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Abstract. Graded type theories are an emerging paradigm for aug-
menting the reasoning power of types with parameterizable, fine-grained
analyses of program properties. There have been many such theories
in recent years which equip a type theory with quantitative dataflow
tracking, usually via a semiring-like structure which provides analysis on
variables (often called ‘quantitative’ or ‘coeffect’ theories). We present
Graded Modal Dependent Type Theory (GRTT for short), which equips
a dependent type theory with a general, parameterizable analysis of the
flow of data, both in and between computational terms and types. In
this theory, it is possible to study, restrict, and reason about data use in
programs and types, enabling, for example, parametric quantifiers and
linearity to be captured in a dependent setting. We propose GRTT, study
its metatheory, and explore various case studies of its use in reasoning
about programs and studying other type theories. We have implemented
the theory and highlight the interesting details, including showing an
application of grading to optimising the type checking procedure itself.

1 Introduction

The difference between simply-typed, polymorphically-typed, and dependently-
typed languages can be characterised by the dataflow permitted by each type
theory. In each, dataflow can be enacted by substituting a term for occurrences
of a variable in another term, the scope of which is delineated by a binder. In
the simply-typed A-calculus, data can only flow in ‘computational’ terms; com-
putations and types are separate syntactic categories, with variables, bindings
(M), and substitution—and thus dataflow—only at the computational level. In
contrast, polymorphic calculi like System F [26,51] permit dataflow within types,
via type quantification (V), and a limited form of dataflow from computations to
types, via type abstraction (A) and type application. Dependently-typed calculi
(e.g., [14,40,41,42]) break down the barrier between computations and types fur-
ther: variables are bound simultaneously in types and computations, such that
data can flow both to computations and types via dependent functions (IT) and
application. This pervasive dataflow enables the Curry-Howard correspondence
to be leveraged for program reasoning and theorem proving [58]. However, un-
restricted dataflow between computations and types can impede reasoning and
can interact poorly with other type theoretic ideas.
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Firstly, System F allows parametric reasoning and notions of representa-
tion independence [52,56], but this is lost in general in dependently-typed lan-
guages when quantifying over higher-kinded types [44] (rather than just ‘small’
types [7,36]). Furthermore, unrestricted dataflow impedes efficient compilation
as compilers do not know, from the types alone, where a term is actually needed.
Additional static analyses are needed to recover dataflow information for opti-
misation and reasoning. For example, a term shown to be used only for type
checking (not flowing to the computational ‘run time’ level) can be erased [9)].
Thus, dependent theories do not expose the distinction between proof relevant
and irrelevant terms, requiring extensions to capture irrelevance [4,49,50]. Whilst
unrestricted dataflow between computations and terms has its benefits, the per-
missive nature of dependent types can hide useful information. This permissive-
ness also interacts poorly with other type theories which seek to deliberately
restrict dataflow, notably linear types.

Linear types allow data to be treated as a ‘resource’ which must be consumed
exactly once: linearly-typed values are restricted to linear dataflow [27,57,59].
Reasoning about resourceful data has been exploited by several languages, e.g.,
ATS [53], Alms [55], Clean [18], Granule [45], and Linear Haskell [8]. However,
linear dataflow is rare in a dependently-typed setting. Consider typing the body
of the polymorphic identity function in Martin-Lof type theory:

a:Type,x:atx:a

This judgment uses a twice (typing z in the context and the subject of the judg-
ment) and x once in the term but not at all in the type. There have been vari-
ous attempts to meaningfully reconcile linear and dependent types [12,15,37,39]
usually by keeping them separate, allowing types to depend only on non-linear
variables. All such theories cannot distinguish variables used for computation
from those used purely for type formation, which could be erased at runtime.

Recent work by McBride [43], refined by Atkey [6], generalises ideas from
‘coeffect analyses’ (variable usage analyses, like that of Petricek et al. [48]) to a
dependently-typed setting to reconcile the ubiquitous flow of data in dependent
types with the restricted dataflow of linearity. This approach, called Quantitative
Type Theory (QTT), types the above example as:

a(:)Type,x%al—x}a

The annotation 0 on a explains that we can use a to form a type, but we
cannot, or do not, use it at the term level, thus it can be erased at runtime. The
cornerstone of QTT’s approach is that dataflow of a term to the type level counts
as 0 use, so arbitrary type-level use is allowed whilst still permitting quantitative
analysis of computation-level dataflow. Whilst this gives a useful way to relate
linear and dependent types, it cannot however reason about dataflow at the type-
level (all type-level usage counts as 0). Thus, for example, QTT cannot express
that a variable is used just computationally but not at all in types.

In an extended abstract, Abel proposes a generalisation of QTT to track vari-
able use in both types and computations [2], suggesting that tracking in types
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enables type checking optimisations and increased expressivity. We develop a
core dependent type theory along the same lines, using the paradigm of grading:
graded systems augment types with additional information, capturing the struc-
ture of programs [23,45]. We therefore name our approach Graded Modal Depen-
dent Type Theory (GRTT for short). Our type theory is parameterised by a semir-
ing which, like other coeffect and quantitative approaches [3,6,10,25,43,48,60],
describes dataflow through a program, but in both types and computations equally,
remedying QTT’s inability to track type-level use. We extend Abel’s initial idea
by presenting a rich language, including dependent tensors, a complete metathe-
ory, and a graded modality which aids the practical use of this approach (e.g.,
enabling functions to use components of data non-uniformly). The result is a
calculus which extends the power of existing non-dependent graded languages,
like Granule [45], to a dependent setting.

We begin with the definition of GRTT in Section 2, before demonstrating the
power of GRTT through case studies in Section 3, where we show how to use
grading to restrict GRTT terms to simply-typed reasoning, parametric reasoning
(regaining universal quantification smoothly within a dependent theory), exis-
tential types, and linear types. The calculus can be instantiated to different kinds
of dataflow reasoning: we show an example application to information-flow secu-
rity. We then show the metatheory of GRTT in Section 4: admissibility of graded
structural rules, substitution, type preservation, and strong normalisation.

We implemented a prototype language based on GRTT called Gerty.? We
briefly mention its syntax in Section 2.5 for use in examples. Later, Section 5
describes how the formal definition of GRTT is implemented as a bidirectional
type checking algorithm, interfacing with an SMT solver to solve constraints
over grades. Furthermore, Abel conjectured that a quantitative dependent the-
ory could enable usage-based optimisation of type-checking itself [2], which would
assist dependently-typed programming at scale. We validate this claim in Sec-
tion 5 showing a grade-directed optimisation to Gerty’s type checker.

Section 6 discusses next steps for increasing the expressive power of GRTT.
Full proofs and details are provided in Appendix A.2.

Gerty has some similarity to Granule [45]: both are functional languages
with graded types. However, Granule has a linearly typed core and no dependent
types (only indexed types), thus has no need for resource tracking at the type
level (type indices are not subject to tracking and their syntax is restricted).

2 GrTT: Graded Modal Dependent Type Theory

GRTT augments a standard presentation of dependent type theory with ‘grades’
(elements of a semiring) which account for how variables are used, i.e., their
dataflow. Whilst existing work uses grades to describe usage only in computa-
tional terms (e.g. [10]), GRTT incorporates additional grades to account for how
variables are used in types. We introduce here the syntax and typing, and briefly
show the syntax of the implementation. Section 4 describes its metatheory.

3 https://github.com/granule-project/gerty /releases /tag/esop2021
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2.1 Syntax

The syntax of GRTT is that of a standard Martin-Lof type theory, with the
addition of a graded modality and grade annotations on function and tensor
binders. Throughout, s and r range over grades, which are elements of a semiring
(R,*,1,+,0). It is instructive to instantiate this semiring to the natural number
semiring (N, x, 1, +,0), which captures the exact number of times variables are
used. We appeal to this example in descriptions here.

GRTT has a single syntactic sort for computations and types:

(terms) t,A,B,C ==z | Type,
| (.13 (s,r) A) — B | Az.t I t1to
| (x: A)®@ B | (t1,t2) | let(z,y) =t1ints
| |:|9A | Ot | let Oz = tl in tg
(levels) lx=0]sucl]|iiUls

Terms include variables and a constructor for an inductive hierarchy of universes,
annotated by a level I. Dependent function types are annotated with a pair of
grades s and r, with s capturing how z is used in the body of the inhabiting
function and r capturing how x is used in the codomain B. Dependent tensors
have a single grade r, which describes how the first element is used in the typ-
ing of the second. The graded modal type operator (13 A ‘packages’ a term and
its dependencies so that values of type A can be used with grade s in the fu-
ture. Graded modal types are introduced via promotion [t and eliminated via
let Odx = t1inty. The following sections explain the semantics of each piece of
syntax with respect to its typing. We typically use A and B to connote terms
used as types.

2.2 Typing Judgments, Contexts, and Grading

Typing judgments are written in either of the following two equivalent forms:

(Aloy o) Ol Ft: A (s)orre:a

o2
The ‘horizontal” syntax (left) is used most often, with the equivalent ‘vertical’
form (right) used for clarity in some places. Ignoring the part to the left of ©,
typing judgments and their rules are essentially those of Martin-Lof type theory
(with the addition of the modality) where I" ranges over usual dependently-typed
typing contexts. The left of ® provides the grading information, where o and A
range over grade vectors and context grade vectors respectively, of the form:

(contexts) (grade vectors) (context grade vectors)
=0 | z:A cu=0]o0s Az=0| Ao

A grade vector o is a vector of semiring elements, and a context vector A is a
vector of grade vectors. We write (s1, ..., s,) to denote an n-vector and likewise
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for context grade vectors. We omit parentheses when this would not cause ambi-
guity. Throughout, a comma is used to concatenate vectors and disjoint contexts,
and to extend vectors with a single grade, grade vector, or typing assumption.

For a judgment (A | o5 | 0.) ® I' F t : A the vectors I', A, o5, and o, are
all of equal size. Given a typing assumption y : B at index ¢ in I', the grade
os[i] € R denotes the use of y in t (the subject of the judgment), the grade
o.[i] € R denotes the use of y in A (the subject’s type), and Ali] € R? (of size i)
describes how assumptions prior to y are used to form y’s type, B.

Consider the following example, which types the body of a function that
takes two arguments of type a, and returns only the first:

((),(01’)1,’(3,0)> ©a:Type,z:a,y:akx:a
1,0,0
Let the context grade vector be called A. Then, A[0] = () (empty vector) explains
that there are no assumptions that are used to type a in the context, as Type,
is a closed term and the first assumption. A[1] = (1) explains that the first
assumption a is used (grade 1) in the typing of 2 in the context, and A[2] = (1, 0),
explains that a is used once in the typing of y in the context, and x is unused in
the typing of y. The subject grade vector o5 = (0,1,0) explains that a is unused
in the subject, x is used once, and y is unused. Finally, the subject type vector
or = (1,0,0) explains that a appears once in the subject’s type (which is just
a), and = and y are unused in the formation of the subject’s type.

To aid reading, recall that standard typing rules typically have the form
context b subject : subject-type, the order of which is reflected by (A | o5 | 0,)®. ..
giving the context, subject, and subject-type grading respectively.

Well-formed Contexts The relation A® I | identifies a context I" as well-formed
with respect to context grade vector A, defined by the following rules:

Wil (Alo|0)oT'F A: Type

E
e Aocola:Ar Xt

Unlike typing, well-formedness does not need to include subject and subject-type
grade vectors, as it considers only the well-formedness of the assumptions in a
context with respect to prior assumptions in the context. The WF{ rule states
that the empty context is well-formed with an empty context grade vector as
there are no assumptions to account for. The WFEXT rule states that given A
is a type under the assumptions in I', with ¢ accounting for the usage of I’
variables in A, and A accounting for usage within I", then we can form the well-
formed context I,z : A by extending A with o to account for the usage of A
in forming the context. The notation 0 denotes a vector for which each element
is the semiring 0. Note that the well-formedness A ® I' I is inherent from the
premise of WFEXT due to the following lemmas:

Lemma 1 (Typing contexts are well-formed). If (A|oy|o)OT'Ht: A
then A I .
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2.3 Typing Rules

We examine the typing rules of GRTT one at a time. The rules are collected in
Appendix A.1.
Variables are introduced as follows:

(A1,0,42) O I, A, T = | Ay = (1]

A VAR
(A1,0,A504111,0]0,0,0)0 1, 2: AT Faz: A

The premise identifies I,z : A, I'5 as well-formed under the context grade vector
Ay, 0, As. By the size condition | Ay | = |I']|, we are able to identify o as capturing
the usage of the variables I in forming A. This information is used in the
conclusion, capturing type-level variable usage as o, 0, 0, which describes that I’}
is used according to o in the subject’s type (A), and that the  and the variables
of I'; are used with grade 0. For subject usage, we annotate the first zero vector
with a size |A;|, allowing us to single out z as being the only assumption used
with grade 1 in the subject; all other assumptions are used with grade 0.
For example, typing the body of the polymorphic identity ends with VAR:

0. o Typeab " O =a: Tyeel |

((0,(1))]0,1]1,0)©a:Type,z:atz:a

The premise implies that ((),1,0) ®a : Type I a : Type by the following lemma:

Lemma 2 (Typing an assumption in a well-formed context). If Aq, 0, Ay
O,z : A Iy with |Ay| = |I1], then (A1 | o | 0)© It A : Type; for somel.

In the conclusion of VAR, the typing ((),1,0)®a : Type F a : Type is ‘distributed’
to the typing of = in the context and to the formation the subject’s type. Thus
subject grade (0,1) corresponds to the absence of a from the subject and the
presence of z, and subject-type grade (1,0) corresponds to the presence of a in
the subject’s type (a), and the absence of .

Typing universes are formed as follows:

AOT'F
(A | 0 | O)QFl_Typel:Typesucl

Type

We use an inductive hierarchy of universes [46] with ordering < such that
I < suc [. Universes can be formed under any well-formed context, with every
assumption graded with 0 subject and subject-type use, capturing the absence
of any assumptions from the universes, which are closed forms.

Functions Function types (z :(s,) A) — B are annotated with two grades:
explaining that z is used with grade s in the body of the inhabiting function
and with grade r in B. Function types have the following formation rule:

(Alo|[0)OI'- A:Type, (A,01|02,7][0)Oz: Al B: Type,
(Alor+02]0)OTE (x5 A) = B : Typey, 1y,
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The usage of the dependencies of A and B (excepting x) are given by o1 and o
in the premises (in the ‘subject’ position) which are combined as o1 + o9 (via
pointwise vector addition using the + of the semiring), which serves to contract
the dependencies of the two types. The usage of x in B is captured by r, and
then internalised to the binder in the conclusion of the rule. An arbitrary grade
for s is allowed here as there is no information on how z is used in an inhabiting
function body. Function terms are then typed by the following rule:

(Ayo1|os,7|0)Ox: AF B: Type, (A,01]|02,8|0s,7r)0,x:A+t:B

i
(A | (o) | o1 -|—O'3) O Xx.t: ({E (s,r) A) — B

The second premise types the body of the A-term, showing that s captures the

usage of x in ¢t and r captures the usage of x in B; the subject and subject-type

grades of = are then internalised as annotations on the function type’s binder.
Dependent functions are eliminated through application:

(Ayo1|03,7|0)0 N x: AF B: Type
(A‘(TQ|01+03)®F|_t1Z(.’L‘Z(S’T)A)—>B (A|U4|O’1)®F}—t22A
(Aloa+sx04|o3+rxos) O F i1ty [ta/z]B

where * is the scalar multiplication of a vector, using the semiring multiplication.
Given a function ¢; which uses its parameter with grade s to compute and with
grade 7 in the typing of the result, we can apply it to a term ¢, provided that
we have the resources required to form ¢, scaled by s at the subject level and by
r at the subject-type level, since t5 is substituted into the return type B. This
scaling behaviour is akin to that used in coeffect calculi [25,48], QTT [6,43] and
Linear Haskell [8], but scalar multiplication happens here at both the subject and
subject-type level. The use of variables in A is accounted for by o1 as explained
in the third premise, but these usages are not present in the resulting application
since A no longer appears in the types or the terms.

Consider the constant function Az.Ay.x : (z :(1,0) A) = (¥ 0,00 B) = A
(for some A and B). Here the resources required for the second parameter will
always be scaled by 0, which is absorbing, meaning that anything passed as the
second argument has 0 subject and subject-type use. This example begins to
show some of the power of grading—the grades capture the program structure
at all levels.

Tensors The rule for forming dependent tensor types is as follows:

(Alo1|0)oT'FA:Type, (A,01| 02,7 |0)0 TN z: AF B: Type %
(Alo14+02|0)0TE (z: A) @ B : Type,

This rule is almost identical to function type formation — but with only a single
grade 7 on the binder, since z is only bound in B (the type of the second com-
ponent), and not computationally. For ‘quantitative’ semirings, where 0 really
means unused (see Section 3), (z :0 A) ® B is then a product A x B.
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Dependent tensors are introduced as follows:

(Ayo1| 03,7 ]0)0 N z: AF B: Type

(Aloy|o)oIt: A (Alos|os+rxo) @iy :[t1/z]B
(Aloa+o4|o14+03) 0T E (t1,t2): (x:r A) @ B

i

In the typing premise for ¢y, occurrences of x are replaced with t; in the type,

ensuring that the type of the second component (t3) is calculated using the

first component (¢;). The resources for ¢; in this substitution are scaled by r,

accounting for the existing usage of = in B. In the conclusion, we see the resources

for the two components (and their types) combined via the semiring addition.
Finally, tensors are eliminated with the following rule:

(Alos|or+o)0TlFt:(x: A)®B
(4,(o1+02) | 05,7 [0)O I,z (3 A) @ B C: Type,
(A7017(027T) | 04,5,8 | 0'577"I77"I)®F,{L‘:A,y:B|_t2 : [(m,y)/z]C
(Alog+sxo3|os+1r' x03) @ Flet(z,y) =trints : [t1/2]C

€

As this is a dependent eliminator, we allow the result type C' to depend upon
the value of the tensor as a whole, bound as z in the second premise with grade
r’, into which is substituted our actual tensor term #; in the conclusion.
Eliminating a tensor (¢1) requires that we consider each component (z and
y) is used with the same grade s in the resulting expression to, and that we scale
the resources of t; by s. This is because we cannot inspect ¢, itself, and semiring
addition is not injective (preventing us from splitting the grades required to
form t1). This prevents forming certain functions (e.g., projections) under some
semirings, but this can be overcome by the introduction of graded modalities.

Graded Modality Graded binders alone do not allow different parts of a value
to be used differently, e.g., computing the length of a list ignores the elements,
projecting from a pair discards one component. We therefore introduce a graded
modality (& la [10,45]) allowing us to capture the notion of local inspection on
data and internalising usage information into types. A type s A denotes terms
of type A that are used with grade s. Type formation and introduction rules are:

(Alo|0)oTE A: Type . (Aloy|o)0'Ft: A
(Alo|0)eoTFOA: Type (Als*oy|o)o l=0t: 0,4 "

To form a term of type (J;A, we ‘promote’ a term ¢ of type A by requiring that
we can use the resources used to form ¢ (07) according to grade s. This ‘promo-
tion’ resembles that of other graded modal systems (e.g., [3,10,23,45]), but the
elimination needs to also account for type usage due to dependent elimination.

We can see promotion [J; as capturing ¢ for later use according to grade s.
Thus, when eliminating a term of type (s A, we must consider how the ‘unboxed’
term is used with grade s, as per the following dependent eliminator:

(Ayo2 | 04,7 |0) O, z: O, AF B : Type,
(Aloi o)t :0,A (Ayo2|03,8|04,(sx7)) O x: AF ty: [Oz/2]|B
(Aloy+o3|os+rxo1) 0T letOx =tyinty: [t1/2]B

Ce
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This rule can be understood as a kind of ‘cut’, connecting a ‘capability’ to use
a term of type A according to grade s with the requirement that = : A is used
according to grade s as a dependency of ¢5. Since we are in a dependently-typed
setting, we also substitute ¢; into the type level such that B can depend on
t1 according to grade r which then causes the dependencies of ¢; (o1) to be
scaled-up by r and added to the subject-type grading.

Equality, Conversion, and Subtyping A key part of dependent type theories is
a notion of term equality and type conversion [33]. GRTT term equality is via
judgments (A | o1 | 02) © I' F t1 = t9 : A equating terms ¢; and t2 of type A.
Equality includes full congruences as well as Sn-equality for functions, tensors,
and graded modalities, of which the latter are:

(Ao | 04,7 |0)O T, z: O AF B : Type,
(Alor]|o)oTFt1: A (A,o2 | 03,804, (sx7)) O x: AF to: [Oz/2]B
(Alos+s*ko1|oatsxrxor) O (letOx = Ot inte) = [t1/z]te : [Ot1/2]B

QO,

(Aloi|o2)0Ft:0A E
(Alo1]o2) Ol Fi=(let0z =tinz) oA 0w

A subtyping relation ((A | o) © I' F A < B) subsumes equality, adding ordering
of universe levels. Type conversion allows re-typing terms based on the judgment:

(Aloy]o)0T'Ft:A (Aloy)©I'FA<B

C
(Alor|o2) @l Ft:B oy

The full rules for equality and subtyping are in Appendix A.1.

2.4 Operational Semantics

As with other graded modal calculi (e.g., [3,10,23]), the core calculus of GRTT
has a Call-by-Name small-step operational semantics with reductions ¢ ~ ¢'.
The rules are standard, with the addition of the S-rule for the graded modality:

let Ox = Oty inty ~ [tl/x]t2 (ﬁD)

Type preservation and normalisation are considered in Section 4.

2.5 Implementation and Examples

To explore our theory, we provide an implementation, Gerty. Section 5 describes
how the declarative definition of the type theory is implemented as a bidirectional
type checking algorithm. We briefly mention the syntax here for use in later
examples. The following is the polymorphic identity function in Gerty:

id : (a : (.0, .2) Type 0) > (x : (.1, .0) a) > a
id = \a > \x > x
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The syntax resembles the theory, where grading terms .n are syntactic sugar for
a unary encoding of grades in terms of 0 and repeated addition of 1, e.g., .2 =
(.0 + .1) + .1. This syntax can be used for grade terms of any semiring, which
can be resolved to particular built-in semirings at other points of type checking.

The following shows first projection on (non-dependent) pairs, using the
graded modality (at grade 0 here) to give fine-grained usage on compound data:

fst : (a : (.0, .2) Type 0) (b : (.0, .1) Type 0) -> <a * [.0] b> -> a
fst = \a b p -> case p of <x, y> -> let [z] =y in x

The implementation adds various built-in semirings, some syntactic sugar, and
extras such as: a singleton unit type, extensions of the theory to semirings with a
pre-ordering (discussed further in Section 6), and some implicit resolution. Any-
where a grade is expected, an underscore can be supplied to indicate that Gerty
should try to resolve the grade implicitly. Grades may also be omitted from
binders (see above in £st), in which case they are treated as implicits. Currently,
implicits are handled by generating existentially quantified grade variables, and
using SMT to solve the necessary constraints (see Section 5).

So far we have considered the natural numbers semiring providing an analy-
sis of usage. We come back to this and similar examples in Section 3. To show
another kind of example, we consider a lattice semiring of privacy levels (appear-
ing elsewhere [3,23,45]) which enforces information-flow control, akin to DCC [1].
Differently to DCC, dataflow is tracked through variable dependencies, rather
than through the results of computations in the monadic style of DCC.

Definition 1. [Security levels] Let R = Lo < Hi be a set of labels with 0 = Hi
and 1 = Lo, semiring addition as the meet and multiplication as join. Here, 1 = Lo
treats the base notion of dataflow as being in the low security (public) domain.
Variables graded with Hi must then be unused, or guarded by a graded modality.
This semiring is primitive in Gerty; we can express the following example:

idlo : (a : (.0, .2) Type 0) -> (x : (Lo, Hi) a) -> a
idLo = \a -> \x —> x

-- The following is rTejected as ill-typed

leak : (a : (.0, .2) Type 0) -> (x : (Hi, Hi) a) -> a
leak = \a -> \x -> idLo a x

The first definition is well-typed, but the second yields a typing error originating
from the application in its body:

At subject stage got the following mismatched grades:
For ’x’ expected Hi but got .1

where grade 1 is Lo here. Thus we can use this abstract label semiring as a way
of restricting flow of data between regions (cf. region typing systems [31,54]).
Note that the ordering is not leveraged here other than in the lattice operations.
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3 Case Studies

We now demonstrate GRTT via several cases studies that focus the reasoning
power of dependent types via grading. Since grading in GRTT serves to explain
dataflow, we can characterise subsets of GRTT that correspond to various type
theories. We demonstrate the approach with simple types, parametric polymor-
phism, and linearity. In each case study, we restrict GRTT to a subset by a
characterisation of the grades, rather than by, say, placing detailed syntactic re-
strictions or employing meta-level operations or predicates that restrict syntax
(as one might do for example to map a subset of Martin-Lof type theory into the
simply-typed A-calculus by restriction to closed types, requiring deep inspection
of type terms). Since this restriction is only on grades, we can harness the specific
reasoning power of particular calculi from within the language itself, simply by
specifications on grades. In the context of an implementation like Gerty, this
amounts to using type signatures to restrict dataflow.

This section shows the power of tracking dataflow in types via grades, going
beyond QTT [6] and GRAD [13]. For ‘quantitative’ semirings, a 0 type-grade
means that we can recover simply-typed reasoning (Section 3.3) and distinguish
computational functions from type-parameter functions for parametric reasoning
(Section 3.4), embedding a grade-restricted subset of GRTT into System F.

Section 5 returns to a case study that builds on the implementation.

3.1 Recovering Martin-L6f Type Theory

When the semiring parameterising GRTT is the singleton semiring (i.e., any
semiring where 1 = 0), we have an isomorphism [0, A 2 A, and grade annotations
become redundant, as all grades are equal. All vectors and grades on binders may
then be omitted, and we can write typing judgments as I' - ¢ : A, giving rise to
a standard Martin-Lof type theory as a special case of GRTT.

3.2 Determining Usage via Quantitative Semirings

Unlike existing systems, we can use the fine-grained grading to guarantee the
relevance or irrelevance of assumptions in types. To do this we must consider a
subset of semirings (R, *, 1, +,0) called quantitative semirings, satisfying:

(zero-unique) 1 # 0;
(positivity) Vr,s.r+s=0 = r=0As=0;
(zero-product) Vr,s. rx s=0 = r=0Vs=0.

These axioms* ensure that a 0-grade in a quantitative semiring represents irrel-

evant variable use. This notion has recently been proved for computational use

4 Atkey requires positivity and zero-product for all semirings parameterising QTT [6]
(as does Abel [2]). Atkey imposes this for admissibility of substitution. We need not
place this restriction on GRTT to have substitution in general (Sec. 4.1).
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by Choudhury et al. [13] via a heap-based semantics for grading (on computa-
tions) and the same result applies here. Conversely, in a quantitative semiring
any grade other than 0 denotes relevance. From this, we can directly encode
non-dependent tensors and arrows: in (z :g A) ® B the grade 0 captures that x
cannot have any computational content in B, and likewise for (z :(; ) A) — B
the grade 0 explains that x cannot have any computational content in B, but
may have computational use according to s in the inhabiting function. Thus,
the grade 0 here describes that elimination forms cannot ever inspect the vari-
able during normalisation. Additionally, quantitative semirings can be used for
encoding simply-typed and polymorphic reasoning.

Ezample 1. Some quantitative semirings are:

— (FEzact usage) (N, x,1,+,0);

— (0-1) The semiring over R = {0,1} with 14+ 1 = 1 which describes relevant
vs. irrelevant dependencies, but no further information.

— (None-One-Tons [43]) The semiring on R = {0,1,00} is more fine-grained
than 0-1, where oo represents more than 1 usage, with 14+ 1=00=1+ oc.

3.3 Simply-typed Reasoning

As discussed in Section 1, the simply-typed A-calculus (STLC) can be distin-
guished from dependently-typed calculi via the restriction of dataflow: in simple
types, data can only flow at the computational level, with no dataflow within,
into, or from types. We can thus view a GRTT function as simply typed when its
variable is irrelevant in the type, e.g., (z :(5,0) A) — B for quantitative semirings.
We define a subset of GRTT restricted to simply-typed reasoning:

Definition 2. [Simply-typed GRTT] For a quantitative semiring, the following
predicate STLC(—) determines a subset of simply-typed GRTT programs:

STLC((D [0 ]0) 00+t A)
STLC((A | o1 |o2) @ T Ht: A) = STLC((A,0 | 01,58 | 02,0) [z : BEt: A)

That is, all subject-type grades are 0 (thus function types are of the form
(7 :(5,0) A) — B). A similar predicate is defined on well-formed contexts (elided),
restricting context grades of well-formed contexts to only zero grading vectors.

Under the restriction of Definition 2, a subset of GRTT terms embeds into
the simply-typed A-calculus in a sound and complete way. Since STLC does not
have a notion of tensor or modality, this is omitted from the encoding;:

[l =2 Dat] =>o[t] [tta] = [1]lt] [ :e0) A) = Bl-=[A], — [B]-

Variable contexts of GRTT are interpreted by point-wise applying [—], to typing
assumptions. We then get the following preservation of typing into the simply-
typed A-calculus, and soundness and completeness of this encoding;:
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Lemma 3 (Soundness of typing). Given a derivation of (A | oy |o2) ® ' F
t: A such that STLC((A| o1 |o2) © 't : A) then [I'], + [t] : [A]- in STLC.

Theorem 1 (Soundness and completeness of the embedding). Given
STLC((A | o1 | o2) L Ft: A) and [(A| o1 |02) @ Ft: A] then for CBN
reduction ~5TC in simply-typed \-calculus:

(soundness) Vt'. if t ~ t' then [t] ~ [¢']
(completeness) Vtq. if [t] ~51C to then 3t'. t ~ 1" A [t'] =g, ta

Thus, we capture simply-typed reasoning just by restricting type grades to 0 for
quantitative semirings. We consider quantitative semirings again for parametric
reasoning, but first recall issues with parametricity and dependent types.

3.4 Recovering Parametricity via Grading

One powerful feature of grading in a dependent type setting is the ability to
recover parametricity from dependent function types. Consider the following
type of functions in System F (we borrow this example from Nuyts et al. [44]):

RIAB 2 VYy.(y — A) = (v — B)

Due to parametricity, we get the following notion of representation independence
in System F: for a function f : Rl A B, some type o/, and terms h : 7/ — A
and c : ', then we know that f can only use ¢ by applying h c. Subsequently,
Rl A B~ A — B by parametricity [51], defined uniquely as:

iso:RI A B — (A — B) iso':(A— B)—-RIAB
iso f=f A (id A) iso~! g = Ay. M. Mc: ). g(he)

In a dependently-typed language, one might seek to replace System F’s universal
quantifier with II-types, i.e.

RI'AB £ (v:Type) = (y = A) = (y = B)

However, we can no longer reason parametrically about the inhabitants of such
types (we cannot prove that RI' A B = A — B) as the free interaction of types
and computational terms allows us to give the following non-parametric element
of RI" A B over ‘large’ type instances:

leak = Ay. Ah. Ac. v : RI" A Type

Instead of applying h ¢, the above “leaks” the type parameter v. GRTT can re-
cover universal quantification, and hence parametric reasoning, by using grading
to restrict the data-flow capabilities of a II-type. We can refine representation
independence to the following:

RI”AB £ (y (0,2) Type) = (B i(s,.0) (T 255,00 Y) = A) = (¢ (55,00 7) = B
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for some grades si1, S2, and s3, and with shorthand 2 =14 1.

If we look at the definition of leak above, we see that v is used in the body
of the function and thus requires usage 1, so leak cannot inhabit RI” A Type.
Instead, leak would be typed differently as:

leak : (7 :(1,2) Type) = (h :(0,0) (T :(s,0) 7) = A) = (¢ :(0,0) 7) = Type

The problematic behaviour (that the type parameter v is returned by the inner
function) is exposed by the subject grade 1 on the binder of v. We can thus
define a graded universal quantification from a graded IT-typed:

Vo(y: A).B= (v:omn A) = B 1)

This denotes that the type parameter v can appear freely in B described by
grade r, but is irrelevant in the body of any corresponding A-abstraction. This is
akin to the work of Nuyts et al. who develop a system with several modalities for
regaining parametricity within a dependent type theory [44]. Note however that
parametricity is recovered for us here as one of many possible options coming
from systematically specialising the grading.

Capturing Fxistential Types With the ability to capture universal quantifier, we
can similarly define existentials (allowing, e.g., abstraction [11]). We define the
existential type via a Church-encoding as follows:

3,.(z: A).BEVY5(C : Type).(f (1,0) Ve(x s A).(bis0) B) = C) = C

Embedding into Stratified System F We show that parametricity is regained here
(and thus eqn. (1) really behaves as a universal quantifier and not a general IT-
type) by showing that we can embed a subset of GRTT into System F, based
solely on a classification of the grades. We follow a similar approach to Section 3.3
for simply-typed reasoning but rather than defining a purely syntactic encoding
(and then proving it type sound) our encoding is type directed since we embed
GRTT functions of type (z :(o ) Type;) — B as universal types in System F with
corresponding type abstractions (A) as their inhabitants. Since GRTT employs
a predicative hierarchy of universes, we target Stratified System F (hereafter
SSF) since it includes the analogous inductive hierarchy of kinds [38]. We use
the formulation of Eades and Stump [21] with terms ¢s and types T

ten=z | Mo :T)its | tstl | AX : K)its | ts[T] To=X|T—-T |V(X:K).T

with kinds K ::= x; where [ € N providing the stratified kind hierarchy. Cap-
italised variables X are System F type variables and t,[T] is type applica-
tion. Contexts may contain both type and computational variables, and so free-
variable type assumptions may have dependencies, akin to dependent type sys-
tems. Kinding is via judgments I" - T : x; and typing via I"' ¢ : T.



Graded Modal Dependent Type Theory 15

We define a type directed encoding on a subset of GRTT typing derivations
characterised by the following predicate:

SsE((0|0[0)©0Ft: A)
SSF((A|o1|o2)@I'Ft: A) = SSF((A,0] 01,0 02,7) O z: Type, Ft: A)
SSF((A| o1 |o2) @I Ht: A)AType, €77 B

= Ss¥((A,03]01,8|02,000,x:Bkt:A)

By Type, €7¢ B we mean Type, is not a positive subterm of B, avoiding higher-
order typing terms (e.g., type constructors) which do not exist in SSF.

Under this restriction, we give a type-directed encoding mapping derivations
of GRTT to SSF: given a GRTT derivation of judgment (A | oy | o) @ T'Ht: A
we have that 3ts (an SSF term) such that there is a derivation of judgment
[I'TF ts: [A]- in SSF where we interpret a subset of GRTT terms A as types:

[z]: ==
[Type]- =%
[(z :(0,r) Type;) = B]; =Va :%.[B],  where Type, ¢7¢ B
[[(«T *(s,0) A) — B]]'r = [[A]]T — [[B]]T where Typel ¢+U€ A, B

Thus, dependent functions with Type parameters that are computationally irrel-
evant (subject grade 0) map to V types, and dependent functions with param-
eters irrelevant in types (subject-type grade 0) map to regular function types.
We elide the full details but sketch key parts where functions and applications
are translated inductively (where Ty, is shorthand for Type;):

[ (A,o1| 02,0 |03, 7r)Ox:Ty,Ft:B ] = [I],z:%xFts: [B]-
(Aloz]or+o3) O FAxt: (T :om Ty) = B [ITF Al :x).ts : Vo : % [B]-

T (A,o1]02,8]03,000z: AFt: B 1= [,z : [A]- Fts : [B]-
LL(A |oa|o14+03) O Xxt: (x 0 A) = B o [T F Mz : [A]+)-ts : [A]l- — [B]-

(A ‘ [op) | o1 +03) Ot : (27 1(0,r) Tyl) — B HF]] Fts :V(x : *l).HBHT
(Aloa|o) 0Tt Ty, H_[[F]]FT:*Z
(Aloa|os+r%00) O Fiita: /B 1 [I1F &[T : /2Bl

[

(A I o2 | o1 —i—Jg)@F}—tl : (a: (5,0 A) — B [[F]] s [[A]]T — [[B]]T
(Aloa|o)OTFta: A [] ¢ [A]-
[ (Aloa+s*oa|o3) O tita: [t2/x]B 1= [ Fts th 2 [th/2])[B]+
In the last case, note the presence of [¢,/x][B],. Reasoning under the context of
the encoding, this is proven equivalent to [B], since the subject type grade is 0
and therefore use of x in B is irrelevant.

Theorem 2 (Soundness and completeness of SSF embedding). Given
SSF((A o1 |o2) ©T'Ft: A) and t, in SSF where [(A oy | o2) O Ft: A] =
[I'] & ts: [A], then for CBN reduction ~~5 in Stratified System F:

(soundness) Vt'. t ~t' == JtL .ty ~55F ¢/
AN[(Aloy|e)O YAl =T+t [A]-

(completeness) V.. ty ~5F t1 = It/ .t~ t/
AN[(Aloy|o) ol Al =[]k, [A]-
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Thus, we can capture parametricity in GRTT via the judicious use of 0 grading
(at either the type or computational level) for quantitative semirings. This em-
bedding is not possible from QTT since QTT variables graded with 0 may be
used arbitrarily in the types; the embedding here relies on GRTT’s 0 type-grade
capturing abscence in types for quantitative semirings.

3.5 Graded Modal Types and Non-dependent Linear Types

GRTT can embed the reasoning present in other graded modal type theories
(which often have a linear base), for example the explicit semiring-graded neces-
sity modality found in coeffect calculi [10,23] and Granule [45]. We can recover
the axioms of a graded necessity modality (usually modelled by an exponential
graded comonad [23]). For example, in Gerty the following are well typed:

counit : (a : (.0, .2) Type) -> (z : (.1, .0) [.1] a) -> a

counit = \a z -> case z of [y] >y

comult : (a : (.0, .2) Type) -> (z : (.1, .0) [.6] a) -> [.2] ([.3] a)
comult = \a z -> case z of [y] -> [[yl]

corresponding to ¢ : 04A — A and 6, : 0,4 — 0O,.(0;A): operations of
graded necessity / graded comonads. Since we cannot use arbitrary terms for
grades in the implementation, we have picked some particular grades here for
comult. First-class grading is future work, discussed in Section 6.

Linear functions can be captured as A — B £ (z :(1,,) A) — B for an exact
usage semiring. It is straightforward to characterise a subset of GRTT programs
that maps to the linear A-calculus akin to the encodings above. Thus, GRTT
provides a suitable basis for studying both linear and non-linear theories alike.

4 Metatheory

We now study GRTT’s metatheory. We first explain how substitution presents
itself in the theory, and how type preservation follows from a relationship between
equality and reduction. We then show admissibility of graded structural rules
for contraction, exchange, and weakening, and strong normalization.

4.1 Substitution

We introducing substitution for well-formed contexts and then typing.

Lemma 4 (Substitution for well-formed contexts). If the following hold:
1. (Alog o)t Ft: A  and 2. (Ao, A)OIn,z: A Tok

Then: A, (A\ |A] + (4] |A])  0) @ Iy, [t /2] s +
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That is, given I, x : A, I'; is well-formed, we can cut out x by substituting ¢ for
x in Iy, accounting for the new usage in the context grade vectors. The usage of
I7 in t is given by o0, and the usage in A by ;7. When substituting, A remains
the same, as I} is unchanged. However, to account for the usage in [t/z]|I5, we
have to form a new context grade vector A'\ |A| + (4'/|A|) % 2.

The operation A’\ |A| (pronounced ‘discard’) removes grades corresponding
to x, by removing the grade at index |A| from each grade vector in A’. Every-
thing previously used in the typing of x in the context must now be distributed
across [t/x]I3, which is done by adding on (A'/|A|) * o2, which uses A’/ |A]
(pronounced ‘choose’) to produce a vector of grades, which correspond to the
grades cut out in A’\ |A|. The multiplication of (A’/|A|)*o2 produces a context
grade vector by scaling oo by each element of (A’/|A|). When adding vectors,
if the sizes of the vectors are different, then the shorter vector is right-padded
with zeroes. Thus A'\ |A| + (A'/|A]) * o2 can be read as ‘A’ without the grades
corresponding to x, plus the usage of t scaled by the prior usage of x’.

For example, given typing ((),(1) | 0,1 ] 1,0) ®a : Type,y : a F y : a and
well-formed context ((), (1), (1,0),(0,0,2)) ®a: Type,y : a,z : a,z : t' I, where
' uses x twice, we can substitute y for x. Therefore, let I'T1 = a : Type,y : a thus
I =2and In = z: 2 and A" = ((0,0,2)) and 07 = 1,0 and o3 = 0,1. Then
the context grade of the substitution [y/x][» is calculated as:

((0,0,2)\ [11| = ((0,0)) (((0,1,2))/ 1)) ¥ 02 = (2) % (0,1) = ((0,2))
Thus the resulting judgment is ((), (1), (0,2)) @ a : Type,y : a,z : [y/z]t' F.
Lemma 5 (Substitution for typing). If the following premises hold:

1. (A|O'2|O’1)@F1|_t214

2. (Ayo1,A" | 03,8,04 | 05,7,06) © I,z : A Iu Ht' : B

3. |og| = |os| = |1

A (AN[A[+H(A7/|A])x02)
Then < (03+s%03),04 ) O I, [t/z| 2 b [t/z]t : [t/z]B.
(o5+T*02),06

As with substitution for well-formed contexts, we account for the replacement of
x with ¢t in I3 by ‘cutting out’ x from the context grade vectors, and adding on
the grades required to form ¢, scaled by the grades that described x’s usage. We
additionally must account for the altered subject and subject-type usage. We do
this in a similar manner, by taking, for example, the usage of I in the subject
(03), and adding on the grades required to form ¢, scaled by the grade with
which = was previously used (s). Subject-type grades are calculated similarly.

4.2 Type Preservation

Lemma 6. Reduction implies equality If (A | 01| 02) @ T'Ft1 : A and t1 ~ to,
then (Al oy |o2) Ot =ty : A.

Lemma 7. FEquality inversion If (A | oy |o2) @ 'k t1 =ty : A, then (A | oy |
o2) OT'Fty: Aand (A|oy]o2) @ Fty: Al
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Lemma 8. Type preservation If (A | o1 | 02) © T Ft: A and t ~ t, then
(Aloy o)t A

Proof. By Lemma 6 we have (A | 01 | 02) © ' Ht =t : A, and therefore by
Lemma 7 we have (A | oy | o2) © 't : A, as required.

4.3 Structural Rules
We now consider the structural rules of contraction, exchange, and weakening.

Lemma 9 (Contraction). The following rule is admissible:

Ay,01,(01,0),A
(VEAES Yo n e Ay ATt B A = o] = |ou] = T
04,71,72,05
Aq,01,contr(|Ar];A2)
( 02,(51+52),03 > O,z Az z/zy|le b [z, z/z,ylt : [z,2/z,y]| B

o4,(r1+72),05

CONTR

The operation contr(m; A) contracts the elements at index 7 and 7 + 1 for each
vector in A by combining them with the semiring addition, defined contr(m; A) =
A\(m+1)+A/(r+1)*(0™,1). Admissibility follows from the semiring addition,
which serves to contract dependencies, being threaded throughout the rules.

Lemma 10 (Exchange). The following rule is admissible:

v & FV(B)
Aq,01,(02,0),A
|A1| = |os| = |os| = | 11| ( e 2)®Fl,x:A,y:B,Fgl—t:C
05,71,72,06

Exc

(Al’”’(‘?fy,%)z’fsxff’élAl‘;Az)) oIn,y:B,xz: A IyFt: C
05,72,71,06
Notice that if you strip away the vector fragment and sizing premise, this is
exactly the form of exchange we would expect in a dependent type theory: if
z and y are assumptions in a context typing ¢ : C, and the type of y does not
depend upon x, then we can type ¢ : C' when we swap the order of x and y.
The action on grade vectors is simple: we swap the grades associated with
each of the variables. For the context grade vector however, we must do two
things: first, we capture the formation of A with o7, and the formation of B
with 01,0 (indicating = being used with grade 0 in B), then swap these around,
cutting the final grade from 05,0, and adding 0 to the end of o7 to ensure
correct sizing. Next, the operation exch(|A1]; Az) swaps the element at index
|Aq| (i-e., that corresponding to usage of ) with the element at index |Aq]| + 1
(corresponding to y) for every vector in Ay; this exchange operation ensures that
usage in the trailing context is reordered appropriately.

Lemma 11 (Weakening). The following rule is admissible:

(A17A2 | (71,(7/1 | O’Q,UIQ)QFl,FQ FtB
(A1 ]os | 0)© I = At Type lo1] = |oa| = [I7]
(A1, 03,ins(|A1];0; A) | 01,0,07 | 02,0,05) @ Iy, z: A Iy -t: B

WEAK
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Weakening introduces irrelevant assumptions to a context. We do this by captur-
ing the usage in the formation of the assumption’s type with o3 to preserve the
well-formedness of the context. We then indicate irrelevance of the assumption
by grading with 0 in appropriate places. The operation ins(m;s; A) inserts the
element s at index 7 for each o in A, such that all elements preceding index 7
(in o) keep their positions, and every element at index 7 or greater (in o) will
be shifted one index later in the new vector. The 0 grades in the subject and
subject-type grade vector positions correspond to the absence of the irrelevant
assumption from the subject and subject’s type.

4.4 Strong Normalization

We adapt Geuvers’ strong normalization proof for the Calculus of Constructions
(CC) [24] to a fragment of GRTT (called GRTTI?1}) restricted to two universe
levels and without variables of type Type;. This results in a less expressive system
than full GRTT when it comes to higher kinds, but this is orthogonal to the main
idea here of grading. We briefly overview the strong normalization proof; details
can be found in Appendix A.2. Note this strong normalization result is with
respect to S-reduction only (our semantics does not include n-reduction).

We use the proof technique of saturated sets, based on the reducibility candi-
dates of Girard [29]. While GRTT{%!} has a collapsed syntax we use judgments
to break typing up into stages. We use these sets to match on whether a term is
a kind, type, constructor, or a function (we will refer to these as terms).

Definition 3. Typing can be broken up into the following stages:

Kind := {A|34,01,.(A]01|0)OTF A: Type; }
Type := {A|3A,01,I.(A|o1|0)O '+ A: Typey}
Con = {t|34,01,02, VA (A|o1|o2)OT'Ft: AN(A|0o2|0)©I'F A: Type,}
Term := {t | 3A, 01,02, A (A |01 |0o2) OT'Ft: AAN(A|o2|0)O T A: Typey}

Lemma 12 (Classification). We have Kind N Type = 0 and Con N Term = 0.

The classification lemma states that we can safely case split over kinds and types,
or constructors and terms without fear of an overlap occurring.

Saturated sets are essentially collections of strongly normalizing terms that
are closed under S-reduction. The intuition behind this proof is that every ty-
pable program ends up in some saturated set, and hence, is strongly normalizing.

Definition 4. [Base terms and saturated terms| Informally, the set of base
terms B is inductively defined from variables and Type, and Type;, and com-
pound terms over base B and strongly normalising terms SN.

A set of terms X is saturated if X C SN, B C X, and if redyt € X and
t € SN, then t € X. Thus saturated sets are closed under strongly normalizing
terms with a key redex, denoted redy ¢, which are redexes or a redex at the head
of an elimination form. SAT denotes the collection of saturated sets.
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Lemma 13 (SN saturated). All saturated sets are non-empty; SN is saturated.

Since GRTT{%1} allows computation in types as well as in types, we separate the
interpretations for kinds and types, where the former is a set of the latter.

Definition 5. For A € Kind, the kind interpretation, C[A], is defined:

K[Typeo] = SAT  K[(x (o) A) — B] = {f | f : K[A] — K[B]}, if A, B € Kind
K[O:A] =K[A] K[(z :(s,) A) = B] = K[A], if A € Kind, B € Type

Kl(x :(s,ny A) = B] = K[B], if A € Type, B € Kind

Kl(z: A)®B]  =K[A] x K[B], if A, B € Kind

Kl(z :» A) ® B] = K[A], if A € Kind, B € Type

K[(z :» A) ® B] = K[B], if A € Type, B € Kind

Next we define the interpretation of types, which requires the interpretation to be
parametric on an interpretation of type variables called a type evaluation. This is
necessary to make the interpretation well-founded (first realized by Girard [29]).

Definition 6. Type valuations, A ® I' = €, are defined as follows:

X € K[4] AT Ee AoTlEe
(Alo|0)o T A: Type, (Alo|0)o I A: Type,

0IEl " Aools AEflox Y Gools AEe ™M

Type valuations ignore term variables (rule TM), in fact, the interpretations
of both types and kinds ignores them because we are defining sets of terms
over types, and thus terms in types do not contribute to the definition of these
sets. However as these interpretations define sets of open terms we must carry a
graded context around where necessary. Thus, type valuations are with respect
to a well-formed graded context A ® I'. We now outline the type interpretation.

Definition 7. For type valuation A®I" |= ¢ and a type A € (KindUTypeU Con)
with A typable in A® I', the interpretation of types [A]. is defined inductively.
For brevity, we list just a few illustrative cases, including modalities and some
function cases; the complete definition is given in Appendix A.2.

[Type,]. = SN
[Typey]- = AX € SAT.SN

[z]le =€ex ifx € Con
[OsAle = [Ale
Az : A.B]. = AX € K[A][Bl.jasx) if A € Kind, B € Con
[A B]. = [A]-([B]-) if B € Con
[(@ :(s.r) A) = Ble = AX € K[A] = K[B]. Ny excpa) ([Ale Y = [Blefersy (X (Y)))
if A, B € Kind

Grades play no role in the reduction relation for GRTT, and hence, our inter-
pretation erases graded modalities and their introductory and elimination forms
(translated into substitutions). In fact, the above interpretation can be seen as a
translation of GRTT{%!} into non-substructural set theory; there is no data-usage
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tracking in the image of the interpretation. Tensors are translated into Cartesian
products whose eliminators are translated into substitutions similarly to graded
modalities. All terms however remain well-typed through the interpretation.

The interpretation of terms corresponds to term valuations that are used to
close the term before interpreting it into the interpretation of its type.

Definition 8. Valid term valuations, A ® I' |=. p, are defined as follows:

t € ([A]e) (ex) t e [A]e
Aol e p AT p
(Alo|0)OI'E A: Type, (Ao |0)OI'E A: Type,

1000 A o)ole A peg " Ao)ola: Al e

We interpret terms as substitutions, but graded modalities must be erased and
their elimination forms converted into substitutions (and similarly for the elim-
inator for tensor products).

Definition 9. Suppose A ® I' =. p. Then the interpretation of a term t ty-
pable in A® I is (t), = pt, but where all let-expressions are translated into
substitutions, and all graded modalities are erased.

Finally, we prove our main result using semantic typing which will imply strong
normalization. Suppose (A | o1 | 02) @ '+t : A, then:

Definition 10. Semantic typing, (A | o1 | 02) O =t : A, is defined as follows:

1. f (Ao |0)®I'F A: Type,, then for every A® I . p, (t), € [A]e ([t]e)-
2. If (Ao |0)® ' A: Type,, then for every A® I' = p, (t), € [A]-.

Theorem 3 (Soundness for Semantic Typing). (A | o1 |o2) O Et: A.

Corollary 1 (Strong Normalization). We have t € SN.

5 Implementation

Our implementation Gerty is based on a bidirectionalised version of the typing
rules here, somewhat following traditional schemes of bidirectional typing [19,20]
but with grading (similar to Granule [45] but adapted considerably for the de-
pendent setting). We briefly outline the implementation scheme and highlight
a few key points, rules, and examples. We use this implementation to explore
further applications of GRTT, namely optimising type checking algorithms.
Bidirectional typing splits declarative typing rules into check and infer modes.
Furthermore, bidirectional GRTT rules split the grading context (left of ®) into
input and output contexts where (A | o1 | 02) © 't : A is implemented via:

(check) A;T'Ft < Ajo1;00 or (infer) A;T'Ht = A;o1;09

where < rules check that t has type A and = rules infer (calculate) that ¢
has type A. In both judgments, the context grading A and context I' left of
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F are inputs whereas the grade vectors oy and o2 to the right of A are out-
puts. This input-output context approach resembles that employed in linear
type checking [5,32,61]. Rather than following a “left over” scheme as in these
works (where the output context explains what resources are left), the output
grades here explain what has been used according to the analysis of grading
(‘adding up’ rather than ‘taking away’).

For example, the following is the infer rule for function elimination:

AsTEty = (2 s A) = Bjo2;013
A;T'F iy < A;04;07
Ao,z AF B = Typej; 03,730 013 =01 +03

= A
A; Tty ty = [to/x]B;o9 + s % 04503 + 1 % 04

The rule can be read by starting at the input of the conclusion (left of F), then
reading top down through each premise, to calculate the output grades in the
rule’s conclusion. Any concrete value or already-bound variable appearing in the
output grades of a premise can be read as causing an equality check in the type
checker. The last premise checks that the output subject-type grade o13 from
the first premise matches o1 + o3 (which were calculated by later premises).

In contrast, function introduction is a check rule:

A;I'F A= Type;;01;0 Aoy Ix: ARt < B;og,s;03,1
AT E At <= (2250 A) = Bjog; 01+ 03

Thus, dependent functions can be checked against type (z :(;,,) A) — B given
input A; I" by first inferring the type of A and checking that its output subject-
type grade comprises all zeros 0. Then the body of the function ¢ is checked
against B under the context A,o1; I,z : A producing grade vectors s, s’ and
01,7’ where it is checked that s = s’ and r = r’ (described implicitly in the rule),
i.e., the calculated grades match those of the binder.

The implementation anticipates some further work for GRTT: the potential
for grades which are first-class terms, for which we anticipate complex equations
on grades. For grade equality, Gerty has two modes: one which normalises
terms and then compares for syntactic equality, and the other which discharges
constraints via an off-the-shelf SMT solver (we use Z3 [17]). We discuss briefly
some performance implications in the next section.

Using Grades to Optimise Type Checking Abel posited that a dependent theory
with quantitative resource tracking at the type level could leverage linearity-
like optimisations in type checking [2]. Our implementation provides a research
vehicle for exploring this idea; we consider one possible optimisation here.

Key to dependent type checking is the substitution of terms into types in
elimination forms (i.e., application, tensor elimination). However, in a quanti-
tative semiring setting, if a variable has 0 subject-type grade, then we know it
is irrelevant to type formation (it is not semantically depended upon, i.e., dur-
ing normalisation). Subsequently, substitutions into a 0-graded variable can be
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elided (or allocations to a closure environment can be avoided). We implemented
this optimisation in Gerty when inferring the type of an application for t; ¢,
(rule = A, above), where the type of ¢; is inferred as (z :(5,0) 4) — B. For a
quantitative semiring we know that x irrelevant in B, thus we need not perform
the substitution [t3/x]B when type checking the application.

We evaluate this on simple Gerty programs of an n-ary “fanout” combinator
implemented via an n-ary application combinator, e.g., for arity 3:

app3 : (a : (0, 6) Type 0) -> (b : (0, 2) Type 0)

-> (x0 : (1, 0) a) => (x1 : (1, 0) a) > (x2 : (1, 0) a)

=> (£:(1, 0) ((y0:(1,0) a) -> (y1:(1,0) a) -> (y2:(1,0) a) -> b)) > b
app3 = \a > \b -> \x0 -> \x1 -> \x2 -> \f -> f x0 x1 x2

fan3 : (a : (0, 4) Type 0) -> (b : (0, 2) Type 0)

-> (f : (1,0) ((z0 : (1,0) a) -> (z1 : (1,0) a) —> (22 : (1,0) a) -> b))
-> (x : (3, 0)a) ->b

fan3 = \a => \b => \f -> \x -> app3 a b x x x f

Note that fan3 uses its parameter x three times (hence the grade 3) which then
incurs substitutions into the type of app3 during type checking, but each such
substitution is redundant since the type does not depend on these parameters,
as reflected by the 0 subject-type grades.

To evaluate the optimisation and SMT solving vs. normalisation-based equal-
ity, we ran Gerty on the fan out program for arities from 3 to 8, with and without
the optimisation and under the two equality approaches.

Table 1 gives the results. For grade equality by normalisation, the optimisation
has a positive effect on speedup, getting increasingly significant (up to 38%)
as the overall cost increases. For SMT-based grade equality, the optimisation
causes some slow down for arity 4 and 5 (and just breaking even for arity 3).
This is because working out whether the optimisation can be applied requires
checking whether grades are equal to 0, which incurs extra SMT solver calls.
Eventually, this cost is outweighed by the time saved by reducing substitutions.
Since the grades here are all relatively simple, it is usually more efficient for the
type checker to normalise and compare terms rather than compiling to SMT and
starting up the external solver, as seen by longer times for the SMT approach.

The baseline performance here is poor (the implementation is not highly opti-
mised) partly due to the overhead of computing type formation judgments often
to accurately account for grading. However, such checks are often recomputed
and could be optimised away by memoisation. Nevertheless this experiment gives
the evidence that grades can indeed be used to optimise type checking. A thor-
ough investigation of grade-directed optimisations is future work.

6 Discussion

Grading, Coeffects, and Quantitative Types The notion of coeffects, describing
how a program depends on its context, arose in the literature from two directions:
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Normalisation SMT
n Base ms Optimised ms Speedup Base ms Optimised ms Speedup
3 45.71(1.72)  44.08(1.28) 1.04 | 77.12(2.65) 76.91(2.36)  1.00
4 108.75(1.00)  8973(173) 121 | 136.18(5.23)  162.95(3.62)  0.84
5| 190.57(8.31)  191.25 (5. 15) 1.00 | 279.49(15.73)  289.73(23. 50) 0.96
6|l 552.11(29 () 44526 (23.50)  1.24 | 680.11(16.28)  557.08 (13.87)  1.22
7111821.49 (19 ) 1348. 85(2 37) 1.5 [1797.09(43.53) 1368.45(20.16)  1.31
8(/6059.30 (132.01) 4403.10 (36.57)  1.38 |5913.06 (118.83) 4396.90 (59.82)  1.34

Table 1. Performance analysis of grade-based optimisations to type checking. Times
in milliseconds to 2 d.p. with the standard error given in brackets. Measurements are
the mean of 10 trials (run on a 2.7 Ghz Intel Core, 8Gb of RAM, Z3 4.8.8).

as a dualisation of effect types [47,48] and a generalisation of Bounded Linear
Logic to general resource semirings [25,10]. Coeffect systems can capture reuse
bounds, information flow security [23], hardware scheduling constraints [25], and
sensitivity for differential privacy [16,22]. A coeffect-style approach also enables
linear types to be retrofitted to Haskell [8]. A common thread is the annotation
of variables in the context with usage information, drawn from a semiring. Our
approach generalises this idea to capture type, context, and computational usage.

McBride [43] reconciles linear and dependent types, allowing types to depend
on linear values, refined by Atkey [6] as Quantitative Type Theory. QTT employs
coeffect-style annotation of each assumption in a context with an element of a
resource accounting algebra, with judgments of the form:

xlp:lAl,...,znp:"AnFMeB

where p;, p are elements of a semiring, and p = 0 or p = 1, respectively denoting
a term which can be used in type formation (erased at runtime) or at runtime.

Dependent function arrows are of the form (x ? A) — B, where p is a semiring
element that denotes the computational usage of the parameter.

Variables used for type formation but not computation are annotated by O.
Subsequently, type formation rules are all of the form 0" - T, meaning every
variable assumption has a 0 annotation. GRTT is similar to QTT, but differs in
its more extensive grading to track usage in types, rather than blanketing all
type usage with 0. In Atkey’s formulation, a term can be promoted to a type if
its result and dependency quantities are all 0. A set of rules provide formation of
computational type terms, but these are also graded at 0. Subsequently, it is not
possible to construct an inhabitant of Type that can be used at runtime. We avoid
this shortcoming allowing matching on types. For example, a computation ¢ that
inspects a type variable a would be typed as: (4,0, 4" | 01,1,0} | 02,7,04)01,a :
Type, I It : B denoting 1 computational use and r type uses in B.

At first glance, it seems QTT could be encoded into GRTT taking the semiring
R of QTT and parameterising GRTT by the semiring R U {0} where 0 denotes
arbitrary usage in type formation. However, there is impedance between the two
systems as QTT always annotates type use with 0. It is not clear how to make
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this happen in GRTT whilst still having non-0 tracking at the computational
level, since we use one semiring for both. Exploring an encoding is future work.

Choudhury et al. [13] give a system closely related (but arguably simpler) to
QTT called GRAD. One key difference is that rather than annotating type usage
with 0, grades are simply ignored in types. This makes for a surprisingly flexible
system. In addition, they show that irrelevance is captured by the 0 grade using
a heap-based semantics (a result leveraged in Section 3). GRAD however does
not have the power of type-grades presented here.

Dependent Types and Modalities Dal Lago and Gaboardi extend PCF with lin-
ear and lightweight dependent types [15] (then adapted for differential privacy
analysis [22]). They add a natural number type indexed by upper and lower
bound terms which index a modality. Combined with linear arrows of the form
[@ < Il.o — 7 these describe functions using the parameter at most I times
(where the modality acts as a binder for index variable a which denotes in-
stantiations). Their system is leveraged to give fine-grained cost analyses in the
context of Implicit Computational Complexity. Whilst a powerful system, their
approach is restricted in terms of dependency, where only a specialised type can
depend on specialised natural-number indexed terms (which are non-linear).

Gratzer et al. define a dependently-typed language with a Fitch-style modal-
ity [30]. It seems that such an approach could also be generalised to a graded
modality, although we have used the natural-deduction style for our graded
modality rather than the Fitch-style.

As discussed in Section 1, our approach closely resembles Abel’s resource-
ful dependent types [2]. Our work expands on the idea, including tensors and
the graded modalities. We considerably developed the associated metatheory,
provide an implementation, and study applications.

Further Work One expressive extension is to capture analyses which have an
ordering, e.g., grading by a pre-ordered semiring, allowing a notion of approxi-
mation. This would enable analyses such as bounded reuse from Bounded Linear
Logic [28], intervals with least- and upper-bounds on use [45], and top-completed
semirings, with an co-element denoting arbitrary usage as a fall-back. We have
made progress into exploring the interaction between approximation and depen-
dent types, and the remainder of this is left as future work.

A powerful extension of GRTT for future work is to allow grades to be first-
class terms. Typing rules in GRTT involving grades could be adapted to in-
ternalise the elements as first-class terms. We could then, e.g., define the map
function over sized vectors, which requires that the parameter function is used
exactly the same number of times as the length of the vector:

map : (n 10,5y Nat) = (@ :(0,n+1) Type) = (b :(0,n+1) Type) —
(f :(n,0) ( :(1,0) @) = b) = (x5 :(1,0) Vecna) — Vecn b

This type provides strong guarantees: the only well-typed implementations do
the correct thing, up to permutations of the result vector. Without the grading,
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an implementation could apply f fewer than n times, replicating some of the
transformed elements; here we know that f must be applied exactly n-times.

A further appealing possibility for GRTT is to allow the semiring to be defined
internally, rather than as a meta-level parameter, leveraging dependent types for
proofs of key properties. An implementation could specify what is required for a
semiring instance, e.g., a record type capturing the operations and properties of a
semiring. The rules of GRTT could then be extended, similarly to the extension
to first-class grades, with the provision of the semiring(s) coming from GRTT
terms. Thus, anywhere with a grading premise (A | 01 | 02) @ I' + 7 : R would
also require a premise (A | o3 | 0) ©® I' = R : Semiring. This opens up the ability
for programmers and library developers to provide custom modes of resource
tracking with their libraries, allowing domain-specific program verification.

Conclusions The paradigm of ‘grading’ exposes the inherent structure of a type
theory, proof theory, or semantics by matching the underlying structure with
some algebraic structure augmenting the types. This idea has been employed for
reasoning about side effects via graded monads [35], and reasoning about data
flow as discussed here by semiring grading. Richer algebras could be employed
to capture other aspects, such as ordered logics in which the exchange rule can
be controlled via grading (existing work has done this via modalities [34]).

We developed the core of grading in the context of dependent-types, treating
types and terms equally (as one comes to expect in dependent-type theories).
The tracking of data flow in types appears complex since we must account for
how variables are used to form types in both the context and in the subject
type, making sure not to repeat context formation use. The result however is
a powerful system for studying dependencies in type theories, as shown by our
ability to study different theories just be specialising grades. Whilst not yet a
fully fledged implementation, Gerty is a useful test bed for further exploration.
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A Appendix

A.1 Full Typing Rules for Grtt

0 (Alo|0)oI'E A: Type,

@@@}—WF AocoOlz: Ak WrEXT

Fig. 1. Well-formed contexts for GRTT
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Fig. 2. Subtyping for GRTT
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1 Typing judgment overview

Typing judgments in GRTT have the form (A | oy | 02) ®T F ¢ : A, which may be written as (oAl ) O'k-t: A,

o
should it aid readability. ’

o1 and o9 are grade vectors, which are vectors of grades which describe subject (¢) and subject type (A)
use, respectively. A is a context grade vector, which is a vector of grade vectors, accounting for usage in the
typing of assumptions in the context (T').

Throughout the theory, we implicitly assume that for any judgment (A | o1 | 02) © T F J, we have
|A| = |o1| = |oz| = |T| (i-e., that sizes align), and that for every vector o in A, the size of o is the same as
its index in A. We assume these sizing requirements for all judgments (even those without grade vectors),
not just typing ones.

The notation 0 is used to denote a vector consisting entirely of 0 grades, to whichever size would be
necessary to satisfy the above sizing conditions. We may write 0™ to specify a size (1), if we feel that it aids
understanding.

Proofs over multiple judgments When lemmas should hold for multiple forms of judgment, we may
use the syntax (A | o1 | 02) ©T B J (where J ranges over judgments), optionally restricting J to a subset
of judgments, with J by default ranging over the following forms of judgment:

e AGTF;
e (Alo)oTHALB;

o (A|oy|o2) T F ity : A

o (Aloy|og) @kt =t: A

Thus, for example, a lemma stating “if (A | o1 | 02) ©T F J then A @ T' 7, this would mean all of the
following hold:

e if AOTF then AGT F;

e if(A|lo)OTHFA<Bthen AT F;

o if(A]oy|og) @'t : Athen AGT

o if (A|oy|02) OT =t : Athen AGT F

Note that repeated uses of J restrict the form of resulting judgments accordingly, and term operations map
over the judgment, thus a lemma “if (A | o1 | 02) ©T' F J then (A" | o] | 04) ©T" F [t/x]J” would mean all
of the following hold:

e if AT I then A’ O T k;

e if (A|lo)OTHFALBthen (A |o)OT'F [t/z]A < [t/x]B;

o if (A]oy|og) @ Fty: Athen (A'|o] | o) O [t/x]ty : [t/x]A,;

o if (A|oy|oa)®TFt; =to: Athen (A’ | o] | o) OT k- [t/x]ty = [t/x]ts : [t/x]A
Operations on terms lift naturally to operations on judgments. For example:
Definition 1.1 (Subsntitution for multiple judgments). We write [t/x]J to mean the substitution of t for
x in each component of J. For example, if J isty =to: A, then [t/x|T is [t/x]t1 = [t/x]t2 : [t/z]A.

Definition 1.2 (Free-variable non-membership over multiple judgments). We write x & FV (J) to mean x
is not in any of the components of J. E.g., if J isty =t2: A, thenax & FV(T) isx & (FV (t1) UFV (t2) U
FV (A)).



2 Definitions

Definition 2.1 (Well-formed contexts). We say that a context ' is well-formed under a context grade vector
A(A]op|o2) T AGT F), if and only if for every Ay,0,M9,T'1,2, B, and T's satisfying the equations
A= (A1,0,A2); T =(Ty,2: B, T3); and |A1| = |T'1|; we have (A1 | o | 0) T, + B : Type; for some level I.

Definition 2.2 (Move on grade vectors). mv(my;ma;0) moves the element at index w1 to index mo in o
(pushing back elements as necessary). As a special case of this, we define exch(m; o) = mv((w + 1);7;0).

Definition 2.3 (Move on context grade vectors). The operation mv(my;me; A) is mv(wy;me; o) for each o in
A. As a special case of this, we define exch(m; A) = mv((m 4+ 1);m; A).

Definition 2.4 (Contraction on context grade vectors). contr(m; A) combines the elements at index m and
7+1 for each grade vector in A, via addition. This is defined as contr(m; A) = A\(7+1)+(A/(w+1))*(0™,1).

Definition 2.5 (Insert on grade vectors). The operation ins(w; s; o) inserts the element s at index 7 in o,
such that all elements preceeding index w keep their positions, and every element at index ™ or greater in o
will be shifted one index later in the new vector.

Definition 2.6 (Insert on context grade vectors). The operation ins(m; s; A) is ins(w; s;0) for each o in A.
Definition 2.7 (Choose on grade vectors). The operation o/7 selects the element at index © of o.

Definition 2.8 (Choose on context grade vectors). The operation A/7 is o/m on each o in A, producing a
new grade vector of size |Al.

Definition 2.9 (Discard on grade vectors). The operation o\m removes the element at index 7 from o.
Definition 2.10 (Discard on context grade vectors). The operation A\ is o\7 for each o in A.

Definition 2.11 (Splash multiplication of grade vectors). The operation o1 x oo scales oo by each element
of o1 to produce a context grade vector.

Definition 2.12 (Addition on grade vectors). The operation o1 + o3 combines the two vectors element-wise
using the semiring addition, right-padding the shorter vector with 0, to ensure correct sizing.

Definition 2.13 (Addition on context grade vectors). The operation A1 + Ag is pointwise addition of the
elements of A1 and As in ‘as much as possible.’ Le., if the corresponding vectors at a given index are of
different sizes, then the shorter vector is treated as if it were right-padded with zeroes in the addition.

3 List of results

Lemma 3.1 (Strengthening). If (A,o01,A’ | 0g,8,04 | o3,7,08) @z : ATV J, 2 & FV(J), and
z & FV(I), with |A]| = |oa| = |os] = |T|, then (A, (A\7) | 02,05 | 03,0%) ©T, IV = T where = = |T|.

Lemma 3.2 (Judgments determine vector sizing). If (A | o1 | 02) ©T + J, then |o1] = |o2| = |A] = |T|
and for each element o of A, the size of o is the same as its index.



Lemma 3.3 (Judgmental contexts are well-formed). If (A |0y | 02) T F T, then AGT F.
Lemma 3.4 (Subcontext well-formedness). If |A1]| = |T'1| and Ay, Ay ©@T1, Ty, then Ay © T F.

Lemma 3.5 (Typing an assumption in a judgmental context). If (A1,0,A2 | 01| 02) ©T,2: ATo T
with |Aq] = |T1|, then (A1 |o | 0) ©T1 F A : Type,, for some level [.

Lemma 3.6 (Typing the type of a term). Given (A | oy | 02) ©T 1t : A, then there exists a level I such
that (A | o2 | 0) ©T F A Type,.

Lemma 3.7 (Subtyping in context). If (A1,01,Ay | 02,8,03 | 04,7,05) © 1,2 : ATy T and (A |
o1) T F A" < A, then (Ay,01,A9 | 02,8,03 | 04,7,05) ©T1,2: A\ T - J.

3.1 Inversions

Lemma 3.8 (Inversion on arrow typing). If (A |0y | 02) ©OT & (v, A) — B : C then there exist grade
vectors 1, o1, and levels | and ', such that (A | o1 | 0)©T = A: Type, and (A,¢1 | o1',7| 0) O,z : Ak
B : Type,s, and 61 + &1’ = o0;.

Lemma 3.9 (Inversion on tensor typing). If (A | o1 | 02)OT F (2 ;. A)®@B : C then there exist grade vectors
71, &1', and levels | andl', such that (A | 61 | 0)OT = A : Type, and (A, 01 | 61,7 | 0)OT, z: A+ B : Typey,
and Oél +(fl/ =01.

Lemma 3.10 (Inversion on box typing). If (A| oy |o2) ©TFOgA: B, then (A | oy |o2) ©T F A : Type,,
for some level [.

Lemma 3.11 (Function inversion). If (A | oy | o1 4+03) ©OT Azt : C, (A | o1 +03) 0T FC < (214
A) = B, and (A,01 | 03,7 | 0)©T,x: A+ B : Type,, then (A,01 | 02,8 | 03,7r) @, z: AFt: B.

Lemma 3.12 (Pair inversion). If (A | 01 | 02+ 03) © T F (t1,t2) : (x : A) ® B and (A 09 | 03,7 |
0)oT,x: Al B: Type,, then there exist grade vectors 1 and ' such that (A | Gy | o2) ©T -t : A, and
(A | 0¢1/ | o3 +r *(fl) Oty [tl/l‘]B, with o1 +0ﬁl =01.

Lemma 3.13 (Box inversion). If (A | o1 | 02) ©T F 0Ot : B and (A | 03) ©T + B < O4A, then
(A|dy o) O Ft: A for some o1 such that s x d1 = o07.

Lemma 3.14 (Arrow subtyping inversion). If (A | oy +o02| 0)© ' = J1 where J1 is (z (5 A) = B<C
or (x:s,y) A) = B=C:D and (A|o1+02|0)OT = Ja, where Jo is respectively C < (y :(y 1y A') = B’
or C = (y sy A') = B+ E (with (A | 0) 0T = D < Type; and (A | 0) ©T' = E < Type;), with
(Ayo1 | 03,7 | 0) 0T,y : A b B : Typey, then x =y, s = §', r = 1/, and respectively, based on Ji,
(Alo) T FA <A, and (Ayo1 |o3,7) 0T, 2 : AA-B<B,or(A|lo;|0eTFA =A:Typey,, and
(Ayo1|os,r | 0) 0T,z : A’ B=B": Typeyu.

Lemma 3.15 (Tensor subtyping inversion). If (A | o1+ 03 | 0) ©T + J; where Jy is (x :p A)@ B < C
or (z: A )@ B=C: D and (A | o1 +02| 0) ©T b Ja, where Ty is respectively C < (y v A') @ B’ or
C=W: AYRB : E (with(A] 0T+ D < Type; and (A | 0) 0T + E < Type;), with (A,01 | 03,7 |
0)oT,y: A B :Typey, thenax =y, s=s,r=r", (A|o1 |0 T+ A= A":Typey, and respectively,
based on Jy, (A o1 | o3,7) O, 2: A’ B< B, or (Ayo1| 03,7 0)©T,z: A+ B=DB'": Type,.

Lemma 3.16 (Box subtyping inversion). If (A | o | 0)©T v Jy where Jy is OsA < B orO;A= B : D, and
(Alo|0)OT F Jo, where Jz is respectively B < Oy A" or Oy A’ = B : E (where (A | 0) ©T F D < Type,
and (A ] 0) 0T F E < Type;), then s = s, and respectively, based on Jp, (A | o) OT F A < A, or
(Alo|0)oTFHA=A":Type,.



3.2 Vector manipulation

Lemma 3.17 (Factoring choose and discard). If |o1| = |os| = 7, then (Aq, (01,7, 02), Ao)\T+((A1, (01,7, 02), Ag) /m)*
o3 = (A\m+ Ay /7 *03), (01 + 7 % 03),02), (A2\T + Ag/7 % 03).

Lemma 3.18 (Factoring vector addition). If 6) + 61’ = 01; §+ s = s; and o3 + o3’ = o3, then (61 + §
02)763) + ((Ocll + & * 0'2)70/'\3/) = (0’1 + s % (72),(73 for all os.

Lemma 3.19 (Addition across same-sized components). If |o1| = |o3| then 01,09 4+ 05 = (01 + 03), 02.

Lemma 3.20 (Vector addition across components). If |o1| = |o4| and |oa| = |os|, then o1,09,03 +
04,05,06 = (Jl + 0—4)a (02 + 0—5)5 (03 + 06)'

Lemma 3.21 (Moving an exchange). We have mv((my + m3); m3; (exch((m1 + m2); A))) = mv((m + 72 +
1); 735 A).

3.3 Meta properties
3.3.1 Contraction

Lemma 3.22 (Contraction). The following rule is admissible:

Ap,01,(01,0),A
( lag,lsg?-.slz,a)g 2) @Fl,ﬂf : A,y : A,FQ F j |A1| = |0'2| = |O'4| = ‘F1|
04,71,72,05
Aq,071,contr(|A1];A2)
( 02,(51452),03 > O, 2z: Az, 2z/x,ylTa [z, 2/x,y|T

o4,(r1+72),05

CoNT

3.3.2 Exchange
Lemma 3.23 (Exchange). The following rule is admissible:

A1,01,(02,0),A
( 1o1,2.0), 2>®F1,x:A,y:B,P2|—j o & FV(B) |A] =|os| = |os| = T

05,71,72,06
Aq,02,(01,0),exch(|A1[;A2)
< 03,52,51,04 ) ol,y:B,z: ATy T

05,72,71,06

EXCHANGE

Corollary 3.23.1 (Exchange (general)). As a corollary to Lemma 3.23, the following rule is admissible:

A1, A, (01,01221),Ag
02,03,5,04 O] Fl,FQ,fE : A7F3 = j

05,06,7,07
Dom(I's) N FV(A) =0 |o1| = [A4] = |oa| = o5 = [I'1]
Aq,01,ins(|A1;0;A5),mv(|A1,Ax ;| Ay ;A
( (JAy] 02728)703794 2|5 A s)) OTy,2: ATy, T3 F T

05,7,06,07

EXCHANGEGEN

Where Dom(T") is the domain of T.

Corollary 3.23.2 (Exchange from end). As a corollary to Corollary 3.23.1, the following rule is admissible:

04,05,T

o1 0122
(A“Aég(,c,;:f ”) ®T1,Ta,z: AFJ Dom(T2) NFV(A) =0 |A| = |oo| = |oa] = T4

(Al,al,ins(\A1|;0;A2) EXCHANGEEND

02,8,03 ) oO',x: ATy T

04,T,05



3.3.3 Weakening

Lemma 3.24 (Weakening). The following rule is admissible:

(Alor|o2)©THT (Alos| 0T A: Type
(A)o3]01,0]| 090,000, 2: AT

EAK
Where J is typing, equality, or subtyping.

Lemma 3.25 (Weakening for well-formed contexts). The following rule is admissible:

A1, A 0T, o (Arfor|oz) Ol FE: A
(Al,AQ‘01,0|02,0)®F1,F2Ft2A

WEAKWF

Lemma 3.26 (Weakening (general)). The following rule is admissible (for J is typing, equality, or subtyp-
ing):
(Al,A2|O'17O'/1 ‘02,0'/2)6)]:‘171—‘2'_\7 (A1|03|0)®I‘1|—A:Typel ‘0'1|:|O'2|=|F1|
(A1, 03,ins(|A1];0; Ag) | 01,0,07 | 02,0,05) Ty, 2: ATy =T

WEAKGEN

3.3.4 Substitution

Lemma 3.27 (Substitution for judgments). If the following premises hold:
1. (A|og|o) Tt A
2. (Ao1,A" | 03,8,04 | 05,7,06) ©T1,2: A To T
3. |os| = |os| = |1

A (A'\T+(A /7)*02)
Then (03+s%02),04 Oy, [t/z|Ts F [t/2)T, where m = |Tq].

(o5+T%02),06

Lemma 3.28 (Equality through substitution). If the following premises hold:
1. (A1 |o1|o2) 0T Ht; =1t A
2. (A1,09,A9 | 03,8,04 | 05,7,06) ©T1,2: A, ToFt3: B
3. |os| = los| = T4

Aq,(A\T+ (A2 /T)*01)
Then ( (03+s%01),04 ) Oy, [t1/x]Ta b [t1/x]ts = [to/x]ts : [t1/x] B, where m = |T].

(o5+T*01),06

3.4 Properties of operations

Lemma 3.29 (Properties of insertion). The following properties hold for any valid insertion (i.e., where for
all i < |Al, m < |A[i]|, for context grade vectors; and m < |o|, for grade vectors):

1. (insPreservesSize) |ins(m; R; A)| = |A|;

2. (insIncSizes) if m < |Al[i]|, then |(ins(m; R; A)[i]| = |A[d])] + 1;
3. (insIncSizeGV) |ins(m; R; 0)| = |o| + 1;

4. (insCVthenGV) ins(m; R; A),ins(m; R;0) = ins(m; R; (A, o))



3.5 Properties of equality
Lemma 3.30 (Equality is an equivalence relation). For all, we have:
o (reflexivity) if (A|o1|o2) ©T Ht: A then (Aloy| o) T Ht=t:A;

o (transitivity) if (A |01 | o2) O Ft1 =ty: Aand (A | o1 | 02) OT Fte =t3: A, then (A | o1 |
o) @ty =t3: A;

o (symmetry) if (A|o1|o2) OTFt1 =ta: A, then (A|oy|o2) OT Fta=141: A

Lemma 3.31 (Reduction implies equality). If (A | o1 | 02) @T Ft1 1 A and t1 ~> ta, then (A | 01| 02)OT
tl = tQ DA

Lemma 3.32 (Equality inversion). If (A | oy | 02) O Ft1 =ty : A, then (A | oy |0o2) @T F 1ty : A and
(A‘O’l ‘0’2)@1—"7152:14.

Lemma 3.33 (Deriving judgments under equal contexts). If (A1,01,As | 09,8,03 | 04,7,05) © Ty, 2 :
AT T and (A1 | o1 | 0)©T F A= A": Type, then (A1,01,Aq | 02,8,03 | 04,7,05) O, 2: A, To k- TJ.
3.6 Properties of subtyping

Lemma 3.34 (Subtyping inversion to typing). If (A |o)@T'F A< B, then (Ao | 0)OT F A : Type; and
(Ao |0 oTF B: Type, for some level [.

3.7 Type preservation

Lemma 3.35 (Type preservation). If (A | oy |o2) @TFt: A andt~t, then (A]oy|o2) ©T H¢ : A.

4 Strong Normalization

Definition 4.1. Typing can be broken up into the following stages:
Kind := {A|3A,01,T. (Ao | 0) T+ A: Type,}
Type = {A|3A,01,T. (A o1 | 0)OTF A: Typey}

Const := {t | 3A, 01,02, T, A (A ] o1 | 02) OT Ft: AN
(Aloa| 0)OTF A: Type;}

Term := {t|3A,01,02,T,A(A] 01| 02) T Ft: AA
(Aloz | 0)OT F A: Typey}

Lemma 4.2 (Classification). It is the case that Kind N Type = 0 and Const N Term = (.

Definition 4.3. The set of base terms B is defined by:

~

. For x a variable, © € B,

. Typeg, Type; € B,

2

3. Iftl € Bandty € SN, then (tl tz) S B,

4. Ifto € B and t; € SN, then (let (z,y) =t1ints) € B,
5

. Ifts € B and t; € SN, then (letOx =tyinty) € B,



6. If A,B € SN, then ((x :(, ) A) = B) € B for anyr,s € R,

7. If A,B € SN, then ((v :, A)® B) € B for anyr € R,

8. If A € SN, then (0,A) € B for any r € R.
Definition 4.4. The key redex of a term is defined by:

1. Ift is a redex, then t is its own key redex,

2. If t1 has key redex t, then (t1t2) has key redez t,

3. If t1 has key redex t, then (let (z,y) = t1ints) has key redex t,

4. If t1 has key redex t, then (letOx = t1ints) has key redex t.
The term obtained from t by contracting its key redex is denoted by redyt.
Lemma 4.5. The following are both true:

1. BCSN

2. The key redex of a term is unique and a head redez.
Definition 4.6. A set of terms X is saturated if:

1. X CSN,

2. BCX,

3. Ifredyt € X andt € SN, thent € X.

The collection of saturated sets is denoted by SAT.

Lemma 4.7 (SN is saturated). Every saturated set is non-empty and SN is saturated.

Proof. By definition.

Definition 4.8. For T € Kind, the kind interpretation, K[T], is defined inductively as follows:

K[Typey] = SAT

Kl(x :(;sy A) = Bl ={f | f: K[A] — K[B]}, if A,B € Kind
Kl(z :(rs) A) = B] = K[A], if A € Kind, B € Type
T (s A) = B] = K[B], if A € Type, B € Kind

(

(
K[(z . A) @ B] = K[A] x K[B], if A.B € Kind
K[(z :s A) @ B] = K[A], if A € Kind, B € Type
K[(z:s A) @ B] = K[B], if A € Type, B € Kind
K[O:A] = K[A]

Definition 4.9. Type valuations, A O T | ¢, are defined as follows:

X € K[4]
AT Ee (Aloz]| 0T A: Type,
Do Eg MY B,09) 0 [C,2: A) E e = X]

AT Ee (Aloz| 00T F A: Type,
(AaO—Q)@(va:A)':g

Ep_EXTTM

Epr_ EXTTY



Definition 4.10. Given a type valuation A T |= ¢ and a type T € (Kind U Type U Con) with T typable in
A OT, we define the interpretation of types, [T]e inductively as follows:

[Type;]e = SN
[Typeglle = AX € SAT.SN
[z]e = ez, if z € Con

(@ :(rs) A) = Ble = AX € K[A] = K[B]- Ny excpag ((TAl) (V) = ([Blejosyy) (X (Y))),
if A, B € Kind

Ny expag ([A1) (V) = ([Blesay),
if A € Kind, B € Type

AX € K[B].[A]e — ([Ble) (X), if A € Type, B € Kind

[Ale — [Ble, if A, B € Type

II(I Y(r,s) A) - Bﬂs

[(x H(rys) A) - BHE
[(x H(rys) A) - BHE

%ix : 2§%5 = f[\j(]] G;C[[A]}‘[[BI]L]ls[IHKX]aifBA GTKind,B € Con
x: ABlle = e, Jor any € King, c lerm
[Ax : A.B]e = [B]e, for any A € Type, B € Con

[AB]. = [A]-([B].), if B € Con

[A¢]e = [A]e, if t € Term

[(z:s A)© B]: = AX € K[A] x K[B].([A]¢) (m1 X) X ([Blczrsn, x1) (72 X),
if A,B € Kind

AX € K[B].[A]e x ([Ble) (X), if A € Type, B € Kind

AX € K[A].([A]e) (X) X [Blejomsx), f A € Kind, B € Type

[Ale x [Ble, if A,B € Type

[(z:s A) ® B].
[(z:s A) © B].
[(z:s A) © B].

[letO(z : A) = tin B]e
lletO(z : A) = tin B]e

[Bleje—t).]s f A € Kind
[Ble, if A € Type

[(4,B)]e = ([4]., [B]-)
[(A,0)]e = [A]e, if t € Term
[t B)]e = [Ble, if t € Term
[let(z: A,y : B) =tinC]e = ﬂc]]s[w—ﬂrl [tle,y—ma [tle]” if A, B € Kind
[let(z: A,y: B) =tinCle = [Clizmpy.], f A € Kind, B € Type
let(z: A,y: B) =tinCle = [Clcpyspe.), f A € Type, B € Kind
llet(z: A,y : B) =tinC]. = [C]e, if A,B € Type
[[D(r,s)A}]e = [4]-
[OA]e = [A]e

Definition 4.11. Suppose A ®T = e. Then Valid term valuations, A @ T |=. p, are defined as follows:

t € ([A]) (ex)
Aolkp (A THA:T
RHO_EMPTY OlfEep (Alo2[0)0 ype,

m (A702) ® (1"’1, . A) ’:5 p[m N t] RuO_EXTTY

t € [A].
AT E.p (Alo2|0)OTF A: Type,

Ruo_ExTTM™M
(A,o2) © (Tyz: A) e plz — 1]

Definition 4.12. Suppose A ©T =, p. Then the interpretation of a term ¢ typable in A ©T is (t), = pt,
but where all let-expressions are translated into substitutions, and all graded modalities are erased.

Definition 4.13. Suppose (A | o1 | 02) ©T Ft: A. Then semantic typing, (A | o1 | o2) ©T Et: A, is
defined as follows:

1. If (Ao | 0T+ A: Type,, then for every AOT . p, (t), € [A]c ([t]e)-
2. If (Ao | 0)©TF A: Type,, then for every AOT = p, ([t), € [A]e.

Lemma 4.14 (Substitution for Typing Interpretation). Suppose A ®T = e and we have types To € (Kind U
Con) and Ty € Con with Ty and Ty typable in AOT, and a term t € Term typable in A ®T. Then:

L [B]epsr. = [T /2)12]. -
2. [To]e = [[t/x)T2]e.

10



Proof. By straightforward induction on 7T, with the fact that substitutions disappear in the kind interpre-

tation.

O

Lemma 4.15 (Equality of Interpretations). Suppose A©T | ¢e. Then:

1. Zf (A | 01 | 0'2) @F F Tl = TQ . Typel, th@’fl K[[Tl]] = IC[[TQ]]

2. Zf (A | 01 | 0'2) @F F Tl = T2 . Typel, then [I:Tl]]a = HTQHE.

Proof. Part one follows by induction on (A | o1 | 02) ©T + Ty = Ts : Type;, and so does part two, but it also
depends on part one and the previous lemma. O

Lemma 4.16 (Interpretation Soundness). Suppose AOT' =¢ and (A|o | 0) O+ A: Type,. Then:

1. If (Al oy |o2) ©T Ft: A, then [[t]. € K[A]

2. [A]. € K[A] — SAT

Proof. This is a proof by simultaneous induction over (A | o1 | 02)®T Ft: Aand (A | o |0)OT - A : Type;.
We consider part 1 assuming 2, and vice versa.

Proof of part 1:

Casel:

Case 2:

Case 3:

AoTF

T_TYPE
(A]0|0)®T F Type, : Type,

This case holds trivially, because Type; cannot be of type Type;.

Ao, Ay OT 20 AT A = [Ty

T_VAR
(A1,0,05|0%111,0|0,0,0)0T,2: ATy Fz: A

In this case we have:
A = (Al, a, AQ)

o1 = (01%11.1,0)
o2 = (0,0,0)
t=x
Thus, we must show that:
[z]- € K[A]

We know by Definition C.10 and Definition C.9 that [z]. = ex € K[A]; thus, we obtain our result.

(A|03|0)®F}—BlzTypell (A,03|O'4,7’ ‘ O)QF,LEIBl'_BQ

: Typey,
T_ARROW
(A | 03+ 04 | O) o'k (.23 Ws,r) Bl) — By : Typell Uly

In this case we know:
o1 = (03 + 04)

g9 — 0
t= ((E :(5,7*) Bl) — B2
A =Typey, |y,

However, by assumption we know that (A |0|0) © ' - Type;, ., : Type;, and hence, Type; ,;, =
Type, which implies that {; = [ = 0. This all implies that B;, By € Type. Furthermore, we know
that (A, 03) ® (T',x : By) | €, because By € Type.

11



Case 4:

Case b:

Thus, by Definition C.8 we must show that:
[(@ :(s.r) B1) = Bz]e € K[Typey] = SAT
By Definition C.10 we know that:
[(x :(sry B1) = B2]e = [Bi]e — [B2]-
By the IH:

TH(1): [B1]: € K[Typey] = SAT
TH(2): [Bz]. € K[Typey] = SAT

Therefore, [(2 :(s,) B1) = B2]e = ([Bi]e — [B2]:) = (SAT — SAT) € SAT which holds by the
closer of SAT under function spaces.

(Alo3z|0)OT'F By :Type, (A,03|04,7[0)OT,x: B1F By : Typey, T Tex
(Alos+04]0)OTF (21 B1) @ Ba: Typey, 1, -

This case follows nearly exactly as the previous case, but ending with a cartesian product, SAT x SAT,
rather than the function space.

(A,o3 | 04,8 05,7)OT,x: Byt : By

T_F
(Aloy|os+os5)OTFAx: Byt : (w25, B1) = By o

In this case we know:

g1 = 04
09 = 03 + 05
t=Mr:B.t

A= (Z (s,r) Bl) — Bs

We also know that (A | o3 +05|0)OI'F (2 :(,) B1) — Bz : Type; by assumption. This implies
by inversion that By, By € Kind, B; € Kind and By € Type, or By € Type and By € Kind. We
consider each case in turn:

Subcase 1: Suppose By, Bs € Kind. Then we must show that:
[Az: B1.t']e € K[(z :(s,r) B1) = Be] = {f | f: K[B1] — K[B2]}
By Definition C.10 we know that:
[Ax : B1.t']. = AX € K[B1].[t']c(os x]

Suppose X € K[B:;]. Then we will show that [t'].,—~x] € K[B2]. We know by
assumption that A®T = ¢ and (A,03 | 04,8 | 05,7) @,z : By b ¢ : By. Hence,
by Lemma 3.5, we know that (A | o3 | 0) @' - By : Type;. Thus, we know that
(A,03)© (T, 2 : By) Eelx— X].

Therefore, by the IH:
HQ): [#].esx) € KIB.]

which is what was to be shown.

12



Case6:

Subcase 2:

Subcase 3:

(A|0'4|0'3+0'5)®Fl—t1:(1]:(5m) Bl)—>BQ (A|O’6|O'3)®F|—t2:Bl

Suppose B; € Kind and Bs € Type. Then we must show that:
[Az: By .t']e € K[(2 :(5,,) B1) = Bz] = K[Bi]
By Definition C.10 we know that:
[Mx : By.t']. = K[Bi]

which is what was to be shown.

Suppose B; € Type and By € Kind. Then we must show that:
[Az: By .t']e € K[(x :(5,,) B1) = Bz] = K[B2]
By Definition C.10 we know that:
[Nz : By.t']. = K[Bs]

which is what was to be shown.

T_App
(A|log+sxog|os+rx0) OT Ftyts: [ta/z] B

In this case we know that:

01 =04+ S *0¢
09 =05+ 1 *0g
t=1t112
A:[tQ/J:}BQ

It suffices to show that:

[tl tQHE S IC[HtQ/ZL']BQ]] = IC[[BQ]]

In this case we know by assumption that [t2/x]B2 € Kind which implies that By € Kind, and
this further implies that ((x :(5,y B1) — B2) € Kind. However, there are two cases for By, either
By € Kind or B; € Type. We consider each case in turn.

Subcase 1:

Subcase 2:

Suppose By € Kind. Then we know by assumption that A ® T = e. Thus, we apply the
IH to obtain:

IH(1): [t1]e € K[(z :(s,r) B1) = B2] = {f | f : K[B1] — K[B2]}
TH(2): [t2]e € K[B1]

Using the IH’s and Definition C.10 we know:

[t1t2]e = [t1]e ([t2]c) € K[Be]

which was what was to be shown.

Suppose By € Type. Then we know by assumption that A ®I' = €. Thus, we apply the
IH to obtain:

IH(l) [[tlﬂs € ’C[(I (s,r) Bl) — BQ]] = IC[[BQ]]
Using the IH’s and Definition C.10 we know:

[t1t2]e = [t1]e € K[B2]

which was what was to be shown.

13



Case T:

(A,o53|05,7|0)OT,z: By - By : Typg
(A|04|03)®F}_t12B1
(A|06|05+7’*J4)®F|_t2:[t1/l']32

T_PAIR
(A | o4+ 06 | O'3+0'5)®F|— (t1,t2) : (:IJ 0 B1)®B2

In this case we know that:

01 = 04 + 0p

09 = 03 + 05

t = (t1,t2)
A:(.’B r B1)®B2

It suffices to show that:

[[(tlth)]]s € /C[[(x 0 B1) ® BZ]]

By assumption we know that ((z :» Bi1) ® Bz) € Kind. Thus, it must be the case that either
B1,Bs € Kind, B; € Kind and By € Type, or By € Type and By € Kind. We consider each of
these cases in turn.

Subcase 1:

Subcase 2:

Subcase 3:

Suppose Bi, By € Kind so [ = 1. Then by Definition C.8 and Definition C.10 it suffices

to show that:
[(t1,t2)]e = ([t1]e, [E2]e)
€ K[(z :r B1) ® Bs]
= ’C[[Bl]] X ]C[[Bg]]
We know by assumption that A®T =€ and (A | 04 | 03) ©T F 1 : B;. By kinding
for typing (Lemma 3.6) we know that (A | o3 | 0) © T + By : Type;, and by assumption
we know that (A,o03 | 05,7 | 0) © (I',z : By) - Bs : Type;. By substitution for typing
(Lemma 3.27), we know that (A | o5 +7 %04 | 0) @ T + [t1/2]Bs : Type;. We can now
apply the IH to the premises for ¢; and ¢2 using the fact that we know (A | o3| 0)©T' F
By : Type; and (A |o5+7r%04|0) O F [t1/x]Bs : Type,.
Thus, by the IH:
IH(1): [t1]e € K[Bi]
IH(Z) [[tgﬂg S K[[tl/x]Bg]] ZIC[[BQ]]
Therefore, ([t1]e, [te]:) € K[B1] x K[Bz].
Suppose B; € Kind and Bs € Type. Then by Definition C.8 and Definition C.10 it
suffices to show that:
[(t1,t2)]e = [ta]-

€ K[(z : B1) ® Bs]

= K[B1]
We now by assumption that A®T =¢e and (A |04 | 03) © T - t1 : By. By kinding for
typing (Lemma 3.6) we know that (A | o3 |0) © ' F By : Type;. Thus, by the IH:
TH(1): [t1]e € K[Bi]
which is what was to be shown.
Suppose B; € Type and By € Kind. Then by Definition C.8 and Definition C.10 it
suffices to show that:

[(t1,t2)]e = [t2]-
€ Kl(z = B1) ® Bs]
= K[B:]

We know by assumption that AOT =€ (A |04 | 03) ©T Fty: By, and (A, 03 | 05,7 |
0) ® (I',xz : By) F By : Type,. By substitution for typing (Lemma 3.27), we know that
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(A|os+rxos|0)OT F [t1/z]Bs : Type;. We can now apply the IH to the premises for
to using the fact that we know (A | o5 +7r %04 | 0) O T F [t1/2]Bs : Type;.
Thus, by the IH:
IH(l): [[tgﬂs S ’C[[tl/x]BQ]] :K:[[Bg]]
which is what was to be shown.
Case8:

(A | 05 | O'3+O'4)®I‘Ft1 : (IL‘ o B1)®B2

(A, (03 +04) | 07,7 |0)OT,2: (2 By) ® Ba - C : Type,

(A7U37 (047T) | J6,5,S | 0'7,7"/,7"/) ®F7x : B17y : B2 - t2 : [({E,y)/Z]C

(Alog+sxos|or+7r' x05) OT Flet(z: By,y: Ba) =tyinty : [t1/2]

T_TeENCuUT
C

In this case we know that:
01 = 0g + S* 05
oo =07 +1" %05
t= (Iet (33 :By,y BQ) =1t intg)
A=[t1/z]C

It suffices to show that:
[let (z : By,y: Bs) = t1int2]. € K[[t1/2]C] = K[C]

Based on these assumptions, it must be the case that C' € Kind and to € Type. First, we can
conclude by kinding for typing that:

(A,03,(04,7) | 011 [ 0) © (T, 2 : By,y : Ba) - [(w,9)/2]C : Type,
for some vector o;. Then by well-formed contexts for typing we know that:
(A, 035,(04,7)) © (T, : By,y: Ba) -
This then implies that:
(Alos|0)OT F By : Typey (A, 03 | 04,7 | 0) © (I',z: By) - By : Typey,

We will use these to apply the IH and define the typing evaluation below.

We must now consider cases for when By, By € Kind, By € Kind and By € Type, B; € Type and
By € Kind, and By, By € Type. We consider each case in turn.

Subcase 1: Suppose Bi, By € Kind. Then we know:

(A]o3|0)OTF By : Typey
(A 03| 04,7]0)® (I',z: B1) F B : Type,
(Alos+04]|0)OTF (x: B1) ® By : Type;

By Definition C.8 and Definition C.10 it suffices to show:
[[let (IE : Bl,y : BQ) = tl in tg]]s
= [t2lewsm [t1]e ysms [t2]2]
€ K[[t1/2]C]
=K[C]

By the applying the TH to the premise for ¢; and Definition C.8:
IH(l) [[tl:ﬂg S K:[(JJ i Bl) (24 BQH = K[[Blﬂ X ’C[[BQ]]
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Subcase 2:

Hence, m [t1]e € K[B1] and w2 [t1]. € K[Bz]. This along with the kinding judgments
given above imply that

(A,03,(04,7)) © (T, Br,y : Be) = elw > m [,y = w2 [ta]e]
given the assumption A ® T' = e. We also know:
(A, 03,(04,7) [ 012 | 0) © (T2 : By,y : Ba) - [(w,y)/2]C : Type;

by applying kinding for typing to the premise for t5. We now have everything we need
to apply the IH to the premise for ¢s:

IH(2): [to]ciorsm, fta]eiyrma [1a].) € Kll(2,9)/2]C] = K[C]
Now by Definition C.10 and the previous results:

[[Iet ({,E :By,y Bg) =t1in tg]]e

= [[tQ]]E[I’—)Trl [t1]e,y—m2 [t1]e]

€ K[|C]]

which was what was to be shown.

Suppose B; € Kind and Bs € Type. Then we know:

(A]o3|0)OTF By : Typey
(A o3| 04,7 0)O (I',z: B1) F B : Type,
(Alog+04|0)OTF (2: B1)® By : Type,

By Definition C.8 and Definition C.10 it suffices to show:

[[Iet ({,E :By,y Bg) =t1in tg]]e

= [[t?]]E[I’—)[[tl]]s]
€ K[[t1/2]C]
— K[C]

By the applying the TH to the premise for ¢; and Definition C.8:
IH(l) [[tlﬂg S K:[(l’ o Bl) (24 BQH = K;[[Bﬂ]
This along with the kinding judgments given above imply that

(Aa g3, (0—47T)) © (F,I‘ : Bl7y : BQ) ): 6[$ = [[tl]]ﬁ]
given the assumption A ®@ T' |= . We also know:

(A7037 (0'4,7") | 012 ‘ O) © (F7x : B17y : B2) + [(1.73/)/2]0 : Typel

by applying kinding for typing to the premise for to. We now have everything we need
to apply the IH to the premise for ts:

IH(2): [to]com € Kli(z,y)/21C] = K[C]
Now by Definition C.10 and the previous results:
[[Iet (l‘ : Bl,y : Bg) =t1in tg]]e
= [to]cs ],
€ K|C]]

which was what was to be shown.
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Subcase 3: Suppose By € Type and By € Kind. This case is similar to the previous case using:
(A,O’g, (0'4,7‘)) O] (F7x : Bl7y : B2) ): 6[‘1: = [[tl]]e]
Subcase 4: Suppose By, By € Type. This case is similar to the previous case using:

(A,O‘37 (U4yr)> © (Fﬂl) : Blvy : BQ> ): £

Case9:
(Ao |0)OTF B: Type,
T_Box
(Alo|0)eTF OB : Type,
This case follows directly from the induction hypothesis.
Case 10: A ,
o'+t : B
(& 105 | o4) T_BoxI

(A|s*xo3|oy) T O : OB
This case follows directly from the induction hypothesis.

Case11:
(A|0’3|0’7)®FF1€11D531
(A,07| 05,8 | 06, (s%7)) ©T, 2 : By b tg: [Oxz/2] By
(A7J7 ‘ o, T | 0) oI z:0,B1 F By : Typel

T_BoxE
(A | o3 + 05 | O’ﬁﬁ*T’*O’g)@FF IetD(:c : Bl) :tlintg : [tl/Z]BQ

In this case we know that:
01 =03+ 05
09 = 0g + 1T *03
t= (Iet D(Jf : Bl) =1t in tg)
A= [tl/Z]BQ

It suffices to show that:
[[let D(l’ : Bl) =11 intgﬂe € ’C[[[tl/Z]BQ]] = ’C[[BQH

In this case we know that ([t1/z]B2) € Kind, and thus, By € Kind and either B; € Kind or
By, € Type. We cover both of these cases in turn.

Subcase 1: Suppose B; € Kind. It suffices to show that:

llet O(z : By) = tyinta]e = [ta]efmspe.
€ K[[t1/2]B2]

As we have seen in the previous cases we can apply well-formed contexts for typing to
obtain that:
(Alo7|0)eTFDOB; : Type;

We can now apply the TH to the premise for ¢; to obtain:
IH(l): [[tl:”g S ’C[DSBl]] ZIC[[Bl]]
Using the previous two facts along with the assumption that A ® I' = € we may obtain

(A,o7) © (D,x : By) Eelz— [t1]e]

In addition, we know that (A,o07 | 06,7 | 0) @ T,z : OsB; F By : Type;. Thus, we can
now apply the induction hypothesis a second time.
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TH(2): [te]cpong € K[Bel
which was what was to be shown.
Subcase 2: Suppose By € Type. It suffices to show that:
[[Iet D(SC : Bl) =t1in tzﬂg = [[tg]]g

€ K[[t1/2B2]
= K[B2]

As we have seen in the previous cases we can apply well-formed contexts for typing to
obtain that:
(Alo7|0)oT OBy : Typeg

Using this along with the assumption that A ®T' = ¢ we may obtain
(Ayor) o (Tyz: By) Ee

In addition, we know that (A,o7 | 06,7 | 0) ® ',z : OsBy F Bs : Type;. Thus, we can
now apply the induction hypothesis a second time.
IH(2): [t2]e € K[Bs]
which was what was to be shown.
Case12:
(Aloy]o)oTHt: A" (Aloy|0)OT A = A: Type,

T_TvyC
(Aloy|oa)OTFE: A YHONY

This case follows by first applying the induction hypothesis to the typing premise, and then applying
Lemma C.15 to obtain that K[A] = K[A'] obtaining our result.

We now move onto the second part of this result assuming the first. In this part we will show:
IfAOT Eecand (Ao |0)OTF A: Type, then [A]. € K[A] — SAT.
Recall that this is a proof by mutual induction on (A | o1 |o2) ©T Ft: Aand (Ao |0)OTF A: Type,.

Casel:
AoTH

(A]0]|0)OTF Typey : Type,y

T_TYPE

In this case we know that:
c=0
A = Type,

It suffices to show that:
[Typeol: € (K[Typey] — SAT) = (SAT — SAT)

But, [Typeg]le = Az € SAT.SN, and by Lemma C.7 SN € SAT; hence, (Ax € SAT.SN) € (SAT —
SAT).

Case 2:
A1,0,A2 O T, 2: Type, o = [Aq] = [y

(A1,0,A, | 041 1.0 |0)® (T'1,z : Typey,I'a) - : Type,

T_VAR

This case is impossible, because the well-formed context premise fails, because Type; has no type.
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Case 3:
(Alo3|0)OTF By : Typey,
(A,Jg | T4,T | 0) @F,x : Bl = BQ : Typel2

(Alog+04|0)OTF (215, B1) = By : Type;

T_ARROW

In this case we know that:
0O =03+ 04
A= (:17 (s,7) Bl) — By

It suffices to show that:
[[(.’E (s,7) Bl) — BQH6 S (lC[[(x (s,r) Bl) — BQ]] — SAT)

In this case either By, Bo € Kind, B; € Kind and By € Type, or By € Type and By € Kind. We
consider each case in turn.

Subcase 1: Suppose B, Bo € Kind. It suffices to show:

[[('T Y(s,7) Bl) — BQHE

= AX € K[B1] = K[Bz]. Ny exp,1(([Bile) (V) = ([Balezmyy) (X (Y)))
S (K:[[(CL‘ (s,r) Bl) — BQ]] — SAT)

={f | f:K[B:] = K[B:]} — SAT

Now suppose X € (K[Bi1] — K[Bz]) and Y € K[B;]. We know by assumption that
(A]o3|0)OIF By : Type, and AGOT [ ¢, and so we can apply the induction
hypothesis to the premise for By to obtain:

IH(1): [B1]e € (K[B1] — SAT)

The previous facts now allow us, by Definition C.9, to obtain:
(Ayo3) 0 (D,x: By) Eelz— Y]

Thus, we can now apply the induction hypothesis to the premise for By to obtain:
IH(2): [Ba]efzsy) € (K[B2] — SAT)

Then we know by IH(1) that [B:1]. (Y) € SAT and by IH(2) [B2]czy] (X (Y)) € SAT,
thus:
([B1le (Y) = [B2]cjamy) (X (Y))) € (SAT — SAT) € SAT

Then by Lemma C.8:

() ([Bi]= (V) = [Balciwosy) (X (Y))) € SAT
YeK[B1]
Therefore, we obtain our result.
Subcase 2: Suppose B; € Kind and By € Type. Similar to the previous case.
Subcase 3: Suppose By € Type and By € Kind. It suffices to show:
[[(SC (1) Bl) — B2]]s
= AX € K[B].([B1]: = ([B2]:) (X))

S (IC[[(.T (s,r) Bl) — Bgﬂ — SAT)
= (K[Bz]] — SAT)

Now suppose X € K[Bz]. We know by assumption that (A | o3 | 0) © '+ By : Type,

and A OT [ ¢, and so we can apply the first part of the induction hypothesis to the
premise for By to obtain:
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TH(1): [Bi]e € K[Typey] = SAT

Now we know by assumption that (A, o3| 04,7 |0)© T,z : By - By : Typey, and we can
now show by Definition C.9 that (A,03) ® (I',z : By) = ¢ holds. So we can apply the TH
to the former judgment to obtain:

IH(Q) [[BQ]]E c (’C[[BQ]] — SAT)

At this point we can see that (AX € K[Bs].([Bi]e: — [Bz2]: (X))) € SAT by the previous
facts, and the fact that SAT is closed under function spaces.

Case 4:
(Alo3|0)oT'F By : Typey,
(A,o3 | 04,7 |0)OT,2: By = By : Typey,

(Alos+04]0)OT (21 B1) @ Ba: Typey, 1y,

T_TEN

This case is similar to the previous case.
Case 5:
(Ao |0)eT'F B: Type;

T_Box
(Alo|0)oTFOsB : Type,

This case follows from the ITH.
Case6:
(Aloy|o)oTHA: A (A|oa|0)oTF A =Type, : B

T_TyConNv
(Afoy]o2) ©T F A: Type

This case is impossible, because Type; has no type B.

O
Theorem 4.17 (Soundness for Semantic Typing). If (A | o1 | 02)OT' Ft: A, then (A ] o1 |o2)0T Et: A.
Proof. This is a proof by induction on the assumed typing derivation.

Casel:
ATk

T_TYPE
(A]0]|0)OTF Type, : Type,

In this case we have:
g1 = 0
09 — 0
t = Typeg
A = Typey

We can now see that this case holds trivially, because Type; has no type.

Case 2:
Al,O',AQQFl,(Z?ZA,FQF |A1‘:|F1‘

(A1,0,A5 [ 01211.1,0]0,0,0)0T,2: ATy z: A

T_VAr

In this case we have:

A = (Al,O',Ag)
o =01 10
oo =0,0,0
t==x

Now either A € Kind or A € Type. We consider both cases in turn.
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Case 3:

Case 4:

Caseb:

Subcase 1: Suppose A € Kind and A @ T . p. It suffices to show:

(=) = px € [A]e ([z]) = [A]e ()
But, this holds by Definition C.12, because the well-formed context premise above implies
the proper kinding of A.
Subcase 2: Suppose A € Type and A ©T |, p. It suffices to show:

(2), = pa € [A].

But, this holds by Definition C.12, because the well-formed context premise above implies
the proper kinding of A.

(Alos|0)oI'F By : Typeg
(A,03| 04,7 |0)©T,2: By - By : Type,

T_ARROW
(Alog+04|0)OT F (215, B1) = B2 : Typeg

In this case we have:
o1 = (03 + 04)

g9 = 0
t=(x Hs,r) By) — By
A = Type,

We only need to consider the first case of this theorem, because Type; has no type. So suppose
AOT = p. It suffices to show:

(](I Y(s,7) Bl) - B2Dp
= ((& :(s,r) (B1)p) = (B2)y)
€ [[S-I'—\}I’peoﬂs ([(= “(s,r) B1) — Ba].)

We know by assumption that A ® T |=. p so we can apply the TH to conclude:
IH(1): (Bi), € [Typeo]e ([Bi]e) = SN

Now suppose t € [Bi]e. Then we know by Definition C.12 that (A, 03) ® (T',x : By) e plz — t].
Thus, by applying the IH to the premise for B we may conclude that

IH(2): GBZDp[th] € [Typeg]e ([Bz2]e) = SN

holds for every t. Therefore, we may conclude out result.

(Alo3|0)oTF By : Type,
(Ayo3| 04,7 |0)OT,z: By - By : Type,
(Aloz+04]|0)OTF (21 B1)® Bs : Type,

Similar to the previous case.

T_TEN

(A,o3 | 04,8 05,7) O, 2: By -t : By
(Aloy|os+os5)OTFAx: Byt : (@25, B1) = B

In this case we have:

T_FunN

01 = 04
oy = (03 + 05)
t=A\v: Bl.t/

A= (I (s,r) Bl) — By
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We have two cases to consider, either ((z :(s,y B1) — B2) € Kind or ((x :(s,) B1) — B2) € Type.
We cover both cases in turn.

Subcase 1: Suppose ((z :(s) B1) — B2) € Kind. We now have three subcases depending on the
typing for both By and Bs.

Subcase 1: Suppose Bi, By € Kind. It suffices to show:

(])\II? : Bl.t/Dp

= Az : (Bi),-(t'),

S [[(LIL‘ s, Bl) — BQHE ([[)\J? : Bl.t/ﬂa)

= Nyexp, (([Bile) (V) = ([Balefasy) ([Az : Brt']e (Y)))
— Ny ey (B (V) = (Baletwvy) (Fletesy)

So suppose we have a Y € K[Bi] and at € [Bi]: (Y) = [Bi](czov)) ()
(since x ¢ FV (B2)). Then we know that (A, 03)© (I',z : B1) Fezmy] plT =
t]. Then by the IH:

IH(): (#')pasy) € [Ballefemy) (It ]ezsyy)

Thus, we obtain our result.

Subcase 2: Suppose By € Kind and By € Type. This case is similar to the previous case,
except we will use part two of the TH.

Subcase 3: Suppose By € Type and By € Kind. Similar to the previous case.

Subcase 2: Suppose ((z :(5,») B1) — B2) € Type. This case is similar to the above, but we will use
the second part of the ITH.

Case 6:
(A I 04 ‘ o3 +0’5) o'k tq: (i[ (s,r) Bl) — BQ
(A'O’G‘O’g)@l—‘l—tlel

(Alog+sxog|os+rxos) OT Ftyta: [ta/x] B

T_App

In this case we have:
o1 = (04 + 8% 06)
o9 = (05 + 1 % 0¢)
t=(t1 ts)
A= [tg/l’}Bg

We have several cases to consider.

Subcase 1: Suppose By, [t2/x]B2 € Kind. It suffices to show:

=N

ty t2Dp

(t1),p (t2)p

[[t2/x] Ba2]e ([t1 t2])
[[B2]]s[af'—>[[t2]]s] ([[tlﬂs ([[t2ﬂs))

Imo

By the IH we have:

IH(l) (]tll)p S [[(1‘ (s,r) Bl) — BQ]]E ([[t1]]5)
TH(2): (t2)p € [Bi]e ([t2]<)
Notice that by Lemma C.16 we know that [t2]. € K[Bi1]. So using C.10 we know:

(t1)p € [(z 25y B1) = Ba]e ([t1]e)
= Nyexpag(([4l) Y) = ([Blepzsyy) ([t1]: (Y)))

Thus, (t1), (t2), € ([Blejwoft1.1) ([t1]e ([2]e))-
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Subcase 2: Suppose B; € Kind and [to/x]Bs € Type. It suffices to show:

ta)p
Q 1)y (t2)
[[t2/x]Ba].
[B2]crzs[ta].]

=
=

mo

By the TH we have:
IH(1): (ti), € [(= s,y B1) — Ba]e ([t1]e)
IH(2): (t2), € [Bi]e ([t2]:)

Notice that by Lemma C.16 we know that [t2]. € K[B1]. So using C.10 we know:

(t:)p € [(z 15y B1) = Ba]c ([t1]e)
= Nyexgp([Bile) (V) = ([Ba2lefsvy))

Thus, (t1), (t2), € ([Baleforsfean.))-
Subcase 3: Suppose By € Type and [ta/z]Bs € Type. It suffices to show:

P—N
-

1t2),

(t1), (t2)p
[[t2/x]B2]e
[B2]lcfzs[ta].]

Imo

By the IH we have:

TH(1): (t1), € [(2 :(s,r) B1) = Ba]-
IH(2): (t2), € [Bile

Using C.10 we know:

(t1)p € [(z 15y B1) = Ba]e ([t1]e)
= [[Bl]]e — [[BQ]]E

Thus, (t1), (t2), € [B2]--
CaseT:
(Ayo5|05,7|0)OT,z: By - By : Typg
(Aloy|o3)©T Hty: By
(Alog|os+rxoy) @ Ftg: [t /2] B
(A|O’4+O’6|O’3+O’5)®Fk(t1,t2) : (I STB1)®B2

T_PAIR

This case is similar to the case for A-abstraction above.

Case 8:
(A|O’5|O’3+04)®F|‘t12($27~31)®32
(A, (03 +04) | 07,7 [0)OT, 22 (22 B1) @ Bo = C = Typey
(A, 03, (04,7) | 06,8,8 | o7,7",7") O, 2 : B,y : Ba Fta: [(z,y)/2]C

T_TenCuT
(Alog+s*os|or+1r" x05) T Flet(z: By,y: Ba) =tyinty : [t1/2]

Similar to the application case above.

Case9:
(Ao |0)OTF B: Type,

T_B
(Ao |0)oT'F OB : Type, X

This case follows from the IH.
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Case 10:

Case 11:

(Aloz|o)OT ' : B

T_BoxlI
(A|s#os o) @D FO0 0.8

In this case we have:
o1 = (sx03)
t=(0Ot)
A=0,B

We have two cases to consider.

Subcase 1: Suppose B € Kind. It suffices to show:

©),

(D,

[Os B ([O¢'])
[B]- ([¢']-)

At this point, this case holds by the TH.

Im

Subcase 2: Suppose B € Type. Similar to the previous case.

(A|O’3|O’7)®Fktll|:|531
(A,07| 06,7 ]0)OT, z: 0sB1 F By : Type,
(A,o7| 05,8 | 06, (s*7)) ©T, 2 : By bty : [Oxz/2] By

(Alog+o5|og+r*o3) O FletO(x: By) =tyinty : [t1/2] B2

In this case we have:
g1 = (03 + 05)
09 = (06 + 1 *x03)
t= (Iet D(.’IJ : Bl> =1t in t2)
A = [tl/Z]BQ

We have several cases to consider:

Subcase 1: Suppose Bi, By € Kind. It suffices to show:

(letO(z : By) =tyinta)),
(2] pfas 11,

m

[B2]ezea1.] (T2l cfoms [t11.7)
By the IH:

IH(1): (t1), € [OsBi]e ([tale) = [Bale ([t1]e)
At this point we need:

(A,07) © (T, 2 : Br) Fejemfn]. Pl — (t),)

But, this follows by definition and Lemma C.16.
By the IH:

IH(2): (2D pes(tr),) € [Balefemspta]e) (E2lleiespe.))

Subcase 2: Suppose By € Kind and By € Type. Similar to the previous case.
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Subcase 3: Suppose B; € Type and By € Kind. It suffices to show:

let D({E Bl) =t1in tQD

D II—>t1

(
€ E[tl/z]Bg]] ([letO(z : By) = t1inta]c)
= [Ba]e ([t2]c)

By the IH:
IH(1): (1), € [OsBi]e = [Bi]-
At this point we need:

(8,07)© (T,a : By) e ple = (1))
But, this follows by definition.
By the IH:

TH(2): (t2Dpwrsgen),) € [Bale ([t2]e)
Subcase 4: Suppose By, By € Type. Similar to the previous case.

Case12:
(Aloy|o)OTFt: A" (A]oa|0)OTHFA = A: Type,
(Aloy| o) T HE: A
By the induction hypothesis we know (A | 01 | 02) @ T = ¢ : A’ holds, but this implies (A | o1 |
02) ©T |t : A’ holds by Lemma C.15.

T_TyConv

O
Corollary 4.17.1 (Strong Normalization). For every (A | oy |o2) @ Ft: A, t € SN.

Proof. Similarly to CC, we can define a notion of canonical element in K[A], and define a term valuation
A OT . p, and then conclude SN by the previous theorem. O

A Proofs for Graded Modal Dependent Type Theory

Lemma 3.1 (Strengthening). If (A,01,A’ | 09,8,0% | o3,ry08) @ Tz : ATV J, 2 € FV(J), and
x & FV(I), with |A] = |oa| = |os| = [T, then (A, (A'\7) | 02,0} | 03,0%) © T, T = J where m = |T|.

Proof. For well-formedness:
By induction on the definition of well-formed contexts.

e Case WF_EMPTY. Trivial since it does not match the form of the lemma.

e Case WF_EXT We consider two cases depending on the syntactic structure of T's and Ay (simultane-
ously, since they must have the same size by the lemma statement).

— I'y = 0 and Ay = () then we have:

(A1 ]o|0)OT F A: Type
A1,0®F1,1'1A|_

Wr_EXT

By Lemma 3.3 (on the first premise) then we have A; ® T’y - which is the goal here.
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— Ty =T%y: A" and Ay = Al, 0’ then we have:

(A1,0,AL |0’ |0) O Ty, z: A, TH = A" : Type,

WFr_E
Ay,0,AL 0 O, x: ATy, y: A+ Rt

By Lemma 3.1 on the premise we get (Aq, (Aj\7) | o’\7|0) ®@T'1,T, + A" : Type,
We then construct the derivation:

(A1, (A\m) | o'\m | 0) ®T1,T5 = A" : Type,

Wr_E
Ay, (Ap\m), 0 \7 & Ty, TGy A - e

Since (A4\m), o'\ = (A}, ¢’)\7 then the above derivation satisfies the goal.

For typing: By induction on (A, o1, A’ | 09,8,04 | 03,7,04) ©T 2 : A, T'+Ht: B

Case T_TYPE
Ao, ANol,z: AT F

(A,01,A"|0]0)OT,z: AT+ Type, : Type

By induction on A, 01, A’ ® T,z : A,T’ I we have that A, (A"\7) © I',T' F we can thus form the
derivation:

T_TYPE

suc

A, (A\m) T, F

T_T
(A, (A\7) | 0] 0) &L F Type, : Type YPE

suc [

thus satisfying the goal here.

Case T_VAR

A17017A27017A/2®P17y:A/7F2vx:A7F/2l_ |A1|:|F1|

T_VAR
(Ay,01,A9,01, A | 02.1,0 |01,0,0) ©T,y: A \Ty,x: A THFy: A

By induction on Ay, 07, As, 01, AL, © T,y : ATy, : AT, F we have that Ay, o, Ay, (AL\T) ©
Fl;y N A/,FQ,FQ.

Thus, we can build the var rule:

A17017A21(A/2\7r)®r17y:A/a]-—‘Qv:[‘IQl_ |A1|:‘F1|

T_VAR
(Al,Ul,AQ, (AIZ\W) | 0|A1|7 170 | 0'1,0) © Flvy : A/7F27F/2 F y: A/
which satisfies the goal here.
Case T_ARROW
(A,01,A" oy |0)OT,2: AT A" : Typey,
(A,o1,A o4 | 05,7 |[0)OT,2: AT,y : A+ B: Type,
T_ARROW

(A,o01,A" o4 405 |0)OT,2: AT (y 2oy A') = B : Typey, 1,

Thus, in the case we have that we have that o3 = 0, » = 0, and ¢4 = 0 and that o4+ 05 = 02, 8,0}
thus we must have o7, s1,0) = 04 and 0%, s2,0f = 05 and s1 + s2 = s such that (o7, s1,07") +

1 "y /
(02 y 52,09 ) = 02,5,09.
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By induction on the premises we get:

(A, (A'\7) | 04,04 | 0) ©T,T" = A": Typey, (ih1)
(A, (A"\7), 04,04 | of,08,7" | 0) T, I,y : A’ B : Type,, (ih2)

Then we can derive:

(ihl)  (ih2)

T_ARROW
(Aa (A/\ﬂ) | Cr:b O—Z =+ 0{55 0—/5/ | 0) O] F7F/ F (y H(str!) A,) — B Typel1 Uls

which satisfies this case.

Case T_TEN Same reasoning as above since the structure is exactly the same

Case T_FunN

(A0, A" oy | o4, [0) O T, x: AT )y : A’ B : Type,
(A, 0,A" 01 | 09,8,05,8 |og,7")OT,2: AT y: A Ft:B

T_Fun
(A,0,A" | 02,8,0y |01 +04) OT, 2 : AT F Ayt : (@2 ) A') = B
with o1 + 04 = 03,7, 0% thus let o1 = of,71,0Y 04 = ), 72,0Y.
By induction we have:
(A (Ao )\ | oy,04,7" |0)oT,z: AT y: A+ B: Type,
(A, (A o)\ | 02,05, 8 | oy, o), 7Yoo, T y: A +t:B
and thus o1\7 = o}, 07.
From which we form the derivation:
(A (A oy )\ | oy, 08,7 |0)oT,z: AT y: A+ B: Type,
(A, (A" o)\ | 02,05,8 | oy, 0,7 Yo, T, y: A +t: B TF
_FuN
(Av (A,\ﬂ-) | anaé | 01701/ + 0'4/170'4/1/) ®F7F/ F Ayt : (T :(s’,r’) A/) — B
satisfying the goal here.
Case T_AppP
» 0y ,01 | 06,7 © y Lt 9 Y ! - lype
Ao, A "10)OT,z: AT, y: A'F B: Type,
(A,0,A o5 |o1+06) OT,2: AT bty (y 90y A') = B
(Ao, A" | oy | o) O,z AT Fitg: A
T_App

(Ao, A |05+ 8 %04 |og+71"x04) OT,x: ATty ty: [ta/x]B

with o5 + &' % 04 = 02, 8,05 and o + 1’ * 04 = 03,1, 0% thus let 05 = 0}, 51,0l and o4 = 0}, $2, 04
and o = 0§, 71,04 and o1 = o}, 713,07 .
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therefore we have:

oy =05+ 8 0y
s=51+5 %39
02:0/5/+s/*(72
o3 =o0g+1r *0y
r=r1+7" x5y

o / "
O3 =0g + 71 %0y

By induction we then have:

(A, (A'\7), (0},0)) | 06,06,7" |0) T, ",y : A’ B : Type, (ih0)
(A, (A'\7) | oL, 0l | (o} + 0§), (0} +0§)) OT, T Ft1 : (y (st ) A)— B (ih1)
(A, (A7) | 04,0 | oy, 0 ) OT, T ity : A (ih2)

Then we can form the derivation:

(ih0)  (ih1)  (ih2)

T_App
(A, (A'\7) | 05,08 + 8" x0),0) | 0g,00 + 7" x 0y, 0)) OT, T Ftyty: [ta/x]B

whose concluding judgment is equal to :
(A, (A'\T) | o5 + 8" x0),08 +8 x0) | o +1" x0y,00 +1" x0)) O, T 1ty : [ta/z]B

thus matching the goal

e Case T_PAIR
(A,0,A" oy | 06,7 |0) O,z : AT y: A+ B: Type,
(Ao, A |os|o) O, x: AT ity : A
(A,0,A" |0y | o6 +7" x05) 0T,z : AT bty [t1/2]B

T_PAIR
(A,O’,A/ ‘ o5 + 04 ‘ o1 +U6) ol z: A,F/ - (tl,tg) : (y Lt A/) ® B

with o9, 8, 04 = 05404 thus we have o5 = 0f, 51, 0f and 04 = 0}, $2, 0/ and with o3, r, 05 = 01+ 0%
thus we have o1 = 0,71, 0} and o = 0§, 12, 0f such that:
oy =05+ 0}
s =81+ 89
o=t +df
o3 = 0’1 + 0,’5
rT=7r1+7T2

r "
03 =0y +0g

By induction we have that:

(A, (A'\T), (07,0)) | 06,06, |0) T, ",y : A’ B : Type, (ih1)
(A, (A'\7) | of,0l | o],0)) O, T" Fty : A (ih2)
(A, (A'"\7) | 0,0 | o+ 71" x0l,00 +7"x0f) OT, T Fty: [t1/2]|B (ih3)
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From which we construct the application:

(ihl)  (ih2)  (ih3)

T_PAIR
(Av (A,\ﬂ') | OJ5a OJ5, + O':la O'Z | Ole O’i’ + Uév Ué,) O] F7 I (tlv tQ) : (y ! A,) ®B

which is equal to the judgment:
(A, (A'\7) | ot + 0}, 0) + ol | o] + 06,0 +0¢) O, T F (t1,t2) : (y 1w A') @ B

satisfying the goal of this case.

e Case T_TENCuUT

(A,0,A" o7 | o1 +06) 0T, z: AT Fty: (w:w A)® B
(A0, A" (01 4+ 06) | 05,7 |0)OT,2: AT 2: (w: A') @ BF C : Type,
(A,0,A 01, (06,7") | 04,8, 8" | o5, 7", ¥"YOT,x: AT w: A,y: BFty:[(w,y)/z]C

T_TenCut
(A, 0,A" |og+ 8 %07 | o5 +1" x07) OT, 2 : AT Flet (w,y) = t1inty : [t1/2]C

where o9, 8,05 = 04 + 8’ *x 07 and o3,r,05 = 05 + " * 07. Let 04 = 0}y, 81,04 and o7 = o}, s9,0%
and o5 = 0§, r1,0f and o1 = o1, 72,0] and o6 = 0§, 73,04 then

oy =0y + 8 *0%
s=581 + 5 %9
0'/2:0'2{4-8/*0'/7/
o3 =ob+1" *xol
r=r+71" %59

O'é = og + 7" x 0/7/
Then by induction we have:

(A, (A'\7) | 04,07 | 0y + 05,00 +0§) ©T, Tty : (w: A')® B

(ih1)
(A, (A'\7), (0] + 04,07 +0§) | 05,08, 7" |0) O, T, 2: (w:v A') @ B+ C : Type,
(ih2)
(A, (A'\7), (01,07), (0§, 00,7") | 0,04, 8,8 | og, o0, 7" r"YOT, T w: A y: Bt ty: [(w,y)/2]C
(ih3)
Then we can form the derivation:
(ih1) (ih2) (ih3)
li / 1 i ! " ! " " / 1 ! _ H . TfTENCUT
(A, (A'\7) | oy,04 + 8" x(07,07) | 05,08 + 1" x07,07) O, T" F let (w,y) = tyints : [t1/2]C

giving the equivalent judgment:
(A, (A'\7) | o)+ 8 *x0h, 0]+ xall | of +1"x0b, 0l +7" % )OT, ' F let (w,y) = t1inty : [t1/2]C

satisfying the goal.

29




e Case T_Box

(Ao, A o |0)OT,x: AT F A" : Type,

T_Box
(Ao, A o |0)OT,z: AT FOu A" : Type,

where o = 09, 5,04 and 0 = 03,7, 0% thus let 0 = o', s1,0”.

By induction on the first premise we have:

(A, (A'\7) | o’,0” |0) ©T,T" - A’ : Type, (ih)
Thus we can form the derivation:
(ih) B
_Box
(A, (A\7) | o’,0" |0) O T, TV Oy A" : Type,
Satisfying the goal.
Case T_BoxI
(Ao, A" | oy | os,m,08) O,z AT Ht: A T BoxI
_Box
Ao, AN | s x0y|o3,rob)0l,z: AT FOt: O, A
3
where s’ x 01 = 09, 8,04 thus let: 01 = 0}, 51,0 then:
oo =8 x 0
s=5"%s1
oh =5 x0o]
By induction on the first premise have that:
(A, (A7) | 0,07 [ 03,05) OT, " =12 A (ih)

(ih)

T_BoxI
(&, (A7) [ 8 % 01,0 [03,05) OT, I F Ot O, A

which yields the equivalent judgment:
(A (A\7) | §' % 01,8 x07 | 03,04) ©T,T" - 0Ot : Oy A

satisfying the goal

Case T_BoxE

(A,o,A o5 |og,r’ |0)OT,2: AT, 2: 0y A"+ B : Type,
(Ao, A oy | os) 0T,z ATty : Oy A
(Ao, A o5 | 07,8 | o4, (8" 7)) 0T,z : AT y: A+ ty: [Oy/2|B

(Ao, A" o1 407 |os+7"x01) OO0, x: AT FletOx =tyints : [t1/2]B

T_BoxE
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where 09, 8,05 = 01 + 07 and 03,7r,04 = 04 + 1’ *x 01. Let 01 = 01, 81,0 and o7 = 0%, 59,07 and
o6 = 04,171,004 and 04 = 0}, r2,04 and o5 = 0§, 73,08 then we have that:

oy =0} + o

§ =81+ S2

oh =0+ a7
o3 =0y + 1’ * 0
T=7T1+7T2

r_ " / "
O3 =0y + 71 %04

Thus by induction we get that:

(A, (A'"\7), (05,0 | oy, 0,7 |0) T, TV, 2z : Oy A" - B : Type, (ih0)
(A, (A'\7) | oy,07 | ob,0f) O, T Fty : Og A (ih1)
(A, (A'\7), (0%,02) | o%,07,8" | oy, o), (s x7") O, T y: A+ ty: [Oy/2]|B (ih2)

then we can form the derivation:

(ih0)  (ih1)  (ih2)

T_BoxE
(A, (A'\®) | 01,0) + 05,07 | oy, 04 + 1" x05,08) O, T" FletOx =ty inty : [t1/2]B

which is equal to the judgment:
(A, (A'\T) | oy + ob,0 + 07 | (o) + 7" x0§), (0] + 7" x0f)) OT, T FletOz = tyints : [t1/2]B

satisfying the goal.

e Case T_TyConNv

(A o1, A" | 09,8,05 | o3,m,08) T,z AT Ht:C  (A,01,A" |o3,r,05)0T2: AT'FC<B

T_TyConv
(A, 01, A" | 09,8,0 | o3,7m,05) o, z: AT'+t: B
By induction we have that:
(A, (A'\7) | 02,04 | 03,05) 0T, T Ft:C (ih1)
(A, (A'\7) | o3,05) 0T, T"-C < B (ih2)
Then we can build the judgment:
(ih1) (ih2) T TyC
_TyConv
(A, (A'\7) | 02,04 | 03,05) T, I"+t: B
As required.
For subtyping, by standard induction and re-application (see Section A.8).
For equality, by standard induction and re-application (see Section A.8). O
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Lemma 3.3 (Judgmental contexts are well-formed). If (A |0y | 02) T F T, then AGT F.

Proof. For well-formedness: our goal is the premise.
For typing: By induction on the form of (A | o1 | 02) © T Ft: A, as follows:

Case.

Aok
(A]0]0)©TF Type, : Type

T_TYPE

suc |

We need to show A ® I' i, which holds by premise.

Case.

(Alo1|0)OTFA:Type, (A,01|02,7|0)OT,2: AF B: Type,
(Alor+02]0)OTF (2, A) = B : Typey, |y,

T_ARROW

This holds by induction on the typing premise for A. Each of the cases for T_TEN, T_APP,
T_Pair, T_Box, T_BoxI, T_BoxE, and T_TENCUT proceed similarly.

Case.

A170—7A2®F17$:A7F2}_ ‘A1|:|F1|
(A1,0,05]021.1,0]0,00)0T,2: A TyFz: A

T_VAR

We need to show Aq,01,A2 ®T'1,z: A, T's -, which holds by premise.

Case.

(Ayo1|03,7|0)OT,z: A B: Type;, (A,01]092,8|03,7r)0T,2: A-t: B

T_F
(A‘O’Q‘O’l—f—O'g)@F'_)\iC.tl(iCZ(sﬂ‘) A)—)B UN

Our goal is A @ " . By induction on the typing premise for ¢, we know that A,o1 © T,z : Ak,
therefore, we have A ® ' - by Lemma 3.4, as required.

Case.

(Aloy]oa)oTHt: A (Alo)0THALB
(A|0’1|0’2)®I—‘Ft28

T_TyConNv

Our goal is A ©® ' k. This holds by induction on the typing premise for (A | oy | o2) @T ¢ : A.

For subtyping: all cases proceed trivially by induction.
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For equality: all cases proceed trivially by induction, with the exception of TEQ_FUN, which proceeds
similarly to T_FUN. O

Lemma 3.2 (Judgments determine vector sizing). If (A | o1 | 02) © T F J, then |o1] = |oa]| = |A] = |T|
and for each element o of A, the size of o is the same as its index.

Proof. This holds by assumption over judgments. This may also be proven inductively, by adding size
annotations to occurrences of 0. O

Lemma 3.4 (Subcontext well-formedness). If |A1] = |T'1| and Ay, Ay ©@T1, Ty, then Ay @ T F.
Proof. By induction on the definition of well-formed contexts.
e Case Wr_EMPTY. Trivial since it does not match the form of the lemma.

e Case WF_EXT We consider two cases depending on the syntactic structure of I's and Ay (simultane-
ously, since they must have the same size by the lemma statement).

— I's = () and Az = ) then this lemma is trivial since we have A; @ I'y F already.

— Ty =T4,z: Aand Ay = A}, o then we have:

(Al,Aé | ag | 0) @Fl,rg "A . Typel

Wr_E
Al,A/Q,O'@Fl,FQ,QJZAl_ FoRxt

By Lemma 3.3 then we have Ay, A, © Ty, Ty -
By induction on this then we get that A] ® T’y - which is the goal of this case.

O

Lemma 3.5 (Typing an assumption in a judgmental context). If (Ay1,0,A | 01 | 02) ©T,z: ATy T
with |Aq] = |T1|, then (A1 |o | 0) ©T F A : Type,, for some level 1.

Proof. By Lemma 3.3 we have A1,0, Ao®I'y,x : A, I's I, therefore by Lemma 3.4 we have A, 00T,z : AF,
which must come from the following derivation:
(A1 ]o|0)OT F A: Type
A1,0®F1,1’ AR

WFr_EXT

Therefore we have (A; | o |0) ® 'y - A : Type; by the premise, as required. O

Lemma 3.6 (Typing the type of a term). Given (A | oy | 02) ©T ¢ : A, then there exists a level I such
that (A | o2 | 0) ©T'F A Type,.

Proof. By induction on the form of (A | o1 | 02) ©T' F ¢ : A, as follows:

Case.

AelF

T_TYPE
(A]0]0)®T F Type, : Type

suc |

Then we will show (A | 0| 0)®T F Type
well-formedness premise for T.

: Typegc suc ; Which holds by T_TYPE and the

suc
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Case.

(Ao |0)OTFA:Type, (A,01]02,7|0)OT,2: AF B : Type,

T_ARROW
(A | o1+ o2 | 0)@1—‘}— (CC (s,r) A) %B:Typellul2

Then we will show (A [0 | 0)©T ~ Type, ,;, : Type, for some level [3. Consider Iy < Iy,
then we have [; Uly = [;, and thus need to show (A | 0 | 0) © ' - Type;, : Type,,, which
holds by induction on the typing premise for A. Consider I; < [z, then we have [y Uly = I3,
and thus need to show (A | 0 | 0) ®T' - Type,, : Type;,. By induction on the typing premise
for B, we have (A,01 | 0| 0) ® ',z : A Type, : Type,,, therefore, by Lemma 3.1, we have
(A]0]0)®T F Type, : Type,,, as required.

The proof for T_TEN follows the same process.

Case.

Ao, Ay O,z ATy = A = [Ty

T_VAR
(A1,0,A5[02111,0]0,0,0)0T,2: ATyFx: A

Then we will show (Aq,0,A2]0,0,0|0)©T,z: ATy A: Type; (for some level 1). This holds
by the following derivation:

Ao, A 0T,z AT = [A] = [Ty

Al,O’,AQ@Fl’x:A,FQ'_ (A1|a|0)®F1}—ATypel
(A1,0,A2|0,0,0|0)0T,z: ATy A: Type

LEMMA 3.5

LEMMA 3.25

Case.

(Ayoy|os,r|0)0T,z: AF B:Type, (A,01|09,8|03,7) 0T, 2:A+t: B

T_F
(Alos|oi+os) O F Awt: (x oy A) — B UN

Then we will show (A | oy +03 | 0)OT F (2 :(5,) A) — B : Type, for some level I. Using
Lemma 3.5 on the typing premise for ¢ gives (A | o1 [0) © '+ A : Type;, (for some level 1;). We
can then achieve our goal via an application to T_ARROW, as follows:

(Ao |0)OTFA:Type, (A,01]03,7|0)0T,2: AF B: Type
(A|0’1 +O’3|0)@F|—(x:(5’T) A)—)B:Typellul

T_ARROW

Case.

34




(A,o1|03,7]0)OT,z: AF B : Type,
(A|0’2|0’1+0’3)@F|—t1:(SL’:(S",,‘) A)—)B (A‘O‘4‘O‘1)@F|—t2:A

T_Aprp
(Alog+sxoy|og+r+os) OT Ftyte: [t2/x]B

Then we will show (A | o5 +7rx04|0)©T F [t2/x] B : Type;. We have the following:

1. (A|O’4|0’1)®F|_tQIA
2. (Ayo1|o3,7|0)O,2: AF B : Typeg
3. |os| = 10| = |T'| (trivially, and by Lemma 3.2)

Which we can pass to Lemma 3.27, to obtain (A | o3+r*04 | 0)OT F [t2/z]B : Type;, as required.

Case.

(Ayo1 | o3,7|0)OT,z: AF B: Typg
(Alog|o1)OTHt1: A (Alog|os+r*os) ©T Fiy: [t1/2]B

T_PAIr
(A | 09 + 04 | o1 +O’3)®F}— (tl,tQ) : (.r g A)®B

Then we will show (A | 61 +03 | 0)OT F (z ;. A) ® B : Type, for some level I’. Applying
Lemma 3.5 to the typing premise for B, we have (A |01 |0) @ F A : Type,, (for some level I”).
We can then apply this result, along with the typing premise for B to T_TEN, to obtain:

(Alo1|]0)OTFA:Typey, (Ayo1|o3,7|0)0,2: AF B: Type

T_TEN
(Alor4+03|0)0TF (x: A) @ B: Typey
As required.
Case.
(Alos|oyg+o2) 0T FHt:(z: A)®B
(A, (o1 4+02) | 05,7 []0)OT,2: (z: A) @ BF C : Type,
A7 5 3 39y 7/7/ F, :A, :BFty: s C
(A 01, (02,7) | 04,8,5 | 05,7, 7") O T, x Y 9 [(z,y)/72] T TENCUT

(Alos+sxo3|os+r' x03) T F let(z,y) =t1inty : [t1/2]C
Then we will show (A | o5 +7"%03 | 0) O F [t1/2]C : Type;. We can form the following premises:

1. (Alos|or+02) 0T Ht1: (z: A)®@ B
2. (Ay(o1+02) | o5, |0)0OT,2: (z: A)@ BE C : Type,
3. |os| = 10| = |T'| (trivially, and by Lemma 3.2)

Which we can pass to Lemma 3.27, to obtain (A | o54+7"*03 | 0)OT F [t1/2]C : Type,, as required.

Case.
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(Ao |0)oT'F A: Type

T_Box
(Ao |0)oTFDOA: Type

Then we will show (A |0]|0) ©T I Type; : Type,. ; which holds by the following derivation:

(Alo|0)OTF A: Type
AeTF
(A | 0 | O)QFFTypel:Typesucl

L. 3.3

T_TyYPE

Case.

(Aloy|oa) T HE: A

T_BoxI
(Alsxoy| o) T HDOt: O, A

Then we will show (A | o2 | 0) © T + O A : Type,, for some level I. By induction on the typing
premise for ¢, we have (A | 03 | 0) ® T F A : Type;, therefore, we can perform the following
application to achieve our goal:

(A]oa|0)OTF A: Typeg
(Alo2|0)oTFOA: Type

T_Box

Case.

(A‘Ul ‘O’Q)@Fl_t]_ZDSA

(A,o9 | 04,7 ]0)OT, z: OsAF B : Type,

(A,o9 | 03,8 | 04,(s*7)) O, x: Aty : [Ozx/z]B
(A|01—|—03|U4+r*01)®Fl—leth:t1int2 : [tl/Z]

T_BoxE
B

Then we will show (A | o4 +7rx01 |0)OT F [t1/2]B : Type;. We can form the following premises:
1. (A | g1 | O'Q)@I‘Ftl :DSA
2. (Ayog |04, |0)OT,z: O;,AF B: Type,
3. |o4| = 10| = |T'| (trivially, and by Lemma 3.2)

Which we can pass to Lemma 3.27, to obtain (A | o4 +7r+*01 | 0)OT F [t1/2]B : Type,, as required.

Case.

(Aloy]oa)O0THt: A (Alo)0THALB
(A|0’1|0’2)®Fkt28

Then we will show (A | o2 | 0) © '+ B : Type;, which holds by Lemma 3.34.

T_TyConNv
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O

Lemma 3.7 (Subtyping in context). If (A1,01,Aqs | 02,8,03 | 04,7,05) © 1,2+ ATy = T and (Aq |
01) oA < A, then (A1,O’1,A2 | 09,S8,03 ‘ 04,7‘,05) o'y, z: A/,FQ HJ.

Proof. For well-formed contexts:

Case.

(Alo|0)eT'F A: Type

E
Acolz: AF Wr-ExT

With (A]0) T+ A’ < A. Then our goal holds by the following derivation:

(Alo)oTHA <A
(Ao |0)oT+ A" : Type
AocoDz:AF

L. 3.34

Wr_EXT

Case.

(AhO'l,AQ | g9 | 0) @Fl,(E : A,FQ }_ B : Typel,

WFr_EXT
A1,01, 80,000 1,2: AT,y BE

Then our goal holds by the following derivation:
(Al,al,Ag | g9 | 0) @Fl,x . A,FQ FB: Typel/ (Al ‘ 0'1) @Fl = A/ S A

(A1,01,82 |02 ]0) Ty, z: A',To + B : Type,
A13013A27U2 ®Flax:Al7F27y:BF

I.H.
Wr_EXT

(Aloy]oa)oTFt: A (Alo)OTHFALB

(Aloy|oz)OTHt: B
when necessary. For equality, all cases proceed by induction then re-application to respective rules. For sub-
typing, all cases proceed by induction then re-application to respective rules. O

For typing: most cases hold by induction and reapplication. Use T_TyCoON

A.1 Proofs for inversions

Lemma 3.8 (Inversion on arrow typing). If (A | oy | 02) O F (2 :(5,) A) — B : C then there exist grade
vectors o1, 1, and levels | and I, such that (A | d1 | 0) ©T F A : Type, and (A, 61 | 61',7 | 0) T,z A
B : Typey, and 61 + &1’ = o7.

Proof. By induction on (A | oy |02) ©T F (2 15,y A) = B : C, as follows:

Case.

(Ao |0)OT FA:Type, (A,01]02,7|0)OT,2: AF B : Type,

T_ARROW
(A | o1+ o2 | O)QF}— (J,‘ (s,r) A) —)B:Typellul2
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Then we have (A [ 0y [ 0)©OT = A : Type,, (A 01 | 02,7 [ 0) O T,z : A B : Type,, with
01+ 09 = 01 + 09, as required.

Case.

(Aloy|o) Ol (x5 A) =+ B:D (Aloy)oI'FD<C
(A|01|02)®F|—(x:(w) A)—=B:C

T_TyConv

Then our goal holds by induction.

O

Lemma 3.9 (Inversion on tensor typing). If (A | o1 | 02)OT F (2 : A)®@B : C then there exist grade vectors
71, 71, and levels 1 and ', such that (A | 61 | 0)OT F A : Type, and (A, 61 | &1',r | 0)GT, 2 : A+ B : Type,,
and &1 + &1’ = o1.

Proof. By induction on (A | oy |o2) ©TF (21 A) ® B : C, as follows:

Case.

(Ao |[0)OTFA:Type, (A,01|02,7|0)0OT,2: AF B: Type,

T_TEN
(Alor+o2]0)0TE (z: A) @ B : Typey, 1y,

Then we have (A [ 0y [ 0)©OT = A : Type, (A 01 | 02,7 [ 0) O T,z : A+ B : Type,, with
01+ 09 = 01 + 02, as required.

Case.

(Aloy]o)oTH(x:, AA®B:D (Aloy)ol'-D<C
(Aloy|oz)©TH (x4 A)®@B:C

T_TyConv

Then our goal holds by induction.

O

Lemma 3.10 (Inversion on box typing). If (A | o1 |02) ©T' F0OsA: B, then (A | o1 | 02) T F A: Type,,
for some level [.

Proof. By induction on (A | oy |o2) @ F OzA : B, as follows:

Case.

(Alo|0)oTF A: Type
(Ao |0)oTFOA : Type,
Then we have (A |0 | 0)®T'F A: Type;, as required.

T_Box
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Case.

(Aloy]og)oTFOA:C (Alo)oTHC<B
(Aloy]o)oT+HOA:B

T_TyConv

Then our goal holds by induction.

O

Lemma 3.11 (Function inversion). If (A | o2 |01 4+03) ©OT F Xat: C, (A | o1 +03) 0T F C < (214
A) = B, and (A,01 | 03,7 | 0)©T,2: A+ B : Type,, then (A,01 | 02,8 | 03,7r) ©T,z: AFt: B.

Proof. By induction on the form of (A | oy |01+ 03) ©T F Azt : C, as follows:

Case.

(A,01| 03,7 |0)OT, 2" : A’ B : Type, (A,01]| 09,8 |03, 7)oz : A +t: B
(A | () | 01 +03) OIF Ax.t: (:v/ HERD) A,) — B’

T_Fun

By Lemma 3.14 we have 2’ =z, ' = s, 7" =7, (A |01) ©OTF A< A, and (A,01 | 03,7) O T, 2 :
AF B’ < B. Therefore we have by Lemma 3.7 that (A,0q | 09,8 | 03,7) @,z : A+t : B, and
applying this to T_TyCoNvV, we have (A, 01 | 02,5 | 03,7) @,z : A+ t: B, as required.

Case.

(Alor]|o2) 0T FXxt:C (Alog)@THC <D
(Aloy|o2) @ F Aait: D

T_TyConv

Then our goal holds by the following derivation:

(A|01|02)®F|—)\x.t:0 (A|O’2)®F|—C§(.’E:(S’T)A)—>B
(A,o1| 09,805, 7r) 0T 2: A-t: B

ST_TRANS

I.H.

O

Lemma 3.12 (Pair inversion). If (A | o1 | 02+ 03) ©T F (t1,t2) : (x : A) ® B and (A, 09 | 03,7 |
0)oT,x: Al B: Type,, then there exist grade vectors 1 and ¢y’ such that (A | Gy | 02) ©T 1t : A, and
(A | Oﬁl | o3 +’I‘*0?1) Oty [tl/{L‘]B, with o1 -I—Ocll =01.

Proof. Proof proceeds similarly to the proof for Lemma 3.11, but using Lemma 3.15. O

Lemma 3.13 (Box inversion). If (A | 01 | 02) ©T' - 0Ot : B and (A | 02) ©T F B < O,A, then
(A|d1|o2) ©T Ft: A for some o1 such that s * oy = o7.
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Proof. By induction on the form of (A | o1 | 02) ©T'F Ot : B, as follows:

Case.

(A|O?1|02)®FFtIA/

T_BoxI
(A | s x | Ug)@F}—Dt:DS/A/

Then by Lemma 3.16 we have:
— s’ = s (therefore s’ x ) = s % 71);
—(A|og) T HA < A

Then our goal holds by the following derivation:

(A|O¢1|02)®FFtIA, (A|O’2)®FFA/§A

T _TyCo
(A|6y|o2)OlF:A YEoNY

Case.

(Aloy]o)oTFOL:C (Aloy)0oI'FC<B

T_TyCo
(Aloy|o2) @D F0t: B YHONY

Then our goal holds by the following derivation:

(Alow)®TFC<B (A]oy)oTFB<O,A
(Aloy|o)TFOL: C (Alog)oTHC<OA
(A|d1|o)OTHE: A

ST_TRANS

I.H.

O

Lemma 3.14 (Arrow subtyping inversion). If (A | o1 + 02 | 0) ©T = J1 where Jy is (v :(5,) A) = B<C
or (x:s,y) A) = B=C:D and (A | o1 +02|0)OT = Tz, where Jo is respectively C < (y :(y 1y A') — B’
or C = (y sy A') = B+ E (with (A | 0) 0T = D < Type; and (A | 0) ©T' = E < Type;), with
(Ayo1 | 03,7 | 0) 0T,y : A - B : Typey, then x =y, s = s', r = 1/, and respectively, based on Ji,
(Alo)OoTFA <A, and (Ayo1 |o3,7) 0T, 2 : AAF-B<B,or(A|lo;|0eT'FA =A:Typey,, and
(A,o1| 03,7 0) O, z: A+ B=DB": Type,..

Proof. Proof proceeds similarly to the proof for Lemma 3.16. O

Lemma 3.15 (Tensor subtyping inversion). If (A | o1+ 02| 0) ©T = J1 where Jy is (x :p A)@ B < C
or (z: A A B=C:D and (A | o1 +02| 0) ©T b Jo, where Jy is respectively C < (y v A') @ B’ or
C=W: AYR®B : E (with(A]|0) T+ D < Type; and (A | 0) ©T + E < Type,), with (A,o1 | 03,7 |
0)eoT,y: A FB :Typey, thenx =y, s=s,r=1",(A|o1 | 0T+ A=A": Type,.., and respectively,
based on Jh, (A o1 | os3,7) T, 2: A’ B< B, or (Ayo1| 03,7 0) 0T, z: A+ B=DB'": Type,.

Proof. Proof proceeds similarly to the proof for Lemma 3.14. O
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Lemma 3.16 (Box subtyping inversion). If (A | o | 0)©T = Jy where Jy is OsA < B or0,A= B : D, and
(Ao | 0)OTF Jo, where Jy is respectively B < Oy A" or Oy A’ = B : E (where (A | 0) ©T F D < Type,
and (A ] 0) T F E < Type;), then s = s, and respectively, based on Jp, (A | o) ©T F A < A, or
(Alo| 0T FA=A":Type,.

Proof. For subtyping, by induction, as follows:

Case.

(Alo|0)oTHFO;A = B: Type
(Alo)oT'FOA<B

ST_EqQ

With:

Case.

(Alo|0)oT+B=0ysA": Type,
(Alo)olFB<O, A

ST_EQ

Then by induction we have s = s’ and (A | o | 0)®T'F A = A’ : Type;, and therefore
have (A|o)oT'F A< A’ by ST_Eq.

Case.

(Alo)®THFB<C (Alo)oTHC<Ou4

ST_T
(Alo)olFB<O, A HANS

Then by ST_TRANS we have (A | o) ©T F O,A < C, and therefore our goal holds by
induction.

Case.

(Alo)oTHA" < A
(A ‘ 0‘) @F H DS/AN S DS/A/

ST_Box

Then by induction with (A | o |0) T F OsA = 0OxA” : Type, and (A | o |0)©T F
Oy A” =0y A” : Type,, then we have s = ¢, and (A | o |0)©T'F A= A" : Type;, and
therefore by ST_EQ we have (A | o) T + A < A”, and therefore by ST_TRANS, we
have (A |o)©T F A < A’, as required.

Case.
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(Alo)oTHFO,A<C (A|lo)oT+HC<B

ST.T
(Alo)olFO,A<B RANS

Then by ST_TRANS we have (A | o) ©T'F C <Oy A’, and our goal holds by induction.

Case.

(Alo)oTHA<A"
(Alo)oTFO,A<O,A”

ST_Box

With:

Case.

(Ao |0)oTFOA" =04 A" : Type,

ST_E
(A|o)ol FO,A" <O, A ?

Then by induction with (A | o |0) T FO;A4” =0y A" : Type; and (A | o |0) T F
Oy A" =0y A" : Type,, then we have s = s', and (Ao |0)OT F A" = A" : Type;, and
therefore by ST_EQ we have (A | o) ©T F A” < A’, and therefore by ST_TRANS, we
have (A | o) @'+ A < A’, as required.

Case.

(Alo)oTHFOA" <C (Alo)oTkC<O,4
(A o)oTFO,A” <O,A

ST_TRANS

Then by induction we have (A | o) ©T F A” < A’| and therefore our goal holds by
ST_TRANS.

Case.

(Alo)oT A" < A
(Alo)oTFOA” <O.4

ST_Box

Then our goal holds by ST_TRANS.

For equality, by induction, as follows:
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Case.

(Alo|0)eoTl'FOA=C:D (A|lo|0)eT'FC=DB:D
(Alo|0)eoTHFOA=B:D

TEQ_TRANS

Then by TEQ_TRANS we have (A |0 |0) @'+ C =0y A’ : D, and therefore our goal holds by
induction.

Case.

(Alo]|0)eoTHFOA=B:C (A|0)OoTHC<D
(Alo|0)oT'FOA=B:D

TEQ_-CoNnvTyY

By ST_TRANS, we have (A ]| 0) T F C < Type,. With:

Case.

(Alo|0)oTHOsA E
(A‘J|O)®F|‘DS/A/:DS/A/:E

TEQ_REFL

Then our goal holds by induction.

Case.

(Alo|0)oT+0OsA'=B: E
(Alo|0)oT+B=044":FE

TEQ-Sym

Then we have by induction that (A | o | 0)©®T F A’ = A : Type; and thus by TEQ_SyMm
than (A |o|0)OT'F A= A’: Type;, as required.

Case.

(Alo]0)oTHFB=C:E (Alo|0)oT+C=0,4"E
(Alo|]0)oTFB=044":F

TEQ_-TRANS

Use TEQ_CONVTY to obtain (A |o |0)OT'FUO;A=DB:Typg and (A|o|0)OT F
C =0y A" : Type;, then use TEQ_TRANS to obtain (A | o | 0)OT'F O;A = C : Type,,
and therefore our goal holds by induction.
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Case.

(Alo|0)oT+FB=0,4":C" (A|lo)OT+FC' <E

TEQ_-ConvT
(Ao |0)elFB=0,A4E Q-ConvIY

Then by ST_TRANS we have (A | o) ®T F C' < Type,, and our goal holds by induction.

Case.

(Alo|0)oTHA"=A":Type
(Alo|0)oTFOsA” =04 A" : Type,

TEQ_Box

Then by induction with (A | o |0) 0T FOA =0sA" : Dand (A | o |0)OT F
Oy A” =0y A” : Type,, then we have s = s, and (A | o |0)©T'+ A= A" : Type;, and
therefore by TEQ_TRANS, we have (A |o |0) @T'F A= A" : Type,, as required.

Remaining cases proceed similarly.

A.2 Proofs of meta properties
A.2.1 Contraction
Lemma 3.22 (Contraction). The following rule is admissible:

Aq,01,(01,0),A
(Fend e ) o Ay AT T (A = loaf = o] = Ty
Aq,01,contr(|A1];A2)
o2,(s1+52),03 O,z A [z, z/z,y|Ta F 2, 2/2,y|T

04,(r1+72),05

CoONT

Proof. For this lemma, it is sufficient to consider that z and x are the same, in which case our goal is:

Al,ol,contr(|A1\;A2)
( 02,(s1+52),03 > O,z A [z/ylTa b [x/y|lT

o4,(r1+r2),05

We can form the following premises for Lemma 3.27:

(Al&‘;?éf’;;?éﬁz ) OT,z:Ay: ATy F T

04,71,72,05
A17017(0150)7A2 ®F171‘ : A7y : A7F2 F
A1,0'1 @Fl,.’lf AR
(Ay,07 | O‘All,l |o1,0) 0T, z: Az A

LEMMA 3.3

LEMMA 3.4

T_VAR

1. (Al,O'l | OlAI‘,]. | Ul,O)QFl,ZL’ZAFZEZA (C)

2. (A1,01,(01,0),Aq | 02,81,82,03 | 04,71,72,05) OT1,2: Ay : A, To - T (premise)
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3. |o2, s1| = |oa, 1] = |T'1, z : A| (trivially)

Giving:

A1,01,(Ax\T+(Ag/m)x(01211 1))
(02,51+s2%(01211,1)),05 o',z A, [w/y]l—‘2 F [x/y]]

(04,r1+r2*(0|A1‘,1)),05

where 7 = [T,z : A| = |A;]|+ 1. Recall that contr(|A;];Ag) = Ao\ (|A1|+ 1) + (Ag/(JA1] +1)) % (01411 1)
A\ + (Ay/7) % (01211 1), From sizing, we can see that (o2, 514 52% (01211, 1)), 03 = (02, 51 4+0211 55), 05
09, (51 + $2), 03, and similarly for (o4, + 2 % (01411, 1)), 05. Therefore, we have:
Al,Jl,contr(|A1\;A2)
( o2,(51+52),03 ) O, x: A [z/ylTe b [x/y]T

04,(r1+72),05

As required.

A.2.2 Exchange

Lemma 3.23 (Exchange). The following rule is admissible:

A1,01,(02,0),A
( 1l 2)®F1,$1A,yiB,F2|—J z & FV(B) |Ay] =|os| = |os| = T4
05,71,72,06
Aq,02,(01,0),exch(|A1];A
( 1:02,(71,0) exch(| Al 2))®F1,y:B,x:A,F2|—j

05,72,71,06

EXCHANGE
Proof. For well-formed contexts: by induction on the form of Ay, 01, (02,0),As @1,z : A,y : B,T's I, for
which it suffices to consider whether I'y is empty or not. In the case that I's is empty, we have:

(A1,01|02,0|0)0T,2: AF B: Type
A1,0'17(0'2,0)®F1,{E2A,y23|_

Wr_EXT

And we obtain our goal via the following derivation:

(Al,Ul|O’2,0|O)@F1,$IA}_BITyp€l

(A1701 ‘0’2,0 | O)G)Fhm:Al—B:Typel L

. 3.1
(A1|01|0)®F1|—A:Typel, (A1|U2|0)®F1I—B:Typel L. 3.24
(Ay,02|01,0]0) 0T ,y: BEA: Type, T Wr Exr
A17U27(0170)®F1ay33753514|_ ;

Now consider that I's =T, z : C, then we have:

(Ay,01,(02,0),A) | 03,8,7,05 |0)©T,z: Ajy: B,T5 F C : Type, W Exr
Alaglv (0—270)aAI27 (0—37877A7 Jé) ®F1ax : Aay : B>F/272 :CF B

Where |o3| = |T'1|. We can then obtain our goal via the following derivation:

(Ay,01,(02,0),A) | 03,8,7,05 |0)©T,z: Ajy: B,T5 F C : Type, L 393
(A1, 09,(01,0),exch(|Aq]; AY) | 03,7,8,05 |0) O,y : B,x: A, Th+C:Type, N
Ay, 09,(01,0),exch(|]A1]; AY), (03,7, 8,04) ©T1,y: Byx: ATy, z: Ck B
Ay, 09,(01,0),exch(|]A1]; (AL, (03,8,7,0%))) ©T1,y: B,z : A,Th,2: CF

For typing (¢ : C): By induction on the form of (Aj, 01, (02,0),As | 03,81,892,04 | 05,71,72,06) @ 1,2 :
Ayy: B, Ty Ft:C as follows:
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Case.

A1701,(02,0),A2 @Pl,LE . A,y . B,FQ "

T_TYPE
(A1,01,(02,0),A2]0]0)©T,2: Ay : B,y Type; : Type

suc !

Then our goal holds by the following derivation:

A1a017(0270)aA2 ®F17$ : Aay : B7F2 =
I1.H.
Ay, 09,(01,0),exch(|A1|;A2) ©T1,y: B,z A,Ta

T_TYPE
(A1,09,(01,0),exch(J]A1|;A2) |0 0)©T1,y: B,z : A, Ty Type; : Typeg,
Case.
A1,01,(02,0),A
10338§632,34 ) ©Ty,2: Ay: BTy F C: Type,
Ay,01,(02,0),A2,(03,51,52,04)
oh,8, 80T OT,2:Ajy: B, Iy, 2:CE D :Type,

0 T_ARROW

Al,a'l,(o'z,(]),Az
03,51,52,0440%,87,85,0% | © Iy,z:Ay:B, Ty (Z Y(s,1) C) — D Typeh Uly
0

Performing induction on both premises, and putting them back together via T_ARROW, we have:

Aq,02,(01,0),exch(|Ay[;A
b (%ﬂg)ze;(fﬂ 1l 2)) O,y Byx: ATy FC: Type,
0
A1,02,(01,0),exch(|A1[;A2),(03,52,51,04)
05,85,81,04,T ®F17$:A7y:BaF25‘Z:C'_D:TypeZQ
0

T_ARROW

A1,02,(01,0),exch(|A1][;A2)
03732751704-}-0’&75’2,5/170‘2 @ F]_, y : B,x : A,FQ l_ (Z :(377,> C) — D : Typell Uls
0
As required. The proofs for T_TEN, T_Fun, T_Aprp, T_Pair, T_TeENCuT, T_Box, T_BoxI,
T_BoxE, and T_TyYCONV proceed similarly.

Case.

Alaalv(O-QvO)aAQ@Flax:Aay:B7F2|_ ‘A1‘2|F1‘
(A1, 01,(02,0), A9 ] 04111,0,0 ] 61,0,0,0) ©T1,2: A,y: B,Tg bz : A

T_VAR

Our goal holds by the following derivation:
Ay,01,(02,0), A0 O T, 2 Ay B)Io B [Ag] = |I4| z & FV(B) .
A1, 09,(01,0),exch(|A1];A2) ©Ty,y: B,x: A, To - Ay, 09| = |1,y B -
(A1, 02, (01,0),exch(|A1]; Ag) | 014110,1,0 61,0,0,0) @ T,y : Byw: AT a: A

_VAR
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Case.

A1,01,(02,0), A0 O T, 20 A,y B, To b [Ag o] = [Ty, 20 A

T_VAR
(A1, 01,(02,0),A5]0%11,0,1,0 | 65,0,0,0) ®Ty,2: A,y: B,Ty -y : B

Our goal holds by the following derivation:

Al,O'l,(O'Q,O),AQQFl,x:A,y:B,FQ|— |A1‘ = |F1‘ T ¢ FV(B) .
Al,O'Q,(O'l,O),eXChHAl‘;Ag)@Fl,yZB,CEZA,FQF o ‘A1|:|F1‘

A T_VaAr
(A1, 09,(01,0),exch(|A1];A2) | O 111,0,0 | 02,0,0,0) ©Ty,y: Byx: ATy y: B
Case.
AA170->AA1/70'17(0’270)7A2 Qflwz : C7f1/a$ : Aay : B7F2 F ‘AAI‘ = ‘f1’
- — S ~ — T_VAR
(Ay,0,A1 ,01,(02,0), Ay | ol 1‘,1,0 |0,0)©T1,2:C, Ty ,z: Ayy: B TobF2:C
Our goal holds by the following derivation:
’AAl,O',AAl/’ == ’fl,z : C,f1/’ X ¢ FV(B)
AAlaO-vAAl/aa-l7(0-270)’A2@flaz:C7f1/7x:Aay:Bvr2|_
- — - — . — I.H.
A170—7A1 7021(0150)7eXCh( AlaoaAl ‘7A2)®F17Z : C7F1 Y B,(E : AaFQ F AAl — fl’
— — — — 3 ~ — T_VAr
(Aq1,0,Aq ,02,(01,0),exch(’A1,0,A1 i Ag) | ol 1|,1,0 |0,0)©T,2:C, Ty ,y:B,x: A TokF2:C

Case.

A170'1, (CTQ,O),AAQ,J, AAQ/ @Fl,l' . A,y . B,fQ,Z . C7f2/ " ‘Al,O'h (0270),52‘ = ’Fl,,fﬂ . A,y . B,fQ
T_VARr

(Al,al,(ag,O),Ag,a,Ag/ | O|AI|,17O |0,0) 0T, z: A y: B,T's,z: C,fg/ Fz:C
Where ¢ = 6, s,7,6" with |6] = |A1]|. Our goal holds by the following derivation:
Ay, 01, (02,0), exch(JAy| ;52)’ = ‘Flvy :B,x: A,fz‘
A=) @ ¢ FV(B) ,
Al,O'l,(UQ,O),AQ,U,AQ ®F1,$ : Avy : BaF27Z : OaFQ F
Alao—Qa (0'1,0),6XCh(|A1‘ ) (AAQ»(T? AAQ,)) © Flay : B,QC : A;anZ : Ca FAZI F _
A1, 02, (01,0), exch(|A1]; As), (6,7, 5,6"),exch(|A1]; A) O T,y Byw: A Ts,2: O 1% F
(A17U27 (0170)?exch(‘A1| ;AAQ)7 (&,T,S,&/),GXChUAﬂ ;AA?/) | O|A]|7170 | &aras7&/a0) ®F1ay : B,l‘ : A,f272 : Ca 1_?2/ Fz:C

I.H.

T_VAR

(A170—27 (0'1,0),EXCh(|A1‘ ; (AQagv AAQ,)) | O|Al|,170 | 5—7T787&/30) ®F17y : B,ZL’ : Aan,z : Ca 1—‘AZI Fz:C
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For equality, by standard induction and re-application (see Section A.8).

For subtyping, by standard induction and re-application (see Section A.8). O

Corollary 3.23.1 (Exchange (general)). As a corollary to Lemma 3.23, the following rule is admissible:

A1,Az,(01,0821), A4
02,03,5,04 o', Ty, x: A,Fg J
05,06,7,07

Dom(I'2) NFV(A) =0 o] =[Ay| = o3| = |o5| = |T4|
(Al,al,ins(\Al|;0;A2),mv(|A1,A2\;|A1|;A3)) @ Fl,aj . A’ I_‘2,I_‘3 I— j

EXCHANGEGEN

02,5,03,04
05,1,06,07

Where Dom(T") is the domain of T'.

Proof. Consider T'y is empty, then by premise we have (Ay,01,As | 09,8,04 | 05,7,07) ©T1,2 : A, T3+ 7,
and need to show (Ay,01,A3 | 02,8,04 | 05,7,07) ©T1,2 : A, T's - 7, which holds by premise. Now consider
Iy =T%,y: C, then by premise we have:

A1, (8h,08),(01,0142:78), A )
02,0%,8",8,04 ® Fl,FQ,y :Cox: AT T

7 /
05,06,7 1,07

And our goal is:

Aq,01,ins(|A1];05(AL,08)),mv(| A1, (A, 08)|;|A1];A3)
0‘27570-,’;,73/10-4

) OlL,z: ATy, y:CTs+T

’ ’7
05,7,06,T ,07

Doing some trivial vector rewriting, and then applying our premise in the following derivation, we have:

AlfA/%JSv((UliolAél)vO)sAS /
02,0%,8",8,04 @Fl,FQ,y:C,{EZA,Fg FJ

’ !
05,06, 7,07

y & FV(A) |A15AI2‘ = |U270§| = |U5>Ué| = ‘Flal—‘/Ql

A17A/27(01,0|A,2|)7(0810)76XCh(|A17A§ iA3)
@Fl,ré,l' : A,y : C,Fg F j

LEMMA 3.23

’ ’
02,03,8,5 ,04

! ’
05,06,1,7 ,07

Applying this inductively, we have:

/

A1, Ay (01,0122]),(05,0) exch(| 21,45 [iA5)
(7270{9,;375/:(74
Usydé,T,T/707

Dom(I'y) N FV(A) =0 |o1| = |Ay| = |o2| = |os| = |T4|
<A1701,ins(|A1;O;A/z),mv(|A1,A'2 i1A115((08,0),exch(| A1,Ab|;A3)))

o, Tyz: Ay:C T3+ J

I.H.

’ ’
02,5,03,5 ,04

’ /7
05,7,06,T ,07

) o,z AT y:C T3 J

By Lemma 3.21, we have mv(|A1, AL]; |Aq]; (exch(|A1, ALl A3))) = mv(JAy, (A, 08)];]A1]; As), and as by
Lemma 3.2 we know |og| = |Aq, AL|, we have:

mV(‘A1’A12|;lAll;((U&O)’eXCh(lAh /2|7A3))): (Ué,O,Ué’),mVﬂAh( 12>US)|;|A1|;A3)

for some o and o, with |o§| = |A1|. Therefore, we have ins(]A1];0; Ab), (05,0,08) = ins(|]A1];0; (A%, 03)).
Rewriting the conclusion by this information, we have:

!’ !
02,5,03,5 ,04

Ar,01,ins(|A1];05(A),08)),mv(| A1, (A),08)[5]A1];A5) ,
@Fl,IL' : A,FQ,y : C7F3 F j

o
05,7,0¢,T ,07

Which matches our goal.
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Corollary 3.23.2 (Exchange from end). As a corollary to Corollary 3.23.1, the following rule is admissible:

04,05,T

01,0821
<A1’A§;€gg,é’ ’ ’) O, To,2: AFJ Dom(Ta) NFV(A) =0 |A] = |oo| = |ou| = T4
EXCHANGEEND

(Ah(fl,gfg%gho;Az)) Ol A,Fg -7

04,7,05

Proof. This is Corollary 3.23.1 with I's being empty. O

A.2.3 Weakening

Lemma 3.24 (Weakening). The following rule is admissible:

(Aloi]o) 0T HT (Alog|0)OT'F A:Type
(A,0'3|0'1,0|0'2,0)®F,.T:A|—j

WEAK

Where J is typing, equality, or subtyping.

Proof. For typing: By induction on the form of (A | o1 | 02) © '+ ¢ : B as follows:

Case.

ATk

T_TYPE
(A]10]0)®TF Type, : Type

suc |

Then our goal is to show:

(Ao3 |0|0)OT,2: Al Type; : Type

suc [
We we obtain through the following derivation:
(Alos|0)eTF A: Type,

Ao3oOlz: AF
(A,o3|0|0)OT,x: A Type; : Type

Wr_EXT
T_TYPE

suc |

Case.

(Ao |0)oTFC:Type, (A,01]02,7]0)0T,y:CFD:Type,
T_ARROW
(A | o1+ o9 | 0) o'+ (y HERD) C) — D: Typelll_ll2

Then our goal is to show:
(A,o3| (01 +02),0]0) 0T, 2: AF (y sy C) = D : Typey |y,

We we obtain through the following derivation:

C
(Ao |0)OTFC: Type, (A\Jg\O)@FI—A:TypelIH

(A,o3|01,00)0Tz: AFC: Type,
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D
(Alos|0)OTFA:Type, (Ao ]|0)OTFC: Type, .

(Ayo1[o2,7|0)OT,y:CED:Type, (Ayo1|05,010)0T,y:CHA: Type

I.H.
(A,01,(03,0) | 02,7,010)OT,y: C,x: AF D : Type, L 3.3
(A,03,(01,0) | 02,0,7[0)OT,z: Ajy: CF D : Type, T
C D
T_ARROW
(A,03]01,0+02,0[0)0T,2: Al (y (s C) = D : Typey, |y, B
(Ayo3|(01+02),010)0T,2: Ak (y:s,) C) = D : Typey, |y, B
The proofs for T_TEN, T_FuN, T_App, T_PaIr, T_TENCuT, T_Box, T_BoxI, T_BoxE, and
T_TyConNvV proceed similarly, using induction and Lemma 3.23.
Case.
Alao—»AZ@Fl»y:CvFQ'_ |A1‘:|F1‘
Ny T_VARr
(A1,0,A,102111,0]0,0,000T,y:C.ToFy:C
Then our goal is to show:
(A17UaA27U3 ‘ 0‘A1|7170 | 0-70) ®Flay : C7F27x CAE y: c
Which holds by the following derivation:
(AhUaAZ | g3 | 0) ®F17y : 07F2 FA: Typel
Wr_EXT
A1707A2703@F17y107F27551A|_ |A1|:|F1|TVAR
(A1,0,A9,03 | 021.1,0 |0,0) 0T,y :C.Ty,x: Aby: C B
For equality, by standard induction and re-application (see Section A.8).
For subtyping, by standard induction and re-application (see Section A.8). O

Lemma 3.25 (Weakening for well-formed contexts). The following rule is admissible:

AL A 0T, T (Ao ]oy) T FE: A

WEAKWEF
(A1,A2 01,002,000, Tt A

Proof. By induction on the form of (A; | o1 | 02) @1 F ¢ : A, and Ay, Ay ® T4,y F, as follows: First,
consider that I's is empty, then the typing premise for ¢ matches the goal, and we’re done. Now consider
that Al, AQ ® Fl, FQ F is:

C=(A1,Ay 03[ 0) 0T, T5 F B : Type

Wr_EXT
Al,Aé,O'g, @Fl,Fé,x : B l_

Then our goal is to show:

(A17Al2’a3 | 0170 | 0250)®F1arl2a'r:Bl_t:A
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Which we obtain by the following derivation:

C
L. 3.3
Al,A/QQFl,Fgl_ (Al‘Jl‘Jg)erl_tiAI

(Al,Aé ‘ 01,0 | 02,0)®F1,F’2|—t:A
(A1,AL,03]01,0 02,0001, T, 2:BFt: A

JH.
L. 3.24

O

Lemma 3.26 (Weakening (general)). The following rule is admissible (for J is typing, equality, or subtyp-
ing):

(A17A2|O'170'11 ‘02,0/2)®Fl71—‘2|_j (A1|03|0)®1"1|—A:Typel ‘0’1|=|0’2|:|F1|

WEAKGEN
(A1, 03,ins(|A1];0; As) | 01,0,07 | 02,0,05) ®T1,2: ATy =T

Proof. By Lemma 3.3 with the premise for J, we have (A1, Ag) ® T'y,T'y . Therefore, using this and the
typing premise for A with Lemma 3.25, we have (A1, Ay | 03,0/"21 | 0) @ ', Ty - A : Type,. Applying this,
and the premise for 7, in the following derivation, we have:

(A1, Ay | 01,07 | 02,05) ©T1,Ta =T (A1, A 05,021 | 0) © Ty, Ty - A : Type,

T ; ; LEMMA 3.24
(A1, As, (03,0™2)) | 01,07,0 | 02,05,0) @T1,Ta,2: AT

As (A1 |03 |0)oT F A: Type;, by disjointness of context extension we therefore have Dom(T'y) N FV (4) =
(. By Lemma 3.2 we have |I's| = |Az| and |A;| = |I';|. We can put this information together via the
following derivation, to obtain the goal:

A17A2,(03,0|A2‘)
o1,07,0 oI, Iy,z: AT Dom(Fg) n FV(A)ZQ) ‘A1|:|0'1|:|0'2|:|F1|
02,0'2,0

COROLLARY 3.23.2

Aq,03,ins(|A1];0;A2)
( 01,0,07 )@Fl,l‘:A,Fgl—j

’
02,0,04

A.2.4 Substitution

Lemma 3.27 (Substitution for judgments). If the following premises hold:
1. (Alog|o) T FE A
2. (Ayo1,A" | 03,8,04 | 05,7,06) ©T1,2: AATo =T
3. |os| = |os| = Iy

A(A\TH(A/T)*02)
Then (03+s%02),04 O, t/z|Ta F [t/2)T, where T = |T1].

(o5+T%02),06

Proof. Throughout the proof, we make implicit use of the following size information derived from the premises
(and largely Lemma 3.2), further size calculations are trivial, and we typically do not bring attention to them:

o |Al = [o1| = |o2| = |o3| = |os| = |1
o |A'] = |oy| = |og| = T2

For well-formed contexts, we proceed by induction on the structure of (A, o1, A"Y®T'1,z : A, T I, as follows:
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Case.

— WF_EMPTY
Kol/hs

Trivial as it does not match the form of the typing premise.

Case.

(A|01|0)®F1I—ATypel

Wr_EXT
Aociol,z: AF

Then our goal is:
Aol +

Which holds by Lemma 3.3 on the typing premise for A.

Case.

(A, 01,A" | 03,8,04|0)©T1,2: AT+ B : Type,

WFr_EXT
Aoy, A (03,8,04) ©T1,2: A Th,y: BF

With |os| = |I'1|. Then our goal is:
A, (A (03,8,04))\7 + (A, (03,8,04))/7) x 02) © 1, [t/z|Th,y : [t/z] B F
As |os| = |T'1|, we can see that by Lemma 3.17, our goal becomes:
A, (A\T+ (A7) x 02), (03 + s % 09),04) O T, [t/2]Th,y : [t/x] B+
We can form the following premises, which we then apply to Lemma 3.27:

1. (A]og|o1)®T1 Ft: A (premise (1))
2. (A,o1,A" | 03,8,04]0)©T,2: A T, + B: Type, (WF_EXT typing premise for B)
3. |os| =]0] = |T'1] (trivially, by assumption of sizing for judgments)
Giving:
A(A'\T+(A/7)*02)
( (sasz02).04 ’ )@Fu[t/x}F’z = [t/x]B : Type

We can apply the result of this substitution to Wr_EXT, giving:

A (A'\T+(A/7)*02)
( (0'3+S*(<)<72),U4 ’ > © Fla [t/x]FIQ F [t/QZ]B : Typel

A (AN + (A7) % 02), ((63 + s % 02),04) O T, [t/z|T5,y : [t/x] B+ Wr-Ext

Which matches our goal.
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Ao, A

For typing, we proceed by induction on the structure of ( 03,8,04 ) OT,z: ATy -t : B, as follows:

05,706

Case.

A,O’l,AI@I‘l,SUIA,FQF

7 T_TYPE
(A,o1,A"]0]0)©T,x: A Tyt Type; : Typeg,
Therefore we have t' = Type; and B = Type,,. ;, and our goal is:
A (A'\T+(A' /7)*0
( @ é /m 2)) © T, [t/z]Ts = Type; : Typeg,c
We can form the following inductive premises:
1. (A|og]o1)®T1 Ft: A (premise (1))
2. Ao, A’ ©T,z2: A,Ts b (T_TYPE well-formedness premise)
Giving:
A, (A7 + (A" /7)) x 03) ® Ty, [t/z]To =
We can then apply this information to T_TYPE, to achieve our goal:
A (A7 + (A" /7)) x 03) ® Ty, [t/z]To =
T_TYPE

(A, (A'\m + (A7) % 02) | 0| 0) © Ty, [t/x]T2 - Type; : Typeg,

Case.

o1,A’ Ao
(A’%’A ) OTy,2: ATy C: Type, <US,J
0

(A,01,A" o7 408 |0)OT1,2: ATy - (y i(s.0r) C) = D : Typey, 1y,

) O,z A Te,y: CE D :Type,
T_ARROW

Therefore we have 03,s,04 = 07 + 08; 05,7,06 = 0; t' = (y :( ;) C) = D; and B = Type; |,
Our full goal is therefore:

A (A \T+H(A"/7)x02)
(satsxos) s O Ty, [t/2|Te = [t/2]((y 1) C) = D) : [t/2] Typey, 1y,

~ A A A~ A ~ ~ ~ !
As 03, 8,04 = 07 + 035, we therefore have o7 = &3, 5,74 and og = 3, §, 54" where ¢35 + o3’ = o3;
A~ A A ~ o, . . . . .
548 = s;and 04+ 04 = 04. Rewriting the first and second premises using the above information,
we have the following inductive premises:

1. (A|og]o1)®T1 Ft: A (premise (1))
2. (A,01,A"|03,8,04|0)OT,2: A, Ty C: Type, (first premise of T_ARROW)
3. |o5] = |0] = |I'1] (trivially, and by premise (3))
And:
1. (A]og|o1)®I1 Ft: A (premise (1))
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A,Ul,A,,(f3,§,f4) .
2. ( G 8 G ) OI',x: ATy, y:Ck D: Type, (second premise of T_ARROW)
0

3.

~
g3

= |0| = |I'y| (trivially, and by premise (3))
Giving, respectively:

A ((A'\T)+ (A /m)*02)
( it Q)QFLWﬂmkumw:wWh

And:

A,(((A/,(o’},é,oﬂ;))\ﬂ')—‘,—((A/,(63,§,0'"4))/ﬂ)*02)
( AN ) @ Tw/allays 1410 t/alD  Type,

Rewriting ((A', (03, §,04))\7) + ((A’, (d3, 8,04))/7) * 02 by Lemma 3.17, we have (A"\7w+ (A'/7) *
032), ((d3 + § x 02),4), and can thus apply our two inductive hypotheses via T_ARROW, giving:

A(A'\T+(A/7)*02)
(@%y%@2>cﬂLHMWﬁﬁUﬂCmeh

A (AN\T+(A"/m)x02),((F3+8%02),01)
< (G5 +5'02).04 )’ > Oy, [t/z]Te,y : [t/2]CF [t/z]D : Type,,

A,(A'\ﬂ'Jr(A'/w)*ag)
(Ga+8x02).04)+ (00" +8'02).34') O T, [t/x02 b (y (o oy [t/2]C) — [t/x]D : Typey, 4,

T_ARROW

Rewriting the subject grades of this conclusion by Lemma 3.18, we have ((d5 + § * 02),d4) +
(63" + & % 09),04') = (03 + s * 03),04. As x # y (by disjointness of concatenation), we have
(v sy [/21C) = [t/2lD = [t/2)((y i) C) — D). We have [t/a]Typer, 11, = Types, i,
trivially, as Type;, |,;, is a constant. Using this information to rewrite the conclusion of T_ARROW
derived above, we have:

A (A \T+H (A" /7)x02)
(7a-+5x02).04 O Ty, [t/x]ls = [t/2]((y (s 0) C) = D)« [t/2]Typey, 1y,

Which matches the goal.

Case.

(Ao |0)OT FA:Type, (A,01]02,7|0)OT,2: A B : Type,
(Alor+02|0)0TE (2 A)® B : Typey, |y,

T_TEN

This proceeds similarly to the case for T_ARROW.

Case.

A,O’l,A/@Fl,IL'ZA,FQ F |A| = |F1‘
(A, o1,A"]0211,0]061,0,0) 0T, 2: ATy Fz: A

T_VAR
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Therefore we have t' = x; and B = A. Our full goal is therefore:

A (A \T+(A" /7)*0
( ( \0'2(,0/) 2)>®F1,[t/x}F2}—tA

01,0
We can form the following inductive premises:
1. (A]og|o1)®T1 F¢: A (premise (1))
2. Ao, A’ T,z : A,Ts b (T_VAR well-formedness premise)
Giving:
A, (A7 + (A" /7)) x 03) ® Ty, [t/z]Ta =
We can then form the following derivation, to achieve our goal:

A (AT + (A7) x03) T, [t/z]Ta - (Aloa| o) @T1Ht: A
A(A'\TH(A /7)x00
< e )>®F1,[t/x]F2Ft:A

171,0

LEMMA 3.25

Case.

Aao—laAlv (0'577A7 dﬁ)vA// ®F171’ : Any»y : C7f2/ = ‘Aao—laA,‘ = ’]-—‘171' : A»fQ

T_VAR

(Aa 01, A/a (USaTa Ofg), AH | 0|A7(05’T766)’A/|,17 0 | 05,71, 06,0, 0) o', z: A,fz,y : C, fgl = Y C
Therefore we have ¢’ = y; and B = C. Our full goal is therefore:
A(A! (o5,m,66), A" W\7+((A' (05,7,66),A") /7)x02) R .
< 012 1.0 ) Oy, [t/z]Ta,y : [t/z]C, [t/m]l"gl Fy:[t/z]C
(o5+7%02),56,0

We can form the following inductive premises:

1. (Alog|o1)©T1 Ft: A (premise (1))

2. Aoy, A (o5,7,06), A oTy,z: A Ts,y:C, fgl F (T_VAR well-formedness premise)
Giving:
A (A, (05,7, 66), A"\1 + (A, (05,7, G5), A") [ % 02)) © T, [t /22, y « [t/]C, [t/)Ts -
By Lemma 3.17, we have:
(A, (05,7,66), N\ + (A, (05,7, 7¢)) /7 % 00 =
(A'\T + A’/ % 03), (05 + 1 % 02),75), (A'\m + A" /7 % 073

We can apply this information to T_VAR, and use the context grade vector equality derived above
to rewrite the conclusion, to attain our goal:

N A =T : iy
A (A'\T 4+ A’ /7% 02), (05 + 1 % 02),56), (A"\T+ A" /7 x02) © T, [t/2]T2,y : [t/x]C, [t/x]T2 +

A((A (o5,7,66), A" \7+((A' (05,7,56),A") /m%03)) . R
( 0210 ) OTy,[t/z|Ta,y : [t/x]C, [t/.’L’]Pg/ Fy:t/z]C

(o5+71%02),06,0
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Case.

A,U},,A/,al,A/@fl,y:C,fll,x:A,FgI— ’A‘:‘f1’
T_VAR

(A, G5, A" oy, A | OIA‘,LO | 65,0) © T,y C,fll,x AT Fy: C
Therefore we have ' = y; and B = C. Our full goal is therefore:
A5, A (A\T+A Jx02) . .
( 0|§5‘:(1)70 > O,y :Ct/z]Ty ,[t/z]Ta -y : C

We can form the following inductive premises:

1. (A,G5,A" |0y | 01) ®T1 Ft: A (premise (1))

2. A,d5, Ao, N OT,y:C, fll,x : A,To F (T_VAR well-formedness premise)
Giving:

A, G5, A (A\r+ A Jrx00) © T,y : O, Ty, [t/2]Ts F

We can apply this information in the following derivation, to attain our goal:

A, G5, A (A1 + A 7 % 09) T,y : C,Fy ', [t/2]Ts b ]A\ _ (n]

- - T_VAR
(A,zf5,A',(AZ\7T+A'/7r*02)) . 7
ol2l 1,0 O,y : Otz by C
75,0
Case.
A,o1,A" 07 Ao1,A o7 "
og,r OI,x: A le,y: CFD: Type 03,5048 | O, x: A Tg,y:CHt' : D
0 og,r’

T_Fu

(A,01),A! I
(03,8),0a | O, 20 A To = Ayt" - (y 19y C) = D

o7+og

Therefore we have o5, 7, 06 = 07 +0g; t' = Ay.t"; and B = (y :(y -y C) = D. Our goal is therefore:

A(A\T+H(A /7)x02) "
(o3+s%02),04 © Ply [t/x]FQ F [t/iﬂ]()\yt ) : [t/x]((y (s'sr) C) - D)

(o5+T%02),06

~ A A A ~/ ~ ~/
As o5,7,06 = 07 + 0g, we therefore have o7 = 05,7, dg and o3 = d5’, 7, dg where 5 + 75 = o5;
~ ~ ~ ~ ] oy . . . .
7+ 7 = r; and dg + 6¢' = 0. Rewriting the premise of T_FUN using the above information, we
have the following inductive premises:

1. (A]og|o1)®T1 Ft: A (premise (1))

A,o1,A (57,5
2. ( a‘ls’f’,(cfa’,r’ 6)> OI',z: ATy, y: CFD: Type, (T_-FuUN premise for D)
0

!

3.

= |I'y| (trivially, and by premise (3))

~
5

5

56




And:

1. (A]og|o1)®T1 Ft: A (premise (1))
Ao1,A’,(d5,7,06)
2. ( 03,8,04,8' > O, z: ATy y: CHt": D (T_FuN premise for t'")
o5’ 7 g’
3. |d3| = |d5'| = |T'1| (trivially, and by premise (3))
Giving, respectively:

AL (((A'(d5,7,06))\T)+((A',(5,7,06)) /) *02)
< ((f5'+f"*gz)7ff6'ﬂ“/ ) oIy, [t/x]l—‘%y : [ﬁ/.’L‘]C F [t/I]D : Type;
And:
BB (65,7,66)\) (A (65,7,66)) /7)#02) .,
(03+s%02),04,8 ® Fl, [t/x]Fg,y : [t/x]C [ [t/l’}t : [t/(E]D

(65’ +7'%02),06" ;7"

Rewriting ((A’, (d5, 7, 06))\7) + ((A’, (75, 7, 06))/7) * 02 by Lemma 3.17, we have (A"\m+ (A’/7) *
02), ((d5 + 7 * 02),d6), and can thus apply our inductive hypotheses to T_FUN, giving:

A, ((A\T+(A' /m)x02),((d5+7*02),06))

(F5'+7 502,56 Oy, [t/z]Ta,y : [t/z]C F [t/x]D : Type,
0
A (AT (A [1)502) (05 +7502),06)) ,
(03+s%02),04,8 @Fl, [t/l’]FQ,y : [t/m}C F [t/x]t : [t/x]D
(65" +7'%02),06 ;7"

T_FuN

A (AN\TH(A' /m)x02) "
. (05+s%02),04 O, [t/z]Ty & Xy [t/x]t” : (y :(s ) [t/7]C) = [t/2] D

O5+7x02),06)+((F5'+7 *02),56")
Rewriting the subject grades of this conclusion by Lemma 3.18, we have ((d5 + 7 % 02),d6) +
(65" + 7 % 03),66") = (05 + 1 % 02),06. As & # y (by disjointness of concatenation), we have
Ay [t/x)t" = [t/x](Ay.t") and (y :(s ) [t/2]C) = [t/x]D = [t/2]((y :(s,,»y C) — D). Using this
information to rewrite the conclusion of T_FUN derived above, we have:
A (A \T+H(A"/7)x02) "
(73-+s%032),04 O Ty, [t/x]ly F [t/x](Ay-t7) = [t/x)((y (s ) C) = D)

(o5+7T%02),06

Which matches the goal.

Case.
(A o1,A' o7 | 09,7 | 0) ©T1,2: A, T2,y : C'+ D : Type,
(A, o1, A" |og | o7 +09) ©T1,0: A, To -ty : (y (s C) =D
(A,O’l,A/|O'10|07)®F1,Z‘2A,F2|‘t220 T A
_App
(A,Ul,AI | gg +SI*010 | 09 -|—7’/ *0'10) @Fl,x . A,PQ l_ tl tz . [tg/y]D

Therefore we have 03,5,04 = 0g + 8" * 010; 08 = 03,5,74 (where |o3] = |T'1]); 010 = 73,8, 64
(where }(fg/| = |I'1|); 05,706 = 07 + 7" % 010; 07 = 05, 7,56 (where |G5| = [['1|); 09 = 75,7, 56
(where |05'| = [T'1|); t = t1ty; and B = [t2/y]D. We have 63 + 5’ x 3" = 03, 65 + 1/ % 75" = 03,

o7




and likewise for other components. Our goal is therefore:
A (AN\T+(A' [m)x02)
(03+s%02),04 ® Fl, [t/l’]rg = [t/(E](tl tg) : [t/x] [tz/y]D
(05+7*02),06
Rewriting by Lemma 3.20, we have o7 + 09 = (65 +05'), (7 +7), (66 +76'). Rewriting the premises
of T_APP using the above information, we have the following inductive premises:
1. (A]og|o1)®1 Ft: A (premise (1))
A,Ul,A,,(f5,f,f6) .
2. ( o5’ e ! ) OT,z: A Ty,y: CF D : Type, (T_APP premise for D)
0
3.

And:

05 + 5’| = |T1| (trivially, and by premise (3))

At
05

1. (A|og|o1)®T1 Ft: A (premise (1))

A,o1,A’
2. ( iy ) O,z ATyt (y (o) C) = D (T_APP premise for ¢;)
(F5+05"),(P+7"),(Fs+0%6")

3. |d3| = |d5 + 5’| = [T'1| (trivially, and by premise (3))
And:

1. (A|og]o1)®T1 Ft: A (premise (1))

2. (gé”?’:?;’> OT,x: A, Ty ta: C (T_APP premise for tq)

05,706

3. |as

= |d5| = |T'1] (trivially, and by premise (3))

Giving, respectively:

AL(((A,(d5,7,06))\T)+((A,(J5,7,56)) /T)*02)
< (05477 2). 0 " ) Oy, [t/2]le,y « [t/2]C & [t/2]D : Type
And:
A(A'\TH(A' [m)xa2)
o /(69:+€jk02),(f4 o, ® F17 [t/l’}rg H [t/x]tl : (y HERD) [t/JZ]C) — [t/:l?]D
(05+05"+(*+7")*02),(d6+d6")
And:

A (A \T+H (A" /7)x02)
(3" +8"*02),04" ® F17 [t/.’E]FQ = [t/ib}tQ : [t/x]C
(65 +7x02),06
By vector rewriting (6’5 + o5’ + (7 +7') x 02), (66 + 6’ ) we have (G5 +7*02), 56 + (05 +7' % 02), 56
Rewriting ((A’, (65,7, 6))\7) + (A7, (d5, 7, 56)) /) * 02 by Lemma 3.17, we have (A'\7w+ (A’/7) *
032), ((d5 + 7 * 02),56), and can thus apply our inductive hypotheses to T_APP, giving:

A(A'\T+(A/7)*02),((F5+7*02),06)
(55'#'*82)756',7-’ ) Oy, [t/z]Tq,y : [t/z]C F [t/x]D : Type,
A (A\TH(A' [m)*02)
(03+35%02),04 ® Fl, [t/I]FQ F [t/fﬂ]tl : (y R [t/:c]C') — [t/I}D
(65-%%*02),66+(Lf5/+f/*02),66/

A (A \T+(A"/7)x02)
(3 +8"%02),04" Oy, [t/z]Ts F [t/z]te : [t/z]C
(o5+7*02),06
A (AN\TH(A /T)*03)
(F3+8%02),04+s"* (o3 +5 %02),04" ® Fl, xT . A, Fg [ ([t/x]tl) ([t/ﬂ?]tQ) : [tg/y} [t/l‘]D
(

~ Al ~ !/ / ~ ! ~l ~ !
G5 +7' %02),06" +1'%(F3' +8" *03),04

T_Aprp

o8




Rewriting the subject and subject type grades of this conclusion by Lemma 3.18 (and expanding the
scaling), we have (345§%03), Ga+(s %03 +8'%8'x03), (s'%74") = (03+5%02), 04 and (5 +7*03), Ge+
(r'*G5 +1' 7" %09), (r'*d6") = (05+1%02), 06. By definition we have ([t/z]t1) ([t/z]t2) = [t/x](t1 t2).
As z # y (by disjointness of concatenation), we have [t2/y[t/x]D = [t/x][te/y]D. Using this
information to rewrite the conclusion of T_APP derived above, we have:

A (AN\TH(A' /m)*02)
( (03+5%02),04 ) O, [t/z|Ta F [t/x](t1 ta) : [t/x][t2/y] D

(o5+r*02),06

Which matches the goal.

Case.

(A, 01,A' o7 | 09,7 |0) ©T1,2: A, To,y: CF D : Type,

(A,O’l,A/ | g8 | 0'7)®F17J} : A,Fg |_t1 :C
(Ao, A" | 019 | 09 + 7" % 08) ©T 1,2 : A, Ty - to : [t1/y]D T Pam
(A70'1,A/ | os + 010 | 0'7—|—O'9) O,z ATy (thtg) : (y I C) ®D

Therefore we have 03,s,04 = 08 + 010; 08 = 73, 3,04 (where |d3] = |T'1]); 010 = 03,8, 54" (where
Oégl = |F1|), 05,7,06 — O7 +09; o7 = 0?5,TA,O?6 (Where |0¢5| = |F1|), 09 = 0?5/77A’/7JAG/ (Where
os5'| = [T1|); t' = (t1,t2); and B = (y :» C) ® D. We have 3 + 03’ = 03, and likewise for other

components. Our goal is therefore:

A (A\T+H(A' /m)x02)
(o3+s%02),04 ® Fl, [t/,’L‘]FQ F [t/l’](tl,tg) : [t/m]((y et C) ® D)
(o5+r*02),06
As o9 = 05,7, 06, 03 = d3, 8,04, and |zf5/| = |o3|, we can rewrite o9 + ' ¥ 0g by Lemma 3.20 to
obtain (65" + 1/ x53), (' + 1'% 38), (66’ + 1’ *4). Rewriting the premises of T_PAIR using the above
information, we have the following inductive premises:

1. (A]og|o1)®T1 Ft: A (premise (1))

A,O‘l,A/,(O%,TA‘,OfG) .
2. ( G5! 7 s’ r! > O, z: ATy y: CF D : Type (first premise of T_PAIR)
0

3.

d5'| = 10| = |y (trivially, and by premise (3))

And:
1. (A|og|o1)®T Ft: A (premise (1))
A,o1,A’
2. ( 0:3,3%,0:4 ) oI, z: ATyt : C (second premise of T_PAIR)
05,7,06

3. |o5] = |05 = |T'1| (trivially, and by premise (3))

And:
1. (A]og|o1) @1 Ft: A (premise (1))
A,o1,A"
2. ( 73’8 G ) OTy,z: A ToF ta: [t1/y]D (third premise of T_PAIR)
(65" +7"%03),(# +71'%8),(d6" +1' *54)

3. |ds

s+l * g”3| = |T'] (trivially, and by premise (3))
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Giving, respectively:

A, (((A7,(F5,7,06))\T)+((A',(F5,7,06)) /7)*02)
< 5 (17?5/4'?’/*(72)70:6/77?/ ¢ : > ® ]_—‘1, [t/l’]FQ,y : [t/a}]C = [t/lﬂ]D : Typel

0

And:

A,o1,(A'\T+(A/T)*02)
< (G54 8902), 54 > OTy, [t/aTs b [t/alt: : [t/2]C

(0:5""7;*‘72)7‘7:6

And:

Ao, (A'\T+(A"/7)*02)
((( (G5 +5"%02),54" ) Oy, [t/x]Ts F [t/x]ts : [t/z][t1/y] D

G5’ +1x0)+(F 41" %5)x02), (6" +1 %)

By vector rewriting (65" + 1’ * d3) + (7 + 1’ % §) x 02), (66" + 1" * &4) we have (65" + 7' * 02), 06" +
v % (03 + 8% 02),04. Asy & FV (t) and z # y, we have [t/x][t1/y]D = [[t/x]t1/y][t/x]D.
Rewriting ((A’, (75, 7, d6))\m) + ((A’, (75, 7, 06))/7) x 02 by Lemma 3.17, we have (A"\m+ (A'/7) *
02), ((d5 + 7 x 02),d6). Thus we can apply our inductive hypotheses via T _PAIR, giving:

(5" %02),56 7" Oy, [t/z]Ts,y : [t/x]C F [t/x]D : Type,

0
Ao, (AN\T+(A' /m)*02)
(03+8%02),04 ® Fl, [t/Z]FQ = [t/x]tl : [t/x}C’
(d5+7%x02),06
Ao1,(A\T+(A' /m)x02)
< (073" +3"%02) .04’ ) © Ty, [t/z]0s & [t/z]ts - [[t/2]t1/y][t/=]D
(o5’ +7'%02),06" +1"*((F3+8%02),04)
A (A'\T+(A /7)*02)
(Fa+8%02),04+(s +8'x02), 04" | O T'y, [t/x]To b ([t/alts, [t/z]tz) : (y o [t/2]C) @ [t/2]D

(F5+7*02),06+ (05" +7 *02),06"

( A ((A\T+(A' /m)x02),((F5+7*02),56))

T_PAIR

Rewriting the subject and subject type grades of this conclusion by Lemma 3.18, we have (g3 + § *
0'2), f4+(f3/+§/*02), O¢4/ = (0'3+S*02)7 o4 and ((f5+’f*(72), (fg+((f5/+f/*0'2), 0?6/ = ((754-7‘*(72)7 06-
By definition we have ([t/x]t1, [t/z]|t2) = [t/x](t1,t2). As x # y (by disjointness of concatenation),
we have (y : [t/2]C) ® [t/z]D = [t/z]((y :»» C) ® D). Using this information to rewrite the
conclusion of T_PAIR derived above, we have:

A (A'\T+(A /7)*02)
(ostoroshos ) @ T, [t/2]Ts b [t/2](t1, t2) : [t/a]((y - C) @ D)

(o5+r*02),06

Which matches the goal.

Case.

(A, 01, A (07 +038) | o11,7" |0) O T1,2: A, To,w: (y:v C)@ D F E : Type,

(A,o1,A" |09 |07 +08) ©T1,2: A To bty : (y: C)@D
Ao1,A 07,(08,r")
010,88’ ® Fl,l’ : A,Fg,y : C,Z :DF fg : [(y,z)/w]E

" 1"
g11,7 ,T

T_TeENCuT

(A,o1,A" |19 +8 %09 | 011 +7" x09) OT 1,0 : ATy b let (y,2) = tyinty : [t /w|E

Therefore we have 03,8,04 = 019 + 8’ * 09; 05,7,06 = 011 + 1" * 09; 07 = 07,587,057 (where
|67| = |T1]); 08 = 0%, 88,08  (where |gs| = |T'1|); t' = let(y,2) = t1inte; and B = [t;/w]E. Our
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goal is therefore:

A(AN\TH(A f7)502) _

(03+8%03),04 Oy, [t/ F [t/z](let (y,2) =ty inty) : [t/x][t1/w]E

(o5+71%02),06
As 03, 5,04 = 019+ %09, we therefore have 019 = J3, §, ¢4 and 09 = &3’, §, 74" where o3 +5 xd3’ =
o3; 8§+ %8 = s; and Gy +5' %54 = 04. As 05, 7,06 = 011 +7" %09, we therefore have 011 = 5, 7, 5
where o5 + 1" x 7y’ = o5; F 4+ 1" %8 = r; and G + 1" * G4’ = 0g. As o7 = &7, s7,07 and
083 = O3, 88,08 , we have a7 + 0g = (07 + 03), (s7 + sg), (77" + ds’). Rewriting the premises using
the above information, we have the following inductive premises:

1. (A]og|o1)©  Ft: A (premise (1))
A,op,A’
2. < rfg',él’,zrzl’ > O,z ATyt : (y: C)® D (t1 premise of T_TENCUT)
(F7+03),(s7+38),(F7' +5")
3. ‘63/‘ = |67 + ds| = |T'1| (trivially, and by premise (3))

And:

1. (Alog|o1)®T1 Ft: A (premise (1))
A,G‘l,A/,(0:7,877077/),(68758,68/,T/)
2. &3,8,04,8" s’ OT,z: ATy y:C,z: Dk ty: [(y,2z)/w]E (t2 premise of

"o

PSRN ’
05,7,06,T ,T

T_TENCUT)
3. |d3| = |05] = |I'1] (trivially, and by premise (3))

And:

1. (Alog|o1)©T1 Ft: A (premise (1))

A,o1,A",((67458),(s7+s8),(d7 +5%8’
1A (o7 &5?727;6777"”8)( s ))) o,z : ATyw: (y:w C)®DF E: Type, (E premise
0

of T_-TENCUT)
3. |o3] = |os| = |T'1| (trivially, and by premise (3))
Giving, respectively:
( A (A \T+ (A" /7)x02)

(3" +8"*02),04’ ) ® Fl, [t/x}Fg - [t/l‘]tl : (y L [t/l‘]C) [ [t/JT]D
(7408 +(s7+s8)*02),(c7 +55")

And:
A((A(F7,87,07"),(F8,88,08" ;7' )\ T)+((A',(F7,587,57"),(Fs,88,08",7")) /T)*02)
(F3+8%02),04,8 s ® F17 [t/x]Fg,y : [t/x]C’, z [t/.I‘]D
(F5+7*02),06,r" ;7"
= [t/x]ty : [t/2][(y, 2)/w]E
And:

A (A" (F745),(s7+58), (07" +8")\T)+ (A", (67 +08),(s7+58), (7' +038)) /m)*02)
( Ariag st ) @ Tultfallaw: v (1210 /2]

F[t/z]E : Type

As w # z (by disjointness of concatenation), we have [t/z][(y, z)/w|E = [(y,z)/w][t/z]E. By
~/

vector rewriting (o7 + g + (87 + 88) ¥ 02), (67’ + ds’) we have (G7 + s7 % 02), 07 + (0 + sg x 02), 75
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Rewriting (', (07, 87,07"), (98, 58,08 )\m) + ((&',(d7,57,07), (s, 88,0%'))/m) * oo by
Lemma 3.17, we have (A'\m + (A’/7) x 02), ((d7 + s7 * 02) 1), ((Gs + ss x 02), 8, 7"). By vector
rewriting (((AI,(UA7+UAg),(S7+88)7(UA7/+Ug )) )+(( , (07 + J%), (S7+88),(UA7,+UAgl))/7T)*(72)
we have (A'\7 + (A'/7) * 03), (((F7 + 87 % 02),07') + (s + sg * 72),F5’)). Therefore we can apply
our inductive hypotheses via T_TENCUT, givmg

A (A \7T+(A /71')*0'2)
( (03" +8"%02),04' ) Oy, [t/z|Ty b [t/z])ty : (y o [t/2]C) @ [t/x]D
((F7+s7%02),07" ) +((Fa+s8%02),55")
A(ANTH(A /1)502), (Gr+57402),07) (G 55%02) 55 7 ))
(o3+5%02),04,s s’
(F5+7*0a2),06,r" ;v
A(AN\TH(A/7)x02),(((Frts7%02),07" )+ ((Fs+58%02),08 ))
( (Gs+i%02),06,r" @ Iy, [t/z]Te,w : (y o [t/2]C) @ [t/z]D & [t/z]E : Type,
0

Oy, [t/x)Ta,y : [t/z]C,z : [t/z]D * [t/z]ts : [(y, z)/w][t/x])E

A(A\TH(A/T)*02) i
< (G3+8%02),64)+5"*((d3'+5"%02),04") ) Oy, [t/x]Ta b let (y, z) = [t/x]ty in [t/x]ts : [t1/w][t/z]E

((5+7*02),06)+r""*((d3'+5"x02),04")

Rewriting the subject and subject-type grades of this conclusion by Lemma 3.18 (after expanding
the scaling), we have (03 + § x 02),04) + ((s' * 73" + 8" % 8 x 02), (s' ¥ 74")) = (03 + s % 72), 04, and
(G5 +7%02),06) + ((r" x5 +1" %8 x03), (" x74")) = (05 + 1% 02),06. Asx #y and x # z (by
disjointness of concatenation), we have let (y, z) = [t/x|t1in[t/z]ts = [t/z](let (y, z) = t1int). As
w # x, and w ¢ FV (t), we have [t1/w][t/z]E = [t/z][t1/w]E. Using this information to rewrite
the conclusion of T_TENCUT derived above, we have:

A(A\TH(A /m)x02) _
(03+8%03),04 Oy, [t/ F [t/z](let (y,2) = tyints) : [t/x][t1/w]E

(o5+7T%02),06

Which matches the goal.

T_TeENCuT

Case.

(A,01,A" [ 03,5,04[0)©T1,2: ATy = C: Type,

T_Box
(A, 01, A" | 03,8,04|0)©T1,2: A, To Oy C : Type,

Therefore we have o5 =0, r =0, 06 = 0, t' = Oy C, and B = Type;. Our full goal is therefore:

A,(A/\W+(A//7T)*O' )
( gl 2)@rl,[t/x]rzwt/xumsfc*):[t/x]Typel

Rewriting the premise using the above information, we have the following inductive premises:
1. (A]og|o1)®I1 Ft: A (premise (1))
2. (Ayo1,A" | 03,8,04]0)©T,2: A, To F C : Type; (premise of T_BOX)
3. |os| = 10| = |y (trivially, and by premise (3))

Giving:

A, ((A'\T)+(A"/T)x02)
( (o'3+s>l(<)02),o'4 : ) Oy, [t/z]Ts F [t/z]C : [t/x] Type,
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Rewriting [t/z]Type; = Type; and applying the inductive hypothesis to T_BoOX, we have:

(A, (A"\7) + (A /7) x 02) | (03 + s % 02),04 | 0) © ', [t/x]Ta = [t/2]C : Typey,

(A, (A1) + (A /) £ 02) | (03 1+ 5% 02),04 | 0) O Tr, [t/a]Ts F O [t/2]C : Type, 0%

As [t/x]Type; = Type; and [t/z](0y C) = Oy [t/x]C, we have:

A,(A/\Tr—&-(A//Tr)*of )
( b ) O Ty, [t/alls  [t/2](00C) : [t/a]Type

Which matches the goal.

Case.
(A,01,A" |07 | 05,7,06) ©T1,2: A,To Ht": C
R m T_BoxI
(A, 01, A" | §"x07 | 05,7,06) ©T1,2: A, To Ot : O, C
Therefore we have 03, 8,04 = 8’ x 07; 07 = 73, 8,54 (where |3 = |[T4]) ; ¢/ = 0O¢"; and B =0, C.

We have s’ x 3 = 03, and likewise for other components. Our goal is therefore:

A (A'\T+(A /7)*02) "
(o3+s*x02),04 ® Fl, [t/.’I,‘}FQ H [t/l‘]([lt ) : [t/]}](Dé/C)
(o5+r%02),06
Rewriting the premise of T_BoXI using the above information, we have the following inductive
premises:

1. (A]og|o1)®1 Ft: A (premise (1))

A,o1,A’ .
2. ( g”'s,gig;l ) OT,xz: ATyt : C (premise of T_BoxI)

05,706

3. |o5| = |os| = |T'1| (trivially, and by premise (3))
Giving:

A (A\TH(A/T)*02)
( (Gats+02)0a > OTy,[t/x]Ty F [t/z]t" : [t/x]C

(o5+T%02),06
We can apply our inductive hypothesis to T_BoxI, giving:

A (A \T+H(A"/7)x02) "
(d3+38%02),04 oIy, [t/fE]FQ F [t/ﬂj]t : [t/m]C’
(o5+1%02),06

A(AN\TH (A" [/m)*02) .
s'%(of3+8x02),04 o,z A, I's - D[t/x]t : Oy [t/x]C

(o5+r*02),06

T_BoxI

Rewriting the subject and subject type grades of this conclusion by Lemma 3.18 (and expanding
the scaling), we have (s’ x d3) + (s’ * § x 03),(s' *x d4) = (03 + $ * 02),04. By definition we
have O[t/z]t" = [t/z](Ot") and Oy [t/z]C = [t/x](0sC). Using this information to rewrite the
conclusion of T_BoxI derived above, we have:
A (A'\T+(A /7)*02)
( (03+s%02),04 ) O Ty, [t/x]Ta = [t/2)(Ot") : [t/2) (0 C)

(o5+T%02),06

Which matches the goal.
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Case.

(A,01,A' o5 | 010,17 | 0) O T1,2: A, T9,2:0sCF D : Type,
(Aao—laAl | o7 | 08) ®F1ax : AaFQ |_t1 : DS’C
(A, 01,A' 03 | 09,8 | 010, (8 *7")) ©T1,2: A,Ta,y: CFty: [Oy/2]D

T_BoxE
(Ao, A" | o7+ 09| 010 +7 x07) O 1,2 : A, To - letOy =ty inty : [t1/2]D
Therefore we have 03,s,04 = 07 + 09; 07 = 03, 8,74 (where |3| = |I'1]); 03 = s, 5", 0%’ (where
|6s| = [T1|); 09 = 03,8, 64" (where |<fg'| = |T'1|); o5,7,06 = 010 + 7’ % 07; 010 = 05, T, dg (where

|65| = |T1]); ¥ = letOy = ty inty; and B = [t1/2]D. We have 63 + 03’ = 03, 65 + 1’ * 3 = 03, and
likewise for other components. Our goal is therefore:

A(A'\T+(A /7)*02) i
(03+s%02),04 OTy,[t/z]Ts F [t/z](let Oy =ty ints) : [t/z]([t2/2] D)

(o5+r%02),06
We have the following inductive premises:

1. (A]og|o1)®1 Ft: A (premise (1))
A,O‘l,A,,((fg,S”,(fs/) .
2. G P\ Ge,r OT,2: A Ty,z:0,CF D : Type, (T_-BoxXE premise for D)
0
3. |o5] = 10| = |I'1]| (trivially, and by premise (3))
And:
1. (A|og|o1)®T1 Ft: A (premise (1))
A,o1,A'
2. ( 5.5 > oI,z ATy it : O, C (T_BoxE premise for ¢;)
fg,s“,(fg’

3. |os3| = |os| = |T'1| (trivially, and by premise (3))
And:

1. (A]og|o1) @1 Ht: A (premise (1))

A,o1,A",(d8,5" ,58")
2. ( &3',8 4’ s’ ) OT,z: ATy y: Ckty: [Hy/z]D (T-BoXE premise for tq)
O5,7,06,(s"*r")

3. ’(fg/{ = |05

= |I'y]| (trivially, and by premise (3))

Giving, respectively:

AL(((A"(ds,8" 08" )\ T)+H((A',(Fs,5" ,F5")) /m)*02)
( R aEa P ) O T, [t/2]0s, 2 : Og[t/2]C - [t/2]D : Type,

0

And:

A (A'\T+ (A /7)*02)

(03+8%02),04 oIy, [t/l‘]rg - [t/(I}]tl Oy [t/x]C
(dg+8""*02),08’

And:

A#(((A/v(of&s//)0:8/))\7T)+((A/)(0:8»S“)‘7?8/))/77)*0'2)
(03'+8"%02),04" .5’ Oy, [t/z]Ta,y : [t/x]C & [t/x]ts : [t/x]D

(F5+7*02),06,(s" *r")
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Rewriting ((A’, (ds, 8", ds"))\m) + ((A/, (ds,5”,55'))/7) * o2 by Lemma 3.17, we have (A'\m +
(A7) % 03), ((Fs + 8" * 03),5%).

We can thus apply our inductive hypotheses via T_BOXE, giving:

(5+7%02),6,7" O T, [t/2]02, 2 : Oy [t/2]C F [t/2]D : Type

0
A (A\TH(A' [m)*02)

(d3+8%02),04 oIy, [t/I]FQ - [t/x]tl : Oy [t/:ZJ]O

(s +s""x02),08"
A((ANTH(A' fm)502) (G 43 502),5))

(3" +8"%02),04" 5" Ty, [t/z]Ta,y : [t/x]C & [t/x]ts : [t/x]D
(F5+7*02),06,(s" *r")
A, (A'\TH(A" /m)*a2) .
(F3+5%02), 04+ (03 +8'%02),04" | O 1,2 A, To FletOy = [t/x]ty in[t/z]ts : [t2/2]([t/x] D)

(F5+7*02),06+1 *(F3+5%02),04

( A, ((A'\T+(A /7)*02),((Fs+5" *02),558"))

T_BoxE

Rewriting the subject and subject type grades of this conclusion by Lemma 3.18, we have (g3 + § *
0'2), O¢4+(ch/+.§/*(72), (f4/ = (O’3+S*02), o4 and (d5+f*0’2)7 (fG+TI*(O¢3+§*0'2), o4 = (U5+T*02), 06-
By definition we have (let Oy = [t/z]ty in [t/z]t2) = [t/z](let Oy = t1 int2) (as x # y by disjointness
of concatenation), and similarly, we have [to/z][t/z]|D = [t/x]([t2/z]D). Using this information to
rewrite the conclusion of T_BOXE derived above, we have:

A(A'\T+(A/7)*02) .
(03+8%02),04 OTy,[t/z]Ty - [t/z](let Oy =ty ints) : [t/z]([t2/2] D)

(o5+7r*02),06

Which matches the goal.

Case.

(A, 01,A" | 03,8,04 | 05,7,06) ©T1,2: A,To =t : C
(A,o1,A" | 05,706 |0) ©@T1,2: A, T = C = B : Type,

T_TyConv
(A, 01,A" | 03,8,04 | 05,7,06) ©T1,2: A, To -t : B

Our full goal is therefore:

A (A \T+H(A"/7)x02) ,
(o3+s%02),04 O) Fl, [t/x]F2 F [t/:c}t : [t/l‘]B

(o5+T*02),06

Rewriting the first and second premises using the above information, we have the following induc-
tive premises:

1. (A|og|o1)©T1 Ft: A (premise (1))
2. (A,o1,A" | 03,8,04 | 05,7,06) ©T1,2: A,Ta -t : C (T_TyCoNV premise for t')
3. |os| = |os| = [T'1| (premise (3))

And:
1. (A|og|o1)©T1 Ft: A (premise (1))
2. (%},(,Tﬁ,’é ) OT,z: ATy C = B: Type, (T_-TyCoNV premise for C' = B)
0

3. |os| = 10| = |I'1] (trivially, and by premise (3))
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Giving, respectively:

(o3+s%02),04 > ® Fl, [t/l’]rg [ [t/l‘]t/ : [t/fE]C

(o5+r*02),06

( A(A'\T+(A /7)*02)

And:

A,(A'\ﬂ'Jr(A'/ﬂ)*a )
( e )@rl,[t/xm - [t/2]C = [t/a]B : Type,

Which we can apply to T_TyCoNV, giving:

A(A'\T+(A/7)*02) ,
(03+s8%02),04 Oy, [t/z]Ty [t/ : [t/x]C
At (afmy o
A(A\TH+ (A7) *0
(ST S ) @ T ufalra Fle/s1C = t/21 s Tyve
0

A (A'\T+(A /7)*02) ,
(03+s%02),04 oIy, [t/l‘]rg - [t/l‘]t : [t/l‘}B

(o5+7*02),06

T_TyConNv

Which matches the goal.

A.G’l,A,

For equality, we proceed by induction and re-application on the structure of ( 03,5,04 ) O,z ATy HE =

05,706

t” . B (in some cases substitutions need to be rewritten, to see how to rewrite substitutions, refer to the
typing cases). See Section A.8. For subtyping, by standard induction and re-application (see Section A.8).

Lemma 3.28 (Equality through substitution). If the following premises hold:
1. (A1|O'1|O'2)®F1Ft1:t2314
2. (Al,UQ,AQ ‘ 03,8,04 | 0'5,7“,0'6) o'y, z: A s Ht3: B
3. |os| = |os| = T4
Aq,(A\T+ (A2 /T)*01)
Then ( (03+s%01),04 ) Oy, [t1/x]Te b [t1/x]ts = [to/x]ts : [t1/x] B, where m = |T].

(o5+T*01),06

O

Proof. Cases proceed very similarly to the proof for Lemma 3.27, inducting on the form of (Ay,09,As |
03,8,04 | 05,7,06) @1, : A,y - t3 : B, and building results using appropriate equality rules. As such,

we omit most cases, but provide a couple for demonstration, as follows:

Case.

(A1,02,A2 | 03,8,04|0) 0T, z: AF C : Type
(A1,09,A9 | 03,8,04]|0)OT,z: AFOyC : Type,

T_Box

Then our goal holds by the following derivation:
(A 09,75 | 05,8,04|0)OT,2: A C : Type,
LH.
(A1, (A\m+ (Ag/m) % 01) | (05 +sx01),04 | 0) ©T'1, [t1/x]T2 & [t1/2]C = [t2/x]C : Type,

(A1, (Ao\T + (Ag/m) x01) | (03 + 5% 01),04 | 0) O Ty, [ta /2|02 - Oy [ty /2]C = Oy [t2/2]C : Typey

TEQ_Box

(Al, (A2\7T+ (AQ/']T) *0'1) ‘ (0’3 + s *0'1)70'4 ‘ 0) @Fl, [tl/I]Fg - [tl/l‘](Ds/O) = [tg/I](DS/C) : Typel

66




Case.

(Al,O'Q,AQ ‘ JAg,g,(TA4 | (f7,T1,f7l) @Fl,.’t : A,FQ = t4 : DSIC
(A17027A27 (0?7770170?7/) | Of5a/f170?67r | 0) ®F17m : A7F27Z : DS’C FD: Typel
(A1;027A27 (Oc77r170?7/) | Oﬁ3/7‘§/5064/78/ | 0¢5a7ﬁ70?67 (S/ *TI)) @th . A>F27y :CFk t5 : [Dy/Z]D

T_BoxE
(A1,02,A0 | 03,8,04 + 03", 8 04" | 05,7,06 + 1" % 03,8,04) ©T1,0: A, Ty b letOy = tyints : [ta/z]D
By Lemma 3.32 we have (A1 | 01 | 02) ©T'1 F #1 : A, and therefore by induction on the premises of
T_BoxE for t4 and t5, and by Lemma 3.27 on the premise for D, we have the following derivation:
Aq,(A\T+(Az/7)*01),((F7r+Tr1%01),057")
(ST Y o Tl eIl Dl /aIC - /41D Type
0
A
f3i51*”1 ) OT & [ty /a)ts = [ta/z]ts : Oy [t1/2]C
A (Bs\T+(B2/7)x01) (07111 %07")
( ((ﬁg’-s—é’*)a?’),s’) ) Oy, [t1/z]T,y : CF [ty/x]ty = [t2/x]ts : [Dy/z]([t1/x] D)
Outrxoy),(s *r’

(A1,<Az\w+<az/w>*al> TEQ-BoxE

(o3+s%01),04 > ® Fl, [tl/x]FQ = (Iet Dy = [tl/l’]t4 in [tl/IL’]tE’,) = (Iet Dy = [t2/$]t4 in [t2/$]t5) : [t4/Z]([t1/IE]D)

(o5+T%01),06

A, (A\m+(Az/m)x01) . .
( (o3+sx01),04 ) oIy, [tl/x]FQ [ [t1/1‘](|et Uy =14 |nt5) = [tg/l‘]('Et Uy =ty |nt5) : [tl/x]([tél/Z}D)

(o5+1r*01),06

Giving us our goal.

A.3 Proofs for vector manipulation

Lemma 3.17 (Factoring choose and discard). If |o1] = |os| = 7, then (A1, (01,7, 02), Do) \7+((A1, (01,7,02), Ag) /m)x*
o3 = (A\m+ Ay /7w *03), (01 + 7 % 03),02), (A\T + Ag /7 % 03).

Proof. We show this by rewriting equationally, as follows:

(Ah (0’17870'2)7A2)\7T + (Al, (0'1,5,0'2),A2)/7T * 03

{defn. 2.10 and defn. 2.8} = (A1\7), ((o1,7,02)\m), (A2\7) + ((A1/7), ((o1,7,02)/7), (A2 /7)) * 03
{defn. 2.9 and defn. 2.7, using |o1| = 7} = (A1\m), (01,02), (A2\) + ((A1/7),r, (As/T)) % 03
{defn. 2.11} = (A1\m), (01,02), (A\7) + (A1 /7 % 03), (r * 03), (Ag/7 % 03)
{defn. 2.13} = (A\7+ Ay /7% 03), (01,02 + 7 * 03), (A2\T + Ag/7 % 03)
{L. 3.19 with |o1| = |o3]|} = (A\T+ Ay /mx03), ((01 + 7 x03),02), (A\T + Ay /7 % 03)
As required. O

Lemma 3.18 (Factoring vector addition). If &1 + &y’ = 01; § + s' = s; and 65 + &5’ = o3, then ((o1 + &=
02),73) + (1" + & % 02),03") = (01 + s % 02), 03 for all 0.

Proof. This holds equationally, by laws of the semiring, and vector operations, as follows:

(

—~

Al + <§ * 02),63) + ((0?1/ -+ .§/ * 0'2),0?3/)
= ((0?1 + 5% 0'2) + (d1l + & % 0'2))7 (O¢3 + 0¢3/)
= ((Oq -+ (fl/) + (.§ + SA/) * 0'2),0'3
= (

o1+ 8% 03),03
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Lemma 3.19 (Addition across same-sized components). If |o1| = |o3| then 01,09 + 03 = (01 + 03),02.
Proof. Trivially, by the implicit padding of the right-vector by zeros. O
Lemma 3.20 (Vector addition across components). If |o1| = |o4| and |os| = |os|, then 01,092,053 +

04,05,06 = (01 + 04), (02 + 05), (03 + 06).

Proof. This holds trivially, by definition of addition on vectors. O

Lemma 3.21 (Moving an exchange). We have mv((my + ma); m3; (exch((m1 + m2); A))) = mv((my + w2 +
1);m3; A).

Proof. By definition, we have exch((m + m2); A) = mv((my + 72 + 1); (71 + m2); A). Therefore, the index
71 + w2 + 1 now corresponds to index 71 + 7o in exch((m; + m2); A), and thus mv((m + w9 + 1); 73; A) and
mv((m + m); 7s; (exch((m1 + m2); A))) are the same. O

A.4 Proofs for properties of operations

Lemma 3.29 (Properties of insertion). The following properties hold for any valid insertion (i.e., where for
all i < |Al, m < |A[i]|, for context grade vectors; and m < |o|, for grade vectors):

1. (insPreservesSize) |ins(m; R; A)| = |Al;
2. (insIncSizes) if m < |A[d]|, then |(ins(m; R; A)[i]| = |A[4])] + 1;
3. (insIncSizeGV) |ins(m; R; 0)| = |o| + 1;
4. (insCVthenGV) ins(m; R; A),ins(m; R;0) = ins(m; R; (A, o))
Proof. Trivial by definition. O

A.5 Proofs for equality and conversion
Lemma 3.30 (Equality is an equivalence relation). For all, we have:
o (reflexivity) if (A|o1|o2) ©T Ht: A then (Aloy|oz) T Ht=t:A;

o (transitivity) if (A | o1 | o2) OT Ft1 =t : Aand (A | o1 | 02) OT Fta =t3: A, then (A | o1 |
GQ)@F"flztglA;

o (symmetry) if (A | oy |o2) OT Fty =ty: A, then (Aloy|o2) OT Fita=1t: A

Proof. Reflexivity holds by TEQ_REFL, transitivity holds by TEQ_TRANS, and symmetry holds by TEQ_SyMm.
O

Lemma 3.31 (Reduction implies equality). If (A | o1 | 02) ®T Ft1 : A and ty ~ to, then (A | oy | 03) OT
tl = tg D A

Proof. By induction on the form of (A | o1 | 02) ©T'F ¢ : A, as follows:

Case.

ATk

T_TYPE
(A]0]0)OTF Type, : Type

suc [

No reductions possible, we are done.
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Case.

(Ao |0)OTFA:Type, (A,01]02,7|0)OT,2: AF B : Type,

T_ARROW
(A | o1+ o2 | 0)@1—‘}— (CE (s,r) A) %B:Typellul2

Case.

following derivation:

A~ A
(.’E :(s,r) A) — B~ ((I} 2(8"” A/> — B

SEM_CONGARROW1

By induction we have (A | oy |0)©T' = A = A" : Type; . Therefore, we can form the

(Ayo1 | o2, |0)OT,2: AF B: Type,

TEQ-REFL
(Ao |0)oTHA=A":Type, (A,01|02,7]0)OT,2:AF B=DB:Type, < TEQA
_ARROW
(A ‘ 01+ 09 ‘ 0) o'k (S(} s, A) — B = (CE (s,r) A/) — B Typelll_llz
Thus obtaining our goal.
Case.
BB SEM_CONGARROW?2
EM_CONGARROW
(:17 (s,r) A) — B~ (LL' (s,7) A) - B
By induction we have (A, 01 [ 02,7 0) ® T,z : AF B = B’ : Type;,. Therefore, we can
form the following derivation:
A 0)OTF A: Type
(Alo1|0) P pQ RerL /
(Alo1|0)oTFA=A:Typeg (A,o1 | 02,7]0)OTF B=DB'":Type
1 2 TEQ_ARROW

(Alor+02|0)OTF (x5, A) = B = (2:,) A) = B": Typey, |y,

Thus obtaining our goal.

The case for T_TEN proceeds similarly, using SEM_CONGTEN1, SEM_CONGTEN2, and TEQ_TEN.

Case.

(A,o1]03,7]0)OTz: AF B: Typeg
(Alog|o1)OTFt1: A (Alog|os+r*xoe) @ Fiy: [t1/x]B

T_PAIR
(A | 09 + 04 | o1 +03)®1—‘}— (tl,tg) : (.’B i A)@B

Proceeds similarly to the case for T_ARROW, but using SEM_CONGPAIR, SEM_CONGPAIRTWO,

and TEQ_PAIR.
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Case.

Ar,0, A 0T,z AT = A = [Ty

T_VAR
(A1,0,A5]021.1,0|0,0,0)0,2: AToFz: A

No reductions possible, we are done.

Case.

(Ayo1]o3,7|0)OT,z: AF B: Type
(Aloa|or+03) OT F Axty 2 (w250 A) = B (Alog|o)oTFE: A

T_Aprp
(Alog+s*o4|og+r*xos) O F (Ax.ty)ty: [ta/x]B

With:

SEM_BETAFUN

(/\J}.tl)tg ~ [tg/l‘]tl

By Lemma 3.11 we have (A,0; | 02,5 | 03,7) © T 2 : A F t; : B. Then we have the following
derivation:

(Ayo1|09,8|05,7)OT,2: AFt;: B (Alos]o)OTFL: A
(Aloa+sxo4|og+rxos) OT F (Ax.ty)te = [ta/x]ts : [t2/x]B

TEQ_ArRrROWCOMP

Giving us our goal.

Case.
(Ayo1]03,7|0)0OT,z: A B: Type
(A|02|01+03)®P}—t12($1(5m) A)—)B (A|O’4|O’1)@F|—t22A
T_Aprp
(Alos+sxog|o5+rx04) OT Ftite: [t2/x]B
With:

tlwtll

————— SEM_CONGFUNONE
tl tQ ~ tl tg

By induction we have (A | o3 | 01 +03) ©T' =ty =t] : (v :(,,) A) — B. Therefore, we have the
following derivation:

(Ayo1]03,7]|0)0T,z: A B: Type
(Alog]o)OTFta: A
(Aloy|or+03) 0Tty =t : (x5 A) =B (Alog|o) 0Tty =1t: A
(A|og+sxoy|og+rxoy) OT Ftity =1ty [ta/z]|B

TEQ-REFL

TEQ_AprpP

Giving us our goal.
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Case.

(A‘03‘01+02)®F|_(t1,t2) : ((E o A)@B
(A, (01 +02) | 05,7 |0)OT,2: (x:, A)@ BF C : Type,
(Aa017(027r) ‘ 04,5,S ‘ 0577‘/77,/) @F,CE : Aay : B l_tS : [(m,y)/z]C

(Alog+sx03|os+71" x03) OT Flet(z,y) = (t1,t2)ints : [(t1,12)/2]C

T_TeENCuT

With:

- SEM_BETATEN
let (x,y) = (t1,t2) intz ~ [t1/x][t2/y]ts

Then we obtain our goal by the following derivation:

A
(A, 01, (02,7) | 04,8,8 | 05,7, 7" ) OT,x: Ajy: Bt :[(x,y)/z]C

L. 3.5
(A,o1 ] 09,7 |0)OT,2: AF B : Typg

By Lemma 3.12 with A (and premise), we have:
—(B)(A|0¢3|01)®F|_t114,
- (C) (A|O¢3/|O'2+T*0Ag)®rkt22[tl/I’]B;

A Ny
— 03+ 03 =03

B C
(A, (o1 +02) | 05,7 |0)OT,2: (x: A)@ BFE C: Type,
(A7017(027T) | 04,5,8 | 057T/7T/)®F7x:A7y : B'_t?) : [(,I,y)/Z]C

(A | 04 + S*03 ‘ o5 —I—T/ *0’3) O F let (.%',y) = (tl,tg)intg = [tl/x][tg/y}t;; : [(tl,tg)/z]C

TEQ_-TENCoOMP

Case.

(Alos|oy+o2) 0T Ht: (z: A)®B

(A, (o1 +02) o5, 7 |0) O, z: (z: A) @ BE C : Type,

(A, 01, (02,7) | 04,8,8 | 05,7, 7)Y OT,2: Ajy: Bt ty: [(z,y)/2]C
(A|og+sxo3|os+1" x03) OT Flet(x,y) =t1inty : [t1/2]C

T_TeENCUT

Remaining cases proceed similarly to those for T_App, using SEM_CONGTENCUTI1, and
TEQ_TENCUT.

Case.

(Alo|0)oTF A: Type

T_B
(Alo|0)oIFOA : Type ox
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With:

A~ A

OASDA SEM_ConGcBox4
S ~ S

Then by induction we have (A | o |0)©I'F A= A" : Type;, and obtain our goal by application
to TEQ_BoOX.

Case.

(Ayoa | 04,7 |0)OT,2:0,AF B : Typg

(Aloy|o) 0T HOL : OA (A,09| 03,5 |04, (sx7)) O,z : At ty: [Oz/2]B

T_BoxE

With:

(Alor4o3|os+rxo1) 0T FletOx =0ty inty : [Ot1/2]B

SEM_BETABOX

let Ox = Oty inty ~~ [tl/x]tg

By Lemma 3.13 we have (A | 01 | 02) ©T F 1 : A with sxd; = 01, therefore we have the following

derivation:

(A|d1]o2)OTHt: A ( 03,8 )@F,x:AI—tQ:[Dx/z]B (A,o9 | 04,7 ]0)OT, z: O;AF B : Type,

Ao

o4,(s%T)

(Alog4o1|og+rxo1)OTF (letOx = Oty inty) = [t1/x]te : [0t /2] B

Giving us our goal.

Case.

(A‘O’l ‘Uz)@rl_tlimsA

(A,o9 | 04,7 ]0)OT, z: O;AF B : Type,

(A,o9| 03,8 | 04,(sx7)) O, x: Aty : [Ox/z]B
(A|01—|—03|J4+r*01)®Fl—|etD$:t1int2 : [tl/Z]

T_BoxE
B

Remaining cases proceed similarly to those for T_APP, using SEM_CONGB0OX1, and TEQ_BOXE.

Case.

(Aloy]oa)O0THt: A (Alo)0THALB

T_TyC
(Aloy|o)oTFt: B YCONV

With ¢ ~» /. By induction, we have (A | o1 | 02) ©T' Ft =1t : A, therefore we have the following
derivation:
(Aloy|o)oTkHt=t:A (Aloy)oT'FA<B
(A|O’1|O’2)@F|—t=t/:B

TEQ-ConvTy
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Giving us our goal.

O

Lemma 3.32 (Equality inversion). If (A | o1 | 02) Okt =ty : A, then (A | o1 | 02) ©T Ft1 : A and
(Aloy|oz) OT ity A

Proof. By induction on the structure of (A | oy | 02) @ Ft; =t5: A, as follows:

Case.

(AlO’l‘O'Q)@FI_t:A
(Aloy]oz)0oTkFt=t: A

TEQ_REFL

Then our goal holds by premise.

Case.

(A|0’1|O’2)®F|‘t1:t2214 (A|O’1|O'2)®F|_t2:t3:14
(A|O’1|O’2)®F|‘t1:t32A

TEQ_TRANS

Then our goal holds by induction.

Case.

(Aloy]oa) Okt =t: A
(Aloy|o2) 0T Hty=1t,: A

TEQ_Sym

Then our goal holds by induction.

Case.

(Aloy|o2) T Hty=ta: A (A]o2)0THALB
(Aloy|o)OTHt; =t : B
Then our goals hold by the following derivations:
(Aloy]oa) 0Tkt =t: A
Aoy o9)OTFt:A " (Alow)@TFA<B

TEQ_ConvTY

T_TyConNv
(A‘01|02)®FFt12B
(A|01|02)®F'_t1:t2:AIH
A OTFt: A 7 (A ©oI'FA<B
(Aloy|o2) 2 (A]o2) —  T_TyConv

(A‘0'1|0'2)®F}_t223
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Case.

(Ao |0)oT'FA=C:Type, (A,01|02,7]0)0T,2: A B=D:Type,

TEQ_ARROW
(A ‘ g1 + (o) | 0) @F = (a? :(5’7‘) A) — B = (x :(s,r) C) — D : Typelll_llg Q
Then our goals hold by the following derivations:
(Ao |0)oTFA=C:Type, (Ayo1 ] 02,7 |0)OT,2: AF B =D : Type,
I.H. L.H
(Ao [0)OTF A: Type, (A,o1 | 02,7 |0) O, 2: AF B : Type,
T_ARROW

(A ‘ o1+ 09 ‘ O)QFI— (.’L‘Z(S’T) A) —)BZTypelll_,l2

(Ayo1 ] 02,7 |0)OT,2: AF B =D : Type, .
(Alo1|0)OTFA=C:Type, . (A,o1 | 02,7 |0)OT,2: AF D : Type,
(Ao |0)OTFC: Type, (Ayo1 | o2, |0)OT,2:CED: Type,
(Alor+02|0)OTF (x5, C) = D Typey, 1y,

L. 3.33
T_ARROW

The case for TEQ_TEN proceeds similarly.

Case.

(Ayo1 | 02,8 03,7) 0T, 2: AFt;: B (Alog|o1)©TFia: A
(Alog+sxog|os+r*os) O F (Ax.ty)te = [to/x]t1 : [t2/z]|B

TEQ_ArRrROWCOMP

Then our goals hold by the following derivations:

A
(Ayo1 | 09,803, 7)OT,x: AFt;: B

(Ayo1 o3, |0)OT,z: AF B: Type

C
A (Ayo1| 09,803, r)0T,z: A+t : B

(A ‘ 09 ‘ o1 +O’3) OT'F Azt : (a: (s,r) A) — B

T_Fun

C A (Alog|o)OlkHty: A

T_App
(Alog+sxoy|og+rxos) OT F (Ax.ty)ts: [ta/z]B

(Alog|o) T Hta: A (Ayo1| 09,803, 7)o, z: A-t,: B

L. 3.27
(Alog+sxoy|og+rxos) OTF [ta/x]ty : [t2/x]B

The case for TEQ_TENCOMP proceeds similarly, using double substitution. The case for
TEQ_B0XB proceeds similarly.
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Case.

(Aloy|o)oTHt: (x i) A) = B

TEQ_ArRrowWU
B Tor[02) OT F = Ao (ta) : (@ oy A) > B | R-ARROWUNIQ

Then our first goal holds by premise, and our second goal holds by the following derivation:

(Alor|o)OTFt: (v A) = B
(Alo2 |0)OTF (z:(5,) A) = B : Type

L. 3.6

By Lemma 3.8 with A, we have:
- (B) (A|d2]0)0T'F A: Typey;
—(C) (A,da | G2, 7| 0) O, 2 : A B : Type;

~ ~/
*0'2%—0'2 = 09

B
A, ol, 2 Al
(A,UAQ‘0,1|O?2,0)®F,CC/IAF£L‘/ZA

WF_EXT

T_VAR

&
¢ 5 L. 3.26
(A, G, (62,0) | 72',0,7 | 0)OT,2" : A,z : AF B: Typey,
F
(Aloy|og) T Ft: (x5 A) =B B L 396
(A, 02| 01,0 02,0) 0T, 2" : Abt: (x5 A) > B
g
E F D T A
_App
(A, oy | o1,8 | do'sr) 0T, 2" : A-ta’ : 2 /2] B L 396
(A, G2, (62,0) | 01,0,8 | 62',0,r) @ T,z : A2’ : A-ta’ o' /x)B L 399
(A, G |o1,8| a2, r)OT,2: A-ta: B -
cC g
T_FunN

(Alor|o) O F Az.(tow): (25, A) = B

Case.
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(A,o1| 09,8 03,7)OT,x: At =ty: B

TEQ-F
(Aloy|or+03) OT F Ax.ty = Ax.ts : (J)Z(Sﬂ,) A)— B Q-Fox

Then our goals hold by the following derivations:
A
(A,o1|09,8|03,7r)OT,2: AFt; =t3: B

L. 3.6
(Ayo1|03,7]0)OT,2: AF B: Type

(A,Jl ‘02,8|03,7‘)@P,{L‘2A|_t1 =ty: B
A (A,o1|09,8|05,7r)OT,2: A-t;: B
(Alog|or+03)OT F Axty 2 (z:50) A) = B

I.H.

T_Fun

(A70'1 ‘02,8|03,T)@F,{L‘2A|_t1 =ty: B
A (A,o1|09,8|05,7r)OT,2: A-ty: B
(A‘O‘Q‘O‘l +03)®Fi—/\x.t2 : (w:(s,r) A)—)B

I.H.
T_Fun

Case.

(A,o3|04,7|0)OT,2: AF B : Typg
(Aloy|og+o4) OT Hty =ty (i) A) =B (Aloz|o3) Ol Ftz=14: A

TEQ-Aprp
(A|O’1+S*O’2|O'4+T*O’2)®F}—t1t3=t2t4l[t3/1‘]B Q

Then our goals hold by the following derivations:
(A,o3|04,7|0)OT,2: AF B : Typg
(A‘Ul ‘03+J4)@F|‘t1 :t2:($2(57r) A)—)B .- (AlO'Q IJg)@F"thtzliA
(Aloy|os+o4) Tty : (x ) A) =B (Aloy|o3)OT Htg: A
(A|loy+s*0g|os+rxoe) OT Ftyts: [t3/z]B

I.H.
T_Aprp

¢ (Ayo3 | 04,7 |0)OT,2: AF B: Typg
(Alor|os+o4) OT ity =ty : (v 15, A) = B (Alog|o3)OT Htz=1t4: A
(Aloy|os+o04) T Fty: (x s A) =B (Alog|oz)OTkHty: A
(Alor+sxoy|og+rxoy) OT Ftaty: [ta/z|B

I.H.
T_Aprp

(Ayo3| 04,7 |0)OT,z: AFB:Type, (Aloz|o3) Ol Filg=14:4
(Alog+rxoy|0)OT F [t3/x]B = [ta/x]B : Type,
(Alog+r*02|0)OTF [tg/x]B = [ts/z]B : Type,
C (A|log+r*02) @ F [t4/x]B < [t3/x]B
(Alor+s*oy|oa+r*oy) OT b itaty: [t3/z]B

L. 3.28

TEQ-Sym

ST_EqQ
T_TyCoNv

The cases for TEQ_TENCUT and TEQ_BOXE proceed similarly.
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Case.
(Ayo1]03,7|0)OT,z: AF B: Type
A okt =t/ A (A 3+ 7% Oty =th:[t1/x]B
(Afoy|a1) 1=1 (Aloy|os _7" /02/)' 2= 0 [t1/] TEQ_PAIR
(A‘02+U4‘Ul—"-Ug)@F'—(tl,tQ)—(tl,tg).(x.,-A)@B
Then our goals hold by the following derivations:
(A,o1 | 05,7 |0)OT,z: AF B : Type,
(A|02|01)®F|—t1:t’1:AIH (A\U4|03+r*02)®F|—t2:t'2:[tl/x]BIH
(Alog|o)oTHt A (Alog|os+rxos) 0Tty [t1/2]B T P
(A|0’2—|—0'4|0’1—|—0'3)®F|—(t1,t2)Z(x:,-A)@B -
C
(Ayo1 | o3,7]0)OT,z: A B : Type, (A\Ug\al)QFFtlzt’leLSQS
(Alos+rx09|0)OT k[t /z]|B = [t} /z]B : Type, o ST B
(A | o3 +r#0) OTF [t1/2]B < [t, /2] B -
D
(A‘O’4‘O’3+T*O’2)@F|‘t2:t/21[tl/[L‘]BIH
(Alog|os+rxos) 0Tty [ty/2]B
S ; T_TyConv
(A|og|oz+r*oe) ©T 1, : [t /x]B
(A|02|U1)®F|—t1:t/12AIH
(Alog|o)oTHt;:A 7 (Ayor|o3,r|0)OT,x: A B : Type, DTP
_Par
(Alog+os|or+03) 0T (t),th): (x: A)®@ B "

Case.

(Aloy|og)oTHt: (x: A)®B
(Aloy]oa) T Ft=(let(z,y) =tin(z,y)): (z: A) @B

TEQ_-TENU

Then our first goal holds by premise, and our second goal holds by the following derivation:

A
(Aloy|oz)OTHt: (x: A)® B

(Aloa [0)OTF (z: A)® B : Type,

By Lemma 3.9 with A, we have:
—(B) (A]o2|0)oTF A: Typey;
—(C) (A,dy | do',r |0)@T,2: AF B : Typey;

A~ A~/
— 09 + 02 = 09
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D

¢ B L. 3.26
(A, G2, (62,0) | 62',7,0]0)oT,2" : Az : AF B : Typey, L 599
(A, G2 | o', r | 0) T, 2" : Ak [2'/2] B : Typey o
£
p Wr_E
r_EXT
A, Gy, (G, r)OT, 2"+ Ay [2/ /x| B F
T_VAR

(A, da, (G2',7) 10,1,0 | 62,0,0) 0T, 2" : Ay : [/ /z]BFa' : A

f
¢ B L. 3.26
(A, Go, (02,0) | 62",0,7|0) @ ,2": A,z : A- B: Typey L 396
(A, Ga, (G2, 1), (F2',0,0) | 72',0,0,7 | 0) © 2" : Ay : [2'/x]|B,x: A+ B: Type,,
g
f
—— - . . L. 3.3
A, s, (62, 1r),(02,0,0) 0T 2" : A,y : [2'/z]B,z: A+
T_VAR

E (A, d2,(d2',7),(62,0,0)]0,0,1,0 | 2',7,0,0) 0 T,2" : A,y : [2//x]|B,x: Ay : [2' /2] B

L. 3.27
(A, G2, (2',7) 10,0,1 | 6/ ,r,0) @, 2" : Ay : [« /z]BFy: [2' /2] B
H
F & G TP
_PAIR
(A, G, (62',7) | 0,1,1]02,0,0) ©T, 2" : Ay : [2'/z]BF (2',y): (v: A)® B L 396
(8,75, (d2,0),(92',0,7) | 0,0,1,1 ] 02,0,0,00 0T,z : A2’ : Ay : [o'/a]BF (@) : (@ A)®B — )
(A, da, (62',0,7) 10,1,1]02,0,0)0T,2: A,y: BF (z,y): (z: A) @B o
A A
L. 3.24

(Aloy|oa)OTHt:(x: A)®B (A,02]02,000)00,z:(x: A)@BF (z: A) ® B : Type,
( T_TENCUT

(Aloy|oa) T Flet(z,y) =tin(z,y): (x: A) @B

Case.

(Alo|0)oTFA=DB:Typeg
(Alo|0)eTFUOA=0:B: Typeg

TEQ_Box

Then our goals hold by the following derivations:
(Alo|0)eTFA=DB:Typeg
LH.
(Alo|0)eI'F A: Type
(Alo|0)eTFOA : Type

T_Box
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(Alo|0)eT'FA=DB:Typg
(Alo|0)eTF B: Type
(Alo|0)oT'F OB : Typg

I.H.

T_Box

Case.

(A|O’1|O’2)@F|‘t1:t2:A
(A|S*O’1|O'2)®F|_|:|t1:|:|tQZDSA

TEQ_BoxI

Then our goals hold by the following derivations:

(A|O’1|O’2)®F}—t1:t2:A
(A|O’1|O’2)@F|‘t1!A
(Als*oy|o2) T DOt : OA

I.H.

T_BoxI

(Aloy|o) 0T Ht; =ty: A
(Alop]oa)OTFHt: A
(Alsxoy|og) T F Oty : O,A

I.H.

T_BoxI

Case.

(Alor]og)olHt:0A
(Aloy|oz) T Ft=(letOx =tinOx) : O, A

TEQ-BoxU

Then our first goal holds by premise, and our second goal holds by the following derivation:

(Aloy]o)oTFt:0,A

L. 3.6
(Alo2|0)oT O A : Type
D
¢ L. 3.10
(Aloa|0)OTF A:Type,
Wr_EXT
Aoy Oz AF
T_VAR

(A,02]0,1]02,0)0T,2: AFz: A
(A,02]0,8| 02,000, z: AFOz: 04

T_BoxI

c C
(Alor|o2) 0T Ft: 0,4 (A,02]02,0]0)0T,z:0,AF A : Type,

L. 3.24

(Aloy| o) T FletOx =tin0Oz : OA4

T_BoxE

79




O

Lemma 3.33 (Deriving judgments under equal contexts). If (A1,01,As | 09,8,03 | 04,7,05) @ 1,2 :
A,FQ H j and (Al | 01 | 0) o'k A=A Typel, then (Ah(fl,AQ | 02,8,03 | 0'4,7",0'5) @Fl,fE : AI,PQ - j

Proof. For well-formed contexts:

Case.

(Ao |0)eTF A: Type

Aol z: AF Wr-Ext

With (Ao |0)©OTF A= A":Type,. Then our goal holds by the following derivation:

(Ao |0)oTHA=A":Type
(Alo|0)oTF A : Type
Aocol,z: A F

L. 3.32

WFr_EXT

Case.

(A170'1,A2 | g9 | 0) @Fl,x . A,FQ l_ B . Typel/

Wr_EXT
A17017A2702 ®F17x : A7F27y B+

Then our goal holds by the following derivation:

(A1,01,A2 02 |0)OTy,2: A To - B:Typey, (Ar]o1 [0)OT = A=A":Type -
(Al,O'l,AQ | g9 ‘ 0)@F17l‘ . A/,FQ }_B . Typel, o

; Wr_EXT
A17017A2702 ®F17x tA >F27y B+

For typing, all cases proceed by induction then re-application to respective rules. For equality, all cases
proceed by induction then re-application to respective rules. For subtyping, all cases proceed by induction
then re-application to respective rules. O

A.6 Proofs for subtyping

Lemma 3.34 (Subtyping inversion to typing). If (A |o)®T'F A< B, then (Ao | 0)OT F A : Type; and
(Alo|0) oI F B: Type for some level I.

Proof. By induction on the form of (A | o) ®T + A < B, as follows:

Case.

(Alo|0)oT'FA=DB:Typeg
(Alo)oTFA<B

ST_EQ

By Lemma 3.32 we have (A | o |0)©TF A: Type; and (A | o | 0) ®T F B : Type;, as required.
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Case.

(Alo)oTFA<B (A|o)@T+B<C

T_T
A|o)olFA<C ST-TRANS
Our goals hold by induction.
Case.
AOTE 1<l ST T
Ty
(A]0)oTF Type;, < Typey,
Our goals hold by the following derivations:
AOTF
T_TYPE
(A10]0)©T F Type; : Typegc
AOTF
T_TYPE

(A I 0 | O) oI+ Typel’ : Typesuc 14

Case.

(A,o1|02,7]0)OT,z: AF B : Type
(Alo))oTHA <A (Ayjoy|o9,r)0Tlz: AAFB<B

ST_ARRO
(Ao +02)OTF (ziop A) > B< (100 A) > B’ HROW
Then we have our goals by the following derivations:
C
(Alo)OTHA <A (A,01|o9,r)OT,2: A'+-B<B
LH. LH.
(Ao |0)OT A" : Type, (A,o1 | 02,7 |0)OT,z: A+ B : Type,, T Anmow
(A‘O‘l —‘v‘Ug‘O)@FI—(SL’:(Sﬂ‘) A’)—>B’:Typel,ul,, -
D
(Alo)OTHA <A
LH.
(Alo1|0)eT'F A: Type, (A,o1 | 02,7]0)OT,z: AF B: Type TA
_ARROW
(A|0‘1+0‘2‘0)@F|—(.’L’2(5_’T) A)—>BZTypel,|_|l
(A\ol)@FFA’gAL 33
AT+ o rul <l ul” ST
Ty
C A0)OF Typey i < Type
(Al0) ypey L < Typey iy T TyCony

(A | o1+ 09 | 0) @F F (l‘ :(S,T) A/) — B/ . Typelul/ul//
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(Alo)oTHA <A

L. 3.3
Aol rur<iul’ul”
ST Ty
D (A0)OT' - Typeyy; < Typey
T_TyCoNv
(Afor+02|0)OT F (215, A) = B : Typeyy
The case for ST_TEN proceeds similarly, using T_TEN.
Case.
A, ,r)ol,z: A-B< B’
(8,01 | o2,7) = _ST_TEN
(Alor+02)0TH(z: A)®B<(z:+ A)® B
Then we have our goals by the following derivations:
(A,o1|og,r)OT,2: A B< B’ L 36 (Ayo1 | o9,r)OT,2: A B< B’
. 3. LH.
(Ao |0)oTF A: Type (Ayo1 | 02,7 |0)OT,z: AF B : Type, T Tex
(Alor+o2|0)OTF (z: A) @ B : Type )
(A,o1|og,r)OT,2: A B< B’ L 36 (Ayo1 | o9,r)OT,2: A- B< B’
. 3. LH.
(Ao |0)OTF A: Type, (A,01| 02,7 ]0)OT,x: A B’ : Type, T Ten

(Alor+o2]|0)OTE (z: A) @ B : Type

Case.

(Alo)oTFA<A
(Alo)OTF 0,4 < A

ST_Box

Then we have our goals by the following derivations:
(Alo)oTHA <A
LH.
(Alo|0)oT A" : Type
(Ao |0)oTFOA : Type,

T_Box

(Alo)oTHA <A
(Alo|0)eTF A: Type,
(Ao |0)eTFOA : Type,

I.H.
T_Box
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A.7 Proof for type preservation

Lemma 3.35 (Type preservation). If (A| oy |o2) @TFt: A andt~t, then (A]oy |o2) ©T H¢ : A

Proof. By Lemma 3.31 we have (A | 01 | 02) ©T' ¢t = ¢’ : A, and therefore by Lemma 3.32 we have
(A|oy|o2) ©T Ft : A, as required. O

A.8 Standard results

For inductive results on multi-judgment lemmas, refer to the following lists for how to obtain goals:
For subtyping:

ST_EQ This holds by induction then re-application to the rule.
ST _TRrANS This holds by induction then re-application to the rule.
ST_Tv This holds by induction then re-application to the rule.

ST_ARrRROW This holds by induction then re-application to the rule (see the T_ARROW case for how
to handle the typing premise for [[B]]).

ST _TEN This holds by induction then re-application to the rule (see the T_FUN case for how to handle
the extended context).

ST_Box This holds by induction then re-application to the rule.

For equality:

TEQ_REFL This holds by induction then re-application to the rule.
TEQ_TRANS Holds similarly to the case for TEQ_REFL.
TEQ_SyM Holds similarly to the case for TEQ_REFL.
TEQ_ConvTy Holds similarly to the case for TEQ_REFL.
TEQ_ARROW Holds similarly to the case for T_ARROW.
TEQ-ArRrowCoMP Holds similarly to the case for T_APP (induction then re-application).
TEQ_-ArRrROWUNIQ Holds by induction then re-application.
TEQ_FUN Holds similarly to the case for T_FUN.

TEQ_APP Holds similarly to the case for T_APP.

TEQ_TEN Holds similarly to the case for T_TEN.

TEQ_TENCoMP Holds by induction then re-application.
TEQ_PAIR Holds similarly to the case for T_PAIR.

TEQ_TENCuUT Holds similarly to the case for T_TENCUT.
TEQ_TENU Holds by induction then re-application.

TEQ_Box Holds similarly to the case for T_BoxX.

TEQ_BoxI Holds similarly to the case for T_BoXI.

TEQ_BoxB Holds by induction then re-application.

TEQ_BoxE Holds similarly to the case for T_BOXE.

TEQ_BoxU Holds by induction then re-application.
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B Encoding

B.1 Simply-typed Lambda Calculus

A subset of GrTT encodes STLC We define the following subset of GRTT typing judgments by the
predicate STLC(F):

STLC((D |0 |0)©0Ft: A)

STLC((A | o1 |02) ©T Ft: A) = STLC((A,0 | 01,7 | 02,0) T,z : BF-t: A)

StLc(d @0 +F)
STLC(AGTF) = STLC(A, 00T, z: Al)

Then we define an inductive encoding [—] from of a subset of GRTT syntax (ignoring Type and tensors) to
STLC. We define a partial inductive encoding on terms [—]: and contexts [—]r:
[2]: ==
[t1 t2]e = [talle [t2le

[(z :(r0) A) = Bl = [A]- — [B]-

] =-
[T,x: A] = [T], z : [A4]-
B.1.1 Key lemmas on quantiative use
Some key lemmas for soundness

Lemma B.1. Given a quantitative semiring, if (Ao | 0) T F A: C, with (A] 0) ©T + C < Type; for
some level I, and [A]. is defined, then:

(A) ={y | Tli] =y : BAoli] # 0}

Proof. By induction on the form of (A | o |0)®T'F A : Type;, as follows:

Case.

(Alo1|0)OTF A: Type, (Ayo1 | o2, |0)OT,2: AF B: Type,
T_ARROW
(A | o1+ 09 | 0) @F - (I :(577.) A) — B Typelle

By induction we have:

f(A) = {y | Tl = y - BAli] # 0} (ih1)
fv(B) ={y | T[i]| =y : B Aos,r[i] # 0} (ih2)

The goal is then that:

fv((z (5,0 A) = B : Typey, y,) =fv(A) U (fv(B) \ {z})
=tv((z () A) = B : Typey, 1yy,) = {y | T[] =y : BA o1+ o2[i] # O}
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We get that fv(B) \ {z} ={y | T[i] =y : B Aoz[i] # 0} = (ihl) \ {z}.
Next we then need to prove by ((o2[i] # 0) V (03[i] # 0)) < (02 + 03)[¢] # O:

— Left-to-right: Assuming (o2[i] # 0V (03)[i] # 0)
By contradiction: Assume (o2 + 03)[i] = 0 then by positivity oz2[i] = 0 and o3[i] = 0.
Thus we can eliminate the assumption with these to get a contradiction.
— Right-to-left: Assuming (o2 + 03)[i] # 0
The goal is (o2[i] # 0V (03)[i] # 0) which is equivalent to =(o3[i] = 0 A o3[i] = 0) thus we go
by contradiction:

Assuming (o3[i] = 0 A o3[i] = 0) Therefore by monoid unit we have (o2 + 03)[¢] = 0 which
contradicts the assumption hence we by PBC that (o2[i] # 0V (03)[i] # 0).

And we are done.

Case.

(Alo|0)oTHA:B (A|0O)@TFB<C

T_TyC
(Ao|0)oTFA:C YRRy

By ST_TRANS we have (A | 0) © '+ B < Type;, and therefore our goal holds by induction.

Lemma B.2. For a quantitative semiring, under the interpretation, if A © I' b then
Vi <i<|T|. mMT[i]) ={y | ViT[{)=2: ANj<iAT[j]=y:BAA[[j] #0)}

Proof. e Case Wr_EMPTY

——— WF_EMPTY
P+

Trivial since fv() = 0)
o Case WF_EXT
(Ao ]0)eoTE A: Type
Aol x: AF
By Lemma B.1 on (A|o|0)®TF A: Type, then we have that:

WFr_EXT

V(I[i]) ={y | VjIli] =2 : ANj <iAT[j] =y: BAA[][j] #0)} (1)
fv(A) = {z | T[] =2 : A" Aoli] # 0} (2)

Therefore we can use fv(I'[i]) to prove the goal for all ¢ where 0 < i < |I'| then for i = |T'| we need to
prove that:

VI[)) ={y |Vj.(C,z: A)[i'| =2 : AN <i' AT[j]=y: BAA,o[i'][j] #0)} (goal)
which holds since (T',z : A)[i'] =z : A is true and A, o[i'][j] = o[j] then our goal reduces to:

f(I[]) ={y | Vij <i' AT[j] =y: BAolj] #0)}

which follows from fv(A) (by alpha equivalence).
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B.1.2 Type soundness

Given a derivation of (A | o1 | 02) ©T' F ¢ : A such that STLC((A | 01 | 02) @ T F ¢ : A) then [I] F [¢] : [A]
in STLC.

Proof By induction of the typing relation.

e Case T_TYPE. Trivial since it is rejected by STLC(—)

e Case T_VAR, thus under STLC(—) we have:

(Al,O,Ag) © F1,:C : A,FQ F

T_VARr
(A1,0,A5]0,1,0]0) 6T, z: Ao Fx: A

We can thus form the derivation in STLC as follows since we know that A is closed by the typing
(Corollary B.8.1), i.e., there does not occur any variables inside of A by the subject grade 0.

[T1], = : [A], [T2] F = : [4]

o Case T_ArRrROW, T_TEN are trivial since they do not satisfy the predicate
e Case T_FuN
(Ayoy |os5,r|0)OT,z: AF B: Type, (A,01|09,8|03,7) 0T, 2: A+t: B

(Alog|or+o3)OT FAxt: (x i A) = B T-FuN
By induction on [(A, 01 | 09,8 | 03,7) ©T, 2 : AF ¢ : B] we have:
[TD, = : [A] - [¢] - [B]
Thus we can form the STLC derivation:
[C],2: [A]F [¢] : [B]
[T]F Az.[t] : [A] — [B]
e Case T_ApP
(Ao |[0)OT Fty: (250 A) = B (A|U4|O>®Fl_t2:AT,APP
(Alog+s%0|0+0%x04) OT Ftyta: [ta/z]B
By Corollary B.8.1, then B is closed and thus the conclusion here is equal to:
(Aloa|0) O Ftite: B
Trivially by induction we get the STLC judgments:
[T+ [t - [Al — [B] (ih1)
[T] F [t : [A] (ih2)

Thus we can form the typing: [I'] F [¢1] [¢2] : [B]-

e Rest of the rules are trivial since they are not part of the interpretation.
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B.1.3 Soundness
Lemma B.3. [[t2/z]t1] = [[t2]/=][t1]-
Proof. Straightforward by induction on the definition of syntactic substitution for GRTT. O

Lemma B.4 (Soundness). Given STLC((A | o1 | 02) ©T Ft: A) then [(A| oy | o2) @T Ft: A] implies
[T] F [¢] : [A] in GRTT and whenever t ~ t' then [t] ~ [t'] in the CBN STLC (+ application right
congruence reduction,).

Proof. First we observe that by Type Preservation (Lemma 3.35) that reduction preserves typing thus if
StLC(—) holds for [(A]oy|o2) ®©T Ft: A then STLC((A | 01 | 02) ©T F ¢/ : A). Then we show that
reduction in GRTT is simulated in STLC by induction on the typing:

e Case T_TYPE trivial since it is rejected by STLC(—).
e Case T_VAR does not have a reduction (normal form);

e Case T_ARROW, T_TEN are trivial since they do not satisfy the predicate

Case T_FUN does not have a reduction (normal form);

Case T_APP with

(Aloa|0)oTFty: (v:50 A) = B (Alos|0)OTFt: A

T_App
(Aloa4+s%0]|04+0%0y) OT F tyty: [ta/x]B

which translates to the derivation:

[C1+[6]: [A] = [B] [T F [t] : [A]
[C1F [t [22] - [B]

There are then two possible reductions:
— (Azm.ty) to ~ [t2/x]t1 Goal is that [(Ax.t1) ta] — [[t2/x]t1].
By the translation the left-hand side is equivalent to:
(Az.[t1]) [t2]
By (-reduction in STLC we get

(Az.[ta]) [l ~ [[t2]/21t:]

which via Lemma B.3 provides the goal
— The other case is the congruence:

tlwtll

————— SEM_CONGFUNONE
tl tg ~ tl tQ

By induction we have [t;] ~ [¢}] which using application congruence for STLC yields the reduc-
tion in STLC:

[ta] ~ 1]
[1]1t2] ~ [#1][¢21

which satisfies the goal since [t; to]] = [t1][t2]-

e Case T_PAIR and case T_TENCUT are trivial since we exclude tensor types.

87



e Case T_TyCoNV trivial by induction because it introduced no additional syntax.

Case T_BoxX trivial as we don’t translate type formation rules

Case T_BoxI trivial since it has no reduction

e Case T_BoxE

(A|01|05)®F|_t125514
(A,o5|04,0]0) 0T, 2: 0,AF B : Type, (Ayo5 | 03,8]04,0) 0T, 2: Aty : B
(A|O’1+0’3|U4)®FF|etD$:t1int2:B

T_BoxE

There are two possible case for reduction:

SEM_BETABOX

let Ox = Dtl in t2 ~ [tl/x]tz

Thus the reduction here yields the translated term [[t1/z]t2].

The translation gives that [let Jx = Oty inta] = (Az.[t2]) [t1]. Which in the STLC then reduces
by S-reduction to [[t1]/z][t2] which matches the translated term by Lemma B.3.

tlwtll

SEM_ConGBox1
let Oz =ty inty ~ letOx = ¢} inty

The translation gives that [let Oz = ¢y inty,] = (Az.[t2]) [t1]. Thus the reduction here yields the
encoded term (Ax.[t2]) [t1]-

By induction we have [t1] ~» [¢;] from which we can then apply the STLC reduction (right
congruence).

[t2] ~ [ta]
(Az.[t2]) [ta] ~ (A [t2]) [#1]

B.1.4 Completeness

Lemma B.5 (Completeness). Given STLC((A | o1 | 02) ©T Ft: A) and [(A] o1 |o2) ©T Ft: A] and
[T F [t] : [A] and [t] ~ tq in the full beta STLC then t ~t' and [t'] =a, to, in GRTT.

Proof. By induction on typing.
e Case T_TYPE trivial since it is rejected by STLC(—).
e Case T_VAR does not have a reduction (normal form);
e Case T_ARROW, T_TEN are trivial since they do not satisfy the predicate
e Case T_FUN with

(Ayoy|os,r|0)OT,z: AF B :Type, (A,01|092,8|03,7) 0T, 2: A+-t: B

T_F
(Alos|oi+05) O F Aat: (x oy A) — B UN

which translates to the derivation:

[TT - [ : [B]
[T] - Az.[t] : [A] — [B]
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We then reduce under the lambda to get:
[t] ~ ta
Az [t] ~ Ax.t,

By induction on the typing with the premise we then habe the GRTT reduction t ~ t' where [t'] = t,.
Thue we can construct the GRTT reduction:
t~t
Azt~ Azt

for which the interepretation [Az.t'] = Az.t),.
e Case T_APP with

(Alog |[0)OT ity : (250 A) — B (Alos|0)OTHE: A

T_App
(A|02+S*0|0+0*U4)®F}—t1t2:[tg/l‘]B

which translates to the derivation:

[CD {6l - [AT = [B]  [TDF [ta] - [A]
[CT+ [ta] [t2] - [B]

Then depending on t; there are three possible reductions:

— (application left congruence)

Htl]] ~ tb

[t1] [t2] ~ to [t

where t, =t} [t2]
By induction on typing with the premise here then we have that ¢; ~ | and [t}] = t,. Thus we
can construct the GRTT reduction (congruence on left):

ty ~ )

———— SEM_CONGFUNONE
tl t2 ~ tl tg

For which the interpretation [t} t2] = [t}] [t2]
By congruence on (fn-equality for STLC) with [¢;] = ¢, then [¢;] [t2] =ty [t2] thus matching
our goal

— (application right congruence)

[t2] ~ to

[t1] [t=] ~ [ta] o

where t, = [t1] tp.
By induction on typing with the premise here then we have that ¢y ~ t5 and [t5] = ¢,. Thus we
can construct the GRTT reduction (congruence on right).

— (beta) The only way for the translation to yield a A abstraction on the left is by translation a A,
thus we must have t; = Az.t} and thus:

[a.t1] [t2] ~ [[t] /211811

Therefore in GRTT we have (Az.t])ta which reduces by 3 to [to/z](t]) whose interpretation
[lt2/=] ()] = [[t2]/=][t,] by Lemma B.3 matching the goal here.

O
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B.2 Stratified System F
We define the following subset of GRTT typing judgments by the predicate Ssr():

SSF(D[0]|0)00Ft: A)
SSF((A oy |o2) ©T' Ft: A) = SSF((A,0] 01,0 02,7) O,z : Type, Ft: A)
SSF((A| oy |o2) ©T Ft: A) = Type, €79 BASSF((A,03 | 01,5| 02,000, 2: BFt: A)

By Type; €7%¢ B we mean that Type; is not a positive subterm of B, so that we avoid higher-order typing
terms (like type constructors) which do not exist in SSF.

We give a type directed encoding mapping from typing derivations of GRTT to SSF. Thus given a
GRTT derivation of judgment [(A | o1 | 02) © ' F ¢t : A] we have that 3¢’ (an SSF term) such that there is a
derivation of judgment [I'] F ¢ : [A] in SSF where we interpret A as:

[z]- =«
[Type,]: =
[(z :0,r) Typey) = Br] = Vo : %.[B];
[(z (5,00 A) — B]; = [A], — [B]- (where Type; ¢77¢ A)

A few key lemmas are needed to prove this is sound and complete. Which we develop first.

B.2.1 Key lemmas for soundness of encoding

Lemma B.6. Given a quantitative semiring, if (Ao | 0)©T + A : Type; and [A] is defined, then:
(A) = {y | Tli] =y : BAoli] # 0}
Proof. Given the restriction of [—], the only two possibilities are:

o Case T_VAR
A17J7A2®F1am:A7F2}_ ‘A1|:|F1|

(A1,0,05]021.1,0|0,00)0T,2: A TyFz: A
(where A = Type)
Coal is to prove fv(z) = {y | T[i] =y : B A 041 1,0[i] # 0} = {z}.

Since z is at position j = [M1] then then 0/!,1,0[j] # 0 is true and otherwise 0141l 1,0[i] = 0 for
all other values therefore,
fv(z) = {z}

T_VAR

matching the lemma goal.

e Case T_TYPE
AoTlF

(A]0]0)©TF Type; : Type
The goal follows since —(c[i] # 0) for all 4 thus:

T_TYPE

suc [

fv(Type;) = 0 = {z | T'li] =y : BAa[i] # 0}

o Case T_ARROW

(Ao |0)oTFA:Type, (A,01]02,7|0)0T,2: AF B : Type,

T_ARROW
(A | o1+ 02 | 0) oI'kF (1? (s,r) A) — B Typellulg
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By induction on the interpretation, we then have [A] and [B] must be defined. By induction of this
lemma on the premises we get:

fv(A) ={z | T[i]] =y : BAo1[i] # 0}
fv(B) ={x |,z : Afi] =y : B Aog,r[i] # 0}

Then the goal is:
V(@ 15,0 A) = B) = fv(A) U (fv(B) \ {z}) = {2 | T[i] =y : BA o1+ 02[i] # 0}

We get fv(B) \ {z}) = {z |T'[i] =y : B A oq[i] # 0}.
Then we can get the above goal if: (o1[i] # 0V 03]i] # 0) < 01 + 03[i] # 0.

— Left-to-right: Assuming (oy[i] # 0V (02)[i] # 0)
By contradiction: Assume (o1 + 02)[i] = 0 then by positivity o;[i] = 0 and o3[i] = 0.
Thus we can eliminate the assumption with these to get a contradiction.
— Right-to-left: Assuming (o1 4 02)[i] # 0
The goal is (o1[i] # 0V (02)[i] # 0) which is equivalent to —(o1[i] = 0 A 02[i] = 0) thus we go by
contradiction:

Assuming (o1[i] = 0 A o2[i] = 0) Therefore by monoid unit we have (o1 + 02)[{] = 0 which
contradicts the assumption hence we by PBC that (01[i] # 0V (02)[i] # 0).

O

Lemma B.7. Given a type (A | o | 0)OT' - (2 :(5,0) A) = B : C where (A | 0) ©T' = C < Typey, then when
[B] is defined, then x & fv(B).

Proof. By inversion on T_ARROW we have:

Case.

(Ao [0)OT F A: Type, (A,01]02,010)0T,2: A B : Type,
T_ARROW
(A | o1+ o2 | O)QF}— (],‘ i(s,0) A) —>B:Typellul2

Such that o = o1 + 09.

By Lemma B.6 on the second premise then we have that that fv(B) = {y | (T,z : A)[i] = y :
B A (02,0)[i] £0}.
Since at the position where (T',z : A)[i{] = x : A then (03,0)[i] = 0 therefore x & fv(B).

Case.

(Ao |0)OTF (x:50 A) = B:D (Alo)eoT'FD<C

T_TyConNv
(Ao |0)OTF (250 A) = B:C

By ST_TRANS we have (A |0) ® T+ D < Type,, and therefore our goal holds by induction.
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O

Lemma B.8. Given a quantitative semiring, if (A | o1 | 02) @ F ¢ : B and [B] is defined and for all
x: A €T such that [A] is defined, then:

o {W(B)={z|Ti] =x: ANAosli] #0}
o Vi0<i<||.
A(Il]) ={y [ ViTli] =2 : ANj <iAD[jl=y: CAA[][j] #0)}

Proof. e Case T_TYPE
AOTF

T_TYPE
(A]0]0)©TF Type, : Type

suc [
By Lemma B.2 on the premise (under the encodability restriction) then we get (3).

Conclusion (1) follows since —o1[i] # 0 for all ¢ thus:

fv(Type;) =0 ={x |T[{] =z : AN o2li] # 0}
e Case T_VAR
AhO',AQ@Fl,CEIA,FQF ‘A1|:|F1|
(A1,0'7A2 | O‘Al‘,l,O ‘ O',0,0) @Fl,{E : A,FQ Fx: A
By Lemma 3.4 we get that Ayj,0 ®@';,x : A+ then by inversion we have that:

T_VAR

(Ar]o]0)ol F A: Type
Applying, Lemma B.6 then we know that:
() ~(A)={y|Tli]l =y: BAali] #0}
We can thus prove the two goals as follows:

1. Goalis fv(A) = {z | T1,z: A, T9)[i] =y : A’ Ao,0[i] # 0} which is provided by (*) since for all
of i > |G1| we have that we have that 0,0 = 0 thus, the goal collapse to (*).

2. This follows by Lemma B.2 applied to the premise then we have the goal:

Vi.0 <1< |F17.'I,‘ : A7F2| .
fv(rlax : A;FQ[Z]) =
w|Vj(Cyz: AT =x: ANG <iNTr,x: AT)[j] =y: CA(Ar,0,A:)[d][5] # 0)}

e Case T_FunN

(Ayoy |os5,r|0)OT,z: AF B : Type, (A,01|09,8|03,7) 0T, 2: A+t: B
(A|02 ‘ 0'1+0'3)®FFA£L’¢Z(x:(s,,,.) A) — B

T_FuN

By induction we have:

(Dfv(B) ={y | I,z : Ali] =y : C A (o3,7)[i] # 0}
(2)Vi0 <i<|D,a: Al
vl z: Ali]) ={y | Vj.(D,z: A)[i] =2' : A" Nj<in(T,z: A)j] =y : B AN(A,01)]i][§] #0)}

Two goals are then:

92



fv((x 2(577.) A) — B)
=fv(A) U (fv(B) \ {z})
={y T[] =y: CA(01+0s)[i] # 0}

By Lemma 3.3 and inversion of well-formedness we have that (A | oy | 0) ©T F A : Type, which
we apply Lemma B.6 to, yielding:

fv(A) ={y |T[i] =y: BAoi]i] # 0}
From (1) we can get fv(B) = {y | T,z : Ali] =y : C A (o3,7)[i] # 0\ {a} ={y | T[] =y :
C A (o3)[i] # 0}

We then prove the goal by showing ((o1[i] # 0) V (o3[i] # 0)) < (01 + 03)[i] # 0. Which follows
by positivity (see above arguments for similar reasoning).

2. And the second goal follows by the inductive hypothesis (2) removing {x}.

e Case T_Arp
(A,o1|03,7]0)OT,z: AF B : Type,
(A|0’2|0’1+0’3)@F|—t1:(SC:(S",,‘) A)—)B (A‘O‘4‘O‘1)@F|—t2:A

T_Aprp
(Alog+sxoy|og+rxos) OT Ftite: [t2/x]B

By induction we have:
(A1) fv((z (s A) = B) ={z |T'[i] =2 : AA (01 + 03)[i] # 0}

(A2) Vi.0 <i< |T|.
f(L[i]) = {y | VjLli] =2 : ANj <iAT[j] =y : BAAL][] #0)}

(B1) fv(A) ={z |T[{] =z : AAo1]i] # 0}
(B2) (same as (A3))

The second goal follows from A2 or B2 trivially.
To get the first goal, there are two cases depending on the grades:
—r=0
Goal is fv([te/z]B) == {y | T'[i] = y : C A (03)[i] # 0} since o3 + 0 * 04 = o3 by absorption.
By Lemma B.7 then we know that x ¢ fv(B), therefore fv([t2/x]B) = fv(B), which follows by

inversion on the typing (and since we cannot do promotion here under the translation) (Lemma 3.6
with no box).

— s =0. And in this case A = Type, therefore 5 is a type term A’ subject to the interpretation
thus we apply Lemma B.6 to it, yielding:

v(A) ={y | T[i] =y : B Aoyli] # 0}
By inversion on the first premise (Lemma 3.6) and since we have no promotion then we get:
fv(B) ={y | I'i] =y : B Aosli] # 0}

Now the goal is that fv([A/z]B) = {a | T[i] = 2 : AA o3+ r* g4[i] # 0}.

We consider two cases depending on whether 7 is 0 or not.

r =0 fv([[4/z]B]) = {« | T[i] = 2 : AAos[i] # 0} and by Lemma B.7 and the same reasoning
about for = 0 (previous case) then we have the goal.

r#0

We can prove the goal by showing that (o3 + r % 04)[i] # 0 <> (03]i] # 0) V (04[] # 0)
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* Going left-to-right. Assume: (o3 + 7 * 04)[i] # 0.
] =

The goal is equivalent to —(o3[i] = 0 A 04[i] = 0) (De Morgan’s). Then we prove by con-
tradiction by assuming o4[i] = 0 A 04[i] = 0 By absorption then (r * o3)[i] = 0. Then by
monoid unit we have (r % o3 + 04)[¢] = 0. which contradicts the premise. Thus we have

(o3[i] #0) V (a4li] #0).
If o3[i] = 0 then 7 * 04[i] = 0 by absorb therefore
* Going right-to-right. Assume: (o3[i] # 0) V (04[i] # 0)
Proof by contradiction. Assume (o3 + 7 * 04)[i] = 0 then from positivity we have o3[i] = 0
and (r x 04)[i] = 0 and from zero-product we have that r[i] = 0V o4[i] = 0.
We eliminate the assumption via:

- (o3]i] # 0) this contradicts o3[i] = 0.
- (04li] # 0) since r[i] # 0 then we must have o4[i] = 0 which contradicts this assumption.
Thus we have reached falsum, and so we prove the goal by contradiction.

O

Corollary B.8.1. For a quantitative semiring, with [B] defined then (A | o1 | 0) ® T Ft : B implies that
B is closed:

Corollary B.8.2. For a quantitaitve semiring, with [A] define then (A, 0,A' | o1 | o3) O,z : AT/ +¢: B
implies that A is closed:

B.2.2 Interpretation of well-formedness

e Case WF_EMPTY

m WFr_EMPTY

We can thus construct the SSF well-formedness derivation:

- Ok

o Case Wr_EXT
(Ao |0)OTF A: Type
Aol z: AF

By Lemma 3.3 then we have A ® T' F and thus by induction we have [I'] Ok.

Wr_EXT

— Then if A = Type; then we can derfine the derivation:

[T] Ok
[[F, X . *l]] Ok

— Otherwise, we apply the main encoding to get some term T such that [I'] F T : %, Thus we can
build the derivation:
[T]FT:% [T] Ok
[T],z:T Ok

B.2.3 Interpretation of derivations

e Case T_TYPE
AoTl'F

(A ‘ 0 | 0) oT - Typel : Typesuc l

This has no analogue in SSF since *; is not a type itself in SSF.

T_TYPE
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e Case T_VAR
AhO',AQ@Fl,‘IIA,FQF ‘A1|:|F1|

(Al,O',AQ|O‘A1‘,1,0‘J,O,O)QFl,‘TIA,FQF"EIA

By the interepretation of well-formendess we have that [['1],z : [A],[T2] Ok Then we form the
derivation:

T_VAR

[T1], z : [A], [T2] Ok
[T1], = : [A], [T2] F = : [4]

o Case T_ARROW

(Ao |0)oTFA:Type, (A,01]02,7|0)0T,2: AF B : Type,

(Alo1+02]0)OTF (o A) — B: Typey, 1, T-Arrow
We have two cases depending on A.
— A = Type; then by induction we have SSF term B’ such that:
[T+ 2y (ih1)
[T], @ : % F B : %, (ih2)

where [ < I; by the GRTT universes. We can thus form the following SSF derivation:

(ih2)
[[F]] F V(X : *l).B/ : *(l+1)|_|l2

and then by either (I +1)Uls =3 Uly and we are done, or if [ + 1 < [; then by monotonicity we
have (I 4+ 1) Uly <1Ij Uly and we use Eades and Stump [20] (Lemma 3) to get:

(ih2)
[C]F V(X :%).B <15 Ul

- Type, &+ A
By the Corlloary B.8.2 and the definition of the SsF(—), we know that B (and in this case r = 0)
here must in fact be closed, so we can strengthen then premise to:

(Aloz2|0)oTF B: Type,
Then by induction we have SSF terms A’ and B’ such that:
[C] =A%, (ih1)
[C] - B : %, (ih2)
We can thus form the following SSF derivation:

(ih1)  (ih2)
[CTFA = B %, 1,

e Case T_TEN trivial since we ignore products
e Case T_Fun

(Ayoy |o3,r|0)OT,z: AF B:Type, (A,01|09,8|03,7) O, z: A+t: B
(A|02\Ul—l—ag)@Fl—)\x.t:(x:(sm) A)—>B

T_FuN

We define two cases depending on A:
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— Typeg, = A
(Ayo1 | 02,8 | 03,7) O, : Type; -t: B

T_FuN
(A | o2 | o1+ 0’3) Ok Xxt: (x 0,r) Type,) — B
By induction on the premise we have some SSF term ¢’ such that:
[T),z:% -t :[B]
Then we construct the following derivation in SSF:
[T],z:%x ¢ :[B]
[T+ Az : %)t : V%[ B]
— Type, €7¢ A (no positive occurences of Type;)
A, , ,r)olz: A-t: B
( 01 |(TQ S|O’3 7') X T Fun

(Alog|or+o3) T FXxt: (w0, A) — B
By induction on the premise we have that exists some SSF term ¢’ such that:
[T],x: [A] ¢ : [B]
Then we construct the following derivation in SSF:

[T], 2 : [A] - ¢ : [B]
[T Mz : [A])-¢ : [A] — [B]

e Case T_Arp
(A,o1|03,7]0)OT,z: AF B: Type,
(A|0’2|0’1+0’3)@F|—t1:(S(}:(S",,‘) A)—)B (A‘O‘4‘O‘1)@F|—t2:A

T_Aprp
(Alog+sxoy|og+rxos) OT Ftyte: [t2/x]B

We define two cases depending on A:
— Type; = A By induction we have terms ¢’ and T" such that:
L]+t :V(x:%).[B] (3)
[T]HT:% (4)
Then we can form the SSF derivation:
thl th2
[C1F¢[T]: [T/][B]
where [T'/z][B] matches [[t2/2]B] by Lemma B.9.
— Type, €7¢ A (no positive occurences of Type;) thus r = 0.

By induction we have two terms ¢} and ¢},
[T+ : [A] — [B] ()
[T+t - [A] (6)
Then we can form the SSF derivation:
(ih1) (ih2)
[C1 -t t5 - [B]

which is equal to the goal here by since by Lemma B.7 since [to/x]B = B.
e Case T_PAIR and case T_TENCUT are trivial since we exclude tensor types.

e Case T_Box, T_BoxI, T_BoxE trivial as we don’t translate graded modalities
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B.2.4 Soundness
We first need some further auxiliary lemmas
Lemma B.9 (Preservation for substitution on terms).
[[A/z]B] = [[A]/=][B]

Proof. By induction on the syntax:

o [[A/x]Type,] = [Type;] = » = [[A]/x]x
o [[A/z]((y :0.r) Type;) = B)] = [((4 :(0.r) Typer) = [A/2]B)] =V : %.[[A/2]B] = Va : . [[A] /z][B] =
[TA]/z](Vx : %.[B]) (penulimate step by induction)
o [[A/2)((y ;5,00 A) = B)] = [((y :(s,0) [A/2]A") — [A/2] B)] = [[A/x]A'] — [[A/]B] = [[A]/=][A"] —
[TA]/=][B] = [[A]/=]([A’] — [B]) (penultimate step is by induction)
(where Type, €7v¢ A)
O
Lemma B.10 (Substitution soundness). For all A,01,09,03,04,t1,t2,1,B, ', T, y, to, where A # Type,,
if:
[[(A|O’4|0’1)@F|—t22Aﬂ:[[F]]|_tb:[[Aﬂ (1)
[(A o1 | 02,8|05,7)OT,y: Akt : Bl =[T],y:[A]Fta: B (2)
then

[(Aloz+sxos|og+rxos) O F [ta/ylts : [t2/y]B] = [I]+ [ts/ylta : [B]
Proof. By induction on the typing of ¢; under the restriction of the translation
e Case T_VAR. Depends on whether the variable  introduced by the T_VAR is equal to y or not:

— y =z then ¢; = z and [t2/y]t1 = to the interpretation of which is ¢, by premise (1).
In this case then B = A (from that fact that y = x). By the encoding then ¢, = y and thus
[to/y]ta = tp satisfying the goal here.

— y #x then t; =y and [t2/y]t1 =y = z.
o Case T_ARROW thus t; = (z :(5,) A") = B’ with:

(Ayo1 |01 ]0)OT,y: A A" : Type;,
(A 01,07 [ 05,7 |[0)OT,y: A,z : A+ B : Type,,
(Ayor o1 4+05|0)0T,y: AF (z 1y, A') = B : Typey, |y,

T_ARROW

where 09,5 = 0] + 04 and 0 = 73, 0.

— Case A’ = Type;,
Thus, t, = V(X : %;/).B” by the interpretation on function types.
By induction, then we know:

[[t2/y]Type,] = [to/ylxrr
[it2/y1B'] = [ts/y] B"

Therefore, [[t2/y]((z (s, A) = B')] = [(x 1o ,m0) [t2/y]A") = [t2/y]B'] = V(X : xv).[te/y] B"
= [to/y](V(X : xp).B") Satistying the goal here.
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— Case Type, ¢19¢ B
Thus, t, = A” — B” by the interprettion.
By induction we know:

[[t2/y] AT = [ts/y]A”
[[t2/y)B'] = [to/y) B”

Therefore, [[t2/y]((z (v, A") = B)] = [(2 1) [t2/y]Type;) = [t2/y]B'] = [ts/y] A" — [to/y] B”
= [ty/y](A” — B") Satisfying the goal here.

e Case T_FUN We define two cases depending on A’:
— A/ = Typel/

(A, o) | ab,s | o5, 7)o, y: A,z : Type, Ht: B

T_FuN
(Aloy ol +o5) 0T, y: A dat: (x 2o, Typey) = B

By induction on the premise we have

[lt2/y)t] = [to/y]te
Therefore [[t2/y](Az.t)] = Az : xpr).[t/y]t,, = [t2/y](A(x : *1).t,) satisfying the goal.
— Type;, €7%¢ A (no positive occurences of Type;/)
(A 01,07 | b, 8,8 | ah,r,rYoOT,y: Az : A Ft: B
Aoy |oy,s|oy+ob,r)OT,y: A Xut: (x:q,) A') = B’

T_Fun

Let 05,706 = o} + (04,7)
By induction on the premise we have that exists some SSF term ¢’ such that:
A»(Qfo'll\ﬂ'“r(@#o'/l/w)*o"l) ’ , ’
(" e Y oy Typen s il e/l /)BT = ool
(Ué+r*a4),c76
Therefore
[t2/y](Az-t)] = Az = [[t2/y]AD)-[ta/ylto

Then by Lemma B.9 this is equal to:
(M@ = [ta/YI[A]) [ta/y]to)
=[ta/yl(A(@ : [A])-10)
satisfying the goal.
e Case T_App
(Aloy|oy+o5) Ol y: Abth: (x:y,nA)— B (Aloy|oy) ol y: Aty A

T_Aprp
(Aloy+s xoy|os+r' o)) O, y: At th: [ta/z] B’

We define two cases depending on A’:

— A" =Type,
Thus t, = t,[T’] (where the intermrediate of t} is interpreted as to T")
By induction, then we know:

[[e2/y)t1'] = [to/y]T"
[[e2/y)2'] = [to/ylta
Therefore
[[t2/y](t) t5)] = [to/yltallte/yIT"] = [to/y](t[T"])
satisfying the goal.
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— Type, ¢7v¢ A’ (no positive occurences of Type;/)
Thus t, = ¢, ¢".
By induction we know that:

[lt2/y]t1'] = [ta/ylt,
[t2/y]t2] = [ts/ylts
Therefore
[lt2/y)(t1 t2)] = [to/y)ta [to/y]ta = [te/y)(ta ta)

satisfying the goal.

O

Lemma B.11 (Type substitution sounduness). For all A,01,09,03,04,t1,t2,0, B, T, T, y, to, if:
[(Alog| o) 0T Fty: Type] =T FT:x (1)
[(Ayo1]| 02,8 |03,7) T,y : Type, bty : Bl =[],y : % Fto: [B] (2)

then:
[(Afox+sxos|os+rxos) O F [ta/ylts: [t2/y|B] = [+ [T/ylto : [T/y][B]
Proof. By induction on the typing of ¢; under the restriction of the translation
e Case T_VAR. Depends on whether the variable x introduced by the T_VAR is equal to y or not:

— y =« then ¢; = z and [to/y]t1 = ta the interpretation of which is 7' by premise (1).
In this case then B = Type; (from that fact that y = x) and thus (2) is a kinding derivation of
SSF.

By the encoding then to = y and thus [T'/y]to = T satisfying the goal here.
— y # x then t; =y and [t2/y]t1 =y = z.
By the encoding then tg = x and thus [T/y]ty = x satisfying the goal here.

e Case T_ARROW thus t; = (z :(5,) A") — B’ with:

(A,01|0710)OT,y: Type, - A" : Typey,
(A 01,07 | 09,7" | 0) T,y : Typey,a: A'+ B : Typey,

T_ARROW
(A,o1 |0 +05|0)OT,y: Type, b= (2 :(s ) A') = B' : Typey, ),

where 09,5 = 0] + 0 and 0 = 03, 0.

— Case A’ = Type;,
Thus, to = V(X : x;/).B” by the interpretation on function types.
By induction, then we know:
[t2/y1 Type] = [Tyl
[[t2/y]B') = [T/y)B”

Therefore, [[t2/y]((z :(sr,r) A') = B)] = [(@ (5 ,1v) [t2/y]Type;) = [t2/y]B'] = V(X :5).[T/y| B”
= [T/y](¥(X : xy).B") Satisfying the goal here.
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— Case Type, ¢19¢ B
Thus, tg = A” — B” by the interpretation.
By induction we know:

[[t2/y) AT = [T/y) A"
[[t2/y) B'] = [T/y]B"

Therefore, [[t2/y]((z (s ) A") = B)] = [(2 (s ) [t2/y] Type;) = [t2/y|B'] = [T /y|A" — [T /y|B"
= [T/y](A” — B") Satisfying the goal here.

e Case T_FuN We define two cases depending on A’:
— A’ = Type,

(A o1 | 04,8 | o, 7") O T,y : Type,x : Type, Ft: B’

T_FunN
(Aloy | o) +o3)OT,y: Type - Azt : (x 0, Typey) = B’

By induction on the premise we have

[lt2/9)t] = [T/ylto
Therefore [[t2/y](Az.t)] = Az : x).[T/y]t0" = [T/y](A(x : %;).t0") satisfying the goal.
— Type, €7%¢ A (no positive occurences of Type;)
(A, 01,01 | 04,88 | oy, r,7")OT,y: Type,z: A'+t: B

T_FunN
(A o1 |0y, s |0y +o5,7") O,y : Type = Aat: (@29, A') = B’

Let o5,7,06 = 0o} + (04,7)
By induction on the premise we have that exists some SSF term ¢’ such that:

A:(Qagi\ﬂ'""(@vgi/ﬂ-)*a‘l) ’ ’ /
( (oh+sx0s),s’ ) OT,y: Type, x : [ta/y|A" b [ta/ylt : [t2/y)B'] = [T/y]t;

(oh+7r+04),06
Therefore
[t2/y](Az-t)] = A = [[t2/y]A']).[T/ylto
Then by Lemma B.9 this is equal to:

Az« [T/y][A])-[T/y]to)
=[T/y)(A(z : [A])-t0)
satisfying the goal.
— Case T_AprpP
(Aloy|or+03)OT ] : (x5 A) = B (Alog|o) O ity A

T_Aprp
Aloy+sxoy|os+rxoy) Ot t,: [ta/x|B
12

We define two cases depending on A:
x A" = Type,
Thus tg = ¢/[T'] by induction.
By induction, then we know:
[[e2/y)t1'] = [T/y)t’
[[t2/y)t2] = [T/y]T"
Therefore
[[t2/y](#1 t5)] = [T/ylt'[[T/y)T"] = [T/y)(¥'[T"])
satisfying the goal.
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x Type, €79¢ A’ (no positive occurences of Type;,)

Thus tg = ¢} t5.
By induction we know that:

[lt2/ylt1'] = [T/y]ty

[[t2/y]t2'] = [T/y]ts
Therefore

[[t2/y)(t1 )] = [T/ylty [T/ylty = [T/y](t] t5)
satisfying the goal.
O

Lemma B.12 (Soundness). Given SSF((A | o1 | o2) @©TFt1: A) and [(A] o1 |o2) ©T Ft: Al =[] +
t': [A] in GRTT and t; ~ t} and [(A| o1 |o2) ©T ) : Al =[] Ft":[A] then t' ~~ t" in the CBN SSF

Proof. First we observe that by Type Preservation (Lemma 3.35) that reduction preserves typing thus if
SsF(—) holds for [(A|oy|o2) ®T Fty: A] then SSF((A | o1 | 02) ® T F ] : A). Then we show that
reduction in GRTT is simulated in SSF by induction on the typing:

e Case T_TYPE, T_VAR, T_ARROW,are all trivial as they already in normal forms (no reduction)

e Case T_FuN.

(Ayoy |o5,r|0) O, z: AF B : Type, (A,01|09,8|03,7) 0T, 2: A+t: B
(AIO’Q‘Ul+03)®rl—/\$.t:($:(s’r) A)— B

T_FuN

If A = Type, then there are no such reductions possible in GRTT under the interpretation (just arrows,
[T],z: [A] ¢ : [B]

vars, and Type) Otherwise we have the encoding: [CTF Az - [AD ¥ [A] — [B]
T A

for which there is

no possible reduction.
o Case T_App

(Alog|or+o3) Tty (w50 A) = B (Alog|o)OTHty: A
(A|log+s*0y4|o3+rxoy) OT Ftyty: [ta/z]B

T_Arp

We define two cases depending on A:
— Type; = A Then the encoding yields

O] F# :¥(x %) [B] [T]FT: %
[T = [T - [T'/x][B]

There are then three possible GRTT reductions:
* (Ax.t]) ta ~ [ta/z|t] Thus:
[(Alos+sxos|os+rx0s) OT & [ta/x]ty : [t2/x]B]
= [F] =" : [[t2/2]B]

[(A|o2,s|03,7) O,z : Type, -t : B] = [[],x : % -t : [B]
[(A|oz]or403) O F (Aa.th) : (z 25 Typey) = B] = [T] F Az = %) .t : V(= 5).[B]

T_Fun

(7)
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By type-application 5 in SSF we then get:
(M@ %0).t0)[T] ~ [T'/alty

Applying Lemma B.10 with the translation here with (A | o4 | 01) ©T F to : Type; = [T'] F
T : %, and the premise of (7) above gives us:

[(Aog+s*koy|os+r*0y) ©TF [ta/z]t] : [ta/z]B] =[] + [T/z]t; : [T/=][B]

Thus satisfying the goal here.
x The other case is the congruence:

tl ~ tll
— — SEM_CONGFUNONE
tl tQ ~ tll tg
By type preservation (Lemma 3.35) on the premise we know that
(A | 09 | o1 —|—O'3)®F|—t/1 : (m (s,r) A) — B

and thus we can apply the encoding again to get some term ¢” in SSF:

(Alog|op+o3) T H t/l D (x s,7) A) = B=[I]Ft":[(z Hs,r) A) — B]
Thus the interpretation of the result is:

[(Aloy+sxos|o3+rxoy) O©T F )ty [ta/z|B] =[]+ t"[T) : [T/x][B]

By induction on the premise, with the encoding of ¢; and ¢; ~~ ] and (8) then we have that
the SSF reduction:

t/ ~s t,/
Then we can construct the SSF reduction:

t/ ~ t”

#[T] ~ t"[T]
which satisfies the goal here.
— Type, €7¢ B then the encoding yields:

[C1+ta: [A] = [B] [T]F & : [A]

[T1F t & - [B] ®)
There are then two possible GRTT reductions:
* (Ax.t]) ta ~ [ta/x]t) Thus we have the encoding:
[(A|oe,s|os,r)oT,z: A-t): Bl =[],z : [A] -t : [B] -
_Fun
[(Alos|or403) O F (Ax.th) : (x 25,9 A) = B] = [T] F Az : [A]).¢t,, : [A] — [B]
(9)

Applying Lemma B.10 with the translation here of t5 to ¢, and the premise of (9) then gives:
[(A|oy+s*kos|os+r*0s) O [ta/z]t] : [ta/z]B] = [U] + [ts/z]t, : [B]
By B in SSF we then get:
(M = [A])-to)te ~ [t/ ]t

Thus showing soundness of this reduction.
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x The other case is the congruence:

tlwtll

———— SEM_CONGFUNONE
tl tg ~ tl tg

By type preservation (Lemma 3.35) on the premise we know that
(A oy | O'1—|—O'3)®F|—t/1 sz (s,r) A)— B
and thus we can apply the encoding again to get some term ¢/, in SSF:
(Aloy|or+o3) 0Tt : (x5 A) = B=[T] -t : [(x:(s,) A) = B]
Thus the interpretation of the result is:
[(Aloy+skos|os+r*xos) ©T ) te: [ta/z]B] = [T] ¢, tp : [B]

By induction on the premise, with the encoding of ¢; and ¢; ~~ ¢} and (8) then we have that
the SSF reduction:

/!
a

tg >t
Then we can construct the SSF reduction:
ta ~ th

ta ty ~ !ty

which satisfies the goal here.

B.2.5 Completeness

Lemma B.13 (Completeness). Given SSF((A| oy |o2) @TFt: A) and [(A|o1| o) 0T Ht: Al =[]+
ts: [A] in GRTT and ts ~> t, thent ~t' and [(A | oy | 02) T F#' 1 A] = [T] F ¢/ : [A] with t!! =t

Proof. By induction on typing derivations in the image of the encoding:

e Case T_VAR
Al,O',AQQFl,JZIA,FQ}_ ‘A1|=|F1|

(A1,0,A5]02111,0]0,0,0)0T,2: ATyFx: A

Give us the derivation:

T_VAR

[T1], 2 : [A], [T2] Ok
[T1],z : [A], [T2] F 2 : [A]

Since variables cannot reduce the premise of the lemma here is false, thus trivially holds.

e Case T_ARROW maps to the type language of SSF and so has no reduction.

e Case T_FUN is interpreted as an SSF function which has no reduction (under the CBN semantics) so
this case trivially holds similar to the T_VAR case.

o Case T_APP with t = ¢1ta:
(Ayo1]03,7|0)OT,2: AF B: Type
(Alog|or+03) 0T Hty: (x5 A) =B (Aloy|o)OTHty: A

T_App
(Alog+sxoy|og+rxos) OT Ftite: [t2/x]B

There are two cases depending on A:
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— Type; = A By induction we have terms ¢y and 7" such that:

[T F to: V(x:%).[B] (10)
[T]FT :x (11)
Then with the SSF derivation:
thl 1h2

[T+ to[T] : [T/2][B]

where [T/z][B] matches [[tz/x]B] by Lemma B.9.
There are two possible reductions depending on the form of ¢y:

*

tO WSSf t6
to[T] ~55" 16T

Thus by induction on ¢; (ih1l) with the premise of this reduction here we have:

tlwtll A\ [[(A|02|01+03)®F}—t’1:(m:(S’T)A)—>B]}:[[F]]I—t’1':[[A]]—>[[Bﬂ A\ tll/:té

Thus we can derive the reduction in GRTT of:
tl ~ tll

tl tg ~ tll tQ

and we have that t/[T] = t{[T] satisfying the goal.
The remaining case is of a f-reduction and thus we must have that ¢t; = Az.t). By the
interpretation we then get (A(x : [A]).t,) = to in SSF (thus [t1'] = ¢) thus here we have
reduction:

(A = [A])£)(T] ~*" [T/ )t
GrTT can then make a 8 reduction itself as:

(Az.t))ta ~ [ta/z]t]

The goal is then that [(A| oy |o2) @T F [ta/z]t) : A] = [T] + ¢/ : [A] and ! = [T/z]t,
which we get from Lemma B.11.

— Type, €7¢ A (no positive occurences of Type;) thus r = 0.

Which inductively has two interpeted terms:

[T1+ ta - [A] — [B] (12)
[T+ ts2 : [A] (13)

and the SSF derivation:

(ihl)  (ih2)
[[F]] |— tsl tsg . [[B]]

There are then two possible redctions depending on the form of ¢ /ts;:

*

f 1/
top ~° tsl

tsl ts2 ~ryssf tgl tsZ

Thus, by induction on ¢; with the premise of this reduction we have:

ty~t; A [(Alog|or+o03) OTFt]: (x5 A) = Bl =[G] -t : [A] = [B] A t, =
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Thus we can derive the GRTT reduction of:

tlwtll
tl tQ ~ tll t2

with t;’l tsg = t;l t52
% f[-reduction with t; = t; = Az.t]. By the interpretation we then get (A(x : [A4]).ts) = ts1 in
SSF (thus [t1'] = t4) thus here we have reduction:

Az : [A])-ts) tea ~>" [tsa/x]ts
GrTT can then make a /3 reduction itself as:
(Az.t) )t ~ [ta/x]th

The goal is then that [(A | o1 |o2) OT F [to/z]t] : A] = [T] F ¢! : [4] and ¢! = [tea/z]ts
which we get from Lemma B.10.

O

C Strong Normalization

Definition C.1. Typing can be broken up into the following stages:
Kind := {A|3A,01,T. (Ao | 0) T+ A: Type,}
Type = {A|3A,01,T.(A]o1|0)©TF A: Typey}

Const := {t | 3A, 01,09, T, A(A |01 | 02) OT Ft: AN
(Aloa | 0)OTF A: Type,}

Term := {t|3A,01,02,T,A.(A]o1|02) T Ft: AA
(Aloz | 0)OTF A: Typey}

Lemma C.2 (Classification). It is the case that Kind N Type = () and Const N Term = ().
Definition C.3. The set of base terms B is defined by:
1. For x a variable, x € B,
Typey, Type; € B,
Ifty € B andts € SN, then (t1t2) € B,
Ifty € B and t; € SN, then (let (z,y) = t1ints) € B,
Ifty € B andt; € SN, then (letOx =t1ints) € B,

If A,B € SN, then ((z :(, sy A) = B) € B for any r,s € R,

NS T

If A,B € SN, then ((z: A)® B) € B for anyr € R,
8. If A € SN, then (0,A) € B for any r € R.
Definition C.4. The key redex of a term is defined by:
1. Ift is a redex, then t is its own key redez,

2. If t1 has key redex t, then (t1t2) has key redez t,
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3. If t1 has key redex t, then (let (z,y) = t1inty) has key redex t,
4. If t1 has key redex t, then (letOx = ¢y inte) has key redex t.
The term obtained from t by contracting its key redex is denoted by redy t.
Lemma C.5. The following are both true:
1. BCSN
2. The key redex of a term is unique and a head redex.
Definition C.6. A set of terms X is saturated if:
1. X CSN,
2. BC X,
3. Ifredit € X andt € SN, thent € X.
The collection of saturated sets is denoted by SAT.
Lemma C.7 (SN is saturated). Fvery saturated set is non-empty and SN is saturated.
Proof. By definition. O

Definition C.8. For T € Kind, the kind interpretation, K[T], is defined inductively as follows:

K[Typey] = SAT

Kl(x sy A) = Bl ={f | f: K[A] — K[B]}, if A, B € Kind
Kl(x :(rs) A) — B] = K[A], if A € Kind, B € Type

Kl(x :(r,sy A) = B] = K[B], if A € Type, B € Kind

Kl(z :s A) @ B] = K[A4] x K[B], if A,B € Kind

Kl(z :s A) @ B] = K[A4], if A € Kind, B € Type

Kl(z :s A) @ B] = K[B], if A € Type, B € Kind

K[OsA] = K[A]

Definition C.9. Type valuations, A ©T | ¢, are defined as follows:

X € K[A]
AT Ee (Aloa| 0T A: Type,
Po0ED Ep-EMpTY (A, 02) © (T2 : A) Eelz — X] Ep-ExTTy

AT Ee (Aloz| 0T F A: Type,

Ep_EXTT
(Ao o[,z A Ee BTN

Definition C.10. Given a type valuation A @ T = € and a type T € (Kind U Type U Con) with T' typable in
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A OT, we define the interpretation of types, [T]e inductively as follows:

[Type;]e = SN
[Typeglle = AX € SAT.SN
[z]e = ez, ifz € Con

[(@ :(r,s) A) = Ble = AX € K[A] = K[B]. Ny excpag ([Ale) (V) = ([Blezmsy)) (X (Y))),
if A,B € Kind

Ny excpag((TAle) V) = ([Blezsy)),
if A € Kind, B € Type

AX € K[B].[A]- — ([Bl.)(X), if A € Type, B € Kind

II(CC Y(rys) A) — BHE

=
—
8

H(r,s) A) - BHE

(@ :(r,s) A) = Ble = [A]: = [Ble, if A,B € Type
[\e: A.B]. = AX € K[A]L[Blejarsx), if A € Kind, B € Con
[Mz : A.B]e = [Ale, for any A € Kind, B € Term
[Ax : A.B]e = [B]e, for any A € Type, B € Con
HABHE = [[A]]e([[B]]s)a if B € Con
[At]le = [A]e, ift € Term

[(@:s A)® Ble = AX € K[A] x K[B].([Al¢) (m1 X) x ([Blefzrsn, x1) (2 X)),
if A,B € Kind

AX € K[B].[A]= x ([B]e) (X), if A € Type, B € Kind

AX € K[A].([A]e) (X) x [Blefzmsx), if A € Kind, B € Type

[Ale x [Ble, if A, B € Type

[(z:s A) © B].
[(z:s A) ® B].
[(z:s A) ® B].

[(A, B). = ([A]., [B].)
[(A, )] = [Ale, if t € Term
[(t,B)]e = [Ble, ift € Term
[let(z: A,y : B) =tinC]. = |IC]]E[$,_>7[1 [tle y—ma [tle]” if A, B € Kind
[[Iet (x:A,y:B)=tin Cﬂg = [[C]]E[mr—)[t]]g]’ if A € Kind, B € Type
llet (z: A,y : B) =tinCle = [Cleype].), f A € Type, B € Kind
llet(z: A,y : B)=¢inC]. = [C]e, if A,B € Type
HD(rﬁs)AHE = [A]e
[OA]e = [A]e

[letO(z : A) =tin B]«
lletO(z : A) =tin B]«

[Blefzsig.), f A € Kind
[Ble, if A € Type

Definition C.11. Suppose A ®T = e. Then Valid term valuations, A © T |=. p, are defined as follows:

t € ([A]:) (e =)
AoTE:p (Aloa|0)OTHA:T
RuHO_EMPTY Ol'kEcp (Aloa|0)O ype,

m (A7O.2) o (1—\71, : A) ':5 p[$ — t] Ruo_EXTTY

t € [A]-
AGTE:p (Aloa|0)0TF A: Type,
(A,02) © (T, 20 A) = pl 1]

Definition C.12. Suppose A © T |=. p. Then the interpretation of a term ¢ typable in AOT is (t), = pt,
but where all let-expressions are translated into substitutions, and all graded modalities are erased.

Ruo_EXTTM

Definition C.13. Suppose (A | o1 | 02) ©T ¢ : A. Then semantic typing, (A | o1 | o2) T Et: A, is
defined as follows:

1. If (Ao | 0) T+ A: Type,, then for every AOT . p, (t), € [A]c ([t]e)-
2. If (Ao | 0)©T F A: Type,, then for every AOT = p, ([t), € [A]e.

Lemma C.14 (Substitution for Typing Interpretation). Suppose A © I' |= e and we have types Ty €
(KindU Con) and Ty € Con with Ty and Ty typable in A®T, and a term t € Term typable in AOT. Then:

1. [)ewes . = 11/ T3]
2. [T3]e = [[t/x]T2]e.

Proof. By straightforward induction on T, with the fact that substitutions disappear in the kind interpre-
tation. O
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Lemma C.15 (Equality of Interpretations). Suppose A ®T |=e. Then:
1. Zf (A | o1 | 0'2) @F = T1 = T2 : Typel, then ’C[[Tl]] = ’C[[TQ]]
2. if (A|oy|o2) T Ty =Ty : Typey, then [T1]e = [To]e-

Proof. Part one follows by induction on (A | o1 | 02) ©T' F Ty = T5 : Type;, and so does part two, but it also
depends on part one and the previous lemma. O

Lemma C.16 (Interpretation Soundness). Suppose AT e and (A|o|0) T+ A: Type,. Then:
1. If (A oy |o2) ©T Ft: A, then [t]. € K[A]
2. [A]e € K[A] — SAT
Proof. This is a proof by simultaneous induction over (A | o1 | o2)OTFt: Aand (A| o |0)GT F A : Type;.

We consider part 1 assuming 2, and vice versa.

Proof of part 1:

Case 1:
AOTF
T_TYPE
(A]0|0)®TF Type, : Type,
This case holds trivially, because Type; cannot be of type Type;.
Case 2:

Ao, Ay 0T,z AT A = [Ty
(A1,0,A9 ] 02.1,0 |0,0,0) 0T, 2: ATy x: A

In this case we have:

T_VAR

A= (Al, g, AQ)
o1 = (0411,1,0)
o9 = (0,0,0)
t=x
Thus, we must show that:
[z]e € K[A]
We know by Definition C.10 and Definition C.9 that [z]. = ex € K[A]; thus, we obtain our result.

Case 3:
(A | 03 | 0)@1—‘}_31 :Typell (A,Ug | T4,T ‘ O)QF,LCZBl '_BQ

(A | 03 + 04 | 0) o'k (33 Ws,r) Bl) — By : Typell Uly

In this case we know:

: Type, T_ARROW

o1 = (03 + 04)

g9 = 0
t= (I 2(577,) Bl) — BQ
A =Typey, 1,

However, by assumption we know that (A |0 |0) ® ' - Type;, ;, : Type;, and hence, Type; | ;, =
Type, which implies that /; = [, = 0. This all implies that By, B € Type. Furthermore, we know
that (A, 03) © (I',x : By) |= ¢, because By € Type.

Thus, by Definition C.8 we must show that:
[(# :(s.y) B1) = B2]e € K[Typey] = SAT
By Definition C.10 we know that:
[(x :(sry B1) = B2]e = [Bi1]: — [B2]-
By the IH:
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Case4:

Caseb:

TH(1): [B1]e € K[Typey] = SAT
IH(2): [Ba]. € K[Typey] = SAT
Therefore, [(z :(s,y B1) = B2]e = ([B1]: — [B2]c) = (SAT — SAT) € SAT which holds by the

closer of SAT under function spaces.

(Alos|0)OI' By :Type, (A,03]04,7|0)OT, 2: By F By : Type, T_TEN
(ATos+04[0)OTF (& B1) @ By < Typey, 1, 7

This case follows nearly exactly as the previous case, but ending with a cartesian product, SAT x SAT,
rather than the function space.

(A 03| 04,8 |05,7) O, 2: Bt : By
(Aloy|os+os5)OTFAx: Bit': (w5, B1) = By

T_FuN

In this case we know:

g1 — 04
09 = 03 + 05
t:)\a::Bl.t'

A= (J,‘ (s,r) Bl) — Bo

We also know that (A | o3 +05|0) O & (x:(,) B1) — By : Type, by assumption. This implies
by inversion that B1, Bs € Kind, B; € Kind and Bs € Type, or B; € Type and By € Kind. We
consider each case in turn:

Subcase 1: Suppose By, Bs € Kind. Then we must show that:
[Me: Bi.t']e € K[(x :(5,,) B1) = B2] ={f | f: K[B:1] = K[B:]}
By Definition C.10 we know that:
[Mz: Bi.t']. = AX € K[B1].[t']cjzs x)
Suppose X € K[B:]. Then we will show that [t'].zx] € K[B2]. We know by
assumption that A©T | e and (A,03 | 04,8 | 05,7) @,z : By b ' : By. Hence,

by Lemma 3.5, we know that (A | o5 | 0) ®T' - By : Type;. Thus, we know that
(A,o3) © (T,z: By) Eelz— X].

Therefore, by the IH:
IH(l): [[t,ﬂs[:m—}X] S IC[[BQ]]
which is what was to be shown.

Subcase 2: Suppose B; € Kind and By € Type. Then we must show that:
[Az: B1.t']e € K[(2 :(5,,) B1) = Bz] = K[Bi]
By Definition C.10 we know that:
[Nz : B1.t']. = K[Bi]

which is what was to be shown.
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Subcase 3: Suppose By € Type and By € Kind. Then we must show that:
[Az : B1.t']. € K[(z :(s,) B1) = Ba] = K[Bs]
By Definition C.10 we know that:
[Nz : By.t']. = K[Bs]
which is what was to be shown.

Case 6:
(A|O’4|O’3+O’5)@Fkt1 : (I:(S;r) Bl)*)Bg (A|O’5|O’3)®I‘Ft2:31

T_Aprp
(A|log+sxog|os+rxos) OT Ftyte: [ta/x] By

In this case we know that:
01 =04+ S$*0g
09 = 05 + 1T *0¢g
t =111
A= [tz/x}BQ
It suffices to show that:
[tit2]- € K[[t2/z]B2] = K[B2]

In this case we know by assumption that [to/z]Bs € Kind which implies that By € Kind, and
this further implies that ((x :(;,) B1) — B2) € Kind. However, there are two cases for By, either
B; € Kind or B; € Type. We consider each case in turn.

Subcase 1: Suppose B; € Kind. Then we know by assumption that A ®T" = e. Thus, we apply the
IH to obtain:

H(1): [ta]e € K[(z :(s,r) B1) = B2 ={f | f: K[B1] — K[B2]}
IH(2): [t2]e € K[B1]

Using the IH’s and Definition C.10 we know:

[t1t2]e = [t1]e ([t2]e) € K[B2]

which was what was to be shown.

Subcase 2: Suppose B; € Type. Then we know by assumption that A ©T' = e. Thus, we apply the
IH to obtain:

IH(l): [[tl:”g S IC[(J? (s,r) Bl) — BQ]] = IC[[B2]]
Using the IH’s and Definition C.10 we know:

[[tl tg]]s = [[tl]]s S IC[[BQ]]
which was what was to be shown.

Case7:
(Ayo53|05,7|0)OT,z: By - By : Type
(A|04|03)®F}_t12B1
(A|06|U5+7’*04)@F|_t2 : [tl/l‘]BQ

T_PAIR
(A | O'4+O'6 | O'3+O'5)®FF (tl,tg) : (SE o B1)®B2

In this case we know that:
01 =04 + 0p
09 = 03 + 05
t = (t1,t2)
A:(.I o Bl)®32
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Case 8:

It suffices

to show that:
[[(tl,tQ)Hg S ]C[[(l’ r Bl) ® BQ]]

By assumption we know that ((z :» B1) ® B2) € Kind. Thus, it must be the case that either

Bl,BQ S
these case

Subcase 1:

Subcase 2:

Subcase 3:

Kind, B; € Kind and By € Type, or By € Type and Bs € Kind. We consider each of
s in turn.

Suppose B1, By € Kind so [ = 1. Then by Definition C.8 and Definition C.10 it suffices

to show that:
[(t1,82)]e = ([t1]e, [E2]e)
S ’CH(I’ o Bl) 29 B2H
= K[B1] x K[B2]
We know by assumption that AOT = and (A | 04 | 03) ©T F ¢1 : B;. By kinding
for typing (Lemma 3.6) we know that (A | o3 | 0) © ' F By : Type;, and by assumption
we know that (A,o03 | 05,7 | 0) © (T',z : By) F Bs : Type;. By substitution for typing
(Lemma 3.27), we know that (A | o5 +r*o04 | 0) ©T F [t1/x] Bz : Type;. We can now
apply the TH to the premises for ¢; and t3 using the fact that we know (A | o5 [0)OT
B; : Type; and (A | o5 +7r+04|0)OT F [t1/x] By : Type;.
Thus, by the IH:
IH(1): [t1]e € K[B1]
TH(2): [t2]e € K[[t1/x]B2] = K[B2]
Therefore, ([t1]e, [t2]e) € K[B1] x K[Bz].
Suppose B; € Kind and Bs; € Type. Then by Definition C.8 and Definition C.10 it
suffices to show that:
[(t1,22)]e = [ta]e

€ K[(z :r B1) ® Bs]

= K[Bi]
We now by assumption that AT =¢e and (A |04 | 03) © T - t1 : By. By kinding for
typing (Lemma 3.6) we know that (A | o3| 0) © ' F By : Type;. Thus, by the IH:
IH(1): [t1]e € K[B4]
which is what was to be shown.

Suppose B; € Type and By € Kind. Then by Definition C.8 and Definition C.10 it
suffices to show that:
[[(tlth)]]E = [[t2]]€

€ ’CH({E o Bl) ® BQH

= K[B.]
We know by assumption that A@T e (A |og|0o3) ©T Ft1: By, and (A, 03 | 05,7 |
0) ® (T',x : By) b By : Type;. By substitution for typing (Lemma 3.27), we know that
(A|os+rxos|0)OT F [t1/x]Bs : Type;. We can now apply the IH to the premises for
to using the fact that we know (A | o5 +7r*04|0) O T F [t1/2]Bs : Type;.
Thus, by the IH:
IH(1): [t2]e € K[[t1/x]B2] = K[B2]

which is what was to be shown.

(A|O’5|O’3+O’4)®Fkt1 . (IL‘ r B1)®B2
(A, (03 +04) | 07,7 |0)OT,2: (2 By) ® Ba - C : Typeg
(A70—37(U47T) | J6,5,S | 0'7,7"/,7"/)®F,.’L' : B17y : B2 '_t2 : [(.’L’,y)/Z]C’

(Alog+sxos|or+7r' x05) OT Flet(z: By,y: Ba) =tyinty : [t1/2]

T_TeENCuUT
C
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In this case we know that:
01 = 0g + S * 05
oo =07+ 1" %05
t= (Iet ((E :By,y Bg) =1t intg)
A=[t1/z]C

It suffices to show that:
[[Iet (SL’ : Bl,y : Bz) =11 intz]]s € K[[[tl/Z]CH = ICHC]]

Based on these assumptions, it must be the case that C' € Kind and to € Type. First, we can
conclude by kinding for typing that:

(A,05,(04,7) | 011 [ 0) © (T, 2 : By,y : Ba) - [(w,9)/2]C : Type,
for some vector o;. Then by well-formed contexts for typing we know that:
(A, 03,(04,7)) © (T, : By,y: Ba) -
This then implies that:
(Alos|0)©T'F By : Type, (A 03 | 04,7 | 0) © (I, : Br) - Ba : Typey,

We will use these to apply the IH and define the typing evaluation below.

We must now consider cases for when By, By € Kind, By € Kind and By € Type, B; € Type and
B> € Kind, and By, By € Type. We consider each case in turn.

Subcase 1: Suppose By, By € Kind. Then we know:

(A]o3|0)OTF By : Typey
(A 03] 04,7]0)® (I',z: B1) b Bs : Type,;
(Alog+04|0)OTF (x: By) ® By : Typey

By Definition C.8 and Definition C.10 it suffices to show:

[[Iet (117 : Bl,y : BQ) = tl in tg]]e
= [t2lefwsm [t1]e ysms [t2]2]

& K[[t1/4IC]
= K[C]

By the applying the IH to the premise for ¢; and Definition C.8:
IH(l) [[tlﬂs S IC[[(J} e Bl) X BQH = K[[Blﬂ X K:[[BQ]]

Hence, m [t1]e € K[B1] and w2 [t1]. € K[Bz]. This along with the kinding judgments
given above imply that

(A, 03,(04,7) © (T, Br,y 2 By) = elw = my [ti]e,y = m2 [ta].]
given the assumption A ®@ T |= . We also know:
(A, 03,(04,7) | 012 | 0) © (T2 Br,y : Bo) F [(z,y)/2]C : Typey

by applying kinding for typing to the premise for to. We now have everything we need
to apply the IH to the premise for ts:

IH(Q): [[tQHE[I'—WFl [t1]e,y—>m2 [t1]e] € K:[[[(J},y)/Z}C]] = ’C[[CH
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Subcase 2:

Subcase 3:

Subcase 4:

Case9:

Now by Definition C.10 and the previous results:

[[Iet ({,E :By,y BQ) =t1in tg]]e

= [tQ]]E[az»—)ﬂ'l [t1]e,y—m2 [t1]e]

€ K[|C]]

which was what was to be shown.

Suppose B; € Kind and Bs € Type. Then we know:

(A]o3|0)OTF By : Typey
(A,03| 04,7 10)©® (T, : By) F By : Type,
(Alog+04]|0)OT F (z: By) ® By : Typey

By Definition C.8 and Definition C.10 it suffices to show:

[[Iet ({,E B,y Bg) =t1in tg]]e

= [[tQ]]E[I’—)[[tlﬂs]
€ K[[t1/2]C]
— K[C]

By the applying the TH to the premise for ¢; and Definition C.8:
IH(1): [t1]e € K[(z : B1) ® B2] = K[B4]
This along with the kinding judgments given above imply that

(Aa g3, (0—477')) © (va : Bl7y : BQ) ): E[.T = [[tl]]ﬁ]
given the assumption A ©®T = e. We also know:

(A, 03, (04,7) | 012 | 0) © (T, 2 : By,y : Ba) F [(x,y)/2]C : Type,

by applying kinding for typing to the premise for t5. We now have everything we need
to apply the IH to the premise for ¢s:

IH(2): [to]come € Kli(z,y)/21C] = K[C]
Now by Definition C.10 and the previous results:

[[Iet (J) : Bl,y : Bg) =t1in tg]]E

= [to]ciom 1]
€ K[|C]

which was what was to be shown.

Suppose B; € Type and By € Kind. This case is similar to the previous case using:
(A7 g3, (0-4’7,.)) O] (F,J} : Blay : BQ) ): 6['T = [[tl]]a]
Suppose Bi, Bo € Type. This case is similar to the previous case using:

(A5037 (047T)) ® (F,.’II : Blvy : B2) ): £

(Ao |0)OTF B: Type,
(Ao |0)eTFOsB : Type,

T_Box

This case follows directly from the induction hypothesis.
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Case 10:

Case1l:

(Aloz|oy) T : B

T_BoxlI
(A|s#os o)l FO0 0.8

This case follows directly from the induction hypothesis.

(Alog|o7)©T Ft: 0By
(A,o7| 05,8 | 06, (s%7)) T, 2 : By F tg: [Ox/z]Bs
(A7J7 ‘ 06, T | 0) @F,Z : DsBl F B2 : Typel

T_BoxE
(A | o3 + 05 | O'6+’I“*0'3) @F" IetD(x : Bl) :tlintg : [tl/z]Bg

In this case we know that:

01 =03+ 05

09 = 0g + T *03

t= (IetD(x : Bl) = tl intg)
A= [tl/Z]BQ

It suffices to show that:

[[Iet D(I‘ : Bl) = tl intgﬂs € ’C[Htl/Z]BQ]] = IC[[BQH

In this case we know that ([t1/z]B2) € Kind, and thus, By € Kind and either B; € Kind or
By, € Type. We cover both of these cases in turn.

Subcase 1:

Subcase 2:

Suppose B; € Kind. It suffices to show that:

lletO(x : By) = tyinta]e = [ta]efomsfta].]
€ K[[t1/2]B2]

As we have seen in the previous cases we can apply well-formed contexts for typing to
obtain that:
(Alo7]0)oTFOB; : Type;
We can now apply the IH to the premise for ¢; to obtain:
IH(l) [[tlﬂs € K[DgBl:ﬂ :]C[[Bl]]

Using the previous two facts along with the assumption that A ® T' = € we may obtain
(A,o7) © (Tyz: By) Eelz = [t1]e]

In addition, we know that (A,o7 | 06,7 | 0) ® T,z : OsBy F Bs : Type;. Thus, we can
now apply the induction hypothesis a second time.
IH(Q): [[tQﬂE[IHHtIHE] S /C[[Bg]]
which was what was to be shown.
Suppose By € Type. It suffices to show that:
ﬂlet D(.’E : Bl) = tl in tgﬂs = [[tg]]s

€ K[[t1/2]B2]
= K[B2]

As we have seen in the previous cases we can apply well-formed contexts for typing to

obtain that:
(Alo7]0)oTFDOB; : Type,
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Case12:

Using this along with the assumption that A ® T' = ¢ we may obtain
(A,J7) O] (F,CL’ : Bl) }Z 3

In addition, we know that (A,o7 | 06,7 | 0) ® ',z : OsB1 F Bo : Type;. Thus, we can
now apply the induction hypothesis a second time.
TH(2): [t2]e € K[B2]

which was what was to be shown.

(Aloy]oy)oTHt: A" (Aloy|0)OT A = A: Type,

T_TyC
Aoy o) @TFi:A YEONY

This case follows by first applying the induction hypothesis to the typing premise, and then applying
Lemma C.15 to obtain that K[A] = K[A’] obtaining our result.

We now move onto the second part of this result assuming the first. In this part we will show:

IfAOT Eeand (Ao |0)OTF A: Type,, then [4]. € K[A] — SAT.

Recall that this is a proof by mutual induction on (A | oy |02) ©TFt: Aand (Ao |0) T+ A: Type;.

Casel:

Case 2:

Case 3:

AeTlF

T_TYPE
(A]0|0)®T F Type, : Type,

In this case we know that:
c=0
A = Type,

It suffices to show that:

[Typeo]e € (K[Typey] — SAT) = (SAT — SAT)
But, [Typeg]e = Az € SAT.SN, and by Lemma C.7 SN € SAT; hence, (Ax € SAT.SN) € (SAT —
SAT).

A1a07A2<DF171’:—I—ypelvr2F |A1|:|F1|
(A1,0,A, | 02 1.0 |0)® (T'1, 2 : Typey,I's) - a : Type,

T_VAr

This case is impossible, because the well-formed context premise fails, because Type; has no type.

(Alo3|0)OTF By : Typey,
(A,o3 | 04,7 |0)OT,2: By = By : Typey,

T_ARROW
(Alog+04|0)OTF (215, B1) = Bz : Type;

In this case we know that:
o =03+ 04
A= ({E (s,r) Bl) — By
It suffices to show that:
[[(:I: (s,r) Bl) — BQHE S (K[[(x (s,r) Bl> — Bg]] — SAT)

In this case either By, By € Kind, B; € Kind and By € Type, or B; € Type and By € Kind. We
consider each case in turn.

115



Subcase 1: Suppose Bi, Bo € Kind. It suffices to show:

[[(x :(37,,,) Bl) — BQHE

=)\X € ’C[[Bl]] — K:[[BQH mYE/C[Bl]](([[Bl]]E) (Y) — ([[BQ]]E[I}—)Y]) (X (Y)))
S (]C[[(’I (s,r) Bl) — BQ]] — SAT)

={f | f:K[B:] = K[B:2]} — SAT

Now suppose X € (K[B1] — K[Bz2]) and Y € K[B;]. We know by assumption that
(Alog|0)®T F By : Type, and AOT = ¢, and so we can apply the induction
hypothesis to the premise for B; to obtain:

IH(1): [B1]e € (K[B1] — SAT)

The previous facts now allow us, by Definition C.9, to obtain:
(Ayo3) © (Dyz: By) Eelz— Y]

Thus, we can now apply the induction hypothesis to the premise for By to obtain:
IH(2): [Bo]eforsy) € (K[B2] — SAT)
Then we know by IH(1) that [B:]. (Y) € SAT and by IH(2) [B2]czmy] (X (Y)) € SAT,
thus:

([B1]= (V) = [Balcjmsy) (X (Y))) € (SAT — SAT) € SAT

Then by Lemma C.8:

N (B (V) = [Balposy) (X (Y))) € SAT
YeK[Bi]

Therefore, we obtain our result.
Subcase 2: Suppose By € Kind and By € Type. Similar to the previous case.
Subcase 3: Suppose By € Type and By € Kind. It suffices to show:
II(I H(s,7) Bl) - B2]]5
= AX € K[B2].([Bi]: = ([B2]:) (X))

€ (’C[[(.’E Y(s,7) Bl) — BQH — SAT)
= (K[B,] — SAT)

Now suppose X € K[Bz]. We know by assumption that (A | o3 | 0) © '+ By : Type,
and A OT [ ¢, and so we can apply the first part of the induction hypothesis to the
premise for B; to obtain:

TH(1): [Bi]e € K[Typey] = SAT

Now we know by assumption that (A, o3| 04,7 0)© T,z : By F By : Typey, and we can
now show by Definition C.9 that (A, 03) ® (I',z : By) = ¢ holds. So we can apply the TH
to the former judgment to obtain:

At this point we can see that (AX € K[Bs].([B1]: — [Bz2] (X))) € SAT by the previous
facts, and the fact that SAT is closed under function spaces.

Case 4:
(Alo3|0)oT'F By : Typey,
(A,o3| 04,7 |0)OT,2: By = By : Typey,

(Alos+04]0)OT (22 B1) @ Ba: Typey, 1y,

This case is similar to the previous case.

T_TEN
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Case b:
(Ao |0)OTF B: Type,

T_Box
(Ao |0)oT'FUOB : Type,

This case follows from the ITH.
Case6:
(Aloy|oy)oTHA:A (A|oa|0)oTF A =Type, : B

T_TyCoNv
(Aloy|oa) T F A: Typey

This case is impossible, because Type; has no type B.

O
Theorem C.17 (Soundness for Semantic Typing). If (A | o1 | 02) T Ft: A, then (A o1 | 02)OT Et: A.
Proof. This is a proof by induction on the assumed typing derivation.

Case 1:
ATk

(A]0]0)OTF Type, : Typey

T_TYPE

In this case we have:
g1 = 0
09 = 0
t = Typeg
A = Typey

We can now see that this case holds trivially, because Type; has no type.

Case 2:
Ao, Ay 0T,z AT = |Ar] = [Ty

T_VAR
(A1,0,A5 | 012111,0]0,0,0)0,2: ATy Fz: A

In this case we have:

A = (Al,O',Ag)
o =01 10
oo =0,0,0
t=ux

Now either A € Kind or A € Type. We consider both cases in turn.
Subcase 1: Suppose A € Kind and A @ T . p. It suffices to show:
(=)o = px € [A]e ([z]) = [A]e ()

But, this holds by Definition C.12, because the well-formed context premise above implies
the proper kinding of A.

Subcase 2: Suppose A € Type and A ® T . p. It suffices to show:

(), = px € [A]:

But, this holds by Definition C.12, because the well-formed context premise above implies
the proper kinding of A.
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Case 3:

Case4:

Caseb:

(Alos|0)OTF By : Typeg
(A,03| 04,7 ]0) O,z : By - By : Typeg
(Alog+04|0)OT F (215, B1) — Bz : Typey

T_ARROW

In this case we have:
o1 = <0'3 + 0'4)

09 = 0
t= (1? Y(s,r) Bl) — By
A = Type,

We only need to consider the first case of this theorem, because Type; has no type. So suppose
A OT . p. It suffices to show:

(](.’I? (s,7) Bl) — BQDP
= ((x Y(s,7) (]Blbp) — (]B2Dp)
€ [[S—II—\}I/peOHE ([(x :(s,r) B1) = B2]c)

We know by assumption that A ® T |=. p so we can apply the TH to conclude:
IH(1): (B1), € [Typeg]e ([Bi]e) = SN

Now suppose ¢ € [Bi].. Then we know by Definition C.12 that (A,03) © (I',x : By) = plx — t].
Thus, by applying the IH to the premise for By we may conclude that

TH(2): (B2)pzt € [Typeole ([Ba]e) = SN

holds for every t. Therefore, we may conclude out result.

(A]os|0)eTF By : Type,
(A,o3 | 04,7 |0) O,z : By By : Type,
(Aloz+04]|0)OT F (x: B1) @ By : Type,

Similar to the previous case.

T_TEN

(A, 03| 04,8 |05,7) O, 2: Byt : By
(A | 04 | O'3+O'5)®FF AT : Bl.t/ : (ZL' (s,r) Bl) *)BQ

In this case we have:

T_FunN

g1 = 04
oy = (03 + 05)
t=MAx: Bl.tl

A= (QC (s,r) Bl) — By
We have two cases to consider, either ((z :(sy B1) — B2) € Kind or ((x :(s,) B1) — B2) € Type.
We cover both cases in turn.

Subcase 1: Suppose ((z :(s) B1) — B2) € Kind. We now have three subcases depending on the
typing for both By and Bs.

Subcase 1: Suppose Bi, By € Kind. It suffices to show:
(Ax: B1.t'),
= Az : (Bi),.(t'),
€ [[(.’E (s,7) Bl) — BQHE ([[)\LC : Bl.tlﬂg)
= Nyexgs(([Bile) (V) = ([B2]efamsyy) ([Az : Bit']c (Y)))
= Nyexs(([Bile) (V) = ([B2lefasv)) ([F]efwsv)))
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Subcase 2:

Case6:

So suppose we have a Y € K[B:1] and a t € [B1] (Y) = [Bi](cfzoy)) (€2)
(since x ¢ FV (Bsz)). Then we know that (A, 03)© (L', : B1) Fefzmy] plT =
t]. Then by the TH:

TH(1): qt/Dp[ﬂc'—Nﬁ] € [[B2Hs[ac'—>Y] ([[t/]]s[xHY])

Thus, we obtain our result.

Subcase 2: Suppose B; € Kind and By € Type. This case is similar to the previous case,
except we will use part two of the IH.

Subcase 3: Suppose By € Type and By € Kind. Similar to the previous case.

Suppose ((z (syr) B;) — Bs) € Type. This case is similar to the above, but we will use
the second part of the ITH.

(A|U4‘U3+05)®F|_t1:(x:(s,r) Bl)—>BQ
(A|U6‘U3)®F|_t2131

T_App
(A|los+sx0g|o5s+rx06) O Fityts: [ta/z]|B

In this case we have:

o1 = (04 + s*0g)
o9 = (05 + 1% 0¢)
t= (tl t2)

= [t2/z] B2

We have several cases to consider.

Subcase 1:

Subcase 2:

Suppose By, [t2/x]B2 € Kind. It suffices to show:

1t2),

=0 1)y (t2)

€ [[t2/x]Ba]e ([t1 t2]c)

= [Balcizest21.] ([ta]e ([E2]e))

—
=

By the TH we have:

TH(1): (1) € [(2 :(s,r) B1) = Bae ([ta]e)
TH(2): (), € [Bi]e ([t2]e)

Notice that by Lemma C.16 we know that [t2]. € K[Bi1]. So using C.10 we know:

(t1)p € [(x 25y B1) = Ba]e ([t1]e)
= Nyexpay(([4l) Y) = ([Blemsyy) ([t1]: (Y)))

Thus, (t1), (t2)p € ([Bleerstal.)) ([Ea]e ([t2]<))-

Suppose B; € Kind and [t2/x]B2 € Type. It suffices to show:

=

131 t2Dp

(1D, (22D,
[[t2/] B2].
[B2] ez [ta].]

mo

By the TH we have:
IH(l) (]tll)p S [[(1‘ (s,r) Bl) — BQ]]E ([[t1]]5)
IH(2): (t2), € [Bi]- ([t2]e)
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Case T:

Case 8:

Case9:

Case 10:

Notice that by Lemma C.16 we know that [t2]. € K[Bi1]. So using C.10 we know:

(t1)p € [(z 15y B1) = Ba]e ([ta]e)
= ﬂye;c[[Bl]}(([Blﬂs) (Y) = ([B2]cfzesvy)

Thus, (]tle qt?Dp € ([[32]]5[1»—>ﬂt2]]5])-

Subcase 3: Suppose By € Type and [ty/z]|Bs € Type. It suffices to show:

Py
=~

1t2),

(1D, (22D,
[[t2/x]Ba].
[B2] ez [ta].]

mo

By the TH we have:

IH(l) (]tll)p (S [[(x :(S,T) Bl) — Bg]]g
IH(2): (t2), € [Bil-

Using C.10 we know:

(t1)p € [(z 25y B1) = Ba]e ([t1]e)
= [[Bl]]s — [[BQ]]E

Thus, (]tle (]tz[)p € [[BQ]]E.

(A,o3 | 05,7 0)OT,z: By By : Type

(A|04|03)®FFt12B1

(A|06|J5+7’*O’4)®F|‘t21[t1/1’]32
(A|O’4+O’6|0'3+0'5)@F|—(t1,t2)2(x:,,,Bl)®BQ

T_PAIR

This case is similar to the case for A-abstraction above.

(A|O’5|O’3+O’4)@F|—t1 : (:ZZ e Bl)®B2

(A, (03 +04) | 07,7 |0)OT,2: (21 By) ® Ba - C : Type,

(A,037(0477") | 06,5,S | U7,T/,7”/)®F,.’E : Blvy : BZ '_t2 : [(m,y)/z]C’
(Alog+s*o5|or+1r x05) @T Flet(z: By,y: Ba) =tyinty: [t1/2]C

T_TeENCUT

Similar to the application case above.

(Ao |0)OTF B: Type,
(Ao |0)OTFOsB : Type,

T_Box

This case follows from the IH.

(Alog|oy) T+t : B

T_BoxI
(A|sxog|oa) 0T FOF :0,B "

In this case we have:
o1 = (s*x03)
t=(0O¢)
A=0,B

We have two cases to consider.
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Subcase 1: Suppose B € Kind. It suffices to show:

(O,
),
[0 B ([0¢]e)
[B]- ([*']<)

At this point, this case holds by the ITH.
Subcase 2: Suppose B € Type. Similar to the previous case.

m

Case11:
(A|0’3|U7)@F|_t1:|:|SB1
(A,o7| 06,7 ]0)OT, z:0sB1 F By : Type,
(A,o7| 05,8 | 06, (s%7)) T, 2 : By F tg: [Oxz/2] By

T_BoxE
(A|los+o5|og+r*o3) T FletO(x: By) =tyinty : [t1/2] B2 *

In this case we have:
o1 = (03 + 05)
o2 = (06 + 1 % 03)
t= (Iet D(.’E : Bl) = tl in t2)
A= [tl/Z]BQ

We have several cases to consider:
Subcase 1: Suppose Bi, Bo € Kind. It suffices to show:

(letO(z : By) =tyinta)),

(2] plws (10,
[[t1/2]B]- ([letO(x : By) =ty int].)
IIBQHS[IHHM]]E] ([[t2]]5[$'—>[[t1]]s])

mm

By the IH:

IH(1): (ta)p € [OsBi]e ([ta]e) = [Bale ([ta]e)
At this point we need:

(A, 07) © (s Br) Fefos ] ple = (0]

But, this follows by definition and Lemma C.16.

By the IH:

TH(2): (2D pfomsien),) € [Beleforsean.) ([2)efemian.)
Subcase 2: Suppose B; € Kind and By € Type. Similar to the previous case.
Subcase 3: Suppose By € Type and By € Kind. It suffices to show:

(letO(x : By) = tyinta),

(2D pfors 24),. ,
[[t1/2]Ba]e ([let O(z : By) =ty ints].)
[Ba]e (Tt2]e)

mm

By the IH:
IH(1): (ta), € [OsBi]e = [Bi]e
At this point we need:
(A,07) © (T2 B) e plr = (1) ]

But, this follows by definition.
By the IH:
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TH(2): (t2Dporsea),) € [Bale ([t2]c)
Subcase 4: Suppose By, By € Type. Similar to the previous case.

Case 12:
(Aloy|oy)oTHt: A (Aloy|0)OTFA =A: Type,
(Aloy]|o2) 0T HE: A

By the induction hypothesis we know (A | 1 | 02) © T E ¢ : A’ holds, but this implies (A | o |
o2) ®T' =t : A’ holds by Lemma C.15.

T_TyConNv

O
Corollary C.17.1 (Strong Normalization). For every (A | oy |o2) ©T'F¢: A, ¢t € SN.

Proof. Similarly to CC, we can define a notion of canonical element in K[A], and define a term valuation
A T E. p, and then conclude SN by the previous theorem. O

D Graded Modal Dependent Type Theory complete specification

A®T |=. p| Valid Term Substitutions

D0 =0

RuO_EMPTY

t € [A].
AT E.p (Alo2|0)oTF A: Type,
(A,o2) @ (Tyz: A) = plz — 1]

t e ([Ale) (e )
AT E.p (Alo2|0)eTF A: Type;

Ruo_ExXTTM™M

Ruo_ExTTY
(A,02) ©(D,x : A) e plx — ]
AOT Ee| Valid Type Substitutions
———— BEp_EMPTY
bobED
AT A 'FA:T
ol'ke (Alo2|0)© YPO o BT
(AaUQ) © (va : A) ': €
X € K[4]
AT A 0OOI'FA:T
ol'Ee (Alo2[0)® YP&1 o BTy
(Ayo2) © (Tyz: A) Eelx— X]
Well-formed contexts
——— Wr_EMPTY
Ro)/As
(Ao |0)OTF A: Type,
Acol,z: AF Wr-EXT
A 0 I'A=B:T
NEDE e o

(Alo)oTFA<B
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(Alo)oTHFA<SB (Alo)oT'FB<C
(Alo)oTTHA<C
AOTH 1<V
(A]0)OT F Type; < Typey
(A,o1 | 02,7]0)OT,z: AF B : Type
(Alo)oTHFA <A (Ajor|og,r)0T,2: AFB<DB
(Alor+02) OTF (z 25y A) = B< (2 :5,) A) = B’

ST_TRANS

ST Ty

ST_ARROW

(Ayo1|o9,7)OT,2: AF B< B’
(Alor+o02)0TH(x:, A)@B<(x:, A)®@ B’
(Alo)oTHA<SA
(Alo)oTTHOA <O

ST_TEN

ST_Box

AYOR N =
(A]0]0)OT I Type; : Typeg,c,
Ao, Ay 0T, 2 ATy = A = [Ty
(A1,0,05|0%111,0]0,00)0T,2: A TyFz: A
(Ao |0)OTFA:Type, (A,01]02,7|0)OT,2: AF B : Type,
(A | o1+ o9 | O)QFF (I:(Sﬂn) A) —)B:Typellul2

T_TYPE

T_VAR

T_ARROW

(Alo1|0)oTFA:Type, (A,01|02,7|0)0OT,2: AF B: Type,
(Alor+02[0)OTF (z: A) @ B: Type, 1,

T_TEN

(A,o1|03,7]0)OT,z: A B:Type, (A,01|02,8|03,7)0T,2: A+t: B

T_FuN
(AlO'Q|0’1+0’3)@F|—)\l‘.t:(1'2(5m)A)—>B N
(A,o1|03,7]0)0Tz: AF B: Type
(Aloy|or+o3) 0Tt : (x5 A) =B (Alos]o) 0T Hty: A T App
(A|log+s*04|o3+rxoy) OT Ftyty: [ta/z]B -
(A,o1]03,7]|0)OT,2: AF B : Type
(Alog|o1)OTFt1: A (Alos|os+r*oe) @it [t1/x]B T PAIR
(A|0‘2-‘r0‘4|0‘1+0‘3)@F}—(t1,t2>:(LU:TA)®B N
(Alos|oyg+o2) 0T Ht: (z: A)®B
(A, (o1 4+02) | 05,7 0)OT,2z: (z: A)@ BF C : Type,
(A,01,(02,7) | 04,8,8 | 05,7, OT 2 : Ajy: BFty: [(z,y)/2]C T TENCUT

(Alos+sxos|os+r' x03) T Flet(z,y) =t1inty : [t1/2]C
A 0T HA:T
(Alo|0)oTFA:Type
(Ao |0)OTFOA : Type,
(A|01|02)®F|—t:A

(Als*xoy|og) 0T HDOt: O, A
(A|0’1|0’2)@F|‘t12|:|314
(A,o9 | 04,7 0)OT, z: OsAF B : Type,
(A,o9 | 03,8 | 04,(s*7)) O, x: Aty : [Ox/2]B
(A|01—|—03|U4+r*01)®F}—|eth:t1int2:[tl/z]

T_BoxI

T_BoxE
B
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(Aloy]oa)OoTHt: A (Alo)0THALB

T_TyCo
(Alor|os)@TFi:B YRORY

t1 ~ 1o Reduction rules

SEM_BETAFUN
(/\l‘.tl)tQ ~ [tg/x]tl

- SEM_BETATEN
let (,y) = (t1,t2)ints ~ [t1/x][t2/ylts

SEM_BETABOX

let Oz = Oty inty ~ [t1/z]ts
ty ~ )

(t1,t2) ~ (11, t2)
to ~ th

(t1,t2) ~ (t1,15)

tlwt/l

SEM_CONGPAIR

SEM_CONGPAIRTWO

—————— SEM_CONGFUNONE
tl tQ ~ tl t2

tlwtll

SEM_CONGTENCuUT1
let (z,y) =tyinty ~ let (z,y) = t] inty

Ehal SEM_CoNnGBox1
letOx =ty inty ~» letOz =t inty
A~ A
OAw 0.4 SEM_CoNnGBox4
A~ A
(x sy A) = B~ (x:(5) A') > B SEM_CONGARROW1
B~ B’
(2 :(s) A) = B~ (w135, A) = B SEM_CONGARROW?2
A~ A
@ A@Bw @y A)®B SEM_CONGTEN1
B~ B’

SEM_CONGTEN2

(0 A)@ B~ (v, A)®@ B’

A;TH it < to;01;09 ‘ Checking

AT HA = Typej; 0150
A,o1;0,0: A-t < B;os,s;03,7

CHKALG_FUN
AT E Azt < (225 A) = Biog;01 4 03

AT Ety = tg;01509 Inference

ATty = (205, A) = B;o2;013
AT Hity < A;o4;01
A,o1;0,2: AF B = Type;;03,7;0
013 = 01 +0'3
A;T F ity te = [to/x]|Byog + s* 04503 + 1% 04

INFALG_APP
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A = A],O’,AQ

I'= Fl,l‘ : A,Fg

IT1| = |Aq]

ATy F A= Typej;o;0

AT o = A;(01411,1,01420); (5,0, 01421

I'Hty =ty:t3 Term equality

(Aloy|oa)OTHE: A
(Aloi|o)oTHt=t:A
(Aloy]o2) Tty =ta: A (Aloy|oa)OlkHta=t3: A
(Aloy|oa)©THt; =t3: A
(Aloy]oa) Okt =t: A
(Aloy|oa)OTHta=1t1: A
(Aloy|oz) Tkt =t2: A (A]oy)©T'FALB
(Aloy|o2) 0T Ht; =ty: B
(Ao |0)OTHA=C:Type, (A,01|02,7]|0)O,z: A B =D :Type,
(Alor4+02]0) 0T (25, A) = B= (25, C) = D : Typey, 1y,

INFALG_VAR

TEQ_REFL

TEQ_TRANS

TEQ_Sym

TEQ_ConvTy

TEQ_ARROW

(Ayo1 | 09,8 o3,r) 0T, 2: AFt1: B (Alog|o) ©TFia: A

(Alog+sxoy|os+r*oy) OTF (Axty)te = [ta/x]ty : [t2/x]B
(Aloy|og) ©T Ft: (x5 A) = B

(A | (o1 | UQ)QF}_t:)\l'(t.T) : (1'2((,’.77.) A) — B

TEQ_ArRrROWCOMP

TEQ_ARROWUNIQ

(A,o1| 09,803, 7r) 0T, x: Aty =ty: B
(A | 092 | O'1—|—0'3)®F}—)\$.t1 = A\r.ly: (J}:(Syr) A) — B
(A,o3]04,7|0)OT,2: AF B : Type
(A|O’1|O’3+U4)@F|‘t1:t2Z(‘ZC:(‘%,.)A)—)B (A|O’2|O’3)®F|‘t3:t43A
(A‘O‘l—‘rs*dg|0‘4+7"*0’2)@F|—t1t3:t2t42[tg/.’L‘]B
(Alo1|0)eoT'FA=C:Type, (A,01|02,7|0)0O2: A B=D:Type,
(Alor+02|0)0TEF(z:s A)@B=(x:5sC)®D : Typey, 1y,
(A (o14+02) |o5,7" [|0)OT,z: (z: A)® BF C : Type,

(A|U‘3|0‘1)®F}_t12A (A|O‘6|0'2+’I”*0'3)@F|—tg : [tl/!L‘]B
(A5017(02aT) |U47578 ‘ 0'5,7”’,7"’) @F,Jf : A7y : B l_t?) : [(x7y)/Z]C

TEQ_FuN

TEQ_Aprp

TEQ_TEN

TEQ_TENCoMP
(A ‘ o4+ S * (03 + 0'6) | 05 + 7 x (0'3 +O’6)) O Flet (IL‘,y) = (tl,tg) int3 = [tl,tg/li,y]tg : [(tl,tg)/z}c Q

(A,o1|03,7]0)OT,z: AF B: Type
(Alog|o)OTHty=t1:A (Aloyg|os+rxo) 0Tt =1th:[t1/z]B

TEQ_PAIR
(Alog+o04 |01 +03) O F (t1,t2) = (), t5) : (x:r A) ® B Q
(A|O’3|O’1+02)®F}_t1:t22((L’ZTA)@B
(A, (o1 4+02) | o5, |0)OT,2: (z: A)® BF C : Type,
A, o1, (02, , S, o YO,z Ayjy: BEitg=ts:[(x, C
(A, 01,(02,7) | 04, 8,8 | 05,77, 7" ) O T, 2+ Ay 3 =ta:[(z,y)/7] TEQ.TENCUT

(Alos+sxo3|o5+1r" x03) O F (let (z,y) =t1ints) = (let (x,y) = tainty) : [t1/2]C

(Aloy|oz)©oTHt: (z: A)® B
(Aloy|oz) T Ft=(let(z,y) =tin(z,y)): (z:+ A)®

TEQ-TENU
5 Q_TEN
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(Alo|0)oTFA=B:Type
(Alo|0)oT'FOsA =0,B: Type
(A|O’1|0’2)®F|—t1 =ty: A
(A|S*O’1|O’2)®FFDt1:Dt2Z|:|SA
(A|O’1|O’2)®F|‘t1:A
(Ayo2 | 04,7 |0)OT, z: O,AF B : Type,
(A,oq | 03,8|04,(sx71)) O,z : At ty: [Ox/2]B
(Alos+sxoy|og+sxrxo1) OT F (letOx = Oty inte) = [t1/x]ts : [Ot1/2]
(Ayo9 | 04,7 |0)OT,2:0,AF B : Type
(A|01|02)®F}_t1 :tQ:DsA (A,O’Q|0'3,8|O’4,(S*T))®F,(EIA}_t3:t4I[D(E/Z]B

TEQ_Box

TEQ_BoxI

TEQ-BoxB
5 TEQ

TEQ-BoxE
(Alor+os|os+r+o1) O F (letOx =ty ints) = (letOx = tointy) : [t1/2]B Q

(Aloy|og)ol+t:0A
(Aloy|o2) T Ft = (letOx =tinOx) : O, A

TEQ_-BoxU

126



