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Abstract

This thesis studies uniform finite time stabilisation of uncertain variable structure and
non-smooth systems with resets. Control of unilaterally constrained systems is a chal-
lenging area that requires an understanding of the underlying mechanics that give rise
to reset or jumps while synthesizing stabilizing controllers. Discontinuous systems with
resets are studied in various disciplines. Resets in states are hard nonlinearities. This
thesis bridges non-smooth Lyapunov analysis, the quasi-homogeneity of differential in-
clusions and uniform finite time stability for a class of impact mechanical systems.
Robust control synthesis based on second order sliding mode is undertaken in the pres-
ence of both impacts with finite accumulation time and persisting disturbances. Unlike
existing work described in the literature, the Lyapunov analysis does not depend on
the jumps in the state while also establishing proofs of uniform finite time stability.
Orbital stabilization of fully actuated mechanical systems is established in the case of
persisting impacts with an a prior: guarantee of finite time convergence between the

periodic impacts.

The distinguishing features of second order sliding mode controllers are their sim-
plicity and robustness. Increasing research interest in the area has been complemented
by recent advances in Lyapunov based frameworks which highlight the finite time con-
vergence property. This thesis computes the upper bound on the finite settling time
of a second order sliding mode controller. Different to the latest advances in the area,
a key contribution of this thesis is the theoretical proof of the fact that finite scttling
time of a second order sliding mode controller tends to zero when gains tend to infinity.
This insight of the limiting behaviour forms the basis for solving the converse problem
of finding an explicit a priori tuning formula for the gain parameters of the controller
when an arbitrary finite settling time is given. These results play a central role in
the analysis of impact mechanical systems. Another key contribution of the thesis is
that it extends the above results on variable structure systems with and without resets
to non-smooth systems arising from continuous finite time controllers while proving

uniform finite time stability.

Finally, two applications are presented. The first application applies the above the-
oretical developments to the problem of orbital stabilization of a fully actuated seven
link biped robot which is a nonlinear system with periodic impacts. The tuning of the
controller gains leads to finite time convergence of the tracking errors between impacts
while being robust to disturbances. The second application reports the outcome of an

experiment with a continuous finite time controller.
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CHAPTER 1

Introduction

Feedback control of dynamical systems has been one of the most rigorously studied top-
ics in the second half of the twentieth century. It utilizes mathematical insight to solve
intricate problems of stability and performance for dynamical systems. Of principal
interest is stability analysis and robust control synthesis for uncertain systems. Classi-
cal control methods (e.g. frequency domain methods) and modern control theory (e.g.
the state space approach) have established a rich literature on the fundamental task
of stabilizing the system and/or obtaining desired performance from a given system.
One of the central themes in feedback control design is the analysis of the robustness of
a particular control synthesis to external disturbances and to modelling uncertainties.
This philosophy of robust control theory is naturally applicable to many engineering
applications where the knowledge of the nominal dynamics is often available whereas
the aim of the feedback control is to ensure that the performance of the real system

under non-nominal conditions remains satisfactory.

Amongst various robust control frameworks, the traditional and second order sliding
mode (SOSM) controllers have proved to be a popular method for robust control of
uncertain nonlinear systems [1-4]. Sliding mode controllers belong to the family of
variable structure controllers [1]. Sliding mode controllers render a defined manifold
of the state-space attractive such that, once on the manifold, the system dynamics
are asymptotically stable. Inherent invariance properties to a class of disturbances,
namely, ‘matched disturbances’ [1] make sliding mode control attractive. Stabilizing
controllers for systems represented by linear and nonlinear differential equations have
been established using a sliding mode control framework [5]. The problem of finding a
mathematical solution for differential equations with discontinuous right hand sides [6]
plays a crucial role in the defining the solutions of the systems employing sliding mode

control. The closed-loop dynamics are not only non-Lipschitz but also discontinuous.

1



8]

In general, discontinuous right hand sides give rise to non-unique solutions in forward
time. A distinct feature of sliding mode controllers is that robustness to disturbances
with a uniform persistent bound is guaranteed, a robustness property which naturally
makes sliding mode controllers a very popular tool in engineering applications [7, 8]
and which remains the main driver for theoretical research in control of non-linear

discontinuous systems [9, 10].

A less robust class of non-Lipschitzian controllers than the aforementioned discon-
tinuous controllers are the class of continuous finite time controllers. Since early study
[11], continuous finite time stabilisation methods have attracted considerable theoret-
ical and practical interest [12-15]. The principal theoretical undercurrent is that the
overall closed-loop dynamics are continuous but non-Lipschitz. Although a significant
portion of the study of stability and control of dynamical systems often starts from
the assumption of Lipschitz continuity of the vector field [16], it is not uncommon to
find non-Lipschitz dynamics in real life scenario such as seismic waves approaching
the surface of the earth and turbulence (Navier-Stokes equations) amongst others [17].
Non-Lipschitz systems do not possess unique solutions in forward time in general [13]
in contrast to the guaranteed existence of a unique solution in the case of Lipschitz dy-
namics [16]. It was established in references [11] and [13] that it is the non-Lipschitzian
dynamics that lead to finite time convergence of solutions of a continuous closed-loop
system to the stable equilibrium. Furthermore, the non-Lipschitz continuous finite
time controllers possess better robustness properties than their Lipschitz counterparts
[13, Th. 5.2, Th.5.3]. However, continuous finite time controllers are less robust when
compared to discontinuous controllers as is evident from the fact that the trajectories
of the closed-loop system are only ultimately bounded under the continuous finite time
synthesis [13, Th. 5.2] when persisting disturbances appear. In contrast, finite time
convergence of the trajectories is obtained in the case of second and higher order sliding

mode controllers [4, 18] despite the persisting disturbances.

This thesis studies uniform finite time stability of non-smooth continuous and variable
structure systems in a plane with and without resets. Finite time stability is perceived
in the sense that the trajectories of a planar system converge to the origin in finite
time [4, 9, 13] rather than diminish to a bounded set over a finite time interval without

actually converging to the origin [19].

Research on discontinuous systems is currently stimulating considerable interest [20,
21]. Discontinuous systems are studied in such diverse research fields as electrical
circuit theory [22], mechanical engineering (non-smooth mechanics) {23] and control

of hybrid systems [24]. Many different frameworks therefore exist to describe various



classes of discontinuous systems, e.g., differential inclusions [6] and measure differen-
tial inclusions [25], complementarity systems [23] and [25], variational inequalities [23,
Chapter 3] and vibro-impact modelling [26] to name a few. The topic of analysis and
robust control for systems with reset events in the state is theoretically challenging and
practically relevant. The discontinuity in the vector field, however, may be caused by
either the introduction of a discontinuous feedback control law or by the interaction of
the open loop system dynamics with its environment. For example, the discontinuity
may be caused by the introduction of a discontinuous controller such as a variable
structure controller. There are examples of systems where the interaction with the en-
vironment causes the right hand side of the dynamical system to take a discontinuous
form. Systems with unilateral constraints [22, 23] present a large class of discontinuous
systems. Unilaterally constrained systems have state jumps or reset events occurring
in an infinitesimally small time giving rise to discontinuity of the vector field. Another
form of discontinuity in the open-loop dynamics is the well-known Coulumb friction

which involves discontinuity around the point of zero velocity [20].

Resets represent hard nonlinearity in the closed-loop dynamics. This form of discon-
tinuity occurs when a state variable undergoes a jump in its value in an infinitesimally
small time. Such systems occur in various disciplines of feedback control [23, 24]. The
practical need for studying such systems, and proposing a synthesis framework, has
been demonstrated by recent applications to biped robots (see for example [27] and
[28]), where the generalized velocities of a robot inherently undergo a reset when the
swing leg collides with the ground. Studying systems with resets also finds natural
application in the area of hybrid systems [29]. Developing a clear understanding of
Lyapunov based stability and robustness properties of a closed-loop system when re-
sets with (or without) a finite accumulation point is a challenging and interesting area
of study (see reference [30] and references therein for hybrid systems and [31, 32] for

the area of biped robots).

There is plentiful research work pertaining to Lyapunov based stability analysis tools
which study asymptotic stability of systems with impulse effects [33-35]. Work in
the area of tracking control of impact mechanical systems can be found in references
[36-38] pertaining to various forms of Lyapunov stability. The stability of unilaterally
constrained systems are studied via analysis of Lyapunov functions in continuous and
discrete event phases. It is evident from the aforementioned references that the analysis
results obtained are only limited to asymptotic stability [39, 40]. The formal study
of finite time stability and stabilisation of unilaterally constrained systems is a more
open problem. Uniform finite time stability and stabilisation of unilaterally constrained

nonautonomous systems is a new direction of research.



It is known, due to recent advances in Lyapunov theory [9, 13, 41, 42|, that the
aforementioned non-Lipschitzian controllers (both non-smooth [11, 12] and variable
structure controllers [2, 4, 5]) offer a more robust alternative to the Lipschitzian (or
linear) controllers due to the superior robustness properties of the former in the stabili-
sation of systems in the presence of disturbances with persisting or uniformly decaying
bounds in the right hand side of the underlying differential equations. It is then natu-
ral to expect the same superior robustness properties while studying the uniform finite
time stabilisation and uniform finite time stability of unilaterally constrained systems.

This is the principal motivation for all the results presented here.

There are three main motivations to study uniform stability of dynamical systems.
The first scenario where uniformness is of importance is when the right hand side
of the differential equation does not involve resets but is a function of time t. These
systems are formally known as nonautonomous systems [16]. As with all other stability
concepts [43, Section 5], uniform finite time stability does not follow directly from finite
time stability for non-Lipschitz systems [44] and is an open problem in the continuous
finite time stabilisation literature [11-14, 44-46] even for a simple perturbed double
integrator when time varying disturbances appear on the right hand side. The section
of the thesis pertaining to the continuous finite time stabilisation is strongly motivated

by this open problem.

The second scenario where uniformness is important is when uniformity with respect
to disturbances as well as initial data (state and time) is considered. Since this thesis
intends to study uniform finite time stability in the case of non-smooth controllers with
and without resets in the presence of time varying disturbances with uniformly decay-
ing bound, uniform finite time stability becomes an important problem, a paradigm
that is in its infancy even when there are no resets [44]. Also, since the thesis will study
variable structure controllers with resets in the presence of time varying discontinuous
disturbances with a persisting bound, existing Lyapunov approaches [9, 41, 42] for
proving uniform finite time stability do not apply due to the fact that Fillipov’s solu-
tions [6] are not defined for such systems. A central theme in the intended Lyapunov
analysis is the study of the uniformity with respect to the initial data as well as with
respect to the time varying disturbances. For continuous non-autonomous systems, the
first challenge of any Lyapunov based asymptotic stability study is often the proof of
uniformity of the convergence of the trajectories to the origin with respect to the initial
time [16, Th. 4.9]. In other words, the asymptotic convergence of the trajectories does
not depend on the initial time and a uniform (or similar) convergence can be obtained
for all initial time instants. The second challenge is the uniformity of stability with
respect to time varying disturbances. In the area of continuous finite time stability,

uniformity of Lyapunov based stability proofs has not been studied rigorously with



respect to time varying disturbances. Although general results on Lyapunov theorems
[44] exist, explicit identification of a Lyapunov function and computation of the set-
tling time in the presence of (possibly variable structure) time-varying disturbances
has never been undertaken in the area of uniform continuous finite time controllers.
This is the motivation for studying robust continuous finite time stabilisation and iden-
tifying Lyapunov functions to achieve uniform finite time stability with respect to both
initial data (state and time) and with respect to time varying (possibly discontinuous)

disturbances.

The third scenario where uniformness is of importance is when the right hand side
of the differential equation does not depend on time ¢ but is discontinuous where hard
non-linearities like resets appear. Solutions of these systems are understood in terms
of measure differential equations [47]. The closed-loop autonomous discontinuous sys-
tems result from the application of the sliding mode control of the open-loop linear time
invariant systems when no external disturbances appear. It is well-known that asymp-
totic stability substantiated by strong Lyapunov functions implies uniform asymptotic
stability for nonautonomous systems [16, Section 4.5] [43, Section 5|. However, this
does not generally hold true for discontinuous right hand sides with resets. This is
because the standard arguments, that an arbitrary region independent of the initial
time to can be defined, do not hold true when, for example, resets occur at the ini-
tial time. Furthermore, the discontinuous variable structure controllers are capable of
rejecting uniformly bounded time varying disturbances [2][9, Th. 3.2]. Proving unifor-
mity of the resulting non-autonomous closed-loop system is not trivial and has to be
substantiated by strong Lyapunov functions even when there is no reset in any of the
states. This has been the motivation of recent research work to identify smooth and
non-smooth Lyapunov functions explicitly to achieve uniform asymptotic and uniform
finite time stability of discontinuous autonomous systems [9, 41, 42]. Extending this
uniform finite time stability framework for variable structure systems with resets in

the presence of time varying disturbances is a strong motivation.

Resets can be viewed as giving rise to hybrid systems. Hard non-linearities such as
resets are often studied in the area of hybrid systems. The literature on hybrid systems
is vast and the subject is continually attracting a lot of interest [24]. A natural question
as to why a study of resets with and without accumulation point is needed can be posed
due to the rich literature on the Lyapunov stability of hybrid systems [29, 48-54]. The
above references can be subdivided into those results which formulate the hybrid system
as a time invariant one (e.g. [48]) and those which formulate the hybrid systems as a
time varying one (e.g. [53, 54]). Both classes of problems inherently impose conditions
on the post jump values of the Lyapunov functions [53, Th. 11], [54, Th. 3.1] in addition

to the standard conditions for the continuous phase of the dynamics [16, Th. 4.9]. This



thesis is motivated by two aspects in the case of systems with resets which are distinctly
different in comparison to the methodology used in both the above subclasses of hybrid
systems. In the case of time invariant systems with Zeno behaviour of the impacts
(such as that studied in [48]), time varying disturbances are not studied while studying
uniform Lyapunov stability [48, Th. 3.3]. This thesis will study planar non-autonomous
systems arising from a combination of impacts having a finite accumulation point (Zeno
behaviour) with time varying discontinuous disturbances. Studying uniform finite time
stability of systems with resets when resets have a finite accumulation point and when
time varying disturbances appear is a novel theoretical direction especially when the

same can be studied without analysing the jumps.

In the case of the time varying hybrid systems literature [53, Th. 11], [54, Th. 3.1],
finite time stability is not proven and can be identified as an open problem. From the
view point of hybrid systems, this thesis has strong theoretical motivation in that it
seeks to prove finite time stability and to compute upper bounds on the finite settling
time of a class of unilaterally constrained planar systems (a class of hybrid systems)
in the presence of time varying disturbances when resets have a finite accumulation
point. Also, finite time orbital stabilisation of unilaterally constrained planar systems

is studied when the resets do not have a finite accumulation point.

The beginning of the thesis emphasises developing constructive tuning rules to achieve
a pre-specified settling time. Growing interest in the area of SOSM calls for straight-
forward tuning rules. Several results exist on the problem of proving the finite nature
of the settling time given finite gains of a SOSM but the converse problem of finding
a tuning formula for the gains given a finite settling time is absent. Ubiquitous con-
trollers such as PID controllers enjoy automatic tuning algorithms to achieve various
performance criteria a priori [55]. Amongst other examples, linear systems analysis
enjoys mathematical tools like Laplace transforms and state-space solutions to judge
if the settling time of exponentially stable systems tend to zero in the limit when the
gains of the state feedback matrix tend to infinity. Although, this feature is something
natural to expect from a robust controller like SOSM, interestingly, it has never been
proven theoretically in the existing works that increasing the gains of a SOSM leads to
a decrease in the settling time. This thesis is driven by the need to prove this intuitive
result mathematically. The rigorous literature in the area of SOSM gives tuning rules
for the gains of a SOSM controller sufficient only to ensure finite time convergence and
not for an arbitrary reduction in the finite settling time when increasing the gains of
the controller. The study presented in the thesis is thus also motivated by this desire
to achieve an arbitrary reduction in the settling time. Such tuning guidelines, as will

be shown later, are supported by the proof of the limiting behaviour of the settling
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time when the gains of a SOSM controller tend to infinity. This result will also form

the basis for achieving similar results when the impacts are present.

In the central chapters of the thesis, the application of SOSM to achieve uniform
finite time stabilisation and finite time orbital stabilisation of systems with resets
is motivated by the above theoretical results obtained for the case without resets.
Towards the end of the thesis, orbital stabilisation is studied. It is important to nullify
any error caused by the hard nonlinearities when the finite time orbital stabilisation is
to be achieved successfully. Frameworks for tracking control of systems with recurring
impacts finds natural application in tracking control of biped robots [15, 32]. The
control of biped robots poses two challenges. The first challenge is to stabilize the robot
around its stable walking gait. This is known as the swing phase or the continuous
dynamics. The second challenge is to account for the impulse effects arising from the
collision of the feet with a surface while walking. The main motivation for finite time
orbital stabilisation lies in formulating a robust SOSM synthesis such that the system
exhibits a robust performance in the presence of disturbances in both the continuous
and impulse phases of fully actuated systems. It is then natural to anticipate that
the combination of the finite time convergence guarantee stemming from the tuning
rules coupled with the robustness features of SOSM will pave the way for successfully
negotiating the instabilities caused by disturbances both in the continuous phase as
well as at the time of resets in velocity for systems such as biped robots. A strong
motivation exists to perform this study as the literature does not have results which
formulate a robust synthesis in the presence of disturbances in the continuous and
the impact phases of the class of systems being studied while also giving constructive

tuning guidelines.

1.1 Contributions and thesis organisation

The thesis contributes the following four main results:

1. The theoretical proof of the fact that the settling time of a second order sliding
mode controller approaches zero in the limit as gains of the controller tend to

infinity.

2. Identification of three new Lyapunov functions (one function for the variable
structure controller in the presence of resets and two functions for the non-smooth
controller both in the presence and absence of resets) is carried out to prove

equiuniform exponential stability of the resulting closed-loop planar systems.
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The key contribution is the proof of equiuniform finite time stability of non-
smooth and variable structure planar systems with and without resets in the

presence of time varying variable structure disturbances.

3. Output feedback: tuning rules for the gains for the second order sliding mode

controller and observer.

4. Orbital stabilisation of fully actuated unilaterally constrained uncertain planar

systems in finite time using second order sliding mode synthesis.

This thesis is organised as follows.

Chapter 2 gives an overview of continuous time sliding mode control (SMC). In par-
ticular, the robustness properties of the sliding mode controllers are discussed. Next, a
literature survey of second order sliding mode (SOSM) control is presented. The survey
on this topic concludes by references to Lyapunov approaches for SOSM. The chap-
ter also gives a detailed literature review of continuous finite time stabilisation before
concluding the chapter by presenting a literature review on the control of unilaterally

constrained systems.

Chapter 3 presents a novel homogeneity approach to obtain an upper bound on
the settling time for a robust second order sliding mode controller. The stability
analysis will be substantiated by a globally radially unbounded non-smooth Lyapunov
function. The proposed method will be applied to the ‘twisting’ controller and will be
based on a combination of global exponential stability and global finite time stability
of switched systems. The homogeneity regions will be established and graphically
illustrated. Tuning rules for the twisting controller will also be presented. It will be
shown that the proposed framework does not depend on the differential inequality of
the Lyapunov function and hence provides a new methodology for obtaining the upper
bound on the settling time for exponentially stable homogeneous systems. This chapter

includes the results of a recently published conference publication [56].

Chapter 4 will present a switched control synthesis utilising a robust second-order
sliding mode controller to achieve global uniform finite time stability. The framework
will be based on straightforward step-by-step application of a classical linear feedback
design and the well-known twisting controller. The underlying philosophy is to utilize
globally exponentially stable linear feedback so that the trajectories enter an arbitrarily
defined domain of attraction in finite time and then switch to the twisting controller
so that the trajectories settle at the origin in finite time. The proposed method will be
applied to the perturbed double integrator to obtain an upper bound on the settling

time of the closed-loop system in a full-state feedback setting and in the presence of
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time varying disturbances with a persisting bound. Tuning rules to achieve the desired
settling time will be explicitly derived without recourse to the differential inequality of
the Lyapunov function. This chapter will contribute the first result as outlined above

thereby summarising the results of the recent publication [57].

Chapter 5 studies uniform finite time stabilisation of a unilaterally constrained double
integrator. The variable structure twisting controller will be utilised in a full state
feedback setting for uniform finite time stabilization of a perturbed double integrator in
the presence of both a unilateral constraint and uniformly bounded persisting and time
varying disturbances. The unilateral constraint involves rigid body inelastic impacts
causing jumps in one of the state variables. Firstly, a non-smooth state transformation
will be employed to transform the unilaterally constrained system into a jump-free
system. The transformed system will be shown to be a switched homogeneous system
with negative homogeneity degree where the solutions are well defined. Secondly, a non-
smooth Lyapunov function will be identified to establish uniform asymptotic stability
of the transformed system. This is the first of the three new Lyapunov functions
mentioned above. The global uniform finite time stability with respect to the initial
data and with respect to persisting disturbances will then be proved by utilising the
homogeneity principle of switched systems. The proposed results will bridge non-
smooth Lyapunov analysis, quasi-homogeneity and finite time stability for a class of
impact mechanical systems. This chapter will present the part of the second main
contribution outlined above (uniform finite time stabilisation using variable structure
controllers) while giving a highly detailed account of the recently published articles
[58, 59].

Chapter 6 investigates the problems of chapter 4 and 5 but with a continuous non-
smooth homogeneous controller. A new Lyapunov function is identified for each of the
following problems: (i) uniform continuous finite time stabilisation of a double integra-
tor perturbed by a time varying discontinuous disturbance with a uniformly decaying
bound and (ii) the problem in (i) when a unilateral constraint is present as studied in
chapter 5. These two new Lyapunov functions are the last two of the three mentioned
above. After establishing the uniform exponential stability, the methodology is the
same for both objectives. Uniform finite time stability is established with respect to
initial conditions and with respect to disturbances for each of the above two cases by
extending the quasi-homogeneity principle of switched system. Existing finite time
stabilisation approaches will also be discussed to properly motivate the above study.
This chapter will present the part of the second main contribution outlined above (uni-
form finite time stabilisation using continuous finite time controllers). In the context

of the discussion in the previous section on uniform continuous finite time stability,
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this chapter presents a strong contribution in the area of non-smooth controllers when

applied to planar systems with and without resets alike.

Chapter 7 establishes the tuning rules similar to Chapter 4 to guarantee that an arbi-
trarily specified settling time is attained for the output feedback case. The estimate of
one of the states will be given by a second order sliding mode (super-twisting) observer.
This will be utilised in conjunction with the measured state in the ‘twisting’ controller.
The results of Chapter 4 on finite time convergence will be used to construct a new
combined Lyapunov function for the output feedback system. It will be shown that the

‘trajectory of the closed-loop system can escape from the stable equilibrinm under the
output feedback. In turn, a finite upper bound on the closed-loop system trajectories
will be computed explicitly under the output feedback synthesis, thereby proving that
the trajectories cannot escape to infinity. After the finite settling time instant of the
observer, the twisting controller essentially coincides with the state feedback case for
which the results of Chapter 4 become applicable. Furthermore, tuning rules for the
observer will be developed to ensure that the observer error converges to zero before
the closed-loop trajectories of the output feedback system escapes beyond an arbitrar-
ily specified region. Tuning rules for the twisting controller as established by chapter
4 will be adapted to ensure finite time convergence of every trajectory starting from
the boundary of the aforementioned arbitrarily specified region. This chapter presents
the third main contribution outlined above that relates to the output feedback case.

Also, this chapter incorporates developments of a recent publication [60].

Chapter 8 gives a theoretical result on orbital stabilisation of systems with recurring
resets that do not have a finite accumulation time. Tuning rules will be presented for
the case when a second order sliding mode controller is utilized to achieve finite time
tracking for a class of unilaterally constrained planar systems in the presence of exter-
nal disturbances in continuous and discrete-event phases. Rigid body inelastic impacts
are incorporated at the unstable equilibrium. A new concept of finite time impact
attenuation will be discussed and the corresponding Lyapunov based proof will be pre-
sented for the aforementioned tracking problem. This chapter thus presents the fourth
contribution of the thesis outlined above. This part of the chapter partly elaborates
the recently accepted publication [61]. This chapter will also present two applications
of the theoretical results presented in the earlier chapters. First application is the finite
time tracking control of a a seven link fully actuated biped robot. The tuning rules of
chapter 4 are adapted for the biped model. The numerical simulation will demonstrate
the direct application of the orbital stabilsation thereby underlining the applicability
and importance of the theory developed in Chapter 4. The second application will
also be presented which is a recently developed analogue finite time controller which

is based on the theoretical results of reference [11] and Chapter 6.
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Chapter 9 presents some conclusions for the research carried out in the thesis while
summarising the contributions as well as the potential future directions identified on

course of the investigation carried out in the earlier chapters.

This chapter presented an introduction to the thesis. A detailed literature review
of second order sliding mode controllers, continuous finite time controllers and unilat-
erally constrained planar systems is presented in the next chapter. The next chapter
also presents mathematical preliminaries that will be used throughout the thesis ex-

tensively.



CHAPTER 2

Variable structure and non-smooth controllers

The previous chapter asserts that there are two alternatives for finite time stabilisa-
tion of systems with resets, namely, discontinuous variable structure controllers and
continuous non-Lipschitz controllers. This chapter reviews the basic principles of both
alternatives. The literature in the area of variable structure control, sliding mode
control and continuous finite time stabilisation is thoroughly reviewed, including cov-
erage of the robustness aspects of these non-linear controllers. These topics underpin
the theoretical foundation of the results presented in this thesis. Since finite time
convergence properties of non-smooth and variable structure controllers are sought to
stabilise unilatrally constrained planar systems, relevant existing work on control of

unilaterally constrained systems is also discussed.

The chapter is organised as follows. Section 2.1 introduces variable structure and
sliding mode controllers. An introduction to second order sliding mode controllers is
also given. Section 2.2 gives details of continuous finite time stabilisation. Section
2.3 describes unilaterally constrained systems and their control. Finally, Section 2.4

introduces basic definitions, including that of uniformity of stability.

2.1 Theory of variable structure control (VSC)

Variable structure control is a robust nonlinear control technique. The origins of
variable structure control theory can be found in the literature of the former Soviet
Union. A comprehensive review is given in the reference [62]. This reference gives
an account of historical events that underpinned the development of sliding mode

controllers as they are known today.
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FIGURE 2.1: Two marginally stable structures

The basic concept of variable structure control can be understood by the following
classic example appearing in various books and monographs [2, 5] which was originally
studied by S. Emel’yanov (see the discussion in [62, Section 2]). Consider the simple
double integrator:

% = u(®,3) (2.1)

This is a controllable system. Designing the control input
u(z, ) = -k, (2.2)

which is a linear controller that uses only the first state variable x1, produces a closed-
loop system which is marginally stable and the trajectories starting from any point
in the phase-plane (2, &) exhibit orbital motion as shown in figure 2.1. The first plot
is produced with & = k; = —0.5 and the second with & = ky = ¥2. It can be seen
that the individual structures are not asymptotically stable. However, the closed-loop
system becomes asymptotically stable as shown in figure 2.2 when the structure of the

control is switched between the two based on the switching condition zd as follows:

ki, o> 0;
B g o B (2.3)
ko, #1< 0.

The variable structure control produces an asymptotically stable system even when
the individual structures are unstable [62, Section 2]. The main feature in the above
example is that the feedback gain switches depending on the systems state. The above
example of a variable structure system produces trajectories that converge to the origin
asymptotically as opposed to being confined to any manifold of codimension one of the
state space while converging to the origin asymptotically. This later kind of motion
is known as the sliding mode. Variable structure systems have been studied with ever

increasing interest since this early research work [62, Section 2].
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FIGURE 2.2: Asymptotically stable variable structure system

2.1.1 Sliding mode control

The switching logic in the above example can be modified to produce closed-loop
trajectories which converge to a straight line in the state-space so that the trajectories
move along the straight line after reaching there in finite time. For example, sclecting
the switching line s = cx1 + 22 to alter the structure of the feedback and utilising the

following variable structure control

(2. ) —cxg—p, 8§>0; (2.4)
(i, &)= 2.2
—cxa+p, §<0,

generates a sliding mode on the switching line s = $ = 0 of codimension one in the
closed-loop system for all p > 0. The motion of the system on the sliding surface can
be obtained as follows:

$=0= 29 = —cx9, 2= —cx]

(2.5)
= o(t) = e o (tg),  x1(t) = e T0)a (1),

where tg is the time when the sliding motion starts. The response of the closed-loop
system in the phase-plane and the evolution of the states against time are shown in
figures 2.3, and 2.4, respectively. A significant motivation to study sliding mode
control is that the performance of the closed-loop system depends only on user defined

parameters. For example, the closed-loop system (2.1), (2.4) exhibits an ideal sliding

motion (2.5) which is dependent only on the parameter ¢ as seen in figure 2.5.
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The motion of the closed-loop system in the above example can be divided into
phases. The first phase is generally called the reaching phase [2] where s(t) converges
from a non-zero initial value to zero. The rest of the motion is called the sliding mode

[2]. The reaching conditions can be defined as follows [62]:

lim § <0, lim $>0 (2.6)
s—0t 50~

One specific reaching condition satisfying (2.6), named as the n-reachability condition
[63], is [2]:
5§ < —nls] (2.7)

It can be seen from the definition s = cx1 + x2 that the following expressions

s& = s(cxy + u)

= s(—p(sign(s))) (2.8)

= —plsl < —nls

hold true for all scalars 7 € (0, p).

Robustness and invariance

A further advantage of sliding mode control is that the performance is specified entirely
by user defined parameters even in the presence of a class of unknown but bounded

parameter variations and disturbances.

Let the system equations (2.1) be modified as
I=u(z, )+ w(t), (2.9)
where w(t) is a time varying disturbance. Let the following assumption hold true:

ess sup |w(t)| < M, (2.10)
>0

where M is a positive scalar known a priori. The above assumption means that the only
information available about the disturbance w(t) is its upper bound. The reachability

condition (2.7) can be verified to check if there exists a sliding motion as follows:

s§ = s(cxa + u + w(t))
= s(—p(sign(s)) + w(t)) (2.11)

<—(p—M)s| < —nls|
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FIGURE 2.6: Robustness of the sliding mode

The last inequality of (2.11) holds true only for those values of p and 7 such that the

inequality p > M,n € (0, p — M) is specified.

Figure 2.6 shows the time history of the sliding surface s(¢) and the phase plane plot of

the closed-loop system (2.9), (2.4) with a disturbance of the form w(t) = 1.5sin(t). The
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parameter p = 2 is chosen. It can be seen than |w(t)| < 1.5 = M. The sliding function
s reaches zero as shown in the first plot of Figure 2.6. The ideal and actual state
trajectories during the sliding mode are shown in Figure 2.7. The closed-loop system is
dependent on the user defined parameter ¢ even in the presence of the disturbance w(t).
This property of sliding mode control is known as invariance to matched uncertainty,

where the matched uncertainty is implicit in the control channels.

More formally, for the general n dimensional system
&= f(z,t) + B(z,t)u + w(z, 1), (2.12)

where x € R",u € R™,w(x,t) € R™, matrix B(x,t) is the input matrix and f(z,t) are
the dynamics of the system, the sliding mode is insensitive or invariant to uncertain-
ties w(x,t) satisfying the matching condition w(z,t) € range(B) [64]. The matching
condition means that the disturbance vector w(z,t) can be represented as a linear
combination of the columns of the matrix B (e.g. w(x,t) = Qa(x,t) for some matrix
Q) such that range(Q2) C range(B) and @ is a non-linear bounded function [2, Section

3.4)).

The following salient properties of the sliding mode are evident from the above ex-

ample:
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FIGURE 2.7: System states during the sliding motion
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1. The sliding mode, when it exists, gives rise to a class of variable structure con-
trollers. The resulting closed-loop system dynamics are dependent on the user

defined parameters.

2. The sliding motion is of a reduced order when compared to the dimension of the

original system.

3. Motion in the sliding mode is invariant to ‘matching’ disturbances/uncertainties.

2.1.1.1 Design Methodology

There are two stages in determining a sliding mode controller. The first ensures that
the dynamics of the closed-loop system on the sliding surface is stable. This is termed
as the existence problem [2]. The second relates to the design of a control u that
renders the sliding surface designed in the first step attractive. The second step is

called the reachability problem [2].

Switching function design

For the purposes of illustrating the main design principles, linear systems will be con-

sidered. Let the open-loop system be given by
= Az(t) + Bu(t), (2.13)

where A € R™", B € R™™, 2 € R" and u € R™. It will be assumed that rank(B) =

m and (A, B) is a controllable pair. Let the sliding function be defined as follows:

s(t) = Szt (2.14)

Hence, the existence problem concerns the design of an appropriate matrix S. System

(2.13) can be transformed into regular form

IS

—
|

=8
—
—

[
—
—

~
~—

Alg,’az(/,) (215)
A‘ZQZ‘Z(YL) + Bzu(t) (2.16)

3
I
&
%
+ 4

via a change of coordinates defined by an orthogonal transformation matrix 7)., which

may be obtained by QR-~decomposition, so that

z(t) = T2(t). (2.17)
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The sliding function in the new coordinates is given by

s(t) = S121(t) + Saza(t). (2.18)

The relationship between the transformed system matrices and the original pair (A, B)

can be obtained as follows:

All A12

T, ATT = , T.B= (2.19)

Ao Ago

Similarly, the transformed version of the switching function s(¢) in (2.14) can be
modified as follows:
ST=| 5 8 } (2.20)

As discussed in the previous subsection, the identity s(¢) = 0 holds true when a sliding
motion occurs. Assume that there exists a sliding mode control u(s(¢)) such that the
ideal slidig mode oceurs after a finite time. Then, the following can be obtained from
(2.18):

S121(t) + Sa22(t) = 0. (2.21)

Solving for z;(t), the following linear combination from (2.21)

2(t) = =S5 15121 () (2.22)

produces the dynamics
2 = Az (f) + Alzzg(t) (2.23)
% = —8; 8. (2.24)

during the sliding mode. The above two equations can be seen from the perspective
that 22 acts as a pseudo-control input for the first differential equation. Substituting

the algebraic relationship (2.24) in (2.23), the following results:
o= (A11 — AuS{ISl)zl(f) (2.25)

Hence, the poles of the sliding mode dynamics are given by the eigenvalues of the matrix
A — A1252_151. In other words, the existence problem becomes that of designing the
gain matrix S, 151 appropriately to produce asymptotically stable closed-loop system.
Numerous variants of state-feedback control design methods have been adapted to solve

this problem. See, for example, references [2, Section 4.7], [65] for a comprehensive
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review. Methods of robust eigenstructure assignment [66] can be used to force the
eigenvalues of the matrix (Aj; — A1255'S1) (and of the sliding motion) to lie in the
left half of the complex plane while minimising the effects of any parameter variations
that do not lie in the range of B. Methods of direct eigen-structure assignment can
also be used to place the poles of the sliding motion arbitrarily in the left half of the

complex plane [67].

Design Methodology: Control synthesis

Having designed a suitable sliding surface, the next step is that of solving the reacha-
bility problem such that every trajectory of the system converges in finite time to the

sliding surface s(t) = 0.

Several articles exist giving various solutions to the reachability problem starting from
the pioneering work by [1] (see section [2, Section 3.9] for a review of main historical

developments on the topic). One method is briefly described here.

Consider the system (2.13) with the sliding surface designed using one of the afore-
mentioned methods. The convergence of s(t) to zero can be obtained by employing the

reaching law approach [65] as follows:
§ = —qsign(s) — ks (2.26)

where the scalars ¢, k are positive and dictates the rate at which the sliding variables

si(t),i = 1,2,...,m converges to zero, and s = [ s; sy ... s, |  and sign(s) =
[ sign(sy) sign(sz) ... sign(s,) ]T. In order to obtain an expression for a control u

that produces such a reaching to the sliding mode, equate the right hand side obtained

by differentiating (2.14) and (2.26) as follows:
$ =8¢ = SAx(t) + SBu(t) = —gsign(s) — ks (2.27)

Then, assuming that the matrix (SB)~! is nonsingular and using the final two terms

in (2.27) gives the following:

u(t) = —(SB) "1 (SAx(t) + gsign(s) + ks) (2.28)
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The proof of finite time convergence can be obtained by establishing that the following

7)- reachability condition holds:

sT5 = sT(SAx(t) + SBu(t))
= sT(SAz(t) + SB(—(SB) 1S Ax(t) + gsign(s) + ks)))
= —5T(gsign(s) — ks) (2.29)
= —qls| — ks?
<0

This completes both the existence reachability problems for the nominal system. It is
important to note that above design holds true for uncertain systems. Consider the

uncertain version of the system (2.13) as follows:
& = Ax(t) + B(x)u(t) + 4(t), (2.30)

where the bounded uncertainty §(¢) € R™*! satisfies the matching condition as ex-
plained earlier. The only information assumed by the design of the sliding mode con-
trol is the upper bound on §(t). It is possible to express such a matched uncertainty
as 0(t) = Bw(t) where w(t) € R™*! is a non-linear function bounded by |w(t)| < M.

Utilising the new model in the analysis of the existence problem in (2.29) produces

sT(SA:r(f,) + SBu(t) + SBw(t))
sT(SAx(t) + SB(—(SB)™'(SAx(t) + gsign(s) + ks)) + SBuw(1))
= — 5" (gsign(s) — ks — SBuw(t))

SsS

I

Il

= —dls{— ke — a{ER)u(7) (2.31)
< —als| = ks” = [s[|(SB)|lw(®)
< —|s|(g — M|SB|) — ks>

<0 ifg> M|SB|.

Hence, the sliding surface design using the nominal dynamics produces an asymptot-
ically stable system that performs as per the solution to the existence problem. Fur-
thermore, the system is invariant to the matched disturbances when the gain ¢ of the
sliding mode is suitably selected using the known matrices S, B and the upperbound
M.

The sliding mode control above is known as traditional sliding mode control or first
order sliding mode control. The order here simply means the co-dimension of the
sliding dynamics when the study of single input systems is being carried out. To

exemplify this point, it can be seen from the dimension m = 1 of the control u(t) that
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the sliding dynamics (2.21) are of the order n — 1 when the system contains n states.

The co-dimension of the sliding mode is thus one.

More importantly, s(z) is continuous and $ is discontinuous due to the sign(s) term
in the control law. Such a discontinuous control assumes the ability to switch in-
finitely fast as required by the existence of the ideal sliding mode. However, such a
motion may not be possible in practice due to the imperfections in implementing the
switch (sign(s)). An imperfect relay or switch may contain a dead-zone or hystere-
sis which consequently prevents ideal sliding behaviour [2, 5]. Although some control
applications such as electric drives naturally require a switching control input, the

imperfections in switching lead to the so-called chattering phenomenon.

Chattering is effectively a high frequency oscillation. The existence of unmodelled
actuator and sensor dynamics can also produce chattering. Reference [68] analyses the
motion of trajectories in the presence of such parasitic unmodelled dynamics. Ideal
sliding cannot occur due to either the inability of the actuator to act infinitely fast or

the inability of the sensor to measure the ‘true’ state ‘instantaneously’.

There have been various attempts to tackle the spurious oscillations in the sliding
mode systems. The most intuitive solution was to introduce an arbitrary boundary
layer around the sliding surface [2, Section 3.7] to remove the discontinuity from the

control. For example, a control law

u = —psat(s), (2.32)
where,
1L s> 0;
sat = % ls| < 6 (2.33)
-1, s<9o

introduces a continuous control inside a boundary layer of width § > 0. The two main
consequences of introducing a boundary layer are that ideal sliding will not occur and
the system will not be completely invariant to matched uncertainties. The system

trajectories, however, remain ultimately bounded.

Amongst the various available methods to establish a continuous control while also
preserving the main features (robustness and reduced order motion) of the sliding
mode, second order sliding mode controllers have proved key [4]. As mentioned in
Chapter 1, second order sliding mode controllers offer a potential solution for finite

time convergence to the origin.
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2.1.2 Second and higher order sliding mode control

It can be seen from the above discussion that the switching surface s is a continuous
function of the state and its derivative, § = f(z) + g(x)u, is a discontinuous function
due to the discontinuous control, where f(z),g(x) are smooth functions. In other
words, the relative degree of the switching function s(#) with respect to the control u is
one. The relative degree r is the number of times the function s must be differentiated
with respect to time in order to have the input u explicitly appear on the right hand

side.

Having observed the relationship between the relative degree of s and the discontin-
uous nature of $, the main question posed in the second order sliding mode control
philosophy is whether or not it is possible to enforce the sliding mode s = § = 0 with
a continuous function § and with a discontinuous control operating on the right hand

side of the function s.

Literature on second order sliding modes is rich. Since A. Levant’s work in [4], there
have been numerous results on the analysis of second order sliding mode controllers.
A sub-optimal second order controller was given in [69] which removed the need for
measuring or estimating the derivative of the switching function s (see (2.41)). A
combination of linear and twisting controller can be found in [9]. Various versions of
the so-called ‘super-twisting’ controllers have also appeared such as the combination

of linear feedback terms and the standard super-twisting controller [14, 41].

In recent years, this topic is receiving new interest in terms of studying the existence of
the corresponding strict and non-strict Lyapunov functions. Reference [9] provided the
first weak global and strong semi-global Lyapunov functions (see [16, Section 12.1] for
concepts of global and semi-global stabilisation of non-linear systems). Various results
have subsequently appeared. Lyapunov function design for second order systems via
solution of a first order partial differential equation is given in [70] for twisting and in
[71] for the super-twisting controllers. A strict Lyapunov function for super-twisting
observer first appeared in [41] which has been followed by a very recent results by
the same author [42, 72]. The adaptive gain super-twisting controller can be found in
[73, 74].

Three cases are of particular interest. The next section describes the basic principles
of second and higher order sliding mode synthesis in each of the three cases. Time

varying systems will be considered from this point onwards in the thesis.
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Planar nonlinear systems with single input

Consider the planar single input single output system of the following form [3]
z = f(x,t) + gz, t)u (2.34)

where z € R?,u € R and functions f(x,t),g(z,t) are assumed sufficiently smooth. It
is assumed that a switching function s(z) has been designed using one of the design
principles described in the literature for system (2.34). The existence of the sliding
mode s(z) = §(z) = 0 of order one requires that the control u can be designed such

that

3)
§= 5 (f(.1) + g, )u) = 0, (2.35)
In other words, the control
)¢ .
= ~(()—Sq(z )" f(x,t) — psign(s) —ks> =0 (2.36)

with an arbitrary p > 0,k > 0 (when using the reaching law approach of the previous
section) can be designed to render the sliding surface s(x) = 0 attractive in finite time.
This is only possible when (@g(t t))~! # 0. Hence, the relative degree of s with
respect to u is equivalent to non-singularity of (‘) g(x,t))~! [75]. It is assumed that

the term (Z2g(z.#))~! is non-singular.

A continuous control can be designed by introducing an integrator in the dynamics to
increase the relative degree of the resulting system with respect to the physical input
as follows:

= f(z,t) + g(x,t)u

W=

(2.37)

where v is a discontinuous function employing sign(s). Since the relative degree of s
with respect to u is one, naturally the relative degree of s with respect to v is two.

Proceeding as before, the analysis of the sliding dynamics proceeds as follows:

. ().5
§= 2 (fat) + g, )
Ox 2.38)
0s (
§=F(a,&,t,u) + —gv
ox
where,
s o, O )25 0s
Filx, &, ) = ?)x—;‘fz ‘ gf + ; iju + p iU (2.39)

and the argument (z, 1) is dropped by slight abuse of notation for brevity. It is assumed

that %g(‘z?, t) = 1 to clearly illustrate the basic design principles of the second order
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sliding mode synthesis. Then (2.38) can be re-written as follows:

él = 89

) (2.40)
So = F(x,&,t,u) +v

where a new notation of states s; = s, so = § is being used. Assuming that F'(z, &, v) is
bounded (which essentially means local nature of the analysis), the following so-called

‘twisting’ control given by A.Levant [4]

v = —pisign(sy) — posign(ssy) (2.41)

causes the states s; = s and sy = § to converge to zero in finite time without producing
any sliding motion in the state space when g1 and s are chosen such that 0 < g —M <

pa where supysq [F(x, &, u)| < M.

Recalling the definitions of real sliding and ideal sliding [1, Section I11], ideal sliding
mode refers to the case when the system trajectories move exactly on the manifold
s = 0. Note that due to the identity s = 0, the expression § = 0 also holds true. Such
a motion is only possible when the considered system model and the control imple-
mentation does not have imperfections like hysteresis and time delay amongst others.
The real sliding mode, on the other hand, refers to the case when these imperfections
cause the actual motion of the system trajectories stay in the vicinity of sliding mode
and not identically on the sliding mode. In this context, the ideal sliding is caused
only at the origin s = 5 = 0 by the SOSM controller (2.41) which is of co-dimension
two. Hence, this controller is an example of a second order sliding mode for planar
uncertain systems with a scalar control. This is different from the traditional (or first
order) ideal sliding mode control (defined in [1, Section III]) of planar systems where a
part of the state space contains the line s = 0 where the trajectories converge and then
reach the origin asymptotically. Although the first order ideal sliding mode control also
possesses s = § = 0 in finite time, the motion in the sliding mode is of co-dimension
one even in the case of a planar system with single input. This is the major difference

between the first order and second order sliding mode control.

It is important to note the salient features of controller (2.41). The trajectories of
the closed-loop system (2.37), (2.41) converge to the origin (z,2) = 0 in finite time
since s(z) does so, too without generating any sliding in R\{0,0}. The controller u is
continuous. The discontinuous action v acts on § and not on $. Most importantly, the
controller stabilizes the system despite the fact that the uncertain term F(z,%,t,u)

can be time varying and non-vanishing.
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In the context of the discussion in the previous subsection on matched uncertainties,
the traditional sliding mode control would have required only the functions f, ¢ to be
bounded whereas the twisting controller requires the derivative of these functions to
be bounded. This is the price of employing a continuous control u. A large class of
mechanical systems, however, have dynamics of the form

:f,‘l = X2

(2.42)
&2 = f(z,t) + w(z,t) + g(z, t)u.

where w(r,t) is the external disturbance, x; is position and o is velocity. Then,
designing a twisting controller u = —g~!(p1sign(x1) + posign(zz2)) as above while using
21, 22 as states will render the twisting control superior to the traditional sliding mode
controller since both can reject bounded uncertainty f(z,t) + w(t) when assuming |g|
is not singular and bounded (see [76, Section 3] for validity of such an assumption) but
the traditional sliding mode control cannot ensure finite time convergence of both the

states to origin.

Another type of second order sliding mode controller proposed by A.Levant for a

general planar system can reject vanishing disturbances in the dynamics of s; in (2.40).

.§1 = 89
So = F(z,%,u) — ;L1|5|%sign(s) +uy (2.43)
i = —posign(s)

This controller u = 7u1|s|%sign(3) + u is the so-called ‘super-twisting’ controller [4].

It has been recently shown [41] that the super-twisting controller can generate a sliding

mode of second order in uncertain planar systems of the form

31 = so + Fi(t)
Sy = Fy(x, o, u) — pa|s|2sign(s) + w1 (2.44)

U1 = —pasign(s)

where the bounds on the uncertainty that can be successfully rejected are [41, Th. 3]
|| = M|3|2, |Fa|=M, (2.45)

where M > 0 is a scalar.
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Systems with n states and single input

One consequence of the discussion in the case of planar mechanical systems is that

th order

sliding surface design may not be needed. However, in the case of a general n
system, a second order sliding mode controller will still need a switching surface s.
Consider the same system (2.34) with x € R"™,u € R. Then designing the sliding
surface s(z) as described in the previous sections and proceeding in a similar way as the
planar case will give a continuous controller that stabilises the system asymptotically
(and not in finite time) after reaching the sliding surface in a same way as a traditional

sliding mode controller would do.

These results are for the case when the sliding variable has relative degree one with
respect to the control. When the relative degree of the switching function is two with
respect to the control, the second order sliding mode control will generate a traditional
sliding mode on the switching surface and will give a reduced order motion of the order
n — 2. The difference here is that the discontinuous control will act in the system and

an additional integrator cannot be introduced as was done above (see (2.43)).

It is timely at this juncture to point out that all the results in the thesis pertaining
to second order sliding mode controllers are directly applicable to systems in the form
(2.42). The results of the thesis are also applicable to the asymptotic stability analysis
of controllable systems with n states and with relative degree one and/or two when

the analysis of the sliding mode is carried out in the state-space (s, $).

Systems with n states, multiple inputs and multiple outputs

The general case of non-linear systems with relative degree greater than two is not a
valid candidate for the application of second order sliding mode control. The concept
of higher order sliding mode control (HOSM) relates to the case when the relative
degree of the selected switching function of the system is more than two with respect
to the control input. Literature in this area is rigorous. An introduction to the topic
can be found in [77, 78] and references therein. Various definitions can be found in
[77]. The higher order sliding mode for a single input system is defined as the set of

points & such that

d gr-1
s=—8s=...= ——s5=10 2.46
dt g1 (2.46)
with all the functions %3.0 < j < r — 1 continuous and the discontinuous control

appears on the right hand side of %3 to enforce the finite time stabilisation of trajec-
tories of the closed-loop system (2.34) on the set (2.46) where » is the relative degree

of the system.
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The literature reviewed thus far in Section 2.1.2 represents the state-of-the-art in the
second order sliding mode controllers. In the current literature there is no theoretical
proof of a simple intuitive expectation that the settling time approaches zero when
gains tend to infinity. As mentioned in Chapter 1, such a result is available in linear
classical control theory and it finds natural applications in automatic tuning algorithms
[55]. Chapter 4 gives the proof that the finite settling time approaches zero when gains
of a second order sliding mode controller approach infinity. This result also forms the
basis for studying finite time stability of unilaterally constrained variable structure and

non-smooth systems which are discussed in the following sections.

As mentioned in Chapter 1, the concept of finite time stability is perceived in this
thesis in the sense that the trajectories of a planar system converges to the origin
in finite time [4, 9, 13] rather than diminish to a bounded set over a finite time in-
terval without actually converging to the origin [19]. Having reviewed the literature
on discontinuous sliding mode controllers that produce finite time stable systems, the
next section discusses advances in the area of finite time stabilisation of systems which

employ continuous controllers.

2.2 Continuous finite time stabilisation

Continuous controllers that drive the trajectories of the system to the origin in finite
time have been an active area of research. Haimo [11] first posed the question whether
it is possible to achieve finite time convergence of the trajectories of a planar system
without using the well-known result of discontinuous time optimal control (known as
Fuller’s phenomenon) [79]. Time optimal control has long been known for studying
controllers that produce trajectories convergent to the origin in finite time. Examples
of such open-loop time optimal controllers include Fuller’s controller [79] and energy
optimal controllers [80]. The main disadvantage of open-loop controllers is that they
do not produce asymptotic stability (and render the system unstable) if there is any

uncertainty or disturbance in the system.

A closed-loop continuous time optimal controller can be found in [81] which combines
a continuous optimal state feedback with a time varying feedback that drives the
trajectories to zero in finite time. This is a feedback form but any uncertainty or
disturbances appearing in the system would render the trajectories only asymptotically
stable and not finite time stable. The same is true with the continuous observer (with

a closed-loop structure) that converges in finite time [82].
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The published literature shows that Haimo’s work [11] was the first effort in estab-
lishing a continuous finite time stable feedback controller. This work showed that
the resulting closed-loop systems are necessarily non-Lipschitz. The robustness to
certain classes of disturbances was also proven. Finite time stability of continuous
homogeneous systems were studied in [83] where a continuous homogeneous controller
for a double integrator system was proposed. Another finite time stable continuous
controller was established in [12]. The stability analysis explicitly identified a strict
Lyapunov function that satisfied a differential inequality. It is noteworthy that no
robustness analysis was performed in the references [12, 83|. Lyapunov and converse
Lyapunov theorems were studied in [13] which defined the Lyapunov based finite time
stability and established that the continuity properties of the settling time function is
a necessary condition for finite time stability. The authors discussed the robustness
properties of finite time stable systems and showed that Lipschitz systems are less
robust than the finite time non-Lipschitz systems [13, Th 5.2]. A continuous finite
time observer was proposed in [46] which was supported by a strict Lyapunov function
satisfying the conditions established in [13]. This observer was combined with a finite
time stable controller. The output feedback synthesis was shown to be robust to a

certain class of disturbances.

Since these early contributions, finite time stabilisation using continuous controllers
has attracted ever growing interest. It was shown in [84] that geometric homogeneity
of the vector field of the closed-loop system leads to finite time stability of the origin if
the equilibrium of the system is asymptotically stable and the degree of homogeneity is
negative!. Existence of a C'-smooth Lyapunov function was also given [84, Section 7].
It is noteworthy that this result may be seen as presenting a weak robustness result in
the sense that the perturbed system is also finite time stable under the assumption of
homogeneity of the disturbance [84, Th. 7.4]. Reference [87, Th. 6] presented proof of
existence of a smooth Lyapunov function without assuming continuity of the settling
time. Continuous finite time stabilisation of non-linear systems of dimension n with m
control inputs also remains an active area. An important result was given in [88, Th.
3.1] which proposed a homogeneous controller that finite time stabilises the nonlinear

autonomous systeni.

All the references discussed above either prove finite time stability for homogeneous
systems which are autonomous (i.e. the vector field does not depend on time) or give
ultimate boundedness when a time varying perturbation appears. Finite time stability
of time varying (non-autonomous) systems have also been studied in recent years.

A homogeneous feedback was proposed in [89] which stabilised a class of non-linear

'See pioneering works [85, 86] and references therein for detailed analysis of geometric homogeneity
and asymptotic stabilisation of continuous homogeneous systems
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systems. The control was shown to be robust to uncertain terms with a bound that is
a multiplication of the 1-norm of the state vector and certain C' functions. Reference
[90] proposed an adaptive finite time control of a class of non-linear systems with
parametric uncertainties. These results were based on the aforementioned reference
[88, Th. 3.1]. Although, the above articles allowed the right hand side to be a function
of time or some parameter §, uniform finite time stability was not achieved with respect
to initial time and disturbances. Non-singular real-valued continuous robust terminal
sliding mode controllers were established in [91]. Although, the authors define these
controllers as exhibiting terminal sliding modes, they are simply continuous finite time
stable controllers. The basis for this argument is the fact that these are not variable
structure controllers [91, Th. 1]. Furthermore, the main result [91, Th. 1] clearly shows
the fact that the controllers do not render the trajectories convergent to the sliding
surface when persisting disturbances appear, something quite natural for other variable
structure controllers like the non-singular terminal sliders [92] or the traditional sliding

mode controllers.

Reference [9] was the first article where uniform finite time stability was discussed.
Formal Lyapunov and converse Lyapunov theorems for uniform finite time stabilisation
of non-autonomous continuous non-linear systems were given in reference [44]. This
article extended some of the results of [13] on continuity of settling time to the time
varying systems. This article related to establishing general Lyapuov theorems for
continuous vector field and did not identify explicit Lyapunov functions for the specific
case of homogeneous controllers. Uniform finite time stability of a class of non-linear
autonomous systems was obtained in the reference [93, Corollary 2.24, Example 5.5]
using the concept of so called ‘homogeneity in the bi-limit’. However, in the presence
of time varying and vanishing continuous disturbances, the subsequent results only
provided global asymptotic stability and not finite time stability [93, Example 5.6].
Most recent results on finite time stability of time varying systems can be found in the
reference [94] which does not give proof of uniform finite time stability as defined in
[44].

It can be seen from the above literature that Lyapunov functions have not been
identified to prove wuniform finite time stability even for a simple perturbed double
integrator system when time varying discontinuous (possibly variable structure) dis-
turbances appear. As mentioned in Chapter 1 one of the main aims of the thesis is
to apply the resulting uniform finite time stable controller to unilaterally constrained

systems. Chapter 6 studies this topic.
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2.3 Unilaterally constrained systems

The previous two subsections detailed the state-of-the-art of discontinuous and con-
tinuous finite time stabilisation. The trajectories of the resulting closed-loop variable
structure systems were understood in the sense of Filippov’s definition [6] and were
absolutely continuous. The purpose of this subsection is to give a literature review of
the class of control problems where the trajectories of the controlled system undergo
a jump. The trajectories are thus discontinuous. These solutions are understood in
the sense of measure differential inclusions [47, 95]. Such discontinuous systems occur
in various areas such as electrical circuit theory [22], mechanical engineering (non-
smooth mechanics) [23] and control of hybrid systems [24]. The literature review in
this section is largely dedicated to control of impact mechanical systems arising from
unilateral constraints. Unilaterally constrained mechanical systems occur when the
position of the particle is only allowed to evolve in a limited part of the state-space.
An introduction to the subject can be found in [23]. From the physicists’ viewpoint, it
is a theoretically very challenging and interesting subject to study how the motion of
a unilaterally constrained particle evolves. Of principal interest to researchers in non-
smooth mechanics are the two non-linear phenomena, namely, the nature of contact

and the process of collision.

The central chapters of this thesis concern the control of such unilaterally constrained
planar systems using non-smooth and variable structure controllers. Such a control
problem is relevant in two practically relevant scenarioes. The first scenario is when a
vector relative degree two mechanical system (e.g. fully actuated n-link robot) is to be
stabilised on the constraint surface. Such a motion can be found, for example, in surface
contour machining processes [96, Section VII|. When stabilisation on the constrained
surface is to be done via the externally designed control input u, the feedback law
and stability analysis have to deal with jumps or resets arising from the collision with
the constraint surface. The second scenario is when the impacts are recurrent, as in
control of biped robots, when the resets give rise to orbits. The control problem then

becomes that of ensuring a stable orbit [15].

Controllability and stabilisability of complementarity dynamical systems were stud-
ied in reference [40] where a finite accumulation of impacts was considered. Tracking
control of frictionless Lagrangian systems with unilateral constraints was studied in
[36]. Conditions for weak and strong stability and existence of controllers were de-
veloped based on Lyapunov analysis. The key result was to analyse the decay in the
post-jump values of the Lyapunov function which essentially is caused by the jumps

in generalised velcoity [36, Claim 3]. Reference [39] extended the Krakovskii-LaSalle
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invariance principle to a class of unilaterally constrained dynamical systems. A gen-
eral framework for tracking control of biped robots, which are unilaterally constrained
mechanical systems, was studied in [97]. A switched controller was proposed in [37]
to track a suitably designed trajectory for multi-constraint systems where rigorous

Lyapunov analysis along with trajectory planning methods were provided.

The above mentioned references study asymptotic stability and stabilisation. In the
context of finite time stability of unilaterally constrained systems, reference [98] studies
finite time stabilisation via impulsive control. Results on robust finite time stabilization
of linear impulsive systems can be found in [99]. This does not encompass the finite

accumulation of impacts.

It can be seen from the above references on mechanical systems as well as from the
relevant Lyapunov based stability results of impulsive systems [23], [34], [33], [100],
[101], [35], [102], [36], [21] that rigorous Lyapunov analysis has not been carried out
for finite time stabilisation and stability of unilaterally constrained systems. As can be
seen from the literature review on finite time stabilisation using variable structure and
non-smooth controllers, there is a distinct opportunity to apply these methods to the
unilaterally constrained systems due to the superior robustness properties than asymp-
totic stabilisation. Chapter 5 studies this topic with variable structure controllers and

Chapter 6 studies this topic with continuous finite time stable controllers.

2.4 Mathematical preliminaries

This thesis will establish uniform finite time stabilisation of variable structure and
continuous non-smooth systems with unilateral constraints that gives rise to resets.
It is important to clearly outline what is meant by each of the mathematical terms
that will be used by all the chapters that follow the above literature review. The sole
purpose of this sub-section is to provide the mathematical definitions that will have a

recurring presence throughout the thesis.

Consider the discontinuous dynamical system
&=, 1) (2.47)

where @ = (21, 29, . .. ,:L'n)T is the state vector, t € R is the time variable and function
¢(x,t) is piece-wise continuous. The function ¢ : R™1! — R" is piece-wise continuous
iff R*! is partitioned into a finite number of domains G; € R™1 j =1,..,N, with

disjoint interiors and boundaries 8Gj of measure zero such that ¢ is continuous within
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each of these domains and for all j = 1,..,N it has a finite limit ¢/(z,t) as the

argument (2*,1*) € G; approaches a boundary point (x,t) € 0G}.

For example, the function ¢(x,t) = sign(z) for € R defines two domains G =
{z 12 >0},Gy = {z: 2 <0} in R with the common boundary of zero measure
0G; = {x:x=0}.j =1,2. Of course, ¢(x) is a piece-wise continuous function since
the limits limg-_,,+ 0Gy = 1 and lim,s ,,- G2 = —1 are finite V2] € G, 23 € G2, 7 €
0G;,j=1,2.

Definition 2.1 (Solutions in the sense of Filippov [6]). Given the differential
equation (2.47), let the smallest convex closed set ®(x,t) be introduced for each point
(x,t) € R™ x R such that ®(x,t) contains all the limit points of ¢(x*,t) as z* — =,
t = constant, and (z*,t) € ]R”H\(U?/:l@Gj). An absolutely continuous function x(-)
defined on interval 1 is said to be a solution of (2.47) if it satisfies the differential
inclusion

i € d(x,t) (2.48)

almost everywhere on interval 1.

Solutions to differential equations will be understood as defined in Definition 2.1
throughout the thesis. For the example of ¢(z,t) = sign(z), the closed convex set ® is
obtained as ®(2,t) = [—1,1]. The solution to the differential equation (2.47) exists for
arbitrary initial condition z(Zp) on an interval I = [tg,¢1) and is non-unique in general
(6, Th, 10].

This thesis studies robustness of variable structure and non-smooth systems in order
for these controllers to be applied to unilaterally constrained systems. It is important
to define the class of perturbations that will be studied. Let the perturbed version of

(2.47) be given as follows:

= ¢(a,t) + ¢Y(z,1) (2.49)

where, 1(z,t) is a pilece-wise continuous function with components 11,19, ..., 1.
When studying variable structure systems, the components 1;,7 = 1.2,...,n are as-

sumed to be locally uniformly bounded by upperbounds
ess sup |9z, t)| < M;, i=1,2,...,n, (2.50)

for almost all (x,t) € By xR, where By C R is a ball of radius § > 0, and some positive
constants M; > 0 fixed a priori. When studying a continuous non-smooth vector

field ¢(x,t) along with piece-wise continuous perturbations ¢(r,t), the components
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it =1,2,...,n are assumed to be locally uniformly decaying upperbounds
ess sup [¢q(x, t)| < M;a(||z|)), i=1,2,...,n, (2.51)
where a(]|z(z,t)||)) is a continuous positive definite function such that

HalclHIEO a(ll=[1)) =0 (2.52)

Definition 2.2 (Differential inclusions for uncertain discontinuous systems
[9]). An absolutely continuous function x(-), defined on an interval 1, is said to be a
solution of the uncertain differential equation (2.49) with the rectangular uncertainty
constraints (2.50) (sectorial constraints (2.51)) iff it is a solution of (2.49) on the
interval 1 in the sense of Definition 2.1 for some piece-wise continuous function

subject to (2.50) (respectively, (2.51)).

An uncertain system (2.49) can be represented as a differential inclusion of the form
€ O(a,t) + U(z,1), (2.53)

where ®(z,t) is the same as defined in Definition 2.1, U is the cartesian product of the
intervals U; = [—M;. M;] for the uncertainty constraints (2.50), ¥ is cartesian product
of the intervals ¥ = [—M;a(x,t), M;a(z,t)] for the uncertainty constraints (2.51) with
(x,t) € G5, j = 1,2.....n representing the discontinuity (or limit) points of ¢(z*,1)

as 2* — 2 and the set

O(z,t) + U(z,t) ={p+v: ¢ € P(x,t), € U(a,t)}. (2.54)

Continuing with an example (see [11]) of a vector field to highlight where the above
definition 2.2 is applicable, a planar non-smooth system z; = xg, &9 = —|21|*!sign(xy)—
|z2|*2sign(za) where o, ap are positive scalars belonging to the interval (0,1) has the
right hand side ¢1 = w2, ¢o = —|z1|*sign(zy) — |z2|*2sign(zz). Consider the un-
certainty ¢ = 0,¢a(2,t) = Mo|xe|*?sign(zy)sin(t), Mz > 0. It can be verified that
12 belongs to the class of uncertainties with upperbouild (2.50) when as = 0 and
to the class of uncertainties with upperbound (2.51) when ay € (0,1). In the later

case, the inclusion (2.53) can be obtained by considering ¥ as the cartesian product

(0, =Ms|xa|*?) x (0, Ma]22|*?) on the set of all discontinuity points {(z,t) : 21 = 0}.

The main focus of this thesis from the stability analysis viewpoint is on uniform finite
time stability with respect to initial time £y as well as uncertainty (2, ). It is impor-

tant to highlight what is meant by uniformity. This is a well studied area for systems
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with Lipschitz dynamics and many references are available [16, 43, 103] as regards uni-
formity with respect to initial time. It can be seen from the above references, however,
that emphasis is seldom given to uniformity with respect to uncertainty. Definitions [9,
Definitons 2.3,2.4,2.5] of (uniform) stability, (uniform) asymptotic stability and (uni-
form) finite time stability of the inclusion (2.48) for the discontinuous vector field can
be seen as the counterparts of the definitions available in the references [16, 43, 44, 103]
for similar stability concepts in the case of continuous vector field. Hence, definitions
[9, Definitons 2.3,2.4,2.5] are not included here as they only focus on uniformity of
stability with respect to initial conditions. The following definitions are inherited from
[9, Definitons 2.6,2.7,2.8] which take into account the uniformity of stability with re-
spect to the uncertainty 1. It should be noted that the word ‘equiuniform’ appearing
in [9] is utilised in the following definitions to refer to uniformity of various stability

concepts with respect to the initial conditions as well as the uncertainty .

Suppose that » = 0 is an equilibrium point of the uncertain system (2.49), (2.50)
(or similarly (2.49), (2.51)), i.e., x = 0 is a solution of (2.49) for some function 1y,
admissible in the sense of either (2.50) or (2.51), and let (-, tg,2") denote a solution

x(+) of (2.49) for some admissible function 1) under the initial conditions x(ty) = z°.

Definition 2.3 (Equiuniform stability [9]). The equilibrium point x = 0 of the
uncertain system (2.49), (2.50) (or similarly (2.49), (2.51)) is equiuniformly stable iff
for each tyg € R.e > 0 there exists 0 = 0(€), dependent on ¢ and independent of to and
1, such that each solution z(-, g, 2°) of (2.49), (2.50) (or similarly (2.49), (2.51)) with
the initial data 2° € Bj exists on the semi-infinite time interval [ty,c0) and satisfies
the inequality

(@t to, 2 <€ Vi€ [to, ). (2.55)

Definition 2.4 (Equiuniform asymptotic stability [9]). The equilibrium point
x = 0 of the uncertain system (2.49), (2.50) (or similarly (2.49), (2.51)) is said to be

equiuniformly asymptotically stable if it is equiuniformly stable and the convergence
lim ||(z(¢, to, z°))|| = O (2.56)
t—00

holds for all the solutions x(-, ty, 2°) of the uncertain system (2.49), (2.50) (or similarly
(2.49), (2.51)) initialized within some Bs (uniformly in the initial data ty and 2°). If
this convergence remains in force for each 6 > 0, the equilibrium point is said to be

globally equiuniformly asymptotically stable.

Definition 2.5 (Equiuniform finite time stability [9]). The equilibrium point
x = 0 of the uncertain system (2.49), (2.50) (or similarly (2.49), (2.51)) is said to

be globally equiuniformly finite time stable if. in addition to the global equiuniform
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asymptotical stability, the limiting relation
z(t, 10, 2%) =0 (2.57)

holds for all the solutions x(-,to,z") and for all t > to + T(to,2°), where the settling
time function

T(to,2°) = sup inf{T > 0: x(t,t9,2°) =0 for all t >ty + T} (2.58)

z(+,t0,20)

18 such that

T(Bs)= sup T(to,2%) < oo for all § >0, (2.59)
z9€B;s toER

where 6 = 6(¢€) is independent of ty and 1.

The infimum in (2.58) is to detect the first instant ¢ = 7' such that x(t,ty,2") =
0, Vt > to + 1" and the suppremum is for taking the worst case trajectory that takes

the longest time to arrive at the origin.

The following chapters will also use the concept of geometric homogeneity. The

following definitions are inherited from [9, Definitions 2.9, 2.10].

Definition 2.6 (Homogeneity of differential inclusions and equations [9]).
The differential inclusion (2.48) (the differential equation (2.47), the uncertain systems
(2.49), (2.50) or the uncertain systems (2.49), (2.51)) is called locally homogeneous of
degree ¢ € R with respect to dilation (r1,r2,...,m), where r; > 0,i = 1,2,...,n, if
there exist a constant ¢y > 0, called a lower estimate of the homogeneity parameter,
and a ball Bs C R"™, called a homogeneity ball, such that any solution x(:) of (2.48)
(respectively, that of the differential equation (2.47), the uncertain systems (2.49),
(2.50) or the uncertain systems (2.49), (2.51)) eveolving within the ball By, generates
a parameterised set of solutions x°(-) with components

zo(t] = e mleh) (2.60)

2
and any parameter ¢ > cg.

Definition 2.7 (Homogeneous piece-wise continuous functions [9]). A piece-
wise continuous function ¢ : R"*1 — R™ is called locally homogeneous of degree ¢ € R
with respect to dilation (r1,79,...,15), where 1; > 0,i=1,2,...,n, and if there exists

a constant cog > 0 and a ball By C R™ such that

di(c a2 xa,y .. €2, ) = cTHTig (21, 2o, . . ., T,y 1) (2.61)
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for all ¢ > ¢y and almost all (z,t) € Bs x R.

The global homogeneity concept for the inclusions (2.48) and the piece-wise contin-
uous functions ¢ can be formally introduced using definitions 2.6 and 2.7 by taking
0 = oo. It should be noted that geometric homogeneity defined in Definition 2.7 is
a stronger concept than that appearing in [84] and the references therein since the
former additionally covers differential inclusions arising from discontinuous right hand

sides.

Definition 2.8 (Quasi-homogeneity principle [20, Th. 4.2]). Let the following

conditions be satisfied:

1. a piece-wise continuous function ¢ is locally homogeneous of degree q € R with

respect to dilation (r1,ra,...7 ),

2. components i, i = 1,2,...,n of a piece-wise continuous function i are locally

uniformly bounded by constants M; > 0,
3. M; = 0 whenever g + r; > 0.

4. the uncertain system (2.49), (2.50) is globally equiuniformly asymptotically stable

around the origin.

Then, the uncertain system (2.49), (2.50) is globally equiuniformly finite time stable

around the origin.

Before concluding this chapter, a few definitions relating to Lyapunov functions are
presented. The following three definitions relating to the weak, strong and strict Lya-
punov functions can be found in various excellent texts and papers. The reader is

referred to the references [43], [16, Ch. 4], [9, 13, 44].

Definition 2.9 (Weak Lyapunov function and uniform stability [16, Th.
4.8]). Consider the non-autonomous system (2.47) with ¢(x,t) locally Lipschitz in x
and piece-wise continuous in t. Let x = 0 be an equilibrium point for (2.47) and
D C R" be a domain containing x = 0. Let V : [0,00) x D — R be a continuously

differentiable function such that

Wi (z) <V (z,t) < Wa(z)
VOV (2:62)
=g F 1) £
ot + ox #(w.1) <0
Vt>0 and Ve € D, where Wi(x) and Wa(z) are continuous positive definite functions

on D. Then, x =0 is uniformly stable.




2.4. Mathematical preliminaries 39

Extension of Definition 2.9 to Lipschitz-continuous (or locally Lipschitz) non-smooth
function V'(2,t) and to piece-wise continuous ¢(x,t) can be found in [20, Th. 3.1,

Lemmas 3.1, 3.2].

Definition 2.10 (Strong Lyapunov function and uniform asymptotic stabil-
ity [16, Th. 4.9]). Consider the non-autonomous system (2.47) with ¢(x,t) locally
Lipschitz in x and piece-wise continuous in t. Let x = 0 be an equilibrium point for
(2.47) and D C R™ be a domain containing x = 0. Let V : [0,00) x D — R be a

continuously differentiable function such that

Wi(z) <V(z,t) < Wa(z)

’ A < — 7 -
ot B Ox dlo,t) = —Walz)

Vit >0 and Ve € D, where Wi(x), Wa(x) and Ws(x) are continuous positive definite
functions on D. Then, x = 0 is uniformly asymptotically stable. If the conditions
D = R", Wi(0) = 0 and Lm0 Wi(z) — 0o hold true, then x = 0 is globally

uniformly asymptotically stable.

Definition 2.11 (Strict Lyapunov functions and uniform finite time stability
[44, Th. 4.1]). Consider the non-autonomous system (2.47) with ¢(x,t) continuous
in x and t. Let x = 0 be an equilibrium point for (2.47) and D C R™ be a domain

containing x = 0. Let V : [0,00) x D — R be a continuously differentiable function

such that
Wi(z) <V(x,t) < Wa(z)
ov oV N (2.64)
STt b, t) < —kB(V(@,1)

V't >0 and Ve € D, where Wy(x), Wa(x) and Ws(2) are continuous positive def-
inite functions on D, k : [0,00] — RY such that k(t) > 0Vt > 0 and o € (0,1).
Then, © = 0 is uniformly finite time stable. If the conditions D = R™, W1(0) = 0
and im0 Wi (x) — 00, lim,) 00 Wa(®) — co hold true, then x = 0 is globally

uniformly finite stable.

The reader is refereed to [13] where finite time stability of autonomous systems was
studied using strict Lyapunov functions. It can be seen from the definitions presented
thus far that finite time stability is only meaningful when asymptotic stability is proven
first. The thesis also uses the term semi-global Lyapunov functions frequently. The

following definition of semi-global stabilisation can be found in [16, Section 12.1]:
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Definition 2.12 (Semi-global stabilisation [16, Section 12.1]). If feedback con-
trol does mot achieve global stabilisation, but can be designed such that any given com-
pact set B, = {x : ||z|]| < r}, with0 < r < oo chosen arbitrarily large, can be included in

the region of attraction, the resulting stabilisation is said to be semi-global stabilisation.

2.5 Conclusion

This chapter presented a comprehensive literature review of second order sliding mode
controllers, continuous finite time controllers and control of unilaterally constrained

systems. Mathematical preliminaries were also briefly described.

It can be seen from the discussion at the end of Sections 2.1, 2.2 and 2.3 that uniform
finite time stability of unilaterally constrained systems as defined in Definition 2.5 is
a new and interesting direction. The next two chapters first study the finite time
nature of second order sliding mode controllers to establish the main result of achieving
arbitrarily less settling time in the case of systems where resets do not appear. The
Lyapunov based stability framework for the non-impact case is proposed in such a way
that the subsequent chapters can construct the same results for systems with resets by
exploiting the applicability of Filippov’s solution concept and all the above definitions

to systems with resets.




CHAPTER 3

Settling Time Estimate for a Second Order Sliding Mode
Controller: A Homogeneity Approach

3.1 Introduction

Second order sliding mode controllers have received considerable attention from re-
searchers within the sliding mode control research community since their formal intro-
duction in [4] and numerous contributions have been made. The principal motivations
to study second order sliding mode controllers can be easily identified to be (i) the
possibility of having a non-Lipschitz but continuous control and (ii) mitigation of ad-
verse effects of chattering while simultaneously preserving the well-known features of
traditional sliding mode control, namely, robustness to persisting disturbances of some
class and stabilization via appropriate design of sliding manifold [3, 104]. The main
feature of second order sliding mode controllers is that finite time convergence to the
origin of a planar controllable system is achieved where the persisting disturbances with
a finite upper bound appear via the control channel [4]. Fully actuated controllable
mechanical systems with Coulumb friction terms on the right hand side, for example,
can be finite time stabilized by the so-called ‘twisting’ controller which is one type of

second order sliding mode controller [105], [20, Ch. 12] [3, Ch. 3.

This branch of sliding mode control, however, has been receiving renewed interest re-
cently relating to identifying strict Lyapunov functions such that the well-known finite
time convergence property can be deduced along with traditional Lyapunov stability
arguments [3, 41, 42, 70, 71, 106]. The finite time convergence property can be deduced
either based on the homogeneity of the differential inclusion [9, 107] or based on the
differential inequality of the underlying Lyapunov function (see [3, 41, 42, 70, 71, 106]

for the discontinuous case where second order sliding mode controllers are used and

41



3.2. Lyapunov approaches: State of the art in SOSM 42

[12, 13] for the case of differential equations with a continuous right hand side). This
chapter gives a new Lyapunov based framework such that the differential inequality is
not needed. The methodology is based on identifying homogeneity regions such that
the finite time of convergence to the origin can be computed. Furthermore, the existing
semi-global Lyapunov function is shown to be a globally radially unbounded function
with a globally negative definite temporal derivative along the closed-loop trajectory of
the system. Existing literature on Lyapunov methods [3, 41, 42, 70, 71, 106] does give
settling time estimates but does not give straightforward tuning rules. In this chapter
a new method is derived based on the result of finite time stability of homogeneous
switched systems [9] to compute a settling time estimate. The main motivation to
propose an alternative method of computing the settling time is that explicit tuning

guidelines can be established by successfully avoiding any parameter optimization.

The chapter is organized as follows. First a comprehensive review of Lyapunov ap-
proaches in the area of second order sliding mode control (SOSM) is given in section
3.2. The problem statement is then motivated in section 3.3. Section 3.4 proves the
global nature of an existing semi-global non-smooth Lyapunov function via a math-
ematical proof of exponential stability and computes the homogeneity regions of the
state space. A new method to compute the finite settling time is then established in
section 3.5. Section 3.6 gives tuning guidelines to achieve a desired reduction in the
settling time. Section 3.7 presents numerical simulation results. Section 3.8 gives a
summary of results and motivates further investigations where it is argued why the
existing knowledge and the research work proposed in this chapter are important with
application to systems with resets in one of the states. Furthermore, a shortcoming of
the approach is also discussed which is successfully solved in the next chapter. Some

concluding remarks for the chapter are given in 3.9.

3.2 Lyapunov approaches: State of the art in SOSM

A robust second order sliding mode ‘twisting’ controller to stabilize a planar non-linear
system to the origin in finite time was first presented in [4]. A survey of the finite time
stability of discontinuous dynamical systems characterized by differential inclusions
was carried out in [108]. The first instance where a Lyapunov function for a second
order sliding mode controller is presented can be found in [9] where a semi-global strong
Lyapunov function enables uniform finite time stability to be established in the presence
of non-homogeneous disturbances. The attainment of finite time convergence is mainly
due to the homogeneity of the differential inclusions. Recent work [70] formulates the

Lyapunov function design problem for the twisting controller in terms of obtaining
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the solution of a first order partial differential equation. It should be noted that
this work leads to an estimate of the settling time using the application of multiple
Lyapunov functions. The latest development relating to the twisting controller in
terms of providing a strong Lyapunov function that satisfies a differential inequality

were recently given by [42, 106].

The twisting controller naturally finds its application to synthesis problems where
the relative degree of the sliding function is 2 with respect to the control input [4], [3,
Ch. 3]. The other variant of the second order sliding mode controller, the so-called
‘super-twisting’ algorithm, naturally finds its application in observation of unmeasured
state variables. There have been many contributions as far as identifying Lyapunov
functions for the super-twisting algorithm is concerned. The first such contribution
[41] established uniform finite time stability of the observer by identifying an explicit
Lyapunov function and obtained an explicit upper bound on the settling time for the
super-twisting algorithm. The problem of Lyapunov function design for the super-
twisting controller via generalization of Zubov’s method is studied in [71] which is in
fact a multiple Lyapunov function approach. Other contributions in this area have
been given where the finite time stability of the super-twisting observer is proven via
establishing a strict Lyapunov function [14]. More importantly, the Lyapunov function
proposed in [14] leads to uniform finite time stability for both the cases, namely (i)
when certain parameter of the observer is set at its homogeneity value giving robustness
to persisting disturbances and (ii) when the aforementioned parameter is set between
the interval (0, 1) giving robustness to only vanishing disturbances. The latest advances
in this direction can be found in [109] and [73] where adaptation in gains of the super-
twisting controller is presented to minimize the effects of chattering and to reject

disturbances with unknown boundaries respectively.

It is interesting to note that most of the references cited above share a unique prop-
erty, namely, that finite time convergence of the Lyapunov function to the origin of
the state space is achieved using an increasing condition on the Lyapunov function
given by the differential inequality V < —K V<, where o represents the strong decay
rate and K > 0 is a constant dependent on system properties. A completely differ-
ent approach to prove global finite time stability of discontinuous switched systems
was established by [9]. The estimate of an upper-bound on the settling time function
was computed for quasi-homogeneous differential inclusions based on the definitions
of homogeneity ellipsoids in a close vicinity of the origin. However, the definitions of
the homogeneity parameters defining the ellipsoids were not identified for the twisting
control algorithm. It appears from the above literature that the main difference be-
tween the approaches that identify a Lyapunov function V(x),r € R? that satisfies the

aforementioned differential inequality and those that do not is that the former could
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not establish uniform finite time stability as defined in Definition 2.5 of the previous
chapter! (also see [44] for definition of uniform finite time stability for the continuons
right hand sides). Although no theoretical proof is presented in this chapter for the
above observation, the intuitive reason appears to be the fact that it is more difficult to
“guess” a Lyapunov function which satisfies a differential inequality along the closed-
loop trajectory while also decaying uniformly in initial data and in disturbances, than
the one that does not. The reader is referred to the discussion in Chapter 1 as regards
the difference between the finite time stability and uniform finite time stability with
respect to initial data and uncertainty (and also to the definition 2.5). This chapter
and the rest of the thesis will follow the later method to keep focussed on uniformity

of Lyapunov stability while establishing uniform finite time stability.

Robustness Comparison of SOSM with Continuous Finite Time Sta-

bilization

As outlined in the literature review in earlier chapters, the literature on continuous and
discontinuous finite time stabilization is rich. One of the early efforts of [11] showed
that planar controllable systems, which can be converted in the Brunovsky canonical
form

@ =ulm @), (3.1)

can be stabilised in finite time to the origin when a non-Lipschitz but continuous

controller of the form

u(w, &), = —|z|%ign(z) — ||’sign(¥) (3.2)
with the condition 5%~ > b,a € (0,1) is utilised. The same controller but with the
condition %= = b also renders the double integrator (3.1) finite time stable [110]. A

more rigorous Lyapunov based analysis was given such that the inequality of the form
V< —KV« (3.3)

is satisfied along the closed-loop trajectory of the system (3.1) with a continuous finite

time stabilizing controller u(zy,x2) defined by

u(z, &) = *;L1|¢|ﬁsign(¢) — po|®|“sign(z), (3.4)

'The results in [42] are an exception to this observation as the Lyapunov based finite time stability
is uniform due to the proof of the inequality a(||z||) < V(z) < A(||z||). However, no tuning rules are
given for the gain parameters of the controller.
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where ¢ = x + yLsign(#)]#[*~*, o € (0,1). It was shown in [13, Th. 5.2] that finite

2—a"

time controllers exhibit better rejection properties to disturbances than their Lipschitz

counterparts in that the ultimate bound on the state under Lipschitz feedback can only
be guaranteed to be of the same order of magnitude as the perturbation and not less.
It was shown in [14] that vanishing disturbances w(t) that satisfy an upper bound of
the form

esssup |w(t)| < |x2|™ (3.5)

can be suppressed and asymptotic stability of the perturbed version

&i =Ty (3.6)
&2 = u(x, %) + w(t) '

of the system (3.1) can be established, where = = (z1,22)1 = (2. 4)T is state vector.
The work in [46] proposed a finite time observer the analysis of which was supported by
a strict Lyapunov function. It should be noted that this observer was not shown robust
to parameter uncertainties and measurement noises. Superiority of the super-twisting
algorithm for observation of states can be easily seen in the latest research in Lyapunov
analysis [14, 41, 71] where it was clearly shown via strict Lyapunov functions that the
uncertainty on the right hand side of the first differential equation of (3.6) can have an
upper bound (3.5) and that on the right hand side of the second differential equation

of (3.6) can have an upper-bound of the form
esssup w(t)] < M (3.7)

without affecting the finite time stability. Thus the second order sliding mode algo-
rithms are designed to reject a stronger class of disturbances with the upper bound

(3.7)[3, 4] as opposed to the bound (3.5).

The second order sliding mode algorithms can be utilised by adding an additional
integrator when the relative degree of the sliding variable with respect to the control
variable u is one [3]. The second order sliding mode algorithms produce a continuous
and non-Lipschitz but more robust algorithms than the aforementioned continuous
finite time stabilizing control laws. To support this observation, consider the following
non-linear system:

= f(z)+g(x)u+w (3.8)

where z € R™,u € R and f and g are sufliciently differentiable functions of 2. The
uncertainty w(t) is assumed to be differentiable at least once. Assume that a sliding
surface s(x) is designed such that motion of the closed-loop system is stable on the

manifold s(z). Also assume that the relative degree of s with respect to u is one.
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Consider the first derivative of s during the stable sliding motion as follows:

G = —f(l) - —q(L)u (3.9)

If it is assumed that (%g(m))_l # 0, the following sliding mode controller enforces

a sliding motion on s =0
— 9s ( ) o ()_Sf( ) + psig ( ) (3 10)
u 3 gz oy 4 psign(s :

if p > |%w(z‘)| = M > 0 [2, 3] since then $ = —(p— %x(f))mgn(s) is established. Such

a controller will reject the disturbance with an upper bound of the following form:

5
ess sup |;—bw(t)\ <M (3.11)
:1:

If for technological reasons, a discontinuous controller is not permitted and a contin-

uous finite time stable controller of the form

0 1/ 0s
U= — <d—;((L)> <%f(1) + p|s|“sign(s)) (3.12)
is utlised with o € (0,1) then only the disturbances w with an upper bound of the

form
s
sup IC)—w(f)\ < M|s|* (3.13)
s

can be rejected without affecting the finite time convergence to the sliding manifold
when p > M. This claim can be easily checked by considering a Lyapunov function
candidate V' = |s|. The temporal derivative of V' along the trajectory (3.9) can be

computed with u defined in (3.12) as follows:

. Js
V = gsign(s) = —p|s|” + —wsign(s)
s dx ( (3.14)

< —(p— M)|s|* = —(p— M)V

Clearly s = 0 is reached in finite time [13, Th. 4.2]. It should be noted that the
bound (3.13) is weaker than the bound (3.11). This is the cost of having continuity in

control.

Let a second order sliding mode controller be utilised with an additional integrator
. 55 \—1 . . . .
such that o = (g—fq) v. The relative degree of the sliding variable s with respect

to v becomes two. Then, considering the second derivative of (3.9), the following is
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obtained:
P+ (5 )T
s=rz,u .9
Ox (3.15)
= F(z,u) +v
where
’ _(0s T 825 T 9%s 1 poa 9s ; )
F(z,u) = { J:) f(x) (W‘L) f(z) + (WJT) g(z)u+ ((’).rg) L (3.16)

If it is assumed additionally that esssup |F'(2,u)| < F' < 0o, the second order sliding
mode control law

v(s, §) = —puysign(8) — posign(s), (3.17)

where 0 < F'* < juy < ps — F', guarantees uniform finite time stabilization of the
sliding variable s such that s = § = 0 in finite time [9]. It should be noted that the

continuous finite time stabilizing control
v(s,8) = —pu|s|sign(s) — ol p(s, $)|7°a (3.18)
where ¢ = s+ ﬁ|.§|2_“sign(é) can only reject vanishing bounds?
sup |F(x,u)| < FT|s| (3.19)

as can be seen from the existing results [84, Th. 7.4]. Clearly, between the two con-
trollers (3.17) and (3.18), (3.17) is more robust as it can reject persisting disturbances
(or in terms of w, once differentiable disturbances with a persistent bound on the deriva-
tive w as given by the right hand side of (3.16)) while maintaining uniform finite time
stability. It should be noted that the controller u becomes a smooth controller when
u = v with (3.18) is used. Whereas, the controller u is continuous but non-Lipschitz
when @ = v with (3.17) is used. Similar analysis on the super-twisting algorithm can
be found in [3, Ch. 3].

Having discussed the superior robustness properties, it is important to highlight why
the study of finite settling time behaviour and the corresponding tuning rules for the
second order sliding mode controllers is relevant practically. Applications such as track-
ing control of biped robots inherently require stabilization of tracking errors in each
joint before the next successive impact occurs when the swing leg touches ground [15].
When a finite time stabilizing controller is used in such applications, an a priori guar-

antee of achieving the prescribed settling time is of engineering importance to maintain

2The choice esssup is invoked when the disturbances are allowed to be piece-wise continuous and
only sup is invoked when the disturbances are restricted to absolutely continuous ones.
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overall stability. Thus giving constructive tuning guidelines for a robust second order

sliding mode algorithm is theoretically challenging and practically relevant.

3.3 Motivation and problem formulation

The principal motivation and objective of this chapter is to introduce a novel homogene-
ity based approach which obviates the need for the differential inequality V < —kV®
while obtaining an upper bound on the settling time of the twisting controller. The
framework differs significantly from the existing Lyapunov approaches while main-
taining similar advantages. The framework is substantiated by exponential stability
considerations using a global non-smooth Lyapunov function. The underlying philoso-
phy is to combine the global exponential decay of the state trajectories to the domain of
attraction with the finite time stability of quasi-homogeneous inclusion within the do-
main of attraction. The homogeneity regions are identified which represent the domain

of attraction.

The main contribution is twofold. Firstly, the proposed framework, while removing
the dependence on differential inequalities, is novel and can inspire a new direction in
establishing an upper bound on the settling time of exponentially stable homogeneous
systems. Secondly, tuning rules are established for the twisting controller to achieve
a desired settling time. In turn, the conservative nature of the settling time estimate
becomes insignificant if the gains are appropriately tuned. This is clearly a contribution
as the recent work of [106] does not provide straightforward rules to reduce the upper

bound and hence cannot achieve a desired improvement in the settling time.

Consider the application of a twisting controller of the form [9]
u(z1, 22) = —psign(xa) — pasign(1) — hxy — pas (3.20)
for stabilizing the following perturbed double integrator system

I = o9

o = u(wy, x2) + w(xy, x9,1)
The following assumptions are made:

1. An upper bound on the disturbance term

|w] < My, My > 0 is known.
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2. The controller gains meet the conditions 0 < M; < p1 < s — M; and let A
be such that 0 < My < M < p; < pia — M holds true. Also h > k2,p > & for
arbitrary k£ > 0.

The objective of this chapter is

1. To establish an upper bound 7 (s, j2, b, p, M1, M) on the settling time of the
system (3.20), (3.21).

2. To establish tuning rules for the controller parameters {1, 12, h,p} to achieve

the desired settling time.

3.4 Stability and homogeneity

This section develops the required mathematical details in order to achieve the aims
stated in Section 3.3. Firstly, the global exponential stability of the twisting algorithm
is established using a global non-smooth Lyapunov function. Secondly, the homo-
geneity regions are identified step-by-step to facilitate the derivation of finite settling

time.

3.4.1 Global Exponential Stability

The following result on global equiuniform asymptotic stability can now be stated (see

Definition 2.4 for the definition of equiuniform asymptotic stability):

Theorem 3.1. Given the assumptions 1 and 2, the closed-loop system (3.20), (3.21)

s globally equiuniformly exponentially stable.
Proof. Consider a non-smooth Lyapunov function candidate [9] as follows:

V = pslz| + % (h;l?% + iE%) + K1 To (3.22)

It should be noted that the outcome of global equiuniform asymptotic stability in
[9] was carried out on the premises of semi-global analysis. The negative definite
temporal derivative of the Lyapunov function (3.22) was sought only in a compact
set Dp = {x : po|zi| + 3 (hat +23) < R}. No such assumption is made here to
prove global equiuniform exponential stability. Equation (3.22) can be represented in
quadratic form as follows:

V =004 (3.23)
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where, & = | |r1|% x1 9 ] and

1 2'LL2 0 0
Uy = 5 0 h kK (3.24)
0 ~ 1

Uy > 0if h > k2. Hence the following can be deduced:

/\min {\Ijl} ”51”2 S Vv S /\max {\Ill} ”£1H2 (325)

I” =

where ||&; |z1| + 2% + 23. The temporal derivative along the closed-loop system

trajectories can be derived as follows:
V =—(u — My)|za| — (p— &) 22 — K ha? —k(p2 — 1 — My)|z1| — k23 — Kp a1 20

(3.26)

The quadratic form of (3.26) can be obtained as follows:

V= -0 (3:27)

W=

where & = | \;ylﬁ |22|2 21 29 ] and

/\7(/12‘#1—1\'[1) 0 0 0
0 1 — M 0 0
Uy = e (3.28)
0 0 Kk h (%/‘cp)
0 0 (%K]p) pP—K
The matrix WUy > 0 if
p>k, K2pP—4khp+4hk?<O0orh> (p K) (3.29)
The quadratic form (3.27) leads to the following:
V S _)\min {\IJZ} ||£2”2 (330)
Noting that the inequalities ||&2]|? = |a1| + |z2| + 2% + 22 > |aq| + 2% + 23 = ||&1])?
and (3.25) hold true, (3.30) can be re-written as,
V Amin qj) V
- /\m x\{\pl (3.31)

V(z1(t), 22(t)) = e K C-10)V (1 (tp), z2(to))

where, K = % From (3.31) and the definitions of Wy, Uy, the constant K is
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bounded due to the inequalities h > 2, (3.29) and the assumption (2) imposed on the
tuning parameters. It remains to prove that matrices Wy, Uy are positive definite. Tt

is noted that the quadratic inequality (3.29) leads to the following real interval:

p1 < p<p2 where,

dxh — VI16KZRE —16x3R dh+VIGRTRZ —16s3h  (332)
pL= 5 , P2 = —
2K 2K
The values p1, p2 can further be simplified as follows:
p1 < p<py where, p; = % [h. —v/h(h — H,Q)} ,
(3.33)

P2 = % {h,—i- \/m}

If A > k2 holds true then the interval [py,ps] is always real, i.e [p;,ps] € R and the
positive definiteness of Wy is purely down to the satisfaction of the strict inequality
p1 < p < p2. This is easily achieved since the inequalities p; > 0,ps > h, h > K> always
hold true for all h > 1,k < 1 and hence the choice p = h,h > 1 > k2 & < 1 will always
satisfy positive definiteness of both the matrices Wy, ¥y thereby proving the statement

of the Theorem 3.1. O

Remark 3.1. The Lyapunov function V is a globally radially unbounded positive defi-
nite function which proves global exponential stability due to (3.25), (3.30) and (3.31).
Except from the global nature, it is similar to the semi-global Lyapunov function pro-
posed by [9]. The strict Lyapunov function recently proposed by [42, 106] does lead
to a settling time estimate and is an even stronger candidate than the function V pro-
posed above. However, no constructive tuning rules for the gain parameters to achieve

a desired settling time are currently available.

The Lyapunov function V and the function V = paley| + % (h;}:% + 1:3) proposed in

[9] are equivalent in that the following inequality holds true on a compact set D =

{(‘1:1,1'2) Y7 < R}:

2u3+kR

V < MrV  where Mp > max {T’ 1+ n} ,
2

3 i d 1 2/15 po(p1—Myi+pV2R) (334)
R < min TR —‘m s

See [9] for further details on semi-global analysis. Hence the restriction 1 > M;++v2R
in addition to the assumptions in section 3.3 suffices to obtain the values r < 1, Mp >

1+ k.
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3.4.2 Homogeneity Regions

Finite time stability of uncertain switched systems, which are characterised by homo-
geneous differential equations with discontinuous right hand side, was studied in [9].
The main feature of this quasi-homogeneity study was that the finite time stability was
established even when the homogenous differential equation has a uniformly bounded
non-homogeneous possibly discontinuous perturbation appearing on the right hand
side. From the engineering view-point, the motivation to study such problems stems
from the case when second order homogeneous sliding mode controllers are utilised for
fully actuated planar non-linear systems. The resulting nominal system may be glob-
ally homogeneous enabling the elegant mathematical tools of homogeneity to produce
finite time stability. However, it is highly likely that the physical system will have
non-homogeneous disturbances where quasi-homogeneity has to be studied. Having
discussed this background, it is of interest to establish the regions of state space of the
current problem where the aforementioned quasi-homogeneity principle is applicable.

The process of identifying the homogeneity regions can be listed as follows:

1. Identify the radius r of the homogeneity ball
r:{(:zr1,x2):%+%<l} (3.35)

2. Identify the scalar 6 > 0 such that the following definition of the homogeneity

ellipsoid Ejs holds true:

E()' = {(.171,1772) 3 (33())

where 71,7 are dilation weights.

3. Identify the scalars R > 0, R > 0 such that the following expressions of the level

sets of the Lyapunov function V' holds true in addition to (3.36).

Qo = {(.1‘1,.112) sV < 1_?} C E;

By 8l = {(gng) V< R} (3.37)

4. Identify %(5 > 0, corresponding ellipsoid E15 and level set €3 in a similar way
3

such that the following expressions are satisfied:

By = {(v1,72): \/<@l)—l>) . <W> =0 (3.38)
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where R > 0, which is the supremum of V' within the set g3, is also to be

identified.

As discussed above, the motivation to achieve the above results is the fact that the
estimate of the finite settling time can be obtained once the definitions of the homo-
geneity ellipsoids Ejs and E%o‘ are known (See Theorem 3.2 of [9]). The homogeneity
degree for the closed-loop system (3.20), (3.21) is ¢ = —1 with respect to dilations
ry = 2, r9 = 1. These values will be substituted hereafter. The stated steps can be

established as follows:
Step 1: Definition of homogeneity region in terms of 1-norm || X||1 = |z1| + |22]

The system (3.20), (3.21) is homogeneous in the sense of Definitions 2.6, 2.7 in a

small vicinity of the origin if the following condition holds true:

hlz1| + plea| + |w(z1, 22, t)| < M (3.39)
hlzq| + plaa| < M — M,

It is noted here that the summation of linear feedback terms and the uncertainty
hlzi| + plea| + Jw(z1, z2,t)] is treated as nonhomogencous perturbation. The finite
time stability of homogeneous switched systems in the presence of nonhomogeneous
perturbations is an established result (see Theorem 4.2 [9] with application to twisting
controller). The existence of the parameter M thus represents a bound on the nonho-
mogeneous perturbations in the right hand side of the switched system (3.20), (3.21).

Noting that the inequality
hlz1| + plza| < max {h,p} (|z1| + |22|)

always holds true, the requirement (3.39) holds true whenever the following upper

X

bound on

|1 is satisfied:

Xl = || + |zo] < MM (3.40)

— max{h,p}
Step 2: Definition of homogeneity ball B, in terms of 2-norm || X||2

The following is a well-known relationship between the Euclidian norm || X||2 and
I-norm || X||; (see [111]):
1X12 > L) X1, (3.41)
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From (3.41) and (3.40), a conservative bound on the homogeneity radius r of the

homogeneity ball B, can be obtained as follows:

r=IeiP + o = | Xl < G200, (3.42)

The inequalities (3.41) and (3.42), when combined, will always ensure that the inequal-

ity (3.40) holds true.
Step 3: Definition of the parameter

The aim is to find ¢ > 0 such that every point (1, 25) contained within the ellipsoid
Ej5 is also contained within the homogeneity ball B,. Having computed the homogeneity

radius r in step 2, if § > 0 is chosen such that the equalities

nnn{% o%} = r% = 111ax{54,c52} = 2

Y (3.43)
= max {o~.o} =r
are satisfied, then due to the fact that the equality
min {5, 55} (|21* + |22%) = & (|Jo1* + |22]?) (3.44)
always holds true, the inequality
1’11111{5%,8-17} (|£1|2+|‘L’2|2) :rlz(| 12 + | ) (3.45)
2 w5 |2 :
< (%) + ()
also holds true. If the given point (z1,22) € Fs, then the inequality
2 b
@)+ (2 <1 (340
holds true which, using (3.44), leads to the inequality
1
= (Jz1)? + |z2?) <1 (3.47)

Hence, (z1,22) € B, and the choice (3.43) of § is indeed valid, which upon further
simplification, satisfies:

= min {r, /7} (3.48)
The aim of computing 4 > 0 such that Fs C B, is thus achieved.
Step 4: Definition of level sets O, and the upper bounds R, R

The first aim is to compute R > 0 such that the level set Qq satisfies Qy C Ej.

Combining the definition of the level set Qy with the inequality (3.34), it suffices that
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the inequality V < Ai holds true in order that Qs C Fj is satisfied for any given

(21,22) in a small vicinity of the origin. Hence the following must be satisfied:

E“”Rll |+ ]\[R 2_+_ h]\IR < 1= (_;)Z + ( )2 <1 (349)

O'IS

Having computed the homogeneity ellipsoid parameter 4 in step 3, if R > 0 is chosen

such that the inequalities

z1\2 ~ hMp 2 2\2 - Mp 2 .
(1) <Mt (3) < Yo (50
are satisfied, then the inequality
. 2 2
($)°+ (3)° < 22 1| + Yaf + 2n o} (3:51)
always holds true. For a given point (21, 22) € 4, the inequality
'Qg[R |z1| + %x% + ——Rﬂh;}% zf <1 (3.52)
holds true, which using (3.51), leads to the inequality
o182 e .
(5 + ()" <1 (3.59

Hence (21,22) € Es and the choice (3.50) of R is indeed valid, which upon further

simplification, satisfies:

(o—lf) < hMp - and (%)‘) < %g_ -
.54
= R= M"—111111{}“)2 1}

The second aim is to compute R > 0 such that the ellipsoid Iy satisfies Fy C Q.
Combining the definition of the level set 2 with the inequality (3.34), the following
expressions must hold true so that Es C € is satisfied for any given (x1,22) in a small

vicinity of the origin:

()" + (%) < 1= t2dlnfy | 4 Mey3 4 MMey2 < (3.55)

In other words, the following must be satisfied:

2 M 7\[ hM 2 z2\2 <
il ) 4 M Ml 02 < (81)7 4 ()0 <1 (3.50
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Equation (3.56) always holds true if the following is ensured:

o M
Bl | <(1-ea)

Mp, 2 | hMp 2 z1\2 | (x2
21:{172"_ QR -If'léfl <r§2) _|_(O

)2} (3.57)

where, 0 < e; < 1 is an arbitrary constant. The fact that (z1,22) € Ej leads to

|z1| < 0% using the first inequality of (3.55). Hence (3.57) can be further simplified to

derive formula for R by enforcing the following three sub-conditions:
19 M wMp 2 Mp 2 z2\2
Bol|o| <2222 < (1-a), E15<a (=], (3.58)

)
%‘m% <€ (ﬂ—)z

4 o ’ 52 . c
The formula R = Mzé? max {T% % %} can be deduced from (3.58). The aims

of computing R > 0,R > 0 such that Oy C E5 C Q) are thus achieved.

Step 5: Definition of the parameter R and level set Q3 Similar arguments to those

outlined in Step 4 produces the following formula:

R= %‘Szmin{%d?,l} (3.59)

3.5 Settling time estimate

The quasi-homogeneity concept is geometrically depicted in Fig. 3.1. Trajectories of
the system (3.20),(3.21) in the phase plane (z1,22) are also shown. The existence
of an exponentially decaying global Lyapunov function V' is utilized. The point O;
is the system initial condition which corresponds to the boundary of the level set
Qr = {(21,22) : V(21,22) < MpR} where R = V(;nl(z‘()),zg(l‘o)). Then, due to the
fact that the system decays exponentially towards the origin, it can be deduced that
the trajectory enters the homogeneity ball 5, in finite time, where r is defined by
(3.42), and subsequently enters the homogeneity ellipsoid Fs;. This in turn causes the
trajectories of the closed-loop systems to satisfy the definition of the level set Qy =
{(‘L’l, x29):V < I_?} C Ej5 of the Lyapunov function V' in finite time. This corresponds
to the point Oz. Finally, finite time stability follows from the quasi-homogeneity
principle once the system trajectories are inside the ellipsoid Fj5. As a consequence,

the settling time of the system is the summation of the following:

T(‘Elaw?) - TO]—O,g + 771. (360)
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FIGURE 3.1: Quasi-homogeneity concept: homogeneous regions || X||;, homogeneity
ball B,., homogeneity ellipsoids (Es, E%(j) and level sets Qg, Q7,80, €3

where Tp,_0, is the time taken by the state trajectories of the closed-loop system to
attain the level set {2y (point Og2) from the initial condition level set Qp (point Oy)
and 7, is finite settling time of the system to attain equilibrium point (0,0) from the
homogeneity boundary E5 C €}y which can be readily computed using the expression

(3.12) of [9] as follows:

T = l‘i";q sup  To,-0;, (3.61)
(z1,x2)EEs

where ¢ is homogeneity degree, ¢y is a lower estimate of the homogeneity parameter
and To,—0, is the time taken by the state trajectories of the closed-loop system to
travel from the homogeneity boundary Es C €2; to the boundary €23 C Eég (point O3).
The necessity to use the boundary of the level set €21 in place of Q5 stems from the fact
that the supremum of 7o, o, has to be taken into consideration while computing the
worst possible decay of the Lyapunov function. Hence, the boundary given by s has
to be utilized to compute 7o, o, and that given by Q; to compute 7p,_o, in order
to encompass the worst case scenario. Although an overlap of time contributions may
occur in the summation (3.60) leading to a conservative result since 5 C Q1 holds true,

the estimate of the settling time thus obtained is a true upper-bound, nevertheless. It




3.6. Tuning rules 58

can be easily noted that (3.60) is the same as the expression (3.1) of [9]. The terms

To,—-0, and To,_o, can be estimated from the exponential decay (3.31) as follows:

— In[MrR]-In|R
TO]*OQ(/LM/LQv]%pa AI; ]\[17]?7 R) = tol 7 %[_l

ln[f{]l—(ln 1%’] (362)

To.—0, (1, o, by p, M, M, R, R) =

where the substitutions V(tp,) = MgrR,V(to,) = R have been utilized corresponding
to the level sets {2 and € at time instants to, and to, respectively in the first equality
and substitutions V(to,) = R,V (to,) = R have been utilized corresponding to the level
sets 1 and Qg3 at time instants fp, and tp, respectively in the second equality while

utilizing (3.31). Hence (3.60) can be re-written as,

In[MrR]—-In|R co?[In(R)—In(R
T (Togesons Tl = oy < “EEEIE], = [K((l)ﬂ,,)( ) (3.63)

Under the stated assumptions, the homogeneity parameters r,d, R, R, R outlined in

Section 3.4.2 and in turn the settling time estimate (3.63) can be computed a priori.

Remarks on settling time estimate
The estimate of the homogeneity parameter ¢ > ¢y should be satisfied for the chosen
co where ¢y is the lower estimate of the homogeneity parameter. It can be seen from
the above development that the closed-loop system is homogeneous once it is inside
the ellipsoid Fs. The identity & Rgl = ¢ then leads to ¢ = 1 because Ry = 4 is chosen
to facilitate the application of (3.61), where the scalar Ry > 0 represents the largest
homogeneity ellipsoid Eg, (see (3.12) of [9] for more details). Hence ¢y = 1 is a valid

choice.

The settling time estimate consists of the exponential decay summed with the finite
settling time. The smaller the homogeneity parameter M the longer it takes for the
trajectories to reach the homogeneity regions. Hence, the choice of M should be as
large as possible. The interval My < M < 19 — 41 is the available range in which A/

can take values (see Definition 2.2).

The upper bound (3.63) is conservative. The latest advances in the literature also

exhibit the conservative nature of the settling time estimate (see [1006]).

3.6 Tuning rules

This section establishes constructive tuning rules for the controller parameters i1, 12, b, p

to ensure the desired settling time 7 is obtained. The proposed method does not
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require optimization of gain parameters. The following relations were obtained in

previous sections:

k<1l,Mp>1+kr,p=hh>1>k’p>k

3.64
p1> M +V2R0< My <M<y < pa— M ity

The following steps can now be performed to obtain the required tuning rules:

step 1: Choose a finite constant M such that M > M;+1. As noted earlier in Section
3.4.2, the constant M represents the bound on the non-homogeneous perturbations.
In a small vicinity of the origin, parameters i1, 1o of the variable structure controller
enforce finite time stability. The aim is to tune ji, 2 high enough to satisfy the

inequality 0 < M + p1 < po. Next, let the following relation be enforced:
h>M— M (3.65)
Then equalities (3.48) and (3.42) lead to the following formulae:

. M=\ c .

Pty =0 (3.66)
Step 2: Divide the desired settling time 7 into two contributions, i.e. 7 = 71 + T
such that 77 = €372, where ez = p + (:3 — /))e“'T, 0<p< :3 and 77 and 75 represent
the exponential decay and homogeneity based finite settling time respectively. Thus
the following must hold true in order to achieve the desired settling time 7:

In[MpR]—In[R co?(In[R]—In[R]) _
R i [ ] £ R, 0 [\'[(1]—2’1)[ ] <75 (“;'07)

where R = V(.L‘l(f()), ;L‘Q(Z‘()). f()).

Step 3: Let the following inequality be enforced:
hé? < 1 or using(3.66), h > M (3.68)

Then from (3.54) and (3.59), it is obtained that,

5 54 i M—-M)* 5 yd [—] 4
R = /L\I.RD _ ‘”1(( ]) ,R _ hMpoé* A[[{(A[ \[1) (369)

2 - 8 h3 - 32 128 h3

Step 4: Let the following inequality be enforced:

or h> M=M)O-e) (3.70)

2 ho*
£ 2€1 p2

1—e1 = 2¢
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Also let the following hold true:
2 1~
i 2—2 or jig > (TT) (3.71)

Then from the definition of R in Section 3.4.2, the following can be obtained:

R= Mp&2us _ Mpr(M—Mi)?us (3'72)

1—e h2(1—e1)

Step 5: Equation (3.67) may now be invoked. Utilizing the equality in the first in-

equality of (3.67) facilitates the elimination of the parameter K as follows:

. In[MpR]—In|R ’
K = Hied (3.73)

Substituting K in the second inequality of (3.67) leads to
2In(R) — In(R) < % In(MgR) — In(R) (3.74)

where, ¢y = 1,¢ = —1 has been utilized. Substituting (3.69) and (3.72) into (3.74), the

sub-ordination between h and o is obtained as follows:

27
64Nz T2 ~ __8hiR
(T—e1)(M—M7) = (M—=Mp)*

; N o e
8l —T2) (_‘f = )271 (M—M,)(T2—2T1) | 3727271 (3.75)
h > —1

RT2

Hence the parameter s should be tuned such that the right hand side of (3.75) satisfies
the largest lower bound on the parameter h described by the inequalities (3.64), (3.65),

(3.68), (3.70). Mathematically, the following needs to be enforced:

RT2

1, (M — M
>111ax{ ( ’( 1)’ }

1
[8(4717'2>(_1u31)2ﬁ (MMI)mrzm} $T3—271
(3.76)

M—M)? (M—=M;)?*(1—¢1)
2 ? 2e1 2

Solving for ji5 in all the individual terms of (3.76), the following can be obtained:

1

R2(1-¢)?T1 PEsY
(M—M;)(3T2—2T1)8(4T1 = T2) )
RT2(1-¢1)*7Nh 2Ty
8UT1=T2) (M —M;)T2
_ . )
Jo > a = max R™2(1—¢;)?Th PEny (3_77)
32271 (M ~M;)2(T1—72)

M)

u
P
tﬁ

RT2(1~F1)37—2
T2 +6T;
4~ 372 (1\[_]\[1)(27'1 273)
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where jio is introduced for brevity and is utilized in the following. The following

tuning rules can be concluded by combining (3.77) and (3.71) with (3.64):

J41 = max {JV[,]\[l + \/2]?} ,
Ug = max{ ea(pm + M), 127(11., ) } ,p=nh

. S S
8('171*72)(_’iz__)'ZTl(]\{.;]\[l)(lT'z”?Tl) 35273
h—= T—c)

RT2

where €3 > 1 is an arbitrary scalar.

The above tuning rules are obtained for some finite region around the origin. The
parameter c3 can take any value in the interval [0, %] The equality e3 = p+ (:ﬁ —p)e T
leads to infinite gain h when the specified settling time tends to zero. Such a definition
is inspired from the expectation that infinitely high linear gains should lead to infinitely
small settling time. Conversely, if the specified settling time is very large (7 — 00), the
expression €3 — p holds. The parameter p lies in the interval [0, %] The left boundary
p = 0 causes the expression ps = oo to hold whereas the right boundary p = % causes
the expression h = oo to hold true. It is at the disposal of the designer to select an

appropriate value to suit the needs of the system. The value p = 1, for example, may

offer a good trade-off.

3.7 Simulation

Example 1: Perturbed Double Integrator or planar controllable systems in
Brunovsky form

This section presents the numerical simulation for the problem studied in the previous
sections. Fig. 3.2 shows the simulation for the specification of the settling time 7 =
2 sec with the disturbance bound M; = 1. The chattering at the origin is due to
numerical integration. The following initial conditions are assumed: x1(0) = 0,22(0) =
2. Let the following choices be made according to the tuning rules: M = 2,¢; =
04,e0 = 1.1.p = 0.5,¢3 = 0.635.77 = 0.777 sec, To = 1.223 sec. Then the selection

1 = 3 and (3.78) leads to the following controller parameters: ps = 5.5,h = p = 21.77.

Example 2: Third order system: Reduction of the order of the closed-loop

response by 2

3 The desired settling time is obtained by imposing conditions on the gains ju1, 2 and h. The
equality p = h is specified solely for the ease of tuning and is not a necessary condition.
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FIGURE 3.2: Settling Time of the system (3.20), (3.21).

The following academic example is considered from the literature [112, Section 3]:

&1 =&y
.’I.I-Z = I3 (379)
3 =—2x1 — 22+ 23+5+w(t)+u

where x;,7 = 1,2, 3 are system states. It should be noted that this system is open loop

unstable. Let the term w(f) = Nisin(10t) be treated as uncertainty. It can be seen

that w(t) is upper bounded by the function

w(t)| < Ny, (3.80)

where Ny > 0.

As discussed in [112, Section 3], the traditional sliding mode can be enforced on the

sliding surface s(x) = 0 where the sliding function
s(x) = &1 +4d + 4z = x3 + das + 4a (3.81)

with a corresponding sliding mode controller u = psign(s) + 2x1 + 29 — x3 — 5 with
S S 3
p > Nj produces a closed-loop system response given by a reduced order sliding motion

of the order two with two close-loop poles located at —2.
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As compared to (3.81), the sliding sliding surface
s(x)=d1+cr1 =22+ cxy, ¢>0 (3.82)

produces a closed-loop system response given by a reduced order sliding motion of the
first order iy = —¢~ 21 (0) with a pole located at —¢ when the controller u is designed

using the following second order sliding mode controller (see (3.20)):
u(s) = —hs — ps — pysign(s) — posign(s) + 2x; + 2 — (¢ + 1)z — 5. (3.83)
Then, the following reaching phase dynamics results:

$ = a9+ ciy
(3.84)

= § =23+ crg = w(t) — hs — ps — pusign(8) — pasign(s)

The dynamics (3.84) are finite time stable by Theorem 3.1 if the parameter M; of

assumption 1 is fixed as M7 > Nj.

Let a settling time specification of 10sec be given for attaining s = § = 0. It
should be noted that the meaning of settling time is different from example 1 since
the attainment of s = 0 is being viewed as the objective as opposed to finite time
stabilization of the state variables. Once the system slides on the sliding manifold s = 0,
the system states asymptotically approach the origin. The following initial conditions
are assumed: 21(0) = 22(0) = 23(0) = 1. This defines the sliding variable initial
conditions as s(0) = §(0) = 1.5. Let the following choices be made according to the
tuning rules: M = 1,e; = 0.4,¢5 = 1.1,p = 0.5,¢3 = 0.5,77 = 3.34sec, T2 = 6.67 sec.
Then the selection p; = 1.1 and the same tuning rules (3.78) can be applied with the

uncertainty bound set at N; = 0 which results in ps = 2.31,h = p = 7.85.

Figure 3.3 shows reaching dynamics of the sliding variable s and its derivative $ for
the aforementioned tuning. The phase plane plot in the plane (s, ) is given in Figure
3.4. It can be seen that the sliding variable s and its derivative § go to zero in less

time than 3 sec.

Next, it is of interest to investigate the effect of uncertainty w = 1.95sin(10¢) with
a non-zero bound N; = 1.95. The tuning rules (3.78) with M; = 2,7 = 3.3 and
with all other parameters unchanged result in o = 6.93, h = p = 13.59. The resulting
response after the attainment of sliding motion (after approximately ¢ = 2.45sec) is
given in figure 3.5. It can easily be seen that once on the sliding surface, the closed-loop
system mimics a first order dynamics x1(t) = e “*x1(f),f = 2.45 which is obviously

independent of the uncertainty w and is dependent only on the parameter ¢ > 0.
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Settling Time of attaining sliding surface
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FIGURE 3.3: Settling Time of the of the system (3.83), (3.84).
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FIGURE 3.4: Phase plane plot in the plane (s, $) for the system (3.83), (3.84).
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Dynamics on Sliding Mode
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F1GURE 3.5: Sliding motion of the first order of system (3.83), (3.84).

Closed-loop system states
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FIGURE 3.6: Asymptotic stability of the closed-loop system (3.79), (3.83).

Furthermore, figure 3.6 shows asymptotic stability of all the states of (3.79) under the

feedback (3.83).
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3.8 Contributions and further investigations

3.8.1 A Unique Contribution

It can be seen from sections 3.4 and from references [9, 42| that uniform asymptotic and
uniform Lyapunov stability are well established results. The following three problems

relating to finite time stability are being studied in this thesis:

1. The proof of finite time convergence either via a strict Lyapunov inequality (such
as that obtained in [12]) or via the homogeneity of differential inclusions (such

as that proposed in [9]).

2. The estimate of the time of convergence of the closed-loop trajectory of planar

systems to the origin.

3. The opposite to the problem of item 2 above, namely, finding the gain parameters
of the controller a priori to achieve a prescribed reduction in the settling time

which is specified a priori.

The work in [9], which is the first to prove uniform finite time stability for the problem
statement in section 3.3 solves the first two of the problems mentioned above via the
homogeneity route. The recent work in [42] also solves the same two problems by
showing existence of a strict Lyapunov function that decays in finite time to zero while
also satisfying the stability criterion for the uniform asymptotic and the uniform finite
time stability as defined in the previous chapter. The work in the aforementioned
references [9, 42, 106] do not solve the third problem. The work in this chapter is
the first instance in the literature which incorporates results of a recent publication
[56] (that was proposed prior to [42]) where tuning rules for the so called ‘twisting’
controller are given while also (i) proving the global uniform asymptotic stability and
keeping the global uniform finite time stability intact and (ii) giving the estimate of

finite time convergence. This is a clear contribution.

3.8.2 Does settling time approach zero as gains approach infinity?

An observation is in order before moving on to the next chapter. It is not evident from
the explicit formula (3.62) of the settling time estimate and from the proofs in all the
existing literature on the ‘twisting’ controller that the expression

lim T(To,~0:,Th) = 0 (3.85)

11 —¥00, Jl2—00
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holds true. Although the tuning rules presented in this chapter successfully achieve this
for the reverse problem of selecting the parameters ju;, jio when an arbitrary settling
time specification is given, the settling time function 7(70,-0,,7n) does not reveal
this feature by itself. This behaviour, while studying planar controllable systems, can
be found in classical and modern control paradigms and it is only natural to expect
the same and extend it to the second order sliding mode controllers. The engineering
community, for example, would welcome such a result since the theoretical guarantee
of a limiting behaviour such as (3.85) means the ease of usage of controllers to achieve
the desired settling time (see [113, Section 7], for example, for remarks on ease of use
and tuning of the alternatives to the ubiquitous PID controllers). This is the topic
of the next chapter which gives an alternative Lyapunov based approach to the one
presented in this chapter while (i) computing an upper bound on the finite settling
time and establishing the corresponding tuning rules such that (3.85) holds true and
(ii) keeping the proofs of uniform asymptotic stability and uniform finite time stability
intact. The next chapter thus seeks to strengthen the result developed in the current

chapter.

3.8.3 Discussion on unilateral constraints

Consider the following system in place of (3.20), (3.21):

1 = &9
Zo = u(x1,x2) + w(t) (3.86)
1 >0 |

xz(t;) = —2x3(t;) if z2(ty) <0, z1(tx) =0,

Such systems are more formally known as unilaterally constrained systems, the sta-
bility study and mechanics of which are mature areas of science [23]. Control of uni-
laterally constrained systems is one of the central topics of this thesis. The results
presented in the previous subsections are of great importance while (i) synthesizing fi-
nite time stabilizing control laws, (ii) identifying Lyapunov functions and (iii) revealing
the connection between homogeneity and finite time stability of a class of unilaterally
constrained systems. Although a great deal of work exists which considers asymptotic
stability of unilaterally constrained systems, finite time stability of such systems is a
novel concept. It will be clear during the study that the homogeneity of differential
equations and the quasi-homogeneity approach presented in this chapter will inherently
play a central role in deriving similar results. This is the topic of Chapter 5 which

formally presents Lyapunov based proofs to the above effect.
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3.9 Conclusion

A novel homogeneity approach leading to both an upper bound on the settling time of
the ‘twisting’ controller and the corresponding tuning rules has been developed. More
importantly, the upper bound is obtained without recourse to the differential inequality
of the Lyapunov function. The results appear to be superior to existing methods which
do not provide tuning guidelines to achieve a specific reduction in settling time. These
results may be of particular interest to practising control engineers in implementing
a twisting controller. From the theoretical viewpoint, the new philosophy will inspire
a similar estimate of the settling time for exponentially stable homogeneous systems.
A possible further direction of research can be the study of the above problem when

actuator saturation is considered.

As discussed in the section 3.8, a stronger result that preserves all the features of this
chapter along with an additional guarantee (3.85) relating to the settling time estimate

and the corresponding tuning is presented in the next chapter *.

*The next chapter incorporates developments of a recent publication [57] that is parallel work to
that proposed in [42]. The former is stronger of the two as both present a conservative estimate
of the settling time while proving uniform finite time stability but straightforward tuning rules and
theoretical guarantee of (3.85) is only available in [57].



CHAPTER 4

Global Uniform Finite Time Stabilization and A Priori
Tuning

It is of interest to investigate if a control synthesis is easy to use and if it is straightfor-
ward to tune the free parameters [113, Secion 7] as well as to study the performance
and robustness characteristics. Proportional integral derivative controllers, for ex-
ample, enjoy numerous automatic tuning algorithms for tuning the gains for a given
performance specification which may be in the form of a settling time or percentage
overshoot constraint [55, 114]. The second order sliding mode controller utilised in
the previous chapter is straightforward to use as it only requires the sign of the states
in the case of planar systems. The end users of more complex nonlinear controllers
such as second order sliding mode controllers would certainly benefit from access to
straightforward tuning rules for achieving a prescribed finite settling time. Such tuning
rules which attain a pre-specified settling time cannot be found in the latest literature
for both continuous finite time stabilization [12, 44, 94, 115] and discontinuous finite

time stabilization [42, 70, 106] of planar systems.

It is interesting to note that the problem of finding controller gains when a finite
settling time is given is not a new paradigm. Consider the area of optimal control
[80, 116]. The following example is known as the Fuller phenomenon [79]. Minimizing

the integral

oo
v? (t)dt (4.1)
0
on the trajectory of
¥ =wlx, ) (4.2)
under the input constraint
luf <1 VE>0 (4.3)

69
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generates an optimal controller

1, if e
(s, &) = s EanE (4.4)
-1, if s(x,z) > 0.
where,

s(z, &) = x4 c &% sign(d) = z + ¢ & || (4.5)

and ¢ is a constant. The optimal trajectories do not generate a sliding mode on the
s = 0 curve. The trajectory crosses the curve s = 0 at countably many points. The
time interval between successive switches on the curve s = 0 decreases while following a
geometric progression [20, Example 1.3] thereby producing a finite accumulation point
otherwise known as Zeno behaviour. This finite accumulation point is nothing but the
finite settling time when viewed from the perspective of achieving convergence of the

trajectory to reach the origin in finite time.

Indeed, an open-loop minimum energy control [80]

u(zy,xo,t) =a+0bt (4.6)
where
2 . 6
a= _,‘7(31‘10 + 2.7;2()1‘.f). b= t—3(2.’[?1() + .'I‘g()ff), (47)
f f

transfers the state of the system # = u from the initial conditions z1(0) = 210, 22(0)

Tog to the origin in a given time ¢ while also minimizing the integral cost
20 5 g f S

Jlu) = /11(7’)'2 dr. (4.8)

ot

It can easily be seen from (4.7) that the gains a — 00,b — oo as ty — 0. In other

words, specification of a smaller settling time leads to higher gains.

It is intuitive to expect that higher gains lead to a smaller settling time in the case
of controllable planar systems such as a double integrator. This expectation is indeed
appropriate not only in the case of the aforementioned open-loop control but also in
the case of closed-loop feedback control. For example, the well-known Ackerman’s pole
placement procedure for linear controllable systems [117] leads to a controller of the
form v = — K2 where the gain matrix K is determined by specifying the poles of the
desired characteristic polynomial of the closed-loop system. It holds true theoretically
that placing the poles farther to the left hand side of the Laplace plane corresponds
to a direct increase in the gain values of A and also to a direct reduction in the decay

rate of the trajectories of the states.
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This chapter seeks to establish similar results pertaining to the settling time estimate
and tuning for the so called ‘Twisting’ controller which is a second order sliding mode

feedback controller [4].

Motivation

Section 3.2 presented the state of the art in Lyapunov approaches for second order
sliding mode algorithms. The previous chapter presented a homogeneity approach
to establish a settling time estimate and corresponding tuning rules. As discussed in
3.8.2, neither the results of the previous chapter nor the literature establish the desired
result of attaining a desired reduction in settling time by increasing the gains. The
results presented in this chapter give an explicit formula for the settling time based on
integration of the trajectory of the closed-loop system such that the aforementioned
intuitive expectation is shown to hold true mathematically. As noted in Section 3.9,
this chapter incorporates the results of a recent publication [57] that is parallel work
to that proposed in [42]. The former is the stronger of the two as both present a
conservative estimate of the settling time while proving uniform finite time stability
but straightforward tuning rules and a theoretical guarantee of the desired result that
the settling time tends to zero as the gains of the second order sliding mode controller

tend to infinity (see (3.85)) is only available in [57].

Existing methods do not provide sufficient and constructive guidelines [9, 42] for
tuning the twisting controller. The existing literature inevitably involves optimization
of the gain parameters and hence cannot achieve a desired improvement in the finite
settling time [106]. It is interesting to note that simultaneous application of a linear plus
twisting controller appears to be unable to achieve a desired improvement in the settling
time as evident from the recent literature (see [9] and [106]). Obtaining straightforward
tuning rules to achieve a desired reduction in the settling time can easily be identified
as an open problem as evident from the latest research work on twisting controllers
(see [106]). This is the principal motivation of studying an alternative method in this

chapter.

Objectives

The objectives of this chapter are as follows:
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1. To introduce a novel methodology based on a non-smooth Lyapunov function so
that the upper bound on the settling time of the well-known twisting controller

is estimated.

2. To derive explicit and constructive tuning rules to achieve arbitrarily small set-

tling time.

3. The settling time and the tuning rules are to be achieved so that the theoretical
results fulfill the intuitive expectation, namely, that arbitrarily large linear feed-
back gains must correspond to an arbitrarily steep decay of the closed-loop trajec-
tories. Such an expectation is justified in cases when feedback control strategies
render fully controllable, minimum phase, linear time invariant systems stable in

the absence of actuator saturation.

4. The second intuitive expectation is also to be addressed, namely, that increasing
the gains of the twisting controller leads to a decrease in the finite settling time

of the closed-loop system.

Hence the proposed framework, motivated by the need for more constructive and
straightforward tuning guidelines fulfilling the stated objectives, will clearly contribute

to the field of second order sliding mode control algorithms.

Methodology

A novel switched control synthesis is presented in this chapter. The proposed frame-
work utilizes a step-by-step application of a classical linear feedback and the twisting
controller. Global asymptotic stability is attained using linear feedback which renders
the closed-loop system convergent to an arbitrarily large vicinity of the origin in finite
time. A switch from the completely linear feedback control law to the well-known
twisting controller is then introduced so that the trajectories reach the origin in finite
time. The tuning rules are then developed for arbitrary initial conditions. It is noted
that the use of linear feedback is not necessary. The proposed method of deriving a
finite settling time estimate for the twisting controller is valid even for the case when
there is no linear feedback. However, use of linear feedback is always preferable to
avoid excessively large variable structure gains in the twisting controller. The analy-
sis of chattering is not within the scope of this chapter and the reader is advised of
the latest advances (see [118]) in the literature for implementation issues using digital

controllers.
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A unique contribution

The main contribution of this chapter is twofold. Firstly, similar to the previous
chapter a novel approach to estimate the upper bound on the finite settling time is
obtained in the absence of a differential inequality of the form V < —kV®, Secondly,
tuning rules are established which guarantee attainment of arbitrarily small settling
time while facilitating apriori tuning of the linear feedback gains and the twisting
controller gains. It is shown that the feedback gains of the twisting control law do not
need to be unnecessarily high, thereby avoiding excessive chattering. This is because
the relative contribution of linear and twisting control laws in achieving the desired
settling time can be chosen arbitrarily by the user. Hence, the proposed state feedback

framework renders the resulting control algorithm attractive to practising engineers.

The rest of the chapter is organized as follows. The problem formulation is presented
next followed by Section 4.1 which details the proposed control synthesis. The estimate
of the upper bound on the reaching time for the robust linear state feedback feedback
law for a linear double integrator is proposed in Section 4.2. Section 4.3 establishes the
finite settling time for the twisting controller in the presence of uncertainty. The tuning
rules that guarantee a specified settling time are established in section 4.4. Section 4.4

also presents simulation results.

System description and problem statement

Let the open-loop system dynamics be given as follows:

.’f?l =2 (4 9)
To = u(z1,22) + w(t)

where 2 = (1, 22)7 is the state of the system, w(t) is a uniformly bounded disturbance

and u is a control input. The following assumptions are made:

1. All the states are available for feedback.

2. An upper bound M > 0 on the disturbance term |w| < M is known a priori.
The control aim is to establish the following:

1. To synthesize a finite time stabilizing control law wu(21, 22).
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2. To establish an upper bound 75 on the settling time of the closed-loop system
(4.9) such that z1(t) = 22(t) =0 for all t > 7.

3. To establish tuning rules for the parameters of the controller to achieve the

desired settling time.

4.1 Switched control synthesis

The following variable structure feedback control law is proposed:

w1, 22) = Lz, —2¢lm (4.10)
' q)(.’lj), z €Tl'R.

where
L= [ i~ } 3
(r) = iz sign(ary) — i sign(ra), (4.11)
I'r=A{z:V(x1,22) < R},
and

1 .
V(x1,m2) = palr1| + 5.7'%. (4.12)

V4

The parameters Iy, lo, p1, p12, R are positive scalars. The condition
O<M<pg <po—M (4.13)

is required to enforce finite time stability of the closed-loop system to the origin where
M is a positive scalar. Furthermore, R > 0 can be chosen arbitrarily small or large.
The control law ®(x) is in fact the well-known twisting controller. The feedback gains
l1,12 represent the traditional state feedback. Figure 4.1 graphically depicts the new
switched control law and the finite time stability of the origin. The point O shows

the arbitrary initial condition.

The underlying philosophy of the above switched control synthesis is the successive
application of the classical linear state feedback law and the second-order sliding mode
controller. Such a philosophy can be found in the existing literature. Work by [119], for
example, utilizes a similar synthesis for achieving finite time stability of second order
non-linear systems. The presented tuning rules differ from those presented in this chap-
ter in that the tuning rules were primarily iterative and not as straightforward as those
derived in this chapter. The proposed control law (4.10) simplifies the computation of
the settling time estimate, thereby yielding tuning rules for the feedback parameters.

As will be shown in section 4.4, the resulting tuning rules guarantee the attainment of
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a specified settling time. Since the open-loop system (4.9) is controllable, there exist
feedback gains I, l5 such that the trajectories of the unperturbed closed-loop system
exponentially decay to the origin with a desired rate. In turn, while being perturbed
by an admissible uniformly bounded disturbance w(?), the system states z1(t),r2(t)
are steered, as ¢ — oo, to a ball B, = {(x 2) : #3 + 13 < r2} with an arbitrarily
small radius r, which is determined by the gains [1,l5. It can also be deduced that
the trajectories of the properly-tuned closed-loop system enter the level set I'p of the
function V (1, x9) in finite time (at some point Oy) with a desired exponential decay
rate provided that B, is small enough to be inside I'g so that the relation B,Nol'r = ()
holds true where dl'g = {(21, ) : po|x1| + 123 = R} stands for the boundary of the

level set I'p.

A switch from the linear state feedback control law to the twisting controller is then
introduced at the time instant when the trajectory reaches the level set I'p. It can be
shown that the function V(z1, 22) is indeed a valid Lyapunov function when a twisting
controller is utilized for feedback (see [9]). Moreover, the trajectories of the closed-
loop system can never leave the level set I' of the Lyapunov function V' (1, 22) once
they are inside I'p. The fact that the temporal derivative of the Lyapunov function
satisfies V < 0 Va: € I'p along the trajectories of the closed-loop system is the main
motivation for choosing the level set I'p for switching from the linear to the twisting
controller. The finite time stability to the origin using the twisting controller is well-
known from [4], [9]. The settling time estimate has also been derived by [106] by
showing the existence of a strong Lyapunov function. Hence the proposed switched
control synthesis renders the origin of the state-space finite time stable. However, a
different approach is utilized in this chapter to facilitate the settling time estimate
derivation, on one hand, and to straightforwardly tune the controller parameters that

would ensure the desired settling time, on the other hand.

Remark 4.1. Real systems may have small switching delays and parametric uncer-
tainties. These small system defects may provoke some stable sliding modes on the
switching set I'p, where a switch from the linear feedback to the twisting controller
takes place. However, as noted earlier in the section on motivation, the results pre-
sented in the following sections on finite settling time and the tuning algorithm are
valid even in the absence of the linear feedback; in this case the aforementioned problem

does not arise.
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FIGURE 4.1: Concept of finite settling time by utilizing step-by-step application of
the linear and the twisting controller, Level set ', ball B, the outer ball B,, such
that I'p C B,, and the initial condition region B, .

4.2 Reaching time estimation with respect to the level

set ['; using a linear feedback controller

The well-known method of finding the explicit solution of the second order linear time
invariant system in the given canonical form is utilized and briefly outlined in this
section. In turn, the closed-loop system is globally asymptotically convergent to the
ball B,. The unperturbed closed-loop system (4.9) with the feedback law u(zy,29) =
Lx can be described as follows:

1 = %o

(4.14)

To=—l1x1 —ly29
Letting

h=a), h=(@+DX a>1,A>0

the eigenvalues

/\1 = */\._ )\2 =—al

are imposed on the closed-loop system. Then the general solution of (4.14) is given by

1 1
21 (1) = {(1'.1:10 + X.I?QO} g AE [.1:10 + X.’Iﬁ;}o:l g At

—a Al

(4.15)
To(t) = — [adzy, + @3] e M+ a Az, + 29, €
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where 2§ = 21(0), 23 = 22(0) are the initial conditions of the system (4.14) defining

an initial condition ball B,, = (:17(1))2 + (19)2 Thus the reaching time 77 for the level

set
g = {(-’L’l,«’E‘z) Vi(xy,a9) < Rl}

of the Lyapunov function

2

V(z1,22) = po|r1| + =23

¢

B | =

is estimated on the solutions (4.15), initialized within the ball B,,, as follows:

1 _ 1 i
V(x1,22) < pa|azy, + Xm%’ g M 1 p2lry, + X.’1720| g AL

1 2
= 5 [*(O//\ G ;L’QO) T + Oz(/\LL’lO + IQO) 6_”)‘1‘}

1 _ 1 -
< po|axy, + XJTQUI et 4 pglzy, + X:U20| e oMt

5 1 ‘ ,
+ (A @y, + .’)"20)2(’._2/\, + 5”2(/\3'10 4 .1720)26*2““

(4.16)

4

21 5 :
< [/Lg((y + D21, | + %|:r20| + 2(1:2/\2:1"{0 + (a? + 1)m%0} g < By

While deriving (4.16), the corresponding gain o of the twisting controller is viewed
as a parameter and the well-known inequality %((L +b)? < a® + b? is employed. The
upper bound on the reaching time 77 is a solution of the transcendental inequality

{/Lg(a/ + 1)|x1,| + %|x20| + 202 X227 + (o + 1).1750] e <Ry (4.17)

Taking into account /\lim A2e=M = for all t > 0, it follows that Ti(N), viewed as a
—00

function of A, escapes to zero for all admissible parameters x1,, 29,, o, p2, B1 as A goes

to infinity. The upper bound on the reaching time 7;()\) is thus given by,

(4.18)

Ti< s V?(” + Dlr1g] + 22|y | + 2020202, + (o2 + 1):17%0}
<3 2

It should be noted that (4.15) defines the state transition matrix of (4.14) in the form

s aef)\t . (’,_(Y/\t %((E_AL _ e*(zkt) (4 19)
e = 4.19
—ade ™ + ale= ¥t _gAt | gt
Consider now the perturbed version
1 =2y
(4.20)

To =Lz —loxzg+ w([')
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of system (4.14) where the external disturbance is upper bounded
lw(t)| < M (4.21)

for almost all £ > 0 by some positive constant M. Then the solution of (4.20), initialized

at the origin 21(0) = 0,22(0) = 0, is given by

t
z(t) = /6‘4("_7)(2(7')057'
0

T
where ) = [ 0 w } . Thus,

t
1 -
r1(t) = /X [(3_’\0‘7) - 0’“/\("’)} Q(r)dr
O &
) (4.22)
ra(t) = / [~(f"\(t_T) + ae""w‘_”} Q(r)dr
0
The Lyapunov function
1,
V(z1,x2) = palz1| + 5%2
is now estimated on the solutions (4.22):
t t 2
1 - 5w
V(zy,x9) < IU,QJ\'[/'X {e_w_’) + e~ T | gr 4 (a+ I)ZM‘) e 2= gr
0 0
2us M + (a+ 1)2 M2
<
(4.23)

It can be noted that the upper-bound M}\’iﬁ—-l—)i

in (4.23) escapes to zero as A

goes to infinity.

Clearly relations (4.16) and (4.23), coupled together, ensure that the perturbed
system (4.20) with nontrivial initial conditions enters the level set I'p = {(21,22) :
V(z1,72) < R} with R = Ry + r and

2poM + (a+1)2M?

T = 2

(4.24)

in the same reaching time 77(A) and 77(A) — 0 as A — cc.
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4.2.1 Definition of B, , B,, with respect to the level set 'y and the

radii 1,79

The next aim is to define the scalar r; > 0 such that the expression I'p C B,, holds.

In other words, the following is required:

2 2
polor| a3 z1\" A
R T 2R — 71 o B ( )

Let the following inequalities be imposed:

T 4 2|z z9 2,2
- <= 2] <« 22 (4.26)
ri - R 1 — 2R

Then the expression (x1,22) € By, holds true for every given point (x1,25) € T'g in

the state space. Note that the following always holds true for all z € Tg:

R
1] < — (4.27)
2

The first inequality of (4.26) can be simplified as follows:

1)? H2
[l (7‘1> =R (4.28)

Utilizing the relationship (4.27), the following conservative requirement can be formu-

lated to render sufficiently large value for the radius rq:

1\N?2 R /1\? u
|x1|(—> §—<~> < 2 (4.29)
71 2 \ 71 R

Hence, the following upper-bound on ry suffices to satisfy the first inequality of (4.26).

R
1 Z = (—130)
Iz

Similarly, the second inequality of (4.26) leads to r; > v/2R. Hence the following

estimate of the parameter r; is obtained:

r1 = max {E, V 21?} (4.31)

2
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Next, the definition of the scalar o > 0 is to be obtained such that the expression

B, C I'g holds. In other words, the following is required:

2 2 2
1 2 polzy| a3
(nz) +<7‘2> = 5 tom S (4.32)

It can be noted that for all 2 € B,, the following holds true:

p2la1| _ pare 9
| <rg=2 K 4.33
lz1| < 7o 7 <R (4.33)
Let the following inequality be satisfied:
R
W e (4.34)
2

where 0 < p < 1 is an arbitrary scalar. Then the following inequality results:

polei| o pars

I 7 <p (4.35)

Furthermore, let the following inequality be satisfied:
re < V2R(1 - p) (4.36)
Then the following inequality results:
<{l—pg— (4.37)
r'a

Hence, by combining (4.35) and (4.37), the following is obtained:

ro = min {ﬁ, 2R(1- p)} , (4.38)
M2

Thus the following holds true for all « € B,,

polzal a3 3 ,
4 < = == £ E
i 2R p+(1—p)- 3 S 1 (4.39)
It can be noted that the inequality (4.39) is obtained from the fact that —;l <1 Vze
L)

B,,. The aim B,, C I'p is thus achieved.

Remark 4.2. It is assumed that the inequality rg > r1 > 0 holds true. Otherwise,
the twisting controller is used without application of the linear controller. Section 4.3
derives a finite settling time estimate to the origin starting from the radius r;. Hence

the settling time estimate derived holds true for any arbitrary initial condition.
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Remark 4.3. 1t is possible to guarantee that the relation r» < R holds true by imposing

a tuning rule on the gain parameter . Subject to the following condition

L2 > p Q(IIEP) : (4.40)

the following holds true from (4.38):

7‘2 = %. (‘1:4].)

Then ry < R is guaranteed if the condition ps > p is satisfied. Summarizing, the first

tuning rule on ps is obtained as follows:

Mo > p lnax{, /ﬁ, 1}. (4.42)

Remark 4.4. The reason why (4.29) is conservative can be seen in the outcome equation
(4.30). Even small values of the state |z1| are replaced by the upper bound #% in the
equation (4.29). Hence the lower bound of the scalar 71 is conservatively determined
by the bound /—g It should be noted that smaller values of r; may suffice if it was
not for the conservatism of equation (4.29). The solution to reduce the conservatism
is either to choose the switching boundary R small or the gain parameter ps very
high. Both approaches have advantages and disadvantages. Choosing R very small
may cause the linear feedback gain to increase when dealing with fixed finite settling
time requirement. This means that the switch from the linear to the twisting controller
occurs very close to the origin, resulting in low magnitude chattering. On the other
hand, choosing ps very high overcomes the disadvantage of the previous choice at
the cost of high magnitude chattering. It is recommended that the designer strikes a
judicious balance between linear and twisting controller gains to trade-off the above
conflicting outcomes. This is always a plausible solution because the choice of switching

parameter R can be made arbitrarily.

4.3 Settling time estimate of ‘Twisting’ controller using

convolution integral

A finite upper bound on the settling time of the closed-loop system (4.9), (4.10) with
the application of twisting controller is presented in this section. The time taken by
the trajectories to travel from the point O4 on the vertical positive semi-axis ef ={z €
R2:2 =0,29 > 0} on the ball Bs to the point O3 on the (Jl' axis is computed (see
Figure 4.2). When the trajectories are initialized on the positive vertical axis at Oy,

the factor by which it gets close to the origin after one revolution can be computed.




4.3. Settling time estimate of ‘T'wisting’ controller using convolution integral 82

FIGURE 4.2: Finite settling time for the twisting controller

The value of the intercept (point O3z) on positive vertical semi-axis after one iteration
should be greater than the radius »; of the ball B,, containing the level set T'. Such
a value of 9 will ensure that the settling time estimate will be more conservative than

the one computed with the initialization on the level set.

The motivation for such a choice of initialization of the trajectories on the ball Bj
stems from the fact that the trajectory, containing Os on the level set T'g, starting
from any arbitrary point below Oy on the e,f axis cannot intersect the trajectory
starting from the point O4. The basis for this is the fact that different trajectories
have no intersections because otherwise they would coincide with each other due to
the uniqueness of the solution of the second order linear double integrator system driven
by the twisting controller (see [120] and [4]). The approach utilized in the following is
a two step process. Firstly, a comparison system, the trajectory of which encompasses
the actual system, is defined. Secondly, the comparison system is then initialized on
the positive vertical semi-axis e; with the coordinates (0,8). Then the finite settling
time is computed for the comparison system subject to the condition dW > r{ where
U is the factor by which the trajectory gets closer to the origin after one revolution
at point Oz. Such an estimate is conservative as it encompasses the actual system

trajectory.
Consider the closed-loop system,

.i?l = I3
(4.43)
&9 = —pysign(za) — posign(zy) + w(t)

where w(?) is a bounded uncertainty which satisfies the upper bound (4.21). The

solutions of the closed-loop system (4.43) are understood in the sense of Filippov
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[6]. The method of considering a comparison system for such a second order system
has been detailed by [120] (also see work by [4]). The same method is inherited in the

following and briefly outlined. The right hand side of (4.43) can be obtained as follows:

¢1 = 22
(4.44)
(o = —pysign(xs) — posign(xy) + w(t)
Let a comparison system corresponding to (4.43) be given as follows:
i?l =22
(4.45)
&g = — [p1 — M]sign(z2) — posign(z1)
In turn, the right hand side of the comparison system (4.45) is obtained as:
¢C = X2
! (4.46)
¢5 = — [p1 — M| sign(x2) — posign(zy)

The comparison system (4.46) and the plant (4.44) are related by the following iden-

tity:
¢ =01
' (4.47)
P2 = @5 + Ad
where
A¢ = —M sign(z2) +w (4.48)
It is trivial to note that,
Ap <0 if x € (G1UGY)
(4.49)
Ap >0 if z € (G2 UG3)
where
Gi1 = {.'z: eR?:2,>0,20 > 0} . g = {:r eR?:z; > 0,20 < O} (4.50)
4.5

Gy = {.L‘ eER?: 2y < 0,20 < O} , Gy= {:1: eR?:2; < 0,20 > 0}

The idea behind the analysis presented in (4.44) through (4.49) is that of analysing
the motion of the trajectory that represents the “worst case” scenario. Reference [120)]
presented this analysis in detail. The main concept can be seen in Fig. 4.3. For
example, the inequality A¢ < 0 when x € G; of (4.50) simply means that the growth
of w9 is more negative in quadrant Gy than that of 25. In other words, the distance

of the point (z{, 25) can evolve farther away from the origin than (21, 22) in quadrant
I i [ ) y ’ |
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3 == Original?léhrti
~ Comparison System

G 1

35 | 0 0.5

FIGURE 4.3: Phase-plane plot of the closed-loop system (4.43) and that of its com-
parison system (4.45)

G. Also, in terms of the slope of the vector field, the phase-plane of the comparison
system contains less steep slope in the quadrant ¢y since —(j1; — M) — o is always less
negative than — () —w)— o resulting in a flatter trajectory (2, 25) than (21, 22) in Gj.
This causes the trajectory (z{,x$) to intercept the semi-axis z{ > 0,25 = 0 at a point
farther to the right of the point where (21, z3) intercepts the semi-axis z1 > 0,29 = 0
with the principal axes z9 = 0,25 = 0 coinciding. Similar analysis can be extended for

each of the four quadrants.

Remark 4.5. The above method of considering the comparison system that encom-
passes the actual trajectory is sometimes termed majorisation in the literature [4, 120].

Also, the trajectory of the comparison system is called the majorant curve.

Hence, the inclusions (4.46) are easily seen to be more conservative dynamics than
the original system (4.44) in the sense that the solutions (x1(%), 22(t)) of the original
system (4.43) are bounded by the solutions (z{(t),25(¢)) of comparison system (4.45).
Hence it suffices for the purpose of estimating the finite settling time to consider system

(4.45) which can be represented in the matrix vector notation as follows:
z(t) = Az(t) + Bu(t) (4.51)

where

.r,:[.rl .1'2:|T, A:[O ! , B =

0 0

u(t) = —(p1 — M)sign(xs) — posign(ay)
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The motion in the state space can be obtained using the convolution integral as
follows: ’
z(t) = et z(0) + / AT Bu(r)dr (4.53)

Jo

Since the control switches on the axes z; = 0,22 = 0, the integral (4.54) is required to

be computed in each quadrant as follows:

: | 0
(1) = gt x(0) +/ gAlt—7) dr ,x e Gy
0 | —i1— pg+ M
{ P i 0
z(t) = et 2(0) + / gt} dr , =z € Gy
Jo p1— pe — M
- (4.54)
. 0
a(t) = et z(0) + / e (t=7) dr , x € Gs;
0 e — M
t [ 0
£(t) = et 2(0) + / eAlt-7) dr ,z€Gy.
Jo | — + po + M

It is noted that using such integrals to define the solutions of the comparison system
(4.45) is mathematically correct as the control law never generates a sliding mode on
the switching lines 21 = 0 and x5 = 0. Hence the solutions always cross the switching

lines 71 = 0,72 = 0 except at the origin (z1,22) = 0 (see [120], [9] and [121]).

Step 1: Time to travel from the point Oy € By to point O3 on the ef = {z € R? :
21 =0,29 > 0} axis:

Case 1: sign(x1) = 1, sign(z2) = 1: Noting that the initial condition is assumed to lie

in the first quadrant for a conservative estimate, equation (4.54) takes the following

: 0
-4 [/ eA UT)(?’T}
Jo —p1 — p2+ M

where & = xo(ty) represents the projection on the ef axis. The matrix exponential in

form:

0

0

x(t) = et (4.55)

(4.55) can be computed as follows:

12 _
<z‘4t:I+At+/})—l+... (4.56)

4

Since A™ = 0,Vn > 2, eq.(4.56) leads to the following:

t 2
1 ¢ B b =
. /ef""dr - 2 (4.57)
0 1 ) 0 ¢

et =T4 At =
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Further simplification produces:

{ 21(t) } _ [ 3t — 5t%(p + pa — M) (4.58)

0 —t(py + pro — M)

The time of interception on the x5 = 0 axis can be obtained using the expression of
x2(t) the last inequality of (4.58) as follows:
)

_ 4.59
U1+ po — M (4.59)

fl‘g:o = f’l ==

The point of interception on the z9 = 0 axis can be obtained using the expression of

x1(t) in the last inequality of (4.58) as follows:

(52
() = ———mm— 4.60
r1(t1) S0 g — M) (4.60)

Case 2: sign(x1) = 1, sign(ax2) = —1: Repeating the same computation for the second

quadrant, equation (4.54) takes the following form:

.t O
4 [/ e"‘('f*”dr} (4.61)
Jo w1 — pa — M

Further simplification leads to the following time estimate t = ¢ when the trajectory

2(1) = At z1(t1)
z(t) =2 [ 5

intercepts on the x; = 0 axis and the intercept xo(t):

0
to =
(B2 + p1 — M) (p2 — p1 + M)
\/ﬂ ) (4.62)
0/ (pr2 — p11 + M)
;Eg(tg) = —
(p2 + o1 — M)
Case 3: sign(x1) = —1, sign(x2) = —1: Repeating the same computation for the third
quadrant, equation (4.54) takes the following form:
0 g 0
B(t) = gt + [/ gl T)dT} (4.63)
xo(t2) Jo j1 4 po — M

Further simplification leads to the following time estimate ¢t = t3 when the trajectory

intercepts on the x5 = 0 axis and the intercept x;(t3):

s =T

(/1? +m— M) /(p2 + p1 — M) (4.64)

*oz(m — 1+ M)
2(p2 + 1 — M)?

X1 (t3) =
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Case 4: sign(x1) = —1, sign(z2) = 1: Repeating the same computation for the third

quadrant, equation (4.54) takes the following form:

4 0
+ {/ e (tT)dT}
Jo po — 1+ M

Further simplification leads to the following time estimate ¢ = t4 when the trajectory

, (""\t 55| (t;g) 5
z(t) <e { 0 (4.65)

intercepts on the ;3 = 0 axis and the intercept xo(t4):

5
i e
(p2 4+ — M) (4.66)
6o — puy + M '
g g — B ML

(pio + p1 — M)

Hence the time 73 taken by the trajectory to travel from the point O4 on the ball
Bs to some point O3 on the semi-axis e, is obtained using (4.59), (4.62), (4.64) and
(4.66) as follows:

Ty =t +ila+t3+ 1y
5 (4.67)
SN
M2

where,

w — M 2 1 vV1—n
nN=———, A = + +
112 L+ 1+n)(1—-n) @A+n)VI+n

(4.68)

Step 2: Time to travel from the point O3 on the ef = {x € R? : 21 = 0,29 > 0} axis

to the origin:

It can be seen that the time 7 taken by one revolution depends on the initial condi-
tion 4, gain parameters (i1, j12) and the bound M on the uncertainty. Hence the time
T7 and time taken by the subsequent revolutions can be computed apriori. Further-
more, as shown by the last equality of (4.66), the closed-loop trajectory decays closer
to the origin by a factor W of the initial condition ¢ where,

L—n
1+

\_[l:

(4.69)

The computation of trajectories for four quadrants can be repeated with the initial
condition set at xa(t4) to obtain the intersection of the trajectory with the x; = 0 axis

at the end of the second revolution as follows:

2(Ty) = 2o(ty) U = Sw? (4.70)
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where 75 is the time at which the second revolution is completed. Noting that one
revolution takes /% multiplied by the initial value on the vertical axis (see (4.67) ), the

total time taken for two revolutions is estimated as follows:

Ty = T+ () (4.71)
142

where x9(t4) is treated as the new initial condition at the start of the second revolution.

Equation (4.71) can be simplified using (4.66) and (4.67) as follows:

=2A0+7 (4.72)
H2

Similar arguments lead to the computation corresponding to the third revolution as

follows: (
2(13) = 2o(T) ¥ = PN
2ol 5 [ (4.73)
Tg:TZ—FLZ(—Z)A:—A [1+\I}+\I}~)]
H2 H2

th

Proceeding further and generalizing the above results for the n»'™™ revolution, it is

obtained that,

BT) = 2l T ) U= T

5 ‘ (4.74)
(”1) (A[1+\I/+\I/2+...+\ll"‘1]
M2 2

Tin‘jjn 1+

The number of revolutions tends to co as time ¢ tends to co. Hence the following holds
true:

Jim T, = lim 7, = lim A 14U+ T2 4. T (4.75)

n—oo n—o0 12

As can be noted from the definition (4.69) of ¥ that the inequality 0 < ¥ < 1 always
holds true because pio > i1 + M. Hence the infinite series in (4.75) can be represented

as follows:
1—9n

14+ T40% 4., T =
+ 04 0% 4 5

(4.76)

In turn, the time 7}, taken by an infinite number of revolutions represents the second

segment of the settling time 75 in question which can be obtained as follows:

1 N W”
T2 = lim T, = lim —A [ }

n— oo n—oo 2 1-— ‘I’
0A
=———-—  lim (1-0% (4.77)
po(1 — n—00
0A
=< 09

p2(1 — )
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Relation (4.77) thus always gives a finite upper bound 75 on the settling time estimate
of the twisting algorithm for finite values of gains p1, p2. The following can be obtained
from (4.68) and (4.69):

A Q{MH}
N (1+mn) [\/17772}

By substituting A and (1 — W) obtained from (4.78) and (4.69) respectively, the last

, 1—T=

(4.78)

equality of (4.77) can be further simplified as follows:

. SA 6 [Vi—P+1]  s[VI-w+1] -
-0 /T (- M)/ P

Then, letting
H2 > B (4.80)

for some 3 > 1, the following is obtained from the definition of n and ¥ in (4.68) and
(4.69) respectively:
1-581 B-1

1
i 2 = 1 i — 4.81
A NS i W = e bhitl)

In order to prove the existence of a finite J in the limit g1 — oo, it is necessary to

establish the following Lemma.

Lemma 4.1. There always ezists a finite § in the limit pp — oco.

Proof. Let ps > B hold true for some 5 > 1 to satisfy the requirement (4.13). Then
there exists another scalar 81 > S such that ps = Syp;. Then, the definition of 7 in

(4.68) can be analysed as follows:

w1 — M 1 M
N = ————— =

B B B J1

1
= i = 4.82
,ulli}})(l 7) ’31 ( )

1

S -

B

The analysis of this section started with the requirement ¢ > . In the limit ju1, 1o —

00, a finite 1 is defined solely by a finite 2 due to the definition of r; in (4.31). Since
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R is a user’s choice and is finite, the following inequality holds true from (4.81):

hm L < BHD
oo U 1 (4.83)
<o o]

The statement of Lemma 4.1 is proven due to the finite upper bound (4.83) of T as
an arbitrary ¢ can always be chosen such that the inequality 0 < & < %_'11) <d< o0
holds true in the limit g — oco. O

1

Hence a finite 6 > ”}(f%l) > ¢ can always be chosen' even as ji1 — co. Proof of the

existence of a finite 0 is thus complete.

It follows that

6 [VI= +1] o
lim 75 = lim = < lim = 0. (4.84)
H1—e A0 (g — g L — T (= M)\ 1 - 5

Thus, the intuitive expectation and in turn the final objective is achieved, namely,
that increasing the gains of the twisting controller causes the settling time to decrease.
Tuning rules to achieve an arbitrarily specified settling time are discussed in the next

section.

4.3.1 Finite settling time of the origin under the switched control

synthesis

The closed-loop system (4.9), (4.1) is finite time stable in the presence of the persisting
disturbances w(t) with uniformly bounded magnitude |w(#)| < M. The finite settling
time can be represented using the results (4.18) and (4.77) of the Sections 4.2 and 4.3

respectively as follows:

Ti+ T2, 0<0<ry;
’/’S(TI,TQ):{ L i (4.85)
Ts, 0<ry<o.

where 19 = /27(to) + 23(1p) is the Euclidian norm of the system initial condition,
the estimates 77 and 72 are given by (4.18) and (4.77) respectively. The second aim

detailed in Section 4 is thus achieved.

1See Lemma 4.1.
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4.4 Tuning

This section derives constructive tuning rules to define the gain parameters Iy, la, ji1, fio
such that an arbitrarily chosen desired settling time can be achieved. In addition, the
parameter R, which defines the boundary of switching between the linear and the
twisting control laws, is an independent parameter to be chosen by the user. Let the
specified settling time be denoted as 7; > 0. Hence, in order to ensure that the closed-
loop system (4.43) settles to the origin in specified time 7, the following must hold

true:

hi+h <y (4.86)

where 71 and 73 are defined in (4.18) and (4.77) respectively. The proposed tuning
strategy is that of dividing the desired settling time 75 into two time segments which
can be arbitrarily chosen by the user. Then each time segment is considered to be the
permissible upper bound on 7; and 72 which then leads to explicit tuning rules for
the gain parameters of both the linear and twisting controller. Mathematically, the

arbitrary allotment of the settling time can be obtained as follows:

€ 7:‘7 1f 70 > (S,
oy =4 "
0, otherwise.
(4.87)
o (1_51)7.;’ if rog > 0
32 €1 Ts, otherwise.

where the scalar €; € (0, 1) can be chosen by the user arbitrarily. Observing (4.18) and
(4.79), the objective is to find the tuning of the twisting and linear gains such that the

following inequalities hold true:

1 i |V/L2(Oz + 1)|x1,| + 21;_-3|$20| + 202 X%21 ) + (o + 1)a3,

= 5

o5 (4.88)

(111 — M) {ﬂ}

< s

Then (4.86) is always ensured. The application of twisting controller is invoked without
linear feedback if the condition rg < d holds true due to user’s choice of R. As
mentioned in Section 4.2, gain ps of twisting is seen as a parameter in the formula of

T1. Hence the tuning rules for the parameters /i1, ji2 are obtained first in the following.
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The requirements on the gains can be summarized from the previous sections as follows:

P = 1113){{5., \/2]?}, Ty = EE, oW >,
2 H2

(4.89)

>max< g+ M, p L P

fi2 > ma : s,
2(1-p)

where the scalar p € (0,1) is at user’s disposal. It is assumed in the following that the
initial condition of the states 29,29 and the uniform upper-bound M are known. The

step-by-step tuning procedure is now detailed:

Step 1: Choose an arbitrary R > 0. Let the following condition be imposed on the
choice of jio:

B 2> 4/ - (4.90)

R
g
Then, r1 can be computed by combing (4.31) and (4.90) as follows:

= V3T (4.91)

Step 2: Next, select n as follows:

0<n§% (4.92)

where 3 > 1 is a tuning variable. The above is motivated by the fact that the variable
7 thus defined does not allow ¥ to equal either to unity or zero. It can be noted that

the following holds true:

—_

1—7n B —
=U>_— 4.93
144 ~p+1 e

Step 3: Select the scalar § according to

ri(8+1) e ri(8+1).
5> lﬁ“’ 70> =51 (4.94)
B+1) . 841 :
———r(]//(a'i{i ), if ro < _7‘1’1(3{*1 )

Then due to (4.94) the requirement §¥ > rq is always satisfied.

Step 4: If g < %, the twisting controller tuning is invoked without linear
feedback. Compute pq, 9 using the next step and apply the twisting controller. If
ro > % go to step 6.

Step 5: Tuning for the twisting controller is carried out in this step using results of

Section 4.3. The following requirement can be formulated from (4.79) and the second
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inequality of (4.88):
25

<Ts
(i — M)\/1—n2

In turn, the following tuning rules on 11 and o can be obtained by combining (4.89)

and (4.95):

24
pr >maxq M, ———+M
Tso /1 —n?

/IR i —M R
_ — M —  p. [
R N , ot y P 2(17p) P »3/11}

Remark 4.6. From the tuning viewpoint, higher values of 8 (and in turn, lower values

(4.95)

(4.96)

[o > max

of n) may be required for very small settling time requirements. This is mainly due
to the fact that the behaviour of the settling time estimate (4.79) is fully known only
in the limit ;1 — co. Relationship of 75 with respect to g1 and A is highly nonlinear
especially in the vicinity of 73 = 0 (see (4.79)). Hence (4.79) does not clarify as to the
rate at which the settling time can be reduced. Nevertheless, due to (4.84), it can be
deduced that there always exists a finite scalar 8 such that the second inequality of

(4.88) is satisfied. In this sense, 3 is seen as a tuning variable.

Step 6: This step performs the tuning for the linear gains

h=aX lh=(@+1)\

where o > 1 is an arbitrarily chosen scalar and the scalar A can be obtained as follows:
Perform the tuning procedure of Step & to obtain the parameters jq,jo. Choose
an arbitrary scalar p € (0,1). Then choose an arbitrary scalar » > 0 such that
0 < r < r2 holds true where ry is computed from (4.38) using the above p. Next,
compute Ry = R—r (it should be noted from Remark 4.3 that the relation r < ro < R

is guaranteed). To ensure that (4.24) holds true let us choose A according to

o\ ,+ 1)2 M2 ,
"
Next, utilizing the first inequality in (4.88), the following transcendental equation can
be obtained:

2112 - : €
1 - po(o+ 1)|z1,| + J;[—'IIQO| + Zazngfo + (o? + 1)1,50

— 11

Y Iy

— T, =0 (4.98)
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FIGURE 4.4: Numerical simulation for the specification of Ty = 10sec, M = 1.

It can be noted from (4.18) and (4.23) that there always exists a solution v such
that (4.98) is satisfied. The basis for this is that lim 4%e~Y% = 0. A valid solution ~
y—00

satisfying (4.98) can be obtained, for example, using numerical optimization routines.

Hence the tuning rule for A can be obtained as follows:

209 M 1}2M=
A = max {\/ e (N ) , 7} (4.99)

7

Then, (4.97) gives the tuning rules for the linear gains 1, ls. The third aim detailed in

Section 4 is thus achieved.

Figure (4.4) shows the numerical simulation for a specification of T3 = 10 sec with
the initial condition ;r,(l) = r(“; = 4 and the upper-bound M = 1. The aforementioned

tuning steps have been carried out rendering the tuning variables as follows:

p=099,7=0173, R=15, 6 = 0.3, 7= 045, 8 =2.11, @ = 1.01. (4.100)

The tuning rules (4.96) and (4.99) then compute the controller parameters as follows:
1 = 247, o = 8.57,11 = 123.6, 15 = 22.243. A switch from the linear controller to the

twisting controller can be seen at ¢t = 0.5 sec.

4.5 Remarks on geometric homogeneity and time collapse

The previous chapter proposed a geometric homogeneity based approach to estimate
an upper bound on the finite settling time for a second order sliding mode controller.
Geometric homogeneity have been used several times in the literature as a tool to
establish stability [9, 84-86]. Early results [85, 86] studied asymptotic stabilization

and existence of homogeneous Lyapunov functions when different dilations of the state
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vector and that of time give rise to homogeneity of the continuous vector field. The
extension to a similar study for establishing finite time stability was carried out in [84]
where it was shown that geometric homogeneity of vector field of a dynamical system
leads to finite time stability if the system is asymptotically stable and has a negative

degree of homogeneity.

The results in the previous sections of this chapter can be seen as a special case of a
more general geometric homogeneity result [9] pertaining to the finite time stability of
switched systems. However, the result in [9] did not provide the estimate of the settling
time such that the intuitive expectation is fulfilled, namely, that increasing the gains
of the feedback controller reduces the settling time. The results established in earlier
sections not only prove the same but also provide tuning rules to achieve pre-specified

settling time.

It is interesting to note that the geometric series (4.76) and (4.77) encountered as a
natural outcome of the mathematical analysis are indeed in agreement with the earlier
results on homogeneity of discontinuous vector field [4], [9, Th. 3.1] that inherently
involve a geometric series producing finite time convergence of trajectory due to the

negative degree of homogeneity.

Uniform Finite Time Stability

The Definition 2.5 of equiuniform finite time convergence given in Chapter 2 requires
that the stability (that may be substantiated by Lyapunov functions) be uniform in
the initial conditions of the state and time and the uncertainty. It also means that
the parameter e mentioned in the aforementioned definition should be independent of
the initial time t5. As discussed in Section 3.8.2, it is worth noting that the results
presented in earlier sections of this chapter satisfy these requirements. The first reason
is that the underlying global uniform asymptotic and exponential stability is guar-
anteed by combining the Lyapunov function based analysis presented in the previous
chapter with the semi-global analysis in [9] (also see Remark 3.1). In particular, the
inequalities
LrV(zy,29) < V(J;l,a:g) < MRV (21, 29)

. (4.101)
V(21,22) < L' MpRe™ Kr(t=t0)

hold true within the compact set I'r = {(21,22) : V < R}, V(;T‘l,ﬂ'?g) = pio|z1| + %1% +
kxy a2, V(r1, 22) = polz1| + %.’B% and Kp, Lr, My are positive scalars suitably fixed a
priori [9, Th. 4]. The compact set I'g utilised in the switched synthesis (4.10), which is
based on the same function V' appearing in (4.12), is the same as that defined in proof

of [9, Th. 4.2]. Hence, the definition of equiuniform finite time stability is satisfied due
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to the very fact that the twisting controller is invoked inside I'p. The second reason is
that the computation of the transcendental solutions of the integrals (4.54) was carried
out without depending explicitly on initial time #y. More specifically, the point O of
figure 4.1 and point Oy of figure 4.2 do not depend on any fixed value of the initial
time fo. A unique d thus exists for all finite initial conditions xa(tg) for all tg because
the region B, encompasses I'g, i.e., 'r C B, (see section 4.2.1, lemma 4.1 and figure
4.1).

4.6 Remarks on conservatism of settling time estimate

The previous chapter and this chapter presented two methods of computing the upper
bound on the settling time of the perturbed double integrator when a twisting controller
is used. As mentioned earlier in the thesis, the work presented in [106] also addressed
this problem. More recently, the work in [42] solved this problem via identifying strict
Lyapunov function. All the results, reported in the thesis or otherwise, exhibit some
degree of conservatism in the upper bound of the settling time estimate. This is because
the computation of the settling time is based on either the decay rate of the Lyapunov
function or the level sets of the same. It is of interest to investigate the conservatism
of the upper bound presented in this chapter with that proposed in parallel or existing

works. The most recent reference [42] is chosen for this comparison.

Reference [42] considers the following system:

.’i‘l =9
(4.102)
&2 = a(z,t) + b(z, t)u,

where @ = (21,22)" € R%,u € R and |a(z.t)] < M is bounded uncertainty. If it
is assumed that b(2,7) = 1 then system (4.102) coincides with (4) when w = a(x,1)
and twisting controller is used. It should be noted that the gains need to be selected

according to the following condition:

3

.

p+p>pe—M>pu > M> ?2772 (4.103)

for some p > 0,72 > 0.

The upper bound on the settling time function established in [42] is as follows:

T(z0) = = V'3 () (4.104)

= | w
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where,

3
1 ,\2
Lo = ;L‘(to). V(I) = <ﬁ1‘.l¢1| 4+ 51%) + moxiag,

2
>0, p>0, m :p+2]v1+§\/§712,

) o 9

v = min 3 2 (4.105)

3 . ; 3 . 3 £
<\/§7rf’ L émc3> T (VA )
a1 = mo(ue — p1 — M)
3 2.1

ag & WG </u = |m1 = po| — M — 522"‘2> ’

2210

Let the initial condition xy = (0.5, —1) be considered. Let the upper bound M on
the uncertainty w be M = 1. This defines 1 and ¥ (See Section 4.3). Let R = 0.5 be
selected. Let 6 = 1.15 be chosen in order to satisfy the requirement 6% > ;. Then
formula (4.77) leads to the estimate of the upper bound on the settling time 75 = 3.73
when 11 = 2, 19 = 4 are chosen. Furthermore, 7; = 2.05 can be computed from (4.18)
where ov = 2,1 = 2,1y = 3, R = 2.5 have been chosen. Hence, the total settling time

according to the formula (4.85) is obtained as 77 + 73 = 5.78.

Next, let the upper bound on the settling time given by (4.104) be considered. Choice
= 2,00 = 4,p = 2,m = 0.2 is a valid one that satisfies (4.103) for M = 1. Then
w1 = 4.2 follows from the definition given in (4.105). The scalars o = 0.2 and
as = 0.66 also follow from the definition given in (4.105). Choosing ¢ = 1 and noting

that v = 0.04, V(xzg) = 4.08 leads to the upper bound T'(zq) = 127.4.

The actual settling time of the system is just less than 2.5sec as shown in Fig. 4.5.
It can be seen that the upper bound 7'(zp) = 127.4 obtained via the results of [42] is
significantly more conservative than 77 + 75 = 5.78 obtained via the results presented

in this chapter. This holds true at least for the initial conditions in question.

4.7 Planar systems with unilateral constraints and resets

Robust discontinuous uniform finite time stabilization has been a significant theme in
this thesis. The planar systems considered thus far can be described by a discontinuous

vector field. The solutions of the closed-loop systems are understood in the sense of




4.7. Planar systems with unilateral constraints and resets 98

Y | —— ! AP — H
— Position
|~~~ Velocity
® :
] //f\
g 0' 4 .\\' 7-/‘\ 7‘
£ /I o~
(] f
v N/
> N
N <DL J
4 ]
0 1 2 3 4 5

Time (sec)

FIGURE 4.5: Actual setting time of the closed-loop system (4.43)

Fillipov’s definition [6]. The solutions are absolutely continuous and in general non-

unique in forward time.

The focus of the investigation in the next chapter shifts to the study of unilaterally
constrained planar systems. More specifically, the focus is on studying the same tech-
niques of homogeneity and non-smooth Lyapunov functions to establish uniform finite
time stability and to estimate a finite upper bound on the settling time for unilaterally

constrained planar systems.

Section 3.8.3 described a class of unilaterally constrained systems. Systems with
unilateral constraints occur when one of the states cannot evolve beyond a physical
constraint and typically have discontinuous solutions [23]. Discontinuous systems with
jumps in the states, which are a class of complementarity systems, are studied in various
disciplines within the sciences. References [23, 40, 95] provide a comprehensive study
of solutions, stability and control of non-smooth mechanical systems with discontinuity
and collisions and [122] studies complementarity systems in economics that allow for
discontinuous solutions. As far as non-smooth mechanics of the motion of a particle is
concerned, a unilateral constraint on position induces a jump in its velocity [23, Ch. 1].
A classical example where a unilateral constraint gives rise to jump in velocity is the
well-known ‘Bouncing Ball” example. For example, robotics applications in mechanical
engineering where the position of a particle is hindered by the constraint surface is a
typical example of such systems [96]. Control of biped robots, a very active area of
research [15, 27, 28], inherently involves jumps in angular velocities of all the joints

[97).
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As evident from the above references, the practical significance of the study of sta-
bility and control of systems with jumps is very relevant to a large class of mechanical
systems. It can be seen from the aforementioned literature review that asymptotic
stability in the presence of impacts is an active area of research. However, finite time
stability in the presence of impacts is less studied. Impacts due to collision present a
hard non-linearity within the whole control problem and the challenge of stabilizing
the trajectory to the origin arises mainly due to the fact that impacts take the tra-
jectories away from the origin in systems such as (3.86) where a unilateral constraint
appears on the position. Hence, discontinuity of solutions and instability due to the

hard non-linearity induced by state jumps pose a theoretically challenging problem.

The nonlinearity posed by impacts can be thought of as belonging to two types of
systems: (i) Problems where the impacts have a finite accumulation point (see [23, 36]
for detailed discussion on the so called ‘Zeno’ behaviour caused by the accumulation of
impacts) and (ii) where the impacts do not have an accumulation point. In this thesis,
the first problem is studied in the form of a regulator problem and the second problem
is studied in the form of a tracking problem. The second problem inherently involves
a definition of stability that is based ecither on the boundedness of solutions or on the

periodicity of solutions [27, 36].

As far as the problems with an accumulation of impacts are concerned, the problem
of defining the solutions of non-smooth systems in the closed-loop is theoretically chal-
lenging [23, Section 1.3.1(c)]. The state x(t) of unilaterally constrained planar systems
such as that given in (3.86) becomes a discontinuous function of time due to impacts.
The flow remains continuous only between the impacts. Existing Lyapunov approaches
can be found in [23, 101] which inevitably involve analysis of jumps in the correspond-
ing Lyapunov function. From the perspective of formulating a control synthesis, the
problem of finite time stabilization of such systems is a novel concept which has not
been studied in the published literature (see [23] and references therein). Such a study

is relevant to a class of mechanical systems with unilateral constraints [23, 97].

Out of the two aforementioned problems with impacts, the next chapter solves the
theoretically challenging and practically relevant problem of uniform finite time stabi-
lization of the unilaterally constrained perturbed double integrator to the origin in the
presence of impacts which have a finite accumulation time 2. The problem of stabi-
lizing the trajectories when the impacts do not have a finite accumulation and persist

for all ¢ € [0,00] is studied in Chapter 7. Since the control of joints of fully actuated

2 As noted in [123], “one can argue that physical systems do not exhibit Zeno behaviour. However,
modelling abstraction can often lead to Zeno models of physical systems. Since abstraction is crucial
for handling complex systems, understanding when it leads to Zeno hybrid systems is important”.
This is indeed the case with unilaterally constrained system (3.86) not only in understanding when
‘Zeno’ motion occurs but also from the viewpoint of achieving stability.
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robots can be formulated as the control of a perturbed double integrator [23, Ch. §],
the results in the next chapter cover a large class of mechanical systems. The afore-
mentioned finite time stabilization is achieved by extending the results of the previous
chapter on the Lyapunov analysis for planar controllable systems and geometric results

of this chapter to the case of unilaterally constrained systems.

4.8 Conclusion

A novel switched control synthesis has been developed. An upper bound on the settling
time of the ‘twisting’ controller and the corresponding tuning rules are also established.
The upper bound is obtained in the absence of the differential inequality of the Lya-
punov function. Explicit tuning rules, which enable desired reduction in settling time,
are obtained due to the several straightforward steps. The results appear to be su-
perior to existing methods that do not provide tuning guidelines to achieve a specific
reduction in settling time. These results may be of particular interest to practising

control engineers in implementing a twisting controller.

The next chapter utilises the above results which are based on geometric analysis and
combines them with the Lyapunov and homogeneity results of the previous chapter to

solve the problem discussed in Section 4.7.




CHAPTER. 5

Uniform Finite Time Stabilization of a Unilaterally

Constrained Perturbed Double Integrator

5.1 Systems with resets

The study of discontinuous systems has received considerable interest amongst control
theorists and practitioners [21]. Discontinuous systems are studied in very different
research fields such as economics, electrical circuit theory, mechanical engineering,
biosciences, systems and control theory. Many different frameworks therefore exist to
describe various classes of discontinuous systems, for example, differential inclusions [6],
measure differential inclusions [25] and complementarity systems [23] amongst others.
Discontinuities appear either due to the nature of the system dynamics or due to
the application of discontinuous feedback control. A survey article on discontinuous
dynamical systems can be found in [21], which discusses various kinds of discontinuities,
their respective solution concepts together with the stability tools available in the

literature.

This chapter is concerned with the study of systems with resets or subject to re-
initialization of the states. Such systems are studied in various branches of the control
sciences. In the study of hybrid systems, for example, systems with resets are studied as
a combination of the two phases: (i) continuous time dynamics and (ii) discrete event
dynamics caused by state jumps (see recent studies [49, 124] and references therein
for a rigorous survey of solutions, stability theory and Lyapunov based frameworks for
such systems). Systems with resets are also studied in complementarity systems arising
from systems with collisions as studied in the area of non-smooth mechanics [23]. The
solution concept for these can be found in [25, 47, 95]. The relevance of systems with

impulse effects to the area of robotics is studied in 23, Ch. 8]. The tracking control

101 AEN
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of robotic systems when impacts appear as a hard nonlinearity is both a practically
and theoretically challenging problem. Tracking control of biped robots [27, 36|, for

example, presents a befitting example of systems with impulse effects in velocity.

The main focus of this chapter is on mechanical systems with resets in velocity. The
well-known twisting controller, which is a second order sliding mode controller [4], is
utilised for finite time stabilization of a double integrator with a unilateral constraint
surface as well as with a disturbance term in the velocity dynamics. The disturbance
can account for discontinuous terms such as Coulomb friction. The velocity under-
goes an instantaneous reset when this inelastic collision occurs. It is assumed in this
chapter that the restitution or reset map relating the velocities just before and after
the time of impact is fully known. However, no such assumption is made on the time
of impact. The method of Zhuravlev’s non-smooth transformation [125] is utilised to
first transform the system into a variable-structure system without jumps (also see
references cited in [23, Ch. 1, Sec. 1.4]). Within the domain of engineering appli-
cations, such a transformation is very useful in the analysis of vibro-impact systems
[125], [126]. The resulting transformed system turns out to be a switched homogeneous
system with a negative homogeneity degree [9] where the solutions are well-defined in
the sense of Filippov’s definition [6], an attribute absent in the case of the original
jump system (see [95] for solutions concept of systems with jumps and friction).- As
an immediate consequence, the resulting transformed system turns out to be a valid
candidate for stability analysis via smooth and non-smooth Lyapunov functions [23,
Section 1.4]. Next, a non-smooth Lyapunov function is identified to prove global equiu-
niform asymptotic stability. In turn, the quasi-homogeneity principle [9] is shown to
be applicable to the transformed system which, while being locally homogeneous with

negative homogeneity degree, is shown to be finite time stable.

A brief review of the literature on control of systems with

resets

The monograph [23] details methods for specifying solutions, together with the Lya-
punov stability framework and control synthesis for non-smooth mechanical systems
with friction and collision. The rigorous theoretical developments in the theory of
non-smooth mechanics have been accompanied by applications such as biped robotics
[15, 36, 97] thereby emphasizing the practical importance of the developed theory. An
introduction and a detailed study of non-smooth Lyapunov functions in the context of

discontinuous systems can be found in [20].
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Stability studies for systems relevant to this chapter can be traced back to early re-
sults, see references [34] for example. The results in [33] and [100] studied the bound-
edness of solutions and the second method of Lyapunov for stability of linear impulsive
systems. A multiple Lyapunov function approach can be found in [101] for switched
and hybrid systems. It is noted however, that the Zeno behaviours produced by infi-
nite number of switches and infinite number of impulses accumulating in finite time are
not covered by this work !. Stability analysis for systems with impulse effects can be
found in [35] where conditions on jumps in Lyapunov functions were given for uniform
asymptotic stability of the system. Results on Lyapunov stability and dissipativity
theory were given in [102] for a class of hybrid systems which covered accumulation of

impacts (or the Zeno mode).

Results on asymptotic stability and the invariance principle for unilaterally con-
strained systems can be found in [36, 39]. Results on robust finite time stabilization
of linear impulsive systems can be found in [99], which does not encompass the finite
accumulation of impacts. Unilaterally constrained systems can also be seen as hybrid
systems. The reader is referred to the latest advances in the literature on stability of
hybrid systems [50, 124]. However, more references on hybrid systems are not included

here as the study of hybrid systems is not one of the principal topics of this thesis.

It can be seen from the above literature review that uniform finite time stabilization

in the presence of accumulating impacts is a new and open problem.

The rest of the chapter is outlined as follows. The problem statement is presented
in Section 5.2. Section 5.3 presents arguments about the challenge of the proposed
problem statement as well as about the novelty of the presented results. It also pro-
vides clear motivation to study the problem defined in Section 5.2. Sections 5.4 and
5.5 contain the main results, namely, the proof of finite time stability and computation
of the upper bound on the settling time respectively. More importantly, these two
sections extend the Lyapunov framework of Chapter 3 and geometric results of Chap-
ter 4 to cover variable structure systems with resets. Section 5.6 presents numerical
simulations. Section 5.7 outlines some future directions of study which are worth pur-
suing not only due to the underlying theoretical challenge but also due to the practical
relevance. Section 5.8 includes discussion on extending the results of the thesis thus
far to non-smooth systems, a topic of investigation for the next chapter. Finally, some

concluding remarks for the chapter are given in Section 5.9.

'n the previous two chapters, the infinite number of switches were covered at the origin, leading
to a geometric series.
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5.2 Problem statement

The mathematical statement of the problem is given first. The next section follows the
problem statement by clearly providing details of the underlying motivation and chal-
lenge as well as the unique contribution. Consider the following open loop system [23,
Ch. 1]:

& =as (5.1a)
&y = u(x1,z2) + w(t) (5.1b)
21 >0 (5.1¢)
wolth) = —Ewalty) A waltp) <O, aa(te) =0, (5.14)

where 21, 22 are the position and the velocity respectively, u is the control input, w(t)
is a piece-wise continuous disturbance [9, Sec. 2], [6], #; is the time instant of the &
jump where the velocity undergoes a reset or jump, € represents the loss of energy and
J;Q(tg) and x5(t, ) represent right and left limits respectively of x5 at the jump time #.
The equalities (5.1a) and (5.1b) represent the continuous dynamics without jumps in
the velocity. The inequality (5.1c) represents the unilateral constraint on the position
x1 which evolves in a domain with a boundary [23]. It is assumed that the jump event
occurs instantaneously within an infinitesimally small time and hence mathematically
can be represented by Newton’s restitution rule [23], [15] given by (5.1d) where it is
assumed that & € (0,1). The twisting control law [4] in (x1,#2) coordinates is given as
follows:

u(wy, x2) = —p sign(za) — pasign() (5.2)
where, 19 > 11 > 0. It should be noted that the above control law undergoes a jump

whenever the state x3 undergoes a jump (this is similar to the existing literature [15]).

The disturbance w is assumed to admit a uniform upper bound

esssup |w(z, )| < M (5.3)
t>0
on its magnitude such that
0< M < py < pa. (5—1)

It should be noted that the solutions of the closed-loop system (5.1),(5.2), which
involve switched terms along with impact, can be defined using existing methods (see
[25], [23], [95] and [47] for the solution concept via differential inclusions with both

friction and collisions terms on the right hand side).
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The aim of this chapter is to i) prove finite time stability and ii) to establish a finite

upper bound on the settling time 7 of the closed-loop system (5.1), (5.2).

It should be noted that the existing finite time stabilization approaches [4, 9, 12, 14,
106] do not apply to the case of jumps in the velocity dynamics. The motivation to
achieve finite time stability is twofold. Firstly, the effect of the jump in velocity when
21 = 0 is a destabilizing one for the double integrator. This is contrary, for example, to
the self-stabilizing nature of a bouncing ball where impact with the ground stabilizes
the motion [23], with loss of energy at the time of impact. Hence proving finite time
stability is a theoretical challenge due to the complexity of the definition of the solutions

of the closed-loop system (5.1), (5.2) [95].

Relevance to mechanical systems

Although limited, system (5.1) is not too restrictive as such planar controllable systems
may occur when non-linear constraints of the form F(x) = 0 are transformed into
x1 = 0. The reader is referred to [96, Section III] where the problem of control
of constrained robots described by M(q)d + F(q,q)q¢ = f + u, where f denotes the
generalized constraint forces due to a constraint surface ¢(q) = 0, is transformed into
1 = u+ w(t,z) + TT(x)f with a constraint 2; > 0. The matrix 7'(x) is a non-
singular transformation and f = 0 when there is no contact with the surface. In
terms of compact notations of complementarity theory [23], 0 < fl¢(g) > 0 holds
true. Then, the results presented in this chapter are directly applicable to such planar
controllable systems with the aim of finite time stabilization on the constraint surface
21 = 0. Therefore, the proposed results do not merely mimic the bouncing ball like
behaviour, but rather they achieve uniform finite time stability in the presence of
friction and impacts for a large class of impact mechanical systems. Secondly, the
proposed stabilization results can form the basis for similar developments for nonlinear
systems with resets in velocity such as biped robots when the joints undergo rebounds of
impacts. Thus the problem formulation is both theoretically challenging and practically
relevant. It should be noted that the latest advances in the literature of numerical

schemes [118] aid the implementation of discontinuous control laws.

5.3 A novel concept: finite time stability in the presence

of resets

Finite time stability [13] between two successive impacts when the impacts do not

have an accumulation point is relevant to the area of biped robots [27]. The stability
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of a nonlinear system in the presence of such a finite time convergence of tracking
errors between the impacts is better understood in terms of periodic orbits [28]. Such
a finite time convergence is fundamentally different from that obtained in the presence
of accumulation of impacts otherwise known as ‘Zeno’ behaviour [23, 29]. This chapter
achieves finite time stability of unilaterally constrained systems with the accumulation

of impacts.

The existing work [36] can be utilised by showing that the limit of post jump values
of the Lyapunov function goes to zero. The problem presented in Section 5.2 can be
analysed in a manner very similar to Chapter 4 where integration of the trajectories
is carried out and the corresponding Lyapunov function jumps are computed. This
must be followed by the computation of the limit of the post reset Lyapunov jumps.
Although this is possible theoretically, there is an inherent theoretical challenge due to
the way the solutions are defined. For example, the Fillipov’s solution concept is no
longer feasible for the jump system. Alternative methods [47, 95] should be employed
first to clearly define the solutions of the closed-loop system. Then, the next challenge
is to see if the convolution method of integration carried out in the previous chapter
holds in this case. It is therefore not a straightforward problem to solve, even for a

simple jump system (or a simple unilaterally constrained system), such as (5.1),(5.2).

In view of the above discussion, this chapter utilises an existing method of non-
smooth transformation [125] to transform the system with resets to a system without
resets. This conversion is essential to the subsequent result of equiuniform finite time
stability since the trajectory of the transformed system can be defined completely by
Fillippov’s solutions, a tool not available in the case of the original jump system. The
main consequence of this transformation is that all the methods established in the
previous two chapters, namely, Lyapunov and geometric analysis of homogeneity of
uncertain switched systems, become applicable to the class of systems being studied
in this chapter. Interestingly, hope for establishing various Lyapunov frameworks for
such a transformed system was expressed in the literature [23, Remark 1.15]. The
problem of finite time stability, however, has never been studied even for transformed
systems generated by non-smooth transformation. The relevance of the investigation
presented in this chapter to engineering applications has been discussed in Section 5.2.

This chapter studies this theoretically novel and practically relevant problem.

Theoretical motivation

The theoretical motivation to propose this new framework to replace the existing Lya-

punov methods for discontinuous systems [9], [4], [106] is that the later do not apply
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to the case of jumps in the velocity dynamics. In contrast, a class of non-smooth
semi-global Lyapunov functions is shown to exist in this chapter to prove equiuniform
asymptotic stability of the transformed system in order to take advantage of the exist-
ing finite time stability results [9]. In turn, attainment of global equiuniform finite time
stability becomes possible. From a practical viewpoint, the motivation stems from the
applicability of the proposed method to the analysis and control of mechanical sys-
tems with jumps in velocity such as biped robots [15]. The proposed theory not only
covers individual resets but also encompasses the proof of finite time stability under
the influence of infinite rebounds of impulses, otherwise known as the so-called ‘Zeno
mode’. In the context of cyclic gait control of a biped robot, the practical significance
of this proof is that the stability of all the actuated joints under the influence of infi-
nite rebounds at each step is substantiated by mathematically transparent Lyapunov

theory.

A unique contribution

The main theoretical contributions of this chapter are threefold. Firstly, although re-
sults exist for asymptotic stabilization of continuous and discrete dynamics [38], finite
time stabilization in the presence of velocity jumps is a novel concept. Whereas the
existing stability results using Lyapunov methods [23], [36], [101], [21], [34], [33], [100],
[35], [102] inevitably involve analysis of jumps of the Lyapunov function and their re-
spective limits in asymptotic time, the proposed method proves the finite time stability
of the origin of a perturbed double integrator in the presence of jumps in velocity with-
out having to analyse jumps in the proposed non-smooth Lyapunov function. Secondly,
finite time stability is proved using the homogeneity principle for the switched system
thereby obviating the need for obtaining a differential inequality of the Lyapunov func-
tion. In turn, the quasi-homogeneity principle [9] is extended to the case where jumps
in velocity are present. Finally, the ‘twisting’ controller [4] is shown to stabilize the
unilaterally constrained perturbed double integrator in finite time. Furthermore, an
upper bound on the settling time is also computed. These contributions bridge three
streams, namely, non-smooth Lyapunov analysis, the homogeneity principle and finite

time stability for a class of impact mechanical systems.

This chapter presents one of the main results of the thesis. It sets an analytical bench-
mark for future studies pertaining to the stability of a class of unilaterally constrained
systems by providing rigorous Lyapunov based proofs and geometric homogeneity re-
sults. For example, convergence analysis of advanced methods such as [30] may be able
to utilise the proposed proof while verifying the results of stabilization of the system

trajectory locally on a constraint surface. Furthermore, the results presented in this
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chapter allow for the so called ‘Zeno’ mode in constrained planar systems where the

impacts have a finite accumulation point.

It should be noted that unlike some existing methods in the hybrid systems literature
[50, Section V.C] [52, Example 6.8] that provide uniform asymptotic stability results,
the ideal Zeno solution is not required to be eliminated by temporal regularization.
Instead, the Zeno solution is automatically encompassed due to the non-smooth trans-
formation paving the way for non-smooth Lyapunov theory [20] to be applied to the
problem. More importantly, the uniform finite time stability (as defined in [44], for
example,) is achieved for the unilaterally constrained double integrator in the presence
of friction and bounded disturbance on the right hand side of the velocity equation as
well as in the presence of the Zeno behaviour of the solution, a robustness feature not
available in the hybrid systems literature. Furthermore, equiuniform stability (with
respect to uncertainty) is a different concept than that given in [44] in that the later
only discusses uniformity with respect to the initial time and state. It is interesting to
note that the problem of capturing the accumulation of impacts numerically is quite
difficult to solve when event based numerical schemes are used [22, Ch. 1]. This is

discussed in more detail in Section 5.7.

A remark on ‘Zeno’ mode

Unlike the existing literature on hybrid systems [29], this chapter does not regularize
the Zeno motion temporally or dynamically. For the bouncing ball example, ideal Zeno
motion occurs when the ground and the ball are assumed to be rigid and non-deforming
and each impact with the ground is assumed to be purely non-elastic [23, 48]. In the
context of the bouncing ball analogy, the temporal regularization as described in [29,
Section 4] and subsequently utilised in [50, Section V.C| means that the impact takes a
small but (not infinitesimally small) time € > 0 and the dynamic regularization means
that the impact is elastic but is more like that with a highly stiff spring. No such
regularization is employed in this chapter and ideal Zeno modes due to non-elastic
impacts are allowed giving rise to instantaneous jumps in zero time® Furthermore,
existing Lyapunov approaches on the study of ‘uniformly small ordinary time’ [48]
that leads to finite time stabilization results and computation of finite settling time
inherently differ in that the jumps in the corresponding Lyapunov function [48, Th.
3.3, Example 3.4] is always needed to be analysed at the time instance of a reset. More
importantly, the decrease in successive jumps also have to belong to class Ko, (see
[48, Th. 3.3]). This chapter does not need such an assumption while proving robust

finite time stability and computing the finite settling time without analysing the jumps

*The measure of time is in fact better represented by Dirac measure [23] and Dirac distribution.
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in the Lyapunov function due to the jump-free system produced by the non-smooth

transformation.

5.4 Global equiuniform finite time stability

This chapter employs Zhuravlev-Ivanov’s method of non-smooth transformation [125,
127], [23, Sec. 1.4.2] to transform the impact system (5.1) into a jump-free system.
Let the non-smooth coordinate transformation be defined as follows:

1 =|s|, z2= Rwsign(s),

R=1-ksign(sv), k=

The variable structure transformed system

s=Rw
(5.6)
0 = R 'sign(s) (u(|s|, Rusign(s)) + w(|s|, Rusign(s), t))

is then obtained by employing (5.5) and using the dynamics (5.1a), (5.1b) (see [23, Ch.
1] and remarks on non-smooth transformation (5.5) at the end of this subsection for
the mechanics viewpoint and detailed derivation). By combining (5.2) and (5.5), the

controller (5.2) can be represented in the transformed coordinates as follows:

u(|s|, Rusign(s)) = —p1 sign(sv) — po (5.7)

Substituting (5.7) into (5.6), the closed-loop system in the new coordinate frame can
be obtained as follows:
$=Rwv

(5.8)
o= —p1 R™"sign(v) — o B! sign(s) + R 'sign(s)w(t)

It should be noted from the definition of the transformation (5.5) that the origin
s = v = 0 of the system (5.8) corresponds to the origin x1 = 29 = 0 of the system
(5.1).(5.2). Although the transformation (5.5) is not invertible, it is important to note
that one starts from the closed-loop system (5.8) and that the original dynamics can
be recovered via (5.5). Due to the boundedness of the solutions in both coordinate
systems (see Remark 5.2) and due to the unique correspondence between the two
coordinate systems at the origin, stability analysis can be performed in the transformed
coordinates. The limitation of the non-smooth transformation approach is that it holds

true only when the constraint surface is of co-dimension one [23]. The unique advantage
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of the method is that the solutions of (5.8) are well defined in the sense of Filipov [6].
Furthermore, such a formulation admits both friction and jump phenomena, while
guaranteeing existence of solution. The formulation (5.8) also captures the infinite
rebounds [38] (the so-called Zeno behavior) once the system stabilizes to the origin

and in turn on the constraint surface.

Remarks on non-smooth transformation

Zhuravlev [125] first proposed the non-smooth transformation (5.5) to avoid the jumps
in the solutions. The concept was later utilised in [127] to study periodic solutions
and stability of planar vibro-impact systems. All the theorems of this work assumed
differentiability of planar vector field f(z) where & = f(z). However, the differen-
tiability was needed by the proof of asymptotic stability and not by the definition of

non-smooth transformation itself (see [127, Th. 1)).

The main idea of the transformation (5.5) is to use the mirror of the original trajectory
x1(t) with the mirror placed on the constraint z; = 0 [23, Ch. 1]. The following
analysis is included here from [23, Ch. 1] and from [127, Section 1] for completeness.
Consider the definitions of transformation @ = |s| = s sign(s) for the position and
@ = R v sign(s) for the velocity. Let the dynamical equations of planar system # =

f(t,x,8) + 0:(tk)d, be analysed in transformed coordinates, where o;(;) represents

a jump in the velocity at time #;. The definition z = |s| = s sign(s) dictates that
$ = % s(t) sign(s(t))} + 04(t;)0¢;, where t; specifies an instant when the sign of s(#)

undergoes a change, o() represents a jump in the quantity, é.) denotes Dirac delta
measure and {F'} represents the derivative of any function F(£) calculated ignoring
the points of discontinuity and which is not defined at the points of discontinuity.
From the fact that ar(tj') = s(z‘j) sign(s(t}')) — s(t;) sign(s(t;)) and since s(t) is
continuous (due to the fact that x(t) is), it follows that

&= = s(t) sign(s(t))} sign(s) = R v sign(s), (5.9)

where the definition of the new coordinate # £ R v sign(s) is used. Since, there is no
jump in z, 0, = 05 = 0. Furthermore, %{s sign(s)} = § sign(s) ignoring the points of
discontinuity (i.e. s =0). Hence, (5.9) produces the first equation in (5.5) by canceling
sign(s) on both sides, namely § = R v. As to the velocity equation, it can be obtained

that

$= f(t, 2 &) + o5l = E{R v sign(s)} +op, sign(s)(tj)()fw (5.10)
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where t; denotes generically an instant where & = R v sign(s) may be discontinuous.
An inspection of (5.5) shows that this can occur when either of s(¢) or v(t) crosses
zero. In the case when v(t;) = 0, it follows that o3(t;) = op, sign(s)("j) = 0. The

following can be obtained from the last term of (5.10):
Z = R ¥ sign(s) (5.11)

In other words, the jump o;(#;) has to equal zero, since o, sign(s)(fj) equals zero due
to v(j) = 0, for the equality (5.10) to hold true. Substituting # = f from (5.10) into
(5.11) and simplifying, © = R~! sign(s) f is obtained as given in the second equation
in (5.5). However, if the trajectory intersects the v-axis with v # 0, then the change of
sign is due to s and the jump can be computed as o;(¢;) = 2 v(t;) sign(s(tjr)) = 0 (tk),
where t;, and t; coincide. The quantity 2 v(¢;) sign(s(t;-“)) is obtained as follows. The
jump occurs only when the variable s changes sign [127, Section 1]. When s changes
its sign from positive to negative with v < 0 on s = 0 axis (i.e. from fourth quadrant

of (s,v) plane to third quadrant) at time ¢ = ¢;, the following can be obtained:

’U(t}") = lim v(t;) = lim v(t;) = v(¢;)

t—>fj' t—)t;
lim sign(s(tj)) = — lim sign(s(t;)) = —1
bt >ty

R(t1) = lim {1 — ksign(s(fj))sign(v(tf’))) =1-—k

t—t} (5.12)
R(t;) = th:?*(l — ksign(s(t;))sign(v(t;))) = 1+ k
Oy sign(s)(ti) = R(tj*) u(fj)sign(s(f_) ) — R(t;) o(t; )sign(s(t;))

- 7 i R P A o CMRCRY g s o
= ORy sign(s)(tj) = —2 “(f’j )=2 U(tj )blgn('s(tj ))
The same analysis can be carried out when s changes sign from negative to positive

with v > 0 and o, sign(s)(tj) =, U(z‘,j)sign(.s(ﬁj' )) can be obtained.

The coincidence of 7, and t; above is due to the fact that there is no jump in s or x
for all times and the fact that the contact occurs on constraint 2 = 0 when s changes
sign with a non-zero v. In this case 0;(tx) = op , Sigll(s)(tj) =2 w(t;) sign(s(tj)) holds
true and the same second equation of (5.5) is arrived due to cancelation of equal jump
terms on both sides of (5.10). Substituting 7 from (5.10) into (5.11) and simplifying

again produces © as given in the second equation in (5.5).

Hence, starting from the transformed system in (5.5), it follows that no impact occurs
if the (s,v) trajectory crosses the s-axis (i.e. {(s,v) : v = 0}). If it crosses the v-axis,
then this occurs when s = 0 (i.e. 2 = 0, the constraint is attained), and an impact

occurs with a magnitude 2 v(t;) sign(s(t}r)).
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Before beginning with the proof of finite time stability, a summary of the stabilization
characteristics is given. The following four facts are summarised from the analysis of

the previous section:

1. The point (0,0) = (21, z2) is the equilibrium of the dynamical system (5.1), (5.2).
This is because &1 = 0,22 = 0 is obtained when, for example, w(t) = 0 and
(21(0),22(0)) = (0,0). Similarly, the point (0,0) = (s,v) is the equilibrium of

the dynamical system (5.6), (5.7). This is because
§=Rv=0, 2o=R "sign(s)u(|s|,R vsign(s)) =0

is obtained, for example, when w(t) = 0 and (s(0),v(0)) = (0,0). Hence, the
trivial solution (0,0) is a unique solution and is the equilibrium point for both

dynamical systems.

2. The non-smooth transformation (5.5) is such that the coordinates (s,v) cannot be
retrieved from the (21, 29) as it is a singular transformation. However, the point
(0,0) is an exception in that it is uniquely transformed from (zi,x2) system to
the (s, v) representation and vice versa. This claim can be verified as follows: v =
0 = & = R vsign(s) = 0. Also, the expression & = 0 = v = (R sign(s)) ' & =0
holds true. Furthermore, expressions =0 = s = +tr =0and s =0 = » =

|s| = 0 hold true.

3. The boundedness of (s, v) guarantees boundedness of (1, x2) as noted in Remark

5.2

4. There exists a semi-global Lyapunov function proving equiuniform finite time sta-
bility of (5.6), (5.7), thereby proving equinniform finite time stability of (5.1), (5.2)

due to the aforementioned points 1, 2 and 3.
The finite time stability results can now be presented for the transformed closed-loop
system (5.8).

Lemma 5.1. Let the dynamical system be given by (5.8). Also assume ¢ € (0,1),

then the following is true:

sign(sv) sign(R — R™1) = —1 (5.13)
Proof. The parameter R is defined in (5.5). For the case when sign(sv) = —1, R can

be computed as R = 1 — ksign(sv) = 1+ k = 1;{ . Hence R — R7! = %

z
Noting that & € (0,1), it is indeed clear that sign(R — R~!) = 1. Hence the result
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sign(sv) sign(R — R~1) = —1. For the case when sign(sv) = 1, R can be computed as
R=1—ksign(sv) =1—k = % Hence R— R~ = (—;%(Il)—j%l) Noting that ¢ € (0.1),
it is indeed clear that sign(R — R™') = —1. |

The transformed system (5.8) is not a standard double integrator system and is not
a candidate for the application of existing methods [4] because R causes discontinuity
in the right hand side of the first equation of (5.8). Hence, proving finite time stability
is not as trivial as merely combining the existing controller and existing non-smooth
transformation technique. Furthermore, finite time stability of (5.8) has never been

studied.

It is of interest to note that the discontinuity and in turn Filippov’s inclusion [6]
in (5.8) is caused by the fact that R switches between two positive values on sets
{(s.v) : s =0},{(s,v) : v = 0} of Lebesgue measure zero. Let the two values of R be

defined as follows:

(5.14)

R— Ry = 115, if sign(sv) = —1;
Ry = lﬂfé,, if sign(sv) = 1.
Then, it is trivial to note that given € € (0,1), the following is true from the compu-

tations in Lemma 5.1:

Ri>Ry>0, R{' < Ry',|R1 — R{Y| < |R2 — Ry Y|

3+e 241, (5.15)
5 ,

|Ry— R Y| = k|, |R2 — R3'| =

2e

The following is the first main result that establishes equiuniform finite time time

stabilization.

Theorem 5.1. Given M = 0, the impact system (5.1), (5.2) and its transformed

version (5.6), (5.7) are globally equiuniformly finite time stable.

Proof. Lyapunov stability analysis can be performed in the transformed coordinates
since both the set of expressions (5.1), (5.2) and (5.6), (5.7) represent the same

system. Let a Lyapunov function candidate be given as follows:
1 5 —
V(s,v) = pa |s| + = o (5.16)

By computing the temporal derivative of this function along the system trajectories

in (5.6), (5.7) with M = 0, it is obtained that,

V < po|v| |R — R} |sign(sv) sign(R — R™Y) — jy R || (5.17)
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From Lemma 5.1, equation (5.17) can be simplified as,

V < —palo| |R—R7Y — pg R71 || (5.18)

It can be verified that R~! > 0 for either sign of sign(s v) since & € (0, 1). Since the
equilibrium point s = v = 0 is the only trajectory of (5.8) on the invariance manifold
v = 0 where V(s,v) = 0. the differential inclusion (5.6), (5.7) is globally uniformly
asymptotically stable by applying the invariance principle [128], [129]. Moreover, the
system described in (5.6), (5.7) is globally homogeneous of the negative degree ¢ = —1
with respect to dilation r» = (2,1) and is globally uniformly finite time stable according
to [9, Theorem 3.1]. O

It can be observed that the Lyapunov function V(s,v) defined in (5.16) is inspired
from and is similar in structure to that proposed in [9, Th. 4.1]. However, Lemma 5.1
is needed to prove the negative definiteness of V appearing in (5.17) since the right
hand side of (5.17) involves the switching element R — R~!. The closed loop system
(5.8) is a globally homogeneous system if w(t) = 0 V¢t > 0. Consider next the case
when M takes a nonzero value. The discontinuous control law (5.7) can reject any
disturbance w with a uniform upper bound (5.3). Thus, the following result can be

stated.

Theorem 5.2. The closed-loop impact system (5.1), (5.2) and its transformed ver-
sion (5.6), (5.7) are globally equiuniformly finite time stable, regardless of whichever

disturbance w, satisfying condition (5.3) with M < jq < s — M. affects the system.

Proof. The proof is constructed in several steps.
1. Global Asymptotic Stability
Under the conditions (5.3), (5.4) of this theorem, the time derivative of the Lyapunov

function (5.16), computed along the trajectories of (5.6), (5.7) is estimated as follows:

V = polv| |R — R™Ysign(sv) sign(R — R™Y) — iy R7Y |v| + R~ |v|sign(sv) w (5.10)
5.
< —pafv] [IR = R™Y| = (1 — M)R™' ol

The first term in the last inequality follows from Lemma 5.1. Since M < 1 by condi-
tions (5.3), (5.4) of this theorem, the global asymptotic stability of (5.6), (5.7) is then
established by applying the invariance principle [128], [129].

2. Semiglobal Strong Lyapunov Functions
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The goal of this step is to show the existence of a parameterized family of local Lya-
punov functions Vj(s, v), R > 0 such that each Vi(s,v) is well-posed on the corre-

sponding compact set
Dp = {(s,v) €R?: V(s,v) < R}. (5.20)

In other words, V3(s.v) is to be positive definite on Dp and its derivative, computed
along the trajectories of the uncertain system (5.6), (5.7) with initial conditions within

Dg, is to be negative definite in the sense that,

Vi(s,v) < —Wg(s,v) (5.21)

for all (s,v) € Dp and some Wy(s,v), positive definite on Dp. A parameterized
family of Lyapunov functions Vj(s, u),]? > 0, with the properties defined above are
constructed by combining the Lyapunov function V' of (5.16), whose time derivative
along the system motion is only negative semi-definite, with the indefinite function

U(s,v) =swv:
1 -
Via(s,v) = V(s,v) + kgU(s,v) = pa|s| + 502 + K580 (5.22)

where the weight parameter xp is chosen small enough namely,

2pp®  po|Ri— R+ Ry — M
h:]}<mm{1, iy palfa = By |+ Ry (i ) (5.23)
' R

RiV/2R

and Ry is defined in (5.14). It can be noted from (5.20) that the following inequalities

hold true:
sl <&, ol < V2R (5.24)
Hence, the Lyapunov function (5.22) is positive definite on compact set (5.20) for all
(s,v) € DE\{0,0} and x > 0 satisfying (5.23) as shown below:
1

1 . 1 1 : ’
Vi(s,v) = po || + 5 v+ Kpsv > pols| + 5 P — 551?5“) - Eh’ﬁvz

/m”]?f? 1 2
Z('UZT) |S|+§(1‘K,R)l, >0
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The time derivative of the indefinite function U(s,v) along the trajectories of the

uncertain system (5.6), (5.7) is obtained as follows:

U(s,v) = Rv®+ s (—m R sign(v) — g R sign(s) + R sign(s)w)

ot
5]
(=
N

= Rv? — i R7Ys|sign(sv) — pe R |s| + R7Ys| w (5.
< Rv? — R7Ys| (g — p1 — M)

Then, by combining (5.19) and (5.26) the time derivative of (5.22) can be obtained as

follows:

VR < 7,[12|U| 'R — Ril‘ = (.ul - ]\/[) Rt |U| + H.ERU:) = I{RR"1|.S" (o — p1 — M)
(5.27)

The parameter R in (5.27) is a state function and keeps switching between the two
values as shown in Lemma 5.1. This corresponds to the fact that the rate of decay
of the Lyapunov function (5.25) switches depending on R. Considering the slowest
decay, a conservative estimate of the upper bound (5.27) can be readily obtained using

Lemma 5.1 and Eq.(5.15) as follows:

VR < —polv| |[R1 — RyY| = (1 — M)Ry Mol + kR v® — KRy Ys| (p2 — . — M)
(5.28)
Noting that, due to (5.19), all possible solutions of the uncertain system (5.6), (5.7),
initialized at tgp € R within the compact set (5.20), are a priori estimated by
sup V(s,0) < R, (5.29)
tE[to,OO)
and that (5.24) holds true within the compact set (5.20), (5.28) can be re-written as

follows:
Vp < — </1‘2 |R1 — R7Y + (1 — M) R7Y — k3R1V2R) |v]
" ' b (5.30)
— h‘,é]?fl(/l,g — 1 — M)|s| < —df [|s] + |v]]

where
o= miu{ fcRRfl(/Lg — iy — M), po|Ry — RTY + (pn — MY)RT! — KRV 2R }
3
It follows from (5.23) that ¢ > 0. Hence (5.30) results in

Vfg S —I’I*%VR(S, U) (532)
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where ;

72/6 il &RR 1—;)(1 +Kp) >0

Kz =tz | max ,
R R 22 2

and the upper estimate

2u% + KkzR
V, < 22X RRT
240

i (1+H[{)|l‘,

olE]

of the Lyapunov function (5.25) on compact set (5.20) has been used. Hence the desired
uniform negative definiteness (5.21) is obtained with W(s,v) = KzVj(s,v).

3. Global Equiuniform Asymptotic Stability

Since the inequality (5.32) holds on the solutions of the uncertain system (5.6), (5.7),

initialized within the compact set (5.20), the function Vj(s,v) decays exponentially
Vials(0),0(8)) < Vils(to), vl(to))eatt=1o (5.33)

on these solutions with decay rate K which depends on the gain parameters pp, ji2,
bound M on disturbance w and the system property R;. On the compact set (5.20),

the following inequality holds (see (5.25)):
LV (s,v) < Va(s,v) < MzV(s,v) (5.34)

for all (s,v) € Dj and positive constants Lz, My, satisfying

2413 —]?MR 2,LL%+I~?/{}~2

- 1 o 3
212 , +nR} (5.35)

LR<min{ ,IRR}, ]\/[R>max{

243
.

The above inequalities (5.33) and (5.34) ensure that the function V(s,v) decays

exponentially
V(s(t),0(t)) < LE' MgV (s(to), v(ty))e =10} < L=tMpRe~ rU—0) (5.36)

on the solutions of (5.6), (5.7) uniformly in w and the initial data, located within
an arbitrarily large set (5.20). This proves that the uncertain system (5.6), (5.7) is
globally equiuniformly asymptotically stable around the origin (s,v) = (0,0).

4. Global Equiuniform Finite Time Stability.

Due to (5.4), the piece-wise continuous [6], [9] uncertainty Ry 'w(t)sign(s) in the right
hand side of the system (5.6), (5.7) is locally uniformly bounded by R7'M whereas
the remaining part of the feedback is globally homogeneous with homogeneity degree

g = —1 with respect to dilation » = (r1,7r2) = (2,1). Noting that ¢ + r2 < 0, the
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globally equiuniformly asymptotically stable system (5.6), (5.7) and in turn the original
impact system (5.1), (5.2) are globally equiuniformly finite time stable according to [9,

Theorem 3.2]. O

Remark 5.1. Given the bound M on the uncertainty w and fixed values of pq, o,
an arbitrarily large R can be chosen such that the expression V(s(to),v(ty)) < R
holds true. In other words, global finite time stability follows from Theorem 5.2 as an
arbitrarily large R always exists. The only restriction of the whole formulation is that
R should be finite [9] (the initial condition set (5.20) must be known). In the context
of control of mechanical systems such as biped robots, the initial condition region is
known to be finite and hence the aforementioned condition is not a major restriction.
Furthermore, the scalar & is inversely proportional to the parameter R.

Remark 5.2. The singularity of the transformation (5.5) means that the initial con-

ditions s, 2°

cannot be retrieved from the actual initial conditions z{,x9 [23]. It is
interesting to note that this is not a limitation. It can be proved using the following
analysis.  Within the compact set (5.20), the following is obtained by utilizing the

inequalities (5.24):

=

|aa| = |Rusign(s)| = |VR202| < RV2R (5.37)

|lz1| = 8] <
M2

Hence, despite the singularity of the transformation (5.5), the settling time estimate
as well as the tuning guidelines (developed in the following sections) based on the trans-
formed system are applicable to the original system. The reason is twofold. Firstly, the
mapping from (s, v) to (21, x2) or vice versa is unique at the origin. Secondly, as shown
by (5.37), while the transformed system coordinates (s,v) settle from their respective
upper bounds (%, \/ﬁ) to the origin due to finite time stabilization, the original sys-
tem coordinates (1, 22) settle from their respective upper bounds (/%, RV2R) to the
origin.

Remark 5.3. The results obtained in this section are applicable to second order feedback
linearizable non-linear systems with relative degree 2 [75]. Let the nonlinear system

be given as follows:

&= f(z) + g(z)u (5.384a)
h(z) = x1 (5.38Db)
=8 Ha<0,z=0 (5.38¢)
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where, u € R is control input, € R? is state vector, h(z) is output and the Lie-
derivative Eyﬁglh(.;:) takes non-zero values due to the assumption of feedback lin-
earisability [75]. Such systems may occur, for example, in the field of robotics where
ﬁgﬁflh(.’u) can take non-zero values. Also, full-state feedback control synthesis is pos-
sible as it is realistic to assume the availability of both position and velocity in the

case of a broad class of mechanical systems. It is well-known [75] that the control law

1

ue) = LyL; h(z)

(—L£%h(z) + v(y)) (5.39)
transforms the continuous part (¢t ¢ {tx}) of the dynamics of system (5.38) into the
following double integrator:

Y1 = Y2,

‘ (5.40)

b2 = v(y1, y2)

It remains to check how the impact map (5.38¢) is affected in the process of trans-
formation. It should be noted that the new coordinates are given as y; = h(x) = z
and yo = L¢h(x) = &. Hence the same impact map as that given by (5.38¢) holds
true and the control law (5.39) with v(y) = —uisign(y2) — pesign(yr) results in the

feedback-linearized closed-loop system

1 =y2
Yo = —p1 sign(y2) — po sign(y1) ify1 #0 (5.41)
Ja(ty) = & gal(ty) if y2 < 0,91 =0,

which is the same as that described by (5.1), (5.2) thereby proving finite time stability of
the system (5.41) and in turn finite time stability of a class of nonlinear systems (5.38)

in the presence of jumps in the velocity.

5.5 Settling time estimate

A finite upper bound on the settling time of the closed-loop system (5.6), (5.7) is
computed in this section. This section utilises the same geometric analysis as that
carried out in Section 4.3. As described in section 5.3, the possibility to perform a
similar geometric analysis for the transformed system highlights the importance of the
non-smooth transformation and that of the finite time stability tools developed in the
previous chapters (see section 4.3) to establish similar results for the systems with

resets.
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FicUure 5.1: Schematic of finite settling time behavior of the transformed sys-
tem (5.6),(5.7)

The concept is graphically depicted in Figure 5.1. When the trajectories are initial-
ized on the positive vertical semi-axis pf’ = {r € R?: 2 = 0,29 > 0} at Oy, the
factor by which it gets closer to the origin after one revolution can be computed. The
value of the intercept (point O3) on the positive vertical semi-axis after one revolution
should be greater than the radius ry of the ball B, containing the level set Dy defined
in (5.20) (see Section 5.5.1 for the definition of 71 to render the relation Dy C B, to
hold true).

The choice of §, such that 0¥ > r; where U is the factor by which the trajectory gets
closer to the origin after one revolution at point Oz, will ensure that the settling time
estimate will be more conservative than the one computed with the initialization on
the level set Dy (point Og). The motivation for such a choice of initialization of the
trajectories on the ball Bs stems from the fact that the trajectory, containing O, on
the level set Dy, starting from any arbitrary point below Oy (see Figure 5.1) on the
(3'1*’ axis cannot intersect the trajectory starting from the point O4. The basis for this
is the fact that the solutions of (5.8) are unique everywhere. In fact, the solution does
not remain on the axes s = 0, v = 0 for finite time and always crosses the axes except
at the origin [9, Th. 4.1]. Hence, different trajectories have no intersections because
otherwise they would coincide with each other outside the origin due to the uniqueness

of the solution.

The approach utilized in the following is a two step process. Firstly, a comparison
system [120], the trajectory of which encompasses the actual system, is defined as

shown in Figure 5.1 (see the early work on the majorant curves [4] for the twisting
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controller; also see Remark 4.5). Secondly, the comparison system is then initialized on
the positive vertical semi-axis ¢ with the coordinates (0,d). Then the finite settling

time is computed for the comparison system subject to the condition d¥ > ry.

5.5.1 Definition of the radius r; such that D; C B,

As described in the first paragraph of Section 5.5, it is necessary for the computation
of 6 to compute the radius r; such that the expression Dz C B, holds true. The

following is required:

pals| w2 s\? v >
k=) ) =1 (5.42)
R T

Do
=

Impose the following inequalities:

s\?  pals| v\? 02
(—) g 2L (—) £ (5.43)
1 R 8] 2R

Then the expression (s,v) € B, holds true for every given point (s,v) € Dy in the

(s,v) state space. Note that the following always holds true for all (s,v) € Dy:

|5

ls| < = (5.44)
Lx

-~

]

The first inequality of (5.43) can be simplified as follows:

sl <—T1—1>2 < % (5.45)

Utilizing the relationship (5.44), the following more conservative requirement can be

2 ” 2
o(x) <= (5) <2 (5.46)
" H2 \ 71 R

Hence, the upper-bound r; > £ on r1, obtained from (5.46), suffices to satisfy the

p2
first inequality of (5.43).

formulated from (5.45):

Similarly, the second inequality of (5.43) leads to r; > 2R, combining which with
A g

ry > ;%’ the following estimate of the parameter r; is obtained:

71 = max {ﬁ, \% Zf?} (5.47)

H2
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5.5.2 Finite Settling time

Let the right hand side of (5.8) be written as follows:

¢1=Ru,
(5.48)
¢ = —py R sign(v) — po R~ sign(s) + R~ sign(s)w(t)
Let a comparison system corresponding to (5.8) be given as follows:
s=Rv
(5.49)
b= — [ — M] R tsign(v) — po R~ 'sign(s)
In turn, the right hand side
P =Ruv
! (5.50)
¢S = —[p1 — M] R 'sign(v) + pa R~ 'sign(s)
of the comparison system (5.49) relates to (5.48) as
$1 = @1
! (5.51)
$2 = 3+ Ao
where
A¢p = —M R lsign(v) + R~ lsign(s)w. (5.52)
It is trivial to note that,
<0, if (s,2) € (G1 UGy);
ap SO s E@UG 5
>0, if (5, v) € (Gg @] Gd)
where
Gr1={(s,v):s>0,0>0}, Go={(s,v):5>0,0<0} (5.50)

Gs ={(s,v) : 8 < 0,0 <0}, Gq={(s,v):5<0,0>0}

By virtue of (5.51), (5.53), the motion of the plant (5.8) is dominated by that of (5.49)
subject to the same initial condition. In other words the solutions (s(t), v(t)) of the sys-
tem (5.8) and the solutions (s°(t), v“(t)) of the comparison system (5.49) rotate around
the origin and in each region Gy,i = 1,2,3,4 the plot of the trajectory (s(¢),v(t)) is
bounded by the plot of the trajectory (s°(t),v°(¢)) and the switching lines s = 0,v = 0.

Hence it suffices for the purpose of estimating the finite settling time to consider system
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(5.49) which can be represented in the matrix vector notation as follows:

¢(t) = A((t) + Bu, (5.55)
where
T 0 R 0
(= ] , A= = 5.56
[ s v } i B { 1 ‘| ( )
and
u=—(p1 — M) sign(v)R™! — py sign(s) R7! . (5.57)

The motion in the state space can be obtained using the convolution integral as

follows: .
Ct)=eM O+ [eAtT) By dr (5.58)
0

¢" = [s(to) w(tp)]! is initial condition. It should be noted that R is a time varying
discontinuous function of state ¢. The integral (5.58) holds for time-invariant systems.
However, this integral can be used for defining the solutions ¢(¢) of the time varying
system (5.55) in each quadrant G;,i = 1,2,3,4 defined in (5.54) since R remains
constant in a given quadrant. Hence, the same procedure can be repeated as that
utilised in Section 4.3. Since the control switches on the axes (1 = s =0, =v =0,

the integral (5.55) is required to be computed in each quadrant utilizing Bu as follows:

Bu= g (5.59)

—(p1 — M) sign(v) R™" — pg sign(s) R7!
It is noted that using such integrals to define the solutions of the comparison system
(5.49) is mathematically correct as the control law never generates a sliding mode on
the switching lines ¢ = 0 and (o = 0. Hence the solution always crosses these switching
lines except at the origin [4], [120]. The matrix exponential in (5.58) can be computed

as follows:

At?
eM =T+ At + R (5.60)
Since A™ = 0,Vn > 2, (5.60) leads to the following:
1 Rt
GAI‘, — ]+ At =
0 1
t (5.61)

: ¢ =Rt
/e‘ATdT = [ 2 } .
: 0 t

0
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Utilizing (5.58), (5.59) and (5.61), the following can be obtained (see Section 4.3):

SR SR SRVI—7

lh=——7—, t2= 3 = T =1

) 2 3 b
pi2(1+n) pon/(L+n) (1 —n) p2(1+n)v1+n

(5.62)
where 7 = % and tp is time taken by the trajectory to travel from the semi-axis
{¢ € R? : ¢ = 0,{ > 0} to the semi-axis {¢ € R? : ¢ > 0,{& = 0} and so on.
Furthermore, the interception of the trajectory on the positive and negative semi-axes

can be obtained as follows:

(OR)? 01—
Glh) = 2p2(1+n)’ Glt) = - 1+7n’
_ (5.63)
_ RPA=m) 01 —n)

where the intercepts (i(t1), (2(t2), (1 (t3), (2(ts) are depicted in the Figure 5.1. IHence

the time 77 taken by the trajectory to travel from the point O4 on the ball B to some

point O3 on the semi-axis e/ is obtained using (5.62) as follows:

RA . RiA .
Th=th+to+tz3+ts=—0< 0 (5.64)
Ji2 12
where A = 2 ¢ 1 4 W It can be seen that the time 7} taken

B /(=) (Li)VIHn

by one revolution depends on the initial condition 9, gain parameters (p1, p2), system
property Ry and the bound M on the uncertainty. Hence the time 77 and time taken
by the subsequent revolutions can be computed apriori. Furthermore, as shown by
the last equality of (5.63), the closed-loop trajectory decays closer to the origin by a
factor W of the initial condition § where ¥ = }—;Z < 1. A similar computation can
be repeated with the initial condition set at (2(t4) to obtain the next intersection of
the trajectory with the semi-axis e] = 0 at the end of the second revolution, namely
G(Ty) = C(ty) U = U2, where Ty is the time at which the second revolution is
completed. Noting that one revolution takes % multiplied by the initial value on
the vertical axis (see (5.64) ), the total time taken for two revolutions is estimated as
follows:

T, =T + Eéé (ta) < 1?;_?\.0“ U (5.65)
where the last equality of (5.63) and the right hand side of (5.64) are utilized. Noting
that the number of revolutions n — co as time t — oo, above steps can be repeated

th

and the following generalization for the n'" revolution can be obtained:

R A 5
11111 T, = lim 7T, < lim

t—o0 n—oo n—0o0 ‘[[2

S+ T+ 02+ .. .+ 0" (5.66)

-

Noting that the inequality 0 < ¥ < 1 always holds true, the infinite series in (5.66)



5.6. Numerical simulation 125

can be represented by a convergent geometric series. In turn, the upper-bound on the

settling time 75 of the system (5.8) can be obtained apriori as follows:

. . RiA_[1—-9P" R1AD
_ o<
Ts nhl)ll Ty < lim 0{1—\11} )

< 00 (5.67)
— 00 n—oo )LI/Z

It can be seen from (5.66) and (5.67) that the result on switched planar uncertain
systems developed Section 4.3 is proven to hold true for a system with friction and

collision terms on the right hand side.

5.6 Numerical simulation

This section presents numerical simulation results illustrating finite time stabilization of
unilaterally constrained planar systems. The numerical simulation result is presented
in Figure 5.2 which gives a comparison between the system (5.1), (5.2) with p =
10 = 2,M = 0.5, = 0.9 and the transformed system (5.8). Appropriate initial
conditions x1(tg) = 2, 22(tg) = 1 and s(tp) = 2,v(ty) = [1 — k]! are used. The jump
in velocity occurs when s changes sign [23]. The simulation is carried out using the
event based Runge-Kutta method and it is inherently prone to exhibit departure from
the physical behaviour for both the discontinuities in the system (5.1), (5.2), namely,
the ‘sign’ function and the jump. The system settles in less than 7 sec which is less
than the upper-bound 23.6865 sec computed using (5.67). The phase plane plot of the
jump system can be seen in Figure 5.3 and that of (5.8) containing no impacts can
be seen in Figure 5.4 for the aforementioned initial conditions. It is easily observed
that the phase plane plot in Figure 5.4 closely resembles the phase plot of the twisting

controller [4, 9].

5.7 Some open problems

The results in this chapter have assumed an idealistic impact model where the reset
in velocity occurs instantaneously. An interesting and challenging open problem is to
study finite time stabilization in the presence of a slip as in the case of a border collision
bifurcation at the time of impact. Within the framework of grazing bifurcations, such
impact systems are said to have grazing velocities [23, Problem 5.2], [130, 131] and
are more formally studied within mechanical engineering where the trajectory of the
system comes in contact with the constraint surface tangentially [130] or with zero
velocity [131]. Although, this is an active research area of non-smooth mechanics, the

investigation of whether finite time stabilization can play a significant role or not is a
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Fintie time stabilization in presence of resets in velocity

2.5 T w

—Position

---Velocity a» |
- Transformed Position s |
---Transformed Velocity v
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8 10

Time ¢ (sec)

FIGURE 5.2: Finite time stabilization of the unilaterally constrained sys-
tem (5.1), (5.2) and that of its transformed version (5.8).

Phase plane plot of unilaterally constrained system
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FIGURE 5.3: Phase plane plot of the unilaterally constrained system (5.1), (5.2).

practically relevant topic since it has direct applications in terms of both behavioural
and stability analysis of advanced hybrid mechanical systems such as biped robots
[130] and that of most commonly used systems such as rotating shafts with bearings

[132].

Another open problem is extending the proof of finite time stability when mea-
surement of only the position is available and an observer is constructed to estimate

velocity, which in turn is to be utilised by output feedback. There are two theoretical
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Phase plane plot of the transformed system
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FIGURE 5.4: Phase plane plot of the system (5.8) obtained via non-smooth transfor-
mation.

challenges here. First, an observer for the velocity has to be finite time stable since the
corresponding finite time state feedback controller needs the ‘true state’ information
for stabilizing the system in finite time even when there are no impacts. Furthermore,
it is required that the observer stabilizes faster than the controller otherwise the overall
system can lead to instability. Such an output feedback scenario when there are no
impacts has been studied, for example, in the reference [46] in the case of continuous
homogeneous systems and in [14, 42] in the case of discontinuous systems amongst
others. This requirement is similar to the classical separation principle and has always
been an area of investigation when an observed state is used by the control synthesis.
It will be shown in Chapter 7, which incorporates the revised results of a recent pub-
lication [60], that the system trajectory can escape to instability unless it is ensured
that the observer settles at the origin quicker than the controller. Second challenge
is that the observer also has to ‘see through’ the Zeno mode arising due to the accu-
mulation of impacts. As the impacts go on accumulating near Zeno motion, the time
interval between two successive impacts goes to zero with a finite limit. When there is
no uncertainty in the impact parameter €, an impacting observer may be constructed.
Even in this ideal case, impact times have to be known precisely for introducing a reset
in the observer. However, when the parameter € is not known completely, it is difficult
to nullify the post impact error in the observed and real velocities in the presence of
the accumulation of impacts. This remains an open problem in the area of finite time
stabilization. Two possible directions are (i) to achieve ultimate boundedness in the

presence of uncertainty at the time of impact and (ii) to achieve finite time stabilization
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as presented in 5.2 but with the feedback (5.2) using observed velocity &5 and with the

assumption that impact times are also known in addition to accurate knowledge of .

The third problem is a very natural extension of the results obtained in this chap-
ter to the time discretization of dynamics with accumulating impacts. The system
(5.1), (5.2) with accumulating impacts possesses a Zeno mode. It is well-known in the
area of numerical integration of discontinuous systems that event based explicit nu-
merical schemes are inherently prone to spurious oscillations close to the discontinuity
surface [22, Section 1.2.3.1]. Such oscillations are known as ‘numerical-chatter’ in the
area of sliding mode control [2, 3], which appears even in the absence of uncertainty.
The recent results on numerical integration of variable structure systems [118, 133]
using Euler’s implicit method appear to offer an advanced alternative such that the
discrete-time chatter is completely removed for first and second order sliding mode
systems at least when there is no disturbance w(t). Conversion of the jump system
(5.1), (5.2) to a variable structure system (5.8) was key to the Lyapunov analysis pre-
sented in this chapter. It is then a very interesting problem to study whether the
closed-loop variable structure system (5.8) lends itself as a valid candidate of the latest
numerical schemes [118, 133], solving in the process a very challenging open problem
of ‘going thorough’ the Zeno mode of impacts in discrete time and capturing the an-
alytical solution numerically without recourse to any approximation such as temporal

or dynamic regularization [29].

5.8 Extension to non-smooth systems

This chapter presented finite time stability of systems with reset using a second order
sliding mode controller which is a variable structure controller. It builds on the frame-
works of homogeneity and Lyapunov stability developed previous in chapters. Finite
time stability is obtained in the presence of disturbances w(?) with a persisting bound
|w(t)] < Mp in the continuous phase of motion. As discussed in Section 3.2, if the
robustness requirement is relaxed to |w(t)| < My|za|®, the finite time stability of a
double integrator can be established by using existing continuous finite time stabiliza-
tion schemes [11, 12]. However, these methods do not ensure uniform or equiuniform

finite time stability.

The previous two chapters utilised and extended the semi-global Lyapunov frame-
work [9] extensively. Furthermore, the second order sliding mode controller utilised
was a homogeneous controller [4]. It can be seen from references from the continu-
ous finite time stabilization literature [11, 12, 14, 44-46, 115] that attaining uniform

or equiuniform finite time stabilization of a perturbed double integrator is an open
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problem when a continuous controller is used. It is then a very interesting problem
to investigate whether the homogeneity and Lyapunov frameworks developed thus far
in the thesis can be extended to the non-smooth systems with continuous homoge-
neous right hand sides [85, 86] generated by homogeneous continuous non-Lipschitz
controllers [84]. The main motivation for such an extension is in achieving equiuniform

finite time stabilization.

Considering (i) the rich literature on the subject of continuous finite time controllers
[134], (ii) the fact that it remains an active area of research [94, 135] and (iii) that
uniform finite time stability is an open problem even for a perturbed double integra-
tor (see [14] for asymtotic stability), establishing equiuniform finite time stability of
non-smooth planar systems with and without impacts is an important and challeng-
ing problem. This is the topic of the next chapter which establishes uniform finite
time stability not only for a perturbed double integrator (4.9) but also for the impact

mechanical system (5.1) using a continuous control u.

5.9 Conclusions

Robust finite time stabilization has been considered for a unilaterally constrained per-
turbed double integrator. A non-smooth state transformation is employed to generate
a jump-free system which is then shown to be finite time stable. The theoretical con-
tribution of the presented work lies in achieving finite time stabilization of a class of
impact mechanical systems with accumulation of impacts without the need to analyze
jumps in the Lyapunov function explicitly. A finite upper-bound on the settling time
is also estimated. Deriving similar results for nonlinear impact systems and deriving
numerical schemes for such systems are seen as the future immediate goals. From
a practical viewpoint, the results will motivate a similar development for nonlinear

impact mechanical systems such as biped robots.

The next chapter extends the results obtained thus far in the thesis, which are based
on geometric homogeneity and Lyapunov functions, to solve the problem discussed in

Section 5.8.



CHAPTER 6

Uniform Continuous Finite Time Stabilization of Planar

Systems

Finite time continuous controllers

Chapter 4 presented a brief review of Fuller’s phenomenon [79]. There is no sliding
motion in Fuller’s time optimal controller when it is used for stabilising planar control-
lable systems. Instead, the decreasing geometric progression of the switching times lead
to a finite convergence time and the switching curve is given by two half segments of
parabolas [116]. The trajectory of a planar closed-loop system exhibits Zeno behaviour
after reaching the origin when a time optimal controller designed using Fuller’s phe-
nomenon is employed. It is important to note that such motion at the origin is of
co-dimension two for planar systems and is referred to as a second order sliding mode
[4] in the sliding mode community when a class of robust feedback controllers are under
study. A so-called ‘sub-optimal’ approach can be found in [69] for the second order
sliding mode controller. A near time optimal control using sliding mode technique can

be found in [136].

All the above controllers are discontinuous controllers. It is interesting to study
whether finite time convergence can be attained when a continuous bounded controller
is used. This was the question posed in [11]. A significant motivation for this is the
desire to remove the discontinuity from the controller and avoid the high gain nature
of the control at the origin. This is an interesting problem as the resulting controller is
necessarily non-Lipschitz [11]. It is well-known that a continuous finite time controller
has better robustness properties [11], [13, Th. 5.2] than its Lipschitz counterpart.

Since the early result in [11], the topic of finite time continuous controllers has always

130
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been an active area of research as evident from the literature review presented in the

next section.

This chapter studies equiuniform continuous finite time stabilisation. It is of interest
to study if the Lyapunov and quasi-homogeneity results of [9] can be extended to
achieve uniform continuous finite time stabilization of a perturbed double integrator
with and without resets. The flow of this chapter is similar to previous chapters. In
particular, section 6.3 is similar to Chapter 4 since it achieves equiuniform continuous
finite time stabilisation of a perturbed double integrator such as (4.9) without resets
and section 6.4 is similar to Chapter 5 since it achieves equiuniform continuous finite

time stabilization when resets in velocity are present due to a unilateral constraint.

It is well-known that geometric homogeneity leads to finite time stability of an un-
certain continuous system if it is asymptotic stable and if the degree of homogeneity
is negative [84]. Due to geometric homogeneity, the same finite time stability result
holds true for uncertain switched systems with negative homogeneity degree but with
an additional condition of uniform asymptotic stability [9]. Both areas have been stud-
ied separately as the underlying mathematical apparatus was different. However, the
result on switched systems [9] is a stronger one as it presents a control synthesis which
is robust to disturbances with persisting bounds. Hence, it is a valid candidate for
rejecting disturbances which are piece-wise continuous as defined by Fillipov’s defini-
tion of solutions [6]. With the above background on geometric homogeneity and finite
time stability, this chapter extends the discontinuous case to the continuous one. The
main motivation is to prove robustness of continuous controllers for a larger class of
uncertainties while also achieving uniform finite time stability, a relatively new con-
cept, which is in its infancy in the finite time stabilisation paradigms [44] and which

is not guaranteed by existing approaches [11, 12].

The proposed theoretical development considers a perturbed double integrator. An
existing finite time stabilizing, continuous, bounded homogeneous controller [14], [83] is
utilized. However, the result on finite time stability of switched systems [9] is employed
in place of a continuous approach [13] in order to extend the class of perturbations that
can be successfully suppressed in finite time. Equiuniform asymptotic stability of the
closed-loop system is achieved by identifying a class of semi-global strong C! Lyapunov
functions. Equiuniform finite time stability then follows from the quasi-homogeneity
principle which is extended for a continuous vector field. An explicit upper bound on

the settling time is then computed using the homogeneity regions.

The main objectives of this chapter are (i) to achieve equiuniform continuous fi-
nite time stabilization of planar controllable systems with piece-wise continuous, non-

homogeneous disturbances and (ii) to achieve (i) for systems with unilateral constraints.
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A brief literature review dedicated to continuous finite time stabilization is given

next before the problem statement is formalized.

6.1 The state of the Art in continuous finite time stabil-

isation

Continuous finite time stabilization of linear and non-linear control systems has been
an active area of research. Introduction of continuous finite time controllers [11] re-
vealed the non-Lipschitzian nature of the closed-loop dynamics of planar finite time
stable systems. Lyapunov and converse Lyapunov theorems were subsequently estab-
lished and the continuity properties of the settling time function were studied [12, 13].
The literature shows that the aforementioned theoretical results find applications in
robotics [11, 14, 15, 88] as well as in aerospace engineering [110, 137]. A survey of

finite time stability and stabilization is available in [108].

Stability of non-linear homogeneous systems is also a well studied area. FEarlier
results on asymptotic stabilisation [85, 86] of continuous homogeneous systems are
based on the definition of a class of dilations where each state is dilated with a differ-
ent weight [85]. It was established in [84] that geometric homogeneity leads to finite
time stability if the homogeneity degree of the asymptotically stable continuous homo-
geneous system is negative. A result on output feedback synthesis which combines a
continuous finite time observer with the continuous finite time controller can be found
in [46]. Finite time stability and uniform finite time stability of nonlinear time varying
systems was studied in [44]. Uniform finite time stability results were established in [9]
for discontinuous homogeneous systems with a negative homogeneity degree but with
an additional requirement of uniform asymptotic stability. A settling time estimate
and tuning for the planar discontinuous case with rectangular disturbances has been

established in Chapter 4 which is a special case of the more general result [9].

Continuous finite time stability and homogeneity have been rigorously studied and
several results exist. Continuous finite time stable controllers proposed in [11] for a

double integrator system & = u take the form
u(z, &) = —|x|’sign(x) — |2|“sign (i) (6.1)

with the condition 5%~ > b whereas those proposed in [83, Sec. 4] take the form

u(z, &) = —|x|’sign(x) — |&|*sign (i) (6.2)
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with the equality 5%~ = b. The difference between the above two controller formu-
lations is that the former has a phase-plane plot that has a closed-loop trajectory
approaching the origin tangentially to the asymptote 21 = 0 whereas the later has
the closed-loop trajectories approaching the origin while also rotating infinitely many
times around the origin. The robustness to a class of continuous disturbances was
established in [11] when the controller (6.1) is utilized. Asymptotic stability and ro-
bustness to piece-wise continuous disturbances was recently established in [14] when
the controller

u(x, &) = —pgl|z|’sign(a) — pu1|2|“sign (i) (6.3)

is used with ov € [0, 1) and p1p > g1 > 0. Another class of finite time controllers can be

found in [12] which take the form

“sign (i) (6.4)

b

u(w, ) = — 9T wsign(g) — po

i 2—q

where ¢ = x + ﬁsign(i‘) is the manifold which the closed-loop trajectory first
reaches in finite time, then slides on the same and eventually reaches the origin in
finite time. This synthesis, while being supported by a strict homogeneous Lyapunov
function [12], prescribes better rejection of continuous disturbances than that achieved
by Lipschitz controllers [13, Th. 5.2]. An output feedback finite time stabilization
result can be found in [46] which also establishes robustness to a class of continuous

homogeneous disturbances. A detailed survey of various control strategies for a double

integrator can be found in [138].

Several results also exist on continuous finite time stabilization of linecar and non-
linear systems of higher dimension than two (see [84] and references therein for linear
controllable systems and [45, 87, 89, 91, 94, 115, 135, 139, 140] for nonlinear systems).
In all the above references, the robustness to disturbances is obtained by considering
the vector field as one of the following three cases: (i) A summation of more than one
homogeneous vector field [84], (ii) a summation of a continuous homogeneous vector
field and a continuous homogeneous perturbation (see, for example, [46, Lemma 3])
or (iii) a non-homogeneous vector field with continuous non-homogencous disturbance
(see, for example, [55]). In this chapter, robustness of the controller (6.3) is established
in the presence of piece-wise continuous non-homogeneous disturbances w(z, &) that

admit a uniform upper-bound

esssup |w(x, &, t)| < My|x|*. (6.5)
£>0
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This is established for o € (% 1) while preserving finite time stability of a controllable

planar system, a robustness feature not enjoyed by the aforementioned references!.

Motivation

The first objective is to achieve equiuniform finite time stabilization for the case with-
out jumps in velocity. The theoretical motivation to propose a new Lyapunov and
homogeneity framework for planar continuous homogeneous vector fields is to give
uniform finite time stability with respect to uncertainty and initial data alike while
giving a more robust synthesis than the existing methods which utilize the link be-
tween homogeneity [86], [85] and finite time stability [84] and computing the settling
time for the class of homogeneous controllers (6.3) in the presence of non-homogeneous
perturbations. Equiuniform finite time stability is a stronger feature than finite time
stability and requires the Lyapunov stability to be uniform with respect to the initial
time and disturbances (see [44, Remark 3.1] and Definition 2.5). The result presented
in the following sections of this chapter achieves this for the class of controllers (6.3).

This is the main motivation and a key contribution of this chapter.

The method proposed in [12] relies on the homogeneity property of the strict Lya-
punov function and that of its derivative. It is known that every controllable linear
system admits a class of homogeneous finite time stabilizing controller accompanied
by existence of the differential inequality of a Lyapunov function (see [84, Sec. 7.8]
and references therein). However, construction of a strict Lyapunov function is re-
quired to find an explicit formula for both the upper bound on the settling time and
the tuning rules for the given homogeneous controller. For example, the homogeneous
controller [83, Sec. 4] was shown to render the unperturbed double integrator finite
time stable only via the homogeneity route. Finite time stability as well as the ex-
istence of a Lyapunov function can be inferred from the existing results [84] but an
explicit formula for the settling time is not available for this class of controllers (the
effect of a class of perturbations was explicitly included in the asymptotic Lyapunov
stability analysis recently [14]). Furthermore, the proposed results can motivate simi-
lar developments for even arbitrarily higher order controllable systems in the presence
of piece-wise continuous perturbations, which is also an interesting problem from the
engineering viewpoint. It should be noted that the proposed method requires uniform
asymptotic stability of the origin, a condition stronger than that required by existing

results [84].

'The continuous terminal slider proposed in [91] makes no assumption on the continuity of lumped
disturbances. However, the corresponding synthesis leads to finite time stability only if ||w| = 0. In
the presence of nonzero w and with the upper bound of the form ||w|| < bo + by ||| + b2 ||z]|?, the states
are rendered only ultimately bounded. An upper bound of the form (6.5) is not discussed.
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As to the second objective, a double integrator is considered with a unilateral con-
straint surface. This is the same problem as the previous chapter (see the discussion
in section 5.3) but with an aim to establish similar results in the case when a contin-
uous homogeneous controller (6.3) is used. The velocity undergoes an instantaneous
reset when the inelastic collision occurs. Similar to Chapter 5, it is assumed in this
chapter that the restitution or reset map relating the velocities just before and af-
ter the time of impact is fully known. However, no such assumption is made on the
time of impact. The continuous homogeneous controller (6.3) is considered for finite
time stabilization of the closed-loop system in the presence of resets in velocity. The
method of Zhuravlev-Ivanov non-smooth transformation [125, 127] is utilised to first
transform the system into a variable-structure system without jumps. The discontinu-
ous finite time stabilization using the quasi-homogeneity principle of switched systems
has been established in Chapter 5 using the above transformation approach. Within
the engineering applications, such a transformation is very useful in the analysis of
vibro-impact systems [125, 126]. The resulting transformed system turns out to be a
switched homogeneous system with a negative homogeneity degree [9] whose solutions
are well-defined in the sense of Filippov’s definition [6], an attribute absent in the
case of the original jump system (see [95] for solutions concept of systems with jumps
and friction). It is important to note that the use of finite time stability of switched
systems [9] is the only suitable method for the proposed synthesis due to the switched
nature of the transformed system despite the continuous controller (6.3). This is be-
cause all the existing references on continuous homogeneous systems [11, 12, 14, 46]
require continuity of the vector field, a condition unavoidably violated at the time of

jumps.

The theoretical motivation to propose this new framework in place of the existing
continuous finite time stabilisation approaches [11, 12, 14, 46] stems from the fact that
the existing homogeneity frameworks [12, 46, 86] are not applicable to systems with
jumps because the requirements of continuity of the vector field and of the Lyapunov
function are not satisfied at the time of jumps in velocity. It also turns out that the
Lyapunov stability framework proposed in [12] is not applicable to the transformed
system. The reader is referred to section 6.4.1 for the theoretical proof of this claim.
In contrast, a class of C'! semi-global Lyapunov functions is shown to exist in Section
6.4 to prove equiuniform asymptotic stability of the transformed system in order to
take advantage of the existing results [9] for a continuous synthesis (6.3). In turn,
attainment of equiuniform finite time stability and derivation of explicit formulac of
the upper bound on the settling time becomes possible. Also note that the existing
Lyapunov approaches for discontinuous systems [4, 9, 106] do not apply to the case

of jumps in the velocity dynamics. From a practical viewpoint, the motivation stems
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from the applicability of the proposed method to the analysis and control of mechanical
systems with jumps in velocity such as biped robots when continuous homogeneous

controllers like (6.3) are utilised.

The rest of the chapter is outlined as follows. The problem statement for the first
objective is presented in Section 6.2. Section 6.3 establishes equiuniform finite time
stability of planar non-smooth systems and computes an explicit formula for the upper
bound on the finite settling time. Thus, this subsection achieves the first objective of
the chapter. Section 6.4 repeats the same when resets are present due to the unilateral
constraint surface thereby achieving the second objective of the chapter. Theoretical
contributions of this chapter along with future directions and some open problems in
the area of continuous finite time stabilization are discussed in Section 6.5. Section 6.6
motivates the problem of tuning the gains for a finite time output feedback variable
structure synthesis which is the topic of the next chapter. Section 6.7 outlines the

conclusions of the chapter.

6.2 Problem Statement

Consider the open loop system (4.9). The modified version of the twisting control
law [4] in (21,22) coordinates is given in [14] and in (6.3) with a € [0,1) and puy >
p1 > 0 (also see [83] for purely continuous case o € (0, 1)) with the gains g = pp = 1.
As in [14], the piece-wise continuous disturbance w is assumed to admit a uniform

upper bound

esssup |w(z,t)| < M|zz|* (6.6)
t>0
on its magnitude such that
0<M <y < pg— M. (6.7)

The aim of this section is to i) prove equiuniform finite time stability and ii) to estab-
lish a finite upper bound on the settling time 7 of the closed-loop system (4.9), (6.3)

for a € (2,1) in the presence of the disturbance w with the upper bound (6.6).
3 1 P

Global asymptotic stability of such a perturbed double integrator can be found in
[14, Theorem 2. Global finite time stability for the unperturbed case with the con-
troller (6.3) was established via homogeneity in [83]. Finite time stability for a class
of perturbations was established in [84, Th. 7.4] by combining the geometric homo-
geneity of a vector field with Lyapunov stability result [13]. However, the class of

non-homogeneous disturbances (6.6) has not been studied explicitly in the literature
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while proving finite time stability. It was also established that there always exists a
strict Lyapunov function [84, Th. 7.2| for the continuous homogencous vector-field
such as that of the closed-loop system (4.9), (6.3). However, finding a finite upper
bound on the settling time for (4.9), (6.3) is still an open problem. This chapter
solves this problem. Recalling the discussion in the previous section on motivation,

the problem formulation is theoretically challenging and practically relevant.

While finite time stability of the closed-loop system (4.9),(6.3) with « € (0,1) can
be established from either of the two methods [83, Th. 2], [9, Th. 3.2], the result
for discontinuous systems [9] is more general as it encompasses the discontinuous case
when o = 0 [14, Th. 1]. Moreover, existing results [46, 83, 84, 86] encompass only
continuous disturbances w(t) whereas the proposed method accommodates even the
piece-wise continuous ones because the result on switched systems [9] is utilized and
extended in Theorem 6.1 below. For example, the results in the next section allow
disturbances of the form |z2|“sign(z;) whereas the existing literature does not allow
this due to the discontinuity on the line z; = 0. Of course, in the presence of continuous
disturbances with an upper-bound |z2|®, it is enough to apply [14, Th.1] to establish
global asymptotic stability and in turn [84, Th. 7.4] to establish global (but not

uniform) finite time stability of the closed-loop system (4.9), (6.3).

The controller (6.3) does not belong to the class of controllers proposed in [11, Corol-
lary 1]. The phase plane plot of the closed-loop system (4.9),(6.3) with o € (0,1) can
be found in [14] which shows that the trajectories spiral infinitely around the origin

without approaching tangentially to the hyperplane 21 = 0 as they move to the origin.

The following Lemma extends the existing result [9, Lem. 2.12] for the present case
with uniformly decaying piece-wise continuous disturbances w and is utilized in the

proof of the main result. It should be noted that the unperturbed closed-loop system

(4.9),(6.3) with M = 0 is globally homogenous of degree ¢ = —1 with respect to
dilations (ry,rs) = (32, —I_LQ-) (see [83, Sec. 4]). Furthermore, the definitions 2.1, 2.2,

(
2.3, 2.4, 2.5, 2.6, 2.7 given in Section 2.4 and definitions [9, Definitions 2.3, 2.4, 2.5]
are invoked hereafter for the solution concept, homogeneity and finite time stability of

the closed-loop system (4.9),(6.3).

Lemma 6.1. Let the function w(xy,x2,t) be a piece-wise continuous function which
is locally uniformly bounded by the upper-bound (6.6). Then. the uncertain differential

equation (4.9),(6.3) with the uncertainty constraints (6.6) is locally homogeneous of

2—qa 1 )

degree q = —1 with respect to the dilation (11,72) = (=5, 7= )-

Proof. Let x(-) = (x1(-),22(-))" be a solution of (4.9),(6.3) under some piece-wise

continuous function w, satisfying (6.6), and let z(-) evolve within a homogeneity ball
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Bs C R? where the homogeneity condition 2.7 holds almost everywhere for all ¢ > ¢y >
0. Then it is straightforward to verify that for arbitrary ¢ > max(1,¢p) the function
2¢(-) with components z{(t) = c"x;(c?),i = 1,2, is a solution of (4.9),(6.3) with the

piece-wise continuous function w(xy,x9,t) = w(x1, x2,t) which is are as follows:
we(x1, T2, t) = T 20w(c 2y, ¢ 220, ¢It) (6.8)

where, the right hand side represents a parameterized set of uncertainties. The follow-

ing holds true due to the parameterization (6.8):

|wé(21, 22, )| = [T 2w (e 2y, ¢ 2 ag, )|
(6.9)
. lwl‘i(‘rl’ ;pzjt)’ < (,‘q+T2A]\[|(1”r2,r,2|n’ £ Cq+r2~m‘2j\[|:r2|q

Hence, all parameterized disturbance functions represented by the right hand side of

(6.8) are admissible in the sense of (6.6) if the following holds true:

gitra—ene < 1 (6.10)
From the definitions ro = T—l—a q = —1, it is obtained that
g+ra—ary=0=c1Tm27on2 < (6.11)

and that the function w®(zy,x2,t) is admissible in the sense of (6.6). Recalling defi-
nitions 2.6, 2.7 the solutions z{(t) = " 1 (c%), 25(t) = ™ x2(ct) are solutions of the
system (4.9), (6.3) with the piece-wise continuous function w(zy,x2,t) = w(21, 12, 1)
given by (6.8). Thus, any solution of the differential equation (4.9), (6.3) evolving
within a homogeneity ball Bs, generates a parameterized set of solutions x§(t), 25(%)
with the parameter ¢ large enough. Hence, (4.9), (6.3) is locally homogeneous of degree

2-a _1

q = —1 with the dilation (r1,72) = (=2, =

6.1. O

). This proves the statement of Lemma

The importance of Lemma 6.1 lies in the fact that proving uniform asymptotic stabil-
ity of the perturbed system (4.9), (6.3) in the presence of disturbances w(zy, x2,1) will
render the existing result on finite time stability of switched systems [9, Th 3.1] applica-
ble to the present case. Equiuniform asymptotic stability is proven next by identifying

a class of semi-global C! Lyapunov functions for a limited range of v € (%, 1)s
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6.3 Global Uniform Finite Time Stability

This section is a parallel to Chapter 4 as discussed in the first few paragraphs of
this chapter since it achieves the equiuniform continuous finite time stabilisation of a
perturbed double integrator such as (4.9) without resets. The following result is in

order.

Theorem 6.1. Given o € (%, 1), the closed-loop system (4.9), (6.3) is globally equiu-
niformly finite time stable, regardless of whichever disturbance w, satisfying condition

(6.6) with 0 < M < jiy < o — M, affects the system.

Proof. The proof is given in several steps.
1. Global Asymptotic Stability Let the following candidate Lyapunov function V' be

considered [83] [14]:
9

2

221|274 = o2 (6.12)

V(.’L‘l, :L‘Q) = M2

b | =

Under the conditions of the theorem, the time derivative of the function V(xy, z2),

computed along the trajectories of (4.9), (6.3) is estimated as follows [14, Th. 1]:
V < —(u1 — M)|zq|*H (6.13)

There is no sliding mode on x5 = 0 where V = 0 since xoky £ 0. It should be noted
that the Lyapunov function (6.12) is a globally radially unbounded positive definite
function and that its derivative remains negative definite for almost all ¢ due to (6.13)
and due to the fact that there is no sliding on 25 = 0. Noting that M < pq by
a condition of the theorem and that the equilibrium point z; = x2 = 0 is the only
trajectory of (4.9), (6.3) on the invariance manifold x5 = 0 where V (21, z2) = 0, the
global asymptotic stability of (4.9), (6.3) is then established by applying the invariance
principle [128],[129].

2. Semi-global Strong Lyapunov Functions.

The goal of this step is to show the existence of a parameterized family of semi-global
Lyapunov functions Vi (1, 22), with an a priori but arbitrarily given R > 0, such that

each Vi (1, 22) is well-posed on the corresponding compact set
Dp = {(z1,22) € R?: V(21,22) < R}. (6.14)

In other words, Vi (1, 22) is to be positive definite on D & and its derivative, computed

along the trajectories of the uncertain system (4.9), (6.3) with initial conditions within
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Dp, is to be negative definite in the sense that,
VR(JJI,.’I?Z) S *H/]}(-’Ela :I;‘Q) (615)

forall (z1,29) € D, and for some Wy (1, x2), positive definite on Dy. A parameterized
family of Lyapunov functions Vi (x1,22), R > 0, with the properties defined above are
constructed by combining the Lyapunov function V of (6.12), whose time derivative

along the system motion is only negative semi-definite, with the indefinite functions

U(zi,z2) = Ui(xy,22) + Us(2y,29) + Us(wq, 22)

Di(z1,29) = m|JJ1|2_207\ sign(x1) |z2]®® @9 (6.16)

UQ(:L’l,;L‘Q) = K1 K2 Lf €T I‘LZ (Y, (617)

U3 :l?l,LQ) = K1 K2 K3 .I:? T

as follows:
3
V]"{(.’El,ajg) = V(;}Zl.;Ez) + ZUZT(I[»:UZ) (GlS)

i=1

where the positive weight scalars k;,7 = 1,2, 3 are chosen small enough so that,

200 3a—2 /. =\ 32 L 22l
Kio= 5 2 <2R> 24 (i + M)+ 20)p” (212) ’
— (¥
; . 5 l;a
+ 3/111/<,2p270‘ (2]?)2 +5r52/{,3p2(2_&) (2]?) ;
(14 2a) 2
0 < 6.19
= (1+ a)(p1 + M) pPi-o) e-L8
1
py 5 —eOUAE
(o + M) p—

; =M p2(2—a) 1
mo< oming SR R T ()

where,

p:( 2R (6.20)

2 — ) jin

An a priori definition of the scalars r; is always possible. This is because for known
initial conditions 2% € R?, a given bound M and in fixed values of j1, 10, there
always exists an arbitrarily large R such that V < R holds true. Then (6.19) gives
straightforward formulae for x;,i =1,2.3
Remark 6.1. The functions Vi and U;,i = 1,2,3 are not only continuous but also
C! smooth for all x € R? for a € (%,1) Setting a = 0 in the following analysis
corresponds to the discontinuous case for which the finite time stability has been es-

tablished following a similar semi-global analysis [14, Th. 4]. It is further noted that
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the expressions 2ac — 1 > 0,3 — 2 > 0 hold true due to « € (% 1) in the derivations

below.

Noting that, due to (6.13), all possible solutions of the uncertain system (4.9), (6.3),

initialized at tnp € R within the compact set (6.14), are a priori estimated by

sup V(z1.20) < R, (6.21)
tE[tQ,OO)

the following inequalities hold true:

Let the positive definiteness of the Lyapunov function (6.18) be verified. The follow-

ing analysis is in order for the indefinite functions U;,i = 1,2, 3.

Ur(z1,22) = /{1|:E1|22_uu sign(z1) |zo*® xy > f%|:r,1|'2mu &5 = % T

. ~\ 20—1 1 .
— </)2"' + (2]?) ) %;ré

where, (6.22) and the trivial inequality 2ab > —(a® 4 b?),Va, b € R have been utilised.

|4nf
(6.23)

v

Similarly, Uy and Us can also be analysed as follows:

KR1K . } . ‘
Us(z1,22) = “=2admy |z|® > —kp ko (af + 23|2)%)
2
1 e ‘)2 5—3x R1 K2 =\ (Y 2(6 4)
>~ |y et LT (9R) a3,

K1 K9 K3 - ’

V{1, 02} = % TT L2 2 K1 K2 ’“33-'17%0 — K1 K2 fi:&.lf%
K1 K9 K3 2 g s K1 K2 K3 o (6.20)

"

Hence, the Lyapunov function (6.18) is positive definite on a compact set (6.14); for

all (x1,22) € D3\{0,0} and x; > 0,i = 1,2, 3 satisfying (6.19), as shown below:

3
22—« 2. 1
Vi(ar,m2) = g |o|Te + 5 25+ ) Ui(ar,22)
- = i=1
2 — $1 K2 k_a. 2(9_ 2
> </L2 ; o B h19h2 po—.ja <1 + fi3p2(2 c\))) |J71|._,f(Y (()26)

+ <1 . <p2" + (21?)2Q_1 ¥ Ko ((21?)a + m))) %(.6327)

LRV(.’L‘l,l‘Q)

Vv
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where,

/u(?z—a) - h-lh-QSS*Sa (1 1 N3P2(27a))7

Lj < min 1— & </)2“ + <2]~?) o + Ko ((‘Zf?.)” + i\13>>
(6.28)

It should be noted that Lz > 0 due to (6.19) and hence positive definiteness of Vi

is ensured from (6.26) on Dy \ {0,0}. Similarly it can be shown that the following
inequality holds true:

VR($1,:E2) S ]\[RV(;I,‘l,.IZQ) (629)

where,

112 2—q + H]ZH') p5—3a (1 + /“73f)2(27a)) \

2 14 K1 Ko <(2}~?> “ + 53) (6.30)

M £ > max

is a positive scalar. The time derivative of the indefinite function Uj (21, 22) along the

trajectories of the uncertain system (4.9), (6.3) is as follows:

Ui(a,22) = m’ 5 aliL’1| o |za 222 + Ky|zy|2a sign(x1)|as > @y
e e | e g f20—=1 s 0 N L
+2ak; x| > asign(zy)| 2| sign(xe)xad
2wy 3a-2 . 20 30 s
= 512 : - |1 2—a |;1;2|2"‘+2 — /{1/11[171|'23~ 31g11(;1:1)|;1:2|‘5‘*51gn(.z:2)
. S 2« . 2a. il 2a v«
—R1p2|x1] 2= |z + Kiw|ar|2-a sign(xy)|zs] (6.31)
720,‘4:1/1,1|;z’,1|%sigu(ml)|:172|3”sign(:r2)
3 . 2¢ ‘
—2amﬂ2[$1[ﬁ[:yg|2a + 2()’/\'1w|.’£1|r‘n sign(gjl)|:1:2|2‘Y
S22 9y f0-2 9549
< —ripe(l 4 20) |z |2 |22 | + Ky |z1] 2= |z

2 —

20 .
+r1 (g1 4+ M)(1 + 20|z |2 | 2o |3

The temporal derivative of Uy along the trajectories of the closed-loop system (4.9),

(6.3) is as follows:

Us = 3k 52x%|:1:2|“+2 + H,lf{,zwflxﬂ”:i:g + k1 K2 .’1:'% \:U2|aflsign(3:2)x2:i72

= 3Ky Ko 7 |z2|%F?

— R1kop @) zo|*¥sign(xe) + K1 Ko 5 |22|® w

c 2 .
— KK fia®t| 21 |T0 |2a|® — aky Ko py @5 |22 sign(xo) (6.32)

2

+aky Ko :1:"15 |x2|® w — aky Ko o ;1?% |z1|2-=

;Egla

IN

c F 2
31 ko 23 |22 — k1 Ko (14 @) po 23 |z1|7a |2o|®

+r1 K (L4 a) (u1 + M) |21 |22
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The temporal derivative of Us along the trajectories of the closed-loop system (4.9),

(6.3) can be obtained as follows:

Us = 5Ki Ko K3 Tl 25+ K1 Ko K3 25 &2
S . . 5 [ [as i
= D K1 Kp K3 T] &5 — K1 Kg K3 ji1 27 |22|”sign(zs)
—K1 K2 K3 12 .’E% |$1|2*“‘ + K1 K2 K3 .’L"f w (6.33)
& B e e g 4 2 S M) | 5, |«
< 5Ky Ko K3 o] T5 4+ K1 Ko k3 (i + M) |21]° |z2]

4 2
—R1 K2 K3 U2 IKiI |.’171|2*“

It should be noted that the inequality

2a—1
2

|22[2% = |za||z2[2* ! < |2a) (21?) (6.34)

holds true due to the condition « € (§7 1) of the theorem. The last inequalities of

(6.31), (6.32) and (6.33) are re-written by utilizing (6.22) and (6.34) as follows:

Ui(.’lfl, JJQ)

o8

Il
_

4—-3w

y s 8%
< —Kike ( (1+a) po — rg(pur + M)p 2 ) 23 |z |Ta |z (6.35)

. . 3a "
=it ( pa(1+20) =y (14 a) (s + M) ) g |75 |l

+hp Ky |ag !

where, K7 > 0 is defined in (6.19) and the corresponding upper bound on |z| and |xa]
from (6.22) are utilized. It should be noted that x;,7 = 1,2, 3 are all positive constants
due to (6.19). Hence, by combining (6.13) and (6.35), the time derivative of (6.18) can

be obtained as follows:

o 2 |2
T2|* — Ba|z1|2-= |zo]

Vf? S 7/311,‘% |:171|ﬁ
| (6.36)
— (,LLl — M — 51](1) |.I,‘2|“+1 — K1 K2 K3 [i2 J?% |.’L‘1|TZ*—’1,

where the constants

Bi = Kike < (1+ @) po — k3(pg + ]\[)/)'1 3o )
: (6.37)
By = K1 ( pa(l+2a) — k2 (14 ) (p1 + M) p3=a) ) ?

and the expression (6.22) are utilised. It should be noted that the expressions 3; >

0, B2 > 0 hold true due to (6.19). Ignoring the negative semi-definite terms with Sy, 82,
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(6.36) can be rewritten as follows:

Vv

5 < — (b1 — M — k1 K7) l.’L’QICu - K1 K2 K3 12 ”C-f |;l;‘1|ﬁ (6.38)

Furthermore, the following inequalities hold true within the compact set (6.14):

’ ’ —\ l—« 72
23 = |2o|? = 2o 2o < |2o|*T! (\/QR) = —|zgl*tl< Tg

(6.39)

Hence, (6.38) can be simplified as follows:

% 19*4& 2
Vs < —cz <|;L-]| = +;n2) (6.40)
where,
5 — M — ki K
cp = min %, K1 Ko K3 ja p > 0. (6.41)
(v
Case 1: |x1| > 1:
The following inequality holds true for 21| > 1:
10 — 4w 2 10-da 2
> Sz T e > (a7 6.42
T > s e || T > o (6.42)
Also, the following can be obtained from (6.29):
Mp 1 2 , i
5 max{l, u2(2 — ) }(|z1]|7=% 4 23) > Vi (21, 22) (6.43)

Hence, the following inequality is then obtained for |21| > 1 by combining (6.40), (6.42)
and (6.43):
Vé e —f_ﬁVR (644)

where,
2ch

- Mpgmax{1, pu2(2 — o)}

R1 > 0. (645)

Case 2: |z1| < 1:

Noting that the following inequalities hold true for |x;| < 1,

10—4a 2y 10 — 4o 21
1] 27" > |78 & = <2_{a¢>7>5—2w, (6.46)

and for some v > 5 —2a. Noting that 5 — 2o < % always holds true due to o € (%, 1),

v > % is a valid choice. In the following, v = 4 is chosen. It can be seen that the
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following equality holds true:

3 6 4 2 ~
|$1|2_25 + 4 |;z:1|ﬁ:r§ + 6 |:171|m:n§ +4 |¢1|’T»zg + xé

71|55 22
<|l e 2> (6.47)

10

max{p?* !, Ky} <|T11 = —I—.zg)

IN

where the bounds (6.22) has been utilised resulting in the following definition of Ks:
K5 = max {4 P26 p*(2R),4p(2R)?, (2l~?)3} >0 (6.48)

Note that the following can be obtained from (6.29):

My 22 i
<T max{1l, u2(2 — @) }(|z1|T = + ;1:2)) > (Va(zr,22)) (6.49)

4

Then, the following can be obtained by combining (6.40), (6.47) and (6.49):

10—4«

VR(:L‘l,:L‘Q) = —Cp <|11,'1| 2-a I:i) < —K9 (VR)4

(6.50)

where,

g = - > 0. (6.51)

M~ 4
<\—£’L max{l, p2(2 — « }) max{p?*—1 Ky}

ot

N

Hence, the desired uniform negative definiteness (6.15) is obtained by combining

(6.44) and (6.50) as follows:

Wa(wr,@2) = min {1 Vg 72 (Vi)' (6.52)

3. Global Equiuniform Asymptotic Stability

Since the inequality (6.50) holds on the solutions of the uncertain system (4.9), (6.3),
initialized within the compact set (6.14), the decay of the function Vj(x1,22) can be

found by considering the majorant solution v(t) of Vj as follows:

(1) = { —Rv(t), if |z > 1; (6.53)

— ka7, if |.’L‘1| < 1.

where, v > 5 — 2« is introduced for generality. A more conservative decay than that
in (6.53) can be computed. There are two possible sub-cases, namely, v(t) > 1 and

v(t) < 1 for each of the cases |z1| > 1 and |z1| < 1. The following expressions hold
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true for a positive definite function v(t) and a scalar v > 1:

v(t)Y > v(t) = —v(t)” < —-v(t) ifv(t)>1;
(6.54)
v(t)? < v(t)= —v(t) <—v() ifv(t) <l

Hence, the decay (6.53) is modified by utilising (6.54) independent of the magnitude

of |x1] and dependent on v(t) as follows :

where

R =min{R1,Ra} > 0. (6.56)

The solution for the case v(t) < 1 can be obtained as follows:

Tacw /
. = 5
/ o - /‘c/ dr (6.57)

where vy = v(t;) where #; is the time instant when the solution v(t) satisfies the
condition v(t) = 1. The general solution of v(f) of (6.55) can then be obtained as

follows:
v(ty) e~ Rt—to), if v(t) > 1;

v(t) = =7 6.58
5 v(t) ( L ) , ifu(t) < 1. (6.59)

R(t—t1)(v—1)vg '+1

It is noted that t; = ¢ if v(fp) < 1. It can be easily seen that the solution v(t) — 0
as t — oo and that the decay rate depends on the gain parameters p, o and bound
M on the disturbance w. On the compact set (6.14), the following inequality holds
(see (6.26), (6.29)):

LV (z1,22) < Vi(21,22) < MV (21, 22) (6.59)

for all (21.22) € Dy and positive constants Lz, M. The above inequalities (6.58) and
(6.59) ensure that the globally radially unbounded function V' (21, 22) decays exponen-

tially

Lﬁlz\[}}}?e”‘{(t‘to), if Vg > 1;

Vixi(t), za2(t ~ — X
(21(2), 22(1)) < L;MRR< ) ) o (6.60)

R(t—t1)(v—L)vg " +1
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on the solutions of (4.9), (6.3) uniformly in w and the initial data, located within an
arbitrarily large set (6.14). This proves that the uncertain system (4.9), (6.3) is glob-
ally equiuniformly asymptotically stable around the origin (21, z2) = (0,0).

4. Global Uniform Finite Time Stability.

Due to (6.6), the piece-wise continuous (see Definition 2.1) uncertainty w(xq, x2,t) in
the right hand side of the system (4.9), (6.3) is locally uniformly bounded by M |a5|®
whereas the remaining part of the feedback is globally homogeneous with homogeneity

2—a _1

degree ¢ = —1 with respect to dilation (r1,72) = ({=5, 7=5)- It remains to verify, how-

ever, whether the existing finite time stability result [9, Theorem 3.1] is applicable to
the continuous case in question. In the presence of piece-wise continuous disturbances

w(x1,r2,t), Lemma 6.1 proves that the closed-loop system (4.9), (6.3) is locally ho-

mogeneous of degree ¢ = —1 with respect to dilations (r1,12) = (%:3 1lw). Thus,
coupling the homogeneity of the perturbed system (4.9), (6.3) within the arbitrarily
large homogeneity ball Bs C D, where compact set (6.14) is chosen arbitrarily large,
with the global equiuniform asymptotic stability of the system (4.9), (6.3), it is ob-
tained that the closed-loop system (4.9), (6.3) is globally equiuniformly finite time

stable according to [9, Theorem 3.1]. |

Remark 6.2. It should be noted that the step 4 above can be seen as an extension of
[9, Theorem 3.2] with a modification of the second condition g + r; < 0, M; > 0 of [9,
Theorem 3.2] while utilizing the local homogeneity of the differential equation. Step 4
above also shows that all other conditions of [9, Theorem 3.2] are precisely met leading
to applicability of [9, Theorem 3.1] and in turn equiuniform finite time stability of
perturbed system (4.9), (6.3). The condition g+r; < 0, M; > 0 was a requirement in [9,
Lemma 2.12, Theorem 3.2] to prove validity of the parameterized set of uncertainties
in the presence of a rectangular uncertainty constraint of the type esssup |w;(t)| < M.
The condition g 4+ ro < 0 is modified as q + r9 + ary < 0 for the prtezs%nt case since
there are only uniformly decaying disturbances (6.6) present as against rectangular
ones. Also it is noted from Lemma 6.1 that under the parametrization (6.8) of the
disturbance w = w® and the parameterization z{(t) = ¢" z1(c%), 25(t) = "?x2(ct) of

solutions, the second equation of (4.9), (6.3) can be re-written as follows:

T2 o 74| 'z%&sign(.);l)

(6.61)

Ba(cx, a2, c7It) = —cTT"2 g |zo|*sign(zs) —

+cTT2 (e py, ¢ 2, c7t).

The first two terms on the right hand side of (6.61) stem from homogeneity of the
nominal system (4.9), (6.3) and the third term stem from the parametrization (6.8).
Differential inclusion (6.61) is clearly a locally homogeneous differential equation in

the sense of Definitions 2.7, 2.6 due to the validity of (6.8).
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Remark 6.3. Given the bound M on the uncertainty w and fixed values of jiq, po,
an arbitrarily large R can be chosen such that the expression V(s(t),v(ty)) < R
holds true. In other words, global finite time stability follows from Theorem 6.1 as an
arbitrarily large R always exists. The only restriction of the whole formulation is that
R should be finite [9] (the initial condition set (6.14) must be known). In the context of
control of a large class of mechanical systems, for example, the initial condition region
is known to be finite and hence the aforementioned condition is not a major restriction.

Furthermore, the scalars x;,i = 1,2, 3 are inversely proportional to the parameter L.

6.3.1 Settling Time Estimate

A finite upper bound on the settling time of the closed-loop system (4.9), (6.3) is
computed in this section. The identification of the parameters of the homogeneity
regions [9, Theorem 3.2] can lead to an explicit formula for the finite settling time. A
method similar to the one developed in Section 3.5 for a discontinuous controller [56] is
extended to the continuous case to identify the required parameters of the homogeneity

regions.

Quasi-Homogeneity Regions

The process of identifying the parameters of the quasi-homogeneity regions can be

listed as follows:

1. Identify the radius » of the homogeneity ball

(N3}

X

V]

2
B, = {(:L‘l,:lig)ii—;Jr <1} (6.62)

r

2. Identify the scalar § > 0 such that the following definition of the homogeneity

ellipsoid /5 holds true [9]:

B = {(:rl,:rg) : ﬂs’l) i (;—22)2 < 1} C B, (6.63)

where 7, ry are dilation weights.

3. Identify the scalars R’ > 0, R > 0 such that the following expressions of the level

sets of the Lyapunov function V hold true in addition to (6.63).

Qo = {(21,22) : Vg(w1,22) < R} C Bs
(6.64)
Es C 01 = {(z1.32) : Vg(a1,22) < R'}
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4. Identify the scalar R > 0 of the level set €23 corresponding to the ellipsoid Eis[9]

in a similar way such that the following expressions are satisfied:

2 = {(@1,22) : Valor,20) < R} € Eys

(6.65)

The motivation to achieve the above results is the fact that the estimate of the
finite settling time can be obtained by utilising the exponential decay (6.58) once
the definitions of the parameters r,d, R, R, R are obtained (recall that the finite time
stability results [9, Theorem 3.2] and Theorem 6.1 apply in the vicinity of the origin
defined by the homogeneity ball B, and ellipsoids Ej, E%O) The stated steps can be
established as follows:

Step 1: Definition of radius v of the homogeneity ball B,

Lemma 6.2. Given a positive scalar My € (M(V2R)®, 1+ M(V2R)®) and condi-
tions p > max{1l, M}, io > p1, the following upper bound on I-norm || X||y holds true

in finite time:

|.’L‘1| + |£ZI2| < (666)

for some arbitrary scalars ¢; € (0,1),« € (%, 1).

Proof. 1t should be noted that this Lemma was not needed in the proof of Theorem 6.1.
Theorem 6.1 asserts the fact that the trajectories of the closed-loop system (4.9), (6.3)
decay exponentially within the vicinity Dy of the origin if the conditions ¢ + ry —
ary < 0 and (6.7) are met. Hence, in finite time, the system trajectories enter a
region close to origin where the homogeneous part of the second differential equation
— 1 || — /1,2|:1:1|ﬁ dominates the non-homogeneous part w(t). Let this region be

denoted as
pa(|z1| 7 + |za|®) + M(2R)% < My (6.67)

with the positive scalar M. Since the Lyapunov function V decays exponentially, the
above constant My can be arbitrarily chosen and the trajectories are guaranteed to
enter the region (6.67) in finite time. Let the choice be My € (M(2R)2,1+ M(2R)?).
Noting that |w(z1,z0.1)] < M|zs|® < M(2R)? within the compact set (6.14), the
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following can be obtained from (6.67):

o

2l |77 + |+ (e, 20,0 < pallan |77 + faal®) + M (2R)* < My (6.68)

Hence, (6.67) is a conservatively large upper bound for the chosen scalar My on the
___.{! . .
non-homogeneous right hand side — ;| 22|® — pa|21|2=> + w(x1, 22,t). The following is

obtained from (6.68):

. My — M(2R)?

oz | + |xa|®) + M(2R)S < My = |21|T & + |ag]® < m (6.69)
i

Noting that the bound appearing in the right hand side of (6.69) is always less than
unity due to the conditions po > 1,0 < My — M (2}?)7 < 1 of Lemma 6.2, the

- . .
2=a 4 |22 also holds true. Hence a conservative estimate

inequality |z1] + |z2| < |21
of the homogeneity region within the compact set (6.14) in terms of I-norm can be

obtained from (6.69) as follows:

I}

C

b

b

My— M (L)R)
‘;L’1| + |:L’2‘ <

2

where R = V(z1(to), z2(to))- W

The above result is conservative in the sense that the computation of Ehe time based
on the exponential decay is more if the bound |w(zy,z2,t)| < M <2];’> % is utilised in
place of |w(zy.22,t)| < |z2]|* It is recalled here that the uncertainty w(zy,xo,t) is
treated as a nonhomogeneous perturbation. The finite time stability of homogeneous
switched systems in the presence of nonhomogeneous perturbations was established
in the previous section (see Theorem 6.1). The following is a well-known relationship
between the Euclidian norm || X||2 and l-norm || X||; of vector X = (x1,22)T (see

[111)):
X1l < V2] X2 (6.71)

From (6.70) and (6.71), a conservative bound on the homogeneity radius r of the

homogeneity ball B, can be obtained as follows:

R

My—M (2}?)

p= /2% + 23 < 6.72
1 2 \/72‘#2 ( )
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The inequalities (6.71) and (6.72), when combined, will always ensure that the inequal-
ity (6.70) holds true.
Step 2: Definition of the parameter o

The aim is to find & > 0 such that every point (x1,z2) contained within the ellipsoid
Ejs is also contained within the homogeneity ball B,.. Having computed the homogeneity

radius 7 in step 1, if & > 0 is chosen such that the equalities

0“27“1 ()‘Zro

1 1 1 » o e
min { ) ——} =g = max {8, 5%2] =9 = max {§™, 5} = (6.73)
are satisfied, then due to the fact that the equality

: 1 1 2 2 2 2
min {6—2;’ 52—"2} (.’L‘l + .If2) — 7,2 (.L’l + .’1,'2) (674)
always holds true, the inequality

1 1
w2

: 1 2 9 2 2 Ty \? T3 \? .
1’11111{(52—7“1, ()2—,2} (zf+a3) = ; (23 +73) < <—) + <072> (6.75)

o

also holds true. If the given point (x1,22) € Fjs, then the inequality

I1 2 [ 2
¢ (7) + () < (6.76)
holds true which, using (6.75), leads to the inequality

Ltiag) < (6.77)

Hence (z1,22) € B, and the choice (6.73) of ¢ is indeed valid, which upon further
simplification, satisfies:

1 1

4 = min {7‘3,7'5} (6.78)

The aim of computing > 0 such that E5 C B, is thus achieved.

Step 8: Definition of scalars R, R’ of the level sets Oy,

The first aim is to compute B > 0 such that the level set Qy satisfies Qo C Ej.

Combining the definition of the level set Q2 with the inequality (6.29), it suffices that

the inequality V' < Ai holds true in order that 22 C Fjy is satisfied for any given

I =
R
(21, 22) in a small vicinity of the origin. Hence the following must be satisfied:

/J/Q(2 —= (Y)]\f 2

{ = Mz . 1\ 2 To\ 2
R a4 1,2 s 2 ~
5F lz1|7= + T <1l= (6”'1) + (6"2) < 1 (6.79)
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Having computed the homogeneity ellipsoid parameter § in step 2, if R > 0 is chosen

such that the inequalities

r1\2 _ p2(2 - )My 2 z9\2 Mz
B N P || o= < —=x .
(&1) ST R P < ) =R "2 Lee.

are satisfied, then the inequality

I 2 9 2 H'Z(Q*a')j\/[}"{ ' 2 AI]}Q
(55) +(;) < g ml7s + 543 L2

always holds true. For a given point (x1,x2) € 4, the inequality

Mz .
2 <1 (6.82)

2
2—o .
+ 2R

12(2 — o) M 5
— Ry
2R

holds true, which using (6.81), leads to the inequality

I 2 2 2 .
<o—1> +(52) <1 (6.83)

Hence (21, 22) € Es and the choice (6.80) of R is indeed valid. Noting from (6.22) that

: 2 : i
23 < |o1|7= p'=9, requirement (6.80) can be reformulated as follows:

2 " 1-a ‘ ‘
() < o Gy < 22 )Mp | 125,
o §2m (2 — a)pus 2R

.84
22 Mg , (6.84)
(, ) < =15,
o2 2R~
The above inequalities (6.84) result in the following definition of R:
- Mg o 2-a(Z—a)%
R="Emin Az'l/zéfai( a)l_a , 6% (6.85)

: (o)

The second aim is to compute IR’ > 0 such that the expression Fs C ) is satisfied.

Combining the definition of the level set ; with the inequality (6.29), it suffices that
the inequality V < T\}}L holds true in order that Es C €2 is satisfied for any given
R

(r1,22) in a small vicinity of the origin. Hence the following must be satisfied::

x1\2 29\ 2 pa(2 —a)Mp 2 Mp 5
() +(52) <1= B R 4+ Rag <1 (6.86)

If the inequality

12(2 — ) M 5 2 Mz r1\2 To \ 2
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holds true then (6.86) always holds true for all (z1,z9) € Fs. Equation (6.87) always

holds true if the following is ensured:

17\'[‘ ‘ b8 2
R)2 < ¢ ( ”) (6.88)

12(2 — )l
T =4 (5

A5 2
R 7 < (1 e),

where, 0 < €; < 1 is an arbitrary constant. The fact that (z1,22) € Ej leads to
|z1| < 6™ by definition. Hence (6.88) can be further simplified to derive formula for

R/ by enforcing the following sub-conditions:

| 2(2 — a) M 5 : 15(2 — a)Mp _2r
‘ m2 - My 2o o 2@ M )
| 2R! 2R
v o« (6.89)
s O R Z2
QR/ 12 s 61 (57‘2 .
Hence the following formula
M5 22r fi9(2 — o) §2r2
R = —Epax stz L :
g nnx{ R (6.90)

can be deduced from (6.89). The aims of computing R > 0, R > 0 such that Qs C
FE5 C Q) are thus achieved.
Step 4: Definition of the parameter R of the level set Q3 Similar arguments to those

outlined in Step 3 produces the following formula?:

(6.91)

Finite Settling Time Estimate

The quasi-homogeneity concept? is geometrically depicted in Fig. 6.1. Trajectories of
the system (4.9), (6.3) in the phase plane (x;,z2) are also schematically shown. The
existence of a uniformly decaying global Lyapunov function Vj is utilized (see (6.58)).
The point O; is the system initial condition which corresponds to the boundary of
the level set Q1 = {(fm, 12) : V(w1 m2) < *Mﬁﬁ} where R = V(z1(to), z2(tp)). Then,
due to the fact that the system decays exponentially towards the origin, it can be
deduced that the trajectory enters the homogeneity ball B, in finite time, where r

is defined by (6.72), and subsequently enters the homogeneity ellipsoid Fs. This in

chosen as Mp = My = My = My since only the lower bound (6.30) is to be satisfied.
3This figure is inspired from Section 3.5 of Chapter 3 which studied a switched counterpart o = 0

2All constants Mg, Mz, Mg, My corresponding to the semi-global regions Dy, Q;,¢ = 1,2,3 can be
of the control law (6.3).
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[Xil + 1%,

FIGURE 6.1: Quasi-homogeneity concept: homogeneous regions ||(21,x2)|l1, homo-
geneity ball B,., homogeneity ellipsoids (FEy, E%(;) and level sets Qp, Q7. Q2,3

turn causes the trajectories of the closed-loop system to satisfy the definition of the
level set Q9 = {(;131, x9) VR(:L‘I, x9) < R} C Es of the Lyapunov function Vj in finite
time. This corresponds to the point Op. Finally, finite time stability follows from the
quasi-homogeneity principle once the system trajectories are inside the ellipsoid I
(see Theorem 6.1 and [9, Th. 3.1]). As a consequence, the settling time of the system

is the summation of the following:
T=T0,-0,+Th (6.92)

where 7o, _ 0, is the time taken by the state trajectories of the closed-loop system to
attain the level set (2 (point Og) from the initial condition level set Q5 (point Oy)
and 7}, is finite settling time of the system to attain equilibrium point (0,0) from the
homogeneity boundary Es C ) which can be readily computed using the expression
(3.12) of [9] as follows:

(Il ,112)€E5

(:Qq ?
Tn = T { sup 7_0,,',()',} (6.93)

where ¢ is homogeneity degree, ¢ is a lower estimate of the homogeneity parameter
and Tp,_0, is the time taken by the state trajectories of the closed-loop system to
travel from the homogeneity boundary Fs C € to the boundary Q3 C E 15 (point
Oz). While computing To,—0,, the necessity to use the boundary of the level set
Q1 in place of €y stems from the fact that the supremum of 7p,_, has to be taken
into consideration while computing the worst possible decay of the Lyapunov function.
Hence, the boundary given by €, has to be utilized to compute Tp,_ o, and that given
by € to compute To,_0, in order to encompass the worst case scenario. Although

an overlap of time contributions may occur in the summation (6.92) leading to a
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&)

conservative result since 2o C €7 holds true, the estimate of the settling time thus
obtained is a true upper-bound, nevertheless. The terms 7p,_0, and To,_o, can be

estimated for v = 4 from the decay (6.58) as follows:

( _ s —
to, + 1, if MpR>1,R> 1;
, ! !
o o, 4 By A+ A=, if MaR>1,R < 1;
To,—0s (b1, 2, M, R, R) = : i "
((#)")
to, + W if .Z\/IRR < 1. f5.94)
h]—(’zﬁ—), R >1,R>1;
s In R’/ 1-R3 / a .
T0,-05 (ks 2, MR R) = ¢ 75 T ey B> LE<L
((R_f '
R ’
SR M <1

where ¢ and ¢; can be obtained from the first equality of the exponential decay (6.58)

as
MyR 3
g MR In (MRR)
/j — —_R A tl — f’ (6.95)
K v

and the substitutions Vi(to,) = Alizf?w Vi(to,) = R have been utilized corresponding
to the level sets Q) and €25 at time instants o, and fo, respectively in the first equality
and substitutions Vi(to,) = R/, Vi(to,) = R have been utilized corresponding to the
level sets €1 and €23 at time instants fp, and to, respectively in the second equality

while utilizing (6.58).

Under the stated assumptions, the homogeneity parameters r,d, R, R, R outlined in
Section 6.3.1 and in turn the settling time estimate (6.92) can be computed apriori.
It remains to give conditions under which the estimates Tp,_0,. 7, are guaranteed to

be positive, or in other words, expressions M RR > R and R > R always hold true.

Lemma 6.3. Given a positive scalar My € (M(V2R)*, 14 M(V/2R)*), conditions

1 > max{1l, M}, pus > 1’11ax{ﬂ1,ﬁ,2’T”

1 — & > 0, with some positive scalar € € (0,1), the expressions Z\IRIN? >Rand R > R

}. R > 1 and the condition 1 > ¢ >
always hold true.

Proof. Due to the choice My € (M(V2R)*, 1+ M(V/2R)®), the inequality

(Mo — M(V2R)*)? < 1 (6.96)
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2—a
4

, (6.96) can be modified as follows

holds true. Using the condition py >
(6.97)

My — M(V2R)®)?2
(Mo (2 )%) 1o(2 —a) < 1.
4y

The inequality R > 1 holds true by assumption and hence (6.97) can be re-written as
(6.98)

My — M(V2R)*)™ "
(Mo <.2 )) p2(2 — o) < R.
4413

(6.99)

Rearranging (6.98) and raising the power by 2 — « results in
~2—q

= 2(2—a)
My — M(V2R)* 9w
( NI ) (2(2 — @) < 2R

Recalling the definition of § from (6.78), multiplying by My on both sides, and noting

(e}

that 2L = 2(2 — ) produces
(6.100)

2

Mpd 2
& 2R
which in turn, recalling the definition of R from (6.85), gives
2oL 2 —a))*@ -
Mg iz ~1_()¥) < MgR. (6.101)
2R
Using a similar analysis, (6.96) produces
7352"2 < MzR. (6.102)
Hence, ]\Iﬁﬁ’ > R follows from (6.101), (6.102). The second claim to be proved is
R’ > R. First, the following, which stems from the condition o > 6(1721) , is in orde
1(2 O{)
to simplify (6.90):
(1—¢1) wa(2—a) 1
9 > = > —
= (2 —a) 1—¢€ €1
211 o 2(2 — « 1 o
= foa “”27“21(_ 61(1) a because 2231 — 219 =0.(6.1
2r ‘ 2 — 5212
= Per /Lz( &) O_
1-— €1 €1

Recalling the definition (6.90) of R', (6.103) produces

= Ma g2 (2 o)
Tz 1—e¢

r

03)

(6.104)
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It can be seen from the definition of R in (6.91) that the terms inside the min{-}
function are less than unity since 6 < 1 due to the condition M, € (]\/[(\/ﬁ)“, 1+
JL[(\/—Q_I?)"). Hence, in order to prove R’ > R, it suffices to prove that the right hand
side of (6.104) is greater than A—é[‘ Let the scalar € € (0, 1) be selected small enough
such that

=2
€

(Mo — M(2R)%) _ e
= > Epg > 0, >1-€ &
\/5 EH2 ) €1 € 1 — -

holds true. This is always possible for fixed values of ps. Then, the following holds

from (6.105):

i 1 (6.105)

(Mo MR M- MERE)
V2

\/QM

i

= Jd>¢€m (since (6.78) and r < 1,71 > ry) produces § =1
2r 27y
= §7-& > g (6.106)
2r
= §7a >
L ogxme-a)  pe(2-a),
1—¢ 1—¢
L) pe-0),
1—¢ 1—¢
since g > 1,2 —a > 1, lil > 1.

5 (11p (2—0)) >~

Noting that min { R 52r2} < 1 , combining the last inequality of (6.1006)

with (6.104) produces

Mz 115(2—a) 5 M " 5271 (119
%“Zl(il“) & > —&min { e f'(

2 *",5”2} = R > R. (6.107)
Thus, the estimate (6.92) proves to be a positive real constant. |

Lemma 6.3 gives a conservative estimate of the upper bound on the settling time
(6.92) even for those initial conditions for which Dj can be defined with values of R

smaller than unity:.

Remark 6.4. The estimate of the homogeneity parameter ¢ should satisfy ¢ > ¢y for
the chosen ¢y where ¢p is the lower estimate of the homogeneity parameter. It can be
seen from the above development that the closed-loop system is homogeneous once it
is inside the ellipsoid Fs. The identity (5]?0_1 = ¢ then leads to ¢ = 1 because Ry = 0
is chosen to facilitate the application of (6.93), where the scalar Ry > 0 represents the
largest homogeneity ellipsoid Eg, (see (3.12) of [9] for more details). Hence ¢y = 1 is

a valid choice.
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FIGURE 6.2: Finite setting time behaviour of the closed-loop system (4.9), (6.3)

6.3.2 Numerical Simulation

Let a perturbed double integrator (4.9) be considered with the controller (6.3). Let the
parameters p1 = 2, g = 4, = 0.5 be chosen. Let the parameter M defined in (6.6)
be selected as M = 1. Let the uncertainty be selected as w(x,t) = M|xo|*a(t), where
a(t) is a number generated randomly in the interval (0,1). The resulting response is
shown Fig. 6.2 where it is clear that the systems states settle to the origin in finite time
(approximately in 3 sec) despite the uncertainty w(zy,x2,%). The phase plane plot of

the system can be found in Fig. 6.3.

6.4 Unilateral constraints and resets

The second objective set out in Section 6.2 is studied in this subsection. This section
is a parallel to Chapter 5 as discussed in the first few paragraphs of this chapter
since it achieves the equiuniform continuous finite time stabilisation of a perturbed
double integrator such as (4.9) when resets in velocity are present due to a unilateral

constraint.

The main focus is on mechanical systems with resets in velocity as studied in Chapter
5. A perturbed double integrator is considered with a unilateral constraint surface.
The velocity undergoes an instantaneous reset when the inelastic collision occurs. Like

Chapter 5, it is assumed in this section that the restitution or reset map relating
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FIGURE 6.3: Phase-plane plot of the closed-loop system (4.9), (6.3)

the velocities just before and after the time of impact is fully known. However, no
such assumption is made on the time of impact. The continuous controller (6.3) is
considered for uniform finite time stabilization in the presence of the resets in velocity.
The method of Zhuravlev-Ivanov non-smooth transformation [125, 127] is utilised to
first transform the system into a variable-structure system without jumps (also see

references cited in [23, Ch. 1, Sec. 1.4]).

Within engineering applications, such a transformation is very useful in the analysis of
vibro-impact systems [125, 126] (also see relevance to mechanical problems described in
Section 5.2). The resulting transformed system is a switched homogeneous system with
a negative homogeneity degree as defined in Definition 2.7 whose solutions are well-
defined in the sense of Filippov’s definition (as defined in Definition 2.1), an attribute
absent in the case of the original jump system (see [95] for solution concept of systems
with jumps and friction). It is important to note that the use of finite time stability
of switched systems [9] is the only suitable method for the proposed synthesis due
to the switched nature of the transformed system despite the continuous controller
(6.3). This is because all the existing references on continuous homogeneous systems
[11, 12, 14, 46, 85, 86] require continuity of vector field, a condition unavoidably violated

at the time of jumps.

The reader is referred to Section 6.1 for the theoretical and practical motivations to

study the problem studied in this section which is formulated next.
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Problem Statement

Consider the closed-loop system (5.1) (6.3) in the presence of the disturbance w with
an upper bound (6.6). It is noteworthy that the solutions of the closed-loop system
(5.1),(6.3), which involve switched terms along with impact, can be defined using exist-
ing methods (see [23], [95], [25] and [47] for solutions concept of differential inclusions

with both friction and collisions terms on the right hand side).

The aim of this section is to prove finite time stability of the closed-loop system (5.1),

(6.3) in the presence of the disturbance w that satisfies the constraint (6.6).

Global asymptotic stability of a perturbed double integrator without jumps in veloc-
ity has recently been established [14, Theorem 2]. As discussed in Section 6.3, global
finite time stability for a class of perturbations can be established by combining the
geometric homogeneity [83, 84] results with Lyapunov stability results [13] as there al-
ways exists a strict Lyapunov function [84] for the homogeneous vector field (5.1), (6.3)
when there is no jump. However, proving equiuniform finite time stability of (5.1), (6.3)
is an open problem regardless of whether the jumps in velocity are present or not. Pre-
vious section solved this problem for the case when there are no jumps and this section
solves the same problem for the case when jumps in velocity are present.

Remark 6.5. While finite time stability of the unperturbed closed-loop system (5.1),
(6.3) without jumps and with o € (0,1) can be established from either of the two
methods [83, Th. 2], [9, Th. 3.2], the result for discontinuous systems [9] is more
general as it encompasses the discontinuous case when o = 0 [14, Th. 1]. Moreover,
existing results [83, 84, 86] encompass only continuous disturbances w(t) whereas the
proposed method accommodates even the piece-wise continuous ones as the result on

discontinuous systems [9] is utilised and extended in Theorem 6.2 below.

6.4.1 Global equiuniform finite time stability

This section employs the method of Zhuravlev-Ivanov non-smooth transformatio<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>