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Abstract

We consider properties of semi-classical orthogonal polynomials with respect to the generalised
Airy weight )
w(z;t,A) = 2™ exp (—%xd—ktx) , zeRT
with parameters A > —1 and ¢ € R. We also investigate the zeros and recurrence coefficients of the
polynomials. The generalised sextic Freud weight

w(z;t, A) = |z exp (fx(’. + tx2) , zeR

arises from a symmetrisation of the generalised Airy weight and we study analogous properties of the
polynomials orthogonal with respect to this weight.

1 Introduction

Suppose P, (z), for n € N, is a sequence of classical orthogonal polynomials (such as Hermite, Laguerre
and Jacobi polynomials), then P, (z) is a solution of a second-order ordinary differential equation of the

form
d2 Pﬂ,

dz?
where o(z) is a monic polynomial with deg(c) < 2, 7(x) is a polynomial with deg(r) = 1, and ), is a
real number which depends on the degree of the polynomial solution, see Bochner [5]. Equivalently,
the weights of classical orthogonal polynomials satisfy a first-order ordinary differential equation, the
Pearson equation

dp,
() o = nbn (1.1)

o(z)

—lo(@)w(z)] = 7(2)w(z) (1.2)

with o(z) and 7(x) the same polynomials as in (1.1), see, for example [1, 5, 8].
For semi-classical orthogonal polynomials, the weight function w(x) satisfies the Pearson equation
(1.2) with either deg(o) > 2 or deg(7) # 1 (cf. [17, 24]). For example, the generalised Airy weight

w(x;t, \) = ) exp (—%x?’ + tac) , (1.3)



with parameters A > —1 and ¢ € R, satisfies the Pearson equation (1.2) with
o(x) ==, 7(z) = -3 +tr + A+ 1
and the generalised sextic Freud weight
w(z;t,\) = |z[* L exp (—xﬁ + txz) , reR (1.4)
with A > —1 and ¢ € R parameters, satisfies (1.2) with
o(x) ==, 7(z) = 2\ + 2 + 2tz? — 62°.
Orthogonal polynomials associated with the exponential cubic weight
w(z) = exp(—z?), zeC (1.5)

where C a contour in the complex plane, were investigated in [14, 23, 31], while the semiclassical
weight
w(x;t) = exp (—%zg’ + tz) , xeC (1.6)

with ¢ € R and C is a contour in the complex plane, was discussed in [2, 3, 4, 9, 13, 14, 22]. These
studies of the weights (1.5) and (1.6) are for contours in the complex plane. In contrast, in this paper,
we study orthogonal polynomials associated with an exponential cubic weight on the positive real axis.

We are concerned with semi-classsical orthogonal polynomials associated with the generalised Airy
weight (1.3) as well as generalised sextic Freud polynomials associated with the weight function (1.4)
that arise from a symmetrisation of generalised Airy polynomials. In §3 we consider some properties
of generalised Airy polynomials, their recurrence coefficients and their zeros. In §3.4 we consider the
recurrence coefficients of polynomials orthogonal with respect to (1.3) and correct some of the results
in Wang et al. [33]. Properties of generalised sextic Freud polynomials and their zeros are considered
in §4. These polynomials were also investigated in [11, 32] and we correct one of the results in [32] in
§4.1.

2 Orthogonal polynomials

Let i be a positive Borel measure with support S defined on R for which moments of all orders exist,
that is

Lhn, z/x"du(x), n=20,1,2.... (2.1)
5
When the sequence {u, },>0 is positive, that is for all n € {0, 1,2, ..} the Hankel determinant
Ho H1 o oo fn—1
H1 p2oo- Hn
Ap, = . . . ) n=>1 (2.2)
Hn—1 Hn ... H2p—2

is positive, the family of monic polynomials

Ho M1 Hn
M1 M2 oo fingl
n A” . . . .
Hn—1 Hn .. H2p—1
1 T ... z"

is orthogonal with respect to the measure 1 on its support, i.e.
/ P (2) P, (z) dp(z) = hndm n, h, >0
s
where §,, , denotes the Kronecker delta. The sequence { P, (z)}>2, satisfies the three-term recurrence

relation
xP,(z) = Poy1(z) + an P (z) + BrnPu-1(x) (2.3)



with initial conditions P_;(z) = 0 and Py(z) = 1 and where

_ 1 2 _ AnflAnJrl
oy = H/SxPn (x)dp(x), Brn = A2 > 0. (2.4)

Additional information about orthogonal polynomials can be found in, for example, [8, 18, 30].
Now suppose that the measure is absolutely continuous and has the form

dp(z) = w(z;t, \) dz

where
w(w;t, \) = 2 wo(2) exp(at), r € RT, A>-—1 (2.5)

with finite moments for all ¢ € R, which is the case for the generalised Airy weight (1.3). If the weight
has the form (2.5), which depends on the parameters ¢ and ), then the orthogonal polynomials P,, the
recurrence coefficients «,, 3, given by (2.4), the determinant A,, given by (2.2) and the moments
given by (2.1) are now functions of ¢t and \. Specifically, in this case then

0 k 00 k .
e (t; ) = / 2F A0 () exp(at) do = d—k (/ 2 wo(z) exp(xt) dx) = d/loi(kt,)\). (2.6)
0 dt 0 dt”

Further, the recurrence relation has the form
TPp(x;t,N) = Prp1 (x5t N) 4+ an (6 N) Po(2; 8, A) 4+ Bn(t; N) Po—1 (258, A) 2.7
where we have explicitly indicated that the coefficients «, (¢; ) and §,,(¢; \) depend on ¢ and A.

Theorem 2.1. If the weight has the form (2.5), then the determinant A, (t;\) given by (2.2) can be
written as

d/l,() dnilll,()
ALt N) = S, — . 2.8

where W(p1, @2, ..., pn) is the Wronskian given by

O
#1 P2 e ©n *) qu,j
W(%O17<P2a---7§0n): . . . . R 5 =—=.
: : .. : dt
(pgn—l) (2n—1) o Qﬁrgﬂ_l)
Proof. See, for example, [10, Theorem 2.1] O

The Hankel determinant A, (¢; \) satisfies the Toda equation, as shown in the following theorem.

Theorem 2.2. The Hankel determinant A, (t; \) given by (2.8) satisfies the Toda equation

d2 Anfl(t' )\)An+1(t )\)
— InA, (N = : :
gz A BN AZ(t )
Proof. See, for example, Nakamira and Zhedanov [26, Proposition 1]; also [7]. O

Using Theorems 2.1 and 2.2, we can express the recurrence coefficients «,,(¢; A) and 3, (¢; A) in
terms of derivatives of the Hankel determinant A, (¢; \) and so obtain explicit expressions for these
coefficients.

Theorem 2.3. The coefficients o, (t; \) and B, (t; A) in the recurrence relation (2.7) associated with monic
polynomials orthogonal with respect to a weight of the form (2.5) are given by

_ il A7l+1(t; A) d2

an(t; \) = a nm, Bn(t; N) = Plnﬁn(t A)

with A, (t; \) is the Hankel determinant given by (2.8).



Proof. See Chen and Ismail [7]. O

Additionally the coefficients o, (¢; ) and 3, (¢; A) in the recurrence relation (2.7) satisfy a Toda sys-
tem.

Theorem 2.4. The coefficients «,,(t; ) and 5, (t; \) in the recurrence relation (2.7) associated with a
weight of the form (2.5) satisfy the Toda system

da, B,
F—Bn-‘rl_ﬁna dt —Bn(an_an—l)-

Proof. See Chen and Ismail [7], Ismail [18, §2.8, p. 41]; see also [15] for further details. O

3 Generalised Airy polynomials

In this section we are concerned with the generalised Airy weight (1.3) and the polynomials orthogonal
with respect to this weight.

Lemma 3.1. For the generalised Airy weight (1.3), the first moment is given by

o)
po(t; \) = / a2 exp (—i2® +tz) d
0

=307DBPAN+ D) RGN+ L4, 218 + 3073 D(AN+ 2) 1 B(a + 25 2,4 1%
+33VEETEN+1) 1 B3N+ 14, 536 3.1)

where 1F5(a1;b1,ba; 2) is the generalised hypergeometric function. Further, o(t) = po(t; \) satisfies the
third order equation

Proof. See[11, Lemma 3.1]. O
Remark 3.2.
1. If A = —1 then the first moment is given by

po(t; —3) = / Y2 exp (f%zd +tz) dz = 73227131 A2 () + Bi?(7)], T =2"%/3%
0

where Ai(7) and Bi(7) are the Airy functions. This result is equation 9.11.4 in the DLMF [27],
which is due to Muldoon [25, p32].

2. For the generalised Airy weight (1.3) the k-th moment is given by
(oo}
we(t; \) = / 2 Fexp (—32® +ta) do = po(t, A\ + k)
0

which, using (2.6), implies that
d* o
dt*
From Theorem 2.3, we have the following representations of «,(¢; \) and 53,,(¢; A).

= IuO(tv A + k)

Theorem 3.3. The coefficients v, (t; \) and B,,(t; \) in the recurrence relation (2.7) associated with monic
polynomials orthogonal with respect to the generalised Airy weight (1.3) are given by
d Apii(tA)

an(t; ) = —1n

d2
= LGN = —InAy(t A
dt An(t,A) 9 B ( ) dt2 n ( )

where A, (t; \) is the Hankel determinant given by

dpo d™ g
Ap(t; N) = Sy ey
( ) w (MO dt dtn71

with po(t; A) given by (3.1).



3.1 Differential and discrete equations satisfied by generalised Airy poly-
nomials

We derive a differential-difference equation, a differential equation and a mixed recurrence relation
satisfied by generalised Airy polynomials.
The coefficients A,, () and B,,(z) in the relation

dP,

I (38, ) = Bn(t; N An(2)Pr—1(x;t, \) — By(x) P (x;t, M) 3.2)

satisfied by semi-classical orthogonal polynomials can be derived using a technique introduced by
Shohat [28] for weights w(z) such that w’(z)/w(x) is a rational function. The method of ladder operators
was introduced by Chen and Ismail in [7], see also [18, Theorem 3.2.1] and adapted in [6] for the
situation where the weight function vanishes at one point. Explicit expressions for the coefficients in
the differential-difference equation (3.2) when the weight function is positive on the real line except
for one point are provided in [12]. The coefficients in the differential-difference relation for generalised
Airy polynomials associated with the weight (1.3) are given in the next result.

Theorem 3.4. For the generalised Airy weight (1.3) the monic orthogonal polynomials P, (x;t, \) with
respect to this weight satisfy the differential-difference equation (3.2) with

Ap(z) =2+ an + % (3.3a)

By(2) = B+ (3.3b)
where oy, (t; \) and B, (t; \) are the coefficients in the three-term recurrence relation (2.7) and

R, = a2 + B+ Bny1 — t (3.4a)
Tn = % (/\ — ant1Bn+1 + an—18n — O‘i +ta, + 1) — Qpfnt1- (3.4b)

Proof. Since P,(x) = P,(z;t, ) is a polynomial of degree n, we can write

d

P, =
T (x) = kzzocn,kPk(x). (3.5)

Multiplying (3.5) by Px(z)w(z), integrating both sides of the equation with respect to =z and applying
the orthogonality relation, yields, for k = 0,1,2,...,n,

< 4P,
hiCn ke :/ T (2) Py () w(z) dz, hy # 0. (3.6)
0

Integrating the right hand side of (3.6) by parts, we obtain, for k =0,1,2,...n,

By = [ka(x)Pn(x)w(x;t,)\)]oo — A T4 [Py (z) w(zs £, \)] Po(2) da

0 dz
= —/ [Pn(a;)Pk(:v) + xPn(x)de(a:)] w(z;t, \)de —/ xPn(x)Pk(x)d—w(x) dx
0 dx 0 dz
=— / [Pn(fz:)Pk(:v) + xPn(x)(zpk(x)] w(z;t,\)dz — / P (2)Pp(x) (N + to — 23) w(x;t, \) da.
0 x 0
(3.7
For k = n, it follows from (3.7), that
* dP,
hnCpom = /0 mﬂ(x)Pn(x)w(x,t, A) dx
=-1 /0 P2 (z)w(z;t,\)dz — 3 /0 P2(x)(\ +tx — 2®) w(z;t, \) dz
=—1h, — i h, — %t/o zP?(z)w(z;t, \) dz + %/0 23 P2(x) w(z;t,\) d. 3.8)



Iterating the three-term recurrence relation (2.7), yields

x3Pn(x) = Ppy3(z) + (@ng2 + an + ang1) Pria(z)
+ (O‘i + Qpy1n + O‘i-&-l + Bn + But1 + Bny2) Pati ()
+ (2an (B + Brt1) + @n—1Bn + @ni1Bnt1 + o) Po(z)
+ B (0f 1 + onan_1 + 2 + Bt + B + Bus1) Poo1 ()

+ Bn—lﬂn(an +anp—1+ O‘n—Q)Pn—2(x) + ﬁ'rL/Bn—lﬁn—2Pn—3($)-

Substituting (2.7) and (3.9) into (3.8) it follows that
e = —5(Cnt + A+ 1 — i1 Brgr — @ — ap185) + an(Bns1 + Bn)
Fork=0,1,2,...n — 1, (3.7) yields
hiCn e = — /000 P, (z)Py(z) (A +tz — 2*) w(a;t, \) d
- /0 T — ) Pala) Pule) (s £, V) do
Substituting (3.9) and (2.3) into (3.11) we see that ¢, ,,_; =0for j =0,1...,n — 4 while

Cnn—1 = 6n(ﬁn+1 + ﬁn + 577,71 + ai +ap—100m + O‘ifl - t)
Cnn—2 = ﬂnﬂn—l(an + ap_1 + 0571,—2)
Cpn—-3 = 6n6n—lﬁn—2~

We now write (3.5) as

dpP,
T
dx

(I) = Cn,n—BPn—Ii(I) + Cn,n—ZPn—Q(z) + Cn,n—lpn—l + Cn,npn(x)-

Iterating (2.3) to express P,,_3 and P, _» in terms of P, and P,,_1, we obtain

et =5
[ —an_1)(r— ap_2) 1 } T —an2
PniB(x) B { 5n—1ﬂn—2 ﬂn—Q Pnil(w) 6n—1ﬂn—2 Pn(:E)

Substituting (3.10), (3.12) and (3.14) into (3.13) yields

dP,
. dx

(LI,‘) :ﬁn {xQ + [079%¢4 + ai + ﬁn + 6n+1 - t} Pnfl(x)

- {an — anfps1 + % <)\ — Qnt1Bnt+1 + Qn—18n — Oéi +ta, + 1)} Pn(x)

and hence

dP,
dx

() = BpAn(®)Ppo1(z) — Bn(x)Po(z)

where A, (x) and B, (z) are given by (3.3).

(3.9)

(3.10)

(3.11)

(8.12a)
(3.12b)
(3.12¢)

(3.13)

(3.14a)

(3.14b)

O

A differential equation satisfied by generalised Airy polynomials can be obtained by differentiating

the differential-difference equation (3.2).

Theorem 3.5. For the generalised Airy weight (1.3) the monic orthogonal polynomials P, (x;t, \) with

respect to this weight satisfy the differential equation

d2p, dp,
d.%'z ((t,t,)\) + Qn(‘r)ﬂ

(21, A) + To () Palas t, X) = 0



Adte—a3+1 a,+2z
T) = —

x Cn(x)
n— (an—l + an) ﬂn - (ﬁnD7L(x) - n) (_>\ + BnDn(x) —n—tr+ xg) + ﬁ’rLCn—l(x)Cn(x)
Tu(z) = 72
+ (’I’L - 6TLID7L($)) ('132 - arQL - ﬁn - ﬁn-‘rl + t)
x2Cp ()

with

Cn(w) :xQ + Bn + ﬁnJrl + ap (an + 55) —t
Dy(z) =ap-—1+a, +x

and a,(t; \) and B, (t; ) are the coefficients in the three-term recurrence relation (2.7).
Proof. For the weight (1.3), we have that
v(z) = —Inw(z) = 2° —tz — Alnz.

The result follows by substituting the expressions for v(x) and A,,(z) and B,,(z), given in (3.3), into the
equations, see equations (3.2.13) and (3.2.14) in [18],

2

n(®

n(z

Qn(ﬂf) = _’Ul(x) - A
To(x) = By, (x) = Ba(2)

~—

Al ()

L) B () [V (@) + Bp(2)] + BpAn_1(z)An(z).

Note that here equation (3.2.14) in [18] has been written for monic polynomials. The expression r,, =
(an + ap—1)Bn — n is also used, see (3.27) below. O

Next, we consider a mixed recurrence relation connecting generalised Airy polynomials associated
with different weight functions. Mixed recurrence relations such as these are typically used to prove
interlacing and Stieltjes interlacing of the zeros of two polynomials from different sequences and also
provide a set of points that can be applied as inner bounds for the extreme zeros of polynomials.

Lemma 3.6. Let { P, (x;t, \)}22, be the sequence of monic generalised Airy polynomials orthogonal with

n=0

respect to the weight (1.3), then, for n fixed,

2P, _o(z;t, A+ 2) = n (x —an—1) —dn| Poo1(zt, \) + (1 S ) P, (z;t, ) (3.15)
ﬁn—l 571,—1
where
0 - P,(0;t,A) n P,_1(0;t,A+1) . Po_1(0;t, A+ 1) P—1(0;¢,N)

Pn,l(O;tJ\) Pn,Q(O;t,)\—f— 1), Pn,2<0;t,)\—‘r 1) Pn,Q(O;t,)\)
and a,(t; \) and 3, (t; \) are the coefficients in the three-term recurrence relation (2.7).
Proof. The weight function associated with the monic polynomials P, (z;t, A + 2) is

w(z;t,\ +2) = 22 exp (7%9:3 + t:c) =zw(z;t, A+ 1).

Applying Christoffel’s formula (cf. [30, Theorem 2.5], [18, Theorem 2.7.1]) to the monic polynomial
P, _o(x;t, A + 2), we can write
-1 Po_o(z;t, A\ +1) Po_i(x;t, A+ 1)

xPn_z(x;t,AJr?):m Py o(0;t,A+1)  Po_1(0;t, A+ 1)|



This yields

Pnfl(o;t, A+ 1)

Py ozt \+2) = Do BhAT )
2(2i8, A +2) P o(0it, A+ 1)

[Pnl(x;t, A+1)— Po_o(z;t, A+ 1)}

1 P,(0;t, )
- Pn ;t7>‘ 77Pn— ;ta)‘
{CL‘ [ (2 ) P,_1(0;t,\) 1@ )}
P 1(0:6, A + 1) Po1(0:6,0)
— ———— P, _o(x3t,
2Py 20t A+ 1) Poa(0;£,0) " 2t )
*i [Po(x;t,\) — dpPr_1(x;t, \) + en Pru_a(x;t, M) .

2

8| 8|

Pn—l(aj; t, )‘) -

Using the three-term recurrence relation

T — Qp—1
Tl () —
Bn—l 1( ) ﬁn—l

to eliminate P,,_o(x;t, \) yields the result. O

Py_o(z;t,\) = P, (z;t, \)

3.2 Zeros of generalised Airy polynomials

The property that the zeros zy ., k € {1,2,...,n} of P,(z) where {P,(z)}52, is a sequence of polynomi-
als orthogonal with respect to a semiclassical weight w(x) > 0 are real, distinct and

T1,n < T1n—1 < T2.n << Tn—1,n < Tn—1,n—1 < Tn,n

holds for any semiclassical weight. The method of proof (see, for example, [30, Theorems 3.3.1 and
3.3.2]) uses the three-term recurrence relation and definition of orthogonality. Note that, for an even
weight w(z), Tug1 , = 0 when n is odd.

Monotonicity of the zeros of semiclassical orthogonal polynomials plays and important role in ap-
plications.

Lemma 3.7. Consider the semiclassical weight
w(z;t, \) = |C(z)Pwolx) exp{tD(z)}, A>-—1 (3.16)

where wy(z) is a positive function on (a,b). Let {P,(x;t,\)}52, be the sequence of semiclassical orthog-
onal polynomials associated with the weight (3.16). Denote the n real zeros of P,(x;t,\) in increasing
order by x, ,(t;\), v =1,2,...,n. Then, for a fixed value of v, v € {1,2,...,n}, the v-th zero x, ,(t; \)

C(lx) ;—mC(x) > 0 for o € (a,b);

. d
(ii) increases when t increases, if d—D(x) > 0 for x € (a,b).
x

(i) increases when )\ increases, if

Proof.

(i) For the semi-classical weight (3.16)

|C(@)|* exp{tD () }wo («) In |C(x)]
|C(@)[* exp{tD(x) }wo(z)

0
alnw(x,t,)\) = =In|C(z)|

and therefore it follows from from Markov’s monotonicity theorem (cf. [30, Theorem 6.12.1] that
the zeros of P, (x) increase as \ increases when In |C(z)| is an increasing function of z. Since

d C(x)

i1n|C’($)| = |C<1x)|sgn0($)£

dx

the result follows.



(i1) Similarly, since
0 DEICE) ep{tD() ()
o1 N = T R exp{tD (@) ho (@)

it follows that the zeros of P, (x) increase as ¢ increases when D(z) is an increasing function of z.
O

= D(z)

Corollary 3.8. Let {P, ()}, be the sequence of monic generalised Airy polynomials orthogonal with
respect to the weight (1.3) and let 0 < x,,,, < --- < T3, < T1,, denote the zeros of P, (z). Then, for A > —1
and t € R and for a fixed value of v, v € {1,2,...,n}, the v-th zero x, , increases when (i) \ increases;
and (ii) t increases.

Proof. This follows from Lemma 3.7, taking C(z) = z, D(z) = z and wo(z) = exp(—1a?). O

Next we use (3.15) to obtain an upper bound for the smallest zero and a lower bound for the largest
zero of generalised Airy polynomials.

Theorem 3.9. Let {P,(z;t,\)}32, be the sequence of monic generalised Airy polynomials orthogonal

n=0

with respect to the weight (1.3) on (0,00). For each n = 2,3, ..., the largest zero, 1, and the smallest
zero Ty, of Py (xz;t, N), satisfies

dpfBn_
0< Znn < Qn_1—+ % <1
n
where a, = a,(t; \) and B, = B,(t; \) are the coefficients in the three-term recurrence relation (2.7) and
4 = P,(0;t, ) n P,_1(0;t, A+ 1) . P,_1(0;t, A+ 1) P,_1(0;¢, \)

P 1(0:t,0) P05t A1) P _o(0;6, A+ 1) P_o(0;t,\)°

Proof. Let

Tppn <Tp—1n < - < To2npn < Tin

denote the zeros of P, (z;¢, A). Consider (3.15)

e
Bn—l

(x — ap—1) — dy,. Since P,_1(z;t, A) and P, (x;t, \) are always co-prime while P, (xz;¢, \)

22 P, ozt A+ 2) = G(2)Py_y (w5, \) + (1 = > Po(x;t,\) (3.17)

€n

n—1

and
P,_o(x;t, A + 2) are co-prime by assumption, it follows from (3.17) that G(z;,) # 0 for every j €
{1,2,...,n}. From (3.17), provided P, (x;t, \) # 0, we have

2?Py_o(x;t, A 4+2) o G(z)Pp_1(x;t, \)
P, (z;t, ) B Br-1 P (x;t, M)
The decomposition into partial fractions (cf. [30, Theorem 3.3.5]
P_1(z;t, ) e
— P, it A) = .
) (x5, N) Z P
Jj=1 '
where C; > 0 for every j € {1,2,...,n}, implies that we can write
2P, _o(; 2 = ;
X nP2('r.at7)/\\ + ) -1 €En + G(%)C] " 75 Tjn.
n(xa t, ) 67171 =1 T — lj,n
Suppose that G(z) does not change sign in an interval (z;41,,2;,) Where j € {1,2,...,n — 1}. Since

C; > 0 while the right hand side takes arbitrarily large positive and negative values on (41, 2;n), it
follows that P,,_s(x;t, A+2) must have an odd number of zeros in every interval in which G(x) does not
change sign. Since G(x) is of degree 1, there are at least n — 2 intervals (zj41,n, %), j € {1,2,...,n—1}
in which G(z) does not change sign and so each of these intervals must contain exactly one of the n — 2
real, simple zeros of P, _o(z;t, A + 2). We deduce that the zero of G(x), together with the n — 2 zeros of

Anfnr e G(z)
€en

has to lie between the two extreme zeros of P, (z;¢, \). O

P,_s(z;t, A + 2), interlaces with the n zeros of P, (z;t, ) and therefore the zero o,,_; +



3.3 Differential and discrete equations satisfied by the recurrence coeffi-
cients

In this section we discuss properties for the recurrence coefficients «,,(¢; A) and §,(¢; \) in the three-
term recurrence relation (2.7).

Theorem 3.10. If P, (z) are the monic orthogonal polynomials for the weight w(z) = e~ *(®), then

(;L N Bn(x)> Po(2) = BuAn(@) Pa1(2)

((fx = Bn(z) - v’(x)) Pua(w) = —Ap—1 () Pa(),

where the functions A, (z) and B, (z) are given by

M) = [T Pty ay

Ba(o) = [ = By et o

The functions A4,,(z) and B,,(z) also satisfy the following supplementary conditions.

Lemma 3.11. The functions A, (z) and B, (z) satisfy

Bpi1(z) + By(z) = (2 — an)An(z) — o' (x) (3.18)
1+ (37 - an)[Bn+1(x) - Bn(aj)] = ﬁn-ﬁ-lAn-‘rl(x) - BnAn—l(x) (319)
n—1
B2(z) +v'(2)Bn(x) + > Aj(x) = Bndn(z)An_i(2). (3.20)
j=0
Proof. See [18, Lemma 3.2.2, Theorem 3.2.4]; see also [15, Proposition 3.1]. O

Theorem 3.12. The recurrence coefficients «,(t; \) and B, (t; \) for the generalised Airy weight (1.3)
satisfy the discrete system

(2(1” + Oén—l)ﬁn + (an+1 + 2an)ﬂn+1 + a?}, - tan =2n + A + 1 (3213)
62 + (ﬁn-l-l + /Bn—l - 2Ofnan—l - 2t)6721
+ {(BnJrl + O[i — t)(anl + 06721,1 - t) + (Oln + Oznfl)(QTL + )\)}Bn = n(n + )\) (3.21b)

Proof. Substituting (3.3) into (3.18), with v(z) = $2® — tz — AIn(x), then from the coefficients of 2° and
z~! we obtain

Bn + But1 = Ry —al +1 (3.22)
Tn + Tnt+1 = *Ckan + )\ (323)

and substituting (3.3) into (3.19), then from the coefficients of x and z~2 we obtain

Tn+n=(an+ an-1)Bn (3.24)
72 — Arp = BuRnRp_1. (3.25)

From (3.22) and (3.24), respectively, we see that

Ry = By + Bni1 +ap —t (3.26)
rn = (ap + @p_1)Bn — n. 3.27)
Substituting these into (3.23) and (3.25) gives the discrete system (3.21), as required. O
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Corollary 3.13. For the generalised Airy weight (1.3) the monic orthogonal polynomials P, (x;t, \) with
respect to this weight satisfy the differential-difference equation (3.2) with

R, n
Ap(x) =2+ a, + —, Bn(x)zﬁn—f—r—
x X
where «,,(t; \) and 5, (t; \) are the coefficients in the three-term recurrence relation (2.7) and
Rn :ﬁn+6n+1 +ai _t7 Tn = (an'i_an—l)ﬁn_n-

Proof. The result follows from Theorem 3.4 by substituting (3.21a) into (3.4b). O

Theorem 3.14. The recurrence coefficients ., (t; \) and 5, (t; ) for the generalised Airy weight (1.3)
satisfy the differential system

d%a, da,

i + 3, gy +a 4+ (68, —t)ap, =2n+ A+ 1 (3.28a)
(d;” +a2+28, — t) djg" - (?f)? - (2% d;;" 1203 — 2o, + 2+ )\> dcﬁ"
— Bn (d(;”f + 463 —4tp% + {at —2ta? +2(2n + Ny, + 2} B0 = n(n + N). (3.28b)
Proof. Recall that from Theorem 2.4, a,, and 3,, satisfy the Toda system
d(‘;;” = But1 — Bns dci" = Bu(an — an_1). (3.29)

We can use these to eliminate 8,11, 8n-1, @n+1 and «,,—; from the discrete system (3.21). Substituting

da, d d day,
BnJrl—Bn"_W: an+1—an+alnﬂn+1_an+aln (Bn"‘dt)
dag_1 d d?
1=a,— —1 1=fn— =fn— = — 1
Op—1 Qp dz nﬁna /Bn 1 6n dz 5n dtan+dt2 nﬁna
into (3.21) gives the differential system (3.28), as required. O

3.4 Asymptotics of the recurrence coefficients.

Lemma 3.15. As n — oo, the recurrence coefficients «,(t; \) and B, (t; \) have the formal asymptotic
expansions

2711/3 Kt H2(>\+1) .
PRI T VEREET WETE +0(n™) (3.30a)

TR L . L
MU k215 0 30n1/3 T 900n2/3

an(t; \) =

O(n~Y), (3.30b)

where k = V/10.

Proof. From (3.21), it follows that as n — 0o, o, ~ an'/3 and 3, ~ n?/3, where a and 3 are constants
that satisfy the algebraic system

608+ a’ =2, 483 + o'+ 408 =1,

which has solution o = 2/k and 8 = 1/k?, with k = v/10. Now we suppose that as n — oo

2n1/3 t t
an(tN) = 2 ag(t) + ‘;11(/3? + ‘;22(/3) +0mY (3.31a)
23 bi(t) bt
Bn(t; N) = nT? + by (N3 + bo(t) + nll(/g) + :2(/3) +0(n™h, (3.31b)

11



where ag(t), a1 (t), as(t), bi(t), bo(t), bi(t) and by(t) are to be determined. Substituting (3.31) into the
system (3.28), equating coefficients of powers of n and solving the resulting system gives

Kt K2+ 1)
ao(t) = 0, Cl1(t) = T5, Clg(t) = T
~ t KA K22
by (t) =0, bo(t) 5 b1 (t) 30 ba(t) 500"
and so we obtain (3.30), as required. O

Lemma 3.16. As t — oo, the recurrence coefficients ., (t; \) and (3, (t; \) for the generalised Airy weight
(1.3) have the formal asymptotic expansions

2n — 22+ 1 5
an(t; N) = Vi — % O (3.32a)
n n(n —2X) _7/2
A= —+ —F2 . .32

Bn(t; M) SN AT +0@t™7?) (3.32b)

As t — —o0, the recurrence coefficients o, (t; A) and f,,(t; A) have the formal asymptotic expansions
2 1 (2 1)(10n% + 1 2+1
an(t: ) = — n+t)\+ ~ @n+A+1)A0n" + 0;A+)\ +10n + 51 + 6) Lo (3.332)
4 2 2+1
Bt ) = n(nt;&— A) N n(n + A)(5n ;;Sn)\ + A% +1) + o), (3.33b)
Proof. When n =0 we know that
d

Oéo(t; )\) = E In Mo(t; )\), ﬂo(t; )\) =0

where -
wo(t; A) = / 2 exp (f%x3 + tz) da.
0
Further «q(t; \) satisfies the equation
d2a0 da()
Using Laplace’s method it follows that as t — oo
po(t: ) = 10772 [ Rexp(sd/2¢(1 - 1e?)) dg
0
1202 — 24\ +5
_ A/2-1/4 2 ,3/2 -3
=t ﬁexp(?’t ) [14— S5 +0O(t™7)

and so it is straightforward to show that as ¢t — oo
ao(t; ) = VE+ Ot 1),

Suppose we seek an asymptotic expansion in the form

. o ao,1 ao,2 —4
ag(t; ) *\/E+T+t5?+o(t )
where ag 1 and ag 2 are constants to be determined. Substituting this into (3.34) and equating coeffi-
cients of powers of ¢ gives
ap=3A—1 =N+ i3
and so
22 —1 12X =24\ +5

ao(tiA) = Vit =5 32t5/2

+O(t™

12



which is (3.32a) with n = 0. From the Toda system (3.29), since 3y = 0 then 3; = %, and so

ot 21 —1/2
Bt N) = 57— =g T O

which is (3.32b) with n = 1.
Now we can use induction. Suppose that (3.32) are true, then using the Toda system (3.29) we have
_ day, n+1  (n+1)(n+1-2X) —7/2

BnJrl—ﬁn"" dz = 2\/£ + 472 +O(t )

i o223 o),

d
n = Up —1 n =
Qpil = +dt n Bnt1 v

which are (3.32) with n — n + 1, and hence the result is proved by induction.
The asymptotics (3.33) are proved in an analogous way. Using Watson’s Lemma it follows that as

t — —o0
Jo(t: \) = I(‘E)I\f)—;_ll) 14 A+ 1)()\3—:32)()\ +3) n O(t_ﬁ)

A1
ao(ti N) = =57+ O(t™Y).

andsoast — —o0

In this case we seek an asymptotic expansion in the form
ao,2 + O(flo)

A+1 ap,1
Tyt T

ao(t; A) = ;
Substituting this into (3.34) and equating coefficients of powers of ¢ gives
Go2 = —(A+ 1A +2) (A +3)(3\2 + 21X + 38)

o1 = —(A+ 1A+ 2)(\ +3),
AL QHDA+2A+3) oo

and so
OZ()(t; )\) == t 4
which is (3.33a) with n = 0. From the Toda system (3.29), since 3y = 0 then 3; = %, and so
A4+1 A+ 1D)A+2)(A+3
il = 2t 4 AOTUOEDOED o)
which is (3.32b) with n = 1. As for (3.32), the results asymptotics (3.33) can be proved using induction
O

and the Toda system (3.29).
An alternative method of proving Lemma 3.16 is to use the differential system (3.28) by seeking

solutions in the form
. _ Gn,1 —5/2 . _n bn,1 —-7/2
LA =Vt+ —=+0(t L () = — O(t
( ) ) \["_ ; + ( )7 B ( ) 2\/{t + 2 + ( )
as t — oo, where a,; and b, ; are to be determined, and
a Bn,O I;n,l _
Bn(t; ) = =5~ + 2=+ 0(t™)

an Qn, _
an(t; ) = =5+ 5k + O,

1 2 are given in Figure 3.1.

as t — —oo, where ay, o, @n,1, b0 and b,, 1 are to be determined.
)92

Plots of a,, (t; A), and B, (t; A), forn =1,2,...,5, with A =0
From these plots we make the following conjecture.

Conjecture 3.17.
1. The recurrence coefficient «,,(¢; A) is a monotonically increasing function of ¢.

2. If )\ is fixed, then 8, 1(t; A) > B,(t; A), for all ¢.
13



-20 -10 0 10 20 20 10 0 10 20

Figure 3.1: Plots of «,(¢; \), upper row, and 5, (t; A), lower row, for n = 1 (black), n = 2 (red), n = 3
(blue), n = 4 (green) and n = 5 (purple), with A =0, 3, 2.

3. The recurrence coefficient j3,,(¢; A\) has one maximum at ¢t = ¢, with ¢, | > t, with X fixed.

n n

Remark 3.18. Wang et al. [33] claim that the recurrence coefficients «,, and 3, for the generalised
Airy weight satisfy the differential system
dfBn

— a2 —_n_ _ 1
=t—a, — 20, g” =2ap3, —n—3A (3.35)

day,
dt

and the discrete system
(an'f'anfl)ﬁn :n+%>‘v Bn + But1 +a721 =t

see equations (34), (35), (37) and (38) in [33]. Theorems 3.12 and 3.14 above show that their claim is
not correct. Wang et al. [33] misquote the results of Magnus [22], who considered the weight

w(x;t) = exp (—%x?’ + ta:) , xeC

where C is a contour in the complex plane, as being for z € [0, 00); see equation (2) in [33]. There are
other reasons to illustrate that some results in [33] are not correct. Eliminating 3, in (3.35) gives

d%a,
de?

which is equivalent to the second Painlevé equation (Py)

=203 — 2ta, +2n+ A+ 1

2
% =2¢°+z2q+ A (3.36)
z

with A = n+ (A +1). In [33], o, is expressed in terms of the Hankel determinants, therefore giving

special function solutions of Pj; for all positive values of the parameter A, which is not true. It is

well-known that there are special function solutions of Pr; (3.36) if and only if A = n+ %, for n € Z [16].

14



4 Generalised sextic Freud polynomials
The generalised sextic Freud weight
w(z;t, ) = |z[* L exp (=% 4 tz?), reR 4.1

with ¢ € R and A > —1 parameters, is a symmetric weight, i.e. w(z;t,\) = w(—=x;t, ), so that «,, =
0. The generalised sextic Freud weight and recurrence coefficients associated with the weight were
discussed in [11].

Next we consider some properties of the polynomials associated with the generalised sextic Freud
weight (4.1). Generalised sextic Freud polynomials arise from a symmetrisation of generalised Airy
polynomials. Since the weight is symmetric, the monic orthogonal polynomials S, (z;t,A), n € N,
therefore satisfy the three-term recurrence relation

Snt1(x;t, N) = xSy (56, ) — Bn(t; \)Sp—1(z;t, N), n=20,1,2... (4.2)
with S_q(z;t,A) = 0 and Sp(x;¢,A) = 1.
4.1 Differential and discrete equations satisfied by generalised sextic Freud

polynomials

In this section we derive mixed recurrence relations, differential-difference equations and differen-
tial equations satisfied by generalised sextic Freud polynomials which are analogous to those for the
generalised Airy polynomials in §3.1.

Theorem 4.1. For the generalised sextic Freud weight (4.1) the monic orthogonal polynomials S,,(z;t, \)
with respect to this weight satisfy the differential-difference equation

s,

T (x;t,\) = Ap(2)Sp—1(z;t, A) — B (2) S (258, \) 4.3)

where
A (x) = 628, [2* — 3t +2°(Bn + But1) + Bus2Bnt1 + (Bas1 + Bn)2 + Brn—18n] (4.4a)
By(x) = 62°By (2 + Brg1 + Bn + Ba—1) + (A + )1 — (=1)"], (4.4b)

with (,, the recurrence coefficient in the three-term recurrence relation (4.2).

Proof. It was proved in [12, Corollary 1] that monic orthogonal polynomials S,,(z) = S, (z;t, \) with
respect to the weight
w(z) = [z exp{—v(2)}

satisfy the differential-difference equation (4.3), where

Ant) = 7 [ Kiaw)s2) (o) ay
Bl = 5 [ K S0 a6 ) du+ (ot D1 - (1))
d
” R O
9 T — y :

For the generalised sextic Freud weight (4.1) we have v(z) = 2% — t2? and hence

K(z,y) = 6(x* + 23y + 2%9* + 2y® + y*) — 2t.

15



Hence
/ " K, )52 (y) wly) dy

— (624 —2t) / 7 2y wly) dy + 62° / " yS2(y) wly) dy + 622 / 282 () wly) dy

— 00 — 00

+ 6 /OO y*Si(y) w(y) dy + 6/_00 y*SE(y) wly) dy

= (62* — 2t)h,, + 627 / h [Su1(y) + BuSn—1(y)] *w(y) dy

— 00

2

+ 6/_00 [Sn+2(y) + (ﬁn+1 + ﬁn)Sn(y) + 5nﬁn715n72(y)] W(y) dy

= (62" — 2t)hp, + 622 (hysr + B2hn—1) + 6(hnt2 + (Bus1 + Bu) b + B2BE_ 1 hn—2)
= 6[%4 - %t +a° (Bn + ﬂn+1) + Bnt2Bn+1 + (ﬂn+1 + Bn)z + ﬂnflﬁn] o,

since

/jo ySa(y) wly) dy = /Oo Y2 SE(y)w(y)dy =0

— 00

as these have odd integrands, §,, = h,,/h,_1 where
hy = / Sa(y)w(y) dy

the monic orthogonal polynomials S, (x) satisfy the three-term recurrence relation (4.2), and are or-
thogonal, i.e.

/OO S (4)Sn(y) w(y) dy = 0, if m#mn. (4.5)

Also,
| Kes.ws )i

— (62" — 2t) / " () St () w(y) dy + 62° / Y (1) S () w(y) dy

— 00 — 00

+ 622 /_(><> Y25, (y)Sn—1(y) w(y) dy +6x/ > Sn(y)Sn—1(y) w(y) dy

— 00

+ 6/_OO Y1 (Y)Sn—1(y) w(y) dy

= 62° /00 Sn(¥) [Sn(y) + Ba15n—2(y)|w(y) dy

— 00

+ 6z /OO [Sn+2(y) + (ﬁnJrl + Bn)sn(y) + 5n5n715n72(y)] [Sn(y) + 6n715n72(y)]w(y) dy

—00

= 62 + 62 [(Bat1 + Bn) hn + BuBi_1hn—2]
= 6%(1'2 + ﬂn+1 + ﬂn + ﬁnfl)hTM

since
/ Su(y)Sn-1(y) w(y) dy = / ¥25n (y)Sn—1(y) w(y) dy = / Y S0 () Sn—1(y) w(y)dy = 0
as these have odd integrands, using the recurrence relation (4.2) and orthogonality (4.5). O

Remark 4.2. In [32], the ladder operator technique was used to obtain the coefficients A4, and B,, in

(3.2) for the weight (4.1). Note however that, in their notation, the expression for B,, (cf. [32, eqn. (39)])

should be 1 (1)1
167 . . n

By (2) = 6235n + 625, (/Bn+1 + Bn + Bn—l) + 5,
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Now we derive a differential equation satisfied by generalised sextic Freud polynomials.

Theorem 4.3. For the generalised sextic Freud weight (4.1) the monic orthogonal polynomials S, (z;t, \)
with respect to this weight satisfy

2

xd S; (x5, M) + Qn(a:)%(x;t, A) + Tn(2)Sn(x;t,A) =0
dx dx

where

2552 (2552 + ﬂn + 6n+1)
Cp(z)

Qn(z) = 2tx® — 625 + 20 +1 —

{6078, D) + (A + )[1 = (=1)" = 1]} + 1225, Dy (x)

— {622, Dp(z) + A+ )1 — (-1)" — 1]} {Gxﬁnpn(x) n (QAQ;L )

 {Cn(x) + 42" + 22%(Bn + But1) } {6278 D) + (A + 3)[1 = (=1)" — 1]}
xChp(x) ’

[1—(=1)" —1] — 2tz + 6x5}

with
Cn(x) = 1‘4 - %t + .132 (ﬁn + /Bn—i-l) + ﬁn+2ﬂn+1 + (ﬁn—i—l + Bn)Q + ﬂn—lﬁn
Dn(w) =z’ + Bn-1+ Bn + ﬁn+1-

Proof. In[12, Theorem 3] it was proved that the coefficients in the differential equation

2
PS5 @)+ Qul) 2 @) + T(w)Sul0) = 0

satisfied by polynomials orthogonal with respect to the weight
w(x;t) = |z|” exp{—v(x;t)}
are given by

dv r dA,

Qn(m):lﬂrl*x@*m@ (4.6a)
_ An(x)An—l(:E) dBn @ Bn(ﬂf) —p _ Bn(ﬂi) d.An
Tn(z) = zBn_1 + dr Bn(@) [dx + T } Ap(z) dz’ (4.6b)
with
Anl) = 35 [ 82t N Ko ) wlst ) dy
n—1 J—co
Bu(w) = 17— [ Syt A0S0 .0) Kl ) (st 0) dy + 3ol = (-1)7)

For the generalised sextic Freud weight (4.1) we use (4.6) with k = 0, p = 2\ + 1 and v(x) = 25 — t2? to
obtain

B a6 oz dA,

Qn(x) =2X+2 — 62° + 2tz @) dr (4.7a)
_ An(@)Ana(z) | dB, 5 Bu(z) = (2A+1)|  Ba(z) dA,

T (x) = B + e B, (z) [6x° — 2tx + - An@) dz (4.7b)

Substituting the expressions for A, (z) and B,,(z) given by (4.4) and their derivatives into (4.7a) and
(4.7b), we obtain the stated result on simplification. O
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Lemma 4.4. Let {S, (z;t, \)}22, be the sequence of monic generalised sextic Freud polynomials orthog-
onal with respect to the weight (4.1), then, for n fixed,

22S, (e t, A+ 1) = xS, 1(2;t, A) — (Bag1 + an)Snlz;t, N) (4.8)
e Snt2(05t,A) if n even
w=1 § k)
% if n odd.

Proof. The weight function associated with the polynomials S,,(x;t, A + 1) is
w(@;t, A+ 1) = |2)** T2 exp(—a8 + t2?) = 2%w(x;t, ).

The factor 22 by which the weight w(z;¢, \) is modified has a double zero at the origin and therefore
Christoffel’s formula (cf. [30, Theorem 2.5]), applied to the monic polynomials S, (x;¢, A + 1), is

Sn(x;t,N)  Spai(x;t,A)  Spao(x;t, N)
Sn(O; t, )\) Sn+1 (O, t, A) Sn,+2 (0, t, )\)
S;L(O;t7)\) ;1+1(0;ta )‘) S’:L-’:—Q(O t7>‘)

Since the weight w(z;t, A) is even, we have that S5, 11(0;¢,A) = S5,,(0;¢,A) = 0 while Ss,,(0;¢,A) # 0 and
S9n41(05t,X) # 0, hence

1
Sn(052,X)S), 41 (058, ) — S(05 8, X)Sp41(0;2, A)

22, (st A+ 1) =

)

-1 Sn(gjvta >‘) Sn+1($;ta)‘) Sn—i-Q(x;tv)‘)
228, (i t, AN+ 1) = 0 Snt+1(0;¢, ) 0
SO ENS OB 5000 0 8,060
for n odd, while, for n even,
1 Sp(x;t,N) Sp1(x;t, A)  Spya(z;t, N)
228, (zt, AN+ 1) = y Sn(0;t, ) 0 Sna2(0;t, )
S (058 A) 511054, 4) 0 Sh+1(038,A) 0
This yields
23S, (x5t A+ 1) = Sppo(@st, A) — anSy(2;t, A 4.9)
and the result follows by using the three-term recurrence relation (4.2) to eliminate S, 12(z;t, A) in
(4.9). O

4.2 Zeros of generalised sextic Freud polynomials

When the weight is even, the zeros of the corresponding orthogonal polynomials are symmetric about
the origin. This implies that the positive and the negative zeros have opposing monotonicity and
therefore we only need to consider the monotonicity of the positive zeros.

Lemma 4.5. Let wy(x) be a symmetric positive weight on (a,b) for which all the moments exist and let
w(z;t, p) = |C ()| exp{tD(z)}wo(z), teR, p>—1 (4.10)

where D(zx) is an even function. Consider the sequence of semiclassical orthogonal polynomials { Sy, (x;t, p)}2,
associated with the weight (4.10) and denote the |n/2| real, positive zeros of S, (z;t,~) in increasing or-
der by x, 1 (t,7), k =1,2,...,|n/2], where |m] is the largest integer less than or equal to m. Then, for a
fixed value of v, v € {1,2,..., |n/2]}, the v-th zero x,, ., (\,t)
o . . 1 d
(i) increases when p increases, if ———C(x) > 0 for x € (0,b);

C(z) dz

L . . d
(ii) increases when t increases, if d—D(m) >0 for z € (0,b);
x

Proof. The proof follows along the same lines as that of Lemma 3.7 using the generalised version of
Markov’s monotonicity theorem (cf. [20, Theorem 2.1]) for = > 0. O
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Corollary 4.6. Let {S, (z;t,\)}22, be the sequence of monic generalised sextic Freud polynomials or-
thogonal with respect to the weight (4.1) and let 0 < |,,/2) 5, < -+ < T2, < T1,, denote the positive zeros
of Sn(z;t,\). Then, for A > —1 and t € R and for a fixed value of v, v € {1,2,...,|n/2]}, the v-th zero
X, increases when (i) A increases; and (ii) t increases.

Proof. This follows from Lemma 4.5, taking C(x) = z, D(x) = 22, p = 2A + 1 and wy(z) = exp(—2%). O

Mixed recurrence relations involving polynomials from different orthogonal sequences, such as the
relation derived in Lemma 4.4, provide information on the relative positioning of zeros of the polyno-
mials in the relation. In the next theorem we prove that the zeros of S,,(z;t, \), the monic generalised
sextic Freud polynomials orthogonal with respect to the weight (4.1), and the zeros of S,,_1 (z;¢t, A\ + k)
interlace for A > —1,¢ € R and k € (0, 1] fixed.

Theorem 4.7. Let A > —1,t € Rand k € (0,1). Let {S,(z;t,\)} be the monic generalised sextic Freud
polynomials orthogonal with respect to the weight (4.1). Denote the positive zeros of S, (x;t, A + k) by

(tA+k) (tA+k) (t,A+k) (t,A+k)
0<xL%J,n STiay iy, <<, <zy, .
If n is even, then
() () (tA+k) (t,A+1) ()
0 <T g, < T Ay oy < Tini) g < Tlaa) g ST g, <
t;A A t,A+k t,A+1 ;A
e < xé,n) < ‘/I“inll < xg,n—l ) < ‘,I"g,n—l) < xg,n) (411)
and if n is odd, then
(t:N) (t,A+k) (t,A+1) (t:N) (t:N)
0 <IL";1J,n—1 < Tai| < Tat | <Tgf, < TR <...
co<ayy <al < e <l <o (4.12)

Proof. In Theorem 3.7 we proved that the positive zeros of S,,_;(x;t,\) monotonically increase as A

increases. This implies that, for each fixed ¢ € {1,2,..., [ %51]},

oy < alAE < gD, (4.13)

On the other hand, the zeros of S,,(z;¢,\) and S,,_1 (z; ¢, ), two consecutive polynomials in the sequence
of orthogonal polynomials, are interlacing, that is, when n is even,

(t:A)

L5]m

(t:A) (t:)) (t:) (t:2) (t:) (4.14)

0<zx < TIAdy iy STy, <<y <Tinly <z

Next, we prove that the zeros of S,,(z; ¢, A) interlace with those of S,,_; (z;¢, A+ 1). Replacing n by n — 1

in (4.8) yields

xSn(z;t, A) — (Bn + an—1)Sn—1(x;t, A)
.1?2

Evaluating (4.15) at consecutive zeros x, = xgtn)‘) and zp1 1 = xl(,tﬁl)n, (=1,2,..., 5] —1,0f Sy(z;t,\)(x),

we obtain

Sp_1(zst, A+ 1) = . (4.15)

1
Sn—1(xest, A+ 1)Sp_1(xeq1st, A+ 1) = W(ﬁn + an-1)2Sn-1(ze;t, ) Sn_1(ze41;t,A) <0
tTot1

since the zeros of S,,(z;¢, A) and S,,_1(z;¢, \) seperate each other. So there is at least one positive zero
of S,,(x;t, A+ 1) in the interval (x4, z¢;1) for each £ =1,2,...,[ 5] — 1 and this implies that

;A t,A+1 ;A t,A+1 t,A+1 A t,A+1 A
0< I(LEJ)n < xiéfﬁ < I(ng)—u,n wiéﬂm,l <e<adMD <Y <D < oY (4.16)
(4.16), (4.13) and (4.14) yield (4.11). The proof of (4.12) follows along the same lines. O

Considering that when the weight function is even, the zeros of S, (z;¢, \) are symmetric about the
origin with a zero at the origin when n is odd, we have the following corollary.
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Corollary 4.8. With the same symbols as Theorem 4.7, we have for n odd that

(t;N) (t,A+Fk) (t,A+1) (t;N) (t;A) (t;\) (t,A+Fk)

(t:N) (tA+1)
xnm < xn—l,n—l < xn—l,n—l < xn—l,n—l < mn—l,n €T

(£:A)
< <oy <Pyl <Tipog’ <Tipq’ <2

1,n
while for n even

(t,A+1) (t;N)

i) < xglt;—Al),n—l < xif:\f,r:ll < 37557—/\&})—1 < xS—Al)n <SS T ncai o ST 2 4n S 0
and ' ' | |
0 < i <2l ey < it <y <l <o <R <l
with (tA) (t,A+k) (t,A+1)
TUat 1o = Fast et = Fasty gy o = 0

The three-term recurrence relation yields information on bounds of the extreme zeros of polynomi-
als.

Theorem 4.9. Let {S,(z;t,\)}22, be the sequence of monic generalised sextic Freud polynomials or-
thogonal with respect to the weight (4.1). For each n = 2,3,..., the largest zero, 1, of Sy(x;t,\),

satisfies
0<z1p < max ~/cpfBr(t;\)

1<k<n-1

_ 2 s
where c,, = 4 cos (Tﬂ) +¢ee>0.

Proof. The upper bound for the largest zero z; ,, follows by applying [19, Theorem 2 and 3], based on
the Wall-Wetzel Theorem (see also [18]), to the three-term recurrence relation (4.2). O

The Sturm Convexity Theorem (cf. [29]) on the monotonicity of the distances between consecutive
zeros, applies to the zeros of solutions of second-order differential equations in the normal form
d%y
— + F(x)y =0.
A2 (z)y
Next we consider the implications of the convexity theorem of Sturm for the zeros of generalised sextic
Freud polynomials when A\ = —1. We begin by considering the differential equation in normal form

2
satisfied by generalised sextic Freud polynomials for A = f% proved by Wang et al. in [32].

Theorem 4.10. Let
w(z) = exp(—a°® + ta?), z€R (4.17)

with t € R, and denote the monic orthogonal polynomials with respect to w(z) by S, (x). Then, for t <0,
the polynomials

w(z)
Sp(z;t,\) =S8, = 4.18
(31, A) (2) .0 (4.18)
satisfy
dzs,
5 + F(2)Sy(x;t,\) =0 (4.19)
dz
where

F(x) = BpAn_1(z)An(z) - ;)L:Eg — By(z) {En(:c) — 62° + 2ta:} + @ -3 { Aé’((x)) } (4.20)

(2B, (z) + 62° — 2tx) Al (z) — A" (x)

+ B (z) — )
/Tn(x) = Axnng) = 6[354 - %t + 2 (5n + ﬁn+1) + Bnt2Bny1 + (5n+1 + Bn)z + ﬁnflﬁn:l
~ B, (x)

Bp(w) = === = 628y (¢ + Bu1 + B + Bn1) + A+ 3)[1 = (-1)"]
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Proof. See [32, Theorem 4] and note that A, > 0 when ¢ < 0. O

Theorem 4.11. Let {S,(z)}>2, be the monic generalised sextic Freud polynomials orthogonal with
respect to the weight (4.17) and let xy, k € {1,2,...,n}, denote the n zeros of S,, in ascending order.
Then, fort > 0,

(1) if F(x) given in (4.20) is strictly increasing on (a,b), then, for the zeros xj € (a,b), we have Ty 2 —
Tpt1 < Tpt1 — Tk, L.e. the zeros in (a,b) are concave;

(1) if F(x) given in (4.20) is strictly decreasing on (a,b), then, for the zeros xj, € (a,b), we have xyo —
ZTgt1 > Tp1 — Tk, Le. the zeros in (a,b) are convex.

Proof. Since the transformation (4.18) does not change the independent variable and w(z) > 0, the
zeros of S, (x) are the same as those of S, (x;¢,A). The result now follows by applying the Sturm
convexity Theorem (cf. [21, 29]) to solutions of (4.19). O

5 Discussion

In this paper, we have studied generalised Airy polynomials that are orthogonal polynomials that sat-
isfy a three-term recurrence relation whose coefficients depend on two parameters. We have derived a
differential difference equation, a differential equation and a mixed recurrence relation satisfied by the
polynomials and used these to study properties of the zeros and recurrence coefficients of the polyno-
mials. We also investigated various asymptotic properties of the recurrence coefficients. Furthermore
we have shown that similar results hold for the generalised sextic Freud polynomials and corrected
some results in the literature.
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