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Well, they surrounded the house, they smoked him out, took him off in chains
The sky turned black and bruised and we had months of heavy rains
Now, the ravens nest in the rotted roof of Chenoweth’s old place

And no one’s asking Cal about that scar upon his face

"Cause there’s nothin’ strange about an azxe with bloodstains in the barn
There’s always some killin’ you got to do around the farm

A murder in the red barn, a murder in the red barn...

Waits



Abstract

From the bipartite belt of a cluster algebra one may obtain generalisations of frieze
patterns. It has been proven that linear relations exist within these frieze patterns
if the associated quiver is, up to mutation equivalence, Dynkin or affine. The
second chapter of this work is devoted to reproving this fact, for D and E types,
using alternative methods to the known proof, allowing much more detail. We
prove the existence of periodic quantities for affine ADFE friezes with periods that
mirror the widths of the tubes of their Auslander-Reiten quivers. Furthermore we
interpret these friezes as discrete dynamical systems, given by a generalised cluster
map. We prove the integrability of a reduction of this cluster map for each E type
and for Dy where N is odd.

In our third chapter we consider recurrences that lie beyond cluster algebras, in
LP algebras, named because mutation in these algebras has the Laurent property,
like cluster algebras. We examine two particular examples of these recurrences
and show that they can be linearised. We also show that they can be obtained
by reductions of lattice equations. Finally we consider a 2-dimensional version of
the Laurent property and give large sets of initial values such that these lattice

equations possess this generalised Laurent property.



Acknowledgements

My love and thanks to everyone who has brought me pleasure and happiness dur-

ing my years in Canterbury. I couldn’t have done it without you.

This work was funded jointly by EPSRC fellowship EP/M508068/1 and SMSAS
at the University of Kent. I am grateful to these bodies for their support.

Joe Pallister, May 2020.

iii



Contents

Abstract ii
Acknowledgements iii
1 Introduction and background 4
1.1 Cluster algebras . . . . . . . . . ... 6
1.1.1  Quiver mutation . . . ... ... .. ... ... 6
1.1.2  Cluster mutation . . . . ... ... ... ... ........ 7
1.1.3  The cluster algebra and basic results . . . . . ... ... .. 9
1.1.4 Rootsystems . ... ... ... ... . 0. 12
1.1.5 Quiver representations . . . . . . . .. .. ... 16
1.1.6  Friezes and cluster algebras . . . . . ... .. .. ... ... 18
1.2 Discrete dynamical systems from cluster algebras . . . .. .. ... 24
1.2.1  Period 1 quivers from Ay diagrams . . . . . ... ... ... 27
1.2.2  Periodic quantities and linear relations for the Ay cluster map 29
1.2.3  Frieze sequences, periodic quivers and a generalised cluster
MAD v v e e e e e e e e e e e e e 32
1.2.4 Linear relations within frieze sequences . . . . . . . . . . .. 33
1.3 Liouville integrability . . . . . . ... .. ... ... . 35
1.3.1 Poisson brackets . . . . ... ... oL 36
1.3.2  Symplectic forms . . . . . ... 38
1.3.3 The cluster map as a symplecticmap . . . . . .. ... ... 43
1.3.4 Liouville integrability for dynamical systems from systems
of recurrence relations . . . . ... ..o 45
1.3.5 Some examples for A type quivers . . . . . . ... .. .. .. 45
1.3.6  Integrability of the Ay cluster map . . . . . .. ... .... 48
1.3.6.1 Bi-Hamiltonian structures . . . . . .. ... .. .. 49
1.4 Laurent phenomenon algebras and period 1 seeds . . . .. .. ... 52
1.4.1 Construction of the LP algebra . . . . . .. ... ... ... 53
1.4.2  Recurrence relations from period 1 seeds . . . . . ... ... 54
1.4.3 The Little Pi recurrence as a period 1 seed . . . . . . .. .. 56
1.5 Thesisoutline . . . . . . . . ... ... ... 57



2 Linearisability and integrability of cluster maps from D and F

type quivers 58
2.1 Summary of results . . . . . ..o oo 58
2.2 Source-sink orientations . . . . .. ... ... 61
2.3 Integrability of the generalised cluster map . . . . . . ... ... .. 62
2.4 Method of constructing periodic quantities for the D and FE quivers 65
2.4.1 Linear relations with fixed coefficients . . . . . . . .. .. .. 67

2.5 Linear relations in the D and E quivers . . . . ... ..o oo 68
2.5.1 Quivers of D type . . . . ... 68
2.5.1.1 Theeven N case with N >4. . . ... ... .... 73

2.5.1.2 Thecase N=4. . .. ... ... ... ....... 76

2.5.1.3 Theodd Ncase. . .. ... ... ... ....... 76

2.5.2 The Eg QUIVET . . . o o v oo 79
2.5.2.1 Periodic quantities . . . . . .. ... 79

2.5.2.2 Constant coefficient linear relations . . . . . . . .. 82

2.5.3 The By QUIVET . . . o v v ot 85
2.5.3.1 Periodic quantities . . . . ... ... 86

2.5.3.2 Constant coefficient linear relations . . . . . . . .. 92

254 The Eg QUIVET . . . . o o oot 93
2.5.4.1 Periodic quantities . . . . . .. ... 94

2.5.4.2 Constant coefficient linear relations . . . . . . . .. 99

2.6 Integrability for D and E quivers . . . . . .. ... .. ... .... 100
2.6.1 Integrability for Dy . . . . . . . ... 101
2.6.2 The Noddcase. . .. ... .. .. ... .. ... ...... 101
2.6.3 Thecase N =6 . . .. . . . . . ... .. ... . ... ..., 104
2.6.4 Integrability for Eg . . . . . . . . ... 107
2.6.5 Integrability for Er . . . . ... .. ... ... 109
2.6.6 Integrability for Es . . . . . . .. .. ... 111

2.7 Conclusion and outlook . . . . . . . ... ... ... .. ... ... 113

3 Linearisability and the Laurent property for two lattice equations

and their reductions 115
3.1 Linear relations with periodic coefficients . . . . . . .. ... .. .. 117
3.2 Linear relations with fixed coefficients . . . . . . ... ... ... .. 123
3.2.1 Thecaseged(2k,1) =1 . . ... ... ... ... ... ... 124
3.22 Thecaseged(2k,l) =2 . . ... ... ... ... 125
3.3 Reductions of a 6-point lattice equation . . . . . .. ... ... ... 126
3.3.1 Linear relations for the reduction . . . . ... ... ... .. 128
3.4 Laurentness for linearisable lattice equations . . . . . . . .. .. .. 130
3.4.1 Construction of band sets of initial values . . . . .. .. .. 130
3.4.2  The Laurent property for equation (3.26) . . . . . . ... .. 131
3.4.3 The Laurent property for the lattice Little Pi . . . . . . .. 134

3.5 Conclusion and outlook . . . . . . . . .. .. ... 137



Bibliography 138



Chapter 1

Introduction and background

Cluster algebras were defined in the early 2000s by Fomin and Zelevinsky [14] in,
to use those author’s own words, “an attempt to create an algebraic framework
for dual canonical bases and total positivity in semisimple groups”. This, and a
series of following papers [3, 16, 17], the second of which written with Berenstein,

laid the groundwork for the nascent field.

Cluster algebras were soon found to be related to diverse areas of mathematics in-
cluding Teichmiiller theory [13, 23], representation theory [5, 6, 31|, frieze patterns
2, 8, 9, 38] and integrable systems [19, 20].

While at first cluster algebras seem unwieldy and their construction perverse, one
can argue that their beautiful properties justify these peculiarities. In [16], for
example, it is shown that the “finite type” cluster algebras are classified in the
same way as the Cartan-Killing classification of semisimple complex Lie algebras.
Another remarkable and surprising result, from [14], is the Laurent property, that
every cluster variable can be written as a Laurent polynomial in a set of initial
cluster variables. In [15] the authors generalised this statement to situations be-
yond cluster algebras. Lam and Pylyavskyy took these ideas further still in [34]
by defining LP algebras, where the Laurent property holds by construction. Many
examples of recurrences appearing in LP algebras are given in [1], two of which

motivate the work of the latter part of this thesis.
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Cluster algebras can also give rise to recurrence relations and discrete dynamical
systems. Due to the Laurent property, the iterates of these recurrences are Laurent
polynomials in the initial cluster variables. Moreover, in [19] it was shown that
the iterates of the (nonlinear) recurrences associated with affine A quivers satisfy
linear relations, and the associated dynamical systems are integrable. We concern

ourselves with generalising these results for affine D and E types.

The first chapter of this work is to motivate the theory of cluster algebras and
give necessary background information for the results obtained in latter chapters.
Section 1.1 is devoted to defining (coefficient free) cluster algebras, stating some
fundamental theorems and elucidating the relationship between cluster algebras
and root systems, quiver representations and friezes. In Section 1.2 we discuss how
to obtain dynamical systems from cluster algebras. We give examples and review
the results of [19]. In Section 1.3 we define Liouville integrability and review the
integrability of the cluster map from [19]. Finally Section 1.4 is used to define LP

algebras and show how one may obtain recurrence relations from them.

The second chapter gives the results of [40], where we generalised the cluster map
of [19] to obtain a generalised frieze sequence for affine D and F type quivers. We
then obtain periodic quantities for this cluster map and linear relations between
the frieze entries, extending the results of [33] which were obtained using other
methods. Finally we prove the integrability of this cluster map for each affine

type and affine Dy where N is odd.

In the third chapter we review the author’s share of the results from [26]. We
examine and linearise the “Little Pi” recurrence of [1]. This recurrence was shown
in [30] to be a standing wave reduction of a 2-d lattice equation. We apply similar
methods to another lattice equation obtained indirectly from the “Extreme poly-
nomial” of [1]. Using the algorithm of [41] we produce sets of initial values for
these two equations that give well defined solutions on the entire Z? lattice. We
then prove that the Laurent property holds for these sets of values and give an

example where it doesn’t hold.



To aid the examiners of this thesis, and with no intended arrogance, the author

would like to stress that the results of Sections 2 and 3 are entirely his own.

1.1 Cluster algebras

We first define quiver mutation and cluster mutation allowing us to define cluster
algebras. We then give some standard results and demonstrate the links between

cluster algebras and root systems, quiver representations and friezes.

1.1.1 Quiver mutation

Definition 1.1 (Quivers and quiver mutation). A quiver @ is a directed graph
where multiple edges are allowed. We refer to the sets of vertices and edges as Qg
and ()1, respectively. Here we disallow loops or two-cycles, shown in Figure 1.1.

Quiver mutation at a vertex k is defined in three steps:

1. For each path ¢ — k£ — j add a new arrow ¢ — j.
2. Reverse the direction of all arrows entering or exiting k.

3. Delete all two-cycles that have appeared.
The mutation is denoted py, and the resulting quiver Q' := i (Q).

l ——— 2 3D

——

FiGURE 1.1: Disallowed subquivers

Definition 1.2. The adjacency matrix for a quiver ) is B = (b;;) where
b;j := number of arrows i — j in Q.
We consider an arrow j — ¢ to be a negative arrow ¢ — j. Hence

—b;; := number of arrows j — i in Q).



Since we do not allow loops, b; = 0 and B is skew-symmetric.

We remark than there is a bijection between quivers and adjacency matrices, so
we may use these interchangeably. Defining B’ to be the adjacency matrix for

Q' = u(Q) for some k and we write i (B) = B’ = (b)), i.e.
bj; := number of arrows i — j in @',
then each b;; can be expressed in terms of the entries of B via

—bij ifi=korj=k,
by = ] (1.1)
bij + 3 (|bix|br; + bir|brj|)  otherwise.

This follows from the definition of quiver mutation.

Example 1.3. Let Q be the top-left quiver of Figure 1.2. We’ll demonstrate pus.
Step 1 adds an arrow 1 — 2 as there is a two path 1 — 3 — 2. Step 2 then reverses
the arrows at 3. Finally step 3 removes the two-cycle 1 — 2 — 1. The before and

after B matrices are

0o —1 1 0 0 -1
B=11 0 -1 pa(B)=B"=10 0 1
-1 1 0 1 -1 0

1.1.2 Cluster mutation

In addition to quiver mutation, we also have the notion of cluster mutation. For a
quiver with N vertices we take indeterminates x1,xo, ..., xy, called cluster vari-

ables. We can consider each z; to be attached to the vertex 7. We allow the



] ——— 2 ] ——= 2
Step 1 Step 2
3 3
] —mmM8M8M8™ 2 1 2
Step 3
3 3

FIGURE 1.2: Example of quiver mutation. We apply s to the top-left quiver.

mutation u to also act on the cluster variables as follows:

LTz +1Lizy) i=k,
x{: xi(H]—)’L J H](—’L J) (1‘2)

where []._,, means the product is taken over all arrows from j to 7 in Q.

J—1
Remark 1.4. Often cluster algebras are considered with a further set of coefficient
variables, denoted y;, that are also mutated, with a distinct formula to (1.2),
designed to mimic the Y- systems appearing in [44]. Moreover, these coefficient

variables affect the x variable mutation. In this work we shall consider each y; to

be 1, giving us the simpler  mutation (1.2).

Example 1.5. The mutation pus in Example 1.3 fixes x1 and xo but

1
pa(3) = x—3($1 + x2).

We define the set x := {x1,...,zn5} to be a cluster and the pair (x, B) to be a

seed. Since p; fixes all but one of the cluster variables it gives a new cluster:

/

X = (X)) = (21, .., Ty oo, TN). (1.3)

Collecting these discussions we define mutation of seeds as follows.



Definition 1.6. The mutation pu; acts on seeds as
py : (x, B) — (x', B')

where B’ is given indirectly in Definition 1.1 or directly in (1.1) and x’ is given by

(1.2) and (1.3).

1.1.3 The cluster algebra and basic results

We first list two immediate properties of mutation. Firstly that mutation is an

involution on seeds, in that

Q) =Q,  px)=x

where p7 means we apply py, twice. Secondly we note that if there is no edge
between vertex ¢ and vertex j in ) then p; and p; commute. That is to say if
b;j = 0 then

piki(x, B) = pipij(x, B).

We say that two quivers () and @)’ are mutation equivalent if one can obtain )’

from a finite sequence of mutations applied to Q.

Definition 1.7. The set of quivers that are mutation equivalent to () is called the

mutation class of Q.

One question to ask is when is a mutation class finite, with the following answer

proved in [12].

Theorem 1.8. A quiver has finite mutation class if and only if the quiver can be
obtained from a triangulation of a bordered two-dimensional surface or the quiver

18 mutation equivalent to one of 11 exceptional quivers.

We note that the A, D, A and D type quivers can be obtained from surfaces and
that the E and E are included in the 11 exceptional quivers. The corresponding
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diagrams for these (where arrows are replaced with directionless edges) are shown

in Figures 1.3 and 1.4.

Definition 1.9 (The cluster algebra). Given an initial seed (x¢, B), the cluster
algebra A(xg, B) is the algebra, over C, generated by all of the cluster variables
in each of the seeds mutation equivalent to (xo, B). In fact, this does not depend

on the choice of initial seed, so we may write instead A(B).

Definition 1.10 (Cluster algebras of finite or infinite type). The cluster algebra
is said to be of finite type if there are only finitely many seeds, and of infinite type

otherwise.

Example 1.11. The smallest non-trivial example is mutation of the Ay quiver:

In this case we can calculate all of the cluster variables. Recall that mutation is
an involution, so an arbitrary composition of mutations will alternate in py and
1. FEach of these mutations simply reverses the arrow in the quiver. Denoting
the initial cluster variables x1 and xo we can, without loss of generality, perform
w1 first (performing po first is tantamount to relabelling xy <> x3). Performing pn

and py 1n turn we get

1
)= (zy) = — (1 + x9),

xy
1 1—|—ZL‘1+$2
T 1= pio(Tg) = x_2<1 +ay) = T
T 1-'-]31 + X9 1+l’1
2] = () = —(1+2)) = (1—1— ): ’
1 pa () 37,1( 5) 1+ 24 T1T o
1 T1T9 1+ZL’1
/ I 1 ! - e 1 — )
MQ(LE2) 13/2( +LU1) 1+I1+$2 ( + ) ) 1

We see that us(xh) = x1. Another mutation will show that =" = xo. This means

that there are only 5 cluster variables in this case, so this cluster algebra is of finite

type.
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Definition 1.12. If we replace the arrows in a quiver with directionless edges we
call the result a diagram. If we take a diagram and choose directions for its edges

we call the resulting quiver an orientation of the diagram.

The classification of cluster algebras of finite type was given in [16].

Theorem 1.13. A cluster algebra is of finite type if and only if the associated
quiver is mutation equivalent to an orientation of a simply laced Dynkin diagram,

r.e. of type A, D, or E.

The ADFE type Dynkin diagrams are given in Figure 1.3. The subscript denotes

the number of vertices. No two diagrams are mutation equivalent.

Lemma 1.14. FEvery pair of orientations of a tree (in particular, Dynkin dia-
grams) are mutation equivalent. In fact, it is enough to mutate only at sinks or

sources.

Proof. This is proved by induction on the number of vertices. Let our two orien-
tations be (1 and (). Since () is a tree it has a leaf v connected to a single other
vertex v'. By the inductive step @Q1\{v} is mutation equivalent to @2\{v} by a
sequence of mutations p’, mutating only at sinks or sources. When considering
1 as a mutation of )y it is possible that some mutations at v will occur when
v’ is not a sink or source, due to the direction of the arrows between v and v'.
However, by mutating at v wherever necessary (inserting some copies of 1, inside
i/ in the right places), we can ensure that we will always mutate at v" when it is
a sink or source. This augmented mutation is a mutation equivalence of (); and
(2, up to possible direction of the arrows between v and v, which is easily fixed

by a . O]

Remark 1.15. There are, in fact, also Dynkin diagrams of types B, C, F' and G,
each of which has a double or triple edge. The ADFE types drawn here are called
simply laced because there is at most one edge between any two vertices. Here
we will only deal with simply laced types so will use the terms “Dynkin diagram”

and “simply laced Dynkin diagram” interchangeably.
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Ayx O—O0— —0—0
o)

Dx O—O0— —0—0

o
E 0—0—0—0—0

o
E; 0O—O0—0—0—0—20

o)

Fy 0O—0—0—0—0—0—0

F1GURE 1.3: The Dynkin Diagrams

Example 1.11 also demonstrates a fundamental property of cluster algebras. Mirac-
ulously the non-monomial denominators in z and pq(2%) cancel to leave a mono-

mial.

Theorem 1.16 ([14], Laurent phenomenon). Every cluster variable can be ex-
pressed as a Laurent polynomial in the initial variables, with coefficients in 7Z,
1.€.

r € Zlzf, ... o

for any cluster variable x, where x, ..., x, are the initial cluster variables.

In the finite type case we have more information about the monomials that appear
in the denominators, involving the root system associated to the Dynkin diagram,
which we discuss in the following subsection. A corresponding interpretation in

terms of the cluster category may be found in [7].

1.1.4 Root systems

The definitions and results in this section are from [10] unless otherwise stated.

Our goal is to define root systems and, in the ADE cases, link these to cluster
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algebras of finite type.
Definition 1.17. Let ) be a graph with vertices 1,2,...,n and @ € Z". We

define a symmetric bilinear form on Z" by

—Nyj i # 7,
(€i>€j> =

where e; is the ith basis vector and n;; = nj; is the number of edges between

vertices i and j. The Tits form is given by

gla) =D af =) nygaia;
=1

1<j

and we observe that g(a) = (e, @). The radical of ¢ is defined as
rad(q) = {a € Z" | (a, —) = 0}.
Definition 1.18. We say that ¢ is positive definite if
g() >0  Va e Z"\{0}
and ¢ is positive semi-definite if

q(a) >0 Yo € Z".

The quadratic form ¢ gives the following equivalent definition of Dynkin and affine

quivers.

Theorem 1.19. For a connected quiver (Q, the quadratic form q is positive definite
if and only if Q) is an orientation of a simply laced Dynkin diagram and q is positive
semi-definite if and only if Q) is an orientation of a simply laced affine diagram. In
the latter case rad q = Z6. The simply laced affine diagrams with the components

0; of the vector ¢ at each vertex i are shown in Figure 1.4
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Throughout this paper we have used a tilde to denote the affine version of the
diagram or quiver. We note that, for affine types, the subscript is one less than

the number of vertices.

Definition 1.20. An extending vertex of a affine diagram is a vertex that can
be removed, along with any adjacent edges, to give the corresponding Dynkin

diagram. These are the vertices i with §; = 1.

For the rest of this section we shall only be discussing Dynkin or affine diagrams.

Definition 1.21. The set of roots of a diagram is

0 #£aeZ"|gla)<1}.

We say that a root is real if ¢(a) = 1 and imaginary if ¢(«) = 0.

Lemma 1.22. We have that

¢(a) =0 a eradyg.

Due to Theorem 1.19 and this lemma we have that a Dynkin digram has no

imaginary roots and the imaginary roots of a affine diagram are precisely Zd.

Proposition 1.23. Fach of the non-zero components of a root have the same sign.

Because of this result we can call each root positive or negative, depending on the

sign of one of the non-zero components.

Definition 1.24 (Simple roots, almost positive roots). Let «; be the ith standard
basis vector for Z". Since the diagrams we are dealing with have no edges from a
vertex to itself, ¢(a;) = 1, so each «; is a root and we call these the simple roots.

The set of almost positive roots is ®~o U {—«;}i=1.. n, where & is the set of

.....

positive roots.
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1
A O—o0— - —0—0
N 11 11
o1 o1
Dy(N > 4 O—O0—0 — 0 o)
v ) 1 2 2 2 1
o1
02
Fg 0O—0—0—0—0
1 2 3 2 1
o2
E; O—0—0—0—0—0—20
1 2 3 4 3 2 1
03
Ey O—0—0 O—0—0—0—0
1 2 3 4 5) 6 4 2

FIGURE 1.4: The simply laced affine diagrams with labels §;

Of course, the a; form a basis for Z™ so every root o may be written as

o = E a; 0

i
with a; € Z. Moreover, the positive roots have each a; > 0.

Theorem 1.25. [16]. For cluster algebras of finite type, there is a bijection be-
tween the cluster variables and the almost positive roots of the root system asso-
ciated to the Dynkin diagram. Let the simple roots be {a;}, then the bijection is
given by

a;
T
(2 (2

P,
o = Z ;0 — =
where P, is a polynomial in the initial variables x;. Note that

1
1 =T
i

-0 —
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i.e. the almost positive roots are sent to the initial variables.

Example 1.26. In Example 1.11 we found 5 cluster variables. Let oy and cq be
the simple roots for As, then the almost positive roots are oy, *an and aq + as.

The bijection sends

’ 1+.T2
—Q = Tq, —Qg = To, o = T = R
T
PR a1 , 14+ x4+ 29
g > xy = , o+ ag = ry = —.
T2 T172

We have seen that Dynkin diagrams parametrise cluster finite cluster algebras. In

fact they also parametrise representation finite quivers, which we now explain.

1.1.5 Quiver representations

The results and definitions from this section are from [31] and [10]. We define
quiver representations before stating the link between Dynkin diagrams and rep-

resentation finite quivers.

Definition 1.27. A representation V' of a quiver @) is a vector space V; for each
vertex ¢ = 1,...,n and a linear map 0, : V; = V; for each arrow a : + — j. The

dimension vector of V' is given by
dim(V) = (dim(V}), dim(V3), ..., dim(V},)).

Definition 1.28. Let V' be a representation as above and W a representation
given by vector spaces W; and morphisms #/. A morphism of representations

f:V — W is a set of linear maps f; : V; — W, such that

v, Loy,

lf i lf j

A
Wi — Wj
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commutes for all arrows a € (1. A morphism f is called an isomorphism if each
component f; is invertible. Two morphisms are composed in the obvious way,

giving the category of quiver representations rep(Q).

Definition 1.29. Let V be a representation of (). V" is called a subrepresentation
if V/ C V; for each i and 6,(V;/) C V] for each arrow a : i — j. One may
consider the maps in the subrepresentation as being given by restricting 6, to V.
A representation V is called simple if it has precisely two subrepresentations, 0

and V.

Definition 1.30. The direct sum of two representations V and W is given by
(VE@EW),=V,gW, and (06 0), = 0, P 0.,. Explicitly for vectors v; € V; and

w; € W; and an arrow a : ¢ — j we have

OEP 0)alvi,wi) = (0 €D 05) (v, wi) = (Ba(vy), 0l (w;)).

A representation V' # 0 is called indecomposable if V' = V'@ V" implies that
Vi=0or V" =0.

Definition 1.31. A quiver () is called representation finite if it has only finitely

many indecomposable representations up to isomorphism.

Theorem 1.32 (From [21], stated in [31], Theorem 5.3). Let Q) be a connected
quiver and k algebraically closed. The following are equivalent

1. @ s representation finite,

2. The quadratic form qq 1s positive definite,

3. @ 1is an orientation of a simply laced Dynkin diagram

and in this case the map V — dim(V') gives a bijection between the isomorphism

classes of indecomposable representations and the set of positive roots.

Note that the equivalence of statements 1 and 2 is Theorem 1.19. Combining the

bijections of Theorems 1.32 and 1.25 we obtain the following:
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Theorem 1.33. There is a bijection between the isomorphism classes of indecom-

posable representations and the non-initial cluster variables.

Remark 1.34. Though it is beyond the scope of the thesis to give a detailed con-
struction, we briefly describe Auslander-Reiten (AR) quivers. The vertices of these
quivers are given by the isomorphism classes of indecomposable representations.
The set of arrows is given by “irreducible maps” between these. The regular rep-
resentations are defined to be those that are neither projective nor injective. For
representation of affine quivers, the components of the AR quiver containing the
regular modules are known as “tubes”. The relevance of this discussion will be-
come apparent in Section 2.1 where we compare these tubes to periodic quantities
appearing in certain cluster algebras. We refer to [29] for an accessible introduction

to AR theory.

1.1.6 Friezes and cluster algebras

Coxeter-Conway friezes, as arrays of integers in the plane, were defined by Coxeter
in [9]. Many details are given in the review article [37]. We instead start by defining
frieze sequences from quivers and show how to obtain these sequences via cluster

mutation. We then discuss the relationship with Coxeter-Conway friezes.

Definition 1.35. The frieze sequence for an acyclic quiver () with adjacency

matrix B = (b;;) is a sequence X" for pairs (k,n) € V x Z given by
stk = (o) (Tl ) )
i—k k—i
where the products is taken over all arrows in @ (there is no quiver mutation

involved for this definition). We take initial variables X} for each k € Q.

The link between friezes and cluster algebras, which we now demonstrate, is not

immediately obvious.

To make the construction cleaner we relabel the vertices of () so that each vertex

7 is a sink in the full subquiver with vertices greater than or equal to 7. That is, if
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we remove all vertices labelled less than ¢ then 7 becomes a sink. This is possible

for any acyclic quiver.

Example 1.36. We relabel the Ay quiver 1< 2 — 3 — 4 so that it becomes

1+4—3—2.

In this case the frieze sequence (1.4) becomes

o (o) (oen) o

k<i i<k
since i — k in @ if and only if k < i with |by| > 0.

To obtain (1.5) from cluster mutations we take @, labelled as above, and apply the
sequence of mutations p := puypun_1...pu1. Due to the relabelling each mutation
will be applied at a sink so we simply reverse each arrow twice, returning the
original quiver. Because we only use sink mutation, each new cluster variable z},

will be given by a relation of the form

x%xkzl—l—H

for a product II. This product will be taken over neighbouring cluster variables.

The x; with ¢ < k will have already been mutated. This gives

/ o 7|bik] b
xkxk—l—i—H:ci H:cl

i<k k<i

where the |b;;| may be taken in the initial quiver, as these numbers do not change
at any point under the sequence of mutations. This is of the right form, (1.5).
We define the initial cluster variables X} := z; and the once-mutated variables
X ,1 := x},. Since p returns the original quiver we can keep applying it. Defining

recursively X% := p"(X}) for all n € Z we arrive at (1.5).

Example 1.37. Returning to the relabelled Ay quiver 1 <4 — 3 — 2 we define
initial cluster variables XY for k = 1,2,3,4. The first mutation py gives X =
w1(X3), where

X1X) =1+ Xg,
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and the new quiver 1 — 4 — 3 — 2. Next py gives X7 := po(X3) with
XiX5 =1+ X,
and the quiver 1 — 4 — 3 <— 2. Note that now vertex 3 is a sink, so we have
XPXP =1+ X7 X,

and 1 — 4+ 3 — 2. The X} term appears because we have already mutated at

vertex 2. Finally, vertex 4 is a now a sink and py gives
XiXg =1+ XX}

and returns the original quiver. Further applications of p = papspopy will give

cluster variables X¥, for all n € Z, defined by
XonXp=1+X), X2 X2 =1+X],
Xpn X =14 X7, X,, X1 X =14 X, 0 X010, (1.6)
which are precisely the frieze relations (1.5) for this quiver.

We now describe friezes and their relation with frieze sequences.

Definition 1.38. A (Coxeter-Conway) frieze is a planar array such that:

e The Oth and (m + 3)rd rows consist only of zeroes.
e The 1st and (m + 2)nd rows consist only of ones.

e We display each row so that its entries sit “in between” those of the row

above (see Figure 1.5) such that each diamond
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0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1
4 1 2 2 2 1 4 1
3 1 3 3 1 3 3 1
2 1 4 1 2 2 2 1
1 1 1 1 1 1 1
0 0 0 0 0 0 0

1 1 1
Xl ) Xrlz-i-l ) X71+2 )
Xn 3 Xn+1 5 Xn+2 5
X A Xn+1 A Xn+2 A
X Xn—‘rl Xn+2
e Xal Xa
1 1

FIGURE 1.6: The frieze corresponding to the Ay quiver.

satisfies the “unimodular rule”: ad — bc = 1.
We call m the width of the frieze, the number of rows in between the rows of ones.

We give an example of a frieze in Figure 1.5. We now demonstrate how to obtain

these from cluster algebras. We take the Ay quiver:
123« ...« N (1.7)
The sequence of mutations py ... oy generates the frieze sequence given by
Xon X, =1+ X2, Xy XY =1+ X0,

XFoXF=1+ XXM for k=2,3...,N—1. (1.8)

One can then construct the generic frieze of width N, Figure 1.6, which satisfies

the unimodular rule due to (1.8).
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Example 1.39. The frieze of Figure 1.5 can be constructed from the Az quiver

1—-2—3

taking initial cluster variables Xg = 4, X¢ = 3 and X3 = 2.

Since every entry of the frieze is a cluster variable in the Ay cluster algebra, we
know that, due to Theorem 1.13, there are finitely many (different) frieze entries.
Hence the frieze will be periodic. This was known to Coxeter, whose proof we give

here.

We label entries by (r,s) € Z x Z with r < s < r +m + 3 as follows:

(—1,-1) (0,0) (1,1) (2,2)
(—1,0) (0,1) (1,2) (2,3)
(—1,1) (0,2) (1,3) (2,4)

The boundary rows are given by

(r,r) = (r,r+m+3) =0, (r,r+1)=(rr+m+2)=1 (1.9)

for each r € Z. The unimodular rule becomes

(r,s)(r+1,s+1)—(r+1,s)(r,s+1)=1.

It is clear that the entire frieze is determined by one diagonal, for example the one
given by (—1,s). One then calculates the entries of the diagonal (0,s) starting
with (0,2) and working south-east. Successive rows are calculated the same way.
To fill the row to the left we start with (—2,m — 1) in the row (—1, s) and move
north-west. A result of [9] allows us to express any frieze entry in terms of those

on two adjacent diagonals:

(r,s) =(—=1,7)(0,s) — (=1,5)(0,r), (1.10)
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for 0 < r,s < m+ 2. This formula is proved by induction. We then arrive at the

following result:

Theorem 1.40. The frieze is periodic with period m + 3, in that

(r,s)=(r+m+3,s+m+3)

for each (r,s) € Z x 7.

Proof. By (1.10) and (1.9) we have

(r,m+2)=(=1,7)(0,m+2)— (=1,m+2)(0,r) = (=1,7)

for 0 < r < m + 2. This formula is invariant under horizontal shifts, giving

(r+a,m+2+a)=(—-1+a,r+a)

for each a € Z. We relabel r — s —r — 1 and set ¢ = 1 4 r to arrive at

(r,s) = (s,7 +m+3) (1.11)

hence

(r+m+3,s+m+3)=(s,r+m-+3)=(r,s).
[l

Example 1.41. The frieze of Figure 1.5 has period m + 3 = 6, we have coloured
two equal diagonals in red to highlight this. This frieze also exhibits the glide
reflection symmetry of Equation 1.11, which is seen by comparing the red diagonals

with the blue.
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1.2 Discrete dynamical systems from cluster al-

gebras

In this section we will review definitions and results from [19, 20] about periodic

quivers and how we can obtain discrete dynamical systems from them.

Informally, a quiver is periodic if, after a sequence of mutations, the quiver looks

the same, up to relabelling of the vertices.

Definition 1.42 (Periodic quiver, [20]). Putting the N vertices of the quiver @
on a circle we label such that as we travel clockwise around the circle the labels
increase, except for 1 which follows N (as the numbers 1 to 12 are set into a clock

face). We define the permutation

( is said to have period m if a composition of mutations p := iy, flm_1 - .. p1 acts

as

mQ) =p"(Q) (1.12)

That is, the composition rotates the labels anticlockwise m times.

One may, of course, generalise this to allow any permutation, not just cyclic ones,
as in [39]. Period 1 quivers, where this sequence involves just one mutation, were

classified in [20].

Remark 1.43. If we consider the N vertices of () to be equally spaced on a circle,
with this clockwise ascending labelling, one can consider p as a rotation of the
vertices by 27/N anticlockwise, keeping the arrows fixed. Equivalently p is a

rotation of the arrows by 27 /N clockwise with fixed vertices.
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Example 1.44. We demonstrate this with the Somos-4 quiver, studied in [19],

where the 73”7 between vertices 2 and 3 denotes a triple arrow.

1 — 2
o- ‘
4 «— 3
Performing iy results in the quiver
1 «— 2

and we see that relabelling p : (1,2,3,4) — (2,3,4,1) in Q gives the same quiver
11(Q). Hence Q is a period 1 quiver.

Example 1.45. The 121571 quiver 1s:

7N

6 2

5 3
4
which, again, is simply rotated by py so is a period 1 quiver.

In these examples we have p;(Q) = p(Q), hence these quivers are period 1. Ob-
serve that pi,q) = pp will rotate the quiver once more. Moreover the cluster
mutation formula for vertex 2 in p(Q) is the same as for vertex 1 in Q). Explicitly
if

riry = F(xe,23,...,2N)
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then

roxe = F(x3,24,...,2%)

so when we apply the sequence of mutations juq, pio, pt3 . . . the same polynomial F'

will always appear. From this we can define a map

Tn Tni1
Tn41 Tn42
2 Tnt2 = : Tnt+N 1= F(@nis, anx’ -0y Tt N-) (1.13)
n
TptN-1
Tp+N-1 Tnt+N

for all n € Z, with F' independent of n. This is called the cluster map, as defined
in [19]. We can consider this as a recurrence relation for x,, with initial values

Lo, L1y TN-1-

Example 1.46. For the Somos-4 quiver mutation at vertex 1 gives
2wy = F(y, T3, 14) = Tox4 + 23

so the form of (1.13) is
Tni1Tnis + Loy
Tn

Tnta =

which generates the iterates of the Somos-4 recurrence, justifying the name of the

quiver.

Example 1.47. The mutation u, in the 21571 quiver gives the relation
l'/l.’ﬂl =1+ Teglo

from which we have the recurrence

I+ Ty

. (1.14)

Tn47 =

Since we can generate every iterate of (1.13) from cluster mutation, we have the

following result that follows from Theorem 1.16.
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Theorem 1.48. Fach iterate of the recurrence (1.13) is a Laurent polynomial in

the N initial values.

1.2.1 Period 1 quivers from Ay diagrams

We now describe how to obtain period 1 quivers and cluster maps from certain
orientations of the Ay quivers, generalising the quiver of Example 1.45 and the
corresponding recurrence (1.14). We remark that here our quivers will have labels

0,1,...,N —1.

Firstly we take the diagram in Figure 1.7, with N := p + ¢ vertices, each labelled
kp for k =0,1,...,(p+q— 1), with p and ¢ coprime. We then reduce the labels
mod N such that each label k satisfies 0 < k < N and orient so that the arrows
point from the lower labelled vertex to the higher. We give an example in Figure

1.8.

/ : \
(p+q—1)p p
| |
(p+q—2)p 2p
| |
(p+q—3)p 3p
| |
| |
(q+1)p (q—1)p
\ /
qp

FIGURE 1.7: The first step to our orientation of the Ax quiver.

Lemma 1.49. The Ay quiver with the above orientation is period 1.
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7N

— N = O = = =
(@)

—_
)
ot

—
<_

w
—
[\

e

11

FIGURE 1.8: Our orientation of the A5 quiver, with p = 7 and ¢ = 8.

Proof. We take [ such that 1 = Ip mod N. One can see that moving each ver-
tex of the diagram in Figure 1.7 by [ steps anticlockwise has the effect of rela-
belling each vertex kp by kp+— (k+[)p. After reducing mod N we have that
kp+— (k+1)p=kp+1 mod N. Hence this rotation is tantamount to adding 1

to each vertex label, except for N — 1 which becomes 0, and is now a sink.

On the other hand the mutation py will only reverse the arrows at 0, causing it
to becomes a sink. One can see this that this mutation has the same affect as the

above rotation. ]
The cluster map (1.13) now gives the recurrence
Tt NTp = TptpTniq + 1, (1.15)

where p+q = N.
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Remark 1.50. These quivers are constructed in [20], by summing the orbits of B

matrices of single arrows under the conjugation action of the following matrix

0 . -1
1 0 0
o1 0 ... 0
Ti=TN = (1.16)
0 1 0 0

which is N x N.

1.2.2 Periodic quantities and linear relations for the Ay

cluster map

Here we review results about (1.15) from [19, 20], where the authors obtained
periodic quantities for this recurrence and linear relations for the iterates with

constant coefficients. We briefly formalise our definition of “periodic quantity”.

The map (1.13) induces an automorphism ¢*, a “shift”, on the field of rational

functions

C{zk}r=0,..N-1) (1.17)
by ¢*(x,) = x,41 for each n € Z.

Definition 1.51. An element of the field (1.17) is said to be periodic, with period
p, if it is fixed by (¢*)P. Non-constant period one elements are called invariants or

first integrals.

We begin with the following result known as the Desanot-Jacobi identity, which
is part of the Dodgson condensation algorithm [11]. A proof may be found in [4].

Lemma 1.52. For an N x N matricx M we have

MMy | = (M MY | — | My MY] (1.18)
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where M denotes the matriz M with row i and column j deleted and MY s the

matriz M with rows and columns 1 and N deleted.

Example 1.53. For N =3 and M = (x;;) we have

Too To1 To2
Zo,0 ol |Ti1 T1,2 10 T11||To,1 Lo,2

T10 T11 Ti12|T11 = - . (1.19)
10 11| [T21 T22 T20 T21|(T11 T12

T20 T21 T22

Theorem 1.54. The recurrence (1.15) has period q and p quantities given by

J, = 3371+2p—+£17n7 J, = Lntag T In (1.20)

Tn+4p LTn4q

respectively.

Proof. We apply Lemma 1.52 to the matrix

Tn Tn+p Ln+2p

Vo i=| Tpniy ToiN  TniNip (1.21)

xn+2q xn—i—N—l—q Tn42N

giving

|{I}n|wn+N = |V, ||V n| — |\Ijn+p||\pn+q| (1.22)

where we have defined

Tnt+q Tn+N
Now the recurrence (1.15) is equivalent to |¥,| = 1. Hence |¥,| = 0. Next we

take a scaled right kernel vector (1, —J,,C,)T for W,,. In particular

Tn  Tpgp 1 Tny2p

Tpntq TntN _Jn Tn+N+p
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From this we can quickly determine, using (1.15), that C;, = 1. The kernel equation
U, (1, —J,, 1)T = 0 gives us

o Tni2p + Tn o Tni2ptq + Tntq

In

Tntp TpnyN

hence J, is period ¢q. By the same argument we have a left kernel vector (1, —J,, 1)

with
7 Tn42q +z,

In =

Tn4q

period p. O]
This result immediately give the periodic coefficient linear relations
Tntop — InTnyp + 2p =0, Tptoq — jnxn+q +x, = 0. (1.23)

The following result uses these to give constant coefficient linear relations.

Theorem 1.55. The iterales of the recurrence (1.15) satisfy the constant coeffi-

cient linear relation

Tntopg — Knipg + T =0 (1.24)

for a constant K.

Proof. The linear relations (1.23) give that V,,L,, = ¥,,,,, where

0 -1
L, =
1 J,
We define
Mn = L?’LLTL+pLTL+2p SN Ln+(q—1)p (125)

hence ¥,,M,, = ¥,;,,. On the other hand we have

LV, =T,y MU, =V, .
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where
- 0 1 -
L, = ], M, =
-1 J,

[l

n+(p—1)g - - - En-l—p[:n'

The relation W, M, = M,¥,, gives v, M,V 1 = M,,, hence tr(M,) = tr(M,). We
also see from (1.25) that

Mn+p = Ln+an+2p cee Ln+(q71)an+qp = Ln+an+2p cee Ln+(q71)an

since L, is period g. Taking the trace and using its cyclic property gives
tr(Mn+p) - tr(Ln+an+2p e Ln+(q,1)an)

= tr(Ln L pLntap - - L (q-1)p) = tr(M,,)

hence tr(M,) is period p. By an identical argument, applied to M, we see that

tr(M,,) = tr(M,) is period ¢. Since p and ¢ are coprime we have that K := tr(M,,)
is constant. We apply the Cayley-Hamilton theorem to M,,:

M?— KM, — 1 =0,
since | M, | = 1, and multiply by ¥,, on the left, giving
Uyiagp — KUpigp + U, = 0.
The top left entry of this matrix equation gives the theorem. m
1.2.3 Frieze sequences, periodic quivers and a generalised
cluster map

Above we saw that for a quiver @ the frieze sequence (1.5) (after a relabelling)

can be obtained from the sequence of mutations py ... popy. In particular

pn - o (@) = @,
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hence we can see () as a period N quiver, as in Definition 1.42, with the permu-

tation p = 1. We can also generalise the cluster map (1.13) to

X Xom
Xa Xin
e | X3 = | X2, (1.26)
X X
where each X%, is given in terms of X}, X2 ..., XN by the frieze formula (1.5).

The form of cluster mutation means that each new variable can be written as a
birational function of the previous ones, and since (1.5) is obtained as a composi-
tion of mutations the map (1.26) is birational. A large part of Chapter 2 will be
devoted to the study of this map where @ is of affine D or E type.

Remark 1.56. In [39], Nakanishi obtains T- and Y-systems from periodic quivers.
These are discrete dynamical systems for the cluster and coefficient variables,
respectively. It is known [17] that a solution of the T- system will give a solution of
the corresponding Y-system. The converse is not true, however, which is remedied
by the introduction of T,-systems in [25]. The cluster map (1.26) may be seen as
a special case of the T-systems in Nakanishi’s construction, with the permutation

p = 1 and trivial coefficient variables.

Remark 1.57. Any cluster map or, more generally, T- or Y-system, obtained from a
quiver in the mutation class of a Dynkin quiver is necessarily periodic by Theorem
1.13. Furthermore, it has been proved [32] that Y-systems from pairs of Dynkin

diagrams are also periodic.

1.2.4 Linear relations within frieze sequences

The existence of linear relations (with periodic and constant coefficients) for the
recurrence (1.15) of the cluster map (1.13) leads one to ask if linear relations exist

for the frieze sequences (1.5) that come from generalised cluster maps (1.26). If
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the quiver is of Dynkin type, then due to Theorem 1.13 the frieze sequence is

periodic, so linear relations exist and are trivial.

Definition 1.58. We say that the frieze sequences X* satisfy (constant coefficient)

linear relations if, for each k € @,

Xm: a, XF =0
n=0

for some m € N and constants «,,. Note that this sum involves only the cluster

variables that appear at a single vertex.

It was proved in [2] that, setting Dynkin types aside, if there are linear relations
between the variables in the frieze sequence then the corresponding diagram is
affine simply laced. These are shown in Figure 1.4. The converse for A and D
types was also proved in [2], that the associated frieze sequences satisfy constant
coefficient linear relations. In [33], using a representation theoretic approach, the
authors proved this for all ADFE quivers, with some of these linear relations given

explicitly.

Theorem 1.59. The frieze sequences satisfy constant coefficient linear relations
if and only if the quiver is (up to mutation) an orientation of an ADE (Dynkin,
Figure 1.3) or an ADE (affine, Figure 1.4) diagram.

We adopt a different method of proof in Chapter 2. We adapt the methods of [19]
by constructing more complicated analogues of (1.21), for affine D and E types,
and applying the Desanot-Jacobi identity. This allows us a uniform expression for
these results. Using these methods we also find periodic quantities for the frieze
sequences, analogous to those of Theorem 1.54. In our work we also prove the
existence of linear relations with periodic quantities as coefficients. Similarly to
the A case, the map (1.26) induces an automorphism ¢* on the field of rational

functions

CH{X{ k=1, v41) (1.27)

by ¢*(XE) = X%, for each n € Z. Again, we consider an element of the field
(1.27) to be periodic, with period p, if it is fixed by (¢*)P.
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1.3 Liouville integrability

In broad terms a dynamical system is called integrable if it is “solvable” in some
sense. There are many competing definitions for integrability, one of which is
known as Liouville integrability. This is our chosen definition. Roughly, a sym-
plectic map ¢ is Liouville integrable if there are “enough” first integrals for ¢ that
commute with respect to a non-degenerate Poisson bracket. A symplectic map is

a map that preserves a certain 2-form (a symplectic form).

The goal of this section is to describe the missing ingredients for this definition as
well as give an account of the proof of the integrability of the cluster map (1.13)

in [19] for even N.

Firstly we define Poisson brackets. It has been shown [22] that cluster algebras
possess a space of Poisson brackets that are compatible with mutation. In our
work we demand more, that the bracket is invariant under mutation. We show,
with an example, that this may lead to cases where the only brackets is trivial.
We then work towards the definition of two-forms. It was shown in [23] that there
is a natural two-form w for cluster algebras that is compatible with mutation.
Unfortunately for all D and E type quivers, and for Ay when N is odd, this 2-
form is degenerate, so cannot serve as our symplectic form. We then describe a
process [19] for finding a reduced set of variables, a reduced cluster map ¢ and a
reduced symplectic form w such that ¢ is symplectic with respect to w. From this

w we can obtain a non-degenerate Poisson bracket.

We then give a definition of Liouville integrability for systems of recurrence rela-
tions and give some A type examples of integrability, one of which involves the
reduced cluster map described above. Finally we describe the general proof in A

type, including a brief discussion on bi-Hamiltonian system:s.
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1.3.1 Poisson brackets

Definition 1.60. Let A be an algebra over a field k. A Poisson bracket is a binary
map {-,-} : A x A — A such that:

o {f,9} =—{9, [} (anticommutativity)

o {af +Bg,h} = a{f h} + {g,h}  (linearity)

o {fg.h} = Flo.h}+{f.hlg  (Leibniz rule)

o {f{g,h}}+{g,{h, f}} +{h{f,g}} =0 (Jacobi identity)

for all f,g,h € A and «,8 € k. We call an algebra with a Poisson bracket a

Poisson algebra.

Taking local coordinates {z;} we have the following expression for the Poisson

bracket of two rational functions

of o
(ot =3 05 2 ) = (V) P(VY)

where P = (p; ;) is the Poisson matrix given by p; ; = {x;, x;}.

Definition 1.61. A function C such that {C,-} = 0 is called a Casimir for the
bracket {-,-}. Equivalently (VC)P = 0.

Definition 1.62. A Poisson bracket is called log-canonical if, with local coordi-

nates {z;}, it is of the form
{l’i,l’j} = C;j ;5 (128)

with each ¢; ; in the field k. Taking the {z;} to be cluster variables, this bracket is
said to be compatible with mutation if, after an arbitrary mutation, the bracket

is still log-canonical:

A U A
{Iivxj = G T,

where the prime denotes the new cluster variables, x}, and new coefficients, ¢} e
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It was shown in [22] that cluster algebras have a space of log-canonical Poisson

brackets, with ¢; ; € Z.

In the context of the period 1 cluster map (1.13) we have initial cluster variables
xg,...,zx and a bracket (1.28). In our work we will demand that the coefficients

¢;; are invariant with respect to this map, equivalently

Cij = Citn,jtn (1.29)

for all n € Z. As we demonstrate with the following example, it may be that case

that this is too restrictive, in that the only Poisson bracket is trivial.

Example 1.63. The recurrence from the A, quiver 1is

Tpa3lp = 14+ Tpi1Tpio (1.30)

where, by construction, x3 = (. By (1.29) the Poisson matriz may be taken to be

C=|-co1 0 cos

—cp2 —con O
Applying {-,z;} to (1.30), with n set to zero for brevity, we have
{wo, 2i}ws + {23, 23} 00 = {22, T3} 201 + {21, T3} 20

or, equivalently,

ToT3i(Coi + C3;) = T1T2xi(Coy + C14).

We cancel x; and replace xoxs using (1.50):
T1@2(C2, + €1, — Coy — €34) = Co; + C34,

hence

0=co;+ 35 =cCai+ Cre
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One can set i = 1,2 here to see co1 = cp2 =0 so C' = 0.

To avoid these problems we instead work with a 2-form in the initial variables,

whose construction we now explain.

1.3.2 Symplectic forms

To define symplectic forms we first define the tensor algebra, of which the exterior
algebra is a quotient. Symplectic forms live in the exterior algebra of certain vector

spaces.

Definition 1.64. The nth tensor power of a vector space V over a field k is the

vector space defined as
TV =V = {(v1,v9,...,0,) EV XV X...xV}/ ~
with addition defined component wise:
(01,02, ..., ) + (W1, wa, ..., wy,) = (V1 + W1,V + Wa, ..., Uy + W)
and multiplication by a scalar A € k is defined subject to the relations
AMv1, 09, ..y 0n) ~ (Av1, g 0,) ~ (U1, Ay )~ (1,0 ADy,).
The equivalence class of (v, vs, ..., v,) under this identification is defined to be
M1 RV Q... R vU,.

The tensor algebra T'(V') is defined as

T(V):= é V.
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Definition 1.65. The exterior algebra A(V) is the tensor algebra modulo the
relations

V1 QU ® ... ® Uy ~ SEN(0) V(1) ® Vg(2) @ ... @ Ug(n)

for any permutation o. The equivalence classes under this identification are de-
noted

(VAN Y AN ANL )

Definition 1.66. For each point p on a manifold M, we let T, M be the tangent
space to M at p, with dual Ty M := (T,M)*. A (differential) k-form $ smoothly

assigns, for each p € M, an element

k
B, € \T; M.

In other words, 3, is an alternating multilinear map acting on k-tuples of tangent

vectors in T, M. The set of k-forms forms a vectors space, denoted QF(M).

Definition 1.67. The exterior derivative d is the unique linear map
d: QR (M) — Q¥(M)
for each k, such that d(df) = 0 and

d(Br A f2) = dBy A Bz + (—=1)"(B1 A dPe)

for all forms 3, #; B2 where (3, is a p-form. A form [ is said to be closed if df = 0.

Definition 1.68. A 2-form w is said to be degenerate at a point p € M if there
exists an X such that

wX,Y)=0 VY eT,M.

Equivalently the linear map w(X, —) : T,M — R given by

w(X, =) Y = w(X,Y)
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is the zero map. A 2-form is non-degenerate if it is not degenerate at any p € M.
A symplectic form w is a 2-form that is closed and non-degenerate. If w is closed

but degenerate then we call it pre-symplectic.

Definition 1.69. A manifold M with a symplectic form w is called a symplectic

manifold. A map between symplectic manifolds

f:(Mw) — (MW"

is called a symplectic map if f*(w') = w. Here the pullback f*(w’) acts on pairs

of tangent vectors as

f W) (X,Y) =" (Df(X), Df(Y))

for tangent vectors X and Y on M, and the differential Df acts on tangents

vectors such that

(Df(X))g=X(go[)
for all g : M' — R.

Lemma 1.70. A generic 2-form 7 := Y _._. fijx; N x; acts on pairs of tangent

i<j
vectors
X = Zaii Y = Zﬁli (1.31)
as
T(X,Y) = aFpg"
where a = (ay,...,0an), B = (B1,...,8.) and F is the n x n matriz with entries

fij. Moreover, T is degenerate at p if the matriz f;; has determinant zero at p.

Proof. Firstly we note that, for k <[ and i < j,

oz oz
a a k k
ox;  Oxj
oo Ay | —— = ) = [P P = 5,55 — 800 = Oud;
k l (81’27 O Oz, Oy kU5l jkVil kU5l
j —_4t —_t
ox; Ox;
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SO

o 0 o 0
T (8_331’ a—%> = ;fkl.rk N Ty (8—1_27 a—x]) = kal((sikéjl) = fij.

k.l

Since 7 is bilinear we have

o 0
T(X,Y) = Z%ﬂﬂ <%, 87) = Z%ﬁjf@
i, ' i,

J

the right hand side of which is equal to aF QT. We now see that the linear map
7(X, —) is given by aF which maps 3 to gFﬁT. Hence the 2-form is degenerate if
and only if there exists an « in the left kernel of F', if and only if F' has determinant

0. ]

Finally, before applying these ideas to cluster algebras, we explain how a symplec-

tic form gives rise to a non-degenerate Poisson bracket.

Definition 1.71. For a fixed 2-form 7 we define a linear map I : TM — T*M by
I(X) =7(=, X)

where X € TM. If 7 is non-degenerate then we have an inverse I~ : T*M — T M.

In this case we define a Poisson bracket

{f.g} =r(I""df, 1 "dg) (1.32)

for functions f,g.

In local coordinates the above bracket (1.32) is given by

{f.9} = (VHF ' (Vg)" (1.33)

where F' is the matrix of Lemma 1.70.

For a quiver ) with exchange matrix B = (b;;) the natural pre-symplectic form is

W= Z by dx; A dx; (1.34)

T
1<i<j<n “ ¥
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which was shown in [23] to be compatible with cluster mutation, in the sense that

it transforms as
/

o,
i) = Y it nd,

1<i<j<n ~17J

where the prime denotes the images of the cluster variables and exchange matrix

entries under the mutation pu.

Lemma 1.72. The 2-form w is always closed and is non-degenerate if and only if

B is.

Proof. We note that

SO one may write w as

w= Z bi;dlog(x;) A dlog(x;)
i<j
which is clearly closed. With this expression in mind, we see that due to Lemma
1.70, with f;; — b;; and dz; — d(log(x;)), w is degenerate if and only if B has

determinant 0. ]

Theorem 1.73. If the matriz B is non-degenerate then the cluster map (1.13) is

symplectic.
Proof. The cluster map acts on the 2-form (1.34) as

prw = Z ——L——— o (dx;) A ¢ (dx;)

\<izi<n ©* (zi)p* ()
and ¢*(z;) = x; 0 p = x4 and p*dr; = d(p*x;) = dx;y 1. Hence

. bij
Yw = Z —dxi A dxjtq.

Liy1X
1<i<j<n i+14541

To show that this is equal to w one needs to replace the z,,; and dz,; terms
using the cluster map. We do not replicate these calculations here, which are given

in [19]. O
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1.3.3 The cluster map as a symplectic map

If w is symplectic then by Theorem 1.73 the cluster map (1.13) is symplectic and
we have a Poisson bracket of the form (2.7) where the ¢;; are the entries of the
matrix B~!. To remedy the problem cases, where w is degenerate, we first project
to a lower dimensional space where ¢ reduces to a symplectic map. This gives a
new, symplectic, 2-form

~

by
@ =Y —Ldy; Ady; (1.35)

i<j 7t

with reduced variables {y;}. The proof of the existence and a construction of this

map are given in [19].

Theorem 1.74. For rank(B) :=2m < N there ezists a rational map m, given by

(1.37) and (1.38) and a symplectic birational map ¢ such that
cV s N
lﬂ lﬂ (1.36)
cm 2, c2m

commutes and W = w.

To construct this map we take the vectors vy, ..., vy, to be a basis for im(B) and

project:

7. CN -

Xy (1.37)

where

y =" (1.38)

and (v;); is the ith component of v,.

Lemma 1.75. The map ¢ is symplectic with respect to the reduced 2-form @.
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Proof. We have

*O=wo

3

(F@)om=bopor=bomop=(r"b)op=wop=p'w) =w=r

where the second equality uses the commutativity of (1.36), the forth uses 7*w =

w
and the sixth uses the fact that w is preserved by ¢*. O

The proof of the preceding theorem considers invariants of the scaling transforma-
tions given by

(1, .oy mn) = (A2, .o, AN ay,) (1.39)
for any A € C* and u = (uq,...,uy) € ker(B).

Lemma 1.76. The y; in (1.38) are a complete set of scaling invariants for (1.39).
Moreover, (1.35) is symplectic and the coefficients Bij are given by the entries of
B, which satisfies

B o

B'=ATBAT =

0 0
and B is a non-degenerate, skew symmetric 2m X 2m matriz. Here we have taken
the sets of vectors {vy,va, ..., vam} and {vomy1,...,un} to be bases for the image

and kernel of B respectively and the matriz A has the vectors vy, ...,vx a$ TOws.

Once we have found the symplectic form w we can take the matrix inverse C =
B! to give coefficients of a non-degenerate, log-canonical, Poisson bracket on the

reduced variables
{vi,v;} = €i vy,

as in Definition 1.71 and equation (1.33).
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1.3.4 Liouville integrability for dynamical systems from

systems of recurrence relations

A system of recurrence relations

X, =FX... XN, i=1,...,N

with initial conditions X}, X2,..., X}V yields a discrete dynamical system:
X, X
o X’% = X’2f“ (1.40)
Xy Xo

with the same initial data. In our work each F; will be a rational function, hence
Xt e C(XE, ..., XY) and we extend ¢ to a C(X{, ..., X}) homomorphism. Ex-
amples of this include the cluster maps (1.13) and (1.26). We take the following
definition of integrability from [35, 42].

Definition 1.77. A N = 2m dimensional map (1.40) is said to be Liouville
integrable if it is symplectic and if there exists m independent Poisson commuting

first integrals Zy,...Z,,. That is,

for all 7,7. Here by symplectic we mean that ¢*w = w where w is a symplectic

form.

1.3.5 Some examples for A type quivers

Here we give two examples of cluster maps arising from affine A type quivers. Will
we prove that the first is integrable and that the second has a reduction which is

also integrable.



46

Example 1.78. The Ag’l quiver has B matriz

0 1 0 1

-1 0 1 0
B =

0O -1 0 1

-1 0 -1 0

which, up to scaling, is its own inverse, hence we can take B as the coefficients for
a log-canonical Poisson bracket on the variables {xo, x1,x2,23}. The cluster map

for this quiver is given by the recurrence
Tn44Tn = Tp+1Tnt3 + 1

for which we have the period 3 quantities

Tn42 + T
Jp = —.

Tni1

Writing Jo, J1 and Jy as functions of the initial variables we can calculate, with
the aid of a computer, the Poisson brackets between these J;. In this example we

arrie at

{Jo, 1} = 2JyJ1 — 2, {Jo, o} = —2JoJo + 2

which is enough to calculate {J;, J;} for each i,j = 1,2,3. We see that the J;
generate a Poisson subalgebra of dimension 3. Since the cluster map is of dimen-
sion 4 we need two commuting first integrals to prove integrability. In this low

dimensional case it s easy enough to check that
{E,H} = O, X= JO + Jl + JQ, Il .= JOJ1J2

and these are first integrals due to the periodicity of J;.

Example 1.79. The 21271 quiver gives the recurrence

Tpi3Tp = Tpiolpi1 + 1 (1.41)
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and has B matriz

0 1 1
B=1-1 0 1
-1 -1 0

which is singular. Hence we cannot define a Poisson bracket directly as described
above, see Example 1.63. Following the construction in Lemma 1.76 we take image

vectors, v1 and vy, and a kernel vector, vs

v = (17 170) U2 = (07 L, 1) U3 = (]-7 —1, 1)

then the matrices A and B* = A~TBA~! are

0o 1 1 0O 1 0
A=11 1 o B'=1-10 0
1 —1 1 0O 00

The reduced coordinates are y; = x1x2 and ys = wax3. One can see from (1.41)

that

2
Tp4+3Tn+4+2Lp4+1Tn = (anernJrl) + Tp4+2Tn+1-

With y,, :== xp112, for all n, this gives the reduced cluster map

N Yn yn+1
Q —>
Yn+1 Yn+2
where
o y721+1 + Yn+1
Yn+o2o = ———————.

Yn

The matriz B, which is the upper left 2 x 2 matriz in B*, gives the 2-form
w = dlogyi N dlogys

We have B! = — B which gives the Poisson structure (after scaling by —1)

{v1,92} = 2. (1.42)
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To prove integrability we again look at

Tn42 + T,
J, = —

Tn+1

which, in this case, is period 2. Note that, since the reduced map has dimension
2, we only need one conserved quantity to prove integrability. The kernel vector
gies the scaling

A (21, T, 23) = (Axp, A g, Axg).

We would like to write Jy and Jy in terms of yy and yo to use the reduced bracket

(1.42) but we see that J, is not preserved under X, so this is not possible, in fact,
Ji= N = AT

hence the product J,Js is fized under the scaling. Clearly J,Js is constant, which

proves integrability.

1.3.6 Integrability of the Ay cluster map

Here we exhibit the proof from [19] of the integrability of the cluster map, for even

N,

T Tn+1

Tnt1 Tni2

. Tn41Tp+N-1 +1
(o T2 — : TpyN ‘= (143)
L,
Tn+N-1
Tn+N-1 Tnt+N

which is (1.15) with p = 1, arising from the A type affine diagrams as described

in Section 1.2.1. Here the B matrix is non-singular and has inverse given by
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where 7 is given by (1.16). The Poisson structure (1.28) is then

{z;,x;} =sgn(j — i)x;z;

where sgn denotes the sign function. To prove integrability we look at the N — 1
periodic functions
Tni2 + xy

In =

Tn+1

from (1.54).

Lemma 1.80. For N even and p = 1 the periodic functions J, form a Poisson

subalgebra with brackets given by

{Ji, I3} = 2sgn(j — 1) (= 1) TiT5 + 2(85 541 — Girng + Givgo1,j — Gijg—1) (1.44)

The construction of commuting first integrals for this bracket is the subject of the

following subsection.

1.3.6.1 Bi-Hamiltonian structures

The arguments here are directly from [18]. We first prove that (1.44) is the sum of
two Poisson brackets. We then use this to prove that the homogenous components
of the constant K from Theorem 1.24 give enough commuting first integrals for

(1.44).

Definition 1.81. T'wo Poisson brackets are said to be compatible if their sum is

also a Poisson bracket.

We observe that (1.44) is the sum of a constant term and a quadratic term. We

define {—, —}¢ as

{Ji> Jj}O = 2<5i,j+l - 57L+1,j + (Si-i-q—l,j - 51',]'4‘(]—1)

which is easily verified as a Poisson bracket. Now the leftmost expression in (1.44)

remains a Poisson bracket under the scaling J; — AJ; for each i and arbitrary A,
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SO
{71, Jj} = 2sgn(j — i) (= 1) TN T; 4+ 207 (81541 — Givrg + Qi1 — Oigirg—1)
is also a Poisson bracket. Sending A — oo proves that
{Ji, Jj}a = 2sgn(j — i) (—=1)" T,
is also Poisson bracket. Hence we have
{Ji, Ji} = {Jis Jita +{Ji, Ji}o

giving the compatibility of the brackets on the right hand side. The following result
of [19] gives a bi-Hamiltonian ladder of functions [36] which will later provide our

commuting first integrals for (1.43).
Theorem 1.82. The function K of Theorem 1.24 is a Casimir for the bracket
(1.44). Moreover K is of the form

IC - IN/Q - I(N/Q)_l e :l:Il

where each Z; is of degree 2i — 1 and Injp and I, are Casimirs for {—,—}2 and

{—, —}o respectively.

Due to the homogeneity of Z; and the two brackets we have that these functions

satisfy
{Ziv, —ho ={Zi, - }2 (1.45)

We firstly show that each of these Z; is constant, provided Z; is.
Lemma 1.83. If Z, is constant then so is Z; for each i.

Proof. We prove this inductively, with the base case given by assumption. We

have

{Zis1, Ji}o =T, J; }»
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for all 7. Applying the Poisson algebra homomorphism ¢* to this we have

{0"(Zis1), Jir1}o = 19" (L), Jjsa}e = {Ts, Jjr1}e = {Zis1, Jj1}o

where for the second equality we have used that Z; is constant, the induction
assumption and the third equality is given by (1.45). Since this relation holds for
all j we must have that ¢*(Z;11) = Z;41. O

The following lemma and theorem prove that the Z; commute with respect to each
Poisson bracket, hence providing N/2 first integrals for the dynamical system.

From this we have Liouville integrability.

Lemma 1.84. We have

{Zi,Zio = {2, Zj 1} = {Zis1, Zi 1 o

Proof. The second equality is precisely (1.45). For the first equality we use

{Ii,Ij}o = _{ijzi}o = _{Ij—lazi}2 = {Iian—l}Q

Theorem 1.85. The functions Z; commute with respect to each bracket:

{Z.,Z;}0 ={Z:;,Z;}2 = 0

Hence {Z;,Z;} = 0 and these N/2 commuting constants prove Liowville integrabil-

ity for the system (1.43).

Proof. Without loss of generality we can take ¢ < j. If j — i is even then we have

an [ such that i1 +1 =7 — [ and

{Iz‘azj}() = {Iian—l}Q = {Ii+1an—1}O == {Ii+lan—l}0 = 0.
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If 5 — 7 is odd then we have an [ such that i +1=j — [ — 1 and
{Zi. Yo ={Zi,Tja}e = - = {Zist, Lj11}2 =0

a similar proof holds for the other bracket. O

1.4 Laurent phenomenon algebras and period 1

seeds

Here we give the background and motivation for the first part of Chapter 3, where
we examine recurrences outside of cluster algebras that have the Laurent property.

This section is a review of relevant information from [1, 34].

Due to the definition of cluster mutation, each recurrence from a period 1 quiver

is of the form

TpomTn = P(Tpi1, - Tmin_1) (1.46)

where P is a binomial. The Laurent property of cluster algebras, Theorem 1.16, en-
sures that each iterate of these recurrences can be written as a Laurent polynomial
in the initial values xzq,...,2,,_1. Examples are known, however, of recurrences
of the form (1.46) satisfying the Laurent property but with P no longer binomial
[1, 27]. Some of these can be explained by Laurent Phenomenon (LP) algebras
[34], which generalise cluster mutation, allowing for non-binomial exchange rela-
tions while preserving the Laurent property. LP algebras, like cluster algebras,
have clusters of m cluster variables. We also have seeds, each of which is a cluster
with m “exchange polynomials” and mutation allows us to obtain new seeds, using
these exchange polynomials. The construction is designed to preserve the Laurent
property of cluster algebras (hence the name). We also have a concept of periodic

seeds, similar to the periodic quivers from cluster algebras.
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1.4.1 Construction of the LP algebra

Definition 1.86. An (LP) seed (x,P) is a collection of m algebraically indepen-
dent elements, the cluster variables, x := {1, ...z, } and m exchange polynomials

P:={pP,... P,}. Each P, must

e be irreducible in Z[xy, . .., Z)

e not contain the variable x;.

Each x is called a cluster.

Remark 1.87. In order to follow the notation used in [15] we use two different hats.
The smaller one over a polynomial denotes a new polynomial. A larger one over

a variable denotes the omission of that variable.

Definition 1.88. For each seed (x,P) we may perform a different mutation for
each k € {1,...,m}, giving us a new seeds px((x,P)) = (x’,P’) This process is

defined in the following steps:

1. We first define the “exchange Laurent polynomials”

{P\,...,P,} C ZzF",. . !

rYm

which are the unique polynomials such that

~

o Pi=ual"...x;%...xtmP; foreach j and a; € Z<( for each i.

e for i # j we have

131\ e Z[ +1 +1 +1 41 il]

P; RN R P A /e PR

and this polynomial is not divisible by F; in this ring.

By

: !/ __ / /o
2. Our new cluster is x' = {z1,..., 2}, ..., xn} where zj := k.
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3. Now, for each j, define polynomials

Py,
G, = P, <xk — d ,ﬂ_O)

Ly,

denoting the replacement of z;, in P;

4. For each 7, remove all common factors with ]5k|rj<_0 from G, in the UFD

Zlx1,. .., Thy. .., Tj, ..., Tm]. Denote these new polynomials by H;.

5. The new exchange polynomials are P; = H;M; where M; is the unique

Laurent monomial in Zlzg, ..., ZTp_1,2h, Ts1, ..., Tm| such that P! is not
05 ) sy Lk +1 3 j

divisible by any Laurent monomial in this new ring.
6. The new seed is (X', P’) = ({z1,..., %% sz}, {Pl,..., PL})

Definition 1.89. Two seeds are said to be mutation equivalent if one can be
obtained from the other via a finite sequence of mutations. It is useful to pick
one seed (x,P) to be the “initial seed”. The LP algebra A is the subalgebra
of Q(z1,...,x,) generated by the cluster variables in seeds that are mutation
equivalent to an initial seed. Evidently this does not depend on the choice of

initial seed.

The convoluted construction of LP mutation is to ensure that the proof of the
Laurent property of cluster algebras, via the caterpillar lemma in [14], is still valid

in the more general LP case.

Theorem 1.90 ([15], Theorem 5.1). Each of the cluster variables in the LP algebra
1s a Laurent polynomaial in the cluster variables of an initial seed, i.e. for any seed

({xo,...7m}, P) we have A C Z[zFt, .. ot

m

1.4.2 Recurrence relations from period 1 seeds

We now show how to obtain recurrences of the form (1.46) where P has more than

two terms, from periodic seeds in LP algebras, in the special case where the period
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is 1. These may be used to show that the iterates of certain recurrence relations
may be obtained via LP mutation, hence satisfying the conditions of Theorem

1.90. This proves the Laurent property for these recurrences.

Definition 1.91 (Period 1 seed). Let

{(xla'-wajm)?(Plv"->pm)}7 {(.1'/2,...,$;n,x/1),(132/,...,PA,P{)}

be a seed and that seed after mutation at 1 respectively. The seed is called period
1if P = SP,_ for i from 2 to m and P; = SP,,, where the shift operator S
increases the subscripts on each of the x; appearing by one. Note the reordering

of the seed after mutation.
Proposition 1.92. If {(z1,...,2m), (Pi,..., Pyn)} is a period 1 seed with P, =

P(xo,...,xy) then the iterates of recurrence
TnTpim = P(Tni1, - Tnbm—1) (1.47)
are Laurent polynomials in the first m variables.

Proof. Since Py = SP; we have Py = P(z3,...Zmn41). Mutating a period 1 seed

{(5(71,...,ZL’m),(Pl,...,Pm>}

P(za,...,.x

at 1 gives x| = - m) which we'll define as Tm+1 and agrees with the proposed

recurrence (1.47). Now mutating at 2 gives
P2/<£L'3,...,.I'm+1) P(%g,...,merl)

xh = = .
T2 T2

This we define as x,,15. One can see that composing consecutive mutations will
give precisely the iterates of (1.47). Since these iterates are given by compositions
of mutations they belong to the LP algebra generated by the seed, hence are

Laurent polynomials in the initial variables by Theorem 1.90. O]
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1.4.3 The Little Pi recurrence as a period 1 seed

In Chapter 3 one of the recurrences we shall be concerned with is the “Little Pi”

recurrence:

TnTnt2k+l = Tnt2kTntl + QTntk T ALnykti (1.48)

which was shown in [1] to possess the Laurent property, by obtaining the iterates

from LP mutation of a period 1 seed. Here we give some details of this construction.

Remark 1.93. There is an inconsistency in the notation used in the papers refer-
enced here. In [15], a cluster of size m is labelled from 1 to m. This is the notation
we have used above. Unfortunately in [1] the labels run from 0 to m — 1. This

convention does make thing neater, however, so we will employ it for this section.

In order to apply Proposition 1.92 the authors of [1] construct the “intermediate
polynomials”, the other polynomials that appear in the period 1 seed, such that
the shifting conditions hold. This construction is split into 4 cases. Only the poly-
nomials P; for j € J :={0,k,2k,[,k+{} will be given. To find the intermediate
polynomial F;, take the largest j € J with j <4 and shift P; up by ¢ — j. Note
that in all cases F;) = P and n has been set to 0 for readability.

o Ifl > 2k
P, = axoxay, + avopr; + ToT3pTpq + CLZH,
Py = amoxsk + axi_ T4t + ToTi—opTrpt + a’To,
P, = axpxi_g + T ;Tpi1 + ToT1—okTht + a°To,
Pry = axo + ax; + xpx; k.
o If | =2k

2 2 2
P, = axozor, + axsy, + o3, + a” Ty,
P _ 2 2 2

ok = AT}, + aTKT3k + ToTap + a” Lo,

2
ng = axg + arak + Ty,
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o If2k>1>k

2
Py = axoxa, + avopm + ToTskTr + ATy,

Py = ToT—pTpq1 + Tk Thyi + Tk TpTo + Tj—pThyi Ty + aToTy,
2
Py, = axpwsr_; + arpxay + ToxpTar + a” Tk,

Pryy = axo + ax; + xpx k.

o Ifk>1

Py = 27, + TuTiqr + ToTok + ToTptai,
P, = 2oTp41%ok—1 + ToTky1Tok + ToTr—_1Tok + TiTh—1Tok + ATk Thl,
Py = mjxy, + Tpqo® + ToXpgo + TipTo,

P2k = QTk_] + AT + ToTog_.

1.5 Thesis outline

With the preliminaries dealt with, we can begin to present the new results of this

thesis.

In Chapter 2 we obtain cluster maps (1.26) for affine D and E type quivers and
find periodic quantities and linear relations for these, analogously to affine A type,
as given in Section 1.2. We also prove the integrability of a reduction of these
dynamical systems for affine Dy with odd N and for each affine E type, using the

results and ideas of Section 1.3.

In Chapter 3 we study two non-linear recurrences that appear in LP algebras,
including the Little Pi from Section 1.4. We find linear relations for these, also
using the Desanot-Jacobi identity. We also prove that they can each be obtained
as reductions of 2-dimensional recurrences. Finally we construct sets of initial

values such that these 2-d recurrences still possess the Laurent property.



Chapter 2

Linearisability and integrability of
cluster maps from D and E type

quivers

2.1 Summary of results

The results of this chapter come from analysing the frieze sequence (1.4) (or gen-
eralised cluster map (1.26)) of an orientation of D and E type quivers. Our goal
is to find analogues to the periodic quantities, (1.20), the linear relations (1.23,
1.24) the Poisson structure (1.44) and integrability of the A type quivers. We

summarise our results here.

Theorem 2.1. For each extending vertex k, the variables that live there satisfy

the constant coefficient linear relation
Xh o —KXF, + XE=0. (2.1)

Here b depends on the quiver, the values of which are given in Figure 2.1, and K is
inwvariant under the shift ©*. The extending vertices for an affine quiver are those

labelled 1 in Figure 1.4.

58
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’ Quiver ‘ b ‘

~ Apg | lem(p, q)
Dy Neven | N —2
Dy Nodd | 2N —4

By | 6
E; |12
FEs | 30

FIGURE 2.1: Values of b for the ADE quivers.

Quiver | Period | Quantity
p In

A

P.q

=

N ow oo w0 W W[ | [R
N
3=
~ N~

D EEREENE

3

FIGURE 2.2: Periodic quantities found for the ADE quivers.

We remark that in [33], for D and F types, K is given by Xj, or a function thereof,
defined as the image of any module with dimension ¢ under the Caldero-Chapoton
map [6], where § gives the radical of the symmetrized Euler form [10]. The values

0; of 9 at each vertex 7 are given in Figure 1.4.

In order to prove Theorem 2.1 for the D and E quivers we first find periodic quan-
tities for their frieze sequences which give linear relations with periodic coefficients

for the extending vertices.

Theorem 2.2. The frieze sequences for the ADE quivers have the periodic quan-

tities given in Figure 2.2.
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Here we find only the period 5 and 3 quantities, J, and K, respectively, for the Eg
quiver. The question mark is Conjecture 2.39 below. As mentioned in Remark 1.34
the Auslander-Reiten quivers for affine type have regular representations appearing
in tubes, whose widths can be found in [10]. We remark that these widths match
precisely with the periods in our Figure 2.2. This is why we conjecture the missing

period for Fi.

For each quiver at least one of the quantities in Figure 2.2 gives a linear relation
of the form (1.23) between the variables X* at only one vertex k. The rest of
the quantities give linear relations that involve variables that live at different ex-
tending vertices. Focussing on the former, we derive relations that are remarkably
similar to the A type mutation relation (1.15), two for Es (plus a third conjectured

relation), and one for each of the remaining quivers.

Theorem 2.3. For the Dy, with N even, and E quivers we have the following A
type recurrence:

k k
n+a+p“*n n+aXn+p + PYn' (22)

Here k is an extending vertex and % is period a. For Dy with N odd we have
instead

X11+a+pX71L = (An+1>2Xi+aX71+p + 7%? (23>

and corresponding results for the other extending vertices, where \,11 is period 2

and v} is period a. The values of a and p are given in Figure 2.5.

As for the presymplectic form (1.34), in our cases, this will be degenerate. We
instead project to a lower dimensional space with a reduced cluster map and
a symplectic form. We have the following result about the integrability of this

reduction.
Theorem 2.4. The reduced cluster map for the Dy quivers, where N is odd, and

for the E type quivers is Liouville integrable.

We provide an example of integrability for Dg and leave the proof for general even

N open.
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Quiver a P

f)N Neven | 1 N -2
Dy Nodd | 1 |2N —4

Es 3 2
E; 4 3
6 5

Ex 10 3
157 | 27

FIGURE 2.3: Values of a and p for the DE quivers.

2.2 Source-sink orientations

Any tree, in particular the D and F diagrams, can be oriented such that each

vertex is a sink or a source. These quivers are bipartite, and we define

Msink = H Mk, Hsource = H Lok

k a sink k a source

the composition of mutations at each sink and at each source respectively. The
order in the products is inconsequential since there are no arrows between two
sinks or two sources. For the sequence of mutations giving the cluster map (1.26)

we take [t = lsource © Isink and  may be written as the composition ¢ = YsourcePsink

where
: X!, iasink
T
@sink(Xn) =
X! i a source
and
. Xi i a sink
1
stource(Xn) -

i .
X, 1 1 asource
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In this case the frieze relations (1.4) become

Xon Xy =1+]][X), iasink
Jj—t
X Xi=1+ H Xﬁ;ﬂ, 1 a source

Jj—

(2.4)

where the products are taken over arrows in the initial quiver. The frieze relations

will give the generalised cluster map (1.26).

Remark 2.5. The cluster variables constructed this way, from a bipartite quiver,

form the bipartite belt of the cluster algebra, defined in [17].

2.3 Integrability of the generalised cluster map

In our source-sink oriented quivers we use a slightly different 2-form,

W = E LdXZ A dX],
X7‘X‘7 n n
i a sink n<n
J a source

equivalent to (1.34) up to relabelling. The first step to proving integrability is to
check that the generalised cluster map (1.26) is presymplectic, i.e. that it preserves

this 2-form, or equivalently that w is independent of n.

Lemma 2.6. The cluster map (1.26), ¢, associated with a frieze sequence pre-

serves the symplectic form, i.e. p*w = w.

Proof. Since it shifts the frieze variables and fixes the quiver, the cluster map acts

as
W= U gxi adx
pw= i xJ n+1 n41-
i a sink n+1<%n+1
J a source

This, however may be decomposed, as above, into ¢ = Ysource@Psink- Since, for all

sinks 7, the map @gui sends X! XflJrl and b; j — b;; = —b; ; we have

b - , A
* _ 1,7 1 J
Spsink(w) - § XZ J an—H A an
4 a sink n+1<31

j a source
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where, and throughout this proof, we consider the sum over sinks and sources in

the original quiver ). For a general sink ¢ the mutation relation is

XX, =1+ X
[—1
Since
. 0X! 0Xi
dxt, =Yy —lgxk - Zntlgxe ”“ka
T 2 Tk T X +k§ DXk

we calculate

0Xjp1 1401, X, sz+1Xl Xfwrl

0X;, (X5)? (X5)? X;,
and, for k — 1,
8X7’§ XZ Xk " ﬁl Xk X}lXjf

Collecting these gives

d‘X}iL-&-l — —i.del (Xrlz+1Xi — 1) bkidXT]j.
XTZLJrl Xrll X XﬁH’l k a source 7 Xﬁ
Finally
b;
(W) = — - dX, AdX] =
Spsmk( ) i a%}{ X}I_HX +1
J a source

bii o 4 Xi Xi—1 dXE A dX7

Y —dXpAdX) - Y by REE— Y by

i a sink X;LLX% ! ! i a sink ! X’L X’Zﬁ'l ; XﬁX%
j a source j a source

Y

k a source

the second term of which may be written

Xbo X —1 dXk AN dXI
Dol e Z by jbp e
i a sink X XTZLJrl J a source XkXJ

k a source
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We see that in the bracketed sum every summand is counted twice with opposite

sign, giving zero. Hence

dXi,, AdXi dXi A dXi
2 T
X Xi X7

i—j n—l—l

50 phx(w) = w. A similar proof shows that ¢} ..(w) = w so the decomposition

© = Psource © Psink gives the result. ]

The cluster map in our cases is only pre-symplectic, as the B matrices for the
D and E quivers are degenerate. Following the reduction procedure described
in Subsection 1.3.3, for each n we take reduced coordinates {y};—1 _am, where
rank(B) = 2m, and

vn = [ TG

i

giving, for each n, the two form

b;
O =Y —dyi Adyj, (2.5)

1<j y”

which is symplectic with 7* o @ = w. Here the coefficients l;ij are given by the

entries of B which satisfies

B 0
ATBA™ =
0 0
where the matrix A has the vectors vy,...,vyy1 as rows, and the sets of vectors
{v1,..., 09} and {vopy1, ..., Uny1 } are bases for im B and ker B respectively. The

form of B and the reduced coordinates depend on the choice of basis for the image

and kernel of B. The following theorem is the analogue of Theorem 2.6 in [19].
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Theorem 2.7. For the DE type quivers the cluster map @ reduces to a map §:

?Jib yrlLH
2 2
5 y” o | O (2.6)
yim .%21111

such that m o = pom. The map ¢ is birational and symplectic with respect to

the two form (1.35).

Proof. The property mop = @pom and birationality of the maps ¢ is shown as they
are constructed, case by case, in Section 2.6. That ¢ is symplectic is the same as

in [19] Lemma 2.9. O

Since w is symplectic, it defines a non-degenerate Poisson bracket:

A

{yfl,yfl} = cijy;yZL, where C = (¢;) == B~ L (2.7)

Our aim is to prove Liouville integrability of the map (2.6), by finding enough

involutive first integrals with respect to this bracket.

2.4 Method of constructing periodic quantities

for the D and F quivers

Here we’ll discuss our general process for finding periodic quantities for the frieze
sequences for D and E quivers and we show how to find constant coefficient linear
relations from these. The key to our results, for D type, is to write each of the
mutation relations (2.4) as a 2 X 2 matrix with determinant —1:

*  XF
—1= G (2.8)
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where the product of the stars will give the product on the right hand side of
(2.4). For the E quivers we have taken the determinant in (2.8) to be +1, but
the procedure is equivalent, up to swapping matrix columns. We then construct a
3 x 3 matrix such that each connected 2 x 2 determinant inside is of the form (2.8).
By Dodgson condensation (for 3 x 3 matrices), Lemma 1.52, the 3 x 3 matrix will

have determinant zero.

In our cases the 3 X 3 matrix will have a kernel vector of the form (1, —a,1)T.
We then add rows to the bottom (or top) of this matrix that preserve this kernel
vector. Our main method for doing this will be such that, using (2.8), the new
row will create two new connected 2 x 2 matrices with equal determinant. By the

following lemma this newly formed 4 x 3 matrix will have the same kernel vector

(1, —a, )T,

Lemma 2.8. Let M be a 3 x 3 matrix

Too To1 To2

M := T10 T11 T12

T20 T21 T22

such that (1, —a, 1)T is in the kernel of the first two rows. We define the determi-
nants ; ; by

L5 Ti5+1
)

g
Titl,j  Litl,j+1

If w1 # 0 and 619 = 011 # 0 then (1, —a, 1)T is in the kernel for all three rows of
M.

Proof. By (1.18), and since 0,9 = 611 # 0, we have

|M| =0 < 000011 — 01,0001 =0 < o0 — o1 = 0.
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Now the matrix

Zo,o Toa1 Lo2
T10 T11 T12

-1 0 1

has a kernel vector (1, —a, 1)7 and determinant zero. We expand this determinant
along the bottom row to see that oo = do1. Hence |M| = 0. Taking a kernel
vector (A, B,1)T for M we have A = %é = 1 by Cramer’s rule and B = —a. [

After adding one row our 4 x 3 matrix will be of the form

Zo,o Toa1 To2
10 T11 T12
Too T21 T22

3,0 T31 T32

so that the bottom 3 x 3 matrix satisfies the conditions of Lemma 2.8, hence the
4 x 3 matrix has (1, —a, 1)7 as a kernel vector. As in (2.8) for the z; ; we will take
cluster variables X*, or functions thereof. We continue adding rows in this way
(except for a few exceptional rows in the D cases) until we find that either « is

periodic, in the D cases, or one of the matrix entries is periodic, in the E cases,

each with respect to the shift ™.

2.4.1 Linear relations with fixed coefficients

The periodic quantities we find immediately give linear relations with periodic
coefficients, which in turn give linear relations with constant coefficients, as for
the A type quivers. In each case we’ll have ¥, L, = W, ., for some integer g,
where ¥, is a 2 x 2 matrix with cluster variable entries and L,, is a 2 X 2 matrix

with periodic elements, i.e. L, 4, = L, for some p. Taking m := lem(p, ¢) we have

\I]TLMTL = \Ijn+m, Mn = LnLn+q Ce Ln+qu- (29)
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Theorem 2.9. The matriz V,, satisfies
U, om — tr (M) ¥, + det(M,) ¥, =0, (2.10)
where tr (M,) is period q.
Proof. Applying the Cayley-Hamilton theorem to M,, gives
M? — tr(M,)M,, + det(M,)I = 0.
Multiplying by W,, from the left gives the result. m

In each of the cases we deal with, however, we find that K := tr(M,) is in-
variant (under shifts in n) and that det(M,) = 1. Hence (2.10) reduces to
Vorom — KVyim + U, = 0 and any entry of this matrix equation will give us con-

stant coeflicient linear relations between cluster variables.

2.5 Linear relations in the D and F quivers

Here we apply the ideas of the previous section to the D and E quivers. For Dy
we deal with different parities separately. As well as those stated above we have

sporadic appearances of other linear relations.

2.5.1 Quivers of D type

We'll orient the Dy diagram as in Figure 2.4. The two sided arrows are used on the
right-hand side to indicate that the direction depends on the parity of N, i.e. for a
given N one of the arrowheads needs to be deleted on each double arrow, ensuring
that each vertex is a sink or source. We deal with the case N = 4 separately, in

Section 2.5.1.2.
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X3<_X4+X5<_X6 XN—QHXN—l

X2 Y N+1

FIGURE 2.4: The Dy Quiver.

We use the sequence of mutations described in Section 2.2. For example, mutating

at vertex 3 gives

X2, = ;3(1 + XXX (2.11)
and then at vertex 1
Xpq = X1 (1+ X2, = ; (1 + %(1 + X X2X4))
In general the relations are
1 1 3 2 1 3 3 1 4
Xn—H = X_rlz(l + Xn+1)’ Xn+1 Xg(l + X, ) Xn+1 Xg(l + X X X )
X, = ff;(l + XX, 3<i<N-—1 for i even,
X, = %(1 + XX 3<i<N-—-1 for i odd. (2.12)

n

Towards the right end of the diagram we need to distinguish two cases, depending

on the parity of N. When N is even we have

XNl 1

n+1 XN 1(1+XN 2XNXN+1)

Xl = g X2, X2 =

n+1 XN+1 (1 + X7]1\[+11) (213)

1
XN(
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and when N is odd we have

_ 1 _
X7]zV+11 = W(l + quzv+12X7]zV+1X7JLV++11)7

n

N-1 N+1
n+l — ﬁ(l +Xn )’ Xn—&——’i = X N+1

(1+ XN, (2.14)

Lemma 2.10. We note that from (2.12) at the extending vertices 1 and 2 we have

Xhooox2 o _(Xs)“y’
X2z, X} X2 ’

as well as a corresponding result for vertices N and N + 1 from FEquations 2.13

and 2.14. In particular X}/ X? and XN/ XN are period 2.

The 3 x 3 matrix and kernel vector from Lemma 2.8 are given in the following

lemma.

Lemma 2.11. The matriz

1 2 3 4
Xn+1Xn+1 Xn—i—l Xn
R 3 4 5
M = Xn+2 Xn+1 Xn+1
4 5 6
Xn+2 Xn+2 Xn+1

has kernel vector (1,—J,, )T, where

J o= X Xo + X,

3
Xn+1

Proof. Each of the cluster relations, for example (2.11), can be written as

for appropriate 2 x 2 matrices, so each connected 2 x 2 determinant inside M is

equal to —1. We see from (2.12) that

X3

Xio X2+ X0\
1, - 1
n+1
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is in the kernel of the first two rows of M. Hence by Lemma 2.8 this vector is in

the kernel of M. O

We can extend M to involve the variables at each vertex, ensuring that each
connected 2 X 2 matrix has determinant —1, as described in Section 2.4. By
repeated applications of Lemma 2.8 the vector (1, —.J,, 1) will be in the kernel of

each newly added row. For example, after the first application we have

1 2 3 4
Xn+1Xn+1 XnJrl Xn
3 4 5
M= Xn+2 Xn—H Xn+1
o 4 5 6 ’
Xn—l—? Xn+2 Xn+1
5 6 7
Xn+3 Xn+2 Xn+2
with the newly formed connected 2 x 2 matrices
4 5 5 6
Xn+2 Xn+2 Xn+2 XnJrl
)
5 6 6 7
Xn+3 Xn+2 Xn+2 Xn+2

each having determinant —1, which follows from the mutation relations (2.12).

The kernel vector (1, —J,,1) for this 4 x 3 matrix gives us a new equation

1

(Xr51+3 X XZ+2> —Ju | =0
1

This particular relation is not so important, we simply state it to stress that we

arrive at a new equation for each row we add. We can use the Equations 2.12 to
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add N — 6 rows to M in the same way:

X71L+1X72L+1 X73L+1 X
X2+2 Xﬁﬂ X2+1
XEL-I—Z X7§+2 Xg-i-l
M = Xy Xoia Xy
Xoat o Xk Xk
X, Xont XNX00L,

Here the subindex in the leftmost column increases by 1 only at each sink, so [ is
1 greater than the number of sinks from X3 to X"V~ inclusive. The value of h is

0 if NV is odd and 1 if N is even. To proceed we can use the identities:

J - X+ X0, _ XX+ X, _ Xo X7+ X,
X X3 X3 ’

(2.15)

which follow from some simple manipulation of (2.12), to add two rows (shown in
black) to the top of the following matrix while preserving our kernel vector. Note

that these new connected 2 x 2 minors don’t have determinant —1. This gives us

4 3 1 2
Xn Xn Xn—an—l
1 2 1
Xn+1 Xn Xn—l
— -1 -2 3 4
M = ‘XnJr]‘Xn,Jr] Xn+l 1X11
rN—2 ~N—1 N ~N—+1
‘X/1+l+lf}1 ‘szJrl ‘XII’Z*}I‘XIlilfh

In order to extend the bottom in this way we’ll need to use similar identities to
(2.15) for the vertices at the right end of the diagram, but these depend on the

parity of N, so now we split the problem in to two cases.

Before we do this we note that for small N the above process may be not defined.

We deal with the case N = 4 in Section 2.5.1.2. For N = 5 one should start with
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the matrix
1 2 3 4
Xn+1Xn+1 Xn+1 Xn
3 4 5 6
Xn+2 Xn+1 XnJranJrl

and use (2.15) to add rows above. Rows below should then be added as described
in Section 2.5.1.3. For N = 6 add rows above the matrix

1 2 3 4
Xn+1Xn+1 Xn+1 Xn
3 4 5
Xn+2 Xn+1 Xn+1
4 5 6 7
Xn+2 Xn+2 XnJranJrl

with (2.15) and add rows below as described in Section 2.5.1.1.

2.5.1.1 The even N case with N > 4.
Here the vertices N and N + 1 are sources, [ = % —1 and h = 1. We now establish
why J,, is of such importance.

1 1
Lemma 2.12. The quantity of (2.15), J, = %, is periodic with period
2l=N —2
Proof. The quiver is symmetric about the centre vertex so the relations

XN+ qulv_+11 ijmvjlle]m\zrl + X2 . X?ivjier]Lv—l + XN

n+1 _ 2 16)
N - N—-1 N—1 ( .
Xn Xn+1 Xn
mirror (2.15). We use these to extend M:
4 -3 Al y2
/‘(n ‘Xn ‘Xﬂfl‘xﬂfl
71 2 1
/Xufl Xn ‘erzfl
N —2 N-1 *N s N+1
‘Xnvl X!L+[ /XN,Jr/fl‘XnJrlfl
N+1 N N+1
Xn+l+1 Xn+l Xn-l—l—l
N+1 N N-1 N-2
Xn+l+1Xn+l+l Xn+l+1 Xn-H
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Now the bottom row here is the counterpart to the top row of (2.5.1) from the

opposite end of the quiver. Hence we can add extra rows below in exactly the

same way in which we started:

X;i X;? X,l,leﬁfl
Xt Xz X
Xon X Xop X,
X: 2 ‘Yl} +1 ‘Yl_l) 1
X st X Xorits
X[z,\!li] ‘Xf;l\;l+l X{L\}zil ‘Xf;l\;%z )
Xooe  Xohh X0k
Xoat Xoite Xoit
Xy Xpior-1 X a1
Xt Xovo X1 Xooa
Xpior1 X Xy

where the final row follows from (2.15). Comparing the second and last rows we

can see that

1 1 1 1

J - Xoi+Xo1 X+ Xopo g l

n — 2 - 2 — Yn+2l-
X Xn+2l

]

Theorem 2.13. For even N > 4 the constant coefficient linear relation for the

variables at the extending vertices is
Xiron—a — KX} nop + X5 =0, (2.17)

by which we mean that k € {1,2, N, N + 1} and K is invariant.
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Proof. Defining

o[ X X - [0 1
Xn+N—2 X?%—I—N—l 1 Jn

then
Ui - Xia X
o Xiin-1 Xogw |
SO @ninin+1 = U,.,. Calling L, := f/nf}nﬂ allows us to apply Theorem 2.9 with
q=2and p=m = N — 2. Explicitly M,, = L,Ly+2...L,in_4. Since En+N_2 =
L, and the trace is fixed under cyclic permutations we have that tr(M,) = K is
invariant. We also have |M,,| = 1. The theorem gives U, oy _4—KV,, v o+¥, =0

and the top left entry of this matrix equation gives the linear relation (2.17) for

k = 1. By symmetry this holds for the other extending vertices. O

We now give the following result, one of the cases in Theorem 2.3.

Corollary 2.14. For even N > 4 the X! variables satisfy the A type recurrence
XrlerN—lXi = X7}L+N72X7}L+1 +7
where v is invariant.

Proof. Taking determinants in \IJnIN/n = U,,; we have that

1y2 2 1 _v2 1 1 2
Xan+N—1 - Xn+1X +N-2 — Xn+1Xn+N - Xn+2Xn+N—1a

n

(=n"
and by Lemma 2.10 we can write X2 as X}\, where ), := <X2> which is

1
X 0

period 2. When replacing each X2, each A\ will appear with the same subscript

n’

and we cancel them to give the result. O]
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2.5.1.2 The case N = 4.

In this case the mutation relations are given by

. 1 )
Xonr = 57 (L4 Xo), for i =1,2,4,5,
Xnp1 = ﬁ(l + X, X0 X, X0,

The analogue of (2.15) is

XLt XL, XLX, G XIXDXDLXE XX
X7 X3, X3

and the analogous result

O(Jn) — sz—f—l + sz—l _ Xﬁ—&—ng—&-l + XleX'rQL _ Xﬁ—ng—l + XrlzXerz
X3 Xon X3

is given by the permutation ¢ := (14)(25). A simple calculation shows that J,, =
1 1
o(Jn—1) hence J, is period N — 2 = 2. Since the expression J,, = % is the

same as the other cases, Theorem 2.13 and Corollary 2.14 hold for N = 4.

2.5.1.3 The odd N case.

Here vertices N and N + 1 are sinks, [ = %, and h = 0. We can start with the

matrix

X X3 Xy X2,

Xon X2 X0
Xpp X2, X3, X)

Xr?;JrQ Xfﬂrl Xr5z+1
X3+2 X2+2 XS—H
DIV CIPED €
D VA CVEID. CAvis!
XN—2 XN—I XN XN+1

n+i+1 n+l n+l<*n+l
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The analogue for (2.16) is

N
+ XN

n+1

N
XNHIXN |+

X2 XX X

N-1
Xn

N-1
anl

?

which we use to add the first two black rows to (2.18). The following rows are

again constructed in the same way we started:

X4
X

1
n+1
71 r2
‘Xn, | l/Xn, 1

3
‘X n+2

~N—3
X n—+1

rN—2
XnJrlAl

N+1
Xn+l+2

N+1 N
Xn+l+2Xn+l+2

N-1
Xn+l+2

5
Xn+2l+1

X4

n—+20+1

1
Xn+2[+2

From the kernel for this matrix we see that

gy =

N yvN+1
X/I’Z‘X n—+l

N+1
XnJrl

2 1
X +2an+2l

n

1
Xn+2l

Xon +X0
X2

n

has period 2l +1 = N — 2, the same as in the even N case.

(2.18)

Theorem 2.15. For odd N the linear relation for the extending vertex variables

18

X:+4N—8 - ’CX5+2N_4 + XS = 0.

(2.19)
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Proof. As above we have

_— X} X2, - [0 -1
Xoinvoe X2inoa 1 Jo

and

U I - Xov1 Xogo

Xoenar Xogw
Once again we define L,, := [:nf)nH soV, L, =V, 5. Applying Theorem 2.9 with
g=2,p=N—2and m = 2N — 4 yields ¥,, . yv_s — KV, on_4 + ¥, = 0, from
which we can extract the linear relation. The arguments that tr(M,) is invariant

and |M,| =1 are identical to the ones from the N even case. O

The following result is Equation 2.3 in Theorem 2.3.

Corollary 2.16. The X! variables satisfy the A type recurrence
Xnin-1Xn = Xo v Xt i + Yo
where both v} and X\, are period 2.
Proof. By taking determinants in ¥, L, = ¥, we see that
XoXoino — X Xoinoo
is period 2. By Lemma 2.10 we can replace X2, y_; and X2, to give that
XEXE = XX o (2.20)

_ )n
is period 2, where we have again defined A, := <§—§> , which is also period 2.
0

We define expression (2.20) as 7, /A,.1 and rearrange to give the corollary. O
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(&

FIGURE 2.5: The Ejg quiver.

2.5.2 The E; quiver

The Fg diagram is given in Figure 2.5 with a source-sink orientation. Since we
have a fixed number of vertices we can label each using different letters, making
calculations clearer. In our previous notation we would have had, for example,

a, = X}. The sequence of mutations, y, gives the following recurrence relations.

Ap41Gp = I+ bna bn+1bn =1+ Apn4+1Cn41, Cn+1Cn = 1+ bndnfn7
dn—i—ldn =1+ Cn+1€n+1; €n+1€n = 1+ dn:
Jni1fn = 1+ Cor19n1, In+19n = 1+ fn. (2.21)

The diagram has S5 symmetry generated by (for example) the reflections (bf)(ag)

and (bd)(ae). It will be useful to name some of the group elements.

o1 := (bf)(ag), o9 = (bd)(ae), o3 = (bdf)(aeg)

2.5.2.1 Periodic quantities

Using the mutation equations, (2.21), we form the following matrix, which has

determinant 0 by (1.18). We add labels to the right of the matrix so we may refer
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to each row:

bn An+1 1 1

After scaling we take a kernel vector (1, —a,,1)T since, as before, we can see that
the third entry of this vector is equal to the first by (2.21). We can add rows to

M satisfying the conditions of Theorem 2.8:

* dp—3/ fn-2 €n—_2 —4
b3 Cpn—2 dp—ofn—2 | =3
Qp_2 b2 Cn—1 -2
1 Qp—1 b1 -1
M = n 1 0 0
b, Qa1 1 1
Cn+1 bnt1 Qn+2 2
dnt1fnt1 Cn2 bn+2 3
€n42 dnta/ frs1 * 4

until we reach rows +4 where, in order to use the d mutation relation, we have to
divide in our middle entry. The starred entries of M can be filled, preserving the
kernel, by insisting that the right 2 x 2 minor of rows 3 and 4 have determinant

1, ditto for the left 2 x 2 minor of rows —4 and —3.

gn+4

o and the leftmost entry

Lemma 2.17. Setting the rightmost entry of row 4 to

of row —4 to ?”—:‘; will preserve the kernel.
Proof. We just prove the statement for row 4. In order for the 2 x 2 minor to have

determinant 1 we need to set the blank entry to

1 + bn+2dn+2/fn+1 _ fn-i—l + bn+2dn+2
Cn+2 Cn+4-2 fn+1

)
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but we have

Cn43Cnt2—1
Jr1 + bogodnyo _ Jor + Snt2 _ Jni1fora — 1+ Cuyscaga

Cnt2 Cn+2 Cnt2fnt2

_ Cngagny2 T Cny3Cnya Gny2 + Cnys

Cnt2.fn+2 a Jnt2
Now from the kernel of row —2 we have a,,_s — a,b,,—2 + ¢,—1 = 0, to which we
apply the permutation o; and shift to see % = Gnid- m
Using this Lemma we can fill in rows 4. We then use vertex e mutation to

partially add rows +5:

* €n—3 Jn—2 =5
Gn-a/fn—2 dn-3/fn2 €n—2 —4
b3 Cn—2 dp—2fn—2 | —3
M =
A1 1 Cnt2 b2 3
€n+2 dnvo/forr Gnra/forr | 4

fn—i—l €n+3 * 5

Now again we require that both

* €n—3 dnvo/ fos1 Gnsa/ frs 1

gn—4/fn—2 dn—S/fn—Q €n+3 *
We simply define quantities that satisfy these relations

n + €n n T n— + €n—39n—
J, = Jnt1 +39 +47 J = Jn—2 - 39n—4
n—3

dn+2

and fill the blank entries with them. The reason for naming these .J,, and J,, will
be made apparent in the following lemma. We will need the equations from the

kernel for rows =+5:

fit — nenys + Jp =0, Jy — nen_sg + fno = 0. (2.22)
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Lemma 2.18. We have the following expressions for J, and J, in terms of the

extending variables:

an+n T an+ n—
Jn:¢7 Jn:¢

2.23
€n42 €n—2 ( )

and each of these has period 3.

Proof. From the kernel for row 4 and vertex e mutation we have

o a'ndn—i-Q — Gn+4 o an(€n+3en+2 - 1) — Jn+4 o (7% + In+4
fn+1 — - = Gp€n4+3 — .
En+2 En+2 En+2

an+9gn+t4
En+42

Comparing this with the first equation of (2.22) gives J,, = . The corre-
sponding J, result is proved similarly. Comparing the expressions in (2.23) one
sees that o1(J,) = J,.ra and applying o, to (2.22) we have o9(J,) = Joi3. Com-
posing these gives 0901(J,,) = Jpi1. The observation that o0 has order 3 gives

the periodicity of J, and J,,. O]

2.5.2.2 Constant coefficient linear relations

Theorem 2.19. The recurrences for the variables attached at the extending ver-

tices satisfy the constant coefficient linear relations
Tpy12 — K2pge + 2, = 0, (2.24)
i.e. © €{a,e,g} and K is invariant.

Proof. Defining

€nt+5 Gn43 ~ Jn 1
v, = , L, =

€nia Gy -1 0

we have U, L, = 03(V,19) which gives ¥, 4 = U, LpLyioLnia. We define L, :=

ann+gzn+4 and apply Theorem 2.9 with p = 3 and ¢ = 6. This gives, since
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|Ln| =1,
len+12 — tT(Ln)\Ijn+6 — \Ifn =0.

Note that here L, = M,. Any entry of this matrix equation will give (2.24),
since K := tr(L,) is invariant as tr(L, 1) = tr(fjn+1l~,nin+2) = tr(inin+1f}n+2) =
tr(Ly). O

In this case we have slightly more information. We have a period 2 quantity K,
which we use to find a linear relation for the b, d and f vertices. We also prove a

relation between K, and K.

Lemma 2.20. The following expressions, each in terms of variables at only one

vertex, are fized by all permutations:

(p—3 + Qpy3 _ €n-3 + €n+3 _ 9n-3 + On+3

Qn €n In

(2.25)

Proof. From (2.22) we have J,, — Jnts = Anenis — Anisen, but the left hand side
is period 3 80 €13 — Gpi3€n = Ani3€ni6 — GnieEnis Which we rearrange for the
result. O
The following lemma is equivalent to the Eg part of Theorem 2.3.

Lemma 2.21. The quantity

K, = o3t Onys (2.26)
an

has period 2.
Proof. Since J,, = % is period 3 we have

Un€nis + €nt59n+d = Ang3€ni2 T Eng2gni7-
Applying (©*) + 1 to this equation we get

€nt5(an + Ante + Gnia + Gni10) = Anis(€nia + €nts) + gnir(€nta + €nss),
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which we divide by a,3€,159,+7, noting that by (2.25) K, is fixed by permuta-

tions,
K, K, Ky K,
+3  Dnt7 _ Bngs | Bngs

Gn+7 Ap+3 In+7 Ap+3

Assuming we may divide by K, ;5 — K, 3 this is equivalent to

gn+7(Kn+7 - Kn+5)

— a‘n+37
Kn+5 - Kn+3

but here the left hand side is fixed under o9, so we have a, 3 = e,,3. This is a
contradiction since a, 3 and e, 3 are independent variables, since setting n = —3
means that a,.3 and e, 3 would appear in a set of arbitrary initial variables.

Hence the division by K, .5 — K, 3 was invalid, giving K,,.5 — K,,.3 = 0. O

Lemma 2.22. The period 2 quantity K,, and the invariant K are related via IC =
KoK, — 2.

Proof. From (2.26) we have

Upys  OQpt2 Ki 1) [Gnys Gngs
Ap+3 G, -1 0 Unt6  Onpt4
o Ky 1 Ky 1 o
Considering the product we apply an argument similar to
-1 0 -1 0
Theorem 2.9 and compare with (2.24) to arrive at the result. O

We can use K, to find a constant coefficient linear relation for the vertices adjacent

to the extending ones.
Theorem 2.23. We have the linear relation x,—(K+1)xp13+(K+1)Tpi6—Tnio =

0, for x € {b,d, f}.

Proof. From (2.21) We have

bn - bn+9 ApQp—1 — Ap49Qn+8

bn+3 - bn+6 Ap430n4+2 — Apt6Qdn4s
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Using (2.26) to replace everything in the numerator on the right hand side, i.e.
ap—1 = Kn+1an+2 — Qn+s5, ap = Knan+3 — Gn46,

Apyg = Knan+5 — Qp42, Qpy9 = Kn—l—lan—‘rﬁ — Gp43,

we can rearrange to give
bn - bn
—w:KnKnH—l:IC—kl.

bn+3 - bn+6

This proves the theorem for x = b. The other two cases follow by symmetry. [

2.5.3 The E; quiver

(&

FIGURE 2.6: The E; quiver.

The mutation relations for the E, quiver, Figure 2.6, are

Unt10n = 1+ by, bnt1bn = 1+ anyi1Cnya,

Cni1Cn = 1+ byd,,, dpi1dy, =14 cpir€ni1 frr,

enti€n =1+ d,, frt1fn =14+ dngn,

G190 = 1+ frprhna, hpiihn =1+ gn. (2.27)

This diagram has Sy symmetry, the generator of which we denote o := (ah)(bg)(cf).
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2.5.3.1 Periodic quantities

We begin with the matrix centred at vertex a with kernel vector (1, —a,,1)7:

* fo-s/en—2  Gn-3 —9
Cn—3 dy—3 en—afn2 | —4
by—3 Cn—9 dp_9 -3
Ap—2 bn_o Crn—1 -2

1 Ap_1 br—1 -1

an 1 0 0

by, Qi1 1 1
Cni1 bpi1 Qpao 2
dnt1 Cn+2 b2 3

€n+2fn+2 dnt2 Cn43 4
In+2 Jnt3/€n+2 * )

The construction of which is routine until we reach the stars in rows +5.

Lemma 2.24. Setting the lower right and upper left entries to be

En+2 + Cn+3fn+3 o En+4 €n—2 + fn—SCn—S o €n—1a

)
dn+2€n+2 €nt2 dn—36n—2 €n—2

respectively preserves the kernel.

Proof. The proof of these equalities is the same argument as that used for Lemma

2.17. [l

We can now replace the stars, adding to the rows marked +5 below. The rows

labelled 6 are to be filled using the mutation relation for g, giving us another
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two starred entries:

* Gn—4 en—th—?) —6

en74/6n72 fn73/6n72 In-3 )
In+2 f n+3/ €ni2 €n+4/ €ni2 | D
ent2hngs Gn+3 * 6

which we can fill with the following result.

Lemma 2.25. Due to the relations

En+2 + En+49n+3 o Q46 €n—2 + €n—a49n—1a o Ap—6

)
fn+3en+2 En+2 en—?fn—?) €n—2

we can replace the stars with a,_¢ and a,¢ respectively.

Proof. From the kernel for row —5 we have e,,_4 — f,_3a, + gn_3€n_o = 0, which
we shift upwards by 6 and substitute into our expression to get the first equality.

The second is proved similarly. O]

We now use the mutation relation for A to add most of rows £7:

hn—4/€n—2 1 =7

Qn—6 Gn—4 en—th—Z’) —6
€nt2hnis Gn+3 An+6 6
1 hn+4/€n+2 7

This is the last row we need to add. We define the quantities

J o= €nt2 + an+6hn+4 j . €En-2 + an76hnf4
n o ) n o
In+3 In—4

that sit in the blank corners, such that the kernel is preserved. As we shall see,

these J,, and jn are also periodic.
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Theorem 2.26. J, and J, satisfy
In = Jnte (2.28)

Proof. Multiplying the numerator and denominator of J,, by g,.o we get

n n h/
J, = In+2Cns T Gnt20ni6ltnta (2.29)
In+29n+3

From the kernel for row —6 we have

AnGn—4 = Gp_¢ + 6anh/nf?n

which we shift upwards by 6 then multiply by h,.4 to give

an+69n+2hn+4 = anhn+4 + en+4hn+3hn+4 = anhn+4 + en+4(1 + gn+3)7 (23())

where the second equality uses h mutation. We also have, from the kernel for row
5,

€n+29n+2 = anfn+3 — €ni4. (231)

Substituting (2.30) and (2.31) into (2.29) gives

J = an(frts + Pnya) + €ntagnis
" In+29n+3

(2.32)

From a shift of row 2 we have ¢35 — a, 120,43 + a4 = 0 to which we can apply
o to get fnis — hyiognis + hpaa = 0. This is used to replace the bracketed term
in (2.32), giving

anhn+2 + €nt4

I =
In+2

which is jn+6. O

Lemma 2.27. The permutation o acts on J, and J, by o(J,) = Jnss = Juio,

therefore J, and J, are period 4.
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Proof. From rows +7 we have

Jn - anhn+4 — €En+2, Jn = a'nhn—4 — €p—2,

which gives the first equality. Using this we can apply o to (2.28) to get J,10 =

Jn+4' L

Lemma 2.28. We have the following expression, fixed under o, in terms of the

variables at only one extending vertex:

Kn::a+8+a: +8 1 .

(2.33)

Qp+4q hn+4

Proof. Since J,, = ayhpiq — €n12 and Jyi0 = 0(J,) = apaahy — €402 we have
I — Jn+2 = anhn+4 - an+4hn~

The left hand side of this is period 4 so a,h,14 — apiahy, is also period 4, which is

equivalent to (2.33). O
We have the following more useful expression for .J,, which we will use to calculate
linear relations.

Theorem 2.29. The quantity J, may be written

g = Onts +an  hpys + hngo
n+3 An45

(2.34)

Proof. From row 6 we see

0= en+2hn+3 — QpGnt+3 + Anye = €n+2hn+3 - anhn+4hn+3 + a, + Ap+6

= _hn+3<]n + ap + Apys-

We apply o to this equation, noting that by Lemma 2.27 o(J,,) = J,,12, to get the
result. O]
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Proposition 2.30. The quantity K, is period 3, hence the a variables satisfy the
linear relation

Ap48 — Knan+4 +a, =0

and the E; part of Theorem 2.3. We also have that the determinant

= Qp, hn+3

Api4 hn+7

is period 2 with o(K,) = Ky 1.

Proof. The matrix
G, hn+3 Qn+6
An44 hn+7 An+10

Qp+8 hn+1l An+14

has a right kernel vector (1, —.J,,, 1)T by (2.34), hence has determinant zero. Taking
a left kernel vector (A, —K,, 1), we have that

~ ~ 571,
U(An) = An+3a U(Kn) = Kn+37 An - e J<5n) = On+3-

oy
where we have defined
an  hy
Op 1= 3
Gpt4 hn+7
Since this vector is in the kernel we have
ay, + a, 1—-A)a, =
t+ants _ ( ) -

An44 Ap44

Due to (2.33) the left hand side is fixed by ¢ so we can equate

1—A)a, - 1—A,3)h, =
A= Anan K, = 4= Anvo)hn Koy (2.35)
Ap44 hn+4
Shifting this by 3 gives
1—-A, n - 1—Ay)h, -
( +3)@n+3 Ty ( Jnss VK, (2.36)

Qp47 hn—i—?
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and subtracting (2.35) from (2.36) we get

(1= Ants) (a”+3 o ) =(1-4,) (h”+3 _ On >

Qp47 hn+4 hn+7 Apia

SO
1—-A 1—A
( n+3>5n+3 _ ( n)an (237)
an+7hn+4 an+4hn+7

We now rearrange this, assuming A, # 0

(1 - An+3)5n+3 an+7hn+4

(1 - An)én B an+4hn+7‘

Since o inverts the left hand side, it also inverts the right, so we have

pythnys  Gpythppio  Pnga hagio
— o Dot . (2.38)
an+4hn+7 an-‘rlohn—i—? Qp44a Ap+10

Row 7 of our matrix gives

Since o(J,) = J,12 we calculate

Qp42 hn+6 Ap+4 hn

0= Jn+2 - U(Jn) =

En+4 En+2

or, equivalently
hn+6 - An4-4Cn44

hn Ap42€n42 .
We can now use (2.38) to show that the left hand side is ¢ invariant, hence the

right is too, giving
an+4 P va

Apt2 hn+2
which is demonstrably false. Therefore the division by (1 — A,) in (2.37) was

invalid, and A,, = 1. Hence

S an+a'n+8 hn+hn+8 o

Kn - = h — Dn43
An44 n+4
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where the second equality follows from (2.33) and the third from o(K,) = K,3.

This gives
(p, + Qpyg _ Qn43 + Any11

QAn4 Qny7
hence a,a,17 — ap13a,4 is period 4 which is the result of Theorem 2.3. Finally
we see that 0, is period 4 since A, = 1. It is also period 6 since o(d,) = Op3,

hence is period 2. O

Finally we conjecture an alternate expression for K,,.

Conjecture 2.31. The period 2 quantity K, can be expressed as

=~ Opy12 T an

K,
hn+6

2.5.3.2 Constant coefficient linear relations

Theorem 2.32. We have the constant coefficient linear relation
Tptoa — Kxpiro + 2, =0

where x € {a, h}.

Proof. We define the matrices

‘Iln — An+5 hn—i—? 7 in — Jn 1 ’
hn+3 Qp, -1 0

then, due to (2.34) we have,
\Ilnf/n+2 = U(\Ijn+3>, \I}nin+2in+3 = an—i—ﬁ-

Now we can set L,, := f/n+2[~/n+3 and use Theorem 2.9 with M,, = L, L,,.¢. Again

we call I := tr(M,), which, by the same argument used for F, is invariant. [
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2.5.4 The Es quiver

9

FIGURE 2.7: The Eg quiver.

The Ej is given in Figure 2.7. The recurrence relations are

Qp4+1an = 1+ bna bn+1bn =1+ Ap+1Cn+1, Cn4+1Cp = 1+ bndrm
dn+1dn =1+ Cnt+1€n+1;,  Ent1€n = 1+ dnfn7 fn+1fn =1+ €n+1gn+1hn+17

gn+1gn = ]_ —I— fn, hn+1hn = ]_ —|— fnlna in+1in = ]_ —|— hn-l—l- (239)
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2.5.4.1 Periodic quantities

We begin with the matrix centred at vertex a, denoted M,, with kernel vector

(1, —an, 1)T, whose construction is identical to the Eg and E; cases.

* hn—a/Gn—3 In—a -7
€n—4 Jrn-a Gn-3hn-3 | —6
dp_y €n—3 fn—3 —5
Cp—3 3 €n—9 —4
bn—3 Cn—2 dp—o -3
(2 bn_o Crn_1 -2

1 Ap—1 b1 —1

M,o—| 1 0 0

by, Gni1 1 1
Cn+1 bns1 Apt2 2
dny1 Cnt2 bry2 3
En+2 A2 Cn+3 4
Jn+2 €n+3 dn+s 5

In+3hn+3 fn+s Cntd 6
In+3 hota/ Gn+s * 7

Lemma 2.33. The stars in rows 7 are found via the relations

Gn+3 + €ntahnia _ 9n+5 n—3 + €n_ahp_4 _ 9n-s5

Jn+39n+3 9n+3 ’ Gn—3fn—4 gn-3 .

The proof of this is analogous to Lemma 2.17.
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We can now fill in rows 7 and add some of rows £8 via ¢ mutation:

* In—5 9n-3 -8
In—5/9n-3 hn-a/Gn-3 ln—a =7
€n—4 Jn—a Gn—3hn—3 | —6
M, =
Int+3hn+s fr+s €n+4 6
int3 Pnta/Gn+s  Gnis/Gnis | 7
In+3 Un+4 * 8

Lemma 2.34. The starred entries can be replaced by a,+s respectively, preserving

the kernel, because we have

Gn+3 + Inislnta 9n—3 T Gn—5ln-5
h — Un+8, h = Qp-—s-
n+4 n—4

Proof. From row —7 we have ¢,,_5 — a,hn_4 + gn_3in_4 = 0, which we shift up 8

and substitute into our expression to get the first result. O
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We’ve extended M, as much as necessary. In this case we’ll also need to construct

a matrix centred at vertex :

I bn_4 Gp—3Gn—1 \ —7
Un-8/9n-1 Cn-3/Gn-1 bn-3 —6
ln—5 dn—3 Cn—2Gn—1 | =9
In-3/9n-1  €n—2/Gn1 dn—2 —4
P Jn2 €n-19n-1 | —3
In—2 Pp—q Jn-1 -2
1 i h, ~1
Mo—| 1 0 0
b1 In+1 1 1
fn41 P2 In+2 2
Cnt29n+2 Jn+2 s 3
dnt2 nt3/Gn+2  Gn+a/Gni2 | 4
Cnt39n+2 dnys In+s 5
bn+s Cnta/Gn+2 Qnt9/Gnya | 6
(p+49n+2 brta JIn 7

The entries of rows +£4 and +5 were simplified by results similar to Lemmas 2.33

and 2.34 respectively. For rows 6 we use the following equalities:

Int2 + Cngalngs  Onio On—1 1 Cn—3ln—5  Gn_g

dn+3.gn+2 In+2 7 dn—Sgn—l In—1 ‘

We've also defined

n +an bn T n— +an— bn—
Jn::9+2 +9 +47 Jn;:g 1 80n—4

Cn+4 Cn—3

The following lemma proves one of the Fs relations given in Theorem 2.3.

Lemma 2.35. The expressions J, and J,, satisfy

Jn = Jn = Op—3QAp44 — Z.na Jn = Jn+5-
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We also have the following expression which we will use to apply Theorem 2.9:

Ap412 + Qp,

Jn+3 — (240)

Ap+6

Proof. From row 7 of M;:
Jn = Z-nanrél — Op449n42 = Z-n(aJnJr'éanJréL - 1) — Ap449n42 =

an+4<inan+5 - gn+2) - Zn = Qp4+40n—-3 — Zn
where the last equality uses row —8 of M,. A similar calculation gives

Jn = Qp—3Qp+4 — Zn
which is the first result. For the second we note that

An4+20n+9 = Ap42 (incn+4 - gn+2bn+3) = Z‘n<dn+3 + bn+4) - gn+2(an+4 + Cn+3) (241)

where the first equality uses row 6 of M; and the second rows 2 and 3 of M,. From

row 5 of M; we have

in+5 = indn+3 — Cn4-39n+2 (242)
SO

Jn+5 = Qp420n4+9 — Z.n—i—5 - inbn+4 — An44Gn+2 = Jn

where the first equality is the first part of this lemma and the second equality uses
(2.41) and (2.42). The last equality again uses row 7 of M;. As for the last result,

we have

Ap+12 = Cpy7ln43 — bn+3.gn+2 = ananrﬁ — Qp46lnt+3 =

an(_l + an+6an+7) - an+6in+3 = —an + a'n+6(anan+7 - in+3) = —an + a'n+6Jn+3~

The first equality comes from row 6 of M; and the second from rows —2 and —8

of M,. The third uses ¢ mutation and the fifth the first result of this lemma. [
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To prove the existence of the period 3 quantity we will use the following matrix,

also beginning at vertex a, but with alternate rows 7 and 8.

an 1 0 0

b, Gt 1 1

Cnt1 by Anp+2 2

dpt1 Cnt2 bpio 3

M, :=| €n+ drv2 Cn+3 4
Jnie €n+3 A3 5

Gnt3hnys fn+s €nta 6

1 Inra/Pnyz  dngs/hoys |7

s Gn+4 Ints 8

Lemma 2.36. We have

ApnGn413 — in+6 = Jn+3Jn+4 - L

Proof. From (2.40) we have the first equality of the following:

ApnQny13 = Jn+4anan+7 — Aplp41 = Jn+4(Jn+3 + in+3) —1- bn (243)

The second equality uses J,13 = a4,0,17 — 143 and a mutation. Now from row —7
of M; we have i, 3J514 — tni3tniabn + tni3an 119013 = 0. We replace the i, 30,14

term to get

in+3Jn+4 - bn = bnhn+4 - Z471—5—3an—&—lgn—&—S-

The right-hand side of (2.43) now becomes

Jnt3Inia — 1+ buhpys — in 3004119043 (2.44)

Row 7 of M, yields

in+3an+lgn+3 - CLna/n—s—lhn—l—4 — Qp4+19n+5 = hn+4 + bnhn+4 — Qp+19n+5,



99

so (2.44) is equal to

Jn+3<]n+4 -1+ Ap+19n+5 — hn+4- (245)

Finally we have h,i4 — @ni1Gnis + inse from row 8 of M, so (2.45) becomes

Jni3dnsa — 1 — 1,16 which completes the proof. O

The following theorem proves the other Fjy relation given in Theorem 2.3.
Theorem 2.37. The quantity

Kn — An+20 + G,

An+10
15 period 3.
Proof. By Lemma 2.36 the expression a,a,13 — in1¢ is period 5. In particular
Uppi13 — Int6 = Gni100n423 — Int16-
We also have J;,11 = any30n110 = int6 = Ant130n+20 — Int16 SO

ApQn+13 — An4+30n+10 = An4+100n+23 — Ap+13An4-20,

which can be factored to give the theorem. O

2.5.4.2 Constant coefficient linear relations
Theorem 2.38. The constant coefficient relation for the a variables is
nye0 — Kanyzo + a, =0,

where I is tnvariant.
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Proof. Defining

Ap+11  QAn4s Jn 1
v, = , L,_5:=

Ant6 G -1 0
gives UV, L, = V¥, .6 so again we apply Theorem 2.9 with p = 5, ¢ = 6 and

M, := L,L,¢...L,i24 to arrive at the above result. O

Finally, we state that we were unable to prove the following conjecture to complete

the table in Figure 2.2, but we give an ansatz.

Congecture 2.39. The following expression is period 2:

Kn = —an+30 + aTL .
Qp415

2.6 Integrability for D and E quivers

In this section we construct reduced cluster maps, (2.6), and find log-canonical
Poisson structures for the reduced variables, (2.7). By examining the Poisson sub-
algebras generated by the J,, and in some cases K,,, we find enough commuting
first integrals, defined in terms of these periodic quantities, to prove the integra-
bility of the reduced systems. We do this for Dy with N odd and for each E
type system. The proof for Dy with N even, however, was too complicated so the

problem remains open.
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2.6.1 Integrability for Dy

The B matrix for the D type diagrams, oriented as above, is

o 0 1 0 0 O
0O 0 1 0 0 O
-1 -1 0 -1 0 0
0o 0 1 0 1 0
0O 0 0 -1 0 —1
B 0O 0 0 0 1 o0

0 =1

F1 0

0 =1

0 0

0 0

0 O
F1 0
0 =1
F1 0
F1 0

0
0
+1
0
0

Where the signs depend on the parity of N. The first two rows show that B is

singular, so we first project to a lower dimensional space. Since the new coordinates

are given in terms of the image of B, which is different for different parities of IV,

we’'ll deal with the two cases separately.

Since the Poisson bracket on the reduced variables commutes with the shift opera-

tor *, calculating the brackets between cluster variables with the same subscripts

is straightforward. When calculating the brackets between .J variables, however,

different subscripts will appear.

2.6.2 The N odd case

Let {e;} be standard basis vectors. Here the kernel of B is spanned by e; — ey and

ey —en+1 and the image is spanned by

€1+ ez, €3, €4, ,EN—1,

en + en+1.
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We take reduced variables p, = X! X2 ¢, := XN XN*1 and leave X3,... XN-1

fixed. This gives a reduced cluster map

Pn Pn+1
X, X
P : = : : (2.46)
XN Xr]z\[+_11
qn Gn+1

where the X7, are defined as in (2.12) and (2.14) for ¢ = 4,...,N — 2. The

remaining relations are

1 1
Prny1 = — (1 + X2+1)27 Xg-}-l = ﬁ (1 +an2) )

n

1 12 _ _
Qn+1 = w (1+x)17, Xt = X1 (1+ guin X007) -
Our goal is to prove the integrability of the map (2.46). The kernel and image of

B are used to define A:

e1 +es

€3

eN + en+1

€1 — €2

EN —EN41

which gives B and then C' = (¢ij), the Poisson matrix for the reduced variables:

(=1)U=*D/2 j even, i odd
Cij =
0 otherwise.

This gives the Poisson bracket, as in (2.7), between y variables, where

Un = Dns U= Xay Yp=Xa oy =X T =g

n’
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For our calculations, however, we’ll stick to using X, p and ¢. Since each J, is
preserved by scaling (1.39) for each kernel vector of B we can express them in

terms of the reduced variables, hence we can calculate brackets between the J,.

Theorem 2.40. The Poisson structure for the J wvariables, defined in Lemma
2.12, 1s given by
{Jo, J_r} = (=DFJoJ_ + 616 — On—3, (2.47)

for k=1,...,.N — 3, where §, ; is the Kronecker delta. We can apply the shift ©*,
a Poisson algebra homomorphism, to this relation to obtain the brackets between

the remaining J variables.

Proof. We use (2.18) to express J,, in plenty of different ways, i.e. for each row

7= 15 entry + 3'¢ entry

2nd entry

Shifting these expressions by appropriate amounts allows us to write each J, in

terms of reduced variables with subscript 0 or 1, simplifying calculations. We have

7 1+ X ; XN+ q
= —, N4y = —————
TTX =0 X!
and for k=1,..., 42
J . X12k+2 _'_ng-‘rll

X12k’+3

We first calculate
[+ XG XEH2 4 Xght o 1 4 v2k42 2+
{‘]07 J—k‘} - { Xf’ ) X12k+3 - W{pl + X07X1 + XO }
Jo

J_
s o1+ XG, XY -

3 2k+2 2k+4
TXxE {X7, X7+ X

X12k+3Xi3
The issue now is calculating the brackets between elements with unequal sub-

scripts. For example

2k+3 v 2k+57 __
Xl Xl }_

{m Xo2k+4} = {p1 Lt XIQHSXIQHB} !

2k+4 = 2k+d {1,
Xi X7
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X12k+3 2k+5

X
2k+5 1 2k+3\ __
W{prl )+ X12k+4{p17X1 T} =0.

After some work we have
{Jo, J_1} = 01 + (=1)*JoJ 4,

while the bracket
{J07 J%} = (_1>(N73)/2J0J¥

is found similarly. O

Theorem 2.41. The reduced cluster map (2.46) is Liouville integrable.
Proof. The bracket (2.47) can be written as the sum of the two Poisson brackets
{Jo, Jk}o = 01k — On—3, {Jo, J_i}o = (=1)*JoJ_y.

This bi-Hamiltonian structure allows for the construction of (N —1)/2 commuting
first integrals, as in the A case, as the Poisson subalgebra (2.47) is the same, up

to scaling. O

2.6.3 The case N =6

For general even N the calculations were too much to bear. Instead we will work

with the example Dg. The B matrix and our choice of A are

0o 0 1 0 0 0 O 0 01 0 00 O
0O 0 1 0 0 0 O 1 1.0 1 00 O
-1 -1 0 -1 0 0 O 0 00 1 01 1
B=1o 0 1 0 1 0 0|, A=10 0 0 0 10 0
0O 0 0 -1 0 -1 -1 1 -10 0 0O0 O
0O 0 0 0 1 0 0 0 00 0 01 -1
0o 0 0 0 1 0 O 1 0 0 -1 00 1
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This gives the Poisson matrix

)
o o O =
o o O
o O

Our reduced variables are
yli=p, = XIX2XE 2= X2 P = X0, oyt =g = XAXOXT

giving a reduced cluster map

Pn Pn+1
Xn Xon
2N B S I B (2.48)
)(n )(n+1
dn dn+1
where
1 3 2 3 5 3 1
Pnt1 = p_ (1 + Xn+1) (1 + Xn+1Xn+1) ) Xn+1 = ﬁ (1 +pn)
5 1 1 3 5 5 N2
Kt = X5 (14 ). i1 = — (1+ X1 X00) (T+X00) "

Now we can express the J variables as, for example

oo KX X X XX 519
n = X3 ) n—1 = T ( . )
n+1 n+1

The scaling (1.39), for the kernel vector (1,0,0,—1,0,0,1)%, acts as

1 1 4 —1+v4 7 7
Xo = AX L, XA X, X = AX
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and fixes the remaining X' ;. From the expression X1 Xt =1+ X3 X7 | and

that of J, in (2.49) we see that
X2 AXE T M

Since J, is not preserved by this scaling it cannot be written in terms of the
reduced variables. However, one sees from the second expression in (2.49), that
Jn_1 transforms to A™'J,_;. We instead define J/ := J,J,_1 and look at the
Poisson subalgebra generated by {J/_,}2_,. One can check that these generators
are preserved by the scaling associated with the other two kernel vectors of B, so
can be written in terms of the reduced variables. Indeed, for example, we have
7 1

n = w3 5
Xn+1Xn+1

Pn
<pn+1 +aqn+1+ X2+1X2+1 + p j: (1+ X2+1)2) :

We find similar expressions for the other .J’ and rewrite so that the same subscript

appears throughout. With the aid of a computer we arrive at
{Jé’J’_l}:—J(;J’_1+J6+J’_1, {J(SaJl—z}:Jl—:s_J,—r

We remark that this Poisson subalgebra structure also appears in the 6 dimensional
reduced system from the E7 quiver. Here however, unlike the E7 case, the J,

generated enough independent, commuting first integrals to prove integrability:

Jo+ Ji + Iy + s, Jy Ty Ty T



107

2.6.4 Integrability for Ej

For the Fj quiver, we have the B matrix

0 1. 0 0 0 0 O
-1 0 -1 0 0 0 O
0o 1.0 1 0 1 O
B=f0 0 -10-10 0
0 0 01 0 0 O
0 0 -1 0 0 0 -1
0O 00 0 0 1 O

For which we can take image vectors
€1 + €3, 62,63 + €5, €4, €3 + €6, €7,
giving reduced coordinates
Yp 7= GnCny Yo i=Dbn, Yy = Cun,

yi = dm yfl ‘= CnGn, yg = fn

The reduced cluster map

711 yle-l
2 2
n yn
RN I _H (2.50)
9761 y2+1

is given by

246)
)

1 1
YUns1 = m (T+v2) (1 + vy, Yniy = " (T+whia)

n

1 1
Ypi1 = " (T4 2umy) (L4 un) . Yoy = A (1+v2.),

n

1 1
Yos1 = y—5 (T+unynvs) (L +90) s Yo = 7 (1+ynia)-

n
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The image vectors and a kernel vector (e; — e3 + e5 + e7) are used as a basis for

the matrix A. We may then calculate the Poisson matrix, after scaling,

0O 1 0 0 0 O

-1 0 0 O 0 O

O 0 0 1 0 O
C =

0O 0 -1 0 0 O

O 0 0 0 0 1

O 0 0 0 -1 0

We can explicitly write Jy as

_ Yo%+ Yo¥o + Yo + 6 + (1 +96) (Wovouo + 1)

Jo
YAYSYs

and find similar expressions for each of Ji, Jo, Jo, Ji, Jo from the Ss action. The

first row of the Poisson matrix is
{(Jo, i} =Joi =1, {Jo, o} =—Jolo+1,  {Jo,Ji} =0

for © = 1,2,3. From this we can find each bracket, noting that the tilde is an
automorphism. The algebra is the direct sum of the subalgebras generated by
the J; and the .J; and these summands are isomorphic. We take independent

commuting first integrals
Jo+ Ji+ o, Johids,  Jo+ Ji+ o

proving the integrability of (2.50).
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2.6.5 Integrability for E;

In this case we have the B matrix

0 1.0 0 0 0 0 O
-10 -1 0 0 0 0 0
0o 1 01 0 0 0 O
B 0 0 -1 0 -1 -10 O
0O 06 o1 0 0 0 O
o 0 0 1 0 0 1 O
o 0 0 00 —-10 -1
0O 0 0 00 0 1 O

Our choice of image vectors are
e1 + es, e, e3 + €5 + €6, €4, 6 + €3, €7
and reduced coordinates
yrlz = QpCp, yi = bn7 y131 = Cnenfna

yi = dna yi = fnhm %61 = Gn-

Here the reduced cluster map is given by

1 1
Yniq = o (T4+v2) L+yoyn), Yoy = 2 (1+ypi1)
1 1
Yo g = 7 (T+yoyn) (L+ys) (T+upyl), yny = i (T4+92,1)

1 1
Yoy = 7 (T4unl) (T+95), vy = 7 (1+yd)-

n
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The matrix B has kernel vectors e; — e3 + eg — eg and e; — e3 + e5 so we construct

A as usual and find

0O 1 0 0 0 O

-1 0 0 0 0 O

0O 0 01 0 O

O —

0O 0 —10 0 O

0O 0 0 0 0 1

0O 0 0 0 —-10

The kernel vectors give the scaling symmetries
anp A1, an A1,
by, by, by, by,
Cn A(_171,«1»1) - Cn )\(_1n+1) -
dy, dy, dy, dy,
AL — , Ag —

én en en AEMe
fn A fn fn
9n 9n In 9n
B ACTh, B .

Our periodic quantities are fixed by A; but not by Ay. We have

Jo Ao
J AT
Ag ' — ' R
Ja Ao
J3 /\_1J3

so we can instead take J! := J;J;1; for i = 0,1,2 with each J! fixed under A\; and

Aa. We have, for example,

1
Jo = Johh = 5555 Wo¥o + voveyo + vo + vo + (wove + 1) (Whye + 1)) x
Yoo (Yo)* Yo Yo

(Yo (o (¥0)* +uo) +yo + (yo)> +2yg + 1) + (g + v§ + 1) (yg + 1).



111

Now we can calculate
{Jo. i} =Dh—Jo— T, ook =I5
from which the other brackets follow. We have commuting first integrals
Jo+ Ji + Jy + s, Jo Iy + JiJ5.

Similar calculations give that the first integral Ky + K; + K is independent of,
and commutes with, the previous two. This proves integrability of the reduced

cluster map for Ex.

2.6.6 Integrability for Eg

Here the B matrix is

o 1.0 0 0 O O 0 O
-10-10 0 0 0 0 O
0o 1.0 1 0 0 0 0 0
0O 0 -1 0 -10 0 0 0
B=f0o o0 0 1 0 1 0 0 0f,
o 06 0 0-10-1 -120
0o 06 0 oo 1 0 0 0
o 0 0 00 1 0 01
0o 06 0o 0o 00 0 —-120

with image vectors

€1 + €3, €2, €3 + €5, €4, €5 + €7 + €3, €6, €5, €9
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and kernel vector e; — e3 + e5 — e7. These give the matrix

o 1 0 0 0 0 0 O
-10 0 0 0 0 0 O
0o 0 01 0 0 0 O
O 0O 0 -1 0 0 0 0 O
o 0 00 0 1 0 O
0o 0 0 0-10 0 O
0O 0 00 0 0 0 1
o 0 0 0 0 0 —-120

The reduced coordinates are

1. 2 . 3 ._ 4 .
Yp = AnCpn, Y, =bpn, Yo i=cCpepn, Y, = dy,

yi = engnhm yg = fna yr?z = hm yg = ina

with reduced cluster map ¢, given by

1 1
?Jle+1 = ? (1 + yi) (1 + y?zyi) ) y721+1 = y_g (1 + yrlz+1> )
1 1
Yoy = 7 (T4+v2un) (L4+uays) . Yoy = o (1+y2.),
1 1
Yy i1 = 7 (T4upwS) (L4+95) (L+u0eh) . o = 7 (T+y2.1),

1 1
Yniy = 7 (T+unwn) s Yo = 7 (T+yi4)-

n n
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The single kernel vector generates the scaling

Qn A,

b, b,

Cn AT ey

dy, dy,
Aile, | — | Xoe, |,

fn In

In Ag

hny hp

in in

for which the period 5 quantity

g, = QApy12 T Qp

Ant6

is fixed. Again we compute the brackets

{Jo, i} = Jo i =1, {Jo, o} = oo,

and find the three commuting first integrals

Jot+Ji+JatJ3+Jy, JoJ1 oS3y, JorJatJi1Jo s+ Jo 3 Jy+Js Jy o+ JuJo .

From the period 3 quantities we construct a final first integral Ko+ K7+ K5 which

commutes with the other three, proving integrability.

2.7 Conclusion and outlook

In this chapter we have found periodic quantities for the frieze sequences from
affine D and E type quivers and found linear relations for the cluster variables
living at extending vertices. We also proved the integrability of the reduced cluster

map for E type and for Dy with N odd.
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The first question to ask is if integrability still holds for Dy with N even. As
demonstrated in Section 2.6.3, answering this question requires either someone
with more patience than the author or a novel approach. We can also ask about
linear relations for non-extending vertices, which appear to be more complicated

than the extending case, for example in Theorem 2.23.

Finally it would be satisfying to explain the appearance of the periodic quantities,

shown in Figure 2.2, in the tubes of the associated Auslander-Reiten quivers.



Chapter 3

Linearisability and the Laurent
property for two lattice equations

and their reductions

We’ll begin this chapter by examining the Little Pi recurrence

TnTniok+l = Tnt2kTnl + OTpik + Tkt (3-1)

for a fixed parameter a and positive integers k and . In [1], it was shown that
this can be obtained from a period one seed in LP algebras, we gave some details
of this construction in Subsection 1.4.2. In particular this recurrence satisfies the
Laurent property. Here we’ll prove that this recurrence is linearisable, with the

constant coefficient linearisation
Tntokt — Kpyar + Krpiop — 2, =0 (3.2)
if 2k and [ are coprime, and a counterpart relation

Tntokl — AZpisk + Brpyag — CTpisp + BEnsor — ATpip + 2, =0

115
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if gcd(2k,1) = 2. All other cases can be reduced to one of these. On the way to
these results we find various periodic quantities and two linear relations with these
periodic objects appearing as coefficients. We note that the special case of (3.1),
where | = 1, is the Heideman-Hogan recurrence defined in [24] and studied in [28]
and [43]. Our results resolve some conjectures of [43]. The Little Pi recurrence

was recently found as a reduction of the two dimensional lattice equation

Ust2,441Us;t = Uspp1Usi2tr T+ Ust1t T Usq1,t4+1 (3.3)

in [30], along with the results of Proposition 3.5 and Theorem 3.7. In Section 3.3

we apply this approach to a generalised “Extreme polynomial”

(Tpthtor + Tpok + Q) Tn = (Tpror + Ty + Q) Tpgrd (3.4)

the special case of which was studied in [43] and [1] and shown to satisfy the

Laurent property. We show that the 6-point 2-dimensional recurrence

(Ust1t42 + Ust1p + Q) Us 1 = (Us o + Usy + Q) Usi1 t41 (3.5)

satisfies two linear relations, each with coefficients fixed in one of the lattice direc-
tions. After reduction these become linear relations with periodic coefficients for

(3.4) which gives the constant coefficient linear relation

Tnispl — Kniow + Ktpig —x, =0

which is of the same form as (3.2). In Subsection 3.4 we use the methods of [41] to
construct sets of initial values for (3.3) and (3.5) that give well defined solutions
on the entire lattice. We then consider a 2-dimensional version of the Laurent

property and prove that this holds for large sets of initial values.
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3.1 Linear relations with periodic coefficients

The form of the Little Pi recurrence we shall work with is

TnTni2k+l = Tni2kTnrl + Tppk + Tnpkr (3.6)

Note that scaling each z,, — ax,, in (3.1) gives the recurrence (3.6), so these two
forms are equivalent. We can find linear relations with periodic coefficients from

the left and rights kernels of the following matrix:

Tp Tp+2k Tn+4k Tn+6k
= Tl Tnt2k+l  Tntdk+l Tnt6k+l

Tn42l Tp+2k+2l Tn+ak+2l Tn46k+21

Tn+3l Tn42k+31 Tn+dk+31 LTn4+6k+31

First we need to prove that ¥, has determinant 0, via proving that its 3 x 3
analogue
Ty Tn+2k Tn+ak
W = | Tyt Tngokil  Tniakl

Tn421 Tn42k+20  Tn44k+21

has non-zero periodic determinant. The non-zero determinant ensures that U,
is the smallest matrix of its shape with determinant zero. To tidy the following
calculations we’ll define

Zn = Ty + Tyt

It will be useful to note two identities which follow from (3.6)
ZnTn+2k+l = TntlZn+2k + Zntks (3.7)

ZnTn4+2k = Tnln42k — Zntk- (38)



118

Lemma 3.1. The 3 x 3 determinant

T, Tn+2k Tn+4k
O 1= |‘I/n| = | Tntt  Tpi2k+l  Tntdktl

Tn420 Tn+42k+20  Tn4dk+21

has period k.

Proof. The first thing to notice from (3.6) is that

T Tn+2k
= Zn+k
Tn4l  Tn42k+1

so now we may use Dodgson condensation to write

1| Zesk 2w
§, = | TR sk (3.9)

X
A2 | 20 kel Znd 3kl

We'll write the 2 x 2 determinant in (3.9) as 4/, ,. Scaling the first column by

T3+l BLVES

, Zn+kLn+3k-+1 “n+3k

xn+3k+l6n+k -
Zn4kHTn+43k+l  An+3k+l

Here we can use (3.7) and (3.8) on the left column

, Tntk+12n+3k + Zn+2k Zn+3k Zn+t2k Zn+3k
Tt 3k-+10p 4k = - (3.10)
Tn+k+1%n+3k+l — n+2k+l  “n+3k+l —Zn42k+1  Rn+43k+1

By the same token, but manipulating the right column in (3.9), we have

, Zn+k —Rn+2k
5 _

Tntk+10p1k —
Zn+k+l  An+42k+l

Shifting this up by k& and comparing with (3.10) we arrive at

/ /
5n+k _ 6n+2k

Tn4-2k+1 Tn43k+1
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so these ratios are k periodic. O

Lemma 3.2. The determinant 6,, is non-zero.

Proof.

Zn  —Zn
b =0 < 0, =0 < =0

Zn+l Rn4k+l

<= ZpZnakal T Znakzne = 0. (3.11)

If (3.11) is true then it should be true for any initial values. It is clear from the
recurrence that if we set x; > 0 for ¢ = 0,...,2k + 1 — 1 then z, > 0 for all n.
Hence each of the summands in (3.11) is zero, but again this is impossible due to

having z, > 0. 0

Theorem 3.3. The 4 x 4 determinant

Tn Tniok Tptak Tni6k
Lp+1 Tn+2k+1 Tnt4k+1 Tn+6k+1
Tn42l Tn+42k+2l Tn+dk+2l Tn46k+21

Tn+3l LTn42k+31 LTn+dk+3l LTn4+6k+31

18 Zero.

Proof. We can expand this determinant, again using Dodgson condensation:

|\if | o 5n+k5n+2k+l - 5n+k+l5n+2k
nl =

Zn4-3k+1

but § is k periodic so |¥,| = 0. O

Now that we have |¥,| = 0 we can examine the kernels.

Remark 3.4. The kernel of ¥,, is one dimensional. If it were two (or more) dimen-

sional then we would get a kernel vector for ¥,,, contradicting Lemma 3.2.

Proposition 3.5. The iterates of (3.6) satisfy

Tni6k — K1(13)xn+4k + K7(12)xn+2k —Zp =0
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and

Tni3l + YnTniol + 5nxn+l + o, = 0

where K and K are period 1, cv, is period k, and 3, and vy, are period 2k.

Proof. Let (Kﬁl), Kﬁf), KT(L?’), 1)T be in the kernel of U,,. We are justified in scaling
the last entry to 1 due to Lemma 3.2. From the first 3 rows of

U, (KW K@ K& 1)T =0 (3.12)

we get the matrix equation

(1)

Ty Tn+2k Tn+ak Kn Tn+6k
2| — _

Tpil  Tpioktl  Tngakrl | | Kn | = Tpy6k+l (3.13)
K

Tnyol Tp42k+20  Tntdk+21 n Tn+6k+21

and by Cramer’s rule we have

n
o,
The last 3 rows of (3.12) give
K(l)
Tnt+l  Tp42k+l Tntdk+l n Tn+6k+1
@ = _
Tptol Tniokt2l Tngdkrat | |En | = Tnyektal (3.14)
K®
Tn43l Tn+2k+31 Tn+4k+3l n Tn46k+31

The equations (3.13) and (3.14) tell us that K\ and K\ are I periodic. Now let
VT, By s )T = 0. (3.15)

The same arguments as above give

and that «,, is k periodic and (3, and ~, are 2k periodic. O
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We can derive some relations between these coefficients from (3.13) and (3.14) and

the corresponding equations for the left kernel of T,

Proposition 3.6. The periodic coefficients satisfy Kr(izk =K

Proof. From the first 2 rows of (3.12)

(2)
Tnyok  Tndk Ky Tn  Tniek 1
K 1
Tn42k+l  Tntdk+l n Tptl  Lnt6k+l

Solving for KP and KY:

@ _ TnTotaktl = Tyt Tnyak T Znisk
n )

“n+3k

KB — Ln+2k+1Tn+6k — Ln+2kLn+6k+l — “n+k
=
Zn+3k

from which we get

(2) 3) _
Zn+5kKn+2k + Zn+3kK7(1 ) = 24Tk T “n+k

The z variables satisfy the same matrix equation (3.13), due to the [ periodicity

of K@ and K®, so

(2) 3) _ (2) (3)
Zn sk Lo T+ 2K = — ik 2nt3k — — K Zn sk

If we assume that K%, + K # 0 (it is clear that z, 5, # 0) then

n+k
K&y + K, __ Znask
K ﬁizk + K Zn+5k

the left hand side is period [ so the right hand side should be too, i.e.

Zn+3k  An+3k+l “nt3k  Ant3kHl| 0
Zn+5k  An+5k+l

Zn+5k  *n+5k+l
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but this determinant is J; 4, from (3.9). Now Lemma 3.2 gives 0,4, # 0, a
0.

contradiction. Hence K (2) + K,(Z?’) = O

n+k

Theorem 3.7. These two propositions combine to give the period | linear relation
—Zn + Knmn-l—Qk - Kn—&-kxn-i-élk + Tn+6k — 0

where we have set K, := KT(LQ).

Proposition 3.8. The entries of the left kernel of T, satisfy both of the following:

Bt + Bntkri
Qn = Bn + Tn+k — ]-a Ay = e LA Lk (316)
Tn + Yn+k

Proof. From the left kernel analogue of (3.14)

L4l Tn4-21 Bn T, Tn431 Qn

Tni2k+l Torokyar| [Tn Tntok  Tni2k+30 1

so we can express J and v as

B, = U (T 2k Tri2l = TnTyokrar) + Zniktal
n )

“ntk+l

= (Tnt2k 1131 — TnpiTnioktal) + WnZnik
= .
Rn+k+1

Shifting (3, up by [ we can equate the bracketed terms

Ol Vn 2kl = OnOn1Zntk = Pl Znh+2l = Zntk+3l- (3.17)

Now if we write the z’s in terms of 2’s and replace the x, .4 that appears as

Tntk44l = O Tntk+l — 5n+k+l$€n+k+21 — Vn+k+1Tn4k+31
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then (3.17) becomes

— OOy | Ttk + (Oén+l% — QpQlpy] — CVnJrl)anrkJrl

+ (UntVn = Bt = Brkrt) Tnakrar + (1 — Bugi — Yntktt) Tngrrz = 0 (3.18)

Since the kernel of ¥, is one dimensional we can scale and equate coefficients in

(3.18) and an appropriate shift of (3.15) to get three equations
Oy = ﬁn + Ytk — 17

Yn+kOn+l = BnJrl + ﬂn+k+l — OptVn,

Oyt = Byt + Yotk — L

The third of these is simply a shift of the first and the second can be rearranged
to give the result. O

3.2 Linear relations with fixed coefficients

The two kernel equations of Proposition 3.5 can be used to shift W,, by 2k and by

[ respectively, i.e. if we define two matrices:

00 1 0 1 0
L,=1|1 0 -K, L,=l0 o0 1
0 1 K,k -y —Bn —Tn

then
\IlnLn - \Ijn+2k> Z~—471\Ijrz = \I]n-l—l-

The point of this is that if we define

M, = LnLn+2kLn+4k cee Ln+2kl—2ka Mn = z/n-l—Qk:l—l cee Ln—l—?li/n—i—lin (319)
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then multiplication by M,, will shift ¥, by 2k upwards [ times:
Wy My, = Wi popn

and multiplication by M, (on the other side) will shift ¥,, by [ upwards 2k times:
MWy = W o

we will use this to calculate properties of the trace of M,,. The Cayley-Hamilton
theorem, as well as knowledge of the trace and determinant of M,,, will give the

constant coefficient linear relations.

Remark 3.9. If d := ged(k,l) > 1 then the recurrence (3.6) splits into d copies
of itself, so without loss of generality we can take d = 1. In this case if [ is
even then ged(2k,1) = 2 and lem(2k,1) = kl. If [ is odd then ged(2k,1) = 1 and
lem(2k, 1) = 2kl.

With this remark in mind, we’ll deal with the different cases separately.

3.2.1 The case gcd(2k,]) =1

Here lem(2k, 1) = 2kl and we define M,, and M,, as above. Note that due to the [

periodicity of L,, and the cyclicity of trace, tr(M,,) has period [. Similarly tr(M,,)
has period 2k. We have

Uiom = VoM, = M, VU, (3.20)

so tr(M,) = tr(M,) has period ged(2k,1) = 1, hence is a constant which we’ll call
K. Also we'll define K := tr(M;; ) = tr(M; ') which is constant by (3.20). In fact
these constants are equal:

K=K

the proof of which appears in [26], which we omit here.
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Theorem 3.10. If gcd(2k,1) = 1 then the iterates of (3.6) satisfy
Tnrekt — Kniaw + KTpiop — 2, =0
where IC is a constant, defined above.
Proof. By the Cayley-Hamilton theorem
M? —tr(M,)M> 4+ cM, — I =0 (3.21)
for some c. Applying M, 3 to (3.21) gives
M3 — M7 4 tr(M,)M; ' — 1 =0

and we see that ¢ = tr(M,; ') = tr(M,). Multiplying (3.21) by ¥,, from the left
yields
U ekt — tr( M)W yapg + tr(M) Vo — ¥, = 0

and the top leftmost entry of this matrix equation gives the linear relation. O

3.2.2 The case gcd(2k,1) = 2

In this case lem(2k,l) = kl. While the definition for M, (3.19) is valid, each
matrix in the product would appear twice (M, would be a perfect square) so we
can instead take a product of half as many factors, ditto for M,. The total shift
for W,, is now kl instead of 2k!:

M, = Ly Ly yok... Ly gi—ak L o1—2k,

M, = Ly iri—1Lnsri—21--- L1 L,

Ui = U, M, = M, T, (3.22)

Again tr(M,) has period 2k and tr(M,,) has period [, but now tr(M,) = tr(M,)
has period ged(2k,1) = 2. We let K,, := tr(M,,) and K, := tr(M ). In this case
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we have

ICn = I€n+l
the proof of which we also omit.

Proposition 3.11. The iterates of (3.6) satisfy
Tnyakl — KnTnton + Kni1ZTnr — T =0 (3.23)

Proof. The proof here is the same as in Theorem 3.10, but with different traces

appearing. ]

Theorem 3.12. We have a constant coefficient relation
Tnyokl — ATniskt + BTnyarr — CTnyapt + BTnyor — ATpyr + 2, =0
where
A=K+ Koyt B =K, Kni1+ Ko+ K, C:=K2+K2+2
Proof. Let § be the shift operator sending x,, +— x,,1 for all n. Then applying

SBkl o ,Cn+182kl 4 ICnSkl -1

to equation (3.23) gives the result. O

3.3 Reductions of a 6-point lattice equation

Recently in [30] the Little Pi family of recurrences was obtained as a reduction of

a lattice equation in two dimensions, namely

Usp244+1Us;t = Ust+1Ust2t T Ust1t T Ust1t41- (3.24)

By imposing the constraint

Ust = Us+lt—k



127

for integers k and [ one obtains the travelling wave reduction
Ust = T, n = sk + tl (3.25)

where the new dependent variable satisfies the Little Pi recurrence (3.1). Various
features of the 6-point equation (3.24), including the Laurent property and its
linearisation, were studied in [30] and used to derive some of the properties of the
reductions (3.1). Here we find the analogue of these results for another 6-point

equation:

(U142 F Usi1p + Q) U1 = (Us g + Usy + Q)Usp1 141 (3.26)

and its reduction

(Tpikror + Tpsk + Q)i = (Tpyor + T + ) Trgpotr- (3.27)

Remark 3.13. The “Extreme Polynomial” in [43] and [1] is defined as

k

Trtk+1Tn = Tntklnt1 + E Tnyi + B
=1

for constants a and B. Shifting this up 1 and taking a difference yields

(xn+k+2 + Tpyk + a>xn+l = (xn+2 + Ty + a)xn—&-k—‘rl

which is a special case, with [ = 1, of the one-dimensional recurrence (3.27) that

is found as a reduction of (3.26).

Proposition 3.14. The 6-point equation (3.26) satisfies the linear relations
U57t+3 — (J(t + 1) + ].)Us7t+2 + (J(t) + 1)us7t+1 — U&t = 0, (328)

Usy3t + A(S)Usyos + B(8)usi1 + C(s)usy = 0 (3.29)

where J(t) is independent of s and A(s), B(s) and C(s) are independent of t.
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Proof. Dividing (3.26) we immediately find a quantity which is invariant under

shifts in the s direction:
J(t) = Ug o T Ugt + a)

Us t+1

giving a linear relation

Us 2 — J (E)us i1 + usye +a = 0. (3.30)

Shifting this in ¢ and taking a difference leads to

us7t+3 — (J(t + 1) + 1)u57t+2 + (J(t) =+ 1)U57t+1 — usyt =0.

Recalling that these coefficients are fixed under s shift we have

Us ¢ Us,t+1 Us,t+2 Us t+3 —1
Usi1t Ust14+1 Ust1,t42 Ust1,443 J(t) +1 _ 0
Uspor Usyot1 Uspoirr Usiarrs| |—J(E) —1
| Ust3t Usta 1 Ustdtr2 Ust3i+d| | 1 |

We see that this 4 x 4 matrix has determinant zero so we may take a left kernel
vector (C(s), B(s), A(s), 1) with coefficients invariant under ¢ shifts. This kernel

gives the second linear relation. O

3.3.1 Linear relations for the reduction

Theorem 3.15. The linear relations with periodic coefficients for the reduction
(3.27) are
Tpy3l — (Jn+l + 1)xn+2l + (Jn + l)xn—&-l — Tp = 07 (331>

Tn+3k + An$n+2k + Bnl'nJrk + Cnl‘n =0. (332)
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Proof. The travelling wave reduction (3.25) applied to (3.26) gives the one dimen-

sional recurrence (3.27). After this reduction J(t) becomes

J, = o2 F e 0 (3.33)

T4l

which is period k. A(s), B(s) and C(s) become period [ quantities (denoted
A, By, C,) and our linear relations (3.28) and (3.29) become (3.31) and (3.32). O

Theorem 3.16. The iterates of (3.27) satisfy the linear relation

Tnispl — Kniow + Ktpag —x, =0

with constant IC.

Proof. Defining, as before,

Tn T4l Tn+21 0 0 1
Vo= | Tnpk Tpgkrt Tnphen Ly=110 —J,—1
Tnt2k  Tnt2k+l  Tnt2k+2l 01 Jou+1
0 1 0
Ly:=10 0 1
-A, —-B, —C,

Then we have ¥,, ., = V,L,, and ¥, = f}n\Ifn We are again justified in taking
ged(k,l) =1 so
\I}n—i-kl =V, M, = Mn\l}n

where

M, = LnLn—l—l cee Ln+(k—1)17 M, = En+k(l—1)in+k(l—2) oLy

We can now follow the same procedure as in the Little Pi case to get the result
with
K= tr(Mn) = tr(LnLnH c. Ln+(k71)l)-
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3.4 Laurentness for linearisable lattice equations

Here we’ll discuss the Laurent property for lattice equations. We construct a
family of bands of initial values, and some special sets as well, that give well
defined solutions on the whole lattice. Given some conditions on the initial values
linear relations with coefficients fixed in one lattice direction can be used to prove
the Laurent property. We show that the band sets of initial values satisfy these

criteria.

Definition 3.17. We call the set of initial values for a lattice equation I, and the

Laurent ring generated by these £. That is,
L:=7[I, 11

where It = {1/u : u € I'}. We say that a 2-dimensional lattice equation satisfies

the Laurent property, or is Laurent, with this I if
U57t < E[A]

for all s and ¢ and a set of parameters A.

3.4.1 Construction of band sets of initial values

In [41] an algorithm is given to find a unique (in almost all cases) solution to a
lattice equation of an arbitrary stencil if I is a band of initial values. We apply

this to the 6-point “domino” stencil that (3.26) in defined on.

First we define the lines L, and L, each with positive rational gradient, such
that Ly = Ly + (1,—2). An example with gradient 1/3 is shown in Figure 3.1.

We will consider the points on L; to each be the top left corner of our 6 point
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FIGURE 3.1: Initial values on the band with gradient 1/3

domino, hence L, will pass through the points diagonally opposite. Taking initial
values between these lines and on L; (but not on Ls) allows us to find a unique
solution of (3.26) for each choice of gradient. The first step is to calculate the
values on Ls, drawn in blue, using the yellow initial values. We then shift the
lines perpendicularly to their direction until they pass through another point of
the domino. These are the dashed lines. The new Ly will pass through the next
points to be calculated, drawn in red. This process is continued until we fill the
whole lattice below L;. We can shift the lines in the opposite direction to fill the

lattice above L.

3.4.2 The Laurent property for equation (3.26)

To prove the Laurent property we will use the linear relation (3.30), but first we

must prove that the coefficients J(t) are in the Laurent ring.

Lemma 3.18. If we have an § such that us;41 € I and
{usy, usq2} C La]

then J(t) € Lla).
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Proof. Since J(t) is independent of s we may shift it until § appears, so

_ Ugty2 + Uz @

J(t)

Us t+1
which is in L[a] by assumption. O

Theorem 3.19. If, given some I, Lemma 3.18 holds for each t and for each s we
have t such that

{us,f7 us,f+1} - ‘C[a]

then (3.26) has the Laurent property for this I.
Proof. For each s we use induction on ¢ and the relation
Us t+2 = J<t>us,t+1 —Ust — @

noting that, by the lemma, J(¢) is in the Laurent ring. The base case for the
induction is given by

U’s,f—&-? = J<t~)usf+1 - us,f —a
this proves Laurentness for ¢ > ¢ + 1. The proof for ¢ < ¢ is similar. O]

Theorem 3.20. The Laurent property for (3.26) holds for the band sets of initial

values described in Section 3.4.1.

Proof. To calculate u,; we only have to divide by us;1441 and vice-versa, so we
know all the values we calculate are Laurent until we have to divide at one of the
blue points (see Figure 3.1) and the corresponding points above L;. These we
mark in green in Figure 3.2. We draw L parallel to and below L, through the
first non-green point and L) parallel to and above L; through the last green point.
Equivalently

Ly =Ly + (—1,-1), Ly =1L+ (-1,1)

hence L, = L+ (1, —4). Since the minimal distance between L} and L} is v/17 > 4

any horizontal or vertical line that intersects I will intersect at least 4 elements
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FI1GURE 3.2: The points marked green are in the Laurent ring

of £. For Lemma 3.18 we take horizontal lines with height ¢t and see that they
intersect at least 4 green or yellow points, at least one of which will be yellow.
Hence J(t) € L for all t. For Theorem 3.19 we take vertical lines for each s and
see that these intersect at least two green or yellow points. Hence the conditions

of the theorem hold and we have the Laurent property for these initial values. [

In the special case where the gradient is 0 it is prescribed in [41] that we take an
extra line of initial values perpendicular to L; and Ls, shown in Figure 3.3, for
which the equation also has the Laurent property. We note that Laurentness does
not hold for all well posed initial value problems, for example the yellow set shown
in Figure 3.4. In this case one can see from the form of (3.26) that to calculate the
value of us; at the blue node we must divide by a polynomial (not a monomial)

in the surrounding initial values.

Remark 3.21. The Laurent property in the reduced case is easily seen from (3.33).
In fact, since J, is period k, the only initial variables that can appear in the
denominator are x;, x;41,...,Tg—1. In particular, setting each of these to be 1

will give a polynomial sequence in the remaining initial values.
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L
L,
[ ] @ @ ® ® ® [ ]
Ly
[ ] [ ] [ ] [ ] [ ] [ ] [ ]

F1GURE 3.3: Initial values on the band with gradient 0 with Laurentness

Ly
. . . [ ) . . .
Ly
L

FI1GURE 3.4: An example of initial values without the Laurent property

3.4.3 The Laurent property for the lattice Little Pi

The Laurent property for the lattice equation (3.24) was proved in [30] for the
initial values

I =A{usp,ups,urs: s,t € N}
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Here we extend [ to Z X Z and also switch the s and ¢ coordinates to conform

with the format of Equation (3.26). Hence we work with the lattice equation

Ust1,442Us;t = Ust1tUst+2 T Ustr1 T Usi1 41 (3.34)

we have drawn the I from [30] in yellow in Figure 3.5. Again we define the
Laurent ring £. Here we offer a different proof of Laurentness, similar to the proof

for (3.26). From Theorem 2.1 and Proposition 2.6 respectively in [30] we have

Us 46 — Brr1Usra + Brllg 4o — Ugy = 0 (3.35)

and that §; is given by

5, — I+ wouo,t43 + Uo,i11U0,t44 + U t4+2U0,t45 (3.36)
t — .

UQ,t+2U0,t+3

Note that in this expression s has been set to zero since [ is fixed under s shifts.
Similarly to the proof of Theorem 3.20 we colour the values that only require
division by elements of I in green in Figure 3.5. Due to the shape of (3.34) we end

up with more green vertices than we had for (3.26).

Proposition 3.22. The lattice equation (3.34) has the Laurent property for the
imatial values

I = {US,Oaus,hUO,t 18, t € Z}.

Proof. Again we fix s and use induction on t. The induction start is given the

vertical line of 6 values in £, shown in yellow and green in Figure 3.5. We can see

from (3.36) that §; € £ for all ¢ for this I. O

For the band sets of initial values we have to work harder.

Lemma 3.23. If, for a set of initial values I, we have an s such that

{us s, Uz 41, Uspra, Us 5} C L
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FIGURE 3.5: The yellow dots are initial values and the green are Laurent in
the initial values

and

{uspso, usy3} C I

then B, € L.

Proof. We shift the expression for f; from (3.36) in the s direction until uz ;o and

U413 appear in the denominator. O

Theorem 3.24. If the conditions of Lemma 3.23 hold for all t and for all s we
have a t such that

{ s U 7115 U 42y Ug 743, Us frar Us ips ) C L

then equation (3.34) has the Laurent property.

Proof. The proof is the same as for Proposition (3.22). O
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Theorem 3.25. The equation (3.34) has the Laurent property if I is a band of

atial values.

Proof. Similarly to the proof of Theorem 3.20 we have
L,1:L1+<_17_2)7 L,2:L2+(17_2)

so Ly = L} +(3,—6) and the minimal distance between them is v/45 > 6 so for any
vertical or horizontal line intersecting the lattice we have at least 6 consecutive

values in £, and at least 2 of these will be neighbours and in 1. m

3.5 Conclusion and outlook

In this section we have linearised two recurrences from LP algebras and proved
that they can be obtained as reductions of 2-dimensional recurrences. We also
constructed sets of initial values such that the 2-dimensional recurrences satisfy a

2-dimensional Laurent property.

One open problem would be to construct more, or all, recurrences in LP algebras
that can be linearised. One could also ask if there are recurrences with the Laurent

property that live outside of LP algebras.

Additionally we could ask which other Laurent property recurrences can be ob-
tained from reductions of higher dimensional recurrences, and for which initial

values these too have the Laurent property.
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