
Digital imaging assisted geometry of chicken eggs using Hügelschäffer’s model 1 

 2 

Valeriy G. Narushina, Michael N. Romanovb,*, Gang Luc, James Cugleyc, Darren K. Griffinb 3 

 4 

a Vita-Market Ltd, Zaporozhye, 69032, Ukraine 5 

b School of Biosciences and School of Engineering and Digital Artsc, University of Kent, 6 

Canterbury, Kent CT2 7NJ, UK 7 

 8 

* Corresponding author. School of Biosciences and School of Engineering and Digital Artsc, 9 

University of Kent, Canterbury, Kent CT2 7NJ, UK. 10 

E-mail address: m.romanov@kent.ac.uk (M. N. Romanov) 11 

12 

Manuscript File Click here to view linked References



 2 

Abstract 13 

Geometrical description of the egg shape is of a great importance in a variety of studies and 14 

can be instrumental in predicting quality traits of table and hatching poultry eggs. 15 

Importantly, developments of non-destructive oomorphological models can drive novel 16 

insights in engineering and physical science and lead to new egg-related technologies and egg 17 

sorting systems for poultry industry. We attempted to test the Hügelschäffer’s egg model 18 

according to which an egg profile curve can be transformed from an ellipse using a specific 19 

parameter w. For this purpose, two-dimensional digital imaging and follow-up image 20 

processing techniques of chicken eggs were employed. The formulae for recalculation of the 21 

egg volume and surface area were consequently deduced from the Hügelschäffer’s equation. 22 

Eventually, we refined the Hügelschäffer’s egg model and proved its applicability for 23 

defining the contours of hen’s eggs. For practical use in poultry industry and food 24 

engineering, the proposed non-destructive methodology can be contributory in defining 25 

accurately the contour of any avian egg and determining such characteristics of the egg shape 26 

as volume, surface area, etc., with an expected potential in designing automated systems in 27 

poultry industry and in egg-related applications in biology, physical science, engineering and 28 

other areas. 29 

 30 
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1. Introduction  34 

The basic principles of biosystems engineering are the analysis, design, and control of 35 

biologically-based systems (Alocilja, 2013). All these require an accurate and acceptable 36 

methodological foundation that would allow the implementation of analytical procedures 37 

with complex and variable biological objects. One of these objects is a poultry egg. Despite 38 

all the efforts of breeders and geneticists to breed chickens laying highly identical eggs, the 39 

variety of their shapes and sizes continues to amaze and create difficulties for scientists 40 

involved in egg-related research. These include poultry researchers focused on optimising 41 

egg incubation conditions, food scientists involved in egg processing and agricultural 42 

engineers that develop optimised technologies and equipment for egg production, incubation 43 

and processing. By virtue of an extraordinary biological diversity of the shapes and sizes of 44 

bird eggs, a specific term, oomorphology, was introduced. 45 

Oomorphology has been a focal attraction and theme in biological, physical and 46 

engineering research due to the following reasons: 47 

1. Competent scientific description of a biological object. If we manage to describe each 48 

egg with a general mathematical formula, the methodical work of researchers 49 

involved in the field of biological systematics, optimisation of technological 50 

parameters, egg incubation and selection of poultry will be greatly simplified. In this 51 

case, to distinguish one egg from another will be as simple as, say, a sphere from an 52 

ellipsoid. 53 

2. Accurate and simple determination of the physical characteristics of a biological 54 

object. The external properties of the egg are extremely important for researchers and 55 

engineers who develop technologies for incubating, processing, storing and sorting 56 

eggs. Currently, the main parameter used for these purposes is the egg mass. 57 

However, in many instances, there is a need to identify and use egg volume, surface 58 



 4 

area, radius of curvature and other indicators that are not difficult to measure if there 59 

is a defined mathematical formula for describing the contours of the egg. 60 

3. Biologically inspired engineering. In terms of applications in bionics, the egg can be a 61 

suitable biological system found in nature to be studied in design of engineering 62 

systems and state-of-the-art technologies. It is not without reason that the egg-shaped 63 

geometric figure is adopted in architecture and construction as well as in shallow shell 64 

and spudcan constructions because it can withstand maximum loads with a minimum 65 

consumption of materials (Lazarus et al., 2012; Maulana et al., 2015; Zhang et al., 66 

2017a; Zhang et al., 2017b; Zhang et al., 2019; Guo et al., 2020). Thus, the study of 67 

oomorphological parameters positively influences not only agricultural engineering 68 

and technology, but also other relevant specialties. 69 

Description of avian eggs and their shapes in mathematical terms (see for review 70 

Smart, 1991) has been stirring the minds of many scholars involved not only in poultry 71 

science and ornithology, but also in engineering, architecture, construction, decoration, 72 

fashion design, vessel manufacturing, etc. If the appropriate equation were to be deduced, it 73 

would be rather straightforward to recalculate such parameters of the avian egg as its volume, 74 

surface area, curvature, and perimeter. In turn, this could give an opportunity to compare the 75 

shapes of different eggs, clutches and species defined with simple mathematical indices, 76 

which can be computerised and are easily processed within any analytical investigation. 77 

Developments of non-destructive oomorphological models assisted by such modern 78 

techniques as, for example, two-dimensional (2-D) digital imaging, have strong potential in 79 

research and industrial applications, and particularly in design of technological solutions and 80 

automated production systems including egg sorting machines. 81 

 82 

2. Theory 83 
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2.1. Geometry of an avian egg 84 

Most authors involved in egg geometry research have leant towards a similarity of various 85 

avian eggs that can be described as an ellipsoid of a slightly distorted shape. Indeed, if we 86 

consider a plane curve obtained by the normal/orthogonal projection of an avian egg, this can 87 

be imagined as an ellipse with a shifted vertical axis along the horizontal one. Preston (1953) 88 

was one of the first scholars to propose a modification of the ellipse equation to make it 89 

closer to the shape of the egg. He introduced a linear formula in the parametric equation of 90 

the ellipse. Later, Smart (1967) made this formula a bit more complicated, and Carter (1968) 91 

modified it in such a way that a scale of the long axis of the ellipse was pulled out towards 92 

one pole and compressed towards the other one.  93 

Reviewing the studies on mathematical transformations of the ellipse equation, Köller 94 

(2000) showed that the classic formula of an ellipse, which is 95 

12
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where the parameters a and b are called lengths of axes, easily transforms into the shape of 97 

the egg if one uses a function t(x), by means of which each y becomes larger on the right side 98 

and smaller on the left side, so the ellipse is transformed into a curve which resembles an egg 99 

shape. 100 
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Köller (2000) also proposed three simple functions t(x) for the above linear distortion 102 

of the ellipse. These functions and the corresponding transformations of the ellipse into the 103 

egg contour are shown in Figure 1.  104 

If we consider the main dimensions of the egg contour as the length, L, and the 105 

maximum breadth, B, so that the variables a and b from Eq. (1) are equal to 106 
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2
La   and 

2
Bb  , 107 

and apply the Köller’s functions t(x), the corresponding formulae for the egg contour can be 108 

expressed by the following three functions: 109 
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 119 

If we now represent Köller’s (2000) three functions, Eqs. (3)–(5), in a graphic form 120 

(Fig. 2), one can notice that the appropriate curves are rather similar and almost coincide 121 

between x values of -1 and 1. 122 

The Pearson correlation coefficients r between all the three functions are high: 0.953, 123 

between t1(x) = 1 + 0.2x and t2(x) = 1/(1 – 0.2x); 0.991, between t1(x) = 1 + 0.2x and t3(x) = 124 

e0.2x; and 0.985, between t2(x) = 1/(1 – 0.2x) and t3(x) = e0.2x. Taking into account these high 125 

correlations and the similarity between the three functions, let us assume that Eqs. (4) and (5) 126 
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give the same result as Eq. (3) and, therefore, only this function, i.e., Eq. (3), may be 127 

considered further. 128 

To check if Eq. (3) is valid for an actual avian egg, it should fit the following 129 

condition: 130 

2max
By  ,      (6) 131 

where ymax can be estimated by equating a derivative of Eq. (3) to zero; afterwards, we should 132 

input the data of x into the obtained formula. The related mathematical calculations shown in 133 

Supplementary Data A suggested that the transformation of the ellipse with the functions 134 

t1(x), t2(x) and t3(x) would lead to an incorrect outcome and cannot be applied for description 135 

of an actual egg. 136 

Cook (2018) proposed a more universal function of t(x), which is  137 

kxxt � 1)( ,       (7) 138 

where k is a coefficient that is determined experimentally depending on the shape of an actual 139 

egg. 140 

Then, the egg contour can be defined with the following equation: 141 
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As was also shown by Cook (2018), for any k the width of the egg, B, corresponds to 143 

the midpoint of the length at which y equals to 0, and that is not the maximum height of the 144 

egg. 145 

In our case, y0 can be calculated after inputting x=0 into Eq. (8): 146 
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Thus, the egg breadth, B, is not the maximum value but appears at the midpoint of L, and, 148 

therefore, Cook’s formula has the same drawback as the one described by Köller (2000). 149 
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 150 

2.2. Hügelschäffer’s egg model 151 

Petrovic and Obradovic (2010) and Petrovic et al. (2011) drew attention to the scientific 152 

heritage of the German mathematician Fritz Hügelschäffer who proposed an egg curve by 153 

employing the process of transformation of an ellipse into an egg contour and shifting the 154 

minor circle along the x-axis from the concentric position to the egg’s blunt end by a specific 155 

distance designated as the parameter w (as reviewed in Schmidbauer, 1948; Ferréol, 2017). 156 

Hügelschäffer’s transformation model is shown in detail in Figure 3 adopted from Petrovic et 157 

al. (2011). 158 

Petrovic and Obradovic (2010) deduced an equation for t(x), which is defined as 159 

2

221)(
a
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� ,     (9) 160 

where w is the difference between the distance from the narrowed point to the maximum 161 

breadth axis and the value of a. 162 

Considering Eq. (9), the final formula for Hügelschäffer’s egg contour will be as 163 

follows: 164 
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This can be rewritten in a more suitable form: 166 
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To test if the Hügelschäffer’s formula has no drawbacks like other examined functions 168 

t(x) and, therefore, has no limitation to its practical use, the value of x = –w, which 169 

corresponds to ymax (Fig. 3), was put into Eq. (11): 170 
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The obtained condition can be applied to an actual egg, so Eq. (11) is valid and useful for 172 

empirical calculations in avian egg studies. 173 

For practical use of Eq. (11), the formulae for measuring the area of the plane curve 174 

obtained by the normal/orthogonal projection of a hen's egg, A, volume, V, and surface area, 175 

S, of an ovoid resulted from the revolution of the Hügelschäffer’s egg contour, can be 176 

recalculated as follows: 177 

1. Area of the plane curve: 178 
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2. Volume: 181 
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Notably, the above formula is very close to the one deduced by Maulana et al. (2015) 183 

who evaluated egg-shaped solids obtained by rotating the Hügelschäffer’s egg-shaped curve 184 

relative to the x-axis. 185 

3. Surface area: 186 
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Detailed mathematical formulations for deducing the formulae for A, V and S, i.e., 189 

Eqs. (12)–(14), are shown in Supplementary Data B. 190 
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To proceed further, the application of Eqs. (12)–(14) requires determination of the 191 

parameter w. The latter can be found directly from an image of the investigated egg by 192 

measuring the distance NC2 (Fig. 3). Then, the distance w would correspond to the difference 193 

between NC2 and the half-length of the egg. However, it is rather difficult to conduct such 194 

measurements in practice. In our preliminary study (Narushin et al., 2020) in which the 2-D 195 

digital images of egg contours were obtained with a high-resolution camera, the egg 196 

maximum breadth corresponded to several points on the egg surface, forming a plateau (Fig. 197 

4). Yet, we were unable to determine the right location of the point C2 to measure the 198 

distance NC2 correctly as its position varied within the interval 180 to 230 pixels. 199 

Therefore, some theoretical attempts to simplify the procedure for the experimental 200 

evaluation of w would be needed. For this purpose, we revised the transformation model 201 

shown in Figure 3 implementing the following amendments: the distance OwG equals the half 202 

value of the egg maximum breadth, B/2; the distance OD corresponds to the value of y in Eq. 203 

(11) when x = 0 and is indicated as y0; and the distance ON is the half length of the egg, L/2 204 

(Fig. 5). 205 

Evaluation of y0 seems to be easier and more accurate than that of the distance OwN. 206 

In this case, the egg length is divided into two, and the egg diameter is measured at that point. 207 

The value of y0 can also be defined from Eq. (11) after inputting x = 0: 208 
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Considering possible difficulties and complications in measuring y0, a more universal 212 

formula for calculating w at any point on the x-axis was deduced using Eq. (11). It was 213 

defined that for any set of x and y: 214 
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The detailed mathematical transformation of Eq. (11) is shown in Supplementary Data C. 217 

When executing this transformation, only the upper half of the egg curve was being 218 

considered. 219 

In theory, the values of w calculated using Eqs. (17) and (18) should be valid for the 220 

values of x for different parts of the egg curve from the point of inflection, meaning that Eq. 221 

(17) defines the values of x at any point on the distance OwN, while Eq. (18) determines the 222 

values of x that correspond to any point on the distance OwM (Fig. 5). However, this 223 

statement needs to be verified further experimentally. 224 

Previously, we suggested a method for recalculation of the egg volume and surface 225 

area via geometrical transformation of an actual egg contour into a well-known geometrical 226 

figure with a shape that mostly resembles the investigated egg under coequality of some of 227 

their parameters (Narushin, 1993, 1997, 2001). Recently, we found that the method of such 228 

transformation under the equality of the areas of plane curves of the investigated egg and its 229 

geometrical counterpart seems to be mostly easy and accurate (Narushin et al., 2020).  230 

For a validated use of the Hügelschäffer’s egg contour model, Eq. (11), the defined 231 

formula for computing the area of its projection, A, Eq. (12), should be expressed as B = f(A). 232 

To perform this calculation, we considered Eq. (12) as 233 

AkBLA � 
9

2

,      (19) 234 

where 235 

�
��

�
�

�
��

 
222222 4667.2

49.1
4

2
4667.2

49.1
wwLLwLwwLL

kA    236 



 12 

2222 4333.1
943.0

4333.1
943.0

wwLLwwLL ��
�

��
� .   (20) 237 

The above equation can be simplified by simulating the data of L and B to L ratio (i.e., 238 

shape index), which would be adequate for the variety of avian eggs, and approximating the 239 

obtained data with a simpler dependence. To achieve a greater accuracy, we limited the 240 

analysis to the data obtained for chicken eggs only. As the typical length of hens’ eggs varies 241 

between 5 and 7 cm and the shape index between 0.70 to 0.78 (Narushin, 1994), the 242 

simulation of a mathematical equation was accordingly carried out by enumeration of 243 

possibilities for the egg length range of 5 to 7 cm with the increment of 0.1 cm and for B/L 244 

with the increment of 0.01. 245 

Mathematical approximation resulted in the following formula: 246 
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L
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Then, 249 
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Thus, to identify B, we should determine the area of the investigated egg, A, and egg 253 

length, L, by direct measurements. Using these two variables, one can proceed with the 254 

geometrical transformation of the investigated egg into the ovoid defined by Hügelschäffer’s 255 

formula and recalculate the maximum breadth, Bt, of the transformed egg following Eq. (23). 256 

Subsequently, estimations of the egg volume and surface area can be done after inputting the 257 

value of Bt into Eqs. (13) and (14), instead of B. 258 
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The objective of this study was to test the applicability of Hügelschäffer’s model for 259 

digital imaging assisted estimation of egg volume and surface area in two consequent steps:  260 

(1) the actual measuring of two linear variables for eggs, length and maximum 261 

breadth, and determination of the distance w using the following formulae: w = OwN – L/2 262 

and Eqs. (16)–(18); and  263 

(2) comparison of the empirical data with that computed using the geometrical 264 

transformation of the egg into the ovoid if its shape is described with Hügelschäffer’s formula 265 

and if the area of the egg plane curve is estimated using Eq. (23) and Eqs. (13)–(14) 266 

accordingly.  267 

 268 

The proposed non-destructive methodology would be useful in practice for the poultry 269 

industry and food engineering to estimate accurately the contour of any avian egg as well as a 270 

number of characteristics of the egg shape like volume, surface area, circumference length, 271 

radius of curvature, area of the plane curve, etc., providing new insights in oomorphological 272 

research relevant to biology, physical science, engineering and design of automated poultry 273 

production systems. 274 

 275 

3. Materials and methods 276 

This study was based on the materials and methods as previously described by Narushin et al. 277 

(2020). Briefly, 40 fresh chicken eggs were purchased from Woodlands Farm, Canterbury 278 

and Staveley’s Eggs Ltd, Coppull, UK. Each egg was weighed, and the length and maximum 279 

breadth were measured. They were also examined to directly measure their volume, V, 280 

surface area, S, length, L, and maximum breadth, B, followed by detection of their scanned 281 

plane curves using 2-D digital imaging and subsequent image processing techniques. For this 282 

purpose, we exploited a digital camera, a non-reflection enclosure with LED (light emitting 283 
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diode) lighting facilities, and a personal computer. The camera (UI-2230RE) has a CMOS 284 

(Complementary Metal Oxide Semiconductor) RGB (Red, Green and Blue) imaging sensor 285 

with a resolution of 1024 (H) × 768 (V) pixels and transmits images to the computer via USB 286 

3.0 data transmission at a frame rate of 25 frames per second. This approach produced digital 287 

images of each egg. The images of the eggs were then processed using MatLab in order to 288 

compute the geometric parameters of eggs under the plane curve, i.e., A, L, and B. To convert 289 

the image dimensions in pixels into an absolute unit (cm), the measured L and B of a 290 

reference template were compared with the same variables from their digital counterparts. 291 

Considering that one of the basic parameters in the Hügelschäffer’s egg model is w, 292 

the following three options for its evaluation were explored: 293 

Option 1. Estimation of the distance OwN (Fig. 5) where the location of the point 294 

Ow on the x-axis was considered to be a middle point of the plateau on the egg curve which 295 

corresponded to the maximum value of y. Using the obtained data of the distance OwN, the 296 

parameter w was recalculated as the difference between OwN and L/2 (Fig. 5). 297 

Option 2. Estimation of the distance y0 with the subsequent recalculation of w by 298 

employing Eq. (16). 299 

Option 3. Estimation of different sets of the values of x and y on the obtained 300 

digital images with the successive recalculation of w using Eqs. (17) and (18). 301 

 302 

4. Results and discussion 303 

The direct measurement of the 40 eggs provided values of their actual volumes V, length L 304 

and maximum breadth B, and the appropriate measured egg variables including those based 305 

on 2-D digital egg images are given in Table 1. The subsequent generation of the egg images 306 

and their processing provided the other data (as analysed in detail in Narushin et al., 2020) 307 
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needed to examine and compare the validity of the three options for evaluating the parameter 308 

w. 309 

 310 

Table 1 – Data of measuring the egg variables and determining the parameter w. 311 

Parameters Max. value Min. value Mean Standard deviation 

Length1, L (cm) 6.00 5.27 5.65 0.19 

Max breadth1, B (cm) 4.59 4.16 4.32 0.12 

Volume1, V  (cm3) 63.63 47.94 55.83 3.94 

Parameter w (cm) 

Option 1 (w = OwN – L/2) 0.282 0.011 0.165a 0.067 

Option 2 (w = f(y0) and Eq. 

(16) 
0.461 0.158 0.280b 0.100 

Option 3 (Eqs. (17)–(18) and 

digital egg images) 
0.249 0.021 0.120c 0.050 

1Data from Narushin et al. (2020). 312 
a–c Mean w values for the three determination options with no common letters differed significantly: a, c with p 313 

< 0.01; a, b and b, c with p < 0.001. 314 

 315 

At first, we examined Options 1 and 2 by computing the appropriate w values. As can 316 

be seen in Table 1, the first two options for measuring w resulted in significantly different 317 

data, and the correlation between these values was 0.130, which is too low and not clearly 318 

showing which of the two methods of w determination is valid.  319 

The recalculations of the w values by employing Eqs. (17) and (18) (Option 3) 320 

verified our assumption to use two different formulae before and after the inflection point by 321 

applying Eq. (17) for the x values in the OwN interval and Eq. (18) for those in the OwM 322 

interval (Fig. 5), on the other hand. An example of the recalculations of w for each possible 323 

measured set of x and y is given in Figure 6. 324 
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Examination of the obtained data for the parameter w using the three measurement 325 

options demonstrated an essential variability of the w values, especially in the areas close to 326 

the egg ends and its middle part. Therefore, the determination of true w values turned out to 327 

be critical for conducting all further recalculations in a proper way. 328 

For this purpose, we performed a graphical visualisation using the egg contours 329 

plotted for the data measured with the imaging technique and the ones recalculated with Eq. 330 

(11) when imputing different w values in the formula. A w value, which shows the full 331 

conformity of two images, should correspond to the true w value, and diagrams in Figure 7 332 

(a–c) illustrate how this process was done. 333 

As shown on an example in Figure 7c, the contours of an actual single egg coincided 334 

with the recalculated egg shape if the w value for this given egg was equal to 15 px. The same 335 

procedure was applied for all the studied eggs that resulted in the following metrics of the 336 

true w parameter (Option 3): maximum value, 0.249; minimum value, 0.021; mean, 0.120; 337 

and standard deviation, 0.050 (Table 1). 338 

The correlation estimates between the true w value (Option 3) and the measured ones 339 

(Table 1) were 0.439 for w = OwN – L/2 (Option 1) and 0.332 for w recalculated from Eq. 340 

(16) (Option 2). Both these estimates appeared to be too low to use for practical 341 

measurements of w. Taking into account that the way of defining the true w values that we 342 

used in this study is too tedious and time-consuming, the following amendments were put 343 

forward to address this issue. 344 

It is obvious from Figure 6 that the w values are smoother within the areas near the 345 

points of L/4 and -L/4 on the x-axis. Based on this, the Figure 5 data were revised and 346 

modified with several additional measurements of the egg width to check which one can 347 

provide the most accurate and meaningful results for recalculating w (Fig. 8). 348 
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The appropriate data of egg widths (y-3L/8 … y3L/8 as shown in Figure 8) were taken 349 

from the 2-D measurements based on the digital imaging that, along with the corresponding x 350 

values accordingly equal to -3L/8 … 3L/8, were put into Eqs. (17) and (18) for recalculating 351 

w. The obtained results are summarised in Table 2. 352 

 353 

Table 2 – Data of w recalculations in accordance with Figure 8 (in cm). 354 

Parameters Max. value Min. value Mean Standard deviation Correlation with wtrue 

wtrue 0.249 0.021 0.120a 0.050 N/A 

w3L/8
 0.334 0.004 0.184 0.072 0.615 

wL/4 0.296 0.010 0.170 0.062 0.659 

wL/8 0.328 0.000 0.184 0.061 0.661 

w-L/8 0.272 -0.012 0.122 0.074 0.648 

w-L/4 0.302 0.007 0.114 0.065 0.721 

w-3L/8 0.258 -0.046 0.055 0.063 0.693 

Mean w3L/8…-3L/8 0.259 0.038 0.138a 0.048 0.915 

Mean wL/4…w-L/4 0.274 0.022 0.142a 0.050 0.881 

a Mean w3L/8…-3L/ and wL/4…w-L/4 values did not differ significantly (p > 0.05). 355 

 356 

The best w prediction and the appropriate greatest correlations were found if we 357 

consider the mean values resulting from all the measurements (Table 2). Overall, the data in 358 

Table 2 gave the better estimation of w than the ones from Table 1. However, because w 359 

should be greater than 0, the minimum values of wL/8, w-L/8 and w-3L/8 reflected an incorrect 360 

condition, and despite their rather high correlation with the true numbers, we discarded these 361 

as alternative measurements for the w estimations. Because of that, the values of wL/4 and w-362 

L/4 seemed to be more realistic having high correlation coefficients with wtrue. The mean of 363 

these values showed a correlation of 0.881 that was high enough for these two measurements 364 

to be used in further calculations. Considering the appropriate two pairs of x and y (i.e., x = 365 
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L/4; y = yL/4 and x = -L/4; y = y-L/4) and inputting these accordingly into Eqs. (17) and (18), we 366 

obtained the formulae for the recalculation of wL/4 and w-L/4: 367 
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Substituting the w values in Eq. (13), we performed the calculation of egg volumes. 370 

The egg volume was also estimated as the geometrical transformation of the investigated 371 

eggs into the Hügelschäffer’s model ovoid under the equality of their areas of the plane 372 

curve, as above explained (see subsection 1.2. Hügelschäffer’s egg model). The comparative 373 

results of the egg volume estimates are presented in Table 3. 374 

 375 

Table 3 – Results of the calculation of the egg volume, V. 376 

Parameters Mean, cm3 
Correlation with V 

measured 

Standard deviation of V 

values 

Error of 

calculation % 

V, actual value 55.83a – 3.94 – 

V1 using the values of 

wtrue 
55.33 a 0.962 4.33 0.89 

V2 using the mean of wL/4 

and w-L/4
 

55.32 a 0.962 4.32 0.91 

V3 using the estimates of 

w = OwN – L/2  
55.31 a 0.962 4.32 0.93 

V4 using the data of A 

and B (Eq. (23)) 
59.57 b 0.953 5.71 6.71 

a, b Mean V values with no common letters differed significantly (p < 0.01). 377 

 378 

These results showed the greatest correlation coefficient (0.962) and the least 379 

calculation error (< 1%) for the egg volume estimates V1, V2 and V3, meaning that the 380 
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recalculation accuracy and congruity for the measured parameter w based on estimates of V1, 381 

V2 and V3 were better than V4 evaluated on the basis of the area of the plane curve. That could 382 

be explained by the fact that Hügelschäffer’s formula describes the egg shape more 383 

accurately, thus the geometrical transformation is not needed. While conducting the 384 

transformation procedure, calculation and measurement errors are accumulated due to the 385 

approximate nature of Eqs. (12) and (23) as well as the conversion of square pixels into 386 

square cm, which was shown to be more inaccurate than that for the linear transformation. 387 

Overall, the results for the volume estimations by means of both measuring and/or 388 

recalculating of w appeared to be sufficiently accurate and almost the same for all methods. 389 

The least calculation error was observed if the values wtrue were used, however the 390 

appropriate mean differences relative to all other w values were insignificant (Table 3). 391 

Therefore, we would suggest that the use of any tested method of w estimation is acceptable 392 

for both industrial and analytical applications.  393 

The recalculations of the surface area of the investigated eggs using Eq. (14) using the 394 

same variables as for the volume estimations are shown in Table 4. 395 

 396 

Table 4 – Results of calculation of the egg surface area, S. 397 

Parameters Mean ± SD, cm2 

S1 using the values of wtrue 60.68 ± 3.27a 

S2 using the mean of wL/4 and w-L/4
 60.57 ± 3.27a 

S3 using the estimates of w = OwN – L/2 60.42 ± 3.24a 

S4 using the data of A and B (Eq. (23)) 62.83 ± 3.69b 

a, b Mean S values with no common letters differed significantly (p < 0.01). 398 

 399 

As there is no direct method for accurately measuring the egg surface area, it is 400 

difficult to state which S from Table 4 is the most adequate and true. However, previously we 401 



 20 

provided theoretical deliberations suggesting that the validity of the computed egg surface 402 

area depends on the accuracy of the appropriate formula for estimating the egg volume, V 403 

(Narushin et al., 2020). The estimated values of S have similar variations as those for the 404 

calculated V (Table 3), therefore we could suggest that any way to determine the surface area 405 

would have the same drawbacks and advantages as methods for estimating the egg volume. 406 

In the light of our findings, we can note some new concepts relevant to research and 407 

applications in biology, physical science, engineering and poultry industry that can be 408 

potentially based on the proposed non-destructive, digital imaging assisted oomorphology 409 

model. First, we have developed a theoretical approach to assess the adequacy of 410 

mathematical equations for evaluating the avian egg geometry including egg shape. Given the 411 

extraordinary number of such equations, with a persistent interest in their creation for almost 412 

two centuries, our approach enabled many of them to be rejected, as they do not comply with 413 

the principles of stability of the shape of the geometric figure. On the basis of this approach, 414 

the Hügelschäffer’s model was selected as an equation that completely meets the basic 415 

principles and requirements for a comprehensive egg shape description. Using the exact 416 

description of the geometric shape of the eggs, the principles of a common engineering 417 

method known as Finite Element Analysis (FEA) have been developed and widely used to 418 

study the strength properties of the shell (Coucke et al., 1998; Nedomová et al., 2009; Perianu 419 

et al., 2010; Sellés et al., 2019). 420 

Second, we have carried out a thorough study using a sophisticated digital imaging 421 

hardware that made it possible to develop a technique for measuring the parameter w (vertical 422 

axis shift) needed for applying Hügelschäffer’s model. We described in detail all the 423 

problems that can be encountered as a result of this measurement, even when using such a 424 

methodological approach as computer scanning of egg contours. 425 
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Third, even for well-known geometric figures, e.g., ellipse, it is difficult to derive 426 

basic geometric formulas. To date, researchers have not come to an agreement and unified 427 

approach for determining the surface area of an ellipsoid. In our work, we demonstrated a 428 

new geometric figure, an ovoid built on the basis of the Hügelschäffer’s model, for which all 429 

the previous attempts to describe it comprehensively were reduced only to inferring the 430 

formula for its volume, and even that without direct reference to the egg. In this regard, our 431 

successful derivation of the main mathematical formulas for this new geometric object can be 432 

certainly considered, in our opinion, not only as an interesting mathematical exercise but 433 

rather as an innovative work on a fully-fledged theoretical study of a new geometric body.  434 

We suggest that the theoretical findings and digital imaging assisted tests we have 435 

reported here can be further incorporated in developing egg-related non-destructive 436 

technologies and automated systems applicable in research and industry. 437 

 438 

5. Conclusions 439 

Our analysis has demonstrated the validity of Hügelschäffer’s formula for defining digital 440 

imaging assisted oomorphology including the contours of the hens’ eggs and recalculating 441 

their geometrical variables. To tailor Hügelschäffer’s model, we would recommend defining 442 

the value of the parameter w for each investigated egg. In industrial applications of such a 443 

technology, a machine vision technique can be of a great advantage. From a practical 444 

viewpoint, the measurement of linear egg parameters is a more straightforward process than, 445 

for instance, determination of the egg surface area. For laboratory use, egg images can be 446 

easily processed with Photoshop-like software or even less sophisticated programs (e.g., MS 447 

Paint). Measurements of the parameter w can also be performed using a modified caliper 448 

(Smart, 1991). Even such a simple measurement using a ruler and a printed version of the 449 

image can be employed, too. Considering the simplicity and accuracy of the proposed 450 
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method, it would also be worthwhile to test its applicability and validity for measuring eggs 451 

of other avian species, especially those with shapes that differ from the chicken egg profile. If 452 

Hügelschäffer’s egg model were to be suitable for other species, this would deliver a novel 453 

research instrument for ornithological, especially oological studies. The proposed non-454 

destructive methodology is practically ideal in the poultry industry and food engineering 455 

areas for an accurate representation of the contour of any avian egg and can also be easily 456 

used for the exploration of such characteristics of the egg shape as volume, surface area, 457 

circumference length, radius of curvature, area of the plane curve, etc. Based on the proposed 458 

digital imaging assisted egg geometry model, we expect it will have great potential in 459 

applications for designing automated systems in the poultry industry and in egg-related 460 

research in biology, physical science, engineering and other disciplines. 461 
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Figure captions 543 

Fig. 1. – Transformation of an ellipse into an egg contour with the three different functions t(x) (adopted 544 

from Köller, 2000). 545 

Fig. 2. – Curves of the three Köller’s (2000) egg contour functions: t1(x) = 1 + 0.2x (green triangles); t2(x) = 546 

1/(1 – 0.2x) (dark blue diamonds) and t3(x) = e0.2x (red circles). 547 

Fig. 3. – Hügelschäffer’s transformation of an ellipse into an egg contour (from Petrovic et al., 2011). 548 

Fig. 4. – Digital egg contour based on the data of Narushin et al. (2020). 549 

Fig. 5. – Estimation of the parameter w by measuring y0 on the basis of the amended Hügelschäffer’s egg 550 

model. 551 

Fig. 6. – Recalculation of w (in pixels) with Eqs. (17) and (18) using the data of scanning the egg images, 552 

where the range of x values reflects the egg length, L, and the range of y values the egg maximum 553 

breadth, B. 554 

Fig. 7. – An example of graphical visualisation of the egg contours (all dimensions are given in pixels): (a) 555 

A diagram plotted for the data of egg imaging. (b) A brown line corresponds to the egg shape calculated 556 

with Eq. (11) and w=45 and is plotted relative to the egg contour (blue line) measured using machine 557 

vision. (c) The both lines of the actual egg shape (blue) and the recalculated one (brown) coincided when 558 

w=15. 559 

Fig. 8. – Amended measurements of the egg width along its longitudinal axis for recalculation of w. 560 

 561 
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