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A  B  S  T  R  A  C  T   

For a multi-component system, the impact of the alteration of components on the system reliability often 

needs assessment. EXisting importance measures, however, do not consider the impact of the possible 

change of the system structure during its life cycle. Therefore, relevant factors should be considered to better 

reflect the changes in system reliability. To this end, this paper proposes joint importance measures for the 

optimal component sequence of a consecutive-k-out-of-n system. Incorporating the generalized measures, 

the paper obtains the joint integrated importance measure and the joint differential importance measure for 

the optimal component sequence in the binary and multistate consecutive-k-out-of-n systems. Then some 

properties of the proposed joint importance measures for optimal component sequence are analyzed. 

Furthermore, this measure reveals the relationship between component reliability and joint importance 

measure under consideration of consecutive-k-out-of-n system structure changes. Finally, numerical 

examples are given to demonstrate the applicability of the proposed measures. 
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1. Introduction 

In actual engineering applications, generally engineers can increase the reliability of the system by adding 

more redundant components to critical components [9, 11]. An example of such a redundant system is a linear 

consecutive k-out-of-n: F(G) system, which is a system defined as: If k consecutive components fail (work), the 

system will fail (work). Lin, Cui, Coit, and Lv [9] studied the reliability model of the linear consecutive k-out-

of-n: F system connected with shared nodes. Based on this reliability model, Dui Si and Yam [3] proposed the 

method of using importance measure to determine the critical components and weak links to optimize the 

topological structure of the systems. In terms of reliability assessment, Mo, Xing, Cui, and Si [15] investigated 
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a reliability modeling method based on multi-value decision diagram (MDD) for multi-state linear 

consecutive-k-out-of-n: F system. 

In addition, the k-out-of-n system is a good example of a reconfigurable system, which means that the 

reliability of the system can be improved through the rearrangement of components. (Zhao, Si, and Cai, [26]). 

And it is widely used in specific practical scenarios, such as weighted voting system [5], multi-state 

windowing system [24], aerospace repeater system [21] etc. Recently, Ma, Wang, Cai, Si, and Zha [13] studied 

the production monitoring system, that is, when at least k consecutive monitors fail, there will be a blind zone, 

in which monitors with different reliability can be interchanged in use. Several researchers have studied that 

for consecutive k-out-of-n systems, there is an optimal component allocation arrangement strategy to 

maximize system performance [14], or minimize the expected total cost of the system [8]. Ling, Wei and Si 

[10] further studied an optimal allocation strategy of components under the maximum allowable constraints 

in the system. 

When the reliability of a component changes, optimal configuration of the system may need restructuring. 

At the same time, the importance measure of the corresponding components can be determined by the 

selected system structure. When the optimal layout remains unchanged, heuristic algorithms can be used to 

calculate the approXimate optimal allocation of the system[3]. Cai, Si, Sun, and Li [2] proposed a Birnbaum 

importance measure-based genetic algorithm to search the near global optimal solution for linear 

consecutive-k-out-of-n systems. Yi, Kou, Gao, and Xiao [24] used particle swarm algorithm to give the optimal 

system structure for the linear sliding window system of phased tasks, and carried out the reliability 

evaluation of the system by extending the general generating function. Ma, Wang, Cai, Si and Zhao [13] 

proposed 

 

Nomenclature 

𝑛 Number of components in the system. 

𝑘 Minimum number of consecutive failed components, which cause system failure. 

𝑠𝑖 A random variable representing the state of component 𝑖. In a binary system: 𝑠𝑖 =

1 if component 𝑖 is working at time 𝑡, 𝑠𝑖 = 0 otherwise. 

(𝑠𝑖, 𝒑𝒊(𝒕)) (𝑝1(𝑡), 𝑝2(𝑡), … , 𝑝𝑖−1(𝑡), 𝑠𝑖(𝑡), 𝑝1(𝑡), 𝑝𝑖+1(𝑡),… , 𝑝𝑛(𝑡)) 

𝜙(∙) Non-decreasing structure function of the system 

𝑅(∙) Reliability function of the system with 𝑅(𝒑(𝒕)) = 𝐸[𝜙(𝑠)] 

𝑅𝑖(𝑡) The reliability of component 𝑖. 

𝜆𝑖(𝑡) Failure rate of component 𝑖 

𝑝𝑖(𝑡) Probability that component 𝑖 is worked 
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𝑞𝑖(𝑡) Probability that component 𝑖 is failed 

𝒑(𝑡) (𝑝1(𝑡), … , 𝑝𝑛(𝑡)) 

 

a Delta Importance (DI) heuristic algorithm for redistributing components to improve system reliability. 

The importance measures can be used to determine the key components in the system, and then the 

topology can be optimized [4, 6, 7, 20]. Importance measures have a wide range of applications, such as 

identifying the critical components of the system [18], guiding preventive maintenance [22], and others. Dui 

Si and Yam [3] gave the definition of system optimization topology based on importance measures and 

analyzed the relationship of optimal topology under different importance measures. Borgonovo and 

Apostolakis [1] proposed the differential importance measure, conducted case studies on these important 

measures and suggested their applications. Zio and Podofillini [29] further studied the differential 

importance measure. When evaluating the improvement of system performance due to the alteration of 

component reliability, the second-order extension of the differential importance measure is proposed to 

evaluate the interaction between component pairs. Zhu, Boushaba, and Reghioua [28] studied the reliability 

and joint reliability importance of components with Markov dependence and presented a practical application 

in the area of quality control. Moreover, a generalized Birnbaum importance measure was proposed to 

quantify the contribution of individual components to the improvement of system reliability [19]. 

Importance measure has been widely adopted in the field of k-out-of-n systems. Lyu and Si [12] proposed a 

dynamic importance measure for k-out-of-n: G systems under repeated random loads to identify dynamic 

weaknesses of systems subjected to repeated and random loads. Wu, Tang, Yu, Jiang [23] used the Laplace 

transform to define the expression of several important reliability indexes in the k-out-of-n system, and then 

studied the influence of the parameters on the indexes. Zhang, and Wu [25] derived the reliability index of 

the system in the k-out-of-n system considering the replacement and maintenance policy. Zhao, Wu, Wang, 

and Wang [27] investigated the system reliability evaluation method based on stochastic process for k-out-

of-n: G system. Zhu, Boushaba, and Reghioua [28] focused on the joint reliability importance of components in 

a consecutive-k-out-of-n: F system, and a m-consecutive-k-out-of-n: F system, respectively, both with 

Markov-dependent components. Shen and Cui [16] used a finite Markov chain embedding method to assess 

system reliability and obtain Birnbaum’s importance considering a circular consecutive-k-out-of-n system. 

The change of the optimal component sequence and the improvement of the remaining useful life of a 

system are closely related to the importance measures. The main reason is that the importance measure can 

well identify the weak links and critical components of a system. In particular, the joint importance measure 

is very helpful for evaluating the impact of two component repairs on the system and understanding the 

interaction between components. Moreover, the linear consecutive- k-out-of-n systems are used as a typical 

application of a reconfigurable system. Changing the sequence of component layouts have complex effect on 

system reliability. The joint importance measure for the optimal structure may better reflect the importance 

degrees of the components and the joint effect between the components under the actual reconfigurable 

system. Therefore, in order to further study the optimal component sequence of the system, it is meaningful 
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to investigate the joint importance. As such, there is a need to rethink about the following points. 

 With the changes in multiple component reliabilities, how does the joint importance measure 

under the optimal component sequence change? How does the change of the optimal structure affect 

the joint importance? 

 Under different optimal component sequence changes, does the location of the component affect 

the joint importance measure? If so, how? 

 In the actual application, what are the differences of the generalized joint importance measures 

between the large system and the small system? How does the shape parameter of the lifetime 

distribution affect the joint importance measure? 

In order to answer the above questions, this paper considers possible changes of the optimal component 

sequence of a system in its life cycle and proposes joint importance measures under the optimal component 

sequence to describe the component joint influence on the system reliability. Then the joint integrated 

importance and joint differential importance from the second-order interactions are extended to multistate 

situations. In addition, the paper carries out simulation analysis of the generalized measures for consecutive-

k-out-of-n systems. 

The remainder of this paper is arranged as follows. Section 2 discusses the joint importance measures for 

optimal structural component sequence in binary and multi-state systems. Section 3 gives some properties 

of the joint importance measure of the optimal component sequence. Section 4 presents the changes of the 

proposed measures with respect to the optimal system structure through numerical examples. Section 5 

closes the paper. 

2. Joint importance model for optimal  component sequence 

2.1. Existing importance measures 

The Birnbaum importance of component 𝑖 is defined by  𝑅(1𝑖, 𝒑𝒊(𝑡)) − 𝑅(0𝑖, 𝒑𝒊(𝒕)), where 𝑅(∙) is the reliability 

function of the system with 𝑅(𝒑(𝒕)) = 𝐸[𝜙(𝑥)]. Si et al. Error! Reference source not found. propose the integrated 

importance measure (IIM) of component i, as shown in 

𝐼𝑖
𝐼𝐼𝑀(𝑡) = 𝑅𝑖(𝑡)𝜆𝑖(𝑡)

𝜕𝑅(𝑡)

𝜕𝑅𝑖(𝑡)
, (1) 

where 𝜆𝑖(𝑡) is the failure rate of component 𝑖. 

The joint reliability importance of components 𝑖 and 𝑙 can be denoted as Error! Reference source not found. 

 𝐽𝑅𝐼(𝑖, 𝑙) = 𝑅(1𝑖 , 1𝑙 , 𝒑𝒊𝒍(𝒕)) + 𝑅(0𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(1𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(0𝑖 , 1𝑙 , 𝒑𝒊𝒍(𝒕)). 

Then in unit time, the change of the system reliability made by repairing component 𝑖 is 
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𝑑[𝑅(1𝑖 , 𝒑𝒊(𝑡)) − 𝑅(0𝑖, 𝒑𝒊(𝑡))]

𝑑𝑡
= ∑

𝑑𝑅𝑙(𝑡)

𝑑𝑡

𝜕𝑅(1𝑖, 𝒑𝒊(𝑡))

𝜕𝑅𝑙(𝑡)

𝑛

𝑙=1,𝑙≠𝑖

− ∑
𝑑𝑅𝑙(𝑡)

𝑑𝑡

𝜕𝑅(0𝑖, 𝒑𝒊(𝑡))

𝜕𝑅𝑙(𝑡)

𝑛

𝑙=1,𝑙≠𝑖

 

= − ∑ 𝜆𝑙(𝑡)𝑅𝑙(𝑡)[𝑅(1𝑖 , 1𝑙 , 𝒑𝒊𝒍(𝒕)) + 𝑅(0𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(1𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(0𝑖, 1𝑙 , 𝒑𝒊𝒍(𝒕))]

𝑛

𝑙=1,𝑙≠𝑖

 

= − ∑ 𝜆𝑙(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙)

𝑛

𝑙=1,𝑙≠𝑖

.                                                                                                                                                   (2) 

In equation (2), −∑ 𝜆𝑙(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙)
𝑛
𝑙=1,𝑙≠𝑖  suggests that when component 𝑖 is repaired, the change of system 

reliability in a unit of time is the sum of 𝜆𝑙(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙) of all other system component 𝑙, in which 𝜆𝑙(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙) 

is the contribution of component 𝑙 to the change of the system reliability in a unit of time after component 𝑖 is repaired. 

𝑅𝑖(𝑡)𝜆𝑖(𝑡)[𝑅(1𝑖 , 𝒑𝒊(𝒕)) − 𝑅(0𝑖, 𝒑𝒊(𝒕))] represents the change of system reliability in a unit of time due to component 𝑖. 

The joint integrated importance of components 𝑖 and 𝑙 is 𝐽𝐼𝐼𝑀𝑖,𝑙(𝐼𝐼) = 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙), which represents 

the joint contribution of components 𝑖 and 𝑙 to the change of system reliability in a unit of time. For component 𝑖, when 

the effect of the sum of all other system component is considered, we have 𝐽𝐼𝐼𝑀𝑖(𝐼) =

∑ 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡)JRI(𝑖, 𝑙)
𝑛
𝑙=1,𝑙≠𝑖 . 

Considering combinations or groups that can be applied to components or basic events, we introduce a Joint 

Differential Importance Measure  (𝐽𝐷𝐼𝑀), which considers the interaction between pairs of components when 

evaluating system performance changes due to changes in component reliability parameters. 

The 𝐽𝐷𝐼𝑀 of components 𝑖 and 𝑙 is (a second-order DIM) 

𝐽𝐷𝐼𝑀𝑖(𝐼) =
𝛥𝑅𝑖

II

𝛥𝑅II
=

𝜕𝑅
𝜕𝑅𝑖

𝛥𝑅𝑖 +∑
𝜕2𝑅
𝜕𝑅𝑖𝜕𝑅𝑙

𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙=1,𝑙≠𝑖

∑
𝜕𝑅
𝜕𝑅𝑖

𝛥𝑅𝑖
𝑛
𝑖=1 + ∑ ∑

𝜕2𝑅
𝜕𝑅𝑖𝜕𝑅𝑙

𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙>𝑖=1

𝑛
𝑖=1

, (3) 

and 

𝐽𝐷𝐼𝑀𝑖,𝑙(𝐼𝐼) =
𝛥𝑅𝑖𝑙

II

𝛥𝑅II
=

𝜕𝑅
𝜕𝑅𝑖

𝛥𝑅𝑖 +
𝜕𝑅
𝜕𝑅𝑙

𝛥𝑅𝑙 +
𝜕2𝑅
𝜕𝑅𝑖𝜕𝑅𝑙

𝛥𝑅𝑖𝛥𝑅𝑙

∑
𝜕𝑅
𝜕𝑅𝑖

𝛥𝑅𝑖
𝑛
𝑖=1 + ∑ ∑

𝜕2𝑅
𝜕𝑅𝑖𝜕𝑅𝑙

𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙>𝑖=1

𝑛
𝑖=1

. (4) 

By this definition, 𝐽𝐷𝐼𝑀𝑖,𝑙(𝐼𝐼) captures the second order interaction effects in determining component 𝑖 importance. 

2.2 Binary systems 
By using the definition of the consecutive-k-out-of-n: F system, we have 

𝑅(1𝑖 , 𝒑𝒊(𝒕)) = 𝑅(𝑝1, … , 𝑝𝑖−1, 1, 𝑝𝑖+1, … , 𝑝𝑛) = 𝑅(𝑝1, … , 𝑝𝑖−1)𝑅(𝑝𝑖+1, … , 𝑝𝑛) = 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑛]), 

𝑅(0𝑖, 𝒑𝒊(𝒕)) = 𝑅(𝑝1, … , 𝑝𝑖−1, 0, 𝑝𝑖+1, … , 𝑝𝑛) 
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= 𝑅([1] → [𝑖 − 1])𝑅(𝑝𝑖−𝑘+1, … , 𝑝𝑖−1, 0, 𝑝𝑖+1, … , 𝑝𝑖+𝑘−1)𝑅([𝑖 + 1] → [𝑛]) 

= 𝑅([1] → [𝑖 − 1])𝑅′([𝑖 − 𝑘 + 1] → [𝑖 + 𝑘 − 1])𝑅([𝑖 + 1] → [𝑛]), 

and 𝑅(𝑛) = 𝑝𝑖𝑅(1𝑖 , 𝒑𝒊(𝒕)) + 𝑞𝑖𝑅(0𝑖, 𝒑𝒊(𝒕)). 

By using the definition of the Birnbaum importance, we can obtain 

𝑅(𝐵𝑀𝑖) = 𝑅(1𝑖, 𝒑𝒊(𝒕)) − 𝑅(0𝑖, 𝒑𝒊(𝒕)) = 𝑅(1𝑖, 𝒑𝒊(𝒕)) −
𝑅(𝑛) − 𝑝𝑖𝑅(1𝑖 , 𝒑𝒊(𝒕))

𝑞𝑖
 

=
𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑛]) − 𝑅(𝑛)

𝑞𝑖
. 

Imposing 𝑖 + 1 < 𝑙, we can derive the following definition： 

𝑅(1𝑖, 1𝑙 , 𝒑𝒊(𝒕)) = 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅([𝑙 + 1] → [𝑛]), 

and  

𝑅(1𝑖 , 0𝑙 , 𝒑𝒊(𝒕)) = 𝑅(𝑝1, … , 𝑝𝑖−1, 1, 𝑝𝑖+1, … , 𝑝𝑙−1, 0, 𝑝𝑙+1, … , 𝑝𝑛) 

= 𝑅(𝑝1, . . . , 𝑝𝑖−1)𝑅(𝑝𝑖+1, … , 𝑝𝑙−1, 0, 𝑝𝑙+1, … , 𝑝𝑛) 

= 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅(𝑝𝑙−𝑘+1, … , 𝑝𝑙−1, 0, 𝑝𝑙+1, … , 𝑝𝑙+𝑘−1)𝑅([𝑙 + 1] → [𝑛]) 

= 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛]). 

Since the above formula helps us to derive the specific expansion of 𝐽𝑅𝐼(𝑖, 𝑙), we can obtain 

𝑅(1𝑖, 1𝑙 , 𝒑𝒊(𝒕)) − 𝑅(0𝑖, 1𝑙 , 𝒑𝒊(𝒕)) 

=
(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅([𝑙 + 1] → [𝑛]) + 𝑅(1𝑙 , 𝒑(𝒕))

𝑞𝑖(𝑡)𝑝𝑙(𝑡)
 

=
(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅([𝑙 + 1] → [𝑛]) + 𝑅([1] → [𝑙 − 1])𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑝𝑙(𝑡)
 

=
{(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1]) + 𝑅([1] → [𝑙 − 1])}𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑝𝑙(𝑡)
, 

and 

𝑅(1𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(0𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕)) 

=

{
(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])

∙ 𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])
} + 𝑅(0𝑙 , 𝒑𝒊𝒍(𝒕))

𝑞𝑖(𝑡)𝑞𝑙(𝑡)
 

=

(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])

+𝑅([1] → [𝑙 − 1])𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑞𝑙(𝑡)
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=

{(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1]) + 𝑅([1] → [𝑙 − 1])} ∙

𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑞𝑙(𝑡)
 

Then we have joint reliability importance for a consecutive-k-out-of-n: F system,  

𝑅(𝐽𝑅𝐼(𝑖, 𝑙)) = 𝑅(1𝑖, 1𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(0𝑖, 1𝑙 , 𝒑𝒊𝒍(𝒕)) − (𝑅(1𝑖 , 0𝑙 , 𝒑𝒊𝒍(𝒕)) − 𝑅(0𝑖, 0𝑙 , 𝒑𝒊𝒍(𝒕))) 

=
{(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1]) + 𝑅([1] → [𝑙 − 1])}𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑝𝑙(𝑡)
 

−

{
(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])

+𝑅([1] → [𝑙 − 1])
}𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑞𝑙(𝑡)
 

=

𝑞𝑙(𝑡) {
(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])

+𝑅([1] → [𝑙 − 1])
}𝑅([𝑙 + 1] → [𝑛])

𝑝𝑙(𝑡)𝑞𝑖(𝑡)𝑞𝑙(𝑡)
 

−

𝑝𝑙(𝑡) {
(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])

+𝑅([1] → [𝑙 − 1])
}𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛])

𝑞𝑙(𝑡)𝑞𝑖(𝑡)𝑝𝑙(𝑡)
 

= {
 
 

 
 
{

𝑞𝑙(𝑡)(𝑞𝑖(𝑡)𝑝𝑙(𝑡) − 𝑝𝑖(𝑡)𝑝𝑙(𝑡))

−𝑝𝑙(𝑡)(𝑞𝑖(𝑡)𝑞𝑙(𝑡) − 𝑝𝑖(𝑡)𝑞𝑙(𝑡))

∙ 𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])

}𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])

+{𝑞𝑙(𝑡) − 𝑝𝑙(𝑡)𝑅
′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1])}𝑅([1] → [𝑙 − 1]) }

 
 

 
 

𝑅([𝑙 + 1] → [𝑛])

𝑞𝑖(𝑡)𝑝𝑙(𝑡)𝑞𝑙(𝑡)
.  

With component 𝑖, when considering the effect of the sum of all other system component, the joint integrated 

importance for the consecutive-k-out-of-n: F system is 

𝐽𝐼𝐼𝑀𝑖(𝐼) = ∑ 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡)

𝑛

𝑙=1,𝑙≠𝑖

𝑅(𝐽𝑅𝐼(𝑖, 𝑙)). (5) 

The joint integrated importance of components 𝑖 and 𝑙 for the consecutive-k-out-of-n: F system is 

𝐽𝐼𝐼𝑀𝑖,𝑙(𝐼𝐼) = 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡) 𝑅(𝐽𝑅𝐼(𝑖, 𝑙)). (6) 

For component 𝑖, when the effect of the sum of all other system component is considered, the joint DIM for the 

consecutive-k-out-of-n: F system is 

𝐽𝐷𝐼𝑀𝑖(𝐼) =
𝛥𝑅𝑖

II

𝛥𝑅II
=

𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖 + ∑ 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙=1,𝑙≠𝑖

∑ 𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖
𝑛
𝑖=1 + ∑ ∑ 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

𝑛
𝑙>𝑖=1

𝑛
𝑖=1

. (7) 

The joint DIM of components 𝑖 and 𝑙 for the consecutive-k-out-of-n: F system is 
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𝐽𝐷𝐼𝑀𝑖,𝑙(𝐼𝐼) =
𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖 + 𝑅(𝐵𝑀𝑙)𝛥𝑅𝑙 + 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

∑ 𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖
𝑛
𝑖=1 + ∑ ∑ 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

𝑛
𝑙>𝑖=1

𝑛
𝑖=1

. (8) 

If the component reliability changes, the optimal component sequence may change. It is not difficult to know that the 

joint importance of the corresponding components changes with the change of the optimal system structure. We use the 

genetic algorithm to traverse the reliability of the system after different sequence of components. Then we select the 

arrangement that maximizes the reliability of the system as the optimal component sequence. Assume that 𝑅𝑜𝑝𝑡(𝐵𝑀𝑖) 

and 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙)) are the system or subsystem reliabilities obtained for the optimal component sequence at time t, i.e., 

bring the optimal component sequence into the 𝑅(𝐵𝑀𝑖)and𝑅(𝐽𝑅𝐼(𝑖, 𝑙)) in consecutive-k-out-of-n: F system proposed 

above. Then  𝐽𝐼𝐼𝑀𝑖(𝐼), 𝐽𝐼𝐼𝑀𝑖,𝑙(𝐼𝐼), 𝐽𝐷𝐼𝑀𝑖(𝐼), and 𝐽𝐷𝐼𝑀𝑖,𝑙(𝐼𝐼) for the optimal component sequence of the consecutive-k-

out-of-n: F system are 

𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) = ∑ 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡)

𝑛

𝑙=1,𝑙≠𝑖

𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙)), (9) 

𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) = 𝜆𝑖(𝑡)𝜆𝑙(𝑡)𝑅𝑖(𝑡)𝑅𝑙(𝑡) 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙)), (10) 

𝐽𝐷𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) =

𝛥𝑅𝑖
II

𝛥𝑅II
=

𝑅𝑜𝑝𝑡(𝐵𝑀𝑖)𝛥𝑅𝑖 + ∑ 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙=1,𝑙≠𝑖

∑ 𝑅𝑜𝑝𝑡(𝐵𝑀𝑖)𝛥𝑅𝑖
𝑛
𝑖=1 + ∑ ∑ 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

𝑛
𝑙>𝑖=1

𝑛
𝑖=1

, (11) 

and 

𝐽𝐷𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) =

𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖 + 𝑅(𝐵𝑀𝑙)𝛥𝑅𝑙 + 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

∑ 𝑅(𝐵𝑀𝑖)𝛥𝑅𝑖
𝑛
𝑖=1 +∑ ∑ 𝑅(𝐽𝑅𝐼(𝑖, 𝑙))𝛥𝑅𝑖𝛥𝑅𝑙

𝑛
𝑙>𝑖=1

𝑛
𝑖=1

. (12) 

2.3 Multistate systems 
Assume that the components in a multistate system are independent of each other. Assume that a component can only 

degrade for one state at a time, but the system may degrade for multiple states. We stipulate those components and 

system have 𝑀 + 1 states: 0,1, . . , 𝑀. We give 𝑆 = {𝑠1, 𝑠2, … , 𝑠𝑛}, 𝑠𝑖 is the state of component 𝑖(0 ≤ 𝑠𝑖 ≤ 𝑀). 𝑺𝒊 =

{𝑠1, 𝑠𝑖−1,∙, 𝑠𝑖+1… , 𝑠𝑛}. The component i in the state v can be expressed as a vector (𝑣𝑖, 𝑺𝒊). When the system state is m, 

𝜙(𝑣𝑖, 𝑺𝒊) = 𝑚, in order to enhance its applicability, we extend the two joint importance measures of reconfigurable 

systems to multistate systems. We stipulate 𝑅𝑖(𝑣) = Pr[𝑠𝑖 ≥ 𝑣] , 𝑅(𝑣𝑖 , 𝑺𝒊;𝑚) = 𝑃𝑟[𝜙(𝑣𝑖 , 𝑺𝒊) ≥ 𝑚]. Then,  

𝑑[𝑅(𝑣𝑖 , 𝑺𝒊) − 𝑅((𝑣 − 1)𝑖, 𝑺𝒊)]

𝑑𝑡
= ∑ { ∑

𝑑𝑅𝑙(𝑘)

𝑑𝑡

𝜕𝑅(𝑣𝑖 , 𝑺𝒊;𝑚)

𝜕𝑅𝑙(𝑘)

𝑛

𝑙=1,𝑙≠𝑖

− ∑
𝑑𝑅𝑙(𝑘)

𝑑𝑡

𝜕𝑅((𝑣 − 1)𝑖, 𝑺𝒊𝒍;𝑚)

𝜕𝑅𝑙(𝑘)

𝑛

𝑙=1,𝑙≠𝑖

}

𝑀

𝑚=1
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= ∑

{
 
 

 
 ∑

𝑑𝑅𝑙(𝑘)

𝑑𝑡
[𝑅(𝑣𝑖 , 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅(𝑣𝑖 , (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚)]

𝑛

𝑙=1,𝑙≠𝑖

− ∑
𝑑𝑅𝑙(𝑘)

𝑑𝑡
[𝑅((𝑣 − 1)𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅((𝑣 − 1)𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚)]

𝑛

𝑙=1,𝑙≠𝑖 }
 
 

 
 

𝑀+1

𝑚=0

 

= ∑ { ∑
𝑑𝑅𝑙(𝑘)

𝑑𝑡
[
𝑅(𝑣𝑖 , 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) + 𝑅((𝑣 − 1)𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚)

−𝑅(𝑣𝑖 , (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅((𝑣 − 1)𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚)
]

𝑛

𝑙=1,𝑙≠𝑖

}

𝑀+1

𝑚=0

 

= − ∑ ∑ 𝜆𝑙(𝑘)𝑅𝑙(𝑘) [
𝑅(𝑣𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) + 𝑅((𝑣 − 1)𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚)

−𝑅(𝑣𝑖 , (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅((𝑣 − 1)𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚)
]

𝑀+1

𝑚=0

𝑛

𝑙=1,𝑙≠𝑖

. 

(𝑖, 𝑙; 𝑣, 𝑘) indicates that the state of component 𝑖 is 𝑣, and the state of component 𝑙 is 𝑘. We can obtain, 

𝑅𝑚(𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘)) = ∑ [
𝑅(𝑣𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) + 𝑅((𝑣 − 1)𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚)

−𝑅(𝑣𝑖 , (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅((𝑣 − 1)𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚)
]

𝑀+1

𝑚=0

. 

The Birnbaum importance measure in multistate systems can be expressed as 

𝑅𝑚(𝐵𝑀𝑖,𝑣) = ∑ 𝑅(𝑣𝑖, 𝑺𝒊;𝑚) − 𝑅((𝑣 − 1)𝑖, 𝑺𝒊;𝑚)]

𝑀+1

𝑚=0

. 

For linear consecutive-k-out-of-n systems, we assume that 𝜉𝑖 is the threshold state of component 𝑖. Once the 

component state is degraded below the threshold state, it will fail. Similarly, we can obtain 

𝑅((≥ 𝜉𝑖)𝑖, (≥ 𝜉𝑙)𝑙 , 𝑺𝒊𝒍;𝑚) = 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅([𝑙 + 1] → [𝑛]), 

and  

𝑅((≥ 𝜉𝑖)𝑖, (< 𝜉𝑙)𝑙 , 𝑺𝒊𝒍;𝑚) = 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1]) ∙ 

𝑅((≥ 𝜉𝑙−𝑘+1)𝑙−𝑘+1, … , (≥ 𝜉𝑙−1)𝑙−1, (< 𝜉𝑙)𝑙 , (≥ 𝜉𝑙+1)𝑙+1, … , (≥ 𝜉𝑙+𝑘−1)𝑙+𝑘−1)𝑅(𝑙 + 1 → 𝑛) 

= 𝑅([1] → [𝑖 − 1])𝑅([𝑖 + 1] → [𝑙 − 1])𝑅′([𝑖 − 𝑘 + 1] → [𝑖 + 𝑘 − 1])𝑅([𝑙 + 1] → [𝑛]). 

𝑅((≥ 𝜉𝑙)𝑙 , 𝑺𝒍) = 𝑅𝑖(≥ 𝜉𝑖)𝑅𝑙(≥ 𝜉𝑙)𝑅((≥ 𝜉𝑖)𝑖 , (≥ 𝜉𝑙)𝑙 , 𝑺𝒊𝒍) + 𝑅𝑖(< 𝜉𝑖)𝑅𝑙(≥ 𝜉𝑙)𝑅((< 𝜉𝑖)𝑖 , (≥ 𝜉𝑙)𝑙 , 𝑺𝒊𝒍), 

𝑅((< 𝜉𝑙)𝑙 , 𝑺𝒍) = 𝑅𝑖(≥ 𝜉𝑖)𝑅𝑙(< 𝜉𝑙)𝑅((≥ 𝜉𝑖)𝑖 , (< 𝜉𝑙)𝑙 , 𝑺𝒊𝒍) + 𝑅𝑖(< 𝜉𝑖)𝑅𝑙(< 𝜉𝑙)𝑅((< 𝜉𝑖)𝑖 , (< 𝜉𝑙)𝑙 , 𝑺𝒊𝒍). 

According to the above formula, for different states of components, we can calculate the corresponding value of 

𝑅(𝑣𝑖 , 𝑘𝑙 , 𝑺𝒊𝒍;𝑚) + 𝑅((𝑣 − 1)𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅(𝑣𝑖, (𝑘 − 1)𝑙 , 𝑺𝒊𝒍;𝑚) − 𝑅((𝑣 − 1)𝑖, 𝑘𝑙 , 𝑺𝒊𝒍;𝑚). 

We stipulate that 𝑅𝑜𝑝𝑡
𝑚 (𝐵𝑀𝑖,𝑣) and 𝑅𝑜𝑝𝑡

𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘)) are the reliability of systems or subsystems obtained for the best 

configuration at time t in multistate systems.  

Subsequently, 𝐽𝐼𝐼𝑀𝑖;𝑣
𝑜𝑝𝑡(𝐼), 𝐽𝐼𝐼𝑀𝑖,𝑙;𝑣,𝑘

𝑜𝑝𝑡 (𝐼𝐼), 𝐽𝐷𝐼𝑀𝑖;𝑣
𝑜𝑝𝑡(𝐼), and𝐽𝐷𝐼𝑀𝑖,𝑙;𝑣,𝑘

𝑜𝑝𝑡 (𝐼𝐼) for the optimal component sequence of the 
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consecutive-k-out-of-n: F system in multistate systems can respectively be obtained 

𝐽𝐼𝐼𝑀𝑖;𝑣
𝑜𝑝𝑡(𝐼) = ∑ 𝜆𝑖(𝑣)𝜆𝑙(𝑘)𝑅𝑖(𝑣)𝑅𝑙(𝑘)

𝑛

𝑙=1,𝑙≠𝑖

𝑅𝑜𝑝𝑡
𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘)), (13) 

𝐽𝐼𝐼𝑀𝑖,𝑙;𝑣,𝑘
𝑜𝑝𝑡 (𝐼𝐼) = 𝜆𝑖(𝑣)𝜆𝑙(𝑘)𝑅𝑖(𝑣)𝑅𝑙(𝑘) 𝑅𝑜𝑝𝑡

𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘)), (14) 

𝐽𝐷𝐼𝑀𝑖;𝑣
𝑜𝑝𝑡(𝐼) =

𝛥𝑅𝑖
II

𝛥𝑅II
=

𝑅𝑜𝑝𝑡
𝑚 (𝐵𝑀𝑖,𝑣)𝛥𝑅𝑖 + ∑ 𝑅𝑜𝑝𝑡

𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘))𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙=1,𝑙≠𝑖

∑ 𝑅𝑜𝑝𝑡
𝑚 (𝐵𝑀𝑖,𝑣)𝛥𝑅𝑖

𝑛
𝑖=1 + ∑ ∑ 𝑅𝑜𝑝𝑡

𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘))𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙>𝑖=1

𝑛
𝑖=1

, (15) 

𝐽𝐷𝐼𝑀𝑖,𝑙;𝑣,𝑘
𝑜𝑝𝑡 (𝐼𝐼) ==

𝑅𝑜𝑝𝑡
𝑚 (𝐵𝑀𝑖,𝑣)𝛥𝑅𝑖 + 𝑅𝑜𝑝𝑡

𝑚 (𝐵𝑀𝑙,𝑘)𝛥𝑅𝑙 + 𝑅𝑜𝑝𝑡
𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘))𝛥𝑅𝑖𝛥𝑅𝑙

∑ 𝑅𝑜𝑝𝑡
𝑚 (𝐵𝑀𝑖,𝑣)𝛥𝑅𝑖

𝑛
𝑖=1 + ∑ ∑ 𝑅𝑜𝑝𝑡

𝑚 (𝐽𝑅𝐼(𝑖, 𝑙; 𝑣, 𝑘))𝛥𝑅𝑖𝛥𝑅𝑙
𝑛
𝑙>𝑖=1

𝑛
𝑖=1

. (16) 

3 Properties on the proposed measures 
In many actual application scenarios, the components (such as telecommunication and pipe-line networks, etc.) in a 

consecutive n-th system may be identical. When the lifetime of all components are independently and identically  

distributed, the characteristics of the joint importance measure of the optimal component sequence appear particularly 

important. We have the following discussions. 

We will then give some properties of joint importance measures for an optimal component sequence in a linear 

consecutive-k-out-of-n: F system as follows. The following theorems are all based on the hypothesis that the components 

are independent and identically distributed. 

Theorem 1 For the optimal component sequence of a linear consecutive-k-out-of-n: F system, when all components 

are independently and identically distributed, and 𝑝1(𝑡) = 𝑝2(𝑡) = ⋯ = 𝑝𝑛(𝑡) = 𝑝(𝑡). When 𝑘 is determined, 

𝑅′([𝑙 − 𝑘 + 1] → [𝑙 + 𝑘 − 1]) can be regarded as a constant. 

The proof of this theorem and those of the other theorems are given in Appendix. 

Theorem 2 For the optimal component sequence of a linear consecutive-k-out-of-n: F system, assume that when all 

components are independently and identically distributed, and 𝑝1(𝑡) = 𝑝2(𝑡) = ⋯ = 𝑝𝑛(𝑡) = 𝑝(𝑡). 

 If 𝜆𝑖(𝑡) ≤ 𝜆𝑖+1(𝑡), then 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐼𝐼𝑀𝑖+1,𝑙

𝑜𝑝𝑡 (𝐼𝐼), for 𝑖 < 𝑘; 

 If 𝜆𝑙(𝑡) ≤ 𝜆𝑙+1(𝑡), then 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐼𝐼𝑀𝑖,𝑙+1

𝑜𝑝𝑡 (𝐼𝐼), for 𝑙 < 𝑘; 

 If 𝜆𝑖(𝑡) ≤ 𝜆𝑖+1(𝑡), 𝜆𝑙(𝑡) ≤ 𝜆𝑙+1(𝑡), then 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐼𝐼𝑀𝑖+1,𝑙+1

𝑜𝑝𝑡 (𝐼𝐼)，for 𝑖 < 𝑙 < 𝑘; 

 For 𝑛 − 𝑘 < 𝑖 < 𝑙 < 𝑘 ， 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙)) = 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖 + 1, 𝑙)) = 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖, 𝑙 + 1)) = 𝑅𝑜𝑝𝑡(𝐽𝑅𝐼(𝑖 + 1, 𝑙 +

1)) 

Similarly, we can draw the following inference. 
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Theorem 3 For the optimal component sequence of a linear consecutive-k-out-of-n: F system, assume that 𝑝1(𝑡) =

𝑝2(𝑡) = ⋯ = 𝑝𝑛(𝑡) = 𝑝(𝑡). 

 For 𝑛 − 𝑘 < 𝑖 < 𝑘，𝑅𝑜𝑝𝑡(𝐵𝑀𝑖) = 𝑅𝑜𝑝𝑡(𝐵𝑀𝑖+1); 

 If 𝛥𝑅𝑖 ≤ 𝛥𝑅𝑖+1 then 𝐽𝐷𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐷𝐼𝑀𝑖+1,𝑙

𝑜𝑝𝑡 (𝐼𝐼)，for 𝑖 < 𝑘; 

 If 𝛥𝑅𝑙 ≤ 𝛥𝑅𝑙+1, , then 𝐽𝐷𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐷𝐼𝑀𝑖,𝑙+1

𝑜𝑝𝑡 (𝐼𝐼), for 𝑙 < 𝑘; 

 If 𝛥𝑅𝑖 ≤ 𝛥𝑅𝑖+1, 𝛥𝑅𝑙 ≤ 𝛥𝑅𝑙+1, then 𝐽𝐷𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) < 𝐽𝐷𝐼𝑀𝑖+1,𝑙+1

𝑜𝑝𝑡 (𝐼𝐼), for 𝑖 < 𝑙 < 𝑘. 

Under hypothetical conditions, when adjacent components 𝑖 and 𝑖 + 1 fail respectively,  𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) relates to the 

failure rate of components 𝑖 and 𝑖 + 1. When component 𝑖 fails, 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) relates to the failure rate of components 𝑙 

and 𝑙 + 1. The same properties are also shown in 𝐽𝐷𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼).  

According to Theorems 2 and 3, we can know from it, when considering the impact of one component on the 

system reliability and another component fails, the component that has the greatest impact on system reliability can be 

selected for preventive maintenance. This provides information on which component is the more important and improve 

it first. Under this strategy, we can improve system reliability as high as possible. 𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑖

𝑜𝑝𝑡(𝐼) are the 

influence of component i on the system reliability when considering the sum of all other system components. Moreover, 

we propose Theorem 4 for the change of component 𝑖. 

Theorem 4 For the optimal component sequence of a linear consecutive-k-out-of-n: F system, assume that 𝑝1(𝑡) =

𝑝2(𝑡) = ⋯ = 𝑝𝑛(𝑡) = 𝑝(𝑡). 

 If 𝜆𝑖(𝑡) ≤ 𝜆𝑖+1(𝑡), then 𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) < 𝐽𝐼𝐼𝑀𝑖+1

𝑜𝑝𝑡(𝐼), for 𝑖 < 𝑘; 

 If 𝛥𝑅𝑖 ≤ 𝛥𝑅𝑖+1, then 𝐽𝐷𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) < 𝐽𝐷𝐼𝑀𝑖+1

𝑜𝑝𝑡(𝐼) for 𝑖 < 𝑘 

According to Theorem 4, for component 𝑖, the effect of component 𝑖 on system reliability is less than that of 

component 𝑖 + 1 when the influence of the sum of all other system components is considered and the failure rate 

function of component 𝑖 is smaller than that of component 𝑖 + 1. Then, when the impact of component 𝑖 on system 

reliability is considered, the most important components can be determined. 

4 Numerical examples 

In this section, we analyze the value changes of 𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) ,𝐽𝐼𝐼𝑀𝑖,𝑙

𝑜𝑝𝑡(𝐼𝐼),  𝐽𝐷𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼), and 𝐽𝐷𝐼𝑀𝑖,𝑙

𝑜𝑝𝑡(𝐼𝐼) for the 

optimal system structure when n = 5 and n = 10 in linear consecutive-k-out-of-n: F(G) systems. We assume that the 

target component n follows the Weibull distribution so that the influence of the shape parameters of the components on 
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the joint importance measure can be analyzed. . Denote the Weibull distribution  by 𝐹(𝑡) = 1 − 𝑒𝑥𝑝 [−(𝑡/𝛽)𝛼], 𝛽, 𝛼>0, 

where 𝛼 and 𝛽 are the shape and scale parameters, respectively. Meanwhile, for easy calculation, the other components 

(components 1~n-1) are assumed to follow the exponential distribution with failure rate: 0.2: 0.2: 0.2(𝑖 − 1). That is, the 

failure rate of component reliability gradually increases with a common difference of 0.2. As we all know, the life of the 

system is generally described as three periods in a bathtub curve, and the components will have three situations of 

decreasing, constant and increasing failure rate, so we use α=0.1, α=1, and α=3 to describe these three periods 

respectively. 

For simplicity, the simulation of 𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑖

𝑜𝑝𝑡(𝐼) are carried out for target component n, and the 

following description is abbreviated as 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼). In particular, when calculating the joint importance 

of the second-order interaction, the importance is the joint measure of component n and component n-1. The following 

description of 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) and 𝐽𝐷𝐼𝑀𝑖,𝑙

𝑜𝑝𝑡(𝐼𝐼) is abbreviated as 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼). 

4.1 Linear consecutive-k-out-of-5 system 
The optimal component sequence in a linear consecutive-2-out-of-5: F(G) system changes with time. Table 1 and 

Table 2 present the optimal component sequence of a linear consecutive-2-out-of-5: F(G) system at different moments, 

respectively. The simulation of 𝐽𝐼𝐼𝑀𝑖
𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑖

𝑜𝑝𝑡(𝐼) are carried out for component 5, and the following 

description is abbreviated as 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼). The simulation of 𝐽𝐼𝐼𝑀𝑖,𝑙
𝑜𝑝𝑡(𝐼𝐼) and 𝐽𝐷𝐼𝑀𝑖,𝑙

𝑜𝑝𝑡(𝐼𝐼) are 

carried out for component 5 and component 4. The joint importance of component 5 for a linear consecutive-2-out-of-5 

system is given in Fig. 1.  

Table 1. Optimal component sequence in linear consecutive-2-out-of-5: F systems when shape parameter is 0.1. 

T optimal configuration 

0 5  1  3  4  2 

1.1163 4  1  3  2  5 

1.5548 4  1  5  2  3 

2.4319 4  1  2  5  3 

5.2824 4  5  2  1  3 

Table 2. Optimal component sequence in linear consecutive-2-out-of-5: G systems when shape parameter is 0.1. 

t optimal configuration 
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0 5  1  3  4  2 

1.1163 4  1  3  2  5 

1.5548 4  1  5  2  3 

2.4319 4  1  2  5  3 

5.2824 4  5  2  1  3 

 

 

(a) Joint importance of component 5 when shape parameter is 0.1 for F system   (b) Joint importance of component 5 

when shape parameter is 0.1 for G system 

 

(c) Joint importance of component 5 when shape parameter is 1 for F system          (d) Joint importance of component 5 

when shape parameter is 1 for G system 
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(e) Joint importance of component 5 when shape parameter is 3 for F system          (f) Joint importance of component 5 

when shape parameter is 3 for G system 

Fig. 1 Joint importance of component 5 with optimal component sequence when n=5, k=2. 

For linear consecutive-2-out-of-5: F(G) systems, when the shape parameter is 0.1 and the optimal component 

sequence changes, the two proposed joint importance measures are most obviously affected by the optimal ranking of 

components. 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) of the corresponding components sometimes jumps upwards. Specifically, it 

can be identified from the Figs. 1(a) and 1(b). In Figs. 1(b), 1(d), 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼), 𝑎𝑛𝑑 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) have relatively large 

fluctuations. But like 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼), and 𝐽𝐼𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) under other different parameters, it gradually approaches 0 as time 

evolves. The importance of the target component changes irregularly with time. The change in the reliability of the target 

component may cause the rearrangement of the optimal component sequence, and the importance of the new optimal 

component sequence will be determined again. This also means that the reliability of components will affect the joint 

importance. Furthermore, its influence on 𝐽𝐷𝐼𝑀𝑜𝑝𝑡is more significant 

Fig. 2 shows the change of the corresponding joint importance of the target component under different scale 

parameters and shape parameters. 

 

  (a) Joint importance of component 5 for F system at t=0.5          (b) Joint importance of component 5 for G system at 
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t=0.5 

 

  (c) Joint importance of component 5 for F system at t=4           (d) Joint importance of component 5 for G system at t=4 

 

  (e) Joint importance of component 5 for F system at t=7.5           (f) Joint importance of component 5 for G system at 

t=7.5 

Fig. 2 The joint importance of component 5 under different combinations of 𝛼 and 𝛽 when n=5, k=2 (t=0.5, t=4, t=7.5) 

According to Fig. 2, we can observe that under different shape parameters and scale parameters, the corresponding 

four joint importance measures have different degrees of change. For the F and G systems at t=0.5, i.e., Figs. 2(a) and 

2(b), with the simultaneous increase of 𝛼 and 𝛽, 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼), and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) have an increasing trend. At t=4, i.e., 

Figs. 2 (c) and 2(d), 𝛼 increases whereas 𝛽 decreases, 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) ncrease. Compared with 𝐽𝐷𝐼𝑀𝑜𝑝𝑡, 

𝐽𝐼𝐼𝑀𝑜𝑝𝑡 changes irregularly at t=0.5. 𝐽𝐼𝐼𝑀𝑜𝑝𝑡 gradually approaches 0 as time increases. In other words, the optimal 

configuration has less effect on 𝐽𝐼𝐼𝑀𝑜𝑝𝑡 in linear consecutive-2-out-of-5 systems.  

Combining component 1 and component 5 to calculate the joint importance measure when shape parameter is 0.1, 

1, and 3 in linear consecutive-2-out-of-5: F(G) system, respectively, then the results are shown in Fig. 3. With the 

increase of time, the reliability of the system shows a downward trend. In addition, we can find the behavior of joint 

importance measure of component 1 and component 5 and the joint importance measure of component 5 and component 

4 (The simulation above is the joint importance measure between components n and n-1) are different. Similarly, we can 

calculate the joint importance of other components and the target component. When applied to the preventive 
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maintenance process, if the target component fails, other components can be sorted according to the joint importance, so 

as to find the best solution to improve system reliability.  

 

(a) Joint importance of component 5 when shape parameter is 0.1 for F system   (b) Joint importance of component 5 

when shape parameter is 0.1 for G system 

 

(c) Joint importance of component 5 when shape parameter is 1 for F system          (d) Joint importance of component 5 

when shape parameter is 1 for G system 

 

(e) Joint importance of component 5 when shape parameter is 3 for F system          (f) Joint importance of component 5 

when shape parameter is 3 for G system 

Fig. 3 Joint importance of component 1 and component 5 with optimal component sequence when n=5, k=2 

Figs. 4 and 5 show the changes in the joint importance measure of components 5 when n=5, k=3 and n=5, k=4 with 

optimal component sequence. 
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(a) Joint importance of component 5 when shape parameter is 0.1 for F system   (b) Joint importance of component 5 

when shape parameter is 0.1 for G system 

 

(c) Joint importance of component 5 when shape parameter is 1 for F system          (d) Joint importance of component 5 

when shape parameter is 1 for G system 

 

(e) Importance of component 5 when shape parameter is 3 for F system          (f) Importance of component 5 when shape 

parameter is 3 for G system 
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Fig. 4 Joint importance of component 5 with optimal component sequence when n=5, k=3. 

 

(a) Joint importance of component 5 when shape parameter is 0.1 for F system    (b) Joint importance of component 5 

when shape parameter is 0.1 for G system 

 

(c) Joint importance of component 5 when shape parameter is 1 for F system          (d) Joint importance of component 5 

when shape parameter is 1 for G system 

 

(e) Joint importance of component 5 when shape parameter is 3 for F system     (f) I Joint importance of component 5 
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when shape parameter is 3 for G system 

Fig. 5 Joint importance of component 5 with optimal component sequence when n=5, k=4 

4.2 Linear consecutive-k-out-of-10 system 
Fig. 6 shows the four joint importance measures of component 10 with different shape parameters in a linear 

consecutive-2-out-of-10 system with the optimal component sequence. When the shape parameter of the Weibull 

distribution of component 10 is 0.1 for the F system and 0.1 for the G system, there are many optimal component 

sequences in these systems, and the 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼) and 𝐽𝐷𝐼𝑀𝑜𝑝𝑡(𝐼𝐼) values have changed greatly. Obviously, the curve of 

the 𝐽𝐷𝐼𝑀𝑜𝑝𝑡 of component 10 shows an increasing trend after the jump. At this time, the corresponding 𝐽𝐷𝐼𝑀𝑜𝑝𝑡 is 

undergoing a non-monotonous and unsmooth change. Furthermore, we can see that no matter what kind of system and 

shape parameter is 𝐽𝐼𝐼𝑀𝑜𝑝𝑡 for, it remains at 0 with relatively smooth fluctuations. 

 

(a)Joint importance of component 10 when shape parameter is 0.1 for F system (b) Joint importance of component 10 

when shape parameter is 0.1 for G system 

 

(c) Joint importance of component 10 when shape parameter is 1 for F system   (d) Joint importance of component 10 

when shape parameter is 1 for G system 
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(e) Joint 

importance of component 10 when shape parameter is 3 for F system   (f) Joint importance of component 10 when shape 

parameter is 3 for G system 

Fig. 6 Joint importance of component 10 with optimal component sequence when n=10, k=2. 

Figs. 7 and 8 give different joint importance measures of the component 10 with different shape parameters in a 

linear consecutive-4-out-of-10 system and in a linear consecutive-8-out-of-10 system with the optimal component 

sequence Similarly, we can find the characteristics. Therefore, the change in 𝐽𝐷𝐼𝑀𝑜𝑝𝑡 of the component 10 is closely 

related to the optimal system structure.  

(a) Joint 

importance of component 10 when shape parameter is 0.1 for F system(b) Joint importance of component 10 when shape 

parameter is 0.1 for G system 
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(c) Joint importance of component 10 when shape parameter is 1 for F system (d) Joint importance of component 10 

when shape parameter is 1 for G system 

(e) Joint 

importance of component 10 when shape parameter is 3 for F system   (f) Joint importance of component 10 when shape 

parameter is 3 for G system 

Fig. 7 Joint importance of component 10 with optimal component sequence when n=10, k=4 

(a) (a) Joint 
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importance of component 10 when shape parameter is 0.1 for F system(b) Joint importance of component 10 when shape 

parameter is 0.1 for G system 

(c) (c) Joint 

importance of component 10 when shape parameter is 1 for F system   (d) Joint importance of component 10 when shape 

parameter is 1 for G system 

(e) Joint 

importance of component 10 when shape parameter is 3 for F system    (f) Joint importance of component 10 when 

shape parameter is 3 for G system Fig. 8 Fig. 8 Joint importance of component 10 with optimal component sequence 

when n=10, k=8 

 

 

4. Conclusions 

 

This paper derived a joint integrated importance measure and a joint differential importance measure for 

linear consecutive-k-out-of-n systems and proposed the definition under the optimal component sequence. 

It also investigated some properties of the proposed measures and performed analysis of the four joint 
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importance measures for the optimal system structure of the multistate linear consecutive-k-out-of-n 

systems. The original optimal component sequence can be rearranged after the reliability of the target 

component changes, and it is reflected in the corresponding joint importance, which also means that the joint 

importance of the components is related to the optimal system structure. The shape parameters of the Weibull 

distribution followed the components are different, that is, the trend of component failure rate is different, 

then the behavior of the joint importance measures is different. When the shape parameter is 0.1, the joint 

importance measure at this time is most obviously affected by the optimal allocation of components. 
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