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Evolution of Superoscillations in a Relativistic Wavepacket

J. R. Herklots and P Strange
School of Physical Sciences, University of Kent, Canterbury, Kent, CT2 TNH; UK.
10 (Dated: March 4, 2020)
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12 Abstract

14 We analyse the evolution of superoscillations in a relativistic wavepackets A simple superoscillat-
ing wavepacket is set up and is allowed to evolve freely according to both theElein—Gordon equation
and the Dirac equation. The superoscillations evolve anisotropicallyrandsdecay after a time. Both
19 the lifetime and anisotropy can be understood in terms of therinteraction of contributions to the
21 wavepacket from components with strongly differing complex wavenumber. The analysis is sup-
23 ported by numerical calculations and the results are_compared with the non-relativistic analysis.
A potential experiment in which the significance of relativistic €ffects on superoscillations could be

measured is proposed.
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I. INTRODUCTION:

A superoscillating function is a band-limited function that oscillates faster than its fastest
Fourier component. A few decades ago, this would have been deemed impeossible; such a
statement initially seems paradoxical. However, such functions have been known for decades
[1], but their remarkable properties only began to be realised in thedate 1980’s [2] and they
have only been studied systematically since the mid-1990’s [3] . Superoscillations are now

~

well understood [4-14] both mathematically and physically.

Superoscillations gained the attention of experimentalists when it.was also predicted that
superoscillating wavepackets could be employed to imageiobjects in sub-wavelength detail
[15, 16] and there are now some impressive applicatigns imsub-wavelength microscopy [17-
19] and radar [1]. Superoscillations have even been found in a single photon [20]. The "state
of the art” in our understanding of the mathematical aspects of superoscillations and their

burgeoning number of applications is provided by Berry et. al.[21] and Chen et. al.[22]

In quantum mechanics Berry and Popescu 23] showed how a superoscillatory function
evolves according to the free-particlesSehrodinger equation. Using a prototypical superoscil-
latory wavepacket as the initial wavefunetion, it was found that the superoscillations persist
for a far longer time than expeeted - noticeably longer than exponentially decaying evanes-
cent waves. This behaviour was explained through the interaction of contributions to the
wavefunction appearing as«complex momenta in the phase. It is this persistence of super-
oscillations that has been of mostfinterest in the area of quantum superoscillations with the
case of the harmonic oscillator:24, 25|, a uniform electric field [14] and a uniform magnetic
field [26] all beinggstudied. In these cases it is found that superoscillations behave in much
the same way as'they do for free particles, although in the harmonic oscillator potential they
re-form perigdically. For the case of the electric field, it is found that the superoscillations
disappear on atime scale identical to that of the free-particle. However, in this interpretation
and others [14)¢a more general Hamiltonian was used and, consequently, it was found that
the gime for,which superoscillations exist is dependent on the initial wavevector (actually N

in the subsequent theory).
In the end nature is governed by relativistic physics, not non-relativistic physics and these
previous studies all contain the inherent approximation of being non-relativistic. While this

is true of all non-relativistic theory, in the case of superoscillations it is particularly salient
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because they are exponentially small and relativistic effects may well be of the sameyorder
of magnitude as the superoscillations themselves. Any experimental predictions or physical
applications based on the work of Berry and Popescu have an unknown limitation for this
reason. In the present paper we remove this approximation to address the question of how
relativity affects the formation, behaviour and decay of superoscillations within® quantum
theory. In principle this deepens our understanding of the subje¢t and provides a more

realistic understanding of the theoretical limits of many of the abeveiapplications.
~

One way in which superoscillations can be probed was suggested by Berry and Popescu[23].
Because their wavefunction () is periodic it can representha _grating that transforms an
incident plane of quantum particles into a propagating series of diffracted beams. For
incident light such a grating could be manufactared by programming a spatial light mod-
ulator. If the relativistic theory can be fully understood’and an analogous "grating” can
be manufactured for particles it could be used to create particle beams which can be used
to measure relativistic effects on superoscillations directly. These beams will also have
unusual cross sectional profiles for further experiments and applications. We examine how
superoscillations evolve in relativistic single. particle quantum mechanics by considering in
detail a simple superoscillating.wavepacket and comparing our results with those derived
from the Schrodinger equation., There is no reason to believe that the wave packet we have

chosen is not typical of any su;kroscillating wavepacket.

The paper is laid out asfollows. In the following section we introduce and discuss the
elementary properties of our wavepacket. Then in section III we discuss an initial wave packet
of this form that is allowed to evolve as a relativistic spin-0 particle according to the Klein-
Gordon equation. In the following section we examine the evolution for a spin-1/2 particle
and show that if the Dirac equation is written in a convenient representation the solutions
of the"Klein-Gordon equation can be used to deduce the behaviour of all components of
the Dirac wavefunction. Finally we compare the results from both relativistic wave packets
and draw some conclusions about relativistic effects on superoscillating behaviour. Because
they are rarely discussed we also provide an appendix discussing relativistic first quantised

propagators.
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II. SUPEROSCILLATIONS

Following Berry and Popescu we consider the wavepacket
Y(x,0) = (cos(x) + iasin(z))V (1)

where a > 1 is a number, and N is large. ¢ (z,0) is a repeating functiomwith period 2.
Obviously for a = 1 it is a simple plane wave. The properties of this wavepacket have been

considered in detail by Aharonov and co-workers [4]. Close to /= 0 Weean write ¢(z,0) as
Y(x,0) = exp(N log(1 + iax)) =~ expliaN ) (2)

which is a simple plane wave with effective wave vectoriaN. In [23] Berry and Popescu

evaluated the Fourier series for ¢(z,0) and found

N
P(z,0) = 2 Cn exp(z./\/'/in:r;) (3)
with
B 2n B W (M) (a? — 1)NV/? o — 1\ V2
“”_1_W e = (=1) 2NV N+ k) 2NN (1 — K,) /2] (a+1> (4)

which is band-limited, containing only, wavenumbers |k,| < 1. Equation (2) can oscillate
arbitrarily more rapidly than €gquation (3) (depending on the value of a) and so this function
is described as superoscillatings

In Figure 1 we show 9 (z, ()Lfor N = 20 and a = 4. The superoscillations occur close
to x = 0 where the wavepacket is flat in this figure. This is representative of a general
property of superoscillating wavepackets. Superoscillations occur in regions of space where
the amplitude of the wawve,is exponentially small. The question that then arises is how to
display superoscillations'in a way that enables them to be observed. We do this by plotting
the logarithmofthe realpart of the wavepacket, the imaginary part behaves similarly. Then,

because log 0. =00, the modes of the wavefunction are easily seen.

ITI. _SPIN-0 WAVEPACKETS
A., The Klein-Gordon equation

In relativistic quantum theory spin-zero particles are described by the Klein-Gordon

equation [27] and it is this case we focus upon. We will consider free particles in 1+1

4
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1x‘1012

0.5 J

FIG. 1. The wavepacket described by equation (1) for N' = 20, @.= 4 and k = 1. The flat region

centred on the origin is where the superoscillations exist.

dimensions only and this equation then takes the form %

1 02

82
(‘9@ * a_) 1) = N2 (a, 1) (5)

In general the solutions to this can be written in terms of plane waves
Dlagt) =Y Anexp(i(knr — wat)) (6)

with N

w2 = ki + N3t (7)
In these equations we have replaced m/h by N in the usual form of the Klein-Gordon
equation. This is/convenient because later on Nc¢ will be assumed to be large. We can take
the linear combination in equation (6) corresponding to the wavepacket of equation (1) at
t = 0. That/means we identify A, with ¢,, k, = Nk, and N' = Ncs where s is a constant
with spatial dimensions and magnitude 1/c¢, which is required for the dimensions to make
sense. It will be seen later that s does have a significant role to play in the evolution of

superoscillations in this wavepacket. It is then clear that the solutions at all times are

N

(x,t) = Z ¢ exp(iNesk,x — wyt) (8)
m=0

w? = N?k2s%ct + N2 (9)

5
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In Figure 2 we display the superoscillations as a function of position for a series of inereasing
times. Figure 2a is for ¢ = 0 and shows the superoscillations in the central region of figure
1. The graphs in Figure 2 have been evaluated at the same times as, those in Figure 4
of reference [23]. Comparison of their figure with ours shows that the figures are broadly
similar, but differ substantially in detail. In particular we note that thefigures rapidly lose
their symmetry. In 2c and 2d for example, the wavepacket hardly' passes through zero at
all for x < 0 while it does so frequently for x > 0. This suppression of superoscillations
on one side of the origin was termed "the wall effect” by Berry and ?opescu [7]. We can
also see from this figure that by time ¢ = 7/2 the super oseillations have disappeared.

To better view the evolution of superoscillations and see the effegts of relativity we plot a

30 ao| — —
a 25y
20 Azol
E 215 v
10 <
® g0
g o l &'
0
9% 15 1 05 0 05 1 15 2 e 15 1 05 0 05 1 15 2
X X
30 — — 30
25-C d
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=20 =
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215 Z20
B0 g
15
5
% 15 1 05 o [ o5 1 15 2 % 15 1 05 [ 05 1 15 2
X X
28 — = 28
26 © 2 f
24 ~
2_22 5_24
g2 82
5 5
8ig 8
20
16
y y
% 15 1 05 0 05 1 15 2 8 15 1 05 0 05 1 15 2

FIG. 2./ The logarithm of the real part of the wavepacket described by equation (8) for N' = 20,
a =@ and ¢ =12 at a series of times: a) t = 0; b) t = 0.0157; ¢) t = 0.087; d) t = 0.706; e) t = 7/2;
f) t=m.

space-time map of the density log(R(¢(x,t))) in Figure 3. In this figure we have removed the

rest mass frequency Nc? from w to make direct comparison with the non-relativistic case.
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It should be noted that the white lines (the wavefunction zeroes) are the only physically
significant quantity on these figures. The greyscale has a normalisation dependence which
is not necessarily identical in each figure. Figures 3a and b show the non-relativistic limit
of our code taken by setting ¢ = 50 and presented on two different scalesy, Comparison
with Figure 3 of the paper by Berry and Popescu shows that the lines are identical apart
from an unimportant inversion about x = 0 which we cannot explain. There'ig an apparent
rescaling, but this is simply due to the relativistic units we have employed. Figures 3 c and d
show the superoscillations when we emphasise relativistic effects more\by setting ¢ = 2 and
figures 3 d and e are for when ¢ = 1. In this paper we wish to emphasise relativistic effects
and the usual way to do this would be to set ¢ = 1. If4ye.do that in this case the kinetic
energy of the highest Fourier component is equal tg Ne2rand we would have to consider
particle/antiparticle creation. Therefore we have set'@= 2 throughout the rest of this paper
which means the kinetic energy is still a large fragtion of the rest mass energy, but well
below it, so we can ignore particle/antiparticle creation and the one-particle approach is an

excellent approximation.

Displaying superoscillations using the logarithm of the real part of the wavefunction
means we are displaying itssphase. Subtracting the rest mass energy changes the phase and
so our results depend on/thist To'display this explicitly we present figure 4 where we show
the evolution of superoscillations for when the rest mass energy is removed from the total
and the full relativistié:case:where it is included. Clearly the results are very different and
Figure 4a is the correct one to compare with the non-relativistic limit while Figure 4b is
the one that'is more correct within a fully relativistic theory. Henceforth we will display

superoscillations with the full relativistic energy.

While Figures 3 and 4 are informative we can gain little insight into the reasons for the
wall effect and the disappearance of super oscillations from them. To make further progress

we examine the wavefunction as a function of time using a propagator approach.

7
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Time

Time
Time

Time

FIG. 3. Density maps‘forlog R(¢)(x,t)) on a large (left column) and more detailed (right column)
scale for a wavepacket with.a = 4 and N = 20. a and b for ¢ = 50 (the non-relativistic limit), ¢

and d for ¢ = 2(the relativistic case) e and f for ¢ = 1 (the strongly relativistic case)
B. Quantum Evolution in terms of the Relativistic Propagator

The Klein-Gordon propagator is derived in the appendix. To gain a deeper understanding

we write the wavefunction in the propagator representation

Pz, t) = /_00 (', 0)A(x — 2/ t)da'

AN o [ K,(Nev/ Tz =22 = 82
= 23 [ (coska! + dasinka’)V 1(Ney/(w —a')? — ¢ da’

VL © —o00 Vi —a)? =2

(10)
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FIG. 4. Density maps for log R(¢)(x, t)) for a wavepacket with « ="4and N_=20. a) Calculated with
the rest mass subtracted from the total relativistic energy; b), calculated with the full relativistic

energy.

where A is the normalisation constant and L isfthe normalisation length. We have also
introduced a simple wave vector k to give us| eontrol ov.er the scale of the problem and
to simplify the units. The integrand here is a complex function containing saddle points
plus poles at ' = = £ ¢t. We now consider evaluating this integral at various levels of

approximation.

1. The Poles

To take account of the gontribution to the integral from the poles at 2’ = x + ¢t we make
the light cone approximation to the propagator. This is given by equation (28). Putting
this into equation (10)y separating into partial fractions and retaining only positive times
yields

iA [ (coska' + iasin kx')Nes

t)=— da’
lrb(x? ) 27T\/E . l‘—l"—f—ct x

Nes chskmx
= — dx 11
27“/_2 / T—a tect (11)

where in thefinal step we have replaced the explicit form of the wavepacket by its Fourier

decomposition. This integral can be evaluated using the residue theorem. However care must
be taken when deforming the contour. The terms with negative k,, diverge as ' — +ioco and
the terms with positive k,, diverge as ' — —ico. When k,,, = 0 the integral is convergent

and which contour is selected doesn’t matter. The contours chosen are shown in Figure 5.
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Im(z')
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! er
IS A
c” .
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FIG. 5. This figure shows how the sign of k,, in equation (11) #ffects how the contour is deformed
around the pole (red circle) at 2’ = = + ctdnithe 2’ planed If kyy > 0 the contour is deformed to

Cy and if k,,, < 0 it is deformed to C_.

Taking all this into account a trivial ealculation then yields

Pz, t) = i(cos(/f(x + ct)) + iasin(k(z 4 ct)))Ve (12)

VL
This turns out to be a very poor approximation to the full wavefunction after ¢t = 0 and
cannot tell us anything about su\peroscillations. This is because the light cone approximation
propagates the initial wavefunction at the speed of light whereas the actual evolution involves

the interference of 2N4-1 plane waves all travelling at different speeds.

2.  The Saddle Points

In order to getyan expression that is integrable the following representation of the initial

wavefunetion is used

W(z,0) = %(COS ko + iasinkx)V* = % exp {iNcs/o Q(x")dx”} (13)

where ¢(x) is an effective local complex wavevector (momentum) given by

akcoskx + iksin kx

q(z) = —i% log (cos kx + iasin k)| =

cos kx + iasin kx

10
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The wavefunction in this representation is then given by

o t) = _ct\/m/ exp Nc (is fo 2"Ydx" — \/(z — )% — 02t2)> { his)

ZL’ — )2 _ C2t2)3/4

where we have used equation (29) for the propagator. Now Nc¢ can be taken as a large
parameter and this integral can, in principle, be done using the saddle point method. The

phase of the exponential is defined as

/

¢(a'sz,t) = is /gg q(z")da" — \/(x — 2")F — AR (16)
0

Differentiating the phase and setting the result equal to zero gives thesaddle point condition

q(x;) =

i(x — ;)
5\/(91: — xj)2 = 22

(17)

where x; are the values of 2" at which equation (17) iswalid. Interestingly the saddle points
occur at values of 2’ at which the complex waveyector 48 equal to the derivative of the
space-time interval multiplied by i/s. Hguation (15) is still not easy to evaluate because
the periodic nature of g(z) means there isian infinite number of saddle points. As in the
non-relativistic case, superoscillatiohssoccur at.low values of x and ¢ so it suffices to make a

small = approximation to equation (13)iand (14).

A N
%,0) = — (1 + takx)"
Q- 7+ ok
a
= — 18
N q(z) 1+ iakz (18)
Q‘n}(:ﬁ:’)
~ O
71;3 Ta o T §R )
T —ct N - ;“—.I—Vct \r e[m)
zy | T

FIG..6: The complex plane in which the integration contour C is deformed through the saddle
points at x5 and x4.The branch cut emanating from the branch points at 2’ = x 4 ¢t is shown in

red.

[f we substitute this equation for ¢(z) into equation (17) we obtain a quartic equation for

four saddle points. This has been solved this using the roots subroutine in Matlab. There are

11
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four saddle points two moving forwards in time corresponding to positive energy: particles
and two moving backwards corresponding to negative energy particles. In order to get a
wavefunction of purely positive energy only the saddle points corresponding to time moving
forward are considered. It has been found numerically that these are the saddle points at
o and x4 shown in figure 6, and the figure also displays how the contour is deformed to
pass through them. Once the saddle points and the contour have been established it is

straightforward [31, 32| to find an approximate value of the integral in equation (15).
~
| TA exp[Neglapi)
t) ~ict
Y(x,t) = ic zj: Lo"(z; 2, b) ((z — ;)7 2pc2t2)3/

(19)

where the sum is over contributions from both time-ferward saddles. In Figure 7 we show

Time

FIG. 7. Density maps for logR(¢)(z,t)) for a wavepacket with a = 4 and N = 20 calculated using

the propagator and the full relativistic energy.

the superoscillations not far from (x,t) = (0,0) calculated from equation (19). As explained
earlier we plot the superoscillations with the rest mass included in the calculation of the
energy inFigure 7. Clearly they resemble the exact superoscillations shown in figure 4b at
low values of x4@and ¢ but vary from this increasingly as x and ¢ increase. In truth there are
small differénces even at low values of x and ¢, but the gross behaviour we wish to examine
is still evident. For example in Figure 4b an approximately vertical line can be discerned
where the behaviour of the waves changes. The same line exists, but is less visible in Figure
4a. These lines can also be seen in Figures 7, but now move slowly to more positive x as

time increases.

12
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At a general point the contribution of the saddles to the total in equation (19)will be
exponentially different. There are regions where the x5 saddle dominates the one at @y and
vice versa. These regions are separated by anti-Stokes lines where the, absolute, values of
the exponentials in equation (19) are equal. Figure 8 shows the contribution ef each saddle
point to the total integral in equation (19). We note that there is one discontinuous zero in
Figure 8b. This is due to ¢"(z; : x,t) passing through zero and the'saddle point method is

invalid close to this point.

025 02 015 01 005 0 005 01 015 02 085 025 02 015 01 005 0 005 01 015 02 025
X X
FIG. 8. Density maps for log ®(¢(z, t))sfor a wavepacket with a = 4 and N = 20 calculated using

the propagator. a) Calculated for the saddle at x4; b) calculated for the saddle at xs.

( N
03

0.
0:
0.2\

5
4

ime

T

0.1
|

0 -0.2 -0.1 0 0.1 02

FIG. 9. The AntiStokes line which divides space into a regions where the wavefunction is dominated
by the contributien from the saddle at z2 (to the right of the AntiStokes line) and a region where

it is dominated bysaa (to the left of the AntiStokes line) .

If we nowseompare Figure 8 with Figure 7 we see that on the left and towards the top of
Figure 7a the superoscillations are dominated by the saddle at x4 while on the lower right
they are dominated by the saddle at x5. Luckily the place where the saddle point method
is invalid for calculating the contribution from z, is well inside the regions dominated by

the saddle point at x4 and so it does not affect our discussion. In Figure 9 we plot the

13
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anti-Stokes line which comes down to close to the origin as ¢ — 0. The discontinuous
behaviour along this line is clearly an exchange of dominance between the fwo saddles.
The superoscillations appear predominantly for x > 0 and can definitely, be aseribed to the
saddle at x5. For x < 0 we initiate the wavefunction with superoscillating behaviour; but
this is very quickly suppressed because of the dominance of the saddle @t @, which does not
display superoscillating behaviour. In the region where the superosgillations eeeur for x < 0
the wave pattern cannot be definitively ascribed to either saddlesand the minor factors in
equation (19) may be what determines the dominance. To see/this WG;IO’C the contribution
to the total wave from each saddle at particular times in Figure 10. At‘wvery low times Figure
10a shows that for x < 0 the contributions from both saddles are of the same order and
run approximately parallel. However one contribution is superoscillating and the other does
not pass through zero in this region. When the contribution from the saddle at xy passes
through zero the saddle at z, dominates and well away.from these zeroes the saddle at
dominates. At slightly later times in Figure 10b the contributions have moved so they are not
quite parallel and the region of space where we gannot definitely ascribe dominance to either
saddle has reduced. For z S —0.15the saddle at 7, dominates while for 2 0 the saddle
at x5 dominates and leads to superoscillations. For —0.15 S o S 0.0 neither contribution is
dominant and superoscillations will be terminated in this region at around this time. Figure
10 shows a later time where the contribution from the saddle at x5 is still superoscillating,
but below z = 0 it is completely dominated by the saddle at x4 so superoscillations are
suppressed in this region. For z > 0 it is the saddle at x5 that dominates, but it does not
super oscillate in this regionipFinally we see in Figure 10d a much later time where the
superoscillations nelonger oecur in the saddle at x5 and the contribution from the saddle at
x4 is oscillating more rapidly. Nonetheless, no superoscillations occur at this time regardless
of which saddle point dominates. An interesting point to note is that on close inspection of
figures 10a, byand c there is a slight discontinuity in the curve due to the saddle point at z5.
This is becauseshe the pole at 2’ = x + ¢t interferes with this saddle point, x9 — x + ¢t and
¢" (zgmr 2 )= 00. and the approximation of treating the saddle and the pole separately
becomes incorrect. The effect is surprisingly small. We have used the methods described in
the appendix to treat the case where the saddle point and pole coalesce, but that makes no

difference to our interpretation of our results, so it is not presented here.
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FIG. 10. Superoscillations for the relativistic wavefunction of equation (19) blue line contribution
from the saddle point at xo, green line contribution from the saddle point at x4 at: a t = 0.00057;

bt =0.00157; ¢ t = 0.0257; d ¢t = 0.1257 4
C. Analysis

We have calculated the superoscillationsyfor the wavepacket of equation (1) using the
propagator and shown that the evolution of the wavepacket is dominated by contributions
from two complex saddles. The superoscillations are associated with the saddle point at
Zo. It is clear from figure 7,09 and 10 that there is an anti-Stokes line which marks the
exchange in dominance of the twosaddles. Tn general therefore superoscillations occur where
the saddle at x5 is dominant and/do not occur where the saddle point at x4 dominates the
wavefunction. Here we present a more quantitative approach to this exchange of dominance.
As it happens the saddle, point x4 is more or less constant over the the region of small z
where our appreximations apply. It takes on the value

1
ak

Ty = —S

s wassoriginally introduced simply to make the units consistent in our definition of the
regional wavepacket. Now we find it has a crucial role in the theory, being the real part of
one of the'key saddle points. and if we evaluate the wavenumber associated with this saddle

1t iSttrivial to see that

B 1 2ak
"~ Nes 4+ a2s2k?

qs = NLCS%(C](M))
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This means that for our values of the parameters N = 20, a = 4, ¢ = 2 and k =1 the
effective wavelength is 407.(although our approximations are only valid over a/®mall region
around x = 0).

The saddle point at x5 is not constant, but can be fit very well with a.simple polynomial
linear in z and ¢. While the fit is optimised for this particular values‘of \parameters, com-
putational experiments have shown that the fit is satisfactory over a broad range of these
parameters. It also turns out that the anti-Stokes line shown indFigure 9 c¢an be fit with a
polynomial that is cubic in time and so choosing a value of ¢ enables us?o find the associated
wavenumber on the anti-Stokes line. At times just greater tham ¢ =0 the wavenumber is
close to go = 4. It decreases rapidly and falls below unity at ¢t = 0.16. While these numbers
are specific to the wavefunction of equation (1), we expect that an analogous procedure will
produce qualitatively similar results for any well-behaved superoscillating wavepacket. Thus
we have an understanding of both the wall effect and the dife time of the superoscillations.

There are some superoscillations to theleft of the anti-Stokes line in figure 9. The reason
for this is as follows. As we go from the anti=Stokes line towards = —oo at low times
the contribution to the wavepacket from. both saddles is rising at approximately the same
rate. While the contribution from the saddle at x, is rising linearly, the contribution from
the saddle at x5 is oscillating rapidly with increasing amplitude. Over a short region of x
the minimum in x, is more negative than the positive contribution from the x4 saddle and
so the total wavepacket still'passes through zero and the superoscillations persist. They
have only certainly disappeared when the z, contribution is greater than the amplitude of
oscillating of the x5 contribution. So the persistence of the superoscillations to the right of
the antiStokes ling'is asimplé two-wave interference effect.

Figure 9 is very different from the corresponding figure of the non-relativistic theory
(Figure 6 in/reference [23]). In the non-relativistic theory there are both Stokes and anti-
Stokes lines, that are key, as well as a branch cut and a central point from which all these
lines emanate. ¢ This has not appeared in the relativistic theory. In fact there is a more
complex arrangement of such lines in the relativistic theory as well, but they exist relatively
far from the origin and so do not affect the superoscillations at all. As ¢ — oo the poles
move off to #’ — £oo and become completely irrelevant. Also in this limit the real part of
the saddle point x4 — 0 and then the saddle points can, and do, interfere with each other

close to the origin creating a much richer structure of Stokes and anti-Stokes lines in the
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regions close to where the superoscillations occur.

IV. SPIN-1/2 WAVEPACKETS

A. The Dirac Equation

The fundamental equation of relativistic quantum theory is the/Dirac equation

~

(170, — N (r,t) = 0 (20)

Here we have defined N = m/h. The 4 x 4 y-matrices can be‘chosen for convenience
provided they obey well known anticommutation relations [27]. We choose the representation

suggested in reference [39]

017 ) 0 —g
7’ = Y= Ny (21)
710 a0

Here I is the 2 x 2 identity matrix and o aréithe standard Pauli spin matrices. The wave-

function is a four component quantity (¢1(®,t), ¥s(r,t),s(r,t),14(r,t))T. Putting these

into equation (20) gives

e = - Wegar + 32 Jat 0+ (3 — i ) watet)
) = gt =) vnte0)+ (5 i) walrt)
e, Y vl 5 - )t = (55 - i) e
o) = | (10 + ) w0 - (5 +ig ) i) )

These equations/define the relations between the different components of the Dirac wave-
function It is wellsdknown that if we eliminate components between them each individual
component obeys the Klein-Gordon equation. We will make use of this fact in what follows.

Now we.are going to specialise down to 141 dimensions. Firstly let us consider motion

confined to the z-axis. Then these equations become

7 13
" Nec (9
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] 10 0
Po(z,t) = _NLc (Ea - &) Vu(2,t)
) 10 0
P3(z,t) = _NLC (E@ - %) V1(z,1)
) 10 0
w4(2,t) = _NLC (E& + £> wg(z,t) (23)

As expected the Dirac equation has separated into two identical pairs,-one‘pair representing
a spin up particle and the other pair a spin down particle. This tells us that superoscillations
in a spin-up particle will be identical to those in a spin-down particle. As these equations
are identical we need only consider one of them.

Let us look at what happens if we consider motion confined to the z-axis. To proceed
we are going to set ¥o(r,t) = 0. This means wefdoruotyhave the most general solution of
the Dirac equation. Putting this into the equations/for 13 (:', t) and 4(r, t) and substituting
these back into the expression for ¥ (r, £) gives zeroridentically, so this procedure is valid.

In that case

@Dl(ff,t) = —% <%ad)3(aa;7 7t) + a¢4a(xxvt))
0
(i, = _NL@%
N
Ml = NLCW o

With these limitations we can also put the expressions for ¥5(x,t) and ¢4 (z,t) into the ex-
pression for ¢ (z, t) toobtainthe Klein-Gordon equation (5) [27, 40] for ¥4 (x,t) as expected.
Now it is easy to find the solution of the Dirac equation for these cases. For motion in the
z-direction we take a solution of the one-dimensional Klein-Gordon equation and differen-
tiate it with réspecti to z and time to determine v3(z,t) in equation (23). For motion in
the z-directiontwe also take a solution of the one-dimensional Klein-Gordon equation and
differentiatenit’ with respect to ¢ and z to determine v3(z,t) and 14(x,t) respectively in
equation (24).

The procedure required to investigate superoscillations in a Dirac wavepacket is now
clear. 1)y (r,t) is set up as a solution of the Klein-Gordon equation starting from the initial

wavefunction of equation (1) in its representation as a Fourier series. Then we can use
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the procedure above to find the other components of the wavefunction. We have,done
this and the results are shown in Figure 11. Figure 11a shows the large component of the
wavefunction. By construction this is identical to the superoscillations in the Klein-Gordon
equation shown in figure 4b. It is independent of the direction of motion. In figure 11bwe see
the superoscillations in the small component of the wavepacket assuming.the momentum is
parallel to the spin. i.e. the small component is calculated using the'third of egquations (23).
Figures 11c and d show the superoscillations in the small compenents of the wavepacket
assuming the spin is perpendicular to the momentum. Thesé are deEuced from the third

and fourth of equations (24).

FIG. 11. Space time map of superoscillations from the Dirac equation. a. in 1(r,t), the large
component of thewavefunction. This is independent of whether the motion is in the = or z
directionsyb. in @hs(z,t), the small component of the wavepacket when the momentum is parallel
to (the spindic. ¥3(z,t), one of the small components of the wave-packet when the momentum is
perpendieular to the spin; and d. in ¥4 (x,t), the extra small component of the wavefunction when

the momentum is perpendicular to the spin.
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B. Analysis

The large component of the wavefunction is a solution of the Klein-Gordon equation and
the superoscillations shown in Figure 11a have the same origin as previously. It is well
described by equation (19) which describes the full wavefunction as a sum of contributions
from two saddle points. The superoscillations evolve from the saddle point at x,. The
wall effect originates from the exchange of dominance between the two saddle points as
described earlier. The anti-Stokes line separating these two regions'is clearly visible. We
can carry this description of ¢y (r, t) through to equations (23)rand (24)'and differentiate the
contribution from each saddle point separately, then add,them to get the full contribution
for each small component of the wave-packet. If we do,thissthe separate regions where
the saddle points dominate and the anti-Stokes linéshould remain the same and indeed in
Figure 11b, ¢ an d this is apparent. The general soluti(zn of the Klein-Gordon equation
is given by equation (6) and to obtain the other gomponents of the solution of the Dirac
equation in this representation only requires some differentiations (that was the reason for
this particular choice of the gamma-matrices), which do not change the exponentials in the
wave-packet, so the saddle points willibe the'same for all components of the wavefunction.

This means we will also observe the same wall effect and lifetime.

The superoscillations in thé Dirae case are essentially unobservable because they are
exponentially small and becaus\e when one component of the wavefunction passes through
zero the other components cannotcbe zero and that means the probability density is always
greater than zero inta/single particle theory. This means the superoscillations are superim-
posed on a finite density and ¢annot be observed using logarithms as done for the individual

components of the wave-packet.

V. CONCLUSIONS

The Klein=Gordon equation is a relativistic single particle equation representing spin-0
particles. Evolution of an initially superoscillating wavepacket demonstrates that the super-
oscillations decay and exhibit a wall effect similar to that of the non-relativistic theory [23].
These can be understood in terms of the dominance of different saddle point contributions

to the wavepacket. Because of the existence of the negative energy states in relativistic
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theory the number of saddle points is four rather than the two of the non-relativistic the-
ory. This means that there is no simple expression for the saddle points as therenis in
the non-relativistic case and so we are more reliant on numerical workshere. Although the
arrangement of Stokes and anti-Stokes lines are very different in the regiomnof spacestime
where superoscillations exist in the non-relativistic and relativistic theories, the decay of su-
peroscillations and the wall effect have the same origin in both cases. There are differences
in detail, but in both cases the wall effect and the lifetime of thersuperoscillations can be
understood in terms of the interaction of contributions from differerE saddle points with
strongly differing wavenumbers to the wavepacket. The key differengedbetween the relativis-
tic and non-relativistic theories turns out to be the position of the (nearly) constant saddle
point. In the non-relativistic theory it has real part{zero and this means there are Stokes
lines and a branch cut which all have to be considered because they all lie in the region of
space-time in which superoscillations occur. In/the relativistic theory this saddle point has
been lifted above zero and away from the region where superoscillations occur. Then the
Stokes line and branch cut are also not in the superoscillating region of space-time and so

need not be considered. This is truesfor both spin-0 and spin-1/2 wave-packets.

Berry and Popescu[23] pointed out that one way to explore the evolution of superoscil-
lations experimentally could be te exploit the periodicity of 1(z) as a representation of a
diffraction grating. Such a grating will transform incident particles into a series of diffracted
beams. They have shown hiow this. o¢curs and produced density plots of waves beyond the
diffraction grating in their figure 8 which show super oscillatory fine structure for light on a
scale of A/4. They were able to compare the paraxial and exact fields and found substantial
differences in detail, butmot sufficient to affect their conclusions. The paraxial wave equation
is mathematically identical to the Schrodinger equation, so the non-relativistic limit of our
work shoulddookddentical to the paraxial limit of theirs, and indeed it does. We use their pa-
rameters Vo= 10 and a = 8 and set ¢ = 50 and then we are able to reproduce their figures 8a
and c¢ exactly t@ the limit of the resolution of their figures. As we reduce c relativistic effects
become progressively more emphasised. Therefore a procedure to examine the importance
of relativistic effects in superoscillations experimentally would be to do this experiment and
then find the optimal value of ¢ to fit the results. Unfortunately, emphasising relativistic
effects by decreasing ¢ does not change the scale of superoscillatory behaviour, it remains

at about \/4. The duration of the superoscillations also remains constant until the strongly
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relativistic limit when it decreases rapidly. Finally, in common with several other analyses
(14, 21, 24-26] we find that the lifetime of the superoscillations in this wavepagcket is much
the same as that in the non-relativistic case and is, at least approximately, propertional to

N.

VI. APPENDIX: THE KLEIN-GORDON PROPAGATOR

The properties of first quantised relativistic propagators aré rarely discussed. Therefore
in this appendix we provide a brief review of their derivations‘and appreximations. We begin
by defining A(z—2’, t) which propagates the wavefunctiom.at the point (z’, 0) through space-
time. To represent the evolution of a full wavepacket/we have to sum over all initial points
to yield

(o, 1) = / " (e 0T ) o’
which is the familiar integral definition ofé@propagator./For ¢ = 0 we must have A(2', x,t) =

d(z’). It is a standard calculation [29] to show that

) N S (N —x')? — 2t?
N, t) = —c? W(Ney(z — o) —c
T \/($ _ IL")2 — 242

(25)

Here K is a modified Bessel function [37] and we have replaced m/h by N from the standard
form of the propagator, because that is more convenient for our purposes. If we plot equation
(25) on the complex plané we Andgthat it has poles on the real axis at 2’ = x + ¢t and
an infinite number of saddlé points off the real axis. Equation (25) is the closed form of
our free Klein-Gorden propagator for positive (+)/negative(-) energy states. Making the
substitution ¢ — ~t in the case of the positive energy propagator, gives its negative energy
counterpart. 'This affirms the statement that negative energy wavefunctions are positive
energy wavefunctionsimoving backwards in time. Equation (25) is the starting form used in
all our caléulations« It has been shown by Thaller [29] that equation (25) can be written in

a useful alternative form in different regions of space-time

(B (Ner/2t2—(e—a')?
’ Nc2t 9; K1 (Nc (xfa:’)chQtQ) ,
Bt = S AUV )
HY (Ney/c2t2—(z—a')?
xj: ! (\/02t2—(:v—z')2 ) (x —ct <)
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A. The Light Cone Approximation

If we assume the major contribution to the wavefunction comes from the contribution at
the poles of the propagator, equation (25) can be approximated as follow&y The argument

of the modified Bessel function can be written [37]

1
lim K{(Ney/ (x— 2?2 — c2t2) =~
x/—xztct 1< \/< ) ) NC\/(LL’ _ .T,)2 N C2t2

~

(27)

leading to

As(a'iat) =+ (@ — )2 = 22) (28)
T

Although we have derived this from equation (25) it/can also be found from equation (26)

coming to the pole from either side.

B. The Saddle Point Approximation

Dealing with only the poles of thempropagator may well not be a sufficiently robust
approximation. Therefore we consider the contribution of the saddle points to the integral
of equation (10). We are working with N >> 0 which means we can approximate the
Bessel function in equation (25) using equation 10.25.3 in reference [37] and the propagator
becomes N

Neexp [—Ney/(z — a/)? — 12
Aa' @ t) ~dcty / 2—C [ ] (29)
m

((x — a')2 — 2t2)3/4

Unlike the light ¢one approximation, this approach has the unphysical property that the
propagator does mot become (z') in the limit (z — 2’,t) — (0,0). The Klein-Gordon
propagator shares this disagreement between the light cone limit and the large argument
limit with.some curved space propagators [38]. Even if Nc¢ is not particularly large this
approximation 18 still a good one when x—x’ >> ct, so it can provide insight into the acausal
contributionsito the wavefunction. Once we have made approximations to the propagator it
is important to demonstrate how good they are. To this end we show in figure 12 the exact
propagator and both the light cone and the saddle point approximations to it for a series of
values of x and t. We can deduce from this that at all times apart from very close to t = 0

the saddle point approximation is better than the light cone approximation.
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FIG. 12. The exact positive energy Klein-Gordon propagator (25) (blue line), the light cone
approximation equation (28)7(yellow line) and the WKB approximation (29) (orange line) for
(a) ¢ = 0.001 and —0.0015 </{x < 40.0015; (b) t = 7/8 and 7/4 < =z < 7; (¢) t = 7/2 and

—7m/3<x<7/3;(d) t=5mand —pi <z < 7. We have used 2’ =0 and m=h =c=1.

C. The Saddle-Pole Approximation

The abeve two sections treat the saddle points and poles separately. This is correct if
the saddles and poles are far apart. However that may not always be the case. If they do
become closeito one another it is not correct to treat them separately. The saddle and pole
are said to/coalesce when this occurs. Indeed, for our case Figure 6 shows the saddle point
xo and the pole at 2’ = = + ¢t may well coalesce. This is difficult to deal with because the
approximations are not equal at the pole, the saddle point approximation has a singularity

at this point while the light cone approximation has a simple pole. Therefore we need a new
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approximation. To obtain a suitable propagator for this case we employ a Mellin-Barnes

representation of the modified Bessel function [37]

oNOYTULT D WN =

272

" /OO ()T (_T - %) r (g —~ T> <2Nc\/(a: — ') — 02t2>T dr (30)

—100

, 1/2
9 Kl(Nc\/(x—x’)2—02t2> _— ( T ) exp (—Nc\/(x—m’)2—02t2> X

14 Substituting this into equation (25) gives

X

17 N2t - 12 exp <—Nc\/(az —a')? — 02t2>
18 Ay(d x,t)=F
2Ney/(z — af)? — 12 Vi(o=a)? -2

273
%? /iw ()T (—7’ _ %) r (g _ T) (QNC\/(I‘ e CQtZ)TdT (31)

22 o

;i We see that the pre-factor here looks very similar to thg propagator in the saddle point
;2 approximation. The integral in equation (31) ‘can be done by rearranging equation (30).
;é Then using equation (27) for the Bessel funetion leads to the same expression as we found
29 in the light cone approximation. However in, this‘limit the exponent tends to zero so the
g? exponential can be approximated by unity.

gg Therefore, in order to have‘@propagator that is valid when the saddle point and pole coa-
2‘5‘ lesce we keep the prefactor as it'is but.evaluate the integral in the light-cone approximation.
g? Making use of equation (27) agctle algebra yields

38 , ict 1

23 Ag(x',xt) = F T E—T exp <—Nc\/(a: —a')? — c2t2> (32)
41

42 This approximation hagithe desired properties. As we take the light-cone limit it behaves as
Zi a simple pole, whereas moving away from this into the saddle point regime, the exponential
22 takes over. Equation (32) also yields a d-function as (z — 2/,t) — (0,0). This expression
47 was obtained as an approximation and it is important to investigate the precision and range
22 of validity of this. In Figure 13 we look at the accuracy of the saddle-pole approximation.
g? As expectedithis expression does provide improved accuracy when the saddle and pole are
gg very, close, but the overall effect can be regarded as small.

54 In Figure A.2 we look at the accuracy of the saddle-pole approximation. As expected
gg this expression does provide improved accuracy when the saddle and pole are very close, but
g; the overall effect can be regarded as small.
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FIG. 13. (a) The exact positive energy Klein-Gordon propagator (25) (blue line), the saddle-pole
approximation approximation equation (32) (orange circles) for t = 0.001 and —0.0015 < z <
+0.0015; (b) The saddle point approximation (29) and the 'saddle-pole approximation (32) to the

propagator for t = /8 and /4 < x < 7.
D. The Non-Relativistic Propagator

In this paper we frequently refer to the non-relativistic limit to relate this work to earlier
results. Therefore, for completeness, we.examine the non-relativistic limit of equation (25).
In this limit ¢ — oo, and the argument of the modified Bessel function becomes large. This

means we can use equation 10.25.3 of reference [37] to approximate the Bessel function as

m
2Ney/(z — a!)? — 22

Ki(Ney/(x —ah)? <e2t?),= \/ exp(—Ney/(z — 2/)2 — c2t2)

In this limit we.,canralso write

Vi — a2 — 2 ~ict (1 — %) (33)

Putting this into equation (25) and multiplying out the denominator inside the square root
givés two terms: 2imc*t and m(x — 2/)?/it. At any time greater than zero the first term
dominates 80 we can neglect the second. We also make approximation (33) in the exponent
but do not neglect terms there because we are interested in the phase in this work.

N . , A
A+({L‘ — q}/’ t) ~ (%) e’bN(LU—JJ )2/(2t)6—ch2t (34)
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1

2

2 This is the familiar Schrodinger free particle propagator with the extra rest mass term in
5 the phase of the wavefunction in the second exponential as expected.
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