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Abstract

This thesis presents a detailed study of phenomena related to topological solitons (in 2-dimensions).
Topological solitons are smooth, localised, finite energy solutions in non-linear field theories.
The problems are about the moduli spaces of lumps in the projective plane and vortices on
compact Riemann surfaces.

Harmonic maps that minimize the Dirichlet energy in their homotopy classes are known as
lumps. Lump solutions in real projective space are explicitly given by rational maps subject
to a certain symmetry requirement. This has consequences for the behaviour of lumps and
their symmetries. An interesting feature is that the moduli space of charge 3 lumps is a 7-
dimensional manifold of cohomogeneity one. In this thesis, we discuss the charge 3 moduli
space, calculate its metric and find explicit formula for various geometric quantities. We discuss
the moment of inertia (or angular integral) of moduli spaces of charge 3 lumps. We also discuss
the implications for lump decay. We discuss interesting families of moduli spaces of charge
5 lumps using the symmetry property and Riemann-Hurwitz formula. We discuss the Kihler
potential for lumps and find an explicit formula on the 1-dimensional charge 3 lumps.

The metric on the moduli spaces of vortices on compact Riemann surfaces where the fields have
zeros of positive multiplicity is evaluated. We calculate the metric, Kédhler potential and scalar
curvature on the moduli spaces of hyperbolic 3- and some submanifolds of 4-vortices. We con-
struct collinear hyperbolic 3- and 4-vortices and derive explicit formula of their corresponding
metrics. We find interesting subspaces in both 3- and 4-vortices on the hyperbolic plane and
find an explicit formula for their respective metrics and scalar curvatures.

We first investigate the metric on the totally geodesic submanifold ¥, ,,,, n +m = N of the

X



moduli space My of hyperbolic N-vortices. In this thesis, we discuss the Kihler potential
on X, ., and an explicit formula shall be derived in three different approaches. The first is
using the direct definition of Kdhler potential. The second is based on the regularized action
in Liouville theory. The third method is applying a scaling argument. All the three methods
give the same result. We discuss the geometry of X, ,,,, in particular when n = m = 2 and
m = n — 1. We evaluate the vortex scattering angle-impact parameter relation and discuss the
5 vortex scattering of the space > ». Moreover, we study the = vortex scattering of the space
Ynn—1. We also compute the scalar curvature of >, ,,,.

Finally, we discuss vortices with impurities and calculate explicit metrics in the presence of

impurities.



Chapter 1

Introduction

Although the name topological solitons was not mentioned, the idea of topological solitons
has its origins as far back as the work of Lord Kelvin to describe the knotted vortex model
of atoms [67]]. Moreover, a theory in the 1920s by Dirac [12] is another example. Modern
topological solitons research began with Abrikosov vortices [1] in superconductors and the
Skyrme model [53,54]. Quantum field theory is a theoretical framework for constructing models
in theoretical physics (see for instance [49,70]). This theory became popular in the 1950s
following the work of Feynman, Schwinger and Tomonaga. Physicists and mathematicians
started to exhibit the classical field equations in their fully non-linear form and they explained
some of the solutions as candidates for a particle of the theory.

Mainly, the topological behaviour of the field can be determined by the winding number N of
the field [36]. This winding number N is also called the topological charge or degree, and can
be considered as the net number of individual particles. A single particle, N = 1, is called a
topological soliton. The minimal energy field configuration for this case is smooth, classically
stable and concentrated in some finite region of space. In this sense, they behave like ordinary
particles. They are also stable solutions of systems of partial differential equations. The soliton

numbers are stable because they carry a topological charge V. Since the topological charge is



a conserved quantity, a single soliton cannot decay, that is the soliton number is conserved due
to a topological constraint, such as a winding number [36].

A powerful result regarding the existence of topological solitons is Derrick’s theorem [[11]]. It
states that under spatial rescaling if there is no stationary point of the energy, as a function of
the scaling, then there are no non-vacuum solutions of the associated Euler-Lagrange equation.
In many field theories the variation of the energy functional against certain spatial re-scaling
is never zero for any static non-vacuum field configuration and therefore these theories do not
have localized solitons.

Bogomolnyi [5]] showed for several field theories that the energy £ and the topological charge N
satisfy the inequality £ > 7| N|. This bound is known as the Bogomolnyi bound. Equality holds
if the fields, which minimize the energy, satisfy the Bogomolyni equations. Their solutions
are static and stable, and all solutions of the same charge have the same energy. These field
theories are called of Bogomolyni type, and the stable, static minimal energy solutions of the
Bogomolyni equations form a moduli space.

The classical low-energy dynamics of monopoles has been studied by Manton [30] using the
geodesic approximation. He conjectured that the N-soliton trajectories are approximated by
geodesics in the moduli space of static N-solitons with respect to the L? metric induced by the
kinetic energy functional of the field theory. It was rigorously proven by Stuart [62] that the
approximation works. This idea was also extended by Ward [69] who exploited this approach
in order to understand the dynamics of N moving lumps by restricting the field dynamics to
M. The geodesics on the moduli space My of lumps, when traversed at slow speed, are the
low-energy dynamical solutions of the model, in which N lumps move slowly and interact on

). Manton’s approximation has been used to study many solitons see e.g. [57,61,62].



It is impossible to present all the historical innovation and development regarding topological
solitons. An excellent explanation to topological solitons can be found in [36]. Instead, we
mainly focus on topological solitons known as lumps and vortices.

The results presented in chapter 3 are related to the CP! sigma model. The CP!-sigma model
is a 2 + 1-dimensional field theory of Bogomolnyi type. The O(3)-sigma model admits static
stable finite energy solutions in the plane [28] and is equivalent to the CP!-sigma model in the
classical sense. In this case the Bogomolyni equations, also known as the self-dual equations,
are in fact the Cauchy-Riemann equations.

Rational maps of degree IV are solutions of the Bogomolny equation of the O(3) sigma model
with topological charge N and energy 27| N|. Belavin and Polyakov [45] studied the Bogo-
molyni equations by a change of variables, and they exploited the Lagrangian density of the
CP! sigma model from the Lagrangian density of the O(3)-sigma model. The algebraic topol-
ogy of rational maps and the construction of harmonic maps between surfaces have been studied
by Segal [52] and by Eells and Lemaire [15], respectively. Speight and Sadun [50]] showed the
moduli space for a compact Riemann surface is geodesically incomplete and so is the metric.
The metric on the space of holomorphic maps is given by restricting the kinetic energy term
where the moduli are allowed to depend on time. This metric is Kéhler [48]. The low energy
dynamics of a CP! lump on the space-time S? x R [56] and the geometry of a space of rational
maps of degree N [38] have been studied. The Fubini-Study metric ygg of rational maps of
degree one has been studied by Krusch and Speight [25], here identifying a rational map with
the projective equivalence classes of its coefficients such that M, is an open subset of CP3
and CP? is equipped with the Fubini-Study metric of constant holomorphic sectional curvature

4. In this thesis, we evaluate the Fubini-Study metric on a particular moduli space of charge



three rational maps and also calculate the Kéhler potential of totally geodesic submanifolds of
M. Lumps can decay but it has been shown in [27,69] that the scattering of lumps takes place
before lump decay using the geodesic approximation. A head-on collisions between lumps in
the 2 + 1 dimensional CP! model on a flat torus has been studied numerically by Cova and
Zakrzewski [10] and analytically by Speight [58]]. Rational maps also play an important role
in related models. For example, the rational map ansatz gives a good approximations for the
symmetries of Skyrme configurations and the Finkelstein-Rubinstein constraint can be calcu-
lated directly from this ansatz using homotopy theory [22]. We study the symmetries of rational
maps to understand the geometry and dynamics of lumps.

Harmonic maps are solutions of Laplace’s equation on Riemannian manifolds. They minimize
the energy within their homotopy class and are usually known as lumps. Denote by My the
moduli space of degree /N lumps. My is a 2N + 1-dimensional smooth complex Riemannian
manifold. There is a natural Riemannian metric on My, which is called the L? metric. The
L? metric is undefined when the physical space is plane R? because some zero modes are non-
normalizable [69] and hence some coordinates on the moduli space are frozen [27]. However,
the L? metric is well defined on a compact Riemann surface as these non-normalizable zero
modes are absent [38]]. The main aim of this chapter is to understand the L? geometry of the
moduli spaces of lumps. The L? metric v can be derived from the restriction of the kinetic
energy functional. Note that harmonic maps are extrema of the Dirichlet energy functional.
For the CP! model, one can have an explicit expression of harmonic maps in terms of rational
maps. Rational maps give exact descriptions and show the symmetries of the lumps. A rational
map is a function given by the ratio of two polynomials with no common roots. Lumps could

be understood in terms of rational maps on the projective plane with their metric and lump



decay. Speight [59] studied the L? metric on the moduli spaces of degree 1 harmonic maps on
both S? and RP? and obtained an explicit formula. We focus mainly on charge three rational
maps between RP?, acquiring a detailed and careful understanding of their L? geometry. The
L? metric plays an important role in slow lump dynamics just as Samols’ [51]] metric does for
vortices.

The results given in chapter 4, 5 and 6 are related to the moduli spaces of vortices. Vortices
are topologically stable time-independent solutions to a set of classical field equations that have
finite energy. Vortices in two dimensions are particle-like and in three dimensions form vortex
curves [32]. Vortices are the static solutions of the Ginzburg-Landau equations. These equa-
tions are the Euler-Lagrange equations for the action functional given by the Ginzburg-Landau
Lagrangian [36].

Solving the Bogomolyni equation of Abelian vortices is equivalent to solving the Kazdan-
Warner equation [7]. In [4], the relation between Abelian vortices and Riemannian metrics
has been formulated with a natural understanding of vortices as degenerate Hermitian metrics
which satisfy some curvature equation. No explicit solutions for vortices on flat space are
known; however, Witten [/1] noted the Bogomolyni equations on the hyperbolic plane H are
integrable and Strachan [60] calculated explicitly the metric on 2-vortex moduli space.

The nature of interactions among vortices are determined by the coupling constant A [26,36].
For A < 1, vortices attract and for A > 1 vortices repel. When the coupling constant \ takes
the critical value 1, there are no net static forces between the vortices. This value separates
Type I (A < 1) and Type II (A > 1) superconductivity. For critical coupling A = 1, there exist
static configurations satisfying the first order Bogomolyni equations. Then the Abelian Higgs

model admits static and finite energy Bogomolnyi solutions which minimize the energy in their



homotopy classes. The N-vortex solutions in C can be uniquely characterized by where the
Higgs field ¢ vanishes and the multiplicities of the zeros of ¢ are all positive where the sum of
multiplicities is the winding number N of the solution [21,/64,/65]. The N unordered Higgs zero
locations in C are therefore the natural coordinates parameterizing the space of static N-vortex
solutions. This space is called the moduli space for N vortices, denoted by My. My has a
natural Kéhler structure inherited from the kinetic terms of the Lagrangian.

Manton and Rink [33] postulated that hyperbolic vortices can be constructed geometrically from
holomorphic maps between hyperbolic surfaces. We shall consider Ginzburg-Landau vortices
moving on the hyperbolic plane and the Bogomolyni equations for static hyperbolic N-vortices.
These equations can be reduced to an integrable Liouville’s equation on a disc. In [60]], Strachan
showed an implicit formula for the Riemannian metric y based on the Higgs field near the vortex
center and he evaluated an explicit formula for the moduli space of M; and M,. For N > 3, the
computation of an explicit metric -y is complicated. We study the case N = 3 and submanifolds
of the case N = 4. We mainly compute and study the metric, Kdhler potential and scalar
curvature of hyperbolic 3- and 4-vortices for the Abelian Higgs model with coupling constant
A = 1, using the Poincaré disc model. We shall derive a generalized Samols’ metric on the
moduli space of vortices when the zeros of the Higgs field have any multiplicity. The geometric
properties of hyperbolic double vortices will also be studied.

The exact moduli space metrics on some totally geodesic submanifolds X, ; of the moduli space
of static hyperbolic N-vortices [24]] for » > ¢ + 1 or r = ¢ + 1 and the metric of N vortices on
regular /NV-gon [26] were studied. Using a scaling argument and the Polyakov conjecture [44]] by
considering the work in [63]], Manton and Chen [9] calculated the Ké&hler potential of Abelian

Higgs vortices on R and upper half-plane H with Samols’ metric. We evaluate the Kéahler



potential for the metric on the symmetric space X, ; of the moduli space M.

The geometry of >Js o in [60] and X5 ; in [24] were discussed in detail. In [32], the dynamics of
vortices can be understood in terms of the geometry of the moduli space My of static /NV-solitons
since the moduli space approximation evaluation of the partition function of vortices can be
reduced to the computation of the volume of the moduli space. The interactions of critically
coupled vortices that do not exert a force on each other when at rest do however affect one
another when in motion [57]. The numerical work in [40]] implied the scattering of critically
coupled vortices is non-trivial. Thatcher and Morgan [[66] studied intervortex forces in the
numerical simulations that show the scattering of two vortices depends on the phase gradient of
the Higgs fields. We shall study the geometry of >, 5, for example, the metric, curvature and the
relation between the impact parameter-scattering angle are calculated. There is a 5 scattering
in this space. Furthermore, we evaluate an explicit formula for the scattering-impact parameter
relation and (Matlab plot) show Z scattering for the symmetric space 3., 1.

The BPS dynamics of vortices in the presence of electric and magnetic impurities was studied
by Tong and Wong [68]. Although the presence of electric impurities altered the dynamics
accompanied by a connection term, the metric remains invariant. Magnetic impurities altered
both the metric and the dynamics of vortices. We shall investigate vortices with impurities and
evaluate an explicit metric on moduli spaces of vortices with magnetic impurities.

This thesis is organized as follows. In chapter 2 the concept of homotopy theory and funda-
mental group are introduced. The main results of the thesis are in the following four chapters.
Chapter 3 is the moduli spaces of lumps in a projective space. In chapter 4 the moduli spaces
of hyperbolic vortices are studied. Chapter 5 is geometry and dynamics of vortices. In chapter

6 vortices with impurities is presented. A conclusion to this thesis is provided in chapter 7.



Chapter 2

Homotopy in Topological Solitons

2.1 Homotopy Theory

This section investigates the homotopy theory which is very important to study topological soli-
tons. Algebraic topology plays an important role in understanding the classification and stability
of solitons in field theory. Homotopy theory studies topological objects up to homotopy equiva-
lence. Homotopy equivalence is a weaker relation than topological equivalence, i.e., homotopy
classes of spaces are larger than homeomorphism classes. Homotopy equivalence plays a more
important role than homeomorphism, essentially homotopy groups are invariant with respect
to homotopy equivalence. The classification of solitons in field theories uses homotopy theory
and topological degree. The classification depends on both the domain and target spaces. In the
homotopy sense, we can demonstrate for two configuration spaces whether two maps can be
continuously deformed into each other or not. This deformation is called homotopy. Time evo-
lution of the system is an example of homotopy in the physics sense. If the field configurations
can be continuously deformed into each other, they are equivalent or equal; otherwise, they are
different. Topological features in field theories refer to the properties of the fields. The set of

possible field configurations are classified according to their topological properties and only the



topology of scalar fields is considered here.

Two configurations are said to be topologically equivalent if it is possible to deform one of them
continuously into the other. This is an equivalence relation and therefore divides the set of all
field configurations of the same topology. Hence, topologically different field configurations
are forbidden by an infinite energy barrier from being transformed into one another. The clas-
sification of fields based on their topological features is carried out by dividing the field into
homotopy classes. It is not guaranteed that static, localized solutions of the field equations are
found in all classes. The space of all possible field configurations may be given a non-trivial
topology by the condition that some functional of the various fields is finite. In classical field
theory this functional is potential energy (or total energy, if non-static).

For amap ¢ : X — Y which is a field at a given time, homotopy theory can be applied to a
scalar field theory governed by a Lagrangian. If the field satisfies the Euler-Lagrange equation,
then it is continuous in space and time. Thus, its homotopy class is well defined and invariant
with respect to time. The homotopy class is a topological conserved quantity. Hence, homotopy
theory can be applied to field theories defined in a manifold of finite dimension. Let¢ : X — Y
be a continuous map between two manifolds. Let 2o € X, 39 € Y be such that ¢(z9) = yo.

Then ¢ is a based map.

Definition 1. Let I = [0, 1] be an interval. Two continuous maps f, g : X — Y are homotopic,
denoted by [ ~ g, if there exists a continuous map F : [ x X — Y such that F(0,z) = f(x)
and F(1,z) = g(x) forall x € X.

Note that f ~ g means f and g can be continuously deformed into each other. Homotopy is
symmetric because the time interval can be reversed, it is transitive because the unit interval

can be adjoined and scaled, and it is reflexive because f is trivially homotopic to itself. Since



homotopy is an equivalence relation, maps f : X — Y can be classified into equivalence
classes, denoted by [f]. For example, let ¢ : X — R, ¢(x) = ¢ be a constant map. Then the
class of maps homotopic to the constant map ¢ consists of all real continuous functions f(x),
with homotopy given by F'(x,t) = (1 —t) f(z) + tc,t € [0,1].

Definition 2. A map f : X — Y is a homotopy equivalence if there is amap g : ¥ — X
such that fg ~ 1y and gf ~ 1x. We can write X ~ Y and say that X and Y have the same

homotopy type.

This defines an equivalence relation on the set of topological spaces, and this equivalence is
strictly weaker than that of being homeomorphic.

Definition 3. Let X and Y be topological spaces. Let A be a subspace of X. Let f,g: X — Y
be continuous maps from X to 'Y such that f|4 = g|a. We say that f and g are homotopic
relative to A, denoted by f ~ g, A, if and only if there exists a homotopy H : X x I — Y such

that

H(z,0) = f(z), H(z,1)=g(zx),Yr € X and H(a,t) = f(a) =g(a),Va € A.

Note that homotopy relative to a subspace of X is also an equivalence relation on the set of all

continuous maps between topological spaces X and Y.

2.1.1 Fundamental Group

The fundamental group of a space X is defined so that its elements are homotopy classes of
loops in X starting and ending at a fixed base point xy € X. That is the homotopy classes of
based loops on X.

Definition 4. In a topological space X, we define a path as a continuous map o : I — X
where I is the unit interval |0, 1|. A path or path class is called a loop, if the initial and terminal

points are the same.

10



Let g € X. Define an equivalence relation on the set of all loops based at x(, where two such
loops « and /3 are equivalent if and only if a ~ (3,,{0, 1}. This equivalence class is referred to
as the based homotopy class of loop a. The set of equivalence classes of loops based at x is
denoted by 71 (X, zg). All paths each of which is homotopic to a path « is called a homotopy
class of «, denoted by [«]. Thus two loops « and 3 represent the same element of 71 (X, zg) if
and only if o ~ f3,,{0, 1}. That is, there exists a homotopy F' : [ x I — X between « and /3

such that

F(t,0) = a(t), F(t,1)=8(t),Vtel

F(0,5) = a(0) = B(0), F(L,s) = a(1) = B(1).

Given two loops « and /3 such that a(1) = (0), there is a composition « - 3 that traverses first

« and then (3, defined by the formula

VAN
V,)
IN

a(2s), 0

N |+

o Bls) -
B(2s—1), 3<s<1.

Definition 5. If o : I — X is a loop in X, we can define the inverse of cas o' : I — X by
a™l(s) = a(l — s), it satisfies o™ - a(s) ~ a - a7 (s) =~ ay(s), where ay is a constant loop at

the base point x.
The product « - 5 induces a product on homotopy classes given by [o] - [3] := [« - 8], where «
and /3 are loops at xq [55]).

Theorem 1. Let o € X and let m (X, xq) be the set of all homotopy classes of loops based at
the point xo. Then (X, ) is a group, the group of multiplication on 7, (X, x) being defined

according to the rule [a] - [8] = [a - 8] and [a] ™' = [a™Y] for all loops o and 3 based at x,.

11



Proof. One can find the proof of the theorem in [55]. [

Definition 6. (Fundamental Group) The set of all homotopy classes [a] of loops o : [ — X
at the base point x is a group with respect to the product [a] - [3] = [« - B], which is called the

fundamental group of X at the base point x, denoted m(X, xy).

If X is path connected, then for any base points xg, yo € X, the fundamental groups m; (X, x¢)
and 7 (X, yo) are isomorphic. Thus, we can ignore the base point and denote the fundamental
group simply as 71 (X).

Note that the concept of fundamental group is powerful. For example, the simply connectedness
of a set can easily be checked if its fundamental group is known: by definition any connected
set is simply connected if and only if its fundamental group is trivial. For example, 7 (S5?) = 0,
because S? is a simply connected space. If scalar fields are continuous maps to RY, their topol-
ogy becomes trivial. So, there are no topological solitons but imposing some restrictions on
fields, a different situation emerges. Consider scalar fields whose energy density approaches
rapidly to zero when the distance from the origin p goes to co. This requirement of the energy
is zero at infinity imposes boundary conditions on the fields, crucial for the topological classi-
fication which becomes interesting. Denote V by the vacuum space where the energy vanishes.
Thus, whenever p — oo, the field ¢(p) — ¢ € V, providing a boundary condition. This shows
the existence of non-trivial topology with a localized finite energy solution. Hence, topological

solitons may exist.

2.1.2 The homotopy classes of maps on S”

The n-sphere is the set of points in R™! at a unit distance from the origin. That is, S™ = {x €

R ||| = 1}. Let ¢ : S®™ — S™ be a field. Identify the n-sphere S™ as R" with all points

12



Figure 2.1: Stereographic Projection from North Pole N through P projects to p.

at infinity identified using stereographic projection from the north pole N as seen in fig2.]]
then the stereographic projection is a one-to-one correspondence between S™ — { N} and R".

Definition 7. The set of homotopy classes of based maps ¢ : S* — S™ is the k'" homotopy

group of S™ and denoted by w(S™), where k is a positive integer.

Example 1. Consider a map ¢ : S* — S' and its image in S* is called a loop. We have that
m(Sh) = Z.

One can check the proof of 7;(S') = Z in [36]. The map ¢ : S* — S! can be defined by a
continuous function h(6) on [0, 27| such that 2(0) = 0 is the base point and h(27) = 27k, k €
Z. Here, h(0) is the angle on the codomain. We will see in later section, % is the topological
degree or winding number of the map.

Here we will discuss the field configurations characterized by linear and non-linear field theory

for the classification of possible topological solitons, see table (2.1). As an example for a linear

13



field theory, let X = R% and Y = R”. Then the corresponding total energy E ginen by

E = / <%V¢1-V¢Z+U(¢)> diz, 1=1,2,---,D,

where U(¢) is the potential function and ¢ is a D-point of vector. Now consider the vacuum
manifold V = {¢|U(¢) = 0}. One kind of non-trivial topology arises from the properties of the
vacuum manifold. To ensure finite energy configurations, there should be a constraint on the
field configuration at V. Thus, the boundary values remain fixed and ¢(oc) € V. Define a map
¢ : S% 1 V which is the asymptotic data of the configuration field ¢, where S9! is the
sphere at infinity in R%. Homotopically, no information is lost if only ¢ is considered, namely,
¢ and > are homotopic if and only if ¢ and ¢ are homotopic. Hence, the homotopy class
of ¢ belongs to the homotopy classes 7;_1()) which determines the topological behaviour of
the field ¢. The field may be non-trivial if w4_1()) is non-trivial. Due to triviality, this type of
topological solitons do not exist for example if V = R? or a single point. Let V = S%1. We
can see that the field ¢*° is a topologically non-trivial map if d = 2 or 3.

In the non-linear case, the homotopy classifications of the topological solitons is carried out by
elements of the homotopy group 74(Y'), where Y is a closed manifold. Let ¢ : RY — Y be a
non-linear field. Due to finiteness of the energy, the field tend to a constant value as r — oo.
By the stereographic projection we can extend the field ¢ to a based map ¢ : S¢ — Y when the

field ¢ has finite energy and the potential minimizes to zero in the vacuum field V.

Linear Non-Linear
Topological Solitons | Homotopy 7,_1(}) | Topological Solitons | homotopy 74 (Y")
1 Kinks m0(SY) Non-linear kink m (ST
2 Vortices 71(S1) | Sigma Model Lumps ma(S5?)
3 Monopoles m5(5?) Skyrmions m3(S3)

Table 2.1: The taxonomy of possible topological solitons.
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2.2 Topological Degree

Topological degree is useful for calculating the homotopy classes of maps. Let ¢ : X — Y
be a map between two closed manifolds with same dimension and both X and Y are oriented,
and the map ¢ should be differentiable everywhere, with continuous derivatives. Let fy Q=1,

where 2 is a normalized volume form on Y.

Definition 8. Let ¢ : X — Y be a differentiable map between two oriented closed manifolds
such that dim X = dim Y and let Q) be a normalized volume form on'Y', ¢*(2) the pull-back of
Q to X using the map ¢. Then

deg¢:/X¢*(Q) (2.2.1)

is called the topological degree of ¢, and it is an integer. That is deg ¢ € Z.

Note that if Q = 8(y)dy*' A ... A dy?, and ¢ is represented by functions y(x), then

. oy | oy
() = 5(y(x))a—zjdx A A a—‘zldxl
= B(y(z)) det (%) dz' A ... A da?

= B(y(x))J (x)dx* A ... A da?,

where J(z) = det(g%

) is the Jacobian of the map at x.

The topological degree (2.2.1) is a homotopy invariant and independent of the choice of (2
since it cannot be changed under a continuous deformation and the difference of two normalized
volume forms on the target space is a d—form whose integral is zero.

Example 2. Let R : S* — S? be a rational map, where S? is the complex plane with one

point at infinity adjoined, C U {oo}. Let z be a coordinate in C and Z the complex conjugate of

z. A rational map is a function R(z) = %, where p and q are polynomials in z and they must
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not have common zeros. We will show later that the degree of R(z), N, is defined as

1 (14 |2)?) )2 2idzdz
N =— ~— 2 |0,R —_—
i) <<1+|R|2>‘ ) Wepy

and that N is equal to the topological degree of the rational map k,, = max{deg(p), deg(q)}.

2.3 Covering Spaces and Fundamental Groups of RP"

In this section, we will explain the properties of covering spaces that will help us to study and

understand some facts on the moduli spaces of lumps.

Definition 9. A covering space of X is a pair consisting of space X and a continuous map p -
X — X such that the following holds: Each x € X has an path connected open neighborhood
U such that each arc component of p~*(U) is mapped homeomorphically onto U by p. X is

called the covering space and X is the base space of the covering projection.

Proposition 1. Ifa group G acts evenly[] on'Y, then the projection p : Y — Y /G is a covering
map. That is, the covering map p exhibits its base space as a quotient space of its covering

space.
Proof. The proof can be found in [16]. ]

Example 3. The group G = 75 acts on the S™ with the nontrivial element taking a point to its
antipodal point. The quotient space is RP", the real projective space, and the quotient mapping

p: S™ — RP" is a covering map. Thus, for n = 2, (S%, p) is a covering space of RP>.

Let ¢ : X — Y be a continuous map. Then ¢ : X — Y induces a homomorphism ¢, :

m(X) — m (YY), defined by composing loops « : I — X with ¢, that is p,[a] = [pal.

1We say that G acts evenly if any point in Y has a neighborhood V such that g.V and h.V are disjoint for any
distinct elements g and h in G.
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RP? RP?

Figure 2.2: A homotopy lifting of ¢ : RP? — RP2.
Theorem 2. (Homotopy Lifting Lemma) Let (X ,p) be a covering space of X and Y a con-
nected and locally arc-wise connected space, o, € X,z = p(%0),y0 € Y. Given a map

¢ (Y,yo) — (X, o), there exists a map b (Y, y0) — (X, 20) such that p - ¢ = ¢ if and

only if ¢, (m1 (Y, o)) is contained in p,(m1(X, %)) such a lifting ¢, when it exists, is unique.
Proof. The proof can be found in [37]. [

Example 4. Let ¢ : RP? — RP? be a map. Since m,(RP?) = Z,, we can apply example
and theorem . Hence, we have that the projection map that is the covering map p : S* —

RP? and ¢ lifts to ¢ : RP? — S? if and only if the induced homomorphism ¢, = 0, as shown
in fig. 2.2] .

Definition 10. (Automorphism group) For any covering p : Y — X, there is a group Aut(Y,p)

of covering transformations:

Aut(Y,p) ={¢:Y =Y : ¢ isa homeomorphism and po p = p}.

This is a group by composition of mappings, and it acts on Y; it is called the automorphism
group of the covering.

Proposition 2. Ifp : Y — X is a G—covering, and Y is connected, then the canonical home-

omorphism G — Aut(Y, p) is an isomorphism.
Proof. The proof can be found in [16]. [

Definition 11. A covering p : Y — X is called regular if p,(m1(Y,y)) is a normal subgroup of
T (X, .T)
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Proposition 3. Let Y be a connected, locally arc-wise connected topological space and G be a
properly discontinuous group of homeomorphisms of Y. Let p : Y — Y /G denote the natural

projection of Y onto its quotient space. Then, (Y, p) is a regular covering space of Y/G and

G = Aut(Y, p).
Proof. The proof can be found in [37]. ]

Definition 12. Letp : Y — X be a covering and let Y be simply connected. Then the covering

space (Y, p) is called the universal covering space of X.

Example 5. Let p : S* — S? be the antipodal map defined by z — —%. As p? is the identity
transformation, a properly discontinuous cyclic group G of order 2 of homeomorphism of S? is

generated by p. Since S? is simply connected, (S?,p) is a universal and regular covering space

of S?/G. Hence G = Zy is of order 2 and 7w, (RP?) = Z.
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Chapter 3

Moduli Space of Lumps on a Projective Space

3.1 The O(3)-Sigma model on a Riemann surface

A sigma model is a widely studied non-linear scalar field theory. Given a d-dimensional Rie-
mann manifold ¥, then the non-linear sigma model on the spacetime R x > with target space

Y is defined by the Lagrangian

1

L= 1 / dpd, 50" by H, (3.1.1)
b

where dy is the volume form on ¥, g5, is the Riemannian metric on 32, ¢ is a scalar field defined

on X, 0" = g"0, and g"” are the components of the inverse of the Lorentzian metric
g =dt* — gy

on the spacetime R x X and Hy, is the metric on Y. The O(3)-sigma model is a famous
example of a non-linear sigma model. In the O(3)-sigma model, the field can be parameterized
as a three-component unit vector, ¢ = (¢1, P2, ¢p3) with ¢-¢ = 1. That is, the O(3)-sigma model
can be formulated in terms of fields (¢1, ¢2, o) such that 0 = +4/1 — (¢? + ¢3) where ¢, and

¢y are locally unconstrained [36]. Note that for the energy to be finite ¢ must be constant at
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spatial infinity. Take ¢>° = (0,0, 1). Thus, the target space can be identified with the Riemann
sphere S2. For the (2 + 1)-dimensional Minkowski spacetime R??, the energy of a static field

configuration is given by

1

E = —/ (09 - 0;0) d*w, (3.1.2)
4 Jge

where ¢ = 1, 2. Due to finiteness of the energy, the field ¢ should be constant at spatial infinity,
say ¢>° = (0,0, 1). The Riemann sphere S? is the compactification to R? U {occ}. Let ¢ : S* —
S? be a based map. Since my(S?) = Z, then the field ¢ is classified by the topological degree.

The topological degree N of the map ¢ is given by

N = i/ ¢ (010 x Dr¢)d*w, (3.1.3)
4.7'(' S2

where the integrand is the pull-back of the normalized area form on S?. The energy E and the
topological degree NN satisfy the the Bogomolny bound £ > 27| N|. This bound can be shown

by integrating the inequality

(0ip £ €150 X aj¢) (019 £ € X Orp) = 2(0i0 - 0ip F €ijP - (0ip x aj¢)) >0
= 0i¢ - 0i¢ F2¢ - (019 x D) > 0

=27

1 1
= z/aiqb-a,-asd% > '/as (016 % 020) 2

- / b (916 x s0) P

= E > 27|N]|.
Equality holds if and only if the field is the solution of the Bogomolny equations

(8Z¢ + Em’(ﬁ X @(b) =0.
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Consider R the stereographic Riemann sphere coordinate image of ¢ on the target space pro-

(p1+i¢2)

jected from the north pole. The coordinate R is given by R = (14 ds)

and let the local complex
coordinate be z = ' + iz? with conjugate Z = x! — iz%. One can then explicitly express ¢ in

terms of R as

¢_(R+R R—-R 13\2—1)
S \L+|RPTi(1+|R?) 1+ R

Since R = R(z, Z) is the function of z and z , the Lagrangian (3.1.1]) becomes

0,RO"R
L= /S Sy (3.1.4)

where y1 = z, z. This Lagrangian is referred to as that of the CP' sigma model. The CP' sigma
model in (2 + 1)- dimensions is a non-linear field theory possessing topological solitons, called
lumps.

The model can be generalised to physical space being the 2 dimensional compact Riemann sur-
face X with metric g, that is the spacetime R x Y. We mainly consider 3 = S? and ¥ = RP?,
but other examples have been discussed in the literature [58]]. The kinetic energy functional
induces a natural metric v on the moduli space of degree N lumps My: My is a finite dimen-
sional, smooth Riemannian manifold.

For ¥ = S?, the energy F and the topological degree are then simplified and

written in terms of R as

1 [ (|0.RP +|0:-R2)(1+ 2|22  dzdz
FE=— 3.1.5
2 / (1t |RP2? A+ 2P G-1-5)
1 (|0.R]*> — |0:R|?)(1 + |2]*)* dzdz
N = — 3.1.6
i / (1t |RE2? TESERE 1.0

respectively where 0, = % = 2(01 — i), 0= % = 2(81 + i0>). Now one can similarly
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show that E > 27| N|, the Bogomolny bound. This is because for N > 0, we can see that

E_}/ (10-RI> + 0:R1>)(1 + |2%)?  dzdz

2 /s (1+|RP2)? (1+[2[?)
1 [ (10-R?—|0:R}) (1 + |2*)?  dzdz (10:R)(1+ |2*)?  dzdz
_542 (1+|RP?)? (1+[22)? Lz A+ [RP)? (1 [22)?

(|82R|2)(1 + |z|2)2 dzdz
=217 N .
T +Az A+ [RD? (P2

Similarly, for N < 0, one can also find that

po) [ (BRPHORO PR _dsi

2 /s G+RERE (T4 PP

1 (|0:R]? — 0. RI*) (1 + |2*)?  dzdz (0. R*)(1+|2%)?  dzdz
3. e (R T M (Ea i (e

(|82R|2)(1 + |z|2)2 dzdz
4 *Lz A+ [RD? (At P2

Hence, £ > 2x|N|. Equality holds for N > 0 if and only if the Cauchy-Riemann equation is

satisfied,

0:R =0, (3.1.7)

whose solutions are holomorphic function R(z). We can do a similar calculation for N < 0 to

show that

0.R =0, (3.1.8)

satisfied by antiholomorphic functions R(Zz). In summary, the energy E is minimized to 27| V|

to each topological class by a solution of the Cauchy-Riemann equation

O-R=0 if N>0,

J,R=0 if N <0.
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Lump solutions can be explicitly given by rational maps between Riemann spheres S?. From
now onwards, we mainly focus on the geometry and topology of rational maps. A rational map

is a function given by the ratio of two polynomials

R(z) = == (3.1.9)

where p and ¢ must have no common roots. The rational map is a smooth map from 5>
to S2.

The space of rational maps of degree NV is the space consisting of all holomorphic maps of
degree N from the Riemann sphere S? to itself, denoted by Raty. It is a smooth connected
complex manifold of dimension 2N + 1 and its fundamental group, 7 (Raty ), is a cyclic group
of order 2N for N > 1 [52]. For example, consider N = 2. Then Rat, is the space of
all quadratic rational maps from the Riemann sphere S? to itself which is a smooth complex
5-manifold.

The topological degree N of a rational map is the number of pre-images of a given point C,
counted with multiplicity which can be found by solving the equation R(z) = C. We have to
solve the polynomial equation p(z) — Cq(z) = 0. The number of zeros is given by the highest
power of z in either p(z) or ¢(z). The net number of pre-images of C' doesn’t vary as C' changes.
Suppose p(z) — Cq(z) has one or more leading power of z missing. Then the missing finite
zeros of the polynomial equation p(z) — C'q(z) = 0 are considered as at infinity [36]. Thus, the
topological degree N of R is K, = max{degp, degq}. Since R is holomorphic, the energy

E of this rational map R is 27| N|, where N is the topological degree (3.1.6) of R given by

212 2 -
1 / (14 |z|*)?|0.R)? dzdZz (3.1.10)
S2

dee R=N = — .
° i (L+|RP)?  (1+ 2P

23



Definition 13. Let f(z) = aqz? +--- + ag and g(z) = bz' +--- + by be two polynomials of
degrees d and |, respectively. Their resultant Res(f, g) is the determinant of the (d+1) x (d+1)

Sylvester matrix Syl(f, g) given by

aqg QAaq—1 QAaq—2 - - - 0 0 0
0 aq Ad—1 0 0 0
0 0 0 - a; ay 0
0 0 0 s a1 Qo
by by bo --- 0 0 O
O o by --- 0 0 0
0 0 0 -+ by by O
0 O 0 - by b1 b

Suppose f has d roots x1, - -, xq and g has [ roots 7y,- - -, 7; (not necessary distinct). Then [ 18]

d 1

Res(f,g9) = aqbf | [ 110 —m). (3.1.11)

i=1 j=1

Note that Res(f, g) # 0 if and only if f and g have no common roots. The rational map (3.1.9)

is a meromorphic function, so it may be infinity or any finite complex value for finite z. Recall

that rational maps are given by ratio of two polynomials R(z) = 2 8 , where p and ¢ have no

e~

common zeros. This condition can be rewritten as

Res(p,q) # 0,

where Res(p, q) is the determinant of the Sylvester matrix Syl(p, ).
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Example 6. Each map R in the space Rat, can be expressed as a ratio

p(z)  ai1z+as
R pr— pr—
(Z) q(Z) blz + b2

with degree max{deg(p), deg(q)} equal to 1. Hence, we can identify Rat, with the Zariski open
subset of complex projective 3-space consisting of all points (ay : as : by : by) € CP3 for which

the resultant

ay Qag

Res(p,q) = det = a1by — asby # 0.
by bs

This suffices that Rat; can be identified with a projective equivalence class of GL(2,C). We
can in fact choose a unimodular matrix as the representative for each equivalence class. Then the
space Rat; can be identified with the group PSL(2, C) consisting of all Mbius transformations

from the Riemann sphere S? to itself.

3.2 The moduli space of harmonic maps between R P?

Before discussing the moduli space of harmonic maps on the projective plane, let us first discuss
on the moduli space of harmonic maps on the Riemann sphere S2. Let ¢ : M — N be a map
where M and N are Riemann manifolds with metrics g and h, respectively. There is a natural
Riemannian metric, called the L? metric, which is for each pair of tangent vectors U, V' € ToMy

the inner product

YU, V) = /M dpighy (U, V) (3.2.1)

where dyi, is the Riemannian volume element on M. When dim(M) = 2, Speight [59] studied
the energy density is localized in lump-like structures distributed over M . For M = N = 2,
harmonic maps can be parametrized by rational maps. Recall that rational maps minimize

energy within their homotopy classes. The homotopy classes of continuous maps ¢ : S? —
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S?, by the Hopf degree theorem [6], are labeled by their topological degree N € Z. The map ¢

can be distinguished by the general degree /N rational map of the form

p(z) _potpizt..+pyz"
0(2) o+ @zt .. +anzV

R(z) = (3.2.2)

where p;, q; € C,7 = 0...N are constants and p,, and ¢,, do not both vanish simultaneously and
Res(p,q) # 0. For a non-zero . € C, the points (1po, ..., 4PN, fqo, ---, 4qn) € C*N T2, Since
this point determines the same rational map as (po, .., pn, Go, ---qn)>» My C CP?Y*1 Since
Res(p,q) # 0, the inclusion is open. Consider gy # 0. We can define complex coordinates

bo = 22 a0 = 0,..., N and by 140 = &, = 0,..., N — 1. Then the map 1i can be

gN

parametrized as

. bo—i-blz...—i-szN
a bN+1 + bN+2,Z + ...+ ZN'

R(2) (3.2.3)

There is a theorem in [59] states that for N > 0, (M, v) is Kéhler with respect to the complex
structure induced by the open inclusion My C CP?*V+l. Then the metric v is Kihler in b,

coordinate system and given by

v = Yapdb®dbP, (3.2.4)

where repeated indices are summed over, and

dzdz OR\ [ OR
Yo = / L+ 12020 1 |RP)? (aba) (W) -2

Since « is hermitian, then v,3 = Va3 [41]l. Then for all Vo, 5, 6, we can find that

Nap _ 9sp Ve _ Dap
oy o’ o ob
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Homotopy, covering spaces and fundamental groups play important roles in studying the moduli

spaces of harmonic maps between projective spaces RP? and classify their homotopy classes.

The homotopy classes of a continuous map ¢ : RP?> — RP? contains a harmonic

reperesentative if and only if the induced map ¢, : 7 (RP?) — m(RP?) is injective.

Proof. This lemma is an immediate consequence of a theorem in [15]] and one can find a similar
proof in [14]. O
Lemma |1/ means that the homotopy classes of a continuous map ¢ : RP?2 — RP? associated
to the induced homomorphism ¢, : 7 (RP?) — 7, (RP?) belong to two families. This is due
to the fact that the fundamental group of the projective space , w1 (RP?), is Z,. The first family
is the zero morphism family which contains a trivial class and a non-trivial class which is a
non-harmonic representative. The second family contains an infinite number of classes belong
to an identity family such that the elements are determined by the absolute value of the degree,
that takes any odd value. Let p : S?> — RP? denotes the covering projection. Any harmonic
map ¢ in the identity family homotopy class lifts to a rational map ¢ : S? — S%:

52—_>_ S2

¢

RP2——> RP?

Therefore, the identity family homotopy classes consists of an infinite number of classes. All
of the classes comprise harmonic representatives which are given by rational maps (3.2.2)) and

satisfy

R <_i> b (3.2.6)



That is, ¢; = (—1)i Pn—;. Denote by My the moduli space of the absolute value of the degree

N harmonic maps between RP?. Note that My C My.
Theorem 3. For an odd N > 1, My is a totally geodesic Lagrangian submanifold of My.

Proof. The proof can be found in [59]. [

Note that for 1 € C*, all rational maps of the form (3.2.2)) can be written as

(z—21)...(z — 2n)

R(z) = 'u(z —wy)...(z —wy)’

(3.2.7)

Using (3.2.6)), a rational map on the projective plane can then be rewritten as

R(z) = (3.2.8)

where N is odd and A € C* with |\| = 1.

3.3 The metric on the moduli space of degree 1 rational maps

Let G be the degree preserving group acts isometrically on M; and define a map h : M} —

M, R(2) = R(Z). Then we can consider G = SO(3) x SO(3) x Zy, Zy = {Id, h}.

Proposition 4. M; = PU(2) x R3 as a manifold, where PU(2) = SU(2)/Zy = SO(3) is the

subgroup of PSL(2,C) consisting of all rotations of S*.

Proof. From example [0] there is a well known matrix representation of Mdbius transformation

of R as

R(z) _anzt+aip ail a2 S A
a912 + G99 Us1 Qo9

where A € GL(2,C). Since A can be taken as unimodular, so is —A. Therefore, SL(2,C) is

a double cover of the moduli space and the moduli space of degree 1 lumps is SL(2,C)/Zs.
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For all A € SL(2,C), there are unique U € SU(2) and H, a positive definite, unimodular,
hermitian 2 x 2 matrix satisfying A = UH [42,/43]. Then the space SL(2,C) is locally a
product of S? and R? (the parameter space of the positive definite, unimodular, hermitian 2 x 2
matrices), i.e SL(2,C) = S x R3. Since SU(2) = S3, SL(2,C) = SU(2) x R3. Let

Ta, @ = 1,2, 3 be the standard Pauli matrices

Let [U] = +U € PU(2),X € R®. In [42], it is shown that any [A] € PSL(2,C) has a unique
decomposition

[A] = [U](AL, + X - 7) (3.3.1)

where A = v/I+ A2, A = |A| and - denotes the R? scalar product. Define a basis {t, =
%Ta, a =1,2,3} for su(2). Let 0,, a = 1,2, 3 be the left invariant on PU(2) associated with
the basis {¢,}. Then su(2) = Tz, PU(2) and the moving coframe is {d\,, o, } [59]. Thus, as a

maifold M; = PU(2) x R. O

Now let us parameterize the algebra of SU(2) using the generators [3]

1 110 1 1 0 1 1172 O
tl——Zle— 7t2——7:7'2:— ,tg——l7'3:— y
1 0 -1 0 0 —1
where 7,,a = 1,2, 3 are the Pauli matrices; the commutators are [t,,tp] = —€apcte. Let 0, ¢, 1

be the Euler angles such that § € [0,7),¢ € [0,27),¢ € [0,4w) for parameterizing SU(2),

then define

3V cog 30 e2(@=¥)sin 30
96,0, 9) = ettt SENCE 5
_eé(¢_¢) Sin %8 6_%(¢+¢) COS %0
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Then we can define a left-invariant 1-forms 7, on SU(2) via

g 'dg = mts + nats + nsts (3.3.3)
7 13 m — i
=5 (3.3.4)
m+i s

and then the 7;s are computed as

m = —sinydl + cos 1 sin Odg
19 = cos YPdl + sin ) sin Odb

N3 = di + cos 0d¢

satisfying dn; = ei,m; A 1.

Proposition 5. Let 7 be a G invariant symmetric (0,2) tensor on My which is Hermitian and
whose J-associated 2-form 7(i.e. 7(X,Y) = 7(JX,Y)) is closed. Then there exists a smooth

function F : [0,00) — R such that
7= Fd\-d\+ Fo(A-d)\)* + F30 -0 + Fy(A - 0)> + Fs\ - (0 x d)) (3.3.5)
where

Fo= ) B = 2 EA) s L2 ) = S R ) = F O

F' denotes the derivative of F, o, are the left one-forms on PU (2) associated with the ba-
Sis {%Ta, a = 1,2,3}, x denotes the R? vector product and juxtaposition of vectors denotes

symmetrized tensor product.

Details of the proof of the proposition can be found in [59]. Let I' be the radial curve, I' =
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{[,], (0,0, \) : A > 0}, of rational maps Wy : z — p(\)z, (X)) = (V1 + A2+ X)? = (A + \)?
and we consider the metric as the squared length of the vector a;il at this curve corresponding

to the rational map Wy (z).

Corollary 1. The L? metric on M, is
v =Fid\-d\+ Fy(A-d\)? + Fso -0 + Fy(A-0)* + Fs\ - (0 x d)), (3.3.6)

where F1, ..., 5 are functions of A only and

S 42logp— 1
F = drpl? (ij _Olg)éf D (VTT 402 (3.3.7)

Moreover, the L? metric is given by

7( o 0 ) Amp® [(p® + 1) log p — p? + 1]

o) = o1y . (3.3.8)

For a proof of the first part one can see in [59]. However, to prove the second part we can
compute (3.3.8)) as it is twice the kinetic energy by computing the L? norm of the zero mode

2 € Ty0)M; of the field wy(z,t) = (u +t)z:

Ou
(i i) _/ 15 (2,0)[? dzdz
T N 0N )~ Je (T fun(z 0)2)2 (1 + 22
oo 3dr
= 47 r
| G

_ A [(p? + 1) log pu — i + 1]
(u2—1) '

We calculated the metric on the totally geodesic submanifold of M/ and agrees with the metric

done in [59].
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3.4 Symmetric lumps in real projective space

In the following, we derive families of symmetric rational maps in real projective space. We
start by considering rational maps between Riemann spheres. A rational map R(z) has a discrete
symmetry if

R(k(2)) = Mp(R(z)) (3.4.1)

where k and M, are Mobius transformations. Let X C SO(3) be a group which acts on S? as
an SU(2) Mobius transformation. The map R is C-symmetric if for each x € IC, there exists
an M, such that satisfied. For consistency, the pairs (x, M, ) have the same composition
rule as in K. Then R(k1k9(2)) = M, M,,(R(z)), for all k1, ke € K. The map k — M, is a
homomorphism.

Suppose R(z) has symmetry (3.4.1). Then the rational map R(z) = M;(R(My(z)))

has the symmetry

R(z) = Mi(R(Ma(2)))
where My(z) = My (M, (M;'(2))) and My = M; " (k(My(2))), and M;, i = 1,2 are Mobius
transformations.
The proof of the lemma can be found in [22]. One can choose the symmetry to be around
convenient axes using a change of coordinates in domain and target. Define a C* symmetry of
a rational map as a rotation in space by @ = 27/n followed by a rotation in target space by
B = ka,—n < k < n. The following lemma classifies which C* symmetries are allowed for a
rational map of degree V.

A rational map of degree N can have a C* symmetry if and only if N = 0 mod n

or N =k mod n.

One can find a proof in [23]]. Recall that rational map R in real projective space should satisfy
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the constraint (3.2.6)) and it can then be written in the general form

N
S apz®
_ i k=0
R(z) = e¥— , (3.4.2)
S (—1)kay et
k=0

where a5, € C and ¢ € R. This severely restricts the number of allowed symmetries. Denote by
% the degree N rational maps in real projective space. Note that ]:’EEV is a submanifold of

Rat . In fact, we obtain the following lemma.

A rational map of degree N satisfying the constraint has a C* symmetry if

and only if N = k mod n. If n > N then the rational map has D, symmetry.

Proof:

Without loss of generality we choose coordinates such that one C* rotation is around the z axis
in space and target space and satisfies the boundary condition R(co) = co.

First consider N = 0 mod n. Then N = nl and a C* rational map can be written as

R = s

where 7(z) has degree [ and s(z) has degree less than [. On the other hand, given r(z) the
constraint (3.2.6) fixes the coefficients of the denominator. In particular, only coefficients of 2"
will be non-zero. Hence, the only compatible solution is £ = 0.

Consider the case N = k£ mod n which includes the £ = 0 case for N = 0 mod n. Set

k=N mod nand s = (N — k)/n, then the rational map is given by

-

LJn+k
CL]Z

Rz) =22 (3.4.3)

bS,ijn

hE

0

<.
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The inversion symmetry ([3.2.6)) leads to the following two constraints on the coefficients

(—1)"b,_; = Ay (3.4.4)

and

(=) a,_;(—1)" = b, (3.4.5)

where )\ takes account of the fact that numerator and denominator can be multiplied with a

common factor. Taking the modulus, we obtain that |\| = 1, so that A\ = 1/)\. By relabelling

j + s — j, equation (3.4.5) becomes

a; = A(—1)Fm=Dp (3.4.6)

This is compatible with equation (3.4.4) provided ns + k = N is odd. For N = n, we obtain

the map

a 2N + ag

R(z) = A .
® (—=DNaogz"N + a

(3.4.7)

Performing a Mobius transformation in target space to remove the phase A this is equivalent to
a Mobius transformation of the axial map.

Similarly, for n > N, the rational map (3.4.3) reduces to

N
apz
R(2) =
)=
since in this case N = k and s = 0. This is again a the axial map. 0

In the following, we will discuss the case N = 3 in more detail. According to Lemma [3|and {4}
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imposing C),, symmetry with n > 3, we obtain D, symmetry, given by maps of the form

_ it az® +b

R a4z T
(=) —bz3 +a’

(3.4.8)

where a,b € C, a and b are not both zero, and ¢ € R. Here the rotation axis in space has
been chosen to be the z3 axis. This choice corresponds to fixing two real parameters. Here, the

symmetry is a C5. Consider a # 0. Then the rational map (3.4.8) can be rewritten as

3 b 3
R(Z):eid’g (Z_ +“) = e T ’
a(—b2341) —cz3+1

a

where ¢¥ = ¢'®a/d and ¢ = b/a. Hence, the moduli space of the symmetric lumps of (3.4.8)
is parametrized by one complex number and a phase which together with the choice of axes
gives real dimension 5. The moduli space can also be viewed as the orbit under rotations and

iso-rotations of the map

R(z) = 2% (3.4.9)

Since rotation and isorotations act independently apart from the axial symmetry around the third
axis, the dimension of the moduli space of symmetric lumps of (3.4.9) is again 5.
The only rational maps that are compatible with a C; symmetry around some axis are given by

_ emaz?’ + bz

R )
(2) b2 +a

(3.4.10)

By Mobius transformations preserving this symmetry, name rotations around the third axis in
space and target space, the rational map can be brought into the form

2+ cz

R(z) = 2 &
(2) cz2+17

(3.4.11)
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such that c is real and non-negative. The surprising fact is that this map has D, symmetry, since

it is also symmetric under
1
-
R(3)

Hence, imposing C; symmetry automatically gives a family of D, symmetric maps. Since

R(z) =

rotations and isorotations act independently and cannot change the magnitude of the parameter
¢, the moduli space of the symmetric lumps of (3.4.11]) has real dimension 7. Another way of
calculating the dimension of the symmetry orbit of (3.4.11) is as follows. A general rational

map can be written as equation (3.2.7) for N = 3:

R(z) = e (z — z1) (2 — 22)(2 — 23)

(14 z12)(1 + Z22)(1 + z32) (3.4.12)

When we impose symmetry under a 7 rotation around the z-axes in space followed by an iso-
rotation around the z-axis in target space, one zero has to be equal to zero and the other two
map into each other under z — —z. The symmetric rational map is then given by

i 22— 21) (2 + 21)
(1+z12)(1 = z12)°

R(z) = (3.4.13)

Hence, the rational map is parametrized by ¢ € R and z; € C, that is 3 real parameters we have
chosen. Furthermore, we have the rotation axis in space and target space, so again we have that
the space is 7-dimensional.

To list all families of degree 3 rational maps on the projective plane, we can use also the
Riemann-Hurwitz formula [[17]. Suppose that p € S? is a ramification point of R so in local
coordinates the map R can be represented as z — 2% f(z), d, > 1, where f is analytic function

with f(0) # 0. The number d,, is called the ramification index at p. By the Riemann-Hurwitz
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formula, for a degree N rational map R(z) ramified at point p; in S?, we have that

X(8%) = Nx(8*) = > (dy, — 1), (3.4.14)

pi

where x(S?) is the Euler charactersic of S? and d,,, is the ramification index of R(z) at point p;.
Thus, for N =3, > (d,, — 1) = 4 implies there are two possibilities. The first possibility is
d,, = 3 which fixes d,, = 3. Hence, we will have the first family which is the symmetry orbit
of rational maps 2> which coincides with the family of maps . The second possibility is
when d,, = 2,7 = 1,2, 3, 4. For a rational map R of degree N > 1 with critical points w, and
near w, R behaves like of z — 2™ near the critical point, for some n > 1 [39]]. Choose a critical
point at z = 0 with R(0) = 0. Then using M&bius transformations, we can find the family of
rational map as
22(z —a)

Note, the sign of a can be changed by R(z) — —R(—z). Here rotations and isorotations
act independently and cannot change the magnitude of a, hence the dimension of the space
is 7 dimensional. This is compatible with writing the rational map as equation (3.4.12). For
N = 3, under a Mobius transformation in space, z — M (z), the zeros z; map to M ~*(z;), and
similarly for poles, hence zeros remain opposite poles. The phase is invariant under a Mobius
transformation. For a Mobius transformations in target space, the zeros become poles and vice-
versa. Suppose that rational function R is of the form (3.4.12)). One can show that R has critical
points, say c. Therefore for (3.4.12) near c, the behavior of R is like that of z — 23 near the

origin; thus R is highly contracting near c.
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Given the two submanifolds Rat$, one parameter family of rational maps of the form (3.4.15)),

and Rats, one parameter family of rational functions of the form (3.4.11), we now define the

spaces [Rat§ and Ea\t/g as the symmetry orbit of Rat§ and Rats, respectively, which satisfy the

constraint (3.2.6). Furthermore, consider the submanifold Ratg of ]/%;Lt/g, where Ratg is the

symmetry orbit of rational maps of 2%. We will show that Rat$ has hidden D, symmetry, and

that ]/%E—t/gf and EE%/g are identical submanifolds using the angular integral.

3.5 The moduli space Rat; on RP?

In this section we discuss the moduli space of charge N = 3 lumps on projective space. We
calculate the metric and various geometric quantities. We first discuss maps of the form (3.4.15))
and (3.4.11)) which possess dihedral symmetries D,. Then we describe the 7-dimensional sym-

metry orbit of Rat$ in section

3.5.1 The moduli space Rat$

For 0 < a < 1, the rational map R € Rat§ has zeros inside the unit disc at 2 = a,z = 0 and
poles at z = —1/a, z = oo, respectively. While for a > 1, it has zeros outside the unit disc and
poles inside the unit disc. For a = 0, the rational map R becomes 2. Thus, the energy density
is symmetric and its metric is equivalent to the metric on the moduli space {{2" : £ € C*} with

¢ = 1 and n = 3 which was shown in [38]. Furthermore, for a — oo, it is easy to see that

R(z) = % — —2z.

Similarly, the energy density is symmetric and the metric 7y on Rat§ as a — oo is equivalent to

the metric on w(z) = —z which was shown in [59].
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Our next task is to calculate the metric on the moduli space Rat§. We have the ingredient to

calculate the metric on Rat§ as

T = P)/aada2

where v,, 1s a smooth positive function as

_/ |0,R|*dzdz _/ |2[42% + 1|*dzdz
T T EPRAHRRE S O+ PR+ a2 + [z — aP)?’

where D = {2 € C: |z| < 1}.
Consider the coordinate system, z = r¢?. Then we can rewrite the integrand of 7,, in terms of

the coordinates r and 6:

|0, R|? r4(1 4732 — 4r%sin? 0

(T+ 2221+ |R?)? (14741 —=7r2+72(r2 4+ a?) + 2ar(1 — r?) cos 0)?

= F(r,0,a).

Thus 7,, is rewritten as follows:

1 2m
Yaa = / / F(r,0,a)rdfdr.
o Jo

In fact, 7., is a non-negative smooth function since (r,0,a) is non-negative because the inte-

grand of 7,,:

|aC’4‘R|2 0
(14|22 + [R[F)> —

which implies F'(r,6,a) > 0 and 7,4 > 0. Let @ = 1 — 7% + 72(r? 4+ a?) and § = 2ar(1 — r?).

Since r > 0 and a > 0, it is easily seen that o > (. Then substituting  and 3 in F/(r, 6, a), we
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find that

F(r.0.0) rd 477 sin? 0
rF(r,0,a) = — :
o (1+7r2)2(a+ Bcosh)?  (1+1r2)a+ [cosb)?

Applying then the residue theorem, we can find a simplified form of ~,, as follows:

! r° a 472 «
Yaa = 271'/0 (1 I 7’2>2 ((\/m)g + (1 i T2)2ﬂ2 (1 — W)) dr. (351)

The function -y, is an even function and smooth. Note that the integrand of ~,, is rational, so it
can be computed explicitly, though the expressions become complicated. Fig[3.1]is the energy
density of the moduli space of maps (3.4.15) for different values of a. At a = 0, the energy
density is symetric and as a — oo, the energy density decrease and form spike; however, at
a = 00, it is becomes the energy density of the map R(z) = z.

Proposition 6. Rat$ has a submanifold with length [( Rat$) = (36_8‘1/5”) 72,

Proof. Suppose z = re' such that the C P! field supports solutions with the K invariance

r2ei(ret® — q(t))

1+ a(t)re?

R(r,0,t) =

)

where a(t) is a positive real function. The real function a(t) is differentiable and nonvanishing..

Since the metric on Rat§ is K¢ invariant and hermitian, so

7= F(§)(dg* + )

for some smooth positive function F'. Here to compute F'(£) from the squared L? norm of the

22 (z—(E+t)) .

zero mode a% in the family of R(z,1) = =775

F(€) =

/ dzdz  |R(z,0)
(

L+ [2[2)2 (1 + |R[?)?

_o /1 rodr A n 472 | A
T e \(VE-BRE ()PP r-57))
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Figure 3.1: These figures are the energy densities of charge three lumps, Rat$.

where A = 1 — 72 +r* + &2 and B = 2¢r(1 — r?). Hence, applying Fubini-Tonelli theorem,

we can find that

27 [e%e)
tpats) = [ av / EF(€)de

(=72 4 2r(In(r?) — In(1 — 72 + 1))
: (A=

=27 rdr

Therefore the result holds. U
Proposition 7. The moduli space (Rat$,~,.) has finite length.

Proof. Since the integral fooo VYaada < 00, it shows automatically the length is finite. There-

fore, the boundary of (Rat$,,,) at infinity lies at finite distance. O
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3.6 The metric on the symmetry orbit of Rats

Consider the rotation group SO(3) action on the coordinate systems z and R, R € Rat§. Let’s
suppose first the action z — Uz, U € SO(3) = PU(2) = SU(2)/Zs. We can expand the left
invariant 1—form U~'dU in terms of a convenient basis of the Lie algebra t, = %Ta, a=1,2,3,

where 7, are Pauli matrices as
U_ldU =0 - %Ta = O'1t1 + O'Qtz + 0'3t3 (361)

where do; = %ajkaj A 0. Similarly, for the action R — MR, M € SO(3). With similar

argument, we have an expression in the Lie algebra basis:
i
M~'dM =n- 57a = Mty + Mot + N3t (3.6.2)

where dn; = 1e;5m; A 1. For example, consider also M € SU(2) defined by [3]

5 e3(¥+0) cos(9) e3(¥=9) sin(%)

M —
_6%¢_w) Sln(g) 6_%(w+¢) COS(%)

Therefore, we can see that M/ ~'dM = nit1 + nmote + nsts where the 77s are computed as

m = —sinydl + cos ) sin Od¢ (3.6.3)
1y = cosdl + sin v sin Odep (3.6.4)
N3 = dip + cos 0do. (3.6.5)

Furthermore, let R € SU(2) and M — MR, M € SO(3). Then we can find that o — Ro and

n — Rn, where R € SO(3) with matrix component R, = %tr(TaRTbe%). Hence both ¢ and
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transform as 3—vectors under rotations. One can change from the coordinate basis on SO(3),
{da, df3,dv}, to the left invariant 1-forms on SO(3) which can be found the same expressions
as before, but with the range of angles automatically appropriate to SO(3), « € [0,7),( €
[0,27),7v € [0,27) [3].

The metric should be invariant under spatial rotations. Then by considering da, o and 7, we can

construct the most general possible metric as

g = Aij(a)oio; + Bi(a)oda + C(a)da® + Dij(a)nn; + Ei(a)nda + Fij(a)oin;, (3.6.6)

where ¢, 7 = 1,2, 3 and each the component functions depends only on a and is independent of
the Euler’s angles.

The transformations p : z — Zz and w : R — R are mapping lumps to anti-lumps because each
reverses the sign of the topological degree and so both are not an isometry of the moduli space.
In fact, the composite transformation w o p is an isometry. Consider the isometry transformation

U +— U, where U € SO(3) as a SU(2) Mobius transformation and suppose again a +~ a. Then

o = (01,09,03) — (—01, 09, —03) (3.6.7)

n = (n1,m2,1m3) = (=11, M2, —N3). (3.6.8)

These two isometries remove B;(a) and F;(a) for ¢ = 1,3 from the general possible metric

equation because for a — a, we have that

o -da — (—oida, ooda, —osda),

n - da — (—mida, neda, —nsda).
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The isometries ([3.6.7) and ([3.6.8) also result in Aj3(a) = Ay (a) = Asz(a) = Asz(a) = 0and
D1s(a) = Dsy(a) = Dos(a) = Dss(a) = Fia(a) = Foi(a) = Fiz(a) = Fsi(a) = Fays(a) =
F33(a) =0.

Our next task should be finding the remaining metric functions of a by taking the appropriate

Euler’s angle. Firstly, let’s consider the parametrization of SO(3) by

cos § + i sin § cos 0 isin §(cos ¢ 4 isin ) sin §
M(a,0,¢) = : (3.6.9)
isin §(cos ¢ — isin @) sin ¢ cos § — isin § cos 6

Take first the action R — R, = ¢'*R. That is, we consider § = 0 in M («, 6, ¢). Then we have

a metric of the form v = 7,,(a)da?, where

|00 Ry |? dzdz |R|? dzdz
Dss(a) = Yaa(a) = 2)2 Nz 2)2 22"
p (L+[R)? (1 +22)2 Jp (1L+[R[F)? (1 +[2)
Now we can also evaluate D, (a) and D;(a). Suppose we are taking 6 = 7 and ¢ = 0. Then
with the action R — R, = MR, where M is given by the matrix (3.6.9) with ¢ = 7 and ¢ = 0,

from 17; = da we have a metric of the form v = ~,,(a)da? where

|00 R, |? dzdz 1 11— R%? dzdz
Dii(a) = Yaala) = 212 22 4 212 22"
p (L+[R2)?(1+]22)2 4 Jp (1+|R[P)2(1+[2)
Similarly, to find out what Dy;(a) is, let’s take @ = 7 and ¢ = 0 in our parametrization of
SO(3) in (3.6.9). When we consider the action R — R, = M R, then with a similar argument
as we saw in evaluating D1, (a) and Ds3(a), we have that the metric is of the form, from 7, = d#,

v = voo(a)dh?* where

() (@ / |0p R |? dzdz 1/ 1+ R2)>  dzdz
a) = a) = — .
2 = o0 b L+ |R2(A+[22)2 ~ 4 Jp (1+|RP)2(1+ [2]2)2
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Similarly, one can also calculate the other metric functions, D13(a) and D3;(a):

1 RR(1 - R?)  dzdz
Dis3(a) = D3i(a) = —= :
o) = Dal0) =3 | S e (e T
Note that each corresponding metric functions, D;;,2,7 = 1,2,3, D3 and Ds; are positive

functions.

Secondly, to find the functions A;;(a),4,j = 1,2,3, we can follow the same argument as in
evaluating the D;;(a),i,j7 = 1,2,3. Suppose we are considering the same parametrization of
SO(3) as and the SO(3) action on 2. For instance, let z — €z, Then R — R, =
2

R(e"z). Therefore, we are now able to find A33(a) from the metric of the form v = v,,(a)da

where

() (a)_/ 0uR,2  dzdz _/ 2RI dedz
33 = Yaa = b (14 |RJ?)2 (1+ |2[?)? - D(1+’R|) (1‘|”Z‘2)2‘

We can also find the other two functions A;;(a) and Aj;(a) by taking the Euler angles 6 = 7
and ¢ = 0, and a = 7 and ¢ = 0, respectively. Considering the above Euler angles and from

the metrics of the form v = 7,4 (a)da? and v = ~ge(a)dh?, we can find that

|1 ||dR|2 dzdz
(L+R*)? (1+]2?)?

All( ) Vaa

and

1 [ 1+ 2229512 dedz
Anla) =0la) =3 | “TRRY (T 2P

Furthermore, we can calculate the metric functions A;3(a) and As;(a) as

Ajz(a) = Aszi(a) = —

1/ R(z(1—22)) |22 dzdz
2o (L+[RP)? (1+])*
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The corresponding metric functions, A;;,¢,7 = 1,2,3,A13 and A3, are positive functions. Sim-

ilarly, we can find the following metric functions By(a), E»(a) and Fj;(a),i = 1,2,3 as

_1/%((1+z2)§—§67%) dzdz
o (L+IRP? (4[>

1 [ R((L+R)AR)  dedz
Fala) = /D A+ RE? (L4 2P

1 R((1-22)(1—-R)YE)  dzdz
Fufa) Z/D TR AT
1R+ +RHYE)  dedz
Fale) = | O+ R/EE (1 PP

_ R(zRY%)  dzdz
Psta) = [ 0+ R (11 [P

B 1 R((A-2HREE)  dedz
Fiae) = Pule) = =3 | (TR (4

One can see the plots of these metric functions in fig. [3.2]

Finally, the function C'(a) is the same function calculated before which is

|0, R|? dzdz
Cla) = )
(a) /D (1+|RP2)2 (1+|2[?)2

Note that C'(a) = 7,4, Where 7,, is a metric function discussed in an ealrier section (3.5) of
(3.5.1). Hence, the metric on the 7-dimensional charge three lumps is given by
g :A”<CL>0'12 + A13(CL)(0'10’3 + 0'30'1) + C’(a)da2 + D“(a)nf + Dlg(a) (7717]3 + 773771)

+ Bg(&)@da + EQ(CZ)?]Qd(I + F”(CZ>O'Z77“Z = 1, 2, 3.

Proposition 8. j%zté is a non-compact totally geodesic Lagrangian submanifold of Rats.

Proof. One can find a similar proof in [56]]. We can find that Ec;t/g is the fixed point set of an
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isometry of Rats. Rat§ is a submanifold of Rats and the Kéhler form restrict to 0 on Rat$, and
the dimension of Rats is two times the dimension of EEL@. Hence, EC\L@ is a totally geodesic
Lagrangian submanifold of Rats. Let R € Rat§. Its degree drops by 2 as a — oo, that is an
antipodal pair of lump forms, collapses to an infinitely sharp spike and disappears. Thus from

this we conclude that Rat§ is not compact and the result holds. O]

Proposition 9. The moduli space Ec}/g with respect to the general metric g has finite volume,

that is, the volume of (]/%\a—té, g) is finite.

Proof. The volume on the moduli space Rats is given by

Vol(Rat}) = (| det(gij)|)Voly(Rats), (3.6.10)

/SO(B) xSO(3)xR

where Volg(}/%c\zt/g) is the volume element on g is given by

Voly,(Raty) = o1 Aoy Aog Ay Ama Ans A da. (3.6.11)

Using (3.6.3), (3.6.4) and (3.6.5), we can find that n; A n2 A 3 = sin(0)dodfdyp, 0 < 6 <

m, 0 < ¢ <2, 0 <1 < 27. Then we have that

Vol(SO(3)) = / m Ay Ang = 8’
S0(3)

and similarly

Vol(SO(3)) = / o1 Aoy A\ o3 = 877,
SO(3)

The metric functions satisfy the following conditions

1 1 1
Ay > §(A13+F11 + Fhg), Ay > §(F22+B2), Aszg > §(A13+F33+F13), (3.6.12)
1 1 1
Dy > §(D13+F11 + Fi3), Dy > §(F22+E2), D33 > §(D13+F33+F13), (3.6.13)
1

Using Hadamard’s inequality [[19] and the inequalities (3.6.12) to (3.6.14)), the determinant of
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the matrix (g;;) satisfies

7 7
| det(g,)] <[] (Z g%) (3.6.15)
i=1 \j=1

7 7
<1 (202)% =8v2]] oa (3.6.16)
i=1 i=1

[SIES

= 8V/2A11 Ay A3 D11 Day D33 C. (3.6.17)

We can also find the following inequalities in the metric functions which are Dy; < § +

27;1‘3/?:, Doy < 5 + 27;1‘3/5 and D33 < . We can also see that A < 2{, Agy < %” and

A33 < 2_7r + 24{ . ThUS, 8\/§A11A22A33D11D22D33 < 1. The metric function C' satisfy the

inequality C' < ) Using 1i det(gij) < iy - 7yz- Note that Iy iz da = m which

implies the followmg integral

Vol(Rat?) = 647 / det(g;;| da
(Rat$) i \/ 1 det(gi|

)
< 647 / da = 647°.
0 1 —+ CL2

This proves the volume of the moduli space of charge three lumps is finite. [

3.6.1 The Moduli Space Rat$

It is easy to check that a rational map R, € Rat§ has zeros at z = 0,+i/c and poles at
z=+i \/g . The Wronskian of R, is a polynomial of degree 4 that is w(z) = cz*+(3—c?)2*+c.
For 0 < ¢ < 1, the zeros of R, lie inside the unit disc and its poles are found outside the unit
disc. For ¢ = 1, the poles and zeros of 7. come together and cancel each other, then 12, becomes
a rational map of degree one which is z. For ¢ > 1, the poles of R, are found outside the unit
disc. Finally, for ¢ = oo, the poles and zeros come together and cancel each other. Then R,

becomes the rational map % One can see the energy density of this space in ﬁg that shows
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the energy density is symmetric at ¢ = 0. As ¢ — 1 and ¢ = o0, the energy densities dissociate
and form spikes. However, for c = 1 and ¢ = oo, the energy density becomes the energy density
of the rational map R(z) = z.

Recall from section [3.6]that the way we have computed the metric functions of the moduli space
of Rat§ with the isometry transformation of SO(3) as a SU(2) Mobius transformation. Hence
the metric should be invariant under rotations and its most general possible metric on J/%Et/g is

given by

ge = Aij(c)oio; + Bi(c)aidc + C’(c)ch + Dij(c)nmj + Ei(c)mdc + Fij(c)amj, (3.6.18)

where 7, 7 = 1,2, 3 and each of the component functions depends only on c and is independent
of the Euler’s angles. Following the same method as earlier in section[3.6] we can remove some

metric functions from the metric (3.6.18)) and find that

ge Zz‘L‘z‘(C)U? + A13(C)(0103 + o301) + é(C)dC2 + [7“(0)7]22 + D13(C)(771773 + M3m1)

+ BQ(C)UQdC + Es(c)nade + Ei(c)ami,i =1,2,3.

Here take 7 rotation around the third axis:

(01,09,03) = (=01, —02,03) and (n1,72,m3) = (=11, =12, M3).

These two isometries remove Ays, Asy, Dy3, D1, Fis, sy, Bg(c) and Eg(c) from the general

possible metric equation (3.6.18) because we have that

0103 /— —0103, N3 — —1173, O'QdC — —O'Qd& and 772dC — —T]QdC.
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Therefore, the general possible metric on the moduli space }/%c\zt/g is of the form

go = Asi(c)o? + C~'(c)dc2 + Dm(c)nf + Fii(c)crmi,i =1,2,3, (3.6.19)

where flii, f)u‘ and }7’” are the metric functions of Rat§ which have similar structure as the
metric functions of Rat$ and in [29].

Proposition 10. Rat§ has two non-overlapping submanifolds of which one is for 0 < ¢; < 1
with length [, (Rat§') = % (14 21In(2)) and and the second one is for 1 < co < oo with length

h(Raty) = %5 (4 —2In(2) + 4573) .

Proof. One can refer to proposition 6] for the method of proof. 0
Proposition 11. The moduli space (Rat., y..) has finite length, where v..(c) = C(c), ¢ € [0.1).
Proof. Since the integral fol VYeedc < 00, it shows the length is finite. Therefore, the boundary

of (Rat§, v..) at infinity lies at finite distance. O

Secondly, we consider rational functions of the form R(z) = 23 and its symmetry orbit denoted

—_—~—

by Rat!. The energy density is symmetric and its metric is equivalent to the metric on the
y 3 gy y y q

moduli space {£z" : £ € C*} with ¢ = 1 and n = 3 which was shown in [38]. Note that Rat$

—_~—

is a totally geodesic submanifold of Ea\t/g . The general metric on Rat) is given by

go = fio} + hin} + F303m3, (3.6.20)

= fi02 + fo02 + f3(o5 4+ 3n3)> + han? + homz i =1,2,3, (3.6.21)

where

T
fl f2 27 ) 1 2 6 243 )
3r 4733 T 4723 T 44/372
fas=—— , hy=—— , Py =—— .
2 27 6 243 2 81



Proposition 12. Rat) has a finite volume with

Vol(Ratd) = 222 (47 /3 4 81) /324 — 323,

Proof. Here to avoid over-counting, we divide the volume element by two since the space has

an additional C, symmetry. As earlier in proposition 3, we have that Vol(SO(3)) = |, so(3) O1N
oy A o3 = 872 From (3.6.3) and (3.6.3), 1 A 12 = sin(0)dedl, 0 <0 <7, 0 < ¢ < 27r, then

the integral is |, so@)/so@ M A2 = 47. The volume is given by

Vol(Ratg) = / \/ ‘flfzfghlhgy m A T2 AN 01 A 09 N g3,

which can be evaluated as

—— A7r13/2
Vol(Rat?) = 3213/ |1 fo fahiha] = 17;683 (47r V34 81) \/324 — 32/3.

[
Proposition 13. The moduli space (E&/g, Yee) has finite length.
Proof. The length can be computed as follows:
1
- e (3 e ) [ =t (34255
[
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Figure 3.2: (a) The metric functions D1;(a), Das(a), Ds3(a) and Di3(a) = D3;i(a) ( blue, red,
green and black, respectively), (b) The metric functions A;;(a) (blue), Ao (a) (red), Asz(a)
(green) and Aj3(a) (black), (c) The metric function C'(a) (blue) which is also the plot of the
metric function ,, that discussed earlier, F»(a) (green) and By(a) (red) show the metric func-
tions are finite and positive definite. Also one can observe that as a increases, all the metric
functions approach to zero and (d) The metric functions Fii(a), Foe(a), Fs3(a) and Fis(a) (
blue, red, green and black, respectively).
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Figure 3.3: These figures are the energy densities of charge three lumps, Rats.
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3.7 Lump decay

Since a zero and a corresponding pole are opposite each other, a single lump cannot decay. This
leads to interesting lump decay channels. Consider first the moduli space Rat$: Following the
zeros and poles as for a € [0, 0o, we start with the axial map with three zeros at the origin 0
and three poles at co. Then one zero moves from 0 to co along the positive x axis while one
pole moves from oo to 0 along the negative = axis. The zero cancels with a pole at oo while
the pole cancels with a zero at 0. Secondly, take the space Rats : For ¢ = 0 we have the axial
maps with three zeros at the origin and three poles at oo. For 0 < ¢ < 1 one zero remains fixed
while one zero moves up and one down along the imaginary axis. Also, one pole remains fixed
at oo while two poles travel towards 0 along the positive and negative imaginary axis (y-axis)
respectively. For ¢ = 1 two poles and two zeros cancel. For 1 < ¢ < oo the poles move towards
0 while the poles move towards co where they cancel. Due to the extra symmetry, lump decay
is more complicated on RP2. Finally, let us consider the moduli space R..,. The symmetry of
the axial map prevents lump decay. For N = 1 the space of allowed rational maps is SO(3)
and therefore lumps cannot decay. For N = 3 it’s the 5 dimensional symmetry orbit of z3.
For ¢ = 0, we have the axial maps with three zeros at the origin and three poles at oo. For
0 < ¢ < o0, three zeros move from 0 to oo along the positive x-axis and the poles come from
oo to 0 along the negative x -axis. No zeros cancel poles and vice-versa. That is the zeros move
from 0 to oo and become poles while poles come from oo to 0 along the negative x-axis and

their final destiny is to become zeros.
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3.8 Angular integral

The angular integral of a degree NV rational map R is given by

I:i/ L+ |2
A 1+ |R|?

Minimizing Z is to minimize the energy configuration for a fixed /N. It can be shown that

dR

Y dedz
E) T (3.8.1)

1+ [2[?)?

Z > N?[36]. This quantity Z is invariant under rotation in space and target space. Therefore,
it distinguishes between maps not related by the symmetry group. Our next task is to calculate
7 for rational maps belonging to Rats. For R, € Rat§, R.(z) — 2° as ¢ — 0 and R,(z) — -
as ¢ — oo. We can therefore see that 17, and R, are related by a Mdbius transformation for
c € [0,1) and @ € [0,00). In fact, as iR.(z) = R.(iz), ¢ — —c, hence we can take ¢ > 0.
We can calculate the angular integral for ¢ = ¢ = 0 and denote it by Z,. Then Zy = %.
Fig[3.4] shows the angular integral diverges at ¢ = 1 for R, case. We can compute the Z,;
analytically by first calculating the point where the derivative of the angular integral with respect
to c vanishes but it is unlikely that there is a simple explicit expression due to the complicated
structure of the integrand of Z. We calculated /.,.;; numerically and surprisingly, we found that
1.+ = Iy. Here the critical value is at ¢ = 3. Hence, there are two families of rational maps.

The angular integral 7 as a function of a for R, in (3.4.15)) is also displayed in Fig. [3.4] This
indicates that the maps R, € sz?zt/g and RR. € f%?w/g with the same value of Z are related to
each other via Mdbius transformations. In fact, this can be checked using Maple by explicitly
computing the relevant Mobius transformations. Hence the moduli space of lumps of (3.4.11))
and parametrize the same space, and therefore has a hidden D, symmetry. So,

Rat§ and Rat$ are different parametrizations of Rats.
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Figure 3.4: Angular integral plot of R, and R,

39 N=5

The C* symmetry discussed in section suggests there are four families of moduli spaces of
degree 5 rational maps. In addition, the Riemann-Hurwitz formula indicates that there are five
families of moduli spaces of degree 5 rational maps. Let’s first consider the former one. Lemma
B3] and 4] show a D, symmetry when a C,, symmetry is imposed with n > 5 which is given by

rational maps of the form
5
G047 +b

R(z) = e 2212
(2) —bz5+a’

(3.9.1)

where a and b do not both vanish simultaneously and complex, and ¢/ € R. Refer to section|3.4]
to see that with a similar argument, the symmetry is C? and its moduli space having dimension

5 can be viewed as the symmetry of 2°.
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The rational map which is grouped to the Cj symmetry family is given by

i 2(a0 + a12% + agz?)
e ——— — .
Ao — CL122 + CL()Z4

R(z) = (3.9.2)

An interesting example of this kind of rational map which satisfies the D, symmetry is given

by
R(z) = z(1+ ?azz + b2*)
b+iaz? + 24

ca,beR. (3.9.3)

Surprisingly, when b = 1, lump decay can be observed as four zeros cancel with four poles at 0
and four poles cancel with four zeros at co. Furthermore, when a = 0, R(z) has the symmetry
of a square. If b = —5, then there is octahedral symmetry. The other family of maps that can
be observed from the C* symmetry is the C2 case. In this symmetry family, the rational map is
given by

ap + a;2%)

R(z) =" 2

———— (3.94)
ay — Qo2
By Mobius transformations preserving this symmetry, namely rotations around the third axis in

space and target space, the rational map can be brought into the form

2(,3
R(z) = Zl(z_—:;) a € [0, 00). (3.9.5)

The remaining family of maps satisfying the C* symmetry is the C'} which the rational map is

given by

R(z) = z2(z* +a)

Proposition 14. For N where n + k = N, n is even and n > k, the moduli spaces of rational

maps of degree N of the C* symmetry is 7-dimensional and satisfies the D,, symmetry.
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Proof. The rational map that satisfies the symmetry C* is given by

_ it 2F(a 2™ + ao).

R 3.9.7
(Z) (_lozn -+ C_Ll ( )
By Mobius transformation, the rational map can be brought into the form
Riz) = 2D 0 00) (3.9.8)
2)=——"7"=>,0a 00). 9.
1+azv '’ ’
The map (3.9.8)) satisfies the condition
1 1
R|-)= . 399
()7 329
Hence, the moduli space of the rational map has D,, symmetry. [

Note that the C} family of maps is a subset of the C} family of map.

To see another family of degree 5 rational maps on the projective plane, we use the Riemann-
Hurwitz formula [17]. Thus, for N =5, > (d,, — 1) = 8 implies there are five possibilities.
Here, the index d,,, = 5 is the first possibility which fixes dj,, = 5. Then the first family is the
symmetry of rational map 2° which coincides with the family of the map . The second
possibility of the index d,, is when d,, = d,, = 4 which fix d,, = d,, = 2. In this case, the

family of rational maps is given by

4
R(z) = 22+ (3.9.10)

1—az

The third possibility of the index d,, is when d,, = d,, = 3 and d,, = 2, ¢ = 3,4,5,6 which

results in the third family of rational maps given by (b # 0)

23(2% + az + b)
(1 —az+ b2?)

R(z) = , (3.9.11)
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where |a?(b? + 1) + (b* — 1)® 4+ b(a® + @*) # 0. The fourth possibility of the index d,, is when

d,, = 3,1 =1,2,3,4. Thus, the fourth family of rational maps is given by (b # 0)

23(2* + az + b)
(1 —az+b2?)

R(z) = , (3.9.12)

where a?(b+1)2 + (b* — 1)2 #£ 0.

Conjecture 1. The family of the map (3.9.12)) is a 9-dimensional space with Cy symmetry.

Finally, the remaining possibility of index d,, is when d,,, = 2, i = 1, ..., 8. Hence, the family

of map is given by (¢ # 0)

22(3+az? +bz+c)
R(2) = _ 3.9.13
(=) 1—az+0bz2—cz3 ( )

where the parameter a, b and c are coefficients such that the determinant of the Sylvester matrix
Syl(p, G) is never zero, where p = 2> +az?+bz+cand G = 1 —az+ bz% — ¢z3, and furthermore

the Wronskian of (3.9.13)) has to have 7 simple roots.

3.10 The Kihler potential and Fubini-Study metric of R P?

lumps

In this section, we will compute the Kihler potential of the moduli space of Rat§ and its Fubini-
Study metric. In the example, we shall evaluate the Kihler potential for the totally geodesic

submanifold of lumps.

Definition 14. A Kcihler manifold is a Hermitian manifold (M, g) whose Kiihler form w is
closed: dw = 0. The metric g is called the Kdhler metric of M.

The metric on the moduli space of holomorphic maps defined by the sigma model kinetic energy

is Kidhler whenever both the domain and target manifolds are Kéhler [48]].
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Theorem 4. Let M be a complex manifold with Riemannian metric g. Then the following are

equivalent
* g is a Kdhler metric.
* dw=0.

 For each point P € M, there is a smooth real function K in a neighborhood of P such

that w = iO0K.
IC is called the Kdhler potential.

Proof. The first and second conditions are directly from the definition. One can see the equiva-

lence of the second and the third conditions in [41]]. O

K is unique up to Kihler transformations, K(z, z) — K(z, )+ f(z)+ f(Z) for any holomorphic
function f and cannot be a globally defined smooth function on the boundary of compact spaces.
Because suppose now that K is a globally defined. Then w would be an exact form and so is
vol = “% If vol were exact, its integral over M would vanish [13]], which is a contradiction with

the assumption that the metric is non-degenerate. Therefore, XC cannot be defined globally. For

a rational map R(z) = fl’ 8, the geodesics in Rat? endowed with the Kahler metric 7,, = 0K
where
dzdz
K= lo D12+ g(2)]P) ——,
[ 0 + o) s

computes the Kéhler potential from the static solution configurations R = R(z,a). The com-
plex projective space CPY is a Kihler manifold which means that Kihler metrics naturally
occur on complex projective varieties. For example there is a standard Fubini-Study metric vpg
on CP¥ which is also positive definite and if X C CP" is a complex submanifold, the restric-

tion of yrg to X is Kihler. Therefore, the Fubini-Study metric on CP? gives a Kéhler metric
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on M, given by the open inclusion M; C CP3. Let (z,..., 2x) € C¥*! be a homogeneous

coordinate on CP". The Fubini-Study metric g on CP" is given by

Yrs = 100 log(|zo|* + ... + |2n]?).

Define coordinate charts by (Up, ¢) such that Uy = {[z0, 21, ..., 25] € CPY 2y # 0}. Let
w = (wy,...,wy) € CN w; = % a section of ¢ over Uy and hence for w € C¥, the Fubini-

Study metric yrg

Vrs =1 ( Dy s Py Wi N Sy wichy .
(

N N
1+ Zi:l |wi]?) (1+ Zi:l |w;|?)?

Let w(z) = % with a4, # 0 be a rational map of degree 1. Define the inhomogeneous

coordinates as b; = Z—i, t = 1,2, 3. Then using the coordinates b;,7 = 1, 2, 3, we can express the

Fubini-Study metric as:

(1 + Z |ba|2)(z dbad_bb) B (Z Badbaxz bbd_bb>

YFs = TESSIDE . (3.10.1)

Using (3.10.1)), one can find that the Fubini-Study metric on Rat§ as

_ da?

Example (The Kihler potential for charge one lump)

In this example, we will compute the Kéhler potential on the moduli space M; where the field

is given by wy(z) = pz, where p = %iizfi Since we can take p(z) = (v/1+ A2 + \)z and
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q(z) = V14 A2 — A, then the Kihler potential is

1 22y ddzxdy
K= / (11og(1+ [2]%) = log(u) {71172

o 5 9 rdr 1o
= 167r/0 (log(1 + p*r?) — log(p)) T2 47 (QALQ—_g(lM) — log(,u)> :

Note that using this Kihler potential, we can evaluate the L? metric on M, as

7( o 0 ) Amp® [(p® + 1) log p — p? + 1]

8)\17 8)\1 N (ILLQ — 1)3

Note that this metric is the same metric that we calculated in the previous section.

3.11 Summary of chapter

In this chapter, the geometry and topology of moduli spaces of charge three lumps was studied.
The L? metric on these moduli spaces was explicitly derived by an isometry transformation of
SO(3) as a SU(2) Mobius transformations of space and target space. The moduli spaces have
finite length and volume. The zeros and poles of rational maps was considered to study lump
decay. The energy densities of lumps for the parameters a = 0,a = occandc =0,c=1,c = o0
are symmetric. The minimal value of the moment of inertia, or angular integrals, of moduli
spaces of charge three lumps were explicitly evaluated. The angular integrals, particularly their
plots, played an important role in identifying the family of rational maps. We applied the
Riemann-Huwrtiz formula to find possible families of moduli spaces of charge 5 lumps. The
Fubini-Study metric on a 1-dimensional moduli space of charge 3 lumps and the corresponding

Kihler potential were explicitly computed.
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Chapter 4

Vortices on the Hyperbolic Plane

The geometry of the moduli spaces My of static /N-solitons plays an important role in the
study of the dynamics of topological solitons of a field theory of Bogomlyni type: the low
energy soliton scattering, the thermodynamics of soliton gases and the quantum mechanics of
solitons [36]. The L? metric v on My can be taken as the restriction of the kinetic energy of
the field. In this chapter we will study the moduli space of hyperbolic vortices and compute the
explicit formula for the metric « on hyperbolic 3- and 4-vortices. The Abelian Higgs model [20]
is a field theory which consists of a complex scalar field ¢ coupled to a U(1) connection. The
Abelian Higgs vortices are topological solitons in two dimensional space minimizing the energy
functional. We will consider Ginzburg-Landau vortices moving on the hyperbolic plane and the
Bogomolyni equations for static hyperbolic /V-vortices can be reduced to an integrable Liouville
equation on a disc.

Let RY?2 be the space-time with coordinates (zy = ¢, 71, 72). The 2 + 1-dimensional Abelian

Higgs model is governed by the action

s4.0)= | " (1A, 6) - V(A 6))dao @o.

where T'(A, ¢) is the kinetic energy, V' (A, ¢) is the potential energy, A is a U (1)-connection on
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R'? given by the 1-form

A = Aodl'o -+ Aldl’l + AQdI’Q,

and ¢ is a Higgs field given by a smooth complex function ¢ : R'"?> — C. The Lagrangian

density at critical coupling constant, A = 1, is

1 11— 1
ﬁz—f”7b+§DwD%—§ﬂ—WVﬂMZQLZ (4.0.2)

where ¢ is a complex scalar field on R'? coupled to a U(1) gauge potential A, D, ¢ = 0,¢ —
1A, ¢ is the covariant derivative and F},, = 0,4, — 0, A,, is the gauge field strength. Note that

R'? is equipped with the Minkowski metric of signature (+, —, —). The terms in the right side

of (4.0.2) are then

D,oD*¢ = Do Do¢ — D1¢D1¢ — Do Doty (4.0.3)

F,F" = —2(E} + Ej — F?,), (4.0.4)

where E; = Fy;, @ = 1,2 is the electric components of the field while F, is the magnetic
component of the field. The Lagrangian (4.0.2) is also invariant under the following gauge
transformations

O em(t’m)@ A, = A+ 0ua(t, x),

where a(t, x) is arbitrary function on R»2. The field equations are

1
D"Dyg = (1 = [¢*)¢ =0 (4.0.5)
0, F"" + %(&Dw — ¢Drp) = 0, (4.0.6)
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where D" = n*”D,, with n* being the inverse component of the Minkowski metric 77 on
RY2. To ensure finiteness of the total energy, we need to put some constraint on the field
configuration. The constraint can be explicitly expressed as |¢| — 1, D,¢ — 0 as |z| — oo.
Thus, ¢ takes its value in the vacuum field. Vortices are known to exist in the (24 1)-dimensional
Abelian Higgs model. They are the static field configurations minimizing the Ginzburg-Landau
energy functional.

In sections and we will give a review of the metric on the moduli space of compact
Riemann surfaces and hyperbolic vortices, respectively and in section 4.3] the exact formula
for the metric and other geometric correspondences for 3-hyperbolic vortices will be derived.

Subsections [4.3.1] and [4.3.3] present the metric on some subspaces of hyperbolic 3-vortices. In

subsection [4.3.4] we will study double vortices on the hyperbolic plane and exploit its metric,
scalar curvature and Kihler potential. Subsectiond.3.6]discusses the metric and scalar curvature
of m + 1-vortices where m > 2. Then subsection 4.3.§| will present three collinear hyperbolic
vortices. In section 4.4 we study the metric on 4-hyperbolic vortices. Mostly, the metric,
Kihler potential and scalar curvature on the moduli space of hyperbolic 3 and submanifolds of

4-vortices will be computed.

4.1 The metric on My (with multiplicities)

In this section, we give a brief computation of a metric on a compact Riemann surface when
the Abelian Higgs field ¢ has zeros of positive multiplicity m. The metric on My is the L?
metric derived from the restriction of the kinetic energy to My. Following Strachan [60], a
general formula for the L? metric on the moduli space was exploited by Samols where the

vortex positions are distinct. To compute the metric on My where the vortex positions have
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multiplicity m, remember that we follow the computation steps and methods of the procedure
in the literature [36]. Let > be a Riemann surface with the local complex coordinate z = x1+iz-

and its complex conjugate Z = x; — ixo. The metric on R x ¥ with conformal factor €2 is
ds* = dxi — Q(z,2)dzdz = dxg — Q(zy1, 22)(dw? + dx). 4.1.1)

The static Ginzberg-Landau (GL) potential energy functional at the critical coupling is

1

V= 5/ (91F122 + DipDig + %(1 - ¢<5)2) dzvydas, 4.12)
P

where ¢ is a complex valued scalar field on ¥ and F}s = 01 Ay — 02 Ay is the curvature. One

can rewrite the Ginzberg-Landau (GL) energy by completing the square and we have that

1

2
V= 5/ (Q—l (F12 — %(1 — qbQS)) + (D1 + ZD2)¢(D1 + ZD2)¢ + F12) dl‘ldl'Q.
by

(4.1.3)

Vortices, which minimize the energy functional, satisfy the first order Bogomolnyi equations

(Dy +iD3)p =0 (4.1.4)
Q
Fio = 5 (1= [6") =0, (4.1.5)

where |¢|> = ¢¢. The first Chern number classifies the solutions into topologically stable

sectors

1

N = —/Flz, (4.1.6)
2 s
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where N is an integer. The energy satisfies the Bogomolnyi bound
V > m|NJ. 4.1.7)

Here our aim is to calculate the metric on My where the scalar field has zeros of multiplicity
m. Suppose {¢p(t), A;(t)} be a family of N-vortex solutions of the Bogomolnyi equations
with vortex locations {z,(¢)} of multiplicity m,. The vortices are moving slowly and the time
derivative of the Bogomolnyi equations is held by the time derivatives of the field configurations,
{0, Dy A}. Take Ay = 0, known as the temporal gauge. The Gauss law constraint for the gauge

field Ez = Eo = 81140 - 80AZ reads
OiEi + 5 (6006 — 6006) = 0. (4.1.8)

The kinetic energy functional is

1
)
Let ¢ = e2"iX, Note that h is a gauge invariant quantity and finite except at the zeros of ¢.
That is, i has logarithmic singularities, and becomes infinitely negative. Using the Bogomolnyi
equations we can eliminate x because from the first Bogomolnyi equation we have that A; =
10sh 4+ i01x and Ay = —101h + id,x. Then the second Bogomolnyi equation will give (by

including a delta-function source for h)

N
Veh+ Q= Qe =4n) m.b(z - z,), (4.1.10)

r=1
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where V2 = 49;0, is the standard Laplacian and the equation is valid only away from the zeros

of ¢. As ¢ has zeros with multiplicity m,., |¢| ~ |z — z.|™. Thus, h ~ 2m, log |z — z.|.

Define n = 9y log ¢. The kinetic energy (4.1.9) reduces to

N
T = —ZZ/ n0:ndz, (4.1.11)
r=1 T

where C. is the boundary of the disc D, centered at z,, of radius € [36]. The expansion of

h = log |¢|* around the point z, has the form

1- 1
h =2m,log |z — z,| + a, + §br(2’ —z) + §br(2 —Z) 4G (2 — 2)?

Q(Zr) (z—2)(Z—Z) +e(Z—2)+0(z — /%),

which is a convergent Taylor series with a,. is real and b, measures the extent to which contours
of h close to z, differ from circles centered at z,.. To avoid logarithmic singularities of £, let

hyeqg = h — 2m, log |z — z,| be the regularized function. Then

8hreg

b, = 2——=
0z

zZ=2zr

We next construct 77 and 0;7 on the boundary C. and differentiate ~ with respect to the vortex

position z;. We will have that

oh  —my6.s Oa, 10b, 1- 10b., _ _
Ozs  2— 2 + 07z + 5823 (z=2) = ibr(sm + 5823 (2= %) = 26(2 = 20)0rg

Nz), o 3
- (z—2.)00s + O(|z — z|%).
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One can see that a%h has a pole at z, with residue —m,. that results in

oh
0z,

(V2 —eM)=— = —4mm,0.6%*(z — 2,).

N

4.1.12)

Note that, in [36], the term 7 is given by n = >, Zr o, 8h . The derivative of @ with respect to

Z 18

Oh o 1 8()7« Q(Zr)(srs
0 (5 = 550+ 2= 4 0 - 5

which implies the derivative of 1 with respect to Z is

N
. (10b,  Q(z.)0,4
Oz = Zzs (58% + —< 4) ) +O(|z — z])-

Then using the residue theorem, we can compute the integral as

N
/ nosndz = m, iz, Z Zs <gzr + Q(;S)(Sm) .

s=1

Summing over all C§, one can find that the kinetic energy as

= —mer ( 24 )0rs + ngT) 2rZs.

Therefore, the metric on My where the vortex positions have multiplicities m,. is

Zr

b
ds® = WZmT < 2)Ors +2§ S) dz,dzs.

From the hermitian property of the metric, one can see the following relation

dbs  0Ob,
0z, 0z
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4.1.14)

(4.1.15)



The translational invariance of the the entire system results in Zfil b, = Ziv b, = 0 and
the rotational invariance produces Zivzl bz, = Zf;l b,z, [46.47]. Moreover, the symmetric

property which can be found in [47]] is

ob,  Ob,
0z, 0z,

(4.1.16)

The symmetry property implies that the metric on My is Kéhler [48]. The associated Kahler

2-form, which is closed, is given by

0b,

= — Q(z5)0. 2—
o= 5 Lm0+ 25

7,8

) dzs N\ dz,. 4.1.17)

Because of the symmetry of the second partial derivatives and (4.1.16), one can verify that

2

*dz ANdz, N dzs)

202y

dw = ZWst (azt 97 dz; Ndz, N dzZs +

2

0°by
=7 Z Mg (aztﬁzs dz; Ndz, NdZg + 9210z, ———dz Ndz, A dzs)

r,8,t

=0.

Note that m, # 0, because by definition m is positive integer.

4.2 The metric on hyperbolic vortices

The upper half-plane is given by H = {z = z + iy € C : Im(z) > 0}. A metric of constant
negative curvature on the upper half-plane H is

dx? + dy?

2
ds* = e

4.2.1)
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This space is also called the hyperbolic plane. The hyperbolic plane can be represented by the
disc model. The hyperbolic plane H is isometric to the Poincaré disc model, D = {z € C :
|z| < 1}, since we can find an isometry between D and H using the Cayley-transform

1+ z
144z

c:D—H, 2+

Note that there is no radial symmetry in the upper half-plane, so for our purpose we will consider
later on the Poincaré disc model. Let > be a Riemann surface of local complex coordinate z, z

its complex conjugate, with metric

ds* = Q(z, 2)dzdz,

where () is the conformal factor. The Gauss curvature of the half-plane model is negative. So,
the hyperbolic plane has negative Gauss curvature. Note that the Gauss curvature is given by

Kk = —20.0:log(£2). The metric on the hyperbolic plane with curvature —3 is

8

2 — I~ ) —
ds® = (2, 2)dzdz, Qz,%2) = A=]2P2

4.2.2)

Our next goal is to study the dynamics of the moduli spaces of hyperbolic vortices. The critically
coupled Ginzburg-Landau vortices on H are minimals of the potential energy but the
integral is over H and the scalar field ¢ is ¢ : H — C. The boundary of the domain is a circle
at infinity and there should be a constraint at infinity to ensure finiteness of the energy because
for static field, the total energy is finite. This static energy is the Ginzburg-Landau potential
energy. Thus the field ¢ satisfies the boundary condition |¢| — 1 for |z| — 1. The Ginzburg-

Landau energy V' on H is minimized by homotopy classes of solutions of the Bogomolyni
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equations (#.1.4) and (#.1.3). We call these solutions Bogomolnyi vortices or hyperbolic N-

vortices. The zeros of ¢ are the vortex centers where ¢ vanishes. These zeros are interpreted as
individual vortex positions and the number of vortices N counted with multiplicity is the first
Chern number (4.1.6]).

Recall from section that setting ¢ = e2h X where h is gauge invariant quantity and finite
except at the zeros of ¢, one can find the following equation

0*h

48282

+Q—-Qe" =0, (4.2.3)

where this equation is valid only away from the vortex positions. Setting h = 2g + 2 log %(1 —

|2|?) the equation for h becomes Liouville’s equation [71],

0%g B
020z

e = 0. (4.2.4)

One can solve this equation exactly such that the solution is given by

1 2|g_];| 4.2.5)
f— O 5 oo
A W

where f(z) is an arbitrary, complex analytic function. Using g, we can reconstruct ¢ as

2

(1 —[2*)?
(1= 1fP)?

af
dz

2
WQ _ eg+log%(1f\z|2)+ix _

Then with a simple choice of phase, the scalar field ¢ can be seen as

1= |zPdf

0= S (4.2.6)

Note that the scalar field ¢ in (4.2.6]) vanishes at the critical points of f satisfying the boundary
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condition |¢| — 1 as |z| — 1. The zeros of ¢ are the vortex positions of the moduli space.
These are also the critical points of the function f. The boundary condition |¢| — 1 for |z| — 1
and this ¢ nonsingular inside the disc, |z| < 1 results in |f| — 1 on the boundary and |f| < 1
inside the unit disc. Hence these conditions are satisfied by choosing a Blaschke function of the

form

z—a;
= zH (1 — ) 4.2.7)
where ay,...,ay € C,|a;| < 1. Taubes [21] showed that the zeros of ¢ if they exist, can be
specified by N unordered points {z1, 2, ..., 2y }. Then the hyperbolic N-vortices are in one-to-
one correspondence with degree N polynomials. Let {z1, 2, ..., 2 } be the zeros of the field ¢
and define a polynomial of degree NV with all of whose roots lie in the open disc |z| < 1,

N
)=]](z—2) 1=l <1

r=1

N N-1
=z +wz + ...+t wnN.

One can see that there is a one-to-one correspondence between an ordered set of arbitrary com-
plex numbers coefficients {wy, ..., wy}. The set of unordered points {z, 29, ..., 2y } determine

the coefficients of P as each w; can be explicitly written in terms of the z;:
wy = —(21 + oo F2n)s e wy = (=D 21252y

Conversely, the coefficients determine P(z) and hence N-vortices. The function f is a rational
map having exactly 2N critical points, counted with multiplicity. This can be seen as follows.
The function f satisfies foi =70 f where i : z — 21, If 2 is the critical point of f, so is i(z).

Therefore, f has N critical points inside the unit disc and N critical points outside the unit disc
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because f has no critical points on the boundary |z| = 1.

The kinetic energy induces a natural Riemannian (Kéhler) metric v on My. Samols
[51,60] derived the metric and the associated Kéhler form on the N —vortex moduli space by
taking distinct N zeros of the Higgs field ¢. Let the positions of N-vortices be allowed to
move along trajectories z;(t),i = 1,...,k. There are k-vortices z; with multiplicity m; and

S m; = N. We can then write h = log |¢|? as

h =log|¢|* = 2log(1 — 22) + 2log |0, f| — 2log(1 — ff).

Now suppose that the zeros of ¢ are say z, of multiplicity m,., then near the moving zero z,.

0.f =(z—2z)"Ff, (4.2.8)
where f is an analytic function. Then one can see that
h =2log(1 — 2z) + 2m, log |z — z.| + logf—f—logf— 21og(1 — ff).

The gauge invariant quantity i = log |¢|? has the series expansion around the zero z, of ¢ (as

earlier in section [4.T))

1- 1
h =2m,log|z — z.| + a, + §br(z —z) + §br(2 —Z) ez —z) 4+, 4.2.9)

where a,, b, b, are all functions of the separations between vortex position z, and all other
vortex positions z,, s # 7. Samols [51]] showed that b, and b, play a central role in the formula

for the metric on the moduli space. In order to avoid the logarithmic singularities of / in (4.2.9)
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near z = z,, we define the regularized version of h as

Breg = log|o|* — m, log(z — 2,) — m, log(z — )

= 2log(1 — 22) —i—logf—l—logf— 21og(1 — ff).

Then the coefficient b, can be computed as

Oh —4z
b, =2— 4 =——"_49B, 4.2.10
0z . 1- 2,2 + ) ( )

. Samols’ argument [51] can be generalized and the kinetic energy

where B, = (%’;)

Z2=2r

(@.1.9) of trajectories in My becomes

k
dB, . .
T =2m 5 mrﬁ—z'rzs, 4.2.11)
Zs
r,s=1

. The reality property of the kinetic energy shows that

[~

where B, = <a;: >

0B, _ 05, (4.2.12)

0z, - 0zs

Then the Hermitian metric with respect to the canonical complex structure on My induced by

T is
. 9B
v = dr 2::1 m, - dzdz, (4.2.13)
with Kihler form
w =20 i mT%—S:dzr A dZg. 4.2.14)

r,s=1

Example 7. In this example, we shall see how the metric on the moduli space M,,, where m is
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a multiplicity of a single critical point, is calculated. Consider

f(e) = (Z‘a)m“,\ara.

1—az

Then | has a single critical point of multiplicity m at a, since % = (Z_a)g(_rgj)ﬁ(fj‘ap). The

critical point at z = a with multiplicity m is the vortex position. The expansion of h near z = a

is given by
1- 1
h=(m+1)logl|z —a| +a, + Ebr(z —a)+ §br(2 —a)+ .. (4.2.15)
with
—4a 2(m +2)a
b, = )
L—fal*  1—laf?
So, from this we calculate that
0b, 2m

da (1—[af2)*

From our earlier result, the metric on M,, is given by

4dada
(L —lal)?

ds* = mm <Q(a) + 2{;[)“

) dada = mm(m + 2)

a

We will see in the next two sections the Kdihler potential and the scalar curvature are calculated

as
—1

— —4(m? + 2m)rlog(1 — |a|? S
K (m* 4 2m)mwlog(l —|a|*) and &k ey o

respectively. Here, the metric, the Kdhler potential and the scalar curvature of the moduli space

depend on the multiplicity of vortex positions.

4.3 The metric on hyperbolic 3-vortices

In this section, we will study the moduli space of hyperbolic 3-vortices and calculate the non-

explicit metric on the moduli space. We shall evaluate an explicit metric for some specific cases
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and their respective scalar curvature properties and Kihler potentials. The moduli space will

then consist of three families based on the zeros of the field ¢. Recall that with a simple choice

of phase, the scalar field ¢ is given by

1=z df
T 1— ffdz

¢

where f is a holomorphic map from the hyperbolic plane # into itself such that |f| < 1 with
boundary behavior |f(z)| — 1 as |z| — 1 and f is the Blaschke function

N
f) =2 | < 1.

; 1—5,1'27

1=

The moduli spaces of hyperbolic 3-vortices shall be studied as follows. Consider the submani-

fold of the moduli space that is given by

~ 2(2* +az* + bz +¢)
{\/1 = = . b R 4.3.1
’ {f(z) (cz3+ 022 +az+1) %0, €€ }’ ( )

such that the roots of f say z; are in the unit disc (i.e |z;| < 1). Equivalently,

M3 = M:n U M32,

where

= {1 - GEHEE S s ernee) i

and

o= {0 = Ty SR 699
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where |21| < 1, |22| < 1 and |z3]| < 1. The function f in (4.3.1)), (4.3.2)) or (4.3.3)) is a Blaschke

function and its zeros satisfy the C; symmetry, z — 2. The space Msisa subspace of M3 with
dimension dimg(M;3) = 3. The parameters {a,b,c} in (4.3.1), and {z1, 25, Z,} in (4.3.2) or
{#1, 22, 23} in (4.3.3)) satisfy the relations

a=—(2+2+ %), b=|=n*+z2(z0+2) and c = —2|z|? (4.3.4)

or

a=—(21+ 20+ 23), b= 2120+ 2123 + 2023 and ¢ = —z12923. 4.3.5)

We know that the vortex positions are the critical points of the function f. Hence, it is a simple
matter that % vanishes when the following polynomials of degree 6 which is the numerator of
df

o vanishes:
4

P(z) = c2%+202° + (3a+ab—bc)z* + (4 +2a* — 2¢%) 2° + (3a+ab—2bc) 2* +2bz +c. (4.3.6)

The zeros of ¢ (positions of the vortices) are the zeros of the polynomial and these
vortices lie inside the unit disc |z| < 1. As f has no critical points on |z| = 1, f has exactly
3 critical points inside the unit disk and 3 outside. The denominator of this rational map is
uniquely determined by its numerator, so on M; C C? with real dimension three and with this

kind of f, there are three vortices inside the unit disk |z| < 1. The polynomial P(z) has then

P(2) = (2 — ) (Z _ é) (2 B) (Z _ %) (2= ) (z _ %) , 43.7)

such that || < 1,

the form

B| < 1and |y| < 1. Since the coefficients of the polynomial P(z) (4.3.6)

are real, if Z is a zero of P(z), so is Z [2]. Using (4.3.6) and (4.3.7)), we find o = & implies «
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is real, but 5 and  can be real or complex. Generally, the vortex positions depend on the zeros
of the function f. If 25 is complex or real, the vortex position [ can be either complex or real.

Let us first see when (3 is complex. Then « should be the conjugate of 5. Thus, we can rewrite

the polynomial (4.3.7)) as

P(z) = c¢(z — a) <z — é) (z—B) <z — %) (z—B) <z — %) . (4.3.8)

Hence, o, 5 and /3 are the zeros of ¢ and implied that the zeros of the rational function f and
the vortex positions have similar structure. That is, one of the vortex positions is at the real axis
and the other two positions are conjugate to each other. The second case is when both 5 and
are real. We can find two sub-cases of which one is when ( and ~ are equal and otherwise. The
former sub-case shows the existence of double vortices while the later one implies the existence
of collinear vortices along the real axis. From the series expansion of i = log |¢|? around the
zeros of ¢, z = a, z = 3 and z = 3, and since |¢|? is explicitly known on the hyperbolic space,
hence the dependence of b, = «, 3, 3 on the vortex positions «, 3 and 3 can be determined
explicitly too. We assumed « to be complex but then it is chosen to be real. In fact, the properties

of b, can be calculated and have the following general forms: for 0. f = (z — ) f,

—4 _f
by — 20O (4.3.9)
1—|af? ) liza
—6c 1 o4 4(a + 2ba + 3ca?)
=—F7+44 — 4.3.10
1—|0z|2+ Re(a—ﬁ+a6—1> 1 4 ac + ba?® + ca? ( )
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and also for 0, f = (2 — 5)JE

— —4 7
br=bs =1 IgP 2 (8}1’) 4.3.11)
07 Z 2 20 28 4(a + 2bB3 + 3cB?)

R

Using Samols metric and the Kéhler property, we can find that the metric on M3 must have the

form

ds® = WZ < 20 )0rs + Z%bj’“) dz,dzZ,

- Fl(aaﬁvﬂ_)dadd + F2<aa B,B)dadﬁ + F4(O./767B)d5d6,

B3, B)dadf + F3(a,

for some metric functions Fj(a, 8, 3),7 = 4. From the b, and bg = BB’ we can compute
the metric functions Fj(a, 3, 3),i = 4. Since we know that the metric is given by
b b _
ds* =7 | Qa) + 28— dada + 27 | Q(5) + 2% dpdg (4.3.13)
Oa op
bo = Obz ba b
-+%(%5 )mm&+%(%ﬁ aﬁ)mmg

= Fi(a, B, B)dada + Fy(a,

(4.3.14)

B, B)dadB + Fs(a, B, B)dadf + Fy(w, 8, B)dBdS3, (4.3.15)

where
- 0b,
Fi(a,p,8) =7 (Q(a) + 2%) , (4.3.16)
_ _ 0bz
F2(05,5,5):F3(05,B,B):27T (%_bﬁa“‘a_of) s (4317)

Fy(e, B, B) = 2r (Q(ﬁ) + 2%—%) (4.3.18)
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The metric can be evaluated when «, 3, v € R and has the same kind of structure.

Next we shall study the dynamics on moduli spaces of these hyperbolic 3-vortices in two ma-
jor cases, and the relationship between the vortex positions and the zeros of the holomorphic
function f. Furthermore, we are interested in seeing the metric on this space. Suppose that
the vortex positions are vertices of an isosceles triangle. We simply call this kind of vortices

isosceles vortices. For example see figld. ] that shows the positions of three vortices.

Figure 4.1: The plot of hyperbolic 3- vortices where the positions are at 3, —% and —3.

Expanding (4.3.8)) and equating its coefficients with the coefficients of (4.3.6), one can find that

11 1 - —2b

E+E+E+a+ﬁ+527 (4.3.19)

2 Iy S & S N 3 Jatab—be

18] +a(ﬁ+ﬁ)+|ﬁ|2+a<5+B>+<Q+B+B)(a+ﬁ+ﬁ) .
(4.3.20)

1 (@+B8+8)°  (IBP+a(B+5)? _ —(4+2d° -2

a|6|2+a|ﬂ|2+ P e = - . (4.3.21)
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We use these equations for deriving the metric on the moduli space of our hyperbolic 3-vortices
though they are complicated to solve explicitly. We calculate the metric on the following sub-

manifolds of Mj.

1. When all zeros of a Blaschke function f in 21, %2 and Zy are not at the origin
(that is, when 21\22|2 =# 0). In this case, we first consider the zeros of f at z, and z,
are fixed and z, + z» = 0. We construct vortices whose vortex positions found at the
vertices of isosceles triangle and discuss this submanifold in subsection #.3.1] Similarly,
we consider the zeros of f at 21, 29 and Zz, are vertices of an equilateral triangle. We

construct vortices whose vortex positions found at the vertices of equilateral triangle and

discuss this submanifold in subsection 4.3.2]

2. When a Blaschke function f in (4.3.2) has fixed zero(s) at the origin (that is, when

21|22|2 = 0)

Firstly, we consider z; = 0, 2o # 0 with 25 + 2, # 0. We construct two families of
vortices. The first family is when the critical points of f are simple. We discuss this
submanifold in subsection .3.3] The vortex positions are found at the vertices of an
isosceles triangle. The second family is when f has a double vortex and we discuss this
in subsection 4.3.4, The motivation is to see the fixed vortex at the origin as a defect
and study its geometric properties when the two vortices move. Similarly, if we consider
21 =0, 23 # 0 with 25 + 25 = 0, the vortex positions found at ib, 0 and —ib, b € R. The

metric on this submanifold was done in [24]].

Secondly, we consider z; # 0, z3 = Zs = 0. We discuss this submanifold in subsection

4.3.6/and generalised for m > 2 fixed vortices at the origin. In this subsection §#.3.6] our
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motivation to study and understand the metric and scalar curvature relative to the number

of defects at the origin.

3. When a Blaschke function f in (4.3.3) has zeros at z; = 0 (fixed) and z, = z3. We discuss
this submanifold in subsection 4.3.8] The motivation of studying this submanifold is to

calculate the metric when the position of one vortex depends on the other.

4.3.1 Metric on hyperbolic 3-vortices, ¢ # 0

In this section we discuss the metric on hyperbolic 3-vortices when ¢ # 0 by taking a specific
case. Consider the zeros of the function f where 2z, z5 and 25 are placed on the vertices of a
triangle such that z; # 0 and 2z, + 2z, = 0 implies that z; is purely imaginary say, zo = iy, y > 0.
Suppose that 2, is fixed. Using the coefficients of P(z) in (4.3.6) and , we can find a
simplified form of equations, naively

20/8/*
a?)|B* +a(B + B)(1+ 15

(1+
2:%( I+ VT2 +12),

21 =

where

(1+18P) , (B+ )
LT

1 _
W*w*(“a) (B+8)

Hence we can find the metric on the moduli space of the hyperbolic 3-vortices. From equation
(4.3.4), we have a simplified form of the parameters a = —z;,b = y? and ¢ = —2z,°. Hence we

are now in the position of computing the coefficients b, bg and bz explicitly. For the coefficients

b.,r = a, 3, 3, the computation is similar to (4.3.10) and (4.3.12)). Suppose the vortex position

at the real axis is moving and the other two vortices are fixed. Here we want to see what the
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metric looks like if two vortices are fixed at either different positions or at the origin. Consider
the vortex positions at z = o,z = S and z = (. Let |3| = r. Suppose that 3 is fixed.
Furthermore, one can see that either analytically or using Maple || < 1 for |z;] < landr < 1
for y < 1. Now since « can be written explicitly in terms of z; and since also [ is fixed, we
have that

a=a(z)

and the metric on this moduli space has the form

ds* = F(a)da?.

Recall that the two vortices at the positions /3 and /3 are fixed and the other one vortex at « is
moving at a constant speed. Now following the same argument and procedure done earlier, one

can find the coefficient b,, as

—6a? 402 4r202 8a?(1—y%+2y2a?)
<17a2 + aZ+r? + 1+a2r2 + (1—a?)(1+a2y?) ’B % 0

R~

(7225 +4+f23) 5 =0,

Q=

where

3(1+a?) — /9(1 — a?)? + 4a?
42 ‘

UV =
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Hence the metric is

47 2(14+a2) 2 a0 _
(1—a2)? (1 + 9(1—a2)2+4a2) do”, 5 =0,
where
87y 87y 167y?
g(a) = 2 e T 2.2\2 2,2)2"
(a4 r?) (14 a?r?) (1+ a?y?)

Note that when the fixed vortices are at the origin (that is, 5=0), the result agrees with [24] as

expected. When [ # 0, the metric is more general than the result in [24]]. Before discussing the

case ¢ = 0, let us see the following that will give as the same metric as studied by Krusch and

Speight [24].

4.3.2 Vortices of zero centre of mass coordinate

In this section we will consider hyperbolic 3-vortices with their center of mass coordinate to be

zero, i.e. o + B+ = 0 and then study the geometric quantities of the corresponding moduli

space. In fact, using o + 3 + 3 = 0, equations (4.3.19) to (4.3.21)) results in the following two

simplified equations

18] —a® =20 B — o? 3a+ ab — be
= —a e —
alf|? c’ c
and
2 2)\2 —4—_9 2 2 2
2+a|ﬁ|2+(‘5’ S‘): a+c.
a|f| alB] ¢
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These equations also give the following cubic polynomial equation
o’ +pa+q =0,

where

_ 3a+ab—bc and _pc 3a+ab—be
b= c T T

From the facts about roots of cubic polynomials of real coefficient, the above cubic equation
has at least one real root. In particular, suppose the above polynomial has one real root and the
other two are complex. Since |3]* = p + o and + 3 = —a, then § = =* + iy /p + 3% In
fact, either using Cardano formula or with direct computation using the above three equations,

we can find that « = 0 and b = 0. Hence, we are now able to write ¢ explicitly in terms of «, 3

and B . That is,

1
20% — (—3+a3)c—4:0,
Q

which is equivalently

(1+a% — /(14 ab)? + 32a8 _a +ab) — /(1 —ab)? + 360[6.

€= 4a3 4o

Note that the vortex positions «, 3, 5 are placed on an equilateral triangle. Hence, since these
vortices are placed on the regular polygons (equilateral triangle), they will rotate at constant
speed about their center off mass coordinate (centroid). For the zeros of ¢ (i.e. for the vortex

positions «, 3 and B), one can find that the coefficients b, as:

1 [ —4a? 60’ 12ca?
bo = — +2— —
1—a? 1—abf (14 ca?)
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and

Therefore, the metric on this moduli space is of the form
ds*> = G(a)da?,
where

G(e) = 372(a) + 372 + 3 (8@@; )

_ 1087wa* |+ 6(1 + %)
- (1-af? VI —ab?2 13608

Note that this metric agrees with the metric in [24]. For a« — 1, the term 1 +

6(1+af)

v/ (1—ab)2+36ab

approaches 3 and one can observe that the moving vortices a, 3 and /3 are very far apart that
results in the induced metric approaches to the product metric on (M;)3. We can also show that

the metric is asymptotic to

ds2 — 367

2
o= A

Because the metric on the moduli space M; = {f(z) = z az) 5} is ds? = —2Z—dada, then

- (1= ||2

the product metric on (M;)? is given by as follows:

ds, ;= 23: T
prod — (1 _ ‘Zr|2)2 r<r

r=1

and the metric

367

ds* = G(a)d*a = <m

+0(1 — a2)) do?.

Note that this moduli space has a uniformly constant negative curvature, —gi
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4.3.3 Metric on hyperbolic 3-vortices, c = 0

Here we are interested in studying the moduli space of hyperbolic 3-vortices when ¢ = 0. We
will then study first the dynamics of hyperbolic 3-vortices where z; = 0 and 25 # 0 and then
find interesting double hyperbolic 3-vortices. Here, we find that from ({.3.4), the following

simplified equations as

a(b+3) 1

% =A (1 + E) (4.3.22)
a’ + 2 1+ A?

;= B+ 5 (4.3.23)

where a and b are the coefficients (4.3.4) of the polynomial (4.3.6) and A = —(5+5), B = |5/,
where 3 and 3 are the vortex positions. Then we can solve these two equations simultaneously
in terms of [ as a function of a and b or vise-versa. Suppose the vortex position at the origin is

fixed. From equation (4.3.12), we find the coefficient bg as

_ —68 2 2 23 8b3
by =by=— 4+ 24" 4 - __ 4.3.24
A T El Rl o g (3329
From (4.3.22)) and (4.3.23), b(3, /3) satisfies the equation
(p1b + p2) (b + 3)% + psb® = 0, (4.3.25)

where p; = B*(BA? + A%+ 1), pp = —2A?B? and p3 = —4A*(B + 1)2. The metric on this

space is calculated as

- 1 2 d b .
ds* = —8m (W + mm (Tbﬁ_?)) dﬁdﬂ, (4326)
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where b is the solution of (4.3.25).

4.3.4 Hyperbolic double vortices

In this subsection, we will first show how to parametrize double vortex positions and derive
the metric on the moduli space. We discuss and evaluate its corresponding Kéhler potential and
scalar curvature. In order to derive the metric, we again follow the same procedure of finding the
coefficients of the Taylor series expansion of the gauge invariant quantity h. Recall from section
that the zeros 3 and + of the polynomial can be real. When 3 = 7, hyperbolic

2 21 =00r2z =0. Let

us first take z; = 0 and 2z, # 0 such that 25 + Z; # 0. One can see that there exists a double

critical point say a of f. That is 0, f can be rewritten as

(2 = af(s = 1)

O-f = (1 — 202)2(1 — 232)%

That is, the function f has a Taylor series expansion about z = a of the form

f(z2)=BS+ Bs(z—a)* + Bi(z —a)* + -+, (4.3.27)

where By and B¢, i = 3,4,--- are the coefficients of (2 — a)” and (2 — a)’, respectively. Let

29 = x + 1y. Then by equating both the equations of 0, f, we can find

3(1 + a?) \/91—a 2 4+ 4a2
4a

€Tr =

and

V2 [=9—2a2 - 2a* — 2a5 — 9a® + 3(1 + a® + a* + a%)/9(1 — a?)? +4a2
B a?(1+ 4a? + a*)
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In fact, we have already derived a general metric on the moduli space of vortices on the hy-
perbolic plane where the zeros of the scalar Higgs field are of multiplicity m. Hence, as a is a
double zero for 0, f, the metric on M is calculated as:

167 B¢
ds? = —9, [ =% ) da? 4.3.28
210 (Bg) &, (43.28)

where BS and B{ are the coefficients of (2 — a)3 and (z — a)?* of the Taylor series of f about

z = a, respectively. Hence the metric is

47 1+ a?
ds> = ——— [ 3+ da®. 4.3.29
(1—a?)? ( V(1 —a?)? + 4a2) (+:3:29)

The metric on the moduli spaces of the double 3-vortices on the hyperbolic plane is invariant

under a — o = ¢”a.Then the metric on the moduli space of double vortices is given by

2
i = T (34 Lt ol dada. (4.3.30)
(1= laf?) VI = [a?)? + 4laf?

In this case, the double hyperbolic 3-vortices with metric (4.3.30) is a 2-dimensional a subman-
ifold of M;. When |a] — 1, the metric is approximated by the metric on the moduli space of
two coincident vortices. Thus, when the hyperbolic double vortices move away from the origin
together, then their moduli space is similar to two coincident vortices.

Using (4.3.30), the Kéhler potential for the moduli space of the double hyperbolic vortices is

2
K = —127log(1 — |a|?) — 67 tanh ™" (%_(—7—1— 9|a|2)> + Ko,
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where

_ 2 2
Ko = 27 |3tanh™ 94 7lof + 2tanh™! L+ o] )
3y/9(1 — [af?)? + 4[af? V(L = [a]?)? + 4]af?

The curvature of this space can be evaluated since we have already calculated the metric. The
moduli space of this double hyperbolic vortices has a uniformly negative curvature. The curva-

ture x for this metric is calculated as

At By/9lal' ~ 14]al* +9
4.331)

K =

3
(9]al* — 14]a? +9)"* 7 (1 +laf* +3 \/9 la|* — 14 |a]” + 9)

where A and B are

A= —6714a|” + 30996 |a| " — 67686 |a|® + 86168 |a|® — 67686 |a|* + 30996 |a* — 6714,

B=—6 (la]* +1) (117]al® — 404 |a|® + 590 |a|* — 404 |a|* + 117) .

In fact, one can see the result of the plots of the curvature with respect to the parameter |a| in fig.
(green) and it approaches to —% as |«| — 1. Furthermore, one can compare the double
hyperbolic 3-vortices with a double hyperbolic 2-vortices at one point. As shown in fig. 4.2]
both have uniformly negative curvature and their metric functions are strictly increasing. We
also notice that in both metric functions and curvatures, the corresponding geometric quantity

of the double hyperbolic 3-vortices is always less than a double 2-vortices case.

4.3.5 Hyperbolic 3-vortices along the y-axis

Let us consider vortices along the y-axis. Here the three vortices are placed along the y-axis

where one is fixed at the origin and the other two vortices are placed at the imaginary axis of
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Figure 4.2: Plot of curvature and metric functions for double hyperbolic 2- and 3-vortices.

which one is the conjugate of the other. Firstly, consider z; = 0 and 2, # 0 where 2, + Z, = 0.

Hence, f has a critical point if and only if the polynomial
P(z) = 2z(bz* + 222 +b) (4.3.32)

has roots in the unit disk. The fourth degree polynomial q(z) = bz* + 222 + b is a factor of the

polynomial (4.3.32)) and it has purely imaginary roots that guarantees the polynomial (4.3.32)

too, say /3 and §3, %, Since 0, f vanishes at z = 0, we can take simply o« = 0 and since [ is

1
3
purely imaginary, 8 4+ 3 = 0. The coefficient b;, i = «, 3, 5 of the Taylor series expansion of

the gauge invariant quantity h are

6/3 4bB

2
b, = —4b and b[g:E =B 11 05°
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The metric agrees with [24] as expected, the scalar curvature and Kihler potential on this par-

ticular moduli space are

9673

ds? = — 121
T T =18

_ 1
dpdp, k= — and K = —247log(1 — |B[*), (4.3.33)
s
respectively. We notice here that the moduli space has uniformly constant negative curvature.

4.3.6 The metric on hyperbolic (m + 1)-vortices, m > 2

In this subsection, we will first evaluate the metric on the moduli space of hyperbolic 3-vortices
where one vortex is at the real axis and the other two vortices are fixed at the origin. Then we
will generalize for m + 1-vortices on the hyperbolic plane. Consider zo = 0 and z; # 0. In
other words, all the three vortices are placed on the x-axis. The vortex postions are the zeros of
the polynomial

P(z) = 2*(3az* + (4 + a*)z + 3a)
in the unit disc. The vortex positions are at 5 = 0 of multiplicity 2 and « of single multiplicity:

 —(24a*) +Va' —ba?+4

o =
3a

The derivative of f is

22(az —1)

3Zf = (Z — Ck)f, where f = m

93



The coefficients of the Taylor series expansion of log |¢|?, that is, b, is given by

Suppose that the two vortices (i.e vortex positions) at z = /3 and z = 3 are fixed at the origin

and the other vortex at z = a moves. Then the metric on the moduli space of these vortices is

2
RN S L . P
(1—a?)? V(1 — a?)? + 4a2

In general, suppose that m vortices are fixed at the origin (i.e. the vortex position at z = =0
of multiplicity m) and the other vortex position at z = « is rotating. Then one can find that the

metric on this moduli space is given by

47 2(1 + |al?) B
4s? — dada. 4334
S ey ( ' ¢<m+1>2<1—1a|2>2+41a|2) o (330

Fig 4.3 shows the geometric properties of the metric (4.3.34). Fig[4.3|shows that for all m, the

metric functions of the respective moduli space having same structure and as m increases the

metric functions decreases. For all values of m, the metric functions are bounded below by

(1_?% and above by UEIQW and the curvature x of the moduli space is uniformly negative
1

and as m goes to oo, the scalar curvature k — —30

4.3.7 Comparison of hyperbolic 2- and 3-vortices

In this subsection we will discuss the comparison between hyperbolic 2- and 3-vortices based

on their curvature and metric functions. We can see some geometric properties of hyperbolic 2-
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Figure 4.3: Plot of scalar curvatures and metric functions for hyperbolic (m + 1)-vorices, m =
0,1, 2, 3,4, when m-vortices fixed at the origin.

and 3-vortices. Fig. .4] shows the plot of curvature and metric functions of hyperbolic 2- and
3- vortices where the vortex positions placed at the origin and real axis. Fig/4.4a) and {f.4b| refer
the plot of scalar curvature and metric functions of moduli spaces hyperbolic 2- and 3- vortices,
respectively. The black curve refers when 2-vortices placed at opposite positions and there
are no other vortices in between (that is, the vortex positions say are -« and «). The moduli
space (black) has positive scalar curvature near |o| = 0 and negative near |o| = 1. The red
curve represents when 2-vortices placed at opposite positions and one vortex found in between
(that is, the vortex positions say are -«, 0, and «). The moduli space (red) has constant scalar

curvature which is —é. As shown in the figure, scalar curvature of the moduli spaces (black

1

o and their metric functions have similar behaviour. The blue curve

and red) approach to —
refers when one vortex placed at a position « and one vortex position at the origin. The moduli

space (blue) has uniformly negative scalar curvature. The green curve refers when one vortex
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placed at a position « and two vortices at the origin. The moduli space (green) has uniformly
negative scalar curvature. As shown in the figure, scalar curvature of the moduli spaces (blue
and green) approach to —% and their metric functions have similar behaviour. In general, one
can see from the figure that the geometric quantities (scalar curvature and metric functions) of

the 3-vortices is less than the 2-vortices. Another comparison is also see in[4.2]
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(a) Curvatures. (b) Metric functions.

Figure 4.4: Plot of curvature and metric functions for hyperbolic 2 and 3-vortices. kij represents
scalar curvature and fij represent the metric functions.

4.3.8 Three collinear vortices

In this subsection, we will discuss collinear hyperbolic 3-vortices. Their vortex positions of

these three collinear hyperbolic 3-vortices can be exploited from the Blaschke’s function f

where f is given by (4.3.35). We will then derive the metric (4.3.36). Consider the space of

functions of the form

_ 2*(z—a)?

(1 —az)?’
96
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One can see that f has critical points in the unit disc: z = 0,2 = a,z = ﬂ = cof
which all are in a straight line. Suppose the vortex position at z = 0 is fixed and the other two
vortices at z = a and 2 = ¢ move. One of the surprising properties of these vortices is that
the two vortices positioned at ¢ and ¢ move in the same direction since when a increases (or

decreases) so does c and vice-versa. We can compute the metric as usual using the coefficients

of h = log |¢|*. The coefficients b, are given by

and b, = =

Let a = re® and ¢ = Re™. Then the metric on this moduli space is

ds® = fy(r)d*r + fo(r)d*y, (4.3.36)

where f5(r) = (7’2 +R*+rR <4+ sz + 6:22 )) fi(r), R=1=Y1="2 and

(1-r2)3 r

_12r 127(R'(r))? R (r 6 6 —r?
fl(r>_(1—r2)2+ -y +2 R()(4+ + g)

Now for @ << 1 and for a — 1, we can see fi(r) and fo(r) as

327
filr) ~ a—z d falr) ~ 82 fi(r).
This is in other words, the two moving vortices approach each other. Here, all the three vortices
lie in a straight line in such a way that one is fixed at the origin and the other two of them of
which one is dependent on the other, move together towards to the origin and recede away from

the origin in the same direction simultaneously.

97



4.4 The metric on 4-vortices for hyperbolic plane

In this section, we will study the moduli space of hyperbolic 4-vortices where the zeros of the
Blaschke function satisfying the Cy symmetries: z — —z and z — Z. Consider the space of

functions where their zero sets satisfy these two C; symmetries given by

M, = {f @) ==2]] (f:ZZZ) } 4.4.1)

where Z; € C or Z; € R such that |Z;| < 1. Thus M, can be rewritten as the form:

z2(z4 + A2 + B)
(14 Az2 + Bz%)

M, = {f f(2) = JA,B € R}, (4.4.2)

where A = —(Z2 + Z,°) and B = |Z|* or A = —2Z% and B = Z}. The space M, is
a submanifold of M, and dimR(M4) = 2. If Z; is real, the vortex positions are on the real
axis forming four collinear vortices. The metric will be calculated in the next section when
a = b € R. However, if Z; is complex, the critical points of f can be either complex or real.

daf

So, we can find two families of vortex positions. In fact, the numerator of the derivative o

which is of the form
P(z) = B2*+ (3— B)A2° + (A* —3B*+5)z* + (3— B)A2* + B (4.4.3)

implies the zeros of the scalar field (that is the vortex positions) are of the form +« and +a,
where « is a complex number. Thus, the vortex positions fall into two families and show that
the first family is when « is real which leads to the construction of double hyperbolic 4-vortices.
The second family of vortex postions is when « is complex. Interestingly, the vortex positions

satisfy the C5 symmetry : z — z and 2 — —z. Hence, the polynomial (4.4.3)) can be rewritten
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as

P(z) = B(2* — o®)(2* — &?) (f - iz) (z2 — i) : (4.4.4)

! a?
The function f is invariant under the action Z; — Z; from which it follows that Z; can be seen
as the product of a function of « and a positive function v, v is a function of |«| only, such that
7y = av(|al). For example, if (Z;) = R(Z;), the vortex positions are at the vertices of a
square with centre at the origin. Therefore, using the two equations (4.4.3)) and (4.4.4), we can

find v as

—(1 (1- 64]c|®
i —(LH o) + V(1 —[af)? + 64]af* 445)
Glaf®

The metric on the moduli space then is given by

2560l 1+a®
d82 — 56—71-022 1+ 8( + « ) dOéQ.
(1 —af) V(1 = a®)? + 64a®

One can see that the metric agrees with the metric in [24]. Hyperbolic double 4-vortices can be
noticed either on the real or imaginary axis. Let us take the vortex positions « be real. Then the

double hyperbolic 4-vortices exist and will discuss in a later subsection

4.4.1 Hyperbolic four collinear vortices

Consider the space of functions of the form

B 2 _2\2
W — {f(z) - —(1(_ zgj;;,zl e c}. (4.4.6)
1
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Note that the zeros of the function satisfies the symmetry z — —z. Take z; = ia purely

imaginary. Then the space (4.4.6) can be rewritten as

~ 2 2)2
M,y = {f(z) - %,a c R}. 4.4.7)

The partial derivative of f with respect to z is then

(22 +a?) (22 + ) (222 + 1)
(14 a%22)3 ’

9./ =

where

> 5 —3a* —v/9a® — 34a* + 25
2a?

C
satisfying |¢| < 1. Hence, +ia and +ic are the four simple zeros of ¢ (that is, the vortex

positions) inside the unit disc. These vortices have zero centroid, which remains fixed as these

vortices rotates. The coefficients b, and b, are

1 ([ —4|a]*  6(1+ |a|*)
by = —b o= - 4.4.8
(e sy
and
1 [ —4|c)? 4¢* 4c|* 12a%c?
b= —b o, — = — L ¢ ), 449
¢ (1—|c|2 o 2—a® 1—|d* 1-—a?c ( )

respectively. One can in fact easily find the following partial derivatives which help us to cal-

culate the metric on our particular moduli spaces of four vortices

ob, 2 6
90 (A_JaP? (L t]aP)? (410

and
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(4.4.11)

Obe  —A(L+4|c® +|c|) 16l (, 401 + |ef*)
de (1 —c[*)? (1 —c|*)? 1+ 62T+ [cff )

At this stage we have all the ingredients to set up the metric and it is

db b b, b
2 a 2 e\ s/ N2 2 a e\ 2
ds® =27 (Q(a) + 4_8a> da® + 2w <Q(c) +4 80) d(a) da” + 8w (_80 + 8@) d(a)da

2 3 167(1 + c*) 6c?
=16 - da* + ————> | -1+ dc?
i ((1 —a2 1+ a2)2> CT Ay < JA_apgreia)

32mc? 4(1+ ) 5
—i——l_ |1+ — = dc”.
(1—c) V(T = N2 64e

Note that the function ¢? is a monotonic function. Now when the vortex position at z = a

moves towards the origin, so does the vortex position at z = c¢. Hence, the four vortices move
to the origin simultaneously. Also, when the vortex position at z = a moves far from the origin,
the other three vortices also move far apart. That is, the four vortices moves far apart from the
origin simultaneously. Furthermore, as a tends to 1, so does c. Hence, the vortices are far apart.
Note that an interesting thing happened in this moduli space such that as the vortices move far

from the origin, there exists a double vortex. Then the metric is approximately

64

—(1 — a2)2da2.

ds® =
Hence, the moduli space has approximate curvature —%.

4.4.2 Double hyperbolic 4-vortices

Consider the space of functions

. B 2(22—612)(22—[)2)
M= {f(z) S U@ 1)l C C} ' (4.4.12)
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Let f have double critical points at +«, where « is the vortex position and |a| < 1. f has 4
critical points z, at the end point of line segment with multiplicity 2: z, = (—1)""'a. Then
we can relate the vortex position z; = « to the complex parameters ¢ and b. Note that f is

unchanged under both a — —a and b — —b which means a and b can be rewritten as

a=av(la]) and b= ar(|al),

where v; and v, are positive real functions of |«| only. It follows that ab = 1, vy, We can
compute v, and v as follows: from the space (4.4.12)), one can find the derivative of f with

respect to z as
(628 + d2% + e2* + d2% + ¢)
(1 _ &222)2(1 _ 5222)2 ’

O.f = (4.4.13)

where
c=a’b?

d = b*(la* = 3) +a*(|b]* — 3)

e =5—3|a*b]* + |al* + |b* + @*b* + a*b?.
For n > 0, the equation p(z) = ag + a1z + ... + a,2z" = 0 has at least one root. We can factor

p(z) as

where aq, ..., a;, are not necessary distinct. Let « be a double critical point of f. Using (4.4.13)),

one expects that the degree 8 polynomial equation, q(z) = é2® + d2® + ez? + d2? + ¢ = 0,

Qi

should be factored and therefore, this results in a double zero at 2 = « and z = —«. Since
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and = are also critical points of f, one can factor ¢(z) as
(03

q(2) = o(z* — *)* (2" - %)2 =c(2" = (&®+ =)+ —)°.

It follows from the coefficients (4.4.14) of ¢(z), we can find the following equations:

b2(|a|4 —3)+ a2(]b\4 -3) = —2042(]04]4 + 1)1/121/22
5 — 3lal*|b*|a|* + [b]* + a®b* + b%a@* = (2]a|* + (|af* + 1)H)viv;

b*(lal* = 3) +a*(|bl* — 3) = —2a*(|a" + D)ri1s.

Also, from (@.4.17), we have that

5= 3(lal'vr3)* + |al* (i +v3)* = (laf* + 4la]* + Driv;

and similarly from (4.4.16)), one can find that

(la*vivs = 3) (v +v3) = =2(lof" + pivj.

We can rewrite equation (4.4.20), as follows
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(4.4.16)
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where v = v + 3. Now using (4.4.19) and (4.4.21), a quartic equation can be constructed as

Avt+ B+ CvP + Dv+ E =0, (4.4.22)
where A, B, C, D are all functions of || where

10 10
A=20(1-+ ol 8= =6 (Ja? - Plal* = Lhal' - 1)),

C = lal* (|af®* = 26la|* + 1), D =4la/*(1 + |a|!), E = |a|*.

The quartic equation (#.4.22) can be solved (using for example Maple) in terms of v which

1 4.
Efﬂ is one of the real root,

gives four real roots of which two of them are negative and v =

though we do not use it to calculate the metric. The other real root v is

1 7(|af® + 14]al* + 1)
=———(5(1 H-Yv -

where Y = (10(1 + |a|*)(Jaf® — 34]a]* + 1) + Z)3, where

Z = 32'\/27 la** 4 2334 o + 1157 |o|"® + 83556 || + 11157 |a|® + 2334 |a| 4 27.

We can compute the coefficient b, such that

—4|af? 8ot 4 la|'y — 4lalt + 2
8 =G .
o T1ojap M SR a ) e 2 50 (o)

ab, = —ab_, =

Hence, the metric on this space is

8 1 dG(a)\ |
ds? =2 — 4+ — — " Jdada. 442
s ((1 “1aP? tlal dla ) % (+:4.23)

Here, the second term of the metric in the parentheses is a bit long but using Maple we can plot
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the metric function of (#.4.23). One can see the plots of the metric function of this moduli space

(see figl4.5) and scalar curvature plot (see fig. 4.6). Note that the term a in the figure is |c|.

1000

3004

600

4004

2004

Figure 4.5: The plot of metric functions of double 4-vortices. Note that a = |«/.
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-0.018-

-0.019

-0.020-

-0.021

Figure 4.6: The plot of scalar curvature of double 4-vortices. Note that a = |«.

4.5 Summary of chapter

In this chapter, the metric on the moduli spaces of vortices with positive multiplicity, the general
and implicit metric on the moduli space of hyperbolic 3- and 4-vortices where at least one of

the vortex positions is not at the origin (that is, when ¢ # 0 or ¢ = 0) were evaluated. It has
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been shown the coefficient b, of the Taylor series expansion of the gauge invariant quantity A is
independent of the multiplicity. The metric, Kédhler potential and curvature of moduli space of
hyperbolic 3-vortices where the vortex positions have zero centre of mass coordinate have been
calculated and agree with the metric in [24]]. The double hyperbolic 3 and 4-vortices were shown
and their corresponding metrics and curvatures were computed. Interestingly, numerical results

showed that their respective curvatures are uniformly negative and increase as the modulus of

1

the vortex position increases to 1 and approaches to —z
s

and —ﬁ, respectively. In addition,
the Kéhler potential for the moduli space of double hyperbolic 3-vortices is computed. We
have studied also collinear hyperbolic 3- and 4-vortices and have calculated their metrics and

curvatures. Similarly, their corresponding curvature is uniformly negative as a numerical plot

suggests.
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Chapter 5

Geometry and Dynamics of Vortices

In two dimensions, vortices are particle-like objects. The kinetic energy functional determines
the Riemannian metric and its geodesics on the moduli space of vortices [31}[34,35]. Manton
studied the adiabatic trajectories, called the geodesics of the Riemannian metric, such that any
dynamic solution of this kind can be obtained as perturbation of some geodesic trajectories. The
moduli space approximation [30] is a good approach to study the dynamics of solitons at low
energy when most of the degree of freedom are frozen and the solitonic dynamics can be studied
by the dynamics in a reduced finite dimensional moduli space. The potential of /N-vortices is
at the absolute minimum on the moduli space M. Moreover, the kinetic energy term of the
reduced dynamics dominates because for a small velocity, vortices are unable to move away
from My. The geodesic motion on My is the dynamics projected on My.

In this chapter, section5.T|presents the Kihler potential of a totally geodesic submanifold ¥,.; of
M using the direct definition of the Kihler potential and metric. Section gives the Kéhler
potential of >J,; using the regularized action of the Liouville theory and a scaling argument. In

section|5.3] we discuss the geometry of >, ;.
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5.1 The Kihlerp potential for some totally geodesic subman-

ifolds of the moduli space My

Let r and ¢ be positive integers such that r +¢ = /N. Denote by X, be the space of C'.-invariant
vortex configurations with 7 single vortices at the vertices of a regular polygon and ¢ coincident
vortices at the polygon’s centre. The exact moduli space metrics on some totally geodesic
submanifolds of the moduli space of static hyperbolic N-vortices forr >t 4+ 1lorr =¢t+1
and the metric of NV vortices on regular /N-gon were studied in [24] and [26]], respectively. To
calculate the Kéhler potential for totally geodesic submanifolds, we first recalculate the metric
on this space and generalize the metric on ¥, ; for r # t + 1 or 7 = ¢ 4 1. Recall that points
in My are in one-to-one correspondence with monic degree N polynomials with roots only
in the unit disk. Consider the moduli space such that we identify a /N-vortex with the monic
polynomial defined by the numerator of the rational map f(z):

Zt+1(z7‘ + ar)

Er,t = {f : f(Z) = (1 . o?rz”)

,ap, €C, r+t=N,r,t >0}. (5.1.1)

Assume that o, = —a”, a € C. Note that z is a critical point of f if and only if Az is a critical
point since f(A\z) = ANF1f(z), A = ¢+ € U(1). The numerator of S—J; vanishes if and only if

the polynomial

p(z) =2 ((t + 1)@ 2 —(t+1+r+(E+1—7)a*))" + (t+ l)ar)

vanishes. So, we can find that f has 2r critical points z; such that r of them say z; = A1
inside the unit disc at the vertices of some regular r-gon which are the the vortices where the

Higgs field vanishes, r critical points outside the unit disc which can be disregarded and the
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other ¢ critical points should be coincident at 0. It follows ., consists of vortex configuration
with 7 vortices located at the vertices of a regular r-gon centered at 0 and ¢ vortices coincident
at z = 0. Therefore, using the critical points z; = \*"!3 of f, we can find the metric on e Let
us consider § = z; € C which can be related to the complex parameter a. Then a = fv(|5])

where v is a positive function of | 3| only. Now choose |a| < 1 and |3| < 1. Then we find that

(14182~ B T4 B
BB 1) o At

2 _
W, T—t+1

To avoid logarithmic singularities of / near 3, define the regularized form of h = log |$|* as

hreg = log|¢|* —log(z — B) — log(z — B). (5.1.2)

Since (3 is a simple zero, then we have that

8hreg

by =2
! 0z

|2=8, (5.1.3)

then we can find that

2r " BT n drv” BT B" 433 )

1
b1:E(Qt+T_1_1_/3TBT 1—prBr 1-pB

(5.1.4)

Using rotational symmetry, we can determine the other coefficients, b;, 7 > 2, in terms of b;. So,

using rotational invariance and the Kéhler form on My, the metric on the moduli space ) _ | is

v = F(|8|)dBdp, (5.1.5)
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where F'(|3]) is the conformal factor [24]:

d
F(Bl) == (WDWMW&Q

By substituting the above b; into F'(|3|), the metric on the space ), is

43| B|2r—2 2r (1+|81%7) 3
N = (1-BJ?r)? <1 * \/(t+1)2(1—ﬂl?r)2+4’r‘2|ﬂ2'r) dﬁdﬂ’ r 7& t+ 1,
e ddp, r=t+1.

The Kihler potential X and the Kihler metric +,5 on a complex manifold is given by

YaB = &ﬁglc.

(5.1.6)

(5.1.7)

(5.1.8)

Now we are calculated an explicitly expression of the Kéhler potential for 3J,; when r = ¢ + 1

and for X, ; when  # t 4 1. Thus, the Kéhler potential for 3, ; is given by

—dmrlog(l — |BPT) + Ko, A t+1,

K —
—127rlog(1 — |B*"), r=t+1,
with
\/ t+1 ‘6’27‘) +4T2|/6‘27’%
o= [ — 18 E
= &rrtanh™* <r(1—|—k—|ﬂ2")> —4n(t+1)In (ki —(t+1)(1 - |B|2T)>
0 0
0
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where ko = /(t + 1)2(1 — |8]2")2 + 4r2| 3|2 and C is a constant. For example, for t = 0, K,

is

Ko =dm (~In(2r® — 1+ |87 + /(T — [BF2 + 472[6]) )

— drtanh™! ( L+ - 1)|p" )
V= 1B + 473

L r(1+[81*)
+ 8rm tanh (\/(1 R 4r2|6|27“) )

300

400+

3004

1004

02 04 0% 08 1

=

[—r=2 r=3 — r=4|

Figure 5.1: The Kihler potential for X5 o, >3 9 and X4 ¢ such that the red, the green and the blue
correspond, respectively. Note that u = |3].

Notice that one can see that the metric +y is given by

12rm _

and it means that the Kahler potential K for 3, can be calculated as
K = —12rmlog(1 = [B") = r(t* + 2t)m + r(t* + 2)w(1 — |B]*) + Ko(1 = [5]"),
where 9505/ o(1 — |8]%) = O(1 — | 8|?). Fig. [5.1]implies the Khler potential on ¥y, ¥, and
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240 shows these Kihler potential is unbounded above and as r increases and so do the Kéhler

potentials.

5.2 The Liouville field in the hyperbolic vortices

In this section, we will first study the natural existence of the Liouville field in the hyperbolic
vortices and then the Kéhler potential of vortices in the Abelian Higgs vortices following the
work of Chen and Manton [9]. Witten [71] and Strachan [60] exploited the fact that a Liouville
field naturally exists in hyperbolic vortices. This interesting fact distinguishes the hyperbolic
vortices from the flat vortices. The Liouville field then can be used to understand the N-vortices
instead of the Taylor series expansion of h. It was known that the explicit metric on the moduli
space of the hyperbolic vortices can be computed up to two vortices. However, for some N >
3, we can evaluate an explicit metric on the submanifolds of moduli space of hyperbolic N-
vortices. For example, the metric on totally geodesic submanifold as we discussed in section
and also see chapter 4 on hyperbolic 3- and 4-vortices.

Let > be a Riemann surface with Riemannian metric g. The metric g can be expressed in terms

of a conformal factor €2 as

g = Qdzdz. (5.2.1)

Setp = ¢2"+iX a5 earlier. Bradlow and Garcia-Prada [8] showed the vortices exist with arbitrary

locations for the /NV-vortex field equation on M defined by

V2h — Qe — 1) = 0. (5.2.2)

Recall that for hyperbolic plane H with scalar curvature —3, the metric g is given by (4.2.2).
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Let ¢ = e?dzdz where o satisfies Liouville’s equation 40,0;0 = e?. Suppose a conformal
transformation on a hyperbolic plane H as g + § = e"g = e"*9dzdz. Let ¢y = h + o.
Suppose that g has scalar curvature —%. The conformal factor e? satisfies the Liouville equation
40,0:1) = €¥. The Taylor series expansion of v is the Taylor series expansion of h + o. Refer
for the Taylor series expansion of h about z;. Hence, the Taylor series expansion of ¢ is
given by

1 1
Y =logl|z — z* + A + §Bi(z — )+ §BZ~(2 —Z) 4 (5.2.3)

where A; = a; + log ((1—%)2» B; = b; + —*_ and a; and b; are the coefficients in (4.2.9).

1—2;%;

The unregularised action for ¢/ is given by

— [ dz A dz (20.00:0 + ¢*) (5.2.4)

S,, =
v 2 Jp

where D = {D—UY,|2—2]| < €}, D is the unitdisc. The integrals of ¥ and 1) are finite when
e — 0. However, there is a singularity on the integral of the component 0,0z1. The boundary

conditions results in the variation of sy, and h as

Jsy = % /D dz A dz (20,(610:0) + 20:(50:0.1)) (5.2.5)

and

1 -
0 =0A; + §5Bi(z —z) + %(5&(2 —Z)+ .. (5.2.6)

respectively. Substituting §7) into ds,;, one can see that ds;, = —4 Zf\il 0A; [31] . Thus, the

regularized action for h is given by [9]]

e—0 T™JD

. N
S =lim {QL / dz A dz (20000 + ) +4> Ay + 4N log e} . (5.2.7)
=1
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Note that the term 4 Zf\il A; and 4N log e cancel unnecessary variational quantity and give a

well defined variational derivative and we can find that

gi _ 113%{% /D aazi [283¢8Z?/)+e¢}}
‘Pi%{%ﬁém Z@i (2002 + '] }+4Z o
-t e oo G - n Gl
 lim {% éﬁ az aii (200001 + 6¢)} + 4; 33

where B; is the coefficient of the Taylor series expansion of 7). Due to the reality of the action

gf = 2B,. The action S is then calculated as

S =2 / B;dz; = 2 / B;dz;. (5.2.8)

0B, _

Hence, 27 S gives the Samols metric having the form

0250%;

9%S
2 _ NS e
ds*=m ;s <Q(zz)(5m—|— azsazi) dz;idz,. (5.2.9)

Therefore, the Kihler potential is given by
K=Ks+S5S+C, (5.2.10)

where Ky, and C' are the Kihler potential on Y and constant, respectively. Here our aim is

to calculate the Kihler potential on the totally geodesic submanifold X,;. From (5.1.4), the
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coefficient By of Taylor series expansion of ¢ can be given as

43 1 < 2r B 3" Ary" BT 5" 463 )
B — (2%t +r—1— _ + _ — = . (5.2.11)
$T1-p8 B 1—fp 1-pF 1-08B
Then using (5.2.8) to (5.2.1T]), the Kéhler potential can be calculated as
1 2 1 _ 2r\2 4 2 2r
K = —4xrlog(l — |B]*) + 471'7‘/ Vit+D) ((1 —‘5||5|2)r); r*|prdp +C,  (5.2.12)

)2 (1B )P 475 48

(EEERE is the same as (5.1.9).

where C'is a constant and the integral | VA

5.2.1 The Kihler potential using a scaling argument

We can also evaluate the Kihler potential of the totally geodesic submanifold Y, ; of My using
scaling argument. Following similar argument of derivation of (4.1.15)) and (#.1.16), we can
find the following two equations

0B, 0B, 0B 0B,
0z 0z an 0z, 07’

(5.2.13)

where B; is the coefficient of the Taylor series expansion of ¢ = h + o. For a collective
coordinates {z; = Ba’~'i = 1,...,r, A = €%™/"; z;}, equations (5.2.13) are satisfied if there

exists a real function f [9] such that

of of
9z 2B; and 9,

Il
b
gdl

(5.2.14)
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Let B = Y., %B; = rBg, where By is the value given by (5.2.11). Then one can find the
following linear combination of (5.2.14) as

> ( af + zazf) — 2(B; + B;) = 4B = 4r3B;. (5.2.15)

i=1 v

Let z; = 1;¢', where 7; and «; are the distance and angle of the i*"-vortex away from the

origin. Then one can find that
T 6 _
> m—f — 4B = 4r(Bs. (5.2.16)

Let all the value 7); are parametrized by dimensionless parameter 7 as 1; = n;(7) and z; =

z(T) = m;e*®. Let 2; be proportional to the scaling parameter 7. Then T% = z;. Therefore,

we can find that

2

Z ( af > AB = 4rj3Bg. (5.2.17)

Hence, we can find the real function f as

f= 4T/Bﬁd6 = 4T/Bﬁdﬁ.

Therefore, the entire Kéhler potential is given by

K =8rlog(l— BB)+ f

VEF12(1— [BP)2 + 42 B> dB
(t+1=r)(1=[B)5

= —4nrlog(l — |87 + 4nr +C,

where C'is a constant. Note that, we have found the same formula for all the three approaches

of evaluating the Kihler potential for the totally geodesic submanifold ;. ; of My.
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5.3 The geometry of ) ,

The geometry of >, and, in particular the geodesic flow on ) _, ,, was discussed in detail

1

T Here we will see the
wr

in [24], using that X, ,_; has continuously negative curvature, —
case for 22,2, we compare the relation between the impact parameter and the scattering angle.
Recall that the geodesic trajectories of the hyperbolic plane intersects the boundary of the disc
at right angle. Now also recall that the isometry from D to ‘H by the Cayley-transform which
takes geodesics to geodesics and it is the restriction of  a Mobius transformation S? in to S?

which takes circles and lines to circles and lines, preserves angles and maps the real axis to the

unit circle in C. Recall that the metric on ) _, , is given by

325 (1 41+ 181

ds® = g(|8*)dBdp = ——==
s* = g(|B")dpdp VO — B2 + 16[5]*

dBdf
(= 51 ) o

where 3 is a vortex positions as we discussed earlier. Now let 5 = 7. Thus, the metric can

be rewritten as ds? = g(72)(d7? + 72df?) where

Y 32772 A(1 + )

o) = (1—7)2 (1 i V(T — 1)z + 16f4> '

Then the equations of motion are

:_g_’LQ_ h2 g_/~ .
r—4 = a1+ 47) =0

0 = -, h is constant.

Note that for 7 — 1, the metric is approximated by

96752 _
ds? = %dﬁdﬁ, (5.3.1)
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and this metric is isometric to the metric on ), ,. So, a geodesic intersects the boundary at right
angles say at ¢’,0 < ¢ < Z. For A € U(1), the radial curves x(f) = ¢, [{| < 1 are geodesic
which corresponds to the 4-vortex motion in which two vortices remains fixed at the origin and

the other two moves towards to each other and scatter along the trajectories z(t) = %x(f)=.

N

Note that let 2272 be the symmetric configurations such that the vortices are equidistant from
the origin and separated from one another by relative angles of 7. Configurations in 2272 are
symmetric under rotations, so any movement starting in 2272 with initial velocity along 2272
will remain in  , ,. So, we can consider the motion within }_, ,.

The geometry of vortex scattering on #H discussed in [24]] such that the vortex trajectories are
seen as the geodesic arcs. Krusch and Speight [24]] give the definition of the scattering angle
and impact parameter on the hyperbolic plane as in fig[5.2] such that the dashed curves are the
vortex trajectories on the hyperbolic plane when the hyperbolic vortices do not affect each other.
The solid curves are vortex trajectories if the vortices affect each other. The geodesic in H is a
circular arc with radius % tan(t). Here, refer to ﬁg b is the impact parameter and 6 is the

scattering angle such that £ 4 05 = —%. Using trigonometric properties, one can calculate & as

&= —tan~! (% tan(l/))) . (5.3.2)

Suppose we have geodesic motion in ) ,, which passes through the origin. As b decreases
to zero, one passes to the other side of the origin in ) ,, along a straight line in ), ,, and
emerges with b increasing and ) changed by half its range. From trigonometric property, the

impact parameter b can be calculated (it was derived by Steffen Krusch and Martin Speight [24]])

2
b= 4v2tanh™* \/1 + (% tan(w)> — —tan(¢) (5.3.3)
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Figure 5.2: Plots of the scattering angle and the impact parameter on the hyperbolic plane taken
from [[24]].

Using the approximate metric (5.3.1)) and the definition of 6, and b in (5.3.2)) and (5.3.3)), one

can find the scattering angle-impact parameter relation of >, 5 as

B af1=RY (1R
Hs(b)—<2tan ( o ) tan ( 7 )) (5.3.4)

where k = tanh(ﬁi) and it holds for large impact parameters. For the scattering angle 6, and

the impact parameter b associated with the ¢/ geodesic, one has initially #; = 0 and b decreases
which represents a head-on collision. Thus, 65 decreases to to zero as b increases. Figl5.3|is the
plot of the relation between the impact parameter-scattering angle relation of the moduli space
Yip 2 that shows 7 scattering and fig. (blue) also shows the scalar curvature plot of >, 5 for
r =t = 2. The motion of these vortices in the geodesic approximation shows that for head-on

collisions, the scattering is by angle 7 [51,/60]. In general, for a metric given by

ds® = g(7)(di* + #2d?), (5.3.5)
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Figure 5.3: The relation between the impact parameter and the scattering angle of > 5.

the geodesic motions conserve energy I and angular momentum h

E= %g(f) (?2 + f292> (5.3.6)

h = g(7)20?, (5.3.7)

where g(7) is the metric function (5.3.5)), respectively. Then from (5.3.6) and (5.3.7)), one can

find that

= — %07 (5.3.8)
9(7)
: h
0> = 5.3.
2g(7) -39
Using (5.3.8) and (5.3.9), we can find that
do h 1 b
= (5.3.10)

RGN R NG
g(r)r
where b = % We therefore integrate (5.3.10), and find that the relation between the scattering
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angle and the impact parameter as

1 ~
0, :/ 2bdr (5.3.11)
oo /g2 — D2

where py is a turning point satisfying 79/ ¢g(79) = b. This formula agrees with the scattering
angle-impact parameter relation of vortices in flat spaces in [40]. Fig[5.4]and [5.5]are the plot
of the relation between the impact parameter-scattering angle relation of the moduli space X3 o
and %, , 1 forr = 2,3,4,5 that shows 7 and 7 scattering, respectively. That is, r = 2, 3,4 and
5 implies 2-vortices placed opposite position and one vortex fixed at the origin, 3-vortices at
the verices of an equilateral triangle and 2-vortices fixed at the origin, 4-vortices placed at the
verices of a square and 3-vortices fixed at the origin, 5-vortices placed at regular pentagon and

4-vortices fixed at the origin, respectively.

Figure 5.4: Plot of the scattering angle against the impact parameter of >, 5 using the formula

E3I).
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Figure 5.5: Plots of the scattering angle against the impact parameter that show = scattering
where r = 2, 3,4, 5.

Moreover, the curvature of ), is given by

1 d (o] dG(al)
2|a|G(|al) d]of (G(\a!) d|ev| )

where G (|a]) is the profile function of the metric (5.3.8). The curvature & is negative uniformly

for t > r, however, for ¢ < r, the curvature can have a positive value. As r — t + 1, this

curvature is negative uniformly which is —3%”. For example, 2272 has uniformly negative
curvature. Fig. [5.6] shows plots of curvature for different values of ¢ and 7 and here all the
horizontal lines are the graphs of the curvature when r = ¢ + 1. In fig. [5.6a] for ¢ = 0 and
r = 2,3,4,5, one can see that the scalar curvature can have a positive value. Similarly, one can

find a positive scalar curvature submanifold in fig. [5.6b|for ¢t = 1 and ¢t = 3,4, 5. Generally,

from figl5.6] we see that there are submanifolds that have positive and negative scalar curvature
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and some have uniformly negative curvature.
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Figure 5.6: The plots of the scalar curvature of some totally geodesic submanifold of M. Note
that 7 = |«|.
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5.4 Summary of chapter

In this chapter, the Kéhler potential for X, ; of My was computed using three methods. These
methods are the scaling argument, the regularized action and using direct definition of Kihler
potential of a Kédhler metric. We found identical results in all cases. The scattering angle of
hyperbolic vortices on %,.,._; is 7. In a head-on collision, the scattering angle of vortices on the
space Yz 18 5 as for 2y g and X5 ;. We noticed also that the curvature of Xi,.; of My depends

on r and ¢.
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Chapter 6

Vortices with Impurities

The BPS dynamics of vortices with the presence of electric and magnetic impurities was studied
by Tong and Wong [68]]. The dynamics on the moduli space in the presence of impurities can
be deformed. The presence of magnetic impurities changes the metric on the moduli space;
however, in the presence of electric impurities the metric is kept invariant where as there is an
additional connection term.

We discuss the critically coupled vortices in the presence of impurities. In section[6.1] we inves-
tigate vortices with electric impurities and evaluate the explicit metric on the totally geodesic
submanifold 3, ; of hyperbolic ¢ + 1-vortices. In section [6.2] we study vortices with magnetic
impurities. We evaluate the explicit metric on the totally geodesic submanifold Y, ; of manifold

My of hyperbolic N-vortices with impurities.

6.1 Vortices with electric impurities

In this section, we discuss the dynamics of vortices in the presence of electric impurities in the

theory by adding impurities in the theory.
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The action of the impurity free vortices is given by
3 1 nuy ey Py 1 2\2
S=[dx _ZFWF + D, ¢DH¢p — 5(1 —161)7] , (6.1.1)

where ¢ is the scalar field, D,¢ = 0,¢ — tA,¢ is the covariant derivative and A, is the gauge
potential. From (6.1.1)), we can find the Bogomolyni equations (4.1.4)) and (4.1.5]). The general
solution to these Bogomolyni equations with charge N has 2/N parameters [64] that can be
written as (A;; @), where A; = A;(z;2%),¢ = ¢(z;2%), z is a coordinate of the domain and
2% a = 1,---,2N are the collective coordinates. The slow moving BPS soliton dynamics is
determined by the metric on the moduli space of static solitons [30]. Then (Jy¢, Dy A;) satisfies

the linearized equations given by [68]]

DA, 96
= oo+ 0, dup= o2

S, A +iag, (6.1.2)

where «,(z; 2%) are functions which are taken to ensure Gauss’ law holds. Then we
consider ,(z; 2%) to be a U(1) connection over the moduli space.

Let p(z) be a static electric charge density that will be added to the action of dynamics of
vortices by adding a source term p(z) Ay for the gauge field. When we associate the action with

an electric impurity parameter p, the action with electric impurity is going to be
3 1 v TP 1 212
Sim = | &’x _ZFWF +D,¢D ¢—§(1+]¢| )" — pAo| - (6.1.3)
The action for vortex dynamics has the form (detailed explanation can be found in [[68]])

S = / dt E%bz%b + Aa(z)z'“} , (6.1.4)
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where 7, is the metric on the moduli space and A, is a connection given by

Au(z) = /d2xp(z)aa(z,z“). (6.1.5)

We can see the following example. Consider the moduli space M, of £ + 1-vortices on the
hyperbolic plane in such a way that one vortex position at « is moving in the presence of a
delta function electric impurity p(z) = €d(z) where ¢ < 1 and dimensionless, and there are
t coincident fixed vortices at the origin. The dynamics of the vortices of this moduli space

(Ao = 0, A= Aldiﬁl + AQde’Z) is

-1 . 1— |z
Sip1 = /dt kfyaado‘z + eA(a)a |, where A = —i0;log (1 |‘;|‘2>, (6.1.6)
and f is a complex analytic function given by f(z) = % and v, is the metric function
on the moduli space M;,; given by
4 4(1 2
Yoo = 1 (LT thaily . (6.17)
(1—|a]?) VE+1)2(1 = [af?)? + 4|al?
Thus, the action can be simplified as
1 . 20
St+1 = /dt {5’%@(1& + 61——W:| . (618)

The geodesic equations depend on the impurity parameter €. In general, the presence of the

electric impurity changes the trajectories of the geodesic motions. Now let v = 7¢'®. Then the
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geodesic equations become

LZ_/y_’LQ_ h2 l’~ o
r— T 72%3(14—277")—0

(6.1.9)

0 = - h constant,
vy

where v = 1 (74 () + 125 ). Then, one can see that in the presence of electric impurities, 6

depends also on €. This may alter the impact parameter-scattering angle relation, for example,

one can see the approximated scattering angle-impact parameter relation on the space X, as

shown in fig6.1]

Figure 6.1: Plots of scattering angle-impact parameter relation in the presence of electric impu-
rity ¢ — 0 and € = 0.175,0.25, 0.5, (red, blue, green and black), respectively.
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6.2 Vortices with magnetic impurities

In this section, we discuss vortices on compact Riemann surfaces > by doping with magnetic
impurities. The dynamics of vortices in the presence of magnetic impurities are not suplimented
by any connection term like the electric case. They change the static solutions and the corre-
sponding moduli space metric. Suppose the action of the vortices associated with a magnetic

impurity of parameter 7). Then the action [[68]] becomes
3 1 Qv DI 1 2\2
Si = | dx _ZFWF + Dy¢DHo — 5(1 +n—|9[°)" —nFia| . (6.2.1)

Using same procedure as we did before in the case of doping with an electric impurity, imposing

a gauge fixing condition Ay = 0, the Ginzburg-Landau potential energy functional is given by

1 ~ S Q - ~
b

By completing the square, the Bogomolyni equations become
, ~ Q Y

Note that the Bogomolnyi equations depends on the impurity parameter 7. As usual, we are

interested in the solutions of these equations. The first Chern number is given by

~ 1 1 1 1
N=— [ Fo=—[Q1—-]¢)+—= [ ip=N+— [ Qn. 6.2.4
3 [ Fe=g [0t fon=Na - [fon 624

As N € Z, we can choose 1 = 47Q~'€d(z), where the parameter € € R is the strength of the

defect and z = 21 + izo. From to (4.1.5), Fi» = £(1 — |¢|?) is the impurity free Bogomolyni
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equation on Y. As the square of the delta function is not defined, the Bogomolyni equations
imply that the gauge potential A, must be divergent in some way near the origin. To
ensure the energy is finite, D,,¢ should be finite at the origin. Thus, the field |¢| should have a

vortex position at the origin. The Bogomolnyi equations become
| .0 ,
(Di+iD2)6 =0 and  Fiy = (1= [6]) + 2med(2). (6.2.5)

For a singular gauge transformation ¢ — ¢, one can find that

A A — (6.2.6)
2z
FIQ — Flg — 271'(5(2) (627)

For finite € € N, the Bogomolyni equations become impurity free and they become
~ Q 9
D;p=0 and Fiy= 5(1 —|o]%). (6.2.8)

Hence, the solutions of the equations with impurity are same the solutions of the impurity free
equations for a finite integer €. The metric on the moduli space of vortices in the presence of
impurities with € € N is the restriction of the usual impurity-free vortex metric to the submani-
fold of solutions where a certain number of vortices are fixed. Then the moduli space metric is
the metric on a moduli space of solutions to the impurity free equation

For example, let us consider a totally geodesic submanifold Zm of a moduli space My, r+t =
N. We generalize the metric on Zr,t to magnetic impurities. The derivation goes through as in

section [5.1] of the impurity-free case. For 0 < e < 1, the ansatz g(z) = z°f(z), where f is a

1This step was first pointed out by Alex Cockburn for the case Z 1,0
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Blaschke function in (5.1.1)), solves the equation (6.2.5)). Hence the function g(z) given by

2t+6+1 (ZT - CLT)

1+arzr

g(z) = , r+t=N, aeC. (6.2.9)

Refer to chapter 5 section the critical points of ¢ given by 2, = \""!3, A € U(1), and a
can be given by

a = Bu(|8), (6.2.10)

where v is a positive function of |3| such that

V=

(t+e+ DA +[BP) — V(t+e+1)2(1—|B*)> +4r2[B]>r
218121 (t+e+1—r) )

The coefficient b, also computed as

1
blz—(2(t+e)+7"—1—

237G ArvT BB 453
5 " ) |

_ S — 6.2.11
—p5 T 1-pF  1-38 (21D

Using the Kihler property and the rotational invariance on My, the metric on Y, ,,, with impu-

rity given by (5.1.3)). Then, we can find the metric on this space as

1 d - _
=mr | { ———(Bby) | d3d 5
= (180 + (B0 ) dsa 621
_ Amp 2r(1 + |87) o o
“—'ﬁ'”)z( \/(t+6+1>2(1—|6|27“)2+4r2|ﬁ|2’"> el

The presence of the magnetic impurity alters the trajectories of the geodesics. Adding magnetic
impurities vary the dynamics of the moduli space of the vortices. The presence of impurities
changes the scalar curvature of the spaces X, ;. For example, for e = 0.25, 0.5, 0.75 and without

impurity, fig. [6.2] shows the scalar curvature and metric function of X, » changes in the presence
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of magnetic impurities. As the impurity increases, both the scalar curvature and metric functions

decrease as we see from the plot.

200
-0.06
180
-0.074 160
140
-0.08
120
-0.084 100
80+
-0.104
60
0 02 04 06 0.8 1 0 01 02 0.3 04 0.5 0.6
X X
(a) Scalar curvature with impurtity (b) Metric function with impurity

Figure 6.2: Plots of scalar curvature and the metric function of >y 9 with € = 0.25,0.5,0.75,
(green, black and blue), respectively and with out impurity (red). Note that =z = |5|.
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Chapter 7

Conclusion

This thesis mainly focused on the moduli spaces of lumps in real projective space and vortices
on Riemann surfaces. It begins with homotopy theory. Homotopy classes play an important
role to ensure stability of vortices. We also investigated covering spaces and homotopy lifting
and studied the relation between harmonic maps between Riemann spheres. Rational maps on
a projective space associated with antipodal map were studied. We generalized the CP! sigma
model to physical space being the 2-dimensional compact Riemann surface > with metric g and
mainly considered ¥ = S? and ¥ = RP2. The moduli spaces of lumps in a projective plane
using rational maps of degree n subject to symmetry requirement was studied. We studied
symmetric lumps in a projective plane and then mainly focused on rational maps of degree 3.
We then derived families of symmetric rational maps and showed that the moduli space E(Fg
consists of two orbits of the symmetry group, namely a 5-dimensional orbit of the axial map

and a 7-dimensional orbit of dihedral symmetry generated by the map (3.5.1) or (3.6.1). We

followed Martin Speight [59]] who derived the metric on the moduli spaces of charge 1 lumps.
We were able to evaluate the metric on moduli spaces of charge 3 lumps using SU(2) Mobius
transformation for both orbits of maps and explicitly evaluated some volumes of a submanifold

of the orbits of maps. We showed that the volume for both these orbits of maps is finite. Both
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the dihedral and axial orbits of maps have finite length along the parameter c. We showed lump
decay by considering zeros and poles of a rational map. In particular, in the orbit of maps
the zero cancel with the pole at co and the pole cancels with the zero at 0 while in the dihedral
orbits of maps one zero fixed at the origin and two poles cancel with two zeros. Due to
the symmetry (3.2.6), lump decay is more complicated on RP2. In the axial orbit of maps, three
zeros cancel with three poles. The moduli space of maps (3.5.1) in the real projective space
1s a non-compact space since its degree decays by 2, collapses to an infinitely sharp spike and
disappears.We showed the moduli spaces (3.5.1)) and (3.6.1) have equal minimum value of the
angular integral 7 at a = ¢ = 0. Moreover, (3.6.1)) has also the same minimum value at ¢ = 3.
When N = 5, we have moduli space of charge 5 lumps. In this spaces, we only understand
some of the spaces, for example, the axial map z°. It is an interesting problem which we suggest
for further studies. For the moduli spaces of lumps in the projective plane possible future work
would be to study the moduli spaces of charge 5 lumps in the projective plane and evaluate their
corresponding geometric quantities.

In chapter 4, we have calculated the general (and for some cases an explicit) metric on the mod-
uli spaces of hyperbolic 3-vortices where at least one of the vortex positions is not at the origin.
Depending on the parameters a, b and ¢, we saw two families of these hyperbolic 3-vortices of
which one is for ¢ # 0 and the other for ¢ = 0. For each family, we noticed also that three
families can be constructed from the roots of . The metric, Kéhler potential and scalar
curvature for the moduli spaces of hyperbolic 3-vortices where vortex positions with zero center
of mass coordinate was calculated. Results were compared and as expected agree with the met-
ric in [24]. We constructed an interesting subspace which is the double hyperbolic 3-vortices

and their corresponding metric and scalar curvature were computed. Interestingly, numerical
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results show that its scalar curvature is uniformly negative and increases as the modulus of the
vortex position increase to 1 and approaches to —S%T. In addition, the Kéhler potential for the
moduli space of double hyperbolic 3-vortices was computed. We also studied collinear hyper-
bolic 3-vortices and calculated their metric and scalar curvature which is uniformly negative
as numerical plot suggests. Furthermore, we calculated the implicit metric for hyperbolic 4-
vortices where the zeros of the rational function satisfy the symmetry z — —z and z — Z.
We found an interesting subspace of collinear hyperbolic 4-vortices and evaluated explicitly its
metric. We constructed double 4-vortices on the hyperbolic plane. The corresponding metric
was calculated explicitly and it was shown that this subspace has uniformly negative scalar cur-
vature. The Kihler potential and metric on the moduli space of hyperbolic vortices are directly
proportional. For the more difficult case of general hyperbolic 4-vortices, the calculation is
rather challenging and still an open problem.

One of the motivations behind this work is that lumps on the projective plane are in many ways
similar to vortices on compact Riemann surfaces. Both lumps and vortices attain a Bogomol-
nyi type topological lower bound on energy within their homotopy classes. Then they satisfy
the first order self-dual equations (that is, the Cauchy-Riemann equations in case of lumps and
Bogomolnyi equations in vortices). The solution of these equations is highly non-trivial and
difficult to find an explicit formula for the metric in both lumps and vortices. A way of under-
standing the underlying connection between lumps and vortices is in terms of rational maps.
We have studied lumps on the projective plane and vortices on some compact Riemann surfaces
using the concepts of rational maps. In the case of lumps, the rational map R commutes with
the antipodal map p : 2z +— —% while our rational map f in the moduli space of vortices

commutes with the involution z —

W=

. The computation of the metric of the moduli space of
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vortices is far more difficult than the computation for lumps because in the case of vortices,
the derivative of the rational function is involved. This is because the vortex positions are the
critical points of the rational function. An other difference is the moduli space My of lumps
is geodesically incomplete [S0] and the geodesic approximation predicts that lumps may decay
and form singularities in finite time.

The next piece of work focused on the moduli space of vortices on compact Riemann surfaces.
We showed that the Samols metric can be generalized from vortices of single multiplicity to
arbitrary vortices of positive multiplicity and explicitly calculated the metric on the moduli
spaces of vortices on compact Riemann surface with positive multiplicity. Following Speight
and Krusch [24], we were able to compute the metric on the totally geodesic submanifold >, ;
of My, r +t = N for all ¢t and r. The Kihler potential of the symmetric space >.,; was then
evaluated in three ways. The first one is just following the definition of Kéhler potential of a
Kéhler metric while the second one is following Chen and Manton’s method of the regularized
action of the Taylor series expansion of the gauge invariant quantity 4 = log |¢|?. The geometry
of Y5 5 and particularly the impact parameter-scattering angle relation where two fixed are vor-
tices placed at the origin and two vortices are placed at opposite positions was studied. These
vortices form a right angle vortex scattering. We also studied the impact parameter-scattering
angle relation of the space >.,.; where there is 7 scattering. For some vortices, the curvature x
of the space X, ; is uniformly negative for » > ¢, however, for t < r, the curvature can have
a positive value. When the scalar curvature is negative, the metric, Kihler potential and scalar
curvature are directly proportional. In this chapter a further extension of this work would be to
study the vortex scattering on X9, t > 3 and compare the result to X, 0 <t < 2.

In chapter 6, vortice and impurities have been studied and investigated. We investigated vortices
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in the presence of electric and magnetic impurities that was proposed by Tong and Wong [68]].
The Bogomolyni equations in the presence of impurities were investigated and analyzed. There-
fore, the dynamics is altered by the presence of electric impurities. Electric impurities keep the
metric invariant but introduce a connection term. However, the presence of magnetic impurities
does change the metric on the moduli space. The dynamics of moduli space of the symmetric
space ,.; of vortices in the presence of electric and magnetic impurities in the theory by doping
an impurity on the action of the dynamics of vortices has investigated. We evaluated the action
and corresponding metric on the moduli space X; ; in the presence of electric impurities. In ad-
dition, we computed the explicit metric on the symmetric space YJ,; with magnetic impurities.
In the presence impurities, one way of taking the work further would be to determine and study

the dynamics of hyperbolic N-vortices and evaluate their geometric properties.
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