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Abstract 

Rotating machines exist in a wide variety of industrial processes such as power 
generation, vehicle transportation, manufacturing and other industries. Often, they 
operate continuously for a long time and under a variety of harsh conditions. Thus, they 
are prone to failure in one or more of their components, causing a decrease in system 
efficiency and, ultimately, a complete breakdown. It is well known that when a machine 
component begins to deteriorate, its dynamic behaviour changes. Monitoring relevant 
parameters allows rapid identification of any changes that are taking place and possible 
failure modes. Rotational speed and vibration are key parameters in the condition 
monitoring of rotating machinery. These parameters usually contain abundant fault-
related information about the machines.  

A literature review is conducted to examine all existing techniques for rotational speed 
and vibration measurements. Advantages and existing limitations of the reviewed 
techniques are discussed. Consequently, a technical strategy, incorporating electrostatic 
sensing and digital signal processing techniques is proposed. Mathematical modelling is 
established and used to determine the characteristics of electrostatic sensors. The results 
of the model are used to optimise the electrode and markers design.  

A novel electrostatic measurement system, including sensing electrodes, signal 
conditioning circuit and signal processing unit, has been designed and implemented to 
provide a solution to a robust online monitoring of rotational speed and vibration of 
rotating metallic shafts.   

Extensive evaluations of the prototype system were conducted on purpose-built 
laboratory scale test rigs. Experimental results from the rotational speed measurement 
suggest that the measurement error is within ±0.2% over the speed range from 40 rpm to 
3000 rpm with a repeatability less than 0.7%. Results obtained from the vibration 
displacement measurement of an unbalanced metallic shafts with 0.5mm eccentricity 
have demonstrated that the measurement system has a relative error no greater than ±0.6% 
under all test conditions. The developed measurement system can potentially be 
incorporated into a condition monitoring system, integrated with fault detection and 
diagnosis algorithms, to assess the working condition of rotating machinery, detect 
incipient faults and allow repairs to be scheduled. 
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Chapter 1  

Introduction 

 

1.1 Background and Motivation  

 

Rotating machinery is extensively used in a range of mechanical systems and plays an 

important role in industrial applications. Rotating machinery components such as shafts, 

bearings and gearboxes, degrade under severe working environments and during long-

term operation in industrial plants. The degradation and deterioration of such critical 

components cause rotating machinery to fail unexpectedly, reducing machinery reliability 

[1]-[3]. To keep machinery functioning at optimal levels, fault and failure detection of 

vital components at an early stage is important, as any mechanical degradation or wear, 

if is not impeded in time, will often progress to more serious damage affecting the 

operational performance of the machine. This requires far more costly repairs than simply 

replacing a part. Moreover, unexpected machinery failure may decrease the safety in 

industrial plants because machines often fail catastrophically causing injury to personnel. 

Wind farms are one of the key applications where it is important to monitor the operating 

performance of turbines in real-time and detect potential faults at an early stage [4]-[6]. 

According to a new research by Wood Mackenzie Power & Renewables, 57% of 

maintenance costs are due to unscheduled maintenance. 

The aforementioned requirements has motivated researchers and engineers to develop 

online condition monitoring schemes and fault detection technologies for early 

forewarning of incipient mechanical faults [7]-[12]. Reliable and robust monitoring 

systems can lead to planned corrective maintenance actions before complete component 

failure occurs, thereby minimizing collateral damage to adjacent components. Planned 

maintenance can cover all preventive maintenance, including routine checks, periodic 

maintenance and periodic testing. 

There are numerous condition monitoring techniques being used to assess the 

performance of rotating machinery including vibration and rotational speed analysis [13]-

[16], temperature analysis [17], [18], current signature analysis [19], oil debris analysis 
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[20]-[22], and acoustic emission signal based techniques [23], [24]. Among these 

techniques, vibration and rotational speed based techniques are the most widely used in 

rotating machine fault detection and diagnosis. A variety of rotational speed measurement 

techniques based on optical and electromagnetic principles have been developed. Digital 

image processing techniques have also been used to measure rotational speed. In recent 

years the estimation of instantaneous rotational speed, based on vibration signal 

measurement, has been studied by many researches [25], [26]. However, all the existing 

measurement techniques have their limitations in operation in industrial environments, 

such as low measurement accuracy, narrow measuring range, and unsuitability for 

applications in a hostile environment and for higher speed measurement. 

Rotating machine vibrations are likely to convey a great deal of information about the 

internal forces in the system. These internal forces are often related to some fault 

mechanisms and exhibit distinctive vibration symptoms widely referred as mechanical 

signatures [1]-[3]. Vibration is measured as an acceleration, velocity, or displacement. 

Conventional contact type sensors, such as accelerometers and velocity transducers, are 

unsuitable for rotating shafts due to the impractical requirement of physical contact of the 

sensors with the moving surface. Hence, non-contact type sensors, such as proximity 

sensors, are required in this case. Several types of proximity sensors based on inductive 

(e.g. Eddy-current) and capacitive principles are often used to measure the relative 

vibration of rotating shafts [27]. 

In this study, electrostatic sensors are developed as sensing devices, in conjunction with 

permanently charged markers, for the condition monitoring of metallic rotating 

machinery. Electrostatic sensors have been used extensively in flow measurement, 

especially for the velocity measurement of pneumatically conveyed particles [28]-[31]. 

They have advantages of non-contact measurement, low cost, simple structure and 

suitability for hostile environments. The resulting signals from the electrostatic sensors 

are electronically integrated to obtain the overall operating conditions of the machinery, 

including the measurements of rotational speed and vibration displacement of rotating 

shafts. An indication of the current state of the machinery can be provided through the 

analysis of the sensors outputs and diagnosis algorithm. 



Chapter 1 Introduction 

3 
 

1.2 Technical Challenges in the Use of Electrostatic Sensors 

 

In view of the sensing principle of electrostatic sensors and the operating conditions of 

rotating machinery, the development of electrostatic sensors based measurement system 

for rotational speed and vibration measurement faces a number of technical challenges.  

 

The main technical challenges that have been identified are as follows: 

 

 Charge stability: The sensing principle of electrostatic sensors is based on the 

phenomenon of electrostatic induction of charged markers, fixed around the shaft, 

on the electrode of the sensor. Although the charge magnitude on the markers is 

quasi-permanent (electret material), they are, however, limited and susceptible to 

environmental conditions such as relative humidity and temperature. Moreover, 

the level of charge on the markers depends also on the rotational speed due to the 

triboelectric effect between the dielectric charged markers and the air. 

Consequently, signal amplitude parameters cannot be used to achieve an absolute 

measurement due to the uncertain amount of charge on the markers. 

 

 Sensitivity: This is one of the most important characteristics which affects the 

dynamic performance of the sensor. The sensitivity to the inducing charge 

increases with respect to the magnitude of the charge source and dimensions of 

the electrode. It decreases as the distance of separation between the charge source 

and electrode increases. In view of the limited amount of the charge source, the 

geometric parameters of the electrode and the markers are crucial and affects 

significantly the performance of the measurement system. 

 

 Noise: The magnitude of charge on the markers is relatively small resulting in a 

weak induced signal on the electrode. Thus, various noises can be superimposed 

on it, particularly in harsh industry environments, resulting in a contaminated 

signal. The most common sources of noise are electromagnetic interference and 

vibration of the mechanical system. 
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 Low speed measurement: The signal-to-noise ratio is generally low at low 

speeds due to the limited amount of the charge on the markers, making the sensor 

system not capable of producing valid measurements.  

 

1.3 Aim and Objectives of the Research Programme 

 

A major goal of the instrumentation and control group at the University of Kent is the 

development of online sensors to monitor the performance of a wide range of rotating 

machinery as implementation of condition monitoring systems is becoming necessary in 

order to prevent failure, increase reliability, and decrease maintenance costs.  

Over recent years, the instrumentation and control research group has been undertaking 

substantial research on developing electrostatic sensors for the rotational speed 

measurement of dielectric rotors. Subsequently, there have been limited attempts to 

employ electrostatic sensors for the vibration detection of dielectric rotating shafts due to 

the complexity of the charging/discharging mechanism of the dielectric materials during 

rotational motion. The developed sensors, operating on electrostatic sensing and 

processing techniques, have been evaluated on a laboratory-scale test rig. Preliminary 

results have demonstrated the effectiveness of the technique developed on a variety of 

dielectric rotors.  

It is, however, recognised that metallic shafts and rotors account for a major proportion 

of mechanical components in rotating machinery. To date, there has been no reported 

research in the literature on rotational speed and vibration measurement for metallic 

rotating shafts using electrostatic sensors.  

Therefore, the aim of this research is to develop the existing electrostatic sensors to be 

capable of providing simultaneous online measurements of rotational speed and vibration 

displacement of metallic rotary shafts. The developed measurement system is expected 

to be employed as a measuring device in the condition monitoring system of rotating 

machinery. This proposed research aligns well with the goal of the instrumentation group 

at the University of Kent. 

To achieve this goal, the primary objectives of this research are: 
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 To reveal the physical principles governing electrostatic sensors in order to 

develop a detailed characterisation of their operation. 

 

 The design and implementation of a low cost, accurate and robust measurement 

system for the rotational speed and vibration measurement of metallic shafts, 

suitable for installation in a wide range of rotating machinery. 

 

 To evaluate the performance of the prototype system and the effectiveness of the 

measurement algorithms through extensive experiments on purpose-built test rigs.  

 

The research programme comprises several principal areas of investigation: 

 A review of the main technical approaches for rotational speed and vibration 

measurement proposed to date is undertaken for comparison with electrostatic 

methods. Recent work on electrostatic sensors is summarised in order to highlight 

progress that has been made in recent years, as well as to identify areas which are 

still underdeveloped. 

 

 A theoretical analysis of the underlying principles involved regarding electrostatic 

sensors is undertaken, and a mathematical modelling method is used to investigate 

the sensing mechanism and the various parameters that affect the measurement. 

 

 Practical considerations involved in the design and implementation of an 

electrostatic measurement system, including the electronics and signal processing 

algorithms. The results of practical tests are then used to characterise the sensor 

performance. 

 

1.4 Thesis Outline 

 

The thesis is organised in six chapters and a brief summary of each chapter is depicted as 

follows: 
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 Chapter 2 provides a comprehensive literature survey concerning the rotational 

speed and vibration measurement techniques that were developed during recent 

decades. Measurement methods and techniques based on a variety of physical 

principles are introduced along with their relative strengths/weaknesses. Separate 

sections are devoted to sensors using electrostatic sensing technique. 

 

 Chapter 3 introduces the measurement principles of the rotational speed and 

vibration of metallic rotors using electrostatic sensors. The sensing mechanism, 

modelling and characteristics of electrostatic sensors are also presented and 

discussed. The results of the model are used to guide markers design parameters 

including dimensions and number.  

 

 Chapter 4 is a detailed discussion of the measurement system design and 

implementation including markers, electronics and algorithms. Different possible 

analogue circuits for signal acquisition are compared, and the digital signal 

processing unit, is presented, along with the signal processing algorithms.  

 

 Chapter 5 presents the laboratory-scale tests conducted in the Instrumentation 

Laboratory at the University of Kent. Extensive tests for rotational speed 

measurement are undertaken under normal and noisy conditions at different 

speeds. Comparisons between the single and dual electrostatic sensors were also 

achieved. Then, experimental tests are conducted on a purpose-built test rig with 

eccentric shaft to validate the performance of the electrostatic sensor for vibration 

displacement. The experimental results obtained from all tests are discussed.  

 

 Chapter 6 draws together and concludes the research findings and their impacts 

in the field of condition monitoring of rotating machinery. Recommendations for 

future research and further applications of the developed techniques are proposed. 
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Chapter 2  

Review of Techniques for Rotational Speed and 

Vibration Measurement 

 

2.1 Introduction 

 

Rotational speed and vibration are key parameters for condition monitoring in a range of 

industries where rotating machinery is an integral part of the production and 

manufacturing processes. The performance of such machinery may decrease gradually 

under harsh working conditions and long operations, so the continuous status monitoring 

of this equipment is very important for maintaining its good operation and for detecting 

potential faults at an early stage. 

This chapter presents a comprehensive literature review of all existing techniques that can 

potentially be used for rotational speed and vibration measurement of rotary shafts. The 

state-of-the-art in the field of study is defined by following the analysis and reviews of 

all relevant existing techniques and references in the field. In the following sections, an 

overview of the principles of various available sensing techniques will be illustrated. The 

benefits and limitations of each technique will also be addressed. 

The literature survey is not only useful to acquire necessary background knowledge that 

might contribute to this work, but it also informs the proposed research strategy and 

assures its novelty, taking into account the technical challenges and requirements defined 

in chapter 1. 

 

2.2 Rotational Speed Measurement 

 

Rotational speed monitoring is a critical part of the condition monitoring system for 

rotating machinery. Moreover, accurate estimation of the rotational speed usually has a 
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high priority in control or regulation processes, as incorrectly estimated values may cause 

serious disturbances in the operation of machines. Typical examples include fault 

detection of engines and generators [32], shaft crack detection of nuclear power plant 

rotating equipment [33], condition monitoring of electric motors and turbines [34] and 

ignition timing of automotive engines [35]. 

Over the years, a number of methods have been developed for rotational speed and 

angular velocity measurement. Traditional mechanical tachometers like centrifugal 

tachometers have been used primitively to gauge the speed of rotational machinery. 

Subsequently, a variety of non-contact tachometers based on optical, inductive and 

magnetic sensing techniques have been developed. Usually, tachometers can be classified 

into two categories, Analog and Digital. Analog tachometers have been used over the 

years and are widely used in feedback loops for closely regulating the speeds of drive 

systems. Digital tachometers are very suitable for precision measurement and monitoring 

systems [36]-[41]. 

Shaft encoders, gyroscopes and digital image techniques have also been employed to 

measure the rotational speed [26]. Yeh et al [42] presented a high-resolution optical shaft 

encoder to monitor the rotation behaviour of a motor. Lygouras et al [43] presented a 

solution for processing the pulses from an optical encoder attached to a motor shaft.. 

Digital image processing techniques have also been used to measure rotation motion. 

Zhang et al achieved rotational measurement through digital image correlation using a 

ring template and quadrilateral element [44]. Recently, Wang et al used image similarity 

evaluation and spectral analysis to compute the rotational speed measurement [45]. 

Meanwhile, the estimation of instantaneous rotational speed through vibration signal 

analysis has been studied by many researchers. Bonnardot et al. [46], Combet and Zimroz 

[47], Urbanek et al. [48], and Lin and Ding [49] applied different algorithms to extract 

the instantaneous speed fluctuation from vibration signals.  

Over recent years, researchers conducted both theoretical and experimental studies on 

electrostatic sensors for rotational speed measurement. Wang et al [50]-[52], in particular, 

have successfully employed electrostatic sensors to measure rotational speed based on 

correlation algorithms.  

The following sections presents an overview of the key currents sensors used for 

rotational speed measurement. 
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2.2.1 Analogue Tachometers 

 

Analog tachometers have been the first electrical devices used to the measure speed of 

rotational machineries. The first analogue tachometers were developed by Robinson [36]. 

Although they are less accurate than other types of tachometers, they are nevertheless still 

used successfully in many applications.  

 

Analog tachometers are available in different forms: 

 

2.2.1.1 DC Tachometer 

 

The DC tachometer has an output that is approximately proportional to its speed of 

rotation. Its basic structure is identical to that found in a standard DC generator used for 

producing power, and is shown in Figure 2.1.  

 

 

Figure 2.1 DC tachometer [36]. 

 

Both permanent-magnet types and separately excited field types are used. However, 

certain aspects of the design are optimized to improve its accuracy as a speed-measuring 

instrument. One significant design modification is to reduce the weight of the rotor by 

constructing the windings on a hollow fiberglass shell. The effect of this is to minimize 

any loading effect of the instrument on the system being measured. The DC output voltage 

from the instrument is of a relatively high magnitude, giving a high measurement 
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sensitivity that is typically 5 V per 1000 rpm. The direction of rotation is determined by 

the polarity of the output voltage. A common range of measurement is 0-6000 rpm. 

Maximum nonlinearity is usually about 1% of the full-scale reading. One problem with 

these devices that can cause difficulties under some circumstances is the presence of an 

AC ripple in the output signal. The magnitude of this can be up to 2% of the output DC 

level. 

 

2.2.1.2 AC tachometer 

 

The AC tachometer has an output approximately proportional to rotational speed like the 

DC tachometers. Its mechanical structure takes the form of a two-phase induction motor, 

with two stator windings and (usually) a drag-cup rotor, as shown in Figure 2.2. 

 

(a) (b) 

Figure 2.2 AC tachometer. (a) Layout of windings; (b) sketch of stator and rotor [36]. 

 

One of the stator windings is excited with an AC voltage and the measurement signal is 

taken from the output voltage induced in the second winding. The magnitude of this 

output voltage is zero when the rotor is stationary, and otherwise is proportional to the 

angular velocity of the rotor. The direction of rotation is determined by the phase of the 

output voltage, which switches by 180° as the direction reverses. Therefore, both the 

phase and magnitude of the output voltage have to be measured. A typical range of 

measurement is 0 to 4000 rpm, with a relative error of 0.05% of full-scale reading. 
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Cheaper versions with a squirrel-cage rotor also exist, but measurement error in these 

devices is typically 0.25% 

 

2.2.2 Digital Tachometers 

 

Digital tachometers are usually non-contact instruments that sense the passage of 

marker(s) on the surface of a rotating disk or shaft. Measurement resolution is governed 

by the number of markers around the circumference. Various types of sensor are used, 

such as optical, inductive and magnetic. As each mark is sensed, a pulse is generated and 

input to an electronic pulse counter. Usually, velocity is calculated in terms of the pulse 

count in unit time, which of course only yields information about the mean velocity. If 

the velocity is changing, instantaneous velocity can be calculated at each instant of time 

that an output pulse occurs, using the scheme shown in Figure 2.3. In this circuit, the 

pulses from the transducer, gate the train of pulses from a clock into a counter. Control 

logic resets the counter and updates the digital output value after receipt of each pulse 

from the transducer. The measurement resolution of this system is highest when the speed 

of rotation is low [37]-[41].  

 

 

Figure 2.3 Scheme to measure angular speed [37]. 

 



Chapter 2 Review of Techniques for Rotational Speed and Vibration Measurement 

12 
 

2.2.2.1 Optical sensing 

 

Digital tachometers with optical sensors are often known as optical tachometers. Optical 

encoders operate on a similar physical principle to optical tachometers. Optical pulses 

can be generated by one of the two alternative photoelectric techniques illustrated in 

Figure 2.4. In the scheme shown in Figure 2.4(a), the pulses are produced as the windows 

in a slotted disk pass in sequence between a light source and a detector. The alternative 

scheme, shown in Figure 2.4(b), has both light source and detector mounted on the same 

side of a reflective disk that has black sectors painted onto it at regular angular intervals. 

Light sources are normally either lasers or LEDs, with photodiodes and phototransistors 

used as detectors. Optical tachometers yield better accuracy than other forms of digital 

tachometer. However, they are less reliable than other forms because dust and dirt can 

block light paths. 

 

 

(a)                  (b) 

Figure 2.4 Photoelectric pulse generation techniques: (a) Detail of windows in rotating 

disk; (b) Detail of disk with alternate black and white sectors [42]. 

 

Similarly, non-contact laser tachometers can measure rotational speed from a single pulse 

per revolution. This pulse is supplied by marking the rotating shaft with a visible 

reflective tape target. The laser tachometer is equipped with a built-in laser light source 

providing a laser beam which is aimed at the reflective tape located on the rotating shaft. 

The pulse from the reflective tape is received back through a single lens reflex optical 
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system and detected by a photocell inside the instrument. The tachometer then computes 

the rotational speed. Figure 2.5 illustrates the measurement principle of laser tachometers.  

 

 

Figure 2.5 Measurement principle of laser tachometer [40]. 

 

2.2.2.2 Inductive sensing 

 

Variable reluctance velocity transducers, also known as induction tachometers, are a form 

of digital tachometer that use inductive sensing. They are widely used in the automotive 

industry within anti-skid devices, anti-lock braking systems and traction control.  

As shown in Figure 2.6, the device has a rotating disk that is constructed from a bonded-

fibre material into which soft iron poles are inserted at regular intervals around its 

periphery. The sensor consists of a permanent magnet with a shaped pole piece, which 

carries a wound coil. The distance between the pickup and the outer perimeter of the disk 

is typically 0.5 mm. As the disk rotates, the soft iron inserts on the disk move in turn past 

the pickup unit. As each iron insert moves toward the pole piece, the reluctance of the 

magnetic circuit increases and hence the flux in the pole piece also increases. Similarly, 

the flux in the pole piece decreases as each iron insert moves away from the sensor. The 

changing magnetic flux inside the pickup coil causes a voltage to be induced in the coil, 

whose magnitude is proportional to the rate of change of flux. This voltage is positive 

while the flux is increasing and negative while it is decreasing. Thus, the output is a 

sequence of positive and negative pulses, whose frequency is proportional to the 

rotational velocity of the disk. The maximum angular velocity that the instrument can 

measure is limited to about 10,000 rpm because of the finite width of the induced pulses. 

As the velocity increases, the distance between the pulses is reduced, and at a certain 
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velocity, the pulses start to overlap. At this point, the pulse counter ceases to be able to 

distinguish the separate pulses. The optical tachometer has significant advantages in this 

respect, since the pulse width is much narrower, allowing measurement of higher 

velocities. 

 

 

Figure 2.6 Variable reluctance transducer [53]. 

 

A simpler and cheaper form of variable reluctance transducer also exists that uses a 

ferromagnetic gear wheel in place of a fibre disk. The motion of the tip of each gear tooth 

toward and away from the pickup unit causes a similar variation in the flux pattern to that 

produced by the iron inserts in the fibre disk. However, the pulses produced by these 

means are less sharp, and consequently, the maximum angular velocity measurable is 

lower. 

 

2.2.2.3 Magnetic (Hall-effect) sensing 

 

The rotating element in Hall-effect or magnetostrictive tachometers has a very simple 

design in the form of a toothed metal gear wheel [53]. The sensor is a solid-state, Hall-

effect device that is placed between the gear wheel and a permanent magnet. When an 

inter-tooth gap on the gear wheel is adjacent to the sensor, the full magnetic field from 

the magnet passes through it. Later, as a tooth approaches the sensor, the tooth diverts 

some of the magnetic field, and so the field through the sensor is reduced. This causes the 
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sensor to produce an output voltage that is proportional to the rotational speed of the gear 

wheel. 

2.2.3 Gyroscopes 

 

2.2.3.1 Rate Gyroscope 

 

The rate gyro, illustrated in Figure 2.7, measures the absolute angular velocity of a body, 

and is widely used for generating stabilizing signals within vehicle navigation systems.  

 

Figure 2.7 Rate gyroscope [54]. 

 

The typical measurement resolution given by the instrument is 0.01°/s and rotation rates 

of up to 50°/s can be measured. The angular velocity, ω, of the body is related to the 

angular deflection of the gyroscope, ϑ, by  
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where Hm is the angular momentum of the spinning wheel, Mi is the moment of inertia of 

the system, βv is the viscous damping coefficient, Ks is the spring constant, and Do is the 

D-operator. 
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2.2.3.2 Fibre-Optic Gyroscope 

 

This type of gyroscope has been recently developed using fibre-optic technology [54]. 

Incident light from a source is separated by a beam splitter into a pair of beams a and b, 

as shown in Figure 2.8. These travel in opposite directions around a fibre-optic coil and 

emerge from the coil as the beams marked a’ and b’. The beams a’ and b’ are directed by 

the beam splitter into an interferometer. Any motion of the coil causes a phase shift 

between a’ and b’ which is detected by the interferometer. 

 

 

Figure 2.8 Fibre-optic gyroscope [54]. 

 

2.2.3.3 MEMS Gyroscope 

 

MEMS gyroscopes are now widely available for measuring rotational velocity [55]. The 

typical structure of a MEMS gyroscope is shown in Figure 2.9.  
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Figure 2.9 Typical structure of a MEMS gyroscope [55]. 

 

MEMS gyroscopes operate on a tuning-fork principle, and consists of two equal masses 

M that oscillate and are always moving in opposite directions to each other. When the 

gyroscope is subjected to an angular velocity ω, a Coriolis force F is generated on each 

mass given by  

 2F M    (2.2) 

where νm is the instantaneous velocity of the masses.  

 

The Coriolis forces on the masses act in opposite directions and cause a lateral 

displacement of the masses relative to each other. This displacement causes a change in 

capacitance between the two masses that is proportional to the magnitude of the angular 

velocity ω applied. This change in capacitance is either converted to a digital number in 

digital MEMS gyroscopes or into an analogue voltage in the case of analogue MEMS 

gyroscopes. 

In common with other types of MEMS devices, MEMS gyroscopes are relatively cheap 

to produce and provide high performance with low power consumption. They are entirely 

insensitive to linear motion and only respond to angular motion. Any motion of the device 

in the x, y, or z direction (as shown in Figure 2.9) causes both masses to move by the 

same amount in the direction of the motion. Hence, there is no relative displacement 
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between the two masses and so there is no change in capacitance. MEMS gyroscopes are 

now used in a wide range of applications for measuring rotational velocities. 

 

2.2.4 Electrostatic Sensors 

 

In recent years, substantial effort has been spent on the development of electrostatic 

sensors in conjunction with correlation signal processing techniques for rotational speed 

measurement. The electrostatic sensing-based rotational speed measurement technique 

has advantages of non-contact measurement, low cost and suitability for hostile 

environments. Since the electrostatic sensors have no direct contact with the shaft, there 

is no wear problem that adversely affects some of the existing techniques such as 

mechanical tachometers. Additionally, the electrostatic sensors have no requirement for 

the fitting of an opaque disc on the shaft, which is essential for photoelectric tachometers 

and encoders. The presence of dust around the shaft can affect the operation of optical 

tachometers, but have little impact on the electrostatic sensors. Thus, the structural 

simplicity, low cost and robustness of the electrostatic sensors make the technique 

suitable for a wider range of industrial applications. 

Wang et al. [51], [52], [56] have conducted extensive research and experimental 

investigation into rotational speed measurement using electrostatic sensors and 

correlation signal processing techniques. A variety of electrostatic sensors have been 

investigated with different electrodes arrangements. A single, double and array of 

electrodes, which were placed adjacent to the rotating surface, were employed to sense 

the movement of a dielectric surface through electrostatic induction. The electrodes is 

interfaced with a signal conditioning circuit which consists of a preamplifier that can 

amplify the detected charge on the rotor surface to a level that can be digitised in an 

analogue-to-digital converter. The rotational speed could then be determined through the 

autocorrelation and cross-correlation of the output signals from the electrodes. Figure 

2.10 shows the different sensing arrangements and principles of the rotational 

measurement system. 
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(a)           (b)                 (c) 

Figure 2.10 Electrostatic measurement system. (a) Single electrostatic senor. (b) 

Dual electrostatic sensors. (c) Array of electrostatic sensors. 

 

Experimental results from the measurement systems in Figure 2.10 have shown a 

maximum error of no greater than ±1.5% over the speed range from 500 rpm to 3000 rpm. 

Later, the method was developed further by incorporating a data fusion algorithm, capable 

of producing more accurate measurements with a maximum error within ±0.5% over the 

range of 200 rpm to 3000 rpm [50].  

Much more recently, Li et al [57] proposed a digital approach for using electrostatic 

sensors for rotational speed measurement to improve the performance of the measurement 

system. The proposed method is inspired by the photoelectric method and based on the 

generation of a square wave from an electrostatic sensor in order to obtain the rotational 

speed via digital methods, thus eliminating the influence of the sampling rate and signal 

noise, and also simplifying the system complexity. 

Although, the aforementioned electrostatic sensing techniques have been well developed 

and have successfully achieved a rotational speed measurement for dielectric shafts, 

offering an appealing solution to the condition monitoring, with the virtue of non-contact, 

low cost, simple structure, and easy installation, they still have several limitations and 

drawbacks. Output signals are obtained from electrostatic sensors through electrostatic 

induction of the charge generated on the moving surface of the shaft. However, the level 

of electrostatic charge due to the air friction with the shaft surface depends on the 

rotational speed of the shaft. On the other hand, with the generation of electrostatic 

charge, there is also a phenomenon of electrostatic discharge due to environmental 
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conditions and the material properties of the shaft, which reduces the amount of 

electrostatic charge generated. When the shaft is rotating continuously, a dynamic balance 

is reached between the natural discharge and recharge. The induced charge, and hence 

the output signal from the sensor, depends on the balance of charge resulting from the 

discharge and recharge phenomena. When the shaft speed is lower than 200 rpm, limited 

electrostatic charge is generated on the shaft surface and may discharge quickly over one 

rotation. In this case, it is difficult to obtain valid rotational speed measurements using 

electrostatic sensors. As a result, the existing sensing system has some major drawbacks 

and limitations. The existing electrostatic sensors depends primarily on the rotational 

speed, material and surface condition of the shaft to generate electrostatic charge on its 

surface. Moreover, the speed measurement is limited to dielectric shafts and is susceptible 

to environmental conditions, among which the humidity is considered to have a strong 

impact. At low rotational speed (<200 rpm), the signal-to-noise ratio may deteriorate as 

the induced charge on the electrode decreases with the discharge effect, making the 

system invalid for low rotational speed measurement. 

 

2.3 Vibration Measurement 

 

Vibration measurement of rotary shafts plays a significant role in the condition 

monitoring of rotating machinery [10]. Vibration analysis is used to determine the 

operating and mechanical condition of equipment. A major  advantage  is  that  vibration  

analysis  can  identify  developing  problems  before they become too serious and cause 

unscheduled downtime. 

A variety of mechanical defects, such as shaft imbalance, coupling misalignment and 

bearing deterioration, may give rise to excessive vibrations that cause machine failure. 

Imbalance is the most common cause of vibrations of rotating machines. In practice, 

shafts can never be perfectly balanced because of manufacturing errors such as porosity 

in casting, non-uniform density of material, manufacturing tolerances and gain or loss of 

material during operation. An unbalanced shaft makes it more susceptible to high 

amplitude vibration that causes noise and incorrect functionality and thus reduces the life 

span of the machine [1], [2], [58].  
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There are three main parameters that are measured to evaluate the vibration characteristics 

of any dynamic system; displacement, velocity and acceleration. However, each vibration 

parameter can be converted to the others by derivation or integration process. The 

displacement are deduced by integrating the velocity and acceleration [59]. 

There are many types of proximity sensors and they use different methods for sensing. 

Inductive and capacitive sensors are often used to measure the relative vibration of 

rotating shafts. Meanwhile, a number of new methods have been proposed for shaft 

vibration detection. Vyroubal [60] identified the vibration signature using optical sensors 

through spectral analysis of phase-modulated light pulses. Okabe et al [61] described an 

ultrasonic sensor based method for shaft vibration detection by measuring the propagation 

time of the ultrasonic wave from the sensor to the shaft surface. Much more recently, 

Wang et al [62], [63] employed electrostatic sensors for the vibration detection of rotating 

machinery.  

 

The basic operational principles of techniques that can be used for shaft vibration 

measurement will be presented in the following sections. 

2.3.1 Inductive Sensors 

 

An inductive sensor is an electronic proximity sensor, which detects metallic objects 

without physical contact with the target. Inductive sensors are based on electromagnetic 

induction, use a self-inductance coil or mutual inductance coil to achieve the detection of 

the electrical signal which is converted from the vibration. The principle structure of a 

basic inductive sensor is shown in Figure 2.11. 

 

Figure 2.11 Principle structure of inductive sensor [64]. 
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N circles of wire are circled on the fixed Iron. The inductance can be given by 
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where µ0, A0 and l0 are the magnetic permeability, equivalent cross-sectional area and 

length of the gap, respectively.  

 

When the vibration of an object causes a change in the area, thickness or length between 

the fixed Iron and the armature, the inductance changes. By measuring the change of 

inductance, the vibration measurement can then be achieved. 

The prominent features of inductive sensors include simple structure, measurement 

reliability, high accuracy and output power. The disadvantages are the sensitivity, 

linearity and measuring range, which makes it unsuitable for the measurement of high-

frequency dynamic signals [53], [64]. 

Eddy-current sensors are a sophisticated version of inductive sensors which are capable 

of high-resolution measurements of the displacement of any conductive target [65], [66]. 

Figure 2.12 illustrates the working principle of eddy-current sensors. 

The driver creates an alternating current in the sensing coil in the end of the probe. This 

creates an alternating magnetic field which induces small currents in the target material; 

these currents are called eddy-currents. The eddy-currents create an opposing magnetic 

field which resists the field being generated by the probe coil. The interaction of the 

magnetic fields is dependent on the distance between the probe and the target. As the 

distance changes, the electronics sense the change in the field interaction and produces a 

voltage output which is proportional to the change in distance between the probe and 

target. 
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Figure 2.12 Eddy-current sensor working principle [65]. 

 

2.3.2 Capacitive Sensors 

 

Capacitive sensors operate by measuring changes in electrical capacitance. Figure 2.13 is 

the structure diagram of variable-clearance capacitive sensor. 

 

 

Figure 2.13 Variable-clearance capacitive sensor [66]. 

         

When the size of the two parallel plates is much larger than the distance d between them, 

the capacitance C can be deduced from Gauss’s Law. The capacitance C is directly 

proportional to the surface area A of the objects and the dielectric constant of the material 

εr between them, and inversely proportional to the distance d between them  

 0 r A
C

d

 
   (2.4) 

 

In typical capacitive sensing applications, the probe or sensor is the fixed plate and the 

moving object (the target) is the other plate. The sizes of the sensor and the target are 

assumed to be constant, as is the material between them (air). Therefore, any change in 

capacitance is a result of a change in the distance between the probe and the target. 
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where, C0 is the initial capacitance value when the distance is d. 

 

As can be seen from the equation (2.5), the change of capacitance relates to the 

displacement of the moving plate, and when Δd<<d, we can approximate that ΔC is in a 

linear relationship with Δd. Therefore, by measuring the changes of capacitance, the 

vibration displacement can then be measured. 

Advantages of the capacitive sensor include high resolution, high precision, short 

dynamic response time, suitable for online, dynamic measurements and non-contact 

measurements. The disadvantages include small measuring-range, and its measurement 

is vulnerable to electrical medium and electromagnetic fields [53]. Now, with the in-depth 

research of capacitive sensor measurement principle and structure, and the development 

of new circuit, new materials, new processes, some of its shortages are gradually being 

overcome. The accuracy and stability of capacitive sensors are increasing and used more 

widely in non-contact measurement field [67], [68]. 

 

2.3.3  Fibre-optic Sensors 

 

According to the principle of fibre-optic sensors, they can be divided into two categories: 

one category is transmitting light type (or non-functional) sensors and the other is 

transmitting -sensing type (or functional) sensors [69], [70]. In the transmitting-light type 

fibre-optic sensors, optical fibre only acts as a light transmission medium, the sensing of 

the measured signal is achieved by a separate sensitive components. In the transmitting-

sensing type fibre-optic sensors, optical fibre is used for sensing the measured signal and 

transmitting optical signal. The sensor also combines the signal's "sensing" and 

"transmitting" into one. 

In practice, transmitting-sensing type sensors structure is relatively simple and may need 

fewer coupling devices, but the requirement on optical fibre is higher. It is often required 

to adopt special optical fibre which is sensitive to the measured signal and that has a good 

transmission characteristics. Therefore, the non-functional transmitting light type sensors 

are commonly used in the field of vibration detection, where the basic principle is the use 
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of a separate sensitive component to detect changes of the measured physical quantity, 

and the light parameter is modulated by sensitive components. Figure 2.14 is a phase-

modulated optical fibre vibration sensor schematic diagram. 

 

Figure 2.14 Schematic diagram of a phase-modulated fibre-optic vibration sensor [69]. 

 

The vibrating object changes the relative phase between the signal beam and reference 

beam, which results in a phase modulation, and by demodulation, the corresponding 

vibration amplitude can then be obtained. 

The prominent features of the fibre-optic sensor are their ability to be lightweight, very 

small in size, high sensitivity, fast response, immunity to electromagnetic interference, 

soft bend and are easy to connect with the computer. The disadvantages include the 

narrow range of measurement frequency, high cost and unfamiliarity to the end user. 

 

2.3.4 Photoelectric Sensors 

 

Photoelectric sensors detects change in vibration parameters through the change of optical 

properties. The detector of the photoelectric sensor can then convert this change into 

electrical signal. Figure 2.15 is principle schematic diagram of the vibration sensor based 

on laser interferometer principle [71]. 
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Laser beam emitted by the laser source is divided into the reference beam and the 

measurement beam through the beam splitter. The reference beam is reflected by the flat 

mirror, and goes through the beam splitter again and received by the optical detector. The 

measurement beam is focused by the lens and then reflected by the vibrating object.  

The reflected beam is frequency-shifted by the motion of the vibrating object due to the 

Doppler effect. The reflected light with the frequency fshift and the reference beam with 

frequency fref are collected and mixed by the optoelectronic receiver. The optoelectronic 

receiver converts the two beam into one single electrical signal. Finally, the vibration 

frequency and amplitude can be obtained through digital signal processing. 

 

 

Figure 2.15 Principle schematic diagram of the vibration sensor [71]. 

 

Advantages of the photoelectric sensor include high resolution, high precision, fast 

response and non-contact measurement. The disadvantages include the optoelectronic 

device characteristics are significantly affected by environmental interferences and the 

subsequent processing circuit complexity. 
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2.3.5 Ultrasonic Sensors 

 

In this method, the shaft vibration is detected by measuring the propagation time of the 

ultrasonic wave from the sensor to the shaft surface [61]. 

The system uses an ultrasonic sensor attached onto a casing surface as shown in Figure 

2.16. The ultrasonic wave is perpendicularly incident from the ultrasonic sensor to the 

casing and the shaft. When the ultrasonic wave is incident into the casing, it does not only 

cause multiple reflection between the surface and the bottom of the casing, but also a 

portion of the ultrasonic wave penetrates through the casing and arrives at the shaft 

surface. Thus, the analysis of the arrival times of these reflected waves enables the 

measurement of the location of the shaft each time the ultrasonic wave is sent out. When 

the reflected waves from the casing bottom and the shaft are separated from each other, 

the measurement of the shaft vibration can then be quantified. 

 

 

 

Figure 2.16 Ultrasonic vibration sensor [61]. 

 

Advantages of the ultrasonic sensors include non-contact measurement, high accuracy 

and sensitivity. However, they are susceptible to noise interference. 

 



Chapter 2 Review of Techniques for Rotational Speed and Vibration Measurement 

28 
 

2.3.6 Electrostatic Sensors 

 

To date, little research has been reported on the use of electrostatic sensors for vibration 

measurement. There have, however, been attempts to employ electrostatic sensors for the 

vibration detection of rotating machinery. Wang et al [72] have undertaken research on 

electrostatic sensors for the vibration detection of rotating machinery. Later, they 

proposed a method for the radial vibration measurement of a dielectric shaft using 

electrostatic sensors and Hilbert-Huang Transform [63]. Figure 2.17 shows the basic 

principle of the radial vibration measurement system using electrostatic sensors. 

 

 

Figure 2.17 Principle of radial vibration measurement using electrostatic sensors. 

 

The signals are generated through electrostatic induction due to the moving charged 

surface with reference to the electrostatic sensor. The difference between a pair of sensor 

signals, such as S1 and S2, or S3 and S4, is able to indicate the drifting motion of the shaft. 

As shown in Figure 2.17, once the shaft has radial vibration, i.e. the rotating centre 

changes from O to O’, sensors 1 and 4 will detect more significant signal amplitude due 

to the closer distance between the shaft and the electrodes. Meanwhile, sensors 2 and 3 

yield lower signal amplitude. 

Hilbert-Huang Transform has also been applied to identify and extract the vibration 

features from the sensor signals. The signals from the electrostatic sensors are conditioned 

and decomposed into several modes. The vibration frequencies are identified and detected 

from the Hilbert-Huang spectra. 
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However, the proposed methods were based on the amplitude of the output signal 

resulting from electrostatic charge on the surface of a rotating dielectric shaft, assuming 

that the only factor affecting the amount of induced charge, and hence the signal 

amplitude, is the distance between the electrode and the shaft. Nevertheless, the electric 

charge level on the dielectric shaft surface depends significantly on environmental 

conditions and consequently the signal amplitude varies with environmental factors such 

as ambient temperature and relative humidity [73]. As a result, these methods cannot be 

used to achieve an absolute displacement measurement due to the uncertain amount of 

charge on the shaft surface. Moreover, these methods work only on dielectric shafts and 

require an array of sensors to be installed around the shaft, making the sensor installation 

practically difficult. 

 

2.4 Summary 

 

A variety of existing techniques have been investigated for the measurement of rotational 

speed and vibration of rotary shafts. Sensors for measuring rotational speed, analogue and 

digital tachometers have first been discussed. Next, Fibre-optic gyroscopes were 

considered. Finally, the recent development on electrostatic sensors has been presented. 

Subsequently, the basic operational principles of techniques that can be used for shaft 

vibration measurement has been presented in the sub-section 2.3. 

Although each of the aforementioned techniques has a sound theoretical basis that have 

been idealised in some respect, all these techniques have their limitations for operations 

in industrial environments. The mechanical tachometers suffer from the common 

problems of wear, slippage, low measurement accuracy and a narrow measurement range. 

Photoelectric tachometers and encoders require fitting on the shaft. The optical sensors 

may not function well in a hostile environment due to the presence of dust in addition to 

high capital cost and regular maintenance requirements. Electromagnetic interferences in 

a hostile environment affect the operation of inductive and magnetic tachometers, and the 

inductive and capacitive vibration sensors.  

Fibre-optic gyroscopes, fibre-optic vibration sensors and imaging-based rotational speed 

measurement systems are usually unsuitable for wide application in industrial processes 
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due to system complexity and regular maintenance requirements. Additionally, they are 

prohibitively expensive to implement in routine industrial applications. 

Table 2.1 summarizes the advantages and limitations of the main techniques that have 

been applied to measure the rotational speed and vibration of rotating shafts. 

 

Table 2.1 Comparison of the current measurement techniques. 

Sensor 

Technique 

Measurand Advantages Disadvantages 

Mechanical 

tachometers 

Rotational 

speed 

Low cost Wear and slippage. 

Low measurement accuracy.  

Narrow measurement range. 

Optical 

encoders and 

digital 

tachometers 

Rotational 

speed 

Good accuracy 

High resolution 

Fast response 

Requirement for the fitting on 

the shaft.  

Contact measurement. 

 

 

Non-contact 

Laser 

tachometer 

 

Rotational 

speed 

 

Non-contact 

Good accuracy 

 

Less reliable in dusty 

environments. 

 

Magnetic 

(Hall effect) 

 

Rotational 

speed 

 

Non-contact 

Good accuracy 

Immunity to 

vibration 

 

Vulnerable to external 

magnetic fields. 

Only work on metal objects. 

Capacitive Vibration Non-contact 

High resolution  

High precision  

Fast response time 

Small measurement range. 

Vulnerable to 

electromagnetic fields. 

Ultrasonic Vibration Non-contact 

High accuracy 

High sensitivity 

Susceptibility to noise 

Interference. 
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Inductive Rotational 

speed/ 

Vibration 

Non-contact 

Good accuracy 

High reliability 

Limited measurement range. 

Only work on metal objects. 

Low sensitivity.  

Linearity. 

Fibre-optic Rotational 

speed/ 

Vibration 

Non-contact 

High accuracy 

High sensitivity  

Fast response 

Immunity to 

electromagnetic 

interference 

High capital cost. 

Narrow range of 

measurement frequency. 

System complexity. 

Regular maintenance. 

Digital 

imaging 

Rotational 

speed/ 

Vibration 

Non-contact 

High accuracy 

High resolution 

Computationally expensive 

for online measurement. 

Unsuitable for dusty and 

harsh environments. 

Electrostatic 

sensors 

Rotational 

speed/ 

Vibration 

Non-contact  

Low cost 

Good accuracy 

Simple structure 

Easy installation 

Require further testing and 

validation in industrial 

environments. 

 

The review has indicated that electrostatic sensors are well established and have 

successfully achieved a rotational speed measurement for dielectric shafts under 

laboratory conditions. However, there are no reported research in the literature on 

rotational speed measurement for metallic shafts using electrostatic sensors. Moreover, 

there has been very limited research on the use of electrostatic sensors to quantify the 

vibration of rotary shafts. The aim of this research is to develop the existing electrostatic 

sensors to be capable of providing simultaneous online measurements of rotational speed 

and vibration displacement of metallic rotary shafts. Thus, the developed measurement 

system can potentially be employed as a measuring device in the condition monitoring 

and control of rotating machinery.  
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Chapter 3  

Measurement Principle and Modelling of Electrostatic 

Sensors  

 

3.1 Introduction 

 

This chapter introduces the measurement principles of the rotational speed and vibration 

of metallic shafts using electrostatic sensors. Moreover, the sensing mechanism and 

modelling of electrostatic sensors are also presented and discussed in the following 

sections. 

The sensing system consists mainly of an electrically insulated charged markers fixed on 

a rotary metallic shaft in conjunction with an insulated electrode placed in the vicinity of 

the shaft surface. The electric field resulting from the interaction between the inducing 

charge (charged markers) and the induced charge on the electrode is rather complex. 

Consequently, the mathematical modelling of the system is established to quantify and 

analyse the fundamental characteristics of electrostatic sensors for electric charge (point 

and strip charge) in rotational motion through analytical modelling and numerical 

simulation. 

The established model is principally based on the mathematical model proposed by Wang 

et al [74]. In the latter model, the target to be measured was a point charge in rotational 

motion, which can be considered as an infinite element on the charged surface of an 

insulating shaft. The developed model replaces the point charge by a strip-shaped charge 

simulating a charged marker fixed on the surface of a metallic shaft. 

The effects of physical parameters of the markers on the performance of the measurement 

system are analysed to obtain the optimal design. 
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3.2 Measurement Principle 

 

3.2.1 Rotational Speed Measurement 

 

The basic principle of the rotational speed measurement system based on an electrostatic 

system is shown in Figure 3.1.  

 

 

Figure 3.1. Principle of the rotational speed measurement using dual electrostatic 

sensors. 

 

Figure 3.2 shows a simplified physical model of the electrostatic sensing system for 

rotational speed measurement. The physical model consists of a metallic shaft, 

electrically isolated charged markers fixed on the shaft surface, an electrostatic electrode, 

and associated signal conditioning circuit. Small electrostatically charged markers, made 

of electret film, are fixed along the circumference of a metallic shaft. The charged marker 

simulates a strip charge on the shaft surface. 

 

 

Figure 3.2 A simplified physical model of the sensing system. 

 

If n markers (e.g., n=6) are distributed around the shaft, then the output signal is composed 

of n pulses corresponding to the n markers, as shown in Figure 3.2. The number and 
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distribution of the markers around the shaft depend primarily on the shaft diameter, 

angular speed to be measured and the size of the markers. The optimal number has been 

determined in sub-section (3.5.2) to meet the requirements of the output signal generated 

by the sensor in order to achieve a reliable rotational speed measurement. 

 

 

Figure 3.3 Typical signal waveform from the electrostatic sensor (308 rpm). 

 

The electrostatic sensor is placed in the vicinity of the shaft to sense the charged markers 

on the shaft surface. Electrostatic signal is obtained from the electrostatic sensor through 

electrostatic induction. A high-performance signal conditioning unit is utilised to 

condition the extremely weak signals from the sensing point. The data acquisition unit 

converts the analogue signals to digital forms and transmits the acquired signals to a host 

computer. Signal processing, including auto-correlation and cross-correlation, and 

rotational speed calculation are realized in the host computer. 

The electrostatic signal is periodic due to the continuous rotational motion of the shaft 

with reference to the fixed location of the sensor (Figure 3.3). The periodicity of the signal 

is equal to the period of the rotation motion (T), which is determined from auto-correlation 

function of the electrostatic signal. A normalised auto-correlation function Ra (m) is 

defined as 
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where S(k) (k = 0, 1, 2, . . ., N) represents the digitized signal of S(t), N is the number of 

samples in the correlation computation and m (m = 0, . . ., N) is the number of delayed 

points. 

Figure 3.4 shows a typical example of the resulting autocorrelation function with the 

dominant peak marked out on the time axis. The other major peaks in the correlation 

function (Figure 3.4) are due to the periodic nature of the rotational motion. 

The location of the dominate peak (other than the unity at m = 0) on the time axis is the 

period T. The amplitude of the dominate peak in the auto-correlation function is the 

correlation coefficient, which indicates the reliability of the speed measurement through 

autocorrelation. The rotational speed (Srpm) in Revolutions Per Minute (RPM) is 

calculated from 

60
rpmS

T
    (3.2) 

 

 

Figure 3.4 Typical autocorrelation function of the electrostatic sensor. 

 

However, the autocorrelation method requires a complete rotation of the shaft before the 

rotational speed can be calculated. At low rotational speed and for a large shaft diameter, 

T 
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the large period T of the output signal requires a long data size, resulting in low response 

time in the speed measurement.  

In this case, dual electrostatic sensors with a small angular spacing between them can be 

used to achieve low speed measurements with shorter response time. The two signals S1(t) 

and S2(t), derived from the dual sensors, in Figure 3.5  are very similar to each other apart 

from the time delay between them. The time delay (τ) between the two electrostatic 

signals S1(t) and S2(t) is equal to the time taken by the shaft passing through the two 

electrodes and can be determined through cross correlation Rc(m) 

 

1 2( ) *Rc m S S   (3.3) 

 

The time corresponding to the dominant peak in the cross-correlation function Rc(m) is 

the time delay τ (Figure 3.6) and thus the rotational speed (Srpm) is determined from 

 

30
rpmS




   (3.4) 

where φ is the angular spacing in radians between the two sensors. 

 

 

Figure 3.5 Typical signal waveforms from the dual electrostatic sensors (308 rpm). 
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Figure 3.6 Typical cross-correlation function of the electrostatic signals. 

 

The use of cross-correlation method at low speed should be more efficient since a short 

time is sufficient to achieve the speed measurement. However, when the rotational speed 

is high, the transit time is too small to be determined accurately and the cross-correlation 

method has lower sensitivity. In this case, using single sensor is more suitable for high 

speed measurement in terms of accuracy.  

In the proposed system, an electrostatic sensor with double electrodes is used. The sensor 

can derive three correlation functions including two autocorrelation function, R11(m)  and  

R22(m)  of  discrete  signals  S1(k)  and  S2(k) respectively, and a cross-correlation function,  

R12(m) and R21(m) between the two signals. Therefore, the rotational speed to be measured 

can be achieved through the autocorrelation method for high speed, while the cross-

correlation method can be used to low speed range. A speed threshold between the low 

and high speed will be determined, based on the system parameters, in the data processing 

section.  

The validity of the correlation method for the rotational speed measurement is based upon 

the assumption that the electrostatic signal, at a constant rotational speed, is stationary 

and random. In the cross-correlation method, the signal should be stationary and random 

during the transit time that the shaft took to move through two electrodes. The higher the 

randomness of the signal, the better the measurement accuracy. To meet this requirement, 

the size of the n markers and their distribution around the shaft should be chosen carefully 

to produce a high random signal over one rotation. A pseudo random code is used in sub-

τ 
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section 4.1.2 to achieve a random distribution of markers around the circumference of the 

shaft and hence generating a stationary random signal. 

 

3.2.2 Shaft Vibration Measurement 

 

Figure 3.7 shows a simplified physical model of the electrostatic sensing system for 

displacement measurement. The physical model consists of a metallic shaft, electrically 

isolated point charges fixed on the shaft surface (e.g. points M and N), an electrostatic 

electrode and associated signal conditioning circuit.  

 

 

(a) Normal shaft.                      (b) Eccentric shaft. 

Figure 3.7 Physical model of the sensing system. 

 

A small electrostatically charged marker made of electret film is fixed on the metallic 

shaft. The marker simulates a point charge on the shaft surface.  An electrostatic sensor 

consists of an insulated electrode with a suitable charge detection circuit can detect the 

charge on the marker and generate an output signal through electrostatic induction. 
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Previous research [74] shows that the frequency response of the sensor output depends 

primarily on the circular trajectory diameter D of a rotating point charge fixed on the shaft 

surface (points M or N in Figure 3.7, the distance s between the point charge and the 

electrode, and the angular speed ω of the shaft. For a given point charge on the shaft, the 

rotational motion results in a circular trajectory of the point charge. In the case of a normal 

shaft, the shortest distance between any rotating point on the shaft and the electrode is 

constant, as is its trajectory diameter, which is equal to D. While each point on an 

eccentric shaft rotates along a different circular trajectory and results in a variation in the 

distance s. By analysing the frequency response of the output signal, the displacement 

and hence the imbalance of the shaft can be quantified. When n identical markers (e.g. 

M1…M8) are fixed around the shaft, the output signal is then composed of n pulses 

corresponding to the n markers, as shown in Figure 3.8 

 

(a)                                                    (b)  

Figure 3.8 Distribution of markers on the shaft and corresponding output signal results 

over one rotation (speed=60 rpm). (a) Markers on the shaft.  (b) Sensor output signal. 

 

It is worth noting that the markers M1 and M5 correspond to the shortest and longest 

distance from the shaft surface to the electrode, respectively (Points M and N in Figure 

3.7). 
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Figure 3.9 Decomposition of the output signal into five single signals. 

 

It can be seen from Figure 3.8 that the distance between M4 and the centre of rotation is 

equal to that between M6 and the centre of rotation. Similar dispositions exist with respect 

to points M3-M7 and M2-M8. Consequently, the pulses resulting, respectively, from M6, 

M7-M8 and M4, M3-M2, are identical. Therefore, it would be sufficient to analyse the first 

five pulses (M1-M5) which are distributed over the semi-circumference of the shaft. The 

output signal is first decomposed in the time domain into single pulses corresponding to 

the markers fixed on specific locations around the shaft. The corresponding spectra are 

plotted in Figure 3.9. However, the decomposition should be performed under the 

assumption that the pulses resulting from the markers (point charges) do not overlap with 

each other. Accordingly, the number and arrangement of the markers should be well 

defined in order to satisfy this condition. The number and arrangement of the markers 

around the shaft depend primarily on the shaft diameter, angular speed to be measured 
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and the size of the markers. The markers parameters will be determined and defined in 

the following sections. 

 

Figure 3.10 Amplitude spectra of the decomposed pulses. 

 

Figure 3.10 shows that, when a point charge on the shaft surface rotates closer to the 

electrode (e.g. M1), the frequency at the spectrum crest (fsc1) has a higher value than that 

of a point charge rotating farther to the electrode. When a point charge rotates is closer to 

the electrode, the electrode covers a smaller area of the electric field, and the induction 

occurs for a shorter period and subsequently gives rise to a signal of higher frequency. As 

a result, the closer the distance between the electrode and the shaft surface, the more the 

induced charge on the electrode and the higher the frequency. 

The magnitude frequency response of the output signals due to different point charges on 

an eccentric shaft (different displacements), rotating at a constant speed, shows different 

frequencies at the peak of spectra or the frequency at the spectrum crest (fsc) (Figure 3.10). 

Therefore, the displacement can be derived from fsc. 

 

3.3 Sensing Mechanism 

3.3.1 Principle of Electrostatics 

If an isolated point charge of Q0 coulombs is considered, and if the charge is enclosed in 

the centre of a spherical Gaussian surface, Gauss’ law states that the outward flux of Ef  
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over any closed surface Sc is equal to the algebraic sum of the charges enclosed divided 

by ε, 

  

0 f c

S

Q E dS    (3.5) 

The flux of electric field Ef from the surface may be deduced by 

 

20 4 f

Q
r E


   (3.6) 

where ε is the permittivity and r  is the radius of the sphere, or the distance between the 

particle and the surface. If this Gaussian surface is placed just inside a Faraday cup, then 

the total charge Q would be induced on the cup surface and hence, measurement of the 

total charge Q could be made.  Consider now a small surface area (A) within the Gaussian 

surface. The flux terminating on this surface may be approximated by 

A
f

Q
AE


   (3.7) 

where QA is the charge induced on the surface. 

  

QA will be a fraction of Q0, and can be written as  

0
2A

Q A
Q

r
   (3.8) 

The area A is taken as the surface of the electrostatic electrode, and hence its sensitivity 

to the total charge Q0 may be deduced by re-arranging the previous equation 

  

2
0

AQ A

Q r
   (3.9) 

It is clearly evident, in theory, that the sensitivity to charge increases with respect to the 

magnitude of the charge source and dimensions of the electrode. However, it decreases 

as the distance of separation between the charge source and the electrode increases [75]. 
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3.3.2 Electrostatic Sensing Mechanism 

 

An electrostatic sensing unit is used to sense the induced charge and convert it into 

measurable signal.  The induced charge on the electrode depends on the polarity and 

magnitude of the source charge.  

An electrostatic sensing unit is based upon electrostatic induction phenomenon. This 

phenomenon is used to enable the electric signal generated by the charge on an insulating 

surface to be traced and monitored continuously by a measurement system, whose first 

and principal part is the electrostatic sensing unit. 

 

If a charge source passes in front, or passes the field-of-view of a conducting plate 

(electrode), electric field lines will terminate on the electrode face. This will induce free 

electrons to be drawn to or away from the surface of the electrode (depending on the 

polarity of the charge source) due to electrostatic attraction/repulsion as shown in Figure 

3.11(b). Holes will move in the opposite direction. This phenomenon is known as 

induction [75]. 

 

(a) (b) (c) 

Figure 3.11 Principle of polarization in an electrostatic sensor. (a) An isolated 

conducting plate. (b) An isolated plate in the presence of a nearby charge source. (c) 

Conducting plate connected to earth. 
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If the electrode is insulated from the earth (Figure 3.11(b)), its potential depends on the 

amount of charge, the permittivity of, and their locations, relative to the electrode, 

according to electrostatic principles. The charge due to induction disappears when the 

charge source moves away from the sensing zone of the electrode. 

If the electrode is connected to earth, electrons will flow to or from earth (depending on 

the polarity of the charge source) to counteract this polarization as shown in Figure 

3.11(c). 

In an electrostatic system, the electrode is connected to a signal conditioning unit.  This 

signal conditioner will measure the flow of electrons and produce a measurable output.  

Figure 3.12 is a schematic diagram showing the process of charge detection in an 

electrostatic sensing unit as moving charge passes in the vicinity of the sensor’s electrode.  

 

 

Figure 3.12 Schematic illustration of the electrostatic sensing unit. 

 

3.4 Modelling of the Electrostatic Sensor 

 

In previous research, Wang et al [74] developed simplified physical and mathematical 

models of a strip-shaped electrostatic sensor for a point charge in rotational motion in the 

vicinity of an insulated electrode. Using the established model, current output, spatial 

sensitivity, spatial filtering length and signal bandwidth of the sensor were quantified 

respectively through analytical modelling and numerical simulation. The purpose of the 

modelling was to analyse the effects of physical parameters of the sensor on the 

performance of the measurement system in order to obtain an optimal design of the 

electrode in terms of dimensions and distance with respect to the shaft surface. 
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Figure 3.13 shows an overview of the sensing arrangement in the mathematical 

modelling. The cylinder Cc indicates a metallic shaft with a diameter D, on which 

electrically insulated strip charges and point charge are fixed. A strip-shaped electrode 

with dimensions LxW, made on a small printed circuit board with adequate insulation 

together with grounding around the electrode, can be regarded as a piece of perfectly 

conductive metal and is placed at distance s from the shaft. 

 

Figure 3.13 Electrostatic sensing arrangement in the mathematical modelling. 

 

To simplify calculations and visualize the distribution of the electric field due to the 

interaction between a source charge and conducting surface, the method of images 

together with theories of electrostatics are applied to the mathematical modelling of the 

electrostatic sensor. The validity of the method of images rests upon a corollary of the 

uniqueness theorem. That is to say, the method is based on the fact that the tangential 

component of the electrical field on the surface of a conductor is zero whilst the electric 

field strength in a region is uniquely defined by its normal component over the surface 

that confines that region. The mathematical model of a strip electrostatic sensor for 

rotational speed measurement is shown in figure 3.14. 

(Cc)  
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Figure 3.14 Mathematical model of a strip electrostatic sensor. 

 

Assuming that a point charge +q is located at some position (xp, yp, zp ) and is fixed on 

the shaft which is rotating around the X-axis and the geometric dimensions of the strip 

electrostatic electrode W and L are infinite with zero thickness. Then, according to 

Coulomb’s law and the superposition principle of electrostatic fields, the potential at an 

arbitrary observation point (x, y, z) is evaluated as 
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  (3.10) 

where ε is the permittivity of the medium, (x’, y’, z’) denotes the coordinate of the induced 

charge on the electrode. 
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  (3.11) 

 

Charge density σ on the surface of the electrode is given by 
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  (3.12) 

 

Therefore, the total induced charge Q on the electrode surface is determined from 
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where v = 0.5D + S, yp = 0.5D cosθ , zp = 0.5D sinθ . θ is the central angle that the point 

charge passed by. Substituting v, yp amd zp into equation (3.14), the total induced charge 

Q on the electrode becomes 
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where sgn( 1.5), , , , p
i L W s x

xL W s
i

D D D D
          ,  

 

In this study, the point charge is replaced by a strip charge simulating a strip-shaped 

charged marker with dimensions Am=LmxWm. Accordingly, a mathematical model is 

derived from the model outlined above.  

Assuming that the surface charge density of the marker σm is uniform, the strip charge 

can be considered as the collection of parallel line charges and a line of charge is the 

collection of point charges distributed along a straight line segment. Therefore, the total 

charge on the strip marker is σmAm and the induced charge on the electrode surface due to 

the strip charge is the superposition of the induced charge due to all point charges within 

the strip surface. Hence, the overall induced charge can be obtained by integrating 

Equation (3.15) over the surface of the strip marker 
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 (3.16) 

 

 

where θm is the central angle corresponding to the width of the marker, θm=2Wm/D= 2δWm, 

δLm=Lm/L and σm is the surface charge density of the marker. 

  

For a given angular speed ω, θ= ωt. Equation (3.16) can be rewritten as 

 

/2 4

2
1/2

2

2

(0.5 0.5 cos( )(0.5 ( 1)
( ) arctan

4 (0.5 0.5sin( ))

(0.5 0.5sin( )) (0.5 0.5 cos( ))

(0.5 ( 1) )

W Lm m

W Lm m

i
m w i L x

x
i s

s w i

i
L x

t
Q t d d

t

t t

 

 

      
 

   

      

 

 

 
 
 
 

           
      
 

   

   

 (3.17) 

 

 

3.5 Characteristics of the Electrostatic Sensor 

 

Based on the developed model, the spatial sensitivity, frequency response and the 

bandwidth of the output signal are analysed. Additionally, the sensing zone of the sensor 

can also be defined. The parameters of markers can then be optimised with the aid of the 

modelling results. 
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3.5.1 Spatial Sensitivity 

 

Sensitivity is one of the most important characteristics which affects the dynamic 

performance of the sensor. From Equation (3.8), it can be seen that the charge Q induced 

on the sensor is affected by the location of the strip charge (θ). The spatial sensitivity, 

Ss(θ), is defined by [76] 

0

( )
( )s

Q
S

Q

    (3.18) 

where Q(θ) is the induced charge on the sensor surface and Q0 is the inducing charge on 

the surface of the marker with area Am. 

 

Since Q0=σAm, the spatial sensitivity can be rewritten as 
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 (3.19) 

From equation (3.19) it can be seen that the spatial sensitivity of the sensor, in a given 

location θ and for a given dimensions and position of the electrode, is determined by the 

geometric dimensions of the marker (Wm and Lm). For each of the two parameters, four 

representative cases are considered in this study: Wm /W= 0 (line charge), Lm /D= 1, 3/2, 

2, 4; and Lm /D = 0 (Arc charge), Wm /W =1/2, 3/4, 1, 2. 

Substituting δWm = 0, δs = 1/30, δW = 1/10, δL = 1/3, Am=Lm (line charge) to equation 

(3.19), the effects of the marker length (Lm) on the spatial sensitivity of the sensor are 

illustrated in Figures 3.15 and 3.16. It is evident that the overall sensitivity decreases with 

δLm, particularly when the length of the marker exceeds the length of the electrode. 

Suggesting that the farther the distance that the inducing charge is from the centre of the 
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marker, the less the induced charge that is yielded on the electrode. The sensitivity 

reduces from 30.25% to 29.95% as the δLm increases from 0 to 0.5. 

 

 

Figure 3.15 Spatial sensitivity for variable marker Length Lm (ω=10 rad/s). 

 

 

Figure 3.16 Maximum sensitivity for variable marker Length Lm (ω=10 rad/s). 

 

In the case that δLm= 0 (Arc charge), A= δWm the effect of the marker width on the spatial 

sensitivity is obtained and shown in Figure 3.17 and 3.18. As expected, the spatial 

sensitivity decreases accordingly with the width of the marker δWm. Moreover, δWm affects 

the maximum sensitivity more significantly than the length , especially for δWm<1, 
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because of the circular curve of the marker cross section, which reduces from 30.25 % to 

29% as Wm/W increases from 0 to 0.5. 

Figure 3.17 Spatial sensitivity for variable marker width Wm (ω=10 rad/s). 

 

 

Figure 3.18 Maximum sensitivity for variable marker width Wm (ω=10 rad/s). 

 

3.5.2 Impulse Response 

 

The physical model of the sensing system for rotational speed measurement consists of 

an insulated strip-shaped electrode connected to a signal conditioning circuit with an input 

resistance Ri. The actual output voltage signal and the induced charge are related 

according to the following equation 
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( ) i

dQ
u t R

dt
   (3.20) 

where u(t) is the output voltage and Ri is the input resistance of the conditioning circuit. 

Figures 3.19, 3.20, 3.21 and 3.22 illustrate the output signal and the corresponding power 

for variable length and width of the marker. 

 

Figure 3.19 Output signal of the sensor for variable marker length Lm/L (ω=10 rad/s). 
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Figure 3.20 Maximum signal power for variable marker length Lm/L (ω=10 rad/s). 

 

 

 

Figure 3.21 Output signal of the sensor for variable marker length Wm/W (ω=10 rad/s). 
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Figure 3.22 Maximum power for variable marker length Wm/W (ω=10 rad/s). 

 

3.5.3 Sensing Zone 

 

‘Field of view’ is an essential and significant characteristic for electrostatic sensors 

because the sensor only detects charge in the field of the sensing zone of the electrode. 

The electrostatic field of view used in Morris’s work [77] was defined as the measurable 

maximum range in space detected by the electrostatic sensor when an inducing charge 

passes through the sensing zone of the sensor electrode. The part of charge that is out of 

the range cannot be detected by the electrostatic sensor, thus is the ‘blind area’ of the 

sensor. Field of view is an important parameter that characterises the scope of a sensor 

and is used in this study to determine the maximum number of markers nMmax that can be 

fixed on the shaft surface. 

Assuming a strip charge with dimensions LmxWm, fixed on the shaft surface and is passing 

through an electrode at a constant rotational speed, the corresponding charge induced on 

the electrode can be illustrated as in Figure (3.23), where a peak starts at p1 when the level 

first rises above the baseline and ends at p2 when the level returns to the baseline level. 

The duration from p1 to p2 is taken as the duration of charge passing the electrode tp. The 

electrostatic field of view fv can thus be calculated by the following equation  

 

2 pfv D t   (3.21) 
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where ω the angular speed, D the diameter of the shaft and tp the duration of charge 

passing the electrode. The duration tp can be deduced using  

 

2 1p p pt t t    (3.22) 

 

Figure 3.23 A typical induced charge and corresponding output signal within the 

sensing zone of the electrode. 

 

The proposed measurement methods in this study require that the pulses, by which 

compose the electrostatic signal is composed, should not overlap, so that the 

characteristics of each pulse can be easily extracted and used in the signal processing. 

However, the maximum tp corresponds to the minimum angular speed ωmin. The total 

duration of the n markers is 

 

max max

2
m pT n t




    (3.23) 

where nmmax is the maximum number of markers and T the transit time over one rotation 

of the shaft. 

 

Thus, the maximum number of markers that can fit around the shaft is given by 

 

tp 

tp1 tp2 
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  (3.24) 

 

3.5.4 Frequency Response 

 

The power spectrum Sh(f) of the output signal u(t), can be determined by the Fourier 

transform of its autocorrelation function Rhh 

 

2( ) ( ) j ft
h hhS f R t e dt






    (3.25) 

The analytical solution to the Equation (3.25) is very complex, a numerical method is thus 

used instead to obtain the spectrum and the bandwidth of the signal u(t).  

Figures 3.24 and 3.25 show the power spectral density and bandwidth of the output signal 

for variable width and length of the marker, respectively. It is clear that the electrostatic 

sensor acts as a low-pass. 

The effect of the marker dimensions on the frequency response and bandwidth of the 

output signal is obtained for δWm= 1/2, 3/4, 1, 2, δLm= 1/2, 3/4, 1, 2 and ω=10 rad/s.  

Figures 3.24, 3.25, 3.26 and 3.27 indicate that a larger and longer marker results in higher 

power spectrum amplitude. Moreover, the amplitude of the power spectrum increases 

more rapidly with the length than with the width of the marker. In fact, the length of the 

marker has no influence on the frequency response and bandwidth of the output signal 

because the line charge is rotating at the plane, which is perpendicular to the electrode. 

However, the width of the marker plays a more significant part in the frequency response. 

The frequency response becomes slower when δWm increases and a larger δWm yields a 

narrower bandwidth. 
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Figure 3.24 Normalised power spectral for variable marker length Lm. 

 
Figure 3.25 Signal bandwidth for variable marker length Lm. 

 

Figure 3.26 Normalised power spectral density for variable marker length Wm. 
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Figure 3.27 Signal bandwidth for variable marker length Wm. 

 

3.6 Optimal Design of Electrodes and Markers 

 

3.6.1 Optimal dimensions of the electrodes 

 

Based on this mathematical model of the strip electrostatic sensors established by Wang 

et al, the effect of the geometric dimensions of the electrode, on the performance of the 

sensor was analysed. Through the analysis of the modelling results, the optimal 

dimensions of the electrostatic sensors have been suggested in terms of higher spatial 

sensitivity, higher power spectral density and wider bandwidth. The optimal width of the 

electrode should be in the range of 0.05 to 0.1 of the rotor diameter. The length of the 

electrode should normally be in the range of 20 mm to 50 mm, depending on the size of 

the electronic signal conditioning board. 

 

3.6.2 Optimal dimensions of markers 

 

The analysis in sub-section (3.4) suggests that a longer marker yields a higher power 

spectrum until the length of the marker becomes equal to that of the electrode. When the 

length of the marker exceeds the length of the electrode, the increase in maximum power 

spectrum becomes insignificant. On the other hand, the sensitivity is not affected 
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significantly for δLm=1. Therefore, the optimal length Lm of the marker would be equal to 

the length of the electrode. 

The width of the marker (Wm) is a crucial parameter that affects both, the sensitivity and 

the bandwidth. A wider width gives a higher power spectrum but a lower signal 

bandwidth and lower sensitivity, implying that a trade-off has to be reached in deciding 

the optimal width of the marker. In consideration of the effects of Wm on the spatial 

sensitivity, bandwidth and power spectrum of the sensor’s output, the optimal width of 

the marker is suggested to be between 0.4 and 0.6 of the electrode width. 

3.7 Displacement of an Unbalanced Shaft 

3.7.1 Displacement effect on the frequency response 

 

The effect of the displacement on the frequency response is investigated for a strip shape 

electrode, using different point charges, with the same magnitude, and rotating along 

circular trajectories of different diameters (Figure 3.28(a)). Subsequently, different 

trajectories result in different distances to an electrode (displacement), which is located 

at a fixed distance from the rotation centre. 

Figures 3.28(b) and 3.29(c) show the signal outputs of the electrostatic sensor and the 

corresponding normalised spectra for two different point charges rotating at ω=12 rad/s, 

which is equivalent to 115 RPM.  

 
(a) Two point charges          (b) Sensor output signals.           (c) Spectra of output signals. 

 

Figure 3.28 Sensor’s output of two point charges in rotational motion and its 

corresponding spectra. 
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3.7.2 Characteristics of an unbalanced shaft 

 

In general, all rotating machines produce some form of vibration which is a function of 

the machine dynamics such as imbalance, misalignment, bearing deterioration and 

mechanical looseness. There are three main parameters used to evaluate the vibration 

characteristics of any dynamic system: displacement, velocity and acceleration. 

Imbalance is the most common mechanical fault and source of vibration in rotating 

equipment. Shaft imbalance is a condition in which the centre of mass of the shaft is not 

coincident with the centre of rotation. A static imbalance is a condition of imbalance 

where the central principal axis of inertia is displaced in parallel with the axis of rotation, 

as shown in Figure 3.29 [1], [3], [58]. 

 

 

Figure 3.29 Static imbalance of shaft in rotating machines. 

 

This study is concerned with the static imbalance fault which can be determined from the 

radial vibration of the shaft through instantaneous displacement measurement of the shaft 

surface with respect to a non-moving reference point.  

The vibration due to shaft imbalance can be determined through the displacement 

measurement of the shaft surface with respect to a fixed position (the sensor). However, 

it is essential to establish a mathematical model of the shaft displacement. Figure 3.30 

shows the geometrical model of an unbalanced shaft in rotational motion when an 

electrostatic sensor is used. The simulation results from the mathematical model of the 

shaft displacement will be used in the regression analysis in order to develop an estimated 

regression equation, which gives the displacement as a function of the frequency at the 

spectrum crest (fsc).  Additionally, the modelling results will be used to evaluate the 
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accuracy of the regression model. The model is established with the following 

assumptions:  

 An electrode is placed on the Y-axis, at distance (R0+s0) from the X-axis. The 

position of the sensor is considered as a fixed reference. 

 The circle with diameter 2R0 represents a cross section of a metallic shaft. 

 The rotation center O’ of the circle is offset from the geometric center O by the 

distance e.  

 The rotational motion of the circle about the center O’ simulates an unbalanced 

shaft. 

 The shaft and hence the circle is rotating at a constant angular speed / t   . 

 The displacement s is the distance between the shaft surface and the sensor. 

 The eccentricity e with respect to the radius R is relatively small (e << R). 

 

Figure 3.30 An unbalanced shaft. 

 

From Figure 3.30, R0 is given by 
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2 2 2
0 2 cosR R e eR       (3.26) 

Rearranging equation (3.26) 

2 2 2 2
0cos cosR e e e R       (3.27) 

As the sensor is located at a fixed distance from the X-axis, then 

0 0R s R s     (3.28) 

By substituting R from equation (3.27) to  equation (3.28), the shaft displacement with 

respect to the sensor position can then be determined by 

2
2

0 0 0 2
0

cos 1 sin
e

s R s e R
R

        (3.29) 

As  e << R , then the displacement s(θ) can be approximated by 

0( ) coss s e     (3.30) 

Since θ=ωt, equation (3.30) can be rewritten as 

0( ) coss t s e t    (3.31) 

where s0 denotes the distance between the sensor and the normal shaft and e the 

eccentricity of the shaft.  

Equation (3.31) implies that the displacement of an unbalanced shaft with respect to a 

fixed position could be approximated to a sinusoidal waveform, as illustrated in Figure 

3.31. 

 

Figure 3.31 Displacement function of an eccentric shaft. 
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3.7.3 Estimation of the displacement function of an eccentric shaft 

 

Equations (3.17), (3.20) and (3.25) implies that the spectrum of the output signal is a 

function of ω, s and D. For a rigid shaft supported on rigid bearings, the shaft 

displacement is independent of the shaft angular speed [58]. Since the bandwidth is 

proportional to the angular speed, then the frequency at the spectrum crest fsc has a linear 

relationship with the angular speed. Moreover, the diameter D of each point on the 

eccentric shaft has a direct relationship with the displacement (D + s = K), where K is a 

constant (Figure 3.24). Thus, the frequency of the spectrum crest fsc can be normalised to 

the angular speed and can be expressed as a function of the displacement s 

( )
fsc

fsc F s
     (3.32) 

From equation (3.32), the displacement could be determined analytically as a function of 

the normalised frequency of the spectrum crest 

 

1( )s F fsc
   (3.33) 

The frequency at the spectrum crest is determined where the spectrum amplitude slope is 

equal to zero 

( ( ) )
0sd H f

df
 , at f=fsc  (3.34) 

However, the analytical solution to equation (3.34) is very complex, a polynomial 

regression analysis is thus used instead to estimate the relationship between the two 

variables, the displacement s and fsc.  

From Table 3.1, the displacement s can be estimated as 

 

3 2
3 2 1 0 sc sc scs p f p f p f p         (3.35) 

 

where p0=0.00916; p1=-0.006206; p2=0.001786; p3= -0.0001922; sc
sc

f
f

  . 
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Figure 3.32 Relationship between displacement and normalised fsc. 

 

Table 3.1 fsc+ at different displacements and diameters. 

s (mm) D (mm) Θ (rad) fsc+ Fit std. error 

1.50 60.50 1.57 2.90 -0.16% 

1.56 60.44 1.67 2.81 0.05% 

1.62 60.38 1.76 2.73 -0.03% 

1.68 60.32 1.86 2.65 0.05% 

1.74 60.26 1.96 2.58 0.01% 

1.80 60.20 2.05 2.51 -0.01% 

1.86 60.14 2.15 2.44 0.00% 

1.92 60.08 2.25 2.37 0.03% 

1.98 60.02 2.34 2.32 -0.11% 

2.04 59.96 2.44 2.26 -0.10% 

2.10 59.90 2.54 2.20 0.07% 

2.16 59.84 2.63 2.15 0.03% 

2.22 59.78 2.73 2.10 -0.06% 

2.28 59.72 2.83 2.06 -0.03% 

2.34 59.66 2.92 2.01 -0.07% 

2.40 59.60 3.02 1.97 0.00% 

2.46 59.54 3.11 1.93 -0.02% 
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For an eccentricity of 0.5 mm (δe=1/120) and ω =100 rad/s (955 RPM), the displacement 

fluctuation is 1 mm, resulting in a variation in fsc of 100 Hz (simulated result). Hence, the 

measurement sensitivity is 0.01 mm/Hz. If the signal is acquired over one second, then 

the measurement resolution would be 0.01 mm. 

Using equation (3.35), displacement values can be estimated for each fsc. It can be seen 

from Figure 3.33 that the displacement distribution of an eccentric shaft is similar to a 

sinusoidal distribution function, which agrees with the displacement function of an 

unbalanced shaft. At a given angular speed ω, the distribution of s can be fitted to a 

sinusoidal function. Hence, the displacement function can be written as 

 

( ) coss t A t B    (3.36) 

where A= -e, which denotes the eccentricity of the shaft and is unknown and B=s0 which 

is a constant representing the displacement of a normal shaft. 

 

                                                     

(a)                                                              (b) 

Figure 3.33 Displacement values and its fitted curve. (a) Displacement values over two 

rotations. (b) Fitted curve of the displacement distribution. 
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(a)                                                          (b) 

Figure 3.34 Comparison of the displacement measurement and the relative difference 

between the electrostatic sensor and the simulated reference. (a) Compasrison of 

displacement measurments. (b) Relative difference. 

      
Figure 3.34 shows a comparison between the reference simulation results and the 

modelling results. It is evident that the mathematical modelling results follow closely the 

reference simulation results, and the small discrepancy is due to the curve fitting errors.  

As a result, the property of the electrode in the frequency domain, being the frequency at 

the spectrum crest fsc, has been used to establish a method to measure the instantaneous 

displacement of the shaft and hence the vibration of an unbalanced shaft is quantified. 

 

3.8 Summary 

 

This chapter has introduced the measurement principles of the rotational speed and 

vibration of metallic shafts using electrostatic sensors. The mathematical modelling has 

been established upon the electrostatic sensing mechanism. The established model is 

based on a strip charge simulating a strip charged marker rotating over the electrode. The 

strip charge can be considered as the collection of parallel line charges and a line of charge 

is the collection of point charges distributed along a straight line segment. Based on the 

developed model, spatial sensitivity, impulse response, sensing zone and frequency of the 

sensor have been quantified respectively through analytical modelling and numerical 

simulation. Moreover, the effects of physical parameters of the markers on the 

performance of the measurement system are analysed to obtain the optimised design of 

the markers. 
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Chapter 4  

Design and Implementation of the Electrostatic Sensor 

Based Measurement System 

 

4.1 Introduction 

 

The following chapter presents a description of the electrostatic sensors based 

measurement system that was used to obtain the results described in chapter 5. The 

electrostatic sensors based measurement system combines sensing and processing 

capabilities for online rotational speed and vibration measurement of rotating shafts. 

The system operates by acquiring the signal produced by the rotational motion of charges 

on the shaft surface (charged markers on the shaft) and using analogue and digital 

processing techniques to yield the rotational speed and vibration measurement of the 

rotating shaft.  

The measurement system can be divided into subsystems to manage signal acquisition, 

signal conditioning and digital processing requirements.  

The functional block diagram for the measurement system is shown in Figure 4.1. The 

electrode, acting as the sensing elements, generates induced charge or current in response 

to the rotational motion of the charged markers fixed on the shaft.  
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Figure 4.1 Functional block diagram of the measurement system 

The signal conditioning circuit converts, amplifies and filters the induced charge or 

current into proportional voltage signal at a suitable level for A/D conversion. The digital 

sampling is performed by an embedded system, realized with an on-board 

microcontroller. The digital signal processing is also performed on-board and the results 

is displayed on a LCD. The digital signal is also sent to a PC user interface via USB 

connection to be processed by a bespoke software system which was developed using 

LabView in order to achieve an on-line measurement. This can provide additional 

flexibility and wider range of functionalities.  

 

The following sections describe these processes in detail. 

 

4.2 Markers Design 

 

4.2.1 Electret Markers 

 

Electrets are dielectric materials that are in a quasi-permanent electric polarization state 

(electric charges or dipole polarisation). They are electrostatic dipoles, equivalent to 

permanent magnets but in electrostatics, which are able to maintain electrostatic charges 

on their surface through time and can keep an electric field (and a surface voltage Vs) for 

years due to the charge trapping phenomenon [78]. Electrets are obtained by implanting 

electric charges into dielectrics. Theoretically, dielectrics do not conduct electricity. 

Therefore, the implanted charges stay trapped inside. Various electret fabricating 

processes have been proposed in the state of the art, among which, corona discharge is 

one of the most widely adopted technologies in both laboratories and industries [79]. 

Figure 4.2 shows a schematic and a device prototype of the corona charging setup. It 

consists of a point-grid-plane structure whose point is subjected to a strong electric 

voltage. This leads to the creation of a plasma, made of ions. These ions are projected 

onto the surface of the sample to charge, and transfer their charges to the dielectric layer's 

surface. The grid is used to limit the surface voltage Vs of the electret to a required value. 

Nevertheless, dielectrics are not perfect insulators and implanted charges can move inside 
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the material or can be compensated by other charges or environmental conditions (dust, 

humidity), and eventually disappear. Therefore, it is primordial to choose stable electret 

materials to develop electret-based electrostatic sensors. Nowadays, a focal area of 

research on electrets concerns the charge stability [79]-[81]. However, Teflon®, Silicon 

Dioxide (SiO2) and CYTOP are known as good electrets and are the most used electrets 

in electret-based energy harvesters [79] and in MEMS devices [82], [83]. 

In this work, Teflon® FEP is chosen as the electret material for its compatibility with 

large surface manufacturing, conformability and stability [84]. FEP has very high 

dielectric strength up to 2.6×108 V/m, much higher than the breakdown electric field of 

the air (3×106 V/m). Additionally, metal masking has been used to pattern the electret 

surface, especially for its simplicity of implementation [85]. A 127µm-thick FEP film 

glued on an Aluminium electrode and polarized by a Corona triode discharge has been 

used for the electret. The Corona discharge uses multiple points to polarize a large area. 

The copper metal mask, cut by laser etching, is placed at the surface of the electret during 

the charging process and electrically connected to the grid.  

 

 

(a) (b) 

Figure 4.2 Corona discharge device (a) Schematic and (b) Device prototype (CEA-
LETI). Adapted from [79]. 

The electret is charged during 15 minutes with Vp=-16000V and Vg=-700V, where Vp is 

the voltage on the points and Vg the voltage on the grid. At the end of the charging process, 

the electret surface voltage is equal to Vg in the copper masks' holes and to 0 under the 

metallic parts. 
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4.2.2 Generation of a Periodic Random Signal 

 

The electrostatic signal is composed of a series of pulses as shown in chapter 3. Each 

pulse results from the rotational motion of a charged marker with respect to the 

electrostatic sensor. However, the pulse waveform and characteristics depend on the 

dimensions of the marker, for a given sensor arrangement. The width of the marker affects 

significantly the pulse width and thus the frequency response of the output signal. The 

length has no effect on the waveform but it affects the amplitude of the pulse.  

Each resulting pulse corresponds to a specific marker on the shaft. Consequently, the 

signal waveform over one rotation of the shaft depends primarily on the distribution and 

positions of the markers. In order to generate a random signal over one rotation of the 

shaft, the positions of the markers on the shaft should be randomly distributed. 

Additionally, the dimensions and more specifically the width of the markers should also 

be chosen randomly. 

To achieve a random distribution of the markers with random sizes, a pseudo-random 

code was developed in Matlab. The maximum width and the number Nmmax of the markers 

have been determined in sub-section 3.4. The length over which the marker will be 

distributed is equal to the perimeter of the shaft circumference. 

Figure 4.4 is the flowchart of the basic structure for the pseudo-random code that was 

used to generate random positions and widths of markers. 

Dielectric material 

Electrode 

+ + + + + + + + + + + + 
Electret 

- - - - - - - - - - - - - - - - 
Electrode 

Trapped  
charges 

Figure 4.3 An electret film [79]. 
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Figure 4.4 Flowchart of the pseudo-random code used to generate random positions and 
widths of markers. 

 

Figure 4.5 shows a typical example of a random distribution of eight markers over the 

rotor circumference using the pseudo-random code in Figure 4.4.  

 

 

Figure 4.5 Example of pseudo-random distribution of eight markers.  
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In Figure 4.5 the normalised marker position is the distance of the marker from an origin 

position on the rotor circumference. The normalised marker width is the width of marker 

over the maximum width, which is determined in the sub-section 3.5.2. Figure 4.6 is the 

generated pseudo-random signal resulting from the markers distribution of the Figure 4.5 

over one rotation. 

 

 

Figure 4.6 Resulting signal from the markers distribution in Figure 4.4 over one rotation 
(90 rpm).  

Figure 4.7 and 4.8 show a typical example of a random periodic signal resulting from the 

distribution of eight markers and its corresponding autocorrelation function. 

 

Figure 4.7 A typical example of a random periodic signal.  
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The autocorrelation function in Figure 4.8 is used to test the randomness of the generated 

signal. The dominant peak occurs after one complete rotation of the shaft indicating the 

periodicity of the signal, while the low sidelobes of the autocorrelation with respect to the 

peak at t=0 confirms the randomness of the signal within a complete rotation of the shaft. 

 

 

Figure 4.8 Autocorrelation of the generated signal in Figure 4.6 (90 rpm).  

 

4.3 Signal Conditioning Design 

 

4.3.1 Acquisition Methods of Electrostatic Signals 

 

The signal conditioning circuit is designed to detect and measure the electrostatic charge 

on a rotating shaft surface. However, the signal conditioning circuit is dealing with a 

random and a small magnitude of charge resulting in a very weak induced current signal 

on the electrode (of the order of nA). A typical signal conditioning circuit for electrostatic 

sensor consists mainly of an analogue signal acquisition unit (preamplifier) and a signal 

amplifier.  The acquired signal must be amplified before it can be converted to digital 

form, ideally to a voltage range large enough to make full use of the available A/D 

converter resolution. There are several ways how this can be accomplished, which are 

discussed in the subsequent sections. 
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4.3.1.1 Voltage amplifier 

 

The most obvious way to amplify the signal is to use a straightforward voltage amplifier. 

In this case, a high input impedance amplifier is used to detect the voltage induced on the 

electrode by a nearby charge on the shaft surface. The solution of Poisson’s equation 

 

 2

0

q


      (4.1) 

With appropriate boundary conditions governs the voltage, Φ, induced on an electrode 

due to the presence of free charge, ρq, in a dielectric medium and where ε0 is the 

permittivity of free space. If the sensor electrode is connected to the input of an amplifier 

with a very high impedance, then this voltage can be amplified directly to obtain a voltage 

level appropriate to the A/D converter [86], [87]. There are, however, several factors that 

must be taken into consideration when using this method. 

Firstly, the voltage induced on the electrode is small, and the effective output impedance 

of the signal source is very high, as any current leaking from the electrode rapidly reduces 

the voltage induced by a charge. This means that the finite input impedance of a practical 

amplifier will degrade the signal by leaking away the voltage through the internal 

impedance of the amplifier. In addition, the various input capacitances must be considered 

in the electrode output. The effect of these capacitances has been analysed in detail [88], 

but the calculations require that input capacitances are known in advance. In practice, this 

is difficult to do accurately and estimates must usually be made, with their associated 

errors. 

4.3.1.2 Charge amplifier 

 

The charge amplifier is a variation of the inverting amplifier with a charge source instead 

of a voltage source. It is, however, important to note that the charge amplifier does not 

amplify the charge itself, but instead produce an output voltage proportional to the input 

charge. In that way, the charge amplifier can be considered as a charge-to-voltage 

converter. Charge amplifiers can be used in the measurement of induced electrostatic 

charge on the electrode which can be converted into voltage. Common applications of 
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charge amplifiers include amplification of signals from devices such as piezoelectric 

sensors and photodiodes, in which the charge output from the device is converted into a 

voltage. Charge amplifiers are also used in the readout circuitry of CCD imagers and flat-

panel X-ray detector arrays [89]. The amplifier is able to convert the very small charge 

stored within an in-pixel capacitor to a voltage level that can be easily processed. 

The basic schematic diagram of the charge amplifier circuit is shown in Figure 4.9. The 

induced charge signal Qin is the total induced charge on the electrodes, and Vout the output 

of the charge amplifier circuit is a voltage signal. 

 

Figure 4.9 Charge amplifier.  

 

In Figure 4.9, Cin is the sum of the electrode capacitance and the input capacitance of the 

operational amplifier. While Rin represents the total insulation resistance at the input. Vin 

is the voltage between the two inputs of the op-amp. Assuming that Rin is very high, from 

the Figure 4.9, the amount of the input charge can be described as, 

 

 in i fQ Q Q    (4.2) 

And since Q = VC, the above equation can be written as, 

 



Chapter 4 Design and Implementation of the Electrostatic Measurement System 

76 
 

 in in in f fQ V C V C    (4.3) 

If the open-loop gain of the op-amp is large enough, then Vin =0 can be obtained. The 

input charge only charges the feedback capacitor Cf, and the voltage of Capacitor Cf  is 

equal to Vf. Then the output of the charge amplifier Vout circuit is 

 

 out fV V   (4.4) 

Combined with Equation (4.3), Equation (4.4) can be written as 

 

 in
out

f

Q
V

C
    (4.5) 

Therefore, theoretically the output voltage of the charge amplifier circuit is in direct 

proportion to the input charge and is inversely proportional to the feedback capacitance, 

and it has nothing to do with the other elements of the circuit. The high frequency 

characteristics of the circuit are mainly related to the open-loop frequency response of the 

Op-amp. Consequently, the upper-frequency limit of the pass band is determined by the 

open loop bandwidth of the operational amplifier. 

However, the ideal circuit shown above is not a practical design for a number of reasons. 

Practical op-amps have a finite open-loop gain, an input offset voltage and input bias 

currents. This can cause several issues for the ideal design; most importantly, if Vin=0, 

both the output offset voltage and the input bias current can cause current to pass through 

the capacitor, causing the output voltage to drift over time until the op-amp saturates. To 

counter this, a large resistor Rf  is inserted in parallel with the feedback capacitor, as 

shown in Figure 4.9. Subsequently, the feedback resistor Rf bleeds the charge off the 

capacitor Cf at low frequencies to prevent the amplifier from drifting into saturation. 

Resistor Rf also provides a DC bias path for the negative input.  
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Figure 4.10 Practical circuit of a charge amplifier.  

From the equivalent circuit in Figure 4.10, the output voltage Vout of the charge amplifier 

is expressed as 
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  (4.6) 

For a very large open-loop gain (A >106), Equation (4.6) can be simplified into 
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  (4.7) 

As can be seen from Equation (4.7), the effect of the input capacitance and resistance on 

the output voltage is negligible. It is also noticeable that the feedback capacitor and 

resistor form a RC-high-pass filter, suggesting that the integrating behaviour at low 

frequencies is suppressed by Rf. The cut-off frequency of the filter is given by, 
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   (4.8) 
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The feedback resistor does not affect the gain. Thus, the Cf value can be chosen according 

to the required gain, then Rf value can be identified that creates an appropriate frequency 

response.  

The frequency response of a practical charge amplifier is shown in Figure 4.11. 

 

Figure 4.11 Frequency response of a practical charge amplifier.  

 

The gain of the practical amplifier increases from 0 Hz to the low frequency cut-off 

point, ƒC at 20dB/decade as the frequency increases. Beyond ƒc, all frequencies are pass 

band frequencies with a constant gain 1/Cf. while the upper-limit frequency is determined 

by the closed loop bandwidth of the op-amp. Therefore, the charge amplifier operates at 

frequencies greater than the cut-off frequency fc where actual integration of the input 

signal is possible. The lower frequency components below fc are subject to lower gain 

and distortion as a result of the high pass filtering effect. 

In order to improve the low-frequency response, the cut-off frequency should be 

decreased. This could be achieved by increasing the value of Rf. In this case, the bias 

current of the amplifier can cause problems with large values of Rf because of the large 

offset voltages which may occur. The low frequency response can also be extended by 

increasing Cf but this has the side effect of reducing the gain and worsening the system 

signal to noise ratio. While the upper cut-off frequency is relatively high, it is limited in 

practice by the ability of the resistor to discharge the capacitor.  
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Therefore, there is a trade-off between the gain and the resistor’s ability to discharge the 

capacitor and provide a dc bias-current path for the inverting input terminal. 

 

4.3.1.3 Current-to-Voltage amplifier 

 

The signal induced on the electrode is time-dependent, as it responds to the continually 

rotating charge on the shaft surface. This change of charge with time, dq/dt, can be 

considered as an input current. To produce an output in the form of a voltage, a current-

to-voltage amplifier can be used. 

Current-to-voltage converters are among the most used circuits for many different 

applications. For instance, they are used to characterize solar cells [90], analyse material’s 

electrical properties [91]  and in AFM microscopes [92]. The industrial applications 

comprises the use in transducers, Ethernet connections [93] and fibre-optic 

communications [94]. 

Nowadays, the family of current-to-voltage converters is typically called Trans-

Impedance Amplifiers (TIA).  

Figure 4.12 shows a typical circuit of the current-to-voltage converter. Iin is a current 

source. The capacitance Cin is the sum of the source capacitance and the input capacitance 

of the operational amplifier, while the resistance Rin represents the input resistance of the 

current source and the operational amplifier. A resistor Rf is used in the feedback line 

connected across an inverting amplifier with an open-loop voltage gain of (−A). 
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Figure 4.12 Current to voltage converter.  

Let Zin represent the parallel impedances of Rin and Cin. Then, using Kirchhoff’s current 

law, 
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    (4.9) 

Substituting, 
Vout

Vin
A

   into Equation (4.9), where -A is the open loop gain of the op-

amp, gives 
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       (4.10) 

Solving for Vout gives 

 f in in
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  (4.11) 

At low frequency, an op-amp has a very high and approximately constant open-loop gain 

A. By inspection of (4.11), it is clear that for high values of A,  
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 out f inV R I    (4.12) 

Therefore, by using a Trans-Impedance Amplifier, the input impedance at low frequency 

can be ignored. 

However, at high frequency, the input capacitance can no longer be ignored. The input 

capacitance creates a pole in the frequency domain. To mitigate this effect, a small-value 

compensating capacitor (Cf in Figure 4.13) can be added in parallel with the feedback 

resistor to make the circuit stable.  

 

Figure 4.13 Practical circuit of current to voltage converter.  

 

When this feedback capacitor is considered, the output of the amplifier becomes 
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If A>>>, Vout can be approximated to 
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  (4.14) 

While adding Cf to compensate the input capacitance and stabilize the circuit, it also 

introduces a pole in the frequency response of the amplifier at 
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A decrease of Cf, however, will increase the bandwidth of the amplifier, but at the expense 

of the stability of the system. Therefore, the stability of the current-to-voltage converter 

is traded off for its bandwidth.  

In order to improve the high-frequency response of the practical current to voltage 

converter, the value of Cf should be cautiously chosen. A compensation capacitor that is 

too small value may cause the system to exhibit a large overshoot and long ringing, or 

even self-sustained oscillations at high frequency. With a value too large, the bandwidth 

of the amplifier will be reduced and the system will respond slowly. In general the 

capacitor’s value is determined empirically to reduce the pole’s band-limiting effect. 

 

4.3.2 Induced Signal Properties and Design of the Preamplifier 

 

In general, the magnitude of the total charge induced on the electrode, at the highest 

sensitivity of the electrode, is in the range of nC. Consequently, the induced current 

resulting from the rotational motion of the charge is of the order of a few nA. 

The A/D converter used to digitise the sensor output signals has an input range of 0 V to 

3.3 V. This means that a large amplification is required (G~107) in order to make full use 

of the available A/D resolution. Clearly, then, an amplifier is required to convert the 

sensor’s signal into a usable signal.  

The bandwidth of the input signal is primarily a function of the rotational frequency and 

also depends on the geometric parameters of the electrode and rotor. In this study, the 

rotational speed varies between 30 rpm to 3000 rpm. This means that the frequency of the 

electrostatic signal collected is around 50 Hz at the highest rotational speed.  
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Additionally, the mathematical modelling showed that, the electrostatic sensor electrode 

acts as a low-pass filter, thus suppresses the high frequency components. 

In the previous section, different signal acquisition methods were investigated. According 

to the signal properties and the measurement requirements, the preamplifier topology and 

parameters can then be defined. 

Voltage amplifiers are usually simpler in their design but suffer operational disadvantages 

when compared to charge and transimpedance amplifiers. There are several factors that 

must be taken into consideration such the dependency of the input impedance on the 

output voltage. 

The two other methods, being the charge and the current amplifiers, seem to be more 

suitable for electrostatic sensors. The performance of these two amplifiers will be 

analysed and compared in order to select the best preamplifier topology for the 

conditioning circuit of electrostatic sensors. 

Both circuits are adequately modelled by an operational amplifier with an RC feedback 

network as shown in Figures 4.9 and 4.12.  However, the two circuit have exactly the 

same layout but they may behave differently depending upon the measurement 

conditions. 

In the case of a TIA, the amplifier behaves as a current-to-voltage converter, however, in 

other circumstance; the exact same circuit could act as a charge-to-voltage converter 

(charge amplifier). Hence, it is of crucial to employ the adequate transfer function at the 

right conditions. Between all the measurement conditions, the frequency of the input 

signal is, likely, the most important parameter. If the input frequency is below the low 

pass band filter formed by Cf Rf, the circuit behaves as a TIA. However, if the frequency 

increases, the current gain of the topology decreases with a slope of -20 dB/decade and 

more importantly, a charge-to-voltage gain appears, the capacitor starts to dominate, as 

its impedance is very low at high frequency. The signal passes through the capacitor more 

than the resistor. Consequently, the amplifier begins to amplify charge rather than current 

as clearly shown in Figure 4.14, this gain is of special importance while measuring the 

input charge.  
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Figure 4.14 Current gain and Charge gain as a function of the frequency.  

At low frequencies, the feedback capacitor can be considered as an open circuit, hence, 

almost no current flows through it. Consequently, if the current is primarily low 

frequency, the current will circulate through the feedback resistor at a gain Rf. However, 

the impedance of the feedback capacitor, decreases for higher frequency values. Hence, 

at higher frequency, some charges may start to flow throughout the capacitor path, as the 

capacitor impedance could reach the value of the resistor impedance. Consequently, as 

frequency increases, the amplifier may stop amplifying current and start amplifying 

charge. Table 4.1 presents a summary of the gains, bandwidth and signals to measure for 

each amplifier. 

 

Table 4.1 Comparison between TIA and charge amplifiers. 

Amplifier topologies 

 Converter type Simplified Output Frequency range 

TIA Current-to-Voltage Vout= -Rf Iin 0< f <1/2πCfRf 

Charge amplifier Charge-to-Voltage Vout=-Qin /Cf 1/2πCfRf < f  

 



Chapter 4 Design and Implementation of the Electrostatic Measurement System 

85 
 

Referring to the Figure 4.14 and Table 4.1, it can be concluded that the TIAs are more 

suitable for low pass signals while the charge amplifiers are more suitable for high pass 

signals. 

 

4.3.3 Preamplifier Design 

 

Since the induced signal is a low pass signal as shown in the signal analysis in sub-section 

4.3.2, a TIA is used to design the preamplifier of the conditioning circuit to convert and 

amplify the induced signal. The preamplifier circuit is shown in Figure 4.15. In this 

circuit, the resistor Rf  is used in parallel with the capacitor Cf in the feedback line to 

control the gain and frequency bandwidth. This creates a pole at ω=1/CfRf, which rolls off 

the gain at high frequencies, increasing the stability of the amplifier. 

The value of the resistor Rf in the feedback loop determines the gain of the amplification. 

 

  

Figure 4.15 Circuit of the preamplifier.  

 

The cut-off frequency of the circuit can be given as 
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The resistor Rf biases the amplifier’s gain. The capacitor Cf is open in low frequencies 

and current passes through Rf. In the frequency higher than fc the Cf is dominant and 

efficiently reduces the output gain. The value of both feedback capacitor and feedback 

resistor can affect the amplifier frequency bandwidth. The resistor Rf is selected in a way 

that it produces the interested gain for the circuit; so, the bandwidth would be adjusted by 

selecting the suitable feedback capacitor. 

One limitation of using the resistor in the feedback path, especially for large value, is the 

biasing current. In the amplifier, the flow of the input-bias-current through the feedback 

resistor creates an output voltage offset. The larger the gain resistor, the greater this effect. 

To minimise these effects, transimpedance amplifiers are usually designed with FET 

input Op-amps that have very low input offset voltage and input bias current. In addition, 

the same value of the resistor and capacitor can be used in the positive input of the Op-

amp to prevent any possible offset voltage from amplification. 

 

4.3.4 Voltage amplification stage 

 

The output signal from the current-to-voltage amplifier may still be relatively weak to be 

sampled by an A/D converter. In addition, the output signal should make full use of the 

whole range of the A/D converter. Thus, it is suggested an adjustable-gain amplifier to be 

used as a second stage of amplification. The amplification gain of the first stage should 

be designed to amplify the highest available level of the induced signal to an interested 

level. Hereafter, the second amplifier with adjustable gain capability will be applied to 

amplify the output of the first stage to a level of interest. 

The schematic of the amplification stages is shown in Figure 4.16. 
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Figure 4.16 Two amplification stages of the conditioning circuit.  

In this circuit, an instrumentation amplifier is added to the signal conditioning circuit to 

able the circuit to be used for a wider range of electrostatic signal detection and 

amplification. Triple Op-amp topology for instrumentation amplifier, in Figure 4.16 is an 

integrated circuit with three Op-amp and several resistors. Instrumentation amplifier 

amplifies the electric potential difference between its two inputs. It has a high common 

mode rejection, low output offset and high input impedance [95]. The first two integrated 

Op-amps of the instrumentation amplifier provide voltage gain as a non-inverting 

amplifier and the last Op-amp is a unity gain amplifier where in its integrated circuit 

R1=R2, and R3=R4=R5=R6. The most advantage of the instrumentation amplifier is its 

gain adjusting design. The gain Ginst can be adjusted only with a single external resistor 

Rg using the following equation 

 

 12
1inst

g

R
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R
    (4.17) 

As can be seen from Figure 4.16, Rg is a key component in the circuit that controls the 

input to output impedance ratio, i.e. the magnification of the secondary-amplifier. In this 

design, a digitally controlled potentiometer (DS1844-100) is used to control the amplitude 

of the signal. 

The total gain G of the signal conditioning circuit would be the multiplication of the gain 

in two stages, which is 
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  (4.18) 

 

4.3.5 Voltage Reference 

 

The induced signal is a bipolar signal while the A/D converter used for digitisation can 

only accept positive input voltages i.e., 0-3.3V, so the amplifier output voltage is required 

to swing about the midpoint of the converter range. Therefore, Vref is used to bias the 

instrumentation amplifier between 0V and VDD (VDD=3.3V). 

The reference voltage is generated using a simple resistive voltage divider network tapped 

off with the output determined by, 

 8

7 8
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V V

R R



  (4.19) 

The resistors used in the voltage divider are high tolerance resistors (+-0.5%) and are 

matched during circuit construction. The schematic diagram for the Vref circuit is shown 

in Figure 4.17. The Vref output has to be as noise free as possible to ensure that it does not 

create additional noise in the sensor system. Capacitors C1 and C2 are used to eliminate 

power supply (VDD) pick-up noise. An Op-amp is connected in a voltage follower 

configuration on the output of the voltage divider network. This is used to ensure a stable 

output voltage and remove any cross-coupling. The use of an Op-amp also allows higher 

values of resistors to be used in the voltage divider network to reduce power consumption. 
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Figure 4.17 Voltage reference circuit.  

 

4.3.6 Anti-Aliasing Filter 

 

In order to conduct an accurate cross-correlation calculation of two digital signals, an 

essential step is to remove noises from the signals before they are sampled by an A/D 

converter. A Sallen-Key Butterworth second-order low-pass active filter is adopted to 

eliminate high-frequency noise in the signal as well as for the purpose of anti-aliasing 

[96]. Figure 4.18 shows the schematic diagram of the Sallen-Key filter. 

As can be seen from Figure 4.18, an operational amplifier is used as a buffer, although 

the emitter follower is also effective. The transfer function H(s) for the filter shown in 

Figure 4.18 is 
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where the cut-off frequency fc and Qf factor are given by 
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The Qf factor is the key parameter in filter design, which determines the height and width 

of the peak of the frequency response of the filter. As Qf increases, the filter will tend to 

"ring" at a single resonant frequency near the fc . In order to achieve maximally flat pass 

band frequency response, the value of Qf factor is set as 0.707. The transfer function of 

the filter can be rewritten as follows according to Equations (4.20), (4.21) and (4.22). 
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  (4.23) 

 

In order to avoid aliasing, the sampling rate should exceed twice of the cut-off frequency 

of the low-pass filter. 

 

Figure 4.18 Anti-aliasing filter.  
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4.3.7 Simulation Results 

4.3.7.1 Circuit simulation 

 

The signal conditioning circuit is simulated with the Multisim simulator to investigate the 

circuit for its frequency bandwidth and gain. Figure 4.19 shows the signal conditioning 

circuit. The parameters of the signal conditioning circuit are optimized in Multisim. 

 

 

Figure 4.19 Schematic of signal conditioning circuit.  

 

A 10 nA current source with 50 Hz frequency is selected simulating the induced current. 

A 10 MΩ resistor and a 20 pF capacitor are chosen for feedback resistor R1 and feedback 

capacitor C1. To compensate the effect of bias current the same value component in the 

feedback loop connected the non-inverting input of the Op-Amp to the ground. As it 

mentioned, the circuit model of the electrode is a high-output impedance source. To 

maximise the power transfer between the electrode and the signal conditioning circuit, a 
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high input impedance FET amplifier, OPA2132 [97] is chosen for signal acquisition 

stage. The OPA2132 amplifier is a low distortion, low noise, FET-input Op-amp. 

In the next stage, a high-accuracy instrumentation amplifier AD623 [98] is used as a 

second and adjustable amplifier. The amplifier has a low offset voltage of maximum 100 

µV, and it has a gain equation accuracy of 0.5 %. The gain equation for this amplifier is 

given as 
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    (4.24) 

To prevent the saturation in the output voltage range, a 250 Ω resistor R5 is used in series 

with digital potentiometer DS1844. The Rg in Equation (4.24) is provided to adjust the 

output voltage in the level of interest. The gain of the preamplifier is equal to the value 

of the R1 (107). 

From Equation (4.24) and values of Rg, the gain of the instrumentation amplifier changes 

from 1.43 when the digital potentiometer is set in maximum range to 201 when the 

potentiometer is adjusted to Zero. The total gain range of the proposed signal conditioning 

circuit can be given by multiplication of these two stages that is an adjustable value from 

1.43x107 to 201x107. 

From Equation (4.16), the frequency bandwidth of the circuit is determined by the 

feedback resistor R1 and the feedback capacitor C1. It is equal to 796 Hz, and it seems to 

be a suitable bandwidth for electrostatic sensor where the higher frequency of the 

electrostatic signal is not expected. Additionally, the electrostatic signal is further filtered 

by a Sallen-Key low-pass filter with a cut-off frequency of 7.2 kHz in order to allow the 

full range of the signal through without attenuation. 

The frequency response of the circuit is provided using an AC analysis in Multisim is 

shown in Figure 4.20. It verifies the calculated gain and bandwidth of the system when 

the circuit is adjusted for the maximum gain. 
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Figure 4.20 Gain characteristics of the signal conditioning circuit.  

 

4.3.7.2 Noise analysis 

 

Noise is an electrical or electromagnetic energy that can damage the main signal. Thermal 

noise, Shot noise and Flicker noise are three main noises that can be contributed from 

resistors and semiconductors to the circuit. The noise investigation using the Multisim 

simulator will give useful information about the noise contribution from each component 

as well as the filtering design efficiency. To investigate the noise, gain is adjusted to its 

maximum level where the noise is amplified with the signal to its highest level. The 

potentiometer is adjusted to zero. Figure 4.20 shows the noise spectrum of the total output 

noise of the circuit. 

The noise spectrum in Figure 4.21 shows a great amplitude reduction on 796 Hz which is 

equal to the circuit’s cut-off frequency. Both Op-amps in the circuit are considered as a 

low-noise amplifier.  
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Figure 4.21 Total output noise spectrum.  

The electrode of the electrostatic sensor acts as an antenna that can detect any electric 

fields in its detecting area, including unwanted fields from environmental sources. The 

sensor amplifies unwanted extrinsic noises along with the main signal which causes the 

output signal to be contaminated by unwanted extrinsic noise. One of the most extrinsic 

noise problems can be imposed from a 50 Hz or 60 Hz power line. This kind of noise 

cannot be easily eliminated using a low-pass filter because its frequency coincides with 

the range of the desired signal’s frequency. In most previous research related to 

electrostatic sensors an earthed metal screen is proposed to protect the electrode from 

detection of electric field’s sources [99]. However, adding a screen to cover the whole 

electrode and signal conditioning cannot guarantee the total rejection of the external 

electrical interference. 

4.4 Digital Signal Processing 

4.4.1 Signal Analysis and De-noising Approach 

4.4.1.1 Signal analysis 

 

The output signal from an electrostatic sensor is a random and low pass signal as shown 

in Figure 4.22. The signal is also periodic due to the rotational motion. Its bandwidth 

depends on the geometric properties of the electrode and size of the rotor. The bandwidth 

is proportional to the rotational speed [74]. Figure 4.22 shows a typical noise- free signal 
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and the corresponding spectrum.  

 

 

         (a)                                                      (b) 

Figure 4.22 Typical example of a noise-free signal and corresponding frequency 
spectrum at 200 rpm. (a) Noise-free signal. (b) Power spectrum of signal.  

 

The signal from the electrostatic sensor is usually weak. Thus, various extrinsic and 

intrinsic noises can be superimposed on it, resulting in a contaminated signal at the output 

of the conditioning circuit. In some extremely poor conditions, the signal can be partly or 

totally buried in a strong noise (Figure 4.23). This additive noise significantly degrades 

the quality of the signal, which can be crucial for signal processing, as a contaminated 

signal leads to erroneous measurement results. 

 

 

   (a)                                                                 (b) 

Figure 4.23 Typical example of a noisy signal and corresponding frequency spectrum. 
(a) Noisy signal. (b) Power spectrum of the noisy signal.  
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The types of the source noise that are mixed with the original signal need to be considered 

when selecting de-noising methods. Generally, the acquired signal is contaminated by 

different types of noise that can be within or outside the frequency range of the original 

signal. In some extremely poor conditions, the signal is correlated with noises in which it 

is buried. The most common sources of noise are the power line interference, vibration 

of the mechanical system and intrinsic random noise. Power line interference originates 

primarily from the electromagnetic field of the power lines and the improper grounding 

of the signal conditioning circuit. The power line noise is centred at 50 Hz or 60 Hz with 

a bandwidth no more than 1 Hz and is mostly rejected by the earthed metal screen of the 

sensor [99], [100]. However, adding a screen to cover the electrode and signal 

conditioning circuit cannot completely reject the external electrical interference. 

Furthermore, a traditional notch filter cannot be used to remove the residual noise since 

its frequency component (50 Hz or 60 Hz) may be within the spectrum of the original 

signal. Thus, a more advanced digital filtering method needs to be employed to suppress 

this residual noise. The second type of noise that may contaminate the signal is due to the 

vibration of the mechanical system. Although the adopted method of signal acquisition 

(current-to-voltage convertor) does not require consideration of the stray capacitance of 

the electrode in the acquisition circuit, it is still sensitive to the vibration of the sensor and 

the connecting cable between the sensor and the data acquisition unit. Even tiny 

displacements of charge in connecting cables due to physical handling can produce 

current large enough to cause significant noise in the system. The interference frequency 

of this type of noise is usually composed of the main rotational frequency and its 

harmonics in addition to high frequency components due to vibration of the connecting 

cables. Finally, intrinsic noise can be superimposed on the original signal from the signal 

conditioning circuit. This noise is approximated to white noise which has a continuous 

frequency spectrum distribution. For that reason, the signal conditioning circuit was 

designed with extremely low noise using high-performance components. Additionally, a 

low-pass filter was added to the pre-processing to eliminate the high-frequency noise. 

 

4.4.1.2 Filtering of high frequencies noise 

 

Although the signal conditioner comprises a low-pass filter that helps to remove high-
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frequency noise, nevertheless, other types of noise, cannot be suppressed by the analogue 

circuit. To address this problem, a digital filtering algorithm is proposed which combines 

a cut-off frequency method based on the Fourier transform and a median filter, to remove 

the high-frequency noise components and also to smooth the signal. A 5th-order IIR 

Butterworth filter [101] is employed to suppress noise outside the signal bandwidth. Then, 

a median filter with a window size of 50 is applied to smooth the signal [102]. Figure 

4.24 and 4.25 show a typical example of the filtered signals S1nf and S2nf and the 

corresponding power spectra, respectively. The periodicity of the signals, due to the 

continuous motion of the shaft, becomes apparent after applying the low-pass filter. 

 

 

Figure 4.24 Filtered signals S1nf and S2nf from dual electrostatic sensors.  

 

 

Figure 4.25 Spectra of the filtered signals in Figure 4.24.  

 

Figure 4.26 and 4.27 illustrate the autocorrelation function of the filtered signal S1nf  and 
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the cross-correlation function of the two filtered signals S1nf and S2nf. The two correlation 

functions show that the filtered signals are still buried in strong noise since the dominant 

peaks, from which the periodicity of the signals is determined, are not clearly defined and 

stable. Although high-frequency noise has been eliminated using digital low-pass filters, 

the filtered signals are still contaminated with noises that may be correlated with the 

original signals and their spectra are within the frequency band of the original signals. 

Thus, a simple cut-off frequency method is not sufficient to remove such types of noise, 

making the measurement invalid. Therefore, the filtered signals should be further de-

noised using an advanced digital filtering method to remove the frequency components 

mixed with the desired signal. 

 

 

Figure 4.26 Autocorrelation functions of the filtered signal S1nf and S2nf.  

 

Figure 4.27 Cross-correlation function of the two filtered signals S1nf and S2nf.  
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4.4.1.3 Filtering of common mode noise 

 

The proposed sensing system for rotational speed measurement is based on dual 

electrostatic sensors, comprising two electrodes and connected to two independent 

conditioning circuits [51]. Consequently, the dual sensors derives two signals S1(t) and 

S2(t), similar to each other apart from the time delay between them (Figure 4.24). Since 

the electrodes and conditioning circuits of the two sensors are almost identical, it can be 

assumed that they are exposed to common mode noises which they may be correlated 

with, and their spectra are within the spectrum of the signal. Noises due to power line 

interference and vibration of the rig can be considered as common mode noise. Thus, 

employing a method to reduce the common mode noise would suppress most of these 

noises.  

The autocorrelation function (RS1S1) of the noise-free signal S1(t) and the cross-correlation 

function (RS1S2) of the noise-free signals, S1(t) and S2(t), can be written as 
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where N is the number of samples in the correlation computation and m (m = 0, . . ., N) is 

the number of delayed points. 

If, however, the two signals (S1(t)) and (S2(t)) are contaminated with a strong common 

mode periodic noise n(t) with which they are correlated, the autocorrelation function 

(RS1nS1n) of the noisy signal (S1n(t)) and the cross-correlation function (RS1nS2n) of the noisy 

signals, S1n(t) and S2n(t), become  
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where S1n(k) and S2n(k) are the digitized signals S1n(t) and S2n(t), respectively. 

 

The correlation terms RS1n, RnS1, RnS2 and Rnn are problematic, in particular when the 

signal-to-noise ratio is relatively low, as these terms do not tend to zero, because the noise 

n(t) is periodic and correlates with the original signals (S1(t) and S2(t)). The effect of the 

strong noise n(t) can be clearly observed in Figures 4.26 and 4.27 where the peaks of the 

autocorrelation and cross-correlation functions are completely obscured by the periodic 

correlation effects caused by the periodic noise in the signals. In this case, the rotational 

speed measurement is invalid. 

To solve this problem, consider the cross-correlation function between S1n and (S1n-S2n) 

 

 
1 1 2 1 1 2 1 1 1 2 1 2( ) ( )( )n n nS S S S n S S S S S S nS nSR R R R R R         (4.35) 

and the cross-correlation function between S2n and (S1n-S2n) 
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Then, subtracting Equation (4.36) from Equation (4.35) 
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where Rmod is the modified correlation function of the two noisy signals S1n and S2n.  

Equation (4.37) shows that the modified correlation function Rmod is composed only by 

the autocorrelation and cross-correlation functions of the noise-free signals (S1) and (S2). 

Figure 4.28 illustrates the modified correlation function. It is worth noting that the peaks 

of RS1S1 and RS2S2 are located at the same time lag, i.e. the period of the periodic noises 

(T). Additionally, the peaks of the cross-correlation RS1S2 and RS2S1 are inverted in 

Equation (4.37) and are located at the time lags τ and (T- τ), respectively (Figure 4.28). T 

and τ denote the period of the two signals and the time delay between them, respectively. 

As a result, the modified correlation function of the noisy signals has significantly 

removed the effects due to the periodic noises and the correlation peaks become more 

apparent, enabling the determination of the rotational speed. 

 

 

Figure 4.28 Modified correlation function of the two filtered signals S1nf and S2nf.  

It is worth noting that the height of the correlation peaks is affected by the level of the 

white noise superimposed on the original signal. 
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4.4.2 Parameters Analysis of the measurement System 

 

In a correlation speed measurement system, sampling frequency and data length are two 

critical parameters which affect the measurement system performance in terms of 

accuracy, response time and range of measurement. The sampling frequency is strongly 

related to the frequency characteristic of the signal and the accuracy of the measurement. 

On the other hand, the data length should satisfy the minimum requirement for the 

correlation calculation and together with the sampling frequency, the measurement range 

and the dynamic response time can then be determined. Therefore, the analysis of these 

two parameters is essential to select the optimal values in order to meet the application 

requirements. 

Under ideal conditions, the average rotational speed of the shaft, as detailed in the 

measurement principle, is equal to 
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where φ is the angular spacing between the two electrodes, T and τ0 are the transit times 

of the first dominated peaks in the autocorrelation and cross-correlation functions, 

respectively. 

Equation (4.38) implies that the angular spacing φ between the two sensors and the transit 

time (T or τ0) are the two significant factors influencing the measurement of the speed. 

Among them, the transit time is the most important factor. However, the accuracy of the 

transit time depends primarily on the sampling frequency of the analogue signal and the 

data length in the correlation processing. While, the error due to φ can be adjusted through 

calibration. 

Previous research [74] demonstrated that the bandwidth B of the electrostatic signal in 

rotational motion can be expressed by 
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where Smax is the maximum rotational speed of the shaft, W is the width of the electrode, 

D is the diameter of the shaft, s is the distance between the electrode and the shaft and K 

is a constant. The simulation results has shown that K is in the range from 0.85 to 0.95.  

According to the sampling theorem, the sampling frequency must be greater than twice 

the maximum frequency of the signal 
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In a digital processing system, values in discrete time are sampled to calculate the 

correlation function. The transit time is deduced from the maximum value of the 

correlation function. However, the real transit time may not locate at the discrete points 

of the correlation function, which can lead to an error in transit time determination and 

hence in the speed measurement. Supposing the sampling period is Δt, if the peak of the 

correlation function locates between nΔt and (n+1)Δt, then the maximum error from the 

peak position is ± ½Δt, so the relative error of the transit time, is 
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For a given rotational speed, the transit time τ=nΔt is fixed. If the sampling frequency 

becomes higher, the sampling period will be smaller, so n will become larger. According 

to Equation (4.41), the relative error of the transit time will be reduced by using a large 

number of n. 

If the sampling period Δt is fixed, the largest relative error occurs at the time of the 

smallest transit time, which happens at the maximum measuring speed, since the transit 

time is inversely proportional to the rotational speed as indicated in Equation (4.38). 

Therefore, the minimum required sampling rate can also be determined from the 

maximum rotational speed that the system can measure and the maximum acceptable 

tolerance of the measurement.  

Assuming that the relative error of the transit time should not exceed the tolerance ±δ 
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where τSmax and nSmax are the transit time and the number of the sampling period with 

respect to the maximum speed. 

By employing the autocorrelation method, the transit time T=n1Δt. Using Equation (4.38) 

and Equation (4.42), the maximum relative error Er in % is 
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In the case of cross-correlation method, the transit time τ0=n2Δt. The maximum relative 

error in % is 
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Considering the tolerance condition in Equation (4.44), the transit time derived from 

autocorrelation, the sampling period can be written as 
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Thus, the sampling frequency fs2 should be  
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Similarly, using the cross-correlation method, sampling frequency is 
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As a result, the selection of sampling frequency should take the above three conditions 

into account and choose the maximum between fs1 and fs2 for the autocorrelation method 

and the maximum between fs2 and fs3 for the cross-correlation method.  

For an electrode width W=3mm, D=60mm and d=2mm, the maximum signal bandwidth 

B is 0.5Smax. Consequently, the first criterion of the sampling frequency would be 
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For φ =0.22 rad, δ =1% and for Smax=3000 rpm, then fs1≥ 3000 Hz,  fs2 ≥ 2500 Hz and  fs3 

≥71363 Hz.  

It is evident that the cross-correlation method require a much higher sampling rate than 

the autocorrelation (2π/φ times) in order to achieve the same measurement accuracy. 

For a given sampling rate fs and considering the accuracy tolerance δ, the maximum speed 

from autocorrelation and cross-correlation methods are determined by 
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   (4.50) 

 
where S1max and S2max are the maximum speed obtained from autocorrelation and cross-

correlation methods, respectively. δ and fs are the relative error tolerance of the transit 

time and the sampling frequency. 

Figure 4.29 illustrates the relative error tolerance as a function of rotational speed in 

autocorrelation and cross-correlation methods. For φ =0.22 rad, fs=50 KHz and a relative 

error of 0.5%, S1max=30000 rpm and S2max=1420 rpm. 
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Figure 4.29 Relative error of the transit time measurement for a variable speed.  

 

After the sampling frequency was analysed, some principles on the selection of data 

length will be presented.  

It is suggested that the data length of the correlation function should be at least 10 times 

the number of points corresponding to the maximum transit time which occurs at the 

minimum speed. Therefore, the data length N should be 

  

 max10N N   (4.51) 

where Nmax corresponds to the number of points at maximum transit time. 

 

It is evident that the longer the data length is, the more accurate the correlation result 

should be. However, the increase in the data length will decrease the dynamic response 

of the system and will also require high-level hardware performance to calculate the 

correlation function. 

Using the autocorrelation method, the number of points required to determine the 

minimum speed is 
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Similarly, in the cross-correlation method  

S2max S1max 
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For a fixed acquisition time N/fs, the minimum speed that can be achieved from 

autocorrelation and cross-correlation methods are determined by 
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where S1min and S2min are the minimum speed from autocorrelation and cross-correlation, 

respectively. 

Figure 4.30 Shows the relationship between the acquisition time TA= N/fs and the rotational speed 

for φ=0.22. 

 

 

Figure 4.30 Data acquisition time as a function of the rotational speed.  

 
For an acquisition time N/fs=1s, S1min=600 rpm and S2min=21 rpm. 

In conclusion, in order to cover a wider range of measurement with a predefined 

measurement tolerance and dynamic response time, both methods, autocorrelation and 

cross-correlation, should be employed and incorporated in the measurement algorithm. 

For low rotational speed, the cross-correlation method is valid for the range [S2min, S1min] 

while the autocorrelation method is more suitable for the range [S1min, S1max]. It is worth 

S2min S1min 
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noting that S1min is the threshold speed that can be used in the measurement algorithm for 

the selection of the calculation method. 

 

4.4.3 Measurement Algorithm 

 

The flowchart of the key signal processing stages is shown in Figure 4.31. After the 

digitization of the two electrostatic signals, at the preset sampling frequency and data 

length, they are fed into the digital processing system. At first, the signal de-noising is 

employed to improve the S/N ratio. Then, the speed threshold Srpmth is calculated using 

Equation (4.54). Through correlation, two rotational speed values can be calculated using 

the autocorrelation and cross-correlation methods. The speed Srpm2 derived from the cross-

correlation is compared to the threshold speed. If Srpm2 is greater than the threshold, then 

the rotational speed is equal to Srpm2, otherwise, it is equal to Srpm1.  

The vibration measurement requires only one signal, e.g. first signal. The selected signal 

is first decomposed into n pulses, corresponding to n markers located on the shaft surface 

using the zero-crossing of the selected signal. Then, the amplitude spectra of the n pulses 

are obtained. The frequencies at the spectra crests fcs can be determined from the peaks 

of the spectra which are then normalised to the angular speed. Using Equation (3.30), the 

displacement function and thus the vibration displacement amplitude of the shaft can then 

be obtained.  

Finally, the measurement results, rotational speed and shaft displacement, are then 

displayed and also sent to the user interface. 



Chapter 4 Design and Implementation of the Electrostatic Measurement System 

109 
 

 

Figure 4.31 Flowchart of the digital signal processing.  

 

4.5 Summary 

 

This chapter details the hardware and software design of the electrostatic sensors based 

measurement system for online rotational speed and vibration measurement of rotating 

shafts. By considering the characteristics and properties of the induced signal, the 

appropriate acquisition method was chosen and the preamplifier design was optimised. 

The use of a transimpedance amplifier as preamplifier enables a better low-frequency 

response of the system and hence an accurate measurement of low rotational speed. A de-

noising method and an improved correlation technique are applied to improve the 
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performance and enhance the robustness of the measurement system. The digital 

processing unit design takes full account of the measurement requirements in terms of 

accuracy, response time and range of measurement. In the aspect of software design, the 

bespoke program was thoroughly optimised in order to ensure its implementation 

efficiency. 
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Chapter 5  

Experimental Results and Discussion 

 

5.1 Introduction 

 

This chapter details the experimental validation of the electrostatic measurement system 

for both rotational speed and vibration measurement of rotary metallic shafts. Tests were 

conducted on small scale test rigs in the Instrumentation Laboratory at the University of 

Kent. 

The developed measurement system was firstly evaluated for rotational speed 

measurement and tests were undertaken under normal and noisy conditions at different 

speeds. Comparisons between the single and dual electrostatic sensors were also 

achieved. Then, experimental tests were conducted on a purpose-built test rig with 

eccentric shaft to validate the performance of the electrostatic sensor for vibration 

displacement. 

Typical test results, which were selected from a significant amount of data, were 

presented in this chapter. Measurement results that were processed, recorded and 

analysed in the tests include rotational speed, vibration displacement, signal amplitude 

and correlation coefficient of the electrostatic signal. 

 

5.2 Rotational Speed Measurement 

5.2.1 Normal Environment 

5.2.1.1 Experimental Conditions 

 

Experimental tests were conducted on a purpose-built test rig as shown in Figure 5.1 to 

validate the performance of the electrostatic sensor for rotational speed measurement 

against a reference laser tachometer. The rotational speed of the motor is adjustable 
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through the motor controller. The shaft is made of steel with a diameter of 60 mm and 

supported by two roller bearings. In order to obtain an independent reference speed to 

evaluate the measurement system, a commercial laser based tachometer (Monarch 

Instruments, PLT200) was used to obtain reference speed of the shaft.  The operation 

manual of the tachometer states that the best achievable accuracy is ±0.01%. 

As shown in Figure 5.1, eight charged markers, each being made from 20x2 mm2 electret 

material film, were distributed and fixed along the circumference of the shaft as suggested 

in sub-section 4.2.2. The lengthwise direction of which is parallel to the axial direction of 

shaft. Electrets are dielectrics that have a quasi-permanent electrostatic charge. The 

electret markers were fabricated through a typical micro fabrication process using Teflon 

FEP films (Fluorinated Ethylene Propylene). The FEP film with a thickness of 127µm 

was charged with the use of a point-to-plane corona discharge. After charging, the surface 

potential of the FEP electret film reaches -560 V.  

 

 

Figure 5.1 Test rig for the rotational speed measurement. 

Dual electrostatic sensors, which consisted of an upstream and a downstream sensors, 

was placed above the central axis of the shaft and 2 mm away from the shaft surface. 

The measurement system consisted of dual electrostatic sensors, the signal conditioning 

unit and the digital processing unit as detailed in chapter 4. In this experiment, the 

upstream sensor of the dual sensors was used as a single sensor. 
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The electrostatic sensor was designed and fabricated based on a double-sided printed 

circuit board (PCB). The electrodes are 3-mm wide tin-plated copper strips embedded in 

the bottom layer of the PCB. The area around the electrodes is filled with earthed copper 

to minimise the influence of external electromagnetic interferences. On the top layer of 

the PCB are the signal conditioning circuits connected to each electrode. The current 

signals from the electrode are first converted into a proportional voltage signals using an 

I-V converter. To maximize the power transfer between the electrodes and the signal 

conditioning circuits, FET amplifiers are chosen for I-V conversion. Then the bipolar 

signals are further amplified and level shifted using a high-accuracy instrumentation 

amplifier to match the input range of a single-supply A/D converter.  The instrumentation 

amplifier also provides an adjustable gain for the circuit using a digital potentiometer. 

Finally, Sallen-Key low-pass filters are used to remove high frequency noise from the 

sensor outputs and provide anti-aliasing in the A/D conversion. The sensor is shielded 

with an earthed metal screen to reject external electromagnetic interferences. Figures 5.2 

and 5.3 shows the block diagram of the signal conditioning circuit and the design of the 

electrostatic sensors, respectively. 

 

 

Figure 5.2 Block diagram of the signal conditioning circuit. 

 

     (a)                                                                (b) 

Figure 5.3 Design and construction of the electrostatic sensors. (a) Single electrostatic 

sensor. (b) Dual electrostatic sensors. 
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The digital processing unit consists of two parts, one is the acquisition module NI USB-

6341 with 16-bit ADC from National Instrument and another is a correlation signal 

processing system based on LabVIEW, which uses the measurement algorithm presented 

in sub-section 4.4.3 to calculate the rotational speed. 

According to the analysis in sub-section 4.4.2, the parameters of the measurement, 

sampling frequency and data length, system should be set according to the measuring 

range of the speed, the response time and the acceptable measurement tolerance. In this 

study, the measurement system is evaluated for the rotational speed range from Smin = 21 

rpm to Smax = 3000 rpm. The relative error tolerance of the transit time and the data 

acquisition time set to be δ% = ±2%, Ta=1s, assuming that the processing time is relatively 

small with respect the acquisition time. Although the relative error tolerance of the transit 

time was set at ±2%, the relative error was further reduced by applying an interpolation 

method in the calculation. 

Based on the analysis in sub-section 4.4.2, a sampling frequency of 50 kHz with an 

acquisition time of 1s should be sufficient to satisfy the measurement requirements. 

All the tests were conducted in normal conditions where the noise caused by the test rig 

vibration and the external electromagnetic interference were insignificant. The 

environmental conditions of the laboratory were controlled by an air conditioning with 

an ambient temperature of 22 °C and relative humidity of 49%. 

 

5.2.1.2 Results and Discussions 

 

 

5.2.1.2.1 Sensor Signals 

 

A typical electrostatic signal waveforms S1(t) (upstream signal) and S2(t) (downstream 

signal) from the dual sensors at a shaft speed of 400 rpm are shown in Figures 5.5 and 

5.6. Due to the nature of the rotational motion, the resulting signals are periodic. Figures 

5.7 and 5.8 depict the autocorrelation function of S1(t) and the cross correlation function 

between S1(t) and S2(t). The period (T) of the signals, determined from the location of the 

dominant peak in the autocorrelation function, is used to calculate the speed. The abscissa 
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value corresponding to the peak in Figure 5.7 is the transit time τ, which equals to the 

time taken by the shaft moving over the two sensors. 

 

Figure 5.4 Typical signal waveform from the upstream sensor. 

 

Figure 5.5 Typical signal waveform from the downstream sensor. 

T 

T 
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Figure 5.6 Autocorrelation function of the upstream signal. 

 

 

Figure 5.7 Cross-correlation function between upstream and downstream signals. 

 

5.2.1.2.2 Signal Amplitude 

 

A minimum strength of the electrostatic signal has to be maintained to achieve a valid 

measurement of the rotational speed using electrostatic sensors. The charged markers 

(Electrets) can guarantee a minimum charge magnitude enabling the electrostatic sensors 

to generate an electrical signal at relatively low speed. During the rotational motion of 
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the shaft, additional charge is generated and accumulated on the surface of the markers 

due to its friction with the air (triboelectric effect). The resulting charge on the markers 

further enhances the signal-to-noise ratio, leading to a valid measurement at lower speed. 

In this experiment, the magnitude of the permanent charge of electrets were assumed to 

be stable during the rotational motion. However, the signal amplitude depends also on 

several factors, including environmental conditions, markers material type, markers 

surface conditions, rotor size and rotational speed. For a given markers and rotor size,  the 

ambient temperature and relative humidity were set within a narrow range while the 

effects of operating speed on the signal amplitude is investigated.  

In this study the root mean square (RMS) amplitude of an electrostatic signal is used to 

quantify the signal strength. Figure 5.8 presents the strength of the signal from the 

electrostatic sensor. It can be obviously observed from Figure 5.8 that the signal strength 

increases with the rotational speed due to the increased electrostatic charge on the rotating 

markers surface. The rms signal strength is about 0.16 V at the lowest speed (120 rpm) 

and reaches 1.26 V at 3000 rpm, for the signal conditioning unit used. 

 

 

Figure 5.8 Signal amplitude from the single sensor. 

It is worth noting that the signal strength saturates above the speed of 2500 rpm, which 

can be explained by the fact that at this speed the charge density is limited by the 

breakdown electric field of the air. Consequently, the dynamic balance reached between 

the natural discharge and recharge becomes constant. 
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5.2.1.2.3 Correlation Coefficients 

 

Correlation coefficient normally represents the similarity between two signals as those in 

the dual sensors. In the case of the single sensor, the correlation coefficient represents the 

degree of repetitiveness or periodicity of the sensor signal due to the rotational motion.  

As shown in Figure 5.19, the correlation coefficient obtained from the dual and single 

sensors tend to increase with the shaft speed due to more electrostatic charge accumulated 

on the markers surface and hence more stability of the electrostatic signals. However, 

Figure 5.10 indicate that the correlation coefficients of the dual sensors are consistently 

higher than that for the single sensor. 

In the dual sensors, the short spacing between the sensors gives rise to a higher similarity 

between the two signals resulting in higher correlation coefficients. The cross-correlation 

coefficients obtained from the dual sensors, as shown in Figure 5.10, are consistently 

above 0.6. For the single sensor, the autocorrelation coefficients, especially at a speed of 

below 175 rpm, are below 0.5. This is attributed to the fact that the resulting electrostatic 

field and hence the output signal is not stable at low speed, due to the instability of 

electrostatic charge on the markers surface. As the speed increases, especially above 500 

rpm, the resulting electrostatic field is relatively stable and hence the correlation 

coefficients, for both sensors, are considerably higher.  

 

Figure 5.9 Correlation coefficients from the single and dual sensors. 
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5.2.1.2.4 Accuracy 

 

The accuracy of the measurement system depends mainly on the electrostatic signals 

quality and their sampling frequency. When the rotor speed is very low, the level of 

charge on the markers surface is low, leading to a weakened signal and low correlation 

coefficients as shown in Figure 5.9. In this case, it is usually difficult to obtain valid 

rotational speed measurements. The effect of the sampling rate on the accuracy of the 

measurement, which is related to the accuracy of the transit time, was detailed in chapter 

4. 

In order to assess the accuracy of the measurement systems, the speed of the rotor was 

adjusted from 0 to 3000 rpm through the motor controller. Figure 5.10 and 5.11 shows a 

direct comparison between the measured speed from the single sensor and dual sensors, 

and the reference speed under identical conditions. The measured rotational speeds are 

average values of 20 measurements.  

During the experiments with the single sensor, it was found difficult to obtain valid speed 

measurements when the reference speed was just below 150 rpm due to the low signal-

to-noise ratio and low correlation coefficient, while the short spacing between the two 

sensors resulted in good similarity between the two signals, making the dual sensors 

system capable of producing valid measurements at a lower speed (down to 100 rpm). 

Although the rotational speed can be measured at low speed through the dual sensors, the 

measurement accuracy is less than that obtained from the single sensor. 

From Figures 5.10 and 5.11, it can also be observed that the measured speed from the 

single sensor is much closer to the reference speed than that from the dual sensors. 
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(a)                                                               (b) 

Figure 5.10 Comparison between the measured speed and the reference speed for single 

sensor. (a) Lower speed conditions. (b) Higher speed conditions. 

 

(a)                                                                 (b) 

Figure 5.11 Comparison between the measured speed and the reference speed for dual 

sensors. (a) Lower speed conditions. (b). Higher speed conditions. 

 

Figure 5.12 and 5.13 shows the relative error of the measured rotational speed from the 

single sensor. The relative error from the single sensor was within ±0.2% when the 

rotational speed ranging from 100 rpm to 500 rpm and within ±0.23% from 500 rpm to 
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3000 rpm. For the dual sensors, the relative error were within ±7.6% over the speed range 

of 150 rpm to 500 rpm and within ±2.9% over the range of 500 rom to 3000 rpm. 

For a given sampling rate, the relative error increases with the speed, as shown in sub-

section 4.4.2. However, the relative errors of the measured speed from both sensors, as 

shown in Figures 5.12 and 5.13, demonstrated that the measurement accuracy at lower 

speed is not as high as expected from the analysis in sub-section 4.42. In fact, for the 

speed below of 500 rpm, the error due to the signal quality is much more significant than 

that due to the accuracy of the transit time. Hence, the measurement value, for both 

sensors, is less accurate when the speed decreases since less electrostatic charge is 

induced on the sensor resulting in lower signal quality. When the speed is greater than 

500 rpm, the signal quality is more consistent with higher correlation coefficients as 

shown in Figure 5.9. In this case, the relative error is predominantly due to the error in 

the transit time measurement. The accuracy of the rotational speed decreases with the 

speed as the correlation peaks move towards the vertical axis of the correlation functions. 

This outcome agrees with the analysis in sub-section 4.4.2. However, a higher sampling 

rate is required to achieve a higher measurement accuracy under high speed conditions. 

On the other hand, the relative errors from dual sensors are consistently larger than those 

from the single sensor as shown in Figures 5.13 and 5.14, because the spacing between 

the two electrodes yields a short time delay between the two signals compared to the 

transit time in the autocorrelation. Therefore, the accuracy in the transit time measurement 

from dual sensors, for a given sampling rate, is always lower than that from the single 

sensor and the cross-correlation method has lower sensitivity than the autocorrelation 

method. 
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(a)                                                       (b) 

Figure 5.12 Relative error of the measured rotational speed from the single sensor. 

 

 

(a)                                                         (b) 

Figure 5.13 Relative error of the measured rotational speed from the dual sensors. 

5.2.1.2.5 Repeatability 

 

Repeatability is an important parameter in the performance evaluation of a measurement 

system. In this study, normalised standard deviation is used to assess the repeatability r 

of the measurement system, which is defined as  

 100%
STD

r
RPM

    (5.1) 
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where STD and 𝑅𝑃𝑀 are the standard deviation and average value of the measured speed, 

respectively. 

The reason to normalise the absolute standard deviation (STD) to the average value 

(RPM) is to achieve a percentage-wise representation of the repeatability, regardless of 

the magnitude of the measurand. A total of 20 measurements under the same conditions 

were processed in each repeatability test. It can be observed from Figure 5.14 that the 

normalised standard deviation is not greater than 2% for the dual sensors and 0.25% for 

the single sensor for the speed range from 500 rpm to 300 rpm.  

However, Figure 5.15 indicate that the repeatability of the single sensor is consistently 

higher than that of the dual sensors. The short time delay between the two signals results 

in an instability of the correlation peak in the cross-correlation function. 

As the rotational speed increases, the repeatability improves because of the increased 

charge on the rotating markers surface leading to a more stable correlation peak.  

 

 

Figure 5.14 Normalised standard deviation of the measured speed for the single and 

dual sensors. 
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5.2.2 Electrically Noisy Environment 

5.2.2.1 Experimental Conditions 

 

The signal from an electrostatic sensor is usually vulnerable and susceptible to 

contamination in a hostile environment. The acquired original signal may be 

contaminated by different types of noise, particularly the common mode noise. The low 

signal-to-noise ratio, especially at low speed, makes the measurement difficult and 

sometimes invalid as seen in the sub-section 5.2.1.2. 

A technique for removing the effect of common mode noise on cross correlation 

measurement was demonstrated in sub-section 4.4.1.3. Experimental tests in electrically 

noisy environments were conducted. 

Experimental tests were conducted on two purpose-built test rigs as shown in Figure 5.15 

to establish the efficacy of the technique. The measurement system was based on dual 

sensors. The sensor output signals are sampled at a frequency of 50 kHz using a high-

performance data acquisition unit (NI USB-6351) with 16-bit ADC [104] and processed 

on a host computer. All the tests were conducted under ambient temperature of 23°C ~ 

24°C and relative humidity of 57% ~ 65%. 

 

              

      

(a)                                                        (b) 

Figure 5.15 Test Rig. (a) Test rig for 300-3000 rpm. (b) Test rig for 0-300 rpm. 
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5.2.2.2 Results and Discussion 

 

The speed measurement using the proposed method and conventional method are plotted 

in Figures 5.16 and 5.17. Each measured speed is the average of 20 instantaneous 

measurements. 

 

 (a)                                                       (b) 

Figure 5.16 Comparison of measured speeds up to 3000 rpm. (a) Conventional 

correlation method. (b) Modified correlation method. 

 

It can be seen that the two methods can achieve the rotational speed measurements over 

the range between 500 rpm and 3000 rpm. However, the proposed method outperforms 

the conventional one in terms of accuracy as shown in Figure 5.19. The relative error 

using the modified correlation method was within ±0.1% and with a repeatability of 

<0.05%. 

A second series of experiments was conducted for the speed range from 40 rpm to 300 

rpm. Figure 5.18 shows that the lower end range of the conventional method is 160 rpm 

whereas the proposed method can achieve valid measurements down to 40 rpm with a 

relative error within ± 0.2 % and a maximum repeatability of 0.7% (Figure 5.18). 
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 (a)                                                      (b) 

Figure 5.17 Comparison of measured speeds up to 300 rpm. (a) Conventional 

correlation method. (b) Modified correlation method. 

 

 

Figure 5.18 Relative error of the measured speed for low speed range. 
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5.3 Shaft Vibration Measurement 

 

5.4.1 Experimental Conditions 

 

Experimental tests were conducted on the same test rig used in the rotational speed 

experiments. An eccentric metallic shaft with a diameter of 60 mm and an eccentricity of 

0.5 mm from the rotation axis was tested. A single electrostatic sensor (Figure 5.19) was 

placed 2 mm away from the shaft surface. To simulate eight point charges on the rotor 

surface, eight charged markers, each being made from 20x3 mm2 electret material film, 

were fixed evenly along the circumference of the eccentric shaft. Two of them were 

located at the shortest and longest distance with respect to the centre of rotation. The 

electret markers were fabricated using Teflon FEP films with a thickness of 127µm and 

a surface potential of -560 V. 

 

 

Figure 5.19 Test rig for the shaft vibration measurement. 
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The electrostatic sensor used in this experiment was a single sensor system (Figure 5.20). 

The electrode is a 4-mm wide tin-plated copper strip embedded in the bottom layer of the 

PCB. The signal conditioning unit and the digital processing unit were similar to those 

used in the rotational speed experiment. The output sensor signal was sampled at a 

frequency of 50 kHz with an acquisition time of 1s using a data acquisition device 

(National Instruments, model USB-6341) and processed on a host computer. A bespoke 

software system was developed using LabView in order to achieve on-line displacement 

measurement.  

 

                                

(a)                                                                                     (b) 

Figure 5.20 Electrostatic sensor and signal conditioning circuit. 

The output of the sensor, resulting from the induced charge on the electrode, is derived 

and measured. Then, the frequency response of the output signal is obtained. A 

displacement sensor of eddy current type (Model LD701-2/5, OMEGA) was used as a 

reference instrument to obtain the relative distance between sensor and the shaft surface. 

All the tests were conducted in a laboratory with air conditioning (ambient temperature 

of 26 °C and relative humidity of 42%). 

 

5.3.1 Results and Discussion 

 

Figure 5.21 shows the output signal from the electrostatic sensor for one period which is 

the time of the shaft over one rotation.  

4 mm 
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Figure 5.21 Output signal from the electrostatic sensor. 

 

For each period, the signal is composed by a series of eight pulses resulting from the eight 

markers on the shaft. It is clear that the amplitude of the signal from the eccentric shaft 

fluctuates due to the variations in the distance between the shaft and the sensor over one 

rotation. 

Following the measurement methodology in sub-section 3.6.2, the signal in Figure 5.19 

is first decomposed in the time domain into eight single signals corresponding to the eight 

point charges on the shaft. Then, frequency analysis of each single signal is performed in 

order to extract the frequency at the spectrum crest fsc. Figure 5.22(a) presents the fsc 

values of the eight signals for an eccentric shaft (e = 0.5 mm) at 148 rpm. Using the 

regression analysis in sub-section 3.6.2, displacement values can be estimated for each 

fsc. It can be observed from Figure 5.22(b) that the displacement distribution of an 

eccentric shaft can fit a sinusoidal function, which agrees with the simulation results in 

the sub-section 3.6. 

 

(a)                                                       (b) 

Figure 5.22 fsc and estimated dispalecement (a) fsc over two rotations.  (b) Estimated 

displacement values. 

     M1           M2        M3          M4              M5           M6         M7            M8   
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Figure 5.23(a) presents a direct comparison of the displacement (AC component) of eight 

points on the eccentric shaft between the electrostatic sensor and the reference sensor 

(eddy current sensor). The shaft has an eccentricity of 0.5 mm, and is rotating at 148 

RPM. All the measured displacements are the average of 20 values with a maximum 

standard deviation of 4.5 %. It is evident that the measured displacements is pretty close 

to the reference. Figure 5.23(b) presents that the relative error of the measured 

displacement which is within ±4.2%. 

 

   (a)                                                              (b) 

Figure 5.23 Comparison of the displacement values with the reference sensor output (a). 

Displacement values (b) Relative error. 

Figure 5.24(a) shows the comparison between the reference and the electrostatic sensor 

results using a sinusoidal curve fitting. The displacement measurement from the 

electrostatic sensor in Figure 5.24(a) shows a peak-to-peak displacement of about 1 mm, 

independent from the rotational speed. The root mean square error (RMSE) between the 

two displacement curves resulting from the reference sensor and the electrostatic sensor 

is within 0.77%. 

       

(a)                                                                    (b) 

Figure 5.24 Comparison of the displacement curve from the electrostatic and the 

reference sensors. (a) Displacement measurement (b) Relative difference. 
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Figure 5.24(b) shows that the maximum relative error is within ± 0.6% compared to 

±4.2% of the discrete displacement values (Figure 5.23(b)). This result suggests that 

applying sinusoidal curve fitting to the discrete displacement values with a known 

frequency (angular speed) has reduced the relative error. It can also be observed from 

5.24(b) that the relative error in the displacement measurement increases when the 

displacement decreases. The capability of the system to measure smallest displacement 

values (and hence higher measurement resolution) can be achieved by improving the data 

acquisition parameters (e.g. sampling frequency, ADC resolution etc.). 

 

5.4 Summary 

 

A range of experiments have been carried out on a laboratory-scale test rigs to validate 

the proposed measurement methods and evaluate the effectiveness of the developed 

measurement systems. The detailed descriptions of the laboratory-scale test rigs along 

with the experimental conditions have been given. 

The rotational speed measurement methods have been verified through analysing the 

output signals from the electrostatic sensors. Meanwhile, experimental investigations into 

the use of single and dual electrostatic sensors in conjunction with electret markers for 

the rotational speed measurement of metallic shafts have been conducted on an 

experimental setup. Both sensors have produced accurate results under higher speed 

conditions due to increased charge on the markers. Results presented have demonstrated 

that the measurement system using a single electrostatic sensor yielded a maximum error 

of ±0.23% over the speed range of 500 rpm to 3000 rpm, while the use of dual electrostatic 

sensors yielded a maximum error of ±2.9%. The dual sensors system is more suitable for 

low speed measurement when the single sensor system does not function well under such 

conditions due to the less evident periodicity of the signal from a single electrode. It was 

found that is difficult to obtain rotational speed measurement through autocorrelation 

when the shaft is rotating below 150 rpm. The maximum error from the signal sensor and 

the dual sensors were within ±0.2% and ±7.6%, respectively, over the speed below of 500 

rpm. The relative error of the dual sensors system in comparison with the single sensor 
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has been found to be relatively over the whole speed range due to the short time delay in 

the cross-correlation method. 

Subsequently, the measurement system was further evaluated in an electrically noisy 

environment. The improved correlation technique has been shown to improve the 

performance and enhance the robustness of the rotational speed measurement system. The 

modified correlation method has proven to be effective in a replicated hostile environment 

where the original signals are contaminated with correlated strong common-mode 

periodic noises. This technique is suitable for any correlation-based measurement where 

there is strong periodic noise. The lab-scale experimental results have demonstrated that 

the measurement error is within ±0.2% over the speed range from 40 rpm to 3000 rpm 

with a repeatability of <0.7%. Additionally, the lower end of the measurement range has 

been extended from 160 rpm to 40 rpm. The advantages of this technique over the 

conventional method are more demonstrable when the signal-to-noise ratio is very low 

where the peak in the conventional correlation function is not apparent and stable.  

As a result, for a given sampling rate, dual sensors outperform the single sensor in terms 

of response time and lower end measurement range while the single sensor ensures better 

accuracy. 

Finally, the electrostatic sensing sensors were evaluated for the vibration displacement of 

metallic shafts. The frequency response properties of an electrostatic sensor have been 

used to detect and quantify an unbalanced shaft through displacement measurement. 

Experimental results have demonstrated that electrostatic sensors can be used to measure 

the displacement of an eccentric shaft. Hence, the vibration of an unbalanced shaft can be 

quantified. Results obtained have demonstrated that the measurement system performs 

well with a maximum error no greater than ±0.6% under all test conditions.  

In summary, the obtained experimental results have proven that the proposed 

measurement system with dedicated algorithms is capable of achieving simultaneous 

measurements of rotational speed and displacement vibration of metallic rotary shafts. 

The results presented in this chapter have demonstrated the potential of using the 

proposed measurement system in condition monitoring systems.  
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Chapter 6  

Conclusions and Recommendations for Future Work 

 

6.1 Research Contributions 

 

The research work presented in this thesis is concerned with the development of an 

electrostatic measurement system for the rotational speed and vibration measurement of 

metallic rotating shafts.  

The work conducted in the course of this research has advanced progress in many areas 

of rotational speed and vibration measurement using electrostatic sensors that have 

unresolved challenges associated with them. In particular, electrostatic sensors have been 

studied using mathematical modelling, implemented in a low cost measurement system 

design and shown to perform well under industrial operating conditions, obviating many 

of the difficulties characteristic of other measurement systems.  

A prototype system, including a sensing element, a signal conditioning unit and a digital 

signal processing unit with dedicated algorithms, has been implemented and 

experimentally proven effective for the online rotational speed and vibration 

displacement measurement. The prototype system was extensively evaluated on 

laboratory-scale test rigs. Test results obtained have demonstrated that the developed 

system performs well under laboratory operating conditions. 

In this chapter, the conclusions that have been drawn from the research programme are 

summarised and the recommendations for future work are highlighted. 

 

6.2 Conclusions from this Research 

 

6.2.1 Modelling of Electrostatic Sensors 
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A mathematical model of an electrostatic sensing system based on an insulated electrode 

and strip-shaped charged markers in rotational motion was established. Based on the 

developed model, the spatial sensitivity, frequency response and the bandwidth of the 

output signal were analysed. Moreover, the sensing zone of the sensor was also defined.  

The effects of the geometric parameters of the markers on the performance of the 

measurement system and subsequent optimisation of the markers dimensions and number 

were achieved. For a given sized rotor, the following key parameters are recommended 

in consideration of modelling results: 

 

 A wider marker yields a higher power spectrum but a narrower signal bandwidth. 

Thus the optimised width is suggested to be between 0.4 and 0.6 of the electrode 

width to keep wide signal bandwidth and relatively high power spectrum 

simultaneously. 

 

 A longer marker yields a higher power spectrum but it has no effect on the signal 

bandwidth. However, when the length of the marker exceeds that of the electrode, 

the increase in maximum power spectrum becomes insignificant. Therefore, the 

optimal length of the marker would be equal to the length of the electrode. 

 

 The measurement method requires that the signal pulses should not overlap, so 

that the characteristics of each pulse can be easily extracted and used in the signal 

processing. Accordingly, the maximum number of markers that can fit around the 

shaft is 2π/(ωmintpmax), where tpmax is the maximum duration of the pulse and ωmin 

is the minimum angular speed. 

 

6.2.2 Signal Conditioning Circuits and Signal Processing Algorithms 

 

The sensor electronics and processing algorithms developed for the rotational speed and 

vibration test rigs operate as intended. By considering the characteristics and properties 

of the induced signal, the appropriate preamplifier design was chosen. The use of a 

transimpedance amplifier as preamplifier enables a better low-frequency response of the 
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system and hence an accurate measurement of low rotational speed. To maximize the 

power transfer between the electrodes and the signal conditioning circuits, FET amplifiers 

was chosen for I-V conversion. Then the bipolar signals were further amplified and level-

shifted using a high-accuracy instrumentation amplifier to match the input range of a 

single-supply A/D converter. The instrumentation amplifier allows to adjust the gain of 

the circuit through a digital potentiometer. Finally, Sallen-Key low-pass filters were used 

to remove high frequency noise from the sensor outputs and provide anti-aliasing in the 

A/D conversion. The sensor was shielded with an earthed metal screen to reject external 

electromagnetic interferences. 

A de-noising method and an improved correlation technique were developed and applied 

to improve the performance and enhance the robustness of the measurement system. The 

digital processing unit design takes full account of the measurement requirements in terms 

of accuracy, response time and range of measurement. In the aspect of software design, 

the bespoke program was thoroughly optimised in order to ensure its implementation 

efficiency. 

 

6.2.3 Experimental Evaluations 

 

Experimental results presented in Chapter 5 have indicated that the developed technique 

is capable of giving accurate and repeatable online measurement of rotational speed and 

vibration measurement. This has been verified by continuous tests under laboratory 

conditions. The measurement parameters that have been determined using the developed 

system include rms signal level, frequency at the spectrum crest, transit time and 

correlation coefficient. 

Results obtained from both single and dual electrostatic sensors in conjunction with 

electret markers for the rotational speed measurement have a similar trend and suggest 

that accurate results under higher speed conditions are due to increased charge on the 

markers. It also has been found in this research that the rms signal level depends primarily 

on the amount of permanent charge on the markers, the rotational speed and the 

environmental conditions. As rotational speed reduces, in particular below 500 rpm, the 

electrostatic charge level decreases, and the correlation peak becomes lower and less 
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stable. The cross-correlation coefficients obtained from the dual sensors were consistently 

above 0.6, while the autocorrelation coefficients obtained from the single sensor, 

especially at speeds below 175 rpm, were below 0.5. 

It was found difficult to obtain rotational speed measurement below 150 rpm through 

single sensors, due to the low signal-to-noise ratio and low correlation coefficient, while 

the short spacing between the two sensors resulted in good similarity between the two 

signals, making the dual sensors system capable of producing valid measurements at 

lower speed, down to 100 rpm. 

Results presented in Chapter 5 have demonstrated that the measurement system using a 

single electrostatic sensor yielded a maximum error of ±0.23% over the speed range of 

500 rpm to 3000 rpm, while the use of dual electrostatic sensors yielded a maximum error 

of ±2.9% over the same range. The maximum error from the signal sensor and the dual 

sensors were within ±0.2% and ±7.6%, respectively, over the speed below 500 rpm. 

Moreover, the relative error of the dual sensors system in comparison with the single 

sensor has been found to be relatively higher over the whole speed range due to the short 

time delay in the cross-correlation method. The repeatability of the measurement system 

has been found to be better than 2% for the dual sensors and 0.25% for the single sensor 

over the speed range of 500 rpm to 3000 rpm. The measurement system was further 

evaluated in an electrically noisy environment where the original signals are 

contaminated with correlated strong common-mode periodic noises. The lab-scale 

experimental results have demonstrated that the measurement error is within ±0.2% over 

the speed range from 40 rpm to 3000 rpm with a repeatability of <0.7%. Additionally, the 

lower end of the measurement range has been extended from 160 rpm to 40 rpm.  

As a result, for a given sampling rate, dual sensors outperform the single sensor in terms 

of response time and lower end measurement range while the single sensor ensures better 

accuracy. 

Finally, the performance of the electrostatic sensing sensors were assessed for the 

vibration displacement of metallic shafts. The frequency response properties of an 

electrostatic sensor have been used to detect and quantify an unbalanced shaft through 

displacement measurement. Experimental results have demonstrated that the 

measurement system performs well with a maximum error no greater than ±0.6% under 

all test conditions.  
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In summary, the obtained experimental results have proven that the proposed sensing 

system and the computational algorithms are capable of achieving simultaneous 

measurements of rotational speed and vibration displacement of metallic rotary shafts. 

 

6.3 Recommendations for Future Research 

 

The research work presented in this thesis has demonstrated the viability and potential of 

electrostatic sensors in the condition monitoring of rotating machinery. There are, 

however, a number of areas that need further research and improvements in the near 

future. The key areas are identified and stated as follows: 

 

6.3.1 Industrial-Scale Trials 

 

The prototype measurement system should be assessed in real industrial environments 

under variations in ambient temperature, relative humidity, mechanical vibration and 

electromagnetic noise. Investigations into the operability and effectiveness of the 

prototype system on industrial-scale rotating shafts, such as wind turbines, should be 

undertaken. The simulation and laboratory-scale results can then be compared with those 

from an industrial-scale. However, further upgrade and modification of the measurement 

system may be required according to the application. The system installation must be 

redesigned to fit the sensor unit to the mechanical structure of the rotating shaft. Also, a 

more secure communication strategy should be considered to ensure stable data 

interaction between the sensors and host computer. 

A technique for removing the effect of common mode noise on cross-correlation 

measurement have been demonstrated in sub-section 4.4.1.3. Although the likelihood of 

external periodic noise has been considered in this technique, the extent of real world 

noise on the sensors has not been established. The experiment in sub-section 5.2.2, using 

added periodic noise from strong power line interference, provides an illustration of the 

method, but the effect of magnitude and frequency spectrums of real industrial noise are 

not clear. Additional tests in electrically noisy industrial environments would establish 

the efficacy of the technique. 
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Industrial-scale tests should also investigate the effect of environmental factors on the 

performance of the electrostatic sensors. As indicated earlier, the strength of the output 

signal depends on a variety of environmental conditions, among which humidity and 

temperature are considered to have a strong impact. The environmental conditions may 

affect the permanent charge stability of the electret markers and also the accumulated 

charge due to the triboelectric effect between the electret surface and the air. The effect 

of environmental factors on the strength of the electrostatic signal can be quantified by 

the root-mean-square (rms) magnitude of the electrostatic signal.  

In order to ensure the operability of the sensor in a harsh environment, the signal 

conditioning circuit with programmable gain can be employed to convert the induced 

charge into a voltage signal at a suitable level for subsequent A/D conversion. 

 

6.3.2 Further Study of Data Processing Techniques 

 

The accuracy of the whole measuring system depends strongly on the measurement 

algorithms, on the assumption that other important parameters of the sensing element 

(electrode), analogue part (conditioning circuit) and the digital part (size of the A/D 

converters, sampling frequency and number of samples) of the system are carefully 

determined and fixed. 

The proposed measurement algorithms were based on the detection of the correlation 

peak for rotational speed measurement. Therefore, it is worthwhile to conduct an in-depth 

investigation of peak detection algorithms to further improve the measurement certainty 

and accuracy. Wavelet analysis is one of the powerful tools to deal with noise of both 

stationary and non-stationary signals. Unlike the traditional frequency domain method, 

such as Fourier transform, wavelet analysis can extract signal features in both time and 

frequency domains. Wavelet multi-scale decomposition method can be used to separate 

the noise and signal at different scales, and improve the signal to noise ratio in different 

scales. Moreover, the time delay can also be determined from the rising edges of peaks 

in the correlation function using the wavelet transforms.  

Finally, the application of data fusion techniques could be investigated to optimise and 

integrate the rotational speed measurements from the autocorrelation and correlation 
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methods so that the robustness and reliability of the measurement system are improved 

even under harsh conditions. 

 

6.3.3 Dynamic Imbalance Detection 

 

Imbalance is the most common mechanical fault and source of vibration in rotating 

equipment. The vibration caused by an unbalanced shaft may destroy critical parts of the 

rotating machine, such as bearings, seals, and couplings. Shaft imbalance is a condition in 

which the centre of mass of the shaft is not coincident with the centre of rotation. 

Unbalanced shaft fault can be classified into three categories: 

• Static imbalance: Shaft rotational axis and the principal axis of inertia are parallel. 

• Couple imbalance: The principal inertia axis is not parallel with the axis of rotation. 

• Dynamic imbalance: A combination of static and couple imbalances. 

 

Although dynamic imbalance is the most common problem in rotating machines, this 

research has only addressed the static imbalance fault through the instantaneous 

displacement measurement between the shaft surface and the electrostatic sensor. 

However, the proposed measurement method can be developed in future work to detect 

and quantify the two other types of imbalance, i.e. the couple and dynamic imbalance. 

 

6.3.4 Integrated Condition Monitoring System 

 

Another potential research area is to integrate electrostatic sensors into a condition 

monitoring system for the monitoring of rotating machinery. Rotating machinery covers 

a broad range of important dynamic and manufacturing systems. Condition monitoring 

and fault diagnosis of such systems is of particular importance in several industries. It is 

known that the most popular methods of rotating machine condition monitoring utilize 

rotational speed and vibration signal analysis. By using an appropriate signal processing 

method, it is possible to detect faults and identify deviation of the operating parameters 

of these machines from normal values. 
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It is envisaged that the development of the system, in particular the vibration 

measurement, will lead to a robust instrumentation system for control and diagnosis of 

industrial rotating machinery.  
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Appendix A 

Electronic Circuits and PCB schematics 

This section shows the schematics of the single electrostatic sensor used in the tests. The 

electronic circuit of the dual sensors consists of two identical single sensor circuits. 

 

Figure A.6.1 Schematic of the signal condition circuit. 
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(a)                                                               (b) 

Figure A.6.2 Signal conditioning PCB layout. (a) Top layer. (b) Bottom layer (2:1). 

 

 

       

(a)                                                               (b) 

Figure A.6.3 PCB preview. (a) Top preview. (b) Bottom preview. 
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Appendix B 

Matlab Code 

The following is an example of the sensor model simulation code written for Matlab 

software, and used to calculate the charge induced onto a sensor electrode and the sensor’s 

characteristics by a given rotating strip charge with dimensions (LmxWm) at a distance s 

from the electrode.  

 

% The below code calculates the sensor’s characteristics for variable 
width of electrode. The same code can be used for variable length with 
slight modifications. 
 
clear all; 
close all; 
clc; 
  
syms x t S h w Q y d wm 
  
w=10;   %Angular speed in rad 
D=0.06; %Diameter of the shaft in mm 
s=D/30; %Distance between the electrode and the shaft 
z=0;    %Position of the marker along the lengthwise axis of the shaft 
L=D/3;  %Length of the electrode 
W=D/10; %Width of the electrode 
pii=pi; 
fs=1000;%Sampling frequency 
  
% Sensitivity equation from the mathematical model 
 
Ss1=(1/(4*pi))*(atan((((0.5*L-z)*(0.5*W-0.5*D*cos(w*t+wm)))/((0.5*D+s-
0.5*D*sin(w*t+wm))*sqrt((((0.5*W-0.5*D*cos(w*t+wm))^2)+(0.5*D+s-
0.5*D*sin(w*t+wm))^2+(0.5*L-z)^2)))))); 
 
Ss2=(1/(4*pi))*(atan((((0.5*L+z)*(0.5*W-0.5*D*cos(w*t+wm)))/((0.5*D+s-
0.5*D*sin(w*t+wm))*sqrt((((0.5*W-0.5*D*cos(w*t+wm))^2)+(0.5*D+s-
0.5*D*sin(w*t+wm))^2+(0.5*L+z)^2)))))); 
 
Ss3=(1/(4*pi))*(atan((((0.5*L-z)*(0.5*W+0.5*D*cos(w*t+wm)))/((0.5*D+s-
0.5*D*sin(w*t+wm))*sqrt((((0.5*W+0.5*D*cos(w*t+wm))^2)+(0.5*D+s-
0.5*D*sin(w*t+wm))^2+(0.5*L-z)^2)))))); 
 
Ss4=(1/(4*pi))*(atan((((0.5*L+z)*(0.5*W+0.5*D*cos(w*t+wm)))/((0.5*D+s-
0.5*D*sin(w*t+wm))*sqrt((((0.5*W+0.5*D*cos(w*t+wm))^2)+(0.5*D+s-
0.5*D*sin(w*t+wm))^2+(0.5*L+z)^2)))))); 
 
Ss=Ss1+Ss2+Ss3+Ss4; 
  
n=0; 
for WM=-2*2*W/(D):2*4*W/((D)*64):2*2*W/(D);%64 point charges 
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    n=n+1; 
    Wm=WM*D/2; 
    dWm(n)=Wm/W; 
     
      i=0; 
      for  t1=0:1/fs:pi/w; 
           i=i+1; 
           k(i)=t1; 
           Sen(n,i)=double(subs(Ss,[t wm],[t1 WM])); 
      end 
end 
  
n1=(n+1)/2; 
B=zeros(n1,length(k)); 
B(1,:)=Sen(n1,:); 
j=0; 
for j=2:n1; 
    B(j,:)=B(j-1,:)+Sen(n1+1-j,:)+Sen(n1-1+j,:); 
    j=j+1; 
end 
  
wid(1)=1; 
for a=2:n1 
 wid(a)=wid(a-1)+2; 
end 
B1=bsxfun(@rdivide,B*100,wid.'); 
  
width(1)=0; 
for a=2:n1 
 width(a)=dWm(n1+a-1)-dWm(n1-a+1); 
end 
  
Smax=max(B1(:,:).'); 
Is=diff(B.')*fs; 
  
% Bandwidth of the output signal 
 
g=0; 
for u=1:n1; 
    g=g+1; 
bw(g) = powerbw(Is(:,g),fs);  
end 
  
% Power spectrum density of the output current 
 
[Psd,F] = periodogram(Is,hanning(length(Is)),100*length(Is),fs); 
maxpsd=max(Psd(:,:)); 
maxpsd1=max(Psd(:)); 
PsdN=Psd/maxpsd1; 
  
% Calculation of the total sensitivity 
 
Sens(1,:)=B1(5,:); 
Sens(2,:)=B1(7,:); 
Sens(3,:)=B1(4,:); 
Sens(4,:)=B1(17,:); 
Sensitivity=Sens.'; 
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% Calculation of the induced current 
 
IS=Is.'; 
Output(1,:)=IS(5,:); 
Output(2,:)=IS(7,:); 
Output(3,:)=IS(9,:); 
Output(4,:)=IS(17,:); 
  
% Calculation of the PSD 
 
psdN=PsdN.'; 
PSD(1,:)=psdN(5,:); 
PSD(2,:)=psdN(7,:); 
PSD(3,:)=psdN(9,:); 
PSD(4,:)=psdN(17,:); 
PSDn=PSD.';        
  
% Presentation of the results 
 
figure 
subplot(3,2,1) 
plot(k(1:end),Sensitivity) 
axis([-inf inf -inf inf]) 
title('Sensitivity (%)') 
legend('Wm/W=1/2','Wm/W=3/4','Wm/W=1','Wm/W=2') 
xlabel('Time(s)') 
ylabel('Sensitivity (%)') 
 
subplot(3,2,3) 
plot(k(2:end),Output) 
axis([-inf inf -inf inf]) 
title('Output signal') 
legend('Wm/W=1/2','Wm/W=3/4','Wm/W=1','Wm/W=2') 
xlabel('Time(s)') 
ylabel('Output Current (a.u.)') 
 
subplot(3,2,5) 
plot(F,PSDn) 
axis([0 40 -inf inf]) 
title('Normalised Power Spectral Density') 
legend('Wm/W=1/2','Wm/W=3/4','Wm/W=1','Wm/W=2') 
xlabel('Time(s)') 
ylabel('Normalised PSD') 
 
subplot(3,2,2) 
plot(width,Smax) 
axis([0 4 -inf inf]) 
title('Maximum Sensitivity for variable Wm/W') 
xlabel('Wm/W') 
ylabel('Max Sensitivity (%)') 
 
subplot(3,2,4) 
plot(width,maxpsd) 
title('Maximum Power Spectral Density for variable Wm/W') 
xlabel('Wm/W') 
ylabel('Max PSD (a.u.)') 
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subplot(3,2,6) 
xq = 0:0.1:4; 
p = polyfit(width,bw,4); 
f1 = polyval(p,xq); 
plot(xq,f1); 
title('Bandwidth for variable Wm/W') 
xlabel('Wm/W') 
ylabel('Bandwidth') 
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Abstract—Electrostatic sensors have been successfully used for the velocity measurement of pneumatically conveyed
particles and the rotational speed measurement. However, the signal from an electrostatic sensor is usually vulnerable and
susceptible to contamination in a hostile environment. The acquired original signal may be contaminated by different types
of noise that can be within or outside the frequency range of the signal. This article presents a novel correlation signal
processing method to minimize the impact of noise in the signal through a denoising process and, hence, improve the
performance of correlation-based measurements in general. The method is applied to the rotational speed measurement
based on electrostatic sensors in particular. The denoising process is an essential task in digital signal processing to
improve the signal-to-noise ratio before implementing the measurement algorithm. A hybrid denoising method is proposed
to combine a cutoff frequency method to remove the noise components outside the signal bandwidth and a median filter
to smooth the signal. Subsequently, the signal is denoised in the time domain by employing an advanced digital filtering
method based on correlation techniques to suppress the noise frequency components mixed with the original signal. The
rotational speed measurement system with the proposed technique has proven to be effective in denoising signals that
are buried in noise with which they are correlated. Moreover, the technique is capable of producing more accurate and
repeatable measurements with a wider measurement range than the existing system. Experimental results suggest that
the relative error of the improved system is mostly within ±0.1% over the speed range of 300–3000 r/min and within ±0.2%
over the speed range of 40–300 r/min.

Index Terms—Sensor signal processing, buried signal, correlation measurement, denoising, electrostatic sensors, rotational speed.

I. INTRODUCTION

Correlation techniques have been applied extensively and success-
fully in multiphase flow measurement over the past two decades [1]–
[3]. In recent years extensive research and experimental investigations
have been conducted on the use of electrostatic sensors in conjunction
with correlation signal processing techniques for rotational speed mea-
surement [4]–[6]. Experimental results have shown a maximum error
of no greater than ±1.5% over the speed range from 500 to 3000 r/min.
Much more recently, the method has been developed further by incor-
porating a data fusion algorithm, capable of producing more accurate
measurements with a maximum error within ±0.5% over the range
of 200 to 3000 r/min [7]. Although the proposed electrostatic sensing
technique has successfully achieved a rotational measurement for ro-
tary shafts, it has some limitations that will be dealt with in this article.
The existing electrostatic sensors depend primarily on the rotational
speed, material properties, and surface conditions of the shaft [4].
Consequently, the speed measurement is susceptible to environmen-
tal conditions, among which humidity, vibration, and electromagnetic
interferences are considered to be the main factors. In a hostile envi-
ronment and at low rotational speed (<200 r/min), the signal-to-noise
ratio may deteriorate as the induced electrostatic charge on the elec-
trode decreases with the discharge effect and in the presence of strong
noises, making the system ineffective for low rotational speed mea-
surement. This article is based on the previous work and concentrates
on the improvement of the performance of the measurement system.

Corresponding author: Yong Yan (y.yan@kent.ac.uk).
Associate Editor: F. Costa.
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The proposed system aims at providing more accurate and repeatable
measurements over a wider range of rotational speeds. To tackle the
aforementioned challenge, additional signal processing strategies are
implemented to improve the performance of the measurement system.
The proposed technique uses dual electrostatic sensors coupled with
an improved signal processing algorithm to enhance the signal-to-
noise ratio and to widen the measurement range. The basic principle
and the detailed structure of the rotational speed measurement system
based on dual electrostatic sensors have been reported previously [5].
The rotational speed is derived from the period (T) of the sensor output
signals or from the time delay (τ ) between them. Moreover, both (T)
and (τ ) can be determined from the autocorrelation and cross corre-
lation of the output signals, respectively. A series of experiments was
conducted on purpose-built test rigs to evaluate the performance of
the improved system in terms of accuracy, repeatability, rangeability,
and robustness.

II. SIGNAL ANALYSIS AND DENOISING APPROACH

A. Signal Analysis

The output signal from an electrostatic sensor is a random and low-
pass signal as shown in Fig. 1. The signal is also periodic due to the
rotational motion. Its bandwidth depends on the geometric properties
of the electrode and size of the rotor [8]. The bandwidth is proportional
to the rotational speed [8]. Fig. 1 shows a typical noise-free signal and
the corresponding spectrum.

The signal from the electrostatic sensor is usually weak. Thus, var-
ious extrinsic and intrinsic noises can be superimposed on it, resulting
in a contaminated signal at the output of the conditioning circuit. In
some extremely poor conditions, the signal can be partly or totally
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Fig. 1. Typical example of a noise-free signal and corresponding fre-
quency spectrum at 200 r/min. (a) Noise-free signal. (b) Power spectrum
of signal.

Fig. 2. Typical example of a noisy signal and corresponding frequency
spectrum. (a) Noisy signal. (b) Power spectrum of the noisy signal.

buried in a strong noise (see Fig. 2). This additive noise significantly
degrades the quality of the signal, which can be crucial for signal
processing, as a contaminated signal leads to erroneous measurement
results.

The types of the source noise that are mixed with the original signal
need to be considered when selecting denoising methods. Generally,
the acquired signal is contaminated by different types of noise that
can be within or outside the frequency range of the original signal. In
some extremely poor conditions, the signal is correlated with noises in
which it is buried. The most common sources of noise are the power
line interference, vibration of the mechanical system, and intrinsic
random noise. Power line interference originates primarily from the
electromagnetic field of the power lines and the improper grounding
of the signal conditioning circuit. The power line noise is centered
at 50 or 60 Hz with a bandwidth no more than 1 Hz and is mostly
rejected by the earthed metal screen of the sensor [9], [10]. How-
ever, adding a screen to cover the electrode and signal conditioning
circuit cannot completely reject the external electrical interference.
Furthermore, a traditional notch filter cannot be used to remove the
residual noise since its frequency component (50 or 60 Hz) may be
within the spectrum of the original signal. Thus, a more advanced
digital filtering method needs to be employed to suppress this residual
noise. The second type of noise that may contaminate the signal is
due to the vibration of the mechanical system. Although the adopted
method of signal acquisition (current-to-voltage convertor) does not
require consideration of the stray capacitance of the electrode in the
acquisition circuit, it is still sensitive to the vibration of the sensor
and the connecting cable between the sensor and the data acquisition
unit. Even tiny displacements of charge in connecting cables due to
physical handling can produce current large enough to cause signif-
icant noise in the system. The interference frequency of this type of
noise is usually composed of the main rotational frequency and its har-
monics in addition to high-frequency components due to vibration of
the connecting cables. Finally, intrinsic noise can be superimposed on
the original signal from the signal conditioning circuit. This noise is ap-
proximated to white noise which has a continuous frequency spectrum
distribution. For that reason, the signal conditioning circuit was de-
signed with extremely low noise using high-performance components

Fig. 3. Filtered signals S1n f and S2n f from a dual electrostatic sensor.

Fig. 4. Spectra of the filtered signals in Fig. 3.

[11]. Additionally, a low-pass filter was added to the preprocessing to
eliminate the high-frequency noise.

B. Filtering of High-Frequency Noise

Although the signal conditioner comprises a low-pass filter that
helps to remove high-frequency noise, nevertheless, other types of
noise cannot be suppressed by the analogue circuit. To address this
problem, a digital filtering algorithm is proposed which combines a
cutoff frequency method based on the Fourier transform and a median
filter, to remove the high-frequency noise components and also to
smooth the signal. A fifth-order IIR Butterworth filter is employed
to suppress noise outside the signal bandwidth. Then, a median filter
with a window size of 50 is applied to smooth the signal. Figs. 3 and
4 show a typical example of the filtered signals S1n f and S2n f and
the corresponding power spectra, respectively. The periodicity of the
signals, due to the continuous motion of the shaft, becomes apparent
after applying the low-pass filter.

Figs. 5 and 6 illustrate the autocorrelation function of the filtered
signal S1n f and the cross-correlation function of the two filtered signals
S1n f and S2n f . The two correlation functions show that the filtered
signals are still buried in strong noise since the dominant peaks, from
which the periodicity of the signals is determined, are not clearly
defined and stable. Although high-frequency noise has been eliminated
using digital low-pass filters, the filtered signals are still contaminated
with noises that may be correlated with the original signals, and their
spectra are within the frequency band of the original signals. Thus,
a simple cutoff frequency method is not sufficient to remove such
types of noise, making the measurement invalid. Therefore, the filtered
signals should be further denoised using an advanced digital filtering
method to remove the frequency components mixed with the desired
signal.

C. Filtering of Common Mode Noise

The proposed sensing system for rotational speed measurement is
based on a dual electrostatic sensor, comprising two electrodes and
connected to two independent conditioning circuits [5]. Consequently,
the dual sensor derives two signals S1(t) and S2(t), similar to each
other apart from the time delay between them (see Fig. 3). Since the
electrodes and conditioning circuits of the two sensors are almost
identical, it can be assumed that they are exposed to common mode
noises which they may be correlated with, and their spectra are within
the spectrum of the signal. Noises due to power line interference
and vibration of the rig can be considered as common mode noise.



VOL. 3, NO. 7, JULY 2019 7001404

Fig. 5. Autocorrelation functions of the filtered signal S1n f and S2n f .

Thus, employing a method to reduce the common mode noise would
suppress most of these noises.

The autocorrelation function (RS1 S1 ) of the noise-free signal S1(t)
and the cross-correlation function (RS1 S2 ) of the noise-free signals
S1(t) and S2(t) can be written as follows:

RS1 S1 (m) =
N∑

k=1

S1(k)S1(k + m) (1)

RS1 S2 (m) =
N∑

k=1

S1(k)S2(k + m) (2)

where N is the number of samples in the correlation computation, and
m (m = 0, . . . , N) is the number of delayed points.

If, however, the two signals (S1(t)) and (S2(t)) are contaminated
with a strong common mode periodic noise n(t) with which they are
correlated, the autocorrelation function (RS1n S1n ) of the noisy signal
(S1n(t)) and the cross-correlation function (RS1n S2n ) of the noisy signals
S1n(t) and S2n(t), become

RS1n S1n (m) =
N∑

k=1

S1n(k)S1n(k + m) (3)

RS1n S1n
(m) =

N∑

k=1

[(S1(k) + n(k))(S1(k + m) + n(k + m))] (4)

RS1n S1n (m) =
N∑

k=1

S1(k)S1(k + m) +
N∑

k=1

S1(k)n(k + m)

+
N∑

k=1

n(k)S1(k + m) +
N∑

k=1

n(k)n(k + m) (5)

RS1n S1n (m) = RS1 S1 (m) + RS1n(m) + RnS1 (m) + Rnn(m) (6)

RS1n S2n
(m) =

N∑

k=1

S1n(k)S2n(k + m) (7)

RS1n S2n (m) =
N∑

k=1

((S1(k) + n(k))(S2(k + m) + (n(k + m))) (8)

=
N∑

k=1

S1(k)S2(k + m) +
N∑

k=1

S1(k)n(k + m)

+
N∑

k=1

n(k)S2(k + m) +
N∑

k=1

n(k)n(k + m) (9)

RS1n S2n
(m) = RS1 S2

(m) + RS1n(m) + RnS2 (m) + Rnn(m) (10)

where S1n(k) and S2n(k) are the digitized signals S1n(t) and S2n(t),
respectively.

The correlation terms RS1n , RnS1 , RnS2 , and Rnn are problematic,
in particular, when the signal-to-noise ratio is relatively low, as these
terms do not tend to zero, because the noise n(t) is periodic and

Fig. 6. Cross-correlation function of the two filtered signals S1n f and
S2n f .

Fig. 7. Modified correlation function of the two filtered signals S1n f and
S2n f .

correlates with the original signals (S1(t) and S2(t)). The effect of
the strong noise n(t) can be clearly observed in Figs. 5 and 6 where
the peaks of the autocorrelation and cross-correlation functions are
completely obscured by the periodic correlation effects caused by
the periodic noise in the signals. In this case, the rotational speed
measurement is invalid.

To solve this problem, consider the cross-correlation function be-
tween S1n and (S1n − S2n)

RS1n (S1n−S2n ) = R(S1+n)(S1−S2) = RS1 S1 − RS1 S2 + RnS1 − RnS2 (11)

and the cross-correlation function between S2n and (S1n − S2n)

RS2n (S1n−S2n ) = R(S2+n)(S1−S2) = RS2 S1 − RS2 S2 + RnS1 − RnS2 . (12)

Then, subtracting (12) from (11)

Rmod = RS1 S1 + RS2 S2 − RS1 S2 − RS2 S1 (13)

where Rmod is the modified correlation function of the two noisy signals
S1n and S2n .

Equation (13) shows that the modified correlation function Rmod is
composed only by the autocorrelation and cross-correlation functions
of the noise-free signals (S1) and (S2). Fig. 7 illustrates the modified
correlation function. It is worth noting that the peaks of RS1 S1 and
RS2 S2 are located at the same time lag, i.e., the period of the periodic
noises (T). Additionally, the peaks of the cross correlation RS1 S2 and
RS2 S1 are inverted in (13) and are located at the time lags τ and
(T-τ ), respectively (see Fig. 7). T and τ denote the period of the two
signals and the time delay between them, respectively. As a result,
the modified correlation function of the noisy signals has significantly
removed the effects due to the periodic noises and the correlation peaks
become more apparent, enabling the determination of the rotational
speed.

It is worth noting that the height of the correlation peaks is affected
by the level of the white noise superimposed on the original signal.

III. EXPERIMENTAL VALIDATION

Experimental tests were conducted on two purpose-built test rigs
[11] as shown in Fig. 8 to validate the performance of the improved
measurement system against an optical tachometer as a reference me-
ter. The sensor output signals are sampled at a frequency of 50 kHz
using a high-performance data acquisition unit (NI USB-6351) with
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Fig. 8. Test rig. (a) Test rig for 300–3000 r/min. (b) Test rig for
0–300 r/min.

Fig. 9. Comparison of measured speeds up to 3000 r/min. (a) Con-
ventional correlation method. (b) Modified correlation method.

Fig. 10. Relative error of the measured rotational speed.

Fig. 11. Comparison of measured speeds up to 300 r/min. (a) Con-
ventional correlation method. (b) Modified correlation method.

16-b ADC and processed on a host computer through an optimized
code using LabView [5], [11]. The speed measurement using the pro-
posed method and conventional method are plotted in Fig. 9. Each
measured speed is the average of 20 instantaneous measurements.

It can be seen that the two methods can achieve the rotational
speed measurements over the range between 500 and 3000 r/min.
However, the proposed method outperforms the conventional one in
terms of accuracy as shown in Fig. 10. The relative error using the
modified correlation method is within ±0.1% and with a repeatability
of <0.05%, compared with <0.33% in the data fusion method [7].

A second series of experiments was conducted for the speed range
from 40 to 300 r/min. Fig. 11 shows that the lower end range of the
conventional method is 160 r/min, whereas the proposed method can

Fig. 12. Relative error of the measured speed for low speed range.

achieve valid measurements down to 40 r/min with a relative error
within ±0.2% and a maximum repeatability of 0.7% (see Fig. 12).

IV. CONCLUSION

A denoising method for signals used in correlation measurement
systems has been proposed and evaluated. The improved correlation
technique has been shown to improve the performance and enhance the
robustness of the rotational speed measurement system. The modified
correlation method has proven to be effective in a replicated hostile
environment where the original signals are contaminated with corre-
lated strong common-mode periodic noises. This technique is suitable
for any correlation-based measurement where there is strong periodic
noise. The lab-scale experimental results have demonstrated that the
measurement error is within ±0.2% over the speed range from 40 to
3000 r/min with a repeatability of <0.7%. Additionally, the lower end
of the measurement range has been extended from 160 to 40 r/min. The
advantages of this technique over the conventional method are more
demonstrable when the signal-to-noise ratio is very low and where
the peak in the conventional correlation function is not apparent and
stable. Field trials should be conducted in the near future to assess the
effectiveness of the improved system under practical conditions.
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Vibration Measurement of an Unbalanced Metallic
Shaft Using Electrostatic Sensors

Kamel Reda and Yong Yan , Fellow, IEEE

Abstract— Vibration measurement of a rotary shaft is essential
for the diagnosis and prognosis of industrial rotating machin-
ery. However, the imbalance of a shaft, as quantified through
vibration displacement, is the most common cause of machine
vibration. The objective of this paper is to develop a novel
technique through electrostatic sensing for the online, continuous
and noncontact displacement measurement of a rotary shaft
due to imbalance faults. A mathematical model is established to
extract useful information about the shaft displacement vibration
from the simulated signal in the frequency domain. Experimental
tests were conducted on a purpose-built test rig to measure the
displacement vibration of the shaft. An eccentric shaft was tested
with the output signal from the electrostatic sensor analyzed. The
effectiveness of the proposed method is verified through computer
simulation and experimental tests. Results obtained indicate that
the measurement system yields a relative error of within ±0.6%
in the displacement measurement.

Index Terms— Displacement, electrostatic sensors, fault detec-
tion, imbalance, rotating machinery, vibration.

I. INTRODUCTION

V IBRATION measurement of rotary shafts plays a signifi-
cant part in the condition monitoring of rotating machin-

ery. A variety of mechanical defects, such as shaft imbalance,
coupling misalignment, and bearing deterioration, may give
rise to excessive vibrations that cause machine failure. Imbal-
ance is the most common cause of vibrations of rotating
machines. In practice, shafts can never be perfectly balanced
because of manufacturing errors such as porosity in casting,
nonuniform density of material, manufacturing tolerances, and
gain or loss of material during operation. An unbalanced shaft
makes it more susceptible to high-amplitude vibrations that
cause noise and incorrect functionality and thus reduces the
lifespan of the machine.

There is a range of techniques available for shaft vibration
detection through the measurement of displacement, velocity,
or acceleration [1]–[4]. However, in certain cases where the
mass of the machine casing is much greater than that of
the shaft or rotor, conventional contact type sensors such as
accelerometers and velocity transducers may not be suitable
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for detecting the vibration of the shaft [3]. Noncontact type
sensors are desirable in such cases. Several types of prox-
imity sensors based on eddy current, ultrasonic, capacitive,
or inductive principles are often used to measure the relative
vibration of a rotating shaft [5], [6]. Recently, a number of
new methods have been proposed for shaft vibration detec-
tion. Tong et al. [7] designed a reflective intensity-modulated
noncontact optical fiber sensing system to detect the radial
vibration of high-speed rotating machinery. Vyroubal [8]
identified the vibration signature using optical sensors
through spectral analysis of phase-modulated light pulses.
Okabe and Tanaka [9] described an ultrasonic sensor-based
method for shaft vibration detection by measuring the propa-
gation time of the ultrasonic wave from the sensor to the shaft
surface. Sophisticated optical sensors can be designed to oper-
ate in a harsh environment and can perform noncontact dis-
placement measurement with high sensitivity and resolution.
However, such devices are prohibitively expensive for routine
industrial applications. Much more recently, Wang et al. [10]
employed electrostatic sensors for the vibration detection of
rotating machinery. Later, they proposed a method for the
radial vibration measurement of a shaft using electrostatic
sensors and Hilbert–Huang transform [11]. However, both
methods were based on the amplitude of the output signal
resulting from electrostatic charge on the surface of a rotating
dielectric shaft, assuming that the only factor affecting the
amount of induced charge, and hence, the signal amplitude is
the distance between the electrode and the shaft. Nevertheless,
the electric charge level on the dielectric shaft surface depends
significantly on environmental conditions and consequently the
signal amplitude varies with environmental factors such as
ambient temperature and relative humidity [12], [13]. As a
result, these methods cannot be used to achieve an absolute
displacement measurement due to the uncertain amount of
charge on the shaft surface. Moreover, these methods work
only on dielectric shafts and require an array of sensors to
be installed around the shaft, making the sensor installation
practically difficult.

This paper presents a novel technique to measure the vibra-
tion caused by an unbalanced shaft by applying a magnitude-
independent method in the frequency domain with the use
of electrostatic sensors. The proposed method is based on
the frequency properties of the sensor signal, rather than its
amplitude to quantify the shaft displacement. This method
and, hence, the measurements are independent of the level
of the accumulated charge on the shaft surface, which makes
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Fig. 1. Physical model of the sensing system. (a) Normal shaft. (b) Eccentric
shaft.

the measurement system more stable and reliable in harsh
industrial environments. In addition, the proposed technique
can work on metallic shafts and uses only a single electro-
static sensor. The shaft imbalance detection method along
with preliminary experimental results was presented at the
2018 International Instrumentation and Measurement Technol-
ogy Conference [14]. This paper presents in detail the principle
of the vibration displacement measurement of an unbalanced
shaft along with experimental results. Mathematical modeling
of the sensing system is also established to study the frequency
response characteristics of an eccentric metallic shaft.

II. MEASUREMENT PRINCIPLE

Fig. 1 shows a simplified physical model of the electrostatic
sensing system for displacement measurement. The physical
model consists of a metallic shaft, electrically isolated point
charges fixed on the shaft surface (e.g., points M and N),
an electrostatic electrode, and associated signal conditioning
circuit.

A small electrostatically charged marker made of electret
film with an area of 4 mm2 is fixed on the metallic shaft.
The marker simulates a point charge on the shaft surface.
An electrostatic sensor consists of an insulated electrode with
a suitable charge detection circuit can detect the charge on
the marker and generate an output signal through electrosta-
tic induction. Wang and Yan [15] show that the frequency
response of the sensor output depends primarily on the circular
trajectory diameter D of a rotating point charge fixed on the
shaft surface (points M or N in Fig. 1), the distance s between
the point charge and the electrode, and the angular speed of
the shaft. For a given point charge on the shaft, the rotational
motion results in a circular trajectory of the point charge.
In the case of a normal shaft, the shortest distance between any
rotating point on the shaft and the electrode is constant, as is its
trajectory diameter, which is equal to D. While each point on
an eccentric shaft rotates along a different circular trajectory
and results in a variation in the distance s. By analyzing the
frequency response of the output signal, the displacement and,
hence, the imbalance of the shaft can be quantified. When n
identical markers (e.g., M1, . . . , M8) are fixed around the shaft,

the output signal is then composed of n pulses corresponding
to the n markers, as shown in Fig. 2.

It is worth noticing that the markers M1 and M5 correspond
to the shortest and longest distance from the shaft surface to
the electrode, respectively (points M and N in Fig. 1).

It can be seen from Fig. 2 that the distance between M4
and the center of rotation is equal to that between M6 and the
center of rotation. Similar dispositions exist with respect to
points M3–M7 and M2–M8. Consequently, the pulses resulting,
respectively, from M6, M7–M8, and M4, M3–M2 are identical.
Therefore, it would be sufficient to analyze the first five
pulses (M1–M5) which are distributed over the semicircumfer-
ence of the shaft. The output signal is first decomposed in the
time domain into single pulses corresponding to the markers
fixed on specific locations around the shaft. The corresponding
spectra are plotted in Fig. 4. However, the decomposition
should be performed under the assumption that the pulses
resulting from the markers (point charges) do not overlap
with each other. Accordingly, the number and arrangement
of the markers should be well defined in order to satisfy this
condition. The number and arrangement of the markers around
the shaft depend primarily on the shaft diameter, angular speed
to be measured and the size of the markers.

Fig. 4 shows that, when a point charge on the shaft surface
rotates closer to the electrode (e.g., M1), the frequency at
the spectrum crest ( fsc1) has a higher value than that of a
point charge rotating farther to the electrode. When a point
charge rotates closer to the electrode, the electrode covers a
smaller area of the electric field, and the induction occurs for a
shorter period and subsequently gives rise to a signal of higher
frequency. As a result, the closer the distance between the
electrode and the shaft surface, the more the induced charge
on the electrode and the higher the frequency.

The magnitude frequency response of the decomposed
output signals (Fig. 3) due to different point charges on an
eccentric shaft (different displacements), rotating at a constant
speed, shows different frequencies at the peak of spectra or
the frequency at the spectrum crest ( fsc) (Fig. 4). Therefore,
the displacement can be derived from fsc.

III. MATHEMATICAL MODELING OF THE SENSOR

A. Mathematical Model of the Sensor
A mathematical model of the electrostatic sensing system

for the rotational motion of an electrostatic point charge should
be established in order to study the sensing characteristics
of the sensor. From the developed model, we can derive
an analytical relationship between the displacement s and
the characteristics of the sensor in the frequency domain.
Fig. 5 shows an overview of the sensing arrangement in the
mathematical modeling. The circle C in Fig. 5 indicates a
cross section of a metallic shaft with a diameter D, on which
an electrically insulated point charge is fixed. The rotational
motion of the point charge at angular speed ω creates, in effect,
an impulse input to the sensing system. A strip-type electrode
with dimensions L × W, made on a small printed circuit
board (PCB) with adequate insulation together with grounding
around the electrode, can be regarded as a piece of perfectly
conductive metal and is placed at distance s from the shaft.
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Fig. 2. Distribution of markers on the shaft and corresponding output signal results over one revolution (speed = 60 r/min). (a) Markers on the shaft.
(b) Sensor output signal.

Fig. 3. Decomposition of the output signal into five single pulses.

Based on Gauss’s law, the total induced charge Q on the
surface of the electrode due to the rotating charge q on the
shaft is given by [15]

Q(t)

= −q

2π

∫ + W
2

− W
2

∫ + L
2

− L
2

× 0.5D + s−0.5D sin ωt

((z−0.5D cos ωt)2+(0.5D+s−0.5D sin ωt)2+x2)
3
2

× dxdz. (1)

Then, expression (2), shown at the bottom of this page,
is obtained. Taking D as the basic dimensional unit in the
sensing system and W , L, and s can all be normalized with

Fig. 4. Amplitude spectra of the decomposed pulses.

reference to D, the total charge Q(t) is obtained in (3), shown
at the bottom of this page, where βi = sgn(i − 1.5), δL =
(L/D), δW = (W/D), δs = (d/D).

If the electrode is connected to a signal conditioning circuit,
as shown in Fig. 6, that converts the induced charge into an
induced current, then the actual current output Is(t) of the
sensor is thus,

Is(t) = d Q(t)

dt
. (4)

B. Impulse and Frequency Response of the Sensor
A point charge approaching toward the electrode along a

circular trajectory from infinity is equivalent to an impulse

Q(t) = −q

2π

2∑
i=1

arctan

⎡
⎢⎢⎢⎢⎣

0.5L(0.5W + 0.5Dβi cos ωt)

(0.5D + s − 0.5D sin ωt)

√
(0.5D + s − 0.5D sin ωt)2

+(0.5W + 0.5Dβi cos ωt)2 + (0.5L)2

⎤
⎥⎥⎥⎥⎦ (2)

Q(t) = −q

2π

2∑
i=1

arctan

⎡
⎢⎢⎢⎢⎣

0.5δL(0.5δw + 0.5βi cos ωt)

(0.5 + δs − 0.5 sin ωt)

√
(0.5 + δs − 0.5 sin ωt)2

+(0.5δw + 0.5βi cos ωt)2 + (0.5δL)2

⎤
⎥⎥⎥⎥⎦ (3)
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Fig. 5. Electrostatic sensing arrangement in the mathematical modeling.

Fig. 6. Simplified model of the sensing system.

Fig. 7. Typical example of the sensor output and corresponding frequency
spectrum. (a) Sensor output signal. (b) Spectrum of output signal.

input with amplitude q [i.e., qδ(t)] to the sensing system, thus
the impulse response hs(t) of the system [Fig. 7(a)] is given
by

hs(t) = d Q(t)

qdt
. (5)

The frequency response of the sensing system [Fig. 7(b)]
can be determined from the Fourier transform of the impulse
response hs(t)

Hs( f ) =
∫ +∞

−∞
hs (t)e

− j2π f t dt . (6)

By substituting hs(t) in (5) into (6), the amplitude of the
frequency spectrum can be written as

|Hs( f )| = F(ω, D, s). (7)

Equation (7) implies that the amplitude of the spectrum is a
function of the angular speed ω, the diameter of the shaft D,
and the distance s between the shaft surface and the electrode.

C. Displacement Effect on the Frequency Response
The effect of the displacement on the frequency response

is investigated for a strip-shape electrode [16], using different

point charges, with the same magnitude, and rotating along
circular trajectories of different diameters [Fig. 8(a)]. Subse-
quently, different trajectories result in different distances to an
electrode (displacement), which is located at a fixed distance
from the rotation center.

Fig. 8(b) and (c) shows the signal outputs of the electrostatic
sensor and the corresponding normalized spectra for two
different point charges rotating at ω = 12 rad/s, which is
equivalent to 115 r/min.

Fig. 8(c) illustrates the output signals in the frequency
domain, indicating the effect of the displacement on the
frequency characteristics of the sensor. It can be noted that
a shorter distance between the electrode and the circular
trajectory of the point charge results in a more induced charge
on the electrode and hence higher signal amplitude [Fig. 8(b)].
Moreover, a shorter distance yields a wider bandwidth and
a higher frequency at the maximum amplitude [Fig. 8(c)],
suggesting that the point charge being within the sensing
region of the electrode for a shorter period of time at a constant
angular speed.

D. Characteristics of an Unbalanced Shaft
1) Vibration of an Unbalanced Shaft: In general, all rotating

machines produce some form of vibration is a function of the
machine dynamics such as imbalance, misalignment, bearing
deterioration, and mechanical looseness [17]. There are three
main parameters used to evaluate the vibration characteristics
of any dynamic system: displacement, velocity, and accelera-
tion [18], [19]. Imbalance is the most common mechanical
fault and source of vibration in rotating equipment. Shaft
imbalance is a condition in which the center of mass of the
shaft is not coincident with the center of rotation. A static
imbalance is a condition of imbalance where the central
principal axis of inertia is displaced in parallel with the axis
of rotation, as shown in Fig. 9.

This paper is concerned with the static imbalance fault
that can be determined from the radial vibration of the shaft
through instantaneous displacement measurement of the shaft
surface with respect to a nonmoving reference point.

2) Modeling of the Displacement Due to Static Imbalance
of a Shaft: The vibration due to shaft imbalance can be
determined through the displacement measurement of the shaft
surface with respect to a fixed position (the sensor). However,
it is essential to establish a mathematical model of the shaft
displacement. Fig. 10 shows the geometrical model of an
unbalanced shaft in rotational motion when an electrostatic
sensor is used. The simulation results from the mathematical
model of the shaft displacement will be used in the regression
analysis in order to develop an estimated regression equation,
which gives the displacement as a function of the frequency
at the spectrum crest ( fsc). In addition, the modeling results
will be used to evaluate the accuracy of the regression model.
The model is established with the following assumptions.

1) An electrode is placed on the y-axis, at distance (R0+s0)
from the x-axis. The position of the sensor is considered
as a fixed reference.

2) The circle with diameter 2R0 represents a cross section
of a metallic shaft.
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Fig. 8. Sensor’s output of two point charges in rotational motion and its corresponding spectra. (a) Two point charges. (b) Sensor output signals. (c) Spectra
of output signals in rotational motion.

Fig. 9. Static imbalance of shaft in rotating machines.

Fig. 10. Unbalanced shaft.

Fig. 11. Displacement function of an eccentric shaft.

3) The rotation center O � of the circle is offset from the
geometric center O by the distance e.

4) The rotational motion of the circle about the center O �
simulates an unbalanced shaft.

5) The shaft and, hence, the circle are rotating at a constant
angular speed ω = θ/t .

6) The displacement s is the distance between the shaft
surface and the sensor.

Fig. 12. Relationship between displacement and normalized fsc.

Fig. 13. Displacement values over two revolutions.

Fig. 14. Fit curve of the displacement distribution.

7) The eccentricity e with respect to the radius R is
relatively small (e � R).

From Fig. 10, R0 is given by

R2
0 = R2 + e2 − 2eR cos θ. (8)

Rearranging (8)

R = e cos θ +
√

e2 cos2 θ − e2 + R2
0 . (9)
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TABLE I

fsc⊥ AT DIFFERENT DISPLACEMENTS AND DIAMETERS

Fig. 15. Comparison of the displacement measurement and the relative difference between the electrostatic sensor and the simulated reference. (a) Comparison
of displacement measurements. (b) Relative difference.

As the sensor is located at a fixed distance from the x-axis,
then

R0 + s0 = R + s. (10)

By substituting R from (9) to (10), the shaft displacement with
respect to the sensor position can then be determined by

s = R0 + s0 − e cos θ − R0

√
1 − e2

R2
0

sin2 θ. (11)

As e � R, then the displacement can be approximated by

d(θ) = s0 − e cos θ. (12)

Since θ = ωt , (12) can be rewritten as

s(t) = s0 − e cos ωt (13)

where S0 denotes the distance between the sensor and the
normal shaft and e denotes the eccentricity of the shaft.

Equation (13) implies that the displacement of an unbal-
anced shaft with respect to a fixed position could be approxi-
mated to a sinusoidal waveform, as illustrated in Fig. 11.

Fig. 16. Block diagram of the signal conditioning circuit.

E. Estimation of the Displacement Function
of an Eccentric Shaft

Equation (7) defines the spectrum of the output signal as a
function of ω, s, and D. For a rigid shaft supported on rigid
bearings, the shaft displacement is independent of the shaft
angular speed [3]. Wang and Yan [15] demonstrate that the
bandwidth is proportional to the angular speed. Subsequently,
the frequency at the spectrum crest fsc has a linear relationship
with the angular speed. Moreover, the diameter D of each
point on the eccentric shaft has a direct relationship with
the displacement (D + s = K), where K is a constant
(Fig. 1). Thus, the frequency of the spectrum crest fsc can
be normalized to the angular speed and can be expressed as a
function of the displacement s

f sc⊥ = f sc

ω
= F(s). (14)
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Fig. 17. Electrostatic sensor and signal conditioning circuit. (a) Electrode layer. (b) Components layer.

Fig. 18. Test rig.

From (14), the displacement could be determined analytically
as a function of the normalized frequency of the spectrum
crest

s = F−1( f sc⊥). (15)

The frequency at the spectrum crest is determined where the
spectrum amplitude slope is equal to zero

d(|Hs( f )|)
d f

= 0, at f = fsc. (16)

However, the analytical solution to (16) is very complex,
a polynomial regression analysis is thus used instead to
estimate the relationship between the two variables, the dis-
placement s and the normalized fsc (Fig. 12).

From Table I, the displacement s can be estimated as

s = p3 · f 3
sc⊥ + p2 · f 2

sc⊥ + p1 · fsc⊥ + p0 (17)

where p0 = 0.00916, p1 = −0.006206, p2 = 0.001786, p3 =
−0.0001922, and fsc⊥ = ( fsc/ω).

For an eccentricity of 0.5 mm (δe = 1/120) and ω =
100 rad/s (955 r/min), the displacement fluctuation is 1 mm,

resulting in a variation in fsc of 100 Hz (simulated result).
Hence, the measurement sensitivity is 0.01 mm/Hz. If the
signal is acquired over 1 s, then the measurement resolution
would be 0.01 mm.

Using (17), displacement values can be estimated for
each fsc. It can be seen from Fig. 13 that the displacement
distribution of an eccentric shaft is similar to a sinusoidal
distribution function, which agrees with the displacement
function of an unbalanced shaft. At a given angular speed
ω, the distribution of s can be fit to a sinusoidal function as
shown in Fig. 14. Hence, the displacement function can be
written as

s(t) = A cos ωt + B (18)

where A = −e, which denotes the eccentricity of the shaft
and is unknown and B = s0 which is a constant representing
the displacement of a normal shaft.

Fig. 15 shows a comparison between the reference simula-
tion results and the modeling results. It is evident that the
mathematical modeling results follow closely the reference
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Fig. 19. Output signal from the electrostatic sensor.

Fig. 20. fsc over two revolutions.

simulation results, and the small discrepancy is due to the
curve fitting errors.

As a result, the property of the electrode in the frequency
domain, being the frequency at the spectrum crest fsc, has
been used to establish a method to measure the instantaneous
displacement of the shaft and, hence, the vibration of an
unbalanced shaft is quantified.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

A. Experimental Setup
The electrostatic sensor was designed and fabricated based

on a double-sided PCB. As shown in Fig. 17, the electrode is
a 4-mm-wide tin-plated copper strip embedded in the bottom
layer of the PCB. The area around the electrode is filled
with earthed copper to minimize the influence of external
electromagnetic interferences. On the top layer of the PCB
is the signal conditioning circuit. The current signal from
the electrode is first converted into a proportional voltage
signal using an I–V converter. To maximize the power transfer
between the electrode and the signal conditioning circuit,
a FET amplifier is chosen for I–V conversion. Then, the
bipolar signal is further amplified and level shifted using a
high-accuracy instrumentation amplifier to match the input
range of a single-supply A/D converter. The instrumentation
amplifier also provides an adjustable gain for the circuit using
a potentiometer. Finally, a Sallen–Key low-pass filter is used to
remove high-frequency noise from the sensor output and pro-
vide antialiasing in the A/D conversion. The sensor is shielded
with an earthed metal screen to reject external electromagnetic
interferences. Fig. 16 shows the block diagram of the signal
conditioning circuit. The output sensor signal was sampled
at a frequency of 50 kHz using a data acquisition device

Fig. 21. Estimated displacement values.

Fig. 22. Comparison between the displacement values and the reference
sensor output.

Fig. 23. Relative error of the displacement measurement.

(National Instruments, model USB-6341) and processed on
a host computer. A bespoke software system was developed
using LabView in order to achieve an online displacement
measurement.

Experimental tests were conducted on a purpose-built test
rig as shown in Fig. 18 to validate the performance of the
electrostatic sensor for vibration displacement measurement
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Fig. 24. Comparison of the displacement curve from the electrostatic and the reference sensors. (a) Displacement measurement. (b) Relative difference.

against a reference displacement sensor. The rotational speed
of the motor is adjustable through the motor controller.
A commercial laser-based tachometer (Monarch Instruments,
PLT200) was used to obtain reference speed of the shaft.
An eccentric metallic shaft with a diameter of 60 mm and
an eccentricity of 0.5 mm from the rotation axis was tested.
An electrostatic sensor (Fig. 17) was placed 2 mm away
from the shaft surface. To simulate eight point charges on the
rotor surface, eight charged markers, each being made from
2 × 2 mm2 electret material film, were fixed evenly along the
circumference of the eccentric shaft. Two of them were located
at the shortest and longest distance with respect to the center of
rotation. Electrets are dielectrics that have a quasi-permanent
electrostatic charge. The electret markers were fabricated
through a typical microfabrication process using Teflon flu-
orinated ethylene propylene (FEP) films. The FEP film with a
thickness of 127 μm was charged with the use of a point-to-
plane corona discharge. After charging, the surface potential of
the FEP electret film reaches −560 V [20], [21]. The output of
the sensor, resulting from the induced charge on the electrode,
is derived and measured. Then, the frequency response of
the output signal is obtained. A displacement sensor of eddy
current type (Model LD701-2/5, OMEGA) was used as a
reference instrument to obtain the relative distance between
sensor and the shaft surface. All the tests were conducted in a
laboratory with air conditioning (ambient temperature of 22 °C
and relative humidity of 49%).

B. Results and Discussion
A minimum strength of the electrostatic signals has to be

maintained to achieve a valid measurement of the displace-
ment using electrostatic sensors. The root mean square (rms)
amplitude of an electrostatic signal is used to quantify the
signal strength. Wang and Yan [15] show that if the electrode
is moved away from the shaft surface, the effect of electrostatic
induction on the electrode is reduced, leading to a weakened
signal. In this experiment, the electrostatic sensor was placed
2 mm away from the shaft surface, the rms signal strength
is about 77.25 mV for the signal conditioning unit used.
In addition, the rejection of extrinsic noise due to a near
power line (50 Hz) is efficient since an earthed metal screen
is used to prevent the interference of electromagnetic fields.
However, further investigation is required when applying this
technique in an industrial environment with various sources of

electromagnetic interference. Fig. 19 shows the output signal
from the electrostatic sensor for one period which is the time
of the shaft over one revolution.

For each period, the signal is composed by a series of eight
pulses resulting from the eight markers on the shaft. It is
clear that the amplitude of the signal from the eccentric shaft
fluctuates due to the variations in the distance between the
shaft and the sensor over one revolution.

Following the measurement methodology in Section III,
the signal in Fig. 19 is first decomposed in the time domain
into eight single pulses corresponding to the eight point
charges on the shaft. Then, frequency analysis of each single
pulses is performed in order to extract the frequency at the
spectrum crest fsc. Fig. 20 shows the fsc values of the eight
pulses for an eccentric shaft (e = 0.5 mm) at 148 r/min. Using
the regression analysis in Section III, displacement values can
be estimated for each fsc. It can be observed from Fig. 21 that
the displacement distribution of an eccentric shaft can fit a
sinusoidal function, which agrees with the simulation results
in Section III.

Fig. 22 shows a direct comparison of the displacement
(ac component) of eight points on the eccentric shaft between
the electrostatic sensor and the reference sensor (eddy current
sensor). The shaft has an eccentricity of 0.5 mm and is rotating
at 148 r/min. All the measured displacements in Fig. 20 are
the average of 20 values with a maximum standard deviation
of 4.5%. It is evident that the measured displacements are
pretty close to the reference. Fig. 23 shows that the relative
error of the measured displacement is within ±4.2%.

Fig. 24 shows the comparison between the reference and
the electrostatic sensor results using a sinusoidal curve fitting.
The displacement measurement from the electrostatic sensor
in Fig. 24 shows a peak-to-peak displacement of about 1 mm,
independent of the rotational speed. The rms error between the
two displacement curves resulting from the reference sensor
and the electrostatic sensor is within 0.77%.

Fig. 24(b) shows that the maximum relative error is within
±0.6% compared to ±4.2% of the discrete displacement
values (Fig. 23). This result suggests that applying sinusoidal
curve fitting to the discrete displacement values with a known
frequency (angular speed) has reduced the relative error. It can
also be observed from Fig. 24(b) that the relative error in the
displacement measurement increases when the displacement
decreases. The capability of the system to measure the smallest
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displacement values (and hence higher measurement resolu-
tion) can be achieved by improving the data acquisition para-
meters (e.g., sampling frequency, analog-to-digital converter
resolution, and so on).

V. CONCLUSION

The frequency response properties of an electrostatic sensor
have been used to detect and quantify an unbalanced shaft
through displacement measurement. Experimental results have
demonstrated that electrostatic sensors can be used to measure
the displacement of an eccentric shaft. Hence, the vibration
of an unbalanced shaft can be quantified. Results obtained
have demonstrated that the measurement system performs well
with a maximum error no greater than ±0.6% under all test
conditions. Further research is required to investigate the effect
of the markers size and dimensions on the accuracy and
repeatability of the measurement. Moreover, the measurement
resolution is expected to improve by optimizing the data
acquisition parameters. Although this method has focused on
the detection of static imbalance, it can be developed to detect
and quantify the two other types of imbalance, i.e., the couple
and dynamic imbalance.
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a  b  s  t  r  a  c  t

Accurate  and  reliable  measurement  of  rotational  speed  is crucial  in  many  industrial  processes.  Recent
research  provides  an  alternative  approach  to rotational  speed  measurement  of  dielectric  rotors  through
electrostatic  sensing  and  signal  processing.  This  paper  aims  to explore  the  electrostatic  phenomenon  of
rotational  machineries,  design  considerations  of  the spacing  between  double  electrostatic  sensors  and
effect  of dielectric  rotors  on  the  performance  of  the  rotational  speed  measurement  systems  based  on
single  and  double  electrostatic  sensors.  Through  a series  of  experimental  tests  with  rotors  of  different
material  types,  including  polytetrafluoroethylene  (PTFE),  polyvinyl  chloride  (PVC)  and  Nylon,  different
surface  roughness  (Ra  3.2  and  Ra  6.3)  and  difference  diameters  (60  mm  and 120  mm),  the  accuracy  and
reliability  of the  two measurement  systems  are  assessed  and  compared.  Experimental  results  suggest
erformance assessment
urface roughness

that  more  electrostatic  charge  is  generated  on  the  PTFE  rotors  with  a larger  diameter  and  coarser  surface
and  hence  better  performance  of  the  measurement  systems.  The  single-sensor  system  yields  a  relative
error  of  within  ±1%  while  the  double-sensor  system  produces  an  error  within  ±1.5%  over  the  speed  range
of 500–3000  rpm  for all tested  rotors.  However,  the  single-sensor  system  outperforms  the  double-sensor
system  at  high  rotational  speeds  (>2000  rpm)  with  a relative  error  less  than  ±0.05%.
. Introduction

Accurate and reliable measurement of rotational speed for
otating devices and machineries is desirable in many industries.
otational speed is an important parameter to identify operating
tatus, make fault diagnosis and establish an effective maintenance
trategy in order to reduce downtime of an industrial process.
raditional contact-type measurement devices such as centrifugal
achometers, timing tachometers and electric-dynamic tachome-
ers suffer from the common problems of wear, slippage and low

easurement accuracy. Hence, a variety of non-contact measure-
ent systems based on optical, electromagnetic and digital imaging

echniques have been developed [1–3]. In recent years, instan-
aneous rotational speed has been estimated through vibration
ignal analysis by many researchers [4,5]. However, photoelectric
achometers require the fitting of external illumination sources,
ncoders on the shaft or refection marks on the rotor surface [6].

his kind of tachometer is difficult to use in hostile environments.
troboscopic tachometers work well under low and stable speed
onditions [6]. Magnetic inductive tachometers are limited to the

∗ Corresponding author.
E-mail address: y.yan@kent.ac.uk (Y. Yan).

ttp://dx.doi.org/10.1016/j.sna.2017.09.014
924-4247/© 2017 Elsevier B.V. All rights reserved.
© 2017  Elsevier  B.V.  All  rights  reserved.

measurement of metallic rotors and are susceptible to electromag-
netic interference [6]. Imaging based systems suffer from similar
drawbacks as the photoelectric types in addition to high cost and
structural complexity [3].

Electrostatic sensor arrays in conjunction with correlation signal
processing algorithms have been deployed to measure rotational
speed with high accuracy and good repeatability [7]. However, the
mechanical structure required for the installation of the electro-
static sensor arrays is impractical to be fitted on large rotors in
many cases. To solve this problem, the measurement system using
a single or double electrostatic sensors has been proposed [8,9].
Although basic electrostatic properties of some dielectric materi-
als are well known, the effects of the material type and surface
roughness of the rotor on the performance of single- and double-
sensor systems are still not clear. In the present research new
contributions are made in the respects of theoretical analysis and
experimental investigations. Firstly, the electrostatic phenomenon
of rotational machineries and design considerations of the spac-
ing between the double sensors are discussed in detail. Secondly,
comparative assessments between the single- and double-sensor

systems are conducted. In addition, a high-performance data acqui-
sition device is applied to improve the accuracy of the measurement
systems. A commercial laser based tachometer with an accu-
racy of ±0.01% is utilized to provide reference measurements.

dx.doi.org/10.1016/j.sna.2017.09.014
http://www.sciencedirect.com/science/journal/09244247
http://www.elsevier.com/locate/sna
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sna.2017.09.014&domain=pdf
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inally, three dielectric materials, including polytetrafluoroethy-
ene (PTFE), polyvinyl chloride (PVC) and Nylon, with two kinds
f surface roughness (Ra 3.2 and Ra 6.3), are tested over a speed
ange of 500–3000 rpm. The performance of the two measurement
ystems is assessed and compared.

. Measurement principle and system design

.1. Electrostatic phenomenon of rotational machineries

Certain materials are potential to become electrically charged
fter fricative contact with a different material due to triboelectric
ffect. There are several factors affecting the polarity and magni-
ude of the charge generated on the rotor surface, such as material
ype and surface roughness of the rotor, temperature and humid-
ty of the environment. Work function represents the capability of a

aterial to hold onto its free electrons [10]. In general, the material
ith greater work function is easier to appropriate electrons from
aterials with lower work functions and less likely to give up its

ree electrons when contacting with other materials. Meanwhile,
he material with weaker work function is more likely to acquire
ositive charges by losing or giving up some of its free electrons.
onsequently, dielectric materials have higher work functions and
re hence to be electrically charged when rubbed with air which
as a lower work function. Electrostatic charge is generated and
ccumulated on the dielectric rotor surface during the continuous
rocess of contact, friction and separation between the rotor sur-

ace and air. Moreover, the level of electrostatic charge generated
n the rotor surface is normally determined by many factors, such
s physical properties (material type, size and surface roughness) of
he rotor, rotational speed and ambient conditions (humidity and
emperature).

With the generation of electrostatic charge, there is also a phe-
omenon of electrostatic discharge, which reduces the amount of
lectrostatic charge generated. The remaining electrostatic charge
11] on the rotor surface is determined by

 = Q0e
− t
� = Q0e

− t
ε0εr� (1)

here Q0 and Q are respectively the initial and final levels of elec-
rostatic charge generated on an object and � is the relaxation time
f the object, which is derived from the permittivity of free space
0, the relative permittivity εr and the resistivity � of the object.
q. (1) indicates that electrostatic discharge depends on the per-
ittivity and resistivity of the material. The larger permittivity and

esistivity, the longer relaxation time of electrostatic discharge and
ence more electrostatic charge maintained on its surface.

.2. Measurement principle

The structure of electrostatic sensors based the rotational speed
easurement system is shown in Fig. 1. The single or double elec-

rostatic sensors are placed in the vicinity of the rotor to sense
he charge on the rotor surface. Electrostatic signals are obtained
rom the electrostatic sensors through electrostatic induction due

o the charge generated on the moving surface of the rotor. A high-
erformance signal conditioning unit is utilized to condition the
xtremely weak signals from the sensing point. The data acquisi-
ion unit converts the analog signals to digital forms and transmits

Fig. 1. Structure of electrostatic sensors based
ators A 266 (2017) 46–55 47

the acquired signals to a host computer. Signal processing, includ-
ing auto-correlation and cross-correlation, and rotational speed
calculation are realized in the host computer.

In the case of single electrostatic sensor based system, the elec-
trostatic signal S(t) is periodic due to the continuous rotational
motion of the rotor with reference to the fixed location of the sen-
sor. The periodicity of the signal is equal to the period of the rotation
motion (T), which is determined from auto-correlation function
of the electrostatic signal. A normalized auto-correlation function
Ra(m) is defined as:

Ra(m) =

N∑
k=1

S(k)S(k + m)

N∑
k=1

S2(k)

(2)

where S(k) (k = 0, 1, 2, . . .,  N) represents the digitized signal S(t),
N is the number of samples in the correlation computation and m
(m = 0, . . .,  N) is the number of delayed points.

The location of the dominate peak (other than the unity at m = 0)
on the time axis is the period T. The amplitude of the dominate
peak in the auto-correlation function is the correlation coefficient,
which indicates the reliability of the speed measurement through
auto-correlation. The rotational speed (n) in Revolutions Per Minute
(RPM) is calculated from

n = 60
T

(3)

In the case of the double electrostatic sensors based system,
the time delay (�) between the two  electrostatic signals S1(t) and
S2(t) is equal to the time of the rotor travelling from upstream to
downstream sensors and is determined through cross-correlation
function Rc(m):

Rc(m) =

N∑
k=1

S1(k)S2(k + m)

√√√√
N∑
k=1

S2
1(k)

√√√√
N∑
k=1

S2
2(k)

(4)

The time corresponding to the dominant peak in the cross-
correlation function R′ (m)  is the time delay � and thus the rotational
speed (n) is determined from

n = 30˛
��

(5)

where � is the angular spacing in radians between the two  sensors.

2.3. Sensor design

The mathematical modelling and optimal design of the single
electrostatic sensor have been reported in a previous paper [12]. As
suggested, the optimal width of the electrode is between 0.05 and
0.1 times of the diameter of the rotor; the length of the electrode

is normally in the range of 20 mm to 50 mm in view of the practi-
cally suitable physical dimensions of the printed circuit board. The
diameter of the rotors used in this study is 60 mm or 120 mm,  so
the width of the electrode is set to 3 mm and the length is 20 mm

 rotational speed measurement system.
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Fig. 2. A typical example of the induced charge on the double electrodes and corre-
s

(
d
P
a

as shown in Fig. 4. The test rotor is driven by a three-phase asyn-
chronous motor via a coupling. The rotor is able to provide the
ponding sensor output.

See Fig. 3 (a)). The strip electrode is made of copper and embed-
ed in a small piece of printed circuit board (PCB). The size of the

CB is designed as 42 mm × 20 mm.  The charge detection and pre-
mplifier circuits are mounted on the other side of the PCB. In order

Fig. 3. Design and construction o

Fig. 4. Rotational speed m
ators A 266 (2017) 46–55

to avoid external electromagnetic interference, the whole circuits
are enclosed by an earthed screen.

As for the design of the double electrostatic sensors, the spacing
between the two electrodes is another important parameter, which
mainly affects the similarity between the two signals and hence the
accuracy and reliability of the rotational speed measurement sys-
tem. In general, the spacing between the two electrodes should be
narrow enough to keep higher signal similarity. Meanwhile, it is
more accurate to fit a correlogram at the minimum transit time
under the condition of highest speed. However, if the two elec-
trodes are mounted extremely close to each other the electrical field
interaction between them would become significant, resulting in
reduced signal similarity and increased statistical error in the speed
measurement. A mathematical model regarding to a point charge
passing over the two  electrodes is established and the resulting
output of the double sensors is shown in Fig. 2. Due to the inter-
action between the two  electrodes and associated insulators and
the inherent asymmetry of the construction of the PCB, the two
signals are not identical, but one of them is a flipped version of
the other with respect to both polarity and time. Consequently, the
spacing between the two electrodes should be set ranging from 2
or 4 times of the width of the electrode. So the spacing used in this
study is 7 mm (See Fig. 3(b)). In consideration of the sensor design
and construction, the material and thickness of the coating between
and outside the two electrodes should be made as identically as
possible.

3. Experimental results and discussion

3.1. Test conditions

Experimental tests were conducted on a purpose-build test rig,
rotational speed ranging from 0 to 3000 rpm by adjusting the motor
controller. The electrostatic sensor is placed 2 mm away from the

f the electrostatic sensors.

easurement system.
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Table  1
Test programme.

Electrostatic sensor Rotor

Material type Surface roughness Rotor diameter (mm) Rotational speed (rpm)

PTFE Ra = 3.2, 6.3 D = 60 n:
0–3000Ra = 6.3 D = 120

Single/Double PVC Ra = 3.2, 6.3 D = 60
D = 120

3 D = 60
D = 120
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Table 2
Physical characteristics of different material [10,16–19].

Material Work function (eV) Permittivity Resistivity (�m)

PTFE 4.26 2.10 1016
Ra = 6.3
Nylon Ra = 3.2, 6.

Ra = 6.3 

otor surface. The sensor outputs are sampled at a frequency of
0 kHz using a data acquisition unit (National Instruments, Data
cquisition Device USB-6351), which is sufficient to generate sat-

sfactory measurements for the single-sensor and double-sensor
ystems. The signals are then transmitted to a host computer and
rocessed through auto-correlation and cross-correlation. In order
o evaluate the performance of the two measurement systems, the

easured rotational speeds are compared with the reference speed
cquired from a commercial laser based tachometer [13] (Monarch
nstruments, PLT200). The best achievable accuracy of the com-

ercial tachometer is ±0.01%, as stated in the operation manual.
uring the experimental tests the ambient temperature and rela-

ive humidity were measured to be from 20 ◦C to 24 ◦C and between
8% and 35%, respectively.

A series of experiments were conducted on the test rig under
ifferent test conditions which are summarized in Table 1. In order
o investigate the effect of material type on the performance of the
ingle or double electrostatic sensors based rotational speed mea-
urement systems, test rotors are made of three common dielectric
aterials (PTFE, PVC and Nylon). The surface roughness of each

otor is set to Ra 3.2 and Ra 6.3, respectively, where Ra (roughness
verage) is the most commonly used one-dimensional roughness
arameter (i.e., arithmetic mean deviation of the surface profile)

n the manufacturing industry [14]. The higher the value of Ra, the
oarser the surface texture. The rotors with a diameter of 60 mm
ave surface roughness of Ra 3.2 and Ra 6.3, respectively whilst the

arger rotor (120 mm diameter) has a surface roughness of Ra 6.3.
he surface roughness was achieved using a computerized numer-

cal control (CNC) machine with a lathe tool and verified with a
et of surface roughness comparators (reference plates). The axial
ength of the rotors is set to 152 mm.

.2. Material characteristics

The likely electrostatic charging trend of common materials is
hown in Fig. 5 under certain conditions [15]. A material on the
ight-hand side of the series will always charge positively when
rought into contact with a material on the left (i.e. the latter will
harge negatively). This is because a material on the right side of

he series has a lower work function than those on the left and
hus tends to lose electrons and accumulate positive charge. In
eneral, materials with higher work functions tend to appropri-
te electrons from materials with lower work functions. According

Fig. 5. Triboelectri
PVC 4.85 3.18 1016

Nylon 4.08 3.50 1012

to the physical characteristics of PTFE, PVC and Nylon outlined in
Table 2 [16–20], PVC and PTFE with higher work functions are easier
to charge negatively when they rub with the air with a lower work
function. Disagreements between the charging series (Fig. 5) and
the work functions (Table 2) are noted and commented by other
researchers [16].

Surface roughness is one of the important factors affecting the
level and the distribution of the electrostatic charge generated
through friction. It is typically considered to be the high-frequency
and short-wavelength component of a surface. The rough surface
usually have higher friction coefficients than smooth surface. In
addition, the peaks on the surface may have substantial charge
that generates a large electric field in a very small area resulting
in corona discharge or the breaking down of the air molecules [18].

3.3. Sensor signals

A typical signal waveform from the single electrostatic sensor
and resulting auto-correlation function are plotted in Fig. 6(a) and
(b). When the rotor is rotating continuously, electrostatic charge
is generated on its surface and a dynamic balance is reached
between the natural discharge and recharge. The period (T) of
the signal, determined from the location of the dominant peak
in the auto-correlation function is shown in Fig. 6(b). The sig-
nal waveforms from the double electrostatic sensors and resulting
cross-correlation function are plotted in Fig. 7(a) and (b). The two
signals are similar but there is a time delay between them. The time
delay (�) is determined from the location of the first dominant peak
in the cross-correlation function.

3.4. Signal amplitude
Apart from environmental factors (ambient temperature and
relative humidity), the amplitude of electrostatic signal also
depends on operating conditions, such as material type, surface

c series [13].
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Fig. 6. Typical signal waveform from the single-sensor system and resulting auto-correlation function.
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Fig. 7. Typical signal waveforms from the double-

oughness, rotor size and rotational speed. In this study, the ambi-
nt temperature and relative humidity were set within a narrow
ange (Section 3.1) while the effects of rotors and operating speed
n the measurement systems are investigated. Fig. 8 depicts the
ignal amplitude collected from the same electrostatic sensor
long with corresponding signal conditioning unit for different test
otors. Each data point in Fig. 8 is a time averaged value with a
tandard deviation of less than 1%. The PTFE rotor generates higher
lectrostatic signal amplitude than the PVC and Nylon rotors for
he same geometric dimension and surface roughness due to its
etter triboelectric characteristics and larger permittivity and resis-

ivity. Through testing on the rotors with the same material and
ize, more electrostatic charge is generated on the rotors with the
urface roughness of Ra 6.3. The signal amplitude of the 120 mm
r system and resulting cross-correlation function.

rotor in Fig. 8(c) is higher than that of the 60 mm rotor in Fig. 8(b)
with the same material and surface roughness. This is due to the
larger surface area and faster surface speed generating more elec-
trostatic charge on the rotor surface. It can be obviously seen from
Fig. 8 (a)–(c) that the RMS  (Root-Mean-Square) signal amplitude
for a certain rotor increases with the rotational speed because of
the increased electrostatic charge on the rotor surface.

3.5. Accuracy
The accuracy of the electrostatic sensor based measurement
systems depends on the signal –to-noise ratio of the electrostatic
signals and their sampling frequency. When the rotor speed is lower
than 500 rpm, limited electrostatic charge is generated on the rotor
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Fig. 8. Signal amplitude of different rotors.

urface and discharges quickly over one revolution. In this case it
s difficult to obtain valid rotational speed measurements using the
ingle-sensor system. However, additional measures can be taken
o increase electrostatic charge on the rotor. For example, a marker
ith better triboelectric property or even permanent charge on its

urface (e.g. electret) may  be used.
The relative errors of the measured rotational speed, as shown

n Figs. 9 and 10, are average values with a standard deviation of
ess than 0.05%. The dashed lines in Figs. 9 and 10 depict the error
ange. It is evident that the measured speed from the single-sensor
ased measurement system is very close to the reference reading
ith a maximum error of less than ±1.5%. It can be seen from Fig. 9
hat the measurement system performs better on the larger rotor
nd high rotational speed as more electrostatic charge generated on
he rotating surface and hence high quality of signal. Moreover, the
TFE rotor outperforms the PVC and Nylon rotors in terms of accu-
Fig. 9. Relative errors from the single-sensor system.

racy. For PTFE rotors, the relative errors are always within ±0.5%
over the range of 500 rpm to 3000 rpm. This outcome agrees well
with the triboelectric charging series as shown in Fig. 5.

Fig. 10 shows the experimental results of comparative tests on

the double-sensor system. As the rotational speed increases, more
electrostatic charge is generated on the rotor surface and hence
smaller relative errors. The relative error from the double-sensor
system is within ±1.5% when the rotational speed ranging from
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5
t
t
n
t

between two signals [6] as those in the double-sensor system. In the
Fig. 10. Relative errors from the double-sensor system.

00 rpm to 3000 rpm. However, the errors are relatively larger than
hose from the single sensor system, because the spacing between

he two electrodes yields a short time delay between the two  sig-
als, which is relatively difficult to measure accurately, compared
o the single-sensor system. It can be seen from Fig. 10 that the PTFE
Fig. 11. Correlation coefficient from the single-sensor system.

rotors yield more accurate measurement results than the PVC and
Nylon rotors.

3.6. Correlation coefficient

Correlation coefficient normally represents the similarity
case of the single-sensor system, the correlation coefficient repre-
sents the degree of repetitiveness or periodicity of the sensor signal
due to the rotational motion. As shown in Fig. 11, the correlation
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Fig. 12. Correlation coefficient from the double-sensor system.

oefficient obtained from the single sensor system tends to increase
ith the rotor speed. As expected, less electrostatic charge is gen-

rated on the Nylon rotor, resulting in lower correlation coefficient
0.4–0.8). However, the correlation coefficient of the PTFE rotor
0.7–1.0) is consistently higher than those of PVC and Nylon rotors.
or larger and coarser rotors, relatively higher correlation coeffi-
ients are observed due to more electrostatic charge produced on

he rotor surface.

The correlation coefficient from the double-sensor system under
ifferent test conditions is shown in Fig. 12. As the rotational speed

ncreases, the correlation coefficient improves in general. A com-

[

[

ators A 266 (2017) 46–55

parison between Figs. 11 and 12 indicate that the difference in the
correlation coefficients between the three materials for the double-
sensor system is much smaller than that for the single-sensor
system. This outcome illustrates that the double-sensor system is
less sensitive to the effect of rotor materials.

4. Conclusions

A performance comparison between the single-sensor and
double-sensor systems has been conducted through experimental
investigations. Experimental results have demonstrated that the
single-sensor system yields a maximum error of ±1% while the
double-sensor system produces an error within ±1.5% over the
speed range of 500 – 3000 rpm for all tested rotors. Both measure-
ment systems yield more reliable results for the PTFE rotor with
a larger size at a higher rotational speed. Moreover, the double-
sensor system is less sensitive to the effect of rotor material. Further
research will be conducted to improve the signal-to-noise ratio and
enhance the performance of the double-sensor system at lower
rotational speed and extend the measurement range. Meanwhile,
investigations into the environmental factors (i.e. ambient temper-
ature and relative humidity) and industrial trials will be conducted
in the near future.
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Abstract. Electrostatic sensors with a single electrode or double electrodes have been applied 

for rotational speed measurement. In order to improve the performance of the rotational speed 

measurement system based on double electrostatic sensors, a data fusion algorithm is 

incorporated in the system. Two independent signals are accessible from the electrostatic 

sensor with double electrodes. From these signals two independent rotational speed 

measurements are obtained through auto-correlation processing of each signal and the third 

rotational speed measurement is also achieved by cross-correlating the two signals. A data 

fusion algorithm is then applied to optimally combine the three measurements. The system 

with the data fusion algorithm is capable of producing more accurate and more robust 

measurements than previous double-sensor system with a wider measurement range. 

Experimental results suggest that the relative error of the improved system is mostly within 

±0.5% over the speed range of 200 rpm - 3000 rpm.       

1. Introduction 

Rotational speed is one of the most important variables to be measured for condition monitoring of  

rotating machineries. Over the past few decades a variety of tachometers based on mechanical, 

electrical, electromagnetic and optical principles have been developed [1-3]. These tachometers are 

generally classified into two types according to their sensing mode: contact and non-contact. The non-

contact tachometers are superior to the contact ones due to the relief of mechanical wear and 

improvement in measurement accuracy. In recent years, as one of the most promising sensors for 

industrial applications, electrostatic sensors with single, double or quadruple electrodes have been 

proposed to measure rotational speed in recognition of the advantages of low-cost and suitability for a 

hostile industrial environment [4,5]. The single or double-electrode design is preferable over the 

quadruple design for practical applications due to the simpler installation of sensors [5]. However, 

previous experimental investigations suggest that the double-electrode system using cross-correlation 

between the two signals generates an error within ±1.5% in rotational speed measurement over a speed 

range of 500 rpm - 3000 rpm [5]. In order to improve the performance of the double-electrode system 

in terms of measurement accuracy, uncertainty and robustness, data fusion techniques are applied to 

combine the independent measurements from the individual sensors.  This paper presents the principle 

of the proposed data fusion method along with experimental results. 
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2. Measurement principle 

Figure 1 shows the block diagram of the rotational speed measurement system based on a double-

electrode electrostatic sensor with a data fusion algorithm. When a non-metallic rotor is in rotational 

motion, its surface becomes electrostatically charged due to the friction between the rotor surface and 

air. The double-electrode sensor is placed adjacent to the rotor surface to sense the motion of the rotor. 

Electrostatic charge on the rotor surface is detected by the two electrodes through electrostatic 

induction. After the signal conditioning unit, the amplified and filtered signals, S1 and S2, are 

converted to digital signals, S1(k) and S2(k), and processed using correlation techniques.                      

         

 

Figure 1. Block diagram of the measurement system with data fusion. 

 

Through auto-correlation signal processing of S1 and S2, respectively, two independent rotational 

speeds, RPM1 and PRM2, are obtained, 
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where τ1 and τ2 are the periods of the rotational motion, which are determined from the auto-

correlation functions of S1 and S2, respectively, 
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where R1(m) and R2(m) are the resulting auto-correlation functions of the two signals, respectively,  

and N is the total number of data points in the sampled signal during each measurement cycle. The 

location of the dominate peak on the time axis of each auto-correlation function is the period of the 

rotational motion, τ1 or τ2. 

The third rotational speed, RPM12, is determined from, 

                                                                      
12

12

30
RPM




                                                                  (5) 

where α is the angular spacing in radians between the two electrodes, τ12 is the transit time taken for 

the rotor moving from the upstream electrode to the downstream one, which is determined from the 

cross-correlation function between S1 and S2, 
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The time corresponding to the dominant peak in the cross-correlation function R12(m) is the transit 

time τ12. 

The final rotational speed, RPM, through data fusion, is given by,  

                                            1 1 2 2 12 12

1 2 12

    


 

c RPM c RPM c RPM
RPM

c c c
                                       (7) 

where c1 and c2 are correlation coefficients of the auto-correlation functions (R1(m) and R2(m)) 

respectively, which represent the degree of periodicity of the signals due to the rotational motion, and 

c12 is the correlation coefficient of the cross-correlation function (R12(m)) which represents the 

similarity between the two signals. 

3. Experimental results and discussion 

3.1. Test rig 

As shown in figure 2, an experimental system based on the measurement principle was designed and 

implemented. The test rotor is made of PTFE with a diameter of 60 mm. The rotor, driven by an AC 

motor, provides a rotational speed up to 3000 rpm. The electrostatic sensor consists of two identical 

strip-type electrodes with a centre-to-centre spacing of 7 mm. Each electrode is 3 mm in width and 20 

mm in length. In order to evaluate the performance of the measurement system with data fusion, a 

commercial laser tachometer (Monarch Instruments, PLT200 [6]) was used to provide reference 

speeds. During the experimental tests the ambient temperature and relative humidity were measured to 

be from 20 °C to 23 °C and between 30% to 35%, respectively. 

 

                                                   
Figure 2. Rotational speed measurement system 

3.2. Experimental results 

Experimental tests were conducted on the test rig over the speed range of 200 rpm to 3000 rpm. For 

each speed, 30 measurements were recorded. The relative error of the measurement system is plotted 

in figure 3. The data points in figure 3 represent the average speed. The error bars indicate the 

maximum and minimum relative errors of the 30 measurements at each speed. Rotational speed RPM12 

is directly obtained through cross-correlation between the two signals, while RPM is the final average 

speed through data fusion. As shown in figure 3, the average speed of RPM12 is very close to the 

averaged RPM. Both of the average speeds are no greater than 0.1%. In terms of maximum and 



XXII World Congress of the International Measurement Confederation (IMEKO 2018)

IOP Conf. Series: Journal of Physics: Conf. Series 1065 (2018) 072024

IOP Publishing

doi:10.1088/1742-6596/1065/7/072024

4

 

 

 

 

 

 

minimum relative errors, the variation of RPM is less than RPM12 under all test conditions. The 

relative error of RPM is mostly within ±0.5%, which suggests the measurement results with data 

fusion have low uncertainty. The relatively more significant fluctuation at a lower speed is due to low 

signal-to-noise ratio because less electrostatic charge is generated on the rotor surface. For this reason, 

the system is unable to provide reliable rotational speed measurement lower than 200 rpm. As the 

speed increases, the relative error becomes smaller or much smaller because of the increased charge on 

the rotor surface. In addition, the measurement system with data fusion has better robustness. For 

instance, if one of the sensing channel failed, the system with sensor fusion would still be able to 

produce measurements through auto-correlation of the signal from the working sensor.  

                      
Figure 3. Relative error of the measured rotational speed  

4. Conclusions 

Data fusion techniques have been applied to improve and enhance the performance of the rotational 

speed measurement system based on a double-electrode electrostatic sensor. Experimental results have 

demonstrated that the measurement error has been reduced from ±1.5% to ± 0.5% due to the use of the 

data fusion algorithm. In addition, for this level of measurement error, the lower end of the 

measurement range has been extended from the previous 500 rpm to 200 rpm with reduced 

measurement uncertainty. Meanwhile, the robustness of the system is enhanced as the system would 

still be able to produce valid measurements in the case of a malfunctioning signal channel. More 

investigations into the effects of environmental factors (i.e. ambient temperature and relative 

humidity) on the measurement system and industrial trials will be conducted.  
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Abstract— Electrostatic sensors have been successfully used in 
the field of particle flow measurement due to the advantages of 
simple structure, robustness and low cost. Recently, advances have 
been made in developing electrostatic sensing techniques for 
rotational speed measurement. The geometric shape and size of 
the electrodes have significant effects on the performance of 
electrostatic sensors in terms of spatial sensitivity and temporal 
frequency response. This paper focuses on the theoretical analysis 
and experimental assessment of strip and butterfly shaped 
electrodes for rotational speed measurement of a metallic shaft. 
Spatial sensitivity and filtering effect of the sensors are 
investigated through mathematical and computational modelling. 
Analytical and experimental results suggest that the butterfly 
shaped sensor outperforms the strip sensor in terms of spatial 
sensitivity, power spectral density and signal bandwidth. 

Keywords—electrostatic sensors; rotational speed; spatial 
sensitivity; filtering effect 

 

I. INTRODUCTION 

Electrostatic sensing techniques have attracted significant 
attention in many industrial applications due to the advantages 
of simple structure, reliability and low cost. For instance, 
electrostatic sensors have achieved successes in metering the 
velocity of pneumatically conveyed particles. [1]. In recent 
years, further effort has been made to extend the application of 
electrostatic sensing techniques to rotational speed 
measurement [2]. Subsequently, a novel method using 
electrostatic sensors and Hilbert-Huang Transform has been 
proposed for radial vibration measurement [3]. Spatial 
sensitivity and spatial filtering effect are the two important 
factors to be considered in sensor design. Meanwhile, the 
geometric parameters of the electrode, including the shape and 
dimensions, directly affect the spatial sensitivity, frequency 
spectrum and bandwidth of the signals from electrostatic 
sensors [4]. 
Performance comparisons of different electrostatic sensors for 
flow measurement have recently been conducted [5]. However, 
the electrostatic electrodes used for rotational speed 
measurement in the previous work are all in a strip shape. 
Although the sensing mechanism of the strip-shaped electrode 

has been well studied [4], the performance of other shaped 
electrodes and, more importantly, how to optimize the shape of 
the electrode for metering rotational speed of a metallic shaft 
remain unknown. In order to optimize the sensor design for 
rotational speed and vibration measurement, it is essential to 
study the sensing characteristics of different shaped sensors and 
assess their performances. In this paper, the sensing 
characteristics of strip- and butterfly-shaped sensors are 
analysed and compared through mathematical modelling and 
evaluated through experimentation on a purpose-built test rig. 
 

II. METHODOLOGY 

A. Optimal shape of the electrode 
For a given sized metallic rotor with a single electrically 

insulated point charge (tracer) on its surface, the electrode 
should have the optimal shape – the criteria for the optimal 
shape include the highest spatial sensitivity, the highest power 
spectral density and the widest signal bandwidth. The width of 
the strip-shaped electrode affects the signal bandwidth [4]. For 
the same surface area and identical width at the centre, the 
sensitivity of an electrode shape increases when its surface area 
is closer to the point charge. Since the surface area of a butterfly 
shape is more concentrated near the centre than that of the strip 
and diamond shapes where the surface area is spread out away 
from the centre (Fig.1), the butterfly-shaped electrode is thus 
proposed as the optimal shape.  
 

 
 

Fig. 1. Different shapes of electrode. 

B. Mathematical Model 
As shown in Fig.2, a simplified mathematical model of the 

electrostatic sensor for rotational speed measurement is 
established. The cylinder indicates a metallic rotor on which an 
insulated point charge P is fixed - the rotational motion of P 
creates in effect an impulse input to the sensing system. An 
electrode made on a small printed circuit board with adequate 
insulation together with grounding around the electrode [4] can 
be regarded as a piece of perfectly conductive metal and is 
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placed around the rotor. The distance between the sensor and the 
rotor surface is s. 

 

Fig.  2. Mathematical model of an electrostatic sensor. 

 
The induced charge Q on the surface of the electrode due to 

the charged particle P is determined based on Gauss’s law: ܳ = න ௌݏ݀ܧߝ  
  

(1) 

where ε is the relative permittivity of the medium (air) and E is 
the electrostatic field on the surface of the electrode. S is a point 
on the electrode surface. In this case, E is generated due to the 
point charge at point P: ܧ =    ଶ|ܵܲ|ߝߨ4ݍ

(2) 

The normalized electrostatic field ܧ˔ is defined as:  ܧ˔ = ߚݏܿ߮݊݅ݏܧ = ܴ))ݍ + (ݏ െ ଷ|ܵܲ|ߝߨ4(ߠݏܴܿ  
(3)   

where 	ߠ	ܽ݊݀	ܴ are the rotating angle of the point charge and 
the radius of the rotating trajectory, respectively. ݊݅ݏΦ = ୗୗ ߚݏܿ ;  = (ோା௦)ିோ௦ఏெௌ  (4)

By substituting PS into (3) the normalized electrostatic field ܧ˔ 
can be rewritten as: ܧ˔ = ܴ))ݍ + (ݏ െ ݔ))ߝߨ4(ߠݏܴܿ െ ℎ)ଶ + (ܴ + ݏ െ ଶ(ߠݏܴܿ + ݖ) െ ଶ)ଷ/ଶ (5)(ߠ݊݅ݏܴ   

According to Gaussian theory, the induced charge dQ on a small 
surface area 	ߜ௦ can be defined as : ݀ܳ = െ2ߝ ∙ ௦ߜ˔ܧ 	= െ2ߝ ∙    (6) 	ݖ݀ݔ݀˔ܧ

Finally, the total induced charge is equal to: 

ܳ = െ ߨ2ݍ න න (ܴ + (ݏ െ ݔ))ߠݏܴܿ െ ℎ)ଶ + (ܴ + ݏ െ ଶ(ߠݏܴܿ + ݖ) െ ଶ)ଷ/ଶ(ߠ݊݅ݏܴ ା/ଶݖ݀ݔ݀
ି/ଶ

ା௪/ଶ
ି௪/ଶ  (7)    

Since θ= ωt and D=2R, (7) can be rewritten as: 

(ݐ)ܳ = െ ߨ2ݍ න න ܦ0.5) + (ݏ െ ݖ))ݐ߱ݏܿܦ0.5 െ ଶ((ݐ߱)݊݅ݏܦ0.5 + ܦ0.5) + ݏ െ ଶ((ݐ߱)ݏܿܦ0.5 + ݔ) െ ℎ)ଶ)ଷ/ଶ ା/ଶݖ݀ݔ݀
ି/ଶ

ା௪/ଶ
ି௪/ଶ  

where w and 	݈  are the width and length of the electrode, 
respectively. D and s are the diameter of the rotor and the 

distance between the electrode and the rotor surface, 
respectively. ω is the angular speed. h is the distance of the point 
charge along the X-axis. 

The actual current output Is(t) of the sensor is: ܫ௦(ݐ) = ݐ݀(ݐ)ܳ݀  
(9)   

C. Spatial Sensitivity 
The mathematical model in (8) is used to study the spatial 

sensitivity of electrostatic sensors. The spatial sensitivity ܵ௦(ݔ, ,ݕ  can be defined as the ratio of the induced charge over (ݖ
total electrical charge on the surface [4]: ܵ௦(ݔ, ,ݕ (ݖ = ቤܳ(ݔ, ,ݕ ,ݔ)ݍ(ݖ ,ݕ    ቤ (10)(ݖ

where ܳ(ݔ, ,ݕ   .denotes the induced charge on the electrode (ݖ
q(ݔ, ,ݕ  denotes the source charge positioned at the coordinate (ݖ
(x,y,z). Therefore,  ܵ௦= ߨ12 න න ܦ0.5) + (ݏ െ ݖቀ൫ݐ߱ݏܿܦ0.5 െ ൯ଶ(ݐ߱)݊݅ݏܦ0.5 + ൫0.5ܦ + ݏ െ ൯ଶ(ݐ߱)ݏܿܦ0.5 + ݔ) െ ℎ)ଶቁଷଶ ݖ݀ݔ݀

ା
ି

ା
ି  

(11) 

Electrodes with two different shapes (strip and butterfly) as 
shown in Fig.1 are investigated in this study.  

For the strip shaped electrode, the limits a and b are determined 
by: ܽ = 2݈ ; 	ܾ = 2ݓ  

(12)   

For the butterfly-shaped electrode, W and L being the width 
and the length of the shape, respectively, the limits a and b 
are: ܽ = 2݈ ; ܾ = ඨ݈ଶ4 െ ଶݔ െ ݓ) + ݈)2  

(13)   

 To investigate the spatial sensitivity of the sensors, we 
assume W/D is a constant and equal to 1/30. The spatial 
sensitivities of the two shaped sensors at W/D=1/30 are 
illustrated in Fig.3.  

 
Fig. 3. Spatial sensitivity of the two electrostatic sensors of different shapes. 

It is evident that the butterfly shaped sensor yields much higher 
sensitivity (46%) than the strip-shaped sensor (40%) for the 
same width and surface area. 
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D. Spatial Filtering Effect 

It is known that the electrostatic sensor acts as a low-pass 
filter in the sensing system [4]. Frequency response is an 
important characteristic for electrostatic sensors. The spatial 
filtering effect describes an electrostatic sensor’s performance 
in the spatial frequency domain. The frequency response of the 
sensing system can be determined from the power spectrum 
Sh(f) of the impulse response hs(t): ܵ(݂) = න ܴ(߬)݁ିଶగ௧ାஶ

ିஶ ݀߬	 (14)   

where ܴ(߬) represents the autocorrelation function of hs(t): ܴ(߬) =  ℎ௦(ݐ)ℎ௦ାஶିஶ ݐ) +  (15)                                   ݐ݀(߬

Fig.4 depicts the power spectral densities of the two sensors for 
W/D=1/30. It is evident that the sensor system acts as a low-
pass filter. The two sensors have the same bandwidth, however, 
the power spectral density of the butterfly-shaped sensor is 
higher by 15% than the strip-shaped. 

 

Fig. 4. Frequency characteristics of electrostatic sensors. 

III. EXPERIMENTAL VALIDATION 

Experimental tests were conducted on a test rig (Fig. 5). 
Experimental work was carried out with the strip- and butterfly-
shaped sensors to verify the modelling results. The width of the 
strip shape is equal to the smallest width of the butterfly shape 
which is 2 mm. The length of the strip shape and butterfly shape 
are 48 and 20 mm respectively. Both shapes have the same area 
of 96 mm2. To simulate a point charge on the rotor surface, a 
charged particle made from a 1 mm3 cube of PTFE was fixed 
on a metallic rotor. The induced current output of the sensor is 
derived and measured. Then, the spatial sensitivity is measured 
by integrating the output signal (9). 

    
Fig. 5. Test rig for experimental assessment of the sensors 

Fig. 6 illustrates the spatial sensitivity of the strip- and butterfly-
shaped sensors. The experimental results show a good 
agreement with the mathematical model. Additional details of 
the experimental tests and analysis of the results will be given in 
the full paper. 

 

 
Fig. 6. Comparison between the measured spatial sensitivity of the strip- and 

butterfly-shaped. 

 

IV. CONCLUSION 

Investigations into the effects of the geometrical shape of the 
electrodes on the sensing characteristics of electrostatic sensors 
have been conducted through mathematical modelling and 
experimental validation. Theoretical models of strip- and 
butterfly-shaped electrostatic sensors have been numerically 
analysed in terms of spatial sensitivity and frequency response. 
In order to validate the modelling results, the butterfly- and 
strip-shaped electrodes with the same dimensions as in the 
modelling process have been manufactured and tested.  It can 
be concluded that the butterfly-shaped sensor outperforms the 
strip-shaped sensors in terms of spatial sensitivity and 
frequency response. The geometric parameters of the butterfly 
shape should be also optimized in further research in addition 
to the accuracy and repeatability of the measurement system.  
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