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ABSTRACT.

The robustness of certain model-fitting procedures, based on statistical transforms, 1s 1nves-
tigated using the Influence Function. Our discussion is in two parts. In the first, we focus on
estimating the parameters of particular distributions, given independent and identically distributed

realizations. We then move on, in the second part, to discuss the fitting of stochastic models.

In this latter context the approach based on transforms, such as the Laplace transform, offers
the possibility of explicit parameter estimation. This is in obvious contrast to the more usual
situation where only a numerical solution is possible. It was shown by Kemp & Kemp (1987), 1n
a two-parameter example, that only a one-dimensional search was required to produce well-
-defined estimators. This phenomenon was noted earlier by Morgan (1982), and provides further
motivation for transform methods. We generalize the result, and provide an example where a
three-dimensional search can be reduced to a line search. With this in mind, we consider the

fiting of stochastic models in some detail, employing the standard technique of ordinary least-

squares as a bench-mark 1n this work.

The central theme of this thesis is, however, the robustmess of such methods. To this end,
we develop a powerful and flcxible influence theory in the context of non-indexed random vari-
ables. These developments allow us to make concrete statements about the robustmess of pro-
cedures based on transforms. We show that an analogous treatment 1s possible for the indexed

case, allowing useful qualitative information about parameter estimators to be gathered.
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CHAPTER 1:

INTRODUCTION AND REVIEW,

This thesis progresses naturally from the classical context of independent and identically
distributed random variables, to consideration of indexed random variables, which are typically

time-ordered. As such, this chapter splits into two parts, beginning with the non-indexed case.

1. Non-Indexed Random Variables.

Procedures based on transforms, such as characteristic and moment generating functions,
have been studied for a considerable time. An early motivation seems to have been a desire to fit
Stable laws in the modelling of logarithmic changes in stock prices. See, for example,
Koutrouvelis (1980) and the original work of Mandelbrot (1963). Since the Stable laws can only,
in general, be easily specified in terms of their characteristic functions, then techniques for fitting
them to data are based on an estimator of the characteristic function. This estimator is known as

the empirical characteristic function, or e.c.f.. In general, the transform estimator is referred to as

an empirical transform.

Much of the work to date on transform methods has been concerned with utilizing empirical
transforms in estimation and testing, especially 111 applications where density functions are
difficult to obtain. A number of estimation techniques will be studied later. For an introduction to
methods of testing statistical hypotheses see Csorgo & Heathcote (1984). A more recent example
was provided by Epps & Pulley (1986), who derived a test for exponentiality based on the e.c.f..
The analysis of data observed as sums of independent random variables provides a fruitful area
for the application of transform methods. The convolution integral mvolved in obtaining the den-
sity function is rarely straightforward, but the calculation of statistical transforms typically is. An

example of such data is provided by Davis & Kutner (1976).

A further example where a probability density 1s not readily available was provided by Wise
(1989), who was concerned with the statistical analysis of Plutonium levels in the environment.

Wise gives a model for the measurement of Plutonium in soil, from which an expression is



derived for the Laplace transform of the density function of the overall Plutonium level. It is then
natural to employ transform techniques to fit the parameters of the measurement model. This was
done by minimizing a weighted least-squares measure between the empirical and theoretical
transforms, selecting the transform variables from variance considerations. However, he did
experience difficulties here because the transform variables tended to a common value. This
phenomenon was noted in the abstract of this thesis, and we will exploit it later. Wise, however,

considered this to be less than advantageous and, quite ingeniously and perhaps unwisely, forced

a choice away from this diagonal solution.

Despite all this work, very little attention has been given to the robustness of transform
methods. This is a pity given that the robustness of certain transform techniques has been noted
by a number of researchers, without fully exploring the underlying reasons. Paulson & Nicklin
(1983) applied characteristic functions for estimation in linear models, via a technique known as
Integrated-Squared-Error (ISE). Heathcote (1977) conducted a general investigation of this
method, suggesting that its desirable properties are explained by its interpretation as a density
estimation problem. This view of ISE reveals the smoothing implicit in the technique, and was
also reported by Bryant & Paulson (1983). The method of ISE has also been applied to the
analysis of mixtures with promising results, as investigated by Quandt & Ramsey (1978) and

followed-up by Schmidt (1982). This area 1s reviewed by Titterington et al. (1985) pp 126-33.

A natural means for mvestigating robustness 1s the Influence Function, a powerful and flexi-
ble tool for gathering qualitative information about statistical quantities. In an 1deal situation, the
data we observe arise from a particular specified distribution function, F say. In practice, they
may actually constitute a sample from some other distribution function F’, which is "near” F. A
robust estimator is one which performs well at F’, whilst not being too inefficient at F. The
Influence Function provides a means of investigating this requirement for a proposed estimator.
In practice, we cannot know exactly the distribution function from which sampled data arise. We
can, however, investigate the performance of an estimator when the data are adjusted shightly. A

resistant estimator is one which is not unduly affected by this, whilst performing reasonably well



when no such adjustments take place. The definition of resistance makes no mention of distribu-

tion functions, but for all practical purposes the definitions of robustness and resistance are identi-

cal. This is an equivalence which we make use of in Chapter 2.

The Influence Function has been applied to a diverse range of problems, many of which are
described in the standard texts Hampel et al. (1986) and Huber (1981). See also Critchley (1985),
Critchley & Vitiello (1990) and Pack & Jolliffe (1992) for applications in multivariate statistics.
Given its strong theoretical and practical background, we employ the Influence Function as the

principal means of investigating the robustness of the methods to be discussed in the body of this

thesais.

Indeed, the subject matter of Chapter 2 is the Influence Function in general terms. The
intention here 1s to give a self-contained development of this investigative tool, which motivates
the formal general definition. Beyond this, we extend the basic definition in a more accessible
way than that found 1n the standard texts. In particular, we consider the Influence Function of a
differentiable transform of a statistic having known Influence Function. This result is then

extended to deal with collections of statistics combined by means of a differentiable function.

As we see In Chapter 2, the Influence Function may itself be considered as a random vari-
able. As such, its statistical properties are of great interest;, these are presented along with a
number of illustrative examples which give prominence to an important property of influence
functions. This is a standard result of influence theory showing how the asymptotic variance of a
statistic may be obtained from its Influence Function. We conclude Chapter 2 by defining an

influence-bounded robust statististic as one which possesses a bounded Influence Function.

Given the fundamental material contained in Chapter 2, we are then 1n a position to mvesti-
gate the robustness of a number of estimation methods based on empirical transforms. This is the
theme of Chapter 3, where we focus on two of the most important of these. Fundamental to this
work is the influence behaviour of empirical transforms, which is discussed in general terms. We
see that the underlying reason for the robustness of procedures based on them concerns the choice

of transform employed. This was noted by Wise (1989) in the context of a method of moment



estimation, which may be viewed as a special case of M-estimation. Wise was then able to appeal

to standard theory. In this thesis we approach the robustness of empirical transforms directly to

demonstrate that this is a general property of transform methods.

The first technique, that of ISE, has already been mentioned. This is a particularly important
member of the general class of integrated-distance methods, so we pay special attention to it. In
this context, the transform of choice is usually the characteristic function, so properties of the
e.c.t. are of considerable interest. The influence theory developed demonstrates that it is this
choice which leads to the observed robustness of estimators derived by the ISE technique. There
1s an additional attractive feature of ISE, which is the réle played by an accompanying free
parameter, open to choice. We see that we can trade efficiency for extra robustness, and vice-
versa, by varying this parameter. In an extended example we are able to obtain a robust estimator
of the Normal mean which also achieves very reasonable efficiency in the absence of contamina-

tion. In the terms described above, this i1s an ideal robust estimator.

Perhaps the simplest estimation technique is the method-of-moments, where we simply
equate the empirical and theoretical transforms at as many distinct values of the transform vari-
able as there are unknown parameters. Appendix 1I shows how we may allow these points to
become arbitrarily close, eventually taking a common value. It has been noted by Heathcote
(1977) that the method-of-moments may be viewed as a special case of ISE. Influence results fol-
low readily via the powerful techniques developed, showing that moment estimators inherit the
influence behaviour of the empirical transforms in a linear fashion. An important point to note 1s
that the influence functions of such estimators are easily found, even if no explicit expressions for
the estimators are available. Examples show, however, that these estimators can be inefficient in
the absence of contamination, sacrificing efficiency for robustness. The method-of-moments

lacks the flexibility of ISE to trade-off some of this robustness for greater efficiency, since no free

parameter 1s available.

An important feature of transform methods concerns the selection of the points at which the

empirical transform 1S to be evaluated. Integrated-distance techniques deal with this by



Integrating-out the transform variable, whereas the method-of-moments requires that some exter-
nal criterion be applied. These are often based on variance considerations, and we consider a
number of possibilities. There are alternatives however, such as cross-validation and a method

known as constrained optimization, which we shall encounter later in this thesis.

The influence techniques developed for investigating the robustness of estimation based on
empirical transforms may be applied to a diverse range of problems. This 1s demonstrated at the
end of Chapter 3, where we show that influence functions for estimators defined by very general

estimating equations can be found, and that extensions are possible to non-standard transforms

and a class of location-scale families of distributions.

In Chapter 4 we investigate some of the practical consequences of the theory developed in
the previous chapter, in the context of the Lagged-Normal distribution. The main reason for this
choice is that its density function does not exist in closed form. However, since it may be
represented as a convolution, an expression for its moment generating function, for example,
does. The emphasis here is placed on moment estimation, although we also consider the influence
properties of ISE briefly. In employing the method-of-moments we seek to obtain explicit param-
eter estimators. We conduct an investigation of resulting influence and efficiency properties, in
comparison with maximum likelihood. A key step in this process is the calculation of a Jacobian
matrix, whose elements are derivatives of the transforms employed with respect to each of the

unknown parameters. Such a structure makes this an 1deal application of Symbolic Algebra, and

we make extensive use of this important tool.

2. Indexed Random Variables.

Having discussed transform methods for independent and identically distributed random
variables, it 1s natural for us to try to relax these assumptions. This brings us 1nto contact with the
broad area of stochastic modelling. The typical approach to fitting such models 1s t0 minimize,
with respect to the unknown parameters, some measure of discrepancy between the observed and
fitted observations. Even 1n relatively simple models, and applying a straightforward discrepancy

measure, explicit parameter estimators are unlikely to be available. As such, we have usually to



apply some "black-box" numerical algorithm, which we trust to be reliable. Clearly if some alter-
native approach could produce explicit, reasonably efficient, estimators then it would be worthy
of consideration. Transform procedures would seem to have some potential here and, if nothing

more, could provide a useful means of yielding starting values for more complex techniques.

In attempting to fit stochastic models using transforms we bear in mind, in view of the
above discussion, the need for simplicity. By implication then, we employ the method-of-
moments, as did Leedow & Tweedie (1983) in the modelling of fish growth. They adopted an
approach based on Laplace transforms to estimate the parameters of a particular growth curve
model, obtaining explicit parameter estimators. Fof a particular set of data, consisting of growth
information on both male and female fish, a revealing comparison was made with three standard
techniques for which explicit parameter estimation is not possible. For male fish, two of the
methods failed to converge, whilst for female fish two of them produced ridiculous parameter
estimates. The reason for this was identified to be an influential observation. Of the four methods
studied, only the transform-based technique produced sensible estimates for both male and female
fish. This 1s an interesting observation in the light of the work of this thesis on non-indexed ran-
dom variables, which suggests that we might expect transform-based estimators to possess good

robustness properties. Evaluating the validity of this claim 1s a key theme of this thesis.

The possibility of obtaining explicit estimators has also been noted by Morgan (1982) and
Laurence & Morgan (1987), stemming from the flexibility to choose which aspect of the process
to transform. Judicious choice of this quantity can yield explicit estimators attainable. In the case

of Laurence & Morgan (1987), this amounted to transforming the survivor function.

If we were to relax the need for simplicity, then ISE might be considered as an estimation
technique. This was the approach of Paulson & Nicklin (1983) to fitting linear models. The stan-
dard approach is to minimize the sum of squared residuals with respect to the unknown parame-
ters. Paulson & Nicklin replaced the squared residuals by a measure of distance between the
theoretical and empirical characteristic functions. These are then summed to give a transform-

based measure of the discrepancy between the model and the observations. This technique has



the detraction that strong assumptions must be made as to the nature of the error structure. In
order to obtain a theoretical characteristic function, Paulson & Nicklin assumed independent and

Normally distributed errors. It is unrealistic to expect these assumptions to be justified in general,

and these are not necessary when moment estimation is employed.

Beyond the purely statistical interest in transform methods, there is undoubtedly a need to
develop such techniques because transforms occur so often in many scientific disciplines. For
example, Alihassan et al. (1992) required the solution of a partial differential equation in the con-
text of Bio-Medical Engineering. This solution was then to be fitted to experimental data by

least-squares. However, the differential equation was most easily solved by the method of

transforms. The following quote from their paper is instructive:

"Although the estimation procedure could be done in the frequency domain, transformation

from the time domain of noisy data with erroneous sample points .... can produce a significant

bias .... "'

This was their justification for inverting the transform before forming the least-squares
objective function. Their particular application employed a Fourier transform, which is essentially
a characteristic function. The work of this thesis suggests that the e.c.f. is a robust estimator, in
the terms defined earlier. Statistically speaking, then, the above claim by Alihassan et al. may be
unjustified, and an empirical Fourier transform could be a suitable quantity to employ given

"noisy data”. The unknown parameters might then be estimated by ISE, say, avoiding the need to

invert a transform.

There are many other applications that could be cited, ranging from the study of queues to
the modelling of epidemics. Transforms also arise naturally in Time Series, through the spectral
density function. Indeed, Scientists often collect data observed in the frequency domain, which
may well be a more familiar setting to them than the time domain. Statisticians should therefore

be concerned with developing suitable techniques for analysing such data.



The transform approach to fitting stochastic models is discussed in Chapter 5. Our con-

sideration of this topic is very general at first, employing a Quantal Assay model to illustrate the
Lconcepts involved. We argue in this thesis that the Laplace transform is a good choice over a wide
variety of applications, for a number of reasons. Firstly, our work on non-indexed random vari-
ables suggests that an empirical Laplace transform will possess good robustness properties.
Secondly, many stochastic models are often defined by mixtures of exponentials, as is the growth
model mentioned earlier. Given this, the Laplace transform will often take a relatively simple
form, and so is a natural quantity to consider. A detailed investigation is conducted in this chapter
of estimation for a particular member of the class of compartment models, with means described

by a system of linear differential equations giving rise to a model of the form noted above.

We focus on the One-Compartment Open model, which Rodda et al. (1975) considered to
be "probably the most frequently used model for the pharmacokinetic evaluation of drugs”. There
is some evidence that this is still the case. Macheras et al. (1992) were concerned with determin-
ing the fraction of drug remaining in the body at the time of peak concentration, an important
quantity for a medical practitioner to know. Wald et al. (1991), in a study of healthy males,
employed a simple compartment model to describe the movement of Basophils (a type of white
blood cell) between the blood stream and extravascular sites. The question of interest was how
this movement was related to exposure to a variety of steroid. Urfer (1992) used a similarly sim-
ple compartmental system to model the uptake of chemical pollutants from the environment by

living organisms. These examples demonstrate the wide spectrum of problems to which compart-

ment models are applicable, yielding useful information in many disciplines.

The typical approach to fitting compartment models is via non-linear least-squares. Rodda et
al. (1975) were concerned with the robustness of this procedure, finding that it is sensitive to out-
lying observations. They examined the responsc of the least-squares estimators to particular
outlier patterns, chosen to represent what might be reasonably expected in practice. It was
discovered that these outliers could produce effects that would alter clinical decisions. An

Ordered Simultaneous Estimation Procedure (OSEP) was developed as a more robust alternative,



and 1s discussed in greater detail in Chapter 6. Following this work, Frome & Yakatan (1980) re-
emphasized the need for resistant estimates in this field. Rather than obtaining estimates by least-

squares, they suggest two alternatives. The first is to minimize the sum of absolute deviations
between the observed and expected observations. Alternatively, weighted least-squares can be

applied with weights chosen to yield a robust procedure. This approach has the disadvantage that

this choice 1s not unique, and the relative merits of different choices should be investigated.

Before we can obtain parameter estimates via the transform approach we must first construct
an empirical transform, and then select the values of the transform variable at which it is to be
evaluated. In the case of independent and identically distributed random variables, transform con-
struction was trivial. In the present context it is rather less so, and two competing methods
emerge. The first of these is based on Gauss-Laguerre quadrature, allowing an element of experi-
mental design to take place. The second method follows from a Riemann-sum approximation to
the Laplace transform integral. This latter approach allows us to analyse data not collected from a

quadrature-based design. An important function of Chapter 5 1s to compare both of these

methods.

Since we employ the method-of-moments for parameter estimation, some external criterion
is required to select the values of the transform variable at which the empirical and theoretical
transforms are to be equated. We use least-squares as a simple means to do this, and compare
transform techniques with ordinary least-squares as methods of parameter estimation. This com-
parison takes the form, in large part, of a simulation study. However, we also imnvestigate the

efficiency of transforms relative to ordinary least-squares via more theoretical means.

Having discussed a number of computational and theoretical properties of estimation based
on transforms, we move on to consider the robustness of some of these methods in Chapter 6.
Once again, we choose the Influence Function as the principal investigative tool. However, 1t is
not immediately clear how its basic definition may be applied directly in this rather novel setting.
As such, we follow the development of methods for non-indexed random variables described 1n

Chapter 2 by first introducing a sensible definition of empirical, sample-based, influence.
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Following the development of a reasonable apprbach to measuring influence, we show that
it yields the same answer as standard techniques when applied to linear models having fixed
effects. The standard approach, as presented by Cook & Weisberg (1982) for example, 15 a con-

siderably more involved and notably less efficient means of obtaining influence functions than

that developed n this thesis.

In order to find influence functions for moment estimators it is necessary, as for the non-

indexed case, to develop the elementary theory a little further and this is done in a directly analo-
gous fashion to that of Chapter 3. We are then in a position to discuss the results so obtained for a
more general problem than that considered in Chapter S, showing that useful qualitative informa-
tion about the transform-based estimators can be easily discerned. As before, it 1s 1mportant to
compare the different methods of transform construction. We complete Chapter 6 by examining
in detail the influence properties of the transform estimators of Chapter 5 versus those of the

least-squares estimators.
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CHAPTER 2:

INFLUENCE METHODS FOR NON-INDEXED RANDOM VARIABLES.

1. Introduction.

In Chapter 1 the Influence Function was proposed as a natural tool for investigating the
robustness properties of a given statistic. The initial objective of this chapter is to demonstrate
how the Influence Function can be adapted to the transform setting. To do this, we develop some
general rules for calculating Influence Functions. We are then in a position to understand why,

and under what conditions, estimators based on transforms should exhibit robust behaviour.

In section 2 we justify the formal definition of the Influence Function (IF) via the device of
empirical influence. Once it 1s defined, we extend the IF to more complicated and realistic situa-
tions. Section 3 is primarily concerned with describing some useful parameters of the IF. In this
work we are primarily concerned with determining whether or not the IF 1s bounded. As such, we

do not go into too much detail on these; the interested reader is directed to Barnett & Lewis

(1983) pp 140-41.

2. Derivation of the Formal Influence Function.

We have defined the concept of robustness. In practical terms, the robustness of a statistical
procedure can only be judged by exploiting the practical equivalence between robustness and
resistance. As such, we seek to measure the effect of varying the sample values on a given statis-
tic.

We can express this formally as follows: given a random sample X, ..., X, from a distri-

bution F, empirical influence is the effect on f“(X {,...,X,) of adding an extra observation, X

say. The following example illustrates the concept.

Example 2.1.

Let f’(X 1seoesXp)=T (I?’ ) = }_{; where 13 denotes the sample cdf. Thus,
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T(}?)=jx dl?(x) .
Then, letting T denote the "disturbed" statistic

TX,X) = (n+1)" (nX+X) ,
in obvious notation. The effect on T can be measured by the difference

T-T = (n +1)"1(X—)_£:) :
Not surprisingly, this is proportional to (n+1)~', the proportion of contamination in the
sample. Standardizing for this, we define the Empirical Influence of X on T to be
EIX;T)=(n +l){f”—f’} (2-1)
Example 2.1 - continued.

The above definition yields

EIX:X)=X-X .
It is clear from this that X can be made to exceed any finite bound for X large enough.

Example 2.2.

Let T(I?') be the sample variance S for a distribution with unknown mean and variance.

Then, 1n obvious notation

_, _
nS* =(n=1)S*+ nX + X*- (n+1) 1 (nX+x)? .
Thus,

i

§°-82 = (n4+1) (X=X )= n-152
sO that

EI(X:S2) = (X-X)*— (1+1/n)S2 .

The empirical influence is again unbounded, but i1s a quadratic function of the added observation.

The empirical influence depends on X, the sample size n, the statistic T and, 1n general, on
the underlying distribution F. The asymptotic equivalent 1s especially useful since it removes the

explicit dependence on a particular sample. Thus, we define an Influence Function to be

IF(X:T)= imEI(X:T). (2.2)
n—>o0
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Example 2.1 - continued.

The influence function for )_E 1S

IF (X :X) = lim (X-X)

=X—u,

replacing X in the limit by the population parameter.

Example 2.2 - continued.

IF (X:§%) = lim [(X=X)>=(14+1/n)§2}
= (X—p)*- o2 .

Now, we have defined the influence function to be

IF (X:T) = lim (n+1){T-T} (2.3)
n—oo
= lim (n+1)[T{(1= (n+17")F+ (n+1)"14} = T{F}], (2.4)
7l =) OO
where A denotes the atomic distribution allocating all probability at X. Writing e=(n+1)"?, we

find

IF (X:T) = lim ¢! (T{(1-€)F+eA} — T{F}].
€
For n large enough, F may be replaced by its asymptotic dual. Doing this, we arrive at the formal

definition of an influence function

IF(X:T) = lim &7 [T{(1~€)F + €A} ~ T{F}] . (2.5)

We may write this as

IF(X:T) = %[T{(l—e)F+ eA}], (2.6)

evaluated at € = 0. Thus it 1s clear that IF (X ;_'f' ) measures the instantaneous perturbation of 7" due
to an observation X.

To conclude this derivation, note that particular emphasis has been placed on the approach

through empirical influence for two major reasons. Firstly, we avoid presenting a purely theoreti-

cal, unmotivated definition. The examples serve to retain the link with practical considerations.

Secondly, and most importantly, we find later that this approach is helpful when indexed random
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variables are under consideration. A rigorous discussion of influence functions and their proper-

ties 1s provided by Huber (1981).

Two results follow from (2.6) immediately :-

Corollary 2.1.
Let f’ =H (f"), where H denotes some differentiable function. Then

IF (X:Y) = %L;-IF X :T). Q2.7)

Proof
By definition,

IF (X ;f’) = %H[T{(l—E)F+ €A }]

OH 0 i1
= 57 3¢ T {(1-&F +eAj],

where all derivatives are evaluated at £=0.

Example 2.3.

Suppose that we wish to find IF (X ;Y'), where ¥ =log(X). Then H (T) =1og(T), so that

IF(X:Y)=T"\IF (X;T)
= (X—H) ,
replacing X by M in the limit.

Corollary 2.2.

LetT =(Ty,...,1, ), then in obvious notation

n P
IF(X;Y)= > oH

92 15X T, . (2.8)
E&EW@.)
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Proof

By definition,

IF (X:Y) = ~—H[T{(1-e)F+€A}]

0

%,
o€
P oH
Z'a—'——[T {(1-e)F+¢€A}]

This provides an attractive extension of the previous result.

Example 2.4.

We use the technique derived above to find the influence function of T= $2/X". That 1S, the

square of the sample coefficient of variation. Write f‘ =H (f’ 1 j’z), where H(T {,T,) =TT 2"'2 SO

that

oH oH
a IIF(X T1) + T

=T, 2IF (X;T1) - 2T\ T, IF (X ;T 5)

IF (X:T) = 2L IE (X T,)

= P2 [(X - p)*- %1207 (X - ).
The same result may be derived via empirical influence, but the result is far more easily obtained
in the manner described above. Note that it 1s obvious from the above that an extension to non-
identically distributed random variables is readily available. We do not pursue such an extension

here since it is not of importance to this thesis.

3. Properties of Influence Functions.

This section divides naturally into two distinct parts. In the first, we look at some statistical
properties of the IF. Secondly, we define some useful parameters of the influence function and

discuss what is meant by robustness in the influence context.

3.1. Statistical Properties of the IF.

In this section we discuss the theoretical foundation for the study of influence functions.

The core material presented here has been abstracted from several sources. Barndorff-Nielsen &
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Cox (1989) pp 189-192 set their discussion in the context of generalized notions of differentia-

tion. Cox & Hinkley (1986) pp 345-46 provides a good introduction to the theory of mnfluence

functions. Greater detail is provided by the standard references Huber (1981) and Hampel et al.

(1986).

Now, 1t 1s readily shown that F(z) is uniformly consistent for the true distribution F (z :0).

Therefore, provided T(.) is continuous, T=T (13) 1s consistent for T (F). Note that T is by

definition Fisher consistent.

The behaviour of T relative to ® depends, then, on the behaviour of T (13 T (F), where ﬁ(z)
1s a consistent and asymptotically normal estimate of F (z;0). When F (z ;®) is discrete, we can

make a Taylor expansion of T(I? 1 (F) 1n terms of derivatives of T (.).

However, where F (z ;0) is allowed to be continuous, a more general Taylor expansion is

required in terms of von-Mises derivatives. Here the fundamental concept is that T [(1—- €)F+ eH ]

1s a differentiable function of €, and the first derivative of T (.) w.r.t. F at z, denoted by IF (X ;f‘ )

1s defined by

lim ﬂﬂ—"—%&@ = [IF z:T)dH 2). 2.9)

£—0

Alternatively, /F (X ;f‘ ) is given explicitly from (2.9) by choosing H as the atomic distribution
allocating all probability at X.

Result 2.1.

By definition (2.9),

[IF (2 :T)dF (z:©) = 0. (2.10)

We therefore obtain the expansion

T [(1- e)F+ eH] = T (F)+ €)IF (z;T)d [H~F }(z)+ O (¢%)
= T (F)+ &) IF (z :T)dH (2)+ O (€2), - (2.11)
on applying the above result. Thus, withe=1and H(z) = ﬁ(z F (z ;©) we obtain

T (F)=TEWIF (z;T)dF (2} 0, (n™). (2.12)
The above follows from (2.10) and by noting that JE’ (z)-F(z;0)1s Op(n -1 2). Finally,
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T(F)-T(F)=n"' S IF (X;T)+ 0,(n™"), (2.13)
i=l

given observed data X4, ...,X, from F. Thus, the random variables JF (X j;f") are 1.1.d. with zero
mean (Result 2.1) and variance given by

Result 2.2.

V(TiF) = |[IF (z.T)]%dF (z :©).

Thas result gives us an often convenient means for calculating asymptotic variances. Indeed, it is

often far more efficient than the delta method for example. Result 2.1 provides a check that a cal-

culated i1nfluence function is valid.

By the Central Limit Theorem, we obtain the asymptotic result

T (F)~N(T(F),n"'V(T:F)). (2.14)
We may extend this to the multi-dimensional case as

T(F) ~ MVN(T(F),n~'V (T3F)), (2.15)

where

V(TF) = JIF XT)IF (X TYdF (X:0) (2.16)

with the expectation carried-out element-by-element. Note that
IF (X;T) = (IF (X;T1),. IF (X:T,)Y.
Example 2.1 - continued.

Recall that IF (X ;X) = X— W, so that

nvarX)= | (X—widF X)

— 0‘2
Thus, we see that Result 2.2 can yield exact results as well as approximations. In particular, the

expression so obtained will be exact for statistics which may be written directly as functionals of

F.
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Example 2.5.

We discuss here an extended example to investigate the quality of the approximation we can

expect to achieve using Result 2.2. It differs from the other examples of this chapter in that obser-

vations follow a discrete distribution, the Negative-Binomial.

We mvestigate a particular estimator proposed by Kemp and Kemp (1987), chosen to be

explicit. The Negative-Binomial is parameterized so that the P.G.F. is

I(z) = [1+ g (1-z)]™,
for parameters k,g> 0. Thus, this distribution has mean L = kg and variance ¢*= kg (1+g). We

we denote this by q* . Explicitly, given a random sample X, ..., X, we calculate

q" = @X-X,)/((1- a)X,,)
where a= (k+1)/(k+2) and

- X, X,
Xy=2Xa" fx | 20 fx, ;
fx representing a relative frequency.

Thus we may write ¢ = H (T ,T,,T3), where

H(T{,T,,T3)=a(l- a)_lTl [(TH/T4)—(1- a)-l ,
1In obvious notation. Applying the techniques of this chapter, we calculate

. -1 3 aH A
IF(X:g )=a(l-a) }:—-—aT_ IF (XT;)
=1 '

= a(1= @) YT 3/ToIF (X;T =T 1T3/To2IF (X;To)+T 1 /THIF (X ;T 3)}.
Now,

T1(F)y=W,
T,(F) = |XaXdF (X)
~ dll(z=a)

-4 0z

= T, (F) = apu[l+g (1-a)]**V |
T5(F) = |aXdF (X) = [1+g (1-a)]™*.

Since these functionals are all of the form



T:(F)= | £(0)dF X) i=1,2,3,
(2.6) yields

IF (X;T;) = t; X)~T;(F).

Bringing these results together, we obtain an expression for IF (X .q" ). We concentrate now on

the particular example k=5, q=0.2. Using the result

n var(q") = JIUF (X ;q*2dF (X)
we find

var(q )=3.4/n .

We can examine this approximation by means of a simulation study. This is especially easy

to do since, if X has a Negative-Binomial distribution, then

k
X=YY;, ¥Y;~Geo((1+q)™")
1=1

In this parameterization. The simulation results are summarized below, obtained from 1000

repetitions 1n each case.

Table 2.1. Simulation Study of var @)

n n.var
10 3.03
I 25 3.08
50 3.11
100 3.16
' 1000 3.32

We see that the approximation is very good, even for a sample as small as ten.
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3.2. Useful Parameters of the IF.

3.2.1. The Gross-Error Sensitivity.

Thus 1s typically denoted by v and is defined to be

Y(T') = s? IF (X;T)]|.
As such, y measures the largest, in absolute terms, effect a small amount of contamination of

fixed size can have on T. It may therefore be regarded as an upper-bound on the (standardized)

asymptotic bias of the estimator.

Examples 2.1, 2.2 - continued.

For both X and S*%, y=eo. Thus the effect a contaminant can have on these statistics is

unbounded.

3.2.2. The Rejection Point.

Suppose that 1 denotes a central location point of the underlying distribution F. Then the

rejection point, p, 1s defined by

IF(X;T)=0 for |X-p|2p.
That is, observations greater in magnitude than p from p have no effect on T.
It is possible, and examples of this will be encountered in later work, for |IF (X ;f’)| to be
small for |X— | large. In this case p is infinite, but outliers have little effect on the estimator.

Indeed, since outlying observations have similar influence to observations nearer W, it could be

said that outlying observations are brought into the procedure rather than rejected.

3.2.3. The Local-Shift Sensitivity.

We measure here the effect of small fluctuations in the observations, as happens in round-
ing, grouping and Winsorizing for example. Intuitively, the effect of shifting an observation from
X to X’ can be measured by IF (X’;f")—IF (X ;f‘ ). The standardized effect of this shifting can be

described by the slope of the influence function between X and X’, motivating the definition

B(f") =§g | (IF (X’;]’:)—IF (X;f))/(X’—X) F



21

where B(.) denotes the local-shift sensitivity.

3.2.4. The Breakdown Aspect of Performance.

The breakdown point, b(T'), is the smallest proportion of contamination which can cause T

to exceed all bounds.

An excellent discussion of these quantities is conducted in Hampel et al. (1986). In this
thesis we will be primarily concerned with what we term influence-bounded robustness (IBR). A

statistic possesses this property iff the following condition is satisfied

IF (X;T)|< M, some McR™. (2.17)
This definition of robustness is open to some debate. Indeed, Miller & Halpern (1980)

impose the condition that the IF should tend to zero as | X | becomes large. Whilst this is in general
desirable, it 1s perhaps too restrictive in the transform setting. In particular, when characteristic

functions are employed in moment estimation, the resulting influence functions are by implhcation

infinitely-oscillating.

Armed with the work of Chapter 2, we are now in a position to investigate techniques for
estimation based on transforms. We focus on two of the most important of these in the next

chapter.
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CHAPTER 3:

ROBUSTNESS OF EMPIRICAL TRANSFORM TECHNIQUES.

1. Introduction.

The IF has been proposed and developed as a tool for investigating the robustness of statist-

ical procedures. We now apply these methods to a study of techniques based on empirical

transformes.

It 15 a feature of transform methods that they really come in three parts. In the first, we con-
struct an empirical transform from observed data to estimate its theoretical partner. Secondly, we
must apply some method to extract the information conveyed; two such methods are explored
later 1n this chapter. Lastly, but by no means least, we have to choose the values at which to
evaluate the empirical transform. In moment estimation, we must apply some criterion, usually
based on variance, to do this. Integrated-distance estimators are formed by combining the second
and third steps, thus avoiding the need for some external criterion, an appealing feature of this

class of estimator.

In section 2 we formalize our study of empirical transforms and investigate their influence
behaviour. Section 3 is devoted to a study of integrated-distance methods, particularly when the
measure of distance employed is the square of the /, norm. This is known, for obvious reasons, as
Integrated-Squared-Error (ISE) where the transform of choice is the empirical characteristic func-
tion (e.c.f.). The third section brings perhaps the simplest transform technique, moment estima-
tion, under investigation. We see that this method, although often easy to apply, 1s lacking in the
flexibility offered by ISE. In contrast, the work on moment estimation demonstrates the great
range of applications that the influence methods developed in this thesis have. The final section
provides further evidence of this. Here we see that it is possible to find influence functions for

estimators defined by really quite general estimating equations. The central themes of this chapter

are discussed by Campbell (1992).
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2. Influence for Empirical Transforms.

Given a distribution function F(x;0), for parameters ® = (6,, . .. ,Gp )Y, we may define a
transform by
G (s:0) = | g (5. X)dF (X :©). (3.1)

Here g (s,X) is known as the kernel of the transform (Feuerverger and McDunnough, 1984). For

example, choosing g (s,X)= e¢** we obtain the moment generating function. For a random sample

X1,...,X, from F, the empirical transform is defined as

G(s) =] g (s.X)dF (X)
=n"'¥ g(s.X;). (3-2)
j=1
Note that, by definition, we have convergence in probability of G to G. Aspects of estimating sta-

tistical functionals are discussed by Hall & Johnstone (1992).

The influence function of G is easily found as

IF (X;G) = -a% |2 (5, X)d[(1- e)F+ eA]
= Jgs.X)d[A - F]

=g (5,X) — G (s;0). (3.3)

This 1s a general result for functionals which may be expressed in the form (3.1).

It is clear from (3.3) that the influence behaviour, and hence robustness properties, of G are
determined by the form of the kernel. In the theory of M-estimators, considerable work has been
done on the choice of estimating equation required to yield given influence properties. The above

result shows that we are able to do this in the transform setting also, the key quantity being the

transform kernel.

3. Integrated-Distance Methods.

This method seeks to minimize a measure of distance, d (é,G) say, between the empirical

and theoretical transforms. Before minimizing, the transform variable 1s integrated-out to leave a

quantity involving the data and © alone. The ISE estimator, @ of ® is found, then, as



h (é) = mein J d (é,G)w (s;\)ds. (3.4)

It 1s usual, as above, to include a weight-function in the integral. This 1s done firstly to
ensure integrability and, secondly, to make the integration easier or even possible. Note that there

is a free parameter, A, open to choice. We will investigate the role it plays in this technique dur-

Ing the course of this chapter.

The most common form for the distance measure is

d(G,G)=|G(s) - G (s:0)|P. (3.5)
for pe R™. The most popular choice seems to be p =2, resulting in ISE.

Turning now to the choice of weight-function, the published literature contains references to
two major categories. In the first, we choose w (s;A) to be a Heaviside-type function, so that we
restrict attention to a finite collection of points. This scheme was followed by Quandt and Ram-

sey (1978), who employed

1 1fseS

w(s)= O otherwise.

We concentrate on continuous weight-functions here and return to the subject of discrete weight-

functions later mn this chapter.

We focus now on a study of ISE and, in this context, the transform of choice 1s the e.c.t.,

some properties of which we discuss next.

3.1. The e.ctf..

The e.c.f., denoted by $ has kernel function

g (5,X)=e"%, (3.6)
so that
o(s)=n"1 3 e
j=1
= IE (s)+ i;(s), say. (3.7)

We see from this that outlying values are trigonometrically reduced. Explicitly, we find by stan-
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dard methods that

IF (X:R) = cos (sX) — Re (s :©)
IF (X ;1) = sin (sX) — Im 6(s ;0), (3.8)
replacing ¢ by its theoretical partner ¢. We see that R and ] are Influence-Bounded-Robust (IBR).

The e.c.f. has found many diverse applications, of which we can mention but a small subset
here. In Csorgd & Heathcote (1984) it is employed in tests for independence, symmetry and nor-

mality. They also investigate a test for stability, an important application of e.c.f.s since the

Stable Laws are, in general, expressed only through their characteristic functions.

A number of researchers have applied stable distributions to practical examples, so this dis-
tribution is of more than just academic interest. It has found uses in the modelling of stock price
data; see for example Mandelbrot (1963), Fama (1963, 1965) and Koutrouvelis (1980). More
recently, it has been employed by Brockwell & Liu (1991) in a Time Series application. They
sought to estimate the parameters of the noise model when it was allowed to follow a stable dis-
tribution. Remaining in the Time Series setting, the e.c.f. was used by Chan & Tong (1990) to

show that an autoregressive model for the lynx data would be inappropriate.

The sequence { é(s):n =1,2,...} has a number of important properties. We begin with a result

from Feuerverger and Mureika (1977): for fixed T <oo, we have the convergence

Pr{lim sup | d(s) — 0(s) 1= 0}=L. (3.9)

Nn—yco |si<

Because &(s) is a trigonometric polynomial, it is essentially periodic and hence must
approach its supremum value $(0F1 arbitrarily often as |s | — oo; as for example when the distri-
bution function F (x) is absolutely continuous. This uniform convergence cannot therefore be

extended to the whole real line in general, although it can be when F (x) is purely discrete. In this

Casc .

Pr{lim sup 1&(s)— d(s)1=0}=1. (3.10)

n—yoe |s5| oo

Proof

By the Strong Law of Large Numbers, if X is a discrete random variable taking values {x;/
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with probabilities {p;}, then in obvious notation

10(s) = 6(s)| = | (P pe)e |
k
S E Iﬁk"’ J 4% |
k

— 0 (a.s.).

[

Feuerverger and Mureika note after this proof that "The connection between the e.c.f. and
kernel-type estimators of probability density functions makes it possible to apply results in den-
sity estimation to the e.c.f.". The link between ISE and density estimation was demonstrated via
Parseval’s Theorem (see Appendix I) by Heathcote (1977). He suggested that the smoothing
implicit in density estimation is responsible for some of ISE’s desirable properties. He gives in
particular an example where no global maximum likelihood estimator is possible, although a con-
sistent local one does exist, but the ISE-estimator 1s well-defined. We argue here that this a result
of employing the e.c.f.. The influence function approach, as we see later, enables us to obtain an

explicit interpretation for A beyond that which is possible via the density estimation route.

Returning to consideration of the sequence { &(s )}, we may form

Y, (s)=n"2{¢(s) — &(s)] (3.11)

to be considered a random complex process in s. This was discussed 1n Feuerverger and McDun-

nough (1981), employing the multidimensional central limit theorem to show that

Y, (s1),....Y,(s,)} converges to {Y(s{),....Y(s,)} given that E(,(s))=0 and
E(Y,(s)Y,(£))=0(s + t)—0(s)(¢) exists.
The results depicted here demonstrate that the e.c.f. is a well-behaved function, and likely to

be of considerable statistical use.

3.2. Robustness of ISE Methods.

The ISE function is defined to be

oD

R(®)= | 10(s) - 0(s:0)1%w (s:A\)ds (3.12)

OO
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where ¢(.) denotes the characteristic function. With regards estimation, we note that the ISE-

estimator ® is such that

h(é)=m@in h(®)

which 1s found in practice as the solution of

oh(©) .
=0 j=1,....p. (3.13)
09,

Heathcote (1977) shows that, in the regular case allowing for interchange of Integration and
differentiation, there exists a strongly consistent solution to the system (3.13). Under these mild

regularity conditions, equations (3.13) may be written as

0 ol

J[(R R)E): (I—I) ]w(s Ads =0 j=1,...,p, (3.14)

where R=Re¢(s,0) and I=Im¢(s;B). Note that equations (3.14) follow readily on rewriting

(3.12) as

h(®)= | {R =R+ d-1?w(s:\)ds .

We go on now to investigate the robustness properties of . The following example begins

this process with an intuitive discussion of ISE’s resistance to outlying values.

Example 3.1.

Suppose that X,,...,X, are independent N (0,1) random variables. Let w (s)=1, then we

may write the ISE function in terms of the data as

h(X) = gl/2[1= n=123/2 ze-xjfz]

j=1

in obvious notation. Now, if we leave-out the ith observation then 4 (.) becomes

h(X i) =7"*[1- (n —1y 1232y X2,

]#
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=>hX))-hX)= n~1(8m)!/?] e'X"?/2 — (n-1)"" Ee-x’/z

J#i

We see that the effect on the ISE surface of leaving out the ith observation is bounded. This

Suggests an intrinsic robustness of the integrated-squared-error technique to outlying observa-

tions.

We can make this intuitive treatment precise via the following

Theorem 3.1.

Under the same regularity conditions as Heatcote (1977), the ISE-estimator ® of ® has

influence function
IF (X:0) = x"11(X),

where

J[aR aR dl dl

89 3, 89 36, — w (s ;A\)ds i,j=1,....,p

(K)l ]

and

[1X)]; = f[ IF(X,R) aael IFX:Dw(sAMds  j=1,...p.

Note that /F (X ;I%) and IF (X ;; ) are as defined by equations (3.8).

[
We see that © possesses bounded influence provided R and 7 are both uniformly differenti-

able w.r.t. to each of the 0;s, j=1,...,p. As we shall see In an example to come, the sensitivity of

the technique is controlled by A.

The proof of this theorem first requires the following



29

Lemma

Suppose that a statistic is defined by

Y =_[T(1€";s)ds .
Then, by definition

IF (X;f) = %[Y{(l— E)F+€eA}]

_ 9
== |T((1- e)F + eA }ds

9

e T{(l— E)F+€A; s}ds

SO that

IF (X;Y) = |IF (X :T(s))ds .

[]
Applying this lemma to (3.14), we find the jth influence equation
ol
J[ {IF(X .R) — 2 IF(X 0,)} + =~ {IF (X .7 —
9,
Z IF 0. & 0. I w (s ;A)ds = j=1,...,p.
This provides a vivid demonstration of the flexibility of the influence tools developed in
Chapter 2. Now, rearranging the above equations we find
oR aR dl dl
IF(X; —
Z X:6; )[I(ae o6, * 90, 29, (1=
ol .
J[ IF(X,R)+ Ty 2 IE X I)w (s \)ds i=1,..p.
That 1s,
P " .
Y ()iIF(X30,)=[tX)];, Jj=1,..,p.
i=1
[

This result may not provide a particularly efficient method for calculating influence func-
tions. However, it does establish why ISE methods, based on characteristic functions, are robust.

The key, once again, 1s the choice of transform.
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Corollary

We note that, by standard theory,

var(©)=n1 | IF(X; © JIF (X; ® YdF (X)

=n! | GOy (Y dF (X)
We see from its definition that x is symmetric, so

var(®)=n"'x 1z 1.

where X 1s the dispersion matrix of 7(X).

This corollary corresponds to a result found by Heathcote (1977), although it follows more
readily via the influence function technique. In the following example we illustrate the efficiency
and robustness properties of ISE via a particular case.

Example 3.2.

Suppose that we have a random sample from a N (11,6°) distribution available, where 67 is
assumed known. We choose the weight function w(s)=e""2"2; this Gaussian form is a popular
choice used by, for example, Paulson et al. (1975), Heathcote (1977) and Paulson & Nicklin
(1983). This popularity seems to be due to two major reasons. First, the Gaussian form is well-
known to Statisticians and so likely to be chosen for this application if no decision rule is obvi-
ous. Second, it 1s a valid characteristic function. Thus, applying Parseval’s Theorem to the ISE

function gives w (.) an interpretation as a smoothing density function.

Recall that

isp—s G 12

O(s;u,0)=e
so that R = e"z"z’ 2cos(sp,) and /= e"’z"z’ zsin(s i). Thus

IR = — se"""z"z’zsin(sp) ,

and
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It 15 straightforward, if rather tedious, to show that

T = (21.:)1/2(0.2_!_27\"2 )—3/2(X _u)e-— 0.5 (X—-].L)z / (Gz+21.2) ;
— 2—3/2(2n)1/2(02+l2 )—3/2
yielding

23 /9 (T O +x2 )
GE4+2A7
on applying Theorem 3.1. This result may also be obtained from the theory of M-estimation,

IF (X ,ﬁ) — 3/2(X—p)€_ 0.5 X—p)° / (6’ +20%) ,

employing a similar amount of effort. Such methods are discussed in the standard texts Huber

(1981) and Hampel et al. (1986).

We see that the ISE-estimator is robust to outlying observations, whereas the usual estima-
tor, the sample mean, is not (Example 2.1). By decreasing the value of A, we reduce sensitivity to

these observations, giving us some control over this procedure. This is depicted graphically, in

Figure 3.1 below, forp=0and 6 =1.

Note that

lim IFX;p)=X-u
A—eo

= IF (X :X).
Thus, for large A, |1 behaves as X. The reason for this becomes obvious when we note that the ISE

estimating equation 1s
¥ (X;—1) exp[- 0.5 X;—1)*/(6%4+20%)] = 0

j=1
and for large A this becomes

T (X—p)=0

j=1
=>u=X.
We therefore have the concrete interpretation for A that it controls the robustness of this pro-

cedure. To obtain maximum robustness, we choose A = 0. For less protection against outliers, we
allow A to become larger. An alternative interpretation, in terms of density estimation, is dis-

cussed in the next section.



Figure 3.1. Influence function for ISE-estimator of normal mean;

solid line, A = 1: dotted line, A = 3.
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Turning now to matters of efficiency, assuming uncontaminated data, we find the asymp-

totic efficiency of U versus X by applying Result 2.2. In the particular case =0, 6 =1 this is

—;— (1420%)* 2 (342022 (14A2) 3 .
Even when the data are uncontaminated we obtain 90% asymptotic efficiency when A =1, a value
providing substantial protection against outliers. When A = 5, {1 attains 99.9% efficiency but pro-

vides an estimator lacking in robustness. The trade-off between efficiency and robustness is a

recurring theme of this thesis.

Taking these facts concerning robustness and efficiency together, ISE seems to provide an
ideal robust estimator in this case. At the true model, it can attain very reasonable efficiency
whilst also being robust to outlying observations. Note that this robustness is very strong here,

since jI is IBR with M = 0. Away from the true model, as we shall see in Example 3.3, [i can

become more efficient than X. This is what a robust estimator must achieve to be of practical use.

However, given uncontaminated data, |1 is necessarily inferior to X as an estimator for . To
complete the picture, we investigate the behaviour of [ versus X in the presence of contaminated
data via the following

Example 3.3.
Rather than observing, as in the previous example, N (1,0°) random variables we assume

that the data are in fact subject to contamination. We model this via the mixture distribution

Fy =(1- €) N (1,6°+ e N (u,36%),
in obvious notation. A contamination model of this sort was suggested by Huber (1981) pp 2-3 as

being physically reasonable.

We compare the performance of |L versus X via the variance ratio

(2 =var (}?)/var(fl) .
Applying Result 2.2, we find after a little algebra that

var (fi) = n 7 62 (A2+02)> A2+ 62122 [(1- )(\*+3/20%) 2+ 3e (V' +7/20°)72]
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SO that

O (1+3e)(A*+ 6% /2)>?
A*+0% ) [(1- £)(A*+3/26%) 32+ 38 (N247/26%)3/2]

Figure 3.2 below is a plot of € against A for three values of 6 on the boundary £2=1.

For large contamination, we see that a small value for A is required to achieve Q =1,
corresponding to a more robust estimator being preferred in this situation. As the level of contam-
Ination falls, we see that A increases and {1 behaves more like X. This clearly accords well with
common sense. We concentrate now on a particular ISE-estimator, that for A=2 say. As ©
Increases, we see that the level of contamination required to maintain Q =1 tends to increase.
This 1s because the data are naturally more noisy, so small to moderate contamination is difficult

to detect. Note that for any particular comparison of p versus X, adding more contamination will

tend to tip the balance in favour of .

The work so far on ISE has first established the source of its apparent robustness, which 1s
fundamentally because estimation 1s based on the e.c.f. Secondly, we have seen that ISE can
compete well with standard methods not only in terms of robustness but efficiency as well. We
have made clear the role played by A in particular. In the next section we offer a further interpre-

tation for this parameter.



e

Figure 3.2. Plot of ¢ against A on the boundary Q
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3.3. An Alternative Interpretation for A.

Returning to the general definition of ISE (3.12), we may write

oQ

h(®)= _[ (s A) —y(s;0,0)1%ds | (3.15)

#

where Y(s;0,A)= (s ;0)[w (s ;A)1Y%. Provided [w (s;A)]"? is itself a valid characteristic func-
tion, then so is y(.). This is certainly the case for w (s ;A)=e A’ , and we assume this to be true for

the general w (.) we employ in this section.

Applying Parseval’s Theorem (Appendix I) to (3.15), we find

h(®)=2r f [8(x;0) — g (x;0,M)dx (3.16)

where g (x ;0,A) has characteristic function Y(s;0,A), and similarly for g(x). Thus

g(x)=(2n)™ I e (s ;\)ds

oD

n .
= -1 Z (2n)._1 Ie_mewxj- 1/2logw (s;A) ds

j=l —00

2 2
We focus now on w (s ;A)=e —A's , SO that

2(x)=n"! 2(2“)_1 je-isxeisxj_m /2 5
j=1 —oo

n
= n -1 Z(ZTCA? )—1/26
j=1

~x=X,)"1(20%) (3.17)

Thus we see that A has a role as a bandwidth in the density estimation problem (3.16).
Large A (lacking robustness) corresponds to large smoothing. For small A (more robust), less

smoothing takes place.

This interpretation for A has been noted by a number of researchers, including Heathcote

(1978) and Bryant & Paulson (1983).

3.4. Choosing a Value for A.

We mention a few ideas here for completeness only. This topic is not central to the aims of

this thesis, so we do not pursue them in detail.



37

3.4.1. Asymptotic Efficiency.

Here we choose A so that asymptotic efficiency exceeds some critical value at the true

model. A value of 90% seems a reasonable guide, yielding a choice of A = 1 in Example 3.2.

3.4.2. Numerical Choice.

One could simply include A as an extra parameter to be estimated, viz:

h(®,\) = min h(8,\).
(6,A)
This method seems rather unappealing in that it adds an extra dimension to what may already be a
high-dimensional search. In addition, we see that A and ¢ are not identifiable in Example 3.2
where we can only estimate the pair (4,1} =6° +2A°)’. This is a consequence of the weight-
function being the characteristic function of a Normal distribution, so A becomes incorporated in

the dispersion parameter of the model. We observe a role for the weight function similar to that of

a conjugate prior 1n Bayesian statistics.

A further criticism of this idea is that it tries to " get something for nothing ". The data are
used to estimate © and also to select the robustness of the procedure. Overall, it seems that an

external criterion for selecting A is appropriate.

3.4.3. Using Parameters of the IF.

It was suggested in Bryant & Paulson (1983) that A be chosen from considerations of

robustness. We discuss here choosing A to minimize the Gross-Error Sensitivity. This technique

is well illustrated by

Example 3.2 - continued.

For this case, it is straightforward to show that

Y= 23/26—1/2(7\'24'0'2)3/2/(27\.2'1'02)
yielding

A

A =2 -1/2 G
= 0.7070c .
This choice of A gives an efficiency of 84% for |1 versus X, slightly less than that achieved by the
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first rule outlined above. This is perhaps unsurprising, since this method places direct emphasis

on the robustness of the resulting estimator.

4. The Method-of-Moments.

The simplest technique for model-fitting is the method-of-moments. Suppose that we wish
to estimate a vector of unknown parameters, ©, as defined earlier. For this method we equate the
empirical and theoretical transforms at each se S ={s4,...,s,} to obtain the p estimating equa-

tions

G(s:) =G (s;; OF)) i=1,...p. (3.18)

Note the explicit dependence on the empirical c.d.f. reflected in the notation used. This is impor-

tant to remember, since © is merely a functional of F, even if rather more complicated than those

we have discussed so far.

We may view the method-of-moments, as noted by Heathcote (1977), as a special case of

ISE, since if we choose
w(sA)=0(s—5;) Sx€S (3.19)
in (3.12), where 8(.) represents the kronecker delta function, then

h(©)= ﬁ 1G(s;)) -G (513 O)12.
1=1

As we normally employ real-valued transforms in this technique, ® results from minimizing

h(©)= S[G(s) -G (si; O .
1 =1

so that we are required to solve the system (3.183).
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4.1. Influence Theory.

Influence functions for moment estimators are found by applying

Theorem 3.2.

Given a well-defined moment estimator ® of ®, we have

IF(X;0)=VF(X;G),
where

[IF(X;G));=IF (X; G(s;)) i=1,...p;
[IF(X;0)1;=IF(X;0;) i=l,..p:

aG(S,')
00,

J

(V)‘J = i,j=1,...,p.

Proof

For the ith equation of system (3.18) we may write-down the influence equation

FX:G)=¥ 9G (51
T 5 00;(F)

where we employ the notation G; = G (s;) as convenient. Bringing these p influence equations

IF (X30;),

together, we may form the single matrix equation

IF(X;G)=V IF (X;8).
We note that V is a Jacobian matrix, so given the context it seems valid to assume that V is non-
singular. Thus,
IF (X; 8) = V'IF (X; G).
L]

It is clear from this that the parameter estimators will inherit the influence properties of the
empirical transforms employed. In particular, ® will be IBR (see page 21) iff G is. Note further
that IF (X ; é ) 1s an elementary calculation, and so IF (X ;(:)) 1s generally easy to calculate for
moment estimators, even if no explicit solution for © exists. The calculation of V is especially

easy now that symbolic algebra packages are readily available.



Example 3.4.

Suppose that a random sample of n observations is available from the N (u,0?) distribution.

We base estimation on the moment generating function in this example, so that the estimating

equations are

A;I(s;) = exp(s;fl + s%cz /12) 1=1,2.
As a first step, we obtain the first row of V since, by symmetry, we can then fill-in the rest
of the matrix to obtain

siM(s1) s3/2M(sq)

V= SoM(s2) s5/2M(sy) |’

By elementary methods we obtain, 1n obvious notation,

IF(X; M )= (" = M(s).e"*-M(s,))
so that after inverting V we obtain, on writing ® = (i1,0%)’

52 s X 1 s. X
e ' =Mq)— e =M
R , SIMI ( 1) S2M2 ( 2)
IFX;09)=(s2—51) 5 ;
S, X 2 s, X
e =M,)— e ' -M
sM - ( 2) s1M 4 ( )

it is straightforward to check that £ [/F' (X ;é)] = 0.

It is instructive to verify this result by only allowing ourselves access to elementary

methods. The first step is to solve the estimating equations for 1L and 6°. We can do this explicitly

here, but this will not always be the case. Thus,

5182(s2—s A =s3log M, - stlog M,

and
2 2 _ ’ A
s10° =2 [logM | — s},
yielding
S% X Sll, S, X
$1526 2= s IFX;p)=—— (""" =M —(e*" —M3)
M M,
and

S%/z IF(X;GZ) =M1_IIF(X; Gl)"'SIIF (X;l:i)
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giving the earlier result when simplified.

This example was really very easy to verify. This is not so easy to do 1n the following case

which demonstrates the usefulness of these methods.

Example 3.5.

We look again at the Negative-Binomial distribution as parameterized in Example 2.5. The

estimating equations are

II(z;)) = [1+ (1-z,)g]*  i=1,2.
Writing w;=1+ (1-z;)q and employing the notation I;= I(z;), we form

- k(1-z 1 )W-l-l Hl k'll'Il log Hl
V =
—k(1-z,)w3' T, k™ Ilogll, |
Now,
. z{ =1,
IF(X;E)= sz —H2 .
We find, in particular, that
. IL[z{-TI1;]log IT,-TIT, [z &£ =TT, Jlog IT
IFX:4)= 2[zi =111 Jlog I1,-11, [z5" -1, ]log IT,

kII1 Hz log[H]{ 1-z,)/w, 1_[;(1-21)/wl

We have no other means available at the moment to verify this result. Later in this chapter

we develop further methods which will allow us to do so.

4.2. Variance Considerations.

Appealing to equation (2.16), we have the definition

n var(é) = Ep[IF (X ;é)IF (X ;é)']
= Ep[ V-UIF (X;:G)IF (X;GY(VY ]
=> var(é) = n"IV"lvar(é)(V'l)’ . (3.20)

Thus, given var (é ), measures of error for parameter estimators are easy to calculate. On this
point, the dispersion matrix of transforms of the form (3.1) is very easy to find, as follows.

cov (é;,éj) =n"*cov[Y g(s:1.X,), ¥ g (87,Xm)]
m=1]

r=1

= n_2 E cov|g(s;,X,),g (SjaXm )]

r,m=]
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=n"* 3 [Ep(2(5:X,)8 (5/:Xm))-GG;] - G2D

r.m=]

Eplg (5::X,)8 (5, X)) = [ (s, X0g (5. X)dF (X)
given that X, ..., X, are identically distributed. The result of this integral depends on the form

of the kernel, and can typically be written in terms of G itself. For example, when the transform
of nterest is the characteristic or moment generating function then the integral is G(s;+ s;). The
probability generating function is rather different, yielding G (s;s;). Clearly var (é) 1S Very easy to

find for standard transforms.

Returning now to (3.20), we note that this result corresponds to that obtained by standard

techniques, since applying the delta method yields

- BG E)G
var[G(0)] = lJZ‘,lcov(G,.,B 30, 89

This 1s an approximation for var(g_), where the influence technique yielded a solution directly for

A

©.

4.3. Choosing s.

In this section we consider choosing the optimal value of s, s " say, by minimizing the vari-

ance of resulting estimators. In the general p-parameter setting the criterion we apply is that of

generalized variance, denoted by gv (.), so that

gv(s )=min Ivar(é(_{))l (3.22)
in obvious notation. Recalling (3.23),
gv(ﬁ* ) = min IV"lvar(_é_)(V"l)’l
where explicit dependence on s has been suppressed for ease of exposition. Thus,
gv(s* ) = min Ivar(é)l VI~ . (3.23)
2 ; =
We see that s * can be selected even if © is not known explicitly. This method will be used exten-

sively in Chapter 4.
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One of the problems with this technique is that the objective function of (3.25) depends on
the unknown parameters ©. We can overcome this difficulty by substituting O for ®, much as an

estimated standard error is used in the standard t-test when the population variance is unknown.

We mvestigate this in an example to come.

We take the opportunity here to note an interesting phenomenon of this work, which is best

1llustrated by

Example 3.6.

Suppose that X, ..., X, is a random sample from the exponential distribution having mean

A~l. Then

o(s;A) = (1—=is/A ).

Using the method of moments, based on the ratio of real and imaginary parts, we find

i(s) =5 ) cos(sX;)/ 3 sm(sX;)
J=1 j=1
and subsequently by the method of influence functions that

varA) = n~ 1+ 5121+ 2s2)(1+ 452y

This suggests that we take s "= (. We see that the reason for this is because

A =-1
lim A(s)=X ,
s—0
the m.l.e. for A, which attains the Cramér-Rao lower bound. Thus we can only make a degenerate

choice of s 1n this case.

Based on examples, this seems to happen only for one-parameter cases where the m.l.e.
results as a moment estimator, and so includes all members of the exponential family. We can

justify this by the following semi-intuitive argument. The estimator concerned results as the solu-

tion of

0(s) = &(s; 6)

so expanding the characteristic functions we obtain, for complex Kk,

_ 14 isX+ (is)?k = 1+ isp(O)+ (is )2k (® )
—> X— @)+ is (k— k(8))=0



and letting s— 0,
X =u0).
S0 we find that 6 arrives as the solution of the first moment equation. In many cases this coin-

cides with the m.l.e. of 6, so that variance-based methods become degenerate.

We note here the possibility of this extending, in a very special case, to the general p-

parameter setting. If cov (é,-,é iy=0 Vizj, then

Ivar(_é)l = f'[ var (é,-(_sl)) :
i=]
This suggests that we can minimize the generalized variance by choosing s = 0. However, this is
unlikely for at least two reasons. First, it is rare for all parameter estimators to be uncorrelated.
Second, the earher argument suggests that this phenomenon only extends as far as the first

moment; higher-order moments appear to be exempt. This is a problem which may benefit from

further theoretical work, but 1s somewhat outside the remit of this thesis.

5. Extensions to Influence Theory.

In this section we extend the influence theory we have developed in two distinct ways. The
first is an extension of the method-of-moments to transforms which cannot be easily written in the
form (3.1). Secondly, we demonstrate the range of application of our methods by applying them

to really quite general estimating equations.

5.1. Non-Standard Transforms.

Consider the general set of estimating equations

Vi =vi(s; ©F))  i=1,...p. (3.24)
One choice of v, justification for which is provided in Appendix II, 1s

Y; = \V(i-l) i=1,...,p,
with the superscript (i—1) denoting the (i —1)th derivative w.r.t. s. Note that we take the case i =1

to mean the function V itself.

Clearly the earlier work applies, and we have the result
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IFX;:0)=VUFX; V), (3.25)
where -
ov;(s)
V). = =
( )z] aej l,] 1,...,p
and
[ IF (X ; _Q“_;]i =IFX;vy;) i=1,..,p. (3.26)

It 1s this vector of influence functions where the real difference occurs. To calculate the elements

we typically have to apply a little more effort than for standard transforms, as we shall see in
Chapter 4. The following example provides a problem which fits into this general framework, but
where the influence vector is easy to calculate. We take this opportunity to bring together all the
strands we have discussed thus far and, in addition, to make a comparison in terms of both robust-

ness and efficiency with maximum likelithood. As such, this is a very important example.

Example 3.7.

A number of researchers have used transforms to fit the stable laws. For example, Paulson et
al. (1975) and Koutrouvelis (1981). Koutrouvelis (1982) considers the Cauchy distribution in par-

ticular, which we discuss here.

Given a random sample X, ..., X, from such a distribution having location o and scale B,

the characteristic function 1s

¢(S; ®)=eisa—ﬂlsl ’ @___(a’B)r .

We may form the estimating equations as

Re&;(s)=Re¢(s;é)
Im §(s)=Im ¢(s; O ) .

In our notation above, then

Vi(s)=Re ¢(s) and w,(s)=1Im ¢(s).

Explicitly, the estimating equations are
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n
n=! Zcos(sz) = ¢~ Pls 'cos(s& )
Jj=1

n~' ¥ sin(sX;)=e P 'sin(s&) .
ar

v —se Pls| sin(sat ) ~—1Is Ie'B""cos(soc)

se"B'S'cos(soc) i K Ie'B"""sin(soc) "
Note that the vector of influence functions for the transforms is very easy to calculate

because the characteristic function is a complex sum of the sine and cosine transforms of F. As
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