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Abstract

In this thesis we derive and apply influence functions for the detection of
observations in multivariate analysis which when omitted from, or added to,
the data lead to substantial changes in some aspect of our analysis. Emphasis
is placed on the influence functions for the eigenvalues and eigenvectors in
principal component analysis, from both the covariance and correlation
matrices, and correspondence analysis. Also considered are the influence
functions for the bivariate, multiple and partial correlation coefficients and

the eigenvalues and eigenvectors in canonical correlation analysis.

We derive algebraic expressions, in terms of the original analysis, for the
theoretical influence function in all cases and it is compared with the sample
influence function when this has a ’simple’ algebraic form. Only limited
sample expressions can be derived for the changes in the eigenvalues and
eigenvectors in principal component analysis and correspondence analysis, but
the functions are compared numerically when applied to datasets. Problems
in assessing the influence on eigenvectors when we have close eigenvalues,
due to rotation within a relatively unchanged subspace, are highlighted in
both principal component analysis and correspondence analysis and are

discussed.
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Chapter 1: Introduction

This thesis is concemed with the derivation and application of measures
of influence for observations in multivariate analysis. In particular, we
concentrate on the affect of observations in principal component analysis and
correspondence analysis, which both involve the calculation of eigenvalues

and eigenvectors, and on three types of correlation coefficient.

An influential observation is one whose deletion from, or addition to, the
dataset leads to an unusually ’large’ change in some aspect of our analysis.
Snedecor and Cochran (1967, p157) advised that one should check the affect
of an outlier, i.e. an extreme or atypical observation, by comparing the results
when the outlier is both included and omitted from the analysis. It is possible
that an outlier need not be influential, and if we perform an influence analysis
on all the observations in the dataset we can reveal the outliers that matter’
without carrying out procedures for detecting outliers. This is particularly
useful in multivariate analysis where the detection of outliers is difficult since
an outlier need not reveal itself when we look at the variables individually or
in pairs (for example, by looking at two dimensional plots of the variables).
It is also possible for an influential observation not to be an outlier. If we
find influential observations, we would not usually remove them completely
from the analysis unless, for example, they were found to be recording errors.
The influence analysis provides us with invaluable information on the
reliability of our results and interpretations, and can further our
understanding of the structure of the data we are analysing. It is for the
above reasons that the influence techniques have received wide attention in
the recent literature, although most applications have been confined to
regression analysis.

Two comprehensive books have been written on the topic of influence in
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regression analysis by Belsley, Kuh and Welsch (1980) and Cook and
Weisberg (1982). Various statistics have been proposed for detecting
influential observations depending on what part of the analysis one is

interested in. For example, the Cook statistic is defined as

D,' = ‘1"','2 hﬁ - (1'1)

where r; is the studentised residual, h; =x';(X'X) x; is ith diagonal element
of the hat matrix, X is the set of regressor variables and p is. the number of
regressor variables. The Cook statistic is a scalar measure of influence based
on the vector of changes in the regression coefficients § when the ith case is
deleted. The Cook statistic can be written as,

_ BB X X)B-Bn) (1.2)

D.
i p6'2

where §(_; is the vector of regression coefficients when the ith observation is
removed. The choice of (1.2) to provide a scalar measure from the changes in
the regression coefficients is that it can be linked to the confidence ellipsoid
for 8. Altemative ways of forming a scalar measure are discussed in Cook and
Weisberg (1982,§ 3.5). We obtain (1.1) from (1.2) by deriving an expression
for 8_;) involving the original § and other terms from the analysis of the full
dataset. This means we do not need to repeat our analysis a further n times
corresponding to the deletion of each observation in tum. Beckmah and Cook
(1983) note of (1.1), ’ it is clear that outlying cases (r? large) need not be
influential if h; is sufficiently small.....Conversely, a non outlying case may
be highly influential if k; is sufficiently large ’, (we have a large h; if the x

variables lie in a remote part of the factor space).

The sample influence curve for g is defined as

SIC(x,B) = (n=1)(B — B(—y) (1.3)
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The reason for the multiple of (n-1) will be discussed below. We prefer to use
a scalar measure like (1.1) to (1.4) so that we can rank our observations by

their influence on all the coefficients simultaneously.

Multivariate statistical analyses such as principal component analysis
(PCA) and correspondence analysis (CA) involve the calculation of
eigenvalues and eigenvectors. Except for small p, the eigenvalues and
eigenvectors do not have algebraic expressions and, even when they do, we
find we cannot derive expressions for the perturbed sample eigenvalues and
eigenvectors in terms of the original eigenvalues A, and eigenvectors g, .
However, we can use the theoretical influence function defined by Hampel
(1974) to give an asymptotic expression for the influence of points on our
eigenvalues and eigenvectors involving only terms from the original problem.
Substituting the sample equivalents, A, for A, and &, for a; , into the
theoretical expressions enables us to use the theoretical influence curve to
investigate influence in samples. This means we do not need to recalculate
our eigenvalues and eigenvectors for each observation omitted as would be
required for the sample influence curve. This will be discussed further below.
The definition of the theoretical influence curve is as follows. Let y be a p-
variate random vector with cumulative distribution function F(y) and 8 is a
vector of parameters which can be expressed as a functional of F(y). If F is
perturbed to become (1—e€)F +ed,, where 3, is the cumulative distribution
function of a random variable which can only take the single value x, and 8 is

the corresponding perturbed parameter then,

im 0—6
TIC (x ,0) = 1™ i—e— (1.4)

Under suitable conditions 8 can be expanded in a Taylor series (see Rey

(1983,§ 2.4) for further details) such that,



:Q:9+(£l+(£2+ ......... (IS)

The theoretical influence function for 0 is thus T/C(x ,0) = ¢, the coefficient
of ¢ in this expansion. Hence, only terms up to o(¢) need to be retained when
calculating (1.4). This is an advantage in any situation where our parameter
has a complicated expression. As desired for the sample influence curve
discussed above, T/C(x,0) will only involve terms from the onginal analysis.

The theoretical function is in fact a night-hand denvative and thus we can

apply the product rule to give, for example,
TIC(x ,U'V)=TIC(x ,U')V+U'TIC(x,V) . (1.6)
This can also be seen by using (1.5) and letting,

(]'=g'+egl'+o(e2)

where o (¢2) denotes terms of order €? and smaller.
0:_‘{4-(!14-0((2) .

Multiplying these together gives,

’

I
1<

=y reluviuny| o
and substituting into (1.4) gives (1.6).
Taking €= —~1/n—1 and F =F, where £ is the empirical distnbution
function based on a set of observations x; ...... x, we have
(1 —F + €5, = f-:(_,-)
the cumulative distribution function with the ith point missing. Substituting
this into (1.4) we obtain the definition of the sample influence curve, when

the ith potnt is removed, as

SICiy(5 . 0) = (n—1)(0—0_ ) . (1.7)

Conversely, the sample influence curve for adding in an extra observation is

defined as,

SIC(,,¢|)(_XJ,¢|,.9)=(H +1)@_(~¢|)—2_)) , (18)



-5-

where Ag(,.ﬂ) is the estimated parameter with the extra observation included.
From expression (1.4) and (1.5) we can see that the theoretical influence
curve provides a first order approximation to the sample curves when the
sample equivalents are substituted in. There are two empirical influence
curves that can be defined from the substitution of the sample equivalents into
the theoretical expressions. The first is called the empirical influence curve
and it is obtained by substituting the sample c.d.f., F, for F in the influence
curve. This is what we have described above and will be used throughout this
thesis. However, from the definition of ;he theoretical influence function,
when evaluated at the point x; we are in fact considering the addition of x;
given it is already in the analysis. An informal approach throughout this thesis
justifies the use of this empirical curve for estimating the deleted sample
curve; as do the good comparisons it gives with this sample curve. The
alternative empirical curve is called the deleted empirical curve and is
obtained by substituting F(_;) into the theoretical influence function. The
perturbed distribution is thus (1 — €)F(_;) + €3, = F so this curve measures the
effect of adding in the point x; given it is not initially in the analysis. This
results in » different empirical curves as each will be expressed in terms of the
n possible deleted datasets. We wish to avoid the .calculation of the n
separate analyses so we would need to write the terms from the deleted model
in terms of those from the full analysis. However, this is difficult since it
involves the parameters that we are wanting the influence expressions for.
Critchley (1985) examines the two types of empirical curves for principal
component analysis on the covariance matrix. If EIC_;) denotes the deleted
empirical curve for either the eigenvalues or eigenvectors he finds

EIC(_y=EIC; +o(1/(n—1))
where EIC; is the empirical curve evaluated at the ith case. The higher order



terms involve the second order terms ¢, (and higher) from the expansion in
(1.5) which we may not wish to calculate. We find in many analyses that the
empincal tends to underestimate the actual sample change and the deleted

empirical overestimates. An example of this can be seen on page 212.

The theoretical influence function for the bivariate correlation coefficient
was denved by Mallows in some unpublished work and used by Devlin,
Gnanadesikan and Kettenring (1975) to detect outliers with respect to
bivanate correlation. Chemick (1983) derived the theoretical influence
functon for the multple correlation coefficient of y on (xq,x). Campbell
(1978) looked at influence functions in discriminant analysis, where it was
applied to the Mahalanobis distance, the disciminant means and the
disciminant function coefficients, when one of the distributions is perturbed.
The theoretical influence function has been derived for a variety of statistics
in multivariate analysis by Radhakrshnan and Kshirsagar (1981). This
involves work on the eigenvalues and eigenvectors from a symmetric matnx,
with application to PCA based on the covanance matrix. Cnitchley (1985) also
derives theoretical influence functions for the eigenvalues and eigenvectors in
PCA based on the covariance matrix. His expression for TIC(x ,a,) appears

different to that of Radhaknshnan and Kshirsagar due to the different ways of
dealing with the singular matrix (£ -, /), see § 3.5 and § 3.6 for further
details. Other "influence’ techniques in PCA which do not use the influence
curves above have been examined by Krzanowski (1984) and Benassini
(1985). There is also work by Escofier and Le Roux (1976), recorded in
Greenacre (1984), which gives upper bounds for the angle between the
original and perturbed eigenvectors when observations are omitted. This is
mainly for correspondence analysis but it can be applied to other statistical

methods that involve eigenvectors. Most of these references will be discussed
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further in the relevant sections. The theoretical influence curve was originally
derived for use in robust estimation. Huber (1981) says it is *perhaps the most
useful heuristic tool of robust statistics’. We wish our estimator to have a
bounded influence curve, so that the effect of extreme points cannot exceed
some value. This has lead to various proposals for robust estimators. The
influence curve can also be used to derive the asymptotic variance of the
estimators. See Huber (1981) for many applications of the influence curve in

robust estimation.

In Chapter 2 we shall examine the influence functions for the bivariate,
multiple and partial correlation coefficients. If possible it is preferable to
obtain an expression for the sample influence curve. This chapter will show
when this is possible and when it is better to use the theoretical influence
function. When both sample and theoretical curves have an algebraic
expression they will be compared, and for each correlation coefficient we have
numerical comparisons of the deleted sample and empirical influence

functions.

The theoretical influence functions for the eigenvalues, eigenvectors and
component scores, in a principal component analysis, from both the
covariance and correlation matrices are derived and discussed in Chapter 3.
Contour plots of the influence functions are presented for p =2 and p =3.
Multiple case deletion will also be considered. Chapter 4 is concerned with the
practical application of the influence curves derived in Chapter 3. A suitable
scalar measure for the change in the eigenvectors will be proposed and we will
compare the ’actual sample change’ with the empirical divided by (» —1). The
'actual sample change’ is found by numerically finding the  perturbed
eigenvalues and eigenvectors for each observation omitted (although we can

make use of formulae for the change in the covariance matrix when a point is
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omitted). A number of problems arise in principal component analysis when
assessing the influence of observations, due to the eigenvectors switching in
order or rotating within a relatively unchanged subspace. The theoretical and
sample curves behave differently in such situations and this behaviour will be
explained. Critical levels for the percentage change in an eigenvalue, for both
the covariance and correlation matrix, are found by simulation and are

discussed. Finally, we consider influence in detail for three datasets.

In Chapter 5 we derive the theoretical influence functions for the
eigenvalues and eigenvectors in canonical correlation analysis and in
correspondence analysis. Three types of perturbation are considered in
correspondence analysis. The first is when we add a single observation so that
a cell of a two way contingency table is incremented by one. The theoretical
influence functions for this are found as special cases of the influence
functions for canonical correlation analysis. Secondly, we consider the
deletion of a row from a contingency table and lastly adding into cells for a
multiway correspondence analysis. In Chapter 6 influence in correspondence
analysis is examined by application to real datasets. Canonical correlation
analysis is not discussed in Chapter 6 since most of the points which could be
illustrated are the same as for other eigenvector methods. Furthermore, the
first type of influence considered in correspondence analysis is a special case
of canonical correlation analysis, and the multiple correlation coefficient,

discussed in § 2.4 is another special case.

Chapter 7 discusses the usefulness of the different influence functions

and influence in general, in light of the work in the thesis.
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Chapter 2: Influence Functions for Correlation Coefficients

2.1. Introduction

We shall introduce the different influence functions, and the
relationships between them, by looking at their applications to the covariance
matrix and to three types of correlation coefficient. We shall obtain the
sample and theoretical influence functions for the bivariate and multiple
correlation coefficients. The theoretical expressions will be seen to be
simplified versions of the sample curves. If we form the empirical curve by
substituting the sample equivalents into the theoretical expression we can
observe that the empirical will tend to underestimate the sample influence
curve for omitting an observation, (which is what we are normally interested
in ), and over-estimate the sample influence curve for adding an observation.
The theoretical influence function for the partial correlation coefficient is
derived in § 2.5 and we shall discuss why it would be difficult to obtain a
simple algebraic expression for the sample curve. We will usually consider
both types of sample curves, and it will be shown how the empirical curve can
be used to approximate either curve. For all the correlation coefficients we

will numerically compare the deleted sample curve with the empirical.
2.2. Influence Functions for the Covariance Matrix

2.2.1. Sample Influence Function
Let § denote the perturbed covariance matrix when we add an extra
observation x, +; then

n—ls + 1
n+1

En 1= X ) En+1— %)’ (2.2.1)

S

where ¥, S and » are the mean, covariance matrix and the sample size

without the extra observation included.
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Proof of (2.2.1)

Let X * be the mean with the extra observation included. Then,

+

1

=) -2y

1

n

n§

J

]
M=

55+ Iz ~(FDETEY (2.2.2)

J
Substituting

e_nX txa
- n+1
into (2.2.2) we have

=

2
+_n n® _ _, n__ n -,

x;x;’' Xp+1%n+1 — X X' ———X x4 — X, 41X
Aadnd n+1=2+=nH n+1—— p+1—"*1 n+1=>+1=—

nS =
J

n

Putting in n ¥ _x ’ and taking out again gives

n
.-— ' -— n —_— — —
nS = 2155,- -nx x '+;:_—1-Qx,,+p_c,,+1'+x X' =X 01X = X X541)
]=

which is the same as (2.2.1). Subtracting the original covariance matrix and

multipling by (n+1) gives the sample influence curve

n

RS 3 e U (2.2.3)

SIC (5 +1)(S ;X5 +1) = — "

If we wish to delete an observation x;, say, from the existing dataset then a

proof similar to the above gives

—1 _ —\,
S(—i)= . ) S — (n _1)n(n -2) (f} - x_)(fl - L) (224)
and, noting that for the deleted sample curve we subtract the perturbed from

the original and multiply by (» —1), we have,

SIC (S )= =225 + (g — E )y~ £ (2.2.5)

where x , S and » are based on the full dataset involving x;. Expressions
(2.2.3) and (2.2.5) are very similar only differing in the functions of » and in
the order of subtraction of the original and perturbed covariance matrices. It

is due to the similarity of these expressions that we can convert the empirical
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formulae bawed on adding pomts to deal wath fluence whea a LUTITENTN

removed. We wall return to thisin § 2.2.2.

2.2.2. “Iheorcetical and Empirical Influence Functions

The perturbed population covanance matnx is given by Campbell (1978)

and results in the influence function

TIC(x,%) = —S+(x —p)(x —p)’ . (2.2.6)
Substituting § for ¥ and x_for p we obtain

FIC(x,$)= =~S+(x—x )(x—- 1) (2.2.7)

which only differs from (2.2.3) or (2.2.5) in the approprate functions of .
However, the functions of » in the sample curves are of o{1) so we see that

(2.2.7) would provide a good approximation to (2.2.3) or (2.2.5). This
means that the theoretical expression could be useful in describing influence
in samples when the an algebraic expression for the corresponding sample

curve is not possible. -
As pointed out by the extemnal examiner, it would have been rather more

approprate to use (1 instead of § in much of what follows, where

Q=1 3 (4~ x)(x —x) = (n/(n-1))$
noi=a
This makes little difference to most of the work but changes the functions of n

involved slightly. See in particular § 4.4 where adjustments to the functions of

n are considered.

In Chapter | we noted that the theoretical influence curve is an
asymptotic result that provides a first order approximation to the sample
results.  Consequently, We would obtain the same expression as the empirical
il we considered the sample curve as n - as the higher order are not dependent

upon n. This approach is used for some of

the influence expressions in correspondence analysis. The sample influence [or
s and the empirical are perhaps two of closest expressions one will obtain. It
is because the theoretical and sample expressions for the covanance matnx are
so similar that the theoretical influence functions for the eigenvalues and

cigenvectors in principal component analysis usually approximate the sample

~arte small datasets. See Chapter 4.
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2.3. Influence Functions for the Bivariate Correlation Coefficient

2.3.1 Sample Influence Function

Using (2.2.1) and omitting the subscript n+1 so that x, is the kth

variable of the added observation x, ., we have

n—1 1 — —
- , skj+n+1(xk_xk)(xj-xj)
= 7
S P S N e P 1 _ 2"
n ot T3 y) P S A

n
Y DD Y

172 12
n 2 n 2
{1 * (n—1)(n+1)* ] [1 * (n—1)(n+1)7 ]

where y, is the standardised x, variable. We cannot express the above

perturbed correlation coefficient as the original correlation coefficient plus an

extra term representing the change. However, subtracting the original r,; and

noting that ———I———SIC 2+1)(%,7;) is the actual change in the correlation
g (n+1) j g

(n+1)

coefficient we have

n—_l*_l_SIC(n +1)(§ﬂ+l ’ rkj) = (2'3'1)
12 12

n 2 n 2 . n .

~ [1 TS ) ] [1 T DA ] T T ) )

) 77

77)
n 2 n 2
1+ :
[1 T D)t ] [ (n—1)(n+1) "
This expression is rather cumbersome but it would not be very time consuming

to calculate. The sample influence function when we delete an observation x;

is given by

SIC(_,)(_XJ , rkj) = (2.3.2)

n—1

12 12 n
n 2 n 2 —_— .
Fij [1 - (n_l)z)'k J [1 - myj ] Ty + (n__l)2ykyl

n v n v
ll - (n-—-l)zykzl [l - (n—1)2y12]
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2.3.2. Theorctical and Empirical Influence Functions

The theoretical influence function T1C(x . py,) 18 quoted and used by
Devlin e al (1975) and is denved by Mallows in some unpublished work. A
denvation of this influence function is given here, this proof serves to
illustrate the duality between the sample and theoretical curves (TIC(x ,py;)
could be denved as a special case of the partial correlation coefficient in §
2.5.2). From (2.2.6) the perturbed population covariance matrix is

Y= (1= + ¢(x = p)(c ~ )" + o(e) (2.3.3)

Using this we have

oy t e(—ay + (i — e )(x; — ;) 7
12 [ 12

Prj = .
““Vz"/’/m 1+ (o + (5 —pe)?)

€
1 + __(__.0” + (Xj — “j)z)
T i ..

Tjj

One advantage of looking at the theoretical curve is that terms of o(e?)
disappear, see Chapter 1, and this mcai'\é we can expand out our brackets to
o (¢) which simplifies our expressions. It also enables us to wnte 4,; in terms of
the original correlation coefficient plus other terms which we could not do for

the two sample curves. Noting that the expansion for

(1+eb) =1~ ib + 0 (€)

and letting y, be the kth standardised vanable of x we have,

2 € 2
Pej = [m, + €(— py, +n,v,)] [1 - %(—1 +yk“)] [1 -5 (=1 +y, | + o(ed)
Multiplying out the brackets gives
Pk, 5 2
P = Py — f'—;l‘()’t‘ +.V/2) + ey y; + o(€) (2.3.4)
Hence,
p b b
TI(:(E 'pl/):—_k—/—(,vk~+,y/~) +yky/ (235)

2
Devlin er al (1975) give a plot of (2.3.5) for p = 0.5 and we have a plot in

§ 3.8.3 for p = 0.2 since the eigenvalues for a 2x2 correlation matrix are 1=p,;
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i.e. TICg(x ,\;) = =TIC(x ,py). Fig 3.8.2 is a hyperbola and we find that the
lines of zero change for pyj make a smaller angle with the x axes as p;
decreases. Thus, if we have uncorrelated data adding the standardised points
(% ,0) or (0,y;; will not change p,;. Conversely, if we have perfectly
correlated data then adding the point (y, ,y,), where y; = yj, will not affect p,;.
This can be seen by substituting p,; =1 and y, =y, into (2.3.5). These are the

two extreme cases that the other values of p will lie between.

Expression (2.3.5) is much simpler than (2.3.1), although (2.3.1) would
not take much longer to calculate than the empirical version of (2.3.5). The
sample and theoretical proofs show that the empirical based on the theoretical
result is a first order approximation to (2.3.1). If we considered the sample
influence function, obtained by multiplying (2.3.1) through by (n +1), as n ~
and ignore terms of o(1/n) we would be able to expand out the brackets as we
did in the theoretical. This would result in the same expression as the
empirical if we approximated n /(n—1) to be 1. We ignore terms to o(1/n) as
we are considering the influence curve not the perturbed parameter. In fact
the numerator of the sample curve would give us a similar expression to the
empirical, as the temms in the denominator once expanded up do not enter
into the expression since they are of a higher order. The same is true if we

considered (2.3.2) as n-x.

2.3.3. Practical Application of the Functions

The empirical curve based on (2.3.5) differs more in appearance to
(2.3.1) or (2.3.2) than EIC(x ,S) was to SIC(x ,S). The more terms we have to
expand out in our theoretical derivation the greater the two curves will differ.
However, as n increases, since it is an asymptotic result, the closer the
influences from the two curves will become. Below we will consider an

example where n =55 and we shall see the comparisons are good. We shall
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compare the empirical with the sample change when we delete each
observation in turn from the dataset. The empirical can be used equally well
to approximate (2.3.1) or (2.3.2) as these to the first order only differ slightly
in the functions of » involved. Although some of the signs are different this
would not affect the asymptotic results when we let n-». We will consider the

difference in the empirical approximation to the two sample curves below.

When we compare the empirical with deleted sample curve we will in fact
compare the actual change in the parameter, in this case given by the L.H.S.
of (2.3.2), with the empirical divided by (n—1). This is equivalent to taking
e=1/(n—1). When we use the empirical like this we will refer to it as the
’estimated change’. The data used below are taken from Barnett and Lewis
(1984,p 262). It consists of two variables, the age and salary of electrical
engineers and the bivariate correlation between the variables is 0.67. In
Table 2.2.1 are the three most influential observations, ranked by their
sample influence, recorded as the actual change, and the corresponding

estimated change.

Table 2.2.1

Ranked Influences for the Sample Influence
Function and Corresponding Empirical Value

actual | estimated

Obsn. | change change
20 -0.053 -0.046
19 -0.049 -0.046
26 0.031 0.027

As we subtract the perturbed parameter from the original a negative change
means the parameter has increased and vice versa. Apart from two switches
in rank for two observations whose influences were close, it was found, over
the 55 observations, that the rankings by actual and estimated change were
identical. From Table 2.2.1 we see that the estimated change consistently

underestimates the sample change, in absolute value. We would similarly
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find that the estimate for adding an extra observation would overestimate the
actual sample change. This is the general rule in most applications of- the
curve we have examined, although it need not occur for every single
observation. Why this occurs here can be understood from our sample and
theoretical expressions. As discussed above we could obtain the empirical
expression by considering the sample curve as n-x. If we do this for the RHS
of (2.3.2) multiplied by the (»—1) and only expand out the brackets on the
numerator the top would become the same as the empirical (apart from
differing functions on »n) but we would still have the denominator terms. For
expression (2.3.2) the denominator terms are less than one leading to a larger
value than the empirical for the sample change. A similar argument for
(2.3.1) would leave us with the empirical divided by terms which are greater

than 1.

We shall now consider what type of observations have come out as the
most influential. The Mahalanobis distances for the three most influential
observations are 13.7, 9.2 and 6.0 respectively. These values are given by
Barnett and Lewis (1984) and using critical values they conclude observation
20 to be an outlier but say‘ ’the status of L is more questionable’ where L is
observation 19. However, despite the differences in their Mahalanobis
distances their affects on the bivariate correlation only differ by 0.004. Both
increase the correlation when they are omitted, since from the plot of the data
in Fig. 2.2.1 we can see both undermine the correlation. Observation 26
decreases the correlation when it is omitted since it is enhancing the
correlation. The effect of observation 26 is smaller than those for observations
20 and 19 but it is possible that this is due as much to its positioning in the
plot than because it has a smaller Mahalanobis distance. To examine this,

observation 26 was multiplied through by 0.75 to make it smaller, and so
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Figure 2.3.1 Plot of ages and salaries of 55 electrical
engineers in the U.K in 1974
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more extreme (at the bottom of the plot) than 1t was onginally. The new

Mahalanobis distances and sample changes for the resulting data were

Obs | Mah.  Sample
Dist.  Change
20 | 13,5  -0.050
19 8.0 -0.041
26 | 17.2 0.044

Observation 26 now has the largest Mahalanobis distance but its absolute
influence is still smaller than that for observation 20. This is the {irst example
to show that the most outlying point nced not be the most influential. From
the theoretical contour plot we see the affect of an observation would be zero

no matter how far along the zero asymptote it was, at least in population case.

2.4. Influence Functions for the Squared Multiple Correlation Cocfficient

2.4.1. Sample Influence Function

The squared multiple correlation coefficient is the squared correlation
between y and the fitted ys in multiple regression. It is thus the proportion of
the total sums of squares (TSS) of y explained by its regression on the set of X

vanables.
. -1s
R?= Cor’(y ,XB) = ; 2 (2.4.1)

. Yy
where X has a column of 1’s for the constant term and
where the covanance matnx

SyeSue

We can re-express

o2 = REG(SS) _ | _ RSS

TSS TSS
where REG(SS) and RSS are the regression and residual sums of squares
respectively. We will consider the influence function for R? when we delete

the ith observation from the full dataset since we can use existing deletion

formulae, and deletion is what we are interested in practice. Then
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TSS = (n—l)var(_y_) = (n—1)s,,
so from (2.2.4)

ISS (- =T8S — —2=(i=y)?
From Belsley et al (1980, p64)
8;2
RSS(_,') = RSS — 1 —h,','

where ; is the residual (y; —y;) and &; is the ith diagonal element of the hat

matrix X (X'X)~1x’, where X is centred. Hence,

e 2
89 _ 1 — nd
n_l 3 y

R—i)=1—

and

1
(n—1)

SIC (—iy(xi ,RY) =R?—R};y

C,'z

1—hy ] _RSS
] TSS

it

-y —y)?
e,-2
1—h;

[TSS — =0 —y_)z]

+ =2 (1-RH(i —y)?

Multiplying each side by (n —1) we have,

e,-2

n — )Y —
R R (TR

A0’
(n—1)

(2.4.2)

SIC (—iy(x; ,RY) =

where y! = (y; —; )/sY? and s,, =TSS5 /(n—1). Hence, y/ is the standardised y
variable w.r.t. the sample variance of the y,, rather than by 6% =RSS /(n—p)

which is the estimated variance of the y, specified by the regression model.
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2.4.2 Theoretical and Empirical Influence Functions

The population squared multiple correlation coefficient P2 is defined as

p2 = ZnZa' Sy’

Oyy

and is the squared correlation between y and the linear combination of the x's

(2.4.3)

which has maximum correlation with y.

Chernick (1983) derived the theoretical influence curve for P2 for two X

variables by writing it in terms of the correlation coefficients

2 2
p2o Pyx, + Pyx, — 2pyx‘pyx2pxxx2

1- plexz

This results in a long expression for the influence curve and he notes that one
could derive P2 for any number of variables by this approach but the number
of parameters would increase rapidly and the formulae would not be useful in
practice. Radhakrishnan and Kshirsagar (1981) also obtain the influence
function for P? for any number of variables, as a special case of generalised
variance. There appear to be typing errors in their expression and it is not
expressed in the simplest possible form. Below is a derivation of T/C(x , P?)
and we will compare this with the sample curve in (2.4.2). The influence
curve is also derived in § 5.2.3, where it comes out as a special case of the

canonical correlations.

Oy Svyx
s [Eyy Ey ]
Xy XX

Then using (2.3.3) the perturbed covariance matrix is

(1 —G)ny' +€(it. —E‘x)(y — Hy) (1 —6)2.:: +€Q _P_;x)(f —E;)'

From Campbell (1978)

[ (1 - €)oj, +e(y —py)? (1-€)Zy +eiy —uy)(z—}f;)']

Sl =1+ 035 — S5 —p)x —pe)Zat +o(D) . (2.4.4)

We wish the perturbed form of (2.4.3); therefore, by ignoring terms of order
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o (€?)
5,321 =3, 35 +e [z, {2;‘ -32G - g - g,)'z;,l}
+ {—ny + O — ) -g;)'}zx?‘}
=3t + e[ 33200 - e — )5
+ 0~y - )3
Similarly
22 2 = 2 25

te [[-nyzél(z — e )(x — ) T+ (y-uy)(z-gx)'zx:‘}iyx'

+3, 3.1 {-):,,' +(x ) — p.y)} i (2.4.5)

Letting { =3, 55'(x — p,) = B'(x —p,) be the point on the regression line for
y, then (2.4.5) becomes

%S Be = B35 S e [~ 4 20 — )Y - 0, P2

Noting that
. -1
ll + 'G_—(—o'yy + (y - “‘y)z)]
1 _ Yy
Gyy Oyy
()‘—P-y)z
) [l —e(—1+ _———_O’yy )}
= o

and substituting this and (2.4.5) into the perturbed form of (2.4.3) we obtain

after some tidying that

—PHy — )t +2(y — -
I;2=P2+e[ O 7y + 20 ~w gl . (2.4.6)

Oyy
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Addi . (y _"‘y )2 * . .
ng in e=——— and taking out again we obtain
yy
TIC(x ,P?) = (1 - PY)(y*)? — X (2.4.8)
Tyy

where v is the residual (y —p, —{), and y* is the standardised y variable. The
empirical curve is obtained by substituting the sample equivalents R2, and e
for P2, and v respectively. This gives

EIC (x ,R)= (1-R}) ("2 —-
Syy

The empirical and sample curve given by (2.4.2) are thus quite similar. The
residual for the sample influence curve has the divisor (1 -h4;) and so the
sample and empirical may differ most when &; is large i.e. x; is remote in the
factor space (see Cook and Weisberg, 1980). Like the bivariate they differ in
the denominator as this is expanded up for the theoretical. The denominator
in (2.4.2) is smaller than one which should lead to the estimated change

generally being smaller than the actual sample change.

2.4.3. Practical Application of the Functions

We will now apply the sample and empirical influence functions to a
dataset taken from Cook and Weisberg (1982,p118-122). The data are
concerned with the amount of drug (y) retained in the liver of rats. There are
19 observations (rats) and three regressor variables for the body weight and
liver weight of the rats and the dose they are given. Cook and Weisberg note
that none of the simple regressions of y on the individual Xs are significant
but when y is regressed on all three variables together there are significant
regression coefficients for X; and X;. They gave plots of the studentised
residuals, leverage (h;) values and the Cook statistic (all of which are defined
in Chapter 1) against the observation numbers. The last two, but not the

studentised residual, have a large value for the third observation and when it
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is omitted there are no longer significant regression coefficients. They note
that the influence of the case is due to this rat receiving a higher dose for its

weight than the others, see Cook and Weisberg (1982) for further details.

Table 2.4.1 gives the most influential observations by the sample change
on the multiple correlation coefficient and the corresponding estimated change

from the empirical.

Table 2.4.1
Most Influential Observations on the Multiple Correlation Coefficient

Obs. | Actual | Estimated
Change Change

3 0.343 0.224
1 -0.104 -0.076
19 -0.093 -0.059

The three most influential observations on R? are the same for the two
curves but the empirical underestimates the sample (clearly, we would not
wish to use the empirical in a practical situation when we have as simple an
expression for the sample curve). The two curves disagree most for
observations 5 and 13, where the sample has smaller values, (but larger
absolute value for observation 13) than the empirical. These observations
have the 2nd and 3rd largest leverages, after observation 3, which gives a
larger negative coefficient multiplying the residual term in the sample than

empirical curve.

However, observation 3 is the most influential for both curves. The
original R? was 0.364 and when it is omitted R falls to 0.021. The 2nd and
3rd most influential observations lead to an increase in the multiple
correlation coefficient when they are omitted, as do most of the other
observations. This probably occurs as observation 3 which is still in there
receives more weight and so greater pull in the regression due to the decrease

in n. If we had just relied on the studentised residual rather than calculating
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the Cook influence measure, that looks at the changes in the regression
coefficients, or examining the change in R2, the important nature of
observation 3 would not have been highlighted. The Cook statistic and the
change in the multiple correlation coefficient are two different measures of
influence. Although they both give observation 3 as the most influential they
differ in their second and third rankings. When the two coincide and when

they differ is not examined here.
2.5. Influence Functions for the Partial Correlation Coefficients

2.5.1 Sample Influence Function

The partial correlation between two variables x; and x; given the
variables in X is the correlation of the two sets of residuals from regressing x;
and x; individually on X. If we let s;; be the covariance between x; and x; and
S, be the vector of covariances between x;, and X and similarly S, , then the

partial correlation is defined as

Tkjx = =SS Sy (2.5.1)
-lS&—ShS Sh ] ls” S S S ]
This can be re-expressed as
_nj —SkxSxx _lS "/ Sk s”m (2.5.2)

]

where R, 2 is the squared multiple correlation coefficient for the regression of
x, on the set in X. The sample influence curves for the bivariate and squared
multiple correlation coefficients when a point is deleted from the dataset are
given by (2.3.2) and (2.4.2) respectively. Substituting the perturbed forms for
these parameters into the perturbed expression for (2.5.2) would yield a very

uninformative sample expression for the perturbed partial correlation. The

square roots in (2.5.2) make the mathematics intractable in the sample case as
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we can see they did to a certain extent for the bivariate correlation.

2.5.2 Theoretical and Empirical Influence F unctions
We will derive the theoretical influence function for pijx using the

definition similar to (2.5.2) which is

_ Pxj — ZhEleE}-,'/okl{lom

Prjx = [I—PkZ]W[I—P}?]Ig : (2.5.3)

This enables us to use the perturbed form for the bivariate and squared
multiple correlation coefficients in § 2.3.2 and § 2.4.2 respectively. Using

equations (2.3.5) and (2.4.8) for the above terms we have

- Pij
b = Py — €5 0k + ;7)Y ey (2.5.4)

where y, is the standardised value of the & th variable in the added point; and

2
. Yi
Bi=P2+ ¢ [(1 ~POWE - | (2.5.5)
If we let
4 DI e S
0’}{20'}][2

then similar algebra to that for squared multiple correlation coefficient in §

2.4.2 gives
i=a [1 - g(ykzﬂ,z)] PNy (25.6)
[ 73 O'”

where v, is the standardised residual from the regression of x; on the variables

in x. If we let B denote the numerator of (2.5.3) then using (2.5.4) and

(2.5.6) gives
s —pl1— £2ty)) | + 2 Y 2.5.7
B Il ) Ok +y/) €12 015'/2 . ( )

For the denominator,
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_1.2m=- lzwll—e(y,}- vé )-m
[1-72] |1-72] ou[1-r27]

Ignoring terms of o (e?) and letting v, = AL 17z, which is the residual
ol [1 - P,,2]

standardised w.r.t. the partial variance, we have

_1'21’I= : 17[[1+£()'k2—vk2) -
T

To o(¢)

, 1 _ [l + 508+ 7 =i =)
[l—ﬁﬁ]m[l—ﬁf]‘”_ ll—PtZ]m[l—Pﬁ]w' o (2.5.8)

Multiplying (2.5.7) and (2.5.8) together and performing the necessary steps

results in,

TIC(x ,pue) = = o= [vB + vF | Huey; (2.5.9)

The empirical curve is then formed by substituting in the sample equivalents.
The form of (2.5.9) is similar to that for (2.3.5) but the standardised x
variables in (2.3.5) are replaced by the two sets of residuals standardised
w.r.t. their partial variance. This result makes sense since the partial
correlatfon coefficient is the usual bivariate correlation between the two sets of
residuals. However, this means that the empirical does not take into account
any changes in the individual unstandardised residuals when an observation is
omitted from, or included in, the analysis.Instead, the residuals are treated

like a fixed set of variables as in the usual bivariate correlation coefficient.

2.5.3. Practical Application of the Functions

We shall compare the sample and empirical curves for the partial

correlation coefficient for two examples from the same dataset. The dataset
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was collected by Dr. B.J.T. Morgan and consists of seven anatomical
measurements made on statistic students at the University of Kent. The data
were collected over three years, and we will examine the data from one of the
years here. These data will be used throughout Chapter 4 as well. An
influence analysis for the three different years, including when they are
combined together, is discussed in a paper by Calder, Jolliffe and Morgan
(1986). For the dataset discussed here, » =33 and it contains one clear
outlier, observation 30, in the 3rd and 7th variables which were the hand and
wrist measurements respectively. It appeared that these readings may have
been entered in the wrong order since if we swop them around the point is no
longer an outlier. Fig. (2.5.1) is a plot of variables 3 and 7. We will consider

p37.4 and py4 7 where variable 4 is the head circumference.

Table 2.5.1 gives the largest and smallest actual (sample) changes and
corresponding estimated (empirical) changes in ps;4 (the actual change =
1/(n-1) SIC and the estimated change = 1/(n-1) EIC). We will not always
look at the smallest changes, but it does serve to show how much the two
curves agree. In fact, we often find that they agree more for the smallest
changes as the empirical tends to underestimate the largest changes the larger
they get. Table 2.5.2 gives the largest and smallest changes for py4;. The
sample and empirical disagree on the 2nd and 3rd rankings, with the sample
placing observation 30 second. However, both agree that observation 27 is the
most influential on pyy; and that observation 30 which is ’highly influential’
on py7 4 has comparatively little affect on p34;. Also given in the tables are the
influences for the observations on . the bivariate correlations py; and psy
respectively. We will now consider briefly the differences in the most
influential observations on ps; 4 and psys; and how these differ with the usual

bivariate correlations p;; and py. We may use the partial correlation
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coefficient if we think the high correlation between two variables is due to
their dependency on a third (or possibly more) variable. Since we are
introducing another variable we can find those observations most influential
on the partial and bivariate may differ due to an outlier in the variable being
conditioned upon. However, if an observation has a similar structure to the
rest of the data but is extreme on all variables then it may be influential on
the bivariate correlation coefficient but not the partial since it maybe
accounted for in the regressions and so has two small residuals. The values of
the partial and bivariate correlations are given below the tables. The affect of
observation 30 was so great on pj;4 that when it was included the correlation
was negative. The bivariate correlation was also exceedingly undermined.
Observation 30 is thus highly influential on both the partial and bivariate
correlation. This is not surprising as the discrepancy in observation 30, which
is outlying only on variables 3 and 7 is not likely to be explained in the
regression of these variables on another variable. Observation 30 is not so
influential on p345 but it is still influential on the bivariate correlation py4. The
bivariate correlation increases when it is omitted as the observation is
undermining the correlation (note, a negative influence refers to an increase
in the parameter when an observation is removed). However, it appears that
taking account of variable 7, which is the other variable that 30 was

discrepant on, has helped to reduce the affect of the outlier.



=29 .-

Table 2.5.1

Ranked Actual Chanl%es and Corresponding Estimated
Changes for ps;4

obsn. | sample | empirical | biv(sample)
30 -0.83 -0.38 -0.66
27 0.08 0.07 0.03
17 0.05 0.04 0.05
21 0.00 0.00 0.00
20 0.00 0.00 0.00
P374= -0.18 p3r = 0.11
Table 2.5.2

Ranked Actual Changes and Corresponding Estimated
Changes for psy;

obsn. | sample | empirical | biv(sample)
27 -0.05 -0.05 -0.03
30 0.05 0.03 -0.15
18 -0.04 -0.04 -0.03
13 0.00 0.00 0.02
6 0.00 0.00 0.00
P3g. 7= 0.54 P34 = 0.53

Figure 2.5.1 Plot of variables 3 and 7 for
student anotomical measurements
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Chapter 3 Influence Functions in Principal Component Analysis

J. 1. Introduction

Let the p vector random variable x come from a distribution with mean
vector p. and positive definite covariance matrix £. If the eigenvalues of X are
A >Ay> ... >\, with corresponding eigenvectors aj,a5.....a, then we have
the relationship,

(2= Agl)ay =0 wherea, #0 (3.1.1)

A non-trivial solution to (3.1.1) holds only if,
IX - Ak ! | =0
and expanding this determinant as a power series in A, we obtain the
charactenstic equation. The linear transformation
Z=T'(x-p (3.1.2)
where "= (ay, ...... a,), forms new vanables z,,.....,Z, , called the principal

components, such that the z, ¥ =1,....p are uncorrelated with each other and,

Var(Zy) = A, c=1,...p

This means that the prnincipal components have decreasing vanance but

A
A

P
Var(Zy) = D A =t(2) = > Var(x, )
k=1 =1

h[

E=1
so the total vanance remains the same. The kth element of Z is called the kth

pnncipal component score of the point x.

Replacing £ by the sample covariance matrix, S, we can define the

sample principal components as,

(3.1.3)

2 =T"(5 — X)
where I'=(ay,......, a,) and & is the kth eigenvector of s. The sample

components have variances A, >.....>\, the sample covanance eigenvalues.

Principal components is thus a rotation of the onginal axes so that the
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structure of the covariance matrix is simplified. If the first few principal
components account for most of the variance in the original variables then we
can reduce the dimensionality of our problem by only analysing the first few
principal components. This does not mean that the principal components with
small variances are never of interest. These can reveal constant relationships
among our original variables, and they have been advocated for detecting

multivariate outliers.

In practice it is often preferred to carry out our principal component
analysis on standardised data to avoid the principal components being similar
to the original variables when there are large differences in the variances. A
principal component analysis on the covariance matrix of standardised
variables is the same as the principal component analysis of the correlation
matrix R. We will consider principal component analysis from both types of
matrix. Further information on principal component analysis can be obtained
from any good text Abook, see for example Mardia, Kent and Bibby (1979,
Chapter 8). |

In this chapter we will investigate the influence functions for the
principal component variances, \., the coefficients of the linear
transformations, a;, and finally the principal component scores for both the
covariance and correlation matrices. The eigenvector, o, represents the
contrast of the original variables accounting for the kth largest variance, A;.
Thus, the o, are often interpretated especially for the largest and smallest A, .
It is important to know how reliable our conclusions are and influence
techniques provide this information by examining to what extent these
contrasts change when points are added in or omitted. A study of influence on
the eigenvalues A is also important since these are used to determine how

many principal components we should retain, and their relative sizes again
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reveal the structure of the original variables. Most of the chapter is devoted to
the theoretical influence function as only limited sample results can be
derived. These sample results are considered first, in § 3.2. Even though
algebraic expressions exist for the eigenvalues and eigenvectors, when p is
small, we will see in § 3.3 and § 3.4 that they can only be used to derive the
theoretical influence functions due to their complicated form. In § 3.5 we
derive the influence functions for the eigenvalues and eigenvectors of a
general symmetric matrix W. This is then applied to the covariance and
correlation matrices respectively in § 3.6 and § 3.7, where the influence
function for the component scores are also derived. In § 3.5 and § 3.6 we look
in detail at the different ways one can express the influence function for the
eigenvectors. Three approaches are considered. One method is developed in
this thesis and the others were used by Radhakrishnan and Kshirsagar (1981)
and Critchley (1985). The latter approach uses generalised inverses to deal
with the singular matrix (£—\,7) and only this method is used for the
correlation eigenvectors as it leads to the simplest equations. In § 3.8 we
examine and contrast the different influence functions from the covariance
and correlation matrices. Contour plots for small p are presented in § 3.8.3.
The section is concluded with a look at alternative influence approaches to
principal component analysis by Escofier and Roux (1976) (which is outlined
in Greenacre (1984)), the ’sensitivity’ analysis of Krzanowski (1984) and
work by Benasseni (1985) which gives bounds for the changes in the
eigenvalues. In the final section we consider the theoretical influence
functions when we add in more than one point. All practical applications and
comparisons of the sample and empirical curves are considered in the next

chapter.
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3.2. Sample Influence when we Delete Specific Types of Observations in
Covariance PCA

3.2.1. Observation Lying out along a Principal Component

Here we consider deleting an observation x; whose score on the kth

principal component is Z; and zero on all the other components. The

principal component scores are formed from

Mg -3)=%
where T has the eigenvectors as columns. Taking I' over the other side and

noting that I'T =1 so that ! = I we have

0
(—x)=T ,a -
0

Substituting this into (2.2.4) gives

2y

["?)

n—l n A2A ~ .,
S0 n—ZS (n—1)(n-2) L2k Sk
We can show that if ; j =1,....p is an eigenvector of § then it is also an

eigenvector of §_;).

- n—l n A2A ~ ., -
N = — 7 :
S0 = |22 T noD)(n—2) H%X |%

if j#k then a,'a; = 0 and this gives

- n—1 _-
Sn= 5%
n—1:= -~
=n—2kjgj

-~

S = N-n%

so a, is an eigenvector of 5(_;).
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If j =k then a;’a; =1 so that

S_,-& = L — n Az. o
o [n—zs (n—l)(n-z)z’“']g‘

Letting

n—1- 2

i = Ay — n 7
KT M T D)

gives
-~ - n—1 ~
Cep=MeEnDayp="—E-M)=0
SO o is also an eigenvector of 5(_; . Thus, when we delete an observation

that lies along a principal component the eigenvectors remain unchanged but

may switch in order according to the values of the perturbed eigenvalues.

These were
- n—1: .
N = N J#k
- n—1=> n 52
Abfiy = AL — 4
K= M T iD(m—2) F
Hence,
A - n—1- .
A oA —1- .
(n =1\ —Mi(—pp)) = —:TZM + - ?_2 7 (3.2.1)

We have not named the above as SIC since the changes are not for all possible
values of x. The sum of the perturbed eigenvalues is not the same as the sum
of the original eigenvalues, (this needs to be the case for correlation
eigenvalues). We will return to this point later. The same occurs if we add in

an observation along an existing principal component with

. - +14 .
(n +1)(Njman—hy) = =~ N j#k
-~ - +1 ~ -~
(n+DNerey— M) = — o+ 2 (3.2.2)

n
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3.2.2. Observation lying in a Plane

The result in § 3.2.1 can be extended to show that if an observation has
a zero score on the Ith principal component then it will have no affect on the
eigenvector, a;, even though other eigenvectors may be changing. The change

in the corresponding eigenvalue when the observation is removed is again

2 n
M=) = n—2

We shall illustrate this by supposing x; has non-zero principal component

scores Zy; and Z,; and Z; =0 for j =3,4,....,,p. Then,

5 —X)=Zua + Zyo

n
S(—i)= n_ZS

n A A A , A Py A A ,
- (n—l)(n _2) [21212121 + ZliZZit_!IEZ

Thus, for any eigenvector a; j#1,2

-~ n _
S = %% = N
- n—1:
= aj-p=9; and Ay = oA

When j =1 or 2 we find &, and a, are no longer the eigenvectors of 5. For

example if j =1

~ n ,\2A ~ -~ -~
R el WP 72a, + ZyZya ]
S(-he n-—ZSgl (n—-1)(n—2) [ L1 €222

which cannot be written in the form

(S (=) — M-n1 )a; = 0.
Although these sample results are restrictive they do give us something to

compare our theoretical (empirical) expressions with. These are derived in the

next few sections.
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3.3 Theoretical Influence Functions for the Eigenvalues and Eigenvectors from
the Covariance Matrix for Small p

When p =2 (or 3) the characteristic equation is a quadratic (or cubic) in
A. Solving these equations using the formulae for the roots of quadratic and
cubic equations provide us with algebraic expressions for our eigenvalues. We
also have expressions for the eigenvector coefficients. It is interesting to look
at the theoretical proofs for p =2 and 3, even though in § 2.5 we will derive
the results for any p, since they will show that we could not obtain simple
expressions for the sample curves even though the eigenvalues and
eigenvectors have an algebraic form. This is due to the square and cubic roots
that make the mathematics in the sample case intractable, as noted in the
previous chapter on correlation coefficients. For the theoretical curve one can
expand the roots and other terms out to o(e) and ignore the higher order

terms that go to zero in the definition.

We will go through the algebra for p =2 in some detail but, due to the

lengthy algebra needed, we shall only touch on the work forp =3 in §3.3.2

3.3.1. The Case for p =2
The characteristic equation for the eigenvalues from the covariance
matrix when p =2 is

A2 — Aoy top) + (o110n—0h) =0

where oy, is the variance of the first variable and oy, is the covariance

between the two variables. This results in the formulae,

(011+022)+\/0121‘*0%2—2011022‘*40122 331
1= 2 ( ot )
_ (oy+on) = Vo + 0% — 20100 +40fs
, =
2

We will only find the theoretical influence function for X\, and «; since the

proofs for \, and «, are almost identical, due to the similarity of their
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expresstons. We wall re-express

R
A (3.3.2)
where
B =(oy, +ay) (3.3.3)
C =(7|Zl + (72:2_20[]022‘*—40[22 (3.3.4)

The eigenvectors are obtained by solving, see (3.1.1.)

(X=X a, =0 (3.3.9)

Letting a denote the eigenvector whose first coefficient is 1, we obtain from

(3.3.5), fora,;.#0,

A —og, (e g%
3= ———" of a,= ———— (3.3.6)
Ts kl — Oas

according to whether one takes the first or second equation. The eigenvectors

that are normalised such that a’,a; = 1 can be written as

1 a,
= ————————— Y = - . - .7
T e T e (3:37)
Using (2.3.3) gives
Gy =unte(—ay + (5 w)’) +o(€) (3.3.8)

Ghi=of + 2e(—af, + g, (x, —w)) + o(€)

and similarly for ¢,, and 5, .

G110 = 0,05 + €(= 20,00 + 0y (xy — )’ + anlx —w)?) + o(€)
G =0 + 2e(—0f + opa(xy — ) (x2 — wa)) + o (€) (3.3.9)
Combining these together, as for the unperturbed € in (3.3.4), gives
C=C +¢€~2C +2D) + o(€)

where,

D = (ay —0n) [(Il =) (e - M:):J + 4o (x = ) (e~ w2)
From (3.3.2) we are interested in V¢ but for the theoretical influence
function we can expand this out to o(¢) as we did for similar terms in the

previous sections. This enables us to wnte A, in terms of the onginal
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eigenvalue which we could not do if we considering the sample influence
function. Instead for the sample influence function we would be left with a

complicated expression under the square root sign which would not be very

informative.
Since,
\/CT = \/C_‘\/l + %E—(—C +D) +o(ed)
=VC + (-VC + VDC') + o(d)
Using (3.3.3)
B=B + e(—B + (x;—u)? + (x2— p2)?) + o(d)
From (3.3.2)

;\1=)\1+€[—)\1 + % [VDZ" + (x1—p1)? + (xz—v«z)z]] + o(e?)

Substituting in for D and VC as 2A;—(o1; + op) gives, after some simple

algebra,

TICV(£ ’ R].) =

[(xl — )\ —0o22) + (x2— m2)2(A\1 — op1) + 20p5(x; — py)(x2 — M)]
2N = (o1 + o) '

— A +
However, from (3.3.6)

1 _ an
2X1—0'11—0'22 1+3122

012
SO,
A+ — ( )t + afs (r2— p2)?
= e x —
TICV(f , A1) 1 1+ 3122 1~ 1 1+ a122
2812
x1— p1)(x2 — K2)
1+ 8122( 1

and, using (3.3.7),

= -\ + afi(x1— n)? + ad(xa— p2)? + 2apan(xy — p)(xz — p2)



-39 -
= _kl + 212 ’ (3.3.10)
where z, is the score of x on the first principal component, and the subscript

V denotes that it is for an eigenvalue from the covariance matrix. Similarly,

TICy(x ,Ay) = —\p + Z%
These results are very similar to the sample expressions in (3.2.1) or (3.2.2)
which again shows that we can use the empirical for deletion or addition of
points. The above indicates that the influence of a point on an eigenvalue
depends only on its score for that principal component. We were only able to
show a similar result in the sample case when an observation has a zero score
on all the other principal components. In Chapter 4 we shall look at
comparisons of the actual sample change and the estimated change based on
the theoretical result, as well as the consideration of second order terms for
the eigenvalues that do involve the other principal component scores for an

observation.

We will now derive TIC,(x ,a;). Since a;; is defined to be unity, its

influence function TICy(x ,ay;) = 0.

-

A — 61y

ap =
12

Using (2.3.3) and (3.3.10),

z? —(xl—m)z]

812+€ —ajs +
[ 012

+ o(€?)

i [1 + = (—012+ (x1— p)(x2— P«z)]]

012

Expanding up the denominator and ignoring terms of o(e?), after simple

algebra, results in

ZE — (x1— p1)? — ap(x; — pi)(x2 — 12)
012

TICV(£ ’ a12) =

Since we saw that the expression for A, was simple when expressed in terms of
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the principal components we will do the same here. If  contains the

cipenvectors as columns then

I
IN

(x—p)
and so,

Xy - = anZy + ayZ,
X2 - w2 =T apZy t apZ;
Substituting these into 7/Cy (x , a;5) gives

- . I > hl h Al
NCy (. ap) = === (1 —aj; —apajap)Zi — (af + apayan)Zs

12

— (2ajjay + ajjapnag; + ayaa )z zZ,
From (3.3.7) ay, = aj3ay;. Using this and a';a;, =1 and a’;a, =0 then

2 _ 2 2 _
l —afy—apajap=1—ajj—a;p =0

a
2 _ 2 _
az +apagan = — L(Gzlan + apayn)=0
T

ayy
2o ay; + ajjanagy + azaap = ay(ay + apap) + —(af + afy)
agg

=2
ar
Hence,
Z\Zy apy
TICy(x ,ap) = — X : (3.3.11)
- T2 ap

We thus find that the influence function for a;, is a function of both
principal component scores. If one eigenvector changes then the other must

change also, since the eigenvectors must stay orthogonal,

there is no such restriction for the covariance eigenvalues which

may account for their differing form. The above influence gives a zero change
in ag; if a point lics along either of the principal components, since Z, or 7,

will be zero . This was noted for the sample results in § 3.2.
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3.3.2. The Case for p =3

The characteristic equation when p =3 is

342
A = Mo + on + 033) + Mo1109 + 011033 + 020033 — ofy—oh—ok)
— (01102033 — 0fho33 — ooy — odoy + 2012013023) =0
If we re-express this as

N—AB+rxC+D =0
then the roots of this equation are obtained by reducing to standard form

Y+Uy+V =0

where
B
=\- =
K 3
B
U=—=+
3 C
B 3 B
V=2[—] ~BC b
3
This gives the solutions,
'YI=E + F
E+F _ E—F
= - =+
Y23 3 *i 2 V3
where,

E=3‘\/—%+\/E ,F=3\/—%—\/6
3 2

- |U v

- 5]+ [z}

Using these formulae it is possible to work through, with similar algebra to the

previous section, to obtain

TICy(x , M) =—N+2Z2, j=1273

and,

TICy(x ,ap) =

1 Z; |2
2 1 an > (o33 —Ap)ap + 0230:312:
_ — - =1
(o= re)os—ne) = oy | 1 |51



-42 .

TICV(E ’ ak3) =

1 Zk p
> [-(022" Ap)agy + 023‘!:3121

[(022 = A )(033— ) — 0%3] *E1 i<t

These can be re-expressed as,

YA
[TVQ ,akz)] a4 ,% 2%

Ty(x,a3) |~ B o |2 enz| - (3.3.12)

t#k

No proofs of the above expressions are given as the algebra is rather long and
uninteresting. Again, a simple algebraic expression for the sample curve
would not be possible due to the complicated nature of the expressions for the
eigenvalues. The fact that one can obtain expressions using the theoretical
shows what a useful tool it can be in providing some idea of what will be

influential in the most complicated of situations.

3.4 Theoretical Influence Functions for the Eigenvalues and Eigenvectors from

the Correlation Matrix for Small p

3.4.1. The Case for p =2
The eigenvalues and eigenvectors from the 2x2 correlation matrix with

P12 =0 al'e,

X1=1+p12 gl=(1/\/§ 1/\/5)
A=1—pp a=(1/V2 -1V2) . (3.4.1)

If p; <0, then A, and a, are interchanged with \; and a,. The perturbed
Ai, when p12 >0, is

A =1+ P12
=1+pp+elIC(x,pr2) *+0()
Thus,

TICg(x ,\1) =TIC (x , p12)
Similarly,
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TICR(£ ’ Xz) == TIC(£ ’ plz) . (3.4.2)

When p =2 and py, >0 , the influence function for the largest eigenvalue
is the same as that for p;, and when p;,<0 it is minus the influence function
for the bivariate correlation. We have 7ICg(x ,\;) = —TICg(x ,\;), and this
reflects the fact that the sum of the two eigenvalues must equal 2. Thus, a
change in one eigenvalue must be offset by an equal and opposite change in
the other eigenvalue. This is different to the eigenvalues from a covariance

matrix where the eigenvalues can change independently.

The eigenvectors from a 2x2 correlation matrix are given by (3.4.1) for
all values of p;, . Hence the influence functions for the eigenvectors are zero,
unless the eigenvectors swop in order. To do this the correlation must change
sign when a point is added in. The influence functions for the correlation

eigenvectors will not generally be zero for other values of p.

3.4.2. The Case for p =3

The characteristic equation for the eigenvalues from a 3x3 correlation
matrix is,

A3 — 322+ A(3—ph — phy— pd) + (—1 + pfa + pfs + P — 2p12013P23) = O
Using the expressions for the roots of a cubic equations, as given in § 3.3.2, it
is possible to arrive at the results which we will obtain for general p in § 3.7.
However, the work required is very tedious and since we do not gain anything

from looking at the algebra we will not discuss it further.
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3.5 Theoretical Influence Functions for the Eigenvalues and Eigenvectors from
a Symmetric Matrix W
Since we will need to find the influence functions for the eigenvalues and

eigenvectors from a variety of symmetric matrices we will first derive the

influence functions for a general symmetric matrix w.

Wilkinson (1965) quotes a result from Goursat (1933) which he uses to
show that if A, is a simple eigenvalue of W and \, is an eigenvalue of W + €U

then we can write

;\k = \g +ec1+e2c'2+ .........
Similarly,

é‘::g.k +€41+€242+ ........
When W + €U is W + €TIC (x , W) we can write

A = Ap + €TIC (x , M) + 0 ()

_t-y,=g_k +£TIC(£,gJ‘)+o(€2)

We saw this was true in our 2x2 results.

3.5.1. The Influence Function for the Eigenvalues
We have the relationship
W =MNDay =0 . (3.5.1)
We will use the eigenvectors o, which are normalised such that o, ‘a; =1 and

a;'a; =0 . Considering only terms up to o(€?) we have

[w —n ] + €(TIC(x , W) —TIC(x ,x,,)l)] [g)t + €TIC (x ,gk)] =0
The term in € is,
(W = \DTIC(x ,24) + (TIC(x S W) =TIC (x ,\e) )y =0(3.5.2)

This expression involves both unknowns 7IC (x ,A;) and TIC(x ,a;) but pre-

multiplying it through by a, will remove the term in TIC (x , ;) giving
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ap TIC(x A )ay = a, 'TIC (x W )a,
and since T1C (¢, ny) is a constant the influence function for the eigenvalues is
TIC(x M) =ay ' TIC(x ,W)ay (3.5.3)
We would arrive at the same expression (3.5.3) if we had used the
eigenvectors a, which have the altemative normalisation of the first coefficient

set to one in (2.5.1). In the above proof we would have arrived at,

TIC(x ,hy)ay"ay =2, 'TIC (x . W)a,

ay

this also gives (3.5.3).

and since o, = —
(a2, )"

3.5.2 The Influence Function for the Eigenvectors

Having obtained T/C(x ,\;) we can retumn to (3.5.2) to get TIC (x ,ay)

which is now the only unknown. Re-amanging (3.5.2) gives,

(W =X D)TIC (x , @) = [TIC(;_.,.M)I—TIC({,W) a . (3549

(W — A l) is singular, as one of the conditions of eigenanalysis is that
|W =g 1] =0, so we cannot obtain 7/C(x ,a;) on its own on the LHS by
inverting (W — x,/). Several options arise.

The results for p =2 and 3 suggest that we can convert our problem to

looking at T/C (x ,a;), and we can obtain the influence function for the (p — 1)
non-zero coelflicients (we will assume the first coefficient is set to zero). The
influence function for the non-zero coefficients is the given by inverting

B =(W —x1)? which is (W — A7) with the first row and column removed.
We can then obtain the influence function for the altermative normalised
cigenvectors by noting

3,
(3 '4,)

Substituting a, = a, + €TIC(x ,a,) + o(€?) and ignoring terms of o (¢?),

ay =

(34,) =a,'a, + 2ea, ' TIC(x ,3;) ,
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0,

A telIC (x .EA)J Zea, 'TIC(x , a,) 2
(i‘ = — Ah-‘T———l?)__‘ * w—:‘—_;_l,

(ag "2, )" 3’y

TIC(x ,a TIC
“ ) - ey ) TICC )
(3'a,) (3"a)
and so, noting a, = 1/(a,"a; )2
TIC({:E,&):QH[I_gk‘lj']rlc(fvﬂk) , (3.5.5)

An altemative approach is given by Radhaknshnan and Kshirsagar (1981).

They make (W -\, /) non-singular by adding in a;a,” and 5o,

TIC(x ,ay ) =(W = A I + a0, ) 7! [TIC({ »Ae) 1 = TIC (x ,W)]g, (3.5.6)

This can be done as,

o 'TIC(x ,a4) =0 (3.5.7)
which can be seen from our normmalisation constraints which are

=1, &'a =1 (3.5.8)

"

N
Too(e) ,

a'y @y =0y ay + 2eay 'TIC(x , ay)
but for both expressions in (3.5.8) to hold the term in ¢ above must be zero,
which 1s (3.5.7).
The third and final alternative considered here uses generalised inverses

and was first presented by Sibson (1979). We multiply each side of (3.5.4) by
the generalised inverse of (W — A1), which we will denote by (W —x,7)" , to
give

(W = M) (W = M D)TIC (x o) = (W = N 0)° [TIC({ A =TIC(x W) |a,

Taking the generalised inverse as

[7
(W =2ed) =3 a,(\, =) ay
=1
S et

and wniting
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p
(W —\1)= 2 2 = Moy’
12k
Since
o, =§. =10 j#:
@j a =8, where 3, [1 izt

we obtain,

P

(W = M)W =N DTIC(x ,05) = S aja;'TIC(x ,a;)
j=1
j#k

Noting that I'T' =TT’ =71,

=(I —ape;")TIC (x , )

Using (3.5.7),

=TIC(x ,0;)
Hence,
P
TIC(x,a0) = 3 oy =)y’ [C @ M) 1 - TiC W) |

5k

P
= _-21 (N = M) e, ' TIC (x , W)y (3.5.9)

=
j#k

This approach is used by Critchley (1985) and is used throughout this
thesis as generalised inverses lead to the simplest expressions for the
theoretical influence functions of eigenvectors. This also means our
corresponding empirical curves are quicker to calculate. Specifically, the
advantage of generalised inverses is that we do not need to calculate and store
the p inverses corresponding to each eigenvector that the two other
approaches require. However, we will illustrate and compare the three

approaches further by applying them all to the eigenvectors from PCA on the

covariance matrix.
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3.6 Theoretical Influence Functions for Principal Component Analysis Using

the Covariance Matrix

3.6.1 Theoretical Influence Function for the Eigenvalues
Substituting (2.2.6) into (3.5.3) gives

TIC (e M) =y’ |2+ G~ Wi - ) o
= —Ag +Z2 (3.6.1)
where Z2 is the score of the added in point on the kth axis. We can see that
(3.6.1) is the same as our 2x2 results. We will not discuss the form of

TICy(x ,\;) here, see § 3.8. where it will be examined with the other influence

functions including those from the correlation matrix.

3.6.2 Theoretical Influence Function for the Eigenvectors

Substituting (2.2.6) into (3.5.4) gives

E—NDTICY G @) = [B- N T + 221 — ( ~ e - |
and using (3.1.1),
= [221 - -we -w |
Using the first approach in § 3.5.2 we have

TICVQ ’ au) = 0.
TICy(x,37) =B 221" - ¢ —w)" G- |u
where * indicates that the first row has been omitted, so

and B = (S—\1)*, which is (S—A.7) with the first row and column

removed. Dividing through by 1/a,; = (a;'2;)'%,

ap TICy(x ,a0) =B~ [Zk@tk - GE-w'Z% ]

Re-expressing (x —p)” in terms of the principal components, Iz, the ith row
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of [Z,?g‘k ~ (- E)‘z,] is,

P
2 4
Ziay — -21 apZiZy = =2, Y oyZ;
i= Jj=1

J#k
Hence,
L — B—l p ®
TICy(x ,a;) = — apy 2k 21 ajZ; (3.6.2)
l=
j#k

The result for the alternative normalisation is obtained using (3.5.5) and

TICy(x ,a
TICVQ ’9.&’) = [TIC‘:/%E ;;l))]

Radhakrishnan and Kshirsagar (1981) leave their expression as

TIC (@) = (B =Ml + ) (@' & - WP — & - W ~p) e

By similar reasoning to the above this can be re-expressed as,

P
TICy(x , )= —C - NI+ )712, Y o2 (3.6.3)
j=1
J#k

The generalised inverse approach gives,

P
TICY(xex) = 3 a0~ M) ey’ (2R - (- )2 |
j;i
z -1
=— 2 ;N —A) e (x — )z,
=
P
= —Zk 2 EI(AJ - Kk)_llj . (3.6.4)
%k

All three expressions (3.6.2), (3.6.3) and (3.6.4) are similar but the
generalised inverse approach gives the simplest form. When the sample
equivalents are substituted in we obtain the same numerical results from the
three expressions. There were numerical problems with the matrix inversions
when using (3.6.2) and (3.6.3) when k =1 and k =p due to lack of positive
definiteness. However, this problem was avoided if we did not invert the

matrices but left them on the LHS of the expressions and solved the resulting
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simultaneous equations. There were also problems due to ’ ill-conditioning ’
for the Radhakrishnan and Kshirsagar approach using the simultaneous

method when it was applied to the correlation eigenvectors.

3.6.3 Theoretical Influence Function for the Principal Component Scores

Let Z,. be the value of the point ¢ on the k th principal component. Then

Zpe =o'(c — p)

Using the product rule for influence discussed in Chapter 1,

TICy(x ,Z. ) =TICy(x ,04) (¢ —p) + &4'TICy(x ,c —p) . (3.6.5)
As ¢ is a fixed point TICy(x ,¢ — p) = —TIC (x , 1) and from Campbell (1978)

—TIC(x,p) = —(x —p)
Substituting (3.6.4) into (3.6.5) gives,

TICy (x 1 Zie)= —Z 3 ;"0 — M) Zi(e — ) — 2" (x — )

j=1
j#k

= —Zk [l + i (XI - )\k)_IZ,Z,C] (3'6'6)

j=1
j#k

where z, is the score of the added in point x. This will be discussed further in
§ 3.8.

3.7 Theoretical Influence Functions for Principal Component Analysis Using
the Correlation Matrix

We shall not discuss the form of these influence curves until § 3.8,
except to note that the results are much more complicated than for the
corresponding covariance results. We replace TIC (x ,w) with the influence
function for the correlation matrix, R, in the definitions of the influence
functions for the eigenvalues and eigenvectors in § 3.5. The influence
function for the correlation matrix is a matrix whose diagonal elements are

sero and off diagonal elements are the influence functions for the bivanate
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correlations.

0 TIC(x ,p12) ..

0
TIC(x ,R) =

TIC(x ,p1p) TIC(x,p3,) .. ..
3.7.1 Theoretical Influence Function for the Eigenvalues

Substituting (3.7.1) into (3.5.3) gives,

P P
TICR(£ ,M)'—'ZZ 2 (lk_,(leIC(E ’ps!)
=1

>

-~
Ll

When p =2 this specialises to our 2x2 results in § 3.4 as,

TICR(x , M) = 20410,2TIC (x , P12)
Thus, when k =1 and P12~ 0

.. TIC(x,py1p))

(3.7.1)

(3.7.2)

1 1
TICp(x , ) = ZVEWTICQ ,p12) =TIC (x , p12)

We shall now re-express TICg(x ,\;) in terms of the principal components,

which gave quite simple expressions in the covariance case. Substituting

(2.3.5) into (3.7.2) we have,

TICk(x ,hi) = —

M~

P Pst
> apop(yl+ )‘12)'2—
=1
1 #s5
p

[
I
|

M=

2
D A apYPg
t=1
t#s

I
—
-

(+
The first term in (3.7.3) is,

P 2 P
- 2 QreYs 2
=1 t=1
t#s

P, 2.2
appe = (1= Ne) | D @hsds
s=1

t=1
t#s

is thus,

P P
+ > D agapyy
s=1 1=1
1#5

p P
+ Y 2 anauy:y
s=11

(3.7.3)

as (R — N\ Iy =0, so that —i agpy = (1 = Ag)ag. The first term in (3.7.3)
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’

p P

(1-x) E aby:] A-M)Z2-(1-2p) 3 3 Qg Ay, Y,
1=1 =1
t#s

Since, [aklyl + ... + aby,,]Z = Zkz. SO, (3.7.3) becomes,

P P
TICR(x , M) =(1=2)Z2 + N Y S apany,y,

=1 1=1

t#3

We now need to write y, and y, in terms of the principal components. This

gives,

2 P P
TICh(x M) =(1-M)Z2 + M3 S anay |
s=1

#

..-..
- —

P P P
2 aluuurzuz + 2 2 (ayay + amaw)zuzv]

u=1 u=lv=1
v#s
& & 2 2
TICR(_ )\k)— 1 Xk +2)‘k2 2 (s § s ¥7) Zkz
=1t=1
g
P P P
+ 20 ) 2 Y apagaya, [Z2
=1
e TV

P P P P
+2Rk2 2 2 E uksah(ama\1+awavs) ZMZV

u=lv=1 Js=1 (=1
v#s t#s

From the normalisations of our eigenvectors we have the relationships,

PP P
Y 2 ajef=3 afi(l-af)

-- 5 akal
substituting these and similar relationships into TICg(x ,A;) gives after some

algebra,

TICRL )\k) = [1 — Ak 21 C! ks ]Zk + El -_ Xk El abﬂuz2
s u 5=
u#k

+ i i —ZAki az,amav,ZuZV (374)

u=lv=1 s=1
v#s
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3.7.2 ‘Theoretical Influence Function for the Eigenvectors

We will only use the generalised inverse approach for the theoretical

influence function of the correlation cigenvectors. Substituting (3.7.1) into

(3.5.9) gives,
,',\
TiCe(x ,o4) = = 2 a,(\, = \¢) Yo, 'TIC(x , R)a,
St
P‘ 1 P‘ ,’\
=2 a0 =N Y Y a,a,TIC(x ) (3.7.5)

-1 <1
(R

N
-~
Py —

A similar method to that given for the eigenvalues gives TIC, (x ,a,) (0 terms

of the pnincipal components as

2, - 1 A

TICe(x ,04)= — Zl a;j(Aj — X)) “5(’*/ +A) Y Y agaualz2
J= u=1 1=1
J ¢k

+ZZy — (N H‘)é ﬁjl .fi aya a,a,Z,Z, (3.7.6)
wrtysl o=

The theoretical influence functions for the eigenvalues and eigenvectors from
the correlation matrix do not have a simple form when expressed in terms of
the principal components. The accuracy of these expressions were checked by
companng numerically with the curves not expressed in terms of the prnincipal
components, 1.e. {3.7.2) and (3.7.5). In practice onc would probably use the
expressions given by (3.7.2) and (3.7.5). However, the altemative forms do
provide some iasight into the form of the influence curves. For example, the

second term in (3.7.6) is the same as the influence function for the covanance

eigenvectors. The interpretation of these curves will be discussed further in §

3.8.

3.7.3 Theoretical Influence Function for the Principal Component Scores

TIC(x 74 ) = TICk(x vy ) ye + ap ' TIC(x,y,)

7., = a,'y. where y. is the point ¢ whose elements have been standardised  The
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perturbed :th element of y. is,

¢ — iy _ o 1 € 2 b
_.\_76'_;—_[51 ] E(xt_“r)]v;: 1+';u—[_‘7u+(xt—“t)]

| To o(e)

= [)’a _€Yt] [1 - ‘;‘(—1 '*')’21)]

where y, is the rth standardised variable of the point ¢, and y, is the ¢th

standardised variable of our added in point. Hence,

. . Yt
TICR(x ¥ ) =% =5 | I |72
Yep i

where y is the standardised added in point. This gives,

P p P
TICR(x ,Ze) = — XN~ M) 12 Y Y e, TIC(x ,pa)

j=1 s=1 t=1
j*k 1#s

1 1L
+>Z — =Y apYayi —Z 3.7.7)
2 2 t=1
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3.8, Mots und Comparisons of the Influence Functions

J.8.1. Sumnury of the Influence Functions

TICVQ ,k‘) = '—k‘ +Z‘2

(3.8.1)
P
TICy(x vou)= =Z 2 a,(\, = ) 7'Z, (3.8.2)
bl
p
TIC(x . Zy )= =7y JL+ X (N, = h) "2, 2, (3.8.3)
Vel
- p\ p\
TICR(x M) =22 Y apayTIC(x,py) (3.8.4)
G
P ‘ R P, P
TICR({ ,Ak)-_-' 1—)\‘ E a Z{ + >‘ —A‘E (13,03,7‘.,2
! P
2 & 2 s
+ 22 23 abaya,ZZ, (3.8.5)
e o=t
P 42 P
TICe(x ,o4)== 2 o;(A; =A) 'Y 3 a,a,TIC(x,p,) (3.8.6)
/it S
TIC TV WY R RS OS 2,72
RQ‘-‘_’;)“ Zlﬁj( i t) —Z(A’ t)},l 2,1 A Aga wld
= = =
J+k

+Z,Zy — (A +)‘,)§’: i ﬁ: aya,a 0,77, (3.8.7)

w=lv=]l 1=1
v D>u

P P P
TICR(x ,Ze) = =2 (A, —XN)'Z2. Y ¥ a,a,TIC(x,p,)
j=1

=] =1
j & (s
s ly LS 2 _ 7 3.8.8
2‘& 2)_, ApYa) “t . ( . )
(=1

3.8.2. Examination and Comparisons of the Theoretical Influence Functions

As we go down the functions in § 3.8.1 we see that they gradually
become more and more complicated. Algebra extracted from the correlaton
matnx is always more complicated and often results can only be represented
for the covanance matnix. However, in practice we often prefer to use the

correlation matnx so any results we can denve for it are worthwhile.
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Expression (3.8.1) is the simplest and reflects that the only point that
will be highly influential on a covanance cigenvalue is a point that is extreme
on its corresponding principal component. 12k W/, then an eigenvalue can
decrease, and if|Z,bs\/A, for all k then all our cigenvalues could decrease
when we add the extra point. This could happen for example if our
additional point x = . (Note, we subtract the original from the perturbed
here s0 a negative influence means a decrease in the eigenvalue). The most
influential points are those with a large component score and they fead to the
eigenvalue increasing in value when they are added (or a decrease when they

arc omitted).

It is impossible for all the eigenvalues to decrease when another point is
added for the correlation matrix, just as it would be impossible for them all to
increase, since

po - P

2= N=p

k=1 k=1
There is no such restriction on the eigenvalues from the covariance matrix.
We thus find that when we write TiCq(x,\) in terms of the principal
components it involves all tlic square and cross product terms in the principal
components.  Unlike the covanance eigenvalues the most influential
observations on a given eigenvalue can be a mixture of positive and negative
influences. We seem to get a large positive influence i.e. an increase in the
eigenvalue when a point is included, if it is extreme in the dircction of the
component. A large negative influence may occur when the change is a
compensatory change for a large increase in one of the other eigenvalues.
The complicated nature of the influence functions for the correlation matnx
eigenvalues makes it more difficult to say what sort of points will generally be

influential, particulardly on the larger eigeavalues. If x, is very small in
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(3.8.5) then,

TICR(x ,\;) = Z2
Thus, the expression for small A, from the correlation matrix is more like that
for the eigenvalues from the covariance matrix since both depend on the
square of the principal component score for that direction. We tend to get
very small A,s when we have highly correlated data. We will examine the

function further when we look at contour plots for small p in the next section.

One question of interest is whether, from expression (3.8.4) and a similar

one for the covariance eigenvalues which is

p P
TICv(£ ,)‘k) =g‘,' TIC({ ,E)gﬁ = 21 21 abahTICQ ,0',) ’
s=11t1=

we could decide from looking at influence on the bivariate correlations (or
covariances and variances) what will be influential in our PCA from the
correlation (covariance) matrix. If an observation has a large affect on some
of the correlations then it is likely to be influential on some part of our
analysis. However, affects can be cancelled out in the summation term of
(3.8.4), and it would not be obvious what component the observation may
come out as influential on. This is important as we usually only retain a few
of the principal components so the observation although influential on the
bivariate correlations may not come out in an ’important’ direction.
Investigating influence on the p(p—1)/2 possible correlations would also be
much more complicated than considering the eigenvalues and eigenvectors
from the desired principal component directions. In § 4.7 we shall compare
the observations that are influential on the bivariate correlations,
corresponding to variables with large coefficients in the latter eigenvectors,

with those influential on these eigenvectors and the corresponding

eigenvalues.
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Expressions (3.8.1) and (3.8.2) reveal how different observations can be
influential on the covariance eigenvalues and eigenvectors. An observation
lying far out along the direction of the kth principal component will be very
influential on A, but not on ;. The two curves and differences between them
will be discussed further in the next section. Expressions for the eigenvalues
and eigenvectors from the correlation matrix provide little information on
what types of observations may be influential on both or just one of them.
Unfortunately, the plots in the next section do not help us as those for the

correlation eigenvectors have no obvious pattern.

If we add a point along the direction of an existing principal component
we find that the correlation eigenvectors may change although those from the
covariance matrix do not. The correlation eigenvectors will change due to the
square terms in (3.8.7), whereas (3.8.2) only has cross product terms. The
second order terms for the eigenvectors from the covariance matrix, see § 4.4,
also show that the covariance eigenvectors will not change when only one
principal component score is non-zero. We did note in § 3.7.2 that one of the
terms in TICk(x , o) Was the same as TICy (x , o), see (3.8.2) and (3.8.7). The
other terms in (3.8.7) are very complicated involving all the principal
component scores. Both eigenvector expressions (3.8.2) and (3.8.7) involve
terms in (A; — A.)~! which comes from the generalised inverse, and it means
that when we have close eigenvalues A, and A, the changes in the
corresponding eigenvectors can be very large. However, the changes in both
eigenvectors o, and a, will be nearly equal as (A, —A¢)~" will dominate both
influence functions. Since the eigenvalues are very close the large changes in
the eigenvectors may just represent them rotating within a relatively
unchanged subspace. This problem may arise more for eigenvalues from the

correlation matrix since the eigenvalues sum to p so there are often smaller
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and closer eigenvalues. However, we will see in § 4.3 that it occurs in the

covariance and correlation matrices alike.

We will not discuss the influence function for the scores here. An

example of influence on the scores is given in § 4.8

3.8.3. Contour Plots of the Theoretical Influence Functions for small p

In this section we will examine contour plots of some of the expressions
in § 3.8.1 for p =2 and p =3. The heights of the contour plots are the values
of the theoretical influence functions for the values of the principal
component scores, or variables, given along the axes. We will see in Chapter 4
that when we substitute the sample equivalents into our theoretical influence
curves we obtain good estimates of the sample changes. Thus, the type of
point we observe as being influential here will have some relevance to what

observations are influential in samples.

Fig 3.8.1 is a plot of (3.8.1), for the largest eigenvalue from the

covariance matrix,

3= [_g "i] . (3.8.9)

Expression (3.8.1) is the simplest of all the influence functions and we do not
really need a plot to understand its behaviour. We include one here for
completeness and to make comparisons. The contours in Fig. 3.8.1 are
vertical lines cutting the first principal component axis at right angles. This
shows that the value of the added point on the second principal component
has no importance in determining its affect on ;. The contour plot for A; is
similar, with the contours cutting the second principal component at right
angles. The contour plots for the covariance eigenvalues would have the same

form for all covariance matrices.
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Figure 3.8.1 Contour plot of TICy (x , A1) for the
2 X 2 covariance matrix of (3.8.9) (axes X 10-1)
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Figure 3.8.2 Plot of Ip(x, A1) fora
2 x 2 correlationmatrix with p=0.2 (contours x 10)
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Fig. 3.8.2 is a plot of the theoretical influence function for A, from the
2x2 correlation matrix with p;; = 0.2. We observed in § 2.3.2 that this is the
same as the influence function for p;,. The plot is different to the plots for the
covariance eigenvalue and reflects the fact that we cannot have independent
changes in the As due to the fixed sum of the eigenvalues. This means the
contour plot for A, is the same as Fig. 3.8.2 but the contours have the
opposite sign. The asymptotes, which correspond to no change in the
eigenvalues, make an angle 0 with the first principal component axis where,

12
2~ M ] (3.8.10)

0= tan = [ "
and Table 3.8.1 gives some values of 8 for some choices of pj;. We will prove
result (3.8.10) for general p later in this section. As py, increases the angle 6
decreases so that the value on the second principal coinponent becomes more
important in determining the influence of a point on . This could reflect the

fact that as A; becomes more distinct, as p;, increases, a point needs to be

further out along the first axis to be 'unusual’.

Table 3.8.1

o (degrees) for Given Values of p

b/ 0 01 02 03 04 05 06 07 08 09
o | 45 421 392 363 332 300 267 228 184 129

Since the influence functions for the correlation eigenvalues are much
more complicated than those for the covariance eigenvalues, and so provide
less information on what points are influential, we will look in detail at plots
for p = 3. Three types of correlation matrices will be considered and we shall
plot the influence function for each eigenvalue in the first two dimensions for

Z, = 0. The correlation matrices are:
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(i) A matrix with high correlations

1 0.9 0.8
1 0.85
1
A =2.7, A2=0.21 and r, =0.09.

(ii) A matrix with low correlations
1 0.3 0.2
1 0.25
1
A1 =1.5, \2=0.81 and A\, =0.69.

(iii) A matrix whose correlations are wider apart
[1 0.2 0.4]
1 0.8
1
A1 =2.0, \,=0.84 and \, =0.17.

First consider Figs 3.8.3, 3.8.4 and 3.8.5, which are the contour plots of
TICg(x ,\;) from the above three matrices respectively in the first two
dimensions with Z; fixed at zero. As for the 2x2 results the angles that the
asymptotes make with the first axis decrease as the correlations increase.
Thus, the value of an observation on the first principal component becomes
less important in determining its influence on \,. The plots show that points
with a large principal component score on the second axis decrease A, when
they are included. (Conversely they would increase A, if they were deleted).
This must occur since if the variance along one direction increases some of the
other variances (eigenvalues) must decrease to maintain the constant sum.
The angles that the two asymptotes make with the first axis differ most for the
third matrix. We can show when all correlations are equal that the angles that
the two asymptotes make with the axes for the plot of TICg(x ,\;) in the first

two dimensions, are the same. The angle is given by,
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Figure 3.8.3 Plot of TICp (x , A1) for

the matrix with high correlations (Z3=0)(contours x 10)
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Figure 3.8.4 Plot of TICp(x , A1) for

the matrix with low correlations (Z23=0) (contours X 10)
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Figure 3.8.5 Plot of TICR(x , A1) for the matrix
whose correlations are wider apart (Z3=0) (contours X 10)
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12
= tan-14 [P
0= tan~'x [*‘ﬁ] - (3.8.11)
Proof

When all off diagonal elements are equal to p we have

M=1+(p -1)p , Ai=1-p j#1

and, oy =(1/Vp ...... 1/Vp). So expression (3.8.5) becomes,

P
TICR(x ,\y) = [1 - 1/p2]zf
j=1

k=1 |s=1 i=1

P p P
- E 2 2*12 l/p“kja:j ]Zkzt
£k

Setting all but one of the z, to zero and fixing TICg(x ,A) =0 (which

represents a point on the asymptotes) we have,

A A

p
I 1/‘zz z
“lp N ! !

which leads to (3.8.11), and (3.8.10) is a special case of this. The correctness
of the angles given by (3.8.11) has been checked by the examination of many
contour plots. Plots for TICz(x ,A;) when Z, rather than Z; is zero are not
presented here but they are very similar to these plots, differing most for the
third matrix perhaps due to the two smallest eigenvalues being wider apart

than for the other two matrices.
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Figs 3.8.6, 3.8.7 and 3.8.8 arc plots of TiCx(«  Ay), when 7, = 0, for the
above three correlation matrices respectively. We find the value a point has
on the second principal axis is very important in determining its influence on
A2, unlike the case for A, were the value on its own axis was not very
important. We will see later that the influence contours for TICx(x ,A3) in the
first two dimensions are not very large so that A, and \, in these dimensions
are mostly compensating each others changes to maintain the constant sum of
3. The contours, particularly in Fig. 3.8.6 arc almost straight and
perpendicular to the second axis. This is even more so in the plots (not
presented here) of Tive(x,\;) when Z, rather than z, is set to zero. This
pattern is also true for T/Cx(x , A3) when Z, or Z, is set to zero but these plots
are not presented here. As noted in the previous section expression (3.8.5)

tends to z;? as the eigenvalue tends to zero.

Finally, Figs. 3.8.9, 3.8.10 and 3.8.11 represent TIC(x , A3) for the three
correlaion matrices when Z;=0. The set for TiCg(x ,\;) when Z,=0 are
almost identical to these, all of which are ellipses. Since the plots are only
unique up to a change in sign of the initial eigenvectors the different direction
of the ellipse in Fig. 3.8.11 is not important since this is just a reflection
about the axis. The value of the first principal component plays a more
important role than the second component on TiCg(x , A3), even though a fixed
value of three, say, would be more extreme on the second than first axis. A
possible explanation for this can be seen from the corresponding plots of
TICg(x ,\y) and TICg(x ,\,) when Z;=0. For all the three types of correlation
matrix we can see that the value of Z, is more important in determining

TICg(x ,Ay) than TICg(x ,\;) (although it is the value of Z, that plays the

3
greatest role for both). Since we need to keep the sum Y A, =3 the last
k=1

eigenvalue has changed accordingly. The only plots not mentioned are those
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Figure 3.8.6 Plot of TICR(x , A9) for
the matrix with high correlations (Z3-0)(contours x 10)
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Figure 3.8.7 Plot of TICp (x , X9) for
the matrix with low correlations (73-0) (contours x 10)
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Figure 3.8.8 Plot of TICp (x , A\2) for the matrix
whose correlations are wider apart (Z3=0) (contours X 10)
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Figure 3.8.9 Plot of TICR(x, X3) for
the matrix with high correlations (Z3=0) (contours x 10)
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Figure 3.8.10 Plot of TICRp (x , A3) for
the matrix with low correlations (Z3=0) (contours X 10)
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Figure 3.8.11 Plot of TICR (x , A3) for the matrix
whose correlations are wider apart (Z3=0) (contours X 10)
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for TICz(x ,\;) for Z, =0. These plots are almost circular for the first two
correlation matrices but more ellipsoidal for the last matrix. This may be due

to the closeness of the last two eigenvalues in the first two matrices compared

to the last matrix.

Fig. 3.8.12 is a contour plot for the coefficient ay; from the covariance

matrix in (3.8.9). From (3.8.2),

TICy(x , a11) = —Z1Zp(Az — A p) Ly

TICy(x ,a12) = =Z1Zy(\2 — A\y) lap

TICy(x ,a21) = Z1Zy(Ay — Ay) lay;

TICy(x , a) =Z1Zy(A3 — A\p) lay,
and from (3.3.11)

ZZ» a
TICy(x ,ap) = ———2 2

012 an
so we find that the contour plots for all these coefficients are similar but with

different constant terms multiplying the contours. The contour plots for the
coefficients of an eigenvector from a 3x3 covariance matrix, where one of the
component scores not involving the eigenvector number is set to zero, is also
similar to Fig. 3.8.12. This occurs since we will only have one term in (3.8.2)

which will be similar to the above expressions.

As discussed in the previous section, points placed out along an existing
principal component will have no influence on the eigenvector coefficients.
From the plot we see that the component score involving the eigenvector
number is not more important than the other score in determining the
influence on the eigenvector coefficient. Influence increases most rapidly as
the two component scores increase together. This is partly due to the special
nature of (3.8.2) when we have only two non-zero components as Z; and z,
play an equal role in the expression. If we look at contour plots of the

eigenvectors from a p xp matrix in the first two dimensions, then as we
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increase the values of the other component scores, rather than fix them at

zero, the contours may become much straighter (although this is not always

the case). We can write

P
TICy(x , a1;) = = Z1Za(A3 — Ay) My, — Z1 220 =)y
1=
==Z1Zy(M— M) lay; - 20,

where C is some constant. C can be large or small depending on whether the
terms in the sum add together or cancel each other out. The larger C is the
more weight Z, will have compared to z, in determining the influence of a
point on the first eigenvector. Figs 3.8.13 and 3.8.14 are contour plots, in the

first two dimensions, for ay; from the 3x3 covariance matrix,

4
2] (3.8.12)

for Z3=1 and Z;=3 respectively. Thus, if we were looking for influential
points on the covariance eigenvectors by examining 2 way plots of the
principal components it may not be obvious what would be influential due to
the changing nature of these contour plots. The numerical evaluation of the
influence functions for certain observations is the best way to detect

influential points, and this will be discussed in detail in the next chapter.

No contour plots for the correlation eigenvectors are presented here.
Little pattern was found to the contours. Sometimes they were found to be
similar to plot for the corresponding eigenvalue and sometimes not. However,
as noted in the last section the eigenvectors may change if we add along an

existing component, unlike the covariance eigenvectors.

3.8.4. Comparisons with Other Influence Techniques

Greenacre (1984,§ 8.1) gives measures, based on the work of Escofier
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Figure 3.8.13 Plot of TICy (x ,aj]) for the

3 x 3 covariance matrix (3.8.12) (Z3=1) (contours X 10)
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and Le Roux (1976), for the affect of observations on eigenvalues and

eigenvectors in general. For the eigenvalues from a covariance or correlation

principal component analysis (using the divisor » so that i w; = S 1/n = 1)
=1

i=1 i

this specialises to,

1N = iphe = s tE (3.8.13)

where Z,; is the kth sample principal component score of the ith observation,
and I represents that it is an influence measure not based on the influence
function. Expression (3.8.13) is the same as the empirical influence function,
divided through by a function of n, for the covariance eigenvalue (obtained
by substituting the sample equivalents into the theoretical influence function).
However, it is not like the empirical expression for the correlation
eigenvalues. Expression (3.8.13) has a different sign to the empirical as we
have subtracted the original from the perturbed. Expression (3.8.13) comes
about as follows. The sample variance of the » principal component scores,
Zyt,.. i, 1S A, , the kth eigenvalue, and when we omit the ith observation
the perturbed variance of the fixed set of principal component scores using

(2.2.4), but on divisor n is,

n n ~2
Ay — Zg
n—1"*" (n-1)2""

V=

Subtracting the original eigenvalue (variance) from this gives expression
(3.8.13). The theoretical influence function for the correlation eigeivalues is
more complicated than the influence measure (3.8.13) which allows all the
different variances (eigenvalues) to change independently. However, we need
to maintain the constant sum of p. Greenacre (1984) notes that the above
measure does not account for any changes in the metrics, which for PCA from
the correlation matrix would be the standard deviations. The specialisation of

the expression in Greenacre (1984) to correspondence analysis will be
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discussed in § 6.3.1 and § 6.3.4.

The influence of points on the eigenvectors is given as upper bounds for
the rotation of the axis when an observation is removed. For PCA on the

covariance or correlation matrix this results in,

h = 12k (3.8.14)
with the simplest upper bound as,

sin2d < h
Often h =1, so putting 4 =1 results in a bound of ¢ =45°. A more refined
bound is given by,

h=1: tan2¢ =< hsin20y /(1 — hcos?0,)
(3.8.15)

h <1: tan2d <hsin20, /(1 — hcos20,)
where,
Ah2. .
cos26_,k = 7 . (3.8.16)
nz 22“'
s=1

Greenacre notes that these bounds are only approximate and they assume that
the principal components previous to the kth are negligibly rotated by
omitting the point x;. In practice this will not usually hold particularly for the
later components. In particular, the term (A, — As+1)~" in (3.8.14) shows the
angle for the kth axis will be large when the kth and (k + 1)th eigenvalues are
close, but the above measure, unlike the theoretical influence function, would
not record large changes in the k +1th eigenvector as well. One disadvantage
of the bounds above is we cannot find them for the last eigenvector, which we
may be interested in as it often defines near constant relationships between the

variables. The bounds will be examined further in § 4.9, where they are
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applied to a dataset for a covariance PCA. We will see that the bounds are

good for the first two dimensions but less so for the latter.

Krzanowski (1984) considers an alternative form of influence, called
sensitivity analysis, which is not based on case deletion. Expressions are
obtained for the maximum change in the coefficients of the eigenvector o,
given a small increase (or decrease), ¢ , in the corresponding eigenvalue A,.
The angle between the orginal eigenvector and the vector which differs

maximally from it, but with a variance at most ¢ less than it is given by,

-12
cos9 = [1 + *————e—-——-] . (3.8.17)

M — Mty
Similarly, the angle between the original eigenvector and that which differs

maximally from it , but with a variance at most e greater than it is,

. -12
0= |1+ ——— . 3.8.18
o8 [ Ae—1— M ] ( )

We again see that the closeness of the eigenvalues is important in determining
the sensitivity of the eigenvectors, but as above only the closeness of the

eigenvalue in one direction is involved.

Benasseni (1985) derives upper and lower bounds for the change in the
eigenvalues from a covariance and correlation matrix when the frequency of
the ith observation is increased or decreased. Adding an observation, when all
the observations have the same frequency, is a special case of an increase in
the frequency of the (n+1)th observation, with the original frequency,
f..1=0, and the perturbed frequency, f,.1=1/(n+1). Similarly, for
omitting an observation the original frequency, f; =1/n, and the perturbed
frequency is f; =0. The bounds for the eigenvalues from a covariance matrix

when we add an observation specialise to,

n N N n ° n —\y —_
T M =M =-—"H A +m(£n+l_£_) (xe1—x) (3.8.19)
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where ) is the perturbed eigenvalue.

From our derivation of the theoretical influence function we can write our

perturbed eigenvalue as,

)‘k—)\k+e( Xk+Z)+0( )

Letting € = 1/(n +1) and putting in the sample equivalents gives

ik‘=ik+

1 - .
TN 2 +o(d)

To o (€)

n ? 1 .2
A+
nri et s

-

.V

Taking Z; =0, the smallest value for the perturbed eigenvalue, A, is : .
n

which coincides with the above lower bound. The upper bound in (3.8.19)
can be re-expressed as,

n_34 2
n+1 ¥ (n +1)2 Z:
since
I'(xp+1— X )=2Z,+; and I'T=TT' =1/
If Z; =0 for j#k then the bound is similar to the theoretical expression and if
only Z; =0 then the two differ, as they do for any value of Z;, as the bound
considers the other dimensions. The bounds do seem generous as the lower
bound was found to be independent of the observation and the upper bound

accounts for the decomposition of x, ., on all the axes. Another upper bound

is also derived that involves the Mahalanobis distance of the observation.
The bounds for adding an observation for the correlation matrix
eigenvalues specialise to, |

1 211
+1)’.k)

D == (e —o7y) M

N J (1 n+1=

where y is the standardised variable. Again, another upper bound is given.
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These bounds to not compare easily with the theoretical expressions as both
are quite complicated. The bounds are also used by Benasseni to give
conditions on the variables so that the change in an eigenvalue does not

exceed some specified level when the frequency is increased from f; =1/x.

3.9. Influence Functions for Adding m Observations

We usually have two options open to us when we wish to look for
multiple outliers or subsets of influential points. The first is to carry out the
techniques for finding individual outliers (influential points) sequentially, but
due to 'masking’ we may prefer to use block procedures. These involve the
deletion of m observations together but it can lead to heavy computational
problems due to the number of possible subsets one can consider for each
value of m. Also it can be difficult to decide on the value of m. In PCA we
find that a good estimate of the sample change when we add (or omit) m
observations, provided m is reasonably small compared to n, is the sum of the
m individual changes when the m observations are added to (or omitted from)
the analysis singularly. In this section we will present the algebra that gives
this result and show to what extent it is likely to be supported in samples.
Numerical comparisons of the sum of the individual sample changes with the

sample change when all m observations are omitted together are given in § 4.5

If we perturb the underlying distribution by adding in the distribution

functions &, ,........ 5, (where the subscript on x is for convenience) which

have mass 1 at x; then as a simple extension of the result (2.3.3)

B=(1-em)X+ €3 (5B B

which gives the influence function

TIC (%, ,5) = —mS + i 5 — PG —p) (3.9.1)
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We obtain the theoretical influence function for A, from the covariance
matrix, as by (3.5.3), giving

TIC (X ,At) = —mAg + iﬁ:‘,l z%, . (3.9.2)
Thus, the effect of omitting m observations is the same as the sum of the
individual effects. When m =1 we noted that the empirical influence function
for the covariance matrix and sample function were very similar, see § 2.2.2,
and it is partly for this reason that we will see in the next chapter how well the
empirical can be used to estimate the sample changes in eigenvalues and
eigenvectors from the covariance matrix. We will examine here how well
(3.9.1) approximates the sample influence function when we add (or omit) m
observations. This will provide some insight into how well the additive
property for the eigenvalues will hold in practice. The sample covariance

matrix with m extra observations included is,

n+m

n—1 1 — —\
Sem=—2los + =Y (5 D)0 - 5)

n +mi=n+l

2 n+m n+m _ _
- —x Mx;— X)) 3.9.3
(n +m)(n +m —1) ,'..—_?4.1]':?1.1 (5 (—, % ( )
J#Fi

where x, +1,....... x, +m are the added observations. Similarly,

n— n—m+1 — —\,
S(-m) = : S_(n—m)(njm—l)lz(z’.—i‘)(&_i')

n—m-—1

i CM
_ 2 ) — ) 3.9.4
(n—m)(n—m—l)igujgg &~ 2l ) ( )
J#i

where x; i€M are the m observations omitted from the dataset. These
expressions specialise to (2.2.1) and (2.2.4) respectively when m =1 as the
final terms in each expression will not exist. We shall prove result (3.9.3), the
proof for (3.9.4) follows in a similar way.

n+m

(n+m=1)S s = 21(5,- -x Y-y
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Adding in and taking out ¥ from each bracket and multiplying out gives,

-3 6-D@-2)+ 3 G-DE-5)
—(n+m)(E ~EWE-F°)
Substituting in

« NhXx +mx

x =

n+m

where x ,, is the mean of the m added observations so that

e _ mE-Fa) _ nm (5—F)

=% n+m i=§+l n+m
gives,
n_l 1 n+m
s+"'—n+m—1s+ n+m-—1 _n2+1(—i_—)(—i x)
1 n+m _ n+m _
- Xi— X x—x)
(n+m)(n+m-1) ,-=n2+l(“' —),-=§‘+1(J x)

This then gives result (3.9.3).

The first term in (3.9.3) can be expressed as (1 — n+,’:_1)s and in

(3.9.4) as (1 + —= T)S, and taking the sample influence functions as
n—m-—

(n+m)(S(+m)y—S) and (n —m)(S — S(_n)) T€Spectively gives

+ n+m _ —\,

n+m n+m

(n+m 1), 2 2 E-D)E-x) (3.9.5)

=n+1 j=n+1
J#I

SICmen,8) = s ¢ AL S (5 - E)(s — 2

n—m-—1

T liom= 1)252&—_)(4—_) - (3.9.6)

IEMjeM
J#i

Comparing (3.9.5) and (3.9.6) with (2.2.3) and (2.2.5) respectively, we see
that to the first order, the sample curves (apart from slight changes in the

functions of n) exhibit the same additive structure as the theoretical influence
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function. However, there is also an extra term of o(1/a) in the above sample
influence functions which will affect the accuracy of the estimated change
based on (3.9.2) when we delete m observations. Comparisons of how well
this additive approximation holds are given in § 4.5. There seems to be a
greater restriction on the size of m in the deleted sample function for this
additive property to hold as the second order term in (3.9.6) has the
coefficient 1/(n —m—1) multiplying it, and this increases as m increases.

We can look at this additive nature from an alternative angle, but we
will restrict our attention to m =2 for illustration purposes. In Section 3.6.3
we derived the influence function for the principal component scores from the
covariance matrix when we add the point x. We would expect this to affect
the additive nature of the theoretical influence for the covariance eigenvalues
whose influence functions involve the component scores since, if we add one
point and then the other, the (perturbed) score of the point added second will
not be the same as if it was added first. If ), is the perturbed eigenvalue

when we add the first point x; then from (3.6.1)

A =Ap + e(— A +2Z3) +0(d) (3.9.7)
where Z,; is the principal component score. If we now let A", denote the

perturbed A, when we add the second point x, then,

M= =M (=M +Zh) + o() (3.9.8)
where Z,, is the score of the second point on the new axis after x; has been

included. Putting (3.9.7) into (3.9.8) we obtain by writing
7% =25 +2e22 TIC (x1,Zk2)
i‘k = )\k + e(—2)\k + Zkzl + Zkzz) + o0 (62)
This means the change in the scores, if we were using the theoretical for

estimating the changes when adding or deleting m observations, only affect

the perturbed A, tO o(€?) and so will not come into the theoretical influence
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function. We thus get that the theoretical influence function for the

eigenvalues is additive.

We similarly find that the theoretical influence function for the

eigenvectors is additive, and from (3.9.1) we can write

TIC =S S
(«_\T,n,ij)——z _21)’ &Y% — X Yali
i= i=1

The theoretical influence function for the correlation matrix is also additive
and so we find the theoretical influence function for its eigenvalues and

eigenvectors are also additive.

The additivity of the theoretical influence functions has interesting
properties. We noted in the previous sections that the correlation eigenvalues,
particularly on the larger eigenvalues, often have as large positive influences
as negative. Thus, when we delete two or more influential points they can
cancel out each others effects. This, is less true for eigenvalues from the
covariance matrix were the largest influences all tend to be of the same sign
and correspond to large principal component score. Some examples of this
cancelling out of influence will be seen in our practical examples in § 4.5.
The additive property means we should not need to carry out multiple
procedures in practice, particularly where we have large datasets. This is
extremely advantageous in such datasets where there would be heavy
computational problems. The above cancelling out property shows it could in
fact be confusing to look at multiple case deletion. In small datasets where the
asymptotic result may not hold so well there may be some need to consider
multiple case deletion using the sample influence curve. This additivity is not
likely to hold when two observations are extreme in the direction of a
principal component so that this component disappears when both are

omitted. We will see in § 4.8 that the empirical does not reflect the sample
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changes well when one observation causes a dimension to disappear.

However, it still gives this observation as being ’highly influential’.
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Chapter 4: Practical Applications of the Influence Functions in Principal
Component Analysis

4.1. Introduction

In this chapter we concentrate on the practical applications of the
influence functions in PCA. We first consider, in § 4.2, an appropriate scalar
measure of influence for the changes in the coefficients of the k th eigenvector.
This is chosen to be the angle between the original and perturbed
eigenvectors, which can be written in terms of the the sample influence
function for the eigenvectors. We shall see that the empirical influence
function for the eigenvectors provides a second order approximation to this
angle. In § 4.3 we compare the empirical and sample curves for the ’actual’
change in the eigenvalues and the angle discussed above. Comparisons for the
eigenvalues and eigenvectors from both the covariance and correlation
matrices are considered. We shall see that the influences compare well, but
they often differ when we have close eigenvalues or if a dimension should
completely disappear when an observation is deleted. In § 4.4 we shall
consider the use of second order terms to improve the accuracy of the
empirical, with emphasis on the covariance matrix eigenvalues and
eigenvectors. In § 3.9 we gave the theoretical justification for influence being
additive. This was supported for the sample covariance matrix provided m is
not too large compared to n. We compare the sample influence when m
observation are omitted with the sum of the individual sample changes, for

both the covariance and correlation eigenvalues, in § 4.5.

In § 4.6 we discuss simulated critical values for the covanance and
correlation eigenvalues. For the eigenvalues from the covariance matrix these
are seen to take a fairly simple form. The influence values for the
eigenvectors are largely determined on how close the eigenvalues are, due to
the terms (A, —A,) "', It is possible if there are a number of close eigenvalues

that the influences could be small if the terms cancelled each other out.
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Alternatively, and as discussed in § 4.3, if there are only two close
eigenvalues we can obtain large changes in the two corresponding
eigenvectors. Hence, determining critical values for the changes in the

eigenvectors could be difficult.

This chapter is concluded with an examination of influence in three
datasets. In the first dataset emphasis is placed on the differences and
similarities of the outliers and influential points that have been detected in the
dataset (this is continued to a certain extent for the other datasets as well).
Only the principal components for the correlation matrix are considered in
this dataset as the data are standardised. Also considered in this dataset is
how well changes in the bivariate correlations can be used to indicate what
will be influential on the principal component analysis. In the second dataset
the influence of observations in both the covariance and correlation principal
component analyses are considered. We shall consider the changes of one
particular observation, which when omitted leads to a dimension disappearing.
Influence for the covariance and correlation principal component scores is also
looked at. In the final dataset we consider the covariance principal component

analysis only, and consider its application to the covariance biplot.

4.2. Measures of Influence

Influence procedures for one principal component analysis, if one looks
at both the eigenvalues and eigenvectors, can result in many measures to
examine. The problem is enhanced by the vector valued influence functions
for the eigenvectors. However, one usually only retains a fraction of the p
dimensions so we would restrict our influence procedures to those dimensions
of interest. It is not really worthwhile to compute an overall measure of
influence for an observation on the principal component analysis since

important features of change could be lost when combining the dimensions.
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This is particularly important in principal component analysis where we
usually interpret the dimensions individually and so influence measures
applied to each dimension singularly provide invaluable information on our
interpretations and conclusions. However, it is worthwhile to convert the p-
vector influence functions for the eigenvectors into scalar measures. One
possible scalar measure is the sums of squares of the individual changes in the
eigenvector coefficients. The sums of squares for the covariance eigenvectors
using the theoretical influence function (3.8.2) is,
TIC(x @) TICY (5 ,20) = 225, () — )22}
T
Similarly, for the correlation eigenvectors we get,

2
P | 4 P
TICR(x ,ax)'TICR (X , ) = 3 (A =M) 2|2 S apanTIC(x,pq)
j=1 s=1
J#k

#

-~
a =t

For both the covariance and correlation eigenvectors we find

&

) TIC (x ,a;)' TIC (x , o)

is the cosine of the angle between the original and perturbed eigenvector up to

1 —

terms in o (€?).
First we will consider the sample results. If o; is the perturbed sample

eigenvector and

—Los10y(x ) = — &
-

then

~ =

- SICy (x , o) SICy (x ,a¢) = ap "oy + og'ax — 204 'ag

(n—1)?

and since a;'a, =1 and a;' o = 1 we get,

61_:1_1—)551(:‘/(5 7ék)'SICV(£ ,ék) =2 — 2C089k
1

——SICy(x , ;) SICy(x ,
2(n_1)2 V(E _k) v(_ _k)

=2 cosf, =1-—
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For the theoretical we only consider terms up to o(e?). Let the perturbed

eigenvector be,

=a; +ecy+ —623_92 + o(€%)

|’8 )

then,

‘o =ay oy + 2eay;cy + € [_6_'_1'_0_1 +gk'£2]

LE\

Since a;’'a; =1 to have a;'e; =1 all terms in € =0 r=1,2...., this implies

that,

o ’c1=0 and og’cr= —¢y'cy
The angle is given by,

cosOy = o'y

2
=or'ay +eap'cr + Tap'er+o(E)

Using the relationships above

&2
=1-Scr'er +o(e)

2
=1- %TICQ:_ Lo )'TIC(x ,o5) + 0(€d) . (4.2.1)

Looking at the angle rather than just the sums of squares of individual
coefficient changes gives a more meaningful interpretation to the changes in
the eigenvectors. It is also better at highlighting rotations and swops in the
eigenvectors, particularly when using the sample influence curve. One also
needs to be careful when using the sums of squares of the sample changes in
the eigenvector coefficients that the perturbed eigenvector is returned with the
same sign as the original eigenvector. We can usually guard against this by
changing the sign of the perturbed eigenvector if p /2 or (p +1)/2 of its signs
are different from the original eigenvector but the odd one may slip through.
This may occur when the eigenvector is dominated by one or two coefficients,
and it is whether the signs of these coefficients have changed that is the most

important. If a change of sign is not picked up the influences will appear
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unusually large since one has in affect added the original and perturbed
eigenvectors. This problem does not occur when using the theoretical
influence function since the perturbed eigenvectors are not calculated. The
problem of change in sign of the sample eigenvectors is avoided when we use
the angular measure of influence as this just leads to an angle greater than 90°
and subtracting this from 180° gives us the same angle as would be obtained if

the sign had not changed.

Due to the similarity of the sample influence functions for the covariance
matrix when we add or delete an observation, see § 2.2, we find that the
theoretical influence functions can be used for the deletion of observations in
principal component analysis as well as addition. We also noted in § 2.2.2
that if we considered the sample curve for the covariance matrix as n-» we
would obtain the same expression as the empirical. The same holds here for
the eigenvalues from the covariance matrix whose influence function from
(3.5.3) only depends on the influence function for the covariance matrix.
Substituting the sample influence curve for the covariance matrix for v in
(3.5.3) and letting n-> would give the same as the empirical curves based on
(3.8.1) to (3.8.3). We thus find that rather than just take e=1/(n—1) to
form our estimated change from the theoretical, if we let our estimate for the

sample change in the covariance eigenvalues be

~

: _ Ak n ~2

then the estimated change in the covariance eigenvalues gives closer values to
the actual sample change. The functions of » in (4.2.2) come from those in
(2.2.5) when it is divided through by (2 —1) to give the actual sample change
in the sample covariance matrix. The actual sample change for the
eigenvalues and eigenvectors is found by using the expression for the sample

change in the covariance matrix and then using the eigenvalue and
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eigenvector routines. No adjustments to the other empirical influence

functions lead to a noticeable improvement in the estimates.

Our measures of influence are thus taken as the change in the individual
eigenvalues when observations are omitted from the sample and the angle
between the original and perturbed eigenvectors which can be calculated from
the influence functions. A possible alternative to the change in the
eigenvalues is the percentage change. We shall see in § 4.6 that for all the
eigenvalues in a covariance principal component analysis we can expect the
same percentage change irrespective of their initial values. This is not true for

the correlation eigenvalues.

4.3 Numerical Comparisons of the Sample and Empirical Functions and
Problems Arising from Close Eigenvalues

We will compare the empirical and sample curves by calculating the
estimated and actual sample changes in the eigenvalues, and the actual and
estimated angle between the original and perturbed eigenvectors, when an
observation is removed, for two datasets. The estimated change in the
covariance eigenvalues is given by (4.2.2) and for the correlation eigenvalues
by the empirical based on (3.8.4) divided by (n—1). The estimated angle is
taken from (4.2.1), with the sample equivalents substituted in and
e=1/(n—1). Both the covariance and correlation principal component
analyses will be considered. The first dataset has 160 observations and five
variables which are measurements on turtles. The other dataset was
introduced in § 2.5.3 and its variables consist of seven anatomical
measurements on Students at the University of Kent. There are 33
observations, so we may expect our comparisons with the asymptotic result to
be poorer than for the first dataset. Tables 4.3.1 to 4.3.8 bring to light some

interesting aspects of the similarities and differences between the influence
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curves in principal component analysis.

4.3.1. Influence for the Eigenvalues from the Covariance and Correlation

Matrices

Tables 4.3.1 and 4.3.3 compare the actual and estimated change for the
three most influential and three least influential observations on each
covariance eigenvalue from the two datasets. The order is determined by the
ranked sample influences and the corresponding estimated change is given
underneath. The rankings for the two curves can differ when we have
observations with close influences or when we have problems such as
eigenvectors swopping. We have considered all eigenvalues here, in practice
one may only be interested in a subset of these. We have given the three
smallest influences, which we also considered for the partial correlation
coefficient, to show that the curves agree well for large and small influences.
Tables 4.3.2 and 4.3.4 give similar comparisons for the correlation
eigenvalues from the two datasets. We have only considered the most

influential here, the smallest influences are very small.

From the tables we see that the estimates for the covariance and
correlation matrix eigenvalues provide us with reliable information on what
observations are most influential in datasets and on what eigenvalues.
Comparisons for the first dataset, with 160 observations, are very good as we
would hope since this is a reasonably sized dataset. However, the comparisons
for the smaller dataset are also good, except for those involving observation
30, particularly in the principal component analysis from the covariance

matrix.

The large differences in the empirical and sample either occur on
observation 30, as noted above, or when the eigenvectors have swopped in

order of importance. This means the variance (eigenvalue) in an earlier
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Comparisons of the Sample and Empirical Functions for Eigenvalues from the
Turtle Dataset

Table 4.3.1

Comparisons of the Actual Sample and Estimated Change
for the Most and Least Influential Observations on the

Covariance Eigenvalues

N = 101845.62 177.34 51.93 29.24 13.27
Obs. (143)  (56) (10) (103) (151
Actual 6360.46 13.69  1.55 (1.22 (2.13
Estimated |  6361.06  13.74 157 120 2.11
Obs. (121)  (119) (104) (142) (143)
Actual 5714.93 962 149 071 1.20
Estimated | 571525  9.67 1.50 0.72 _ 1.05
Obs. (61) (141) (38) (157) (81)
Actual 2936.10 7.83 133 071 1.13
Estimated |  2936.16  7.85 133 0.67  1.04
Obs. (83)  (58) (62) (74) (78)
Actual 5325  0.05 001 -0.00 -0.00
Estimated -53.24 __ 0.06__ 0.01 _-0.00 -0.00
Obs. (151)  (46) (73) (93) (159)
Actual 3792 005 000 -0.00 0.00
Estimated 37.94  -0.05 _ 0.01 _-0.00 _ -0.00
Obs. (108) (111)  (97) (158)  (88)
Actual 1825 003 000 000 -0.00
Estimated 18.26 _ 0.02 _ 0.00 _-0.00 _ -0.00
Table 4.3.2

Comparisons of Actual Sami)le and Estimated Change
for the Most Influential Observations on the
Correlation Matrix

A = 4115 0449 0.187 0.175 0.074
Obs. (151) (151) (56) (104) (121)
Actual | -0.050 0.043 0.011 0.007 -0.003
Estimated | -0.047 0.042 0.016 0.006 -0.003
Obs. (135 (72) (51) (76) (157)
Actual 0.022 0.018 0.008 0.007 0.002
Estimated | 0.021 0.018 0.007 0.007 0.002
Obs. (155) (61) (69) (19) (61)
Actual 0.020 0.015 0.006 0.005 -0.002
Estimated | 0.020 0.015 0.006 0.003 -0.002
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Comparison of the Sample and Empirical Functions for the Eigenvalues from

the Student Dataset

Table 4.3.3

Comparisons of the Actual Sample and Estimated Change
for the Most and Least Influential Observations on
the Covariance Eigenvalues

e = 3531 278 141 086 068 038 025
Obs. (19) (25) (1) (30) (29 (@7) (30)
Actual | 640 042 025 014 027 006 0.16

Estimated | 6.42 0.42 022 046 0.25 0.05 _ 0.01
Obs. (10) 8 (8 (29) (30) (30) (18)
Actual | 260 040 006 005 027 006 0.09
Estimated | 2.62 0.44 0.03 0.9 0.03 -0.01 _ 0.07
Obs. 26) (30) (249 @) an__ ) @)
Actual | 1.57 029 006 -0.03 007 005 0.05
Estimated | 1.58 0.43  0.10 -0.03 _0.06 _0.04 _0.04

" 0" " 1" " " " o"

" . ” i
" 1 " e " " "w e " " " o" "o " "

” " " " ” " " " "o " " " " " 1"

Obs. ©® @ a3 a5 20 (33 (27
Actual | -0.18 -0.02 0.00 -0.00 -0.01 -0.00 0.00
Estimated | -0.18 -0.02 0.00 -0.00 -0.01 -0.00 -0.00
Obs. 2 @) @ (© 7 3 (22
Actual | 0.05 -0.01 -0.00 -000 001 000 0.00
Estimated | 0.05 -0.01 -0.00 -0.00 0.01 -0.00 -0.00
Obs. O (G2) (23 () (@18 (@16 (9
Actual | 0.03 -0.00 0.00 -000 0.00 0.00 -0.00
Estimated | 0.04 -0.00 0.01 -0.00 0.00 0.00 -0.00

Table 4.3.4

Comparisons of Actual Sample and Estimated Change
for the Most Influential Observations on
the Correlation Eigenvalues

Ay = 480 093 040 037 028 0.13 0.10
Obs. 30) (30) (24 (27 (30) (19 (18)
Actual 058 046 -007 0.06 0.10 -0.02 0.03

Estimated | -0.33 039 -0.05 _0.05 -0.04 -0.02 0.02
Obs. 10y (17) 19 (19 49 (&) @9
Actual | 0.12 -0.05 -0.03 -0.04 009 0.02 0.02
Estimated | 0.11  -0.05 -0.02 -0.03  0.05 0.01 0.01
Obs. 19) (10)  (29) (290 (25 (1) (1)
Actual | 0.12 -0.05 002 0.03 003 001 002
Estimated | 0.10  -0.05 0.05 -0.00 _0.03 0.01 0.01
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direction has fallen down below that in the next direction (it would be possible
for it to fall below two or more of the other eigenvalues) when observations
are omitted. The estimate records a swop in the eigenvalues by some larger
changes in the eigenvalues and the sample reflects this swop when we look at
the eigenvectors by angles close to 90°. The theoretical influence function
(and so the estimate) gives the change in the eigenvalue and eigenvector in
the kth direction irrespective of whether it changes its ranked position when it
is perturbed. The sample curve will compare the kth original eigenvalue and
eigenvector with the perturbed (k+1)th eigenvalue and eigenvector when a
swop occurs. This is one of the circumstances where the empirical will have a
larger value than the deleted sample curve (although, using the adjustment in
the functions of n for the estimated change in the covariance eigenvalues,

discussed in § 4.2, we find the usual underestimation is not so obvious).

We shall look at the values of the perturbed eigenvalues given by the
sample and empirical functions when swopping has occured. Note that a
positive influence refers to a decrease in \:, as we subtract the perturbed from
the original eigenvalue. We will consider this for two examples. In Table

4.3.4 the original third and fourth eigenvalues are,

A3=0.399  A;=0.366
The sample influences give the perturbed eigenvalues when observation 29 is

omitted as

A3*=0.379  A*=0.336

The perturbed eigenvalues using the empirical curve are,

~

Ae=0.349 A= 0.362
There was another swop in these two dimensions when observation 5 was
omitted but this is not seen from Table 4.3.4 as it was not in the top three

ranked sample changes which the observations are presented by.
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We shall consider the example from Table 4.3.2 which shows that swops
can occur even in large datasets provided the original eigenvalues are close

enough. The original third and fourth eigenvalues are,

A3=0.187 A4=0.175
The sample influences give the perturbed eigenvalues when observation 56 is

omitted as

\?T=0.176 A*=0.171

The perturbed eigenvalues using the empirical curve are,

A€ =0.171 AJ*=0.175
The theoretical influence function records a swop in the
eigenvalues/eigenvectors when observation 30 is omitted for the 4th and Sth
dimensions in Table 4.3.3. However, this is not a good reflection of the
sample change as we find the original fourth dimension is attributed to
observation 30 only, and it disappears in the perturbed problem. This, and the
deletion of observation 30 in the correlation PCA analysis, is discussed in

detail in § 4.8.

4.3.2. Influence for the Eigenvectors from the Covariance and Correlation
Matrices

Tables 4.3.5 to 4.3.8 compare the actual and estimated angle. These are
given by (3.8.2) and (3.8.6). The angles for the least influential observations

are not given as these are very small.

The angles using the sample and empirical curves are very close in Table
4.3.5 and Table 4.3.6 except for those under 8, and 64 for the latter table.
Table 4.3.9 contains the most and least influential observations, and their
angular changes, on the third and fourth eigenvectors from the correlation

matrix of the Turtle dataset when using the two types of curves. The original
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Comparisons of the Sample and Empirical Functions for the Eigenvectors from
the Turtle Dataset

Table 4.3.5

Comﬁarisops of the Actual and Estimated Angle Between
the Onginal and Perturbed Eigenvectors from the
Covariance Matrix for the most Influential Observations

Angle 041 0, 0, 04 05

Obs. | (143) (119) (19) (81) (81
Actual | 0.14° 1.59° 3.04° 3.82° 3.70°
Estimated | 0.13°  1.45° 2.88° 3.80° 3.65°
Obs. | (121) (56) (76) (19) (142)
Actual | 0.10° 1.58° 2.32° 3.01° 2.12°
Estimated | 0.10°  1.40° 2.14° 2.85° 2.00°
Obs. (34)  (76) (103) (142) (143)
Actual | 0.05° 1.39° 2.19° 2.29° 1.57°
Estimated | 0.05° 1.33° 222° 2.20° 1.43°

Table 4.3.6

Comparisons of the Actual and Estimated Between the Original
and Perturbed Eigenvectors from the Correlation Matrix
for the most Influential Observations

Anglc 04 0, 03 04 05

Obs. | (151) (151) (56)  (56) (56)
Actual | 0.72° 5.11° 82.32° 82.32° 2.54°
Estimated | 0.70° 4.23°  3.74° 3.99° 2.15°
Obs. (61) (143) (151) (151) (119)
Actual | 0.30° 5.11° 23.41° 2294 2.53°
Estimated | 0.29° 4.48°  6.25°  4.69° 2.28°
Obs. (72) @81) (19  (19) (76)
Actual | 0.29° 2.69° 22.10° 22.11° 2.04°
Estimated | 0.28° 2.49° 22.30°  22.30° 1.87°
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Comparisons of the Sample and Empirical Functions for the Eigenvectors from
the Student Dataset

Table 4.3.7

Comparisons of Actual and Estimated Angle
and Perturbed Eigenvectors from the

Between the Original
Covariance Matrix

for the Most Influential Observations

Angle 0, 7) 03 04 05 05 0,
Obs. (199 (30) (24 (30) (30) (30) _ (30)
Actual 1.74° 13.96° 13.81° 65.88° 80.56° 69.36° 52.58°
Estimated | 1.29° 14.65° 16.57° 49.96° 46.79° 6.90° 9.48°
Obs. (24) (8) (31 (29) (24) (24) (24)
Actual 1.51°  11.55° 13.11° 26.95° 65.92° 64.43° 26.96°
Estimated | 1.37° 7.81° 10.47° 23.26° 35.35° 4.49° 5.03°
Obs. 10)  (31) ® (29 29 @) @)
Actual 1.49° 9.09° 12.06° 16.09° 27.80° 16.98° 16.10°
Estimated | 1.25° 9.26° 7.91° 32.49° 22.11° 8.36° 6.43°

Table 4.3.8

Comparisons of Actual and Estimated Angle Between the Original
and Perturbed Eigenvectors from the Correlation Matrix

for the Most Influential Observations

Angle 0, 0, 0, 04 05 06 0,
Obs. (30) (30) &) (5) (30) (31) (30)
Actual 6.60° 70.25° 83.65° 82.54° 70.13° 26.86° 28.28°
Estimated | 4.23° 8.94° 10.26° 492° 17.23° 21.97° 10.35°
Obs. (19) (29) (29) (30) 27 (30) (31)
Actual 1.38° 5.31° 68.93° 69.64° 47.21° 26.06° 26.93°
Estimated | 1.09° 5.12° 19.37° 11.44° 8.75° 9.09° 21.14°
Obs. Q7 (19  (30) (29 A7) (12) (29
Actual 1.20° 4.69° 63.64° 69.01° 29.67° 20.22° 23.73°
Estimated | 1.08° 3.91° 15.82° 18.63° 18.47° 26.82° 11.10°
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Table 4.3.9

Angles Given by the Two Influence Functions for Observations in the
Third and Fourth Dimensions from the Correlation Matrix
-Analysis of the Turtle Dataset

Sample Curve Empirical Curve

Obsn. 04 04 Obsn. 04 04
56 82° 82° 119 27° 27°
151 23° 23° 141 24° 24°
19 22° 22° 19 22° 22°
141 22° 22° 121 17° 17°
119 21° 21° 104 14° 14°

" " " " "o" "o " o "

" "w o " e "o " " " "

" ow " " "o "o "o

131 0.05° 0.05° 131 0.05° 0.05°
156 _ 0.01° 0.01° 156 0.01°  0.01°
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eigenvalues for these dimensions are A;=0.187 and A,=0.175. This shows
that when we have two close eigenvalues the change in the corresponding
eigenvectors when a point is omitted are nearly equal. This means that while
the eigenvectors may be changing a lot in appearance they are just rotating
within a relatively unchanged subspace. This occurs because the ’ellipse of
variation’ described by the two principal components with close eigenvalues is
nearly circular. Rotation within this subspace will usually cause little change
in the eigenvalues but large changes in the eigenvectors. Why large angles
occur can be seen from the terms (A; — \;) 7! in the influence functions for the

eigenvectors from both the covariance and correlation matrices.

Figs. 4.3.1 and 4.3.2 provide an illustration of rotation. Fig 4.3.1 is a
plot of the original principal component scores in the third and fourth
dimensions for the problem above. Fig 4.3.2 is a plot of the principal
component scores for the two perturbed dimensions when observation 19 is
removed. On each plot we have labelled the same observations and also given
are the angles between the two closest lines joining these points to the origin.
Examination of these plots shows that the observations have stayed in the
same relative positions to each other and hence the angles of 22° in Table
4.3.9 for observation 19 are mostly caused by rotation. A statistic is proposed
in § 4.3.3 for measuring to what extent such eigenvectors have rotated out of

the subspace.

We will now consider the differences in using the sample and empirical
curves in Table 4.3.9. Observations 56 and 151 have the largest angles using
the sample curve but do not appear in the top group on the empirical. The
angles for observation 56 are close to 90° and this corresponds to the swop in
the eigenvectors that was discussed in the previous section. The sample curve

compares the original third eigenvector with the perturbed fourth eigenvector
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Figure 4.3.1 Plot of the Original Principal Component Scores
from the Third and Fourth Dimensions of the Covariance PCA of
the Dataset on Turtles.
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Figure 4.3.2 Plot of the Principal Component Scores in the Third
and Fourth dimensions when Observation 19 is Omitted.
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so we obtain large angles close to 90°. The empirical only looks at the change
in the eigenvector defining that direction so we do not obtain large angles.
The angles for observation 151 are not close to 90° and it does not appear in
the top group of the empirical. This tends to occur when the perturbed
eigenvalues are eveﬁ closer than the original, here A; =0.179 and A{ = 0.175,
and so the sample curve is affected by the greater indeterminacy of the two

perturbed eigenvectors.

We will now consider the second dataset. In Table 4.3.7 the comparisons
of the two curves are good for the first three dimensions but after that the two
deviate. However, the deviations tend to be occurring for specific
observations, namely observations 30 and 24. We will not discuss observation
30 until § 3.8 where we will look at the form of the original and perturbed
eigenvectors in detail. Omitting observation 24 causes the fifth eigenvalue,
which was originally close to the fourth, to decrease and become very close to
the sixth eigenvalue instead. We find that the fifth and sixth eigenvectors
rotate, see § 4.8, due to close perturbed eigenvalues. Again, the theoretical
does not reflect the large changes caused by the perturbed rather than the
original eigenvalues being close. In Table 4.3.8 the largest angles using the
sample curve tend to occur for observations 5, 29 and 30. In the previous
section we noted that observations 5 and 29 caused a swop in the third and
fourth eigenvalues when they were omitted so this accounts for their large
angles. The original second dimension, like the fourth from the covariance
matrix analysis, is a contrast of variables 3 and 7. When observation 30 is
omitted the variance along that direction falls, and in the sample case the
perturbed fifth eigenvector is similar to the original second with leading
coefficients in x; and x,. However, the theoretical does not record a swop,

although it gives a large change in the second eigenvalue. See § 4.8 for
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further details.

In summary we find that the angles when using the sample or empirical
curves are close in the first few dimensions where no swopping or rotation of
the eigenvectors tends to happen. If one is only extracting the first few
dimensions then one may not need to worry about such problems. However,
in the correlation analysis for the Student dataset the eigenvalue from the
second dimension decreases so much that by the 0.7 rule for retention of
eigenvectors (Jolliffe, 1972) it would not be retained for inspection in the
perturbed problem. We also find, see Section 4.8, that the second eigenvector
changes its form so we can obtain problems in the early dimensions. The
angles for the two curves tended to differ in two circumstances. The first is a
swop in the eigenvectors. The empirical shows this has occurred by the
changes in its eigenvalues but the sample reveals it in large angles, as it
compares the original kth eigenvector with the perturbed (k +1)th eigenvector,
when the kth and (k +1)th eigenvectors switch. Secondly, the two seem to
differ when the perturbed eigenvalues are closer than the originals. Further
comparisons of the two types of curves can be found in Jolliffe(1986, § 10.2)
and Calder et. al. (1986).

4.3.3. A Measure of Influence for the Eigenvectors When There is Rotation

It is important to know if our eigenvectors are unsteady, due to close
eigenvalues, since we usually interpret the sizes of their coefficients. However,
it may be desirable to have some measure of influence that tells us to what
extent the original subspace has changed, since it is possible that small
angular changes may represent a larger change in the subspace than the big
angular changes caused by rotation of the eigenvectors in a relatively
unchanged subspace. The theoretical influence function can be used to give a

measure of influence that shows to what extent an eigenvector has rotated out
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of the original subspace.

We will use the theoretical influence function for the covariance matrix
eigenvectors in the illustration, but exactly the same reasoning holds for
eigenvectors from the correlation matrix. We will first consider the case of two
close eigenvalues. The perturbed eigenvector from the covariance matrix, to
o (¢€), from (3.8.2) can be written as,

o = — ez,zél oA — M)z (4.3.1)

J#k
If \x and .., are close then from (4.3.1) we can see that we obtain large and
nearly equal changes (and so angles) in the corresponding eigenvectors as the

term in (Ap — Az41)”! will dominate both their influence functions. We can

write, to o(e),

élc ap + e(Ag —Ne+1) 124 Zp 10 g + €F

Gpap=gpp— €A — Ae+1) 1ZxZp g0y + €¥pig
where,

p
-1
Ve==2Z 2 Z\ M)y
<~
j#ch,k+l

P
-1
Vi =—Zrs1 O Zi(Nj = Ag41)
=1
jik k1

The terms ¥, and e¥,., represent the extent to which the kth and (k +1)th
eigenvectors respectively have rotated out of the original subspace generated
by their close eigenvalues. The first two terms represent the rotation within
the original subspace as a; and o form a basis for the original subspace and
a linear combination of these eigenvectors is still in the space. We can use the
sums of squares of the elements in ¥, and ¥, as our scalar measures of
influence for the two eigenvectors when we substitute in the sample

equivalents and divide by (n —1)2. We will refer to these measures as ER;

where,



A A (4.3.2)

This idea extends easily to higher dimensional subspaces, we merely need
to omit terms from (4.3.1) when the eigenvalues differ by less than some
preassigned value, for example 0.05. This can lead to one eigenvector being
included in two different subspaces because of fairly close eigenvalues either
side of it, but these eigenvalues on either side differ by more than the
preassigned value. It is preferable for the value chosen to cover all
eigenvalues in a set so we do not have overlapping subspaces. It is possible
for eigenvectors to be steady when there are a number of close eigenvalues, as
if there are number of large terms in (\; —\;)™! they can cancel each other
out. This could result, say, in a stable last dimension that reflects a high
correlation. Noting that the influence function for the correlation

eigenvectors from (3.8.6) can be written as,

LE .

P
=ap —e€) aj(A;— )\k)_lek
i=1
oy

we see that exactly the same argument applies to the correlation eigenvectors.
Another possible way of seeing whether the eigenvectors have rotated out of
the. subspace may be to subtract the two original angles, since rotation should
lead to equal angular changes in the two eigenvectors. However, this assumes
that it is only the eigenvector with the larger angular change that has rotated
out, which may not be true. We will look at an example using measure
(4.3.2) for the Turtle dataset on the third and fourth dimensions from the
correlation matrix. Table (4.3.10) gives the values of ER; and ER4 compared
to the original sums of squares of the influences given by

1

n_1)? EIC (x ,a4)'EIC (x ,as). We refer to
n—

EIC(‘E 79_3)’E1C(£ 723) and (n_1)2

these measures of influence in the table as SSE. This table shows how much
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Table 4.3.10
Comparison of Influence Measures When We Have Rotation

Obsn. Measure a3 a4

119 SSE 0.1278 0.1286
ER 0.0008  0.0008

141 SSE 0.1462 0.1463
ER 0.0001 _ 0.0002

19 SSE 0.1469 0.1471
ER 0.0003  0.0002

121 SSE 0.0736 0.0734
ER 0.0006 _ 0.0003

104 SSE 0.0274 0.0257
: ER 0.0001 _ 0.0009
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the large angles in the third and fourth dimensions are caused by the one term
in (A — Ag) ' from the empirical influence functions.  In this example all the
tnfluences have become small indicating there is probably little change in the
eigenvectors other than from their rotation in the subspace. However, we can
see that observation 104 had the smallest influences for SSE, and SSE, but has

the largest influence in the Table for ER,.

4.4. Using Sccond Order Terms

Since the estimated change is based on the asymptotic theoretcal
influence function, as n becomes smaller so our estimate becomes less
accurate. To improve it one could use the second order terms from

- 2
A=A, +ecp + 52'02 +oennnn (4.4.1)

and similarly for the eigenvectors. The second order terms for the covanance

eigenvalues and eigenvectors are

P
A==2Z2|1+ JZX\, = x)"! (4.4.2)
o
P P B
[l: ___ZEX ij()\l - )\k)nza_/ - 22 7‘/2()‘/ - Ak) lTICVQ vgk)
ek Jek

~272 3 7,0, — A T, (4.4.3)

see Critchley (1985). We could thus take as an estimate of the change in the

k th eigenvalue when an observation is removed

Il—l - j=1
PR

2 l 2 P\ -
F—J({.M)=;—l_—l—(—xk + 7,0 + ( NZ2+ 72 2N, =)
(4.4.4)

Note that the second order term is included with reversed sign. When we

form the deleted sample curve we take e¢=—1/(n—1) and subtract the
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perturbed parameter from the original which maintains the sign of the
empincal curve when used for addition or deletion of points. Substituting

€= -1/(n-1) 10to (4.4.1) and subtracting from the original eigenvalue we

obtain as our estimate

T .
2(n—1)

: (4.4.5)

where ¢, is (3.8.1) and ¢, is (4.4.2) with the sample equivalents substituted
in. If we were considering the addition of points the sign of the second order
term would be maintained. It was found that (4.4.4) did not give better
estimates of the sample change in the eigenvalues when we omit an
observation than our previous estimate (4.2.2), which was the first order term
with adjusted functions of n. However, some contour plots of the sample
influence function (not given here) showed that while the contours tended to
the straight lines of the theoretical contours quite quickly as n increased, for
small n they were slightly bent indicating that some quadratic terms would be
appropriate. We find that these second order terms do help to increase the
accuracy of our estimated change in the eigenvalues when we again adjust our

functions on n.

Note that the eigenvalues in (4.4.3) are the eigenvalues from the matrix
Q= (n/(n-1))S, so we need to substitute in (a/(n—1)A, to get the
eigenvalues from §. This will affect some of the arguments in this Section. In
particular, substituting Q= (n /(n=1))s for X in (4.4.6) and x for p and taking
e =1/(n+1) will give expression (2.2.1) since (4.4.6) is exact to o (€*), as higher
terms in ¢ are zero. This would lead to the appropriate functions of n for the
addition of an observation. In deletion of an observation one can use
expression (6) of Critchley (1985) to obtain more accurate results when using
our second order terms, without considering adjustments to the functions of a.
However, the conclusions from the original text below are similar to what

would have been obtained had the above been used.



- 107A -

First we wll reconsider our justification of the functions of » in (4.2.2).

We have 1o o (e),

E=(1- 0% + e(x — p)(x — )’
and from (2.2.4)

- 1 _ n T Ve — 7
S0 [l+n-—2 ]S (D) &~ D& L)

In the proof for T/C,(x ,\;), in § 3.6.1, we see that the —x, term in the
influence function comes (rom - in TIC(x ,¥), and the Z2} term from the
(x —p)(x —p)’. Since we would obtain the same empincal expression il we

considered the asymptotic sample result from using §(_;) rather than T we
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have taken

YE (1) ¢ als e - p)

where ¢ =-1/(n—~2) and ¢, = (nil)"(n T Our usual theoretical proof follows

through in the same way as before since ¢, and ¢, are of the same order, and
results in expression (4.2.2). This modification was found to improve our

estimate. When we include the second order term we find

Y= (1-x+ € —p)(x —p) - Elx ) ) (4.4.6)
see Critchley (1985). Taking €= ~1/(n~1) and substituting in the sample
cquivalents into (4.4.4) we obtain as an estimate of the perturbed sample

covarnance matrix

1
n+1

ST =4 ) - I - D@ - D)

which is a less accurate estimate of the change in the sample covariance
matrix than when we just used the first order term with modifications. We

can write the perturbed sample covariance matnx

’ ! 3 7) ! ~ ) - 1)
5(-.-)=[l’fn_z]s"n_z(&—}_)(&—r_)—m(ﬁ ) - x)

So re-expressing (4.4.6) as

S-(1-e)S+ e - —p) ol —wE - p)’
and following through the derivation of the second order terms with these

different  epsilon terms and  substituting ¢ =€ =1/(n—-2) and

€;=1/(n—1)(n—2) which are taken from the functions of n in (4.4.7) we

armve at the estimate,

-9

A n . 2L 5yt
= — + Zy t ’ZZ(X —}\‘)
£ P Y A
J+t

The justification for the above approach is the greater accuracy of the
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estimate when compared against the actual sample changes in the eigenvalues.

No such modifications seemed necessary for the covariance eigenvectors.
We thus take as our improved estimate the first and second order terms with
sample equivalents substituted in. Again the sign of the second order term for
deletion of observations from the dataset needs to be reversed. The use of the
second order terms for the eigenvectors did improve the accuracy of the
estimated angle. However, for the Student dataset, discussed in § 4.3.1 and §
4.3.2, we find that the theoretical seems to break down when using second
order terms when observation 30 was omitted. The theoretical gives an
argument out of the range of the cosine, this was the only example where this
was seen to occur. We noted in § 4.3.1 that the empirical had problems when
this observation was removed even when just the first order term was used.
Tables 4.4.1 and 4.4.2 give comparisons for the Student dataset where n =33,
of the actual sample change and the estimated change in the eigenvalues and
eigenvectors when the second order terms are used. These should be
cotnpared with Tables 4.3.3 and 4.3.7 respectively which are comparisons for
the first order term. We sce the second order terms have improved the
estimate although not for observation 30 on the eigenvectors as discussed
above. We still have the same disagreements due to swops and rotations

though. In other datasets where we had less of these problems the comparisons
were better.

The use of second order terms does not really seem to be worth the extra
computational time, particularly for the eigenvectors where there are several
parts to the second order term, as it is possible in some circumstances that the
actual sample change may not take much longer to calculate. This would be
particularly true for the correlation eigenvalues and eigenvectors whose first

order terms were quite complicated. It is for this reason that the second order
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Comparisons of Actual Sample Change and Estimated Change using Second
Order Terms for the Student Dataset.

Table 4.4.1
Comparisons for the Covariance Eigenvalues
A = 3531 278 141 086 068 038 025
Obs. (199 (25) (1) (30) 4 (27) (30
Actual 640 042 025 0.14 (()2'; (gOg (() lg

Estimated | 6.40 042 026 044 037 006 003
Obs. (10) (® () (29 (30) (30) (18)
Actual | 2.60 040 006 0.05 027 006 0.09
Estimated | 2.60 0.42 0.05 0.07 0.7 -0.00 0.09
Obs. 26) (30) (24 () a7 (5) (19
Actual | 1.57 029 0.06 -0.03 007 005 0.05
Estimated | 1.57 028 0.05 -0.03 0.07 _0.05 0.05

Table 4.4.2
Comparisons for the Angles Between Perturbed and Original Eigenvectors
Angle 04 ‘ 0, 0, 04 05 06 0,
Obs. (19) (30) (24) (30) (30) (30) (30)

Actual | 1.74° 13.96° 13.81° 65.88° 80.56° 69.36° 52.58°
Estimated | 1.67° 15.37° 14.82° - - 16.54°  21.19°
Obs. (24) @8 1) (29 249 (24 (29
Actual | 1.51° 11.55° 13.11° 26.95° 65.92° 64.43° 26.96°
Estimated | 1.51°  10.99° 12.25° 33.67°  25.69° 10.19; 10(.00;
Obs. 10 31 8 24 29) (27 27
Actual 1(.492 9?092 12.(()6?’ 16?092 27.80° 16.98° 16.10°
Estimated | 1.48°  9.45° 11.29° 11.07° 33.68° 12.54° 11.12°
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terms for the correlation matrix have not been derived. In Chapter 7 we will

discuss what type of curve may be preferable to use in certain circumstances

which, takes into account the computation times.

4.5. Multiple Case Deletion

In § 3.9 we found from the theoretical influence function that the affect
of deleting m observations was to sum the influences when each observation
was removed individually. We will now give examples using the Turtle and
Student datasets for the covariance and correlation matrix eigenvalues. We
will consider the deletion of five observations for the Turtle dataset and two
for the Student dataset which has a smaller sample size. We noted in § 3.9
that additivity of influence in samples is only likely to hold if m is small
compared to the total sample size. The observations that we delete are those
that were most influential on the largest eigenvalue when omitted
individually. In Tables 4.5.1 to 4.5.4 we have written the individual sample
changes in the eigenvalues when each point is omitted, these are then
summed, and the sample change when all are omitted together is given
underneath. The sums are actually calculated to greater accuracy than the
two decimal points given in the tables for the individual changes. We can see
the additive property is well supported in practice (however, we are not saying
it is an exact relationship as it is only based on a first order approximation).
In Table 4.5.4. we have examples, on the first two eigenvalues, showing the

cancelling out of influence due to the different signs of the individual

influences.
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Comparisons of Summed Individual Sample Influences with Influence when
Five Observations are Omitted Together from the Turtle Dataset

Table 4.5.1
Comparisons for the Covariance Eigenvalues
Obs Ay V) A3 A As
143 6360.46 6.19 -0.31 -0.10 1.20
121 571493 323 030 -0.09 -0.08
61 2936.10 -0.89 045 -0.16 0.60
34 2926.98 1.18 -031 -0.18 -0.05
155 1687.17 -0.41 _-0.31 -0.15 -0.05
Sum of 19625.64 9.30 -0.18 -0.68 1.62
Individual
Block 20349.56 11.74 -0.13 -0.71 1.53
Deletion
Table 4.5.2
Comparisons for the Correlation Eigenvalues
Obs A A> A3 Ay As
151 -0.05 0.04 001 -000 -0.00
135 0.02 -0.01 -0.00 -0.00 -0.00
155 0.02 -0.01 -0.00 -0.00 -0.00
72 -0.02 0.02 -0.00 0.00 -0.00
101 0.02 -0.01 -0.00 -0.00 -0.00
Sum of -0.01 0.03 -0.01 -0.01 -0.01
Individual
Block -0.01 0.03 -0.01 -0.01 -0.01
Deletion
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Comparisons of Summed Individual Sample Influences with Influence when
Two Observations are Omitted Together from the Student Dataset

Table 4.5.3
Comparisons for the Covariance Eigenvalues
Obs A\ A, A3 Ag Ag \g Ay
19 640 -0.08 -0.00 -0.03 -0.01 -0.00 0.05
10 260 -001 003 0.01 -0.02 -0.01 -0.01

Sum of 9.00 -0.09 0.03 -0.02 -0.03 -0.02 0.04
Individual
Block 896 -0.10 0.05 -0.03 -0.03 -0.03 0.05
Deletion

Table 4.5.4
Comparisons for the Correlation Eigenvalues
Obs A\ A2 A3 A \s \g Ay
30 -0.58 046 -0.00 0.02 0.10 -0.00 0.01
10 0.12 -0.05 -0.02 -0.02 -0.02 -0.00 -0.00

Sum of -046 041 -0.02 000 0.08 -0.00 0.01
Individual
Block -0.48 042 -0.03 001 0.08 -0.01 0.01
Deletion
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4.6. Simulated Critical Values for the Percentage Change in an Eigenvalue

To decide whether an observation is ’highly influential’ we can rank the
influences on a particular parameter and look at the gaps separating
successive values. This is called the gap test, it is a very useful but subjective
test for assessing the influence of observations. In this section we shall
investigate the 5% simulated critical values for the largest percentage change
in an eigenvalue for multivariate normal data. Both the sample and empirical
influences will be considered and for both the covariance and correlation
eigenvalues. Two types of simulation studies have been done. The first
involved the generation of 1000 multivariate normal datasets from the same
covariance (or correlation matrix) as an existing real dataset and for the same
sample size. The largest absolute influence (which is the same as the largest
non-absolute influences for the covariance matrix as the largest influences
always occur for those observations which decrease the eigenvalue when they
are omitted) from each simulated dataset is stored and the critical values
formed from the resulting 1000 values. Some of these simulations are used in
the final sections of this chapter. For the second simulation study, which we
will concentrate on in this section, we generate a covariance matrix with a
given set of eigenvalues and then simulate from this matrix 1,500 datasets for
a given value of n. The critical values are then formed as above. This was
also done for the correlation eigenvalues using the routine by Lin and Bendel
(1985) to generate a correlation matrix from a given set of eigenvalues. Since
we can combine any p eigenvalues together for the covariance matrix
simulations it is easy to investigate the critical values for a variety of

situations. It is more restrictive for the correlation eigenvalues since we need

. P
to satisfy > Ay =p.
k=1
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We will consider the simulated critical values for the covariance
eigenvalues first. Tables 4.6.1 and 4.6.2 give the simulated critical values for
the sample and empirical influences respectively for » =150 and p=4,5 and 6.
The eigenvalues of each of the covariance matrices simulated from are
specified by the columns that the critical values are entered in; and so the
number of dimensions p is given by the number of entries in a given row. For
examples involving the same p the same N(0,1)s were used to generate the
datasets which will aid our comparisons of the critical values for different
matrices. Two rows for p =5 in Tables 4.6.1 and 4.6.2 give the critical values,
which are identical, for the same set of eigenvalues but from different
covariance matrices. This shows the individual entries of the covariance
matrices are not important in determining the critical values. The critical
values for all the eigenvalues from a given covariance matrix are about equal,
this means that we can expect the same percentage change in all the
eigenvalues irrespective of their original sizes. Another example of this is
given by the simulations from the same covariance matrix as that for the
Turtle dataset. This matrix has a dominant eigenvalue A;=101845.62
compared to As=13.27 and the sample 5% critical values for these two
eigenvalues are 7.28% and 7.39% respectively. There is a tendency for the
sample critical values on the smaller eigenvalues to be slightly larger. This is
not so for the empirical (although generally the critical values are similar to
the sample ones). This may occur due to the terms in the second order
expression for the eigenvalues that involve (A; - A.) 7L, see (4.4.2), which will
be large for the small eigenvalues which are usually closer together. Also from
Tables 4.6.1 and 4.6.2 we see that the critical values change little over the
different combinations of eigenvalue used to form the covariance matrices,

and for the different values of p. There does seem to be a tendency for a
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Table 4.6.1
Sample 5% Critical Values for Covariance Eigenvalues

ck = [1000 200 ] 35 [ 20 | 10 | 9 5 3 2
Vv 7.72 7.78 | 7.53 | 7.96
R A 7.75 | 1.76 7.51 | 7.88
I L 7.74 | 7.80 752 | 7.87
T U 7.73 | 7.82 7.49 | 7.87
I E 7.66 7.54 | 7.84 | 7.83 | 8.19
C S 7.66 7.54 | 7.84 | 7.83 | 8.19
A 7.66 | 7.59 7.83 | 7.83 | 8.19
L 1.73 7.56 7.80 | 7.83 | 8.18
7.65 | 7.67 7.84 7.75 | 8.16
7.66 | 7.66 | 7.82 7.76 | 8.14
7.82 | 7.50 | 7.93 7.73 | 8.08
7.80 | 7.71 | 7.88 7.73 | 8.07
7.71 | 7.70 | 7.64 7.91 | 7.67 | 8.31

Table 4.6.2
Empirical 5% Critical Values for Covariance Eigenvalues

A= 1000 | 200 35 20 10 9 S 3 2
C V 7.80 7.83 | 7.55 | 7.62
R A 7.80 | 7.73 7.53 | 7.60
I L 7.81 | 7.79 7.53 | 7.63
T U 7.74 | 1.77 7.55 | 7.63
I E 7.74 7.58 | 7.79 | 7.80 | 7.72
CcC S 7.74 7.58 | 7.79 | 7.80 | 7.72
A 7.71 | 7.61 7.78 | 7.79 | 71.71
L 7.80 7.58 7.80 | 7.80 | 7.72
7.77 | 7.59 7.73 7.82 | 7.76
7.77 | 7.66 | 7.72 7.80 | 7.77
7.83 | 7.60 | 7.76 7.77 | 7.78
7.80 | 7.65 | 7.79 7.72 | 7.76
7.87 | 7.73 | 7.63 7.78 | 7.46 | 7.87
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Table 4.6.3
Sample 5% Critical Values for a Fixed Set of Eigenvalues
and Varying »
x| 1000 | 200 | 35 3 2
S0 | 18.32 | 19.65 | 19.52 | 18.51 | 20.84
100 | 10.58 | 10.70 | 11.14 | 10.93 | 11.33
150 | 7.80 { 7.71 | 7.88 | 7.73 | 8.07
200 ] 590! 6.07 | 6.12 [ 6.06 | 6.28
Table 4.6.4
Empirical 5% Ciritical Values for a Fixed Set of Eigenvalues
and Varying »
mA | 1000 200 35 3 2
S50 | 18.48 | 19.16 | 18.69 | 18.94 | 18.23
100 | 10.61 | 10.54 | 10.95 | 10.92 | 10.73
150 | 781 | 765 | 7.79 | 7.72 | 17.76
200 | 591 ] 603 ) 604 | 607 [ 6.03

e



- 118 -

critical value to increase as the eigenvalue moves down in its ranked position,
but there are exceptions. The steadiness of the critical values over the
eigenvalues in a given dataset is very useful in assessing influences in the
dataset. It also provides a very useful way of forming one influence statistic
for a number of dimensions if one did not want to look at all the dimensions
separately. Perhaps the best measure would be the maximum percentage
change in any eigenvalue (or for those eigenvalues one is interested in) when
we omit an observation. If one forms an average, say, one can overlook an

observation that is highly influential on one eigenvalue only.

All the critical values in the above Tables have been based on the same
value of n and we have seen that the critical values are steady over variations
of other factors. In Tables 4.6.3 and 4.6.4 we have for the sample and
empirical curves respectively the changes in the critical levels as we vary » for
a covariance matrix with eigenvalues 1000,200,35,3 and 2. The critical values
for another example examined, but not presented here, were very similar.
When we go from n =50 to n =100 the critical values decrease by a little under
1/2. We would expect this to be roughly so, as we form an estimate from the
empirical by dividing by (n-1), although we did consider modifications for the
covariance eigenvalues but these were still to o(1/n). A rough guide to the
critical values for the percentage change in the eigenvalues would seem to be
1000/ (n —1) %, i.e. a proportional change of 10/(» —1) in any eigenvalue.

Tables 4.6.5 and 4.6.6 give the simulated 5% critical values for the
percentage (absolute) change in the correlation eigenvalues for the sample
and empirical respectively. For a given set of eigenvalues from the same
correlation matrix the critical values are not steady over the different
eigenvalues as they were for the covariance eigenvalues. The critical values

increase as the eigenvalues decrease. We also find that the critical values for
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Table 4.6.5
Sample 5% Critical Values for Correlation Eigenvalues
A= 14.3913.0/2.5/12.0{1.5[1.0]0.8]05]03 0201 lo.01
c v 2.04 10.73]11.89
R A 3.81(4.85 9.79
I L 4.34 6.40/8.49 10.46
T U 4.32 6.31(8.61 10.55
I E 2.96 5.69 10.42111.04
C S 5.42(5.97 8.07{10.60 10.75
A 3.47 4.79 9.70(10.84|11.67
L 4.6116.35|7.17 10.68(11.27
1.50 10.84(11.57{12.52}12.92
4.07 7.42 9.69(11.18|11.19
4.50 6.258.84110.57 11.20
6.11 7.2617.97 9.65]10.35{12.06
2.56 7.64 10.31]11.67(12.10]12.33
Table 4.6.6
Empirical 5% Critical Values for Correlation Eigenvalues
A= [4.39]/3.0[25]2.0{1.5[1.0{08]0.5] 0.3 |02 |0.1 [0.01
cC Vv 1.83 9.8910.65
R A 3.73(4.41 8.91
I L 4.06 6.07[7.52 9.84
T U 4.07 5.857.67 9.79
I E 2.76 5.12 9.55(10.14
C S 5.295.68 7.38(9.73 9.90
A 3.33 4.42 9.26{10.06|10.37
L 4.57(5.89/6.61 10.1510.25
1.33 10.19{10.73|11.51|11.61
3.76 7.01 9.00{10.3710.15
4.23 6.138.17(9.60 10.29
5.74 6.98|7.21 9.29| 9.89{10.66
2.34 6.98 10.23]10.75]11.1811.30
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the absolute change, rather than the percentage change, increase as the
eigenvalues increase. No divisor in A[,r =0,...1, was found to give critical
levels that were constant over the different eigenvalues. This also follows from
Table 4.6.5 as the critical values for a given eigenvalue vary, even when p is
fixed. See for example, A = 1.5 for p = 5. The critical values for the smallest
eigenvalues tend to increase when other eigenvalues are close to them, but the
largest eigenvalues tend to get larger critical values when the other

eigenvalues are further away.

As p increases the critical value for a given eigenvalue increases, see for
example, the column for A =2.5. As p decreases the percentage of variance,
A/p, accounted for by that eigenvalue increases. This means that a larger
proportion of the data may be confirming this direction, so omitting one point
may have less affect. Comparing the critical values for p =3 and p =6 we see
that as the eigenvalues decrease the steadier the critical values are over p.
There is a three-fold increase in the critical value from p =3 and p =6 for
A =2.5, a doubling for A =1.5, but the critical values for the smallest remain

steady or possibly even decrease as p increases.

The sample and empirical critical values follow the same pattern but the

empirical values are smaller.
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4.7. Influence in a Dataset of Rock-Chip Samples

In this example we shall specifically be examining the differences and
similarities of outliers and influential observations. We shall also consider
whether the detection of influential observations on the individual correlation
coefficients has much bearing on what is influential in the principal
component analysis of this correlation matrix. This dataset consists of 12
variables which are recordings of the trace elements present in 75 rock chip
samples. The data have been standardised, so we will only be considering the
principal components from the correlation matrix. The data is published in
Hawkins and Fatti (1984) and Table 4.7.1 gives the observations in the
dataset found to be outliers by Hawkins and Fatti, using three types of
measures. The first measure was just the original standardised variables, the
second was the principal component scores computed from the D matrix,
which has the eigenvectors standardised by their variances, and the third
measure consisted of the scores computed from a varimax rotation of this D
matrix. Hawkins and Fatti’s criterion for an observation to be an outlier was
that at least one of the twelve variables/components had an absolute value
greater than 3.34, which corresponded to an overall Bonferroni significance
level of 1% for the twelve variables/scores. This testing was done by assuming
normality. The Mahalanobis distance, which was used in § 2.3.3, has a
special form when we have multivariate normal data. It can be written in
terms of the difference in the log-likelihoods for the full dataset and for the
dataset with the ith observation omitted, when the true form of the covariance
matrix is known, and as the ratio of the two log-likelihoods if the covariance
matrix is not known. Fig. 4.7.1 is a plot of the Mahalanobis distances against
observation number, and we see that all the observations in Table 4.7.1 have

large Mahalanobis distances, except perhaps for observation 25 which was
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Table 4.7.1

Observations Found to be Outliers by Hawkins and Fatti and
the Techniques that Found them as Outliers

Obs | Techniques
1 2 3
16 {1 2 3
25 3
32 2 3
35 2 3
37 2 3
41 |1 3
55 2 3
67 2 3

Figure 4.7.1 Plot of the Mahalanobis Distances for the Dataset on
Rock Chip Samples.
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only highlighted by the varimax procedure. Critical values for the
Mahalanobis distance only exist up to p=5 so we will examine such plots

informly when discussing our datasets rather than performing any formal test.

We will first analyse this dataset as if we were carrying out a principal
component analysis with the aim to reduce the dimensionality of the problem.
Using the 0.7 rule of Jolliffe (1972) we would retain the first three dimensions
which account for 83% of the total variance. One question of interest is to
what extent are the outliers found by Hawkins and Fatti, which are found to
be outlying on the minor principal components, influential on our principal
component analysis when we are only extracting the first three dimensions.
We discussed in § 3.8.2 that as A, decreases its influence, as revealed by the
theoretical expressions, becomes dominated by its own score Z,, but since the
eigenvalues sum to p it is possible that these outliers with large (minor) scores
will be influential on the early components. However, as A, becomes smaller
so do the component scores, Z,,, so although the change may be large

compared to A, it may not be large compared to the earlier eigenvalues.

Table 4.7.2 gives the three most influential observations on the first three
and last two eigenvalues and eigenvectors. To the left of the observation
number we have its ranked position on the principal scores in that direction.
On the right we have the sample influence which is recorded as the percentage
change in the eigenvalues and the angle between the original and perturbed
eigenvector. Using an informal gap test one could conclude observation 32
was influential but it only leads to a perturbed second eigenvalue of 1.36
which seems reasonably unimportant (however, we noted in our simulation
results of § 4.6 that we would expect smaller percentage changes in the early
components). Observation 21 causes \; to change by more than 10% and the

perturbed eigenvalue is, A, =0.703, so it has nearly fallen below the 0.7 rule



- 124 -

Table 4.7.2
Al =7.86 R2= 1.29 k3=08
ranked Obsn. Sam. ranked Obsn. Sam. ranked Obsn. Sam.
PC score Infl. PC score Infl. | PC score Infl.

2 24 1.5%
53 55 -1.2%

20 32 -5.6%
2 52 3.2%

1 21 12%
2 22 93%

71 1 1.1% 1 33 32% 3 23 7.7%
a a as
ranked Obsn. Sam. | ranked Obsn. Sam. | ranked Obsn. Sam.
PC score Infl. | PC score Infl. | PC score Infl.
1 32 1.2 22 26 5.1° 3 23 8.9°
4 46 0.9° 29 23 4.3° 5 1 8.9°
53 55 0.9 1 35 4.3° 1 21 8.9°
Xll = 006 )\12 = 003
ranked Obsn. Sam. ranked Obsn. Sam.
PC score Infl. PC score Infl.
1 16 39.4% 2 9 11.8%
2 37 24.7% 1 43 11.6%
3 35 20.5% 6 1 9.7%

(L3
ranked Obsn. Sam.
PC score Infl.

Qs
ranked Obsn. Sam.
PC score Infl.

2 37 31.3°
18 67 28.5°
3 35 24.8°

6 1 7.65°
40 35 5.23%
26 67 4.93°
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used above for the retention of components. Comparing the change in A
when observation 21 is omitted against simulated critical values, obtained by
simulating normal data from the same correlation matrix and the same sample
size as this dataset, we find observation 21 is just influential at the 5% level.
Thus, the only influential observation on all of the first three eigenvalues is
not included in the list of outliers found by Hawkins and Fatti. However, we
do find that the score for observation 21 on the third axis for the second
outlier technique is 3.19 (compared to the level 3.34 which it was tested
against) which was higher than any of the scores on this technique for
observations 25 and 41 which were found to be outliers with the varimax
approach. However, observation 41, and less so observation 25, do come
close to the top ranked scores on several dimensions rather than just one like
observation 21. The most influential observations on the second and third
eigenvectors are not among the list of outliers in Table 4.7.1. Observation
(outlier) 32 is at the top of ranked influences on a, but an angle of 1° will not
make the eigenvector change in appearance. A question of interest is just
what does a 5° or 9° change look like in an eigenvector, as given by
observation 26 on &, and 23 on a, respectively. These are given in Table
4.7.3 and we see that neither of these angles leads us to change our
interpretation of the eigenvector. We do usually find that eigenvectors
corresponding to large well separated eigenvalues, for example the first
eigenvector from highly correlated data, are stable as most of the data tend to
be supporting its direction. However, this is not true for the second
eigenvector from the correlation principal component analysis of the Student
dataset that we will discuss in § 4.8 and first mentioned in § 4.3.2.
Observations 26 and 23 would not be classed as ’highly influential’ when

using the gap test, and since our interpretation of the relevant eigenvectors
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Table 4.7.3
5% change 9% change
@ ) a3 a
(26 deleted) (23 deleted)
-0.13 -0.16 -0.40 -0.43
-0.17 -0.18 -0.14 -0.20
0.28 0.29 0.05 0.06
0.37 0.39 0.24 0.22
0.05 0.04 -0.25 -0.19
0.02 0.04 0.38 0.31
-0.47 -0.42 0.48 0.53
-0.21 -0.22 -0.06 -0.05
-0.18 -0.13 0.38 0.41
-0.14 -0.15 -0.22 -0.19
-0.00 -0.03 -0.32 -0.31
0.65 0.66 0.12 0.06
Table 4.7.4
Obsn. 16 37 35 67
deleted

K11 0.035 0.044 0.046 0.055

dn 071 050 0.52  0.60

0.42 020 054 -0.57
0.00 -0.00 -0.03 -0.08
012 007 011 024
001 009 0.00 0.06
0.05 -0.13 -0.08  0.11
009 011 -0.02 0.01
0.14 0.15 052 023
001 0.14 002 -0.09
20.51 078 -031 -0.17
0.11 014 022 -0.33
0.07  -0.01  -0.04 -0.20

At BT
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has not changed we will ignore their affects.

Although they were not found to be *highly influential’ (by the use of the
gap test or simulated critical values) out of the nine outliers found by
Hawkins and Fatti four appear in the top three rankings for the first three
eigenvalues and eigenvectors. This is despite the low component scores most

of these have in these dimensions. This may be due to their large affects in

the other dimensions since we need to maintain the sum i A =p and the
k=1

orthogonality of the eigenvectors.

Using the simulated critical values, as discussed earlier, we find the

following observations are influential on the latter eigenvalues,

Ag Ag Ao Ay
55* 35* | 67* | 16*
32* 32¢ 1* | 37

35

(this is after we have taken into account the swops in A¢ and A, when
observations 55 and 32 are omitted, individually). The * means that the
observation was also found to be an outlying along this direction by Hawkins
and Fatti when using the component scores calculated from the D matrix.
Observations 37 and 35 were not found to be outlying using the 11th
eigenvector from the D matrix but they did have large scores for it. This
supports the theoretical result that as A, decreases its influence is dominated
by its own score. The only two observations that were classed as outliers that
have not come out as influential on some eigenvalue are 25 and 41 which
were detected by the varimax procedure only. Observation 41 does come out
in the top three ranked influences on the fourth, seventh, eighth and ninth
eigenvectors and this may be due to the number of large (but not largest)

component scores it had. This was seen to be important in the covariance
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eigenvectors from the theoretical influence function (3.8.2) where
observations with just one large score would not be so influential on the
eigenvectors. We could not actually show this for the correlation eigenvectors
but we did note that one of the terms in the theoretical influence function for
the eigenvectors was.the same as the function for the covariance eigenvectors.
Observations 25 and 41 are the second and third most influential observations
on A, with changes of 9% and 7.5% respectively. However, the most
influential on A is observation 39 with 12.7% and this was not included in

Hawkins and Fatti’s list of outliers.

We saw in § 4.4.2 that when the eigenvalues are closer together, which
often occurs when they are small, we can get very large changes in the
eigenvectors, so we need to be careful about our interpretations. However,
when eigenvalues are small we may wish to examine the eigenvectors since
they define near-constant relationships among the variables. However, if we
have many close eigenvalues we may not obtain large angles as the large
contributions to the influence functions can cancel each other out. This could
occur in this dataset since the smallest three eigenvalues are 0.08, 0.06 and
0.03. From Table 4.7.2 we can see the angular changes for a,, are fairly
small. Since they define nearly constant relationships, variables with large
coefficients in the latter eigenvectors will often have large correlations with
each other. We would thus expect that observations that undermine or
enhance these correlations should be influential on the relevant eigenvalues
and eigenvectors. This appears to be supported by the theoretical influence
function for the correlation eigenvalues which is

TICR (x ,N\) = i ay TIC (X ,pp)ok > (4.7.1)

j=1
Jj#t

since if a,; and a,, are large then the changes in p, will be given a lot of
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weight in the influence function. The influence function for the correlation
eigenvectors can also be written in terms of the influence function for the
bivariate correlation, see(3.8.8), but the coefficients multiplying it are from
different eigenvectors and there are other complicated terms in the influence
function. Hence, it is not immediate that observations affecting the large
correlations will also be the most influential on the eigenvectors defining the
near constant relationships. Below, where we consider the sample changes, we
will see that it can be difficult to understand influence in principal component
analysis through influence on the correlations in R, although there are

obviously strong links between the two.

The last two eigenvectors are given below and the most influential

observations on the eigenvectors and corresponding eigenvalues are given in

Table 4.7.2.
sy g2
0.65 -0.01
-0.49 0.03
0.07 0.70
0.11 -0.67
0.03 -0.01
-0.01 0.18
0.06 0.00
0.22 -0.02
0.06 -0.03
-0.50 -0.09
0.10 -0.14
0.07 0.05

The last eigenvector has large coefficients in x; and x, and the correlation
ri. = 0.94. No observation could have undermined this correlation by much
and from the low influences it appears the high correlation was not due to one
discrepant value. We will confine our attention to the 11th dimension which is
more interesting.

Using simulated critical values, or the gap test, since the fourth largest

influence is 4.6%, we would find all three observations on A;; as influential.
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Since the fourth largest angle of change is 13.5 ° we may also pick out the top
three influences on the eigenvector as well. We can see from Table 4.7.2 that
observations 37 and 35 come out on both the eigenvalue and eigenvector but
not observations 16 and 67. Eigenvector a,, is a contrast of variable x,
against x, and x,,. When observation 16 is omitted all correlations involving
x, increase and when observation 37 is omitted all correlations involving x,,
increase. Both lead to a decrease in \A,; which corresponds to the closer
relationships among the variables. This supports the earlier comment, made
from looking at the theoretical influence function, that observations
influential on the last few eigenvalues will tend to be influential on the
correlations involving the variables with high coefficients in the corresponding
eigenvector. However, only observation 37 is influential on the corresponding
eigenvector. Table 4.7.4 gives the perturbed eleventh eigenvector when
certain observations are omitted. When observation 37 is omitted the
coefficient of x,, has increased at the expense of x, and particularly x,.
Observation 16 causes the coefficient of x, to increase by only a small amount
and the other coefficients hardly change. The difference of the two
observations on the eigenvector may be attributed to observation 37 changing
the structure of the eigenvector, which becomes more of a contrast between x,
and x,, when it is omitted, whereas omitting observation 16 leads to a closer
relationship between the variables without changing the form of the original
relationship.

When observation 35 is omitted all the correlations involving x, increase
and from Table 4.7.4 we see that the 8th coefficient more than doubles.
Observation 35 is thus highly influential on A, without affecting correlations
involving x,, x, and x,, (except with x;). Expression (4.7.1) also shows that

this can happen since if the change in a set of correlations is large enough
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they can affect the eigenvalues irrespective of the sizes of the coefficients. It
may not be clear what eigenvalue they may affect though. Finally,
observation 67 does not affect \,, when it is omitted but it does have a large
influence on the eigenvector. When it is omitted all the correlations decrease
except those involving x,, and x,, and from Table 4.7.4 we see the coefficients
of these variables increase at the expense of x,,. Why it is at the expense of
x10 and not x, or x, is not clear and this shows why influence is not easy to
follow through when looking at the correlation coefficients. The theoretical
influence function for the eigenvectors shows the relationship between the
influences on the correlation and those on the eigenvectors is complicated.
Even the simpler expression for the eigenvalues shows that there can be

cancelling out affects.

In summary, we have used this dataset to illustrate several points. First,
we saw that if we were interested in just the first few dimensions of the
principal component analysis we would not need to worry about the numerous
outliers found in this dataset. The only observation that was influential in
these dimensions was not one of these outliers. We then saw that all the
outliers found by Hawkins and Fatti were influential somewhere in the
analysis, except perhaps for observation 25. These outliers tended to come
out on the dimensions they were discrepant on, which coincided with the
result from the theoretical influence function that as the eigenvalues become
smaller the influence of an observation depends more on its score in that
dimension. Finally, we considered investigating influence indirectly through
looking at influence on the bivariate correlations in R. Although there are
links with influence on the bivariate correlations, there is no better way to
find influential observations in principal component analysis other than

carrying out the influence procedure on the eigenvalues and eigenvectors

directly.
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4.8. Influence in the Dataset of Anatomical Measurements on Students at the

University of Kent.

This dataset was introduced in § 2.5.3 and in § 4.3 we saw that there
were problems with swops in the eigenvalues/eigenvectors when certain
observations were omitted. This is an interesting dataset so we will consider
influence in detail for this dataset in this section. Both the covariance and
correlation principal component analyses will be considered. We shall also
consider influence on the principal component scores. Fig. 4.8.1 is a plot of
the Mahalanobis distances, against observation number, for these data. This
plot suggests that a few observations could be outliers and from the plots of
the data we can see the reasons why they are outlying. A plot of variables 3
and 7 is given by Fig. 2.5.1 and we see, as discussed in § 2.5.3, that
observation 30 is clearly outlying on these two variables. We also noted in §
2.5.3 that it is possible that the two measurements had been written down in
the wrong order since when they are swopped the observation is no longer
outlying. Fig. 4.8.2 shows that observation 24 is undermining the correlation,
rss, and less so observation 19. However, we usually find that observation 19
has a similar correlation structure to the rest of the data but corresponds to a
'large’ person. Observation 18 has a large Mahalanobis distance but is not

shown to be unusual on any of the pairwise plots of the variables.

The three largest influences on each eigenvalue and eigenvector for the
covariance and correlation matrices are given in Tables 4.3.3, 4.3.4,4.3.7 and
4.3.8. First, we will consider the changes in our analysis if only the first two
dimensions were of interest. For the covariance and correlation matrices these
correspond to 91% and 82% of the total variance respectively. Out of all the
observations with large Mahalanobis distances only observation 19, with an

18.1 percentage change on \,, has much affect on the first two principal
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Figure 4.8.1 Plot of the Mahalanobis Distances for the Dataset on
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components from the covariance matrix. When compared against simulated
critical values (see § 4.6 for details) this was not significant at the 5% level.
However, using the gap test one would probably conclude observation 19 as
‘influential’ as the next largest percentage change is 7.4%. Observation 30
leads to a 14° change in a, when it is omitted but, as we will see later, our
interpretation of a, does not change much so we shall not regard it as
influential (of course, an influence which is significant need not lead to a
change in our interpretations etc, particulary as n increases). So observation
19 is the only one that has much affect on the first two components from the
covariance matrix. When it is omitted the first eigenvalue falls from 35.31 to
28.91 which suggests that observation is inflating the variances rather than

one countering the multivariate structure of the data.

The situation is quite different if we consider the first two eigenvalues
and eigenvectors from the correlation matrix. Although observation 19 is in
the top groups of influence on these eigenvalues and eigenvectors it has little
affect. However, observation 30 has a substantial affect on the first two
components. Eigenvalue ), falls to 0.47 from 0.93 and A, increases to 5.38
from 4.80. Using the 0.7 rule, discussed in the previous section, for the
retention of components we would no longer consider the second dimension.
In the original data we find that the second dimension has been determined
almost entirely by observation 30 which has a score of Z, ;, = 4.88 compared to
the next largest absolute score of 1.14. The original second eigenvector is a
contrast of variables 3 and 7 which are the variables we found observation 30
to be unusual on. When observation 30 is omitted we find the angle of 70.25
in Table 4.3.8 is not so much caused by rotation or swopping of the

eigenvectors as a change in the structures (this will be seen below).

The above comments show how different our influence procedure can be
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on the covariance and correlation matrices. We would not need to worTy
about the presence of certain outliers, especially observation 30, when looking
at the first two components from the covariance matrix. However, outliers can
be highly influential on the first few dimensions, as shown by observation 30
on the correlation matrix analysis. We will now consider the other dimensions

and in particular the affect of observation 30 across the whole analyses.

The original and perturbed eigenvalues and eigenvectors when
observation 30 is omitted for the covariance matrix are given in Tables 4.8.1
and 4.8.2 respectively. The 14° change in a,, mentioned above, has not
changed our original interpretation of this eigenvector. The coefficients of
variables x; and x, have decreased but they were not large originally. The
original eigenvector a, is a contrast of variables x; and x, a5 is dominated by
xs and as by x,. When observation 30 is omitted a; and a; are similar to as
and a4 respectively. Eigenvectors a; and a; are dominated by variables x, and
x5 respectively. Hence the original fourth eigenvector is no longer present in
the analysis. Only by looking at the coefficients for all the eigenvectors is this
obvious, so after finding influential observations, using scalar measures of
influence, one should consider in detail the affects of these observations by
looking at the individual coefficients of the eigenvectors. Since the original
fourth dimension does not exist in the perturbed problem this raises
difficulties in that it should not be compared with any of perturbed
eigenvectors. The sample curve will just compare it with the new fourth
eigenvector, which is why we obtain the large angles. The theoretical thus
appears to be the best curve to use in such circumstances since it only
considers changes along that given direction. Unfortunately, there are
difficulties with this curve as well. We noted, in § 4.4, that when we included

the second order terms into the estimated angle we did not get a valid range
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Table 4.8.1
Original Eigenvalues and Eigenvectors from the Covariance Matrix for
the Student Dataset

A A A3 A As A A

3531 278 141 086 068 038 0.25
) ) a3 & & a oy
042 048 074 0.16 -0.06 -0.06 0.09
0.57 046 -060 008 0.26 -0.02 0.16
0.15 -031 -0.08 0.67 021 0.02 -0.62
0.12 -0.01 -0.00 -0.00 -0.19 0.97 -0.01

0.65 -066 0.14 -033 007 -0.08 0.13
0.17 -0.07 -0.18 032 -0.88 -0.20 0.14
0.10 0.17 -0.17 -056 -0.26 -0.07 -0.74

Table 4.8.2

Eigenvalues and Eigenvectors from the Covariance Matrix for
the Student Dataset when Observation 30 is Omitted

- a ~

A As As A As A
36.44 249 145 072 041 032 0.09
ay a; ay ay as ag ay
042 053 072 -011 -002 012 -0.02
057 046 -0.67 023 -0.02 -010 0.11

0.15 -0.16 -0.12 -0.11 038 0.8 0.20
0.12 -0.04 000 -020 0.86 -0.38 -0.23
0.65 -0.69 0.18 0.17 -0.14 -0.14 0.03
0.17 -0.06 -0.19 -092 -0.25 -0.09 0.08
0.09 -0.01 -0.13 -0.02 -0.16 0.25 -0.94
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for the cosine when observation 30 was omitted. In fact we find the theoretical
does not behave correctly either when just using the first order term, for this
example. In Table 4.2.7 we see that the theoretical gives angles 49.96° and
46.79° for the fourth and fifth eigenvectors respectively. Although these are
valid angles the resulting eigenvectors no longer have elements whose sums of
squares are 1, and their cross multiplication with some of the other
eigenvectors are no longer zero. The empirical influence function leaves the
first three and last two eigenvectors virtually unchanged when observation 30
is omitted. The perturbed fourth and fifth eigenvectors given when using the
empirical, become dominated by x; +xs and x;vs x¢ + x, respectively. The
coefficient for x¢ in the perturbed fourth eigenvector by the empirical has a
coefficient similar to that in the perturbed sample eigenvector at 0.97.
However, the coefficient for x; also remains large, close to the original at
0.65, which explains why we get a sum of squares larger than 1. Thus, the
perturbed eigenvectors in the fourth and fifth dimensions, when using the
empirical, have become combinations of the original coefficients that
dominated these directions. It is interesting to look at how the deleted
empirical curve, discussed in Chapter 1, deals with the emergence of a
dimension (i.e. the fourth) when it is not in the original set of eigenvectors,
which are now based on the dataset without observation 30. We find that this
curve fairs no better than the empirical influence function above. The first
four dimensions using the deleted empirical curve remain virtually
unchanged. This means the fourth dimension remains dominated by x4 rather
than becoming a contrast of variables x; and x,, as in the sample case, for the
dataset including observation 30. In the remaining three perturbed
eigenvectors given by the deleted empirical curve, when observation 30 is

added, there is one coefficient over 1 for either x;, x, or x,, and often a large



- 138 -

coefficient under 1 as well. These variables are those that were large
originally (in the deleted dataset) for these dimensions. The fifth dimension
remains dominated by x,, but its coefficient is above 1. The contrast of X3
against x, does appear in the perturbed eigenvectors from the deleted
empirical curve but for the seventh eigenvector (rather than the fourth as for
the sample perturbed eigenvector based on the full model). However, the
coefficient in x; is above 1 in this eigenvector. The perturbed sixth dimension

has large coefficients in all of x,, x, and x,.

Tables 4.8.3 and 4.8.4 give the original and perturbed eigenvalues and
eigenvectors from the correlation matrix when observation 30 is omitted. Like
a, from the covariance matrix , a, from the correlation matrix is a contrast of
variables x; and x,. The second dimension seems to disappear when
observation 30 is omitted, but unlike the covariance matrix we do not have
problems with the theoretical giving invalid eigenvectors. This may be due
the perturbed 5th eigenvector which is reasonably similar to the original
second dimension. However, the theoretical does not imply even a switch in
the eigenvectors when observation 30 is omitted. Looking at the changes in
the eigenvalues it gives that the original \, falls down to 0.54, without a swop.
This would isolate observation 30 as highly influential but it does not reflect
the sample changes well. So we again sec that when an observation is
extremely discrepant, the empirical will indicate this but not in a way
comparable to the sample influence function. In Tables 4.8.3 and 4.8.4 the
middle eigenvectors seem to change a lot, rather than just moving up in their
ranked position as in the covariance case. However, all the same variables
seem to involved in the original third, fourth and fifth eigenvectors as in the
perturbed second, third and fourth eigenvectors. Hence, the changes could be

due to rotation, particularly as their eigenvalues are all close. The angles
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Table 4.8.3
the Student Dataset
M Ay As
0.40 0.37 0.28
a3 o4 Qas
-0.28 0.44 -0.56
-0.01 0.27 -0.07
0.15 0.19 047
-0.65 -0.64 0.13
-0.01 0.18 0.20
0.63 -0.51 -0.44
0.28 -0.00 0.46
Table 4.8.4
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0.29

the Student Dataset when Observation 30 is omitted

M
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between a; and o5, a and o, as and a, are 35.58°,43.82° and 32°
respectively, indicating there could be some rotation. The last two
eigenvectors mostly have the same large coefficients as they did originally,

although some of the sizes of the coefficients have altered.

We will now consider some of the other observations in this dataset that
had large Mahalanobis distances. Observation 24 is highly influential on A
from the covariance matrix and the angles of change in o5 and a are almost
equal. We noted in the § 4.3.2 that the perturbed fifth and sixth eigenvalues
were closer than the originals and the sample and empirical differed as this
can cause rotation in the perturbed eigenvectors which the empirical does not
take account of when the original eigenvalues were not too close. The original
fifth and sixth eigenvectors were dominated by variables x4 and x,
respectively, and when observation 24 is omitted o is a contrast of x¢ and x,
and o4 is the sum of the two variables. This shows that the two eigenvectors
have rotated as the perturbed, rather than the original eigenvalues, were
close. Observation 24 is also highly influential on As from the correlation
matrix. We saw in § 4.3.1 that observations 5 and 29 caused a swop in the
third and fourth eigenvectors when they were omitted. Observation 24
actually had a larger influence than observations 5 and 29 on the third
eigenvalue, even after the swops were taken into account. Observation 24
lead to an increase of 17.7% in the third eigenvalue whereas observations 29
and § lead to decreases in A, of 15.96% and 8.64% respectively. This shows a
swop need not correspond to the largest changes in an eigenvalue but it can
just depend on the closeness of the two eigenvalues. Observation 18, which
has a similar Mahalanobis distance to observation 19, is influential on the
smallest eigenvalue from both the covariance and correlation matrices; it also

has the largest scores in these two dimensions. Most of the correlation
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increase when observation 18 is omitted but without any particular correlation
changing drastically. Both of the smallest eigenvalues decrease, when
observation 18 is deleted, possibly to reflect the stronger relationships
indicated by the slightly higher correlations. However, observation 18 is not
influential on either of the corresponding eigenvectors. This may occur as no
one correlation was affected more than the others, so the basic structure

remained the same.

In § 3.6.3 we derived the theoretical influence function for the principal
component scores from the covariance matrix. We will use this dataset to
examine which observations may be influential on the other principal
component scores when it is deleted. Fig. 4.8.3 is an example of the
movement of the first two scores, for nine of the 33 observations, when each
observation is omitted from the dataset in turn (note, an observation cannot
affect its own score when it is omitted). The scores do not seem to have
moved much, with little change in their ranked positions along the two axes.
The observations with the most positive and negative ranked influences on the
first five scores (numbered by observation number) in the first dimension are
given in Table 4.8.5. The ranked non-absolute influences for all scores are
similar and these correspond to moving from left to right of the observations
plotted along the first axis in Fig 4.8.3. Hence, observation 19 has the largest
positive influence on all the scores in the first dimension and observation 10
the largest negative influence. This means that the positioning of an
observation in the first dimension is almost determining its influence on all
the other scores in that dimension. The changes in the 32 scores given by
observation 19 range from 0.40 to 0.54, and those for observation 10 from
-0.28 to -0.41. This means the affect of an observation is almost the same for

all the scores. The reason for this can be seen from the theoretical influence
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Figure 4.8.3 Plot of the Original Covariance Principal Component Scores
from the First Two Dimensions and the Perturbed Scores for Nine
Observations when the 33 Observations are Omitted Individually.
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Table 4.8.5

Three Most Positive Influential Observations on the First Five
Scores from the First Component of the Covariance Matrix

1 2 3 4 5
19 19 19 19 19
27 271 27 27 26
26 26 26 26 27

Three Most Negative Influential Observations on the First Five
Scores from the First Component of the Covariance Matrix

1 2 3 4 5
10 10 10 10 10
13 13 13 13 3

3 3 11 3 13
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function given by (3.8.3), which is

P
TICy(x ,Z;.) = —2, [1 + 3 o0\ —N)'ZZ,
=1

J*k

where 2, is the score for the point omitted and z,, is the score whose change
we are interested in. When A, is large and distinct from the other
eigenvalues, as \, is in this dataset, the second term in the above influence
expression will be small and the term in -z, will dominate. From the
derivation of this influence function in § 3.6.3 the term —2, comes from the
change in the mean when the observation is deleted. We thus obtain similar
changes in all the scores due to dominant term —Z,, and this represents the
mean of the principal axis moving. We usually use the theoretical results by

substituting in the sample equivalents and dividing by (n —1). This gives,

-Z110

-Z1y9 _ _
=0.46 and 37 0.32

32
which are within the sample ranges of influence given above.

The pattern, observed in the first dimension, gradually disappears as A
becomes smaller and less distinct from the other eigenvalues. We can see why
this happens from the theoretical influence function as the summation term
will start to dominate. Although the observations with large principal
component scores in these later dimensions tend to be those that are ’highly
influential’, there seems to be little pattern to which scores they are influential
on, and their influences on some scores will be positive and negative on

others.

Fig. 4.8.4 is a plot of the first two principal component scores from the
correlation matrix. Observation 19, as for the covariance matrix analysis, has
the largest z, score but we do not find it is always the most (positive)
influential observation on the other scores as above. Those observations that

come out as most influential (with positive influence) are a combination of
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16,22,30,26,19,15,17 and 24, all of which are to the left of the plot, except
for observation 30. However, the largest influences over the scores do occur
for observation 19 and this is on the scores that lie close to it in the first
dimension, for example, on the scores for observations 24,26,22 and 27.
Again, we can look at the theoretical influence function to explain why this is
so. This is,

TICk(x , Z) = = 3 o, (0 = M) 12, S % aence.en

j=1
J*k

1 1
+_. -— —
22"c 2

-~
L

#+

& 2
EahycrY: -2,

=1

The first term is small when A, is large and distinct, as in this dataset, and
(taking sign into account) when Z,. and z, are large and close, terms (2) and
(4) must cancel each other out to a certain extent and we find the third term
is large and the same sign as z,. Conversely, when Z,. and z, are large but
opposite signs terms (2) and (4) will combine together but the third term is
large and a different sign to z, . For example, the four terms when observation
19 is omitted for the influence function on z, ,, are,

(1) +0.64 (2) —1.68 (3)7.03 (4)4.84
and for the influence function on Z, ,,

(1) -0.14 (2)1.90 (3)—8.04 (4)4.84
For the other dimensions the first term will become more important, like the
similar term in the influence function for the covariance scores, and no clear

picture of influence emerges.
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4.9. Influence on a Dataset for the Protein Consumption in Europe and Russia

(Application to Covariance Biplot).

This dataset has been published in two books (see Greenacre(1984) and
Gabriel (1981)) and it is also given in Table 4.9.1, since we shall be
discussing the individual observations. This dataset is also discussed in
Chapter 6. In this section we will consider influence on the covariance
principal component analysis only, and then apply this to the covariance
biplot. Fig 4.9.1 is a plot of the Mahalanobis distances for the 25
observations. The largest Mahalanobis distances are for observations 1 and
17, but the values are not particularly distinct from the others. Greenacre
notes that observation 17 (Portugal) has a large score on the second principal
component due to its generally low consumption of protein (a feature of size)
but has a large score on the second correspondence analysis due to its high
consumption of the variable fish ( a feature of shape). Although this is true,
we find that omitting observation 17 has a large affect on the covariance
biplot due to this unusually high consumption of fish. Greenacre (1984, §
9.6) also considers the influence of observations in PCA for this dataset and
uses the upper bounds for angles of rotation discussed in § 3.8.4. We shall
considfer\ these bounds in greater detail here. The most influential
observations on the first two eigenvalues and eigenvectors are given in Table
4.9.2. The order of influence on the first two eigenvalues, even though n is as
small as 25, is the same as that for the ranked principal component scores as
suggested by our theoretical expression for the covariance eigenvalues. The
angles for the observations on the first two eigenvectors were all less than the
upper bounds given for the angles of rotation discussed in § 3.8.4 and
outlined in Greenacre(1984, § 8.1). The only exception was observation 8 on

the second eigenvector. This observation had the largest affect on the first
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Table 4.9.1

Dataset on the Consumption of Protein in Europe and Russia
Country MEAT PIPL EGGS MILK FISH CERS STAR NUTS FRVG] Total
ALBA 101 14 0S5 89 02 423 06 5.5 1.7 71.2
AUST 89 140 43 199 21 280 36 1.3 4.3 86.4
BELX 13.5 93 41 175 45 266 57 21 40| 87.3
BULG 7.8 6.0 1.6 83 1.2 56.7 1.1 3.7 4.2 90.6
CZEC 97 114 28 125 20 343 50 1.1 40| 828
DENM 106 108 3.7 250 99 219 48 0.7 24| 89.8
EGER 84 11.6 3.7 111 54 246 65 0.8 36| 757
FINL 9.5 49 2.7 337 58 263 51 1.0 14| 90.4
FRAN 18.0 99 33 195 57 28.1 48 24 6.5 98.2
GREE 10.2 30 28 176 59 417 22 18 6.5 97.7
HUNG 53 124 29 97 03 40.1 40 5.4 42| 843
IREL 139 10.0 4.7 258 22 240 6.2 1.6 29| 913
ITAL 9.0 51 29 137 34 368 21 43 6.7| 84.0
NETH 95 136 36 234 25 224 42 138 3.7 84.7
NORW 9.4 4.7 2.7 233 97 230 46 1.6 2.7 81.7
POLA 69 102 27 193 30 361 59 20 6.6 92.7
PORT 6.2 3.7 11 49 142 270 59 4.7 791 175.6
RUMA 6.2 63 15 111 1.0 496 31 53 28| 86.9
SPAI 7.1 34 3.1 86 7.0 292 57 59 7.2 77.2
SWED 9.9 7.8 35 247 75 195 37 14 2.0] 80.0
SWIT 131 101 3.1 238 23 256 28 24 49| 88.1

UK 174 5.7 47 20.6 43 243 47 3.4 3.3 88.4
USSR 9.3 46 2.1 166 30 436 64 34 29| 919
WGER 114 125 41 188 34 186 52 1.5 3.8 79.3
YUGO 4.4 50 1.2 95 06 559 30 5.7 32| 88.5
Total 245.7 197.4 73.4 427.8 107.1 806.2 106.9 76.8 103.4 12144.7

Abbreviations

ALBA Albania AUST Austria BELX Belgium/Luxembourg

BULG Bulgaria CZEC Czechoslovakia|DENM Denmark

EGER East Germany |FINL Finland FRAN France

GREE Greece HUNG Hungaria IREL Ireland

ITAL Italy NETH Netherlands NORW Norway

POLA Poland PORT Portugal RUMA Rumania

SPAI  Spain SWED Sweden SWIT Switzerland

UK United Kingdom |[USSR Russia WGER West Germany

YUGO Yugoslavia - - - -

MEAT Meat(grazing) |PIPL Pigs & Poultry |[EGGS Eggs

MILK Milk FISH Fish CERS Cereals

STAR Starch NUTS Nuts/Pulses FRVG Fruit/Vegetables
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Table 4.9.2

Most Influential Observations on the First Two Dimensions of the
Covariance PCA of the Protein Consumption Dataset

A= 155.23 Ay = 30.70
ranked - Obsn. Infl. ranked Obsn. Infl.
PC score PC score
1 4 15.4% 1 17 27.4%
2 25 14.8% 2 8§ 11.9%
3 18 6.2% 3 19 10.9%

Q
ranked Obsn. Infl.

3
ranked Obsn. Infl.

PC score PC score
8 8 3.2° 1 17 30.9°
1 4 209° 2 8 15.5°
2 25 2.7° 3 19 8.5°

Figure 4.9.1 Plot of the Mahalanobis Distances for the Dataset on
Protein Consumption in Europe.
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eigenvector, and it was noted that the bounds would not be so good for the
kth axis if previous axes had rotated when the observation was omitted. The
upper bounds given by 3.8.14 and 3.8.15 for the observations in Table 4.9.2
are given in 4.9.3. For the first axis the ordering of the observations by the
refined bound was almost the same as by the order of sample influence, and
the upper bound was always greater. The same is true for the second axis,
apart from observation 8 and observations 25 and 4 that were given larger
upper bounds than observation 19 but they only had the 7th and 8th largest
influences respectively. The bounds were less accurate for the latter principal
axes especially when, as noted by Greenacre, an observation had a large
affect on the earlier components. For example, when observation 17 was
omitted a, and a; changed by 30.9° and 34.1° respectively but the refined
bound (and the simple bound was similar) for a; was 4.1°. Observation 8 had
an angular change of 19.4° on o, and its bound is slightly above that for
observation 17 at 4.8°. Most of the refined bounds in the latter dimensions
were too small and often the simple bound was better here, but this was still to
small if an observation had affected previous dimensions. For example, in the
6th dimension the ranked observations using the actual angle between original
and perturbed eigenvectors were 1,9,10,19 and 23. The simple bound for
observations 10 and 23 are larger than the actual angle, and these
observations had not affected previous directions. However, the bounds for
observations 1,9 and 19 were small. The refined bounds for observations 10
and 23 were the largest, but they were smaller than the actual angle. As noted
in § 3.8.4, we cannot obtain the upper bounds for the last principal
component which is likely to be of more interest than the principal

components in the middle.

From Tables 4.9.2 we see that the first principal axis does not change
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much when a single observation is omitted. The angular changes in the
second axis are larger, and we will consider the affect that the two most
influential observations on this axis have on the corresponding covariance
biplot. The original and perturbed eigenvectors in the second dimension
when observations 17 (Portugal) and 8 (Finland) are removed are given in
Table 4.9.4. Each eigenvector has large coefficients for the variables 'milk’
and ’cereal’ (Note, that the first axis is a contrast of these variables), but
when observation ’Finland’ is removed these are contrasted more with the
"fish’ variable. Gabriel (1981) notes that the fish variable is at about 90° from
the animal and cereal sources of protein on the (original) covariance biplot
(see Fig 4.9.2) and so concludes that *fish’ must be ’pretty uncorrelated” with
these sources of protein. When the observation 'Finland’ is removed the
negative coefficient for fish becomes larger indicating that protein sources
’milk’ and ’cereals’ do not tend to be consumed by the same countries who
have a high consumption of fish. Finland has the largest consumption of milk
but its consumption of the other animal proteins, especially on pigs/poultry is
quite low or average. In the original biplot Finland is positioned close to the
milk marker, as are Ireland and Switzerland who also have a high
consumption of milk. When Finland is removed the milk marker remains
relatively unchanged but the angles between the four animal products become

smaller. Otherwise the biplot is largely unchanged (see Fig 4.9.3).

When observation 17(Portugal) is omitted the ’fish’ coefficient becomes
smaller and less prominent in the interpretation of the second axis. This is the
opposite affect to that when ’Finland’ was omitted. However, the actual
change in the ’fish’ coefficient is larger than when ’Finland’ was omitted. If
we look at the data in Table 4.9.1 we see that after Portugal the next highest

consumers of fish are Denmark and Norway, but like all the observations high
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on the milk variable these two countries are placed far from the ’fish’ marker.
Fig 4.9.4 is the biplot when ’Portugal’ is removed. The RHS of the plot looks
different to the original biplot but the LHS is almost unaltered. The ’fish’
marker in Fig. 4.9.4 has moved closer to 'Denmark’ and *Norway’ and is
close to the 'meat’ marker. This alters the interpretation for the original
biplot given by Gabriel, and outlined above. The ’fish’ protein, like the
animal proteins is now associated with the Northem and Western countries
and not the Mediterrenean countries as noted by Gabriel. In Fig. 4.9.4 the
animal products have sprayed outwards with the ’pig/poultry’ and ’eggs’
markers rotating clockwise, their coefficients in the second eigenvector having
changed sign. The ’pigs/poultry’ marker has almost moved to where the
original ’fish’ marker was, and countries ’Austria’ and the ’Netherlands’,

which have a high consumption of pigs/poultry and eggs, have moved down.

The original and perturbed (for Portugal omitted) correlation matrices
for the animal protein variables are given in Table 4.9.5. These help to
explain the changes in the ’pigs/poultry’ marker. ’Pigs/poultry’ has a low
correlation with all the other animal products, except with ’eggs’ which may
occur due to the poultry category (this suggests that ’pigs’ and ’poultry’ should
not have been combined together to form a variable, but perhaps eggs and
poultry may have been better). In the original biplot the ’pigs/poultry’ marker
was probably close to these other animal products, that it has a low correlation
with, due to its negative correlation with the ’fish’ variable, which meant it
could not placed below the ’egg’ marker. In the perturbed biplot where the
'fish> marker moves closer to the *milk’ marker, the marker for ’pigs/poultry’
can rotate clockwise with less restraint and so becomes placed further from the
’meat’ and ’milk’ markers. The marker for ’eggs’ also moves with the

"pigs/poultry’ but less so, as it is still quite highly correlated with the other
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Table 4.9.3
Upper Bounds for the Angle of Rotation in the Eigenvectors

3} a
Obsn. Simple Refined Obsn. Sim}ﬁe Refined
8 335 3.3 17 35.7° 31.9°
4 7.13° 3.2° 8 16.1° 12.3°
25 6.88° 2.9 19 11.3° 10.8°
Table 4.9.4

Original and Perturbed Second Eigenvector

Variable | Original «, When Finland When Portugal
Omitted Omitted
MEAT 0.13 0.21 0.07
PIPL 0.04 0.24 -0.32
EGGS 0.02 0.06 -0.05
MILK 0.83 0.75 0.85
FISH -0.29 -0.41 0.07
CEREALS 0.41 0.35 0.38
STAR -0.08 -0.08 -0.06
NUTS -0.07 -0.09 0.00
FRVG -0.17 -0.15 -0.11
Table 4.9.5

Original and Perturbed (for ’Portugal’ Omitted) Correlation Matrix
Between the Animal Products

PIPL  EGGS MILK FISH
MEAT | 0.15 0.59 0.50 0.06

PIPL 0.62 0.28 -0.23
EGGS 0.58 0.07
MILK 0.14

PIPL EGGS MILK FISH
MEAT | 0.11 0.56 0.46 0.26
PIPL 0.59 022 -0.12

EGGS 0.52 0.37
MILK 0.48




- 153 -

Figure 4.9.2 Original Covariance Biplot.
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Figure 4.9.3 Covariance Biplot when Observation 8 (Finland) is Omitted.
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Figure 4.9.4 Covariance Biplot when Observation 17 (Portugal) is Omitted
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animal proteins.

The only noticeable change to the LHS of the biplot when ’Portugal’ is
omitted is the position of 'Hungary’, that has moved downwards close to the
"fruit/vegetables’ marker. From the original data in Table 4.9.1 we see that
Hungary has a high consumption of pigs/poultry but a low consumption of
fish. ‘The perturbed biplot reflects this better than the original one does.

It would be interesting to see the position of a *pigs’ marker on its own as
it is possible that it positioning, even in the biplot when ’Portugal’ is omitted,
is due to a high correlation of ’poultry’ and ’eggs’. The positioning of the
combined marker for ’pigs/poultry’ in the perturbed biplot does seem to reflect
its relationships with the other variables better than in the original. We will
analyse this data further in § 6.3 using correspondence analysis, and we will
see that it the pigs/poultry mark remains quite steady in the resulting two

dimensional display when ’Portugal’ is again omitted.
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Chapter 5: Derivation of Influence Functions in Canonical Correlation Analysis
and Correspondence Analysis

5.1. Introduction

5.1.1. Canonical Correlation Analysis

In canonical correlation analysis we are interested in the relationships

between two sets of variables v, , , and X, , , which are collected on the same

set of individuals, as opposed to PCA where we are concermed with
relationships within one set of variables. This is an extension of multiple
linear regression and, when p, =1, the only non-zero canonical correlation is
R?, the multiple correlation coefficient discussed in § 2.4. We form new
variables, namely the linear combinations a,’y and b,'x, such that these
variables have maximum pussible correlation A}? where A2 =\}2=......=\}?
(assuming p; <p,) and the a, and b, are orthogonal, k =1,2,.....,p,. The

correlation between a,’y and b,’x is found by maximising

’
a; nyél

(‘_’1'2”9_1]72 (131'2::_111)1/2 G-11)

or alternatively maximising a,’S, b, subject to a,'S,,a,=b,2,b,=1. We

obtain a,, b, and A} from the eigen-relationships

(2552515, — M2, =0 (5.1.2)
(5220255 = Nl )b =0 (5.1.3)

(see Mardia et al., 1979, Chapter 10). Assuming p, <p,, we would solve

(5.1.2) for a, and obtain 5, from

b = 3515, a, (5.1.4)

)\m xx “xy
k

which also prevents problems with the arbitrariness of sign from using both

(5.1.2) and (5.1.3). If p, >p, we would use (5.1.3) so that the eigenanalysis
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is performed on the smaller matrix.

The matrix in (5.1.2) is not symmetric but we can use our usual

symmetric eigenvalue routines by forming the matrix C such that
s t=cc’
where C can be lower triangular with positive diagonal elements, as used by
Radhakrishnan and Kshirsagar (1981), or altemnatively ¢ can be z,2
calculated by noting, if =,  has spectral decomposition AT’ then =,,! has
spectral decomposition TA™'T” and 3! has spectral decomposition T'A~V2[".
We find the eigenvalues and eigenvectors y, and o, from the symmetric

matrix C'Z,, 3.'3, C so that,

(C'E,,E;‘E,,c - 'y,l]gk =0 (5.1.5)

and, by multiplying on the left by C, we obtain

(552,328, - wi)ca =0 . (5.1.6)
Comparing (5.1.6) with (5.1.2) we have A, =v, and a, =Caq,.
The above approach will be used in finding the influence functions in

this chapter.

5.1.2. Correspondence Analysis of a Two-Way Contingency Table

This technique was developed by Benzecri in the 1960s and many articles
in French have been written on the subject. Below is a brief ouﬂine of the
method which is required to understand the algebra in this chapter. For a
detailed account, one is referred to Greenacre (1984).

Correspondence analysis, dual (or optimal) scaling and reciprocal
averaging all require similar calculations, but the rationale behind each
method, and so the presentation of results, differs. The aim of correspondence

analysis is to obtain a joint display of the rows and columns of the
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contingency table such that row (or column) co-ordinates that are close
together have similar row (column) profiles, which are the rows (columns)
divided by their sums, and a row co-ordinate will tend to be close to a column

co-ordinate that is prominent in its profile.

Correspondence analysis is a special form of canonical correlation
analysis with dummy variables (see below) and it is for this reason both
techniques have been considered in the same chapter. One of our influence
techniques for correspondence analysis is derived as a special form of the
canonical correlation influence functions derived in § 5.2.

Let P be a two-way contingency table, N, divided through by the grand
total n_, and r and ¢ be column vectors of the row and column totals of P
respectively. Then the matrix P -rc’, whose (ij)th element is
(ny —m.n;/n)/n_,i=1,2,...,1,j=1,2,..,J (i.e the table has / rows and J
columns), is the matrix of residuals from fitting a model of independence
between the rows and columns, divided by through by n . If D, (D,) is the
diagonal matrix of r (c) then the chi-square statistic calculated on our

contingency table, divided by »n_, is

= trace (D,—I(P —rc)D7NP — 59')']
= trace (D;l(P -rc'YD, V(P —rc ')]
The eigenvalues and eigenvectors for these matrices are found from solving

(o, - e P — ey - Nl)fe =0 (5.1.7)
(o —re'y DR 1) - Ml g =0 (5.1.8)
with normalisation f,'D, f; = g,'D.g = A\ - If J <I we would only solve (5.1.8)

and obtain f, from the transition formula
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_ 1 -
f‘ - k_klED' ngl . (5.1.9)

We shall assume s </ throughout this chapter. We do not need to centre the

P matrix, but can solve

[D;‘P'D,-lp - x,z)g,, =0 (5.1.10)
and use the same transition formula, (5.1.9). This results in a trivial
dimension of A, =1 and fi1=1, and g1=1,. This trivial dimension is useful in
checking our algebraic results, which should give zero influences. Equations
(5.1.10) and (5.1.9) are similar to (5.1.2) and (5.1.4), and we shall return to
this below.

The row (column) profiles are the rows (columns) of the contingency
table divided by the row (column) totals. The larger is x*/n_, the more

association there is between the rows and columns, and so the more our row

(column) profiles differ. The sum of our eigenvalues é A, =x%/n_, and if the
k=2

first two (non-trivial) eigenvalues (principal inertias) account for most of the
total inertia, (x*/n_), then a plot of the co-ordinates (f,; f3:), i =1,2,.....,1,
will reveal which of the row categories have the most similar and dissimilar
row profiles by their distances apart. We also plot, on the same graph, the

co-ordinates (g, g3;), j=1,2,....,J, and the same relationship between the

plotted column categories holds.

The relationship defined between the rows and columns are determined
by the transition formula (5.1.9). This shows that a row co-ordinate will tend
towards a column co-ordinate that is prominent in its profile. The distances on
the plot between any two rows (or columns) are defined as chi-squared
distances, but although we interpret rows and columns that are close together

on the plot, the actual distances between them are less meaningful.
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The above may seem unusual in that we are actually plotting the
eigenvectors rather than any sort of principal component score. In fact, the F
co-ordinates (likewise the G co-ordinates) can be calculated as the principal
component scores in the metric D! (D,!) from the eigenvectors of the matrix
of row (column) profiles. Alternatively, they can both be found as principal
co-ordinates of the matrix P (or P —rc’). If the generalised singular value

decomposition (SVD) of P is
P=AD,B A'D/'A=B'D 'B=I
then, in the metrics D,”! and D, ! respectively,

F=D'AD,, and G =D/'BD,
(for further details see Greenacre, 1984, chapter 4).
Above we noted the similarity between the eigen-equations (5.1.10) and

(5.1.2) and the transition formulae (5.1.9) and (5.1.4). If we perform a

canonical correlation analysis on two sets of dummy variables Y, ;) and X,

where

1 If the L th individual belongs
Y,; =1 tothe jth column category
0 Otherwise

1 If the L th individual belongs
X, =1 tothe ith row category ,

k0 Otherwise

(5.1.11)

L=1,2,..,n,i=1,2,...,1,j=1,2,...,7, but we do not centre our variables,

we obtain from the sample version of (5.1.1)

[(Y'Y)“(Y'x)(x'x)-‘(X'Y) - Ml]g =0

but

—VY'Y =D, n—X'X=D, n——X'Y=P , (5.1.12)
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which gives us (5.1.10). Similarly, substituting (5.1.12) into (5.1.4) gives
(5.1.9). If we centre our variables then Sy, = P — rc’ but Sy, and S,, would be
singular. Because we have dummy variables, our observations are
3z'=0L"%')=(00.010..00 00..010..00), where the "1"s are in the Y, th
and X, th places of y. and g respectively. Therefore, our canonical scores,
y'a; and x'b;, just pick out the jth and ith elements of our eigenvectors a,
and b, respectively. In correspondence analysis these scores are then
displayed for the first two, non-trivial, dimensions on the same plot. For a
more detailed account of the relationship between canonical and

correspondence analysis see Greenacre (1984, pp108-116).

5.1.3. Multiple Correspondence Analysis

Let Z be the n_x (I +J) bivariate indicator matrix [X Y] where X and Y
are made up of variables, as defined in (5.1.11), and the contingency table
N =nP =X'Y. The correspondence analysis of the matrix Z yields a plot of
the row and column co-ordinates which is a re-scaled version of the plotted
row and column co-ordinates from a correspondence analysis of the
contingency table N. The eigenvalues (principal inertias) of the indicator

matrix are related to those of the contingency table by
AE= -;-(1 ) 17) (5.1.13)

This results in double the number of eigenvalues for the indicator matrix
analysis and there are a further 7 —J (assuming J </) inertias, A =1/2. The
percentages of inertia are thus much smaller and there are smaller differences
in successive (ranked) inertias. However, these extra dimensions are
unimportant, as are those in (5.1.13) that are less than 1/2, which result from
the negative roots. This justifies the proposal of Benzecri (1979) to recalculate

the percentages of inertia based only on those A? exceeding 1/2 and on the
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values A7 - 1/2.

The correspondence analysis of a multivariate indicator matrix,
Z=2,2,...2;], for Q variables having J; categories, j=1,2, ..,Q, yields a
plot of the column co-ordinates which are a re-scaled version of the column

(or row) co-ordinates of the symmetric Burt matrix. The Burt matrix,

0
Byx5=Z'Z, where J = 3 J;, contains on its off-diagonal all the two-way
j=1

contingency tables between the Q sets of variables. On its diagonal, it has

diagonal matrices of the category sums, i.e.

Ny, Ny Nig )

Ny’ Ny Ny
B =

Mig' Nog' - - . . Nog,

Since it is symmetric, the row and column co-ordinates are the same and its

eigenvalues have the relationship

A =(\F)?
with the eigenvalues from the multivariate indicator matrix. When Q =2, the

eigenvalues from the Burt matrix, using (5.1.13), are therefore

1
M= (LA 12y

Again we obtain unimportant extra dimensions and Greenacre (1984, p144-
145) gives a formula for recalculating the percentages of inertia. If we let #
denote the column (or row) co-ordinates from the Burt matrix correspondence
analysis, then H can be divided into the categories for each variable. Then,
the expression for the co-ordinates, on the kth axis, for the categories of the

g th variable, in terms of the other variables, is

1 o
hyy = > D'P,, by,
Zk

q QMB ln-lq'#q q 99 'Cke
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where R, =D, 'P,,. is the matrix of row profiles for the contingency table
N,,'- This expression is an extension of the transition formula (5.1.9). Thus,
the category co-ordinates of one variable will tend towards category co-
ordinates of other variables that are dominant in any of its row profiles across

the (¢ - 1) contingency tables involving it.

5.1.4. Summary of Chapter

In § 5.2 we derive the theoretical influence functions for the eigenvalues
and eigenvectors in canonical correlation analysis. Radhakrishnan and
Kshirsagar (1981) derived the influence function for the eigenvalues and the
same approach is used here, but the expression for the eigenvalues is
simplified and we derive the theoretical influence function for the
eigenvectors. In § 5.2.3 we consider the specialisation of the influence
function for the canonical eigenvalues to the multiple correlation coefficient.
This influence function was derived in § 2.4.2, by an alternative method. In §
5.3 the influence functions derived in § 5.2 are used to obtain the influence
functions for correspondence analysis when we add an extra observation, so
that a cell of the contingency table is incremented by one. This uses the
relationship between canonical correlation analysis and correspondence

analysis discussed in § 5.1.2.

In § 5.4 we derive expressions for the changes in the eigenvalues and the
G and F co-ordinates in correspondence analysis when we add a row to a
contingency table. These expressions are derived in a slightly different way to
the previous ones. They are derived as an asymptotic result by expanding out
terms to o(1/(n_+m)) where m is the sum of the new row. If we take
e=1/(n_+m) we can follow the usual derivations of the theoretical influence
functions for the eigenvalues and eigenvectors. Since the expressions are

derived as n-» we will refer to the final expressions immediately as the
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empirical influence curve. A similar approach is used for the our final type of
perturbation, which is adding m identical observations so a cell of a multiway
table is incremented by m. This leads to Q2 elements of the Burt matrix,
introduced in § 5.1.3, increasing by m. Since we can do an analysis on the
Burt matrix when we have just two variables we would expect some
similarities of influence by perturbation of the Burt matrix, as by the
perturbation of a cell of a contingency table. This is discussed in detail in §
6.4.

The second type of perturbation, adding a row to a contingency table, is
different from our usual influence procedures in that we obtain an extra co-
ordinate in the perturbed problem for the row added. The term in €® for this
co-ordinate in the perturbed problem is the same expression as that used by
Greenacre (1984, p70-74) to add a supplementary point to an existing
display. If we add an extra column rather than a row where J </ we would
obtain an additional dimension in the perturbed analysis. We will not consider
this problem in this chapter, but in § 6.3.5 we shall examine the extension of

the formulae in § 5.4 to deal with addition (deletion) of columns.
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5.2. Influence Functions in Canonical Correlation Analysis

5.2.1. Influence Function for the Eigenvalues

We wish to find the influence function for the eigenvalues from the
symmetric matrix C'3,2;'S, C, see (5.1.5), which are the same as the
eigenvalues from the unsymmetric matrix '3 =213 where I !'=cCC’.

Since the matrix C'%,3.!3, C is symmetric, if its eigenvectors are a,, such

that «, ‘e, =1 then, from (3.5.3)

TIC(z , M) =, 'TIC(z,C 2, 2312, C)a; (5.2.1)

where z is the added in point (y ,x). From (2.4.4)

i)v-;'l =Ey;l + € (Ey;l — E’;l(z —E’)(Z —EY)'EY;I] + 0(52) ,(5.2.2)
so that if ' = CC’, we can see

€

C=C+(C-3'0-p)0-w)C)+o@ .,  (523)
will give us (5.2.2). Simple algebra using (5.2.2) and (2.3.3) and the product
rule for influence functions discussed in Chapter 1 (or by multiplying together

the perturbed terms) gives us,
TIC (2 ,C'5,32'5,C) = €' [-2,350¢ -~ ) — ) 222,

TRCRET (G D D N

+ 2,350 )0 ‘b)']c
+2(c-c'o w0 - B,)'55' )2, 5518, C
+ —;—C'E,,E;‘E,, (c -2,'0 - 1)0 —g,)'C] :

(5.2.4)
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Simplifying (5.2.4) gives

TIC(z ,C'Z,,E;’E,,C) = —C’E,,E,}l({ — g )x - E,)’E;‘E,,C
+ C,(X -y )x - E,)'E;‘EX,C
+C'2, 2 (x — )y —p,)'C
1 ’ ANE -
- EC (Z - l‘;v)(-f_ i) Zyylzyxzulzxyc
1. ., - - '
- EC nyzulzxyzyyl()_' _'E‘J)({ ~K)'C .
(5.2.5)

From (5.1.6), Co, =3, and since a scalar is equal to its transpose, we can
write (5.2.1), using (5.2.5), as

TIC(z M) = = [3/ 2354 - ) ||
+2?.k'(_y_ By )E - )22,
3’0 —py)0 - By ) 2 2y 2u 2y

Using (5.1.2), (5.1.4) and letting the canonical scores be

Ry =0 — )% and Ry =(x-p)'b
then,

TIC(z ,A\y) = — M RE + 2M?R, Ry — \RE, (5.2.6)

The kth canonical correlation is A2 and its influence function is

TIC(z ,A
ric (e )= TEEM) (5.2.7)
2]
since
A =Ap + €TIC(z ,A) + 0(€)
so that

12

A
eTICQ, x) + o(&)

=22+ .

Expanding the bracket, we obtain

- TIC(z , A
VIR L PLLUA LT R
k
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and hence (5.2.7).

5.2.2. Influence Functions for the Canonical Vectors

First we shall obtain the influence function for the eigenvector a, from
the symmetric matrix C 'S, 2!, C and then for a, = Ca,. Using (3.5.9), we

have

J

TIC(z, &)=~ 2 &(\ — ) ', 'TIC(z ,C 2, 215, Chay
t=1
t+k

Using (5.2.5), (5.1.2), (5.1.4) and a, = Ca,, we find

a,'TIC (z,,C "2, 2515, C)ay = = NN Ry Ry,

1
+ MRy Ry + N RoRyy = MRy Ry,

1
- _Z'X‘R,y Rky

= — (\?Ry — Ry)(\/?Ry, — Ryy)

1 1
+(1- Ekk - E)‘r)Rknyy ’

J
TIC(£ ,9) == 2 gx()\« = Ay )—l [—' (ktlsztx —R,’)(X}D'Rh —Rky)
=1

t#k

+(1- %(xk +N)RyR, | - (5.2.8)

From either using the product rule or multiplying together the perturbed Ca,,
to o (e€),

TIC(z ,a;) =TIC(z ,C)oy + CTIC(z , )

where,

C=C + €TlC(z,C) + o (€?)

and

(-_xk =a, + €llC(z,a;) t o(€?) .

Using (5.2.8) and (5.2.3) we have that,
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1 1o
TIC(z ,a) = 274 T Ezyyl(z ~ )R,
J
- ,gl gl(kl - xk)-l [— (xglaRu - Rr’ )(xklakh _Rly) +
1#k

a- %(x, FANRR, | . (5.2.9)

The influence function TIC(z,b,) can be obtained using the relationship in

(5.1.4) and applying the product rule for influence discussed in Chapter 1.

5.2.3. Specialisation to the Squared Multiple Correlation Coefficient

We can derive the theoretical influence function of P2, given by
expression (2.4.8), as a special case of (5.2.6) when we take p, =1, i.e. we
have only one y variable. Since p, =1 there is only one canonical correlation
A from (5.1.1), and this is the maximum correlation between y and a linear
combination of the X variables which is the definition for the multiple

correlation coefficient P. We obtain

o Cna'5y)"”

12
Tyy

(see expression (2.4.3)) from (5.1.1) by taking

1

172
Tyy

=2, _ B

b= =
T3, B
The forms for the scalar a;, and b, occur due to normalisations imposed in

a;=

canonical analysis i.e.

a,'3,a, = by'2,b, =1
Substituting

A2=P
y—p
Rlyz(y—“‘y)al= 1/27
Tyy
, (x—p)'B
I

Yy
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into (5.2.6), and letting { = (x — p,)’'B, we arrive at

TICG M) =TICG P = == [ - 1 + 20 - )L - P - 1, ]
»

This expression is the same as (2.4.6) which then leads to result (2.4.8).
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5.3. Influence Functions in Correspondence Analysis When we Add a Single
Observation to the (i j)th Cell

As discussed in § 5.1.4, the influence functions for adding to the (i j)th
cell of a contingency table in correspondence analysis can be derived as a
special form of the canonical correlation functions. Adding 1 to a cell is the
same as adding an observation z’ = (' x") of dummy variables in canonical
correlation analysis. However, we do need to note two differences in the

probfs.

First, we do not wish to centre our variables due to the singularity
problems discussed in § 5.1.2. This does not noticeably affect our working as

everything has a similar form.

e =E (- )& - ) ) = & — 6@ - pF)) &F
taking F = (1 — e)F + 3, (see Chapter 1), then

S = [ - pF))(x - p(F)) oF
=(1-¢Z, + e(i _Ex)(f —Ex), + 0(62)
Similarly if
VXX =E(_x1,)=f£x_’ dF
then
Ve =f£x_' dF
=(1-€V, + ex’

(we have no second order term when we do not centre). So our influence

expressions have the same form but there is no centering.

Second, we normalise our vectors differently. In canonical analysis we let

3 'S4 =b'2ub =1
but in correspondence analysis we let

8x 'chk ={k 'Dr.f_k = Ny

The only consequence of this is that if v,;! =CC’, then we take g, =\"Cay,
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whereas in canonical correlation analysis we take a, = Ca, where It=cc.

The canonical scores were defined as

Ry=0-w)a , Ru=G-p)b ,

so that our scores in correspondence analysis would just be

8k]=z'§k ’ fu=£'[_k
since z’ =(@',x’)= (00..010..000..010..00), where the "1"s are in the jth
and ith rows of y and x respectively, and because g, = \}?a, (where a, is

based on the uncentred model), we replace g, in (5.2.6) by g, /A }? to give,

TIC( M) = ~fi + Sty ~ 8 (5.3.1)
k .

As we have not centred our variables, i.e. we have P rather than P — rc’
in correspondence analysis, this means that we have the trivial dimension in
the original and perturbed analyses. Thus,

M=;\1=811 =gy =fu=fu=1
and, substituting these into (5.3.1), we obtain

TIC(z , ;) =0
as required.

Noting & = A }7a, , we have,
TIC(z ,8) =TIC(z ,A)a, + NPTIC (2, 3)
=TIC(z ,x,}’l)f;l’ﬁ;z— + NPTIC (2 ,3,)
Using (5.2.7), (5.2.9) and (5.3.1) and substituting the correspondence
analysis forms for R, , R,, and Vy;' = ! for 3! gives,

]
1 2 1 1.,
TIC@_ ,gk) = '2_):: _fk% + rk{,?fugkj - 813' &k + 75& 2Dc Y8yj

J i &ij
8: -1 &ij J
172 —_ — — - ,
- Ak ‘gl X'IQ (R, Xk) fa x,lfz ] [ ki xla ]

t+k




-173 -

2 1 1 -
TIC(z, g.) =>—|-fi+t NG 5 u8y — 81?/ ]8& + 28~ EDc 1)’8;:/
A) 2 Z

- 2 "()‘ = \) 7! ["‘ (Mmfu _Sr/) (Mmfu "8&1)

l#l
1
+ [1 - E ()‘l + Ar)]gtjgk]

(5.3.2)
As for TIC(z , )\, ), since we have not centred our variables, we can show that

TIC (z ,g;) = 0, for the trivial dimension. Now,

TIC(z,8) =0+ 31— 2Dy
J
-3 & -ptfo- 2o - 1)g,,-]
t=1 )‘t 2

t#1

=ll -_— _];.D_1y+lci a.o rcly
2= 2°° = 2‘=1—’—' Z
t#1
Now,
J
2 Er_q_r' =IT' - 9_19_1’ =1 —5121' ’ (533)
e
so that
TIC (z )—l —lD“y l[cc —Ca1a1C]y
' 1 d —_§_1_.=1
1 1
= =1 - — 1’
2172
=0

because y’ = (00..010..00), the "1" being in the jth row of the vector The

influence function for f, can be obtained using the relationship (5.1.9).
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5.4. Influence Functions for Adding a Row to a Contingency Table

5.4.1. Influence Function for the Eigenvalues

When we add a row to the contingency table, we are actually adding m

observations such that our matrices of dummy variables for ¥ and X become

Y X
column entries row entries
1......... J 1.......... II+1
Yo 1) "Xon © O
Yzm J) O(In 1) lﬂl

Using (5.1.12), we have

r

1
I
[eory
>
1 3
fl
[y
p—
-
S
e
N’

n +m n +m
(1—em)D, O
(0 )

where we let e =1/(n_+ m) and, since D, is diagonal, t0 o(€) we have

(1+em)D, ' 0
<1
D, - [ 9}/ 1/€m] (5-4.1)
. 1 - - 1 .o
= ! = + Y ¢
D. n__+mY Y n +m [n_ch Y ]

=(1-em)D, + e 'Y .
Since ¥° is a matrix, we need to use the following matrix result to obtain D,
(see Mardia et al., 1979, p459).

(A +BCD) '=A"" - A-1B(C '+DAT'B)'DAT! . (5.4.2)

In the above we take A =(1—em)D,, B=Ver'', c=I1 and D =Ver".
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Omitting the details (we actually need to use (5.4.2) twice), we obtain to

of(e),

: . D.'=(1+em)D, ' ~en, 'v 'y p, !
provided m is small compared to ..
Let D.. =y"'r" be the diagonal matrix of the added row r” (since each row of

Y™ only contains one entry of 1 for the column that the observation falls in)

then, to o(e),

D, "= +em)D, '~ pn, 'D.D. ' (5.4.3)
We wish to find the influence function for the eigenvalues from the symmetric
matrix C'P ‘D, 'PC, which are the same as those from the matrix D 'P'D'pP,

where D,”! = cc . Taking (to o (¢)),

C=cC+ -;—(ml - ?,"D,.]C (5.4.4)

(which is diagonal), we see that CC* = p."".

oL i'f=[(l—‘”)P]=[(l—f'f')P]. (5.4.5)

n +m el'y’ €r

where r*’ is the added row.

Using (5.4.5) and (5.4.1),

D, 'p
P'D'P = ((1 —em)P’' e’ ] L.,/m] + o(€) (5.4.6)
= (1 —em)P'D,"P + -:—15‘[_.' + o((z) . (547)

We can use the same formulae to obtain the influence functions for the
eigenvalues and eigenvectors as used previously for the theoretical influence
functions as the perturbed expressions above are similar. The only difference
Is it is an asymptotic result where we consider expansions to o(e) where
€=1/(n_+m). Since, this is an asymptotic derivation we will refer to the
influence functions immediately as the empirical. Using (5.4.7) and (5.4.4)

by the product rule for influence,
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c ipip - 1.,
EIC(L" ,C'P'D;'PC) = 2C" (m1 - DD )P'D,PC
+C’ (—mP'D,_lP +rr’ ’/m]C

+ %c 'P'D,'P (m I-D7'D. ]C

= -—%C’ [Dr.Dc‘lP’D,“lP +P'D,'PD'D . ]c
+¢' (rim)e (5.4.8)

The influence function using (3.5.3) (which would not be affected by this

being derived asymptotically) and taking g, = \}2Caq, gives

. 1, ~
EIC(r" ,A) = — TV [D’.Dc 1p'D, 1P + P'D,‘IPD;IDr.]g,,

1 ’ - ‘,
A |

+

Using (5.1.10)

N 1 ) % _»,

= _g_’l Dr.gk + ”I)\k _g-k rr §k (549)
A O E &

=T et o E’fg*f] ‘ (410

Alternatively, from the transition formula (5.1.9), the i th row co-ordinate is

1 1.,
A2 mirjgk

where m; is the ith row sum. We can substitute into (5.4.9)

fri =

fu= =58 (5.4.11)
L8

- m\
where f,, is the plotting co-ordinate for the extra (supplementary) row with
respect to the original g, and \,. This is used by Greenacre (1984) to display
a supplementary point (hence the subscript s) on the existing plot of rows and
columns. As Greenacre notes, the point is not contributing to the display. We
shall see later that this representation of the extra point is useful when we

look at the influence function for fe-

J
So, letting Wy, = 3 rg2,
j=1
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EIC(r" ,N\)=-W,, + mf} . (5.4.12)

Since we are dealing with uncentred matrices, g, =1, and A, = 1. Substituting

these into (5.4.10) and noting that i r; = m, the row sum, then

j=1

EIC(r" ,x)=0
as required.

5.4.2. Influence Functions for the Co-ordinates

As with the influence function for the eigenvalues, result (3.5.9) will not
be affected by our asymptotic approach to influence. Therefore,
J
EIC(r" ,a)=— 3 a,(A\, = \) 'a,EIC(r" ,C'P'D,”'PC)ay (5.4.13)
t=1

t#k

and since g, = Co; A}, then
EIC(r® ,g) =EIC(r" ,C)ay N + CEIC(r™ , a4 )\}?
+ Ca EIC(r" , N ") (5.4.19)
which occurs from considering the perturbed forms for C, a, and A}?, or

directly from the product rule.

Using (5.4.8),

1

N S -1pp - 'my-1pp -1
172y 12 & [D,‘Dc 1PDr 'p +P'D,'PD, D’. ]5‘
P2 Valed ¥

g,'EIC(C' ,C,P'DrwlPC)gk = —
r

mx‘lﬂk‘lfl__‘ - - 2

Using (5.1.10),

1 )‘1/2 Alﬂ
a,/EIC(r" ,C'P'D,'PC)y == 5 [——)\ 1zt Tz ]gr D,-&
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Using this and (5.4.11), (5.4.13) becomes

J
EIC(r" ,ay) 2
1

)1
0.,()\, xk) - 172\ 12 (xk + X,)Wn +mf, fi ’
INEY

(5.4.15)

WhCre wh 2 glj gk]

Using (5.4.15), (5.4.4), (5.2.7) and (5.4.12),
(5.4.14) becomes,

. J Alfl 1
EIC(£ 7§k)=_ R1/th(x xk)—l [- 172 1/2(xk +x1)wh+mfufk:]
=1 2)‘1 kk
t+k
1 1. _
+ Emg, - EDC lDr.g,
1
a8 (- Wa +mf2) (5.4.16)

Again, we have worked with the uncentred matrix P, so that EIC(r’ ,g,)

should be zero. Substituting A\; =1, f, =1 and g, =1, we obtain, in a similar
way to adding to a cell,

EIC(r" g)=lél +-1—m1—-1— "t +0
2V &2 2= 27 = ’
t#1
J - -
because W, = 3 rjg; =g'r" and,
j=1 -
mfsf1s = mf m&'r
4
Therefore

J 1 1.
EIC(r ,81)——;'C > aa’'C'r + —z-ml_.z_Dc 1
=2
Using (5.3.3),

. 1 1. .
EIC(r" ,81) = —C(I—aml Jerr + m1- 1o
1y, 1 e p Lo Lp-,e

—2D¢. z 22121_"_ +2ml 2Dc r

buta, =1 and 1’r* = m, the row sum. Therefore,
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EIC(r" ,,)=0
as required.

We obtain the influence function for f, from the transition formula

(5.1.9), which is

D, 'Pg, . (5.4.17)
H ! =
owever, INZIdRE and
722
EIC(r’ ,a,)=EIC(r" ,C)ay + CEIC(r" ,oy)

Because of (5.4.14), we can obtain this influence function by dividing

(5.4.16) by \}*? and, omitting the last term, this gives

. 1 _ 1
EICQ ,E})= - 2 Uzgt(xt —kk) - 172y 172 (xk +xl)wkr +mfufh]
A, 202

| R

+

- =

+%mg +%~DC‘ID'.3, . (5-4.18)
From (5.4.6),
_|b'P
Dr-lP= 1 . +o(&) ,
e

i.e. it does not involve a first order term, so that

-1
f, =D, 'Pa, = brF +eEIC(r ,a)]| . (5.4.19)
Sy =D, Pg 1 ., | & G 7
-_r
L

Therefore, ,f,' = (¢, c,) where,

- (A, +A
c1=Ji +€[- S £ =) [—i(:ﬁ')‘_li)'wn +Mquu]
- - t=1" kN

t#k

1 1
+EM£R -

VL D,'FD.'D,-
k
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' ’

& = (A )
Cy= +e€|—- — 1) __ At k
mx % mxl/l (A, Ak) 2x‘1f2A'1/2 Wk! + mfufh
r''g _r .
2xk1/2 ZMX}Q Dc D,'gk (5420)

Using (5.4.11) we can re-express c, as,

A, +A
Srasn=fis + e _Z,f"()“—)“)“ [ gxl_jz-)‘:[&)'w“ "””'fufn]

t#k

1 r’
+ = ____D—l .
2mfh 2m a7 e D 8t

The perturbed j_F, vector is different to all the other eigenvector perturbations
we have considered as it contains one more element than the original f,.

Thus, we find that the first 7 rows of f, can be written in the form

_f} ={k + €EIC (r’ :{x)*‘o(‘z)

and the term for the extra (7 + 1)th row is

frasn=fu + £l sy +o(€) (5.4.21)
i.e. it is the term for displaying the extra row on the original plot, as discussed
earlier, plus higher order terms. We have not written EIC(r" , f, ¢ +1)) since it
was not in the original problem. However, the term in ¢, £} ., , is similar to
that for the other co-ordinates. Using f,, , for displaying supplementary points

on the original correspondence plot, is thus justified by the form for £, 4 ).
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5.5. Adding m ldentical Observations in Multiple Correspondence Analysis

5.5.1. Influence Function for the Eigenvalues

As discussed in § 5.1.3, we have a Q-variate indicator matrix Z such that
the symmetric Burt matrix, which contains all the two-way contingency tables,
is B =2'Z. If there are J, categories, ¢ =1,2,...,0, on each variable then we

will add m identical observations with the categories L,,q=1,2,..,0. Then,

-

B=B +W (5.5.1)
where W is a symmetric matrix consisting of m in the (L;,L;)th positions,
i,j=1,2,....,0, and zeroes elsewhere. Thus, m is added to Q@ cells in the Q
rows, corresponding to the L, categories, of the Burt matrix, so that the grand
total of B isn =n_ +Q%m.

As P =B/n_is a symmetric matrix, the correspondence analysis of the

Burt matrix results from finding the eigenvalues and eigenvectors of

(D,—XPD,_lP - xk’)ﬁk = O (5.5.2)
with normalisation ,’'D,k, = \,. However, the eigenvectors of D,”'P are the

same as those from D,~'PD, P and the eigenvalues are square-rooted so that

(D,7P — AR =0 . (5.5.3)

From (5.5.1),

j-b_Btw _ P | W
n n+0°m n_+Q%m n_+Q%m

Letting e = 1/(n_+ Q°m), then

P=(1-eQ’m)P + W . (5.5.4)
If s=w’l, then s consists of entries, Om, corresponding to the L, th
categories, and zeroes elsewhere. These non-zero entries occur in the V,

positions where

v, ='§ J+L, . (5.5.5)
j=1
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From (5.5.4) we have,

D, = (1-¢Q*m)D, + D,
where D, is a diagonal matrix of 5. Using (5.4.2) we obtain, in a similar

manner to (5.4.3),

D, =(1+eQ*m)D, ! — D, 'D,D,!

and letting D,”! = CC’, similarly to (5.4.4) we have

C=cC+ ;[szl -D,”'D, ]c : (5.5.6)
The asymptotic form of (3.5.3) is,
EIC (mz ,\}"*) = a,'EIC (mz ,C'PC )a,
—a [EIC(mg ,C")PC + C'EIC(mz ,P)C + C'P EIC (mz ,C)]gJk
from multiplying ¢'AC together, or from the product rule. Simple algebra

(similar to previous sections), using (5.5.4) and (5.5.6), gives

EIC (mz \\}?)=a,'C’ [— D,D,'P + w]c3Jk
We wish to normalise our vectors so that h,'D,h, =\,, SO we take

hy = Cox N2, Therefore, using (5.5.3),

BIC(mz W)= = Sk Db + 5y Why
Since,
A = [)\,,1’2 + €EIC (mz ,\?) + o(€%) ]2
then

EIC (mz \y) = 2\}EIC (mz , A\ }™)

= —2h,'D,h; + ;%@'WQ, ’ (3.5.7)
)
Q
_’_’)'Dsék =Qm2 hRZV'
q=1
(with v, defined as in (5.5.5)), and

Q Q 0
B Wh =mq§1 hkzvc * 2’"2 2 h“"hk Yo ?

q=1
q’*q
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so that the influence function only involves the eigenvector co-ordinates for

the categories of the m extra observations. Thus from (5.5.7)

Q
1/2 E 2 hkvhkv

q9=14'>¢

xl/Z

(5.5.8)

Substituting A, =1andh, =1 gives EIC (mz ,\;) =0, for the trivial dimension. It
can be shown that (5.5.8) specialises to the eigenvalue influence function for
adding to a cell of a contingency table, derived in § 5.3, by using the
relationship A =4(\/AF-1/2)2. As for the two-way results, we see that
influence depends only on the co-ordinates corresponding to the categories
involved in the m observations. We can see that the affect of adding m, rather
than unity, is just to multiply the influence by m (since all m observations are

identical).

5.5.2. Influence Function for the Co-ordinates/Eigenvectors

The influence function for the eigenvector from the symmetric matrix

C'PC, using (3.5.9), is

-

EIC(mz ,a;)=— Y o,(\* = A?) ', EIC(mz ,C'PC)y (5.5.9)

t#+k

-~
—

where J is the sum of the number of categories on each variable. Using

(5.5.4) and (5.5.6),

(FaXi 1 - _1_ -1
g,'ElC(m_z_,C'PC)g, =a,'C [——D,D, p + wW- 2PD, D,

Ca
) =k

Using (5.5.3) and &, = CaxA}7?, then

1 n
g_,'EIC(m_z_,C’PC)_q,=————-)‘mxml_n, [ —(N\; 12 4+ )\ ')D, +W]h
t k

(5.5.10)
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As in (5.4.14),

EIC(mz , k) = EIC (mz ,C)a, \}? + CEIC (mz ,a, )\ + C ay EIC (mz |\ }?)
Using (5.5.6) and substituting (5.5.10) into (5.5.9), then

EIC(mz ,by) = 5(Q*ml ~ D,"'D,)h,
& A 12 _ y 12y-1 1
-2 Tﬁ:(k: =A%) h,’ —'5()\,”2-*- X,m)D, + W |h,
= t bl
tek
1
o B EIC (mz ) (5.5.11)
where

o
é: ’D:bj =Qm 2 h, V,hk v,
q=1

Q Q
ér’W’_u=m2 > hyhyo
q=1 g¢=1 *
q'*q

In exactly the same way to previous influence procedures, we can show

EIC(mz ,h,)=0. The proof is omitted as the steps are almost identical to
earlier work.

Expression 5.5.11 only involves the co-ordinates for the categories from

the added points. This is similar to the expression for the changes in the co-

ordinates when we add a single observation to a cell.
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Chapter 6: Investigation of Influence in Correspondence Analysis by
Application to Real Datasets

6.1. Introduction

In this chapter we examine influence in correspondence analysis for the

three types of perturbations given in the last chapter. The three influence
procedures are,

(1) adding in a single observation so that a cell of a contingency table is

incremented by one.

(2) Deletion of a row from a contingency table. (No justification is given
here, apart from the good comparisons of empirical and sample, but we
find that it is justifiable as in other influence techniques to use the

empirical expression for deletion as well as addition).

(3) Adding in a single observation to a multiway table so that 9? (where Q is

the number of variables) cells of the Burt matrix increase by one.

These influence procedures are examined by application to real contingency
tables. We investigate influence by looking at the patterns of sample influence
and where possible we relate this back to our empirical expressions. The
empirical expressions for the G and F co-ordinates in any of the perturbation
schemes are not easy to interpret, but we can often gain insight from the
eigenvalue expressions. If not stated otherwise the influence values given in
this chapter refer to the sample function. We will refer to the first non-trivial
dimension as the first dimension etc.

The first two types of perturbation are considered in detail, as well as the
extension of (2) to the deletion of columns. Problems with the rotation and
swopping of eigenvectors, as seen in PCA, will be observed in the first few

dimensions from correspondence analysis under the perturbations in (2). This
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is particularly seen when we delete columns rather than rows. In the latter
influence method we point out the similarities with the patterns observed in

(1) by considering the analysis for two and three variables.

In § 6.3.6 we consider an adaptation of the empirical influence function
for the kth eigenvectors (G and F co-ordinates) that involves just the
summation over the dimensions close to the kth dimension. For example, use
the two dimensions either side of the one of interest or any dimensions whose
eigenvalues are close. This is done to increase the speed of computation of
the empirical influences and is justifiable as the terms in ;= N)7 will

usually be largest for the closest eigenvalues.

6.2. Investigation of Influence When Adding in a Single Observation to the
Cell of a Contingency Table

6.2.1. Influence for the Eigenvalues (Principal Inertias)

Investigation of such influence, for two contingency tables below, gives
us interesting insights into the sensitivity of correspondence analysis. The
results from the asymptotic theory for adding to a cell should hold quite well,
provided n_ is fairly large. The actual dimensions I and J should be less

important in determining whether the asymptotic results hold well in practice.

The first contingency table we will consider is given in Table 6.2.1 and is
taken from Greenacre (1984,p 259). The table is concerned with the worries
of Israeli adults according to where in the world they live and where their
father lived. The plot of the first two dimensions is given in Fig. 6.2.1 and the
interpretation of the plot is given by Greenacre. The sample size is n_= 1554,
so we may expect our comparisons of actual sample and estimated change to
be good. We will consider influence in the first two dimensions in detail, since

we usually hope our analysis results in a useful two dimensional plot, and will
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Table 6.2.1
Contingency Table of the Principal Worries of Israeli Adults
Demography
Worry | ASAF  EUAM  IFAA IFEA IFI | Total
ENR 61 104 8 22 5 200
SAB 70 117 9 24 7 227
MIL 97 218 12 28 14 369
POL 32 118 6 28 7 191
ECO 4 11 1 2 1 19
OTH 81 128 14 52 12 287
MTO 20 42 2 6 0 70
PER 104 48 14 16 9 191
Total 469 786 66 178 55 | 1554.0
Abbreviations
ENR Enlisted relative SAB  Sabotage
MIL Military situation POL  Political situation
ECO Economic situation OTH Other
MTO More than one worry |PER  Personnal economics
ASAF Asia/Africa EUAM Europe/America
IFAA Israel father Asia/Africa|[IFEA Israel,father Europe/America
IF1 Israel, father Israel - -

Figure 6.2.1 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Worries of Israeli Adults.

-0.6
DIM 2
x IFEA
oTH X
X | =1 ™
X X
-9.6 IFAR VF 8.6
. %=L 1 DIM
PER X spel ENR  x E0AM
ASAF MiL
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briefly outline the influence in later dimensions. The most influential
observations/cells, ranked by the sample influence, and corresponding
empirical estimated change, are given in Table 6.2.2. The change is recorded
as the percentage change in the eigenvalue. The most influential observation

is recorded as the cell that causes the largest change in the eigenvalues when

its value is incremented by one.

Table 6.2.2.

Most influential Cells (when one is added to them) for the First
Two Eigenvalues From Israeli Dataset

*x

Cell Actual Estimated | Cell Actual Estimated
Change Change Change Change
8,2 -1.5% -1.6% 6,4 4.4% 4.3%
8,1 1.2% 1.2% 7,4 3.5% 4.0%
8.3 1.2% 0.9% 3.4 3.3% 3.5%

These changes are small but we are considering a small perturbation. The
comparisons above are good and so we can interpret our asymptotic expression
(5.3.1), to give us a clear picture of influence in practice. Expression (5.3.1)

can be re-expressed as,

TIC (x , M) = — (8 = fu)* + 284if u [;:IE - 1] (6.2.1)

where >0 as 0<A}?<1

A2
Since we are considering the sample function for adding in points (so the cell
entries are incremented by 1) the original parameter is subtracted from the

perturbed. A positive influence thus corresponds to an increase in the
parameter.

From (6.2.1) we obtain a large negative influence, i.e. A, decreases,
when the co-ordinafes g; and f, are far apart and have opposing signs.
Adding in one to the (i,j)* cell increases the association between the

corresponding categories. Thus, if g; and f,; are at the opposite extremes of

the dimension they should move inwards towards each other, and so the
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vanance decreases. The eigenvalue increases if g&; and f,; are close and at the

extreme of the dimension. This occurs as the row and column are already
highly associated with each other, and become more so when one is added to
the cell entry. Thus, the two are relatively less associated with the rows and

columns and so move further out together. The variance thus increases.

The comparisons between sample and empirical were good in this
dataset, so we find the above patterns are exhibited for this contingency table.
The influence of cell (8,2) on \, is negative and from Fig. 6.2.1 the co-
ordinates for ’Personal economics’ and "Europe and America’ are far apart at
opposing sides of the axis. Conversely, the co-ordinates for ’Personal
economics’ and ’Asia/Africa’ are close together and both large, and the affect
of cell (8,1) on A, is positive. The same pattern occurs for the second axis
with, for example, the affect of cell (6,4) being positive and the co-ordinates
for the categories ’Other’ and ’Israel father/Europe America’ being close

together and large in the second dimension.

The same pattern occurs for the second contingency table from
Greenacre (1984, p 55), where n_= 193, which is smaller than that for the
above dataset. The contingency Table is given in Table (6.2.3) and the
correspondence plot for the first two dimensions in Fig. 6.2.2. This is a set of
artificial data, relating to the smoking habits of employees. The three most

influential cells on the first two eigenvalues and the sign of the influence are,

A Ay
Cell Sign | Cell Sign
3,4 - 2,4 +
2,1 - 2,2 -
4.1 - 1,4 +

The co-ordinates in the first dimension for *Senior employees’ and "Heavy
smoking’ are far apart, and the influence when adding to cell (3,4) is

negative, i.e. a decrease in the varance. The co-ordinates for ’Junior
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Table 6.2.3
Artificial Contingency Table on the Smoking Habits of Personnel Staff
Smoking

Staff None Light Medium Heavy | Total

Senior managers 4 2 3 2 11
Junior managers 4 3 7 4 18
Senior employees; | 25 10 12 4 51
Junior employees 18 24 33 13 88
Secretaries 10 6 7 2 25

Totals 61 45 62 25 193

Figure 6.2.2 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Smoking Habits of Employees.
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managers’ and "Heavy smoking’ in the second dimension are large and close

together and the influence of cell (2,4) is positive.

The comparisons of the empirical and sample are better for the early
than latter eigenvalues, but these may be of less interest than they are in
PCA. Although not derived here, the second order terms for the eigenvalues
will involve the influence function for the eigenvectors which is made up of
terms in (A; —A,)"'. When the eigenvalues are small and close together the
more important the second order term is likely to be. We thus find that the
empirical and sample influences differ more for these later dimensions. The
two functions do pick out the same observations as influential but differ in the
values. The most influential cells in these dimensions do tend to follow the
patterns discussed above for the early dimensions. For example, cell (5,3) in
the first dataset is the most influential on the fourth eigenvalue (the smallest
eigenvalue) with a sample change of +8.8% and a smaller, but still largest
change, of +4.3% for the empirical. Both these co-ordinates are large and

close in this dimension, see Fig. 6.2.3.

There is a tendency for cells with low counts to be most influential on the
later eigenvalues, especially when their row and column totals are small as
well. The influences on A, for the first dataset are dominated by cells in
column 5 and A, by cells in columns 3 and row 5. From Fig. 6.2.3 we can see
that the co-ordinates of these categories are extreme in the dimension of the

eigenvalue that they are influential on.

6.2.2. Influence on the Eigenvectors (G and F co-ordinates)

To compare the sample and empirical estimated changes we will take as
our statistic the sums of squares of the individual changes in the G and F co-
ordinates for each dimension. Table 6.2.4 gives the most influential cells on

the G and F co-ordinates for the first two dimensions.
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Figure 6.2.3 Plot of the Last Two Dimensions from the Correspondence
Analysis of the Dataset on Worries of Israeli Adults.
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Table 6.2.4
Most Influential Observations on the ¢ and F Co-ordinates

&1 82
Obs Sample Empirical | Obs Sample Empirical
8 0.0018  0.0018 65 0.0011  0.0012
83 0.0009 0.0010 75  0.0008  0.0010
45 0.0006 0.0006 63 0.0005  0.0005

f1 f2
Obs _Sample Empirical | Obs Sample Empirical
51 0.0056 0.0062 54 0.0170 0.0194
53 0.0043 0.0050 55 0.0021 0.0019
52 0.0012 0.0014 74  0.0017 0.0017

The changes are small partly because they are largely attributable to the

observations affect on just one of the coefficients, see below. The comparisons
are very close, especially if one looked at the individual changes in the co-
ordinates. Again, the comparisons deteriorate for the latter dimensions
although the order of ranked influences changes little. Unfortunately the
asymptotic expressions for the influence on the G and F co-ordinates, see for
example (5.3.2), are not simple and almost impossible to interpret. However,
we can obtain a good insight into the influence on the co-ordinates from the

numerical results and plots below.

The most influential cells, by the sums of squares of individual
coefficient changes, on f, and f, are dominated by combinations with the row
5 and row 7 categories, i.e. (5,j) or (7,j) j=1,2...J. These rows have the
smallest row totals. The column totals are much larger than the row totals and
we find that the changes in 81 and g2 are less than for £, and fa However,
the most influential cells on g, and g2 are made up of cells involving the
column categories 5 and 3, which have the smallest column totals. The most
influential cells on the last two dimensions for both g and f are almost the
same as each other. In the top ten ranked influences on g3, 84, f 3 orf4

there is not one cell that does not involve one of the row numbers S or 7, or
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one of the column numbers 3 or 5.

Table 6.2.5 gives the most influential cells on each of the individual co-
ordinates, f,;i=1,..../. If the ith row (or jth column) has a small total then
the most influential cells on f1 (or g,;) tend to be those involving their own
row (column) number. This does not occur for columns 1 and 2 which have
large totals. The smaller the row (column) total the larger are the influences,
i.e. the plotting positions are unstable. Although cell (5,1) was the most
influential on f1 when we looked at the sums of squares of the individual
changes, from Table 6.2.5 we see it is only due to its large affect on f,5. As
well as cell numbers (i ,j), j=1,....s coming out as the most influential on f,,
we usually find that there is a pattern to the order of the column numbers.
From Table 6.2.5 we see this order tends to be (i,1), (i,3), (i,2) (i,5) and (i ,4),
although often (i,5) and particularly (i,4) is not in the top 10 ranked
influences on each f,;. This order coincides with the ranked absolute 81 CO-
ordinates, with g,, being the largest and g,, the smallest, see Fig. 6.2.1. Cells
involving columns 1 and 3 lead to a decrease in f,;, corresponding to the co-
ordinate f,; moving to the left, closer to g,; j=1,3. Conversely, cell (i,2)
leads to an increase in f,;. If f,; increases, say, when we add one to cell (i,j)
we usually find that all the other co-ordinates f, ¢ #i decrease. This occurs
since we have not only increased the association between row i and column ;,
so that the co-ordinates have moved closer, but we have relatively decreased
the associations of the other rows with this column. This illustrates that
correspondence analysis is a very useful technique at displaying the

relationship between the rows and columns of a contingency table.
Whereas cells (i ,4) were the least influential out of the cells (i,j) on f;

they are the most influential on f,; i =1,...7 (though not f,3). The co-ordinate

g2, corresponding to the category ’Israel: father Europe/America’ is the
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Table 6.2.5

Most Influential Cells on the Row Co-ordinates from the First Dimension
of the Israeli Worries Contingency Table
Actual Sample Change x 100 in Parentheses

f1 12 [13 f f f f
11 21 31 4 s oL

18

(-0.59) (-0.50) (-0.34) (-:0.81) (-7.46) (-0.54) (-2.04) (0.69)

(-01§53) (-02?45) (-0333) (-04354) (6526) (06 47) (136) (050

(01327) (02'323) (oégz) 04'55 50 (437 L30) R
. ) 32) (-0.25) (3.50) (-0. 04) (-0.
g5 (pe) 0P ) (520) (0631) (139 (439

(0.22) (-0.17) (0.17) (0.24) (-2.73) (0.32) (-0.90) (-0.26)
15 85 44 84 - sS4 - 44

85 61
(-0.21) (0.13) (-0.17) (-0.20) (0.59) (0.22) (0.65) (0.12)

Table 6.2.6

Most Influential Cells on the Row Co-ordinates from the First Dimension

of the Israeli Worries Contingency Table When 10 is Added to Each Cell
Actual Sample Change x 10 in Parentheses

fll f12 f13 fl4 f15 f16 fl‘l Jlﬂ

11 21 31 41 53 84 711 &
(-0.56) (-0.48) (-0.33) (-0.76) (-9.57) (-0.45) (-1.84) (0.65)

13~ 23 84 43 55 61 5

3
(-0.48) (-0.41) (0.29) (-0.36) (-6.74) (-0.44) (-1.51) (0.58)
3° 4 51 63 712 8

12° 2 3
(0.36) (0.31) (0.25) (0.23) (-5.11) (-0.39) (0.93) (-0.44)
85 53 44 84 52 62 8 84

(0.26) (0.22) (-0.19) (-0.21) (2.43) (0.30) (0.55) (0.35)
55 85 54 44 54 44 55 S5
(0.25) (0.18) (-0.17) (0.17) (1.24) (0.20) (0.54) (0.32
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largest column co-ordinate in the second dimension. This is a similar situation
to the first dimension where the most influential cell involving the ith row was

for the most extreme column co-ordinate in the first dimension.

For the latter dimensions the most influential cells on all the f and g
co-ordinates include the rows and columns with small totals i.e. rows S and 7

and columns 3 and 5. From Fig. 6.2.3 we can see that the co-ordinates for

these categories are extreme in the third or fourth dimension.

We will investigate influence on the G and F co-ordinates in the smaller
contingency table on smoking habits, by two plots. These plots will illustrate
some of the patterns observed above in the previous dataset. The plots give
the new plotting positions, in the first two dimensions, when we add one to
each cell individually in a given row. We have considered the first and fourth
row in Table 6.2.3, which have the smallest and largest row totals
respectively. In Fig. 6.2.4 we observe how the plotting positions change when
we increment each cell in the first row, corresponding to the category *Senior
managers’, by one. We can see how the co-ordinates in the first two
dimensions for *Senior managers’ move towards the smoking category that one
has been added to. This is nice to observe, given how we normally interpret
our correspondence analysis. As discussed above for the ’Israeli’ dataset, we
see that whereas as the O symbol for ’Senior managers’ moves to the left
towards the ’No smoking’ category, the O symbol on all the other employee
categories have moved slightly to the right away from it. This can be observed
for the other symbols as well. The variability in the 'Senior managers’ co-
ordinate is much greater than the changes in the smoking categories that have
been added to. This happens because of the low row total for the first row.
Adding to cells in the first row has little affect on the other row co-ordinates.

The most influential cell in the first row overall seems to be (1,4), as the +
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-Figure 6.2.4 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Smoking Habits of Employees
When1 is Added to the Cells in the First Row.
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.Figure 6.2.5 P%ot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Smoking Habits of Employees
When 1 is Added to the Cells in the Fourth Row.
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symbol seems to deviate the most for all the co-ordinates. Cell (1,4) is a small

cell in the column with the lowest total.

The changes in Fig. 6.2.5 are very small. These correspond to adding
one to the cells individually in the fourth row, which has the largest row total.
The cells with the most influence are (4,1) and (4,4), which correspond to the
O and + symbols respectively. However, these have as much affect, if not
more, on the other categories as they do on the 4th row category 'Junior
employees’. Also, the changes in the *Junior employees’ co-ordinates were as
great in Fig. 6.2.4, when we were adding to cells in the first row. This was
also observed in the ’Israeli’ contingency table, with columns with large totals
not having cells involving their own row numbers as the most influential.
There is usually little pattern to what will be most influential, but most
prevalent seems to be cells who have extreme co—ordinates in the dimension.

However, these influences are not usually large.

6.2.3. Summary and Discussion

The above results show, perhaps unsurprisingly, that the most sensitive
plotting positions in the first two dimensions correspond to the categories
based on the least information, i.e. their row/column total is small. Plots such
as Fig. 6.2.4 provides useful and clear information on the sensitivity of our
analysis. One would not necessarily want the different symbols for each cell
that is perturbed (this was done above to illustrate what direction the co-
ordinates moved in) but to have a different symbol for each category co-
ordinate and consider the changes for adding to each cell on one plot. See for
example Fig. 6.2.6, which clearly indicates which categories are the least
stable. If one felt that all the rows and columns of the contingency table had
reasonably large totals then such an analysis may not be needed. The above

also shows that in the first two dimensions the G and F co-ordinates tended to
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Figure 6.2.6 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Smoking Habits of Employees
When 1 is Added to Each Cell in Turn.
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be most affected by cells in their own row/column, although there was little
pattern to the most influential on the categories with large totals. However,
the changes in these tended to be small anyway. In the latter dimensions the
same cells tended to be the most influential on all aspects of the analysis, and
these were usually cells with small entries in rows and columns with small

totals.

The theoretical expression for the changes in the eigenvalues proved
helpful in describing influence on the eigenvalues, and in particular what cells
cause the eigenvalues (inertias) to increase or decrease. However, the

theoretical expressions for the G and F co-ordinates are not very informative.

The specialisation of the Burt analysis empirical expressions, which were
derived in § 5.5 for adding m observations, to the two way contingency table
analysis implies that the affect of adding more than one to a cell is additive
(i.e. the influence is multiplied up by m as we are considering the addition of
m into the same cell). Table 6.2.6 gives the five most influential
observations on f,; when 10 is added to each cell of the ’Israeli’ contingency
table. These are almost the same as in Table 6.2.5, with the values of the
influence being approximately ten times bigger, sometimes more and
sometimes less. There are exceptions in the order of influence but it is
difficult to say why cells go up or down the lists of ordered influence as m
increases. Many of the influences in the smaller 'Smoking’ dataset were also

a factor of 10 greater when 10 rather than 1 was added to each cell.

We obtain a similar type of plot to Fig. 6.2.6 if we consider
bootstrapping of the original » = 193 observations of dummy variables making
up the ’Smoking’ contingency table (see Greenacre (1984), Chapter 8). This
involves drawing samples of size n_=193, by sampling from the original

variables, and plotting the new G and F co-ordinates of the resultant
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contingency tables. The original sample is thus being treated like the
underlying population and we are looking at the possible contingency tables
that could have arisen. The procedure is thus best if the original data was also
drawn randomly since it will be more representative of the underlying
distribution. However, as Greenacre notes most data is collected in a
"deliberate non-random fashion’. The generated contingency tables are thus
greater perturbations of the original than the influence technique for adding
in a single observation (i.e. adding 1 to a cell). Both techniques will reveal
which plotting positions are the least stable, but as discussed above we may
only need to consider such plots if we think some of our row or column totals

are small.

6.3. Influence When Omitting a Row from a Contingency Table

We will investigate influence when omitting a row from a contingency
table using three datasets. The first was introduced in Section 4.9 where we
considered influence on the covariance biplot which we will compare with the
influence on the correspondence analysis display. The contingency table for
this dataset is given in Table 4.9.1 and the original correspondence analysis
display for the first two dimensions in Fig. 6.3.1. The second dataset is on the
worries of Israeli adults and was introduced in the previous section. Its
contingency table is given in Table 6.2.1 and correspondence display in Fig.
6.2.1. The last dataset is taken from Gabriel and Zamir (1979) (but it is also
in Greenacre (1984, p268)). Table 6.3.1 gives the contingency table and Fig.
6.3.2 the correspondence analysis display of the first two dimensions. This
dataset is concerned with the science doctorates in the USA for different
years. As before we will not consider the interpretation of the original plots,
one is referred to Greenacre (1984), excépt where it is relevant in our

influence studies. Note, we are again considering the deletion of rows so our
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Figure 6.3.1 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Protein Consumption in Europe.
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Table 6.3.1
Data on Science Doctorates in the USA
. Year
Subject {1960 1965 1970 1971 1972 1973 1974 1975 | Total
ENG | 794 2073 3432 3495 3475 3338 3144 2959| 22710
MATH]| 291 685 1222 1236 1281 1222 1196 1149| 8282
PHYS | 530 1046 1655 1740 1635 1590 1334 1293| 10823
CHEM |1078 1444 2234 2204 2011 1849 1792 1762| 14374
EART | 253 375 511 550 580 577 570 556| 3972
BIOL 1245 1963 3360 3633 3580 3636 3473 3498| 24388
AGRI| 414 576 803 900 855 853 830 904( 6135
PSYC | 772 954 1888 2116 2262 2444 2587 2749| 15772
SOCI | 162 239 504 583 638 599 645 680| 4050
ECON| 341 538 826 791 863 907 833 867 5966
ANTH| 69 82 217 240 260 324 381 385 1958
OTH | 314 502 1079 1392 15 1609 1531 15501 9477
Totals 16263 10477 17731 18880 18940 18948 18316 183521127907
Abbreviations -

ENG Engineering MATH Mathematics | PHYS Physics
CHEM  Chemistry EART  Earth sc. BIOL Biological sc.
AGRI  Agricultural sc. | PSYC  Psychology SOCI  Sociology
ECON Economics ANTH  Anthropology | OTH Other Social sc.

Figure 6.3.2 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Science Doctorates in the USA.
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signs of influence will be different to those in the previous section for

increases and decreases in the eigenvalues.

We will consider the comparisons of empirical and sample influences and
discuss the usefulness (or lack of it) of the empirical expressions throughout.

This will be summarised in Section 6.2.6, and in Chapter 7.

6.3.1. Influence on the Eigenvalues (Principal Inertias)

The empirical and sample influence functions give similar rankings for
the eigenvalues from the first two dimensions of the Protein Consumption
dataset. The top three most influential rows are given in Table 6.3.2, and for
the Israeli dataset, where n =8, in Table 6.3.3. In Table 6.3.2 we can see the
usual pattern of the empirical (estimated change) underestimating the large
sample (actual change) influences. An exception to this is *Portugal’ on A,.
As the influences become smaller the empirical and sample values become
closer, as occurs in most applications. The empirical and sample differ most
on the second eigenvalue from the Israeli dataset, particularly on ’Personal
economics’. This row is highly influential on \;, for both functions, and we
find when it is omitted that the first two dimensions rotate (and virtually
switch), see Fig. 6.3.3. This explains why the empirical and sample disagree
on its influence on A, as the former will not take this rotation, due to close

perturbed eigenvalues, into account.

For both datasets it has been the rows with extreme co-ordinates that
have been the most influential and they have positive influences, which
represents a decrease in the variances along the relevant directions. A counter
example to this is found in the Doctoral dataset. From Fig. 6.3.2 we see that
’Anthropology’ has the largest row co-ordinate in the first dimension but it
has only the sixth largest absolute influence (using either the sample or

empirical influence function) on the first eigenvalue. The most influential are
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Table 6.3.2

Three Most Influential Rows on the Eigenvalues in the First Two
Dimensions of the Dataset on Protein Consumption and their

Sample and Empirical Influences

A, = 0.087 X, = 0.039
Obsn. Sam. Emp. | Obsn. Sam. Emp.
Yugo 11.6% 10.8% | Port 36.4% 41.7%
Bulg 9.1% 8.5% | Spai 7.1% 6.8%
Alba 7.0% 7.0% | Denm -6.6% -6.3%
Table 6.3.3

Most Influential Observations on the Eigenvalues fron the First
Two Dimensions of the Dataset on Worries of Israeli Adults
and their Sample and Empirical Influences.

Obsn. Sam. Emp. Obsn. Sam. Emp.
Per 69.7% 57.5% | Oth 62.0% 32.0%
Oth -209% -17.2% Per 29.6% -8.8%
Mil -17.4% -14.8% | Mil 18.6% 8.4%

Figure 6.3.3 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset onWorries of Israeli Adults
When ’Personal Economics’ is Deleted.

-0.

6

DIN 2

X ffou

XTREA XIFT

NELST b
ras Al

X ECO

XEVUAM

XTIt

XIFAR

XoaB

ASAFX

--0.6

EVR XW™MTO

1 DIN



- 207 -

‘Biological ~ sciences’, ’Engineering’ and ’Chemistry’ which have
negative,negative and positive influences respectively. Since both functions
agree on the lack of influence for ’Anthropology’ we can use our theoretical
expression to find the reason. Extreme points, as seen in Tables 6.3.2 and
6.3.3 have positive influences and small co-ordinates negative influences,
which represents a decrease and increase in the variance respectively, when
they are omitted. Usually the number of negative influences outweigh the

number of positive. The empirical influence function is

EIC(x ,\) = 1

n.—m n —m

J
-2 18 +mf.%] (6.3.1)

j=1
where r; is the jth element of the row and m is the row sum. We thus find

that ’Anthropology’ has little influence because of its low row sum, or mass

;'"—, which makes the positive term small.

The influence measure of Escofier and Le Roux (1976), see Greenacre
(1984, p211) which is derived in the same manner as that for the eigenvalue
in a covariance PCA (see § 3.8.4), also depends on the mass. This influence

measure is

I = — —T— A + — 2 (6.3.2)

+
n.—m (n.—m)

The term f,2 again obtains more weight than the first term when m is large,

i.e. (n_—m) is small. The importance of the mass nﬂ stems from the
normalisation of our vectors which is

f_' 'kDr.[_ k= Ay >
where = will be the ith diagonal element of D,, which is a diagonal matrix
"..
of the row totals of P. The term mf,? is thus called the contribution to the kth

inertia of the ith point. The first term in (6.3.2) is different to that in (6.3.1)

with the former just involving A, and the latter a function of the G co-
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ordinates. Since the G co-ordinates also have the normalisation

§'ch§k =Ny ’

and D, is the diagonal matrix of the column sums of P, which involves -~

n” b

the first term in (6.3.1) is like another expression of the current contribution
of the ith row to the eigenvalue. Expression (6.3.2) behaves similarly to the
empirical influence but tends to be larger in absolute terms. We also find that

whereas (6.3.1) is zero for the trivial dimension, when fri=gj =\ =1

expression (6.3.2) is not, but has the value —

(n.—m)?’

The masses in the Protein Consumption dataset are all about equal and
we ﬁnd that the order of non-absolute influence on A, coincides exactly with
the ordering by f,2 (or absolute f,;) value. This was less true for the other
dimensions and other datasets, but it does hold to a certain extent in the early
dimensions of many datasets. This means that a point with a very small f2
value can have a larger affect than one with a larger f,? value, but its
influence will be negative (i.e. increase ), ) rather than positive. For example,
in the Protein Consumption 'Poland’, see Fig. 6.3.1, has the smallest score on
the first dimension but it has the fifth largest absolute influence, and the
largest negative influence, on the first eigenvalue. Only ’Albania’, ’Bulgaria’,
’Rumania’ and ’Yugoslavia’ have a larger affect, but their influence is
positive. This pattern is most interesting in the Israeli dataset. From Table
6.3.3 we see that the second most influential row in the first dimension is
’Other’ and it has a small f,; value, see Fig. 6.2.1. The category ’Political
situation’ has a large f2 value but it is only the sixth largest absolute

influence.
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6.3.2. Influence on the G Co-ordinates

In a practical situation it is unlikely that one would wish to routinely
look at the individual influences on all the G and F co-ordinates as this would
lead to many statistics to examine. However, in the next two sections we
investigate the individual influences to see if we can detect any patterns, and
in § 6.3.4 we will consider scalar measures of influence that one can calculate.
If one finds a row to be influential from looking at the scalar measurements
one may wish to examine how it has affected the individual co-ordinates. This
is best examined by plotting the perturbed co-ordinates and comparing against
the onginal correspondence analysis plot. Such plots will also be examined in
the next two sections and we will see that even when we have quite large
changes in our co-ordinates the interpretation of the correspondence analysis
display may hardly change. The most influential observations on the g1 co-

ordinates from the Protein Consumption dataset are,

g11 g12 813 814 815 816 £17 818 £19
Yugo Hung Alba Finl Port Yugo Bulg Bulg Alba

Alba Alba Yugo Bulg Yugo Bulg Alba Denm Yugo
and comparisons of the empirical and sample changes for the most influential
on each co-ordinate are,

g1 g12 813 814 815 816 817 818 819
SAM 0.037 -0.056 0.037 0.020 -0.090 -0.021 0.054 0.052 0.050

EMP 0.033 -0.054 0.035 0.018 -0.105 -0.016 0.049 0.045 0.047
These comparisons, and similar comparisons for the less influential rows, are
close indicating that the empirical expressions reflect the sample influences
well. Unfortunately, the empirical expressions are not easily interpretated.

We thus need to examine observed results to detect any patterns.

From Fig. 6.3.1 we can see that the most influential rows on the

individual g, co-ordinates tend to be extreme in the first dimension, although
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there are exceptions such as 'Portugal’ on g,;. However, Portugal is extreme
on the second dimension so this may be some carry on effect.
"Yugoslavia’,’ Albania’ and ’Bulgaria’ are all close in the first dimension and
are the most extreme rows, but often one of these will not be in the top group
of influence on ag,; co-ordinate even though the others are. Whether a row
comes out in the top group of influence on the g1; co-ordinate depends
jointly on whether it is extreme in the dimension and on the size of its jth
residual from the independence model. We thus need to consider the (i ;) th
cell of the matrix P —rc’, which is given in Table 6.3.4, multiplied through by
n_. We also find that the sign of the influence of omitting a row on a g CO-
ordinate depends on the sign of residual. Countries *Yugoslavia’, ’Albania’,
"Bulgaria’ and "Hungary’, which lie on the LHS of the plot, have a positive
influence on a g,; co-ordinate when the residual is negative and vice versa.
For example, *Yugoslavia’ has a large negative residual in cell (25,1) on the
’Meat’ category and its influence on g, is positive (i.e. g,, decreases when
"Yugoslavia’ is omitted). Conversely, Yugoslavia’ has a positive residual in
cell (25,6) on the ’Cereals’ category, and its influence on g,¢ is negative.
Since ’Yugoslavia’ and ’Meat’ have a negative residual we find that they are
positioned at opposing ends of the correspondence analysis display, whereas
"Cereals’ is positioned on the left of the plot near "Yugoslavia’. The above
influences, when *Yugoslavia’ is omitted, thus represent the display moving
inwards towards the origin since g,, decreases and g,4 increases. Those pulled
out close to *Yugoslavia’ and those at the other end of the plot, due to a large

negative residual, move inwards when it is removed.
In a similar way, Finland which lies on the RHS of the plot has an

influence whose sign coincides with that of the sign of the residual. This also

represents the display of column co-ordinates moving inwards. For example,
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Table 6.3.4

Table of Residuals from the Independence Model (Multiplied by » )
for the Contingency Table on Protein Consumption "

Country [ MEAT PIPL EGGS MILK FISH CERS STAR NUTS FRVG
ALBA | 194 -5.15 -1.94 -5.30 -3.36 15.54 -2.95 295 -1.73
AUST | -1.00 6.05 1.34 2.67 -2.21 -4.48 -0.71 -1.79 0.13
BELX | 3.50 1.26 1.11 0.09 0.14 -6.22 1.35 -1.03 -0.21
BULG | -2.58 -2.34 -1.50 -9.77 -3.32 22.64 -3.42 0.46 -0.17
CZEC | 0.21 3.78 -0.03 -4.02 -2.13 3.18 0.87 -1.87 0.01
DENM | 031 253 0.63 7.09 542 -11.86 0.32 -2.52 -1.93
EGER | -0.27 4.63 1.11 -4.00 1.62 -3.86 2.73 -191 -0.05
FINL | -0.86 -3.42 -0.39 1567 1.29 -7.68 0.59 -2.24 -2.96
FRAN | 6.75 0.86 -0.06 -0.09 0.80 -8.81 -0.09 -1.12 1.77
GREE | -0.99 -5.99 -0.54 -1.89 1.02 4.97 -2.67 430 1.79
HUNG | -4.36 4.64 0.01 -7.12 -391 8.41 -0.20 2.38 0.14
IREL | 3.44 160 1.58 7.59 -2.36 -10.32 1.65 -1.67 -1.50
ITAL | -0.62 -2.63 0.03 -3.06 -0.79 5.22 -2.09 1.29 2.65
NETH | -0.20 5.80 0.70 6.51 -1.73 -9.44 -0.02 -1.23 -0.38
NORW| 0.04 -2.82 -0.10 7.00 5.62 -7.71 0.53 -1.33 -1.24
POLA | -3.72 1.67 -0.47 081 -1.63 125 128 -1.32 2.13
PORT | -2.46 -3.26 -1.49 -10.18 10.42 -1.42 2.13 199 4.26
RUMA | -3.76 -1.70 -1.47 -6.23 -3.34 16.93 -1.23 2.19 -1.39
SPAI | -1.74 -3.71 0.46 -6.80 3.14 0.18 1.85 3.14 3.48
SWED | 0.74 0.44 0.76 8.74 3.5 -10.57 -0.29 -1.46 -1.86
SWIT | 3.01 199 008 6.23 -2.10 -7.52 -1.59 -0.75 0.65
UK 7.27 -2.44 167 297 -0.11 -8.93 0.29 0.23 -0.96
USSR | -1.23 -3.86 -1.05 -1.73 -1.59 9.05 1.82 0.11 -1.53
WGER| 232 520 1.39 298 -0.56 -11.21 1.25 -1.34 -0.02
YUGO | -5.74 -3.15 -1.83 -8.15 -3.82 22.63 -1.41 2.53 -1.07
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Finland has a positive residual in cell (8,4) and a positive influence on the
'Milk’ co-ordinate g,, which also lies on the RHS of the plot. A positive
influence is a decrease in the co-ordinate (since we are omitting rows) so it

moves to the left and so inwards towards the origin.

Portugal is the most influential row on all the column co-ordinates in the
second dimension except on ’Eggs’ and ’Nuts’ where it only has ranked
positions 9 and 20 respectively. The most influential rows on €23
(corresponding to ’Eggs’) and g,; (corresponding to "Nuts’) are ’Spain’ and
"Bulgaria’ respectively. We find the sample and empirical differ on the values
of influence for "Portugal’ but both give it as the most influential on the same
g2 co-ordinates. We have the influences on g2 for "Portugal’ are

Sample Empirical FEstimate
g2 | -0.066 -0.025 -0.049
g2 0.148 0.070 0.076
g23 0.009 -0.016 0.008
g2 | -0.165 -0.066 -0.130
g2s 0.286 0.135 0.290
826 '0.032 '0.028 ‘0.031
827 0.180 0.089 0-146
8238 0.003 -0.026 0.003
829 0.266 0.109 0.230

The empirical is two to three times smaller than the sample influences and
sometimes varies in sign, but this is only for the small influences. This
underestimation for the very large influences has been observed in previous
sections. We discussed in Chapter 2 how for the correlation coefficients the
empirical based on the full dataset tends to underestimate the deleted sample
function and over estimate the sample changes when we add in an extra point.
The third column above, under ’Estimate’, is the average of the empirical
influence calculated from the data without "Portugal’ included and our usual
empirical based on the full dataset. We see the 'Estimate’ tends to give values
closer to the sample function than the empirical function recorded in the

table, since the two empirical functions tend to sandwich the sample results.
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As for the extreme points in the first dimension the sign of the influence
of "Portugal’ on the g2 co-ordinates is linked to the sign of Portugal’s residual
on the column categories. Since 'Portugal’ is at the top of t he plot i.e.
positive on the second axis, the sign of the residual coincides with the sign of
the influence, as it did for Finland which was positive on the first axis. This
again represents the display moving inwards towards the origin. There were
exceptions to the above pattern on the co-ordinates in the second dimension
for the "Pigs and Poultry’ and ’Eggs’ categories. The affect of *Portugal’ on
the "Eggs’ co-ordinate g,; was very small compared to some of its other
influences, so this lack of pattern maybe less important. The affect on "Pigs
and Poultry’ will be discussed further by looking at the change in the

correspondence display.

In § 4.9 we examined how the covariance biplot for the above dataset
changed when ’Portugal’, which was again extreme in the second dimension,
was omitted. The markers for ’Fish’ and ’Pigs and Poultry’ were found to
move much, changing some of our initial interpretation of the plot. In the
original biplot the "Pigs and Poultry’ marker was positioned close to some of
the meat products which it had quite low correlations with, due to its high
correlation with ’Eggs’ and negative correlation with ’Fish’. In the original
correspondence display, in Fig. 6.3.1, ’Pigs and Poultry’ is somewhat
separated from the other food sources but it is close to 'Eggs’ in the first
dimension, and we find its positioning is quite steady. Fig 6.3.4 is the
correspondence analysis when ’Portugal’ is omitted. This is also given by
Greenacre (1984, p288) who displays ’Portugal’ on the plot as a
supplementary point. (The connection between the supplementary point
expression and the empirical influence for the included point was discussed in

§ 5.4.1). Compared to the covariance biplot, the correspondence plot has
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Figure 6.3.4 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Protein Consumption in Europe
When ’Portugal’ is Deleted.
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changed little even though the influences for ’Portugal’ on five of the g> Co-
ordinates are much larger than for any other row. Whereas the ’Fish.’ and
'Pigs and Poultry’ markers were unsteady in the covariance biplot we see that
they remain in similar positions in the perturbed correspondence analysis
display. ’Fish’ has become less extreme going from 0.72 to 0.43 in the second
dimension but 'Pigs and Poultry’ has become more extreme changing from
-0.23 to -0.38. As noted above, 'Pigs and Poultry’ is thus contrary to the
usual pattern of the display moving inwards towards the origin. This may be
caused by the low association between ’Pigs and Poultry’ and ’Fish’, which
meant a negative correlation in the covariance biplot. Since ’Fish’ has moved
downwards ’Pigs and Poultry’ moves down also to keep away from it. The
only co-ordinate to change its relative position is "Fruit and Vegetables’ which
has moved away from ’Spain’, even though from Table 6.3.4 it has a large
residual on it, and is positioned closer to "Poland’ which it also has a large
positive residual for. We will consider the row co-ordinate changes in the next

section.

For the Israeli dataset there is one large f,; co-ordinate for ’Personal
economics’ and we find it is the most influential on all the g,; co-ordinates
except for g,s, relating to the category ’Israel:father Israel * (IFI). ’Personal
economics’ lies on the LHS of the first axis, and like *Yugoslavia’ from the
previous dataset it has a negative on a g,; co-ordinate when its residual for
that category is positive, see Table 6.3.5. However, from the perturbed
correspondence plot for the first two dimensions, see Fig. 6.3.3, we see this
pattern may be coincidental since it is caused by the anti-clockwise rotation of
the plot. This means that ’Israel:father Europe/America’ (IFEA) has moved to
the left, but does not represent the display moving inwards since it has

become extreme in the perturbed display with a large negative score.
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Table 6.3.5
Table of Residuals from the Independence Model

for the Contingency Table on Israeli W

(Multiplied by » )
orries.

Worry | ASAF  EUAM  JFAA IFEA  [IFI
ENR 0.64 2.84 -049 -0.91 -2.08
SAB 1.49 2.19  -0.64 -2.00 -1.03
MIL | -1436 3136 -3.67 -14.27 0.94
POL | -25.64 2139 -2.11 6.12 0.24
ECO -1.73 1.39 0.19 -0.18 0.33
OTH -5.62  -17.16 1.81 19.13 1.84
MTO -1.13 6.59 -0.97 -2.02  -2.48
PER 46.36  -48.61 5.89 -5.88 2.24

Table 6.3.6

Table of Residuals form the Independence Model (Multiplied by » )
for the Contingency Table on Science Doctorates

Science

1960 1965 1970

1971 1972

1973

1974 1975

ENG
MATH
PHYS
CHEM
EART
BIOL
AGRI
PSYC
SOCI
ECON
ANTH
OTH

-318.00 212.80 283.85
-114.53  6.61 73.91
0.05 159.48 154.67
374.17 266.61 241.42
58.51 49.65 -39.62
50.84 -34.65 -20.77
113.60 73.48 -47.46
-0.28 -337.90 -298.38
-36.31 -92.74 -57.43
48.87 49.32 -1.03
-26.87 -78.38 -54.43
-150.04 -274.27 -234.74

142.84 112.19
13.52 54.63
142.45 32.37
82.29 -117.45
-36.30 -8.16
33.15 -31.29
-5.57 -53.45
-212.06 -73.46
-14.81 38.29
-89.62 -20.42
-49.01 -29.93
-6.87 96.68

-26.23
-4.89
-13.31
-280.35
-11.41
23.19
-55.83
107.55
-0.96
23.20
33.94
205.09

-108.02 -299.41
10.04 -39.30
-215.83 -259.88
-266.33 -300.37
1.22 -13.90
-19.31  -1.17
-48.52  23.75
328.48 486.05
65.05 98.91
-21.32  11.00
100.62 104.07
173.91 190.25
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However, the same pattern as observed for "Yugoslavia’ etc. is shown by the
other rows in this dataset, such as for ’Political situation’ (and is even
exhibited in the small artificial dataset on smoking used in § 6.2). We noted
above that 'Personal economics’ had little sample influence on g1s, for the
category 'IFT’, and this true for g,5 as well. From the correspondence analysis
displays this appears to be due to its central position so it has not moved so
much in the rotation. The empirical again underestimates the large sample
changes of ’Personal economics’ but both agree on it being the most
influential on the first four g,; co-ordinates. The comparisons for the other
rows are very close even though n (the number of rows) is only 8. The
empirical gives 'Personal economics’ as the most influential on g,s, but on the
sample it is ranked seventh. The sample changes in the second dimension are
large when ’Personal economics is omitted, but the empirical changes are not
large as it ignores the rotation that has occurred by the perturbed, rather than
the original eigenvalues, being close. This was seen to occur in principal
component analysis, see Section 4.3, and would be similar in any method

using eigenvectors.

The pattern of the sign of influence being determined by the sign of the
residual and the sidé of the plot the row co-ordinate lies on, is also observed
for the Doctoral dataset. The most influential rows are 'Chemistry’ and
*Psychology’ in the first dimension, and which comes out as most influential
on a given g,; co-ordinate coincides with which has the largest residual of the
two for that category. We find that ’Anthropology’, which has the largest
absolute f,, co-ordinate, has little influence on the g;; co-ordinates. From
expression (5.4.16) this again seems to be due to its low mass, since m
multiplies a number of terms. The exact part the mass plays is not clear due to

the complicated nature of the expression. Generally, if one of the rows
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"Chemistry’ or ’Psychology’ is the most influential on the g1; co-ordinate the
other is the most influential on the g,, co-ordinate. There are just two
exceptions to this, where ’Engineering’ is the most influential on the g2, CO-
ordinate. Although the sign of influence does not always depend on the sign
of the residual for the second dimension, it does on the most influential rOws.
The largest change in the first two dimensions is "Chemistry’ on '1960° with
the latter falling from 0.155 to 0.030, to be placed between *1971’ and 1972’
on the first axis. *Chemistry’ has the only large positive residual on the '1960’
category, see Table 6.3.6, with ’Agricultural sciences’ next largest, and this

explains why the effect is so large.

6.3.3. Influence on the F Co-ordinates

The comparisons between sample and empirical are similar to those for
the G co-ordinates, with them very close on the smaller influences but
differing in value but not usually in rank on the very large changes. We will
not consider the comparisons further here. For the ’Protein Consumption’
dataset the most extreme points in the first dimension are the most influential
rows on the f1 co-ordinates, as on the g1 co-ordinates. Different rows come
out as the most influential on different f,; co-ordinates and there seems little
pattern to which come out on which row co-ordinates. We will show this in
the more simple second dimension which is dominated by ’Portugal’.
’Yugoslavia’, ’Albania’, "Hungary’ etc. which lie on the LHS of the plot have
positive influences on the other row co-ordinates in the first dimension,
irrespective of what side of the plot they lie on. Conversely, 'Norway’ and
’Denmark’ have negaitive influences on all the row co-ordinates when they are
omitted. Since a positive influence represents a decrease in the co-ordinates,
this means omitting Yugoslavia’ etc. causes the origin of the first dimension

to move to the right. A similar pattern to this was observed in Section 4.8 on
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the covariance principal component scores. Thus, the affect of omitting a row
differs on the G and F co-ordinates with the former taking differing signs of

influence.

Portugal is the most influential row on all of the f, co-ordinates except
for ’Belgium/Luxembourg’, "Denmark’, ’France’ and the 'Netherlands’ (and of
course on itself) where it has ranked positions 2, 19, 2 and 18 respectively.
The most influential rows on these co-ordinates are 'Norway’, ’Ireland’,
"Norway’ and "Norway’ respectively. There is no obvious reason why these two
rows come out as the most influential on the specific row co-ordinates above,
since from the correspondence plot in Fig. 6.3.1 it is not just due to how close
they are. From the Table of residuals in Table 6.3.4 we see, for example, that
although ’Norway’ and the ’Netherlands’ are separated in the second
dimension they have similar sized residuals on two categories. However,
looking for patterns using such an approach is likely to be complicated. The
largest influences on the f,; co-ordinates in the second dimension are all for

"Portugal’ and are,

Country £ 2 Sample Influence
Albania -0.085 -0.216
East Germany | 0.030 0.180
Finland -0.042 -0.224
Spain 0.367 0.125
UK -0.005 -0.106

Ten of the other influences for *Portugal’ lie between 0.07-0.09. The effect of
‘Norway’, for example, on ’Belgium/Luxembourg’, ’France’ and the
"Netherlands’ are -0.022, -0.023 and -0.025 respectively, which are much
smaller in comparison. The above changes for "Portugal’ are large compared
to the sizes of the actual co-ordinates. We see from the above that Portugal’s
influences vary in sign unlike that noted for first dimension, and the sign of

the influence for the above coincide with the sign of the co-ordinate. This is
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not generally the case; there was little pattern to the signs of the influences for
"Portugal’ or to which co-ordinates it had the largest effects on. From Fig.
6.3.1 and Fig. 6.3.4 we see that even though some of the influences for
"Portugal’ are large, the relative positions of most of the rows remain
unchanged. ’Finland’ has moved noticeably upwards and ’East Germany’
downwards towards 'Pigs and Poultry’. Fig. 6.3.5 is the plot of the third
dimension against the first for the original dataset and we see here that
’Finland’ is extreme in the third dimension at the opposite end to "Pigs and
Poultry” and *East Germany’ is very close to *Pigs and Poultry’. The perturbed
second dimension thus seems to have taken on some of the characteristics of
the third dimension. See also the movements of UK’, ’Starch’, and *Sweden’.
We will return to this point in § 6.3.4 and § 6.3.5, where we consider the

deletion of the 'Fish’ category.

We have noted for the ’Israeli Worries’ dataset that when ’Personal
economics’ is taken out the first two dimensions rotate. However, ’Personal
economics’ is only the most influential on 3/8 of the row co-ordinates (7/8 is
the maximum as it cannot be most influential on itself) and ’Political
situation’ is the most influential on the other 5/8. For the rows where it is
most influential "Personal economics’ is very influential, i.e. 0.277, 0.124 and
0.216 on ’Political situation’, ’Economic situation.” and ’Other’ respectively,
whereas ’Political situation’ has influences ranging from -0.045 to -0.061. The
signs of influence for ’Political situation’ are all negative and represents the
origin of the first axis moving to the left. The influences for 'Personal
economics’ were usually positive but not always, this is caused by the rotation.
"Personal economics’ is the most influential on all the other row co-ordinates
in the second dimension. The influences are greater for the most extreme

points in the first two dimensions, presumably because these will need to move
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Figure 6.3.5 .Plot of the First and Third Dimensions from the Correspondence
Analysis of the Dataset on Protein Consumption in Europe.
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further in the rotation than those in the middle, when *Personal economics’ s

omitted.

For the ’Doctoral’ dataset the most extreme point ’Anthropology’, has
little influence. An interesting pattern of influence occurred for the 1 co
ordinates, which was that the two most influential rows on "Chemistry’,
"Earth’, *Agricultural’, Psychology’, 'Economics’ and " Anthropology’, which
all lie on the top of the second dimension were ’Other’, with a positive
influence, and ’Physics’ with a negative influence. On the other row co-
ordinates, which all lie beneath the axis, the two most influential rows were
"Psychology’ with a positive influence and Chemistry’ with a negative
influence. For ’Other’ and ’Psychology’, the positive influences represent a
decrease in the co-ordinates i.e. origin of the first dimension moving to the
right, and vice versa for the negative influences. It is not clear why this
occurs, and although this pattern is interesting the actual values of influence
are not large. The most influential rows in the second dimension are
"Engineering’, ’Chemistry’ and ’Psychology’ which tend to have influences
representing the origin moving in the appropriate direction. Again, the
influences are not particularly large. The only extreme co-ordinate in the
second dimension is for the first column co-ordinate *1960° and we shall

investigate the removal of this in § 6.3.5.

6.3.4. Scalar Measures of Influence

In a practical situation we would not usually wish to examine the
influences on the individual coefficients, due to the numbers involved. We
thus require some scalar measure of influence for the G and F co-ordinates in
a given dimension, and having decided whether some rows are highly
influential (using a gap test) we can investigate the individual changes by

looking at the perturbed two dimensional correspondence analysis display.
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From the previous work we see that different rows do not tend to come out on
the G and F co-ordinates. Thus, we can use a scalar measure that combines
both the G and F co-ordinates, which is the sum of squares of the changes in
all the co-ordinates in a given dimension. As noted in PCA one needs to be
careful in the sample case of a change in sign of the perturbed eigenvector.
Table 6.3.7 gives the most influential rows in the first two dimensions, for the
three datasets, using the sum of squares of the changes in both the G and F

co-ordinates. The sums of squares are given in parentheses.

An alternative measure of influence, as in PCA, is the angle between the
original and perturbed kth axes. Although the G and F co-ordinates are
derived as eigenvectors, as noted in § 5.1.2 they are principal co-ordinates
with respect to the principal axes A (in the chi-square metric D,"!) and B (in
the chi-square metric D.~! ) respectively. We can thus write,

G= (D, 'P' — 1r')D,”'A where A = D,FD} (6.3.3)

F=(D,”'P — 1¢')D.”'B where B = D,GD; (6.3.4)
Details of this are omitted, see Greenacre (1984, p88-89). When omitting a

row we can find the angle between the original b, and the perturbed 5, (which
has an empirical influence function that is similar to that for g due to
expression (6.3.4) ) but we cannot find the angle for a, since from (6.3.3) we
will have vectors of different lengths when we omit a row. However, one
angle seems sufficient in indicating the influence of a row (this will be seen
particularly in the next section). Table 6.3.8 gives the most influential
observations in the first two dimensions, for the three datasets, when using the
angular measure of change. The angles are given in parentheses. 'Portugal’
and ’Personal economics’ using either of the scalar measures in Table 6.3.7 or
6.3.8 stand out as highly influential. The influences in the *Doctoral’ dataset

appear more important when using the angle rather than the sums of squares.
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Table 6.3.7

Most Influential Observations using the Sums of Squares of Ch
in the G and F Co-ordinates 0%1 the First Twquimensions anges
for Three Datasets.
SS of Sample Changes Given in Parentheses.

Dataset : 1st Dim, 2nd Dim.
"Protein Consumption’”  Yugo (0.031 Port (0.468
Bulg (0.028 Spain 50.0222
_ . Alba (0.028 orw (0.017
’Israeli Worries’ P.ecs (0.397 P.ecs (0.202
Pol.sit (0.023 Mil (0.044
Mil (0.017) Other (0.033
’Doctoral’ Chem (0.022) Chem (0.016
Psych (0.010) Psych (0.011

Other (0.0035 En 0

Table 6.3.8

Most Influential Observations using the Angular Measure of Influence
for the First Two dimensions of Three Datasets.
Sample Angular Measure Given in Parentheses.

Dataset 1st Dim. 2nd Dim.
’Protein Consumption’  Alba : Port (56.45°
Finl Spain (11.08°
Yugo °
’Israeli Worries’ P.ecs (
Pol 5 X
Mil (4.06°
’Doctoral’ Chem (13.21°
Psych (11.06°
Other (6.65°)
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The difference in influences for *Chemistry’ and *Psychology’ is greater in the
first dimension using the sum of squares measure, and greater in the second
dimension using the angle. The angle for 'Portugal’ in the third dimension is
34.26° so there could be some rotation between the second and third
dimensions, resulting in some of the similar positionings in the original third
and perturbed second dimension, which were commented upon earlier (c.f.
Fish in § 6.3.5). The row ’personal economics’ in the ’Israeli’ dataset has a
larger angle in the second than the first dimension indicating that it is not just
rotation between these two dimensions that has taken place. The angle for the
third dimension is also large at 36.72° but not in the fourth dimension, so
there could be rotation in the three dimensions. One can use the empirical
influence function for b, to obtain an estimate of this angle, which would be

given by,

[b 'EIC (r’ ,J)] 20, ,b )EICQ' ,b ) EIC(r" ,b;)

(6.3.5)

e [2(_ubk)2

EIC(r" ,b,) is obtained in exactly the same way as EIC(r" , &), see § 5.4. This
differs from the estimate of the angle in PCA, see § 4.2, as our vectors do not
have the same normalisation. Here, B’D."'B =1 and not B'B =1. Expression
(6.3.5) is again found to underestimate the actual angle. For example, it gives
the angles 19.12° and 10.55° for the angles in the second and third
dimensions when *Portugal’ are omitted. However, these are the largest angles
for the empirical. It disagrees with the angle given for the sample on ’Personal
economics’ as the empirical ignores the rotation due to the close perturbed
eigenvalues. Greenacre (1984, p213-214) quotes the form of the upper
bounds for rotation of the principal axes, derived by Escofier and Le Roux
(1979). These are similar to those given in § 3.8.4 for PCA, with n replaced

by a function of the mass and 2,, by f,;. These were found to be good in the
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first dimension but poor in the later dimensions, especially if a row had
affected an earlier dimension. For example, on "Portugal’ in the second and

third dimensions it gives upper bounds of 31.23° and 0.97° respectively.

6.3.5. Influence when Deleting a Column

In all three datasets, considered in this Section we have extreme column
co-ordinates in at least one of the dimensions, and we may be interested in
the effects from deleting these categories. For the empirical algebra in § 5.4
we have considered the addition of rows, assuming / >J since this does not
lead to a change in the actual number of (non-trivial) dimensions, J -1, that
exist. Since adding in a column leads to an extra dimension the normal
theoretical influence techniques for an eigenvalue/eigenvector from a
symmetric matrix, given in § 3.5, will not hold for the additional dimension
since we need to multiply (3.5.2) by the original eigenvector which will not
exist. However, we probably will not be actually interested in this extra added
in dimension, and for deletion of columns the perturbed problem will have the
smaller dimensions. We find that if we transpose our contingency table, so the
columns are now the rows, and put this through the programs for omitting a
row, we obtain good estimates of the actual sample change when we delete a
column. We need to allow for the fact that the results will be less asymptotic
than for deleting the rows as J <I. The empirical again gives zero influences
for the trivial dimension when the column is omitted. Since we transpose the
matrix, this means in the program the previous G co-ordinates are the F co-
ordinates, and vice versa, and so influence expressions (5.4.16) and (5.4.20)
now refer to the row and column influence functions respectively. The
summation terms in equations (5.4.16) and (5.4.20) are taken over the
original J (including the trivial dimension) dimensions and not the J-1

dimensions for the perturbed problem. Since the same empirical expressions
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can be used for deleting columns as rows, this means we would expect the
same patterns of influence. However, since 7 >J the affect of deleting a
column is likely to be greater since we are omitting a larger proportion of the
data. We observed, particularly in the 'Doctoral’ dataset, that the mass (or
row sum) of the category, and not just the size of the co-ordinate, played an
important role in determining the size of its influences. The masses for some,
if not most, of the columns will be bigger than the row masses since 7 >J and
both sets of masses sum to one. This indicates that if a row and column co-
ordinate were close in the original two dimensional display the effect of
omitting the column could be much greater than for deleting the row. We will
only examine column effects in the ’Protein Consumption ’ dataset and the
‘Doctoral’ dataset. The three most influential columns in the first three
dimensions of the ’Protein Consumption’ dataset (we have considered three
dimensions due to the rotations and swoppings) using the angular measure

(given in parentheses) are given in Table 6.3.9.

Table 6.3.9
Most Influential Columns by the Change in the Principal Axis.
Dim.1 Dim.2 Dim.3
Cereals (57.22°) Fish 87.73°) Fish (83.14°)
Milk  (17.14°) | Cereals (55.01°) | Pigs and Poultry (60.662)
Fish  (10.63°) | Milk  (17.14°) Milk (50.24°)

As expected these changes are much larger than for the row influences in the
previous section.

The largest column co-ordinate in the first dimension is for ’Nuts’ but
this has only the seventh largest mass, with value 0.036, but "Cereals’ (which
has the second largest co-ordinate) has a mass of 0.376, and "Milk’ has the
second largest mass of 0.199. We thus find from the table above that "Nuts’
has little influence compared to *Cereals’ and "Milk’. From expression (6.3.1)

we know that the influence on the eigenvalue is directly affected by the mass.
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"Cereals’ has a smaller co-ordinate than the row co-ordinate *Yugoslavia’, but
it leads to a 25% change in A, compared to the change for *Yugoslavia’ of
11.6%. The individual changes in the column and row co-ordinates are
usually much bigger for *Cereals’ than "Yugoslavia’, but from the angles in
Table 6.3.9 and the perturbed display in Fig 6.3.6 we see that all that has
really occurred is rotation, with the relative positions of most of the categories
remaining unchanged. Rotation has occurred to a smaller extent for "Milk’ in
the first two dimensions and occurs for "Pigs and Poultry’ in the third and

fourth dimensions.

Fish is the most extreme column co-ordinate in the second dimension and
its sample influences of the actual change in the column co-ordinates in the
second dimensions are,

821 £22 823 824 825 826 827 828 829

-0.082 0.066 0.028 -0.278 - -0.063 0.301 0.170 0.507
Comparing with the sample influences when *Portugal’ is omitted in § 6.3.2
we see both changes tend to have the largest influences on the same co-
ordinates, but those for "Fish’ are usually greater. However, from the angles
in Table 6.3.9, and by comparing the original correspondence display of the
first and third dimensions in Fig. 6.3.5 with the plot of the first two
dimensions when ’Fish’ is omitted, see Fig. 6.3.7, we see that there has been a
swop in the second and third dimensions. Since 'Fish’ and "Portugal’ tend to
have large influences on the same co-ordinates, but 'Portugals’ were not large
enough for a swop to occur, this seems to imply there was some rotation

between the second and third dimensions when ’Portugal’ was omitted.

The most extreme co-ordinate in the first two dimensions of the
"Doctoral’ dataset is for the first column category "1960’, see Fig. 6.3.2. When

it is omitted A, decreases from 0.0033 to 0.0006, but we do not get any
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Figure 6.3.6 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Protein Consumption in Europe
When ’Cereals’ is Omitted.
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swopping. The category '1960’ has a small mass compared to the other
columns, and even seven of the rows have larger masses. However, its g2, CO-
ordinate is 0.220 compared to the next largest column co-ordinate of 0.045,
and row co-ordinate of 0.083. Since both empirical and sample agree on the
large change in A, this means the large co-ordinate has outweighed the low
mass. However, we find "1960’ is only the most influential column on 3 of the

7 column co-ordinates, and its influences compared to those for the row

’Chemistry’ are,

821 822 823 824 825 826 827 828
1960 - -0.064 -0.040 -0.009 -0.008 0.003 0.001 0.013

Chem 0.004 -0.048 -0.011 -0.005 -0.004 -0.002 0.020 0.022
Presumably, the low mass has had some affect here since the influences for
"1960° are not much larger than those for *Chemistry’ and not as large as one
may initially think when looking at the original plot. 1960’ is the most
influential on 9 of the 12 row co-ordinates. Fig. 6.3.8 is the correspondence
display when 1960 is omitted and we see how the second dimension has
become squashed, and rows ’Engineering, ’Mathematics’ and ’ Anthropology’
have moved up in there relative positions, and 'Other’ has moved down. We
thus find that the angle for the second dimension (the principal axes being

derive in a similar way to F) is 41.84° and subsequent angles are also large.

It is interesting that despite such large angular and sums of squares
changes, for omitting the above columns, few interpretations of the plots have
changed. We have not observed some of the patterns for the columns as we
did for the rows, but this is partly due to the rotations and swoppings.
Certainly the greater the influence of a category the less these patterns may

hold due to the complicated reappraisal of the relationships between the rows

and columns that may occur.



- 231 -

Figure 6.3.8 Plot of the First Two Dimensions from the Correspondence
Analysis of the Dataset on Science Doctorates in the USA
When ’1960’ is Omitted.
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6.3.6. Summary and Discussion

The eigenvector problems of rotation and swopping, observed in PCA,
has also occurred in correspondence analysis, even though we have mostly
only considered the first two dimensions. This occurred most when deleting
the columns which can represent a large proportion (assuming 7 >J) of the
data being removed. Rotations between the first and second dimensions can
lead to large influences while the relative positions of the points in the two
dimensional display remain virtually unchanged. However, if a swop has
occurred between the second and third dimensions, the plot of just the first
two dimensions can change dramatically due to the difference in the second
and third dimensions. If A, and A are close it is worth considering plots for
the first three dimensions and not just the first two (of course, we may also

consider other dimensions if the first two inertias do not account for most of

J-1 .
the total inertia 3 ;). It must be remembered that we also get rotational
k=1

problems if the perturbed rather than the original eigenvalues are close.
Using the angular measure of change, rather than the sums of squares of
individual changes, provides the most useful information on whether rotation
has taken place. Again, the swopping is highlighted by the empirical from
looking at the changes in the eigenvalues. For example, in the ’Protein
Consumption Dataset’ A, = 0.0390, and \; = 0.0200, and when Fish’ is omitted
the empirical gives the perturbed eigenvalues as A; = 0.0180, and A5 = 0.0211,
which means that the second eigenvalue has fallen below the third. If rotation
occurs because the perturbed rather than the original eigenvalues are close the
empirical will not give the large changes of the sample angles.

When we do not have rotation and swopping of the eigenvectors we do

observe the same patterns for the columns as for the rows, discussed in § 6.3.2

and § 6.3.3. This was not exhibited for the columns deleted in § 6.3.5, due to
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the above problems of rotation, but was observed for the less extreme
columns. That these patterns should hold for the columns as well follows from
the fact the same empirical expressions have been used to obtain estimates of
the sample changes when row and columns are omitted, with equally good
results. The patterns for omitting the rows on the column and other row co-
ordinates will be the same as the patterns for omitting columns on the row and
other column co-ordinates respectively. For the most influential rows, the sign
of influence on a column co-ordinate is linked to the sign of the residual, in
the matrix P — rc’, that the row has for that column, and to the sign of its own
co-ordinate in the appropriate dimension. A row was usually the most
influential on a given column co-ordinate when it was extreme in the same
dimension and had a large residual for that column. The sign of influence for
a row on the other row co-ordinates tends to be the same for all the co-
ordinates and represents a shift in the center of the dimension. The mass of
the row or column was also found to be important in determining whether a
row/column was influential in the early dimensions. Extreme co-ordinates in
a dimension will usually lead to a decrease in the variance (a positive
influence) and expression (6.3.1) shows clearly the role played by the mass in
determining the size of the positive term. The part played by mass on the G
and F co-ordinates is shown to be much more complicated, but from
expression (5.4.16) we can see it is important. The original row masses in the
"Protein Consumption’ dataset are all roughly equal. An illustration of the
importance of the mass of a row is given by dividing through the existing row
by some number, L, which maintains the structure of the row but decreases its
mass. Taking the sample angular measure of change, Table 6.3.10 gives the
influences for *Portugal’, as L is varied, in the second dimension. Portugal

did not have any large influences in the other dimensions either when its mass
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Table 6.3.10

Angular Measure of Influence for the Second Dimension of the Dataset on
Protein Consumption, and the Ranked Position, when Portugal

is Omitted with its Mass Divided by .
L Angle  Rank
1 | 56.45° 1
2 | 39.94° 1
4 | 21.23° 2
8 9.99° 6
16 4.73° 12
Table 6.3.11

Two Most Influential Observations Using the Empirical and Emp-
for the Angular Influence Measure in the First Two Dimensions
of the Dataset on Protein Consumption in Europe.

Dime.1 Dime.2
EMP EMP’ EMP EMP®
Country Angle | Country Angle { Country Angle | Country Angle
Finl 2.99° Alba 2.98° Port 19.12° Port 19.26°
Alba 2.98° Finl 2.48° Spain 9.98° Spain 7.15°
Table 6.3.12

Two Most Influential Observations Using the Empirical and Emp*
for the Angular Influence Measure in the First Two Dimensions
for the Dataset on Doctorates in the USA

Dime.1 Dime.2
EMP EMP’ EMP EMP®
Science Angle | Science Angle | Science  Angle | Science Angle
Chem  8.56° Chem  8.46° Chem 11.85° | Chem 11.76°
Psyc 6.91° Psyc 6.89° Psyc 10.15° Psyc 9.95°
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was small. Table 6.2.10 clearly shows the importance of mass on the co-

ordinates.

The contingency tables examined in this section were not large but the
empirical gave good comparisons of the sample changes. The two disagree
more on the latter dimensions, largely due to the rotations, etc, that are
treated differently by the two functions. We again observed that for the very
large sample changes the empirical was smaller, but both usually agree on the
same observations being the most influential, except where rotations may have
taken place due to close perturbed eigenvalues. As the number of dimensions
increase, as for all other eigenvector influence functions considered in this
thesis, the empirical expressions for the G and F co-ordinates take longer to
compute as expressions (5.4.16) and (5.4.20) involve summations over all
dimensions. Thus, the empirical may take longer to compute than the sample
function. Also, if the contingency table was not large it would not be time
consuming to run through the sample influences. However, if we are only
interested in the first two or three dimensions, we find that if we retain only
the first four dimensions, then forming the empirical influences in the first two
or three dimensions by summing over the four retained dimensions leaves the
empirical influences virtually unchanged. This occurs as the summation terms
involve (\; —A,)"!, and as \; becomes smaller, with A, fixed, (\; — )"
decreases. The more distinct the first few dimensions are the less important
the summations over the minor dimensions will be. Some examples of this will
be given using the estimate of the angular change, when a row is omitted,
given by (6.3.5) (the influence function for b, involves similar summation
terms to that for g,). The two most influential rows for the first two
dimensions by the original empirical and EiC*, which uses sums over the first

four dimensions only, are given in Tables 6.3.11 and 6.3.12 for the "Protein
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Consumption’ and ’Doctoral’ datasets respectively. The empirical does
underestimate the sample angles in Table 6.3.8 but the ranked order of rows
is similar. EIC* gives similar values to the estimated angle based on the full

empirical function. The empirical expression for the eigenvalues is simple to

calculate since it only involves terms from the given dimension.

An influence analysis to assess the affects of row and columns on the two
dimensional correspondence display provides useful information, and reveals
whether we can interpret the display with confidence. For the datasets
examined in this section most of the large changes do seem to be caused by

the rotation of the eigenvectors or swops.

6.4. Adding in an Extra Observation to Multiple Correspondence Analysis

The patterns of influence for adding in to a cell of a multiway table for a
multiple correspondence analysis are similar to those when we add into a cell
of a contingency table, discussed in § 6.2. This could occur since like the two
way contingency table results the empirical expressions for the eigenvalues
and eigenvectors from the Burt matrix just involve the co-ordinates of the
categories involved in the cell that has been added to. See expressions (5.5.8)
and (5.9.11). Also, since we can do a Burt analysis when we have two
variables we would expect the same pattemns of influence from adding to a
given cell for the two types of correspondence analyses. The Burt matrix when
Q =2 has block diagonal matrices of the contingency table’s row and column
sums on its diagonal, and the contingency table and its transpose on the off
diagonals. Adding to the (i,j)th cell of a contingency table results in changes
to four entries of the Burt matrix. The contingency table eigenvalues and

those from the Burt matrix have the relationship,

AE = 4(\/AF - _;_)2 , (6.4.1)
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and the fi and 8 co-ordinates are rescaled versions of the Burt co-ordinates

h such that,

xk(; Yo N
Jr = [X—f] by where A, = [E;] (6.4.2)

is partitioned to hold the original order of row and column co-ordinates.

From expression (6.4.1) we find that the order of cells ranked by their
influences (sample or theoretical) on the contingency table or Burt matrix
eigenvalues must be the same (except if influences are close where rounding
errors from the two methods may lead to some changes in order). The ranked
absolute influences could only change if A2 was close to 0.25 and adding to
one cell lead to a decrease in A\? below 0.25 and another cell lead to an
increase in A, due to the different gradients either side of a 1/4 for the plot of
(6.4.1). However, only inertias above 1/4 from the Burt matrix are of
interest, the rest are artifacts of the analysis, so this situation is not likely to
occur. See Greenacre (1984, pl144) for information on the artificial

dimensions. The empirical influence function for A£ in terms of A? is

EIC(x ,\f) =2 [%;i]mslcg D) (6.4.3)
which shows that we must have the same ordering of cells for the two
eigenvalues, when using this influence function. Expression (6.4.3) results in
the empirical version of expression (5.3.1) but multiplied up by 4, this
accounts for n_ from the Burt matrix being 4 times greater than that from the
contingency table.

The ranking of cells by their absolute influence on the co-ordinate for a
given category can differ in the two analyses. From (6.4.2) the sample

influence function for adding in an extra observation is

~ A

c\172 c*\12
Ak k h‘
SICE.f)= 55| W~ G| &
- Rk k

n +1
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where 4, is the perturbed ,,. Thus, the rankings of cells on f+ and h;, need
Y C - -

12
not be the same as [;‘:TJ will be different for each cell that we add to.
k

However, it was found that the different rankings on the co-ordinates for the
same category in the two analyses tended to occur for the smaller influences.
Specifically, it occurred on categories with high row totals which we noted
changed little when cells were perturbed in the contingency table analysis.
The same patterns discussed in § 6.2, where the categories with low masses
have the largest influences and the most influential cells involve the number
of the row/column co-ordinate, apply to the Burt matrix correspondence
analysis as well. Two examples of the changing in ranked influences on the
co-ordinates when using the contingency table or Burt matrix analysis are
given below, for the two datasets used in § 6.2. Noting that 4,5 refers to the

same category as f,; we have as our examples,

(i) Israeli dataset

h f 13
Cell Influence Rank Cell Influence Rank
84  0.090 1 84 00032 3
31 0.080 2 31 00034 1

The largest changes on a single co-ordinate in the first dimension is cell (5,1)

on hys and f,5 with influences 0.190 and 0.075 respectively, which are much

larger than the influences above.

(ii) Smoking dataset
hys fi3
Cell Influences Rank Cell Influence  Rank
5.1 0.030 1 5,1 0.009 6
3.4 0.025 2 34 0.020 1

The difference in ranks is greater in this example than that above. However,
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these influences are small compared to the affect of cell (1,1) on hy, and 5,

with influences 0.257 and 0.111 respectively.

We will now consider an example where the number of vaniables, 0 = 3.
The data is taken from Everitt (1977, Chapter 4) and is concerned with the
classroom behaviour of ten year old children. The children are classified into
non-deviant or deviant and the other two variables account for the ’adversity
of their school conditions’ and whether they are at 'Risk’ from their home
conditions. The Burt matrix for this data is given in Table 6.4.1 and the
original correspondence analysis plot in Fig. 6.4.1. The most influential cell
(Low,Deviant,At Risk) leads to a decrease in A, which coincides with the
patterns for Q =2 as ’Low’ is at the opposite end of the first dimension to the
other two categories, and increasing the cell by one has led these categories to
move inwards towards each other. We actually find that ’Low’ and ’'Deviant’
move inwards but ’At Risk® does not. The most influential cell
(High,Deviant,Not At Risk) leads to an increase in A, when one is added to
it. This again coincides with the patterns observed for the contingency table
eigenvalues in § 6.2.1 as these three categories have the three largest positive
co-ordinates in the second dimension, and increasing their association makes
them more extreme and so the variance increases. In fact, only 'Deviant’ and
"Not At Risk’ increase but "High’ decreases, perhaps to become closer to the
other two co-ordinates as it was originally very extreme in the second
dimension. The other co-ordinates move downwards as well, perhaps to keep
away from the category "High’.

We have low row sums for the three categories '’Low’, 'High’ and
'Deviant’, and we find in the first two dimensions that their co-ordinates are
the least steady. This shown by Fig. 6.4.2, which is a plot of the original and

perturbed co-ordinates for the first two dimensions when we add to each cell
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in turn. For the co-ordinates with low totals we find in the first dimension that
it is cells involving their column/row number that give the largest influences.
There is little pattern to influence on the categories with the large masses, but
it is often cells involving categories extreme in the dimension that come out.

However, the influences are small. These are all the same patterns as

observed in § 6.2.

We shall not discuss adding in m > 1 or the comparisons between sample
and empirical functions is this section. The comments on these topics are
similar to those investigated in other situations. See, for example, Chapter 7

for a summary of these results.
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Chapter 7: Summary of the Use of Influence Functions

The study of influence can be divided into two areas. The first is the
derivation of expressions for the sample or theoretical/empirical influence
functions based on terms from the original dataset or model. Such expressions
will hopefully be interpretable and so reveal information on what type of
observation is influential on that part of the analysis. This can also provide
invaluable information on how to make our statistical analysis more robust
(although this has not been considered in this thesis). The theoretical
expressions for the eigenvectors revealed why we can get large changes in the
eigenvectors corresponding to close eigenvalues. We also saw from the
theoretical influence function that, provided the number of observations (m)
deleted is not too large compared to n, then influence is reasonably additive
in samples. This prevents the need to consider multiple block procedures,
which can be very time consuming. However, this additivity will probably not
hold if there are two extreme observations in one direction, so that when both
are removed the dimension disappears. We observed, in § 4.8, how the
empirical does not deal effectively with the changes when a dimension
actually disappears. The second side to investigating influence is the
detection of influential observations in datasets. This involves the numerical
calculation of the influence functions for the individual observations. This
provides detailed information on how the analysis may (or may not) alter due
to changes in the structure of the data from the deletion of individual
observations. This serves to increase our knowledge of the dataset that we are
analysing. The observations found to be ‘highly influential’ maybe as
interesting as the actual analysis, if they are not found to be recording errors
etc. Thus, influence is not a way of discarding unusual observations since one

should be noting the changes in the analysis caused by these observations
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rather than just take the perturbed analysis as the end result. We have seen
how the most extreme observations need not be the most influential, see for
example § 2.3.3 on the bivariate correlation coefficient, or that observations
found to outliers may not be influential on the part of analysis of interest but
may be on others, see § 4.7. Influential observations may be easier to find

than outliers in multivariate data and they provide the added information on

the stability of our analysis.

We shall now consider which type of influence function one should use
for the two areas of influence discussed above. It is preferable to obtain an
expression for the sample influence function rather than the theoretical where
possible, since the former will give the exact change in the analysis when
points are omitted from the dataset. However, wé have seen a sample
expression is not always possible, for example for the eigenvectors and
eigenvectors, or the mathematics of the sample influence function can be
intractable when the statistics/parameters of interest have a complicated form.
For the theoretical influence function we can expand out square root signs etc,
to o(€) so we can write the perturbed parameter in terms of the original plus
some higher order term. The theoretical influence function will help to give
some insight into influence when a sample expression is not possible.
Throughout this thesis we have seen that the theoretical can be used to
describe influence in samples due to the generally good comparisons of the
sample and empirical functions when calculated for individual observations.
In Chapter 2 we examined how the sample and theoretical expressions
compared when both had an algebraic form. The more complicated the initial
expressions for the correlation coefficients are the greater the sample and
empirical functions may differ, as we would have expanded out more terms to

o (¢) for the theoretical expression. For the multiple correlation coefficient in §
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2.4 we could see that the two types of functions would differ when the x s
were remote in the factor space. We also observed how the empirical would
usually underestimate influence when points are deleted and overestimate
when observations are added. However, the asymptotic results were found to
be reliable indicators of influence in samples, even for quite small sample
sizes, for the correlation coefficients. In Chapter 3 we only had expressions for
the actual sample change in the eigenvalues and eigenvectors when we add in
points along one direction or in a plane. The theoretical/empirical expressions
reflected these sample results, as well as giving insight into the more general
case. The comparisons of sample and empirical were found to be good,
particularly in the early dimensions where there is not any swopping or
rotations of the eigenvectors. In Chapter 5 we had no sample results for the
eigenvalues and eigenvectors in correspondence analysis. The empirical
expressions for the eigenvectors were complicated and not easy to interpret,
but those for the eigenvalues were foun& to be useful. The above shows that
the theoretical expressions, when interpretated, can be useful for describing

influence in samples, when no sample expressions exist.

In practice the sample or empirical influence function can be calculated.
The former may involve the calculation of n extra separate analyses
corresponding to the deletion of each observation, but the empirical just
involves terms from the full dataset. If an algebraic expression can obtained
for the sample influence function involving terms from the full analysis then
this is what should be used to detect influential observations. When this is not
possible we need to consider whether the recalculation of the n separate
analyses will take much longer than using the empirical expressions. When
calculating the sample influences for the eigenvalues and eigenvectors from

the covariance (correlation) matrix we can use the deletion formula for the
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covanance matrix given by (2.3.3) (and calculate the perturbed correlation
matrix from this) and then recall the eigenvalue/eigenvector routines. With,
for example, NAG (1982) routines this is simple to program. An altemative
approach is to use the algorithm of Bunch, Nielson and Sorensen (1978) that
updates the eigenvalues and eigenvectors of a symmetric matrix when the
perturbed matrix is of the form 5 = g + rbb’, where r is some constant. Only
the perturbed covariance (sums of squares) matrix falls into this form. The
updated eigenvalues are found by iteration and the eigenvectors can then
found explicitly. There is some timed saved using this algorithm but it does
not seem considerable as noted by Bunch et al. (1978) in their final section.
This algorithm is also used in another paper by Bunch and Nielsen (1978) to
update the singular value decomposition. The empirical influence functions
for the eigenvalues and eigenvectors from the covariance matrix were very
quick to calculate. No formal investigation of the number of operations
needed to calculate the various influence functions has been done. For the
eigenvalues and eigenvectors in PCA some investigation of CPU time has
been examined. These revealed the empirical expressions to be much faster to
calculate the sample influence functions for the covariance eigenvalues and
eigenvectors but the times were more comparable for the eigenvalues and
eigenvectors from the correlation matrix. The times taken to compute the
eigenvalue and eigenvector sample influence functions from the correlation
matrix are close to those for the covariance matrix as the computations only
differ in the divisions required to obtain the perturbed correlation matrix from
the perturbed covariance matrix. However, empirical expressions for the
correlation influence functions are more complicated than corresponding ones
for the covariance matrix. One advantage of the empirical over the sample is

the ease to which we can look at any of the eigenvalues and eigenvectors.
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Contingency tables may be small, in which case deleting the rows or columns
individually to form the sample influence function may not be very time
consuming. 1If there are a large number of dimensions and one is only
interested in the first two then one disadvantage of the empirical expressions is
that for the eigenvectors the functions involve summations over all the
dimensions. This is a particular problem for eigenvectors from the Burt matrix
where we have additional dimensions that are ’artifacts of the analysis’, see
Greenacre (1984, p144-145). One alternative to calculating the empirical
expressions for the eigenvectors in correspondence or principal component
analysis is to only consider terms in the summation for the dimensions closest
to the one of interest. This was looked at in § 6.3.6 for the deletion of a row
in correspondence analysis. These dimensions will be the most important due
to the size of the terms (A, — x,)~! which become smaller the further A, is from
A,. We can improve the estimate of the actual sample change given by the
empirical influence function by considering second order terms. The second
order terms will be more complicated than those for the first order and for the
eigenvectors in particular would not be worth the computation time. If one
wanted extra precision to the sample influence it is best to use the sample
influence function itself.

In summary, influence is a valuable technique that can be applied to
most statistical analyses. As well as detecting observations that are highly
influential on our analysis, and so provide information on the reliability of

our conclusions, it also adds to our understanding of the structure of the

dataset.
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