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Fault-Tolerant Control for Systems with Unmatched Actuator
Faults and Disturbances

Kangkang Zhang, Bin Jiang, Fellow, IEEE, Xinggang Yan, Zehui Mao, and Marios M. Polycarpou, Fellow, IEEE

Abstract— A fault-tolerant control (FTC) scheme for a class of non-
linear systems with unmatched actuator redundancy and unmatched
disturbances is proposed in this note. A methodology to construct
unified smooth sliding mode control laws and update laws is proposed
such that the equivalent injections of the first-order time derivatives
of the unmatched actuator faults and unmatched disturbances can
appear in the unmatched channels. The unmatched actuator faults and
unmatched disturbances are completely canceled by these equivalent
injections. Based on this methodology and using the backstepping
design procedure, a set of smooth FTC sliding surfaces, FTC laws
and update laws are then designed. With the help of the FTC law se-
lecting mechanism, the output tracking errors of the closed-loop FTC
system converge to zero asymptotically, and time-varying faults and
disturbances are reconstructed. A simulation example is presented to
illustrate the effectiveness of the proposed FTC method.

Index Terms— Fault-tolerant control, unmatched actuator faults,
unmatched disturbances.

[. INTRODUCTION

Fault-tolerant control (FTC) deals with the design of feedback con-
trol algorithms for systems with potential malfunctions in actuators,
sensors and other components, thereby providing an effective way
to improve the reliability and safety for critical systems such as
aircrafts, high-speed trains and nuclear power stations [1]. Actuator
faults are more destructive because they may cause control loss and
even breakdown of the whole systems. Tolerating actuator faults has
attracted many efforts of the control community in the past decades,
and many effective actuator FTC approaches have been proposed
such as adaptive control approaches [2], [3], multi-model control
approaches [4], [5], sliding mode control approaches [6], [7], [8],
robust control approaches [9], [10], control allocation approached
[11], performance-based approach [12] and so on.

Generally speaking, actuator faults can be divided into two cat-
egories [13]: loss of effectiveness faults and stuck faults. However,
due to complete actuation losses and undesirable float inputs, actuator
stuck faults are more serious. Using the strategy that reconfiguring
the healthy actuators to compensate for the vacancies left by the
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actuation losses and to reject the effects caused by the undesirable
float inputs, the adaptive fault compensation approach is proposed
in [14] and most recently developed in [3] and [15]. Also, based on
this compensation strategy, sliding mode compensation schemes are
proposed in [6] and developed more recently in [7], [16] and [17].
However, in these results, the considered systems are required to have
matched actuator redundancy. Actuator stuck faults in systems with
unmatched actuator redundancy, which are referred to as unmatched
actuator faults, have not been fully studied. Tolerating unmatched ac-
tuator faults remains an open issue because unmatched actuator faults
will introduce unmatched unknown inputs and may also convert the
matched disturbances to the unmatched ones. Handling unmatched
unknown inputs and disturbances is still challenging for the control
community.

In this paper, we consider some key issues, unmatched actuator
faults and unmatched disturbances, in actuator FTC topics, which
have not been fully concerned so far in the most recent literature [3],
[10] and [16]. Based on the differential geometry theories, a set of
fault mode sets is proposed to group all tolerable actuator faults into
distinct groups. In the presence of any fault mode belonging to one
fault mode set, the system’s relative degree from the outputs to the
healthy actuators is fixed. However, the unmatched actuator faults and
disturbances may arise in the faulty systems. By developing particular
structures of the update laws and the sliding mode control laws,
the equivalent injections of the first-order derivatives of the faults
and disturbances arise in the unmatched channels, which facilitates
complete rejection of the faults and disturbances. The advantage of
this methodology is that it can not only asymptotically stabilize
the closed-loop system but also exactly reconstruct the faults and
disturbances. Based on this methodology, for each fault mode set, a
smooth FTC sliding surface, a sliding mode control law, and a bank of
update laws are designed based on the backstepping design procedure.
Each update law can reconstruct a fault or a disturbance with the
reconstruction error converging to zero asymptotically. Each smooth
FTC sliding surface can guarantee that all states of the associated
sliding motion are uniformly bounded, and the output tracks the
reference signals asymptotically. Moreover, each sliding mode control
law can guarantee that the associated sliding motion occurs in a finite
time, and the closed-loop faulty system maintains on the associated
sliding surface thereafter.

Different from the most recent literature [16] and [17], the un-
matched actuator faults and disturbances are considered in this paper.
In comparison to [3], this paper deals with a class of nonlinear
systems and does not require restrictions on the fault modes of main-
taining some properties. Furthermore, the methodology developed in
this paper can completely remove the unmatched actuator faults and
disturbances in the unmatched channels. Moreover, the FTC scheme
in this paper can accurately reconstruct the time-varying faults and
disturbances.

Notation: For a square matrix A € R™", A(A) represents the
minimum eigenvalue of A, and (A);; represents the ith row and jth
column element of A. For any vector x = col(xy,---,x;) € R”,



GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2020

|x| = col(Jx1], - ,|xxl). In addition, the relative degree used in this
note is defined in [18].

II. PROBLEM FORMULATION

Consider a class of nonlinear over-actuated systems

E=fO+ Y giOwn + Y Do),
¥ =h(o), (1)

where £ € Q c R" (the region Q is a neighborhood of the origin),
yeR, uj(t)eR, i=1,---,m are the state vector, output and control
inputs, respectively. The nonlinearities f({) and g;({), i = 1,---,m
are known smooth vector fields, and 4({) is a known scalar smooth
function. Each d;(¢) € R is an unknown time-varying parameter, while
D;(-) € R" is the known distribution vector. The terms D;({)d;(¢), i =
1,---,n, may represent not only external and internal disturbances,
but also system uncertainties. Without loss of generality, it is assumed
that all d;(¢) have been well partitioned such that the relative degree of
the triple (f({), Di({), h({)) is i. Note that all D;({)d;(t), i=1,--- ,n,
are not required to be matched because each vector D;({) is not
required to be parallel to any g;({) for j=1,---,m.

Remark 1. Many uncertainties such as polytopic type uncertainties
(see chapter 3 of [19]) can be expressed in the form of D;({)d;(¢). The
vector field f({) represents the dynamics of the physical process, and
gi(¢$) and D;(¢) are distribution vectors that represent the directions
that u;(¢) and d;(¢) enter the system respectively. Typically, they are
completely determined by the physical structure of the system and
are independent of external components. Thus, f({), g;(¢) and D;({)
describe the system’s inherent properties and are not affected by
actuator faults since actuators are typically external components with
respect to the system. \

Unmatched Actuator Redundancy. This paper considers the case that
for all g;(-),i=1,--- ,m, rank([g1({), - , gm({)]) = m, which means
that actuators uy, - - - , u,, do not have matched redundancy (see [20]).
Suppose that each triple (f(¢), gi({), #({)) has a known relative degree
ri. Then, for any two actuators u; and uj, i # j in system (1), the
fact that if there exists a scalar function «;;({) # 0 such that g;({) =
@;j(£)g;({), then r; = r; holds, and its converse-negative that if r; #
rj, then gi({) # a;j(D)g;(0) for any @;j({) # 0 also holds. Thus,
ry # ry # .-+ # ry. Without loss of generality, it is assumed that
rp < rp < --- < ryp < n throughout the paper. We refer to this as
unmatched actuator redundancy.

Actuator Stuck Faults. As modeled in [21], the output of the ith
actuator with a potential stuck fault is expressed as

ui(t) = pai(t) + pi(;(t) — pai(®) = (1 — ppai (@) + piti (1),  (2)

where ,;(t) is the applied input of the ith actuator, i;(¢) is the time-
varying stuck value and p; is the ith actuator fault indicator where

A ]’
pi = 0.

This paper considers the scenarios of multiple faults but at least
one healthy actuator. A set including all considered fault modes can
be defined as follows:

s -] p=diaglor.- - ombrpr = =pi-g =1or0, 3)
pi=0,pj=1lor0, ief{l,--- ,m}, j=i+1,---,m

if the ith actuator is locked at i;(¢),
otherwise.

It is worthy pointing out that this set  characterizes fault scenarios
considered in many existing literature such as [21] and [22].

Objective. The objective of this paper is to design FTC laws ug;(?),
i=1,---,mfor system (1) such that in the presence of actuator stuck

faults (2) with p belonging to X, the remaining healthy actuators can
still ensure that

o all states in the closed-loop system are uniformly bounded,
« the output y(¢) tracks the reference signal y,(#) with lim;—,c y(£)—
yr(®) =0,
and design update laws to reconstruct #;(¢), i = 1,--- ,m and as many
djt), j = 1,---,n as possible such that their reconstruction errors
converge to zero asymptotically.

I1l. PRELIMINARIES

In this section, a fault mode grouping scheme will be proposed,
and then based on this scheme, feedback linearization schemes and
FTC strategy are due to formulated.

A. Fault Mode Grouping

There are 2™ — 1 fault modes are considered and included in Z,
which indicates that 2" — 1 FTC laws would need to be designed
to handle each possible case if one FTC law is designed distinctly
for each fault mode. This motivates the development of fault mode
grouping scheme to reduce the required number of FTC laws. To this
end, the actuation scheme for the system (1) is presented. To manage
all the actuators of the over-actuated system (1), a proportional
actuation scheme is used and given as

l'lat(t) = ﬂi/-l(t)7 i= 1, crr,m, (4)

where m; is a positive constant and u(#) is the control law to be
designed. To simplify the notations, u;, u,; and u are used in the
remaining sections to replace u;(f), u,i(¢) and u(r), respectively.
The fault mode grouping sets are ready to be proposed as follows:
forany i e {1,--- ,m},
}. )

s | p=diaglorpm)ipr =2 =pi = 1,
® pi=0,pj=1or0, j=i+1,---,m

Then, one has

1

= @12(5), 2@02(]’) =0,V i # ]

Moreover, by submitting (4) to (2), the description for the system (1)
under the actuator stuck faults (2) with p € X(;) can be obtained by

m i—1 n
E=FQO+ YO0 —pomp+ 2l + ) D)D),
=1 j=1

I=i J
y =h(Q). (6)
Then, it is ready to show the following lemma.

Lemma 1. For any i € {l,---,m} and all p € X, the triples
(f (), Z;’ii g1 O — ppmy, h(0)) have a common relative degree vy;.
v

Proof. This lemma can be easily verified by
rl'*l _ . rl-—l
LZ;’;,»g/({)O—pz)mLf h() = ”ngiLf h(&) #0,

where the notation L;. denotes ith-order Lie derivative [18]. ]

Based on Lemma 1 and [18], for all p € X, the triples
(f(), Z;’;i 21O — ppmy, h({)) have a common linearization law,
which will be specified later. This shows that m, rather than 2 — 1,
FTC laws are needed, which is also the main advantage of the fault
mode grouping scheme characterized by (5).
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B. Feedback Linearization and Preliminary Assumptions

Supposed that yu; is the common feedback linearization law for all
0 € Z(;). Then, based on [18], u; can be designed as

i =b7 @) i — ai (ziom) s 7

where v; is the virtual FTC law to be designed, col(z;, ;) = @;({) is
a diffeomorphism, and

a;i(’) = L; h(«{)|{:¢71(zi,'h)’
—1

bi() = ”iLgiL; R Olr— -1 (i)

Thus, in the coordinates z; and 7;, system (6) has the following normal

form

Zij =zZij+1 + dij(zi,mi, dj@), u(0), j=1,---,ri—1,

Zir, =Vi + dir; (23, i, dr (1), 0(1)), (3
1i =Yi(zis is dyy1 (1), - -+ dp (1), 6(1)), ©
Y =1,
where z; = col(zji,---,zi,) € R, m; € R'™ and () =

col(ity (), -+ , im(?)). Moreover, d;(-), j = 1,--- ,r;—1 are unmatched
with respect to v;, while d;,(-) is matched. It is worth pointing out
that since there is no control input in the unmatched channel z;;, the
unmatched d;j(-) is not easy to reject and also increases the difficulties
related to the design of the control law v; (see, e.g., [23]). Since
-1 .
Loy L™ h(Q) #0, [=1, i1,
Lo, L4h@) #0, j=1.--.ri

d;j(-) can be written as

dij() = Oz i, D0 (1), j=1,---,r, (10)

where
Lo L 'n(o), Lp.L7'h =
sily (). Lp; f © (=7 @) > I T
0;j() = S

[0, LDij'r_lh(g“ )] otherwise,

‘z:dﬁ;l(zi,m) ’

col(@y(r), dj(®)), j=r,

9ij(l)={ col(0, dj()), otherwise. (n

The unknown time-varying variables 6;;(¢) are assumed to satisfy the
following assumptions.

Assumption 1. For i = 1,---,m, there exist known constants éij
such that [16;;()ll < §;; for j=1,---,r;. \Y

Assumption 2. The unknown time-varying variables 6;;(?), j
1,---,r; are parameterized by

w; () = M;j(Dw; (1), 6;i(t) = Cijw;j(1),

where w;;(0) are unknown, and M;;(r) and C;; are user-specified to
generate the basic functions!. \%

(12)

Remark 2. It is worth pointing out that 6;;(r) generated by (12)
is unknown even though both M;;(#) and C;; are known because
the initial condition w;;(0) is not known. The dynamical equation
(12) is widely used to describe unknown inputs in the existing
literature such as [24]. In fact, (12) is an alternative parameteriza-
tion for faults and disturbances, and is an extension of the linear
parameterizations used in [3]. For some special matrices M;;(?),
the solution of the time-varying system (12) can be obtained by

IThe description for basic functions here can be found in [21] and [3]. In
linear parameterizations, the richer frequencies the basic functions have, the
more accurately we can approximate the original signals.

0;j(1) = Cjjexp ( fot M;i; (1) d‘r)w (0) which can approximate a large
number of practical actuator stuck faults. For example, if M;;(t) = 0,
then 6;(t) = C;jw (0) represents the constant stuck faults such as a
faulty scenario that an aircraft control surface locks at an unknown
fixed position, and if M;; (t) = sin(?)[§ 5], the parameters 6;;(¢) =
C;j(I+[§ Z4]sin(f)w (0) can express periodic sinusoidal stuck faults.
v

Remark 3. The dynamical system given in (12) can accurately ap-
proximate 6;(¢) by choosing M;;(¢) with sufficiently rich frequencies.
An example is to take a periodic 6;;(#). To determine M;;(¢) for the
periodic 6;;(#), a prior condition is to know the fundamental frequen-
cies of 6;;(1) (see, e.g., [25]), which typically relies on the engineers’
experiences. If this information is not available, the periodic 6;;(7)
can be accurately approximated by choosing M;;(r) with as rich
frequencies as possible. However, in practice, there exists a trade-off
between computational complexity and approximation accuracy. In
addition, a time-varying matrix M;;(¢) can generate basic functions
with richer frequencies than a constant matrix, which facilitates a
more accurate approximation of 6;;(f), and is also the main reason to
use a time-varying matrix M;;(t) rather than a constant one. \Y

In addition, the zero dynamics described by (9) are required to
satisfy the following assumption.

Assumption 3. For i = 1,---,m, the zero dynamics 7; =
Wi(0,ni, dy,+1(8), - -+, dn(2), u(r)) are input-to-state stable (ISS) with
respect to input dy,11(f),- -+ ,du(t) and u(?). \Y
Remark 4. Assumption 3 is similar to the conditions employed in
[14] and [7]. It is actually a minimum phase assumption, which is
also needed in the nominal case (no faults). \Y

Denote 9,~j(t) as the estimates of 6;;(r) for j = 1,---,r; — 1, and
0;j(1) as the estiAmation errors, where 0; (1) = 6;(t)—6;(¢). To simplify
tAhe notati0~ns, 6;; and 6;; are used throughout this paper instead of
0;;(r) and 0;;(¢) respectively. Let

13)

for j = 1,---,r; — 1, where xf1(~) =0 and x:f2(~),--- ’xf(r-—l)(') are
1
smooth virtual control laws to be designed, and let

~ l_]
2 Oitr-1)) _ygr (),

where o7;(-) will be constructed recursively in the next section. In the
coordinates X;1, - , Xij(;~1), ;> System (8)-(9) becomes

~ ~ i—1
Xij = 2ij = X561 Xig-1), O Bigi-1) -3V

i = Zirg = Ti(Xils 0 Xigr—1)> Oi1» 14)

Kij =Xi(j1) + Xy 1) () = X50) + ©4()0;5(1),
j: ], ’ri_29
Kir—1) =i + 0i() = X)) + Oy Wi —1) (D),
§i =vi = 010) + O, (Vbiry (1) = Y1),
" Xi(r=1)» Sis i A1 (@), - -+, dn(0), 6(D)),
Y =xi1 + yr(0).

(15)

ni =i(xi1, - (16)

Remark 5. Take the first row in (15) as an example. There is rare
result to converge x;; and 0; j to zero simultaneously. Suppose that
x;k(j +1)(') and 6 j are designed as the general form g(x;;, 0; i)+ x;‘j(-) -
Xi(j+1) and —p(x;;, 0; j) respectively where p(x;;, 0; j) is continuous and
P(0,6;;(1)) # 0. Note that the scopes of the variables p(-) and ¢(-) are
limited to this remark. Then, X;; = q(x;},0;j(t) — 6;;) + ©;;()6;;(1),
0ij = 6ij(t) + p(x;j,6;j(r) — 6;;) where ¢(0, 6:j(1) + 0;()0;(r) is
matched with respect to the controller g(-), while 6;;(z) + p(0, 6;;(r))
is unmatched. To the best of the authors’ knowledge, due to the un-
vanishing unmatched 6; (@) + p(0,6;(1)), there is still no available
smooth g(x;j,6;;) and p(x;j,6;;) to simultaneously converge x;; and
6;j to zero asymptotically. \%
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C. FTC Strategy

Suppose that a set of v; in (7) for i = 1,--- ,m has been determined
where each v; is first designed to stabilize the system (15) and
distinctly well accommodate the unmatched stuck faults p € Z;.
A setof u;, i =1,---,m are then constructed based on v; where each
u; distinctly tolerate the fault modes in X;. Thus, all the u; can be
fully determined. Furthermore, all the u; with i = 1,--- ,m perform
through the selection of the switching mechanism of the active FTC
architecture used in [26] and shown in Fig. 1.

The switching mechanism in Fig. 1 is generated based on the fault
detection and isolation (FDI) schemes (see [27]). Similar to [26], it is
assumed that the used FDI schemes can provide accurate and quick
fault diagnosis such that the switching signals can select and activate
u; correctly and sufficiently fast after faults occur. The issue, which is
not considered in this work is the stability of the closed-loop system
after the occurrence of the fault but before it is detected and isolated.
Also, we do not consider the actuator saturation problem for healthy
actuators.

— M |,
Actuation| 77, ", 7, Uy, U, X
e N % plant
Switching Scheme
T
L

Fig. 1. Fault-tolerant control architecture.

IV. MAIN RESULTS

Based on the FTC strategy presented in the previous section,
the objective of this paper now becomes to design v; for system
(15)-(16) such that lim;—e y(f) — y-(f) = 0, and update laws @ij
for j = 1,---,r; — 1 such that lim/»e 6;;(f) = 0. The major
challenge is to handle the unmatched ©;;(-)6;;(®), j = 1,---,r;i — 1
in the unmatched channels %;; with respect to v;. In this section,
a methodology to completely cancel ®;;(-)6;;(t) in the unmatched
channels will be developed using sliding mode control. Intuitively,
using the equivalent injections of éij(t) during the sliding motion
associated with a particularly designed sliding surface, 6;;(f) can be
assigned to the unmatched channels ¥;;, and then by designing proper
gains, ©;;(-)0;;(f) can be canceled by the equivalent injections under
Assumption 2.

A. Sliding Surface Design

A recursive process to construct the sliding function o(-) in (14)
will be developed in this section based on the backstepping design
procedure. To this end, some preliminary results are presented. The
virtual control laws x;‘(j 1) and update laws 9,~ j» j=1,---,r—1 for
the system (15) are proposed, respectively, by

X1y () =kijixij + Yij10;j + () = kij3 tanh (xij/(sij(f)) . an

8ij = = Kijoxij = Yij2bij — Kija tanh (xij/éij(t))» (13)
where 6;;(?) is determined by
6ij(1) = —k;j36:;(1), kijz >0, 6;;(0) >0, (19)

the parameters kijl eR, Kij2 € Rz, Yijl € R]XZ, Yij2 € RQXQ, kij3 €
R, Kjj4 € R2 are selected such that

o there exist @;; € R? and the Hurwitz and Metzler matrix A; ;i
such that for [, k =1,2,3, [ #«,

Aipi < Qi (AP < Aijigs (20)

where
A= —(aijYiji + Yij) Eij @1

—Yiji kiji + Yijiaij
with Eij = a,-jk,'jl + Kij2 + (ainijl + Y,-jg)a,-j.
o the A(Q;;) satisfies

AQij) = 2(ri = j +Biji +Bij2)s (22)

where
_QU = A?}P,‘j + P,"/'Aij (23)

with P;; being the Lyapunov matrix, and §;;1 and §;;, are to be
specified later.
o the following relations hold:
(@ijYiji + Yijp + @;j0;()Cij + CijM;j(1) = 0,
kijz 2 1Yij1 + OOl - 8ij,  Kija = ajjkija.

(24)
(25)

Based on the result in the positive system theories [28], P;; in
(23) should be a diagonal positive definite matrix. Without loss of
generality, it is assumed throughout this paper that P;; = diag{P;j;, 1}
with Pij1 € R22, Let -Qij = AZ.I;.Pij + P;jA;j. Then it follows from
(20) that for any vector x € R3,

—x" Qijx < —Inl" 0yl (26)
As first shown in [29], for any 6(¢) > 0 and any x € R, hyperbolic
function tanh(x/6(t)) satisfies

0 < |x] = xtanh (x/6(2)) < €6(7), 27

where € = 0.2785 is given in [29]. In addition, for any @ € R?, an
invertible matrix 7T'(«) is defined as

T(a)=[fz . ]

which will be used for coordinate transformation.

Now, we are ready to show the recursive design procedure of
sliding surface, that is design o;(+) in (14). )

Step 1: The smooth virtual control law x;fz(-) and update law 6 are
constructed respectively based on (17) and (18) with j = 1. Using
variable «;1, a new coordinate col(¢;1, x;1) = T(ai)col(x;1,8;1) is
introduced where T'(-) is defined in (28), and in this new coordinate,

(28)

& =ajixpp — (@i Yin + Yio)éin + Eirxit
+ (@ Yir1 + Yi2 + @in®; ()01 (1) + 6;1 (1)
= (ai1ki13 — Ki14) tanh (x;1 /6,1(1))

X1 =xip = Yinéin + (ki + YinaiDxin + (Yinn + ©1())0i1 (1)
— ki13 tanh (x;1/6;1 (1)),

(29)

(30)

where, according to (24) and (25), the terms («;1Yi11 + Yiip +
@191 (NO;1 (1) + 01 (1) and (j1kj13 — Kjra) tanh (x;1/6;1 (1) in (29)
are identically zero. By choosing V| = %fl-TIPillfil + %xl.zl + €6;1(1)
as a candidate Lyapunov function, the time derivative of V;; along
(29) and (30) is obtained by

) oo _ .
Vit =& Piniéin + xinXip + €0;1(t)

—

1 T T
=- 5001(51'1,?61‘1) Qircol(ir, xi1) + & Piniain X2 + Xin X2

+x;1(Yj11 + Op1(-)8;1 (1) — xi1k;13 tanh (x;1 /6;1(F)) + €61 (5).
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Based on (26) and (22) with B;11 = Bi12 = 0, it has
—col(&1, xin)" Qineoln, xin) < —leolr, xin)I” Qitleol@in, xin)l
=20 = D(llgnll® + x7)).
Also, based on (25) and (27), it has
xi1(Yir1 + ©i1 ()01 (1) — xi1kir3 tanh (x;1 /61 (0) < kj13€6i1 (1),
and further, it follows from (19) that
xi1(Yit1 + ©;1(:))0;1 (1) = xikin3 tanh (x;1 /671 (1)) + €61 (r) < 0.
Therefore, it is concluded that
Vi < = (i = DU I+ x3) + €L Paiain xi + xi1 xp. (31

Inductive step: Suppose that at step j— 1, j € {3,---,r; — 2},
there are a positive definite Lyapunov function Vj(;_py and a set of

continuous virtual laws xfl, e ,x;f.(-) and update laws 01, ,91-(1-,1)
in the form of (17) and (18) respectively such that
. j-1 .
Viiety <= (i =+ DUl + x5
+ &1 o1y Piti-D1iG-1)Xij + Xi-1)Xij- (32)

Obviously, inequality (32) reduces to (31) when j = 2.

At the jth step, consider a candidate Lyapunov function
Vij = Vigon + Zg P&+ 5 U + €5;j(1) where col(&j,xij) =
T (a;j)col(xij, .,]) w1th T() bemg defined in (28). By choosing
x;‘(j +1)(') and 91-]- based on (17) and (18) respectively, due to (20),
(24) and (25),

Vij <Vig-1y = COl(-fij, xij)T Qijeol(&;j, x;j)
+ fijPijlaijxi(jH) + xijXi(j+1) + X%ij(Yij1 + ©;;(:)0;()
- x,-jk,-]g tanh (x,-j/éij(t)) + Etsij(t).
For the items .f Pi(j-11@i(j-1)%ij and x;(j—1)x;; in (32), there exist
positive constants Bl j1 and B;j> such that

(33)

-1
|§i€j_1)Pi(j—l)la'i(j—l)xij| < Zk:l llgll? +ﬁij1x,'2ja (34)
-1
[xi(ji—1yXijl < Zk:l x,-zk +ﬁij2x,-2j- (35)
By substituting (34) and (35) into (32), it obtains
. J-1 .
Vigiey < = Y (i = DUERIP + 5 + Biji + Bip)xy. (36)

Then substituting (36) into (33), and using the analogous procedure
used in obtaining (31), it yields

Vij <Vigj-1) = /_1(Qij)(||§ij||2 + xl-zj) + rf,»TjPijlaijxi(jH) + XijXi(j+1)

== Zk:l(r‘

It should be pointed out that in order to cancel the last term of (36)
using —1 (0 )€1 + xl?j) in (37), A(Q;;) needs to satisfy (22).

Now, we are ready to design o(:) and the sliding surface. The
function o;(-) in (14) is chosen as

i) = 55, (),

— DUlERI? + xizk) + fiTjPijlaijxi(jH) + XijXi(j+1)-
(37)

(38)

where x () and 6,(, _1) are given in (17) and (18) respectively, and
the correspondmg sliding surface is then determined by

Si = {(. - Bigry-n)) Isi = 0}

Thus, the sliding motion associated with S; is determined by the
dynamics of x;1, -+, Xi(r-2), 01, -+ , Oi(,—1) given in aforementioned

 XiGr—1)s Sis O+ (39)

recursive procedure and x;r;—1). Since on the sliding surface, $; =
s; = 0, it follows from (15) and (38) that

Kitri=1) = X3, () = X1y + Oir=1y) (Wi —1) (0). (40)

The stability of the associated sliding motion is analyzed as
follows. By introducing the new coordinate col(&;,—1) Xi(r—1)) =
T(a,»(,i,l))col(x,-(r,.,l),9,-(,1.,1)) where T(-) defined in (28), a candidate
Lyapunov function of the sliding motion is chosen as Vj,-1) =

Vit—2) + 2-5",(, I)P(r,—l)lé‘}(r, n+s ,(, 1y T €6ir;—1)(®). Using the
analogous procedure used in obtammg (37) we can obtain that the
time derivative of Vj(,_1) along the sliding motion satisfies

. ri—1
Vit <= Yl + 5. (1)

Thus, based on the LaSalle-Yoshizawa lemma (see Theorem 2.1 in
[30]), it can be concluded that &;; and x5, j = 1,---,r; — 1 are
uniformly bounded and lim;— &ij= 0, lim;— e Xij = 0. Since T(-) is
invertible, 65, j = 1,---,r; — 1, are uniformly bounded and further,
lim; 0 6;j = 0 and it follows from (13) that lim/e y(f) — yr(t) =
limy— 0 zj1 —Yr(F) = limt—>oo x,- 1 = 0. Moreover, based on the dynamics
of & and x;; for j=1,- -1, &; j and %;; are uniformly bounded,
which, based on (17) and (18) results in that G,J and x( +1)() j=
1,--- — 1 are uniformly bounded. Thus, z;j, j = 1,~ B
are umformly bounded. In addition, since during the sliding motion,
si = 0, it follows from (14) that z;r, = xj, (-)+y{"" (1), which implies
that z;;, is also uniformly bounded.

Remark 6. It can be seen from the Step 1 in the recursive procedure
that inequalities (20) are used to stabilize the system (29)-(30), and
(24) and (25) are used to cancel the unmatched disturbances in (29).
It is worth pointing out that even if all the elements of A;; are time-
varying and state-related, the conditions in (20) can still guarantee
the stability. This implies that «;;, Y;1; and Y;j» can be designed as
time-varying or state-related functions to satisfy (24) and (25), and
further, M;1(¢) in (24) can also be extended to the state-related case,
ie. M;1(<, ). Therefore, the developed conditions (20)-(25) can be
extended the case that w;;(f) = M;j(z;, Hw;j(®), 0;;(,1) = Cijw;j(t),
and further, the developed sliding surface is applicable to the system
(1) with d;(r) = di(¢, 1). \%

B. Sliding Mode Control Law Design

To drive s; in (15) to the sliding surface S;, the discontinuous
control law v; is designed as

vi =K1 5i + 300 + 5i0) = (1@, Ol + kir2)sign(sy)  (42)

where k;.1 and k;.» are chosen to satisfy k;,; < 0 and kj,» > 0.
Then, s;$; = _kirils,-z+Si®ir,-(')9ir,-(t)_(||®ir,-(')||9ir,-+kiri2)si'Sign(Si) <
—kir2ls;il. Thus, the reachability condition is satisfied, which means
s; is driven to the sliding surface S; given in (39) in finite time and
remains on it thereafter.

Hence, a theorem is ready to be presented as follows:

Theorem 1. Under Assumptions 3 and 1, the update laws é,- j given
in (18) and control law v; in (42) for system (8)-(9) can guarantee
that for all actuator stuck fault modes p € X(;y defined in (5),

o Zils ot ,zirl.,é,-l,--- ,91'(,1.,1) are uniformly bounded,
e the estimate errors satisfy limio 0;;(t) — 6;; = 0 for j =
Lo ri— 1,

o the tracking error satisfies limy_, y(t) — y,(t) = 0
o the closed-loop system is driven to the sliding surface S; in finite
time and remains on it thereafter.

v



GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX 2020

Remark 7. From Theorem 1, for p € Xy, 6;5(1), j=1,--- ,r;— 1 are
reconstructed by 0; j- It follows from (11) that

o= 1 0|0y j=r I=1i-1, (43)
diw=[0 1|0y j=1-,r-1 (44)
This means that the stuck values #j(?),---,#;—1(f) and part of
disturbances d;(?),- - - ,d;_1(f) are reconstructed. \Y

V. SIMULATION

Consider a nonlinear system

=+ Ziz:] giui + Z?:l Did; (1),
y=h@) =4

where £ = [£1.00.03, 841", f(Q) = 143 = 381 = Las =01, ~42. =50 —
Gsing)T, g1 = [0,-6.3045,0,017, ¢» = [1,0,0,017, D; =
[0,0,-3.5544,01", D, = [0,6.4653,0,0]”, D3 = [1,0,0,0]" and
Dy = [0,0,0,1]7. This system has unmatched actuator redun-
dancy, which is indicated by the different relative degrees between
(f(0).81.h(0) and (f(Q).g2.h(Q) where ri = 2 and r = 3.
The disturbances d;(r) for i = 1,---,4 have been well partitioned
and the relative degree of the triple (f({), D;, h({)) is i. Moreover,
proportional factors m; and mp of the actuation scheme (4) are
respectively given by m; = 1 and mp = 1. The reference signal y,(¢)
is given by y,(f) = 10 sin(?).

The sequence of the calculations in the sequel follows the presen-
tation sequence of the theoretical part to make them consistent with
each other. Based on the fault mode grouping in (5), all the tolerable
fault modes are grouped by X1y = {p : p1 =0, po = 0 or 1} with
common relative degree being ry, and Z) = {p : p; = 1, pp = 0}
with common relative degree being r,. For all actuator fault modes
p € (), there exists a coordinate transformation col(zy,n1) =
D10 = [{3,—52,,(1,{32 - &]7 and a feedback linearization law
u1 = 0.1586 (vi —n11) such that in the new coordinates z; € R?
and 771 € R2,

Zi =212 +di1, Zip =vi +di,
m =¥1()
_ n2=3n11+d3(1)
T | 22112124528 ~Sn1a+n11 siny11)-7.1088z21 1 d1 ()—da (1) |’

where 171 = col(1711,7712) is the state of the zero dynamics. It can
be verified that the zero dynamics satisfy Assumption 3. Moreover,
di1 = —-3.5544d,(t) and djp = —6.4653d,(¢). Based on (10), di;
and dj; can be respectively parameterized by dj1(-) = ©11611(¢) and
d12(") = ©12012(t) where ©11 = [0,-3.5544] and @1, = [0, 6.4653].
Both 6;; and 61> can be roughly bounded by 10 and Assumption
1 is satisfied if |dq(¢)] < 10 and |d2(f)] < 10. Suppose that dy(¢) is
produced by d;(f) = =0.1sin(r)d;(¢) with unknown d;(0). Then, the
matrix Mq1(¢) of (12) in Assumption 2 can be determined by

M@ =8 0. %0 |-

Based on the recursive backstepping design procedure presented in
the theoretical part,

a1() =x],(),
X}, () = = 4.2124x11 +[0,8.8818 x 1071910y — 50 tanh (x11 /611 (1)),
811 =[0,-0.65801" x11 — Y112011 — 50[0, 17 tanh (x11 /811 (1)),

where 511([) = =508 (¢) with 611(0) =2 and

_To0 0
Yip = [0 3.5544+0.1 sin(t)]'

Thus, s; and vq are respectively designed as
51 =212 — X],(-) — 10 cos(?),
v1 = —20s; — 10sin(?) + ¢1(-) — 100sign(sy).

For all actuator fault modes p € X(y), there exists a coordinate
transformation col(za, 12) = P2({) = [¢3, {2, {1, 41" and a feedback
linearizaiton law up = v — z%] + 3723 — i1 such that
22 =223 + doa,

i = Ya() = =5m2 — 203 sin(zp3) + da(),

221 =222 + da1,

23 =v2 +do3,
where 7, is the state of the zero dynamics. It can be verified that the
zero dynamics satisfy Assumption 3. Moreover, dy| = —3.5544d, (1),
dyy = 6.3045i1(t) — 6.4653d,(t) and drz = d3(t). Based on (10),
dy1, dyy and dp3 can be parameterized by drj() = ©r1621(2),
dy(-) = Onbxn(f) and dy3(-) = 0r3623(f), respectively, where
0,1 = [0,-3.5544], Oy = [6.3045,-6.4653] and @,3 = [0, 1]. The
variables are bounded by [|671]| < 10, [|622]] < 10 and ||623]| < 3 and
Assumption 1 is satisfied if |d;(¢)] < 10, ||[@1 (1), d2()]]] < 10 and
|d3(1)] < 3. Suppose that d»(¢) and 7 (f) are generated by

[dza)]_[ 0 0.8395—0.1cos(3[)][dz(t)]
i | T 1-94179  -0.1sin(2) i) ()

with unknown d5(0) and #;(0). Then, the matrices M (), M2, (t) of
(12) in Assumption 2 can be determined by

M2 (1) = [8 —O.lgin(t)]’ M) = [—9.2179 0'83—9(§.Igi;1;;§(31)]'
Thus, we can calculate that
X5, () = = 4.2124xy1 +[0,8.8818 x 1071610y — 50 tanh (x21 /621 (1)) ,
621 =10,-0.65801" x31 = Y2121 — 5000, 11" tanh (x1 /621(1),
where 51 (f) = =508, () with §,1(0) = 2 and

_T0 0
12 = [0 3.5544+0.1 sin(t)]’

X55() = = 45.0153x2 + [-0.4627,0.3890] x 107120 + i35, (")
= 350 tanh (x22/622(1)) ,
by =[-37.8347,54.59621" x5 — Y2002
-350[3,-2]" tanh (x22/622(1)).,
Where 522(0 = —350(52](0 Wlth 622(0) = 20 and

Y _[ 18.9135 —19.3959+0.lcos(3t)]
222 = | 12,6090 12.9306+0.1sin(27) |*

Moreover,
a2(1) =x55(),

52 =293 — ¥54(-) + 10sin(?),

vy = —40sp — 10cos(?) + d2(-) — 350sign(sy).
As a conclusion, it can be summarized that for p € ¥y,

1 =0.1586 (=20s; — 10sin(r) + o1 (-) — 100sign(s1) — n11),
and for p € X(y),
Hp =—40s2 — 10 cos(?) + 02(-) — 350sign(sy)
- Z%l + 3203 — .

For simulation purpose, some information of disturbances and
stuck faults are given as follows: dj(0) = —1.109, d»(0) = —-3.233,
d3(0) = 2sin(r), &1 (0) = 1.629 and d4(r) = 1.5 sin(2¢), and an actuator
stuck fault occurs on uy for ¢ > 5. Thus, for t < 5, py =0 and pp =0,

Uy = g1 and up = ugy while fort > 5, py =1 and pr =0, u; = (%)
and Uy = Ugp.
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The simulated fault mode belongs to X(;). Based on the FTC
strategy, for t < 5, u = uy is selected by the switching mechanism in
Fig. 1, and then u,; = myuy = py and ugy = mopy = py. Thus,

uy =0.1586(-20s1 — 10sin(r) + 01 (-) — 100sign(sy) — 1711),
uy =0.1586(—20s1 — 10sin(¢) + o1 (-) — 100sign(s1) — n11),
dy =[0,118y.

Moreover, for t > 5, p = pp is selected. Thus, ug = myur = pp, and

uy =iy (1),
uy = —40sy — 10 cos() + o2 (-) — 350sign(sy) — 251 + 3223 — 2,
di =10,11621, it = [1,010, dy = [0,1]62.

The simulation results are shown in Figs. 2-5. It can be seen from
Fig. 2 that the tracking error y—y,(f) converges to zero asymptotically
no matter the occurrence of the unmatched actuator fault. Also, all
{1, {» and {4 in Fig. 2 are uniformly bounded. Figs. 3 and 4 illustrate
the reconstructions for stuck value iz1(f) and disturbances d;(#) and
d (1), respectively. Fig. 5 shows the time responses of the control
inputs u; and up. For t < 5, it can be seen from Fig. 5 that both
u1 and upy work normally, and d;(¢) is reconstructed in Fig. 4. When
t > 5, u; and up are adjusted to new operating points in Fig. 5 to
tolerate the unmatched actuator fault, and i (¢), di(t) and d»(t) are
also reconstructed in Figs. 3 and 4, with errors converging to zero
asymptotically.

o 150
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&
°
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&

Fig. 2. Time responses of y, y,(¢t), y — y,(¢), {1, {2 and &4.

VI. CONCLUSION

This paper has proposed a sliding mode control based actuator
FTC scheme for nonlinear systems in the presence of unmatched
actuator stuck faults and disturbances. A new methodology to design
controllers and update laws has been developed to deal with the
unmatched unknown inputs. Based on this methodology, smooth FTC
sliding surfaces and FTC sliding mode control laws were proposed
using the backstepping design procedure, which accommodate un-
matched actuator stuck faults and disturbances effectively. Finally, a
simulation example was presented to illustrate the effectiveness. In
our future work, the following issues will be considered :

¢ The non-minimum phase problem caused by actuator stuck faults
will be addressed, which has been considered in [3]. This is
because actuator stuck faults will cause relative degree changing
which may lead to the non-minimum phase problem.
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Fig. 4. ATime responses of dq(¢), 31, dy (1), 32, and reconstruction errors
di(t) — dy and da(t) — d>.
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Fig. 5. Time responses of u1 and u;.
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The switching signal in Fig. 1 will be generated by easier ways
rather than by the complex FDI schemes, such as Nussbaum
gain function used in [4].

Uncertainties included in f(¢), gi({) and D;(l) will be con-
sidered, which can actually be embedded into d;(r) in (1) and
alternatively expressed as d;({,t) as in [16].

REFERENCES

Y. Zhang and J. Jiang, “Bibliographical review on reconfigurable fault-
tolerant control systems,” Annual Reviews in Control, vol. 32, no. 2, pp.
229-252, 2008.

C. Wang, C. Wen, and Y. Lin, “Adaptive actuator failure compensation
for a class of nonlinear systems with unknown control direction,” /IEEE
Transactions on Automatic Control, vol. 62, no. 1, pp. 385-392, 2016.
L. Wen, G. Tao, H. Yang, and B. Jiang, “Adaptive actuator failure
compensation for possibly nonminimum-phase systems using control
separation based LQ design,” IEEE Transactions on Automatic Control,
vol. 64, no. 1, pp. 143-158, 2018.

Q. Yang, S. Ge, and Y. Sun, “Adaptive actuator fault tolerant control
for uncertain nonlinear systems with multiple actuators,” Automatica,
vol. 60, pp. 92-99, 2015.

G. Franze, F. Tedesco, and D. Famularo, “Actuator fault tolerant con-
trol: A receding horizon set-theoretic approach,” IEEE Transactions on
Automatic Control, vol. 60, no. 8, pp. 2225-2230, 2015.

H. Alwi and C. Edwards, “Fault tolerant control using sliding modes
with on-line control allocation,” Automatica, vol. 44, no. 7, pp. 1859—
1866, 2008.

H. Li, P. Shi, and D. Yao, “Adaptive sliding-mode control of Markov
jump nonlinear systems with actuator faults,” IEEE Transactions on
Automatic Control, vol. 62, no. 4, pp. 1933-1939, 2016.

J. Lan and R. Patton, “A new strategy for integration of fault estimation
within fault-tolerant control,” Automatica, vol. 69, pp. 48-59, 2016.

D. Ye, L. Su, J. Wang, and Y. Pan, “Adaptive reliable Ho, optimization
control for linear systems with time-varying actuator fault and delays,”
IEEE Transactions on Systems, Man, and Cybernetics: Systems, vol. 47,
no. 7, pp. 1635-1643, 2017.

J. Stefanovski, “Fault tolerant control of descriptor systems with distur-
bances,” IEEE Transactions on Automatic Control, vol. 64, no. 3, pp.
976-988, 2018.

A. Argha, S. Su, and B. Celler, “Control allocation-based fault tolerant
control,” Automatica, vol. 103, pp. 408-417, 2019.

L. Li, H. Luo, S. Ding, Y. Yang, and K. Peng, “Performance-based
fault detection and fault-tolerant control for automatic control systems,”
Automatica, vol. 99, pp. 308-316, 2019.

J. Boskovic and R. Mehra, “A decentralized fault-tolerant control system
for accommodation of failures in higher-order flight control actuators,”
IEEE Transactions on Control Systems Technology, vol. 18, no. 5, pp.
1103-1115, 2009.

X. Tang, G. Tao, and S. Joshi, “Adaptive actuator failure compensa-
tion for nonlinear mimo systems with an aircraft control application,”
Automatica, vol. 43, no. 11, pp. 1869-1883, 2007.

M. Liu, D. Ho, and P. Shi, “Adaptive fault-tolerant compensation control
for Markovian jump systems with mismatched external disturbance,”
Automatica, vol. 58, pp. 5-14, 2015.

L. Chen, C. Edwards, and H. Alwi, “Integral sliding mode fault-tolerant
control allocation for a class of affine nonlinear system,” International
Journal of Robust and Nonlinear Control, vol. 29, no. 3, pp. 565-582,
2019.

K. Zhang, B. Jiang, X. Yan, and C. Edwards, “Interval sliding mode
observer-based fault accommodation for non-minimum phase lpv sys-
tems with online control allocation,” International Journal of Control,

pp- 1-15, 2019.

A. Isidori, Nonlinear control systems. Springer Science & Business
Media, 2013.

S. Ding, Model-based fault diagnosis techniques: design schemes, algo-

rithms, and tools. Springer Science & Business Media, 2008.

O. HiRkegaRd and S. Glad, “Resolving actuator redundancy—optimal
control vs. control allocation,” Automatica, vol. 41, no. 1, pp. 137-144,
2005.

G. Tao, S. Joshi, and X. Ma, “Adaptive state feedback and tracking con-
trol of systems with actuator failures,” IEEE Transactions on Automatic
Control, vol. 46, no. 1, pp. 78-95, 2001.

G. Ducard, Fault-tolerant flight control and guidance systems: Practical
methods for small unmanned aerial vehicles. — Springer Science &
Business Media, 2009.

(23]

[24]

[25]
[26]

[27]

[28]

[29]

[30]

Z. Qu, Robust control of nonlinear uncertain systems.
Sons, Inc., 1998.

W. Chen, J. Yang, L. Guo, and S. Li, “Disturbance-observer-based
control and related methods—an overview,” IEEE Transactions on
Industrial Electronics, vol. 63, no. 2, pp. 1083-1095, 2015.

V. Oppenheim, S. Willsky, S. Hamid, and S. Hamid, “Signals and
systems,” ISBN-10, Pearson press, USA, 1996.

M. Blanke, M. Kinnaert, J. Lunze, M. Staroswiecki, and J. Schroder,
Diagnosis and fault-tolerant control. Springer, 2006.

K. Zhang, B. Jiang, X. Yan, and Z. Mao, “Incipient voltage sensor
fault isolation for rectifier in railway electrical traction systems,” IEEE
Transactions on Industrial Electronics, vol. 64, no. 8, pp. 6763-6774,
2017.

L. Farina and S. Rinaldi, Positive linear systems: theory and applica-
tions. John Wiley & Sons, 2011.

M. Polycarpou, “Stable adaptive neural control scheme for nonlinear
systems,” IEEE Transactions on Automatic control, vol. 41, no. 3, pp.
447-451, 1996.

M. Kistic, I. Kanellakopoulos, and P. Kokotovic, Nonlinear and adaptive
control design. Wiley New York, 1995.

John Wiley &



