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Abstract

In this paper, a consensus framework is proposed for a class of linear multiagent systems subject to matched and unmatched
uncertainties in an undirected topology. A linear coordinate transformation is derived so that the consensus protocol design can be
conveniently performed. The distributed consensus protocol is developed by using an integral sliding mode strategy. Consensus
is achieved asymptotically and all subsystem states are bounded. By using an integral sliding mode control, the subsystems lie
on the sliding surface from the initial time, which avoids any sensitivity to uncertainties during the reaching phase. By use of
an appropriate projection matrix, the size of the equivalent control required to maintain sliding is reduced which reduces the
conservatism of the design. MATLAB simulations validate the effectiveness and superiority of the proposed method.
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I. INTRODUCTION

Cooperative control of multiagent systems has received considerable attention in recent years due to its relevance in fields
including microgrids, spacecraft formation and industrial cooperative robotics [1]. The behaviour is characterised by cooperation
between subsystems via a communication network whereby each subsystem shares information with its neighbours to ensure
that all agents reach an agreed goal. Consensus control is a typical and fundamental collective behavior of cooperative control.
In a distributed system, consensus control generally focuses on how the agents come to agreement on certain quantities by using
their own information together with information received from their neighbours [2]. Consensus control can be widely applied
in practice. For instance, in order to increase production, multiple reactors are used to simultaneously perform a chemical
reaction where controllers communicate with each other and maintain the temperature, pressure and flow across the reactors
in order to maintain consistency of the product.

In process control, uncertainties or modeling errors can seriously affect the behaviour of subsystems. Within a multiagent
network this behaviour can spread across the systems because of the interactions between the agents. The performance can
decrease in terms of control accuracy if such uncertainties are not considered[3][4][5]. Robust control is an effective approach to
cope with such uncertainty. H, control is a typical robust control strategy which has been widely applied in consensus theory
[6][7]. The adaptive control paradigm is also commonly used to deal with uncertainties in multiagent systems [8][9]. However,
in much of this research, a high control gain is required to suppress uncertainties which may be undesirable in practice.
In some cases, a disturbance observer can be systematically designed to observe and then compensate for disturbances and
uncertainties [10][11][12]. However, well parameterised models are typically required to define the disturbance observer. Sliding
mode control possesses useful characteristics such as total invariance to matched uncertainties, straightforward implementation
and fast global convergence [13][14]. There are several contributions which consider distributed control using sliding mode
approaches. Consensus is achieved using a decoupled distributed sliding mode control for second-order multiagent systems
in [2]. Leader-following containment control is investigated for linear systems in [15]. Scaled consensus is studied for linear
systems by means of an H., sliding mode control in [16]. It should be noted that during the reaching phase in classical

sliding mode control, the system behaviour is still affected by matched uncertainties [17][18]. Integral sliding mode control



serves as a solution to this problem as it eliminates the reaching phase. Finite-time consensus is achieved for second-order
multiagent systems with disturbances using an integral sliding mode approach in [19]. Fixed-time consensus tracking is studied
for second-order nonlinear systems in [20]. The consensus protocols in [19] and [20] are not applicable for more general classes
of linear system. A nearly optimal integral sliding-mode consensus protocol is designed for multiagent systems in the presence
of matched disturbances in [21]. Note that the unmatched uncertainties have not been considered in this work. Consequently,
it is valuable to develop a method to cope with matched and unmatched uncertainties for linear multiagent systems.

Much of the existing research in distributed control considers consensus for multiagent systems, but does not consider the
stability of the subsystems. For example, in [2][19] and [22], second order systems are usually considered as position-velocity
systems, in which position increases over time, i.e., the subsystems are unstable after achieving consensus. Theoretically, this
is due to the existence of multiple zero eigenvalues and their linearly dependent eigenvectors in the system matrix. However,
in physics, the second order system can also act as a mathematical model of a sensor system [23] or a motor system [24].
In these application scenarios, divergence of the states to infinity over time is undesirable. For other known research, though
the states reach the equilibrium point ultimately, there is no direct proof of the stability of the subsystems. In [1][8][9] and
[25], a robust adaptive strategy is utilized to achieve consensus, but it is difficult to synthesize this method to prove stability
of the subsystems. As a consequence, it is challenging to develop a consensus protocol which will stabilize the subsystems
and where proof of stability can be achieved constructively.

Motivated by the above discussion, in this paper a consensus framework is proposed for linear multiagent systems which
are subject to uncertainties by using an integral sliding mode strategy. Firstly, the distributed linear system is transformed into
a novel regular form by a linear coordinate transformation, which facilitates designing the distributed consensus protocol. In
comparison with the traditional regular form [26], the novel regular form inherits the property that matched and unmatched
uncertainties can be separated. Further, the transformed representation facilitates analysis of the consensus error. Secondly,
despite the presence of model uncertainties, an integral sliding mode strategy is employed so that the states start on the sliding
surface from the initial time, which achieves better robustness characteristics than classical sliding mode control [27][28].
Meanwhile, by using the integral sliding mode control, the matched uncertainties are eliminated, and the effect of unmatched
uncertainties is minimized by the projection matrix. Even if the states deviate from the sliding surface, the integral sliding
mode control can drive them back to it in finite time. In addition, when the system states move along the surface, a nominal
dynamics is exhibited. In consequence only a nominal protocol needs to be designed to guarantee consensus. In this way,
couplings are in the nominal control protocol, while not in the integral sliding control protocol, which simplifies control
protocol design in contrast to other robust methods [29][30]. Thirdly, in light of the novel regular form and integral sliding
mode strategy, a consensus control protocol is proposed for a distributed linear system, and it renders all the subsystem
states bounded. Considering subsystem stability is desirable, but it is usually ignored or not directly proved in other papers
[311[32][33][34][35]. Moreover, the proposed protocol is fully distributed without requiring global information when compared
to [7][36] and [37].

In this paper, the main contributions are twofold. On the one hand, an integral sliding mode based consensus protocol is
proposed so that matched uncertainties are eliminated while the effect of unmatched uncertainties is minimized. On the other
hand, in light of the consensus control framework, consensus for the multiagent system can be achieved asymptotically, while
the subsystem states are rendered bounded.

The rest of this paper is organized as follows. In Section II, some basic concepts are stated, a linear coordinate transformation
is given and the problem to be solved is formulated. In Section III, the integral sliding mode control is designed and sliding
motion stability is analyzed. In Section IV, consensus and subsystems’ stability are analyzed. In Section V, simulation results

are analysed and finally in Section VI, conclusions are drawn.

II. PRELIMINARIES AND PROBLEM FORMULATION

Graph theory is used to illustrate the communication among subsystems [38]. Let G = (V, &, .A) denote an undirected
graph consisting of N nodes V = {vy,vs,...,ux}, a set of undirected edges £ C V x V, and a weighted adjacency matrix
A = (aij) 5y - An undirected edge &;; in the undirected graph G is denoted by a pair of unordered nodes (v;,v;), which



indicates v; and v; are neighbours and can communicate with each other. The set of neighbours for node v; is denoted by

Ny, ={v; € V: (v;,v5) € €,1 # j}. The weights a;; = aj;= 1 in the weighted adjacency matrix A if and only if the edge

(vi,v;) exists, and a;; = a;;=0 otherwise. Define a;; = 0 when i = j. The Laplacian matrix £ = (L;;) ., is defined by
N

Lij=—ai; fori# j,and £L; = > a,;;. A path is a sequence of connected edges in a graph, and a graph is connected if

j=Lj#i
there is a path between every pair of vertices.

0., xm denotes an n—row and m—column matrix with all the entries being 0. 0,, denotes an n—row vector with all the entries

P4
being 0. I,,, denotes an m x m identity matrix. Let ||M|lp = /> > |mij|2 be the Frobenius norm of M = (m;;)

“a*
i=175=1 pxa

|\w\|00:11£11§<xn |z;| denotes an infinite norm of w € R™. ||.|| denotes the Euclidean norm in this paper unless additionally
stated. A; (P) denotes an eigenvalue of P € R"*™, where i = 1,2,...,n, Anax (P) denotes the maximum eigenvalue of P.
h (o) is a function with o being the argument, and then o* = arg min h (o) represents the argument o* which minimizes & (o).

Consider a distributed multiagent system with [V subsystems whgre the communication among subsystems is denoted by an
undirected topology graph G. Each subsystem has the following identical nominal linear dynamics which is subject to model
uncertainties

where z; (t) € R"™, u; (t) € R™, A € R™*", B € R™*™ are the state, control protocol, system matrix and input matrix of the
ith subsystem respectively. The uncertainties are lumped together and denoted as ¢; (t,z;) € R™.

The following assumptions will be imposed on system (1).

Assumption 1: The pair (A, B) is controllable.

Assumption 2: B has full column rank, i.e., rank (B) = m.

Assumption 3: The continuous uncertainty ¢; (¢, 2;) € R™ is unknown but bounded, i.e., ||¢; (¢,2;)|| < B, where 8 € R is
a known constant.

Assumption 4: The undirected graph G is connected.

Under Assumption 2, it follows from Lemma 5.3 in [26] that there exists a linear coordinate transformation z; 2 [ZlTl EZTQ} =
Ty x; such that (1) can be described as

Zi (t) = A1y Zin () +A12Z00 (8) + ¢ (¢, Z)

. ~ - ~ 2
Zio (t) = Ao1Zi1 (t) + A22Zio (t) + Bau, (t) + @iz (t, Z) @

where T7 is an invertible matrix, Z;; (t) € R"™™, Z;» (t) € R™, Ay € Rin=m)x(n=—m) A, ¢ RM*Xm pank (B2) = m,
bi1 (t,2;) € R"~™ and bio (t,Z;) € R™ are unmatched and matched uncertainties respectively.

K, O(n—m)Xm
K, I,

T T
. . A - -
Perform a coordinate transformation z; = [lel Zsz] =T, [lel ZT} , where T, =

oA ] , such that in the

T
new coordinates {zf’{ zg} , system (1) can be described by

Zi1 (t) = Ar1zi1 (8) +A12252 (8) + i1 (8, 2)

3
Zio (t) = Ag12zi1 () + Agazia () + Baw; () + ¢ia (T, i) )

where T3 is an invertible matrix, z;; (t) € R"™™, z;5 (t) € R™, A1 = K ([111 — [112K2> Kfl € R(n=m)x(n—m) ig g real
negative symmetric definite, Ass € R™*™, ¢y (¢, 2;) = Kléil (t,2:), pia(t,2;) = Kot (t, %) + bio (t,Z;) are unmatched
and matched uncertainties respectively.

The steps required to render A;; real negative symmetric definite are presented as follows:

(a) Apply pole assignment to ;111 — A12K2. Under Assumption 1, the pair ([111,[112) is controllable according to
Proposition 3.3 in [26], so there exists Ky € R™>(n=m) guch that [111 — A12K2 has n — m real distinct negative eigenvalues
Y (12111 — flqu), i=1,...,n—m. In this case, flll — A12K2 is Hurwitz stable and rank ([111 — flngz) =n—-m.

(b) Since fln — fth 2 has n—m real distinct negative eigenvalues, it follows from Theorem 1.3.9 in [39] that fln — ngKg

can be transformed into the corresponding real diagonal matrix A £ diag (\1,..., A\n_nm) by using the nonsingular matrix



K, € R(n—m) X (n—m) .

(c) Let Ay £ (a}}

A 12
U)(n—m)x(n—m) and A1z = (a]]

ZJ)(n—m)Xm , then Ay =

m
. Select Ky such that aj} < — 3 |a;?
i1

Kl (/111 — /112K2) Kl_l, and A11 = A.
Remark 1: The invertible matrix 75 renders A;; to be a real negative symmetric definite in (3), which is helpful for consensus
protocol design and synthesis. This will play an important role in achieving consensus and ensuring the subsystems’ stability.

m
Remark 2: The condition that aj} < — Y |al?| is given to make the subsystems stable. In step (c), K is straightforward
i1

to determine. First, consider that all = X\; (A11) = \; ([111 — A12K2>, all is only determined by K5. Second, because

3

, the closer to O for the elements of K, the easier the condition is to

Ajs = K, A1y, in order to satisfy all < — Zl ‘a}jz

]:
satisfy. For A1; = K3 ([111 — flngz) K 1 as both sides are multiplied by K; and K ! respectively, the elements of K
can be very close to 0.

From [40], ¢; (t,x;), ¢i1 (¢, z;) and @2 (¢, z;) may be expressed in the following form:

(07,65 (t,2)]" =TT\ BB ¢ (t, ;) @)
(6% (t,2:),0%]" = YT\ BB ¢, (t, ;) 5)

where Bt £ (BTB)leT € R™*" is the left inverse of B, and the columns of B+ € R™*("~™) span the null space of
BT ie., BTB+ = O x (n—m)- Moreover, the following identity holds

BBt + BBt =1, (6)

Definition 1: Consensus is said to be achieved for the distributed multiagent system (1) if for any initial conditions,
Jim [l () o5 (1) = 0, ¥i,j = 1,2, N.

This paper concentrates on utilizing local information to develop a control protocol such that consensus can be achieved
when each subsystem (3) is affected by bounded uncertainties. In this case, the consensus problem for (1) can also be solved
correspondingly.

Before presenting the main results, some lemmas and definitions are given as follows.

Lemma I: [41] (Global Invariant Set Theorem) Consider the autonomous system & = f () with f continuous, and let V ()
be a scalar function with the continuous first order partial derivatives. Assume that V (z) — oo as ||z|| — oo, and V (z) < 0
over the whole state space. Let R be the set of all points where 14 (z) = 0, and M be the largest invariant set in R. Then all
solutions globally asymptotically converge to M as ¢t — oco.

Lemma 2: [42] Consider the non-homogeneous system of differential equation
t=A{)z+ f(tx),te[E ) (7

where A : [{,00) = B(R"), f:[£,00) x R" — R™ are continuous. Assume that the Cauchy problem

i= AW+ f(ta),te 6 o0) ©
x (to) = Zo,To € R"
has a unique solution defined in [€, c0)
t
Y (ta to, SC()) =C (ta tO) o + C (ta to) / C (th S) f (57 € (Sa to, zO))ds (9)
to
Suppose that the mapping f satisfies
If (¢, @)l < L (¢, ||=])) (10)
0<L(t,u)—L(t,v) <M(t,v)(u—v),u>v>0 (11)

where M is nonnegative continuous. If the trivial solution x = 0 of the corresponding homogeneous system is stable, i.e.,



IC (¢, t0)|| < p(to) for all t > ¢y, and the following conditions

/ [C (to, s)I| L (s, g (o) [[oll)ds < M (to, z0) < o0 (12)

to

/ IC (to, s)|| M (s, ||C (s,t0) zol|)ds < Ma (tg, x) < 00 (13)
to

hold, then there exists an M (to, ) > 0 such that
|2 (. to, x0) — C (£, t0) xo|| < M (to, o) (14)

for all t > tg.
Definition 2: [43] Consider the system

&= f(z,u) (15)

Assume that £ = f (z,0) has a uniformly asymptotically stable equilibrium point at the origin. The system (15) is said to be

globally input-to-state stability (ISS) if there exist a L function 7, a class K function ¥} such that
[zl < n ([lzoll ) + 9 (ulloo) , VE = 0 (16)

for any initial state o € R™ and any bounded input u € R™.
Definition 3: [43] A continuously differentiable function V' : R™ — R is said to be an ISS global Lyapunov function on R"™

for the system (15) if there exist class Koo functions €1, 2,3 and X' such that:

e (el < V (@ (1)) < 22 (Jal) Ve € B7, 2> 0 (1)
oV
D) 0y < s (o) v € R < ] 2 X (Jul) (13)

Lemma 3: [43] (Globally ISS Theorem) Consider the system (15) and let V' : R™ — R be an ISS global Lyapunov function
for this system. Then (15) is globally ISS according to Definition 2 with

V=¢et eg- X (19)
Remark 3: According to Definition 2, the response of & = f (z,0) with initial state z( satisfies
2]l < n ([lzoll 1), VE =0 (20)

As t increases to infinity, 1 (||zo||,t) — 0, then
]l <& ([lullo) 2n

Remark 4: Note that there is no contradiction between ||z|| > X (||ul|) in (18) and ||z|| < ¥ (JJul|,) in (21). Definition
3 indicates that the derivative of the Lyapunov function V' is negative definite whenever the trajectories of z are outside of
Hx which represents a hypersphere centred at the origin given by Hy = {z|||z|| > X (||u]|) }; Remark 3 indicates that the
trajectories of x will remain ultimately bounded by the hypersphere Hy which represents another hypersphere centred at the
origin given by Hy = {z |[|z[| <9 (J|ull.) }-

Lemma 4: [44] If pq, po, ..., pun > 0 and 0 < p < g, then

n 1/q n 1/p
(Z I ) < <Z T4 ) 22)
i=1 =1

III. INTEGRAL SLIDING MODE CONTROL PROTOCOL DESIGN AND STABILITY ANALYSIS OF THE SLIDING MOTION

This section aims to design an integral sliding mode control protocol and analyze the stability of the sliding motion for the

multiagent system (3). To simplify notation, some of the function arguments will be omitted.



The sliding function is presented as follows

5i () = a,G ([zi; ® 5] - [F0) Ew)]

_/t Air An
to

Az Az
where G € R™*™ is a projection matrix that will be designed later according to the projection theorem and satisfies

O(nfm)xm

e o]+

3

(23)
uf™ (1) dT)

O n— m . e . .
rank [ G| " ;)X ' = m, @; € R is a small positive parameter which can be chosen by the designer, z;; (o) and
2

22 (to) are the initial values and u$°"

%

(t) is a consensus control protocol that is defined by

N N
uf (6) = Byt | Y aij (22 (8) = zi2 (1) + ATy Y aij (21 (8) = 21 (1) | — Asrzin (1) — Agazia (1) 24)
j=1 Jj=1

The corresponding sliding surface is

T T T

{(lel,m D2 2k s () = 0, Wi = 1,2, ,N} (25)

where s; (t) is defined in (23).
The control protocol for the multiagent system (3) is given by

u; () = uds () + u™ (t) (26)

K2 2

dis

where u{*® (t) is a discontinuous control protocol and selected as

0 T
<G (n—m)xm ‘|> s; (t)
di By
s (1) = —p @7)

T
<G O(an;)Xm ]) s (t)

Remark 5: Tt should be noted that full knowledge of the initial conditions is assumed in selecting the sliding function (23) as

where p > ||B*|| - is a control gain.

part of the integral sliding mode strategy. In more classical sliding mode control, the system is affected by matched uncertainties
during the reaching phase. Integral sliding mode control can ensure the system states slide on the sliding surface from the very
beginning at the cost of assuming the initial conditions are known. It follows that integral sliding mode control has no reaching
phase and has strong robustness to matched uncertainties throughout the evolution of the system state. Note that discontinuous
feedback control is used in integral sliding mode control, which can stabilize the states to reach sliding mode in finite time
when they leave the sliding mode. Accordingly, the full knowledge of initial conditions is not very restrictive in practice but
desirable from the point of view of robustness.

Remark 6: For the integral sliding manifold (23), the system states slide on it from the initial time, and will not escape
from it under application of the integral sliding control. It is a suitable choice for distributed control of multiagent systems. A
nominal dynamics occurs when the system states move along the integral sliding manifold, while only the nominal protocol
(24) is needed to guarantee consensus. In this way, couplings are in the nominal control protocol, while not in the integral
sliding control protocol, which simplifies control protocol design.

Next, the behaviour when each subsystem is subjected to uncertainty effects will be analyzed when the system is controlled
by the discontinuous control protocol (27). Closing the loop in (3) with (26), the derivative of s; (¢) with respect to time is
given by
S (1) = s 1] An o Ar con
5 (1) = G ([zl ] ( e " )) (28)

O(n—m)xm

r "
[Zﬂ Zi2} + B,




A A
e 1 A
Asy Ago

A A
Aoy Ag B;

T
. dis T T
= azG< u; +{ il 7:2} )

The equivalent discontinuous control u®** is obtained from this as

Vol o

(t) in (3), the sliding dynamics can be obtained as

O(nfm)xm

r ot
{zil 212} + By

T
dis con T T
(uf™ +ug°™) +[ i1 1:2}

)

T Onfm m
[Zle zg} + ( e

O(nfm) xXm

By

O(n—m)xm

dis (py = —| @
uzeq() 32

dis

i

By substituting (29) as u
Zi1 (1) = Av1zin (1) + Ar2ziz (1) + ¢ir (¢, 21)
-1
O(n—m)xm T T r (30)
B ‘| ) G [¢i1 Om}

,é’ig (t) = Aglzﬂ (t) + AQQZ»L‘Q (t) + Bzufon (t) — B2 (G
2

As can be seen, the action of the integral sliding mode control strategy has transformed the original uncertainties [ I Z;}

into the following equivalent uncertainties [17][40]

¢i1 O(n—m)xn T
oo (1, 2) 2 -1 rl=17 - -1 [ T OT} 31)
¢zeq( 1%i) = _By| @ O(n—m)xm G[gf)T OT} - n B,| G O(n—m)xm Ie. (bil m
132 il m B2
O¢p— _
Theorem I: Since G| =" g)xm ] has full rank, BT (T%T}) ! is a matrix which minimizes the norm of Gieq (T, 21), 1€,
2
0(n—m)><n T
G* = BY(TyT,) " = i I, — I - [T T} 32
( 2 1) argGer?%lwI}Xn 32 (G O(n—-én)xm ) G il Om ( )
2

Proof: Notice that

O n—m)Xn
I ( : -1 r ar]" v o]’ |Om—m)yxm
. Oy cm [on on] | =|[en on] - : (33)
Bs (G ( )X > G 1 Ynm ®i1 O B, ¥
By
- -1
O(nfm)xm T .
where ; = | G B G {qﬁ% Oﬂ . Thus (32) can be transformed into
2
@ = arg min [¢,T OT}T |V (34)
i P ERM il m B2 ?

m

T
which has ¢f = Bt (T,T; 1)_1[ I OT} as a solution according to the classical projection theorem in page 51 of [45].
T
Making G = B*+(TT}) ", it can be obtained that ¢; = B+(T2T1)‘1[ - oﬂ — ¥, which implies that (32) is true.
T T
Remark 7: By substituting :B+(T2T1)’1[¢;f’1 oﬂ into (33) and combining (6), it follows that | ;;qH=H[¢31 Oﬂ

i.e., the norm of the equivalent uncertainties is driven by the unmatched uncertainties and the effects of the uncertainties are

s

minimized by designing the projection matrix G optimally.

Theorem 2: Assume Assumptions 1-3 hold. Then the control from (27) can keep the subsystem (3) on the sliding surface



(25) from the initial time with G = B‘*(Tng)f1

The proof of Theorem 2 is provided in Appendix A.

It follows that the subsystem (3) will slide on the surface (25) despite the presence of the uncertainties [26]. Even if the
states deviate from the sliding surface, the discontinuous control can drive them back to it in finite time. Because the subsystem
starts on the sliding surface at the initial time, it will remain on the sliding surface thereafter, i.e., s = $ =0 when ¢ > 0.

IV. CONSENSUS AND STABILITY ANALYSIS OF SUBSYSTEMS

In this section, consensus will be analyzed for the distributed system in the presence of the control protocol. The stability
of each subsystem is then considered.
When the subsystem is restricted on the sliding surface (25), substitute G = B (T2T1)71 and the consensus control protocol

(24) into (30). The sliding dynamics can then be described as

21 (t) = Ar1zi1 (8) + Ar2zie (8) + di1 (E, 2:)

(35
Ziz (t) = Gi (T, i, 25)
where (; (t,2i,2j) = Z aij (22 (t) — zi2 (1)) + Z aij (zj1 (t) — 2z (1))
The lumped form of the closed-loop system (35) i 1s shown as
Z(t) = (In ® A1) 21(t) + (In ® Ar2) zu(t) + o1 (t, 2) 36)
ZH( ) (£ ® A12) Zl(t) (£ [24] Im) Z]](t)
T T T
where z (t) = [lel,ZQTl, - 217\}1] € RNO=m) oy (t) = [2hh,2dy,-++ 2%, € RN™, 2(t) = [+, 2] € RN,
¢I(t’z): [ ,{1’ 215" ’d) ] GRN(n_m).
_ 1 A 1 A
Let A2 |7V @A Iy @ A . In Appendix B, it is proved that the corresponding homogeneous system of (36) is

LA, —L®I,

At—to) H < fi(tp). The following assumption will be imposed on the system (35) and (36).

marginally stable, i.e., He
Assumption 5: For the closed loop system (35) and (36), ¢;1 (¢, 2;) satisfies |1 (¢, 2:)|| < v (8) |2 (¢)]|, where ~ () <
—)\max (All), j;zo HeA(to—s)

Remark 8: Assumption 5 is reasonable. First, ¢;1 (¢, z;) donotes the uncertainty and it is a function of z;, so it is reasonable

v (8) 1 (to) ||z (to)||ds < ¢, and ¢ is a known constant.

to assume ||¢;1 (¢, zi)|| < : (t) ||zi]|- Second, recall that in Remark 1, A; (A11) is only determined by K5, and the elements
of K can be very close to 0. In this way, though ¢, (¢, 2;) = K 1<5i1 (t,Z;), the norm of K can be very small, and the value
of —Amax (A11) can be large enough to make Assumption 5 hold. Assumption 5 will play its role in the proof of consensus
and stability.

Theorem 3: Suppose Assumptions 1-5 hold. The distributed system (35) can achieve consensus asymptotically.

Proof: The consensus problem can be transformed into the following stabilisation problem:

e (t) = Arref (t) + Arzel () + ef* (¢, 21, 25)

M : (37)
e’L (t) = CZ (tvzivzj) - C (t,Zi,Zj)
a A a a T P b A b b \T | X e A
where ef (t) = (ef, .- €l ) = 2zit — 3 2 21, €0 (1) = (e, el ) = zio — 3 2 22, e (t,2i, 7)) = pir —
j=1 Jj=1

N
Z ¢j17 (t szj) é % _21Cj-
J:

Based on the errors defined above, ¢; (¢, 2;, z;) can be rewritten as

G (t, 2, 25) Zal] e fe +A12Za” e — e (38)



Because a;; = aj, for { (t, 2, 2;) it can be obtained that

_ 1 Y

j=1
1 N N N
-3 (Z ) ALY o )
j=1 \k=1 k=1 (39)
N N
1
= o 2 > g [(ch —ef) + (¢f —et) +AL (ef —ef) + AL (¢ — )]
j=1k=1
:Om

1 N N n—m 1 N T
=320 /0 * audy + 52 () e (40)
i=1

=1 j=1 k=1
The derivative of V5 along the errors e¢ and €? is given by
1 N N n—m N T
Va(t) = 3 ZZ aij (efy — €5) (€5 — €51) + Z (e7) el
1=1 j=1 k=1 i=1

N N n—m N T

=3 > > ai (e —e) e+ (&) & (41)
i=1 j=1 k=1 i=1
N N N .

=D " ay (et —ef) + > (eh) e
i=1 Jj=1 i=1

Combined with (35), it can be obtained that

) N T N N T N N
‘/Q(t) = Z (Ane? + Alge? + 6?1) Zaij (6? — 6?) + Z (ef) Zaij (6? — ef) + AITZ Zaij (6? — 6?)
+

=1 J=1 =1 Jj=1 j=1
N N . N N - 1 N N T T
=3P (e Af (e - )+ XS ale) (et 45 30N () - (7)) et e
=1 j=1 =1 j=1 =1 j=1
1 LY T 1l L& T
= 33 ayler =) AL (e =) = 5 D0 a (el — ) (@) + 303 et
i=1 j=1 i=1 j:l i=1 j=1
1 N N 1 N N
= 5 ZZ Qi (2’1‘1 - Zjl)TA1T1 (Zu Zjl 2 Z Zazg Zi2 — ZJ2 Zi2 - ZjQ) + Z Zaij¢iT1 (Zz'l - Zjl)
i=1 j=1 i=1 j=1 i=1 j=1 )

Further, note that A;; is negative real definite, so AZ] is negative real definite. Combined with Assumption 5, the following

inequalities can be obtained

1 N N N N N N
Va(t) < QZZ% max (A1) 12 — 221 — Zzaij|\zi2—zj2||2+zzaij l[irll l|2i1 — zju |
=1 j=1 i 1j5=1 =1 j=1
1 N N N N
3522% o (AT llis = 2311 = 5 3D augllna = 252l + 5 30D s (v il v gl zan — 2
=1 j=1 =1 j=1 =1 j=1

N N
1 2
Zaw mase (A11) +7) (il + 1250 llzin = zall = 5 D D aisllziz = 252l

i=1 j=1

IN
N =
HMZ

(43)
The analysis of (43) is presented as follows: (Amax (AT;) +7) (2]l + 1z;]]) [|2i1 — 2j1]| < 0, equality holds if and only if

zi1—2j1 = Op—m (zi1 = 2zj1 = Op—yy, included); ||zi2 — Zj2||2 > 0, equality holds if and only if z;5 —z;2 = 0,,. Hence, Vo < 0.



Referring to Lemma 1, it can be obtained that (a) V5 (t) is radially unbounded over e¢ and e?; (b) Since the undirected graph is

connected, if Vo = 0, then z;; = Zj1, Zi2 = %52, Vi,j = 1,2,..., N. That is, tlim |zi1 — 2;1|| = 0 and tlim l|zi2 — 22|l = 0,
—00 —00
Vi, j=1,2,...,N, ie., tlim |z — ;]| =0, Vi,j =1,2,--- ,N. Based on the above analysis, system (35) can be driven to
— 00

consensus asymptotically.
Due to the presence of the unmatched uncertainties ¢;1 (¢, z;), the evolution of z;; (¢) and z;2 (¢) should be discussed.

Theorem 4: Suppose Assumptions 1-5 hold. The states of the system (36) are bounded.
N

Proof': (a) According to Assumption 3, ¢y (£, z) is continuous. (b) Because [|¢i1 (£, z:)|| < v (£) ||z: (£)]], then S |1 (£, z:)]|* <
i=1

N
V() S Nz (D)7, e [lor(t2)])° < A2 (@) ||2]1°. As a result, ||¢r (£, 2)|| < ~(t)||z|l, which satisfies (10) and (11), and
=1

L=M =~ (t)]z]]. (c) Recall that [, eAto=9)1ly () 11 (to) ||z (t0)|| ds < v, which satisfies (12). Due to || (t~t0) ’ < p(to),
s ‘eA(to—s) ~ (s) HeA(s—to)z (tO)H ds < [ HeA(to—s) ~ (s) HeA(s—to) 1z (to) | ds < [, HeA(to—S) v (8) e (to) ||z (to) || ds <
¢, which satisfies (13). (d) Note that the corresponding homogeneous system of (36) is marginally stable. In the light of Lemma

2, the states of the system (36) are bounded.
The functional relationship between the states and uncertainties is analyzed as follows.
In Assumption 3 ||¢;|| < S, thus ||¢;1|| < 8. Because the states are bounded, z; is also bounded in (35).

A Lyapunov candidate function is constructed as
Va(t) = 2} 2 (44)
Let —1 < 6 < 0, then the derivative of V3 (¢) is given by
Vi (t) = 2} 40
=2} (A2 + Ar2zio + ¢i1)
= (14 0) zh An1zi1 + 2} Arazio + 2 i1 — 02]1 A1z

< (14 0) Amax (A11) |21 |1?

(45)

provided that 2} A122i0 + 25 i1 — 024 A112:1 < 0.

Assume that ||2]] A12zi2 + 2] ¢i1|| < ||02] A11zi1]|. In the left-hand side of this inequality, ||z} Ai22i2 4+ 25 dn| <
zitll (1As22iall + I $iall) < il (| Avzllp | ziall + | $ial]); in the right-hand side, [|02]] A11 21 || > Amax (A11) 0] zia||*. Sup-
pose that ||z | (|| Ar2]l | zi2ll + [@i1]]) < Amax (A11) 0]l 231 ||*, then equivalently

el [Aw2|l g [[2i2]l + ([l
' N /\max (All)e

(46)

According to Definition 3, it can be shown that &1 (||z;1]]) = €2 (||zi1]]) = %HZHHQ, —e3 ([|zi1]]) = (1 + 0) Amax (411) ||z HQ,

_ MAsz|lpllzizll+l¢i |l
X = Amax(A11)0

3 that the subsystem is globally ISS with

, Where z;1 is taken as the state and z;2 and ¢;; as the inputs in Definition 3. It follows from Lemma

A ziz| + || &
9 (fucc ) = | 12L|FH (zllu)é i 47)

Therefore, appealing to Remark 3, z;; is bounded with

A2l p llzi2ll + [l din |
)\max (All) 9

l[zaall < (48)
Remark 9: The above results indicate that the Lyapunov function V3 is negative definite along the trajectories of z;; whenever

|A |ziz ||+ b
el > Llelzatston

the trajectories are outside of the hypersphere defined by {zil

A1zl g l|ziz|[+ @i
Amax(A11)0 )

Remark 10: This section considers stability of the subsystems. Note that the stability of the subsystems is not considered

}, and the trajectories will remain

ultimately bounded by the hypersphere of radius

in [1]. When the subsystem dynamics (1) is a class of second-order systems, the states may diverge due to the existence of

uncertainties. See Appendix C for a detailed analysis.



V. SIMULATIONS AND ANALYSIS

In this section, two simulation examples are presented to demonstrate the validity of the proposed method.
Example 1. This example aims to demonstrate the effectiveness of the theoretical results in the presence of matched and
unmatched uncertainties. Consider a multiagent system with four subsystems, whose topology connection is shown in Fig.1.

The dynamics of each subsystem is given by

1
4
11
9

u; + ¢; 49)

& =

S Ot g D

S = Ot o

© W © W
(@)

S Ot =

where the initial states are selected as follows:

wo=[5 70 0= 5 0

z(0)=[8 -3 -1 O}T,ﬂc4(0):{—4 6 0 —Q}T

(2)
3 @

Fig. 1: Undirected graph with 4 subsystems

The uncertainties are as follows:

b

where T2T1 = [Eij} s
4x4

\75/11’}/ sin
221’}/ sin
?317 sin

¥41’}/ sin

(t 11T1 + t1230z2 + t13l‘13 + t14$z4)
(t 11%41 + t 12%i2 + t13f€13 + t14117z4>
(7511%1 + t12x7,2 + tlezS + t14$z4>

(t 11T1 + t12$z2 + 75131‘13 + t14$z4)

The coordinate transformation matrices are

and other parameters are selected as 5 = 1.00,a; = 0.0001,p = 0.15,G =

It can be verified by computations that ||¢;|| < 3. In addition, by coordination transformation, it can be obtained that

—0.4943

—0.1300

—0.4880
0.7076

—0.1356
0.3404
0.7807
0.5062

0.3465
0.8433
—0.3904
0.1279

0.7856
—0.3951
0.0000
0.4762

3

i1 =7
0

2

2

2

2

+ \?{13 (01 coS (a?ig)) + \?{14 (05 sin (t))
+ ?23 (01 COSs (Izg)) + ;24 (05 sin (t))
+ £33 (0.1cos (z53)) + t34 (0.5sin (£))

+ ?43 (01 coS (.131'3)) + ¥44 (05 sin (t))

(1)~ ' = [?ij} Ly (t) = 0.0let, 4,5 = 1,2,3,4.
4x4

1.0000

0.0000

0.3561
—0.0737

0.0000
1.0000
0.9858
0.6324

0.0000
0.0000
1.0000
0.0000

0.0000
0.0000
0.0000
1.0000

3.6493
0.4614

10.1017
—7.5056|"

~ ~ ~ ~ 2
sin ((tuxu + 12T + L1373 + t14$i4) )

61V

(52)

(53)
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Fig. 2: Subsystems’ states with respect to time
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Fig. 3: Subsystems’ sliding motion with respect to time
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Fig. 4: Subsystems’ control inputs with respect to time
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Fig. 5: Consensus errors with respect to time in two protocols
O(nfm)xm

B, ) si (t)/ (G

replace (27), where ¢ is a small positive scalar and selected as § = 0.01.

O(nfm) xm

T
) s; (t) + 0| is used to
Bs

A boundary layer approximation is used such that <G

The simulation results are shown as Fig.2—4.

In Fig.2, (a)-(d) show the subsystems’ states with respect to time. As can be seen, in the presence of matched and unmatched
uncertainties, the system achieves consensus. Fig.3 shows the sliding variable with respect to time. It is seen that every subsystem
starts on the sliding surface from the beginning which avoids sensitivity to matched uncertainties in the reaching phase.

In Fig.4, (a)-(d) show the subsystems’ control inputs with respect to time. It can be seen that the control inputs remain bounded
after the subsystems are stabilized. In addition, the control inputs exhibit chattering, which is caused by the discontinuous
integral sliding mode control. The boundary layer method can help to reduce chattering but this is achieved at a price of the
system state no longer lying on the sliding surface but remaining within a small boundary layer of the sliding surface [14][46].
In Fig.2 and Fig.4, plots (e) and (f) are added to show the subsystems’ states and control inputs when a boundary layer is

introduced to alleviate chattering. In this case

0 ’ 0 g 0 g
—p G (n—m)xn s; (t) Ie. (n—m)xn s; (t) 7 Ie. (n—m)xn s (t) > w
g By Bs Bo
ug *(t) = 0 T 0 T
—p (G (n%t)xn > Si (t)/ (G m;’j” 1 > s (@O +wl], otherwise

where w = (0.1. As can be seen, in comparison with (a) and (b) which apply the corresponding discontinuous control, chattering
has decreased as expected.

Example 2. Consider the multiagent system whose topology connection is also shown as Fig.1. To further test the proposed
distributed protocol, the protocol (3) developed in [1] which uses an adaptive scheme will be compared with the method

proposed in this paper. The dynamics of each subsystem is given by

. 0 1
T = [0 0 T + 0.4 u; + ¢ (54
where the initial states are selected as follows:
T T T T
nO=[1 2 wmO=[1 -2 wmO)=[3 4 wO=[3 - (55)



The uncertainties are as follows:

- — — 2 -
t117ysin (tul‘il + tlgl‘ig) + 0.01¢t19 (COS (xil) + sin (t))

oi=|_ A A 2 _ (56)
tgl’ySiIl (tllfﬂ“ + t121'i2> +001t22 (COS (Ill) + sin (t))
where TQTl = [?ij:| N (TQTl)_l = |:¥z]:| s Y (t) = 0.0le‘t, Z,] = 1, 2.
2x2 2X2
For the protocol proposed in this paper, the coordinate transformation matrices are
-1 0 1 0
T = J Ty = 57
1 o —11'B7 1 4 (57
and the other parameters are selected as 8 = 0.15,«; = 0.0001,p =0.4,G = [0.4 —0.4] ,6 =0.0001.
It can be verified by computations that ||¢;|| < 5. In addition, by coordination transformation, it can be obtained that
' ~ ~ 2
$i1 = ysin ((tnwﬂ + t125€i2) ) (58)

2 N " 2 [e%s} A .
Ipill < |zl = y\/z (tﬂxﬂ + tﬂmiz) and [, HeA<to—s> lv(s)u(to) 12 (to) || ds < ¢ can be verified.
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For the protocol (3) proposed in [1], the parameters are selected as I' = l

0, €; (O) = O,Ti = 10,5i = 10, Ri = 0.5, Qi = O.O5,’(/JZ' = 0.05.
The simulation results are shown as Fig.5—7, where the method proposed in this paper is labeled as 2020; the method

1.0000 2.4495
2.4495 6.0000

] JK=[-1.0000 —2.4495) ,d; (0)

proposed in [1] is labeled as 2014. Note that although the total simulation time is 1000s, the main graphs of Fig.5—7 show

the evolutions of the variables for an initial period of time and achievement of consensus, while the state evolution is shown

in the embedded graph.

From Fig.5, the consensus errors with respect to time using the proposed method (2020) have a larger overshoot than those

of the method in [1] (2014), but they have smaller fluctuation in the steady-state, which means higher product quality. In Fig.6,

the full graphs are shown as an embedded figure, while the main graphs indicate that the control inputs of the method in [1]

are several times higher than the proposed method for an initial period of time, which is energy-consuming.

Stability of the subsystems is not considered when designing the protocol (3) in [1], and the states correspondingly diverge.

This can be verified by substituting numerical values into the system matrix (74) in Appendix C. No matter what values d;

take, it can be seen that there are two zero eigenvalues in the system matrix, while the corresponding eigenvectors are linearly

dependent. The simulation results also illustrate this point, as shown in Fig.7 (a) and (b). With the proposed approach, the

negative symmetric definiteness of A;; guarantees the state evolution with the protocol devised in this paper are ultimately

bounded as seen in Fig.7 (c) and (d).
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VI. CONCLUSION

A consensus framework is proposed for a class of linear multiagent systems in the presence of matched and unmatched
uncertainties. An integral sliding mode strategy is utilized to ensure the subsystems lie on the sliding surface from the initial
time. The impact of the uncertainties are minimized according to the projection theorem. A consensus protocol is designed and
analyzed applying a linear coordinate transformation and the global invariant set theorem. The boundness of each subsystem
is guaranteed by appealing to results on global ISS. Numerical simulations show the validity and superiority of the proposed
method. Future work will focus on the case of a general directed switching graph and output feedback control.

APPENDIX A

The proof of Theorem 2 is provided as follows:
Substitute the discontinuous element from (27) with G = BJF(Tng)_1 into (28). Then

. _ S; T
$i (t) = a; BH(ToTy) ™ (‘/)T2T1B”S|| + [ B 3;} ) (59)
K2

A Lyapunov candidate function is selected as
N
1 T
Vi) =5 Zl sTs; (60)
Combining with (4), (5) and (59), the time derivative of V; (¢) is given by
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According to Lemma 4, it follows that

N
Vi) <Y —oilsil
=1

N

S —Omin Z ||Sz||
i=1

S —OminV Vl

(62)

where 0y,in = min {0;}, and 0; = o; (p — B|| B 7).

APPENDIX B

The proof that the corresponding homogeneous system of (36) is marginally stable is given as follows:



Let \; (A) be the real cigenvalues of A, and A £ (4;;) for 4,5 = 1,..., Nn. According to Ger$gorin’s theorem,

NnxNn
Nn Nn m

|)\1 (A) — A“| S Z |A”’ If )\7 (/I) _Aii Z O, then Aii S /\z (A) S A”‘i‘ Z |A2]| Because a}il S — Z |CLZlJ2| and the
J=1,j#i i J=1

J=T.j
_ Nn _ _ _ _ Nn _ _ _
property of Laplacian matrix £, A;; + > |Aij‘ <0, else if \; (A) —A; <0, then A;; — > |AZ-]-| <\ (A) < A;; <O.
J=15i J=T#i

Thus X; (A) <0(i=1,...,Nn).
For the case that A; (A) = 0, it can be obtained that

00 = Av (63)
where v is the corresponding eigenvector of 0. Further,
U I A I A U
0 f}l _ N® 1T1 N ® A1z E)l (64)
Ut —L®A, —L®Iy| |tn
T
where v = [@IT 171{ } , op € RN(=m) and 5y € RV™, then it follows that
(In ®@ A1) o+ (In ® Ay2) o =0 (65)
(L® AL) o+ (L ® Ly) oy = 0 (66)
As Iy ® Ay is invertible,
U= — (IN ® A1_11A12) Uy (67)
Substitute (67) into (66), it follows that
(L: ® (ATQA;11A12 - Im.)) 'l_)II =0 (68)

Remark 11: The two equations (68) and (63) are equivalent, the analysis of eigenvector v corresponding to eigenvalue O of
A is equivalent to the analysis of oy corresponding to eigenvalue 0 of £ ® (AT, A A1z — I,,,).

From Proposition 3.3 of [26] and Theorem 1 of [47], it follows that A5 has full row rank, then AF{QAfllAlg is real negative
symmetric definite, and ), (A{QAl_llAlg) = /\i_1 (A11). Therefore, A; (A1T2A1_11A12 — Im) < 0, and A1T2A1_11A12 — I, is
invertible. Note that £ has a simple eigenvalue O and all the other eigenvalues are positive, then £ ® (A{QAl_llAlg — Im) has

m eigenvalues 0.
T T T

Further, oy can be & |1,0,...,0,...1,0,...,0| ,&|0,1,0,...,0,...0,1,0,...,0| ,...,&|0,...,0,1,...0,...,0,1
~—— = | = = N> N~=—

m—1 m—1 m—2 m—2 m—1 m—1

Nm Nm Nm
(@ € R,a #0), and they are m linearly independent eigenvectors. The Lalgebraic multiplicity of eigenvalue O is equal to the

geometric multiplicity. Recall that \; (A) <0(i=1,...,Nn), so the corresponding homogeneous system of (36) is marginally
stable.

APPENDIX C

The analysis of the case where the subsystem states are diverging in [1] is presented as follows:

(a) Substitute the consensus protocol (3, [1]) into the subsystem dynamics (2, [1]), to obtain a lumped form:
JU:[IN®A+(DE)@(BK)]JJ+(IN®B)(R+F) (69)

It should be noted that in this appendix, (x, [1]) refers to the corresponding equation (x) in [1], and the notations also refer

to the ones in [1] unless otherwise stated.



20

(b) Here, an eigenvalue can be acquired by the system matrix [Iy ® A+ (DL) ® (BK)] in (54) by which stability of the
subsystem can be judged.

0 a
(b.1) When the subsystem dynamics (1, [1]) is in a linear second-order form, then A £ 0 12 and B & il where
2
ais, by € R. To guarantee the controllability of the subsystem, a15 # 0 and by #0. K £ ky l}g}, where El, ks € R.
(b.2) Calculate the elements item by item as follows for the system matrix [Iy ® A+ (DL) ® (BK)]:
. 0 C_L12 0 C_L12
Iy ® A = dia e 70
. ’ [O 0 ] [O 0 ] )
N
DL = [diLij] y, yoBd=1,...,N (71)
0 0
BK=|__ __ (72)
k1bs  kabo
_ - 0 0 0 0
(Dﬁ) ® (BK) = diﬁij R - = _ _ _ _ (73)
kiba  kaba| | oo o diLijkiby  diLlijkaba| | o
then B
In® A+ (DL) ® (BK)
0 a 0 a 0 0
= diag el OO b I (74)
0 0 0 0 diﬁijk‘lbg diﬁijk‘gbg NxN
N
a s
[Aij]szzN
T

In (74), Ayt + Ais +Ais + ... + Ki(2N_1) =0, then @ |1,0,...,1,0| is an eigenvector of (74), where & € R and & # 0,
~—_————

2N
and the corresponding eigenvalue is 0.

(c) Consider now where there is more than one 0 in the eigenvalues of [I N®A+ (Dﬁ) ® (BK )} but the corresponding
eigenvectors are linearly dependent. As a consequence the states diverge. This covers the analysis of [1].

In addition to [1], there are other contributions [2][8][9][19] where the states may diverge for a second-order subsystem

when subjected to uncertainties.
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