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Abstract

The bridge crane system is a typical under-actuated system that is widely used in production
and life. Although various scholars have conducted extensive research on the bridge crane
system in recent years, there are still many problems, such as the trajectory planning of the
cart and the anti-sway control of the cargo. In order to tackle the problem of the anti-sway
control of the cargo, a hierarchical global fast terminal sliding-mode control (H-GFTSMC)
is developed in this work. First, the Lagrange equations are used to model the system
dynamics. Then, an appropriate hierarchical global fast terminal sliding-mode controller
is designed to achieve anti-sway control of the cargo, and it is proved that each sliding-
mode surface is progressively stable. A series of simulations were implemented to verify the
effectiveness of the control method. The simulation results show that the H-GFTSMC has
better control performance compared with the proportional–integral–derivative control
method. When changing the cable length or adding non-negligible noise to the system, the
H-GFTSMC still has good robustness.

1 INTRODUCTION

The bridge crane system is widely used as an important loading
equipment in various industries, such as port transportation and
equipment manufacturing [1, 2]. During the transportation of
the bridge crane system, the inertia caused by the acceleration
and the deceleration of the cart and the trolley, and the lifting
action will cause the cargo to swing back and forth. This not
only increases the possibility of accidents, but also seriously
affects the improvement of production efficiency. Currently,
the solution to this problem relies on the actual operating expe-
rience of the operator, which can realise the safe transportation
and unloading of the cargo [2–5]. However, due to the long
training period of the skilled technicians and the excessive work
intensity, the working efficiency of the overall bridge travelling
crane system is significantly restricted. Therefore, there is an
urgent need for the automatic control system of the bridge
crane system to solve the excessive dependence on operator
experience [6–8]. The control of the bridge crane system
includes many aspects, such as the positioning of the cart, the
trajectory planning of the cart and the anti-sway control of the
cargo [9, 10]. The anti-sway control of the cargo is the core
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problem of the automatic control of the bridge crane system
[11, 12]. Numerous methods, including the proportional–
integral–derivative (PID) control method, have been proposed
by scholars [13].

In recent years, numerous studies have been conducted on
this issue. The traditional PID control method is relatively
simple to implement and is currently the most widely used
control method in practice. In [14–17], some improvements
to traditional PID have been proposed. Soukkou et al. [14]
and Ko [15] combined the fuzzy control with the PID control
and designed a fuzzy-PID controller. Choi proposed a PID
controller for the Lagrange system in [16]. Recently, Cuoghi
and Ntogramatzidis [17] have proposed a new formula for the
design of the PID controller for better steady-state perfor-
mance and robustness. In [18], Ahmad et al. considered the
model of double-pendulum-type overhead crane and proposed
a single-input fuzzy control. In [19], Konstantopoulos and
Alexandridis proposed open- and closed-loop control schemes
and combined them together. Some scholars have applied a
variety of intelligent control methods to control the bridge
crane systems. A bridge crane system self-tuning controller
based on a neural network is designed by Mendez et al. [20]. In
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[21], Petrenko and Alavi presented a novel radial basis function
neural network modelling method. Zhu and Wang [22] and
Jahedi and Ardehali [23] combined the idea of genetic algorithm
and fuzzy control and achieved good results. Many scholars
used the sliding-mode control (SMC) method to conduct the
research. SMC has a good effect on the tracking performance
and also has good robustness. Wang et al. finished some mod-
elling work and proposed two sliding-mode controller models
[24]. Liu et al. [25] designed an adaptive sliding-mode fuzzy
control approach. Sun et al. [26] constructed a sliding-mode-
like strategy as well as an integral manifold. A second-order
sliding-mode controller was proposed by Tuan et al. [27] for
the control of a three-dimensional (3D) overhead crane with
considering the uncertain system parameters. Moreover, for
uncertain systems, an integral SMC method was proposed by
Xi and Hesketh [28] for discrete-time systems. A recurrent
fuzzy neural network SMC was designed by Lin and Shen [29],
considering the model of the two-axis motion control system
and adding robust control on the basis of fuzzy neural network.

SMC, also known as variable structure control, is essentially
a nonlinear control strategy [30, 31]. The system is forced to
follow a predetermined “sliding-mode” state trajectory. One
advantage of SMC is that it is suitable for systems with uncer-
tainties and, thus, has strong robustness with respect to distur-
bances and unmodelled dynamics. It is known that SMC usu-
ally provides good control performance for a general nonlin-
ear system. However, traditional SMC approaches are not well
designed for under-actuated systems, which may encounter dif-
ficulties in the sliding surface chattering elimination or suffer
from slow responses. Noticing that a bridge crane system is fea-
tured to be under-actuated, a hierarchical global fast terminal
sliding-mode control (H-GFTSMC) approach [32] is employed
in this work to address the relevant control problems. The global
fast terminal sliding-mode is chosen as the sub-sliding-mode
surface, which ensures that the state reaches the sliding-mode
surface in a relatively fast speed and then converges to an equi-
librium point. The proposed method is able to control a bridge
crane system for a wide range of cable length and additive dis-
turbances. It results in better robustness compared with some
existing methods, which facilitate its practical applications.

The arrangements of this study are as follows. The model of
a bridge crane system is introduced in Section 2. In Section 3, a
hierarchical global fast terminal sliding-mode controller is estab-
lished that is suitable for the bridge crane system. In Section 4,
the stability of the proposed controller is validated. Simulations
are presented in Section 5. Some conclusions are drawn in Sec-
tion 6.

2 MODELLING OF A BRIDGE CRANE
SYSTEM

2.1 The main structure and characteristics
of the bridge crane system

A bridge crane has three driving devices, i.e. the cart opera-
tion mechanism, the trolley operation mechanism and the lift-

ing mechanism. The cart runs along the tracks laid on both
elevated sides. Among them, the cart operating mechanism is
responsible for moving the whole machine along the tracks
overhead, the trolley moves the cargo on the bridge, while
the lifting mechanism generates the vertical movement for the
cargo.

In the bridge crane system, if only a cart or a trolley is in
operation, the crane will have two-degree-of-freedom (2-DOF)
movement, i.e. the displacement of the cart and the swing of
the cargo, as shown in Figure 1(a). If the lifting mechanism
also runs with the cart or the trolley, the bridge crane will have
three DOFs, as shown in Figure 1(b). When the cart and the
trolley operate simultaneously, the bridge crane and the cargo
will move in 3D space, as shown in Figure 1(c). If the lift-
ing mechanism is operated together with the cart and the trol-
ley, the bridge crane system can have five DOFs, as shown in
Figure 1(d).

In order to facilitate the modelling and simulation of the pro-
posed controller, the following assumptions are made.

(i) Air resistance and wind effects are ignored.
(ii) The quality and the elasticity of the cable are ignored.
(iii) The friction at the connection between the wire cable and

the trolley is ignored.
(iv) The nonlinearities of the transmission mechanism such as

the trolley motor and the reducer are ignored. It is believed
that the driving force of the trolley can be directly con-
trolled by the output torque of the controller.

(v) The equilibrium point of the system is the stable.

2.2 Dynamics modelling

The Lagrange equation is employed to describe the dynamic
model of the bridge crane system. The general form of a
Lagrange equation is

d

dt

(
𝜕L

𝜕q̇i

)
−
𝜕L

𝜕qi

= Qi (i = 1, 2, 3, 4, 5), (1)

where qi are generalised coordinates, L = Ke − P is the
Lagrange function, Ke is the Lagrangian kinetic energy of par-
ticle system, P is the potential energy of particles and Qi is the
generalised force of the particle system.

Consider that the main part of the dissipative force in the sys-
tem is friction, which cannot be ignored. Therefore, a dissipative
force term is added to the general form of the Lagrange equa-
tion [33]. Then, the Lagrange equation with a dissipative force
term can be obtained as

d

dt

(
𝜕L

𝜕q̇i

)
−
𝜕L

𝜕qi

+
𝜕T

𝜕q̇i

= Qi (i = 1, 2, 3, 4, 5), (2)

where T is the dissipative force function.
A 3D, four-DOF model has been selected as the research

object, as shown in Figure 1(c), where M is the total mass
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FIGURE 1 Bridge crane system model: (a) 2D, 2-DOF, (b) 2D, 3-DOF, (c)
3D, 4-DOF, and (d) 3D, 5-DOF

of the cart and the trolley, m is the mass of the cargo and
its rotating system, l is the cable length, XYZ coordinate sys-
tem is a fixed coordinate system with the initial position of
the trolley as the origin and XMYM ZM is a coordinate system
with the cart’s current position as the origin. The coordinate
of the trolley on the XYZ coordinate system is (x, y, 0); the
coordinate system of the trolley is established, which is paral-
lel to each axis of the cart coordinate system. YM is defined
along the main beam, the direction of movement of the trol-
ley is YM and the direction of movement of the main beam
is XM . 𝜃 is the angle between the cargo in any direction and
the vertical direction. This angle has two components that can
be decomposed into 𝜃x and 𝜃y. 𝜃x is the component of 𝜃 on
the XM OZM plane; 𝜃y is the component of 𝜃 on the YM OZM

plane.
It is assumed that the coordinates of the cargo in the

XYZ coordinate system are (xm, ym, zm), which are given
by

xm = x + l sin 𝜃x cos 𝜃y,

ym = y + l sin 𝜃y,

zm = −l cos 𝜃x cos 𝜃y,

(3)

where l is the cable length
Then, the following expressions are also given:

Ke =
1
2

(Mxẋ2 + Myẏ
2 + Ml l̇ 2) +

m

2
v2
m,

P = mgl (1 − cos 𝜃x cos 𝜃y ),

T =
1
2

(Dxẋ2 + Dyẏ
2 + Dl l̇ 2),

(4)

where Ke denotes the kinetic energy of the crane, P denotes the
potential energy of the cargo and T denotes the dissipative force
function. Dx , Dy and Dl denote the viscous damping coeffi-
cients associated with the x, y and l motions, respectively. v2

m is
given as follows:

v2
m =ẋ2

m + ẏ2
m + ż2

m

=ẋ2 + ẏ2 + l 2 + l 2cos2𝜃y𝜃̇
2
x + l 2𝜃̇y + 2(sin 𝜃y l̇

+ l cos 𝜃y𝜃̇y )ẏ + 2(sin 𝜃x cos 𝜃y l̇ + l cos 𝜃x cos 𝜃y𝜃̇x

− l sin 𝜃x sin 𝜃y𝜃̇y )ẋ.

(5)

For the four-DOF bridge crane system model shown in Fig-
ure 1(c), the cable length will not change during the movement.
Hence, it holds that l̇ = l̈ = 0, which is then substituted into
(3) and (4), resulting in the Lagrange function L and dissipative
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force function T as follows:

L =Ke − P

=
1
2

(Mxẋ2 + Myẏ
2) +

m

2
v2
m

− mgl (1 − cos 𝜃x cos 𝜃y ),

T =
1
2

(Dxẋ2 + Dyẏ
2),

(6)

where Mx and My are the x (travelling) and y (traversing) com-
ponents of the total mass, which consists of the mass of the cart,
the trolley and the equivalent mass of transmission mechanism;
besides, m denotes the mass of cargo, g denotes the gravitational
acceleration and vm denotes the cargo speed.

Substituting (6) into (2), the dynamic equations of the four-
DOF bridge crane system can be obtained as

(Mx + m)ẍ + ml cos 𝜃x cos 𝜃y𝜃̈x − ml sin 𝜃x sin 𝜃y𝜃̈y

+ Dxẋ − ml sin 𝜃x cos 𝜃y𝜃̇
2
x − 2ml cos 𝜃x sin 𝜃y𝜃̇x 𝜃̇y

− ml sin 𝜃x cos 𝜃y𝜃̇
2
y = fx ,

(7)

(My + m)ÿ + Dyẏ + ml cos 𝜃y𝜃̈y − ml sin 𝜃y𝜃̇
2
y = fy, (8)

ml 2cos2𝜃y𝜃̈x + ml cos 𝜃x cos 𝜃yẍ + mgl sin 𝜃x cos 𝜃y

− 2ml 2 sin 𝜃y cos 𝜃y𝜃̇x 𝜃̇y = 0,
(9)

ml cos 𝜃y ÿ − ml sin 𝜃x sin 𝜃yẍ + ml 2 cos 𝜃y sin 𝜃y𝜃̇
2
x

+ mgl cos 𝜃x sin 𝜃y + ml 2𝜃̈y = 0,
(10)

where fx and fy are the driving forces of the motions in the x

direction and the y direction.
Equations (7)–(10) can be written as the following matrix

form:

M (q)q̈ + Dq̇ +C (q, q̇)q̇ + G (q) = F, (11)

where

q =
[

x y 𝜃x 𝜃y

]T
, (12)

M (q) =

⎡⎢⎢⎢⎢⎢⎢⎣

M11 M12 M13 M14

M12 M22 M23 M24

M13 M32 M33 M34

M14 M42 M43 M44

⎤⎥⎥⎥⎥⎥⎥⎦
, (13)

C (q, q̇) =

⎡⎢⎢⎢⎢⎢⎣

0 0 C13 C14

0 0 C23 C24

0 0 C33 C34

0 0 C43 C44

⎤⎥⎥⎥⎥⎥⎦
, (14)

D =

⎡⎢⎢⎢⎣
Dx 0 0 0
0 Dy 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦, (15)

G (q) =

⎡⎢⎢⎢⎢⎢⎣

0

0

mgl sin 𝜃x cos 𝜃y

mgl cos 𝜃x sin 𝜃y

⎤⎥⎥⎥⎥⎥⎦
, (16)

and

F = [ fx fy]
T . (17)

Readers may refer to the Appendix for details. Combining
C (q, q̇) and D into C̄ (q, q̇), (11) can be simplified as follows:

M (q)q̈ + C̄ (q, q̇)q̇ + G (q) = F, (18)

where

C̄ (q, q̇) =

⎡⎢⎢⎢⎢⎢⎣

Dx 0 C13 C14

0 Dy C23 C24

0 0 C33 C34

0 0 C43 C44

⎤⎥⎥⎥⎥⎥⎦
. (19)

3 DESIGN OF HIERARCHICAL
GLOBAL FAST TERMINAL
SLIDING-MODE CONTROLLER

The crane model given in (7)–(10) represents an under-actuated
system. Generally speaking, the control of under-actuated sys-
tems is inconvenient compared with fully actuated ones. In this
work, an H-GFTSMC method is used to address this problem.
For under-actuated systems, the basic idea of the H-GFTSMC
method is to divide the actuated and the under-actuated parts of
the system into different sub-systems, and then design the lower
layer sub-sliding surfaces and construct the total sliding surface
of the upper layer surface, as shown in Figure 2. According to
the sliding surfaces of the lower layer, the equivalent input in
the sense of Filippov [34] is obtained, and the switching func-
tion is obtained using the feedback function [35] for the sliding
surface of the upper layer. After the integration of the equiva-
lent input terms and the switching control function term, the
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FIGURE 2 Schematic diagram of two-layer hierarchical SMC

total system input that can ensure the stability of the overall
sliding surface can be obtained. The details are discussed in the
following.

3.1 Selection of target trajectory

In order to realise the stable control of the bridge crane system,
a smooth s-shaped curve is used for the track of the vehicle. The
target trajectory of the trolley investigated by Fang et al. [36] is
employed in this work, i.e.

xd =
Pdx

2
+

k2
vx

4kax
ln(cosh(2kaxt∕kvx − 𝜀x )

∕ cosh(2kaxt∕kvx − 𝜀x − 2Pdxkax∕k2
vx )),

yd =
Pdy

2
+

k2
vy

4kay
ln(cosh(2kayt∕kvy − 𝜀y )

∕ cosh(2kayt∕kvy − 𝜀y − 2Pdykay∕k2
vy )),

(20)

where t is the time and xd and yd are target trajectory of x and y

directions, respectively; similarly, Pdx and Pdy are target positions
of the vehicle, kvx and kvy are maximum speeds of the vehicle,
kax and kay are maximum accelerations of the vehicle and 𝜀x and
𝜀y are initial acceleration parameters of the vehicle.

3.2 Error dynamics

The target values of the swing angles 𝜃x and 𝜃y are set as 0. The
desired system state is given as

qd =
[

xd yd 0 0
]T
. (21)

The dynamic equation for the errors is given by

M (q)(q̈ − q̈d ) + C̄ (q, q̇)(q̇ − q̇d )

=F − G (q) − M (q)q̈d − C̄ (q, q̇)q̇d .

(22)

Denote

e = q − qd ,

=
[

x − xd y − yd 𝜃x 𝜃y

]T
,

=
[

ex ey e𝜃x
e𝜃y

]T
,

(23)

U = F − G (q) − M (q)q̈d − C̄ (q, q̇)q̇d ,

=
[
𝜎x 𝜎y 𝜎𝜃x

𝜎𝜃y

]T
,

(24)

where

𝜎x = fx − (Mx + m)ẍd − Dxẋd ,

𝜎y = fy − (My + m)ÿd − Dyẏd ,

𝜎𝜃x
= −mgl sin 𝜃x cos 𝜃y − mẍd l cos 𝜃x cos 𝜃y,

𝜎𝜃y
= −mgl cos 𝜃x sin 𝜃y + mẍd l sin 𝜃x sin 𝜃y

− mÿd l cos 𝜃y.

(25)

By using (23)–(25), (18) can be written as

M (q)ë + C̄ (q, q̇)ė = U . (26)

3.3 Hierarchical global fast terminal
sliding-mode controller design

The error dynamics of the bridge crane system in (26) can be
reformulated as

ë = M−1(q)[U − C̄ (q, q̇)ė]. (27)

For convenience in analysis, two variables, viz. the displacement
and the angle errors, are defined as

ep =
[

ex ey

]T
, e𝜃 =

[
e𝜃x

e𝜃y

]T
. (28)

The sliding surface of the lower layer is then designed for the
displacement error of the vehicle and the swing angle error of
the cargo

S1 = ėp + H1ep + 𝛼

⎡⎢⎢⎣
e
n∕p
x

e
n∕p
y

⎤⎥⎥⎦ =
[

S1x

S1y

]
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=

⎡⎢⎢⎣
ėx + h1xex + 𝛼e

n∕p
x

ėy + h1yey + 𝛼e
n∕p
y

⎤⎥⎥⎦,

S2 = ė𝜃 + H2e𝜃 + 𝛽

⎡⎢⎢⎣
e
n∕p

𝜃x

e
n∕p

𝜃y

⎤⎥⎥⎦ =
[

S2𝜃x

S2𝜃y

]

=

⎡⎢⎢⎣
ė𝜃x

+ h2𝜃x
e𝜃x

+ 𝛽e
n∕p

𝜃x

ė𝜃y
+ h2𝜃y

e𝜃y
+ 𝛽e

n∕p

𝜃y

⎤⎥⎥⎦, (29)

where H1 = [
h1x 0
0 h1y

], H2 = [
h2𝜃x

0
0 h2𝜃y

], and the parameters 𝛼,

𝛽, h1x , h1y, h2𝜃x
and h2𝜃y

are all positive constants; S1x , S1y and
S2𝜃x

, S2𝜃y
are the sub-sliding surfaces of the displacement and

the swing angle in the x and y directions, respectively, and n and
p are odd numbers satisfying 0 < n < p.

The upper layer total sliding surface is defined as

S = I1S1 + I2S2 =

[
Sx

Sy

]
=

[
i1xS1x + i2𝜃x

S2𝜃x

i1yS1y + i2𝜃y
S2𝜃y

]
, (30)

where I1 = [
i1x 0
0 i1y

], I2 = [
i2𝜃x

0
0 i2𝜃y

], and parameters i1x , i1y, i2𝜃x

and i2𝜃y
are all positive constants; Sx and Sy denote the compo-

nents of S in the x and y directions, respectively.
According to the Filippov equivalence theory [37], one has

Ṡ1 =ëp + H1 ėp + 𝛼(n∕p)

[
e
n∕p−1
x 0

0 e
n∕p−1
y

]
ėp

=ëp + H̄1 ėp = 0,

Ṡ2 =ë𝜃 + H2 ė𝜃 + 𝛽(n∕p)
⎡⎢⎢⎣

e
n∕p−1
𝜃x

0

0 e
n∕p−1
𝜃y

⎤⎥⎥⎦ė𝜃

=ë𝜃 + H̄2 ė𝜃 = 0,

(31)

where H̄1 = H1 + 𝛼(n∕p)[
e
n∕p−1
x 0

0 e
n∕p−1
y

], H̄2 = H2 +

𝛽(n∕p)[
e
n∕p−1
𝜃x

0

0 e
n∕p−1
𝜃y

].

For the convenience of the subsequent derivation process,
(27) is changed into the following form:

ëp = A1(e) + B1(e)U =

[
ëx

ëy

]
=

[
A1x (e) + B1x (e)U
A1y (e) + B1y (e)U

]
,

ë𝜃 = A2(e) + B2(e)U =

[
ë𝜃x

ë𝜃y

]
=

[
A2x (e) + B2x (e)U
A2y (e) + B2y (e)U

]
,

(32)

where [
A1(e)
A2(e)

] = [−M−1(q)C̄ (q, q̇)ė] ,[
B1(e)
B2(e)

] = [M−1(q)] and

A1(e) = [
A1x (e)
A1y (e)

], A2(e) = [
A2x (e)
A2y (e)

] are matrices with the size

2 × 1, while B1(e) = [
B1x (e)
B1y (e)

], B2(e) = [
B2x (e)
B2y (e)

] are matrices

with the size 2 × 4.
Substituting (32) into (31), the two equivalent outputs can be

obtained

Ueqp = −B−1
1 (e)[H̄1 ėp + A1(e)],

Ueq𝜃 = −B−1
2 (e)[H̄2 ė𝜃 + A2(e)],

(33)

where B−1
1 (e) and B−1

2 (e) are left pseudo-inverse matrices of
B1(e) and B2(e), respectively, the dimensionalities of which are
both 4 × 2.

For an under-actuated control system, it is necessary to make
each sub-sliding surface stable in order to stabilised the closed-
loop system. To this end, we consider the following control
input:

𝜎total = 𝜎1 + 𝜎2 + 𝜎sw, (34)

where 𝜎total = U , 𝜎1 = Ueqp, 𝜎2 = Ueq𝜃 and 𝜎sw is the switch
term defined as

𝜎sw = − (I1B1(e) + I2B2(e))−1[I2B2(e)𝜎1

+ I1B1(e)𝜎2 +WS + K sgn(S )],
(35)

where W = [
𝜔3x 0

0 𝜔3y
], K = [

k4x 0
0 k4y

], and the parameters

𝜔3x , 𝜔3y, k4𝜃x
and k4𝜃y

are all positive constants.
Hence, one has

U =𝜎total = 𝜎1 + 𝜎2 + 𝜎sw

=(I1B1(e) + I2B2(e))−1[I1B1(e)𝜎1 + I2B2(e)𝜎2

−WS − K sgn(S )],

(36)

which further results in the following inputs, as shown in (16):

fx = 𝜎x + (Mx + m)ẍd + Dxẋd ,

fy = 𝜎y + (My + m)ÿd + Dyẏd .
(37)

4 STABILITY ANALYSIS

The stability of the hierarchical sliding-mode system can be
proven only if all sliding surfaces are guaranteed to be stable.
The stability analysis of the total sliding surface and sub-sliding
surfaces is shown in this section.
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4.1 Stability of the total sliding surface

Theorem 1. Consider the system (7)–(10) and the sliding-mode surfaces

(29), (30) with the proposed H-GFTSMC law (36), S converges to 0 when

t goes to infinity, that is lim
t→∞

S = 0.

Proof. A positive-definite Lyapunov function is defined as V =

S T S∕2. Taking the time derivative of both sides of the Lya-
punov function, one has

V̇ =S T Ṡ

=S T (I1Ṡ1 + I2Ṡ2)

=S T [I1(ëp + H̄1 ėp) + I2(ë𝜃 + H̄2 ė𝜃 )]

=S T [I1(A1(e) + B1(e)U + H̄1 ėp)

+ I2(A2(e) + B2(e)U + H̄2 ė𝜃 )].

(38)

Substituting (33) and (34) into (38), we obtain

V̇ = S T [I1(H̄1 ėp + A1(e) − (H̄1 ėp + A1(e))

+B1(e)(𝜎2 + 𝜎sw)) + I2(H̄2 ė𝜃 + A2(e)

−(H̄2 ė𝜃 + A2(e)) + B2(e)(𝜎1 + 𝜎sw))].

(39)

By substituting (35) into (39), it can be derived that

V̇ = S T [−WS − K sgn(S )]

= −S T WS − S T K sgn(S ) ≤ 0.
(40)

The equal sign holds if and only if S = 0. Since V =
1

2
S T S ≥

0 and the inequality (40) is satisfied, the total sliding surface is
asymptotic stable in the sense of Lyapunov, which guarantees
that S converges to 0 as time goes to infinity. □

4.2 Stability of the sub-sliding surfaces

The stability analysis of sub-sliding surfaces is given in the fol-
lowing. Note that S can be divided into two components, viz.,
Sx and Sy., which accounts for x and y directions, respectively.
These two parts share similar kinematic structures and con-
troller design strategies. The following Lyapunov functions are
further proposed on this basis:

Vi =
1
2

S 2
i (i ∈ {x, y}). (41)

In the following, the sliding surfaces in the x direction is
mainly discussed.

From Section 4.1, we have known that Vx =
1

2
S 2

x ≥ 0, and

V̇x = −w3xS 2
x − k4x|Sx| ≤ 0. Hence, we have

∫
t

0
V̇xd𝜎 = ∫

t

0
−𝜔3xS 2

x − k4x|Sx|d𝜎, (42)

which renders that

0 <Vx (t )=
1
2

S 2
x

=Vx (0) + ∫
∞

0
−𝜔3xS 2

x − k4x|Sx|d𝜎 ≤ Vx (0) < ∞.

(43)

Thus, Sx ∈ L∞, i.e. sup
t≥0

|Sx| = ||Sx||∞ < ∞. Meanwhile, we

have known that V̇x = Sx Ṡx = −w3xS 2
x − k4x|Sx| < ∞, so

̇Sx ∈ L∞, that is sup
t≥0

| ̇Sx| = || ̇Sx||∞ < ∞. Similarly, for the

y direction, it holds sup
t≥0

|Sy| = ||Sy||∞ < ∞ and sup
t≥0

|Ṡy| =||Ṡy||∞ < ∞.
Inequality (43) reveals that

∫
∞

0
𝜔3xS 2

x + k4x|Sx|d𝜎 ≤ Vx (0) < ∞. (44)

Since the sum of two positive terms is less than infinity in the
above inequality, neither of the two terms goes to infinity. In
other words, we have ∫ ∞

0
|Sx|d𝜎 < ∞ and ∫ ∞

0
S 2

x d𝜎 < ∞, that
is Sx ∈ L1 and Sx ∈ L2. Similarly, it holds Sy ∈ L1 and Sy ∈ L2.

Represent (32) as the following state-space model, which
mainly involves variables corresponding to the x direction:

⎧⎪⎨⎪⎩
ẋ1 = x2,

ẋ2 = ëx = A1x (e) + B1x (e)U ,

ẋ3 = x4,

ẋ4 = ë𝜃x
= A2x (e) + B2x (e)U .

(45)

Note that for a practical crane system, the displacement and
speed of the cart, the angle and angular velocity of the cargo,
cannot be infinity. Hence, we proposed the following assump-
tions.

(i) All states are bounded, that is ‖X ‖∞ ≤
max(|x1|, |x2|, |x3|, |x4|) < ∞.

(ii) 0 ≤ max(|A1x (e)|, |A2x (e)|) ≤ Λ, where Λ is a finite posi-
tive constant.

(iii) B1x (e) and B2𝜃x
(e) are matrices determined by system

parameters, whose elements are bounded. The matrix con-
sisting of the maximum value of each item is BM .

(iv) U is a matrix related to motor characteristics, whose ele-
ments are bounded. The matrix consisting of the maximum
value of each item is UM .

Theorem 2. Consider the system (7)–(10) and the sliding-mode sur-

faces (29), (30) with the proposed H-GFTSMC law (36) and the above
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assumptions, S1x and S2𝜃x
converge to 0 when t goes to infinity, that is

lim
t→∞

S1x = 0, lim
t→∞

S2𝜃x
= 0.

Proof. From (29), it is known that

|S1x| = |||ėx + h1xex + 𝛼e
n∕p
x

|||
≤ |ėx| + |h1xex| + |||𝛼e

n∕p
x

|||
≤ ‖X ‖∞ + h1x‖X ‖∞ + 𝛼‖X ‖n∕p

∞ < ∞.

(46)

Similarly, it can be derived that |S2𝜃x
| < ∞. Hence, S1x ∈ L∞

and S2𝜃x
∈ L∞.

From (31), one has

||Ṡ1x
|| = |||ëx + h1x ėx + 𝛼(n∕p)e

n∕p−1
x ⋅ ėx

|||
=
|||h1x ėx + 𝛼(n∕p)e

n∕p−1
x ⋅ ėx + A1x (e) + B1x (e)U |||

≤ |h1x ėx| + |||𝛼(n∕p)e
n∕p−1
x

||||ėx| + ||A1x (e)|| + ||B1x (e)U ||
≤ h1x‖X ‖∞ + 𝛼(n∕p)‖X ‖n∕p

∞ + Λ + BM ⋅UM < ∞.

(47)

Similarly, it holds |Ṡ2𝜃x
| < ∞. Thus, Ṡ1x ∈ L∞ and Ṡ2𝜃x

∈ L∞.
During the deriving process of H-GFTSMC, the value of i1x

does not affect the stability of the system. A new sliding surface
Ŝx is introduced as

Ŝx = î1xS1x + i2𝜃x
S2𝜃x

, (48)

where î1x is a positive constant and î1x ≠ i1x . So Ŝx ≠ Sx . We
also assume that 0 < ∫ ∞

0
Ŝ 2

x d𝜎 ≤ ∫ ∞

0
S 2

x d𝜎 < ∞.
It is easy to derive that

0 <∫
∞

0
S 2

x − Ŝ 2
x d𝜎

=∫
∞

0
(i2

1x
− î2

1x
)S 2

1x
+ 2(i1x − î1x )S1x i2𝜃x

S2𝜃x
d𝜎 < ∞.

(49)

Substituting (30) into the above inequality, one has

∫
∞

0
S 2

x − Ŝ 2
x d𝜎

=∫
∞

0
(i2

1x
− î2

1x
)S 2

1x
+ 2(i1x − î1x )S1x (Sx − i1xS1x )d𝜎

=∫
∞

0
−(i1x − î1x )2S 2

1x
d𝜎 + ∫

∞

0
2(i1x − î1x )S1xSxd𝜎 > 0,

(50)

which implies that

∫
∞

0
(i1x − î1x )

2
S 2

1x
d𝜎 < ∫

∞

0
2(i1x − î1x )S1xSxd𝜎

≤∫
∞

0
|2(i1x − î1x )S1xSx|d𝜎

≤2|(i1x − î1x )|∫ ∞

0
‖S1x‖∞|Sx|d𝜎

≤2|(i1x − î1x )| ⋅ ‖S1x‖∞ ⋅ ||Sx||1 < ∞.

(51)

Hence, it holds S1x ∈ L2. In a similar way, it can be derived
that S2𝜃x

∈ L2. At this point, we have proved that S1x ∈ L∞,
S2𝜃x

∈ L∞, Ṡ1x ∈ L∞, Ṡ2𝜃x
∈ L∞ and S1x ∈ L2, S2𝜃x

∈ L2;
according to Barbalat’s lemma [38], it holds that lim

t→∞
S1x = 0

and lim
t→∞

S2𝜃x
= 0. The proof is thus complete. □

In a similar way, one can derive that S1y ∈ L∞, S2𝜃y
∈ L∞,

Ṡ1y ∈ L∞, Ṡ2𝜃y
∈ L∞ and S1y ∈ L2, S2𝜃y

∈ L2, which render
lim

t→∞
S1y = 0 and lim

t→∞
S2𝜃y

= 0.

According to [39], the reaching time of the sub-sliding sur-
faces is given by the following equations:

tsi =
n

h1i (n−p)
ln

h1i ei (0)(n−p)∕n+𝛼

𝛼
,

ts𝜃i
=

n

h2𝜃i
(n−p)

ln
h2𝜃i

e𝜃i
(0)(n−p)∕n+𝛽

𝛽
,

(52)

where i ∈ {x, y}, and tsi and ts𝜃i
are the reaching time of the dis-

placement sliding surface and the swing angle sliding surface,
respectively (max{tsi , ts𝜃i

} ≤ ts ).
In summary, this section proves the asymptotic stability of all

sliding surfaces of the system and shows that the controller can
drive the system to the sliding surface in finite time and finally
stabilise at the target position.

Remark 1. Generally speaking, the adjustment methods of
sliding-mode parameters are mostly trial and error [40–42].
For the hierarchical sliding-mode system, the parameters of
the lower sliding functions are generally considered first. After
adjusting the parameters of the lower sliding functions, the
upper sliding-mode parameters are adjusted, while the lower
sliding-mode parameters are fine-tuned [43]. Although the con-
sidered system in (7)–(10) is an ideal system, the value of K

still has a certain degree of robustness. If the upper and lower
bounds of the disturbance are known, we can use the method
mentioned in [44] to solve the range of K .

Remark 2. The proposed approach can be further improved
by considering some latest research achievements. For exam-
ple, extend the result to stochastic systems, as shown in [45].
When limited communication resources are available, one could
consider event-triggered strategy in the design [46, 47], in which
cases the system state may be updated only when it is necessary.
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5 SIMULATIONS

Several simulations have been undertaken to verify the control
effect of the proposed controller. Simulation 1 shows the con-
trol performance of the proposed controller, and it is compared
with PID in simulation 2. In simulation 3, the cable length was
changed to demonstrate the robustness of the control method.
In simulation 4, white noise was added to the proposed con-
troller and compared with PID as well. The controller parame-
ters used in the simulations are selected as

H1 =

[
0.8 0
0 0.8

]
, H2 =

[
0.4 0
0 0.016

]
,

I1 =

[
9 0
0 84

]
, I2 =

[
12 0
0 110

]
,

W =

[
10 0
0 50

]
, K =

[
0.03 0

0 0.028

]
.

(53)

The related parameters are given by g = 9.81 m∕s2, m =

30 kg, Mx = 1440 kg, My = 110 kg, Dx = 480 kg/s, Dy =

40 kg/s, Pdx = 50 m, Pdy = 20 m, kax = 0.25 m∕s2, kay =

0.08 m∕s2, kvx = 1.05 m/s, kvy = 0.53 m/s, 𝜀x = 𝜀y = 2.5, l =

10 m, 𝛼 = 1, 𝛽 = 0.5, n = 1, p = 5. In the simulations, the ini-
tial system state is (x0, y0, 𝜃x0, 𝜃y0) = (0, 0, 0, 0), while the target
state is set as (xd , yd , 𝜃xd , 𝜃yd ) = (50, 20, 0, 0).

5.1 Control performance of H-GFTSMC

The simulation results are discussed in the following. The track
of the trolley and the swing angle diagram of the cargo is illus-
trated in Figure 3. It can be seen in Figure 3(a) and (c) that
the displacement trajectory of the vehicle is basically consistent
with the target trajectory. It can also been in Figure 3(b) that the
swing angle of the cargo has almost no swing outside the start
and stop time. When the crane starts, the angle of the pendu-
lum in the x direction reaches its maximum value of −0.06 rad
in about 5 s. Meanwhile, the angle of the pendulum in the y

direction reaches the maximum value of −0.018 rad in about
9 s. When the crane stops, the angles in x and y directions reach
the maximum value of 0.058 and 0.019 rad in about 54 and 48 s,
respectively. Outside these two time periods, the angle decays
rapidly to zero. Under the control of H-GFTSMC, the displace-
ment tracking of the trolley is good, and the pendulum angles in
both x and y directions are limited to a small range. The driving
force is demonstrated in Figure 3(d), which reveals that high-
frequency chattering occurs during the starting and stopping
periods. It is worth mentioning that reducing the value of k4x

and k4y can mitigate this phenomenon, but is not able to elimi-
nate it.

All the sliding surfaces of the entire system are shown in Fig-
ure 4, where Figure 4(a) and (b) shows the displacement depen-
dent sub-sliding surface and the pendulum-angle-dependent
sub-sliding surface, respectively. During the process of starting
and stopping of the bridge crane system, each sub-sliding

surface will fluctuate, but it will converge to 0 soon. It can be
seen from Figure 4(a) and (b) that the two sub-sliding surfaces
enter the sliding-mode movement soon after the simulation
starts and then stabilise near the designed sliding surface. It
can be seen from Figure 4(c) that the total sliding surface
of the system is stable near 0 except for the start and stop
phases. Hence, the simulation results show the effectiveness
of the designed hierarchical global fast terminal sliding-mode
controller.

5.2 Performance comparison with a PID
controller

So as to show the superiority of the proposed control method,
its control performance is compared with the traditional PID
control method, and the simulation results are as follows.

Because of the controller design process of the vehicle in x

and y directions is the same, the motion in the x direction is
analysed separately with PID.

Figure 5 shows the comparison of control performance of
cart under H-GFTSMC and PID controllers. It can be seen
from Figure 5(a) that the performance of trajectory tracking
under the H-GFTSMC is excellent. The cart basically runs along
the planned trajectory, and there is almost no overshooting
when it stops. However, under the traditional PID control, the
responding speed of cart is slow, and certain overshoot occurs
when stopping. In Figure 5(b), the cargo swings slightly at start
and stop, and returns to 0 rapidly in the rest of the time. In con-
trast, the pendulum angle under the PID control is slightly lower
than that under the H-GFTSMC control, but there is always a
certain pendulum angle during the operation process. There-
fore, the H-GFTSMC method has obvious advantages com-
pared with the traditional PID control method.

5.3 Robustness with respect to cable
lengths and additive white noises

Next, the controller robustness is simulated and analysed. The
robustness is verified by changing the length of the hanging
cable. Figures 6 and 7 show the simulation results of increasing
and decreasing the length of hoisting cable, respectively.

The cable length of the controller is set to 10 m; on the other
side, the actual cable length is set to be 5 and 15 m.

Comparing Figures 3(a) and 6(a) shows that the curve fluctu-
ation in Figure 6(a) does not increase significantly. Even if the
cable length is shortened, the controller can still obtain a bet-
ter displacement tracking performance. From Figures 3(b) and
6(b), there is no significant swing amplitude change in the swing
angle of the cargo, and the anti-swing control performance is
still good. Therefore, when the cable length is shortened, the
control performance of the controller is still considerable.

When the cable length is increased, the displacement tracking
performance is good, with no large tracking error, as shown in
Figures 3(a) and 7(a). However, there are some problems with
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FIGURE 3 Control performance of the proposed method. (a) The trolley trajectory and its reference signal. (b) The angular of the cargo suspended in the x

and y directions. (c) Top view of the vehicle spatial displacement. (d) Driving forces in x and y directions

the angle. As shown in Figure 7(b), when the crane starts and
stops, the pendulum angle has some small fluctuations and is
unable to return to 0 quickly.

All above simulations are conducted under the ideal condi-
tions. Due to issues such as sensor accuracy, there must be a lot

of noise that cannot be ignored. Therefore, on the basis of sim-
ulations 1 and 2, Gaussian white noise is added to the feedback
collected by the system to verify the robustness of the proposed
control method in the presence of interference. The simulation
results are shown in Figure 8.
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FIGURE 4 All sliding-mode surfaces. (a) The sub-sliding surface of the displacement-dependent sub-system. (b) Sub-sliding surface of the sub-system related
to the pendulum angle. (c) Total sliding surface of the whole system

It can be seen from Figure 8(a) that the trajectory of the cart
and the ideal trajectory almost coincide. We further compare
the proposed H-GFTSMC with the PID control strategy pre-
sented in Section 5.2. White noise is added to the system to ver-
ify the robustness of various control methods. As shown in Fig-
ure 7, the swing angle amplitude using H-GFTSMC is relatively
small. Besides, the proposed approach outperforms the PID
controller with respect to the trajectory tracking. H-GFTSMC
renders small oscillations around the target trajectory, while the
PID controller leads to a large deviation.

6 CONCLUSION

This paper proposes an H-GFTSMC to handle the prob-
lem of large cargo swing during the operation of the bridge

crane system. First, the Lagrangian dynamic modelling of the
bridge crane system is conducted. Then, the hierarchical global
fast terminal sliding-mode controller is designed according to
the under-actuated characteristics of the system. The stabil-
ity of the proposed controller is verified, and it is proved
that all sliding surfaces of the controller can reach the stable
state in a limited time. Finally, the simulation results demon-
strate that the controller has better restraining performance
on the swing angle of the cargo compared with PID, and the
controller still has good robustness when the cable length is
changed. Moreover, the performance of the controller is still
excellent even when the feedback signal contains noise. In
our future work, we will improve the proposed H-GFTSMC
strategy by considering event-trigging mechanisms, which can
be employed for applications with limited communication
resources.
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FIGURE 5 (a) Comparison of the displacement. (b) Comparison of the angles

FIGURE 6 The performance of shortening the length of hanging cable on the (a) displacement and (b) angles



826 YANG ET AL.

FIGURE 7 The performance of increasing the length of hanging cable on the (a) displacement and (b) angles

FIGURE 8 The comparisons between H-GFTSMC and PID on adding white noise: (a) displacement and (b) angles
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APPENDIX

The Parameters in (12)

M11 = Mx + m M12 = 0

M13 = ml cos 𝜃x cos 𝜃y M14 = −ml sin 𝜃x sin 𝜃y

M21 = 0 M22 = My + m

M23 = 0 M24 = ml cos 𝜃y

M31 = ml cos 𝜃x cos 𝜃y M32 = 0

M33 = ml 2cos2𝜃y M34 = 0

M41 = −ml sin 𝜃x sin 𝜃y M42 = ml cos 𝜃y

M43 = 0 M44 = ml 2

C13 = −ml sin 𝜃x cos 𝜃y𝜃̇x − ml cos 𝜃x sin 𝜃y𝜃̇y

C14 = −ml cos 𝜃x sin 𝜃y𝜃̇x − ml sin 𝜃x cos 𝜃y𝜃̇y

C23 = 0

C24 = −ml sin 𝜃y𝜃̇y

C33 = −ml 2 sin 𝜃y cos 𝜃y𝜃̇y

C34 = −ml 2 sin 𝜃y cos 𝜃y𝜃̇x

C43 = ml 2 cos 𝜃y sin 𝜃y𝜃̇x

C44 = 0.
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