the structure of options is considerably different from the original, as
only two very similar models are left. We then see that f3 is more “valuable”
than f; or f5, because, if it is removed, the scenario is significantly altered; or,
alternatively, we can say that the loss in removing f3 is higher than the loss in
removing either f; or fo. An important aspect is that the loss associated to each
model takes into consideration the surrounding models: the more “isolated” @ is,
the more its worth, the higher its “prior probability”.

The formal derivation of the prior distribution for 6 on the basis of our idea,
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can be expressed as follows. The worth associates to a particular value of 6
1s represented by the Kullback-Leibler divergence between the model with 6
and the nearest one. That is, u() = ming g Dk (f(-|0)]f(-|6')). Therefore,
—ming g Drr(f(-|0)]| f(-]¢")) has to represent the loss in keeping # in the pa-
rameter space. We link the loss to 7(6) via the self-information loss function as

follows

~logr(6) = — min_ Dis(f(10)(10)), (3.5)

for both sides of (3.5) represent the loss measured at point 6 of the parameter
space. As in fact we have already seen, the self-information loss function represents
the loss at # when the probability assignment 7 has been defined; that is, [(0, 7) =
—log 7(6). Therefore, the prior can be obtained by computing the exponential on
both sides of (3.5), with the result

7(6) x oxp { i, Dus( 51017010 | (3.

The prior distribution in (3.6) represents the core of our approach. It shows
some 1mportant aspects and properties. First, the objective criterion, on the basis
of which we define a prior for a discrete parameter space, consider both the value
in the parameter space on which the mass is going to be put on, as well as the
surrounding elements. It is in fact the relative proximity to other models that

dictates the importance of the value of 6.

It is now necessary to make a fundamental consideration about loss functions
in relation to our approach. Loss functions, in general, depend on a constant; in
fact, if the objective is to minimise the loss, multiplying by a real constant does
not affect the result. In our case, however, we have that the objective approach
alms to equate two particular types of loss, as explicited in (3.5): the loss in in-
formation represented by the self-information loss, and the loss in information in
selecting the wrong model, represented by the Kullback-Leibler divergence to the
nearest model. Therefore, given that we equate two losses in information (i.e. the

same “thing”), there is no need to introduce a scalar constant.
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In general, when the worth of an element of © is zero, then 7(#) o 1. In other
words, if the loss associated to a value of the parameter is zero, it is not worthy
to keep it in the set, then the prior distribution expresses this by assigning a mass
proportional to one. However, sometimes it is desirable that the prior behaves in
a more logical way. That is, if the worth is zero, then it has to be that 7 () = 0.

To obtain this result, we proceed as follows. The worth associated to a partic-
ular value of # is represented by a function g(-) of the minimum Kullback-Leibler
divergence, where this divergence represents the utility u(6) > 0 of that particular
value of the parameter. To identify the appropriate form of function g(-), we make
the following considerations. We map the worth of # to its prior mass by means

of the self-information loss function, —log 7(6) = —g(u(#)), and therefore

m(0) o< exp {g(u(0))} . (3.7)

Given relation (3.7), function g should take value —oo when the worth of # is zero,
and approach 400 as the worth increases. A natural way of defining ¢, so that it

will have the appropriate behaviour, is to put

g(u) =log(e" —1). (3.8)

While g(u) = logu would appear more obvious, to map (0, +o0) to (—oc,0), we
believe it is more appropriate to remain as close as possible to the original scale
- i.e. u, rather than the log-scale (the Kullback-Leibler divergence is already on
a log-scale). Hence equation (3.8), which is close to the u scale while mapping 0
to —oo. By setting the functional form of g in (3.7) as it is defined in (3.8), we

derive the objective prior for the discrete parameter ¢

) cexp { gmin, D (1IN | -1 (39)

which has the sought after property of assigning null mass to element of the param-
eter space that have no worth, in the sense here discussed. The Kullback-Leibler
divergence between nearest models tends to be very small. As such, we have that,

in general, log(e" — 1) ~ logu. Hence, the difference in using log(e“ — 1) rather
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than the more direct log u, is going to be minimal.

3.4 Discussion

In this chapter, we present our novel idea to derive objective prior distributions
for discrete parameter spaces. We show that, by considering the worth of each
element of the parameter space, with respect to the surroundings elements, a prior
distribution can be obtained by considering losses. We measure the worth as the
distance from f(-|f) to the nearest model, with respect to the Kullback-Leibler
divergence. The prior is then derived by linking the worth, interpreted as a loss,

to 7(6) by means of the self-information loss function

() x exp { min. Den(F1O1IC) |

The prior is objective given that, once the model f(:|6) is chosen, the nearest
neighbour depends solely on the structure of the model itself.

The prior we obtain is, in general, improper, as the illustrations in Chapter
4 show. The application of Bayes theorem to improper priors is problematic.
However, we show in (3.3) that working with losses allows a reinterpretation of
the Bayesian procedure, where prior and posterior retain the same meaning. In
particular, the beliefs about 6 are represented by losses instead of probabilities;
and this occur both at the beginning of the procedure, when prior beliefs are
defined, and at the end, when posterior beliefs are obtained.

The idea can be extended to other discrete spaces, such as model spaces. Chap-
ter 6 shows how a model prior can be obtained through the same criterion. Chapter
7 shows a further extension to a particular case of model selection: variable selec-

tion.

For simplicity and convenience in the exposition, the objective prior obtained

by applying our approach will be indicated as the Villa-Walker prior.




Chapter 4

Discrete Parameter Spaces

The content of this chapter constitutes the body of Villa and Walker (2013a).

In this chapter we discuss objective priors for specific discrete parameter spaces.
We apply the approach discussed in Chapter 3, in particular in Section 3.3, to some
common discrete problems. Along with our proposed prior, for each of the specific
problems treated, we discuss alternative results as found in the literature.

The models we discuss are: a population size model, the Hypergeometric
model, the multivariate Hypergeometric model, the binomial-beta model, and the
binomial model. For all these scenarios the approach we adopt is to have a prior
distribution that assigns zero mass when the associated loss is zero, as discussed

in Section 3.3.

4.1 A population size model

The first case considered is the estimation of the size of a population by means of a
Type II censoring. In this experiment, we have a sample of NV units with a lifetime
that is modelled by an Exponential distribution with rate parameter A. Both N
and A are unknown. The experiment is ended when a predetermined number of
failures R is reached. The times associated with each failure are indicated by
t; < ... <tp. For example (Berger et al., 2012), if we were interested in assessing

the reliability of a specific software, N would represent the unknown number
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of bugs in the application, and t,,...,txr represent the exponentially distributed

length of time of each of the first R reported bugs.
Failure times ¢; < ... < tg, which are assumed to be independent, have the

following joint probability density function

ftr, .. N, A) = ok ')\Rexp{)\[tl+...+(N—R)tR]}, N>R (4.1)

(N —R)
As shown in Goudie and Glodie (1981), the variables V = (t; + ... + tg)/tr and
W = tr are minimal sufficient for N and A. Given that the transformation from
(t1,...,tg) to (cty,...,ctg), for ¢ > 0, induces the transformations (N,)\) to
(N,cA) and (V, W) to (V,cW), a maximal invariant statistics is V. Therefore, the
joint density for V' and W is

F(V,WIN, ) = % (‘Z) MWL exp {~A(V + N — W} gr(V),  (4.2)

with 1 <V < R, W > 0 and

Marginalising, the density for V is

1 N! 1

fVIN) = (R—2)!/(N-R)!(V+N —R)

=9r(V), 1<V <R, (43)

which depends on N only. In other words, inference about N can be carried out
with (4.3). This can be obtained by considering Jeffreys’ prior (which is also the
reference prior) for A given N, that is 7(A|N) = A~! in (4.2) and integrating out
A As [T M exp{-ANV + N — R)W}dX o« T(R)W(V + N — R)]™%, up to a

proportionality constant, from (4.2) we obtain (4.3).
Common objective priors for N would be a constant prior, that is 7(N|R) o 1,

or the prior 7(NN|R) oc 1/N. Note that the latter, for general discrete parameters,
has been suggested by Jeffreys (1961), as discussed in Section 2.3. However, the
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likelihood in (4.3) tends to one as N — oo, and neither the constant nor the
Jeffreys’ priors would be suitable, as the posterior would be improper.

In Berger et al. (2012), the objective prior for parameter N is obtained by
applying Approach 1 introduced in Section 2.3.1. The parameter space of N,
{R,R+1,...}, is embedded in the interval (R — 0.5,00), considering the fact
that f(V|N) remains a density function with the same normalisation for each
N > R — 0.5. Thus, the reference prior would coincide with Jeffreys’ rule prior,
that is m(N|R) o \/Ir(V), where Ix(N) is the Fisher information derived in
Lemma 2.1 of Berger et al. (2012)

— 1 RN!
il {<N—J‘>2} TR R

J=0

with

R—1
2 SR 1
JrN = > (1) .
e R3—Ri:0( )< i >(N—R+1+z’)3

The prior is then computed for parameter # = N — R + 1, as to have the re-
parametrised parameter space N' = {1,2,3,...}. Thus, the prior for N proposed
by Berger et al. (2012) is

T OR) x VIp(0+ R—1), 60N, (4.4)

For some special cases with R = 2, 3,4, the prior in (4.4) has the form

( 1 i
TCES) ifR=2
B V(0+2)0+4/3 o
m(8|R) = 1.3()?,6\9/(9“)(9+2> if R =3, (4.5)
[(0+3)0+22/5] (0 +3)0+27/5
k1.6017 6 D620 3) if R=4.

The priors in (4.5) are proper, therefore the normalising constant is included. This
has been numerically verified (Berger et al., 2012) up to R = 100, by showing that
the tail is of order 1/6?; we recall that this is a necessary condition for having a

proper posterior. Furthermore, the prior distributions are all very similar, except
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4.1. A population size model

for # = 1. Therefore, Berger et al. (2012) recommendation is to use the prior for
R = 2 for any value of R, as it is considered a good approximation. Figure 4.1

shows a plot of the priors in (4.5).

4.1.1 The Villa—Walker prior for the population size model

The prior distribution for N obtained on the basis of the objective approach we

propose, has the form of (3.9). That is
#(N|R) exp{ win Dm(f(NIR)Hf(N’IR))} %1 (46)

which, as seen in Section 3.3, has the property of assigning zero mass to values of
N associated with zero loss.

The Kullback-Leibler between two densities of the from (4.3), which differ for
the value of N only, is given by

Dra(fVIMISVIN +) = | f(VIN)log{%} v

N' i’
T vr—mrdaly)
/fV|N log{ g (N+() . ) av

(R—2)! (N+c—R)! (V+N+c— R)RQR(V

B N!' (N+c—R)! V+N+c—R
10g{(\—R)! (N +0)! }+RE[IOg{ V+N-R H

where ¢ is an integer, and the expectation is taken with respect to f(V|N). The
above expression is an increasing function in ¢, meaning that the nearest model to
f(V|N), in terms of Kullback-Leibler divergence, is either f(V|N —1) or f(V|N +
1). Computationally, we have verified that the nearest model to f(V|N) is for
c = +1, that is f(V
R =3, R=4and R =5, and for values of N up to 100. It has to be noted that
for values of R > 5 and/or values of N > 20, the Kullback-Leibler divergence

V|N 4 1). The computation has been carried out for R = 2,

becomes very small, and can be considered zero. As it seems reasonable, the
divergence between contiguous models decreases for N — oo; in fact, considering
the original density in (4.1), we note that, for fixed R and A, the influence of R
with respect to N becomes less prominent for large values of the sample units. As

such, contiguous models are more and ore similar to each other.
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4.1. A population size model

In the light of this result, the prior for the parameter NV, given R, is determined

by (4.6) and is given by

N+1-R (V+N+1-R
7(N|R) x Trexp{RlE Iilog ( VIN_R )J } -1 (4.7)

The prior distribution (4.7) is proper, as the following theorem shows.

Theorem 4.1. Consider the density f(V|N,R) defined in (4.3), with N > R =
{1,2,3,...} and V € (1, R), and where R is known. The prior for the unknown

discrete parameter N, representing the population size of interest, is proper.

Proof. By applying Jensen’s inequality, we have

N+1—R N1~
+—Rexp{RE{log(v+ T R)}}_l <

N1 V+N-R

R 1 f
(L_N+JE O+V+N—R)

(L—Ni1><L5NiR>R—L (4.8)

as V' is positive. The last expression on the right-hand-side of (4.8) can be ap-

—1%=

proximated by

R E % R R
_ 1~ (1= 1+ —"-_)—1
O AW&)O+N—R> : < ]WH><+N—R>

R R R?
N—R N+1 (N+1)(N-R)
R(N 4+1)— R(N — R) — R?

(N +1)(N — R)
R

- (N+1)(N—-R) (4.9)

The last term in (4.9) behaves like 1/N?, therefore the theorem statement is
proved. O

Theorem 4.1 is necessary given that, as pointed out above, the likelihood func-

tion converges to a constant for N — oc.
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0.8-
—R=2
0.6 —R=3
—R=4
E 041
4
0.2-
0- T T L T T T T T T [
O 2 4 6 8 10 12 14 16 18 20
0
0.8
—R=2
0.6- —R=3
_ —R=4
L 041
1
0.2
O— T T T T T | 1 T T

0 2 4 6 8 10 12 14 16 18 20
)

Figure 4.1: Objective prior for the transformed parameter 6 of the population
size model, given R = 2, R = 3 and R = 4 (top to bottom at # = 1 in both
graphs). The top graph shows the prior in Berger et al. (2012); the bottom graph
the Villa-Walker prior.

The prior distribution for N assigns large mass for small values of the parameter
space, as expected from the behaviour of the Kullback-Leibler divergence, and
rapidly decreases to zero. This is graphically verifiable in Figure 4.1, where the
priors for R = 2, R = 3 and R = 4 have been plotted. Note that, in order to be
able to compare the obtained prior with the one proposed by Berger et al. (2012),
we have transformed the sample space of N in § = N — R+ 1. From Figure 4.1,
we can also note that the distributions for different values of R are very similar,

and have a behaviour that traces Berger et al. (2012) priors.

o8




4.2. Hypergeometric model

4.2 Hypergeometric model

Let us consider now a hypergeometric distribution with probability mass function

given by

R\ /N -R
F(rIN,R,n) = (r)<”’_’“> r € R = {max(0,n — (N — R)), min(n, R)},

0

(4.10)
with the population size N and the sample size n both known, and R = 0,1, ..., N,
representing the units in the population which satisfy a certain criterion (or with
a certain property). The parameter R is unknown, and the aim is to objectively
define the prior 7(R|N,n).

At first glance, it may seem appropriate to assign a uniform prior to R:
m(R|N,n) = 1/(N + 1). This prior (Briggs and Zaretzki, 2009) assumes that
any value of R is as likely to be the true one as any other value. Although a
uniform prior appears to be a sort of “natural” choice when the parameter space
is discrete, this might not always be the most sensible approach. As pointed out
in Berger et al. (2012), a Hypergeometric model shows a well defined structure.
In fact, when the population size N grows, the ratio R/N can be seen as the
probability of success in a Binomial model. Therefore, the prior for R, or possibly
its reparametrisation p = R/N, should reflect this structure and resemble the

commonly used objective prior 7(p) oc p~1/2(1 — p)~/? (Jeffreys, 1961).

It is in fact on the basis of the above considerations, that Berger et al. (2012)
obtain the prior distribution for R by applying the embedding Approach 2, as
discussed in Section 2.3.1. The idea is to assume that the unknown parameter has
a Binomial hierarchical model Bin(R|N,p), where p is an unknown continuous
parameter. Therefore, the problem reduces in finding the objective prior for p.
As discussed in Bernardo and Smith (1994), the reference prior for a hierarchical

model is found by marginalising out the lower level parameters (R in this case),
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4.2. Hypergeometric model

and then applying reference analysis (Bernardo, 2005). Thus, the first step gives

N
f(rln,N.p) = Y f(rln, R, N)f(R|N,p)
R=0
— (: pr(1—p)", (4.11)

where f(r[n, R, N) is the distribution in (4.10) and f(R|N,p) = (})p®(1—p)N~F.
We then note that (4.11) is a Binomial model with parameters n and p. Given
that the reference prior for the parameter p of a Binomial distribution, when n is
known, is the Jeffreys’ rule prior, that is a Beta distribution with both parameters

equal to 1/2, we have

7(R|N) = /OBin(R]N,p)Be(pH/Q,l/Q) dp

_ IT(R+1/2T(N — R+1/2) B ,
= T TEITT R T R=0,1,...,N. (4.12)

For how it is defined, the distribution in (4.12) is proper. It is worth to mention

that this objective prior was initially proposed by Jeffreys (1961).

4.2.1 The Villa—Walker prior for the Hypergeometric model

Let us consider two Hypergeometric models which differ for the value of parameter
R only, say fr = f(r|N,R.n) and fr = f(r|N,R,n). The Kullback-Leibler

divergence between the two models is given by

B 2 log f(r|N,R,n)
DKL(fRHfR’) - ;zf(r“v* R )1 g {‘](»(7“\[7 R’,n)}

e (O
= CIN0)

103{515‘%%}
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4.2. Hypergeometric model

+ ¥ |70, Ry tog { T2 ]

i:{g’"}ﬂog{g 2’/'}+E{10g{ R,::;"H
epere ]

where the expectation is taken with respect to the distribution f(r|N, R, n).

For the construction of the objective prior for the parameter R, it is impor-
tant to keep under consideration some symmetry properties of the Hypergeometric
model. First, we note that the random process modelled through an Hypergeo-
metric distribution is symmetrical around R = N/2. In fact, by swapping the role

of the units which satisfy the criterion, we have
f(r|N,R,n) = f(n—r|N,N — R, n),

where r € R and n—r € {max (0,n — (N — R)) ,min (n, R)}. To prove the above
result, it is sufficient to rearrange the terms of equation (4.10). In other words,
the model with parameter R is equal to the model with parameter N — R, for
the same values of N and n. Another symmetry property of the Hypergeometric
models is obtained when we swap the role of the drawn units with the not-drawn

units. In this case we have
f(rIN,R,n) = f(R—r|N,R,N —n).

A probabilistic proof of this property can be found. for example, in Davidson and
Johson (1993).

In order to obtain the prior distribution for R by applying our approach, we
need to identify for which value of N’ the divergence in (4.13) is minimised. The
following Lemma 4.1,which has proof in Appendix A, identifies the appropriate
Kullback—Leibler divergence.

Lemma 4.1. Consider the Hypergeometric distribution fr,, with parameters Ry,

N and n, where N and n are assumed to be known. If we indicate by fr the
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4.2. Hypergeometric model

Hypergeometric distribution that differs from fgr, only by the number of units in
the population N which satisfy a certain criterion (i.e. Ry), then the Kullback-
Leibler divergence from fg, to fr is minimum when R = Ry+1, if Ry < N/2, and
R=Ry—1if Ry > N/2. If Ry = N/2, then Dir(frllfror1) = Drr(frollfro-1)-

The result in Lemma 4.1 highlights some important aspects of the Hyperge-
ometric distributions. For fixed values of parameters N and n, when we let R
vary in its space, models become nearer and nearer when R tends to the middle
point (i.e. N/2). Furthermore, the behaviour of the Kullback-Leibler divergence,
considered in both directions, is symmetrical, property which, as we see below,
will result in a prior distribution symmetrical as well.

In deriving the objective prior for the parameter R of the Hypergeometric dis-
tribution, we make first the following considerations. We assume that parameters
N (population size) and n (sample size) are known. Given the result of Lemma 4.1,
for R < N/2 the minimum Kullback-Leibler divergence is obtained from (4.13)
by setting R = R+ 1

TN ] oy
(fallfr) ZR <N>
GG
COCE)/G)

!

Therefore, for R < N/2, the prior is obtained by applying (4.6), and is given by

7(R|N,n) x (ﬁ;?) exp {IE [log <Nf;1__n; r)” 1 (4.14)

By symmetry, the prior mass for R, when R > N/2, is given by

log

m(R|N,n) = n(N — R|N,n). (4.15)
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4.2. Hypergeometric model

To illustrate the behaviour of the prior distribution obtained by applying our

N=5
-+-BBS Prior
——\W Prior

-+-BBS Prior

0.251 -*-BBS Prior -
0.24 ——\VW Prior i

Zx
@-0.15- -
® 014% i
0.054 . e i
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R

Figure 4.2: Comparison of the objective prior obtained by (Berger et al., 2012)
(dashed black line) and the Villa-Walker prior (continuous red line). The prior
has been computed for n = 3 and for N =5 (top graph), N = 10 (middle graph)
and N = 25 (bottom graph).

approach, based on loss functions, we have plotted 7(R|N,n) (normalised) in
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4.2. Hypergeometric model

Figure 4.2 for three different values of N, given n = 3. In particular, N = 5
(top graph), N = 10 (middle graph) and N = 25 (bottom graph). For each prior
(continuous red line) we have plotted the respective objective prior computed by
Berger et al. (2012) (dashed black line).

By examining the prior, we note that higher mass is assigned to values of the
parameter R at the extremes of the parameter space. Then, this mass rapidly
decreases for values of R — N/2. This behaviour is common to the three values
of N. We have computed the prior for other values of N (not reported here) and
noted that the shape of the distribution is similar.

If we compare the Villa-Walker prior with the one defined in Berger et al.

(2012), although they are quite similar, it seems that our prior tends to assign

more mass to the extreme values (i.e. R =0 and R = N) and less mass toward

the center of the parameter space.
It can also be noted that, as mentioned in Berger et al. (2012), for N increasing,
the prior distribution approximates the reference prior for the parameter p of the

Binomial distribution. Where, as seen above, p is approximated by the ratio R/N.

Figure 4.3: Objective prior for the parameter R of the Hypergeometric model,
given N = 25 and n = 1 (continuous black line), n = 5 (dashed red line) and
n = 10 (dotted blue line). For convenience in the comparison, the priors have
been plotted as curves only, without highlighting the value in correspondence of
each discrete R.

To conclude, as the prior in (4.14) and (4.15) depends on the parameter n,
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4.3. Multivariate Hypergeometric model

unlike the one specified in Berger et al. (2012), it seems appropriate to analyse the

behaviour of the distribution as n changes. We have computed the prior 7(R|N,n)

for a fixed N = 25 and three different values of the sample size n, see Figure 4.3.
In particular, the graph shows the prior distribution for n = 1, n = 5 and n = 10.
We note that the differences in the mass are minimal and they are limited to
certain parts of the parameter space. In particular, to values close to R = 0 and
R = N. This is a comforting result, as it means that the choice of the sample size

does not have significant impact on the prior distribution.

4.3 Multivariate Hypergeometric model

Consider the multivariate Hypergeometric distribution M Hy(N, R,n) of dimen-

sion d, with probability mass function

(o))
f(r|N,R,n) = ~L ~ I re N, (4.16)
()
where N? is the d-dimensional space of non-negative integers, and with n €

$0. 1,55 N H ijl Hi= N, Zj:lrj =n, and r; < min(n, R;) for j = 1,..., d.

For d = 2 we obtain the univariate Hypergeometric distribution, discussed in Sec-

tion 4.2. We assume that parameters N and n are known, and R = (R, ..., Ry)

represents the vector of unknown parameters.

The most commonly used objective prior for this scenario is, in essence, Jef-
freys’ prior (Jeffreys, 1961). This is derived by first transforming the problem
into a continuous one, as it is done in Berger et al. (2012) by applying Approach
2. In this case, the hierarchical model for vector R is a Multinomial distribution
with parameters N (i.e. the population size) and p, which is a vector of size d,
where each element p; = R;/N. Thus, the probability mass function for R has the

following form



4.3. Multivariate Hypergeometric model

d+1
Mua(RalN,ps) = =7 — I1»"

J* =1

NI
5 R

And the objective prior for py, by applying Jeffreys’ rule, will have the form

m5(pa) = ( L1P; - (4.17)

Even though we do not specifically discuss nuisance parameters in this work, it
is important to mention that Berger et al. (2012) have proposed a reference prior
for the multivariate Hypergeometric model in the case the vector of parameters
could be identified as the union of two subsets: the parameters of interest and the

nuisance parameters. The prior obtained is given by

1

d J
1
o0 = = || —. 5= p
e ﬂ-dj:1 ij(l_(SJ') ! i=1

4.3.1 The Villa—Walker prior for the multivariate Hyper-

geometric model

The derivation of the objective prior by applying our approach, is a generalisation
of what discussed for the univariate case in Section 4.2. The identification of the
minimum Kullback-Leibler divergence, which forms the basis of the approach,
becomes rapidly challenging for dimensions of d > 3. As such, we will provide a
formal procedure for d = 3 only; however, due to the symmetry properties of the
Hypergeometric distribution, generalisable to any dimension, allow for an intuitive
extension of the d = 3 result to, virtually, any dimension.

The Kullback-Leibler divergence between the multivariate Hypergeometric dis-
tribution with parameters N, R and n, indicated by fy g, and the multivari-
ate Hypergeometric distributions with parameters N, R + a and n, indicated by

IN.Rtan, Where a € Z4, is given by

DKL(fN,RJL ||fN,R+a,n) = Z lfN,R.n log { M }:l

" fN,R-i—a,n
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] . (,2)/ ()
_ Z P log " (Rj :a]) /(JD

5 R (Ri+a—ry)
log{g<(3j+a,j)! (R —rg)l )}]

B élog{ﬁj!&j)!} +E [mg{(RZ};j?:j)‘;J)!H ;
(4.18)

= E

where E is the expectation of log (fnrn/fN.Rtan) With respect to fyrn. The
following Lemma 4.2, which has a proof in Appendix A, determines the minimum

Kullback-Leibler divergence from model py g .

Lemma 4.2. Consider the d-dimensional multivariate Hypergeometric distribu-
tion fx rn, where parameters N and n, with probability mass function as specified
in (4.16). If we consider the Hypergeometric distribution fx g, which differs
from fx grn by the composition of the unknown d-dimensional parameter vector R,
then the Kullback-Leibler divergence between fyx g, and fn g, is minimum when
R’ = R + ¢, where ¢ is a vector of dimension d with d — 1 zeroes and, in corre-
spondence of the element of R closer to N/2, has a minus or plus one depending

if the “closeness” is, respectively, from above or below N/2.

To summarise the results obtained in the proof of Lemma 4.2, and to generalise
to any multivariate Hypergeometric distribution, we have that the smallest differ-
ence between fy g, and fy gicn is obtained when only one of the components of
R is changed. In particular, when the change is an increase or decrease of one unit.
Therefore, ¢ will have d — 1 elements equal to zero and the remaining equal to
plus or minus one. From the analysis of the Kullback-Leibler divergence between
two bivariate Hypergeometric models the nearest model to fxy g, corresponds to
the model fy gicn, where ¢ will have d — 1 null elements and the remaining one,
in position ¢ (where i is the index of element R; of R nearest to N/2, either from
below or above), and will have value one if R; < N/2, and minus one if R; > N/2.

The objective prior for the R can be found from the result of the previous
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paragraph, and it has the form

m(R) o exp { Dk r(fn,rnll fN,R4an)} — 1,

where vector a is determined so that the divergence is minimised, as discussed in

Lemma 4.2.

To have a better understanding of the prior we propose, we have computed it
for the specific case of a bivariate Hypergeometric distribution. In this way it is
possible to have a useful graphical aid to capture the main characteristics of the

prior.

(R, R,IN.n)

Figure 4.4: Graphical representation of the normalised prior, obtained following
our approach, for the bivariate Hypergeometric model with parameters N = 10,
n = 3 and unknown R = (R, Ry).

In particular, we have considered a bivariate distribution with population N =
10 and sample size n = 3. In Figure 4.4 we have plotted the normalised prior
distribution 7(R), with R = (R;, R2). We note, from the figure, that the symmetry
properties are reflected in the distribution of the prior mass. It can be seen that
the largest mass is put at the edges of the parameter spaces; that is, at the
points (0,0), (0,10) and (10,0). The mass decreases toward the “centre” of the
distribution, that is when either or both R, and R, approach N/2 = 5.

Jeffreys’ objective prior for R = (R, R»), as reported in Berger et al. (2012),
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4.4. Binomial-Beta model

is computed on continuous parameters. Therefore, it is not possible to perform a
complete comparison with the Villa-Walker prior. In particular, due to its nature,
the prior in (4.17) would give infinite values at the borders of the parameter space.
However, through graphical representation, it is still possible to capture some
similarities to the Villa-Walker in the behaviour. In Figure 4.5 we have plotted
the surface (left) of the prior density function for parameter vector R, and the

contour lines (right).

R,

Figure 4.5: Graphical representation of the Jeffreys’ prior for the parameter R =
(R1, Ry) of a bivariate Hypergeometric model with N = 25. The plot on the
left represents the surface of the distribution with highlighted the contours. The
contours are shown in the right plot, where the lighter colour corresponds to low
density regions, and the dark colour to high density regions.

By inspecting Figure 4.5, we note the symmetry of the prior, which is remarkably
similar (at least in terms of behaviour) to the one we obtained considering our
approach. In fact, the highest density is in correspondence to the three vertices
of the parameter space. And, as expected, the central area of the triangular

parameter space has associated relatively low density.

4.4 Binomial-Beta model

Let us now consider the Binomial-Beta model. This particular model arises as

the marginal distribution of a Binomial model with parameters n = 1,2,... and
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4.4. Binomial-Beta model

p € (0,1), where p is in turn modelled through a Beta density. That is, z|n,p ~
Bin(n,p) and p ~ Be(a,b). Thus, the Binomial-Beta distribution is given by

flaln) = | —=—rt (1—p)=Ldp

p:r+afl(1 _ p)n—l‘-‘rb—ldp

?

for x = 0,1,...,n. The parameter of interest is the number of trials n.

The uniform prior on n is not an appropriate solution (Berger et al., 2012). In

fact, we note that the tail of the marginal likelihood (for fixed x) has the form
n! T'(n—z+b)
m—x)!T(n+a+0d)

1 ~o

natb=l(n —2)(1 —b) = na’

f(z[n) o

~

that is, f(x|n) can be approximated by 1/n® which is not integrable for a < 1.
Therefore, if the prior of n is uniform, the posterior would be improper.

The objective prior proposed by Berger et al. (2012) is obtained by applying
the Approach 3 discussed in Section 2.3.1. Recalling that this approach aims to
apply reference prior theory with a consistent estimator, the following non efficient

estimator has been identified

where k is the number of independent samples from (4.19). As the mean and the
variance of n are given by, respectively, E[n|n] = n and Var[n|n] = n(n + a +

b)a=2(a+ b+ 1)~k by applying the central limit theorem we have

. n(n+a-+b) >

im) = N (n "a?(a+b+ 1)k
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4.4. Binomial-Beta model

Pretending that n is continuous, and applying reference analysis, we obtain

) o (FeTi)

1
n(n+a+0b)

(4.20)

which coincides with the prior obtained by applying Jeffreys’ rule.

Although the prior distribution in (4.20) is the one chosen by Berger et al.
(2012), it is worth to mention that the decision is the result of the comparison with
the prior obtained by applying Approach 4 in Section 2.3.1. With this approach,
the prior obtained was m3(n) o< 1/n. In both circumstances the prior distribution
for n is suitable, in the sense that the posterior is proper. However, Berger et al.
(2012) compare m; and 7, on the basis of the respective frequentist coverage of
credible sets of the posteriors. In particular, for values a = b =5, a = b = 20
and a = b = 50, the approximate frequentist coverage and the average posterior
coverage are compared, resulting in a better performance of m; over 7. It can then
be concluded that the fact that m(n) depends on the the value of the parameters

of the Beta, a and b, gives a superior prior distribution.

4.4.1 The Villa—Walker prior for the Binomial-Beta model

We now illustrate the prior distribution for parameter n of the Binomial-Beta
model in (4.19) obtained by applying our objective criterion. In order to perform
a sensible comparison with the result presented by Berger et al. (2012), we apply
the same conditions to the parameters of the Beta distribution. That is, a,b > 1.

To find the model which is nearest, in terms of Kullback-Leibler divergence,

to f, = f(x|n), we first note that, as P(x = n|n’) =0 for n > n’, we have

DKL(fn“fn’) =00 n>n'

Therefore, the nearest model will have the parameter representing the number
of trials larger than n. The Kullback-Leibler divergence between model f,, and

Jrntiy 3=1,2,..., is given by
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Dir(fallfnss) = ;f"log<fﬁj)

- n T(—s+b)
= gfnlog<(n/_x)!r(n+a+b)>

—gfnlog(( (n+J)! F(n+j—:,r+b))

n+j—z)T'(n+j+a+bd)

o n! I'(n+j+a+b)
E\tnrj) T(ntatb

e A

The Kullback-Leibler divergence in (4.21) is minimum when n’ = n + 1. This is
a sensible result given that model f(x|n) and model f(z|n + 1) are more similar
to each other than f(z|n) and f(x|n+ 2). This has been computationally verified
by calculating the difference Dy (fnll fas2) — DEKL(fn]| fas1), for different values
of the parameters a and b, and noting that it is positive.

In detail. The divergence between f,, and f,41, by setting j = 1 in (4.21) is

n+a-+b n+1l—z
Dir(fall fat1) = log (n—H) +E {log <m>} ; (4.22)

and the divergence between f,, and f,,o is

DKL(anfn+2) log<(n+a+b)("+(l+b+1))

n+1)(n+2)

i {log (@f?ﬁi i;)zi(i: i;?n)} B3R

In Figure 4.6 we have plotted the difference between the two divergences, that is
(4.22) and (4.23), for n = 1,...,70, and for a = b = 5 (continuous-red curve),
a = b = 20 (dashed-blue curve) and a = b = 50 (dotted-black curve). It is easy to
note that the value of Dgp(ful fatr2) — DK L(fy fas1), is always positive.
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Figure 4.6: Value of the difference between the Kullback-Leibler divergence
Digr(full fnt+2) and the Kullback-Leibler divergence D (full fns1). The difference
has been computed for different values of the parameters of the Beta distribution.
That is, @ = b = 5 (continuous red line), a = b = 20 (dashed blue line) and
a = b =50 (dotted black line).

By applying our approach, the objective prior for n based on (4.22), is given
by

m(n) o< exp{Dkr(fallfo+1)} —1

n+a+b n+l—=zx
= — E |l _— -1 4.24
n+1 exp{ {Og(n—m-{-b)}} ’ (&2)
or, equivalently
n+a+byg (n+1—z\™
— 1. 4.25
m(n) o n+1 g(n—x-i-b) } S

The prior in (4.25) is improper. The following Theorem 4.2 shows that, with

only one observation, the posterior distribution is proper.

Theorem 4.2. Let us assume that we observe the data point x; from a Binomial-
Beta distribution with parameters a > 1, b, n and p. Also, assume a prior distri-

bution for the parameter n as m(n) < exp{DkL(pn||pn+1)} —1. Then, the posterior
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distribution given by

n+a+by n+1—x
m(n|z;) o —1
n+1 s n—xz+b

F(a +b) I(x; + a)T'(n — 21 + b)
I'(n+a+b)

I

1S proper.

Proof. As discussed in Berger et al. (2012), and mentioned at the beginning of
this section, the tail of the marginal likelihood of n behaves like 1/n® which, for

a > 1, converges. Thus, we have

= = et g+ by {1l —g\ 2 1
Sorty = S [T (75) )
n—=1 =0

=1

oo oo
L n+a+b n+1—z\* 1
_ . (4.26)
g{ g mtl E)(n—f—%b) } Zna

n=1

As (n+1—2xz)/(n—x+0b) <1, because of the condition b > 1, the product term

is small or equal to one. Therefore
| lnta+bg (n+1-—2\™ ~[1ln+a+bd
— - < — T c o,
SR () e At <o
asa>1. And,as )~ {1/n*} < oo in (4.26), the theorem statements follows. [J

The following Theorem 4.3, which proof in in Appendix A, shows that the

posterior distribution for n is consistent.

Theorem 4.3. Consider the family of Binomial-Beta distributions f,, with n =
1,2,... and common parameters a and b. We also assume that the true value of
n is ng. Given the prior distribution m(n) and the set of observations from f,,,
x = (x1,...,21), the mass of the posterior corresponding to ny converges to one

almost surely. That s,
m(ngln > ng, z1,...,28) — 1,
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for k — oo.

To have a feeling of the behaviour of the prior in (4.24), we have computed its
mass for different values of the parameters a and b. In particular, as shown in the
bottom plot of Figure 4.7, we have computed the prior for a = b = 5 (continuous-
red curve), a = b = 20 (dashed-blue curve) and a = b = 50 (dotted-black curve).
The choice of the parameter values has been done in order to compare our result
with the one obtained by Berger et al. (2012), where objective priors for the same
values of a and b have been computed. These priors are showed in the top plot of
Figure 4.7.

By inspecting the bottom plot of Figure 4.7, we note that the prior obtained
with our approach puts more mass on the lower values of the parameter n. The
value of the mass, then, rapidly decreases toward zero as n increases. We can
interpret this behaviour as the fact that Binomial-Beta models with a small value
of n have more worth than models with a large value of n. Also, when n is
sufficiently large, models tend to have similar importance. Furthermore, the three
curves a very similar, suggesting that the parameters of the Beta distribution for p,
that is a and b, play a marginal role in the determination of the prior distribution.

As expected, on the basis of the discussion in Berger et al. (2012), which we
have repeated at the beginning of this section, the prior distribution based on
(4.20) is sensible to the value of the parameters a and b. In particular, from the
top plot in Figure 4.7, we note that the main difference occurs for values of n
relatively low, where values of a and b relatively large, produce relatively small
prior mass. However, as n grows larger, the three priors tend to assign similar

mass to the same value of n.

4.5 Binomial model

The last model we discuss in this chapter in the Binomial distribution. Let us
assume that the random variable z is binomially distributed with number of trials

n and probability of success p. Its probability mass function is

f(z|n,p) = (Z)pf(l —p)" ™  z=0,1,...,n.
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Figure 4.7: Objective prior obtained by applying our method (bottom) and objec-
tive prior obtained by Berger et al. (2012) (top). For both approaches, the prior
has been computed for a = b = 5 (continuous red line), a = b = 20 (dashed blue
line) and a = b = 50 (dotted black line).

We assume p known, which means that we will initially discuss the prior for n,
given p. The goal is to define a function which assigns positive mass to all the
possible values of n, where n = 1,2,.... In the following discussion, we indicate
the prior for n as m(n), whether it depends functionally on p or not. In other
words, some of the following priors are for n given p, but we consider this as
implicit in the notation 7(n).

The natural objective prior mass function for n would be the uniform, that is

m(n) x 1, (4.27)
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4.5. Binomial model

as this gives equal weight to each possible value of n, and this would hold whether
p is known or unknown. However, as n is theoretically infinite, the posterior

obtained from (4.27) would be improper when p is unknown. This issue has been

discussed, for example, in Berger et al. (1999) and Berger et al. (2012).

In Draper and Guttman (1971), we find the following objective prior mass

function on the parameter n, considering p as known

m(n) =1/N, (4.28)

where NV is a large preselected integer with 1 < n < N. For example, if n were
the number of units with a certain characteristic within a population, N could
represent the size of the population. The authors show that the estimate of the
parameter n obtained by using the prior (4.28), is represented by the mode of the
posterior distribution 7(n|x), where z represents the observations. Furthermore,
without defining in explicit form the prior mass function for n, it is shown that
the estimate is the same when p is considered unknown; this is done by assuming
the parameters to be independent and defining a beta prior mass function for p.
Raftery (1988) adopts a hierarchical Bayesian approach. In particular, the
issue of n being discrete is overcome by first assuming that the parameter has a
Poisson distribution, and then by assigning an objective prior to the continuous

hyper-parameter. The result is a prior mass function of the form
m(n) o 1/n. (4.29)

Note that prior (4.29) coincides with the generic Jeffreys’ prior for unbounded
integer parameters, as introduced in Section 2.3.

Raftery’s prior is improper, as it diverges for n going to infinity. Even though
this does not represent a problem in a Bayesian approach, as long as the posterior
is proper, Rissanen (1983) (by applying his general method to obtain objective
priors for integer parameter spaces discussed in Section 2.3) proposes a modified
version of it by reducing the dominating factor 1/n just enough to make the whole
prior proper.

The objective prior for n we examine in details, is the one in Berger et al.
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(2012). The prior is derived by applying Approach 3 in Section 2.3.1. In particular,

the following linear estimate of n is considered

where £ is the number of independent samples from a Binomial distribution with

parameters p and n; that is, (z1,...,7%). As

E[n|n,p] =n and Var(n|n) = [n(l-p)]/lkp],

for the central limit theorem, we have

p(nln,p) = N <n

. n(l—p)
ol K

By considering n as continuous, and applying Jeffreys’ rule, the prior for n will be

m1(n) oc 1/4/n. (4.30)

The prior in (4.30) is not the only that can be derived through the continuous
embedding technique illustrated in Berger et al. (2012). In fact, not only by using
another approach (e.g. Approach 4, discussed in Section 2.3.1) a different prior
for n can be derived. It is possible to derive a different objective prior for the
parameter by using a different consistent (and inefficient) estimator for n. For

example, by considering

= (v14+ 1692 —1)/2,
with S? = >~ 2?/k. The relative prior is then

1 2pm+1—p
X — X :
Vn V4p*n2 + 2pn(3 — 5p) + 1 — 6p(1 — p)

m(n) (4.31)

Similarly as done in Section 4.4, the “optimal” prior is selected by comparing the
frequentist performances of the posterior distribution. In this important to note

that priors (4.30) and (4.31) result in posteriors with very similar distributions,
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4.5. Binomial model

although the priors themselves are different. The argument in support of the first
one, as discussed in Berger et al. (2012), is on the basis that (4.30) has a simpler
functional form than (4.31).

4.5.1 The Villa—Walker prior for the Binomial model

Let us consider the following two binomial distributions: f, and f,/, with n =
1,2,....,n =1,2,... and n # n’, where n and n’ represent the number of trials
for each distribution. Furthermore, we assume that both distributions have the
same value of the known parameter p. The Kullback—Leibler divergence between
fn and f, is given by

Dk (follfar) = +o0,

if ' < n; else

DKL(anfn/) = {fnl()g <ffn,>}
0 n

- E {log <Z> } _E {log <Z) } + (n—n')log(1 — p),(4.32)

where E represents the expected value with respect to f,,. The following Lemma

4.3, which proof is in Appendix A, shows that the nearest model to f,, is fu,+1-

Lemma 4.3. Consider the binomial distribution f,,. If we indicate by f,, with
n > ng, the generic binomial distribution that differs from f,, only by the number
of trials, then the Kullback—Leibler divergence from f,, to f, is minimum when

n:n0+1.

Thus, the minimum divergence from model f, is obtained by setting n’ = n+1

in expression (4.32), which results in the following Kullback-Leibler divergence
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Dict(Fall fus) = () —pres (1)}

T

{7

+[n—(n+1)]log(l—p)

) Z:; { (Dpl(l e (3:! (nn!— o)l . <7(ln++11;! Iﬂ) }

= 10:%(1 =P
- ; {log(n +1—1x) (Z)pf(l - p)”‘““} — log{m + 1) — leg(l—p}.

Therefore, the prior distribution is obtained by applying (4.6) and has the form

1 - ny\ . -
7r(n)o<mexp{;log(n—kl—r)(z)p (1—p) }—1,

which can alternatively be written as

1 : _ Opraepr)
W(n)oc(n+1)(1_p)g{(n+l ) (2 } 1, (4.33)

The form of the prior in (4.33) is useful to employ in some analytical procedures.

The objective prior for n obtained is improper. In fact, we have that

n

1 U
wrnasp L1 -0 }‘1

i { DA 1} . (4.34)

=1

o0
su=1

as [[0_, { n+1-— 1)( )Pt (1-p)" T} /(1 —p) > 1. Therefore, the left-hand side of
(4.34) diverges as well, given that Y > [1/{(n+ 1)(1 — p)} — 1] = co. Therefore,
given that the prior distribution is improper, we need to show that the resulting

posterior is proper. This is stated in Theorem 4.4 below.
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Theorem 4.4. Assume that we observe the data point x1 from a binomial distribu-
tion with parameters n and p. Also, assume a prior distribution for the parameter

n as w(n) o< exp{Dkr(fullfus1)}. Then, the posterior distribution is given by

m(n|z)) | —————— {(n 1~ x)(i'-)p"“*m“‘} — 1}

. (jl)pm —prE, (435)

1S proper.

Proof. The likelihood function in the posterior (4.35) converges for n — oo. In

fact we have
i n 1‘1(1 )'Tl*l‘l _ i p o % i TL! (1 . )7’[
— | \n P # ! |[\1-p = ln—z) ¥ ’
and asn!/(n—x))!=nxn—-1)x---x (n—x;+1) <n®, it follows

n=x n=x1

To prove that Y >~ , {n*'(1 — p)"} converges, we show that

1 1 1 _ n+1

lim (n+ 1" p) < 1.
n—+oo n11<1 — p)”

In fact, we have

1)1 (1 — p)n+? 1)
lim (n+ )"(1— p) = lim n (I—-p)p=1-1—-p) <1,
n—00 nm(l —p)n n—00 n

Therefore, the series

> {n"(1-p)"} < oo, (4.36)

n=x
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converges. From the result in Lemma A.1 in Appendix A, we have

m II [(“ +1 - )P 1 < oo, (4.37)

By combining the results in (4.36) and (4.37), we conclude that

= 1 T
Z{mgﬁ“l—@““ | ]—1}

n=x1
n y N
X {( >p“(1 —p)”‘“} < 00,
I

that is that the posterior distribution for n becomes proper after only one obser-

vation. 0

The consistency of the posterior distribution is examined in the following The-

orem 4.5. The proof in in Appendix A.

Theorem 4.5. Consider the family of binomial distributions f,, withn =1,2, ...
and common parameter p. Also assume that the true value of the parameter n
is nog. Given the prior distribution m(n) and the set of observations from f,,.
x = (x1,...,x), the mass of the posterior corresponding at ng converges to 1

almost surely. That is,
m(no|ln > ng,x1,...,25) = 1,

for k — oc.

To have an understanding of the objective prior for n, we have computed and
plotted it, for a given value of p = 0.5, and for n = 1,...,100. The result is
shown in Figure 4.8. We see that the highest mass is put on n = 1, as the largest
divergence is Dy (f1||f2), and that it will decrease as n increases. This is obvious,
as the difference between a binomial with n number of trials and the binomial with
n + 1 number of trials, diminishes as n tends to infinity; as such, the Kullback-

Leibler divergence measured between the two models tends to zero and so does
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the prior.

T T 1 T
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n

Figure 4.8: Comparison of our prior (continuous red line) and the one obtained
by Berger et al. (2012) (dashed black line). The priors refer to parameter n given
p=10.5.

The comparison between the prior we propose and the prior defined by BBS is
straight forward. By simply inspecting expression (4.30), we notice that the BBS
prior distribution assigns large mass to small values of n, and that it decreases for
n becoming large (Figure 4.8). In particular, the behaviour is similar to the one
of our prior. Even though our prior depends on the value of p, by computation,

we have seen that the changes in the prior are negligible.

Unknown p

In the case parameter p is considered as unknown, the joint prior for n and p
proposed by Berger et al. (2012), derives from the application of Approach 4
(refer to Section 2.3.1), in combination with the common prior for the probability
of success of a Binomial model: Jeffreys’ rule prior. The prior for n, when p is
unknown, will have the form 7(n) o« 1/n, whilst the prior for p is the common

Beta with both parameters equal to 1/2. That is

1 1
7(n,p) x ﬁm (4.38)
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Berger et al. (2012) argue that, although in Jeffreys writings there is no reference
to a prior for the parameter vector (n,p) of a Binomial distribution, it is quite
plausible to believe that he would have chosen a prior of the form of (4.38). In
fact, it is well known that Jeffreys’ prior for p is a Be(1/2,1/2); also, as discussed
in Section 2.3, Jeffreys proposed 1/n as a prior for an infinite positive parameter.
Therefore, prior (4.38) can also be interpret by the product of the priors that
Jeffreys has (or would have had) proposed for this particular problem.

Raftery (1988) proposed as prior for n and p, simply 1/n. This prior has the
tail of the posterior that becomes sharper and sharper as n grows, as shown in
Berger et al. (1999).

Although it is not in the scope of this thesis to discus in details the application
to our approach to continuous parameter spaces, it is not complicated to combine
the results for n discussed in this chapter with the common Beta prior for p.
In fact, we can define the prior on n and p and 7(n,p) < w(n|p)7(p), where
7(p) ~ Be(1/2,1/2) (Jeffreys’ prior) would be a natural choice. That is

m exp {Z log(n + 1 — ) <Z>pr(1 _ pyw} B 1}

=0
1

p(1—p)

7(n,p) x

X

7

which, even though improper, it yields to a proper posterior.
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Chapter 5

Objective Prior for the Number

of Degrees of Freedom of a ¢

Distribution

The content of this chapter, included the illustrations, is taken from Villa and
Walker (2013c).

In this section we introduce an objective prior for the number of degrees of
freedom of a Student’s t probability density function. From now on, the model
will be simply identified as t distribution or ¢ density.

The objective prior we propose, based on the approach thoroughly discussed
in Section 3, assumes that the parameter v, representing the number of degrees of
freedom, is discrete. We will motivate our choice later in the chapter.

The parameter v is typically problematic to estimate. In particular, a problem
in objective Bayesian inference is that improper priors lead to improper posteriors,
whilst proper priors may dominate the likelihood (Fonseca et al., 2008).

The prior that we construct takes into consideration an important property of
the t distribution: its convergence to a Normal density when v tends to infinity.
Actually, the approximation to normality reaches remarkable levels for relatively
small values of the number of degrees of freedom. It is in fact common practice to

assume the approximation as acceptable for v > 30. As a consequence, the prior
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we propose is truncated.

5.1 Introduction

In disciplines such as finance and economics, extreme values tend to occur at a
probability rate that is too high to be effectively modelled by distributions with
appealing analytical properties, such as the normal. This is the case, for example,
of financial asset returns and market index values, whose behaviour of extreme
values is better represented by distributions with tails heavier than the normal
distribution; in particular, see Fabozzi et al. (2010), the ¢ distribution represents
an appealing alternative. Furthermore, in Maronna (1976), Lange et al. (1989) and
West (1984), it is pointed out that heavy-tailed data are more efficiently handled
by regression models for which the error term is assumed to be t-distributed. In
fact, it is shown that the influence of outliers is significantly reduced, leading to a
more robust analysis; in particular, the smaller the number of degrees of freedom,
the more robust the analysis tends to be. As such, the possibility of discerning
between t distributions with different numbers of degrees of freedom, especially
when the value of this parameter is small, represents an important step of the
regression analysis and, in general, whenever a ¢ model is deemed to be the most
suitable in representing the observations of interest.

By considering the three-parameter representation of the t density, we intro-
duce an objective Bayesian prior mass function for the degrees of freedom v of a
t distribution, conditional on the mean parameter p and variance parameter o2.
Hence, it will be of the form 7 (v|u, 0?). However, we first review some of the most
important priors for v existing in the literature.

Let us define by 7(v) the prior distribution for the number of degrees of freedom
of a t density. In the case the number of degrees of freedom are considered as a
continuous quantity , we have v € (0,00). If v is consider to take values in a
countable set, then we would have v = 1,2, .. ..

The likelihood for v given p and o2 tends to a positive constant as v — 400

(Anscomber, 1967). As such, to have a proper posterior, the prior distribution has
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to tend to 0 as ¥ — +o0co. Therefore, the natural objective prior

m(v) o< 1,

cannot be adopted as the posterior would be improper. In fact, as shown in
Ferndndez and Steel (1999b), this behaviour of the likelihood function may lead,
in general, to an improper posterior when the prior distribution is improper.

To overcome this issue, Jacquier et al. (2004) proposed a truncated uniform
prior on the discrete integer degrees of freedom. In particular, they note that the
variance of a t density exists only for values of v > 3. Furthermore, for values
of v € [41,50], the model does not have significant changes in behaviour and

therefore, their discrete uniform prior is
(v) x 1, 3 < v <40.

According to Fonseca et al. (2008), this type of priors is inappropriate, because the
estimate of the number of degrees of freedom is sensitive to the chosen truncation
point.

Geweke (1993) proposes a prior distribution that is exponential. In this case,
the parameter v is considered continuous and the distribution depends on a value

¢, which is strictly positive
m(v) x cexp{—-cv} v >0.

This prior, in our opinion, cannot be considered as strictly objective. In fact,
different values of ¢ will lead to a different distribution of the mass over small
values of v, where it is more critical to be able to estimate the number of degrees
of freedom. Furthermore, as shown in Fonseca et al. (2008), the exponential prior
tends to dominate the data.

In Fonseca et al. (2008), a linear regression model with p covariates and error
term t-distributed is considered. The authors define two prior distributions for v,

both based on Jeffreys” prior Jeffreys (1961): the independence Jeffreys prior
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(V) o (Vig)l/z {w’ ()~ (“; 1> _ 5((5:3))2}1/2 v>0, (51)

and the Jeffreys-rule prior

p/2
I v+1
my(v) o< (v v>0. 0.2
) i) (255) (52)
It is shown that both priors are proper, and that they lead to proper posteriors.
Prior distributions, though not objective, for the number of degrees of freedom
of a t distribution, are given by Juarez and Steel (2010), where a non-hierarchical
and a hierarchical prior are considered. The first is a particular gamma, with

parameters 2 and 1/100, leading to the density

v _,
7T1(I/) = me /10. (53)

This prior has the property of covering a large range of relevant values of degrees
of freedom and allows for all prior moments to exist. The hierarchical prior is
obtained by considering and exponential distribution for the scale parameter of

the gamma, with shape parameter 2. The resulting density is

v

WQ(V) = 2k’m7

where k& > 0 is the hyper-parameter. The authors compared the performance of
their priors with the Jeffreys’ independent prior proposed by Fonseca et al. (2008),
noting that there were no significant differences for values of v below 50.

It has to be noted that in Geweke (1993), Fonseca et al. (2008) and Juérez and

Steel (2010), the number of degrees of freedom is considered as continuous.

5.2 Preliminaries

We make here some fundamental preliminary considerations.

We consider the parameter space of v to be discrete, that is restricted to
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positive integers. The motivation is practical. In fact, the Kullback—Leibler di-
vergence between contiguous densities rapidly decreases to zero, making necessary
large amount of information about v (i.e. observations) in order to discern be-
tween different t distributions (Jacquier et al., 2004). We could make more dense
the parameter space, for example v = {1,1.5,2,2.5,...} (or even more dense),
and apply our criterion to derive a prior, but the resulting increase in precision of
the estimate of v would not be of any practical use, as, for example, there is no
sensible difference in having a t density with 7 degrees of freedom and one with
7.1 degrees of freedom.

The second remark we would like to discuss originates from the well known
property of the ¢ distribution to converge to a normal distribution when the degrees
of freedom tend to infinity. That is, from a certain point in the parameter space of
degrees of freedom, the distribution can be considered as normal. The key point
we wish to make is that it is not fundamental where the quantification of this
turning point is (i.e. where a t distribution turns into a normal), but the fact that
there is one, and that every t distribution with a value of v equal or larger than
this turning point is considered the same model, that is, a normal distribution.
We take this point to be 30 based on theoretical results, see Chu (1956), and also
Section 5.3. It follows that the set of parameter values on which the prior 7 (v) is
built becomes a finite set of models and v translates to a label associated to each
model. If we indicate the turning point as v,,.,, the set of models is represented
by {f1, fos - -y foman—1s fumax }, Where the first (vp,4. — 1) models are ¢ distributions
with degrees of freedom v = 1,2, ... Ve — 1, and f,, . ~ N(u,0?).

A direct consequence of this consideration is that it reveals an important con-
ceptual gap common to other objective approaches to derive 7(v). Even though
it is theoretically possible to discern between two t distributions with any num-
ber of degrees of freedom, provided a sufficiently large number of observations is
available, this task loses meaning when the number of degrees of freedom is large
enough. It follows that, if we want to assign prior mass to models, for example, in
intervals [fao, - - ., fa99] and [fs00,- - ., f3g0], this mass has to be the same for each
element, as these models are in practice not distinguishable. As such, if we define

a prior of v for values that go from one to infinity, this prior has to be uniform
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in the interval [V,4,, +00), and therefore improper. But, as we have discussed
above, all the models in this interval are (approximatively) represented by a nor-
mal distribution and, as a result, the set of options has to be finite with the last

element equal to a normal. Furthermore, as all the models from f,_ . onwards are

virtually the same model (i.e. normal), if 7(v) is defined over the whole sample

space, it means that a large amount of mass is put on the normal model. And

there is no apparent justification for this approach.

If random variable x has a t distribution with degrees of freedom v, location
parameter p and scale parameter o2, its probability density function is represented
by

1 gy —¥El
1 1\ (z—p)?\ °
; 2y
f(;r|l/,/1,,0)—B(%’%) (wﬂ) (1+T‘2 —00 <& < 00,

where B(-,-) is the beta function. Both location and scale parameters are con-

tinuous, with —oo < p < oo and 0% > 0. The density of x can equivalently be

expressed in terms of the precision parameter A = 1/0? as follows

v+1

f(;r|u,u,/\):B—(;—E(é>%(l+M>2 —o0 <z < 00.

14 v

We mainly focus on the particular case where 4 = 0 and 0? = 1; it is always
possible to move from a ¢ distribution with 4 = 0 and ¢? = 1 to a t distribu-
tion with any value of the parameters (and vice versa) by simply applying the
relationship z, , ,» =+ 02,0,1. In any case, as we are interested in comparing
t distributions that differ only in the number of degrees of freedom, to avoid a
cumbersome notation, the ¢ model with v degrees of freedom and parameters p

and o? is represented as f, in lieu of f(x|v, u,o?).
Let us consider the following ¢ distributions: f, and f,,, with v # /. Also,

we assume that location and scale parameters are equal for both densities, with

i =0 and 0? = 1. The Kullback-Leibler divergence between f, and f,/ is given
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by

Dgr(foll fr) / fvlog (JJ:V>

2y 3 <1+ ; >_ \
:/_oo ﬁB(ll/z v/2) (”3%) = fB(ll/Q S =
VV'B(1/2,1/2) <1 " %> )
[ R e D)) e (43))
(5.4)

where [E, represents the expected value with respect to f,. To identify the nearest
model, in terms of Kullback-Leibler divergence, we have numerically computed
the expression in (5.4), for v > 1 to compare Dy (f,||f,—1) and D (f, || fo+1)-
Figure 5.1 shows that Dy (f.|fo—1) > Drr(fu||fs+1), for any v, and that the
divergence decreases as the number of degrees of freedom tend to infinity. The

result obtained is independent from the choice of x4 and o2

T T T T T T

0 5 10 15 20 25 30
\%

Figure 5.1: Numerical computation of D (fu|fo-1) — Drr(follfo+1), for v =
2,...,30. The result does not depend on x and o2.

We have anticipated that the prior we propose is truncated, and that this is
done to avoid assigning more mass than appropriate to the normal model. As

such, the Kullback—Leibler divergence at the points of the parameter space near
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5.3. The Villa-Walker prior for v

to and at the truncation have to be discussed separately. First, we note that the

minimum Kullback-Leibler divergence at the truncation point is given by

- N
Dgr(Noallf2) =/ No,110g( fOl> dx

e D) e 1)

where Ny, is the standard Normal, and Ey represents the expected value with
respect to Ny ;. If we indicate by f,, .. the Normal model at the truncation point,
the nearest distribution to f, .., is f,, .. ., as the numerical computation in Table
5.1 shows. The results can be summarised as follows. If the set of densities is given
by {fi, f2r s Fomantifons }» With f,,... ~ N(0,1), the minimum divergence for
v=1...,Vmer—2 I8 Drr(fu| fus1); for fi... . and f,, ... it is Drr(follfi-1)-

v DKL(fVma.r—l ||fl’7r1a.c—2> DKL(fV‘m,(u‘—l Hfl’ma.r)

30 2.0399 x 1079 0.0021

60 13121 » 1% 0.0005 x 10~
90 2.6168 x 1079 0.0002 x 10~
120 8.3194 x 1079 0.0001 x 10~
150 3.4174 x 1079 7.9029 x 107%
180 1.6513 x 10~% 5ATEE % 10—

Table 5.1: Comparison of the Kullback-Leibler divergence from f,, .., to f, .,
and from f, .., to f,..., with f, —~~ N(0,1). It can be noted that the last ¢
distribution is closer to the t distribution on its left than to the standard normal.

5.3 The Villa-—Walker prior for v

To define the prior mass function for the degrees of freedom v of a t distribution, we
need to make the following considerations. We assume that the location parameter

2

w and the scale parameter o (or, equivalently, the precision \) are known. Let us

consider a random variable 2 with a ¢ distribution with parameters v, u and o2.
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5.3. The Villa—Walker prior for v

Therefore, for v — 400 we have z 4 N (i, 0?). Tt is common practice to assume
normality for v > 30. Chu (1956) shows that the proportional error in using
the distribution function of a standard normal, ®(z), as an approximation to the
distribution function of x, F(x), is smaller than 1/v for every v > 8, where the
proportional error is defined as E = |(F(z)/®(x))— 1|. In fact, the approximation
of a t distribution to a normal density is always to a certain level of precision and,
apart from computational limitations, it is always possible to find a sample size
large enough to be able to discriminate the two distributions for a given precision
level. In any case, the prior mass function for the parameter v is defined over a
set of models composed by t distributions with increasing number of degrees of
freedom and, as a final model, a normal distribution. This normal distribution
can be seen as the model that incorporates all the remaining ¢ distributions for
which we assess that the value of v is too high to make them distinguishable from
a normal. Therefore, as introduced in Section 5.2, the prior 7(v) is a function that
associates a mass to each model in the finite set { Fis Bose o s g fumw}, where
fo (for v=1,... Vpar—1) is a t distribution with v degrees of freedom, and f,, .
is the normal distribution N(u,o?).

For the remainder of this section, without loss of generality, we focus on the
special case where = 0 and 02 = 1. Our criterion is based on the fact that, if
the true model is removed from the set of all possible models, then the posterior
distribution will tend to accumulate on the nearest model in terms of the Kullback—

Leibler divergence. Then

_DKL(qufu—l) if v Z Vmaz — 1

l(v) =
_DKL(fl/Hfl/+1> if v < Vmazx — 17

and the derivation of the prior probability from this loss is given by the self-

information loss function

_DKL(fVHfV—l) lfVZ Vmaz_l

—logm(v) =
—DKL(fv||fu+1) if v < Ve = 1.

The prior mass to be put on each model in the set of options is then obtain by
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5.3. The Villa-Walker prior for v

applying (3.6), and is given by

() ox exp {Dkr(follfo-1)} V> vier — 1 (5.6)

eXP{DKL(ququ)} ifv < Vinazx — 1

The prior for values of v < v,,,, — 1 is obtained by replacing equation (5.4) in the

first of (5.6), for which we set /' = v + 1

Vv +1B (3,4t I 2
(V) - (12y 2 )exp s E, |log [
VVB (3:5) & v

+V;LQ]E,, [log (1 " Vljl)] } (5.7)

The prior mass for v,,,, — 1 is again obtained by replacing (5.4) in the first of

(5.6), for which we set v/ = V0 — 2

Note that in equation (5.8) we have replaced vy, — 1 by v_;. Finally, the prior for
Umaz 1S Obtained by replacing (5.5), for which v = 1,4, — 1, in the second equation

of (5.6), obtaining
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To have a picture of the prior on v, we have plotted its behaviour for three
distinctive values of v,,4,; in particular, in Figure 5.2 we have explored the cases
where the prior has been truncated at v = 30, 60 and 90. The prior puts the highest
value of mass on the first model, the t distribution with 1 degree of freedom, and
gradually decreases toward 1 as v increases. This is a direct consequence of the

fact that the models become more and more similar to each other, resulting in a
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0 20 30 40 50 60 70 80 10 20 30 40 5 60 70 8 90
v v

Figure 5.2: Normalised prior distributions for v truncated at v,,,,, = 30, Ve = 60
and Ve, = 90. In the left column we show the distributions on a non-zero scale
graph, whilst in the right column the graphs are scaled to zero.

Kullback-Leibler divergence converging to 0. The priors look uniform for v > 5;
however this is a perception caused by the fact that the scale is distorted by the
larger values of the prior for the small values. While the prior does look uniform,
it is not and the subtle differences are sufficient for the prior not to behave as
a uniform prior. And something close to uniform for high degrees of freedom is
coherent. For if mass 7(v) has been put on v then one would expect the mass on
m(v + 1) to be very similar simply because the f, and f,,; are almost the same
density.

The prior distribution has also been analysed for ¢ distributions with different
values of p and o?. We have observed that the prior is not affected by changes
in the location parameter p. Although the scale parameter o2 has some effect on
the prior, that is a larger mass is assigned to values of v < 5 for increasing values
of 02, there is no change in the tail of the distribution. However, the posterior

is not significantly affected by this, given that the main effect of the prior on the
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posterior is in the tails, where the priors are remarkably similar, refer for example
to (Berger et al., 2012).

5.4 Posterior analysis

We now analyse the posterior for the degrees of freedom when the prior obtained
with our approach is used on simulate data. We first analyse the result on simu-
lated data from an identically distributed sample. Then, we assume to deal with

a regression model where the error term is supposed to follow a t distribution.

5.4.1 Sampling algorithm

By combining the likelihood function for parameter v (given p and o?) for a t
distribution, that is

Ll s m) = Hl {B(l/;u/Q) <1/(172>1/2 <1 i %yh} :

with the appropriate prior for v in (5.7), (5.8) or (5.9), in which we have in-

cluded parameters p and 02, we obtain, respectively, the following three posterior
p /

distributions
L\, @\
"ot “H{ P2 ( ) (” = )
o (v+1)B (3,44 exp{—y+1E [log m (x — p)?
VB (1.3) 7 v
v+ (I = /1)2
E, |1 1
2 {Og( TP+
for valuesof v =1, ..., Vinaz — 2
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5. os(1+ €220

for v = Ve — 1, and

T (Ve [ 0 s ) 1 ﬁ {B (1/; v/2) <u}f2> : <1 * %)J;—l}

2 T) exp {—%]EN [(J: - ;1,)2/02} +

o a1+ )]

for v = Vpee. It has to be noted that the posterior distribution is proper as it is

finite. Furthermore, the actual posterior for the general case, that is when p # 0
and 0? # 1, needs to take into consideration the priors for these parameters.
We have chosen proper priors for both the location and the scale parameters so
that the posterior distributions are proper as well. In particular, 7(u) is normally
distributed and 7(0?) has an inverse gamma distribution, both with relatively
large variance. However, we have also run the simulations with the well known
objective priors, that is 7(p) o 1 and 7(0?) o 1/0?, and no significant differences
were seen.

The above expressions are not analytically tractable. Thus, to study the pos-
terior distribution of the number of degrees of freedom v, it necessary to use
Monte Carlo methods. The main part of the sampling structure is a Gibbs sam-
pler, used to sample from the conditional distribution of each parameter v, u and
o?; at each step, given that the conditional distributions are complex as well, we

perform Metropolis-Hastings algorithms.

5.4.2 Independent and identically distributed samples

For the first simulation study, we have considered the ¢ distribution with v = 3.

p=0and 0 =1: z ~¢(3,0,1). We have obtained a random sample of n = 100
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5.4. Posterior analysis

observations and considered a prior truncated at v,,,, = 31; that is, f3; =~ N(0,1).
For the parameter of interest v, in Figure 5.3 we have plotted the histogram of

the posterior distribution.

5000 : : : : :

4000+ i

30001 -

2000+ ’

1000 I -
0 A - - .

0 2 4 6 8 10 12

Figure 5.3: Posterior histogram of the parameter v for an independent sample of
size n = 100 drawn from a ¢ distribution with v = 3, u =0 and ¢ = 1.

The statistics of the posterior distribution are reported in Table 5.2. The
posterior distribution is skewed. As such, the most appropriate statistics to be
used as the estimate of v is the median. We note that, for the parameter of
interest v, the median of the posterior is in line with the degrees of freedom of the
distribution and that is included the 95% credible interval.

Parameter Mean Median C.I. (95%)

v 3.12 3 (2, 6)
[ 0.08  0.08 (-0.17, 0.33)
o2 1.09 107  (0.70, 1.59)

Table 5.2: Posterior mean, median and 95% credible interval for the simulated
data from a t distribution with v = 3, =0 and ¢? = 1.

To show that the truncation does not affect the estimate of the number of
degrees of freedom, for this case, we have performed simulations for different
values of v,,,,. In particular v,,,, = 35,45,60 and 90. In Figure 5.4 we have

plotted the posterior histogram for v with the above truncation points. It can
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be seen that the distributions are remarkably similar. However, we would like to
stress one more time that a truncation point of 30 (or 31) gives sensible results;

therefore, the above analysis is for illustrative purposes only.

v =35 v =60
ma; max
5000 5000 -
4000 4000
3000 3000
2000 2000
1000 I 10001 I
0 1 ) | - . 0 i | : L
2 4 6 10 12 2 4 6 8 10 12
v v
v =45 v =90
max max
5000 E 5000
40004 40001
3000 3 3000
2000 2000
10004 I 10004 I
0 | b ] . - 0 n U = . .
2 4 6 8 10 12 2 4 6 8 10 12

Figure 5.4: Histogram of the posterior distribution of v obtained by truncating
the prior at different points. In particular, at v, = 35 (top left), V.. = 45 (top
right), Vme, = 60 (bottom left) and 4,0, = 90 (bottom right).

Large number of degrees of freedom

Let us now analyse the performance of our objective prior when the data is sim-
ulated from a ¢t density with v = 20, that is a relatively high number of degrees
of freedom. In this region of the parameter space consecutive ¢ models are sig-
nificantly close, therefore difficult to discern. The histogram of the posterior is
plotted in Figure 5.5.

We note that the posterior is not very informative, although the median value
is v = 20. The reason, as anticipated at the beginning of this section, has to be
ascribed to the relative closeness between ¢ models when the number of degrees
of freedom is relatively large. An objective prior, which intent is to “let the data
speak”, would not heavily contribute to the posterior, in terms of information.
Of course, should the number of observations increase, the posterior would be

definitely more concentrated around the true value of the parameter, v = 20. We
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10 15 20 25 30
Y

Figure 5.5: Histogram of the posterior distributions of the parameter v with data
simulated from a ¢ density with 20 degrees of freedom.

do not discuss in the detail how a posterior distribution has to be interpreted, as
it is not in scope for this thesis. However, the top histogram in Figure 5.5, clearly
indicates a more likely value of the number of degrees of freedom at v = 20. This

is also the mode of the distribution.

The wrong model

In Section 5.3, where we have discussed the motivation that lead to a truncated
prior for the parameter v, we argued that this is advisable as the ¢ distribution
rapidly converges in distribution to a Normal model, for v — +o0o. It is then
advisable to analyse how our prior performs when simulated data is sampled from
a t distribution with a number of degrees of freedom above the truncation point.
We have then analysed the behaviour of our prior distribution, truncated at
Vmaz = 31, with data simulated from a ¢ distribution with 50 degrees of freedom.
It can then be assumed as if the data was originated by a standard Normal model.
In Figure 5.6 we have plotted the histogram of the posterior distribution for v.
The posterior tends to accumulate at the truncation point. This behaviour would
suggest that the data analysed derives from a model with a number of degrees
of freedom that is at least as large as ¥ = 31 (i.e. the truncation point). The
interpretation then, would be to assert that we are examining a phenomenon which

is normally distributed. Obviously, we know that the data has been simulated from
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10 15 20 25 30
v

Figure 5.6: Histogram of the posterior distributions of the parameter v with data
simulated from a ¢ density with 50 degrees of freedom.

a t density; but this density has a number of degrees of freedom sufficiently large
to be approximated by a Normal model. Given that the prior has been truncated
at Vmae = 31, this reflects the fact that we believe that from that point (included)
onward, the model can be assumed as normal. Hence, the appropriateness of the

conclusion.

Small sample size

It is well known that Bayesian analysis has better pay off for relatively small
sample sizes. Therefore, we thought appropriate to test the performance of our
prior distribution with an i.i.d. sample of size n = 30. The sample has been
obtained from a t model with parameters v = 5, 4 = 0 and ¢ = 1, and the prior
was truncated at v, = 31. The results of the simulation are in Figure 5.7 and
Table 5.3. The posterior for v, although showing a tendency to accumulate on
the true value of the parameter, presents a positively skewed behaviour stronger
than the case of large sample size. This is reflected by the summary statistics:
whilst the median gives a sensible result, the mean indicates a higher value for v.
As said, in the presence of skewed distribution, the central value would be more
effectively represented by the median, rather than the mean; therefore, the median

is the estimate of v.
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0 5 10 15 20 25 30
v

Figure 5.7: Histogram of the posterior sample of v. Observations (n = 30) are
sampled from a t distribution with v =5, 4 = 0 and 0% = 1.

Parameter Mean Median C.I. (95%)

v 8.33 5 (2,28)
" 012 012  (-0.25,0.47)
o2 117 112 (0.52,2.10)

Table 5.3: Posterior mean, median and 95% credible interval for the simulated
data (n = 50) from a t distribution with v =5, 4 = 0 and 0% = 1. The posterior
for the number of degrees of freedom is positively skewed, therefore the median
represents a more suitable estimate of the true value of the parameter.

5.4.3 Regression model

In Section 5.1, at the beginning of this chapter, we have mentioned the importance
of assuming t-distributed the error term of a regression model when there are
outliers. West (1984) discusses in detail the effect of outliers in Bayesian linear

regression. Let us consider the linear regression model
. .
Y =x,0 + & = 1,. ..,

where y1,...,y, are the observations of the dependent variable, z;,...,z, is a
set of p + 1 vectors representing the covariates, [ is the vector with the p + 1
parameters (including the intercept) and, finally, 1, ..., &, is a set of exchangeable

random variables with common distribution with one mode ad symmetric around
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zero. That is, ¢; ~ ¢g(0,0), where o is a scale parameter, in general unknown.
The idea is that, if we choose function g(-) to be heavy-tailed, relatively to the
Normal distribution, the regression model would be less influenced by outliers in
the observations.

We consider the case where the scale parameter o is known only, as this is the
assumption for our analysis. Let 7(3) be the prior for the vector of parameters.
Thus, by representing as D,, the set of n observations of the dependent variable
and the covariates (i.e. the data), we have that the score function of the posterior
7(B|D,) is given by

d
— log 7(B|Dy)

d o
e log7(B) + LZZI: z;h(y; — x;5),

B
where function h(-) is the so-called influence function (from M-estimation theory)
of g(e) and has the form h(e) = —d/delogg(e). The influence function is what
determines the effect on the posterior distribution carried by an observation ;.
In particular, when the distribution of the error term is outlier-prone (O’'Hagan,
1979), the corresponding influence function would be in a such a way that, the
more the observation of the dependent variable is far from its centrality, the less
the influence in the estimate will have. On the other hand, if g(¢) is outlier-
resistant, the effect of an observation y; relatively distant from the centre will not
be negligible.

O’Hagan (1979) introduces clear conditions under which a distribution is either
outlier-prone or outlier resistant. On the basis of this, he shows that, among the
others, the ¢ density is an outlier-prone distribution, therefore suitable to model
the regression error term when there are relevant outliers in the data set. He
also shows that the Normal distribution, more commonly used as the distribution
of the error term, is outlier-resistant. Thus, not appropriate to handle outliers.
Although the appropriate choice for representing the behaviour of the error term
In a regression model seems to be a ¢ density, it is still more common to assume
that this distribution is Normal. This is because the latter is more tractable than
the former.

For our simulation, we consider a linear regression model with one covariate,
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that is

Yi| s ~t(ﬁ0+51ixi,02|1/) i=1,..04M, (5.10)

where 3y and f3; are the regression parameters, 0% the regression variance and v the
number of degrees of freedom of the t-distributed errors. For the purpose of this
simulation, we have set 8y = 10, 3; = 10, 02 = 4 and v = 5. We have generated
n = 100 observations from a uniform with parameters 0 and 1: z; ~ U(0,1).
Then, values y; have been obtained according to the model in (5.10).

The prior for v is the one obtained according to our approach. In particular,
for this simulation we have considered a prior truncated at v,,,, = 31. As for
the independent sample, we have used a Gibbs sampler with Metropolis-Hastings

steps for each parameter. Figure 5.8 shows the histogram of the posterior for

5000 -

0 T . 1_ 1 T
7

1 2 3 4 5 6
v

Figure 5.8: Histogram of the posterior distributions for v in a linear regression
study. The parameters of the regression model where the data has been sampled
from, were v = 5, 3y = 10, B; = 10 and o2 = 4.

Parameter Mean Median C.I. (95%)

v 5 167 (4, 6)

Bo 9.99  9.99  (9.70, 10.26)
B 10.17  10.17  (9.68, 10.67)
o 389  3.87  (3.36, 4.50)

Table 5.4: Posterior median and 95% credible interval for the regression simula-
tion. The parameters were set to v = 5, By = 10, £, = 10 and o? = 4.
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v, and Table 5.4 the statistics of the simulation. By inspecting both sources of

information, we conclude that the prior has performed well.

5.5 Application

To illustrate the proposed prior on real data, we analyse a sample of the daily
closing values of the Dow Jones Industrial Average index of the U.S. stock mar-
ket. In particular, the data from 11 November 2008 to 4 May 2009, that is 98
observations. This data sample is part of a wide sample analysed in Lin et al.
(2012), which ranged from 22 October 2008 to 22 October 2009. Given that the
objective of Lin et al. (2012) was to estimate variance change-points in the series,

we have focussed our analysis on a subset with estimated constant variance.

1 T T 1 T T 1 L T

0 10 20 30 40 5dO 60 70 80 90 100

Figure 5.9: Daily return (multiplied by 100) of the closing Dow Jones index from
11 November 2008 to 4 May 2009.

The actual analysis has been performed on the daily returns, multiplied by
100. That is, Xyq = [(Ya41 — Ya) /Ya] 100, where Y, is the market index at day
d. The transformed data, for the period of interest, is plotted in Figure 5.9. It
can be noted that the series is stationary, and that its variance can be reasonably
considered as constant (for the period).

In Table 5.5 we have reported some basic descriptive statistics of the series.
The kurtosis is larger than 3 and even though the distribution of the returns does
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not have tails much heavier than a normal, it seems to be appropriate to consider

a t model.

Mean 0.0035
Variance 4.4813
Skewness 0.3216
Kurtosis  3.5626

Table 5.5: Descriptive statistics of the daily Dow Jones index returns from 11
November 2008 to 4 May 2009.

Specifically, the model is

Xe=p+éeq

where g4 ~ t(0,0%, v). The result of the simulation are compared, when appropri-
ate, with the ones obtained in (Lin et al., 2012).

We have obtained the posterior distributions for the three parameters by Monte
Carlo methods. In Figure 5.10 we have plotted the sample, the progressive median
and the histogram of the posterior of the number of degrees of freedom v only.
As the posterior distribution of v is skewed, the median represents the sensible
estimate of the true value of the parameter. The posterior statistics of the param-
eters are reported in Table 5.6. The results from (Lin et al., 2012) are, v = 8.4873,
pu = —0.0406 and o? = 3.3749. The authors, as a prior for v, have used the one
proposed by Geweke (1993) (refer to (5.1)) with hyperparameter A = 0.3. There-
fore, m(v) ~ Exp(0.3). It has to be noted that the estimate of the degrees of
freedom and the mean g are relative to a larger data set, in particular, for the
first 133 observations. However, the authors conclude that the number of degrees
of freedom for the whole data set is homogeneous in the range 6.68-8.49 and the
mean is zero. The median of the posterior distribution, representing our estimate
of the parameter value, is 8 degrees of freedom. We can then conclude that our
estimate of v is in agreement with Lin et al. (2012).

We have analysed the data by adopting priors different from ours. In addition

to the independence Jeffreys’ prior (5.1) and the Jeffreys-rule prior (5.2) proposed
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Figure 5.10: Posterior samples (top), posterior progressive median (middle) and
posterior histogram (bottom) for the parameter v.

by Fonseca et al. (2008), we have considered the non-hierarchical prior proposed by
Judrez and Steel (2010) in (5.3). The resulting posterior statistics are summarised
in Table 5.7. We see that both the independence Jeffreys’ and the Jeffreys-rule

prior give estimation results that do not differ from ours, considering that our prior
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Parameter Mean Median C.I. (95%)
v 9.96 8 (2, 26)
M 0.05 -0.05 (-0.45, 0.36)
o’ 307 321 (0.03,5.61)

Table 5.6: Median and credible interval for the number of degrees of freedom,
location and scale parameters for the daily returns of the Dow Jones index, from
11 November 2008 to 4 May 20009.

Prior Median  C.I. (95%)
() 7.30  (3.80, 25.44)
7(v) 863  (3.46, 31.98)
m(v) 1532 (4.90, 28.89)

Table 5.7: Posterior statistics obtained by using the independence Jeffreys’ prior
77(v), the Jeffreys-rule prior 7,(~) and the non-hierarchical gamma prior proposed
by Juérez and Steel (2010) 7 (v).

assumes v discrete whilst both Jeffreys’ do not. However, the credible interval
of the Jeffreys-rule prior is larger than the one obtained with our prior and the
independence Jeffreys’. For the Dow Jones index data analysed here, the posterior
median of v obtained by applying the gamma prior proposed by Juarez and Steel

(2010) is in contrast with our results.

5.6 Discussion

The adoption of ¢ distributed models is an important area of application in fi-
nance. This can either be the application of ¢-distributed random variable to
model a certain quantity, such as financial returns, or the assumption that the
errors of a linear regression model should have heavier tails than the ones of the
more commonly adopted normal distribution. While objective priors for continu-
ous parameters, such as the mean or the variance, can be obtained with various
approaches, the estimation of the number of degrees of freedom of a ¢ distribution

is not so straightforward.
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An important aspect of the objective prior for the number of degrees of free-
dom we propose, is that it is truncated. This is a consequence of the fact that
the t density converges in distribution to the Normal density. Therefore, for a
sufficiently large number of degrees of freedom, the model can be considered as
normal and it represents the last element in the set of the option models. An
important property of the proposed prior is that its estimation performance is not
sensible to the point of truncation. We also add that taking the truncation point
up to, say, 60 implies an interest in discriminating between a t45 and a t5, for
example. This is not practical or desirable.

The efficiency of the designed prior for the number of degrees of freedom of a
t distribution has been demonstrated through two types of simulation. The first
one is based on data simulated from a ¢t density with given parameter values, and
the second from data simulated from a given regression model. For the first type
we have considered a wide range of scenarios, including relatively large value of v,
“wrong” model (i.e. value of v above the truncation point) and small sample size.

The analysis on real data appears to give comforting results about the prior.
In fact, for the Dow Jones data sample, the estimation of the parameters of the
model are in line with the ones obtained by using a different prior. Furthermore,
our analysis using two well known objective priors supports again the results

obtained.
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Chapter 6

Objective Model Selection

6.1 Introduction

The content of this chapter is taken from Villa and Walker (2013b).

In this chapter we introduce a novel approach to objectively determine model
prior probabilities for model selection problems. A particular type of model se-
lection, that is variable selection, will be discussed in Chapter 7. The approach
is based on our objective criterion (refer to Section 3.1) where we move from the
parameter space © to the model space M.

We focus on the case where the prior is the pair {f(x|6),7(0)}, where f(z|0)
is a probability distribution, characterised by parameter 6 (possibly a vector of
parameters), and 7(6) is the prior distribution representing beliefs on the model
parameters. We assume both f(z|f) and 7(6) specified.

A model selection problem is as follows. We have a set of n observations

x = (x1,...,7,), and a set of possible £ models indicated by

The set of the £ models is sometimes identified as the models space, that is M =
{M,..., My}.The general aim is to compare the & models. The usual way to

perform this comparison is to compute pairwise Bayes factors between the models
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6.1. Introduction

in the model space. Thus, the Bayes factor between model M; and model M; is

given by

B. — mj(x) [ fi(x|0;)m;(0;) db;

5 @ [ halm @y g 7SR

where m;(z) and m;(x) are the marginal densities of x under, respectively, model
M; and model M;. We can then see that the Bayes factor Bj; is a weighted
likelihood ratio (for the observed data) of M; over M;, where the weights are
represented by the prior probabilities 7;(6;) and 7;(6;). Then, given model prior
probabilities, P(M;), j = 1,...,k, the posterior mass for each element in the

model space, given the data z, is

P(]\’[j)"lj(.f)

S5y P(M;)m;(x)
k

PO, ]
> re]

j=1

P(Mjlz) =

Although we focus on the model priors, it is still appropriate to examine how
Bayes factors and posterior model probabilities can be interpreted and used.

Bayes factors can be seen as the “odds provided by the data for M; versus M;”
(Berger and Pericchi, 2001). In other words, they show what are the odds that
the observations have been generated by model M; with respect to model M;. A
Bayes factor larger than one, would indicate that it is more likely that model M;
has generated the data than model M;. And, the larger the value of Bj;, the more
strong is this “statement”. On the contrary, a value of the Bayes factor smaller
than one, would indicate as more likely model M, (with respect to model M;).
Obviously, the closer to zero the value of Bj;, the stronger this indication is.

For what in concerns model posterior probabilities P(M;|z), j = 1,..., k, they
can be used in different ways. It would seem appropriate that, should one of
these probabilities be definitely higher in value than the remaining ones, then
the associated model has to be chosen. However, especially when the number
of models is large, posterior probabilities tend to be all small in value. In this

case, (Chipman et al., 2001), show that a decision theory approach to select the
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appropriate model can be applied. A utility function u(a, A) is chosen, where o
is the action of choosing model M;, and A is an unknown quantity of interest,
such as a prediction of x. Thus, the model is selected on the basis of the action «

maximising the expected utility

E{u(a,A)} = /u(a,A)P(A{:L‘) dA

where P(A|x) is the predictive distribution of A given x
k
P(Alz) = Z (A|M;, ) P(M;]z).

P(A|M;, x) represents the probability of A given model M; and data x. Note
that, in this case, the strategy that is used to select a model will depend on the
utility function u(a, A) adopted in the process.

If the objective is solely prediction, Bayesian model averaging could represent
an appropriate solution (Hoeting et al., 1999). The general idea is to consider the
posterior probability of the quantity of interest (given the data), as the average of
the posterior probabilities under each model in the model space, weighted by the
model posterior probabilities. Thus, we can compute appropriate indexes, such as

mean and variance, of the posterior distribution of A. That is
E(A|z) = Z]E (A|M;, ) P(M;|x),

and

o~

Var(Al|z) Z [{Var(All

j=1

~E(Alz)?

4;,z) + E(A|M;, I)P(]Wj|$)2} P(]\fﬂa:)}

Sometimes, model averaging is restricted to a subset of the model space. In this
case, only models with a relatively high posterior probability are considered in

computing the weighted posterior of A and its indexes.
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There are several reasons why Bayesian model selection has to be preferred to
a classical approach. Berger and Pericchi (2001) discuss this in detail. Among the
advantages, we have an easiness in interpretation of the Bayes factors with respect
to the widely criticised p values. For example, see Sellke et al. (2001).

Bayesian model selection is consistent, in the sense that, if the true model
is in the set of all possible models, with a sufficient amount of data, this model
will be selected by the procedure. In addition, if the true model is not in the
models space, the result in Berk (1966) shows that (asymptotically) the selection
process will point to the model which is the closest to the true one, in terms of
Kullback-Leibler divergence.

As discussed in Scott and Berger (2010), the Bayesian procedure is an auto-
matic Occam’s razor: the selection is always in favour of the simpler model.

Other positive results in adopting a Bayesian model selection approach include:
the procedure is the same if the model space has two, three or more elements.
Nested models, standard distributions or regular asymptotics, are not required.
Model uncertainty is accounted for; thus, it is not necessary to use part of the
data for parameter estimation and the remaining for prediction.

On the downside, in the specific when an objective Bayesian model selection
approach is considered, the following difficulties have to be considered (Berger
and Pericchi, 2001). Computational issues can arise in the calculation of Bayes
factors when parameter spaces are large. Similarly, difficulties are encountered for
selection problems where the number of models is considerably large.

Use of improper priors for the parameters of the models is not possible, in
general. Given that most objective priors are improper, this leads to strong chal-
lenges for an objective approach. Even the use of “arbitrary” vague priors is not
advisable, as the results will strongly depend on the level of “arbitrariness” chosen
for the prior.

Finally, even though some models may have parameters in common, their
meaning may be different. Thus, prior distributions for these parameters have to

reflect the difference as well.
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6.2 Current objective approaches

Except for variable selection problems (Berger and Pericchi, 2001; Scott and
Berger, 2010), it appears that the main effort in determining objective prior prob-
abilities is concentrated on 7;(6;). Comprehensive discussions on the various ap-
proaches in determining the prior distribution for the parameters of the models
can be found in Berger and Pericchi (2001), Chipman et al. (2001), Pérez and
Berger (2002), Stracham and van Dijk (2003), and the references included in the
papers. On the other hand, very little discussion has been given to the prior mass
to be put of the model space, and the usual objective prior is the uniform one; that
is, P(M;) = 1/k, for j = 1,...,k. In other words, the claimed objective approach

assigns equal importance to each model in the set of all the possible models.

6.3 The Villa-Walker objective model prior

As anticipated, we obtain the model prior on the basis of the criterion discussed
in Chapter 3, where we replace the parameter # with the model M. We then
objectively assign a worth to each model via Berk’s result (Theorem 3.1), and link
it to the prior mass via the self-information loss function. We need to take into
consideration that the Kullback-Leibler divergence is minimised in expectation,
where the expectation is with respect to the prior on the model parameters.

We introduce the idea in a simple model selection problem with two possible

models only. Let us assume that we have to select between models

My = {fi(z]01),m(61)} and My = {fo(2]62), m2(62)} ,

where we assume that the prior of the parameter 6, € ©;, m(6,), and the prior
on the parameter 6, € ©,, my(6,), are known and proper. Following the criterion,
the prior mass on M), P(M;), is determined on the basis on what is lost if model
M, is removed, and it is the true one. P(M;) is then proportional to the expected

minimum loss between the models. Hence,

P(M,) x exp {/@ min Dy, (fl(x]91)|]f2(m|92))7r1(91) (191} . (6.1)
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6.3. The Villa-Walker objective model prior

Similarly, the mass associated to M,, P(Ms), is proportional to the expected

minimum loss between model M, and model M, given by
e, 0

The expressions at the exponential in (6.1) and in (6.2), can also be written,

respectively, as

PO oxexp {2 o D (1 @61 ftelon)) |} and
PO xexp {E | in Dic (el 1 wlon) | }.

where the expectations are taken with respect to the prior distributions.

The most general scenario is represented by a model space of k elements,
where each model is specified by a vector of parameters of finite dimension. Let
us consider a model selection problem with model space M = {M;, ..., M.}, with
M; = {f;(x|6;),7;(0;)}, j = 1,..., k. A compact notation for the prior mass for
model M; is then given by

PO oxexp {2 [min D (1l ntelom)) |} i =1k

In other words, the prior assigned to model M; can be seen as if it is obtained
by measuring the divergence between f;(x|6;) and any other model, and selecting
the smaller one.

In the following sections we discuss some illustrations for the non-nested and
the nested model selection case. To simplify the notation, unless otherwise spec-
ified, the numbering of the various models (including the probability and prior

distribution that form them) starts afresh in each illustration.
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6.4 Non-nested models

In this section we consider scenarios where the elements of the model space are
non-nested. In the first illustration we compare two discrete models; a Poisson
and a Geometric probability mass function. Next, we consider a model selection
problem with two multiparameter continuous densities: Weibull and Log-normal.
Finally, in the third illustration, we extend the continuous problem to a three

model selection problem by adding a Gamma density.

6.4.1 Illustration 1: Poisson and Geometric models

Let us assume that we have observed a set of observations x from a phenomenon
we know to have support X = {0,1,2,...}. We want to compare the following

two models

j\[1 — {fl(x‘e) — 916’_9/17! 471 ((9)} and ]\'[2 = {f2(1|¢) =5 ¢(1 - ¢)1777T2(¢>} s

that is, M, is a Poisson distribution with rate parameter 6 € (0, +00), and M, is
a Geometric distribution with probability of success ¢ € (0, 1).
Following the objective approach we have outlined in Section 6.3, we first

consider the mass to be assigned to model M;. By applying (6.1) we have

P(M,) o exp {/m(pin Dics (i) fale}o) ) (0 d9} | (6.3)

To determine the mass in (6.3), we first find the Kullback-Leibler divergence
between a Poisson distribution with parameter # and a Geometric distribution

with parameter ¢. As shown by Theorem B.1 in Appendix B, this is given by

Dico(fi(@l0) 1 fa(x10)) = i[%e“og{ﬂﬂ

s o(1— )"
= 910g9—§ (log:c'g( 9)
— 0 —logop—0Olog(l— ). (6.4)
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6.4. Non-nested models

The divergence (6.4) is minimised, with respect to ¢, by ¢ = 1/(146). By replacing
this result into (6.4), we obtain the minimum Kullback-Leibler divergence between

a Poisson and a Geometric distributions

ngn Dgr(f1(x|0)| f2(x|p)) = —0 + Olog(1 + 0) + log(1 +6) — Z <log x! %e—9> :

z2=0

For this illustration, we have considered a Gamma prior on the parameter 6, with
shape and scale parameter both equal to one; that is, 71(6) ~ Ga(1,1) = exp(—0)

Therefore

P(M;) o GXP{/m(gnDKL(f1(1\9)\\f2($l¢)>€_9d9}
= exp(0.09) = 1.09. (6.5)

The result in (6.5) is obviously affected by the choice of the prior. In particu-
lar, we note that if the variance of 7;(f) increases, corresponding to an increase of
uncertainty about the true value of the parameter, the mass assigned to model M,
increases. For example, if we chose the prior to be m(6) ~ Ga(10,1) (correspond-
ing to a variance of 10), the corresponding mass on M; would be P(M;) o 2.16.
Similarly, if the variance decreases, therefore the uncertainty about the param-
eter is more limited, the approach will assign a lower mass. For example, for
m(0) ~ Ga(1,5) (variance equal to 0.04), we have P(M;) o 1.01. Intuitively,
if we have a relatively high uncertainty about the true value of the parameter,
the loss (in expectation) we would incur in choosing the wrong model would be
relatively large. Hence, the model assumes more importance in the overall sce-
nario. Vice versa, if our prior knowledge about the true value of the parameter
is relatively precise (i.e. low uncertainty), the loss of information in choosing the
wrong model would be (in expectation) relatively low.

With a similar procedure, by applying (6.2) we obtain the mass for model M,.
In fact, the Kullback—Leibler divergence between a Geometric distribution and a

Poisson distribution is given by

Dicr(f2(xl0)] fi(216)) = Zm: [¢<1 —¢)"log {W—e_f_)v”

=0
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—Llog(1 - g) -

+ i {q5(1 — ¢)* log x! }, (6.6)

= logo+ log 6 + 6

which is minimised by 6 = (1 — ¢)/¢ (refer to Theorem B.1 in Appendix B). We

replace this result in (6.6), and obtain

1-¢

min Dics(f2(al9)|1(x19)) = log ¢+ —

1 A oo
log ¢ + qu + Z {¢(1 — ¢)* log x! }
=0
The prior for the parameter ¢ has been selected to be a Beta distribution with
both shape parameter values equal to two. That is, m(¢) ~ Be(2,2) < ¢(1 — ¢).

Thus, the mass to be put on model M; is determined to be

POs) x exp{ [ i D (Rl 016))ol1 - o) do |
—  exp(0.47) = 1.60. (6.7)

Also in the computation of P(M;) we see that the prior mass assigned to
the model depends on the variance of the prior distribution for ¢. In particular,
similarly to the computation of P(M), the larger the variance the more the mass,
and vice versa.

Results in (6.5) and (6.7) can be normalised. The resulting prior distribution
for this model selection problem (i.e. given the chosen models and the prior
distributions of the respective parameters), is Py(M;) = 0.41 and Py (M) = 0.59.
It is not possible to perform a direct comparison between the variances of the two
prior distributions, 71(#) and my(¢). However, it is plausible to assume that there
is always the possibility to chose them in a way that the prior masses on the models
are equal. In fact, if we consider as prior distribution for # a Gamma with shape
parameter 5 and rate parameter 1, and as prior for ¢ a Beta with both parameters
equal to two, we obtain P(M;) « 1.59 and P(M,) o 1.60. Normalising, we have
the uniform prior of the models given by Py(M;) = 0.50 and Py(Ms) = 0.50.

Under these circumstances, we can assume that the level of uncertainty about 6
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and ¢ is virtually the same.

It is also interesting to examine what happens when the uncertainty about
the parameter value of one model is much larger than the uncertainty on the
parameter of the other model. For example, let us keep the prior on ¢ fixed, that
is mo(¢p) ~ Be(2,2), and set m(f) ~ Ga(20,1/2). In this case, the variance of 71 ()
is equal to 80, which is a much larger value than the case where 7;(0) ~ Ga(1,1).
Thus, we have that P(M;) o exp(1.43) = 4.17. Normalising, Py(M;) = 0.72 and
Py(M,) = 0.28.

6.4.2 Illustration 2: Weibull and Log-normal models

In this illustration we consider a scenario where the quantity of interest x has a
continuous support X = (0, +00). We also show how the approach can be applied
to models with dimension of the parameter space larger than one. We consider
model M, to be a Weibull density with scale parameter A > 0 and shape parameter
k > 0. Model M, is a Log-normal density with location parameter ; € R (in
the log-scale), and shape parameter 0. These distributions are often considered
as option to model data, for example, in survival analysis studies (Klein and
Moeschberger, 1997). Note that we will consider the parametrisation expressed

with the precision parameter 7 = 1/0% > 0. Therefore

(5 o[- ()] mion).

(5) " e |~5700g2 - w?] . matu )}

M = {fl(a:])\, AR ;
M= { ) = 1

On the basis of our approach, the prior mass to be assigned to model M; and

model M, is determined, respectively, by

P(Ml)o<exp{//Igifnpm(fl(m,m)|yf2(x|u,r))m(x,ﬁ) d)\dn}, (6.8)

and

R TGN EX RS dudT} |

P(M;) x exp {//niiﬁnDKL <fz(:v
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To compute the mass for model M;, we first obtain the Kullback—Leibler diver-
gence between a Weibull density and a Log-normal density, as shown in Theorem
B.2 in Appendix B.

Dgr(fi(z|A )| fo(z|p, 7)) = /OOC fi(z| A k) log {M} dx

fQ(x',uv T)

1 . 1 1
=logk + kE(logz) — klog A — * (x") — 510g7'+ 510g(27r)

1 . 1
+ 37 E(log® z) — T E(log x) + 57/1,2, (6.9)

where the expectations are with respect to fi(z|A, k), with E(logz) = log A —v/k
(v &~ 0.5772 is the Euler’s constant), E(z*) = X, and E(log®z) = 72/(6x%) +
(log A —7/k)? (72 /(6k?) is the variance of the logarithm of x, that is Var(logz) =
72/(6?)). The minimum of the divergence in (6.9), with respect to parameters
and 7, is attained at yp = E(logx) =log\ — v/k and 7 = 1/Var(logz) = 6k* /7.
Recalling that, if random variable x is log-normally distributed with parameters
i and 7, then random variable y = log  has a normal distribution with mean pu
and precision 7, we see that the minimum divergence between a Weibull and a
Log-normal is attained when, in the log-scale, both densities have the same mean
and variance. And this is a sensible result. Thus, by replacing the expressions of

the expectations of the functions of  into equation (6.9), we have

. 1
min D (fi(z|\, &)|| fa(z|p, 7)) = logk + kE(logz) — klog A\ — FIE(J‘”)
T

+

3 1 1
= —log(2 1 —v—=logb— —.

20g(7r)+0g7r 7= 5log >
We note that the minimum divergence, with respect to u and 7, from a Weibull
density to a Log-normal density, does not depend on the values of parameters A and
k, and it has value 0.09. An important aspect of this result is that the mass to be
assigned to model M; does not depend on the choice of the priors for A and k. By
applying (6.8), the prior mass for the Weibull density is P(M;) o exp(0.09) = 1.09.

With an analogous approach, we compute the value of P(M;). The Kullback—
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Leibler divergence from a Log-normal density with parameters p and 7, and a
Weibull density with parameters A and x (refer to Theorem B.2 in Appendix B)

is given by

Drr(fo(z|p, )| f1(x

A= [ f2<x|w>1og{w}dz

fi(z|\ R)
1 1 1 ,
=3 log T — 5 log(27) — i E(log®z) + T E(log x)—
1 1
57”2 —logk — kE(logx) + klog A + F (z™), (6.10)

where in this case the expectations are with respect to the Log-normal density. In
particular, E(logz) = u, E(z*) = exp {x?/(27) + pux} and E(log® z) = 1/7 + 2.
The divergence in (6.10) has minimum for A = exp {1/(2y/7) + p} and k = /7,

giving

; 1 1 1 1 : s
min Dg(fo(z|p, 7)||fi(z|\ &) = =logT — =log(27) — =7 | = + p? | + 74°
v 2 2 2 \r7
1

| 1
— 57’;1,2— §1og7'—\/7_'u—|—\/7_'(ﬁ+u> +1

1
= L= §log(27r).

Again, we note that the minimum divergence between the models is a constant,
and its value is of 0.08. As such, the choice of my(, 7) does not have impact on
the prior mass that, in accordance to our approach, is assigned to model M;. We
then compute this mass as P(M;) o exp(0.08) = 1.08.

By normalising, we have that Py(M;) = 0.50 and Py (M) = 0.50, which is
uniform and, in this case, traces back to the common objective approach to assign
equal prior probability to two models.

The result deriving from Theorem B.2 is easy to derive and it is discussed,
for example, in Dumonceaux and Antle (1973) and Dumonceaux et al. (1973). In
essence, the Kullback—Leibler divergence between two models with location and
scale parameters, when minimised with respect to the parameters of either model,
is independent of the parameter values from the other model. In the light of our

approach, this means that the choice of the prior distribution for the parameters
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has no influence on the value of prior mass assigned to each model. Furthermore,
for the Weibull and Log-normal models, the Kullback-Leibler divergences are very

similar, resulting in a uniform model prior.

6.4.3 Illustration 3: Weibull, Log-normal and Gamma mod-

els

The approach we propose can be applied to model spaces with a number of el-
ements as large as necessary. To illustrate this, we consider the case where, in
addition to the two models introduced in Section 6.4.2, we add a third one. In
particular, a Gamma distribution with shape parameter o > 0 and rate parame-
ter S > 0. This distribution as well, is considered as an option to model survival
analysis data (Klein and Moeschberger, 1997). The model space is then formed

by the following three models

M, = {fl(:r\)\, k) = ; (;)H exp {— (%)A] ,m(A,n)} ,
M, = {fa(rlu-,T) = % (%)w exp [—%T(long — u)Q} ma(/M)} ,
go

M; = {f3((l7|(1/, B)= >~ ! exp(—Bz), m3(a, 6)} .

I(e)
Given that our approach assigns mass on a model on the basis of what it is
lost if the model is removed from the model space and it is the true model, we
have to identify, for each model M;, j = 1,2, 3, the model M;, j # i that is nearer
(in terms of the expected Kullback-Leibler divergence).
Let us first consider the Weibull model M;. The log P(M;) is proportional to

the minimum value between

{e [m Dica(fi (« mufz(xlw»] E [lgﬁiﬁn Dicr (il )l fo(ala 6))} }
(6.11)

where the expectation are taken with respect to the prior 7 (A, k). From Section

6.4.2, we know that the value of the first element in (6.11) is 0.09, as the minimum

divergence from a Weibull density to a Log-normal density does not depend on
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m1(A, k). To compute the expected minimum divergence from model M, to model
M3, we proceed as seen in Section 6.4.2. First, we determine the Kullback Leibler

divergence from M; to Ms, as shown in Theorem B.3 in Appendix B, which gives

Dict(fi (el 0) | ol B) = / fu(alA, %) log{fl“”|A “)} dx

fs(zla, B)
= logk + kE(logzx) — klog A — FE(.T") —alog g
+ logl'(a) — aE(logz) + SE(z). (6.12)

The minimum of (6.12), with respect to the parameter o and 3 of the Gamma

density, is found by solving the following system of equations

E(logx) = ¥(«a) — log 8
E(z) = a/B,

(6.13)

from which we see that the two densities are nearer when they have equal expec-
tation for x and log x (refer to Theorem B.3 in Appendix B). In fact, if a random
variable has Gamma distribution with shape parameter o and rate parameter /3,
its expectation is «/f and the expectation of its logarithm is ¥(«) — log 3; where
U(a) = d{logl'(a)} /da is the digamma function. System (6.13) is solved with
numerical methods, and the minimum divergence between a Weibull and a Gamma

has the form
Illi/%l Dir(fi(z|A k)] fa(z]|a, B)) = logk —v—1—alog s +logT'(a)
1
— alogx\+al+,6’/\F (1+—) ,
K &

where we have considered that, if x has a Weibull distribution with parameters A
and x, then E(z) = I'(1/k)A\/k. In this illustration we assume that the parameters
of the Weibull are independent. Therefore, the prior 7 (A, k) is the product of the
marginal prior assigned on each parameter, which have been chosen to be identical
and, in particular, Gamma distributed with shape parameter equal to 25 and

rate parameter equal to 1. That is, distributions with relatively large variance.
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With this prior, we have obtained E {min, s Dk (f1(x|\, &)|| f3(x]a, 3))} = 0.05.
Thus, as this result gives a smaller expected divergence in comparison to the
one measured to the Log-normal (as computed in Section 6.4.2), the mass to be
assigned to model M; is P(M;) o exp(0.05) = 1.06.

It is legitimate to wonder if it is possible, by selecting a different prior m; (A, k),
to define a Weibull density which is nearer to the Log-normal than to the Gamma.
For example, if we chose the Gamma distributions for A and x with the rate
parameter equal to 2, the expected minimum divergence would have value 0.14,
and the prior mass for M; would be based on the expected minimum divergence
with respect to the Log-normal density.

To determine the prior probability for model M,, we need to identify the

minimum between
{B [min Dis Gateli N (el 0] B |min sl )l el 50| |

In Section 6.4.2 we have shown that the first term does not depend on the pa-
rameters of the Log-normal ad has value 0.08. The Kullback-Leibler divergence

between M, and Mj is (refer to Theorem B.4 in Appendix B)

Dcr(falz|p, 7)|| f3(z|or, 8 / falxlp, 7 lOg{fQ((LIJ:]‘s,/j))} dx

=g logT ot log(27r) - 57 E(log® ) + T E(log )

- %7‘#2 —alog B +logl(a) — aE(logx) + SE(x). (6.14)

The minimum of (6.14), with respect to « and §, is attained when simultaneously
E(z) = a/f and E(logz) = ¥(«a) — log 3; that is, when the two densities have
equal mean and equal expectation of the logarithm of 2. Note that this result is
analogous to the one obtained when we have determined the minimum divergence
from M; to Mj. To compute the expected minimum Kullback-Leibler divergence
between the Log-normal density and the Gamma density, for coherence, we have
again assumed the parameters as independent: 7,(u) ~ Ln(0,0.1) and 7 (7) ~
Ga(25,1). We have obtained E {min, 5 D (fo(x|p, 7)| f3(z|a, 5))} = 0.06. With
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this prior, the mass for model M, is determined on the basis of its distance to the
Gamma density, and it is P(Ms;) o< exp(0.06) = 1.06.

We note that, by increasing the uncertainty around the parameters, this mass
increases as well. For example, by setting the rate parameter of the prior for 7
to 1/4, we would have an expected minimum divergence of 0.09. In this case, the
prior probability for the Log-normal would be based on the distance with respect
to the Weibull.

For the prior probability of model Mj3, we need to compare

{E |nin Disftola. B el )|« & min Duc (el ) fteln I

First, we see that the divergence from model M3 to model M is given by

Dy p(fs(x]|a, B)|| fi(x|X, k) = / f3(z|a, B l()g{f3 Bt )}da:

Si(z[A k)

= alogf —logl'(a)+ aE(logz) — fE(x) —logk
1

— kE(logz) + klog A + FE(IK) (6.15)

where E(z) = /8, E(logz) = V() —log f and E(z%) = ~"T'(k + ) /T'(a) (refer
to Theorem B.2 in Appendix B). The minimum of (6.15), with respect to A and

Kk, is found by solving

E{x") = A"
U(k+a)—1/k=Y(a).

(6.16)

Solving system (6.16), with numerical methods, the minimum Kullback-Leibler
divergence between the Gamma density and the Weibull density has the following

expression

Il/\lill Dgr(fs(z|a, B)|| fi(z|\ k) = —logl'(a)+ a¥(a) —a —logk — k¥ ()
+ klog B+ klog A+ 1.

Assuming a and f independent, prior m3(a, 3) can be set as the product of two
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Gamma distributions. For coherence with previous decisions, we have chosen both
Gamma with shape parameter equal to 25, in order to have relatively high vari-
ance, thus relatively high uncertainty about the parameter values. The expected
minimum divergence is E {min, , Dr(f3(z|a, 5)| fi(z|)\, &)} = 0.02.

To assess E {min, , Dy (f3(z|a, B)| fa(x|u, 7))}, we consider the Kullback-
Leibler divergence between the two models (refer to Theorem B.4 in Appendix
B)

f3<m|a,5>} |
Rl | ©

1
= alog f —logI'(a) + a E(logz) — BE(z) — 5 log T

Dicr(fa(zlos ) folel 7)) = / " fu(ala B) 1og{

1 1 1
t3 log(27) + 57 E(log® z) — TuE(log ) + 57/12. (6.17)
The divergence in (6.17) is minimised with respect to g and 7 when, simulta-
neously, u = E(logz) = U(a) —logf and 7 = 1/Var(logz) = 1/¥(a), with
U'(a) = d{¥(a)} /do the trigamma function. We note that the two models are
at their nearest distance when expectation and variance (of the logarithm) are

equal. The expression of this minimum divergence is

min Dicy(fa(ala, 5) fo(eli, 7)) = —10T(a) +a%(a) — a + 5 log ¥'(a)

+1 log 27 + 1
2 2
We used the same prior we have used to compute the expected minimum diver-
gence between M3 and M;. The result is E {min,, , Dk (fs(z|a, B)|| fo(z|p, 7))} =
0.06. Therefore, the prior mass for M3 is based on the “distance” from the Gamma
to the Weibull, and has value P(M3) o exp(0.02) = 1.02. The expected minimum
divergence depends only on the value of the shape parameter.

Unlike for the previous two comparisons, when we have to assign a mass to
Ms, it appears impossible to define prior distributions such that we can invert
the relationship between the two expected minimum divergences. In fact, both of
them depend at least on one parameter and, unless there are specific (and strong)

reasons to justify a different level of uncertainty in the two cases, we should adopt
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M, M, M;
M, 0.08 0.06
M, 0.09 0.02

M; 0.05 0.03
P(M;) 1.06 1.03 1.02
Py(M;) 034 0.33 0.33

Table 6.1: Expected minimum Kullback-Leibler divergence (by column) among
the models M; (Weibull), M, (Log-normal) and M3 (Gamma). The divergences
have been computed on the basis of the prior distributions on the parameters of the
models as specified in Section 6.4.3. The mass is proportional to the exponential
of the minimum divergence, and the last two rows show this mass for each model:
non-normalised P(M/;) and normalised Py(Af;), j = 1,2,3.

the same prior.

Table 6.1 summarises the expected minimum divergences among models M,
M, and Mj; and, as previously computed, the appropriate prior mass. The nor-
malised prior for this particular model selection problem, and given the selected
priors for the parameter of the models, are Py(M;) = 0.34, Py(M,) = 0.33 and
Py (M;) = 0.33. Even though is not possible to make a direct comparison among
the level of uncertainty that we have expressed for the parameters of each model
(via the appropriate prior distributions), we note that, by keeping variances rela-

tively large, the model prior is practically uniform.

6.5 Nested models

Let us now consider the case where models are nested. The simplest scenario
is when we have only two models, where we can identify an inner (or simple)
model and an outer (or complex) model. Logic dictates that, if we select the outer
model when is the inner one the true one, there would be no loss (in terms of
information), for the inner is a special case of the outer. Therefore, the prior mass
to be assigned to the inner model will be proportional to one. The mass for the
outer model will be determined with a procedure analogous to the one we have

repeatedly examined in Section 6.4. Consider the following example.
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Example 6.1. Let us assume that we want to select between a standard normal
density and a normal density with the same precision but with the mean that is

allowed to be different from zero; that is

M, = {f(a:|0, L)= %exp <—%I2>} and
1

Mo ={ flali 1) = = ewp |50 = i a0}

The general expression of the Kullback—Leibler divergence between two normal
densities with different means and precisions, say f(x|u1,71) = N(ui,71) and

f(z|po, 72) = N(u2, 1), is given by

D (el 1) alpz, ) = / ol ) log { FrttoTt

= 3 (Ml — p2)® + % (T_1 —1—log 1) (6.18)
To assign a mass to My, we have to find the minimum of Dy (f(z|0,1)] f(x|u, 1))
which, considering (6.18), is attained for u = 0, resulting in a divergence equal
to zero. As such, P(M;) o< 1. For M,, we note that Dyp(f(x|u, 1)]|f(x]0,1)) =
©?/2, which is also the minimum, given ju. Therefore, the minimum expected

dwergence, with respect to the prior m(u), is given by

[ D (00,0 ) du = K () d

Thus, taking E(p) = 0, we have E(u?) = Var(u). So P(My) o< exp {Var(u)}. The
result is coherent with what is expected. First, we note that the mass associated
with the simpler model is proportional to one. Second, the mass on the more
complex model is related to the variance of the prior distribution for p. If Var(p) =
0 (i.e. we put a point mass at p = 0), we have that P(M;) = P(My) = 1/2, as
it should be. On the other hand, if Var(u) — oo, P(M,) increases, as we believe

more and more that model My is wrong. In particular, the larger the variance
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(i.e. the more uncertainty about the parameter we have), the larger the mass
associated to the larger model. Furthermore, our approach allows us to avoid the
so called Jeffreys-Lindley paradox (Lindley, 1957), by assigning a model prior
that depends on the model, namely {f(z|u,1),7(u)}. In fact, the paradoz arises
when P(M;) = P(Ms) = 1/2, and the uncertainty on u is not zero. For detailed
discussions on the paradox see, for example, Shafer (1982) and Bernardo (1999).

To generalise, let us assume that we have to select between the following two

nested models
My ={f(-101),m(61)} and My = {f(:|01,02),72(0:|601)71(61)}

with 6, € ©;, 6, € ©,, and where the prior distributions for the parameters are
supposed to be known. The fact that model M; is nested into model M, implies
that Dy (f(-|61)]f(+|01.62)) is minimised, with respect to the pair (6,,6,), when
6 is removed and M, degenerates into M. As such, P(M;) o 1.

The prior mass to be put on model M, according to our approach, will be
found in the following way. First, we note that it is not necessary to identify the
minimum Kullback-Leibler divergence from model M, to model M;, as parameter
6, would have the same value for both models. Hence, if we indicate by ¢ the
parameter in model M;, in order to distinguish it from 6; in model M,, we have
that

min Dycp, (f(161,62)1£(:16)) = D (f(:161, 62)IL.f(161)),

that is, when ¢ = 6;. Thus, the mass to be assigned to M; is given by

P(My) o exp { [ [ pratstionalscmpmeinm e dezdel} |

This result can be further generalised if we consider a set of models nested one into
each other. In this case the mass assigned to each model, except for the largest
one (i.e. the most complex), will be proportional to one. Furthermore, the only
mass that has to be actually computed is the one to be assigned to the largest
model.

From this result, we note that when a model is nested into another one, say
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M, nested in My, the prior mass on the simpler model will never be larger than
the prior mass on the more complex model. That is, P(M) > P(M;). The com-
plex model expresses a more detailed representation of the phenomenon than the
simple model (i.e. it caries more information). Therefore, in general, it has to be
P(My) > P(M,), and we would have P(M,) = P(M;) = 1/2 if and only if M,

and M, are the same model.

Let us now see an example on how the general approach is applied to the
selection of two nested models of the same family. This example is a generalisation

the previous one.

Example 6.2. Let us assume that we are interested in selecting between a normal
density with mean p and precision one, and a normal density with the same mean

parameter and precision 7. The models are

s = { e 1) = = e 3 (0},

M, = {f(w!un) = \/gexr) [—%(w - u)Q} JTQ(AL,T)} :

Applying (6.18), we have that Dy (f(x|u, V|| f(z|g, 7)) = 7(n —0)?/2+ (1 — 1 —

log 7)/2, where the mean in My has been rewritten as 6 in order to distinguish it

from the mean of model M, . By differentiating with respect to 6 and 7, we find that
the minimum is attained when 0 = p and 7 = 1. And, as expected, the value of the
diwergence at this point is zero. Thus, P(M,) o< 1. The prior mass for M, is based
on the divergence Dy (f (x|, 7)||f (x|, 1)) = 7(0—p)? /24 (1/7—1+1ogT) /2. We
can see that this is minimised, with respect to ju, when the two means are equal,
and the value is min, Dy (f(x|p, 7)| f(x|p, 1)) = (1/7 — 1 +log 7). Therefore, we

have e
P(M,) o exp {//5 (— —1+log T) o (g, T) d,u,dr} : (6.19)
T

Similarly as seen in Example 6.1, we note that the farther my is from a point mass
at one, the larger P(M,) becomes. This is shown by the fact that (1/7 +logT) in
(6.19) is minimised at T = 1. And this expresses the idea that the more uncertain

we are about the simpler model being the true one, the more mass we assign to
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the more complex model. As an illustration, we consider the prior for T to be a
Gamma distribution with shape parameter 5 and rate parameter 1. We then obtain
that P(Ms) o exp(0.38) = 1.46. With this result, the normalised prior mass is
Pn(M;) = 0.41 and Px(M,y) = 0.59. It is of course possible, by changing the prior

T, to obtain a different prior mass for My and Ms.

Again, we note from Example 6.2 that, when we consider nested models, the
worth of the larger model is, at least, as large as the worth of the inner model,

which is intuitive.

In the examples we have seen, we have considered nested models belonging to
the same family. In the rest of the section, we examine model selection scenarios

where the alternative models do not belong to the same family, strictly speaking.

6.5.1 Illustration 4: Normal and Student’s ¢ models

The first illustration for nested models not belonging to the same family of distri-
butions, considers a Normal density and a Student’s ¢ density. We have already
discussed properties and relations between the two models in Chapter 5. We then
consider model M; to be a Normal distribution with mean p and precision 7, and
model M, to be a t distribution with location parameter 6, precision parameter A

and parameter v representing the number of degrees of freedom. That is

o= {ftelir) = e [ 3w = ] il b
M, = {fg(;p;e, - Fr(g) (%) " [1 4 g(:r - G)QJ o a(6, 2, y)} |

The t distribution converges to a normal distribution when the number of
degrees of freedom tends to infinity (Chu, 1956); as such, the two models can
be considered nested models which differ from the number of degrees of freedom
only (for example, see Casellas et al. (2008)). Therefore, as discussed above, we

have that the minimum Kullback—Leibler divergence between M; and M, is zero,
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resulting in a prior mass on the normal model P(M;) o 1.
To determine the mass for M, following our approach, we consider that, as

shown in Theorem B.5 in Appendix B, we have

Dy r(fo(z]0. A V)| fi(z|p, 7)) = / fa(@l, A, v) {f;fa(jw : I)/)} o

v+1 1 1
= logF< 5 >—logf(§)+§log)\—§logu

v+1 A 9 1
— 5 E{log <1+;(.1/—9) >}—§Iog7

1 1 . 1
+ 3 log 2 + 57 E(z?) — TuE(x) + 57'/1,2. (6.20)

The divergence in (6.20) is minimised, with respect to g and 7, when p = E(z) =
6 and 7 = 1/Var(z) = A. That is, when the two distributions have location
parameter and scale parameter of the same value. The minimum divergence is
then

v 1 1% I/‘+‘1
mmDKL (fo(z|0, X, V)| fi(z|p, 7)) = logF< > —logl’ <§) 9

2
1
E {log (1 + %(m — 9)2>} + §logu

1 1
—5 log(v —2) + 3

To compute the prior mass for M, we consider the following prior distribution
o0, \, V) = mo1(V)ma2(N)m23(0|\). Where my1(v) is an Exponential distribution
(Geweke, 1993) with rate parameter equal to 1, my2(\) is a Gamma with shape
parameter 25 and rate parameter 1, and my3(6|A) is a Normal distribution with

mean zero and precision determined by the prior on A\. Thus

P(M;) exp{///m‘iTnDKL (fa(z|0, \, ) || fr (x|, T)) m2(0, A, V) d@)\du}
= exp(0.23) = 1.26,

where the result has been obtained through numerical methods. By normalising,
we have Py(M;) = 0.44 and Pyn(M;) = 0.56, which shows that more mass is given
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to the outer model. This is in line with the idea that, in relation to the other

model, M, has more worth.

6.5.2 Illustration 5: Nested and non-nested models

In this final illustration, we consider a realistic model selection problem where the
model space has both nested and non-nested elements, and a total of four models.
We do this by adding an Exponential model to the selection scenario analysed in

Section 6.4.3. That is, M, is an Exponential density with rate parameter ¢
]\44 = {f4(.’13|9) = 96791.77'4(0)} 2

To identify the prior mass for model M;, in addition to the results in Section
6.4.3, we need to consider the expected minimum Kullback—Leibler divergence

with respect to the Exponential density. This is given by (refer to Theorem B.6

(ld)) = / filz|\ Kk log{ (’)’\9;>} dx
= logk + kE(logz) — E(logz) — klog A

1
—%—]E(x”) —log 6 + 0E(x),

in Appendix B)

Dir(fi(z|A k)

which is minimised for § = 1/E(x) = A'T(1 + 1/k)~'. As expected, the two
densities have minimum distance when the respective first moments are equal.
Then ming D (fi(z|, k)| fa(z]|€)) = logk — v + v/k + logl'(1 + 1/k). We
note that the minimum Kullback—Leibler divergence between the Weibull and
the Exponential densities does not depend on the scale parameter \. To compute
the expected minimum divergence, we have adopted the same prior distributions
for the parameter of the Weibull we have used in Section 6.4.3. The result is
E{ming Dy (fi(z|\, )| fa(z|f))} = 0.05. Given that this is the smallest expected
divergence for model M; (refer to Table 6.2), we have P(M;) o (0.05) = 1.06.

With a similar process, we find the Kullback-Leibler divergence between model
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M, (Log-normal) and the model M, (refer to Theorem B.6 in Appendix B)

Dicc(folels, ) fa(l8)) = / £ r|wlog{f2(‘§'*|"9)>}dm

1
= —E(logz) + 5 logT =5 log(27r) = S E(log* x)

1 .
+7uE(log x) — 57';12 —log 0 + 0 E(x),

which is minimised for § = 1/E(z) = 1/exp{u + 1/(27)}, as expected. The
minimum divergence is ming Dg 1, (fo(z|p, 7)|| fa(x]0)) = {log T—log(2m)+1+7}/2,
which does not depend on the location parameter p of the Log-normal density.
With the same priors for ;1 and 7 considered in Section 6.4.3, we have obtained
E{ming D (fo(z|p, 7)|| f2(x|0))} = 0.05. As the smallest expected divergence for
model M, remains the one with respect to the Gamma density (refer to Table
6.2), we have P(M,) o< exp(0.03) = 1.03.

For the Gamma model M3, we have (refer to Theorem B.6 in Appendix B)

| | folela 9
Dl AAel6) = [ atelo. 3)tog { EEION o

= alogf —logl'(a)+ aE(logz) — E(log x)
—BE(z) —logh + 0 E(x),

which is minimised by # = 1/E(z) = /a. Therefore, we obtain the minimum di-
vergence as ming D (fs(z|a, B)|| fa(z]0)) = —log I'(a)+a¥(a)—¥(a)—a+log a+
1. The expected minimum divergence has been computed using the same priors
for a and /3 defined in Section 6.4.3, obtaining E{ming Dy (f3(z|a, B)|| f2(x]0))} =
0.05. In this case as well, the divergence with respect to the Exponential distribu-
tion does not constitute the minimum (refer to Table 6.2), so we have P(M3)
exp(0.02) = 1.02.

To compute the prior mass for model My, we note that, being the Expo-
nential nested into the Weibull and the Gamma models (it is in fact a special
case of these two densities), we obviously have Dy (fi(z]0)| fi(z|\, k) = 0 and
D1 (fa(z|0)] f3(x|cr, B)) = 0. Therefore, we can conclude that P(M,) oc 1. How-
ever, for completion, we have: E{ming Dx(fs(z|0)| fo(x|un, 7))} = 0.41 (refer to
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Theorem B.7 in Appendix B); where the expectation has been computed with

respect to the priors for p and 7 defined in Section 6.4.3.

M, M, Ms; M,

M, 0.08 0.06 0.00
M, 0.09 0.02 0.41
M, 0.05 0.03 0.00

My 005 0.05 0.05
P(M;) 105 1.03 1.02 1.00
Py(M;) 026 025 025 0.24

Table 6.2: Expected minimum Kullback-Leibler divergence (by column) among
the models M; (Weibull), M, (Log-normal), M3 (Gamma) and M, (Exponential).
The divergences are computed considering the priors for the parameter of the
models as defined in Section 6.4.3 and Section 6.5.1. The prior mass is proportional
to the exponential of the minimum divergence, and the last two rows report this
mass for each model, non-normalised P(};) and normalised Py (M;), j = 1,2,3, 4.

Table 6.2 summarised the results for this particular selection problem. We note
that all the normalised prior probabilities are close to 1/4. Given that we have
kept the prior uncertainty about the parameter of the models at a relatively high
level, the result is sensible. However, as we have already discussed in the previous
illustrations, a change in the informational content within the prior distribution
on the parameters will cause, in general, a different prior over the model space.

Another interesting consideration is that, by inspecting Table 6.2, we note
that the expected Kullback-Leibler divergence between models M;, M; and Ms;
and model M, is constant and it is equal to 0.05. Recalling the results in this
section, we have that the minimum divergences (in these three particular cases)
depend only on the shape parameter of the models, respectively k, 7 and a. As we
have used identical prior distributions for these parameters, the result obtained is

sensible in the light of the prior information considered.
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6.6 Discussion

Similarly to parameter spaces, we can assign prior mass over a model space by
quantifying the worth that each model has, in relation to the others. It is impor-
tant to highlight that we don’t have to assume that one of the models is correct:
we evaluate the worth by thinking what is lost if we remove a model and it is
correct. By doing this for all models, we obtain an objective value of each of
their worth, which is then linked to the prior mass via the self-information loss
function.

An important result we have obtained is that the prior on a model should
depend on the model itself; that is { f(x|0), 7(6)}. This is evident in Example 6.1,
where we compare the Normal density N (s, 1) to the Normal density N(0,1). It is
well known that assigning equal probability to the two models may result in the so
called Jeffreys-Lindley paradox. This is because the uncertainty on the parameter
value (i.e. p) is not “fairly” represented by the equal masses. A common solu-
tion to avoid the paradox, see for example (Bernardo, 1999), is to set 7(u) o< 1,
which is an expression of maximum uncertainty about the parameter value. And
our approach is in line with this, by assigning more and more mass to the model

N(p, 1) as the uncertainty on p increases.

The proposed method can be applied to any selection problem. Particular
results have been obtained for nested models. In fact, when a model is nested into
another, among all models taken into consideration, its prior mass is zero. The
result is not surprising, as the more complex model is (at least) as good as the

simpler one, and there is no information loss in removing the simpler model.
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Chapter 7

Variable Selection in Linear

Regression Models

In this chapter we discuss variable selection in linear regression models. In par-
ticular, by considering the approach discussed in Chapter 3, we illustrate how
regression model prior distributions can be defined on the basis of losses.

We begin with a brief overview of objective Bayesian procedures that deal with
this type of problem. The review includes objective priors for models as well as
objective priors for the parameters of the model. We then present the prior for
the model, given a specific type of parameter-specific prior: the g-prior (Zellner,
1986). Although g-priors have some weaknesses (e.g. the information paradox
discussed in Section 7.1.1), they represent a good compromise, as they allow for a
closed form representation of the marginal and the posterior distributions.

In the last section we present a result that raises some questions about Bayesian
procedures for variable selection. The result is not within the scope of the thesis,
so it will be simply introduced and generally discussed. It is however noteworthy
as it opens the door to further specific research in the field of Bayesian variable

selection.
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7.1 Introduction

Consider the linear regression model
W = Bo + Bi&is + < + Beys + £ 1=1,...,n,

where y is the response variable, x;,...,z, are p covariates and ¢ is the error
term, with ¢; e N(0,)), A = 1/0? representing the regression precision. We
assume n > p and the design matrix X to have full rank. For simplicity in the
notation, we also assume [, = 0 for all regression models. Variable selection
problems consist in finding how many and which one of the p covariates have a
significant impact on the response variable, and therefore should be included in
the regression model. We can indicate the generic model by M., where v is a
p-dimensional binary vector. Each element of vector v corresponds to a covariate,
such that

0 #p,=0,

1 if 8; #0.

Note that v can be considered as a random variable taking values in the space
{0,1}?, and each model has associated a dimension dim(v) representing the num-
ber of covariates included. The model prior probability is indicated by P(M,), and
it represents the prior belief that model M, is the true one. In a Bayesian frame-
work, inference is based on the model posterior probabilities, which are obtained
by combining the model prior and the marginal likelihood of the observations y

under each model.
FOIM) = [ £618r Mr(8,,3) ddn (7.1)

In (7.1), w(5,, \) represents the prior assigned to the parameters of the model:
the coefficients 3,, and the precision A\. The prior 7(f3,,\) is identified in the
literature as the prior for model-specific parameters. By applying Bayes theorem,

the model posterior probability is given by

P(Afv‘y) X f(y“\[w)P(]wv)-
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7.1.1 Prior on model parameters

Although our primary interest is in model prior P(M,), we deem as appropriate
to briefly discuss priors for the model-specific parameters. It is clear from (7.1)
that the marginal likelihood depends on the choice of the priors for 3, and A. The
literature on the subject is extensive, and its detailed discussion is beyond the
scope of this work. Recall that Bayesian model selection, and therefore variable
selection, can be performed by means of Bayes factors (as seen in Chapter 6), we

note the following challenges (Berger and Pericchi, 2001):

1. The number of Bayes factors that have to be computed rapidly grows when
the number of covariates grows. For a p covariates case, the number of
possible models is 2P, clearly resulting in a large number of computations

that have to be performed even for moderate values of p;

2. Objective (improper) priors can only be used for the parameters common to
the two models compared through the Bayes factor. The arbitrary constant
we could multiply each improper prior would not cancel out for the non-

common parameters, resulting in an indeterminate Bayes factor;

3. Vague (proper) priors must not be used. In this case, the resulting Bayes
factor would be affected by the arbitrary level of “vagueness” of the prior,

rendering the analysis ineffective in practice;

4. Either in subjective or objective Bayes, common parameters can change
meaning for different models. In theory, the prior distribution on the com-
mon parameters should change in order to reflect the different meaning.
This issue has not easy solution. Refer, for example, to Berger and Pericchi
(2001) and the references therein.

The first work in defining objective priors for variable selection problems can
be found in Jeffreys (1961). The idea is to use objective (improper) priors for
the common parameters and proper (but not vague) priors for the non-common
parameters. Jeffreys proposed a Cauchy distribution centred at zero, with scale

2

parameter o, as the prior for 3; the well known objective prior 7(0) o 1/0 for

the standard deviation of the regression.
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A popular prior is the g-prior proposed by Zellner (1986). In this case, we have
m(A) o< A7! for the precision, and 7(8,|A) ~ N(0,g/A (X;XW)_I) for the coeffi-
cients of the regression model. The prior has the undesirable property that, if the
true model is M., the Bayes factor in favour of this model would (asymptotically)
tend to a constant rather than to infinity. That is, it converges to (1 + g)™ 7P~
This is known as the information paradox. However, as this is the only prior that
yields a closed form expression for marginal likelihoods (and because the above
constant is generally very large in value), g-priors are appealing prior distributions.
For this reason, we will be considering g-priors for our discussions.

A g-like prior, which does not generate the above information paradox, was
proposed by Zellner and Siow (1980). The idea, is to have a Cauchy prior for the
coefficients: 7(/3,|A) ~ Ca(0,n/A (X;Xw)fl); thus, the Cauchy distribution is ex-
pressed as a scale mixture of normals, 7(3,|)\) o [ N(8,[0,g/MX X)) )7(g) dg.
and a prior assigned to g. In particular, 7(g) would be an Inverse-Gamma with
parameters 1/2 and n/2. The downside of this prior is that, unlike the g-prior, it
does not yield closed form expressions for the marginal likelihoods.

The prior proposed by Zellner and Siow (1980), can be seen as part of the
hyper-g priors discussed in Liang et al. (2008) (also discussed in Cui and George
(2008)), where other prior distributions for g, besides the Inverse-Gamma, are
illustrated.

A different way to deal with the problem of model selection is suggested by
Berger and Pericchi (1996). They propose to solve the issue of not being able to
use objective improper priors for the non-common parameters by working with
a particular form of Bayes factor: the Intrinsic Bayes Factor (IBF). The idea
is to use part of the data, called the training sample, to convert the ordinary
objective improper priors into proper posteriors. These are then used to compute
Bayes factors for the remaining data. A conceptually similar solution has been
proposed by O’Hagan (1995), with the Fractional Bayes Factors (FBF). In this
case, improper priors are converted into proper, not by using part of the data, but
by using a fraction of the likelihood function.

Finally, the Bayesian Information Criterion (BIC) is an asymptotic method for

model selection. It was introduced by Schwarz (1978) with the following form
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Ji(®105) (gimo)—dim()) 2

ji— — a1 )

fil|0;)

where éj and él— are, respectively, the maximum likelihood estimates of the param-

eters 6; of model M; and 6, of model M;. The BIC is appealing for its simplicity.
However, it has been shown that the criterion may lead to issues if any of the
models has irregular asymptotics, or it has a likelihood that tends to concentrate

at the boundaries of the parameter space.

7.1.2 Model priors

The main point of discussion relevant to this work is on model prior probabilities
P(M,). The set of all possible models (i.e. the model space) is discrete, and
therefore suitable to the novel objective approach we present in this thesis.

In objective Bayesian variable selection, an important role is played by the
following two ways of assigning prior probability to models. One is intuitive, and
it assigns equal probability to each model: P(M,) = 1/2P. The second way,
discussed in Scott and Berger (2010), is based on the idea that the probability of
including a covariate in the model, w; = P(v; # 0), can be seen as a Bernoulli

trial. Therefore, the prior probability of model M., given w, is

P(M,|w) = wdm(”)(l — )P~ dm),

Integrating out w, we have

1 4

P(M,) :/0 P(M, |w)m(w) dw = ;%(dnf(ﬂ) , (7.2)

where it is assumed 7(w) ~ Be(1,1). Prior (7.2) assigns a mass to model M., which
value depends on dim(y). It is of course possible to assign to w a Beta prior with
different values of the parameters; or to use a different probability distribution,
(see George and McCulloch (1997) and Ley and Steel (2009)). However, the above
choice seems to be to most appropriate to reflect a priori absence of knowledge

on the value of w.
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Definition 7.1. The inclusion prior probability for covariate x; is given by

Wj :ZPr(M’Y)l(‘EJ in M), J: 1’p7
7y

where 1(.y is the indicator function, and the summation is extended to all the 2P

possible regression models.

If we consider the uniform model prior, that is P(M~) = 1/27, the inclusion prior
probabilities w; are all equal to 1/2. This result, according to Scott and Berger
(2010), leads to an issue (known as multiplicity) which affects the use of Bayes fac-
tors seen as a “multiplicity” of tests of hypotheses. For model prior (7.2) the prior
inclusion probability is w; = 1/2 as well; however, as model prior probabilities are
different from the uniform case, there is a hidden mechanism in the process that

automatically corrects for multiplicity (Scott and Berger, 2010).

Bayesian inference in variable selection problems can be performed in different
ways. First, we need to consider that, when the number of covariates is relatively
large, model posterior probabilities will most likely be of small value. Therefore,
the choice of the most probable model as the estimate can be both not possible
and meaningless. A solution is to adopt model averaging techniques (refer to Steel
(2012) and the reference therein). The general idea is to estimate the quantity of
interest (e.g. a forecast) with each model (or a selection of the models with highest
posterior probability) and average the estimates using model prior probabilities
as weights.

Another solution is to consider posterior inclusion probabilities.

Definition 7.2. The inclusion posterior probability for covariate x;, is given by

B; = Py # 0ly) = 3 POMLIY) - L, ina), (7.3)

~

It is common to consider the regression model composed by the intercept plus

all the covariates with a posterior inclusion probability larger than or equal to
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1/2. Barbieri and Berger (2004) show that this model, known as the median-
probability model, generally has better predictive properties than the model with

highest posterior probability.

7.2 The Villa—Walker prior for linear regression

Our approach to variable selection is in line with the general idea we have presented
so far. We obtain model prior probabilities, not directly, but by considering the
worth that each model has in the model space. The worth is determined in a
similar way to the one we have discussed for model selection in Chapter 6. In
addition, model complexity has to be taken into consideration: models with a
large number of covariates tend to fit the data better than models with a small
number. The “cost” of a better behaviour is, however, a model that is harder to
interpret and more demanding, in terms of estimation procedure.

Let us consider the regression model M, with dim(v) covariates. The loss of
removing it from the set of all possible 2P models (which coincides with the utility

of keeping it), can be represented as

Loss(M,,) = Loss(M) + Loss(Co), (7.4)

The loss in (7.4) is a cumulative loss with two components: one representing the
worth of the model, indicated by Loss(M ), and one that takes into account how
complex the model is, indicated by Loss(Co). The component P(M) of (7.4) is
defined as in Chapter 6, and it represents what do we lose if regression model
M, is kept in the model space, and it is the true one. This is measured by the
expected Kullback-Leibler divergence between the regression model M, and the
nearest one. Except the full model, each regression model is nested into (at least)
another model. Therefore, as discussed in Chapter 6, the minimum Kullback—
Leibler divergence is zero. For the full model, in order to determine the first
component of the cumulative loss in (7.4), we would need to identify the minimum
expected divergence with respect to the p models with p — 1 covariates. This
divergence will obviously depend on the prior for the model-specific parameters.

However, for moderate to large values of p, it can be assumed that the expected
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7.2. The Villa-Walker prior for linear regression

divergence is very small; therefore, we can approximate (7.4) with the more simple
Loss(M.,) =~ Loss(Co).

To quantify Loss(Co), we proceed as follows. If we keep model M., in the model
space, the loss would be proportional to the number of covariates that have to be
considered and measured. Therefore, the loss of keeping a model increases as the
dimension of the model increases. Following our approach (refer to Chapter 3), we
have that the loss in removing model M, is equal to the utility in keeping model
M,,. Considering that the loss in keeping model M, is proportional to the “need”

of dim(~y) covariates, we have

l[(remove M,) = u(keep M,) = —c - dim(y),

I(keep M,) = c-dim(y),

where ¢ is a real constant. By considering the self-information loss function, we

have —log P(M,) o c - dim(7); which implies

P(M,) x e~@4m) dira(y] =0, 1,5 p. (7.5)

In Section 3.3 we have mentioned that the loss functions involved in our prior
do not require a constant, as we are equating losses in information. However, the
loss associated to model M, has two components of different nature: a loss in in-
formation and a loss due to the complexity of the model, represented, respectively,
by the first and the second term of the right-hand-side of (7.4). As such, as we are
no longer equating losses in information only, it is necessary to consider constant
¢, as shown in (7.5).

The following theorem shows the expression for the prior inclusion probabili-

ties.

Theorem 7.1. Let us assume that the model prior for a variable selection problem
with p covariates is of the form (7.5). Then, the prior inclusion probability for

each covariate is given by
wj = (1471 j=1,....p and c€R.
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7.2. The Villa-Walker prior for linear regression

Proof. The prior probability for each model is P(M,) o exp{—c - dim(v)}. The

normalising constant is given by

Each covariate is included in half of the 27 models, and the total number of co-
variates in the models where a given covariate is included follows Pascal’s triangle.
For example, if p = 3, we have 2% = 8 regression models; each covariate appears in
one model with one covariate, three models with, respectively, 2 and 3 covariates,

and in the full model. Generalising, the prior inclusion probability for covariate

- B
(1+

ep— e
ecp (1+ec)P
1
1+ec’

x; is given by

which proves the theorem. O

We see from (7.6) that the choice of ¢ has an impact on the prior inclusion
probabilities; in particular, w; decreases as c increases. In Section 7.4 we will
see that, in an orthogonal design, the marginal posterior inclusion probabilities
are bounded below by w;; as such, the choice of ¢ impacts the model selected as
it might determine which covariates will be included. Given that, in principle,
the choice of c is arbitrary, the implication on the objectivity of our approach is
clear. However, the following considerations are in order. The threshold for the
posterior inclusion probability above which we select a covariate is arbitrary as
well; therefore, the aim of obtaining a model prior that is “purely” objective is,
somehow, rendered pointless.

In Section 7.1.2 we have mentioned that the median-probability model can be,
for prediction purposes, a sensible choice. Therefore, by setting ¢ = 1 we would
have w; ~ 0.27, and w; € (0.27,1), which comfortably includes the threshold 0.5.
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Obviously, a different choice of ¢ would be equally plausible. For example, if we
set ¢ = 2.94, the prior inclusion probability will be 0.05, allowing W, to vary in an

interval that would include any reasonable threshold.

7.3 Illustration: US crime data analysis

We used the crime data of Liang et al. (2008) as an illustration of our model prior.
The dataset consists of 47 observations for p = 15 covariates related to crime data
in the US. For the model specific parameters, we have used a g-prior with g = 2'°.
Figure 7.1 shows the posterior inclusion probabilities of zy,...,z15 (on log-scale)
obtained by adopting as model prior, in turn, the uniform prior, Scott & Berger’s

and the prior based on our approach with ¢ = 1.

g-prior
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Figure 7.1: Marginal posterior inclusion probabilities for crime data. The prior
for the model-specific parameters used are (top-to-bottom, left-to-right) g-prior,
Zellner-Siow prior, AIC and BIC. The model priors are Uniform prior (left blue
bar), Scott & Berger prior (middle green bar) and Villa-Walker prior (right red
bar).

We note that, should we consider the median-probability model, covariates x,

T2, 13 would be included in all the three cases. Covariate x4 would appear only
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when the uniform model prior is considered. Unlike the other priors, our prior
does not does not lead to a sufficiently large posterior inclusion probability for
covariates x; and 4. It seems that, from the largest to the smallest, posterior
inclusion probabilities follow Uniform prior, Scott & Bergers’ and our.

In Figure 7.1 we have also shown the results when Zellner-Siow prior for model-
specific parameters, Akaike information criterion (AIC) and BIC are used. We note
that, in any situation, the median-probability model obtained with our model prior
is the most parsimonious; in particular, the resulting marginal posterior inclusion
probability is consistently not larger than the one obtained by using any of the
other two model prior. There is a remarkable result when Scott & Bergers’ model
prior is adopted: under Zellner-Siow prior and AIC, the median-probability model
includes all the covariates. For reasons beyond the scope of this thesis we have not
investigated further; however, there may be connections to the results presented

in Section 7.4 below.

7.4 Some interesting results

Let us consider the simplest variable selection problem in linear regression, where

we compare the null model with the model with one covariate: p = 1.
M 2y = o' My, =Bx;+0e;, 1=1,...,n,

where the ¢; are i.i.d. and o2 is the regression variance. Let us assume that we
define the model prior in accordance with Scott and Berger (2010): P(M;) =
P(M;) = 1/2 (note that this prior corresponds to the uniform as well). As per

(7.3), the posterior inclusion probability for x is given by

f(y|My) P(M>)
f()
f(y|M)1/2
{f(y[M:) + f(y[M2)}1/2
= (14 Bp)™, (7.7)

W= P(M’Q‘y) =
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where By, is the Bayes factor comparing model M; to model M, (refer to Section
6.1). Let us now assume, without loss of generality, that Y x? = 1. Also, we
consider the prior for the precision A = o2 to be proportional to A~!, and the
prior for the coefficient to be the g—prior discussed in Section 7.1.1: that is,
N(B]0,g/A), for g > 0. Thus, we have

[ A2 exp {—0.5A"y?} A1 dA
J[f A2 exp{—=0.5A3(y; — 2:8)%} A2 exp {—0.5gA82} dB] At dA
B [ A2 exp {—0.5A3" y?} A~1 dA
J A2 exp {=0.5\ [y'y — 22/(1+ g)]} N’

BIQ -

where z = ) y;x;, and where we have not considered the terms that cancel out.

Hence, the Bayes factor becomes

_{yy =+ g}

B -
(y'y)"?

< 1, (7.8)

From the relationship in (7.7), the result in (7.8) implies that @ > 1/2. That is, the

posterior inclusion probability for x is larger than the prior inclusion probability
w=P(M;)=1/2.

For p = 2 we have four possible models.

M :y; = og; M; : y; = Biz1i + o€,
Ms : y; = Boxgs +0e; My @y, = fix1i + Boo; + 06

Let us consider an orthogonal design: > 2%, =Y 3. = 1 and > x;25; = 0. The

g-prior on the coefficients will then have the form

1
(B ) o exp {300 (32 + )}
with likelihood function
1, .,
f(W|B1, B2, A) ox exp {—5)\ (v'y + B + B3 — 2B121 — 25222)} :

where 2 = Y yxy; and 23 = > y;wa;. As the design is orthogonal, the term
2pB8:182 = 0, for p = 0. Under these orthogonality conditions, the marginal like-

148



7.4. Some interesting results

lihood is an increasing function of the model dimension. To see this, let us con-
sider the model prior proposed in Scott and Berger (2010). Therefore, we have
P(M;) = P(M,) = 1/3 and P(M,) = P(M3) = 1/6. If we adopt the g-prior for
the parameters of the model, the marginal likelihoods are
)"
/ )—n/2

) n/2

2
1
2
2
2
1

22— 2

from which emerges the clear relationship

fyIMy) < f(yIMa) and  f(y|Ms) < f(y|My).

For the model posterior probabilities we have

P(Mly) < 1/3 (y'y) "*
P(M,ly) o< 1/6 (y'y — 22/(1+ g)) *
f«A@@)a]/a(yyffq/ +g)) "
P(Muly) o< 1/3 (y'y — (2 + 23)/(1+ ¢)) ™,
which results in
P(Mly) < 2 P(Ma|y) and 2 P(Msly) < P(Mly). (7.9)

The probability that covariate z; is in the model can be expressed as
wy = P(x; in|zs in, y)we + P(x; in|zy out, y)(1 — @s).

Considering (7.9), we have

. . (AL;[y) 1
P(x v, ) > —
(e inles in,y) = pr e PO~
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P(M,|
P(z in|zs out,y) = - (May) S

1
(Maly) + P(Mily) = 2
Thus, @y > 0.5ws + 0.5(1 — Wy) = 1/2. This implies that @w; > w;, given that

wy; = 1/2, as discussed in Section 7.1.2. The result holds for @y as well. We have

Wy = P(xq in|x; in, y)w; + P(xe in|x; out,y)(1 —@y). Also

P(Myly)
(Myly) + P(Maly)

1
P(zy in|zy in,y) = 2 > X

and P(Mj|y) 1
_ y

P T ] t., ——t 8 > %

(e 0|5 ok, 3 P(Msly) + P(Mly) = 2

Then, from wy > 0.5w; + 0.5(1 — w;) = 1/2, we have Wy > wy.

It is easy to see that the result is valid even if we replace the prior of Scott and
Berger (2010) with a uniform prior. That is, by setting P(M;) = 1/4,j =1,2,3,4.

The above results appear to highlight a key issue in objective variable selection:
if the design is orthogonal, the posterior inclusion probabilities are bounded below
by the prior ones and, if we aim to adopt the median-probability model, model
priors like the Uniform or the Scott and Berger (2010), which result in w; = 1/2,
may lead to a model that includes all the p covariates. If, on the other hand, we
use the Villa-Walker model prior with, say, ¢ = 1, the issue does not appear as
w; = 0.27.

The mathematical conclusions discussed above are supported by the following
simulations. We consider a regression model with p = 2 and o = 1. For n = 100,
we draw one million of n x p orthogonal design matrices of covariates N(0,1).
We uniformly draw 3, and f from the interval (—10, 10), and the response vector
y ~ N(B1214P2xe,0). Assuming a g-prior (g = n) for the parameters of the model,
and the model prior proposed by Scott and Berger (2010), we compute marginal
likelihoods, model posteriors and posterior marginal inclusion probabilities for z;
and 2. We see that in the 0.2% of the simulated scenarios @; < 1/2 (j = 1,2). The
reason of the exceptions is related to the fact that, computationally, orthogonal
matrices can be obtained with > #7325 = 0 up to a certain level of precision only.

We have also repeated the simulation considering, in turn, 8; = 0 and 8, = 0. The
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results are in line with the above ones. By replacing the model prior with the one
we propose in (7.5), and leaving the remaining simulation settings unchanged, we
obtain results consistent with Theorem 7.1. In particular, the percentage of cases
where the inclusion posterior is less than 0.27 is 0.1%. The percentage is zero for
1 =0 (B2 = 0). Thus, in the case of an orthogonal design matrix, the inclusion

posterior probability is bounded below by the inclusion prior probability.

7.5 Discussion

In terms of prior probability on the space of models, our proposal based on losses
leads to a simple result. With respect to the complexity of the model, expressed
by the number of covariates included, our approach assigns more prior mass to
the less complex model. The mass then decreases toward zero as we approach
the full model. The result on actual data shows that our prior tends to be more
parsimonious when compared to the Uniform model prior or the one in Scott and
Berger (2010); this is the case when we use the g-prior or the Zellner-Siow prior.
Noteworthy the result for Scott & Berger’s prior when Zellner-Siow’s prior is used
for the parameters: the median-posterior probability model includes all the covari-
ates. It has to be noted that, as the Villa-Walker prior depends on a constant c,
it cannot be considered as “purely” objective; however, this does not constitute
an issue as the whole Bayesian variable selection procedure includes subjective ar-
guments. Firstly, the threshold that we use to decide which covariate is included
is arbitrary; second, the determination of the degree of complexity of a model,
which we assume to be represented by the umber of covariates in the model, is

not univocal and other plausible criteria may be considered.

Although it is out of the scope of this thesis, the result in Section 7.4 raises
some questions. In an orthogonal design, which is supposed to be the ideal one,
posterior inclusion probabilities appear to be bounded below by the corresponding
prior inclusion probability. This has been proved and illustrated with a simulation
when p = 2 and the g-prior is adopted. Whilst the marginal likelihood stops

increasing after a certain dimension of the model, creating an automated Occam’s
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razor (Scott and Berger, 2010), this appear to not occur in an orthogonal design.
Hence the result. We have not investigated further, but Bayesian approaches for
variable selection in linear regression model should be revisited considering the

above outcome. We leave this to future work.
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Chapter 8

Discussion

The aim of this thesis is to introduce a novel Bayesian approach to derive ob-
jective priors for discrete parameters. We show how the idea of measuring the
worth of each element in the parameter space leads, through the Kullback-Leibler

divergence and the self-information loss function, to the prior

n(6) o exp{ min, Dics(F(216) 1/ l#)}.

The motivation for developing the prior has to be sought in the fact that no
general methods to derive objective priors for discrete parameter spaces have been
proposed. The recent publication by Berger et al. (2012) represents an attempt
to move in this direction; however, the results lack generality. The application
of our approach to various discrete models, illustrated in Chapter 4, shows that
working with losses does not require any pre- or post-process analysis, and that the
approach is versatile. In Chapter 5, we derive an objective prior for the number
of degrees of freedom of a ¢ density. The application of our criterion leads to an
important conclusion: an objective prior for this parameter has to be truncated.
This is a consequence of the well known property of the ¢ density to converge to
a Normal density.

Working with losses instead of probabilities allows us to obtain another im-
portant result. Bayes theorem is conceptually problematic when improper prior

distributions are used. However, by expressing prior and posterior beliefs as losses,
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not probabilities, we derive a meaningful representation of Bayes theorem

—logm(f|z) = K — log f(z|0) — log w(0).

It is important to reiterate that we do not claim our objective priors are proper,
but that being objective in determining losses gives a coherent interpretation of

Bayes theorem, as prior and posterior retain the same meaning.

A result from Chapter 6, where we derive objective model prior probabilities,
is that the prior on a model has to depend on the model itself; where the model
includes the distribution and the prior on the parameters. The result is presented
by referring to the well known Jeffreys-Lindley paradox. We show various examples
of application of our model prior. In particular, we first show that it can be applied
to cases where the model defined on discrete supports and continuous support.
We also illustrate how the approach is not affected by the size of the parameter
space of the models. We extend the illustrations to model spaces with more
than two models and, in addition, include both nested and non-nested models.
A noteworthy result is that, if in the set of options we have nested models, the
computation is largely simplified as there is no loss in moving from the inner model
to the outer one.

The versatility of our approach to discrete spaces is further illustrated in Chap-
ter 7, where we discuss objective Bayesian variable selection. We show that ap-
proaching the problem of assigning a prior on a regression model via losses, gives
a prior function that is relatively simple: P(M,) oc exp{—c - dim(v)}. The prior
is analysed on real data and compared to the Uniform model prior and the model
prior proposed by Scott and Berger (2010). It appears that our prior is more
parsimonious that the other two; in addition, unlike the prior of Scott and Berger
(2010), does not give singular results when the Zellner-Siow prior is used for model-
specific parameters. In the chapter we also briefly discuss a result that, although
not directly related to the scope of this thesis, is interesting: in an orthogonal
design, when g-priors are used, the marginal posterior inclusion probabilities are
bounded below by the respective marginal prior inclusion probability. We believe

that the result deserves a thorough investigation, and will be mentioned in the
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next section, where we present some ideas for future work.

8.1 Future work

What possible represents the main topic of interest for future work, is the extension
of the approach to continuous parameter spaces. For a successful outcome would
mean the definition of an objective approach capable of dealing with any parameter

space. The main challenge is that

i Dy (fCIOIS(169) =0,

when © is continuous. In Appendix A we show how this issue may be solved
by considering a discretisation of the parameter space. Leaving aside conceptual
concerns that such procedure may raise, we obtain some noteworthy results. By
applying it to the parameters of a Normal density, we see that it is always possible
to build a discretised structure of the parameter spaces such that the priors are
uniform. But, it is not possible to do the same when the target is Jeffreys’ prior.

Brown and Walker (2012) show that a prior can be obtained by considering
the following result from Blyth (1994)

lig = D (FCIOILIC10+ ) = 37 1(0),

where I;;(0) is the jk-th element of the Fisher information matrix. By considering
the loss of keeping 6 equal to —log{>_ I;s(€)} /2, it can be shown that the ap-
proach yields Jeffreys prior when the parameter is a scalar. However, as it seems
not necessary to consider the result on the log-scale, nor taking its square root,
further work has to be carried out to be able to classify the process as fully ob-

jective; that is, depending on the choice of the model only.

Other types of discrete scenarios, not discussed in this thesis, can be considered

for future work. One of these is polynomial regression
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/4
Y = E BZCL’{ + 0g;,
Jj=0

where the objective is to estimate the discrete parameter p. More generally
p
Yi = Zﬁj%’(iﬂ),
j=0

where ¢;(z) is a basic function different from the polynomial basic function; for
example, splines or wavelets. For mixture models, such as the one of the form
Z;’:lw]-N(ij), we could be interested in assigning a prior on p, in order to

estimate the number of components in the model.
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Appendix A

Mathematical Support for
Chapter 4

A.1 Proofs

Proof of Lemma 4.1

Proof. We prove the lemma by considering the sign of the difference between
Dy r(froll fro+1) and Dy (fr,llfro—1), which depends on the (relative) values of
Ry, N and n. This difference is obtained by replacing in (4.13) R with R, and,
respectively, R’ with Ry + 1 and Ry — 1. Thus

DKL(fRUHfRnJrI)_DKL(fRonRo—l):
1V—R0N—R0—|—1 Ro*’r Ro+1—r
Eg, |log :
R() R0+1 N—RO—(n—r)N—RO—i—l—(n—r)
(A1)

The proof is performed in two steps. In the first one, we show that the above
difference is zero when Ry = N/2. The second step shows that expression (A.1)
is non-decreasing in Ry. First, we consider the case where Ry = N/2. If n <
N —n=n< N/2, we have that r =0, ..., n and, consequently, n —r =mn,....0.

Therefore, equation (A.1) becomes
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Drr(fnj2ll fnse+1) — Drr(fnjll fne-1) =
N-N/2N—N/2+1 N/2—r
log{ N2 N+l }”EN” [log{fv/z— <n—r>}]

+Enys {log { N/ lzvfltlé - r) H

By applying the symmetry of the Hypergeometric distribution, as discussed above,

v [0 e 5| =°

where we have considered that N — Ry = N — N/2= N/2andn—r =0,...,n.

e [log { e e H -0

Therefore, Dgr(fn2|lfn2+1) — Drr(faj2llfnj2—1) = 0. Implying that the di-
vergence Dy (frllfro+1) 1s equal to the divergence Dy (fr,||fr,—1). For n >
N—-n=n>N/2, wehaver =n—N/2,...,N/2andn—r=N/2,...,n— N/2:
(A.1) becomes

we have

Similarly, we have

Drr(fns2ll fnje+1) — Dro(fnellfnje-1) =
N—N/2N-N/2+1 N2
IOg{ N2 N2+l } + B [log{zv/z e H

+Enyo {log { N/];[/f i—l (717— r }]

By symmetry, and considering that N — Ry = N — N/2 = N/2 and therefore that
n—r=N/2,...,n— N/2, we have
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Drr(fn2llfnse+1) — Dro(fnyell fvje—1) =log {1} + 0+ 0= 0.

This shows that, when Ry = N/2, for any value of n, the Kullback—Leibler di-
vergence from the central point to the distribution with R = Ry + 1 and to the
distribution with R = Ry — 1 are equal.

To show that Dy (fr,llfro+1) — Drr(frellfro-1) is non-decreasing, we rear-

range the log-term in (A.1) as follow

RO—TR(]—FI—?” N—RQ N—Ro—|—1

; A2
Rg R0+1 N—Ro—(n—r)N—Ro—Fl—(n—r) ( )

All the terms in the above expression (A.2) are non-decreasing in Ry. Consider
the first one. As (Ry —r) < Ry, we have (Ry — )Ry < (Ro — r) + Ry. Therefore,
(Ro—71)(Ro+ 1) < Ro(Ro + 1 —r), which gives

Ro—’T‘<R0+1—7’
Ry = Ry+1 °

Similarly, for the second term we have (Ro+1—1) < (Ry + 1), and

(Ro+1—r)(Ro+ 1)+ (Ry+1—71) < (Ro+1—r)(Ry+1)+ (Rg+1)
(Ro+1—-7)(Ro+1+1) < (Roy+1)(Ro+1—-7r+1)
Ro+1—r o Ry+2—r
Ry+1 o Ry+2

For the third term, we have (N — Rg) > (N — Ry —n+r). Thus

(IV—RQ)(N—RO—TL+T)—(N—R0) S (N—RQ)(N“‘RO—TL—FT)
— (N—Ro—n+7')
(N = Ro)(N—Ry—n+r—1) (N=Ry—n+r)(N—Ry—1)
N — Ry N —(Ryg+1)

%
<5 ;
N—RO—(H+T) o N—(R0+1)—(7I—T'>

Finally, for the last term, we have (N — Ry +1) > (N — Ry+1—n+r). Thus
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(N —RBy+1(N— R+ L—n+7)— (N — Re+1) <
(N—R0+1)(17\[—Ro+1—7l/+7')—(N*R0+1—n+7“)
(N—R0+1)(N—Ro+1—n+’f'—1) S

(N—R0+1—n+r)(N—Ro—i—l—1)
N—-Ry+1
N—-Ry+1—-n+r

N—-(Ry+1)+1
N—(Ry+1)+1—n+r’

which shows that also the last term is non-decreasing. Note that the above
expression is in general strictly increasing, as the equality is met only if and
when r = 0 or (n —r) = 0. From these results, we see that the difference
Dir(frollfros1) — Drr(frollfro—1) is increasing in Ry. Given it is zero when
Ry = N/2, as shown in the first part of the proof, the statement of the lemma
follows. O

Proof of Lemma 4.2

Proof. The proof will be provided for the specific case of a bivariate Hypergeo-
metric distribution, that is where R = (R;, Ry, R3). The general case (d > 3) can
be derived along the same lines with just more complex notation.

Consider the bivariate Hypergeometric distribution with parameters N, n and

R = (Ry, Ry, R3) and the following form of the probability mass function

() GG
Fy ) T3
N.R.n)=
f(r|N,R,n) N ,
n
where R3 = N — (R + Ry) and r3 = n— (r; +1r3). Also, for parameters ry, o and
r3 we have max (0,n — (N — Ry) < r; < min((n, R;))), max(0,n — (N — Ry)) <
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ro < min(n, Ry) and max(0,n — (N — R3)) < r3 < min(n, N — R3). Given that
parameter R3 depends on R; and R,, once N is fixed, we can consider a two-
dimension lattice structure formed by the values of Ry, Ry = {0, 1,
representation of the parameter space.

First, we consider the case where Ry < N/2, Ry < N/2. We have seen in 4.2
that n plays an important role; in particular we have to distinguish the case when
is below N/2 or above it. However, as the following proof is substantially based
on the results there obtained, to keep the exposition simple, we do not make the
distinction here, being understood that it has to be considered when the prior is
actually implemented.

If we allow to vary one of the two parameters R;, R, at a time, the bivari-
ate Hypergeometric can be interpreted as a univariate Hypergeometric, with bins
(R1, N — Ry) and (R, N — R5), respectively. Given the results in 4.2, we have

Dicp, (f(Ry, R)||lf(Ry +1,Rg)) < Dgp (f(Ry, Ro)|[f(R1 — 1, Ry))
Dgp (f(Ry, Ro)||f(R1, Ra + 1)) < Dgp (f(Ry, Ro)||f(Ry, Ry — 1)),

where, for example, the distribution fy g, (with R = (R, R2)) has been indicated
as f(R1, Rs), as we consider only distributions that vary in the value of these pa-
rameters (being N, and n known and common), and this represents a simpler
notation. Therefore, at each point (R;, R2), the following three divergences (ob-
tained by feeding expression (4.18) with the appropriate parameter values) have

to be compared, in order to find the smallest one

R3 5 R1+1—T1
°E R3 — 13

{

Dk (f(Ri, Ro)|| f(Ri, Ry + 1)) = log{RR3 } {log{%}}
{
|

DKL(f(Rl,R2>I|f(R1-Jrl,Rg)) = IOg

=
+

1
Dir(f(Ri, R)|f(Ri+1,Ry+1)) = log Rs(Ry — 1) }

Ry +1)(Ry+1)
{ R1+1—7’1)(R2+1—T2)}:|
log ;
R3 — 7’3)(R3 — T3 — 1)
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where the expectation are taken with respect to f(Ry, Ry).

Given the lattice structure of the parameter space (R;, Rs), it is logic to assume
that the divergence D (f(Ry, R2)||f(Ry + 1, Ry + 1)) is not smaller than any of
the other two. Therefore, the comparison has to be carried forward between
Dgr(f(Ry, Ro)||f(R1 + 1,Ry)) and Dk (f(Ry, Ro)||f(Ry, Ry + 1)). Considering

the difference of the two

D (f(Ry, Ro)|| f(Ry + 1, R2)) — Do (f(Ry, Ro)|| f(R1,Re 4+ 1)) =

R2+1R1+1*T1
E |1 )
{Og{RlﬂRQH—rQH (A-3)

If Ry = Ry, the difference (A.3) is zero. In fact, replacing R; and Ry with R, r;
and 7y with r in (A.3), the right-hand-side becomes

R+1
1 3 —_— = _ — =
og{R+1}+E[R+1 rl—E[R+1—-7]=0

If we fix either parameter R, or R, the log-expression in (A.3) is increasing with
respect to the other parameter. Say we fix Ry, then when R; > R, the minimum
divergence is Dk (f(Ry, Ro)||f(R1 + 1, Ry)) and when R; < R,, the minimum
divergence is Dy (f(Ry, R2)||f(R1, Ry +1)). By combing this result with the one
obtained in 4.2, note that Ry, > N/2 implies Dy (f(Ry, Ro)||f(Ry, Ry + 1)) >
Dy (f(R1, Ro)||f(Ry, R2 — 1)), therefore is the divergence on the right-hand-side
that has to be compared with Dy (f(R1, R2)||f(Ry + 1, Ry)). If we fix R, and let
R, vary, we obtain analogous results. We can then summarise the identification

the smallest Kullback-Leibler divergence in the following three cases:

1. Ry < N/2 and Ry < N/2:

o if R1 > R2 = DKL(f(Rl.RQ)Hf<Rl + 1,R2)>
o if Rl < [(2 = DKL(f(Rl, Rz)”f(Rl, RQ + 1))

2. Ry < N/2 and Ry > N/2:
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e in this case the minimum divergence is Dk (f(Ry, Ro)||f(R1, Ry — 1)),
as the distance from R; to N/2 is always larger than the distance from
Rs to .]\[/27 that is N/2 — Ry > Ry — N/Z,

o if N/2— Ry = Ry — N/2 the divergences Dk (f(Ry, R2)||f(R1+1, Ry))
and Dy (f(Ry, Ro)||f(Ry, Ry — 1)) are equal.

3. R > N/2and R/2 < N/2:

e the minimum divergence is Dk (f(Ry, Ra)|| f(R1—1,Rs)) as Ri—N/2 <
N/2 — RQ;

o if Ry — N/2= N/2 — Ry, then Dk (f(R1, Ro)||f(R1 — 1, R2)) is equal
to Drr(f(R, Ro)| f(Ry, Ry + 1))

[
Proof of Theorem 4.3
Proof. By applying the standard definition of conditional probability, we have
w(nolxy,. .., Tx) i
m(n > noley,. .., ox) '
which is equivalent to
= Ty mes 5 15
m(n 2 Rolay, -y T) (A.4)
7T(‘n,0|171, e ,.’l?k)

The expression (A.4) can be written in the following way

0o k +7\ L(a+b) I'(zi+a)l(no+j—z;+b) .
Z] =0 {HiZI (n(;l‘ J) I'(a)T'(b) F(n()+’r;1a+b) X 7T(n0 + ])}

k no\ I'(a+b) I'(zi+a)l(no—z;+b)
| I (zo) FoT®) —  Tmotald x (o) (A.5)

1+i (”‘;jj)F(no+j—xi+b) ['(ng+a+b) y m(ng + j)
j=1 (Z?) ['(ng + j +a+b) ['(ng — z; +b) m(ng)
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The ratio of the priors in (A.5), w(ng + j)/m(no), converges to zero as j tends to

infinity. Thus, we need to show that

g | (8?) Do +j — @i +b) Dno+a+)
no (Zo> I'(no+j+a+b) I'(ng—z; + b)

to prove that the second term in the right-hand-side of (A.5) converges to zero.

Note that E,, is the expectation with respect to p,,. As we have

E (n(:_]) F(no +] — T b) F(Tlg +a+ b)
" @9 I'(no+j+a+b) T'(ng—x; +b)

:;{F((L+b)r(x+a)F(n,O+j—m+b) (ng + 7)! }

['(a)l'(b) no+j+a+b (ng+j—x)la!

we need to show that

_ ~=~[D(a+d) ., F(no+j7—xz+b) (no+3)! B
leIolc Z { Mz + a)F(no +j+a+b)(ng+ji—x)z [ 0. (AB)

We have

F(no+j—z+b)  (no+j)
Flno+j+a+0b)(no+j—x) !

(mo+j—x+b—1! (ng+j)!
(no+j+a+b—1)(ng+j—2x)
(no+j—x+b-=1)" (ng+3)
(no+j+ (a+b—1)(ng+j—x)’

which, given that we assume a,b > 1, will always tend to zero for j — oo, as the
power of j at the denominator will always be higher than the one at the numerator.

Thus, the limit in (A.6) is proved and, therefore, the theorem proof follows. [

Proof of Lemma 4.3

Proof. Consider the Kullback-Leibler divergence between f,, and f,,4m, with

m > 1; to prove that Dgp(fn, |l frg+m) is minimum when m = 1, it is sufficient to
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prove that Dy (fuoll fros1) < Drr(fuoll frosr2)- Hence, we need to show that

_E {bg ("0: 1)} “log(1l—p) < —E [log (”0; 2)] —2log(1 - p),

i.e. that

(12 b

which holds if "
no +
E[lo <n0+2—T>}< log(1 — p).

o+ 1 >J<-—bﬂ1—p%

n0+1—7

Since [(ng + 2)/(no + 2 — z)] < [(no + 1)/(no + 1 — )], we aim now to show that

no‘l—l
E |1 ==
{Og<n0+l—1’>

Now, applying Jensen’s inequality, we have

ng+1 ng+ 1
E (log | ———— <1 E|——]}.
[Og(n[ﬁ—l—l’)]_()g( {no+l—x])

Simple algebra gives

—log(1 —p).

TLO+1 1 = TLO+1 1— 1
E = (] —pyretle <
Lm+l—xJ 1—p§: g JELTH =1-p

=0

and hence the result follows. O

The following Lemma A.1 is functional to the proof of Theorem 4.4 in Section

4.5.1. The proof follows.
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Lemma A.1. Forn=1,2,...,2=0,1,...,n and p € (0,1), we have

n

1 n ke o N\ — T
n+11—[o{(n+1—a:)<r)p (1-p) }< 1.

Proof. Re-arrange (A.7) and take the logarithm of both sides

n

Z {log(n +1—x)x <n>p"’(1 - p)”"l‘} <log(n + 1). (A.8)
s
=0

As for x = n we have log(n+1—x) = 0, the left-hand-side of (A.8) can be written

nzl {log(n +1-a2)x (Z)pm = p)"-f} .

=0

as

By replacing the n terms log(n + 1 — ) above with log(n + 1), we have
n n n—1 -
Z {10g<7l +1— .’IT) X < />p1(1 = p)’ll—r} < log(n—f—l)xz { ( >p15<1 o p)nr} :
=0 T —0 i bt
and because

log(n + 1) x i { (Z)pvu —p)“} < log(n+1)

=0

i{(g%r(l—p)”“} < 1 (A.9)

z=0

which is always true as the left-hand-side of (A.9) is the sum of the probabilities
of a binomial distribution except the last one (i.e. when x = n). Therefore, the
relation in (A.8) is satisfied. O

Proof of Theorem 4.5

Proof. By applying the standard definition of conditional probability, the (4.5)
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becomes

which is equivalent to

Now, the expression in (A.10) can be written as

Z;‘)O:O {Hle (m;ﬂ)(l —p)™* x 7(ng + ])}

[Ti- () = p) x (o) (A11)
=1+ {H (<§;)) (1—p) x 7”(:(07;)”} .

To show that the second term on the right-hand-side of (A.11) converges to zero,
we consider its expected value with respect to x and, as the ratio m(ng + j) /7 (ng)

converges to zero as 7 — 0o0. The following relation has to hold

()

pY| <1,

We have
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no . no
1 (] no+j—x 1 (]
Py E {( . >p (1-p) }—jlm {p (

z =0 =0

_ smgalp v (ot )
P) :1:.(1 p) (no+j—:r)!}'

(no + j)! < (no+7J)
(np+j—x) — 4!

|
=g x([+1)x--x(ng+j) < (no + )",

we have

¢ n —zl ]
p*(1—p)" x—,(l — p)f

(no +J)! }

(no+j —z)!

no

<3 {70 -]

x!

lim {(1 —p) (no + j)no}
i (6,9
= lim exp {—j[—log(1 — p)] + no x log(ne + j)}
j—>o0
=),

given that, for j — oo, j dominates log j. We can then conclude that

no 5
- o+ 7\ 2y ynoti—z | _
jlggczo{( . )p (1-p) =0,

=

which implies that the second term of the right-hand-side of (A.11) converges to

zero and, therefore, (A.10) holds, proving that the posterior is consistent. O
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Appendix B

Mathematical Support for
Chapter 6

In this appendix, we include the details of the derivation of the Kullback-Leibler
divergences for the models discussed in Chapter 6. We also analytically prove how

the minimum is attained, where applicable.

B.1 Theorems and Proofs

Theorem B.1 (Poisson-Geometric Kullback-Leibler minimum). Consider a Pous-
son distribution with rate parameter 0, fi(z|0) = 0%e=?/x!, and a Geometric dis-
tribution with parameter ¢, fa(z|p) = ¢(1 — ¢)*. The Kullback-Leibler divergence
between the Poisson and the Geometric, indicated by Dy (fi(x]0)| f2(x]¢)), at-
tains its minimum, with respect to ¢, for ¢ = 1/(1 + 0). The Kullback-Leibler
divergence between the Geometric and the Poisson, Dy (fa(z|9)|| f1(x]6)), attains

its minimum, with respect to 0, for 6 = (1 — ¢)/¢.

Proof. To prove the first result, we have

o0 T

Dilallelo) = 3 T ologt ~logat -0~ logo — log(1 - o)}

z=0 "’
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oo 01
flog b — Z{Iog:l:! 56_9} —60—1logo

z=0
—6log(1l — ¢).

Differentiating with respect to ¢, we have 0/0¢{ Dk (f1(x|0)] fa(z|0))} = —1/d+
0/(1 — ¢). By equating to zero, we have the result stated. For the second result,

we consider

Dr(fa(alo) il = 301 -0 { log o+ log(1— )~ rlog + ogat +6
=0

=logo + ! (—bqﬁlog(l —¢) — 1;¢10g9+9+2{¢(1 — @)% log z! }
E={)
To find the minimum with respect to §: 0/06{ Dy (f2(z|®)| f1(x]|6))} = 1 —

(1 —¢)/(¢8), and by setting equal to zero we obtain the second statement of the
theorem. OJ

Remark B.1. Assume random variable x has a Weibull distribution with param-

eters X\ and k. Then, we have the following results (Johnson and Kotz, 1970)

E(z) = AT'(1 + 1/k)

E(logx) =log A — v/k

E(log? 2) = 72/(6+%) + (log A — 7/x)?
E(z®) = A"

Var(logz) = 7 /(6k2).

Remark B.2. If random variable x has a Log-normal distribution with parameters

w and T, then the following results are true (Johnson and Kotz, 1970)

E(z) = exp{u+1/(27)}

170



B.1. Theorems and Proofs

E(logz) = u
E(log®2) = 1/7 +

E(z") = exp{x?/(27) + px}.

Theorem B.2 (Weibull-Log-normal Kullback-Leibler minimum). Consider the
Weibull density function fi(z|\, k) = k/X(x /Nt exp(—xz /)" and the Log-normal
density function fo(x|p, 7) = 2= H{7/(27)}/? exp{—7(logz—p)?/2}. The Kullback-
Leibler divergence Dy (fi(x|\, k)| fa(x|p, 7)) is minimised for p = E(logx) =
log A —v/k and 7 = 1/Var(logz) = 6(k/m)?, where the expectation is taken with
respect to fi(x|\, k). The Kullback—Leibler divergence Dk p(fo(x|uw, 7)| fi1(z|\, K))
attains its minimum at A = E(x®)V/* = exp{1/(2/7) + p} and k = /7.

Proof. First we see that

Drcu(fi(elA m)l el ) = | B {log/-e

—log A+ (k—1)logz — (k — 1) log A — % +logx —
1 1 1 ;
5 log 7+ 5 log(2m) + Er(logzx — 2ulog +/1,2)} dx

1 1 1 1 ‘
=log k+kE(logz) —klog A — I (") — = log 7+ 2 log(2m)+ 57 E(log® x)

1
—TuE(logz) + §Tu2.

To find the minimum: 0/0u{ D (fi(z|\, k)| f2(x|u, 7))} = —7E(logx) + Tu,
which is solved for 4 = E(log x) = log A—7/k; 0/0T{ Dk (f1(x|\, &) falx|p, 7))} =
—1/(27) + 1/{2E(log’ z)} — uE(log x) + p?/2, which, by setting u = E(log z), is
solved for 7 = 1/Var(logz) = 6(x/7)?. This proves the first statement of the

theorem. For the second result, we have
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Dol )| P, 6)) = / "~ ) {—logx

1 1 1 . (.
-+ 3 log T — 5 log(27) — 57’10g2 r+Tplogx — 57';1,2 -

logﬁ+log/\—(/{—1)10g{1}‘+(li—1)10gA+%} dx

1 1 ! 1 .
=5 log 7— 3 log(27) — 57 E(log® z)+TuE(log ) — 57‘/[2 —log k—r E(log x)

1
+ klog A + FE(IH)

To minimise: 0/OM D (fo(z|p, )| fi(z|A, K))} = K/X — K E(z") /AL, has solu-

tion A = E(z%)V/* = exp{1/(2/7) + u}; then 0/0k{ D (fo(x|w, 7)|| f1(z| ), K))} =
—1/k 4+ K/7, where we have considered E(logz) = p and E(z*) = 1/)%, has

solution k = /7, proving the second statement of the theorem. U

Remark B.3. If random variable x has a Gamma distribution with parameters o
and B, that if f(z|a, B) = f2* ' exp(—Bz)/T(a), then

E(logz) = ¥(a) — log 3
E(z®) = 7" T'(k + o) /T (),

refer to Johnson and Kotz (1970).

Theorem B.3 (Weibull-Gamma Kullback—Leibler minimum). Consider the den-
sity fi(z|A, k), which has a Weibull distribution with \ as the scale parameter and x
as the shape parameter. Consider also the Gamma density f3(x|a, 8) where o and
B are, respectively, the shape and the rate parameter. The Kullback-Leibler diver-
gence Dy (fi(z|\ k)| f3(x|a, B)) attains its minimum for E(logx) = ¥(a) —log 3
and E(x) = a/B. The divergence Dk (f3(x|a, B)| fi(x|\, k)) is minimised for
A=E(z")* and U(k + ) — 1/k = ¥(a).

Proof. For the first statement, we have

Dgr(fi(z|\ g)||f3(z|a, B)) = /000 @] X, ﬁ){log/«: —log A+ (k—1)logx
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—(k—=1)log A — % —alog S+ logl'(ar) — (ar — 1)log;r:+5:1:} dx

1 )
v (") — alog B

+logI'(a) — aE(logz) + SE(x).

=logk + kE(logz) — klog A —

By differentiating, we find 0/0a{ Dy (fi(z|\, &)| f3(z|a, 5))} = —log B+ ¥(a) —
E(logz) and 0/0B{ Dk (fi(z|\, &)| f3(z|a, 8))} = —a/B + E(z). The resulting
system formed by equations E(logz) = U(a) — log  and E(z) = «/S has to be

solved numerically (i.e. Newton-Raphson method). For the second statement, we

have

Dk (fs(z|a, B)|| fi(z|A k) = /000 fa(x|a, 5){alog5 —logl'(a) + (a — 1) log x

— pxr —logk +logA — (k—1)logx + (k — 1) log A + %} dx
=alogf —logl'(a) + aE(logz) — SE(z) — logk

1
— kE(logz) + klog A + F]E(JJ“),
which, considering 0/OM D (fs(z|a, B)|| fi(z|A, kK))} = —K/A+K/NTIE(2"), and
K, 0/OR{ Dk (f3(x|a, B) || fi(z| A, k))} = —1/k—¥(a)— T (k+a), results in a system
with equations A = E(2") and ¥(k + a) — 1/k = ¥(a). The system has to be
solved with numerical methods.
]

Theorem B.4 (Log-normal-Gamma Kullback-Leibler minimum). If we consider

densities fo(x|p, 7) and fs(x|a, B), Dir(fo(x|u, 7)| f3(x|a, B)) it is minimised when,
simultaneously, we have E(x) = o/ and E(log x) = ¥(a) —log 3. The divergence

Dgr(fs(z|a, B)| fo(x|p, 7)), attains its minimum for p = E(logx) = ¥(a) — log 3

and ¥(a) —log B and 7 = 1/Var(logz) = 1/¥' ().

Proof. The Kullback-Leibler divergence between the Log-normal and the Gamma

densities is given by
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D el alelo ) = [ ftelin. 7} ~togar + g7~ 3 ogem

1
- §T(log21’ —2ulogz + p®) — alog B +logT'(a) — (a — 1) log - + /3'1:} dx

1 1 1 ‘ 1
=3 logT — 3 log(2m) — 57 E(log® z) — 5TH E(log x)

1
- 57/1? —alog 5+ logl'(a) — aE(log x) + BE(z).

Differentiating with respect to a, we have 0/0a{Dgp(fo(x|u, 7)|| f3(x|, )} =
—log 8 + V() — E(logz), which is solved for E(logz) = ¥(a) — log = u.
Differentiating with respect to 3, we have 0/08{ Dk (fo(x|u, 7)| f3(x|a, B))} =
—a/ + E(z), with solution E(x) = o/ = exp{u + 1/(27)}. The minimum is
obtained by solving the system of equations with numerical methods (i.e. Newton-
Raphson). We now consider the Kullback-Leibler divergence between the Gamma

and the Log-normal density

D (falelo Ml 7)) = [ atela ] atog 5 - 1og () + (@~ 1oga
0
— Bz + logz — %logr + %log(?w) — %T(log2 x2ulog x + /LQ)} dx
= alog B —logI'(a) + aEllogz] — SE[x] — %10%‘7’

1 1 1
- 5 log(27) + 37 E[log® x] — TuE[log z] + §T,u2.

The divergence is minimised by considering 0/0u{ Dk (fs(x|a, B)|| fo(x|u, 7))} =
—7E(log )+, and 0/07{Dxr(fs(zla, B)|| fo(w|p, 7))} = =1/ (27)+E(log® ) /2~
wE(log ) + p?/2. Numerically, the system that has to be solved to find the mini-
muin, is formed by equation p = E(logz) = ¥(a) —log 5 and 7 = 1/Var(logx) =
1/V ().

O
Theorem B.5 (t-Normal Kullback-Leibler minimum). The Kullback-Leibler di-

vergence between a t density with location parameter 0, scale parameter A and
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number of degrees of freedom v, denoted by fo(x|0,\,v), and a Normal density
with mean p and precision T, denote by fi(x|u, ), is minimised for p = 6 and
T= A

Proof. Consider the divergence between the two densities

D fualp. Ao iteli ) = [~ ptalo gt (252) ~1osr (%)

1 1 21 A
Zlog\— = - 1 Zr—0)2) ==
+ 5 log A 5 log(v) 5 log <1 + V(r 6) ) log 7

7+1 v 1 1 p+1
- o r(—) S ok — = lop i —
logF( 5 ) ogl'{ 5 + = log A 2logl/ 5

: i 1 1
E {log (1 + %(l‘ - 0)2>} ~5 log T+ §log2 + §TE(332)

10
—TuE(x) + 57;1/2.

Differentiating, we have 0/0u{Dk(fo(x]0, X\, V)| fr(z|p, 7))} = —7E(x) + 7p,
which is solved for yp = E(z) = 0; and 0/07{Dkr(f2(z]0, X\, v)| fi(x|u, 7))} =
—1/(27) + E(2?)/2 — uE(z) + p?/2, which is solved for 7 = 1/Var(x) = \.

U

Theorem B.6 (Weibull-Log-normal-Gamma-Exponential Kullback-Leibler min-
imum). If we consider the Kullback—Leibler divergence between either a Weibull, a
Log-normal and a Gamma distribution, and an Exponential distribution with rate

parameter 0, each divergence is minimised for 8 = 1/E(x).

Proof. 1f we consider the three divergences, we have

Dk (fi(z|\ k)| fa(x|0)) = /0 fi(zx|A, ﬁ){logﬁ —logk + (k—1)logz

—(ﬁ—l)log)\—%—logG—F&x} dx
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1
=logr + kE(logz) — E(logx) — klog A — * (") —log 6 + 0 E(z)

9

and

> 1 1
D falale 1 (e16)) = [ fatel 7 ~togar+ Jog7 = Log(2m)
0
1 ‘
- §T(loga: —p)? —log 6 + 6:17} dx
1 1 1 )
= —E(logz) + 5 logT — 5 log(2m) — 57 E(log” x)

1 .
+ 1uE(logz) — 57;1,2 —logf + 0 E(x),

and

Dk (fs(z|a, B)|| f1(x|0)) = /000 fg(.ﬂa,ﬂ){alogﬁ —logl(a) 4+ (o« —1)logx

— Bz —log 6 + HI} dr

= alogf —logI'(a) + aE(logx) — E(logx) — SE(x)
—log 0 + 0 E(x).

The derivative of each divergence with respect to 6 has the result —1/6 + E(x),
which has solution § = 1/E(x). In particular, for the Weibull distribution, the
divergence between the two densities is attained for = 1/{\I'(1 4+ 1/k)}; for the
Log-normal, the minimum is at # = exp{—u —1/(27)}. And, for the Gamma, the

minimum is attained at 0 = 3/a.
0

Remark B.4. If the random variable x has an Exponential distribution with pa-

rameter 8, then

E(log®z) = (logf + )% + 72 /6
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E(log z) = m*/6.

refer to Johnson and Kotz (1970).

Theorem B.7 (Exponential-Log-normal Kullback-Leibler minimum). Consider
the Exponential density with parameter 6 and the Log-normal density with pa-
rameters . and 7. The Kullback-Leibler divergence Dy (fa(2|0)| fo(x|p, 7)) is
minimised for p = E(logz) = —logf — v and 7 = 1/Var(logx) = 6/72.

Proof. The divergence between the two densities is given by

Drr(fa(x|0)| f2(2|p, 7)) = /0'00 fa(x|6) {logﬁ —0x + logx — %logT

1 1
4 lonm) + 1rloga — ) o
1 1
1 1 .
+§T ]E(log2 1‘) — T E(log T) + 57.”2‘

The derivative with respect to pis 0/0p{ D 1 ( f1(x|0)|| f2(x|p, 7))} = —T E(log x)+
Tp, which is solved for p = E(logz) = —logf — 7. When we differentiate with
respect to 7, we obtain the partial derivative 0/07{ Dy (fa(z|0)| fo(z|p, 7))}
—1/(27) +E(log® x)/2 — puE(log ) + 112 /2, which is solved for 7 = 1/Var(logz) =
6/m2.

OJ
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Appendix C

Discretisation of the Parameters

of a Normal Density

A possible way to derive objective priors for continuous parameter spaces through
our idea, is by discretising the spaces. Here we present the approach for the
Normal distribution and a generalisation to the exponential family.

Let f;r(x|u;,07%,) be a density of the Normal family, with mean p; € (—oo, 00)
and variance 0]2-, x> 0. We also assume that the parameter are increasingly ordered,
that is p;_1 < p; and dj‘,k—l < a?’k. Note that it is possible to obtain the same
results by considering a decreasing order, and in general, there is no substantial
difference in considering an increasing or decreasing order, as moving from one or
the other is simply a “mirroring” exercise. As such, we discuss in detail the case
where the discretised parameters are increasingly ordered and, where necessary,

we reserve a special treatment for when they are decreasingly ordered.

C.1 Unknown mean and known variance

Let us consider the case where the variance is known, and we need to put a prior
on . We have then, 0%, = 0*, Vj, k. We can then simplify the notation for this
case, by setting f; = N(u;,0?). Thus, applying our approach (as discussed in
Chapter 3), the prior mass to be put on y; will be proportional to the minimum

between Dicr(f;lfj-1) and D (fjl fi+1)-
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C.2. Known mean and unknown variance

For convenience, we repeat here the expression of the Kullback-Leibler diver-

gence between two univariate Normal distribution, that is

1
2

g g 12 2 2
D el oD talpn o) = 5 { 2+ Do (B) -1} ()

9
03 2 )

Therefore, from (C.1) we see that if the nearest model to f; is f;_;, meaning that

(pj — pj—1) < (j — pj4+1), and the prior will be given by

(1) o< exp { (w5 — p51)*} -

If the nearest model to f; is fjy1, that is (u; — pj—1) > (; — ptj41), we have

m(p5) oc exp { (1 — pi1)?} -

In other words, in the case where the variance is known, the minimum Kullback—
Leibler divergence is determined by the density which has the value of the mean
closer to p;. The prior would then be proportional to the square of the difference

between the two means.

C.2 Known mean and unknown variance

If the mean is known, and we need to put a prior on the variance, we will have y; =
w, Vj and fr = N(u,0?). To find the minimum divergence between Dy r(fxll fi—1)
and Dgr(fell fxr1), we note that (C.1) has the form z — logz when we consider
two Normal densities with same mean and different variance. The variable x, in
this case, represents the ratio of the variances.

In Figure C.1 we have plotted function z — log z in the interval (0,5). From
this, we can infer the behaviour of the Kullback-Leibler divergence computed
between to Normal distributions with same mean and different variance (where,
as assumed here, the variance is discretised and the densities considered have
different and consecutive value of the parameter). When we compare consecutive

variances, we can have either an increasing scenario (oj > 0j,;) or a decreasing
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X

Figure C.1: Plot of the function x — log z, where = represents the ratio between
two (consecutive) variances of a Normal density.

scenario (0; < op,;). In the former case, the the ratio of consecutive variances
is larger than one; whilst in the latter, this ratio is smaller than one. In either
case, the Kullback-Leibler divergence is an increasing function of the difference
between the two variances.

Let us us now define A\, = o7, ,/0s. Thus, (C.1) can be written as

(Ak—1 —log Ag—1 — 1) /2 o< (Ag—1 — log Ag—y — 1)

Given that Ag_1 —log A\y—1 < 1/A,—log 1/\; implies that o} /of_, —log(c?/oi_,) <
oi/or ., —log(ot/o} ), the smaller Kullback-Leibler divergence is Dy, (fxl| fr—1)-

2 2
T Ok

m(0}) o exp { —log ( > } :
Thr T

If \g—1 —log Ak—1 < 1/Ax —log 1/, which implies that o2 /02 | —log(c?/0?_,) >

or/0ts — log(o /o2, ), then the minimum divergence is Dycp,(fi fr41), and the

2 2
W(az)ocexp{ gk —log( Z"” >}
Okt1 Ok+1

Thus, the prior is

prior
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C.3 Unknown mean and variance

Let us now consider the case where both parameters are unknown. Thus, f;; =

N(;, 05

7). The discretised parameter spaces will now form a lattice structure,

and from each point in the structure (f;x) we can compute eight divergences.

That is, for fjrs1, fivip+1 fivrk fj+1,k—1a Tag=ts Ji=t ity Jp-ap and fj—l,k+1-
Theorem C.1 and Theorem C.2 below, show that the minimum Kullback—

Leibler divergence, with respect to f;, is attained when only one of the two

parameter varies.

Theorem C.1. Let f;. = N(u;,03,), where yi; and 03 are the discretised ver-
sion of, respectively, the mean and the variance of the Normal density. Then,
Drr(fikll fin+1) < Drr(firllfi-1e+1) and D (firll fiks1) < Drr(firll firipe1)-

Proof. By considering the expression of the Kullback-Leibler divergence between

two Normal densities in (C.1), we have

Dir(finllfirr1) < Drr(fixllfi-1041)

1 (s — ) | i o
5 > + = log p —13 <
7.k+1 7.k+1 k+1

1 — e B @ g
- (1 : fi-1) n 2j,]s log ( Qg,k ) 1
2 T} k+1 Tkt1 Tk+1

(5 — i)

2
O k+1

0<

This is true for any p;, u;—; and o2 roving the first part of the statement.
Y Hjs K Gk+1 P

Similarly, we have

Drr(fikll fir+1) < Drr(fikll fistes1)
U (g —py)® | o5k otk
o L+ Jep | -1 <
05 k+1 Ojk+1 Ok+1
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1 )2 ol oy,
= (:uj ZMJ—H) + QJ,k 10g < Z]A > 1
2 05 k+1 Ok+1 Tk+1

(Nj - Hj+1)2

2
035 k+1

0<

This is also true for any s, p1;41 and af- k41, proving the second part of the theorem

statement. O

Theorem C.2. Let fj = N(u;,03,), where p; and o3, are the discretised ver-

sion of, respectively, the mean and the variance of the Normal density. Then,
Drr(firllfik-1) < Drr(firllfi—1k-1) and Drr(firll fik-1) < Drr(firllfis1x-1)-

Proof. By considering the expression of the Kullback—Leibler divergence between

two Normal densities in (C.1), we have

Drr(fixllfix—1) < Dro(fikllfi-1e-1)

o?, e,
ik log( 2“‘)—1 <
Ok—1

1 J (g — pi)? o
N

Ojk—1 O

(5 = p1j—1)*

Ojk—1

0<

This is true for any p;, p;—; and 0]2-‘,6_1, proving the first part of the statement.

Similarly, we have

Drr(firllfie—1) < Drr(fixllfis1e-1)

1] (e —w)? " Tk log ( TGk > ke
2 C’?.kq sz'.k—l ‘71%—1
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(it — M41)”
Oik—l

0<

This is also true for any p;, f;4+1 and 0]2-7k_1, proving the second part of the theorem

statement. O]

The prior mass to be put on (,uj,aik), depends on the smallest divergence
among D]x’L(fj.l-Hfj.k~1)7 DKL(fj,k|'fj,k+1)» DKL(fj.ka}—l,k) or DKL(fj,kajH,k)-

C.4 Discretisation of the parameters - Special

cases

With the results discussed above, we can see that the prior depends on the discreti-
sation scheme. For example, in the case where the unknown parameter is the mean,
the mass will be proportional for the Kullback-Leibler divergence Dy (fjxll fi+1.x)
if the distances between the consecutive means are decreasing. It is then inter-
esting to analyse some particular structures of the discretisation to retrieve well
known priors.

In this section we show that, while it is possible to construct the discretised
structures in a way that the prior to be assigned to the parameters is uniform, it is
not possible (except for the prior on i) to define a discretisation of the parameters

such that the prior is Jeffreys’.

Uniform prior

If the parameter to estimate is the mean, that is the variance is known, the uniform
prior of p can be obtained by simply considering consecutive means separated by

equal intervals. In fact, if we set p; — p;_1 = 6, for every j, the prior will be

(i) ox exp { (u; — pj—1)*} = 1.

It is clear that, in this case, we have Dy (f;||fi—1) = Dkr(f;l|fi+1)- In fact, this

is a situation where the Kullback-Leibler divergence is symmetrical.
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A noteworthy aspect is that this prior can be designed by setting up the se-
quence of means such that every point is always the arithmetic mean of the two

contiguous ones. That is, if pu; = (pj—1 + p41)/2.

If the unknown parameter is the variance, we can put an uniform prior on it by
considering the ratio between consecutive variances constant. The general result
assumes that the variances are increasingly ordered and it is obtained as follows.

First, we note that to obtain a uniform prior for o7, we need Dy (fr_1llfx) =
Dy r(fillfes1). In fact, from (C.1) we see that the Kullback-Leibler divergence
between to Normal distribution with common mean but difference variance is not
symmetrical. Therefore, in order to have a uniform prior, the minimum diver-

gences have to be all in the same “direction”. To obtain this construction, and

recalling that we set Ay = 0., /0%, we have

DKL(fk—l”fk) = DKL(fk||fk+1)
0251 g (Uzgl) _ ‘;1% —log( Zi )
Ok O Ojt+1 Ok+1

1 1 1 1
—lo = — —1lo — 14 C.2
A1 . </\k—1) Ak - (Ak) ( )

The solution of (C.2) is A,—1 = Ax. Thus, in order to obtain equal “right”

Kullback-Leibler divergences, we need to have

2 2

g a
k-1 _ Ok

— = (C.3)
O Ok41

which means that the ratio between consecutive variances has to be constant:
oi/of_, = X. However, to have the desired uniform prior on the variance, it is
not sufficient that the “right” divergences are all equal, but also that they are
always smaller that the ones computed in the opposite direction. In fact, our
approach requires a prior mass proportional to the minimum Kullback-Leibler
divergence from the point. To show that Dy (fillfio1) > Drr(fellfrs1), given
that D r(fell fir1) = Drr(fi-1llfx), we see that we need to have
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1 1
Ae—1 — log Ap—1 > — —log <—>
k

A Ak
1 1
Ae—1 — log A\i— — =1
k-1 — l0g Ap—1 > Y 0g (/\k_1>
A1 — > 210g /\k—la (04)
Ak—1

where the second inequality in (C.4) holds as the variances are assumed to be in-
creasing. We note that the last inequality in (C.4) has the form of z—1/z > 2log z,
with z > 1. In Figure C.2 we have plotted function z — 1/z, represented by the
continuous red curve, and function 2 log x, represented by the dashed black curve.
We can easily see that, for z > 1, which corresponds to our initial assumptions

that the variances are increasing, the inequality in (C.4) holds.

2-
11
0-
-1 —x - 1/x
---2 log x
"2 T T ]
0.5 1 1.5 2

Figure C.2: Plot of function  — 1/z (continuous red line) and function 2log
(dashed black line). The variable z represents the ratio of two consecutive vari-
ances \y_1 = 0/a?_,.

Should we assume that the variances are decreasing, we would have )\, =
ori1/0f < 1. In this case, we would have Dy (fri1llfi) = Dir(fellfr-1). By
inspecting in Figure C.2 the region where x < 1 (i.e. A < 1) we see that the equal
divergences are always smaller than the one computed in the opposite direction.

For the uniform prior for the mean, we have seen that this can be designed

by setting each point as the arithmetic mean of the two contiguous points. Sim-
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ilarly, a sensible result can be obtained for the prior on the variance. In par-

ticular, as A = of/of_, has to be constant, from (C.3), this is possible when
0} = 1\/0t_, - 0,1 In other words, when each point is the geometric mean of the

contiguous points.

To find the uniform distribution when both parameters p and o? are unknown,
an additional condition has to be included. This is determined as follows.

Let us consider the lattice structure defined by y; and o7, where the mean
points define the columns of the lattice and the variance points the rows on the
lattice. To clarify: if we fix the variance, changes in the mean are represented by
horizontal movements. If we fix the mean, changes in the variance are represented
by vertical movements.

In order to define a uniform prior on (y;, O']ka), we need to design the lattice in
a way that, at each point, the minimum Kullback-Leibler divergence (measured
to a contiguous point) is constant. From the above discussions, we know that
the minimum divergence from a point of the lattice occurs when only one of
the two parameter varies. That is, it is either a “horizontal” or a “vertical”
distance. However, from (C.1), we see that it is not possible to keep any of the
“horizontal” divergences constant. In fact, its value does not depend on the means
only, by it is inversely proportional to the variance. For example, if 07 > o7 |,
then Dy (fjxllfi+16) < Dri(fix-1llfj+1,-1). Therefore, the only way to design
a lattice structure that leads to a uniform prior, is done by forcing one of the
“vertical” divergences to be constant. In fact, the Kullback-Leibler divergence
between two Normal distributions with the same mean (refer to (C.1)) depend
only on the ratio of the variances.

Let us now start by constructing a lattice structure in agreement with the
conditions we have discussed above to obtain a uniform prior on each parameter
independently. That is, we put § = p; — ;-1 and A = o3 /ot_;. The first condition
ensures that, in each row, the “horizontal” distances are constant; the second con-
dition ensures that, in each column, the “vertical” distances are constant. Then,
by construction, the minimum Kullback-Leibler divergence measure from f;; can
be either Dy (fixllfi—16) or Drr(fjxll fijr+1). Note that the first divergence can
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be replaced by Dy (f;kllfi+1.%), as the Kullback-Leibler divergence is symmetri-
cal in this circumstances. However, on the basis of what said above, the smallest
divergence has to be the “vertical” one, that is Dg(f;xl fjk+1), for the “horizon-
tal” divergence depends on the row (i.e. on k). To obtain this, we need to set the

following extra condition

Drcr(fi el fine1) < Drr(fill fi-1k)

(/lfj - ,Uj—l)2

+1

Equation (C.5) is solve with respect to the variance, and we have

52
o2

S T~ log(1/A) — 1

We see from (C.6) that the additional condition is an upper bound for the variance.

(C.6)

Thus, when both parameters are unknown, and we wish to define a discretised
parameter space such that the prior mass on each point is uniform, we need to set
three conditions. Namely, the arithmetic mean for u, the geometric mean for oy
and fix an upper bound for the variances, where this bound depends on the first
two conditions. We note that this limit can be controlled by the distance between

the means (0) and the ratio between the variances ().

Jeffreys’ prior

We now discuss the possibility of discretising the parameter space of a Normal
density and, by applying our approach, retrieve Jeffreys’ prior.

The Jeffreys prior for the mean of a Normal, when the variance is known, is
a uniform: m(p) o< 1. As such, we can conclude that it is possible to design a
discretisation of the mean such that the prior mass is a uniform and, in particular,
this is the result we have discussed in Section C.4 above.

We now show that, on the basis of the proposed prior, it is not possible to
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construct a discrete structure such that Jeffreys’ prior can be obtained, in both

cases when the parameter is the variance or the pair mean and variance.

The Jeffreys’ prior for the variance of a Normal density, when the mean is
known, is m(c?) o< 1/0% = exp(—loga?). Thus, because our approach assigns a
mass which is proportional to the exponential of the Kullback-Leibler divergence,
we nee to have —logo? > 0. Therefore, we need to consider discrete structure of
variances between zero and one.

If the minimum divergence from fy is Dy (fx||fxs1), we would have
(s e () 1} e
— — log —1p =—logoy,
2 |04 i1

0,% = OZ+1 {1 = log(azaiﬂ)} . (C.7)

Given that the variances have to be smaller than one, —log(ofoz, ;) > 0, and

which has solution

o?/o? > 1. Thus, under the assumption that the minimum divergence is
k/ Ok+1 ) g
Dy (frll frs1), it is not possible to have increasing variances. Then, we consider

the case where the variances are decreasing. We should than have

e ( 7 ) } 1{ . ( 7 ) }
— ¢ —— —log | —-1p> =< " —log| 55— | -1 (C.8)
2 {Uﬁ1 or 2 Uﬁﬂ Uﬁ+1

By replacing (C.7) into the right-hand-side of (C.8), we obtain that o}/07 | +

log(o2a?_,) > 1. However, as we assume decreasing variances, we have o} /o7,

and log(oioi ;) < 0, inequality (C.8) does not hold. Thus, it is not possible
to simultaneously have the condition for Jeffreys’ prior and Dy (fxl| frr1) <
Dy (fell fe—1) satisfied.

Let us now assume that the minimum divergence is Dy (fi||fr—1). In this
case, Jeffreys’ prior would be possible if, for every variance value smaller than

one, we have
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i = 04, {1 - 10%(0;30'}3*1)-} (C.9)

If we assume decreasing variances, equation (C.9) never holds. In fact, this equa-
tion implies that ¢7/0? , > 1, which is not compatible with decreasing variances.

If we assume increasing variances, we have

1 2 - 1 . .
—{Z’* —log(gk>—1}<—{gk —1og(c2’">—1}, (C.10)
2 oj Og-1 2 Lo Ok+1

which, by substituting (C.9) into the left-hand-side, gives o} /o, | +log(orot,,) >

1. Given that in this case o /ot ; < 1 and that log(ozo7,,) < 0, inequality (C.10)
never holds.

We can then conclude that it is not possible to design a discretised structure
of the parameter space of the variance of a Normal density such that, by applying

our objective prior, it is possible to obtain Jeffreys’ prior.

Considering the case both the parameters of the Normal distribution are un-
known, we need to distinguish between Jeffreys’ rule prior and Jeffreys’ indepen-
dent prior. We recall that the first one is obtained by applying Jeffreys’ invariance
method, whilst the second assumes independence of the parameters. Jeffreys’ rule
prior is 7(p, 0?) o 1/, Jeffreys’ independent prior, which coincides with the ref-
erence prior, is 7(u,0?) = w(u)w(c?) = 1/0%. As the prior obtained by applying
Jeffreys’ rule gives unacceptable results (i.e. the posterior distribution would be
a chi-square with n degrees of freedom, where n is the sample size, which does
not take into account the loss of a degree of freedom in estimating the mean), we
focus our discussion on Jeffreys’ independent prior only.

We have seen that it is not possible to design the lattice structure in such a way
that Jeffreys’ prior can be obtained by considering the minimum divergence one
of the “vertical” ones, namely Dy, (fjxllfjr+1) and Dgr(fjrl| fjr—1). Therefore,
we show that it is not possible to work out an appropriate structure by aiming to
have as minimum distance one of the “horizontals”.

We begin by noticing that we can assume the distance between the means
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constant, 6 = p1; — p;—1. In fact, should we find an appropriate distance such that
any of the “horizontal” divergences is the minimum and it leads to Jeffreys’ prior,
this automatically applies to any column of the lattice. Thus, we consider only
the divergence Dg(f;kllfi—1%), being the one from j to j + 1 identical. Also, we
recall that the variances have to be confined in the interval (0, 1).

Let us assume that the variances are increasing. If Dy (fjkl fij—1.x) is smaller
than Dgp(fikllfik+1), then

52 s, ge
5 +1= 2]']\‘ — log (%’k . (Cll)

T}k 05 k+1 05 k+1

If Dir(fixllfj—14) is the minimum divergence, than it has to be Dy r(fjxl fi—1.6) =
log 0%, which implies 0* = —207%, loga?,. By replacing this result into (C.11),
we have o2, /0%, | +log(07,07,,,) > 1. This result is not possible because, by
assuming increasing variances with value smaller than one, we have a‘j‘k b af-_k L -4
and log(o?,0%,,,) < 0. As such, any of the “horizontal” divergences, under the
above assumptions, is never smaller than Dy (f;xll fjr+1)-

If we assume decreasing variances, we show that Dy (fjxll fj—1.k) is never
smaller than Dgp,(fj x|l fix—1). In fact

52 o2 o2

—+1==" —log| 522 |. (C.12)

Tjk Tjk-1 T k-1
Setting 6° = —207, log 07, in (C.12) above, we have o3, /o3, | +log(03,)0%, | >
1. As the variances are decreasing and smaller than one, o3, /07, | < 1 and
log(03,0%,_1) < 0, also inequality (C.12) does not hold. Again, given that

Dir(fjkllfi—1x) can never be the smallest one under these assumption, we con-

clude that Jeffreys’ prior cannot be obtained.

C.5 Extension to the exponential family

The general results discussed above can be generalised to the exponential family
of distributions.

Let us consider a distribution f(z]f) belonging to the exponential family. The
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general form is

f(x|0) = c(x) exp {h(z)a(d) — m(0)}, (C.13)

where ¢(z) and h(z) are functions of z, and a(f) and m(6) are functions of the
parameter 6 only. If a(f) = 6, the exponential family is said to be in canonical
form. If we consider the exponential family in canonical form with the simplest
h(z), that is h(x) = z, we have

f(z]0) = c(x)exp{z0 — m(6)}.

Let us consider density f(z]0;) and g(z|f2), both belonging to the exponential
family. Thus, the Kullback-Leibler divergence between f(x|6;) and g(x|fs) is given
by

Dur(flalplgalen)) = [ falor) 1og{ L i} g2

= E{h(z)}{a(01) — a(02)} + {m(62) — m(61)} (C.14)

If the distributions are in the canonical form and h(x) = z, expression (C.14)

becomes

Dir(f(z]61)|lg(]02)) = E(x)(61 — 02) + {m(62) —m(61)} .

As the moment of a distribution belonging to the exponential family are obtained
by differentiating n(f), we have T = m/(¢). In this case, the Kullback-Leibler
divergence between two densities of the exponential family, in their general form,

becomes

Dy (f(2]61)]lg(x]02)) = m/(61) {h(z)} {a(61) — a(f2)} + {m(02) — m(61)},

whilst the one in canonical form, with h(z) = z becomes
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Dir(f(x|61)]lg(x|02)) = m/(01)(01 — 0a) + {m(62) —m(01)} .

Let us now consider a discretisation of the parameter space of 6 for a distri-
bution of the exponential family in the canonical form, f(z|f). To obtain the

mass to be assigned on #;, we need to be able to asses which divergence between

Dy (f(z|6;)] f(z|6;-1)) and Dy (f(x]60;)|| f(x]0;+1)) is the smallest. We see that

Dir(f(@|0;)||f(216;-1)) < Drr(f(x|0;)[1f(]0;41))
m'(0;)(0; — 0,_1) + {m(6;-1) — m(6;)} < m'(0;)(0; — 0;11) + {m(011) — m(6;)}

m/<9j) < 771(‘9]'+]) — m(gj—l).
i1 — 051

(C.15)

As m'(6;) is the expectation of the distribution, we see that expression (C.15)
suggests the condition for the mean of the distribution for which the prior mass
on 6, is proportional to the divergence from f(x|6;) to f(x|#;—;). By inverting
the inequality sign in (C.15), we have that the prior mass will be proportional to
Dicr,(f(x]60;)]| f(2]641)) when

m(0;+1) = m(0;1)
11— 051

m'(6;) > (C.16)

The following Example C.1 applies the above results to the special case of a
Normal density with known variance, expressed in the exponential family form.

It also shows how the result is consistent with the one obtained in Section C.4.

Example C.1. Let us consider a Normal distribution with unknown mean p and

known variance 0. To express this distribution in canonical form (C.13), we set

c(z) = exp(—x?/20%)/V2mra?, h(z) = x/0?, a(f) = u and m(0) = p?/202.
By considering either (C.15) or (C.16), and that m'(u) = p/o?, we have

2

B /20" =y, /20"
a Hj+1 — Hj—1 '

which solved for yi; gives the result
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_ Bt Hin ;/‘f“_ (C.17)

The result in (C.17) reconciles with the result we have obtained in Section C.4. In

My

fact, what (C.17) states is that, if we chose each point in the sample space f zmu
equal to the arithmetic mean of the two contiguous points, then the divergences
Dy (f(x[p)lf (xlpj-1)) and Dxp(f (@)l f(z|pje1)) will be equal.  Therefore,
we would obtain the uniform prior on L.

We see that, if we choose pj < (pj—1+pj+1)/2 at each point, then the minimum
divergence will be always Dy (f(x|w;)| f(x|pj-1)). In fact, this means that the
inequality |p; — pj—1|< |pj — pip1| holds. And this inequality has solutions ju; >
W1+ — -] and p; < pig —|p — pi-1|. Given that we assume pr;_1 < fjq1,

the only possible solution is the former one, giving

-1 — P41
R

which agrees with the result previously obtained. With a similar process, it is

P <

straightforward to see that when we set each point larger than the arithmetic mean
of the two contiguous points, that is p; > (pj—1—ptj+1)/2, the minimum divergence

is always Dico(f(zlu;) | fels)).

In the next example, we consider a Normal density with known mean p = 0
and unknown variance. In this case as well, we obtain results consistent with the

previous.

Example C.2. Let us consider a Normal density with known mean p = 0 and
unknown variance 0. We express it in the form of (C.13) by setting c(x) =
1/v2m, h(z) = 22, a(f) = —1/20? and m(0) = logo?. By applying either (C.15)

or (C.16), and considering that m'(0) = 1/0?, we have

2 p
9 log o511 —log oy

sy, = :

1203 1) = 1/(203440)
By setting \x = 072 4,1/03 4, then the right-hand-side of equation (C.18) becomes
—07 i {llog A +log Ak—1/[1/ Ak — Ae—1}. Therefore, from (C.17) we have

(C.18)
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—log A\x — log Ap_1
1/ Ak — Ar_1

=1,

which can also be written as

1 1
A1 —log A 1= — —1 — .
k—1 0g Ak—1 M 0g</\k>

We can than reconcile the previous general results. In fact, if we set \g_1 —
log A1 < 1/Ar—log(1/Ax), then the minimum divergence will be Dy r(fi x|l fir—1)-
On the contrary, if we set \p—1 —log A1 > 1/ — log(1/Ar), then the minimum

divergence will be Dicr(fik|lfir+1)-
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