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SUMMARY

In Chapter 1 the general principles of the theory of wrw
elastic scattering are reviewed. Chapter 2 is divided into
two parts; firstly, the nature of the indirect experiments and
the information they yield are studied, together with some of
the techniques that are used to relate the experimental data
points to well-defined physical constants; secondly, several
theoretical studies are described which are intended to reflect
current opinion as to the true state of the mrm system below
1 .GeV.

In Chapter 3 various approximation schemes for wmw
scattering amplitudes that have been proposed by others are
considered, and one such calculation is modified in the light
of our present knowledge; The model, referred to as PGM-II,
imposes exact crossing symmetry and approximate unitarity on a
low energy representation of the mm scattering amplitudes with
the correct threshold behaviour at s=4; the coefficients of the
parametrisation are determined in terms of a single fixed
parameter, chosen to be a,, the I=2 s-wave scattering length.

The results obtained indicate that there are at least two
independent solutions of the mm amplitudes consistent with the
requirements of analyticity, crossing symmetry and unitarity.
(We do not rule out the possibility of there being other
solutions.) To distinguish between the two solutions it is

necessary to impose the additional physical assumption that a



zero exists in each of the s-wave amplitudes in the unphysical
region. Although the physical s- and p-wave amplitudes are

° s-wave amplitude does

approximately linear in [0,4] the o
not satisfy all the stringent bounds of Martin et al. in this
region, and the corresponding values for ao; the I=0 s-wave
scattering length; are found to be smaller than Weinberg's
current algebra estimate; in particular PGM-II yields ao=0.058
for a2=-0.064. It is concluded that any representation of the
mn scattering amplitude, designed to be valid in the unphysical
region; should take into account the correct behaviour of the
partial waves at s=0 as well as at s=4.

Accordingly; an s- and p- partial wave representation
possessing these properties is proposed (the model is called
DCB-I). The general approach used to determine the s- and
p-waves in [0,4] for fixed values of a, is to impose elastic
unitarity at s=4 and in the crossed-channel at s=o; and to
impose approximate crossing symmetry in [0,4]1 via the
Balachandran-Nuyts-Roskies relations. DCB-I also yields two
independent solutions; both of which exhibit approximately
linear s- and p-wave amplitudes in [0,4] and satisfy all the
tested Martin-type constraints. The physical solution is
again characterised by the presence of a zero in each of the
s-wave amplitudes in [0;4]; and has scattering lengths,
typically a0=0.13; a1=0.026 for a,=-0.052 in satisfactory
agreement with most current estimates. The model establishes

the Balachandran-Nuyts-Roskies equations as a powerful means
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of imposing approximate crossing symmetry in the unphysical
region.

It is claimed that the parametrisation of DCB-I is a
considerable improvement on PGM-II in the unphysical region,
but it is inevitable that this type of model must break down"
at some order because of the impossibility of satisfying
elastic unitarity and crossing symmetry at all energies. For
example, in Chapter 4 additional terms are included in the
parametrisation of DCB-I and the model is extended to include
the mmr d-waves (it is renamed DCB-II); it is found that a
solution which simultaneously satisfies p-wave unitarity and
the results of DCB-I does not exist, and thus the model is
seen to depend upon its approximations. However, if p-wave
unitarity is relaxed (it is claimed that this is not an
unreasonable approximation to make if one assumes that
unitarity is not a strong constraint in the very low energy
region) a solution is obtained for fixed values of a second
physical parameter; chosen to be ag, the p-wave scattering
length. Again the possibility of there being solutions other
than the one found cannot be eliminated. Although the d-wave
scattering lengths a20=0.007iO.002 a22=0.0006t0.0002 are
larger than most previous estimates, the essential features of
DCB-I are preserved in the higher order calculation, and in
addition the model does yield a qualitative picture of the
d-wave amplitudes in the unphysical region§ for example, it is

found that dAg(s)/ds<O'dA§(s)/ds<O in [0,4]. The solution is
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also shown to satisfy, almost without exception, a large number
of Martin-type constraints involving the s- p- and d-wave
amplitudes in [0,4].

In retrospect it is felt that although the d-wave
calculation does encounter some difficulties, since few model-
dependent calculations of the d-wave scattering lengths have
so far been performed, the exercise is worthwhile and the
results not too unreasonable.

The major drawback of the models proposed in Chapters 3
and 4 is their inability to provide any reliable information
on the mm s-wave amplitudes very far into the physical region
because of the range of validity of the series expansions
proposed. In Chapter 5 the mm s-waves are studied from
threshold up to 1 GeV using the N/D method. Firstly, a study
is made of the pole approximation to the left-hand cut, using
the known behaviour of the I=2 s-wave phase shift 62 and the
s-wave Balachandran-Nuyts-Roskies equations to predict the I=0
s-wave phase shift 68 from threshold up to 1 GeV. It is

assumed that (i) the near part of the left-hand cut does not

play an essential role in determining low energy mm scattering,
and (ii) the behaviour of 63 is a strong enough constraint to
predict 68 from threshold up to 1 GeV.

A single-pole approximation to the left-hand cut is
rejected because of the absence of zeros in the s-wave
amplitudes in the unphysical region for any choice of pole

positions on the left-hand cut; a two-pole approximation scheme
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is found to possess a zero in each of the s-wave amplitudes in
[0,4]1 for a wide range of positive values of ags but no
o-resonance. It 1s concluded that (ii) is not a strong enough
constraint to furnish reliable information on 68 in the region
of the p-resonance, at least for the pole approximation scheme
described.

To test the validity of (i) an improved form for the
N-function is proposed which exhibits the correct behaviour of
the s-wave amplitudes at the edge of the left-hand cut (cut +
pole model). It is shown that a cut + one-pole model has a
resonance in 68 for small values of a,s the cut + two-pole model
is also shown to provide a good fit to the experimental data of
63 and to the Up-Down branch of Gg. The best fit to the Gg
data corresponds to a0=0.12, M0= 900 MeV, FO= 500 MeV,
indicating our preference for a fairly broad o-meson resonance

at about 900 MeV in the I=0 s-wave amplitude.




FOREWORD

The importance of the pion-pion interaction lies in its
basic simplicity, which is a consequence of having Bose
statistics, no spin, and a reaction which is exactly crossing
symmetric. Also, because it is the lightest of the hadrons
it is fundamental as far as the study of strong interactions
is concerned, but its instability prohibits real mm scattering
experiments.

In recent years there have been many theoretical
calculations of the mm amplitudes based upon quite different
methods and it is interesting to see what physical ideas emerge
from these calculations. In particular, some progress in
understanding the low energy mm system has come from
constructing mw amplitudes, and constraining them to fulfil
the theoretical requirements of analyticity, crossing symmetry
and unitarity; and the known experimental data. The aim of
this thesis is to use these techniques to further resolve the
main uncertainties which surround the mm partial wave
behaviour, namely, scattering lengths and the Up-Down

ambiguity in the I=0 s-wave.




CHAPTER 1

L INTRODUCTION

In the world of strong interaction physics, pion-pion
scattering is the most fundamental of all the scattering
processes and, therefore, the most obvious system upon which
to test theories and models. From the many calculations of
the low energy mm scattering amplitudes, often based upon
quite different methods, there has emerged a qualitative
picture of mm scattering from threshold up to 1 GeV.

Although different theories exploit different properties
of the scattering amplitudes, certain general principles, for
example, unitarity, crossing symmetry and analyticity, must
be valid in any theory. The purpose of this chapter is to
describe the general principles upon which theories and models
of the mm system are necessarily founded. In Section 2, the
origin and properties of the pion particle are described, and
in Section 3, the idea of the S-Matrix is introduced. The
kinematics of mm elastic scattering are defined in Section 4,
and the elastic unitarity condition for partial wave
amplitudes is derived in Section 5. In Section 6, the concept
of isotopic spin is introduced, and some of the properties of
physical mm scattering amplitudes are established. The
symmetry properties of the amplitudes and the crossing sym-
metry condition for mwm scattering are derived in Section 7;
finally in Section 8, the analytic properties of the mw

scattering amplitudes are discussed.




25 ORIGIN AND PROPERTIES OF THE PION

The term 'elementary particle' is used to describe the
smallest elements which appear to make up matter as we know
it on our planet. Such particles are detected by the effects
and tracks they leave in matter which they traverse.

The concept of a 'strong interaction' was introduced by
Yukawa(l) in 1935. Before this time only a small number of
elementary particles were known to exist, including the
electron(z), the photon(s), the proton(z) and the neutron(4).
Of these, the neutron and the proton were known to be
manifestations of the same particle carrying different electric
charges. It had also been established by this time that an
electric field surrounds all electric charges and that the
photon acts as the vehicle of the electric field to bring
about electromagnetic interactions. Electromagnetic forces
could not, however, explain either of the following phenomena:
in an atomic nucleus, protons and neutrons are packed so
closely together that electric repulsion between two protons
can cause an explosion; whereas, if one proton passes
sufficiently close to another proton, instead of it first
being repelled by the electric field, it is attracted.

Yukawa suggested that nucleons are connected in the
atomic nucleus by a field, analogous to the electric field
which connects the electron to the atom, but with a force of

much shorter range, &10_13cm., and much greater strength. He



further assumed that this field is carried by a particle in

the same way as the electric field is carried by the photon,
and that nucleons interact with each other by the exchange of
this particle, whose mass he predicted to be ~100 MeV. This
type of interaction he called a strong interaction. The
particle predicted by Yukawa was later discovered by studying
the effects of cosmic radiation on photographic emulsions(s).
It was called a pion.

In the real world pions are spinless bosons”, existing
in three charge states n+,n°,n-. They are the lightest of
all the strongly interacting particles, and as a result an
understanding of the pion-pion interaction is fundamental to
any systematic development of strong interaction physics.

The reaction between two nucleons in the atomic nucleus
is further explained as follows: the incident proton in its
passage through the atomic nucleus removes a virtual pion
surrounding the target nucleon according to either p+p+p+p+TrO
or p+p+p+n+ﬂ+; The pion formed, however, has only a very
short lifetime, decaying according to either ﬂ++u++v in
8 16 (7)

107 sec.,(6) or m0>y+y in A10 ’sec. . This instability

of the pion particle has so far ruled out the possibility of

*Bosons are particles with integral spin which obey Bose
Statistics. Bose Statistics is defined as the property
of the wave function to be completely symmetric under
exchange of all quantum numbers.



the pion-pion scattering experiment being performed.

The

principal characteristics of the charged states of the pion

are shown in Table 1.1(8).

Properties of the Pion

Particle| Mass (MeV)_Eéﬁgigié Spin Mea?sgig?gime Mggia;f
ot [139.00 £0.05|  +1 0 |(2.55£0.03)x10"8] u*+v
7  |135.00 £0.05| 0 0 [(2.2:0.8)x10710 | v+
77 |139.00 £0.05{ -1 0 | (2.5520.03)x1073 w43
Table 1.1

The basic requirement of a mathematical framework upon

which studies of all strong interactions could be based began

in 1943 when Heisenberg hypothesised the existence of the

S—Matrix(g).

Sie S-MATRIX THEORY

An experiment in strong interaction physics may involve

observing the initial state |i> , representing two or more

particles before the interaction, allowing the particles to

interact, and then observing the final state |f>> of the

arbitrary number of particles resulting from the interaction.

The state |i> and the state |f> are assumed to contain all

the physically relevant information about the system before

and after the interaction respectively.

They are normalised




according to the relation

<iliy = <ElE> =1, (1.3.1)

The S-Matrix is defined to be the operator S, such that
the transition amplitude for scattering from a state |i> to

a state |[f> is given by the matrix element

Bgs. = LE]8[1> . (1.3.2)

The probability that the given |f> is 'the' final state

observed after the interaction is given by
Peo = 80| 5 =" <£]8]1> |7 (1:8.8)

and since the system must have 'some' final state,

I P, =1=7 <i|s"|a> <a|s]i> , (1.3.4)
n

n
where the summation in Equation (1.3.4) is over all possible
final states allowed by energy-momentum conservation laws.

If all permissible final states are assumed to form a complete

set of states in the Hilbert Space,
] m><&n] =1 (1.3.5)
n

and Equation (1.3.4) can be re-written as
N E e I (1.3.6)

Since Equation (1.3.6) is true for any initial state |i) ,
it follows that the S-Matrix is a unitary operator

+ +

$SS§=585 =1. (1.8:7)



In order to calculate the transition probability between
an initial state |i> and a final state |[f> it is often
convenient to introduce reduced matrix operators R and T
which may be applied under suitable circumstances. The

R-matrix operator is defined by the equation
S =1+ iR £1.8.8)
so that

Sgq = <EIL]i> + i<E|R|i> = 8., + iRgy , (1.8.9)

where the term Gfi in Equation (7.3.9) implies that no
interaction occurs. The unitarity condition for S then yields

the relation
KEIR|D - <L£IRT]ED> = i J<£|RYnD> <n|R[1D> (1.3.10)

between the matrix elements of R.

Invariance of the S-Matrix under Lorentz transformations
implies that energy and momentum are conserved in inter-
actions,

pi - pf = O ’ (1.3.11)

where P; and Py are the energy-momentum 4-vectors of the
initial and final states respectively. It is sometimes
convenient to take this conservation law out of the matrix
element <f|R|i> by defining a new matrix element <f|T|i>
such that

Rej = (2m)* 6"(pf—pi) Tes - (1.3.12)



The probability for the transition [id>—|f> for the whole of

space-time is then given by

IRy |2 = (28)°06* (pemp;) 12 [Tg4 ]2 . (1.5.13)

A more meaningful quantity is the transition probability per

unit volume per unit time, which can be written as

TriRes 2 = 2m* 8% (o) [T g1 (1.3.14)"

since in a scattering experiment the quantity of interest is

the cross-section Ofis defined by

oo Ryl ®
Ofi -VT—T-i— ’ (1.3.15)

where Ji is the flux density of the incoming particles. In

terms of the transition matrix elements,

_(@m* 8" (pempy) | <EITIL> |

Os , (1.3.16)

2E{E, |vy-v,|

where E1 and E2 are the energies of the two incident particles,

and |v -v,| their relative speed.

*Equation (1.3.14) has been derived by writing the double
§-function in Equation (1.3.13) as

i(pg-p;)x
6% (pe-p;) lim d*x e T Y = §%(pe-pi)—E .
f L V> f 1 ;. 4
* T (2m)
T
A more complete derivation has been given by Gasiorowiczclo).




b4, THE KINEMATICS OF ELASTIC PION-PION SCATTERING

The simplest scattering process between pions, where two
pions enter the scattering region and two, not necessarily the
same pions, emerge from this region is illustrated in

Figure 1.1.

Figure 1.1

The reaction mw+m>mT+m

P1,P;,Pz and Py the four-momenta of the pions involved in the
scattering process, are formally represented as incoming
particles. Therefore, at any particular point in time, two

of the four-momenta will always be positive-timelike
corresponding to the actual incoming particles, and two will
always be negative-timelike corresponding to the scattered
particles. The scattering amplitude for the process, which

is represented by the shaded area in Figure 1.1, is usually

written in terms of three Lorentz invariant quantities s, t




and u, defined in terms of the four-momenta of the particles

by

wn
I

(P1+P,)* = (P3+py)°
t = (py*P3g)? = (Py+p,)° (1.4.1)
u = (py*py)? = (p,+p5)°

Conservation of energy and momentum in the interaction can be

stated as
pl + pz -+ p3 + p4 = O ) (1. 4. 2)

and since the four-momentum of each pion satisfies the

relativistic equation

piz =p‘_2 = Biz =m2 F (1.4.3)

where m is the mass of a pion, it is straightforward to show

that
s +t+u = 4mﬂ2 , (1.4.4)

and so only two of the Mandelstam variables” are independent.

For the corresponding elastic scattering process in the
centre of mass frame of reference, which is illustrated in
Figure 1.2, the primed particles represent the scattered
particles,

Pz ®=Pq" s Pp ™ 'PZ' ’ (1.4.5)
and s, t and u are defined in terms of q, the magnitude of the
*The introduction by Mandelstam(ll) of an invariant scattering

amplitude as a function of s, t and u, has led to the three
variables being popularly known as the Mandelstam variables.




three-momentum of a pion in the centre of mass system, and 6,

the scattering angle, according to

s = 4(mﬂ2 + q?)
t = -292(1 - cos 0) (1.4.6)
u = -2q%(1 + cos 9) 2

Figure 1.2

The reaction w+m>m+m

in the centre of mass frame

Thus, when P, and p, are the incident particles, s represents
the square of the total energy in the centre of mass system,
and t minus the square of the four-momentum transfer. The
significance of s, t and u for other pairs of incoming

particles is discussed in Section 7.

5. THE UNITARITY CONDITION FOR PARTIAL WAVE AMPLITUDES

The unitarity relation between matrix elements of the
transition operator T, for the scattering process represented

by Figure 1.2, is defined through Equations (1.3.7), (1.3.8)
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and (1.3.12) to be
5 g +
i<pipy|T -T[pyp, > = <pjP4|T Tlp;p,> . (1.5.1)
1¥2 1¥2 1¥2 1¥2

In terms of the imaginary part of the scattering amplitude,
Im A(s,t,u), the left-hand-side of Equation (1.5.1) is defined
by the expression

1
Py Ps P73 By
1O 20 1O 2O

28" (py+p,-P1-P}) Im A(s,t,u) , (1.5.2)

where plo,pzo,plg,pzé are the energy components of the
corresponding four-momenta. The right-hand-side of Equation
(1.5.1) relates Im A(s,t,u) to a sum over products of matrix
elements connecting the initial and final states to all

physical states allowed by energy-momentum conservation
d3k d3k
y _ Ly , ]! il 1 n N _ e~
S (p1+p2 pi pé) B T g ;T I N R > 8 [p1+p2 gki]
1o 2571, 20 kq k

n
. Ax(pipé > kyoooko ) A(ByPy + Kpaoek ) o (1.5.3)

To determine the elastic unitarity condition the summation in
Equation (1.5.3) is restricted to a sum over two-particle

contributions only. Then,
1 d3k1 a3k

Im A(s,t,u)=-zf-————
Bl %

2

8" (P *P,ky Ky )A% (s, t 0 yu  DA(S, t,u )

4 (1.5.4)

where

‘—'.
1}

-2q9%(1 - cos 6
= 2 =
tp 2q° (1 cos 6 1k1)
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The scattering amplitude can be expanded in terms of its

partial wave amplitudes by the equation

8

A(s,t,u) = J (22+1) A,(s) P,(cos 8) , (1.5.5)
2=0

where Pz(cos 9) is the usual Legendre polynomial. Since the
variable cos 6 is antisymmetric under interchange of t and u”,
and Bose symmetry requires the amplitude to be completely
symmetric, the summation in Equation (1.5.5) is restricted to
a sum over even powers of £ only. If the d3k2 integration in
Equation (I.5.4) is performed explicitly and the amplitude
replaced by its Legendre expansion,

) (22+1) (28'+1) f Q;E 6(/§-Zko) .
I o]

Im A(s,t,u) = L
2

. Az(s) A, (s) Py (cos ekp') P,y (cos ekp) ; (1%5.8)

Using the property of the Legendre polynomials that

4
dQ, P,(cos 6 ) P, ,(cos 6, ) = ——— §,., P (cos 0)
f k8 kp') Ta K zg+1) W% 2
(57
Equation (1.5.6) reduces to
s-4m;
Im A(s,t,u) = ) (22+1)|A£(s)|2 P, (cos 6) . (1.5.8)
S {4
*From Equation (1.4.6)
I N L _[1 . __2u J _ _t-u  _ u-t
s-4m? s-4m? s-4m?  u+t
m T T




If Im A(s,t,u) is then expanded according to Equation (1.5.5)

one obtains the elastic unitarity condition for partial wave

amplitudes,:
s-4m?
Im AZ(S) = L |A2’(s)|2 for all & . (1.5.8)
s

Equation (I1.5.9) is an exact relation when the energy variable
s is below the threshold of all inelastic processes, but
although inelastic processes start at s=16m; 560 MeV with the
production of two additional pions, Equation (1.5.9) is
generally considered to be a good approximation up to an energy
of 1 GeV.

A partial wave amplitude which satisfies the elastic

unitarity condition can always be written as

A, (s) s ) e,
S = e S1in S
. s-4m? .
™
id, (s)
= - T 3 [e . - 1] y (1.5.10)
s—4m; 2i

where for physical values of & and s the phase shift GZ(S) is
real. Close to the physical threshold” §,(s) is small, and its
behaviour is conveniently defined in terms of a constant, ag,
the 2-wave scattering length, by the equation

' (22+1)
62(s)q220a2 q (1. 6.11)

*The physical threshold is the point s=4m?, and §,(s) is
defined in the region sz4m%, t<0, u<0, c.f. Section 7 of
Chapter 1.



At energies greater than 1 GeV, where the contributions
from inelastic processes become significant, the phase shifts

are complex, and the unitarity relation is then expressed as

s—4m;
Im Ay (s) = Rl(s)lAl(s)l2 £=0,1,... (1.5.12)
s

where Rz(s), the inelasticity parameter for the f#th partial

wave, satisfies the inequality

Ro(s) 3 1 2=0,1,... (1.5.13)

Ry ISOTOPIC SPIN AND THE PHYSICAL mm SCATTERING AMPLITUDES

Although pions exist in three independent charge states
n+, no, m , as far as their strong interactions are concerned
these states are simply different manifestations of the same
field. The concept of isotopic spin in strong interactions
was introduced(lz) to distinguish between those particles
which have all their properties, except those associated with
electric charge, practically identical.

The isospin of a system is formally similar to angular
momentum but is linked to the charge states of the system.

Therefore, since a pion exists in three independent charge

states, 1its total isospin 1is determined from the equation
21 +1 =3, (1.6.1)

and since its charge states are related to the third component

of the isospin operator Iz, it is convenient to define

Io(n") = +1 |
13(n°) = 0 (1.6.2)
13(n‘) = -1
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Total isospin is conserved in strong interactions, and for the
interaction between two pions discussed in Section 4 the rules
of angular momentum require I to have the three possible values
2.1 0or 0.  1If II,13> represents a possible state of this

two-pion system, the 2I+1 multiplets that exist for each value

of I are given by

|2,+2>, |2,+1>, |2,0>, |2,-1D>, |2,-2>

|1,#1) 4 (2,0 , [1,-1) (1.8.3)

|0,0>
These two-pion states can be written in terms of isotopic spin
wave functions of single-pion states; for the state |2,+2> and
the state |2,-2> there is only one possible combination of
single-pion states, |1,+1> |1,+1> and [1,-1> |1,-1>
respectively. The other seven two-pion states are expressed as
a combination of possible single-pion states, weighted with the
appropriate probabilities of the relevant Clebsch-Gordan

coefficients. From Appendix A.l1 one can write

12,+1> = /|1,0> [1,1> +/%[|1,1> |1,0> 7
12,0> =/%]1,1> |1,-1> +/%|1,0> [1,0> +/I|1,-1> |1,1>
12,-1> = /3]1,-1> [1,0> « /§]1,0> |1,-1>

11,+1> = /F[1,+1> 1,00 - /F[1,0) |1,+1D +
11,0> = /E|1,+1> |1,-1> - /E|1,-1> |1,+1>

11,-1> =/4|1,0> |1,-1> - /2|1,-1> |1,0D

10,0> =/E[1,+1> |1,-1> - /E|1,0> [1,0> +/L1,-1> |1,+1>J

(1.6.4)




The physical nature of the wave functions is exhibited more

clearly in Table 1.2, where the isospin states on the left-
hand-side of Equation (1.6.3) have been redefined in terms of

charge states of the two-pion system.

I=2 I=1 1=0

IS=+2 ITT+'IT+>

I, =+1 '|ﬂ+wo>+[non+> lp+ﬂo>-ln°ﬂf>

3 /3 "o

DT Y 4 oS Y St Y KL D A 0 Sl 0
: /6 , VZ e o

g |7 D+ |n "1 [ 7% > - |7 7%

s | Tz 7
I,=-2 [m " >

Table 1.2

Isotopic Spin States of the Two-Pion System

The I=1 states are antisymmetric under interchange of the two
pions and therefore correspond to states with odd angular
momenta, while the I=0 states and the I=2 states are symmetric
and correspond to states with even angular momenta. If

Table 1.2 is inverted the charge states can be expressed in

terms of their isotopic content by



|1T+1T‘+> = |[I=2> (even waves only)
It = J/§|I=2> (even waves)
T
= [/F]1=1> (0odd waves)
s . = j/§|1=0>+/§|1=2> (even waves)
|mm >
- [/§|I=l>» (odd waves)

r (1.6.5)"
°1°> = - %|I=O>-+/§|I=2> (even waves only)
|20 = | /F|1=2> (even waves)

T D
= |V/i|1=1) (odd waves)
e x> = |I=2> (even waves only)

Since charge is conserved in all strong interactions, I3
remains constant during the scattering process. Therefore, in
mm scattering there are only three independent scattering
amplitudes, each of which corresponds to a well-defined value
of the total isospin. If these amplitudes are denoted by
Ao, A1 and Az, corresponding to I=0,1,2 respectively, the mmw

transition matrix operator can be written as

ATTTT A0Po - AlPl % AZPZ , (1.6.6)

where Po’ Pl and P2 are the projection operators on total
isospin states, and total isospin is conserved during the

interaction.

*In Equation (1.6.5), the I, part of each wave function, which
is given by the total charge of the two-pion state, has been
omitted.



The physical mm scattering amplitudes, which correspond to

the matrix elements of Equation (1.6.6) between definite charge
I

states, can be readily obtained in terms of the A~ (I=0,1,2),
through Equation (1.6.5) as
+ +  + + - - = - 1
AT T 2T T T T T T a2
An+ﬂ0+w+ﬂo B Aﬂ_ﬂo+ﬂ-ﬂo =42 % a4l
S A 2 1
AT T = (2A%+A“)/3 + AT | (1.6.7)
0.0 00
AT ToTem _ (2A2+A0)/3
+ = :'0._0
AT T _ (AZ-AO)/S :

It is often useful, by transforming the basis of charge
states defined in Equation (1.6.1), to work in a spherical
basis of states in isotopic space. The necessary change of
basis is obtained by defining the wave functions in terms of
their components on the three basis vectors in isotopic space
>, |n2> and [w®>, which are respectively eigenstates of

I I, and I, with eigenvalues O, according to

 E R 3
|ats = lnl> * iw®>
V2
e, | - 2
7> = |22 '/_1|“ 2> L (1.6.8)
2
|n®> = [n%> ) -
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To define the projection operators Po’ P1 and

P2 in this new

basis, the reaction is written with the initial pions labelled

by indices o and B, and the final pions by indices 7y and §.

B

and

Then Po’ Pl

PZ’ for the reaction m%+m

,
1
3%,8%ys

1 _ :
2080y885 = Cas®py

1rs + 8 1 -

W=

aY666 aéGBY sassyé ;

If Equation (1.6.9) is compared with Equation

transition matrix operator can be rewritten as

AR o A(s,t,u)8 g8 5 + B(s,t,u)é 6

Y$ RS

where A, B and C depend only on the dynamical

+WY+H6, are given by

(1.6.9)

(1.6.6) the 7w

A C(s,t,u)éaacSBY

(1.6.10)

variables. If

Po’ Pl’ PZ’ as defined by Equation (1.6.9), then act on

Equation (1.6.10), the isospin amplitudes are

and C through the expressions

.
A° = 3A + B + C

Al =3-c :
A2 = B + C J

or in matrix notation

) 31 1] &
All'=1la 1 -1| |8
A2 o 1 1| |c
{ L

related to A, B

(1.6.11)

(1.6.12)




If Equation (1.6.12) is then inverted, A, B and C are

expressed in terms of the isospin amplitudes by the matrix

equation
A oo -3 [A°
B = o 1 1| |al (1.6.13)
C 0 -} 3 [a%] .

7:' CROSSING SYMMETRY

To determine the symmetry properties of the wm amplitude
consider again the scattering process involving four pions.
The six possible processes represented in Figure 1.1 are
conveniently classified by pairing the particles into two
incoming and two outgoing to define three 'channels'. If the
s-channel is the channel for which s is the square of the total
energy in the centre-of-mass system, the two reactions which

occur in the s-channel, as defined in Section 4, are represented

by \
pl * pz +'§3 i 54

and the equivalent anti-particle reaction | (1.7.1)"
P; + Py > P * Py

Reactions with the four-momentum Py incoming have the energy
component p, positive whilst those with 51 outgoing have P,
o

negative. The signs of the energy components of the other

*In this_section, represent the incoming particles
and pl,pz,ps,p4 the corréspondlng outgoing anti-particles.
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three four-momenta obey a similar rule, and the physical region
of the s-channel is defined to be the region with s positive
and greater than a threshold value of 4m;. It follows from
Equation (1.4.6) that t and u are then negative in the physical
region of the s-channel.

Likewise, scattering in the t-channel describes either of

the reactions

P, * Pz > P, + D,

P, + Dy > 51 + 53 FiTodd
and occurs when t>4m;, s,u<0, and scattering in the u-channel
describes either of the reactions

P, * Py > P, * Pg

P, + Pz * 51 & 54 (10243}

when u>4m;, s,t<0. The physical regions of the three channels

are represented by the shaded areas in Figure 1.3

THE MANDELSTAM TRIANGLE
ILE. THE WUNPHYSICAL REGION
deFiNed 'y s3>0, %30, uy0

\\\\\\\\

PUVSIcAL  REGION

BN

u- CHANNEL

///{/ i
x4

Figure 1.3

The physical regions of mm scattering




To describe the symmetry of the mwm scattering amplitude it
is necessary to postulate that a single analytic function of
the variables s, t and u describes the scattering process in all
three channels, the channel being selected by assigning values
to the variables. It can be seen in Figure 1.3 that the
physical regions of the three channels do not overlap, and,
therefore, to give the postulate any physical meaning one must
have a procedure of analytically continuing from one region to
another. Details of the prescription for performing the
analytic continuation are described in the next section; for
the present it is assumed that such a process is possible. For
a scattering process which involves two or more identical
particles this postulate leads to the crossing symmetry
property, that is, exchanging two identical particles (which
requires switching two of the Mandelstam variables and leaving
the third unchanged) at most changes the sign of the scattering
amplitude®.

To relate mm scattering in one channel to 7w scattering in
another channel, recall the scattering amplitude previously

defined in Equation (1.6.10)

>
Y u) = A(s,t,u)é 8 5 ¥ C(s,t,u)é 8

aB,Yé(s’t’ + B(s,t,u)éayé

Y$ B By

(1.7.4)

*Since pions are bosons the sign of the amplitude is unchanged.




If the indices o,B,y,8 are associated with the four-momenta

: TH>TT ;
P15P25P3,Py, respectively, AaB,yG(s’t’u) describes the
s-channel reaction. In this channel the amplitude is invariant
under simultaneous interchange of y and §, which corresponds to

switching t and u. Therefore,

TT>TT AT
AaB,yS(s’t’u) - AaB,éy(s’u’t) (1.7.5)
from which the relations
A(s,t,u) = A(s,u,t)
(1.7.8)
B(S,t’u) = C(S,u’t)
TT>TT

follow. Crossing symmetry also requires A 6(s,t,u) to

aB,yY
describe the t-channel reactions of Equation (1.7.2).
Interchange of B and §, and correspondingly of s and u, leads

to the relations

B(s,t,u) = B(u,t,s) 1
(12 i)
C(s,t,u) = A(u,t,s) J
Finally, in the u-channel, interchange of B and y, and
therefore of s and t, yields
C(S‘,t,U) = C(t,s,u) ]
(1.7x82

B(s,t,u) A(t,s,u) f

If the requirements of crossing symmetry are combined together



T

in the single equation

A(s,t,u) = A(s,u,t)

B(s,t,u) A(t,s,u) (1.7.9)

C(S’t’u) A(u,t,s) b

it is seen that the wm amplitude depends only on a single
function A(s,t,u), which is symmetric under interchange of t

and u. To simplify the notation, define

“

A = A(s,t,u)
B = A(t,s,u) (1eZ%1'6))
C = A(u’t’s) J b

and recall the s-channel isospin amplitudes, which were defined

in Equation (7.6.12) by the matrix equation

rA°(s,t,u) 3 1 1| |A
Alss,e,wy| = o 1 -1] [B (1.7.11)
A%(s,t,u) o 1 1]:c

If s and t are interchanged in the preceeding expression,

Equation (1.7.9) implies that
S S A A wsB . C & €

and, therefore,
A°(t,s,u) r 3 1| |a

Alce,s,w)| = |1 o -1 |B (1.7.12)

A%(t,s,u) 1 o 1] |c
)




From Equation (1.7.11) and Equation (1.7.12) it is clear that

there exists a linear relationship between AI(s,t,u) and

alce,s,u),

| 7 )
st

AI

'
AI(s,t,u) = q (€,5,4) (1.2.18)
Ll
st

readily obtained, by using Equation (1.6.13), as

where a is called the s<+>t isospin crossing matrix and is

e, 1
3 1 3
1 -
aii = |37 1 .3 (1.7.14)
Bl
L3 2 GJ =

Similarly, under interchange of s and u, it can be shown that

I1
o

Il
g, A" (u,t,s) (1.7.15)

AI(s,t,u) =

with the s<»u crossing matrix given by

r

1
I -1 3
1
aii = |- 1 2 (1.7.18)
R S !
L 3 2 6 *

8 ANALYTIC PROPERTIES OF THE mm SCATTERING AMPLITUDE

It was pointed out in the previous section that in order
to make the principle of crossing symmetry precise, it 1is
necessary to regard A(s,t,u) as a function of the complex
variables s, t and u. A(s,t,u) corresponds to a physical

amplitude only when s, t and u take appropriate real values.



To determine the analytic properties of the mm scattering
amplitude it is convenient to consider the special case of
forward scattering* for the s-channel process defined in
Equation (1.7.1). The forward amplitude for this process,
A(s,0), is then an analytic function of the complex variable s
throughout the complex s-plane, except for branch cuts along

the real axis, as shown in Figure 1.4.

»Tu s

Res=0 (u CHRNNEL

THRESHOLD)
\ e As.0)
o < w2 N
777 7 - —>Re s
~ & /7

- -1 selhmg? (8- CHannaL Thaeswow)

- o
- . - - - -

\ PATH OF ANALYTIC  CONTINWATION

o Pls,0) From THE PHVSICAL REGION
OF THE $-(MANNEL TO THE PuNSICAL
REGION OF TME u- CHANNEL

" Figure 1.4

’The Complex s-plane for t=0

A(s,0) has a branch point at s=4m;, which is the threshold for

which the s-channel process becomes a physical process as

*For forward scattering in the s-channel, t=0.
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allowed by the kinematic conditions (c.f. Figure 1.3 along the
line t=0). There are other branch points in the s-plane, at
s=(4mﬂ)2, s=(6mﬂ)2, ... , which are the thresholds for the
production of additional pions. These branch points all lie
along the positive real axis. In addition there are also
branch points at the corresponding values of u for the u-channel
process, for which the leading branch point is at u=4m%. In
this case (with t=0), the threshold u=4m; corresponds to the
point s=0, and the resulting branch cut is drawn along the
negative real s-axis.

Between the branch points at s=0 and s=4m;, A(s,0) is real

and therefore hermitian, so that
A(s*,0) = A¥(s,0) , (181}

where the asterisk in Equation (1.8.1) denotes complex conjuga-
tion. The physical amplitude for the s-channel process, is
obtained, as indicated in Figure 1.4, by taking the 1limit from
above the right-hand branch cut. Thus, when s is real and

greater than 4m?,

Physical A(s,0) = 1lim A(s+ie,0) . (1.8.2)
e>+0

The physical amplitude for the u-channel process is obtained in
the s-plane by taking the 1limit onto the real axis from below
the left-hand branch cut. Analytic continuation by the path
indicated in Figure 1.4 establishes the analytic statement of
crossing symmetry, which relates the s-channel and u-channel

processes, for the forward amplitude.




10
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CHAPTER 2

I. INTRODUCTION

The instability of the pion prevents one forming pion
targets, and although it may one day be possible, by using
colliding beam accelerators, to perform the pion-pion elastic
scattering experiment described in Chapter 1, for the present
one has to rely upon indirect information obtained from
processes in which pions appear. Reactions yielding information
on the mm system come mainly from two sources; firstly from
experiments which produce a single pion in pion-nucleon
collisions, and secondly from experiments, such as K-decays, in
which pions appear as the only strongly interacting particle.
Because of the indirect nature of the experiments, the process
of extracting information about the mm system relies upon some
kind of analytic extrapolation being performed on the experi-
mental data.

In Chapter 1 it was stressed that the structure of ww
elastic scattering is particularly simple. This simplicity is
a consequence of having Bose Statistics, no spin, and a
reaction which is exactly crossing symmetric. It appears also
that because of the very short range of the forces involved,
and the almost negligible contribution from other production
processes below 1 GeV, mm scattering is, in this region,
accurately described by contributions from the lowest order

(s and p) partial waves only.



In this chapter both the experimental results and some of
the more successful theoretical treatments of mm elastic
scattering are reviewed. In Section 2, the functional forms for
the s- and p-wave phase shifts which follow from a theoretical
analysis of physical wN»mmN scattering are derived; the
experimental results obtained from both pion-production
processes and K-decay processes are discussed in Section 3. The
results outlined in this section suggest that, with the
exception of the I=0 s-wave phase shift, a fairly comprehensive
picture of the wm interaction between 500 MeV and 1 GeV has
been established experimentally, but that below 500 MeV the
amplitude has not been accurately determined, and above 1 GeV
information is limited to the identification of some mm
resonances. Some of the techniques used to interpret sets of
experimental data points in terms of well-defined physical
constants (scattering lengths, effective ranges, resonance
parameters and asymptotic behaviour) are described in Section 4.

The uncertainties that exist in the w7 system make it an
ideal testing ground for theories and theoretical models®. The
most successful calculation of the very low energy mm interac-
tion, say from threshold up to 400 MeV, has been the current

(1)

algebra model of mm scattering, originally proposed by Weinberg.

*A comprehensive review of mm theories and models has been
given elsewhere in the literature(5). The topics discussed in
Sections 5-8 are selective, but the predictions made are
intended to reflect, as far as is possible, current feeling as
to the true state of the mm system below 1 GeV.




- 3] ~

The model and the results obtained are discussed in Section 5.
In recent years phenomenological analyses have become very
popular. These analyses usually rely upon some kind of physical
assumption being used as input to the model; for example, in the
analysis made by Morgan and Shawcz), which is described in
Section 6, estimates for the mwm scattering lengths are obtained
which follow from assumptions made about the partial wave phase
shifts in the range 500 MeV to 1 GeV. Other model dependent
analyses have been used to determine the partial wave phase
shifts between 500 MeV and 1 GeV; both the o-model of Basdevant
and Lee(s), which is discussed in Section 7, and the Veneziano
model(4), discussed in Section 8, favour a fairly broad

resonance in the I=0 s-wave amplitude at n765 MeV.

2., THEORETICAL DETERMINATION OF REAL mm SCATTERING FROM THE
REACTIONS mN-+mmN

Most of the information on the mm interaction comes from a
study of the final states n'r” and 757° in the reactions
mN+»mmTN, which are thought to be dominated by the one pion
exchange (OPE) process corresponding to diagram (a) of
Figure 2.1, on the next page. In this figure, m' represents the
exchanged pion which is virtual, and if the OPE process does
dominate the reaction, then the upper vertex of (a) describes

the scattering of a real and a virtual pion to two real pions.




Figure 2.1

OPE process in the reaction wN->mmN

Contributions other than OPE, which are represented by the
'background' term in diagram (b) of Figure 2.1 are important and
great care is needed in order to isolate the OPE contribution.
Another difficulty arises because of the virtual nature of the
exchanged pion; if the wm phase shifts could be obtained they

would be functions of the square of the mass of the virtual
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pion, A%, and in the physical region A2<0. Therefore, to
determine the phase shifts for real mm scattering it would be
necessary to extrapolate the values to A2=m;51.*

In spite of the technical difficulties to be overcome, the
need for reliable experimental results is emphasised if one
looks at a qualitative picture of the mm interaction based on
the theoretical OPE model and our knowledge of real 7w
scattering.

From Equation (1.5.5) and Equation (1.5.10) the mm isospin

amplitudes can be written as
I

1 -
...... 9 ~ig id
AI(qz,e) = LI ) (1+(*1)I+£)(22+1)P2(cos 8)e  sin 6% ,
q 2=0
(2i2unil)

where 6% is the phase shift corresponding to partial wave £ and
total isospin I, and the term (1+(—1)I+2) the symmetry factor
which combines odd partial waves with odd isospin states and
even partial waves with even isospin states. For the reactions

() m +m >Tm + T

and

) 7 + 1% > 1 + 7° ,

the relevant charge states of the two-pion system were defined

in Equation (1.6.5) by

s /I12,0> + /A[1,0> + /i|0,0)

(2.2.2)

" Adl2,1> + |1,-1>) :

*The more usual convention of normalising the pion mass to unity
will be adopted from now on.
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and from Equation (2.2.1) and Equation (2.2.2) the scattering

amplitudes for these two reactions can be written as

1 s 02 - o0 3
242 @ 16 i6
A, (q2,0) = LD 5 ey {r1+(-1)%1¢ke” 4sin 62+le 'sin §9)
q =0
LY
+[1-(-1)"13e “sin §3}P, (cos 6)
23 ® i r
Ab(q2,9)=.LLﬂl_l ) (21+1){[1+(-1)2]%e 2sin si
q 2=0
is,

+[1-(-1)*1e

. 1
sin 52}PZ(COS 0) /-

(2.2.3)
The differential cross-sections are obtained by taking the
absolute squares of the scattering amplitudes, and if 7w
scattering below 1 GeV is assumed to be dominated by contribu-
tions from the s- and p-waves only, the contributions from

partial waves 232 can be neglected. The differential cross-

sections can then be written as
[do]a=-£li%il {(%sin268+%sin26§+§cos(Gg—ég)sin 62 sin §2)
+(4cos(68—6})sin Gg sin 8] +2cos(82-61)sin 62 sin &j)cos o
+ 9 sin®é] cos?®e} - , (3. B2
and

fdo) . (T+q>*): o202 2_21lyes 2 s 1
[aﬁ]b e {sin?62 + 6[cos(82-8;)sin 62 sin §11cos o
+ 9 sin?6! cos?e} - , (2.2.5)

where 62,63 are the s-wave phase shifts corresponding to isospin




0,2 respectively, and 6} the p-wave phase shift. The right-hand

sides of both Equation (2.2.4) and Equation (2.2.5) are of the
form A + B cos 6 + C cos?6, and in principle the phase shifts
68,63 and 6] can be determined by measuring the angular
distributions of the two reactions (a) and (b). The coefficients
associated with the cos?6 terms theoretically determine the
p-wave behaviour, those associated with the cos 6 terms measure
the s-p interference, and the constant terms measure the s-waves
only.

In practice, contributions from processes other than the
OPE process introduce a degree of uncertainty into Equation
(2.2.4) and Equation (2.2.5) which mainly affect the isotropic
term, and when determining the mwm phase shifts this term is
usually ignored. The s-wave phase shifts are therefore
determined from the s-p interference term, once the p-wave is
known, using reaction (b) to determine 63 and reaction (a) to
determine 62. Experimentally, 63 is found to be small and
negative from threshold up to at least 1 GeV*, and in order to
discuss the qualitative behaviour of 68 it is convenient as a
first approximation to put 63 equal to zero in this region.

68 can then be obtained from the term

(0} - 0 .
4cos(8 -87)sin 8  sin &7 . (2.2,8)

*Experimental data points for 62 below 1 GeV are given in
Figure 2.4 on page 41.
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Equation (2.2.6) gives rise to two ambiguities since it remains

unchanged under both the transformations

0 04 _ .0

60 > 80" =62 4w (2.2.7)
and

60 + 8 =% - (82-81) (2.2.8)

Equation (2.2.7) represents a trivial change of phase by m, but
this ambiguity has been resolved in studies of the reaction

7 1 7% ® which indicate that 62>O in the region below 1 GeV(6).
The ambiguity represented by Equation (2.2.8) has proved more
difficult to resolve, since if at some energy

5%
o _ m 1
60 =T + - (2249

then 5" = §° ) (2.2.10)
0 (0]

This is approximately what is thought to happen at about 765 MeV,

where the p-wave is characterised by the p-resonance

1 o
5! =2 . (2.2.11)

765 MeV

For Equations (2.2.9) and (2.2.10) to meet the requirements of

o

(2.2.11), 60 must satisfy the condition

o? ~ (o} ~ 1 ~1
60-J = 62 = 8l =2 . (2.2.12)

765 MeV 765 MeV 765 MeV
Ample evidence is to be found in the literature in support of a

58 which rises to approximately 90° in the vicinity of the

p-resonance(7). Then, according to Equation (2.2.8), four




possible solutions for Gg

exist, as shown in Figure 2.2.

) (dv.avu,s)

30

\ E -: MeV
300 Lo0 500 ©00 700 300 q00 1000

Figure 2.2

Possible solutions for 83 compared with 6:*

These solutions, which are characterised by 'Up' and 'Down'
branches above and below the p-resonance, are commonly labelled

'Up-Up', 'Up-Down', 'Down-Up' and 'Down-Down'.

*The qualitative nature of the phases in Figure 2.2 are
intended to reflect the situation resulting from Equations
(2.:8:8) 2o (2.2,12).
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3.  EXPERIMENTAL RESULTS

(a) Determination of §;

It has been known for a long time that the low energy mm
p-wave is dominated by the p-meson resonance(s). Although
agreement on the position of the resonance peak has been reached,

the most widely published estimate being

M) = (765 +10)MeV (2.3.1)°)

the width of the resonance, Tp, has not been so accurately
determined. The experimental data points indicate a width of
between 150 MeV and 170 MeV, but estimates of the extrapolated
data suggest values as low as 110 MeV. Results are quoted from

two independent analyses, one by Malamud and Schlein(lo), the

other by Baton, Laurens and Reignier(ll), which illustrate the
uncertainty in our knowledge of Fp. Both of the analyses assume
OPE dominance for small values of A?, and the raw experimental
data points obtained for &} are shown in Figure 2.3, on the next
page.

The analysis by Malamud and Schlein was on data obtained
from 20,555 events of the reaction n—p+w+ﬂ_n, collected from
five experiments performed at incident beam momenta within the

range 2.1<p <3.2 GeV., From a sub-sample of 7319 small
g Lab

momentum transfer events, the value

o= (148.1%4.7)MeV (2.:8.2)*

was obtained for the width of the p-resonance peak.

*In Reference 10 a revised estimate for T , obtained from the
extrapolated data, is given as Fp=(132 iDIS)MeV.
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Figure 2.3

Experimental data on §! below 1 GeV

The analysis by Baton, Laurens and Reignier was on data

compiled from the reactions

+
(a) @ +p->mTm +m +n
and

(b) m +p->m +10 +p .

Both the reactions were studied at an incident beam momentum of

Prab = 2.77 GeV. Reaction (b) was studied first because the

events with small momentum transfer were easier to identify and
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measure; 7,666 events with |A?|<13 were measured, and although

the OPE contribution could not be isolated, it was assumed to

dominate for small values of |A?].

were determined as

(My,T ) = (7555, 110+ 9)MeV .

The p-resonance parameters

(2.3.3)

Reaction (a) was then studied in the same way using 10,634

events with |A?|<13 and the p-parameters of Equation (2.3.3)

were again reproduced.

(b) Determination of 63

The wealth of experimental evidence on the I=2 s-wave phase

shift is strongly in favour of a 6; which is small and negative

from threshold up to

1 GeV.

Small

discrepancies do exist in the

experimental data; for example, in the analysis by Malamud and

Schlein, they found

62
o}

R

62
[0}

R

whereas Baton et al.

*

My, the mass of the

-17%  at
-30° at
obtained
-6° at
-18° at
K-meson,

=494

oN =N

N

MeV.

(2.3.4)

(2.3.5)




L

The experimental data points shown in Figure 2.4 point to a

numerical majority in favour of the smaller phase shifts

obtained by Baton et al..
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Figure 2.4

Experimental data on 62 below 1 GeV

E i MeV
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(c) Determination of 63

In Section 2 of this chapter, it was shown that studies of
the s-p interference term in pion-production experiments lead
via a two-way ambiguity to the possibilities Up-Up, Up-Down,
Down-Up and Down-Down for the functional form of 68 below 1 GeV.
The ambiguity has been illustrated by Scharenguivel et al.(ls)
who obtained alternative forms for 68 from i~ production data

by a method of extrapolation of the forward-backward asymmetry

FORWARD - BACKWARD . . .
FORWARD + BACKWARD P ;

shifts which established the existence of distinct up and down

to the pion pole. The ratio

branches both above and below the region of the p-resonance.
Numerous experimental determinations have so far failed to
resolve this ambiguity; for example, in their compilation of
data on the reaction ﬂ-p+ﬁ+ﬂ_n, Malamud and Schlein(lo) favoured
the Up-Up solution, whereas the Up-Down solution was preferred
by Walker et al.(lz). Baton et al.(ll) favoured the Down-branch
below the p-resonance, and a 68 consistent with the Down-Up
solution was obtained by Marateck et al.(16). The experimental
situation for dg is summarised in Figure 2.5, on the next page.
The values obtained for 62 in the above experimental analyses
rest upon attempts to isolate the s-wave contribution in the

cos 6 term of Equations (2.2.4) and (2.2.5), and since the
s-wave contribution is obscured by the large contribution in the
p-wave resulting from the p-meson, it is not surprising that

different attempts have led to contradictory results. In theory,
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Experimental data on Gg below 1 GeV

est way to study the s-wave wm interaction is through the

(0]

ion m p-m ﬂon, since the s-wave is not masked by the

dominating p-contribution. An analysis of this reaction by

t et al.(17) indicates that Gg stays near 90° from about

400 MeV to 800 MeV. Only the Up-Down solution for 68 is




consistent with this data.

There are sources other than pion-production experiments
from which information about the mm phase shifts can be
extracted; for example, K-decays, although the poor statistics
of the experiments performed so far (only a few hundred events)
render the results rather unreliable.

The branching ratio

Kg+w+ﬂ_
KO+ %rn°
s
obtained from K2+2ﬂ decays yields information about the phase
difference 68—63 at the K-meson mass. The results obtained by

Morfin and Sinclair(ls)

(ag-a;{J = (68+11)° (2.3.6)
My

favour the Up-branch below the p-resonance, for which

(62—6§j = (55:10)° (2.3.7)
m
K

rather than the Down-branch, for which

= (32¢10)° . (2.3.8)
K

(8°-682)
(0] O_In

K decay experiments, K+2mev, provide information on =mw

ed
scattering from threshold up to 400 MeV. The theory has been
discussed in detail by Pais and Treiman(lg). The results

indicate the average for the phase difference 68-6% over this



_

region to be given by

(0]

<60-81> = £(25¢8)° . (2.3.9)

This result was obtained from a poor statistics experiment of
only 300 events, and its validity is therefore questionable,
although Equation (2.3.9) does agree with estimates obtained
from pion-production data. In the future, K-decay experiments
may well provide essential pieces of information on wm
scattering, but higher statistics data have to be obtained

before drawing any serious conclusions.

(d) Determination of the mm s-wave scattering lengths

Information on the mm s-wave scattering lengths has been
acquired by studying the reaction mN->wmN near threshold.
Batusov et al.(?9) concentrated on the reaction 7 p>T T n and

obtained a m'm  cross-section at threshold which corresponds to

|2a, + a,]|. = 1.020.3 (2.3.10)

where a, , are the I=0,2 s-wave scattering lengths. The same
b
group also analysed the energy and angular distributions of the

final three particles, from which they deduced

a, - a, = 0.25 % 0,05 - (AR Oy ),

There have recently been two independent experimental
determinations of the ratio ao/az. Firstly, Gutay, Meiere and
Scharenguivel(ZI) studied the relation between A%? and s at the

point where the forward-backward asymmetry vanishes in peripheral
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i production. Assuming an exact linear form in s, t and u
for the real part of the mm amplitude, they obtained
.ao ;
— = =3.2%+0.1 (2.3.12)
a
2
which indicates that a and a, are of opposite signs. The same
ratio has been deduced by Cline, Braun and Scherer(zz) from a
study of the charge branching ratios R1 = o(woﬂo)/o(n+ﬂ+) and
R, = o (1°7%) /o (r*1”) near threshold. R; and R, both depend
essentially on the value ao/az, with corrections applied for

p- and d-waves. A consistent fit to both branching ratios was

obtained for

- |

—9— = -3.21-1.1 (2.3.13)
o

in agreement with the independent result of Gutay et al.

referred to above.

(e) mm scattering above 1 GeV

Above 1 GeV, the I=0 d-wave resonance fo, with its

parameters

(M. ,I.) = (1260%10, 150 + 25)MeV (2.3.14)
fO’ f0

and the I=1 f-wave resonance g, with its parameters

(Mg;rg) = (1680 # 20, 110 + 10)MeV (2.3.15)

are both well-established resonances. It has been suggested that




there is an I=0 s-wave resonance accompanying the f0(23)’ and at
higher energies, one would expect to see evidence of an I=0
d-wave resonance f', at about 1550 MeV, but none has been seen
yet; and at still higher energies the situation is equally

uncertain.

To summarise the experimental situation of low energy pion-
pion scattering at the present time, the general picture is of
an I=1 p-wave dominated by the rho meson, a large positive I=0
s-wave and a small negative I=2 s-wave. Higher statistics
experiments offer the best method of resolving many of the
ambiguities still further; indeed, the most recent experimental
analyses claim to have partly resolved the Gg-ambiguity by

definitely selecting the Down-branch above the p-resonance(24).

L, REPRESENTATION OF EXPERIMENTAL DATA

The experimental data discussed in the previous section,
for example, phase shifts and cross-sections, are determined as
sets of experimental values with error bars, but are usually
presented in the more readable form of smooth analytic functions
containing a small number of parameters. These parameters often
correspond to physical constants, such as scattering lengths,
positions and widths of resonances etc., and in such cases it 1is

essential that the representation should have a firm theoretical

basis.




Using Equation (1.5.10)% the partial wave amplitudes in the

physical region can be expanded in terms of the phase shifts

6, (v) by

e dt

Al(v) = 2%1 (cot 6£(v) - 1) for v>0 . (2.4.1)

A particularly simple parametrisation for /v/v+1 cot Gl(v) close

to the physical threshold is given by the effective-range
(25)
/

s _11 'rﬂ,‘ '
/GTT cot Gz(v) = ;I[—— + 7;v L A ] ‘ (2.4.2)

where a, is the 2-wave scattering length, and r, the effective-

range. Ag(v), as defined by Equations (2.4.1) and (2.4.2),

formula

satisfies both the elastic unitarity condition
ST o
Im[Az(V)] = L= m fOI‘ \)6[0,3] ’ (2- 4. 3)

and the threshold condition

Al(v) = apv as v=>0 5 (2.4.4)

but because of the presence of a left-hand cut in the v-plane
beginning at v=-1, Equation (2.4.2) is a valid parametrisation
close to the physical threshold only.

Olsson(26) has extended the domain of application of the
p-wave effective-range formula to above the region of the
p-resonance as follows: a resonance is theoretically associated

with a pole of the partial wave amplitude located close to the

*With the change of variable v=q2=%-
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physical region and on the second sheet of the v-plane. To the
experimentalist, it is also related to the behaviour of the
phase shift which passes through m/2 with a positive gradient.
In the vicinity of a resonance, the behaviour of the phase

shift, 62(v), is given by the Breit-Wigner(27) formula

Z(v-vR)
cot Sg(v) = - —_— (2:4..5)

wpl'r

where wp is the mass and T'n the width of the resonance, and the
corresponding form for the partial wave amplitude close to the
resonance is then given by

T
Ay(v) = R i (2.4.6)

/v7v+1(vR—v—%iFR)

Nl=

Olsson's idea was to develop an expression for the p-wave
amplitude, A;(v), which has the correct threshold behaviour and
which blends smoothly into a Breit-Wigner form in the region of
the p-resonance. To achieve this, he chose an effective-range

formula

%T cot §;(v) = iL{l,— lL] (2.4.7)

with aj, the p-wave scattering length, defined in terms of the

p-resonance parameters by

S w?T
YRR B 5 (2.4.8)"
1 2q°
P
*For w,=774 MeV, T' =150 MeV, Equation (2.4.8) implies that
a1=0 83 3, in agreement w1th the value obtained by Morgan and
Sh 2 (see Section 6 of this chapter).
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Although the asymptotic behaviour of cross-sections appears
to approach constant values, our detailed knowledge of the high
energy region is rather uncertain; and as a result, whatever
representation is used to describe the amplitude in this region
its influence on the results below 1 GeV should be minimised.

It is usually assumed that the asymptotic behaviour of the |

amplitudes are Regge-behaved(zs); that is, for fixed values of t,

a.(t)
Im A(s,t) = ) s - as s»w (2.4.9)
i

where each a; represents a linear trajectory

ai(t)_= ai(O) + tai' ” (244.10)

To satisfy the asymptotic condition for forward scattering
Im A(s,0) = s as s> (2.4.11)

the leading trajectory must be characterised by aP(O)=1, the
Pomeranchuk trajectory; other terms in the right-hand side of
(2.4.9) are usually restricted to contributions from the p and

f, resonances. For the p-resonance,

: - " =2
ap(O) =~ 0ab ¥ ap‘— 0.018m1T (124:ds12)

provide a good fit to the experimental data(?g)

5, CURRENT ALGEBRA PREDICTIONS

Current algebra; which was introduced by Gell—Mann(so),

provided the essential break-through in the quantitative
understanding of strong interaction physics, and in particular,

enabled the first quantitative predictions of the low energy
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mm parameters to be made. The general aspects of the theory
have been discussed in the literature(31). The assumptions are
based upon the fact that weak interaction processes can provide
precise information on some features of strong interactions.
In mm scattering, the partially conserved axial current (PCAC)
hypothesis is used to define the pion amplitudes off the
mass—shell*, and the commutation relations of current algebra,
which are non-linear, are used to obtain absolute quantitative
predictions.

The PCAC hypothesis(sz), which states that the divergence

of the axial-vector current is proportional to the pion field,

can be written as

o . 2 _ao
Bu Au(x) = fTr m_ (x) (2.5.1)

where o 1s an isospin index, and fTr the pion decay constant
(fﬂzQSMeV). Equation (2.5.1) is used to define pion amplitudes
off the mass-shell, which in turn leads to Adler's self-

(33): if, in the

consistency condition for mm scattering
reaction ﬂa(p1)+ﬂ6(p2)+ﬂY(p3)+n6(p4), one of the four-momentum,
say py, goes off the mass-shell, then as Py +0, the =m

u

scattering amplitude also vanishes

ATT'IT

. aB,YG(pl’pZ;pS’p4) =0 , (8.5.%)

1im
Py
u

If the other pions involved in the reaction remain on the mass-

shell, the invariant quantities s, t and u satisfy the condition
s =tL~u=m (2.5.3)

*i.e. when one or more of the pions involved in the scattering
process fails to satisfy the relativistic equation pi=m;.
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and, therefore,

AaB,yG(s_t u mﬂ) 3 (2.5.¢)
Agg ” of Equation (2.5.4) is a continuation of the physical
2

mm scattering amplitude discussed in Chapter 1, but the point
s=t=u=m; is close enough to the physical region for the Adler
condition to imply the presence of zeros in the physical
amplitude.

To investigate the consequences of the current algebra, it

is necessary to consider Agg . with two pions off the mass-
’
shell, 1If Py and p311 both vanish it can be proved that Agg,yé
exhibits the behaviour
. ZDyeP
T . o 0 1% 2 _
Aog,ys (P1oP23P3sPg) = Myg o+ ——=(8,08, 5=8,85.)
Py +0 fﬂ
u
p3.+0
" (with p2=p2=m?) (2.5.5)
Py=Py =, Ut

where MSB " is a constant, symmetric under the interchange
b

Py Berd,

Weinberg(l) was the first person to use the assumption of
PCAC and current algebra to calculate the low energy mm
amplitude. Combining Equations (1.7.4) and (1.7.9) he wrote

the total mm amplitude as
Agg,Ya(s,t,u) = A(s,t,u)8 58 s+ A(t,s,u)8  Spq+ A(U,t,5)8 48,
(2,5.8)

and expanded A(s,t,u) to first order in the Mandelstam variables

L

(a+bs+c(t+u)) . (2.5.7)
£

A(s,t,u) =

2
™



Equation (2.56.7) exhibits the t<->u symmetry of the wm amplitude
and the factor f? is included in the expansion for convenience.
The constraints 1Timposed by PCAC and current algebra were used
to determine the constants a, b and c as follows: if A(s,t,u)

vanishes at s=t=u=m;,
a + (b+2c)m’ = 0 (2.5.8)
and in the limit Py >0, Pz +0,
M M

~

T o B i
Aug,ys (P1oP2iP3Pg) = Mog yo * 7 (Pme)T8yg0y 5700586y T
. (2.5.9)
with
MgB,YG =;§; {Ea+(b+c)m;](6u66Y6+6u668Y) + [a+2cm%]6aya86}.
i (2.5.10) -

Comparing Equation (2.5.9) with (2.5.5) imposes the constraint
b-c =1 (2.6..11)

on the coefficients of A(s,t,u), which together with (2.5.8)
determines A(s,t,u) up to a constant value; taking the
coefficient ¢ as parameter,
A(s,t,u) =-l-[fm2 + (l+c)s + c(t+u-3m2)] ! (2.5.12)
£2 m m
m
If the off-shell amplitude A(s,t,u) is assumed to be valid also

on the mass-shell, s+t+u=4m;, and Equation (2.5.12) simplifies

to

A(s,t,u) i;l-té - mi(l-c)] . (2.6.13)

2
f’ﬂ'



S .

Using Equations (1.7.10) and (1.7.11) the corresponding isospin

amplitudes are given by

- I g ot 3
A°(s,t,u) = ;Z[Zs-m;+5cm;)
4 2
(s-4m*)
Al(s,t,u) = J;(t-u) = B cos 6 ¢ (2.5.14)
£+ e
T T
Az(s t,u) = —£{2m2-5+2cm2)
» Lo f2 T T J
T

and the corresponding scattering lengths, which are defined in

terms of the s-wave amplitudes by

al = Al(s=4m?,t=0,u=0) (I=0,2) (2.5.15)
become 2 i
) M
a_ = (7+5¢c) —
o 2
m r . (2.5.16)
g . m2
a® = (-2+2c) L
(o} £2
L J

In order to obtain a value for the parameter c, Weinberg

observed that M° as defined by Equation (2.5.10), has only

aB,ys?
even partial wave contributions in the t-channel. He then

assumed that the I=2 part of MC vanishes, and obtained the
P o S ’

B,Y
supplementary condition

a +_(b+c)m; = 0 (8,5.17)

which, together with Equation (2.5.8), requires c=0. For
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fﬂ=§mTT and c=0, Equation (2.5.16) yields

BN

o _ -1
ao = 0.16 mTT
ag = -0.045 m;l
5 [ . (2.5.18)
T 0
2 2
ag )

One interesting consequence of the Weinberg amplitude,

Equation (2.5.14), is that A° and A2 vanish at the points

= m2(1-
S, mﬂ(l 5¢) ]
, f (8.8, 18
S, = 2mﬂ(1+c)
respectively. In Weinberg's case with c=0
e 1D
So T~ M
(2.5.20)
Sy & 2m?
T

which implies the existence of zeros in an exact amplitude,
although their exact position may be shifted by unitarity

effects.
Many attempts have since been made to obtain additional

information on low energy mwm scattering from the Weinberg

(34)

amplitude , but above the physical threshold unitarity plays

an essential role and one problem has been precisely how to

(35)

take unitarity into account®, Brown and Goble , for example,

The Weinberg amplitude, being a real function, does not
satisfy the elastic unitarity condition of Equation (1.5.9).




I,CA

started with Equation (2.5.14) with c=0, Az’ , and introduced
a function
h(s) = % /iéi log[Lflizi—ﬁg] : (2.5.82)

They then defined partial wave amplitudes which are exactly

unitar
4 A s,

CA

A%(s) s

T 1 (2.5.22)
P (s} + h(s) Ak’

(s)

where PI(S) is an arbitrary polynomial. To introduce a

resonance pole into the partial wave amplitude and maintain

Ai(s)zAi’CA(s) at low energies, Brown and Goble used the
parametrisation
Plis) =1+ ap A CR(s) (2.5.23)

and by adjusting the constant ap were able to obtain a suitable
value for the p-meson width after fixing the p-meson mass. The
method also predicted a broad o-resonance in the I=0 s-wave,
but it was pointed out by Roskies(sﬁ) that Brown and Goble's
calculation ignored crossing symmetry completely. Attempts,
which have since been made to restore crossing symmetry to the
formalism(37), have reaffirmed the conclusions of Brown and

Goble.

6. A PHENOMENOLOGICAL ANALYSIS - THE MODEL OF MORGAN & SHAW

Forward dispersion relations have been extensively used

over the last few years to correlate experimental data on 7w

(38)

scattering although the techniques used encounter




difficulties in the mm system because of the absence of reliable
experimental information in the high and very low energy regions,
and because of the very obscure situation concerning the I=0
s-wave.

In order to study the influence of the I=0 s-wave, Morgan
and Shaw tabulated values for the scattering lengths and low
energy mrm phase shifts which correspond to various assumptions
about the mass and width of the o-resonance. The method used
forward and first derivative dispersion relations for

amplitudes with definite isospin in the crossed t-channel,

Tiw) = aii' Al' o (2.6.1)
and  D'() = ali B (v) (2.6.2)

where

BI(v) - [é% AI(v,t)lJ
£=0

7 (Izz) (20+1) [0 (4+1)v AL (V) - 34 AT(V)].  (2.6.3)
even

Using the crossing symmetric variable

z ='§iﬂ = 2v+l (2.6.4)

they wrote forward dispersion relations for TI(z),

, 1 O e T o [P
0,2 o & J dz'z" Tl T *“(z")
Re T%*%(z) = £ P 1 e

r (2.6.5)

: B gt 1.,
Re T1(z) = 22 J . T ia)

1 zV2-72




and completely similar equations for the derivatives DI(z). The

integrations on the right-hand-side of Equation (2.6.5) were
divided into three regions:
1) A very low energy region, from threshold up to
v500 MeV, in which the phase shifts were to be

determined.

I1) An intermediate energy region, from 500 MeV to
N5 GeV, where the phase shifts were assumed
to be known. Results were tabulated for various
assumptions about the mass and width of the

o-meson.

£i1) The high energy region above 1.5 GeV. Its
influence on the left-hand-side of Equation
(2.6.5) was represented at least up to the
p-mass by a polynomial expansion in z (even or
odd powers of z contributing to even or odd

isospin states).

The coefficients of these polynomials were determined by
imposing definite values for the Al amplitudes and their first
derivatives at the p-mass.

Accordingly, Equation (2.6.5) was re-written
(

z z
: 1 2] N 0,2
Re TO’Z(Z) 5 % F)JJ i J dzvz" Im T (z') +eg,2_+eg,222

: oWz D)

U1 b ZNE =z
1 .

(-2 Z

1 2 , 1
Re Tl(z) _ 2z P JJ 4_1. gzt Tn T (et - L
™ Z'2-Z2 1
\ 1 Zl J

(2.6.8)



for nggzp<zz. The dispersion relations of Equation (2.6.6)

were solved firstly for the s- and p-waves, assuming the
d-waves to be known. They were solved iteratively, using
(2.6.6) to pass from Im TI to Re TI and unitarity to pass from
Re TI to Im TI, and the constants e§ were adjusted at each
stage of the calculation. A stable solution was quickly
obtained, and it was found that the final results were not too
sensitive to the assumed form for the d-waves. The derivative
dispersion relations were then treated similarly to provide a
check on the d-waves.

A discussion of the parameters e§ suggested that both the
Down-Down and the Up-Up solutions for 68 had to be rejected.
An analysis of the remaining forms for 68 favoured a rather
broad o-resonance in the I=0 s-wave, an I=0 d-wave which was
positive and non-negligible in this region, and an I=2 d-wave
which was always less than 0.2° below 1 GeV. Estimates for the

s-p- and d-wave scattering lengths obtained by Morgan and Shaw

are given in Table 2.1.

a’  0.16 + 0.04
S-wave Scattering Lengths 2

a; -0.05 £ 0.01
P-wave Scattering Length ai 0.035+ 0.002

ay  0.0016+0.0002
D-wave Scattering Lengths 2

a, 0.0003+0.0001

Table 2.1

mm Scattering Lengths of Morgan and Shaw(Z)




7. THE SIGMA MODEL OF mm SCATTERING

The stability of the ¢* model of mmw scattering(sg), and its

failure to produce s-wave phase shifts in agreement with the
experimental data, appears to indicate that the physical content
of the ¢* Lagrangian does not correspond to the physical

(48] that the extra physical

situation. It was suggested by Lee
information apparently lacking in the ¢* model could be taken
from current algebra considerations. This was the motivation

behind the study of the o-model of Gell-Mann and Lévy(41)

along
the same lines. In the mm calculation, Basdevant and Lee(s)

considered a Lagrangian
gL, T %[(BUO') 2‘+ (BU%) 2] v—‘ Ez-i(;r}zﬂjz) = %(02+’_rr>2) ‘+ cCo (9 7s.75)

where o and T are the isoscalar, scalar and isovector,
pseudoscalar meson fields, and where, except for the last term
co, the Lagrangian of Equation (2.7.1) is invariant under

SU(2)xSU(2) transformations. The axial-vector current
-> ->
= = 2z 052
Ku(x) ﬂauo oauﬁ ( )

satisfies
BUKU(X) = c%(x) 4 (G sl

so that if PCAC is to be satisfied to first order,
. 2
c = £ meoo. (2.7.4)

Furthermore, it is possible to renormalise the theory in such a

way as to preserve the current algebra and PCAC constraints at

each order of the perturbation expansion. Under the translation

g+ f (2.7.5)
T

o =




the resulting Lagrangian is given by

1 & 2 &2 1 >y 2 >2 n2 &2 2
iu = 7[(8u0) —méc ] +1§[(auﬂ) - m;ﬂ ] - %(0 +1°)

where the m and o masses are related by

m? = m? + 2gf . (2.7.7)

The theory, therefore, involves the three parameters m2, f1T and
a dimensionless constant g. Basdevant and Lee obtained the s-
wave phase shifts shown in Figure 2.6 by requiring g=6 in order

to satisfy ag(mp)zgoo.
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Figure 2.6

mm s-wave phase shifts from the o-model




A very broad o-resonance

M0 =~ 500 MeV , FG = 300 MeV

was obtained, and the p and fo resonances, not present in the

original Lagrangian, were generated dynamically with

12

M, = 780 MeV , I = 35 MeV

1

180 MeV
fO

Mg =1115 MeV , E
0
in fair agreement with experiment, at least as a first
approximation.

Close to the physical threshold the amplitudes were
approximated to the Weinberg amplitudes. Crossing symmetry
constraints were found to be well-satisfied, and for this
reason the model would appear to be more satisfactory than the

arbitrary unitarisation of the current algebra amplitude

proposed by Brown and Goble.

8s THE VENEZIANO MODEL

In discussions on finite energy sum rules and duality
models, scattering amplitudes were written either as a sum of
direct-channel resonances or as a sum of crossed-channel Regge
poles.

The Veneziano formula for mm scattering was introduced by

Lovelace(42)

fl1-a (s)] F[l-a (t)]
0 e (2.8.1)

V(s,t) = =\ :
‘ F[l—ap(s)-ap(t)]

where @, is the linear p-trajectory

dp(s),= dp(O) + sap' (2.8.2)
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and A is an unknown constant. The mm isospin amplitudes,

defined by
N%atﬂ)eQWﬁ%n+V@unj-%wtﬂ)
Al(s,t,u) = V(s,t) - V(s,u) L (2.8.3)
Az(s,t,u) = V(t,u) J

are crossing symmetric. The Adler condition of Equation (2.5.4)
was satisfied by imposing a pole in the denominator of (2.8.1)

at s=t=u=m;. This yielded the constraint

ap(m;) - % (2.8.4)

in agreement with the experimental data®. The constant A was
determined by imposing Weinberg's condition when two pions go
off the mass-shell. In the limit szuzm;, tn0

L e e : (2.8.5)

2.|
ﬂfﬂdp

The Veneziano representation is both crossing symmetric
and Regge-behaved, and because of the current algebra
constraints imposed, it reproduces the scattering lengths of
(2.5.18). However, the model is non-unitary, and in order to
compute resonance widths it was proposed by Lovelace(43) that

the partial wave projections of (2.8.3) be used as K-matrices.

*For o!'=0.018 m%z, as suggested by Equation (2.4.12), o (m;)=%
requifes a, (0)%0.48. P




Using this prescription he was able to obtain a p-width
Fp =~ 100 MeV ,
a very broad o-resonance

T = %r‘ « 450 MeV

and an fo—resonance with parameters

M. =~ 1289 MeV , T, = 110 MeV ,
0 (0]

but, as with the Brown-Goble model, Lovelace's unitarisation
procedure destroys the crossing symmetry originally present in
the Veneziano representation. Later attempts(44) have at least
partially restored crossing to the modél without changing the

phenomenological predictions of Lovelace.



REFERENCES

S. WEINBERG, Phys. Rev. Letts. 17, 616 .(1966).
D. MORGAN and G. SHAW, Phys. Rev. D2, 520 (1970).

J. L. BASDEVANT and B. W. LEE, Phys. Rev. D2, 1680 (1970).
Phys. Letts. 29B, 437 (1969).

G. VENEZIANO, Nuovo Cimento 57A, 190 (1968).

J. L. BASDEVANT and J. REIGNIER, '"Pion-Pion Interactions
II" - Herceg, Novi Lectures (1970).

J. L. BASDEVANT, "mm Theories'" - Contribution to G. Hohler
Festival, published in Springer Tracts in Modern Physics
61, 1 (1970).

D. MORGAN and J. PISUT, Springer Tracts in Modern Physics
854 1 (1870).

D. MORGAN, Rutherford Laboratory preprint RPP/T /27

W. D. WALKER, '"Proceedings of the Conference on mm and
Km interactions' Argonne MNational Laboratory (1969),
edited by F. Loeffler and E. Malamud.

M. FELDMAN et al., Phys. Rev. Letts. 22, 316 (1969).

J. BARTSCH et al., MNiclear Physics B22, 1 (1970).

R. BIZZARRI et al., Nuclear Physics B14, 169 (1969).

J. DIAZ et al., Nuclear Physics B1l6, 239 (1970),

and also References 10,11,12,13,14,16 and 17.

V. P. KENNEY et al., Phys. Rev. 126, 736 (1962).

W. R. FRAZER and J. R. FULCO, Phys. Rev. 117, 1609 (1960),
and other references contained in Reference 9, p.129.
PARTICLE DATA GROUP, Review of Modern Physics 42, 87 (1970).

E. MALAMUD and P. E. SCHLEIN, Phys. Rev. Letts. 19,
1056 (1967).



11,

12

134

14.

15.
16.
47 .
16,
18,
20,

21,

22

45

24,
25

- 66 =

REFERENCES

P. BATON, G. LAURENS and J. REIGNIER, Nuclear Physics
B3, 349 (1967). Phys. Letts. 25B, 419 (1967); 26B, 471
(1968).

D. WALKER, J. CARROLL, A. GARFINKEL and B. OH,
Phys. Rev. Letts. 18, 630 (1967).

M. KATZ et al., University of Rochester preprint
UR-875-282 (1969).

COLTON, E. MALAMUD and P. E. SCHLEIN, Argonne (1969)
P93,

H. SCHARENGUIVEL et al., Phys. Rev. 186, 1387 (1969).
MARATECK,et al., Phys. Rev. Letts. 21, 1613 (1968).
DEINET. et al., Phys. Letts.: 30B,: 359 :(1969}.

MORFIN and D. SINCLAIR, Argonne (1969) p.337.

PAIS and S. B. TREIMAN, Phys. Rev. 168 1858 (1968).

. A. BATUSOV et al., Soviet Journal of Nuclear Phys. 1,

492 (1965).

J. GUTAY, F. T. MEIERE and J. H. SCHARENGUIVEL, Phys.
Rev. Letts. 23, 431 (1969).

CLINE, K. J. BRAUN and V. R. SCHERER, Nuclear Phys. B18,

77 (1970).
T. CARROLL et al., Phys. Rev. Letts. 28, 318 (1972).
BARTSCH et al., Nuclear Phys. B22, 109 (1970).

WHITEHEAD et al., Rutherford Laboratory preprint
RPP/H/85 (1972).

D. PROTOPOPESCU et al., Berkeley preprint LBL-787.

F. MOTT and H. F. MASSEY, "The theory of atomic
collisions" 3rd edition, Oxford (1965).

Y. WU and T. OHMURA, "Quantum theory of scattering",
Prentice Hall Inc., New Jersey (1962).




26.

27

28.
28

30,

31 .

52+

33.

34.

35,

36,

37,

- BF =

REFERENCES

OLSSON, Phys. Rev. 162, 1338 (1967).

BREIT and E. WIGNER, Phys. Rev. 49, 519 (1936).
BREIT, Phys. Rev.. 58, 506 .(1940).

REGGE, Nuovo Cimento 14, 951 (1959); 18, 947 (1960).
LOVELACE, Phys. Letts. 28B, 264 (1968).

GELL-MANN, Phys. Rev. 125, 1067 (1962); Physics 1,

63 (1964).

L. ADLER and R. DASHEN, "Current Algebras'" -
W. A. Benjamin, New York (1968).

. GELL-MANN and M. LEVY, Nuovo Cimento 16, 705 (1960).

. NAMBU, Phys. Rev. Letts. 4, 380 (1960).

BERNSTEIN, S. FUBINI, M. GELL-MANN and W. THIRRING,

'Nuovo Cimento 17, 757 (1960).

BERNSTEIN, M. GELL-MANN and W. THIRRING, Nuovo Cimento
16, 560 (1960).

L. ADLER, Phys. Rev. 137B, 1022 (1965); 140B, 736 (1965).
Phys. Rev. Letts. ‘14, 1051 .(1965).

ILIOPOULOS, Nuovo Cimento 52A, 192 (1967); 53A, 552 (1968).

. ARNOWITT, M. H. FRIEDMAN, P. NATH and R. SUITOR,

Phys. Rev. Letts. 20, 475 (1968).

. M., S. AMATYA, A. PAGNAMENTA and B. RENNER, Phys. Rev.
1725 1755 (1968) .

F. GREENBERG, Phys. Rev. 184, 1934 (1969).

S. BROWN and R. L. GOBLE, Phys. Rev. Letts. 20, 346
(1968).

ROSKIES, Nuovo Cimento 65A, 467 (1970).

KRINSKY, Phys. Rev. D2, 1168 (1970).




38.

39,

40.
41.
42.
43.
44,

- 68 -

REFERENCES

P. CASTOLDI, Nuclear Phys. Bl2, 567 (1969).

J. R. FULCO and D. Y. WONG, Phys. Rev. Letts. 19,
1399 (1967).

N. G. ANTONIOU and C. PALEV, Phys. Letts. 26B, 301 (1968).
N. PAVER and C. VERZEGNASSI, Phys. Letts. ZQB, 388 (1968).
D. BESSIS and M. PUSTERLA, Nuovo Cimento 54A, 243 (1968).

J. L. BASDEVANT, D. BESSIS and J. ZINN-JUSTIN, Nuovo
Cimento '60A, 185 (1969).

B. W. LEE, Nuclear Phys. B9, 649 (1969).

M. GELL-MANN and M. LEVY, Nuovo Cimento 16, 705 (1960).
C. LOVELACE, Phys. Letts. 28B, 265 (1968).

C. LOVELACE, Argonne (1969) p.562.

K. KANG, M. LACOMBE, R. VINH MAU, IPNO-TH 71-22 July 1971.




- 68 =

CHAPTER 3

Il INTRODUCTION

One of the unanswered questions of mm scattering, whether
one should consider the total wm amplitude or restrict oneself
to partial waves, has been discussed at length in the
literature(l). The problems involved were encountered in some
of the models described in Chapter 2; if one deals with partial
waves unitarity can be imposed exactly, but crossing symmetry,
which relates all partial wave amplitudes to each other, is at
best only approximate; and if one uses the total amplitude,
which 1s exactly crossing symmetric, it is the unitarity
condition that is difficult to impose.

For the most part mm theorists have dealt with partial
waves. There are two reasons for this. Firstly, it is
expected that the unitarity condition plays an essential role
in mm dynamics, even at quite low energies, and secondly, there
now exist a large number of restrictions on partial wave
amplitudes which follow from the theoretical requirements of
analyticity, crossing symmetry and unitarity (ACU), which were
described in Chapter 1. One way to use these restrictions has
been suggested by Wanders(z). His method is discussed in
detail in Section 3, but the general idea is to start with a
model that is unitary but which contains some free parameters,
and then adjust the parameters until the various requirements
are satisfied. The results obtained from this type of

approach(z’s) suggest that the requirements of ACU on partial




wave amplitudes are quite restrictive, at least in the very low

energy region.

On the other hand, by working with the total amplitude,
Atkinson(4) has shown that there exists an infinite set of
functions which satisfy ACU. The two apparently contradictory
results would be reconciled if all of Atkinson's solutions
become identical in the very low energy region, but there is no
a priori reason to believe that this should happen, and it has
been suggested(s) that the methods of Wanders et al. may have
overlooked solutions.

The purpose of this chapter is to confirm that there
exists at least one other family of solutions which is
perfectly acceptable on the basis of ACU requirements. In
Section 2 some of the crossing symmetry constraints, and the
restrictions they impose on the mm partial wave amplitudes in
the unphysical region, are discussed. Section 3 contains
details of approximation schemes and low energy partial wave
parametrisations that have been used by others. One of the
calculations is modified in the light of our present knowledge.
In Section 4, a parametrisation for partial wave amplitudes,
designed to be valid in the unphysical region, is proposed.
The general approach used to determine the mm scattering
lengths is to impose elastic unitarity at the physical
threshold and approximate crossing symmetry over the region
O<s<4. The numerical results are presented in Section 5 and

some tentative conclusions are drawn in Section 6.




2 CONSTRAINTS: ON mm PARTIAL WAVE AMPLITUDES

The requirements of unitarity and analyticity were first
applied to the mm problem by Chew and Mandelstam(6). The
model, which was exactly crossing symmetric had only s- and
p-waves possessing non-zero absorptive parts. Since partial
waves with 232 are expected to be small in the low energy
region this was considered a reasonable approximation, but the
numerical calculation yielded strong s-wave solutions and a
small p-wave with no p-resonance.

The first attempts at putting crossing constraints on
partial wave amplitudes was initiated by Martin(7), and since
then considerable effort has been devoted to the derivation of
rigorous properties of the lower mm partial waves, particularly
in the unphysical region. The constraints derived so far fall

into two main categories:

(1) 1linear inequalities between the values of partial
wave amplitudes at two points of the interval
O¢sg4, or between their value at one point and

given integrals over this region;
(ii) 1linear equalities between integrals in the
region Ogs<4.

Most of the restrictions of type (i), which are a consequence
of analyticity and crossing symmetry plus positivity properties

of the absorptive parts which follow from unitarity, have been




obtained on the s-waves of the total n°n°+n°r® scattering

amplitude Aoo(s,t,u),

2% (g, t,u). = EA% (s, t,u) + 2A%(s, t,m) 0 (3.8.2)

Being a sum over even partial waves, Aoo(s,t,u) is completely
symmetric under interchange of s, t and u. The following

constraints on Ago(s), the s-wave projection of the total mon°
amplitude, severely restricts its possible shape in the

unphysical region. For example, the inequalities

gA°°
2. (s) <0 O<s<1.127 (3.2.2)78)
ds
00
- dA
S sy > o 1.7<sg4 (3. 2.3)7»%D)
ds
L wdy
= (s) >0 Ogsgl.7 (3.2.4)(9)
ds?
indicate that the n°n° s-wave has a minimum in the interval
1.127¢s¢1.7, and that this minimum is the only one in the
unphysical region. The additional inequalities
A%°(0) < AJ(4) ERE LD
A°°(0) > A°(3.189) (3.2.6)(10)
AC(4) > -3 (3. 2.7) 112
. L
A%°(0) % J ds A2°(s) (3.2.8) (10

2
" Y

J ds A%°(s) < [ ds AZ(s) +6a%(0) (5.2.9)13)
0 Jo
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A2°(3.205) > A2°(0.2134) > A2°(2.9863) (3.2.10) 14

establish Ago(s) in the unphysical region to be qualitatively
depicted by Figure 3.1.

A0
r(su\c. arbitracy)

PR

v
“n

o 62y 2 B 2983 3

" Figure: 3.1

Ago(s) as defined by Equations (3.2.2) to (3.2.10)

The physical implications of these constraints are not
self-evident and their relevance is difficult to estimate
because of two obvious failings; Firstly, apart from
Equation (3.2;7), which is in any case only a very poor lower
bound on the 7°7° s-wave scattering length, the inequalities
provide no information about an absolute scale for Ago(s).
Secondly, the conditions affect the unphysical region only,
hence their range of application would appear to be limited.
In spite of these shortcomings the constraints do appear to be

very useful, either when constructing low energy models(z’S) or




when testing existing ones(ls). At the very least one can say
that these constraints do furnish some reliable information,
and all models connecting the physical and unphysical regions
have to take these inequalities into account.

The second method of finding crossing constraints on
partial wave amplitudes stems from the work of Balachandran
and Nuyts(16), and later of Roskies(17). They showed that
there exists an infinite set of constraint equations which are
linear equalities between partial wave integrals evaluated
over the region Osss4; To derive these equations, consider an
amplitude A(s,t,u) which is totally symmetric (or antisymmetric)
under interchange of its three variables. If one multiplies
this function by an antisymmetric (or symmetric) polynomial
P(s,t,u) and then integrates the product of the two functions
over the symmetric domain A=(s>0,t>0,u>0) of the Mandelstam
plane, the integral must be identically zero,

JI A(s,t,4) Plg,tujdsdt = 0 ., (3.2.11)

A

0o

For example, the total o7 amplitude is symmetric under

interchange of s, t and u, and (s-u) is a function antisymmetric

under interchange of s and u. Then, according to (3.2.11)
4 1

J (4-5s) J Aoo(s,t,u)(s—u) d(cos 6) =0 , (3.2.12)
0 -1

and if Aoo(s,t,u) is expanded in terms of its partial waves,

4 l =l s AR
' J (4-s)f y (22+1)A2°(s)‘_(352'4)'-(4;5%05 e‘JPQI(cos 6) d(cos 6) = O.
(0] -1 =0

SRR (3.2.13)




For 2>0 the cos 6 integration is zero, and Equation (3.2.13)

simplifies to

J (4-s)(3s-4) A2°(s)ds = O, (3.2.14)
(0]

which is an integral equation involving s-waves only. (3.2.14)
is of special significance because it is the only integral
equation of its kind involving the m°1° s-wave amplitude. By
choosing different polynomial forms for P(s,t,u) one could
derive an infinite set of such relations, and although each
relation involves only a finite number of partial waves, the
set is complete in the sense that if all the equations are
satisfied exactly, the amplitude is crossing symmetric.
Roskies(ls) has also proved that for 2>0 there exist 22+1
integral equations relating the f#th partial wave to all the
lower partial waves; The three equations relating the p-waves
to the s-waves and the five equations relating the d-waves to

the s- and p-waves are given explicitly with their means of

derivation in Appendix A3.

3. APPROXIMATIONS AND PARAMETRISATIONS

In the region of the Mandelstam plane s>0, t>0, u>0 the
mm isospin amplitudes AI(s,t,u) are analytic, Therefore, one
can expand these amplitudes in powers of s, t and u about a
point in this region. All things being equal, the most natural

choice for such a point would be the symmetry point s=t=u=4.




In Section 7 of Chapter 1 it was established that all

amplitudes are determined by a single function A(s,t,u)
symmetric under interchange of t and u. Therefore, if A(s,t,u)

is expanded about the point s=t=u=%,
A(s,t,u) = a+B(s- %) bl = §)~2+y2l:(t— 3)2+ (u- %.)2] + ...

(3.8.2)
where, because of its symmetry properties the on mass-shell
amplitude A(s,t;u) has no terms linear in t and u; similarly
the tu term is related to s? and (t+u)? by (s+t+u)?=16, etc..
It is not clear what kind of physical information can be
obtained from such an expansion, since (3.3.1) diverges at s=4
and is real for all values of s; whereas the mm amplitude is
constant at the physical threshold and becomes complex above
this point. If (3.3.1) is to be a realistic approximation of
the mm scattering amplitude A(s,t,u) must be small and smooth
over the region in which (3.3.1) is defined and unitarity must
be assumed not to be a strong constraint. This smoothness
assumption is not a new idea; it was used by Weinberg in his
current algebra calculation of the mm scattering lengths, and
although he used only a linear form for the amplitude the small
values he obtained for the scattering lengths were consistent
with his initial assumption.

The simplest approximation to (3.3.1), which was also the
starting point of the Chew-Mandelstam dynamical scheme for =w

scattering(6), is a constant approximation

A(s,t,u) = A ; (3.3.2)



o, L

The isospin amplitudes then become

Ao(s,t,u) = 5
Alis,t,u) = o (5.3.3)
A2(s,t,u) = 22

and at the symmetry point

(0] ; y ;
A {;,1L11 . % . (3.3.4)

In this approximation only the s-wave amplitudes exist. The

scattering lengths have the same sign and are also in the ratio

S ag 5
—— = -5 . (3.3.5)
“2

Evidence is to be found in this chapter which suggests
that there does exist a solution of the mm scattering amplitude
consistent with both crossing symmetry and unitarity and which

has s-wave scattering lengths very close to this ratio.

If one keeps both the first two terms in (3.3.1), one can

define a linear approximation to the mm amplitude in terms of

two parameters A and p by writing
A(s,tyu) = A + us . (3.:3.8)

The corresponding isospin amplitudes are then given by

N\

A°(s,t,u) = 5\ + 4u + 2us Ag(s)

Al(s,t,u) = u(t-u) = u(s-4)cos & |+ . (3.3.7)

A2(s,t,u) = 21 + 4y - us = Ag(s)
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In this approximation both s- and p-waves exist, with the

p-wave amplitude given by

L |
A (s). = %[s - 4) . (3.3.8)

Therefore, the gradients of the s- and p-wave amplitudes are in
the ratio 2:%:-1 for isospin O, 1 and 2 respectively. If, in

addition, one assumes the p-wave scattering length

4
== (8,3,8)
311

to be positive,u must be positive, in which case as s increases,
Ag(s) increases - like 6Ai(s), and Ag(s) decreases, but more
slowly - like -%Ag(s). From (3.3.7) and (3.3.9) the scattering

lengths satisfy

ZaO - 5a, = 18a1 . (3. 38..20)
with aO and a, in the ratio

a

B DA% 12U . (3.3.11)

a, 2\
To obtain a numerical estimate for ao/a2 an additional
assumption is necessary which will specify the relationship

between A and u. For example, if the Adler condition 1is

imposed on (3.3.6), A=-u, and

= =3.5 . (3.3.12)




Furthermore, if zeros exist in each of the s-wave amplitudes

they would occur at

s _ (5 + 4w
) 20
s (3.3.13)
E (20 _+ 4u)
2 -
5 )
which leads to a further constraint equation(lg)
4s =~ + 58 = 12 (3.3.14)

o 2

between the position of the two s-wave zeros if they exist.

Equation (3.3.12) implies that the s-wave scattering
lengths obtained from a linear form for the mm amplitude are of
opposite signs, and, therefore, belong to a solution other than
that suggested by the constant form for the amplitude. The
existence of a second solution, which is also consistent with
crossing symmetry and unitarity, and which exhibits the
properties illustrated above will be confirmed later in this
chapter.

However, Ago(s), as defined either by the constant or the
linear form for the mm amplitude, is a constant for all values
of s and therefore violates all of the so-called Martin
inequalities of (3.2.2) to (3.2.10). Although on their own
these inequalities do not determine Ago(s) absolutely, when
used with additional physical assumptions they can prove
extremely useful, as has been illustrated by Wanders(z). His

method was to construct unitary amplitudes and then constrain



them to fulfil the Martin inequalities. He defined s-wave

amplitudes

/s

1
0 () 201 (s) - i/5°F

(3.3.165)

with the functions ¢I(s) consistent with the known analytic

properties of Ag(s). Under the transformation
s = 4cos?v (3.8.18)
the s-plane is mapped onto the interval Re v ¢[O,w/2]1, as

illustrated in Figure 3.2.

S-—p\u\c

v Q L—A ©
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Figure 3.2

Mapping of the S-plane under the transformation s=4cos?v

Using the v-variable, the s-wave amplitudes are then given by

g X (3. 8.37)

I
A (v) =
° ¢I(v)+ sin v

with the ¢I(V) defined to be real even meromorphic functions

of v with their poles corresponding to zeros of the s-wave



amplitudes. As parametrisations for ¢I(v), Wanders chose

o(V) _ A +Bv?+Cv* +DvS :
a? - sin?v
(3.3.18)
-1
o2y = [a,[1- 120°)]
J

with a,, the I=2 s-wave scattering length, assumed to be known.
Equation (3.3.18) imposes real zeros in both s-wave amplitudes -
in Ag(s) ot so=4(1—d2) and in Ag(s) at s,=0. For suitable
values of a, the degree of the polynomial in the numerator of
¢°(v) was found to be minimal in order to satisfy all the

Martin inequalities, and then a solution could only be obtained
for So lying in the range 3<so<7. This method of saturating

the Martin inequalities yields a solution which it is claimed

is approximately crossing symmetric, and therefore should
satisfy the two Balachandran-Nuyts-Roskies integral equations

involving s-wave amplitudes only.

4 4
Wanders' Solution |J (4- s)(ZA (s)~- ]f (4—5)(35-4)(Ag(s)+
o
2 2

a, a S, SAS (s))ds| ZAO(s))ds|
0.0221.3.2 0.01 0.00

-0, 05
-0.089( 7.2 0.46 0.00
0.08513.2 0.02 0.00

-0.07
-0.123]7.2 0.63 0.00
0.045{3.2 0.02 0.01

-0.09
-0.160] 7.2 0.82 0.01

"Table 3.1




Table 3.1 illustrates that the integral equations are
only well-satisfied if S, lies in the unphysical region and
Equation (3.3.14) is approximately satisfied. Furthermore, the
value of a is related to the position of Sy» and if, as 1is
implied by (3.3.14), S, depends upon Sy 3, will also depend
upon any initial assumption made about Sy

To illustrate further the usefulness of the Balachandran-
Nuyts-Roskies equations when constraining partial wave
amplitudes to be approximately crossing symmetric in the

unphysical region, consider a parametrisation

Ag°(s) « (s -n)?2 O<sg4 (3.3.19)

which is suggested by Figure 3.1. Substituting for (3.3.19)

in (3.2.14), one obtains a minimum in the %1% s-wave

amplitude at s=n=1.6 and a form for Ago(s) which satisfies all
the Martin inequalities, including the very restrictive ones of
(3.2.6) and (3.2.10)%.

To obtain a realistic parametrisation of the mm scattering
amplitude there must be two important deviations from (3.3.1);
the first, near s=0, comes from the existence of a (--s)s/2 term
in the amplitude due to the presence of a left-hand cut

beginning at s=0; the second is expected at s=4 due to the

presence of the right-hand cut.

*A general quadratic form for Aoo(s) also satisfies (3.2.2) to
(3.2.10) if the position of th® minimum lies between s=1.5
and s=1.7.




The simplest way of introducing the correct behaviour

into the amplitude above s=4 has been suggested by Iliopoulos(zo%
who proposed that a suitable representation of the mm scattering

amplitude in its three isotopic spin states is given by a series

expansion in the variables v4-s, /4-t, V4-u.

Ao(s,t,u) - ao-+bo/4—s-+co(¢1-t +/f-u) + ...
Ab(s,t,u) = ¢ (/BT -/E0) +... .(3.3.20)
A%(s,t,u) = a,+ b,/A=S + c, (VAT +/A0) + ...

As well as being exactly crossing symmetric under interchange
of s, t and u the isospin amplitudes have a square-root branch
cut at s=4, corresponding to the elastic unitarity cut, and
also crossed-channel normal thresholds. The corresponding
s-wave amplitudes can be written as a power series in V/4-s
such that

Ago(s) = o +B/F-5 +y(4-s) + ... (3.8.21)

where a,B,y are linear combinations of the coefficients ar, bI’

Cy (I=0,2). To enable Ago(s) of (3.3.21) to satisfy
L

I (4-s)(3s-4) Ago(s)ds =0
(0]
and

Ago(S.ZOS) > Ago(0.2134) > Ag°(2.9863)

one requires B<0, which in turn is found to violate two of the
remaining Martin inequalities, namely (3.2.3) and (3.2.8). We

conclude that in order to simultaneously satisfy all known



constraints in the region O<s<4 it may be necessary to impose
the correct behaviour on the amplitude at s=0 as well as at
s=4,

However, the Iliopoulos expansion has formed the basis of
several theoretical calculations of the low energy mm
parameters. For example, Dilley(s) started with the exactly
crossing symmetric amplitude of (3.3.20), and then imposed
elastic unitarity on the corresponding partial wave amplitudes
over a fixed region just above the physical threshold. To be
more precise, he defined, for the s-wave amplitudes, a function

Im Ai(v)

R(v) = . (I=0,2)  (3.3.22)
/v7v+1|Ag(v)|

where R(v)=1 for elastic unitarity. He then measured the
root-mean-square deviation of R(v) from 1 over an interval

Ogv<v=1,

1
2

n 2
SR(v) = % { ) [R(\)i)- 1:| } , (3.8,28)

n {(i=1

where v, are equally spaced points in the interval [O,v]. The
coefficients in the Iliopoulos expansion were then determined
by minimising SR(v) over this interval. Dilley found,
contradictory to previous investigations, two distinct types

of scattering amplitudes which are both consistent with results
which follow from analyticity, crossing symmetry and unitarity.
The values he obtained for the s-wave scattering lengths are

compared with our own results in Figure 3.3 on page 91.



A previous formulation of the low energy mm interaction(21)

hereafter referred to as PGM-I, has shown that an approximately
crossing symmetric amplitude, obtained by expanding the
amplitude as a Taylor series about the point s=4,t=u=0 using
variables v4-s,t,u, and the exactly crossing symmetric
amplitude of (3.3.20), lead to almost identical results for

the low energy mm parameters. The values obtained in PGM-I for
the s-wave scattering lengths, however, are shown in Table 3.2

to differ considerably from either of Dilley's solution.

az a

Graves-Morris (PGM-I) 0.029 0.77

/////Solution A | 0.029 0.078
Dilley

T~~Solution B | 0.029 | =0.045

Table 3.2

mm S-wave Scattering Length Predictions

We shall now show that the method used by Graves-Morris
does yield at least one other solution consistent with known
properties of analyticity, crossing symmetry and unitarity, and
that it is the "overlooked" solution that corresponds to the

physical solution. The model will be referred to as PGM-II.

b




If the physical amplitudes are expanded to second order

in the variables v4-s,t,u,

-
AP(gt;ﬂ=ao+b0/1-s+co(t+u)+d0(4—s)+f0(t2+u2)+ho/1-s(t+u)+kotu

A?(sg;u}cl(t-u)+h1/1?§(t-u)+f1(t2-u2) .

A?(s¢;ﬂ=a2+b2/1—s+c2(t+u)+d2(4-s)+f2(t?+u2)+h2/1-s(t+u)+k2tu J

(3.3.24)

To impose crossing symmetry on the mass-shell, it is convenient
to re-expand the amplitudes about the symmetry point s=t=u=§‘

to the same order®™. Then, equating the isospin combinations

A°(s,t,u) + 2A%(s,t,u)

(3.3.25)
A%(s,t,u) + 2al(s,t,u)
which are symmetric under interchange of s and t, and
(o} 1 2
2AT (s,t,m) = 3A" (s,t,m1) - SA"(s,t,u) (3.3.28)

which is antisymmetric under interchange of s and t, one
obtains nine linearly independent equations between the
coefficients of the Taylor expansion. In terms of v, the centre

of mass momentum v=(s-4)/4, the s- and p-wave projections of

*In PGM-I the amplitudes were re-expanded about the point s=t=u=0
which is off the mass-shell. This amendment changes the
numerical estimates of the parameters by a negligible amount.



(3.3.24) are given by

Ag (V)
HO
A )

and. if

is imposed to second order on each of these partial wave

amplitudes, the following five additional constraint equations

are obtained between the coefficients of the Taylor expansion.
Since h1=0, the p-wave is real and therefore non-unitary in the
second order model. If the coefficients c_,d_ and cz,d2 are

redefined by

N

- 05 = . % . 8 2
a_ 21b0/_ 4(c +d )V +8ih v’ + §(4fo+ko)v

4 g
gv(c1-21h1/3-4f1v) b (3.8.27)

3 ;
L hou/2 4 8 2
a, 21b2 ) 4(c2+d2)v +81h2v + g(4f2+k2)v :

the elastic unitarity condition

Im A, (v) = /S5 AL ()] 0<v&3 (3.3.28)

N

S LN
bo = a0/2
" 2
-bO + 8hO = 4b0 8a0(c0-+do)
it 2
b, = -a,/2 . (3.3.29)

0’0

c +d = nc

(3.5 .:30.)
C, * d2 = nc,




the theory involves fifteen parameters, five unitarity
equations and nine linearly independent crossing symmetry
equations, and the scattering amplitudes can, therefore, be
determined in terms of a single fixed parameter. This
parameter is chosen to be a,, the I=2 s-wave scattering length,
which it is assumed lies within the range -0.07<a,<0.07.

The linear constraint equations, which follow from

crossing symmetry, satisfy the matrix equation

Ax = By (-3..:85 87)

where A is the 9x9 square matrix

[0 =2, O 0 @ =5 = 0 O
0 o -1 0 -2 - - o0 o
0 o o o o - -1 -1 -2
-2 o 0 0 O -3 0O 0 O
A=1|oO o -1 -2 0 -} 0O 0 O (3.3.32)
0 o o o o -% 0o -1 0
0 o 2 -3 -5 -} 2 0 O
0 o o o0 o0 -1 2 2 -5
-6 -10 0o o0 o 2 2 o




B is the 9x5 matrix

0
0
0
0]
B = 0
0
0
0

1

i |

[
n

©c © o O 6 o o o

(93]

2k o

o

O 2Iv ow

gle

Bk
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o e O

(e}

<

= O O

o O O O

(3.3.38)

(3.3.34)



H and H, are

In Equation (3.3.34) the coefficients Bo’ B2, 5 2

defined as /77;bo, /7Z;b2, ¢7¢;h0 and /”7§h2 respectively.

The unitarity equations, which are quadratic, can be solved for
using a generalised Newton-Raphson method(zz). The precise
method of solution is as follows: fix a, and guess suitable
initial values for a, and nc. BO and B2 can be found from

(3.3.29), and the remaining coefficients are determined by

solving the matrix equation

x.= A"By . (3.3.35)

Then, using the Newton-Raphson method, new estimates are
obtained for a and nc , which replace the previous values, and
the entire procedure is repeated until stable values are
obtained for all the coefficients.

It was found” that a simultaneous solution of (3.3.29) and
(3.3.35) is not unique. For suitable values of a, there exist
at least two independent sets of parameters and therefore at
least two representations of mm scattering which are
approximately crossing symmetric and unitary in the very low
energy region. The two solutions obtained are labelled PGM-II
Solution A and PGM-II Solution B, and in Figure 3.3 we compare
the s-wave scattering lengths belonging to each of these

(5)

solutions with similar estimates obtained by Dilley

*Details of the computer programs and the results are given in
Appendix B3.
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The obvious questions to ask now are: (i) which of our
two solutions, 1f either, corresponds to physical reality?;
and (ii) on what grounds can one reject the unphysical
solution? Differences do exist between the two solutions; for
example, Figure 3.3 shows that the ratio ao/a2 is positive for
Solution A and negative for Solution B. However, to compare
the properties of each solution more fully it is convenient to
define four sub-solutions such that a, and a, obey the

following sign convention:

Solution A a >0, a,>0

Solution A<:: . i
Solution A2 ao<0, a2<0
///Solutlon By a0<0, a,>0

Solution B

“Nsolution B a >0, a,<0

A2
Figure 3.3 also shows that for 0.034sa260.047 Solution A1 has

three possible values for a and therefore three independent

0’
sets of parameters which belong to Solution Afa), Solution A{b)
and Solution A{C).

The solutions defined above exhibit a wide range of

possible values for a and a; as is shown in Table 3.3 on the

next page. The p-wave scattering length

(3.3.36)

W~

ay 9

is obtained from the threshold condition of Equation (2.4.4)
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Solution A1 Solution A2 Solution B1 Solution B2
a, 0.04 ~0.04 0.04 ~0.04
A{a) 0.18
a Afb) 0.55 ~0.11 -0.05 0.04
A{C) 0.88
A{a) 0.008
(b)
a; | Al 0.032 -0.001 ~0.017 0.015
Afc) 0.04
A{a) 4.50
i |
i Afb) 13.75 2.75 1.25 -1.00
42 (c)
Al 22.00

Table: 3.3

nm S- and P-wave Scattering Lengths from PGM-II

The values given in PGM-I for the s-wave scattering lengths
are from Solution A{C). They were obtained by comparing the
resulting s-wave phase shifts with known experimental values in
the low energy region. This method would appear to be rather
unreliable because Equation (3.3.24) cannot be claimed to be a
valid representation of the mm scattering amplitude very far
into the physical region. Also, with the exception of 63 of

Solution A all of our s-wave phase shifts either rise or fall

l’




- O =

smoothly below 500 MeV, and none of the solutions possess a 68

which goes through or near 90° anywhere below 1 GeV™,

In the unphysical region, all of our solutions have s- and

p-wave amplitudes which are approximately linear, and which

saturate the Martin inequalities™.

The essential features of

the s- and p-wave behaviour in this region are summarised in

Table 3.4%.
Solution A1 Solution A2 Solution B1 Solution B2
(a)
i
s, A{b) - - 1.82 2.40
(c) _
A1
A{a) 5.4
S, APl 6.0 R 0.95 0.48
A{C) 10.7
dA? (s)
PR SR >0 0O <0 >0
ds
dAZ (s)
—d___ <0 >0 >0 <0
S
dA (s)
T >0 <0 <0 >0
ds
Table 3.4

Properties of mm S- and P-wave Amplitudes

in O<s<4 from PGM-IIT

*Further details are given in Appendix B3.
in Table 3.4 correspond to the s-wave

TThe values of s
scattering 1engﬁ?

and s

s of TAb

le: 3.3,




The most obvious difference between the two solutions in
the unphysical region is that whereas a zero exists in each
s-wave amplitude of Solution B, no such zeros exist for
Solution A. Several arguments have been put forward in favour
of the existence of zeros in the s-wave amplitudes in the
unphysical region, and it was emphasised earlier that Wanders
parametrised the amplitudes so as to force a zero in Ag(s) at
s=0, which eliminates the possibility of him finding a solution
which corresponds to Solution A.

Solution B also satisfies several conditions which follow
from a linear approximation of the mm scattering amplitude, and
which were derived in the previous section. For example, the
s-wave scattering lengths are of opposite signs, and they
approximately satisfy the condition 2a0-5a2=18a1; the positions
of the zeros in the s-wave amplitudes also satisfy the
constraint equation 4so+552=12.

It has been suggested by Olsson(zs), and independently by

(24), that there exists an approximately linear

Morgan and Shaw
relationship between the mm s-wave scattering lengths. In
Figure 3.3 it is shown that their "universal curve'" intersects
only Solution BZ’

The evidence produced suggests that Solution B corresponds

to the physical solution, and a negative value for the I=2

s-wave scattering length is strongly favoured. The s-wave




phase shifts, for the preferred scattering lengths
a, = 0.058 , a, = -0.064

- " & - . *
which lie on Olsson's universal curve, are shown in Figure 3.4.
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Figure 3.4

mm s-wave phase shifts from PGM-II Solution B2

*It seems impossible to establish a precise domain of conver-
gence for the series expansion of PGM-II. However, it is
claimed that (3.3.20) is at least valid in the range 0-+400 MeV.
One would expect the constraints imposed on the model to produce
at least a positive &3 and a negative 82 which are smoothly
varying close to the physical threshold. For the sake of
completeness, all phase shifts in this thesis are shown up to
about 900 MeV, but it should be emphasised that the models
proposed in Chapters 3 and 4 cannot be justified very far into
the physical region.
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and the behaviour of the s- and p-wave amplitudes in the
unphysical region is illustrated in Figure 3.5.
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Figure 3.5

mm S- and P-wave Amplitudes in the Unphysical Region
from PGM-II Solution B2

The values obtained for the s-wave scattering lengths
compare favourably with the results of Wanders. The existence
of a small positive value for ag, which is common to both
models, is governed by s, being at, or close to, s=0, the

constraint equation 4so+552=12, and the sign of dAg(s)/ds in




the unphysical region*.

L, A MODEL FOR mm PARTIAL WAVE AMPLITUDES

In the previous section, mm scattering lengths have been
determined by imposing exact crossing symmetry and approximate
unitarity on a suitable low energy representation of the total
mm scattering amplitude. It was suggested in Section 2 of this
chapter that the Balachandran-Nuyts-Roskies equations, which
are integral equalities between partial wave amplitudes in the
region O<s<4, could be used to constrain amplitudes to be
approximately crossing symmetric over this region(zs). It was
also suggested that any mm partial wave representation,
designed to be valid in the unphysical region, should take into
account the behaviour of the partial waves at s=0 as well as at
s=4.

A consequence of elastic unitarity and normal threshold

behaviour is the particular expansion of Im Ai(s) in the

vicinity of s=0, for at this point A%(s) has a square-root

singularity, and can be expanded by(26)
3
Ai(s) = a% + b%s + c%sk - e s (3.4.1)

*/2

where the coefficients associated with the s terms are

related via crossed-channel unitarity constraints to non-linear

*If s, is fixed at s=1.5, we obtain a,=0.19, a,=-0.064 for the
s-wave scattering lengths, and s =1.03 for the position of the
I=0 s-wave zero. Equation (3.5.94) is again approximately
satisfied.



s DG

combinations of the s-wave scattering lengths. Elastic
unitarity requires
(s-0)*

(s-4) (42+1) /2

Re AI(s)

R

I (3.4.28)
Im A (s)

R

in the neighbourhood of s=4. Combining (3.4.1) and (3.4.2)
a suitable representation for the mm s- and p-wave amplitudes
in the unphysical region is given by

0 3 s 2
AJ(s) = a> + b’s + c:;s/2 + VIS (25 + y5 (4-5))

Ai(s) bf(s-4) + c?(;k- 8) ( (3.4.3)

2 s 3
Aj(s) = a; + bgs + cgs/2 + /1—s(z§-+y§(4-s))

with the corresponding scattering lengths

a woal v 46> ¥ e’

o} o o) o)

a; = 4(b§ % 3c§) r (3.4.4)
ey S S

a, = a; + 4b2 + 8c2 .

defined such that each partial wave amplitude satisfies the
normal threshold condition of (2.4.4). The p-wave amplitude is
real for s24 and is, therefore, non-unitary in the direct
channel. If, however, unitarity is imposed on A}(s) in the

crossed-channel, one obtains
p = A_.l 2 _i_ 2 *
¢ ‘Tg-ao + 363-2 (3.4.5)

*This equation is derived in Appendix A4.




where a, and a, are defined by (3.4.4). cg and cg are likewise

determined by imposing crossed-channel unitarity on the s-wave

amplitudes,

S =2 ¥v——a2 3. 4.6)"

i
e 2622 (3.4.7) ‘
|

which leads to the linear relation

S :3cP -~ 5c2 =0 (3.4.8)

2Co 1 2

between the coefficients of (3.4.3).

Our aim is to find solutions of (3.4.3) which are
approximately crossing symmetric and unitary over the threshold
region, and from which one can obtain reliable information
about the low energy mm parameters, in particular, scattering
lengths and positions of s-wave zeros, if they exist.

It is impossible for the s-wave amplitudes of (3.4.3) to

satisfy exactly the elastic unitarity condition
m Als) = A=E (Al (3.4.9)
2 S L i

for all values of s in the region 4gs<16. The best one can
hope to do is satisfy (3.4.9) as accurately as possible over

the region where the parametrisation is designed to be valid.

*These equations are derived in Appendix A4.




For example, in the model PGM-II described in the previous

section, elastic unitarity is imposed on the s-wave amplitudes
and their first derivatives at s=4. Each s-wave amplitude is
then exactly unitary at the physical threshold, and if the
parametrisation is well-behaved in the neighbourhood of s=4, it
is hoped that (3.4.9) is approximately satisfied elsewhere in
the low energy region®.

A more flexible method is to impose elastic unitarity on
each s-wave amplitude at a series of points s=s',s",s"' ... in
the region where the parametrisation is designed to be valid.

In principle, there is no restriction on the number of constraint
equations that could be imposed in this way; in practice, though,
(3.4.3) involves twelve coefficients, three of which, as we have
seen, can be determined from crossed-channel unitarity constraints,
and another five, we shall see, can be determined from the
Balachandran-Nuyts-Roskies relations involving only s- and p-
waves. This leaves four coefficients which are conveniently
determined by imposing elastic unitarity on the s-wave

amplitudes of (3.4.3) at two independent values of s, say s=s'

and s=s'", in the region where the parametrisation is valid.

In this way, the constraint equations at s=s'
2 2

[[a§+b§s'+cgs'72] +(s'-4)[zg-(s'—4)yg] ]

—/§T[zg—(s'—4)ng

[[a§+b§s'+c§s'yé]2+(s'-4)[z§—(s'—4)y§]2]

-/§T[z§- (s'-4)y§]
(3.4.10)

*A measure of elastic unitarity violation in PGM-II i iven in

Appendix B3.

!,’/ r
W ¥gev



and at s=s"

- S"[zg_(s"-4)yz] = [[ag+bss”+c§s.3Q:]2+(S"-4j[ZZ-(S"-4)Y§]2]

_/5".[.23'(5"—4))’;} i ua§+b§s"+c§s"3/2J2+(S"'4) [Zz'(s""”";] 2]

(3.4.11)

determine the coefficients zz, zg, yg and yg, once the other

coefficients are known. Suitable values for s' and s'" will be
discussed in the next section.

The five remaining coefficients ag, bi, ag, b; and bg, are

determined by requiring the coefficients of (3.4.3) to satisfy

the Balachandran-Nuyts-Roskies relations

N

J (4-s)(3s-4) (Ag(s)+2Ag(s))ds =0
(o}

(4-s) (ZAg(s)—SA(Z)(s))ds =0
y

s (4-s) (ZAS(S)—SAg(s))ds ¥ 3J (4-5)2Ai(s)ds =0 .
(0}

u
s (4-5) (2A2 (s)-5A (s))ds + 3J05(4-s) > (35-4)A7 (s)ds = 0 J

|
|
Jos(4—s)2 (ZAg(s)—SAé(s))ds + SI:s(4—s)2Ai(s)ds= 0
:
J

(3.4.12)

which lead to a set of five linearly independent equations

between the coefficients of (3.4.3).*

*The result of evaluating the integrals is given in Appendix C3.
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Attempts to find a simultaneous solution of the twelve
constraint equations consistent with the properties of crossing
symmetry and unitarity defined above failed. Further
investigation revealed that (3.4.8) is approximately a linear
combination of the constraint equations which follow from
crossing symmetry, and is therefore redundant. A simple
solution to this problem is to relax one of the crossed-channel
unitarity conditions; since the sign of c? depends upon the
absolute values of the s-wave scattering lengths and cg and c§
are both positive with c§>c§, it would appear that (3.4.7) is
the least important of the crossed-channel unitarity equations,
and is therefore relaxed”. A method of solving this type of
system of linear and non-linear simultaneous equations has been
outlined in the previous section. The necessary amendments to
the computer program, which are a consequence of solving a

different set of equations, are described in Appendix C3.

*Alternatively, we could have chosen to relax one of the
crossing symmetry conditions which follow from (3.4.12).
However, since crossing symmetry appears to be such a strong
constraint we prefer the method described in the text.
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5is THE NUMERICAL RESULTS

Since the representation of the mm partial wave amplitudes
is designed to be valid in the region O<s<4 and we wish to
determine mm scattering lengths, one obvious place to impose

elastic unitarity is at s=4. Equation (3.4.10) then simplifies

to - 3
s . a
Z - - —
5 2

b . (8.8.1)

2
s - _ e
B i B

2

If s" is then chosen close enough to the physical threshold, the
method of imposing elastic unitarity is equivalent to PGM-II,
that is, each s-wave amplitude and its first derivative
satisfies (3.4.8) at s=4.

For —O.O7sa250.07 and s'"=4.001 two independent solutions,
DCB-I Solution Avand DCB-I Solution B, have been found®. The
values obtained for a, are compared with the results of PGM-II
in Figure 3.6 on the next page. It is seen that, for
—0.0645sa26—0.039, DCB-I Solution B2 has two possible values for

a thé smaller value belongs to Solution Bga), and the larger

o’
value to Solution B%b). The essential properties of each
solution in the threshold region, which correspond to either

a2=0.05 or a2=-0.05, are summarised in Table 3.5 on page 106.

*These solutions are defined by a /a2>0 and a /a2<0 as in
PGM-II. ° °
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mm S-wave scattering lengths from DCB-I




Solution A1 Solution A2 Solution B1 Solution B2
) 0.05 -0.05 0.05 -0.05
Béa) 0.123
a, 0.057 -0.06 -0.078 -,
B ) 0.320
Bga) 0.026
a -0.007 0.008 ~0.023 )
B 0.025
ag Bga) ~2.46
= 1.14 1.20 w156 "
ay Bg ) _6.40
Bga) 1.36
s L | 1.47
° ng) 0.38
Bga) 1.32
S - - 1.272
- ng) 1.92
i - Bga) 12.04
s +5s - - 11.98
) ng) 11,12
dAg(S) Bga) >0
PESE0. A <0 >0 <0 b
ds Bg ) >0
dAg(S) Bga) <0
. SO >0 <0 >0 i
ds Bg ) <0
anl(s) B{2) >0
ds B§ ) >0

Properties of mm S- and P-wave Amplitudes in Ogs<4 from DCB-I1*

Table 3.5

*Further details are given in Appendix C3.




Solution B exhibits the same characteristics as Solution B

of PGM-II and, for the reasons discussed in Section 3, is again
preferred as the physical solution. For negative values of a,
it is necessary to distinguish between values of a belonging

to Solutions B(a) and B(b). The ratio
2 2

a

= Ve mE Y k0 (3.5.2)
it

of Equation (2.3.13), which has been suggested by recent

experimental analyses, is satisfied by Solutions Bga) and Béb)

for s-wave scattering lengths lying within the range

-0.039 = a, 2 -0.0645 , 0.08 < a, s 0.26

The preferred solution, which lies on Olsson's universal curve,

is from Solution Bga); its s-wave scattering lengths

a, = -0.052 , a_ =0.13

are in the ratio ao/a2 = =2,50,

The behaviour of the corresponding s- and p-wave amplitudes
in the unphysical region is shown in Figure 3.7 on the next
page; the s-wave zeros, at so=1.35 and 52=1.33 satisfy

4so+552=12 to within 1%.
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Figure 3.7

Behaviour of the S- and P-wave Amplitudes in Ogsg4
from DCB-I Solution Bgﬂ
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Although the I=2 s-wave phase shift (see Figure 3.8) is
small and negative and in satisfactory agreement with the

theoretical predictions of Morgan and Shaw(24)

, the range of
validity of (3.4.3) is such that we cannot obtain any direct

information on the possible existence of an I=0 s-wave resonance.

8(degreas)
X
30F
20 F
oF
S-wowe scatbering lengbns {Q“' i
a, = ~0.062

4 . . N M " 3 (MOV)

300 4oo So00 600 00 200 Qo0
-0k

X

=20

Figure 3.8

mm S-wave Phase Shifts from DCB-I Solution Bgfl
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Finally, we investigate the consequences of choosing s"
other than close to the physical threshold. Although the
elastic unitarity condition of Equation (3.4.9) holds for all
values of s in the range 4gsgl6, it is found that for a2=—0.052
and s'">4,85 a simultaneous solution of the system of equations
does not exist. However, since (3.4.3) 1is only designed to be
valid in the unphysical region, it is assumed that (3.4.10) can
be imposed for values of s" in the region O<sg4™. For a2=—0.052

the behaviour of a ~for 1ss"<4.85 is illustrated in Figure 3.9.

¢%
o2l Q,:0190
Q,: 0.153 \
s": |,'8S
NO CONVERGENCE
BEYOND ™M PN
Ol §,=0-0%
@y 0070
Y 1 1 ' Y "
o N 2 3 - s

Figure 3.9

Values of a  for a,=-0.052, s'=4, 1<s"<4.85
from DCB-I Solution Bgil

*Since /s"-4/s"™ is infinite at s"=0, elastic unitarity can never
be satisfied at s'"=0.
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The properties of the partial wave amplitudes are
unaltered by variations in s'"; for example, approximate
linearity of the s- and p-wave amplitudes in the unphysical
region is preserved, as are all the Martin inequalities.
Specific changes in the values of the low energy parameters

are recorded in Table 3.6.

s ao s0 S, 4so+552
1.0 0.074 1.97 0.82 11.98
20 0.091 1.75 1.01 12.05
3.0 0.108 1.57 1:15 12.03

4,001 051 1436 1.32 12.04
4.5 0.154 1419 1.46 12.06

Table 3.6

Low Energy mm Parameters for az=—0.052, 1<s"<4.85

from DCB-I Solution Bgil

The percentage violation of s-wave elastic unitarity at

various points in the physical region, for values of s" in
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the range 1gs'¢4.85 are presented in Table 3.7. The results

indicate that there is no virtue in choosing s" in the

unphysical region, although values of s'" in the physical region

can "improve'" upon elastic unitarity violation in the low energy

region. The upper limit of §!!=4.85 imposes an upper bound on

the I=0 s-wave scattering length of a0<0.19 for a2=-0.052*.

S 1.0 3.0 4.001 4.5

Energy

in MeV | * y.0| 122 | =~ 1=0| :1=2 | | 1=0| ‘1=2 | | 1=0| ‘1=2
284 11,3(-3.1 | - 2.5/ 1.1 | - 0.4| .0.2 | 0.5 0.3
291 20,3)5.9 | > 5.0 ‘2.3 1.3 0.6 | . 0.3 0.2
298 27.6| 8.5 | 7.5/ 3.5 | 2.6 1.3| o0.4] 0.2
305 - |10.9 | 9.9 4.8 | 4.0] 2.1 ] 1.5 0.8
312 - |13.1 | 12.3| 6.0 | 5.6/ 2.9 | 2.8/ 1.4
326 - lr7.9.4 az7le.0 | s.9ls.2 | 6.6 3.3
340 - |22.0 | 22.5|11.8 | 14.1| 7.4 | 10.6| 5.3
355 - |25.4 | 26.7|14.4 | 18.0| 9.6 | 14.6| 7.3
368 - |28.5 - |16.8 | 21.8|11.8 | 18.4] 9.2
381 R - |19.0 | 25.1|13.6 | 21.9|10.9
393 = |4 = - |20.9 | 28.3|15.4 | 25.2[12.5

Table 3.7

Percentage Violation of S-wave Elastic Unitarity in the
Very Low Energy Region for a,=-0.052, 1<s"<4.5
from DCB-I Solution B§31+

*For DCB-I Solution Bga), if a,>-0.052 then sﬁax>4‘85 whereas
i a2<-0.052 then sﬁax<4‘85'

tPercentages >30% are not shown in the table.




6. CONCLUSION AND COMMENTS

Using only constraints imposed by the requirements of
analyticity, crossing symmetry and elastic unitarity, two
distinct types of pion-pion scattering amplitudes have been
shown to exist. The unphysical solution corresponds approxi-
mately to the 's-wave dominant' solution, originally found by
Chew, Mandelstam and Noyes(27) more than a decade ago. This
solution can only be rejected using assumptions which do not
follow from either crossing symmetry or unitarity. The
physical solution has scattering lengths in agreement with
other theoretical estimates, and although no current algebra is
used in the model, the zeros in the s-wave amplitudes closely
resemble the Adler zeros which follow from the hypothesis of
PCAC.

Although the models studied do not provide any reliable
information about the intermediate energy region, we gain from
two important aspects. Firstly, physical assumptions, namely
the value of the I=2 s-wave scattering length, are kept to a
minimum, which results in a greater generality than has been
obtained in many previous theoretical investigations. This
produces the extra solutions and enables us to see why they
were excluded before as well as clarifying certain other
aspects of previous models. Secondly, in limiting the range of
applicability we feel that we improve on the accuracy of the

s-wave behaviour in the unphysical region.
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CHAPTER 4

I, INTRODUCTION

Restrictions on the behaviour of the wm d-wave amplitudes
in the unphysical region follow from a few Martin-type
constraint equations involving the 7°r® s- and d-waves at
points in the region Ossg4(1), and also from the Balachandran-
Nuyts-Roskies relations between the s- p- and d-wave
amplitudes. Although estimates of the d-wave scattering
lengths have been obtained in several recent model-dependent
analyses(z), it would be highly instructional if, for example,
the model DCB-I introduced in the previous chapter could be
extended to include the wm d-waves.

It is a feature of all self-consistent models that one
assumes that the self-consistency is not generated by either
numerical or theoretical approximations. A d-wave model would
necessitate terms in the partial wave parametrisations up to
order s? and possibly higher; but since one does not know
a priori at what order the parametrisation is a good
approximation to the amplitude in the unphysical region, one
would feel much more at ease with the results if the higher
order terms could be calculated and compared with the lower
order terms.

In the next section DCB-I is extended to include the mmw
d-waves; the model is accordingly renamed DCB-II. Values
obtained for the d-wave scattering lengths and the behaviour
of the d-wave amplitudes in the unphysical region are

described in Section 3.




2: A MODEL FOR mm 'S= P= 'AND D-WAVES 'C(DCB-=T1)

To introduce d-waves into DCB-I it is convenient to
5
include terms up to the order 5/2 in the partial wave
expansions.*‘ Following (3.4.2) and (3.4.3) the s- p- and d-

wave amplitudes become

N

I
A_(s) = a§+bss+css/2 d§52+e s/2 +V1-S(Z +YI(4 S)+XI(4 £)*3

AL(s) = bP(s-4) +cP (572 -8) +dP (s2-16) +eP (572 -32) +xP (4-5) /> |

A7 () =c§ ek -35+4) 45 (5-4) 2 +el d (572 _30s+48) ]
(where I=0,2) (4e241)

respectively, and their corresponding scattering lengths

N

E s s s S
- p P p p
ajq 4(b1 + 3¢y +8d1 +20e7) r (4.2.2)

3..d d
8(/3(:1 + ZdI

aZI + ‘1,5/2 6(11)

(where I=0,2)

satisfy the threshold condition of Equation (3.4.2). Once

again, (4.2.1) is claimed to be a valid representation of the

mr partial wave amplitudes at least in the region Ogs<4,

although the d-waves are real and therefore non-unitary above

s=4.

*Terms up to order s? in the parametrisations are sufficient to
introduce d-waves into the model. However, at this order
additional constraint equatlons follow from crossing symmetry

alone. The presence of s/2terms in the expansions allows one
to impose additional unitarity constraints on the model as well.




The behaviour of these amplitudes at the beginning of the

left-hand cut can be obtained by expanding the unitarity

equation as a Taylor series about the point s=4*; the resulting

constraint equations for cg, cg and cg have been given in

Equations (3.4.5)-(3.4.7) and remain unaltered. The additional

constraint equations which verify crossed-channel unitarity to

5
order (-s)/2 can be written as

cg = cs = céfd \
cg = C; = cg’d
eg = é%%(%’aooz + % aoZZJ G %6:%,a0 ML “2]
e = ’2171%[% 250 + % ao'zz] ) 1%% ag * % “2]
eg " —é%{% T5e T E aozz] ¥ f%:% % ~ % aZ] [ (4.2.5)"
eg ¥ ?%%[% 250 + % aozz] - f%[%‘ao + % uZ;
eg‘='?%%[%'aooz + % aoZZJ B f%:%‘do i % aZJ
wheremI E'é%lAé(s)lz :
= 2a_; (b3 + 3c529 + 8a3 + 20e5) + 23 | -

*It is assumed also that the effect of the remainder of the
left-hand cut is negligible when determining the behaviour of
the partial waves in the region [0,4].

+For details of derivation, see Appendix A4.
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If the p-wave amplitude satisfies elastic unitarity at
s=4, xg is defined explicitly in terms of the p-wave scattering

length according to

xg" & 31-2 xr e (4.2.4) |

Imposing elastic unitarity on the s-wave amplitudes to third

order yields the constraint equations

S_;l 2
Sp T B %el
d 2
-z} + 8y] = 2a,;(4b] +12c3°% +32d] +80e]) + 4z
k (44:245)
"Z; S s S s,d s S
- * 4y7 - 32x] = (4by +12cy’" +32d] +80ej)? +
s,d S S S
2aoI(3cI’ +16dI +60eI) - 3ZZIYI )

(for I=0,2) .

The five integral crossing symmetry equations which relate
the d-waves to the s- and p-waves are derived in Appendix A3.

They can be written as
i N 5

4J (4-5)2(5-1)(Ag(s)+2A§(s))ds+I (4-5)3(A2(s)+2A%(s))ds=O
0

(0]
L

4
J (4—5)3(55-4)(Ag(s)+2Ag(s))ds+J (4-5)3(4+s)(Ag(s)+2A§(s))ds=O
0

2J:(4—s)3(2A8(s)-5A§(s))ds+J:(4:2)3(ZAg(s)—SAg(s))ds-

9{0(4-5)3A}(s)ds=0 r

ZJ:SZ(4-S)3(2A8(s)—5A§(s))ds+I:sz(4-5)3(2A3(s)—5A§(s))ds+
9J252(4-s)3A%(s)ds=0

| J:s(4-s)3(ZAS(S)-SAé(s))ds-J:s(4—5)3(2A3(s)—5A%(s))ds=O

J
(4.2.6)
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and combine with Equation (3.4.13) to form a set of ten linear
constraint equations between the coefficients of the partial
wave expressions.

The method of imposing crossing symmetry and unitarity
again yields the same number of constraint equations as there
are unknown coefficients. Following DCB-I in the first
instance, the only physical constraint imposed on the model is
a fixed value of adz; therefore, it is necessary to relax only
one of the derived constraint equations. Because of the
existence of a comprehensive set of inequality constraints
which follow from crossing symmetry and which provide an
excellent independent means of testing crossing symmetry
violation in the unphysical region; it is convenient to relax
the highest order Balachandran-Nuyts-Roskies equation, namely

" L

‘ZJ 52(4-5)3(2Ag(s)-5A§(s))ds+J 52(4-5)3(2Ag(s)-5A§(s))ds+
0 0

Iy

QJ 52(4-5)3Ai(s)ds =0 . (4,247}
0

Substituting for Ai(s) from (4.2.1) into the nine
remaining Balachandran-Nuyts-Roskies equations and doing the
integration explicitly yields the following system of linear

constraint equations between the coefficients of Ai(s)
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3. RESULTS OF MODEL DCB-II

Although there are now considerably more equations to
solve than for DCB-I the method of solution is identical and
the details are not repeated. However, computational
difficulties do exist in obtaining a convergent solution at
this order™; in particular; it becomes increasingly important
to choose a good first approximation to the solution. The
scattering lengths shown in Table 4;1 are from the preferred

physical solution, labelled DCB-II Solution A.

s-wave p-wave d-wave
aoo = 0,084 a11,= 0.114 a20 = 0.027
aj, = -0.05 (fixed) ay, = 0.001

Table 4.1

s- p- and d-wave scattering lengths
from DCB-IT Solution A+

“It is well-known that in order to solve a system of non-linear
simultaneous equations, as N the number of equations increases,
the problem becomes very cumbersome and the results are
sometimes unreliable(3),

tThe numerical values of the coefficients for this solution
are tabulated in Appendix B4.



In Table 4.2 and Figures 4.1 and 4.2 the behaviour of the

s-wave amplitudes in the unphysical region are compared with

the corresponding results of DCB-I Solution Bga).

DCB-IT A DCB—I.Bga)
ag, -0.05 (fixed) -0.05 (fixed)
a,, 0.084 Of123
aoo/a02 -1.67 -2.46
Posn. of“zero ,

. o) i

in Ao(s), So 2.2 1.36

Posn. of zero

2 2 ! :

in Ao(s), S, 0.64 14.32

450 + Ss2 11.68 12.04

Posn. at which

Ago(s) is a

minimum 1.53 1.60

ajq1 0.11 0.03
Table 4.2

Comparison of s-wave behaviour in [0,4]
from DCB-1 Solution B{®) and DCB-II Solution A




o0 |

- 125 =

A

AG)

S-wone sca&\:u{na h.ab\s { ::.a.o;?s“
2 5-0.

P-wowe M.n}&u(mg lu\a“ a, = on

~0F

-0-2

Figure 4.1

Behaviour of the s- and p-wave amplitudes in [0,4]
from DCB-II Solution A
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Figure 4.2

Behaviour of Ago(s) in [0,47 from DCB-II Solution A




The behaviour of the d-wave amplitudes in the unphysical

region is shown in Figure 4.3.

ARG

0-015

Q03 0-0a7

d-wowe sca\h-v-'na Lengths i s
L

0008~

~0-008

Behaviour of the d-wave amplitudes in [0,4] from
DCB-II Solution A

It can be seen that Ag(s) and Ag(s) have positive and negative

slopes respectively over this region. A numerical check of

some of the Martin-type constraints in [0,4] is given in

Appendix C4. With the exception of a few inequalities between
0

the 1°7° s- and d-wave amplitudes, all the chosen constraint

equations are satisfied by the above solution.



Although many of the essential features of the lower

order model are reproduced, for example, small s-wave

scattering lengths and a zero in each of the s-wave amplitudes

in the unphysical region, other predictions are not nearly so

impressive.

In particular, the value obtained for the p-wave

scattering length is much larger than has been previously

suggested, and is in general disagreement with recent

theoretical estimates listed in Table 4.3. Furthermore, Ag(s)

has a second zero just above the physical threshold (at

~ 300 MeV), which contradicts the known experimental data®.

Author Method ajq

M. G. Olsson” Effective-range formula 0.040+0.005
D. Morgan_and Forward dispersion

G. Shaw? relations S i
Je. Iliopoulos5 Unitarity corrections to 0.03

a current algebra model

K. Kang, M. Lacombe® Unitarised Veneziano 0.035

and R. Vinh Mau model d
B. Bonnier and Model satisfying crossing

P. Gauron?2 symmetry and elastic 0.052+0.012

unitarity

Table 4.3

Recent theoretical estimates of the p-wave scattering length

*c.f. Figure 2.4.
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It is interesting to note that the solution of Bonnier and
Gauron(zz referred to in Table 4.3, also exhibits a second

zero in Ag(s) in the physical region. Their model aims to be
far more predictive than DCB-II; for example, a more elaborate
parametrisation of the partial wave amplitudes, designed to be
valid from O<s<30, is used. Then, using the p-meson parameters
as input they determine the threshold parameters by imposing
the crossing sum-rules of Balachandran, Nuyts and Roskies.

For -O.O7£a024-0.03, DCB-II Solution A requires

P v -(0.5:0.2) x 107° (4.3.1)
a value which can never simultaneously satisfy a p-wave
scattering length suggested by Table 4.3 and the elastic
unitarity condition

L

P s = 2
X3 77 @ o (4,342

21y

It would appear that at least as far as our model is concerned,
and it may well be that all models of this type suffer from a
similar drawback at higher order, more physical information is
required as input to the model in order to be able to make
predictions that are realistic in the light of our present
knowledge. It is convenient then to relax the p-wave elastic
unitarity condition of Equation (4.3.2), and impose instead a

fixed value for the p-wave scattering length, defined by

fixed

11 . (4.3.3)

4(b§ +.3c§ # 8d§ +,20e§) = a
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The calculation was then repeated, and solutions 'B',
'C' and 'D' were obtained for the physical parameters defined

in Table 4.4.

fixed
DCB-II a02 a11
B -0.05 0.04
C -0.05 0.03
D 0.07 0.03
Table 4.4

Physical input parameters for DCB-II

The corresponding values obtained for a and a,,

00’ %20
are given in Table 4.5 and the behaviour of the partial wave
amplitudes in the unphysical region is illustrated in Figures

4.4, 4.5 and 4.6.%

DCB-ITI aoo aZo a22
B 0.104 0.0096 0.0004
C 0.099 0.0072 0.0008
D 0.118 0.0059 0.0006 .
Table 4.5

Scattering length predictions from DCB-II

*The coefficients of each solution and numerical verification
of some Martin-type constraints are tabulated in Appendices
B4 and C4 respectively.
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012 b

Figure 4.4

Behaviour of the s- and p-wave amplitudes in [0,4]
from DCB-II Solutions B, C and D
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Figure 4.5

Behaviour of A°%(s) in [0,4]
from DCB-II Solutions B, C and D
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Figure 4.6

Behaviour of the d-wave amplitudes in [0,4] from
DCB-II Solutions B, C and D

Although the behaviour of Ai(s) in O<s<4 is virtually
unchanged by the additional physical information present in
Solutions B, C and D, the behaviour of both Ag(s) and A%(s)
in this region is altered. In particular, A%(s) and
dA%(s)/ds are of opposite signs to those obtained in
Solution A, and Ag(s) is restored to the approximately linear
form exhibited by DCB-I. HoweVer; Ag(s) still retains its
second zero just above the physical threshold and its
unrealistic phase shift below 1 Gev; as is illustrated in

Figure 4.7.




Since DCB-II has no physical structure in the region of
the p-resonance it would perhaps have been surprising if

realistic phase shifts had been produced.

P S(a%'u a)

60

1 1 )
300 Woo > Soo 600 700 to0 Q00

Figure 4.7

mm s- and p-wave phase shifts from
DCB-II Solution B, C and D

4, COMMENTS, COMPARISONS AND CONCLUSIONS

Few detailed studies have so far been made of the wmw
d-wave behaviour in the unphysical region. Previous
analyses(2’7’8’9) have determined the d-wave threshold
behaviour by combining the general features of the experimental
partial waves with the requirements of crossing, unitarity and

analyticity, using the p-resonance parameters as known
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physical quantities. By restricting the range of applica-
bility of our model to the region [0;4] it was hoped to

improve on the reliability of the results in the domain of
interest; as well as provide a useful check of the model's

selffconsistency; c.f. Table 4.6.

DCB-I DCB-II
a 0.123 0.11%0.01
00
a,, -0.05 -0.06+0.01
fi1q 0.026 0.035+0.005
B - 0.007+0.002
8,y & 0.0006+0.0002
a,./a,, -2.46 -2.0£0.4
S, 1.36 2.5+0.1
Sy 1532 0.5+0.1
4s, + 5s, 12.04 12.5+1.0
Posn. at which Aoo(s)
S it 1.60 1.55+0.05
dAg(s)/ds >0 >0
dAZ (s)/ds <0 <0
dA] (s)/ds >0 >0
dAS (s) /ds - <0
dAZ (s)/ds - <0

Table 4.6

A comparison of s- p- d-wave predictions
in [0,4] from DCB-I and DCB-II




Both d-wave scattering lengths are small and positive and

(10)

satisfy the lower bounds

.
379 > 0 dg9 > T F 834 »

and in Figure 4.8 the behaviour of the d-waves in the un-

physical region is shown to compare favourably with the

results of Bonnier and Gauron(7), and Arbab and Donohue(z).
AR6
0-003 |- —_—— D(R-II SOWD
T — — — BONN\ER & GRURON
\\ tieiiiaaea oo ARGAG & DONOMUE

6-002

A = XLA) + 2R3 ()
\/

0-001 |-

Figure 4.8

mm_d-waves in [0,4]1 from DCB-II, Bonnier and Gauron(7),
and Arbab and Donohuetz)

However, the d-wave scattering lengths of Bonnier and Gauroﬁ7)

~ 0.0056 a.. ~ 0.0018

- 22

20
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are preferred to the somewhat smaller values of Morgan and
Shaw(z)

a,, = 0.0017 +0.0003 , a,, = 0.0003 +0.0001

22
and Arbab and Donohue(z)

n~ 0.0012 , a,, v -0.0001

220 22

and it would appear that further calculations of the d-wave
threshold behaviour are desirable before any firm conclusions

can be drawn.




10.

A.

G.

D.

K.

B.

A.

d.

=1 30 =

REFERENCES

MARTIN, Nuovo Cimento 44A, 1219 (1966); 58A, 303
(1968); 63A, 169 (1969).

AUBERSON, Nuovo Cimento 68A, 281 (1970).

MORGAN and G. SHAW, Phys. Rev D2, 520 (1970).

BONNIER, Nuclear Physics'Blz; 525 (1970).

BONNIER and P. GAURON, Nuclear Physics B21, 465 (1970).
ARBAB and J. T. DONOHUE, Phys. Rev. D1, 217 (1970).
HAWGOOD, '"Numerical Methods in Algol" McGraw-Hill p.70.
G. OLSSON, Phys. Rev. 162, 1338 (1967).

ILIOPOULOS, Nuovo Cimento 53A, 552 (1968).

KANG, M. LACOMBE and R. VINH MAU, preprint IPNO-TH
71-22 .(July, 1971).

BONNIER and P. GAURON, Nuclear Physics B36, 11 (1972).

ARNEODO and J. T. DONOHUE, preprint N-TH 72/4
(July, 1972).

L. BASDEVANT, C. D. FROGGATT and J. L. PETERSON,

'CERN preprint TH.1519 (June, 1972).

L.

G.

LUBASZUK and A. MARTIN, Phys. Letters 21, 96 (1966).

WANDERS, Phys. Letters 19, 331 (1965).




- 4&F =

CHAPTER 5

I. INTRODUCTION

The essential drawback of the models proposed in Chapters
3 and 4 is their inability to provide any insight into the
behaviour of the wm partial waves in the region of the
p-resonance. It has been indicated in Chapter 2 that the
outstanding uncertainty in this region has been narrowed down
to the detailed behaviour of the s-waves, especially the I=0
s-wave. Further information on these phases is required in
many areas of hadron physics; both in the phenomenology of

various processes (e.g. mN, NN scattering, K decay,

24
KS,L + 2m etc.) and as a simple testing ground for theoretical
ideas.

In this chapter a study is made of the mm s-waves from
threshold up to 1 GeV using a knowledge of 63 to furnish
reliable information on 68. The main ingredient of such a
model must be a suitable representation of the mm s-wave
amplitudes over this region; accordingly the N/D formalism
of Chew and Mandelstam(l) is used.

In Section 2 we recall the basic N/D method; the results
will, of course, be dependent upon the choice of approximation
for the left-hand cut. In Section 3, both a one-pole and a
two-pole approximation scheme are considered, and a
calculation of some I=0 s-wave parameters is made. By

improving the left-hand cut approximation by a square-root
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branch cut + poles in Section 4, a suitable form for both
s-wave phases from threshold up to 1 GeV is obtained. The
assumption that a fairly broad o-meson resonance exists in
the I=0 s-wave is found to be consistent with small positive

values of ags the I=0 s-wave scattering length.

2, THE N/D FORMALISM FOR mm SCATTERING

The basic N/D technique was proposed by Chew and Low(z),
working with the static model of the pion-nucleon interaction,
and was subsequently modified by Chew and Mandelstam for use
in a more general class of problem. The method is used to
solve the fundamental dynamical problem in S-matrix theory of
determining the partial wave amplitude when one is given the
discontinuity across its unphysical (otherwise called left-
hand) cuts and has been extensively referred to in the
literature.

The s-wave amplitudes are defined by

istv)

Aé(v) = “;l e °  sin Gé(v) (1=0,2) (5.2.1)

with Gg real in the elastic region. Ag(v) has cuts along the
intervals -«gvg-1 and Ogvge (the reader is referred back to
Figure 1.4), but one can separate these two cuts by performing

the N/D decomposition

I
N (v)

AL () (5.2.2)

1'

D, (v)




where Ni(v) and Di(v) are both real analytic functions; the
numerator contains the branch point at v=-1 with the left-hand
cut, and the denominator contains the branch point at v=0 with

the right-hand cut. From these assumptions, one can write

] I P | I
Im No(v) = Do(v) Im Ao(v)
for v<-1 (5484:3)
Im DL (v) = O
I I
Im No(v) = Im Do(v) =0 for -1<v<0 (54244)
I -
In N (v) =0
for v>0 , (53:2..5)
Lo oo ogeliz 1
Im D_(v) = N_(v) Im -
o] o] I
ALV

and if elastic unitarity is imposed along the right-hand cut,

the imaginary part of the D-function becomes

WA
v+1

m Dg(v) = - Né(v) for v>0 .  (5.2.6)

The Cauchy integral formulae for Ng(v) and Dg(v) are
dependent upon the asymptotic behaviour of the numerator and
denominator functions. For example, if one assumes that Ng(v)
has constant asymptotic behaviour, once-subtracted dispersion
integrals for Ng(v) and Dg(v) are required to guarantee

convergence of the integrals. Hence

(5.2.7)

v-v ) 1ldv' Im Alewt) plwn)
Ng(v) = a; +_( 2 J 2 °

T - (v‘-v)(v'—vo)
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and

= © I '
Dé(v) 1 -'52—221 j dut. [ g% ) (5.2.8)
™ 0 Rl ¥ (v'-v)(v‘-vo)
where the normalisation Ng(v0)=al, Dg(vo)=1 has been used.
The existence of the parameter Vi in the equations does not
correspond to any arbitrariness in the amplitude Ag(v);
changing u, alters the normalisation of Dg(v), but since Ng(v)
changes by the same amount, Ag(v) remains unaltered. Since

partial wave amplitudes satisfy the general requirement

L

Ai(v) “voa,v near v=0 ,

L

a choice of v0=0 eliminates the subtraction constant in all
but the s-wave amplitudes where one free parameter appears to

be inescapable in the relativistic problem.

3. THE POLE APPROXIMATION TO N;(Xl

Using the conventions outlined in Section 8 of Chapter 1

pl(v) = 1im DI(v+ie)
0 e>+0 °
(55485 15)
NL(v) = 1im NI (v+ie)
0 0o

e>+0

and (5.2.8) becomes

I
(v=v_) (= N (v')
DI(v) S RN e J dv' / - 0 (5. 8:2)
e T 0 v'+1.0ﬂ-v-ie)0ﬂ-v&




- 141 -
To give the integral in (5.3.2) a meaning 1/(v'-v-ie) is
written in terms of its Principal Value function,

A I P R imd (v'-v) (6.8.38)
v'-v-ieg v'-v

so that, fer v,=0,

I . o NI(v')
Dy(v) =1 - % i =7 J dv' /= g v B W) fRket)
o) v+l v'(v'-v) v+l ©

Using a one-pole approximation for Ng(v), defined by

I ”
No(w) = : (543.5)

the D-functions are given by(*)

I —
Di(v) o i r ' h(v) + - v o 1+/(vI 1)/\)I Lk /v
L w/vI(vI—l) 1-/(v'=1) /v o
(503.6)
where h(v) is the real positive function,
h(v) = £ L2 an |22 YV/v+T (5.3.7)
T/ v+l 1 - /W/v+l

and the corresponding phase shifts are given by

I
Re D I T
/ Y_ cot Gg(v) = eI O(V) = V+¥ + h(v) + Y% h11+A&L1Yv X
v+1 NO (v) 155 TT /\) I (\)l “1) " /(\)I.‘ _1)/' '\)'I"_

(5.3.8)

(*)More generally the integral in (5.3.4) can be solved for a
series of n poles, as is shown in Appendix AS.
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In the original N/D calculation(s), vI and PI were
determined by making use of crossing symmetry relations that
exist between the amplitudes and their derivatives on the left-
and right-hand cuts. To test the predictive powers of the
one-pole approximation for the left-hand cut it is useful to
recall the unambiguous properties of the mm s-waves; for
example, the I=2 s-wave scattering length is known to be small
and negative

a, = -0.05 * 0:02 (6.369)

with its phase shift 6g(v) also small, negative, and increasing

in magnitude, such that at the p-mass

ag(v=vp) = -15% + 5% (5.3.10)

These two constraints on Ag(v) will be extensively used in
this chapter and are assumed to describe the physical I=2
s-wave behaviour from the threshold region to 1 GeV. Our
knowledge of the s-wave amplitudes also extends to the
unphysical region where the existence of zeros, compatible
with the current algebra zeros imposed by the Adler condition,
have been confirmed. The single-pole approximation suffers
from the drawback that for any choice of pole position on the
left-hand cut, (5.3.5) never changes sign in the region v3-1,
thus excluding the possible existence of zeros in the
amplitudes in the unphysical region. Furthermore, the small

values obtained for 6g(v=vp), and which are given in Table 5.1,



suggest that a one-pole approximation for the left-hand cut

is very limited in its predictions.

I=2

’ y 10 20 30 50 | 100

2

-6, 03 S Lol AR o S S B Ll B

-0.05 e o S gl PN g O IR L

-0.07 gl TP L T L R PR
Table 5.1

gg(v=vp),from a one-pole approximation
of the left-hand cut

However, a two-pole approximation, with its numerator

function
I
SR
No(v) = + (5+8411)

has enough free parameters to allow the existence of a zero in
each of the s-wave amplitudes if one pole is attractive and
the other repulsive; i.e.. one residue is greater than zero,
the other less than zero. To calculate the s-wave phase
shifts, one has to determine eight unknown parameters, namely
the four pole positions and their corresponding residues. For

convenience, the four pole positions are reduced to two by

choosing

<

1
(5.3.12)

<
NO HO

NN N

V2



which leaves six unknown parameters. Any results will, of

course, depend upon the conditions imposed on the s-wave
amplitudes. The locations of the poles are arbitrary, and are
chosen intuitively; but if one assumes that the near part of
the left-hand cut does not play a significant role in low

energy mm scattering a suitable choice appears to be

*
¥y = I v, = 152 & (5,3:13)

The known behaviour of Gg(v) is used to determine the residues

Pi and P% by imposing the constraints (5.3.9) and (5.3.10) on
S
m— i = (5.3.14)
Vv Vv =
1 2
and
v AN b M I L+v (v.=1)/v.
B cot §2(v)) =h(vy)+ ] {-Et+-L L __sn S
vp+1 i=1 ’Pi 1r/viivi—I$ 1-/Ivi-1i7vi
(‘5.4'34.1.5)

The values obtained for P% and r% are given in Table 5.2 and

the corresponding I=2 s-wave phase shifts are shown in

Figure 5.1.

*The qualitative nature of the solution is found to be stable
against small variations in 21 and Ve
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Figure 5.1

gé(v) from the two-pole model

The I=0 s-wave phase shifts cannot be used to calculate

i'and Fg in a similar way because of the uncertainty

. 0O - .
surrounding 60 in the region of the p-resonance. However,

T

using the solution for Ag(v) the residues in the I=0 amplitude
are determined by requiring the s-wave amplitudes to satisfy

the two independent Balachandran-Nuyts-Roskies equations




involving s-waves only, namely

JO vLzA2 (v) - SAg(v)]dv =0 ]

ey

(6]
' J v(3v+2) (A2 (v) + 2AZ(v)Tdv =
e §

. (5.3.16)
o

The I=0 s-wave phase shifts obtained are shown in Figure 5.2;
Pg, Fg and related parameters are given in Table 5.2 on the

next page.
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Figure 5.2

Qg(v) from the two-pole model




Table 5.2

Parameters from the two-pole model

for a,=-0.05, v,=10, v,=15

Although 68 is somewhat larger than 62 in the p-resonance
region no evidence is found to support the existence of an
I=0 s-wave resonance below 1 GeV. In the unphysical region,
however, the s-wave behaviour is more conclusive; zeros are
obtained in each of the s-wave amplitudes (see Figure 5.3)
and all solutions are found to satisfy the Martin inequalities
in this region. Furthermore, Figure 5.4 shows that a, is
small and positive for a wide range of pole positions on the

left-hand cut.
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Figure 5.3

mm s-wave amplitudes in [-1,0]1 from the two-pole model
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a, versus Gg(v) from the two-pole model

The approximately linear form for Ag(v) and Ag(v) in the
unphysical region is reflected in the 1:1 correspondence
between a, and the positions of the zeros in the unphysical

z Zero Zero,
region [vo » Vo 1.

The current algebra zeros, [-0.75,-0.5],
correspond to aO'SO.Zl, and those of -DCB-I, [-0.66,-0.661, to
ao’bO.ll; so that although the technique of fitting a two-pole

approximation of the left-hand cut to the known s-wave




behaviour does not predict a dg in agreement with any

experimental data it does have the virtue of providing further
confirmation of the threshold behaviour established in earlier

chapters.

4. THE POLE + CUT APPROXIMATION TO N (v)

Further information could possibly be obtained by adding
more and more poles to the N-function(4), but each additional
pole introduces two more degrees of freedom into the model.

It is proposed instead to make use of the fact that the
amplitudes have a square-root type of singularity at v=-1, and
amend the pole approximation by defining
PI

Vv +y,

Ni(v) - (el 2 (5udad)

which approximates the left-hand cut by a square-root branch
cut beginning at v=-1*; and a single pole located at v=—vI,
where vI>>1. Equation (5.4.1) has one obvious advantage over
(5.3.1) in that it imposes a zero in each of the s-wave
amplitudes in the unphysical region, although both zeros are
fixed artificially at v=—1; Substituting (5.4.1) into (5.3.4)

and doing the integration explicitly (the details for the

more general problem of a cut + n poles is given in

3
*The (\)+1)/2 term provides the correct functional form for
ElAg(v) at v=-1(5) (see also Equation (3.4.1)).




Appendix B5) yields

I I
Re Dg(v) = T v_-lhy (5.4.,2)
v+ /vI
and phase shifts given by
tan Gi(v) = /U(v+1) (544.3)
v+vI _ vI- 5
FI /vI
I=2

For fixed values of a, and v

1 GeV is illustrated in Figure 5.5, and the parameter Gé(vp)

, the behaviour of Gg(v) below

is tabulated in Table 5.3.
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gé from the cut + one-pole model




Table 5.3

§2 (v ) from the cut + one-pole model
~0=—p

The condition for the existence of a resonance in the

I=0 s-wave amplitude is

o) et
A [vo—l

(5.4.4)

For a suitable range of a, and v° a resonance is obtained; its
location is indicated in Table 5.4 and the corresponding I=0

s-wave phase shifts are shown in Figure 5.6.

Position

1=0
4 12 25 38

a

(0]
0.1 638 MeV 502 MeV 460 MeV
0.15 523 MeV 436 MeV 407 MeV
0.2 466 MeV 401 MeV 378 MeV.

Table 5.4

of I=0 s-wave resonance from the cut + one-pole model




E [mev)

jrsuegucs)

ssvasesnvens Y0238

————— Ve 2§
160 Va2

}_gw,ngs
l{ »
~ < - L
120 -~
F
w -
300 l..;o 50.0 GO vloo lO‘O Qoo
Figure 5.6
Qg from the cut + one-pole model
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The model can be extended as before by adding another

pole; the approximation to the left-hand cut is then given by

1 I
I S i
\)+\),1 \)+\)2

and its D-function (from Appendix B5) by

I I I I ‘
by vi-1 T v,=-1 ]
plev) = 1 =42 [SL ] 2 |22 v =i A ey .
0 v+vI T . +1 - ©
Vi1 \)1 Vv \)2 /\)ZI Vv

(6.4.6)

Since each s-wave amplitude has a zero at v=-1,
Ai(v) derived from (5.4.5) and (5.4.6) is not a suitable
representation of the s-wave amplitudes in the unphysical
region. However, for pole positions far from the edge of the
left-hand cut the parametrisation is claimed to be a valid
representation of the s-wave amplitudes from threshold up to

1 GeV. Once again, with

s O o _ 2.
Vl = vl = vl and vz vz vz
the constraints
a, = -0.05 + 0.02
and §2(v ) = -15° +5°
o~ p

lead to the residues of Table 5.5 and the I=2 s-wave phase

shifts of Figure 5.7.




42
o~ p
-10° (=9.05,4.53) | (-22.15,11.79) | (=35.26,19.05)
-15° (0.52,-1.21) | (-3.83,0.80) (-8.18,2.81)
~20° (3.27,-2.86) | (1.44,-2.36) (-0.39,-1.87) .
Table 5.5

Lging) from the cut + two-pole model for v1=50, v2=30
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Figure 5.7

§g from the cut + two-pole model




Since the amplitudes are not well-defined in the

unphysical region the constraints of (5.3.16) cannot be used

to determine Fi and Fg. Instead, a model is proposed which

assumes the existence of a o-meson resonance in the range 600
to 900 MeV. Calculations are reported over a mesh of
possibilities for the mass and width of the o-resonance.

In Section 4 of Chapter 2 it was shown that the Breit-
Wigner formula
It

A V) = - (5.4.7)

NV/v+TL (v - vp - %PR)

NI=

is a suitable parametrisation for a partial wave amplitude
close to a resonance. The residues of the poles in the I=0
s-wave amplitude are determined by requiring Ai(v) to
approximate to the Breit-Wigner form near VEV . This leads to

the two constraint equations

, ) J 10 0
2
IT = NO(v) = (v +1)/24{_1 (5.4.8)
2 . Y
(0) 0 (0} (o) \)O'+\)’]. \)O"'\).z
(0] (0]
T v, =1 r v,=-1
Re DJ(v,) =0 =1 - ; [1 } v 2 [2 :l . (5.4.9)
\)-0,+\)1 1/\)1 \)O_"'\)_Z, V\)Z

The values of Fi and Fg, obtained by solving (5.4.8) and
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