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Abstract

The purpose of this thesis is to investigate modular representations and invariants of the extra-

special group of order p® and exponent p denoted by H.

The material is organized in four chapters. In Chapter 1 we introduce basic definitions and
results from commutative algebra, representation theory and invariant theory that will be used
throughout this document and we fix our notation. In Chapter 2 we classify modular represen-
tations of H based on their socle-type. In particular, for a field extension F,, C F we prove the
existence of a suitable generating set for the group of representing matrices when V' is a three-

and four-dimensional F H-module.

Using the classification results, when V is three-dimensional we construct a suitable set of
invariants where we apply the SAGBI/divide-by-z algorithm. During the subduction various
constraints show up, hence we split this chapter in two cases; generic and non-generic. Regardless
the case, SAGBI/divide-by-z algorithm returns a generating set for F[V] and proves that is a

complete-intersection ring.

In Chapter 4 representations assumed to be four-dimensional. This time the classification is
more complicated and the only possible socle-types are (1,1,1,1),(1,1,2), (1,2,1) and (2,1,1).
For each one of them we compute F (V) and we use the invariant field generators to investigate

the structure of F[V]#.

For type-(1,1,1, 1) invariants we prove that the group of representing matrices is not generated
by bireflections, hence F[V] fails to be Cohen-Macaulay. Also for p = 5 we show the existence
of a partial hsop which is not a regular sequence. For type-(1,1,2) although the representing
matrices form a bireflection group, we construct a partial hsop that we conjecture is not regular
sequence for any prime. The classification of type-(1,2, 1) representations yields two classes with
distinct socle-tabloids. For the first class we collect evidence on MAGMA that for p = 3,5 and
7, {x1, 22, Ny (r3)} is not acting regularly on F[V]¥ hence that F[V]¥ is not Cohen-Macaulay.
For the second we apply SAGBI/divide-by-z on the set of invariant field generators, however due
to the high complexity in computations generic computations are forbidden. So we present com-
putational evidence that F[V] is complete intersection with embedding dimension six. For the
remaining case of type-(2,1,1) representations, F[V]¥ is Cohen-Macaulay. However, evidence
collected for p = 3,5 and 7 using MAGMA, indicates that F[V]¥ is not a complete intersection
ring. To prove this we count the number of algebraic relations and use a characterization of

complete intersection rings in terms of Koszul homology.






Contents

1 Introduction 8
1.1 Overview . . . . . . . .. 8
1.2 Preliminaries. . . . . . . . .. .. 9

1.2.1 Basic Definitions & Notation. . . . . . ... ... ... ... 9

1.3 Commutative Algebra. . . . . . . ... ... ... .. 11
1.3.1 Cohen-Macaulay ring. . . .. ... .. ... ... ...... 14

1.3.2 Complete Intersections . . . . . . . ... ... ... ..... 18

1.4 TInvariant Theory . . . . . . . . . . ... ... 21
1.41 Structure of F[V]C. . . . ... 21

1.4.2  The invariant field F(V)S. . . . .. ... ... .. ... 22
1.4.3 SAGBI basis and SAGBI/divide-by-x algorithm. . . . . . . . 25
1.4.4 Nakajima groups . . . . . .. .. ... ... .. 32

1.5 Extra-special groups . . . . . . .. ... 33
1.5.1 Extra-special groups of order p®. . . . . . . . . .. ... ... 33
1.5.2  Group Structure of H . . . . . . .. .. ... ... ... .. 35
1.5.3  Structure of Aut(H). . . . . . ... 36

2 Classification of modular representations 38



CONTENTS 6
2.1 Imtroduction . . . . . . ... 38
2.2 Type-(1,1,...,1) Representations . . . . . ... ... ... ...... 39
2.3 Type-(2,1,...,1) Representations . . . . . ... ... ... ...... 45
2.4 Type-(1,1,...,2) Representations . . . . . . ... ... ... ..... 49
2.5 Type-(1,2,1) Representations . . . . .. ... ... ... ...... 53

3 Three-dimensional case 59
3.1 Imtroduction . . . . . . . . ... 59
3.2 Generic Case . . . . .. .. 60
3.3 Non-generic cases . . . . . . . .. . o 67

331 Caseci,coc€Fy, . . .. ... 68
332 CasecreF,,eF/F, ... ... ... ... ... ... 68
333 Caseci€eF/F,,c0€F, . .. ... ... . 70
334 Caseci€eF/F,, o€ F/F,. . ... ... ... ... ..... 74

4 Four-dimensional case 78

4.1 Invariants of type-(1,1,1,1) representations. . . . . . . . . .. .. .. 78
4.1.1 Setup . . . . .. 78
4.1.2  The invariant field F(V)? .. ... .00 79
4.1.3 The invariant ring F[V]7 . . ... .00 86
4.1.4 Non Cohen-Macaulyness of F[V]7 . . . .. . ... ... ... 88

4.2 Invariants of type-(1,1,2) representations. . . . . . . . . .. ... .. 94
4.2.1 The invariant field F(V)% .. .. ..o 94
4.2.2  Non Cohen-Macaulyness of F[V]7 . . .. . ... ... ... . 100

4.3 Invariants of type-(1,2,1) representations. . . . . . . . ... ... .. 106



CONTENTS 7

4.3.1 Introduction . . . . . . .. ... ... 106

4.3.2 Invariants of type-(1,2, 1) with socle-tabloid: (3,21,1). . . . 107

4.3.3 Invariants of type-(1,2, 1) with socle-tabloid: (3,22,1). . . . 113

4.4 TInvariants of type-(2,1,1) representations. . . . . . . .. ... .. .. 116
4.4.1 Introduction . . . . . . .. ... L 116

442 Casebig#0 . . .. ... 117

443 Casebig=0 . ... ... ... 125
Appendices 130

A MAGMA functions 131



Chapter 1

Introduction

1.1 Overview

Invariant theory is the study of objects that preserve a certain symmetry. Usually
this symmetry comes from the action of a group G on a commutative ring R. To
comprehend this mathematically we use representation theory. So invariant and
representation theory are closely related from this point of view. The contemporary
approach of representation theory dictates the usage of modern techniques like
derived categories, sheaves and various cohomology theories. However, invariant
theorists use commutative theoretic machinery and sometimes develop their own

tools when deeper questions come up.

Like representation theory we split invariant theory in modular and non-modular
case. Many questions known to be true in the non-modular case, fail dramatically
in the modular case. The reason is mainly that modular invariant theory contains
classes of groups with wild representation theory and their complexity is reflected

to invariant theory too.

In this thesis we study the modular invariant theory of a particular p-group over
field extensions F, C F. A p-group G is called extraspecial if the center Z(G)

is cyclic and the quotient G/Z(G) is non-trivial elementary abelian, while the
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exponent of a finite group is the least common multiple of the orders of all elements.
The group of our interest is the extraspecial group of order p? and exponent p

denoted by H. To study H we use the following presentation

H={(g1,92 | ¢{ = g5 = e, [91,[91, %2]] = €, [92, [91, 92]] = €,[91, 92" =€),

while for a more intuitive approach we look at the archetypal representation of

extraspecial groups, the finite Heisenberg group

1 Ci2 C13
H=UT3(F,) =40 1 3| |c;€F,
0 O 1

1.2 Preliminaries.

1.2.1 Basic Definitions & Notation.

This chapter is intended to introduce basic definitions and set up the notation that

will be used throughout this thesis. We first introduce the main object of study.

Suppose G C GL(V) is a finite group and let V* := Hom(V, F) denote the dual
vector space of V. Then V* becomes a right FG-module with g € G acting on a
linear functional z € V*: (z - g)(u) = z(g - u).

Given an FG-module V', the symmetric algebra of the dual Sym(V*) = T'(V*) /(u®
w—w®u|lu,w € V), up to graded isomorphism is identified with F[V] =
F[zq,...,z,], the polynomial ring on n-variables. Therefore, the action of G on

V* can extend to an action by degree preserving algebra automorphisms on F[V].

Definition 1.2.1.1. Let ¥ be a field and V' an n-dimensional F-vector space.
Assume G C GL(V') denotes a finite group. The set of polynomials in F[V| which

are invariant under the G-action form a subalgebra called the invariant ring and

is denoted by F[V]Y,

FVI={feF[V]| f-g=fVYgeG}.
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Given an element f € F[V] it is useful to know how to turn f into an invariant.

This can be achieved in two ways.

Definition 1.2.1.2. Let f € F[V] and G < GL(V), we define the stabilizer of
funder GbyGy:={geG| f-g=f}. Given a subgroup H < G, we define the

relative norm and relative transfer of f by the formulas

NG = [ f9. THH= D f-g

geG/H oceG/H

Here g € G/H represents a coset representative. When H = Gy, we call the

mvariants

Ne(f):=Ng,(H =[] f-9. ™= > f-g

gEG’/Gf O’GG/Gf

the norm and transfer of f respectively.

Notice that since the action of G on F[V] is always assumed to be degree-preserving,
the transfer Tr(f) has the same degree with f, whereas the norm N(f) greater.
Nevertheless, turns out that the norms are quite interesting and useful family of

invariants.

A monomial in F[V] is a term of the form x* = z{'... 22", for a vector o =
(v, ...,0p) € N'. A monomial order on F[V] is a total ordering on the set of
monomials M = {x% | @ € N*} C F[V]. This means given x*,x” € M, exactly

one of the following three relations must hold
x* < x7 x* =x" or x* > xP.

Given a polynomial f € F[V] we define the lead monomial, LM(f), to be the
largest term appearing in f with respect to that order. The coefficient of this term
in f is called lead coefficient and is denoted by LC,(f). Finally, the product of
these two is called the lead term of f and is denoted by LT<(f) = LC<(f)LM<(f).

Throughout this thesis we fix a specific term order, the graded reverse lexicographi-

cal order (grevlex) with 71 < 2o < -++ < z,,. Thus, x* < x7 if deg(x®) < deg(x”),
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or if deg(x®) = deg(x”) but the first nonzero element from the left in o — 3 is
positive. When that term order is considered, we denote LT(f) = LC(f)LM(f)

without explicitly referring to the term order <.

1.3 Commutative Algebra.

Invariant theory is the study of structure of a specific class of commutative rings.
Since F[V]% is a subring of F[V], one naturally asks what nice properties of F[V]
are inherited to F[V]%. When G is finite, a celebrated theorem of Emmy Noether
(1915) (see, [8, Theorem 3.1.2]) shows that F[V]¢ is finitely generated. Thus the
ring of invariants F[V]“ is always Noetherian. However, these are not the only
nice properties that F[V]“ inherits, since forms an example of a graded connective

algebra too.

Definition 1.3.0.1. We call a ring R (positively) graded, if we can find additive
subgroups R; < R, fori € N such that R = ®;enR; and R;R; C R;y;. Furthermore,
we call r € R homogeneous, if r € R; for some i € N. A graded algebra R is

called connective, if it is a graded ring such that Ry = F.

Definition 1.3.0.2. Assume R is a graded algebra and let I < R denote an ideal.

We call I homogeneous if it can be generated by homogeneous elements.

Moreover, for connective algebras there is a unique maximal homogeneous ideal
R, < R generated by all elements of positive degree. The class of graded local
Noetherian rings is an interesting class for us. Many important theorems of the
theory of local rings can be proven to be true in these context too, hence applied

to the case R = F[V]C.

Definition 1.3.0.3. Let R denote a Noetherian commutative ring and p < R a
prime ideal. We call height of p and we denoted by hg(p), the length of a maximal
chain of prime ideals, po Cpy C --- C p; =P.

We call the maximum height of proper prime ideals the Krull dimension of R

and we denote it by dim(R).
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Let R C S be an extension of rings. Choose an element a € S. We call this element
integral over R if there is a monic polynomial f € R[z|, such that f(a) = 0. If
every element in S is integral over R we say that S is an integral extension of
R. If S is a finitely generated F'-algebra, then S is integral over R if and only if S
is a finite R-module. The set of all elements in S integral over R form a subring,
denoted by R. This subring is known as the integral closure of R in S. If R = R,
then R is said to be integrally closed in S.

In the following theorem, we prove that F[V]¢ C F[V] is integral.

Theorem 1.3.0.4. /8, 3.0.4] Let G C GL(V') be a finite group, then the extension
F[V]Y C F[V] is integral.

Proof. Pick an h € F[V] and assume |G| = n; it is not difficult to observe, that

the monic polynomial

F(t) = H(t —h-g) =t + fo "+ S,

geG

has h as a root, i.e., F'(h) = 0. Now the action of G on F[V] can be extended to
F[V][t] by setting t - g = t,Vg € G. Under this action, we get F(t) € F[V][t]°.
Therefore, f;-g = fi,Vg € G,Vi € {1,...,n}. In other words, F'(t) € F[V]“[t]. So
it follows that the extension F[V]¢ C F[V] is integral. O

An important property of integral extensions is that when R C S is integral
dim(R) = dim(S). Therefore, using the theorem implies dim(F[V]¢) = dim(F[V]) =

Next we introduce a notion that will be used extensively in the entire thesis.

Definition 1.3.0.5. Let R denote a commutative F-algebra with dim(R) = n.
Assume that S = {f1,..., fa} C R is a set of homogeneous elements and let A =
F(fi,..., fa] denote the algebra generated by S. We call S a homogeneous system
of parameters (hsop), if R is a finitely generated A-module, i.e., 3g1,...,g9x € R
such that R = Zle Ag;.
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We call A a Noether Normalization of R. Since any two Noether Normalizations

are isomorphic up to isomorphism we can talk for the Noether Normalization of

R.

When the case R = F[V]% is considered, any hsop is referred as the primary
invariants while the corresponding module generators g; as the secondary in-

variants.

Two questions arising immediately; given an F-algebra R, when such an hsop
exists? If we know about its existence, how do we distinguish whether a given
subset {f1,..., fu} C R of homogeneous elements is an hsop? Fortunately, in good
cases we have an answer for both questions. The first comes from a famous and
powerful theorem of Emmy Noether (1926) [17] (originally proved by D. Hilbert)
with interesting applications both in algebra and geometry, the so-called Noether

Normalization lemma.

Theorem 1.3.0.6 (Noether Normalization Lemma). /8, Theorem 2.6.1] Assume
that R 1s a finitely generated connected ¥-algebra. Then R has an hsop.

The second question when R = F[V]¢, can be answered by giving a geometric

criterion in the algebraic closure of F.

Lemma 1.3.0.7. [8, 2.6.3] Let V be an n-dimensional F-vector space and F the
algebraic closure of F. Assume that fi,...f, € F[V]® are homogeneous invari-
ants and that V. = V ®@g F. Then {fi,..., f.} forms an hsop if and only of
Vir(fis-- -, fn) = {0}. Here the latter denotes the zero-locus of fi,..., fn in the

closure of V', that is,
Volfi, .o ) ={veV | i) == fulv) =0}

An interesting aspect of integral extensions is the transitivity property. If R C
L C S are ring extensions with L integral over R and S integral over L, then S
is integral over R as well. So if A = F|[f,..., f,] is a Noether normalization of
F[V]¢, follows that A C F[V] is integral and A is a Noether normalization of F[V]

too. Based on this fact we obtain the following theorem.
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Theorem 1.3.0.8. /5, Theorem 5, pg.112] If A = F[f1,..., f.] is a Noether

normalisation (for some group), then F[V] is a free graded A-module of rank

[Ti=1 deg(fi) and top degree 327, (deg(f;) —1).

1.3.1 Cohen-Macaulay ring.

An important question for a graded commutative ring R in commutative algebra is
whether it has the Cohen-Macaulay property. The standard textbook for Cohen-
Macaulay rings is [4].

Definition 1.3.1.1. Let R denote a commutative ring and M a left R-module.
We say that x € R is M-regular, if x -m =0 for m € M implies m = 0, that s,

if x 1s not a zero-divisor for M.

A sequence x = (x1,...,x,) of elements in R is called an M-reqular sequence if

the following two conditions are satisfied:

(1) Yie{l,...,n}, z; is an M/(xy,...,x;_1)M-reqular element,

(2) M/zM is not the zero module.

We call a reqular sequence x maximal, if it cannot be extended to a longer reqular

sequence.

Assume that R is additionally Noetherian and let I < R be an ideal. If M is an
R-module such that IM # M, then all the maximal M-sequences in I have the
same length. We call this common length the depth of M and we denote it by
depth;(M). In particular, if R is graded local Noetherian with irrelevant ideal
R, < R, then length of any maximal M-sequence is called the depth of M and is
denoted by depthp +(M ). Since the underlying ring will always be clear from the

context, we omit R, from the notation and simply write depth(M).

For the special case R = M we have always depth(R) < dim(R).
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Definition 1.3.1.2. A commutative graded ring R considered as an R-module is

called Cohen-Macaulay if depth(R) = dim(R).

Since F[V]¢ is a graded Noetherian finitely generated F-algebra all the above
definitions can be applied. In particular, for such algebra we have a very useful

criterion to decide whether is Cohen-Macaulay.

Theorem 1.3.1.3. [8, Theorem 2.8.1] Let A be a finitely generated connected
graded F-algebra which is Cohen-Macaulay. Then every hsop for A is a regular

sequence for A.

Equivalently, we can define Cohen-Macaulay rings as free modules over a Noether

normalisation.

Theorem 1.3.1.4. [3, 4.3.5] Let R be a graded connected Noetherian F-algebra.

The following are equivalent:

(1) R is Cohen-Macaulay with dim R = n,
(2) for {fi,..., fu} C R an hsop, R is a free F[f,..., fa]-module,

(3) for any hsop {fi,..., fn} C R, R is a free F[f1,..., fn]-module.

IfA=TF[f1,..., fo] CF[V]9for {fi,..., fn} asetof primary invariants, then there
is a minimal set of secondary invariants gi, ..., g, € F[V]“ such that F[V]¢ =

> Ag;. The following theorem implies that the prior knowledge of m suffices to
decide whether F[V]“ is Cohen-Macaulay.

Theorem 1.3.1.5. [9, 3.7.1] Assume that the action of G on V is faithful and

let fi,...,fn € FIV]Y be primary invariants of degrees di, ..., d,. Furthermore,
assume that gy, ..., gm 18 a minimal system of secondary invariants. Then
dy---d,
m — )
|G|

with equality if and only if F[V¢ is Cohen-Macaulay.
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Another useful criterion for the Cohen-Macaulay property related with the number

of secondary invariants is given in terms of the Hilbert Series.

For a graded F-vector space M = @2, M;, the Hilbert Series of M is the formal

power series

H(M,t) == dimp(M;)t".
=0

Example 1.3.1.6. A polynomial ring in one variable F[z] = &2 F[z]; is a graded

vector space. Assume deg(z) = d, then the above formula implies

Flo].t) =1+t +2 ... = .
H(F[], 1) = 1+t 420 =

Since one can prove that for graded vector spaces M, N, H(M @ N,t) = H(M,t) -
H(N,t), for a given Noether normalisation A C F[V]% with deg(f;) = d;,

o1

i=1

Turns out that the prior knowledge of Hilbert series for F[V]%, contains very useful

information for the primary and secondary invariants.

Theorem 1.3.1.7. [5, Theorem 7, pg.113] Suppose A = F|f1,..., fa] is a Noether
normalisation of F[V] with deg(f;) = d;. Then

ft)
[Ty (1 —t%)°

or some polynomial f(t) with integer coefficients. If F[V|% is Cohen-Macaula
f Y g y

H(F[V], 1) =

then the coefficients of f(t) are non-negative and F[V]® is generated, as a A-

module, by r:= (][, d;)/|G| homogeneous invariants.

Given a subspace of an n-dimensional vector space H < V', the codimension of
H is defined by codim(H) = n —dimg(H). If G is acting on V, then we define the
fixed point subspace V€ ={veV |g-v=0v}.

Theorem 1.3.1.8. [8, Theorem 3.9.2] Let G < GL(V') denote an arbitrary sub-
group over a field F and dimp (V') = n. Then
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(1) if dimp(VY) = n — 1, then F[V]¥ is a polynomial algebra.

(2) if dimp(VY) =n — 2, then F[V]H is Cohen-Macaulay.

We close this section by introducing a homological characterization for regular

sequences. For this we follow the notation of [13].

For R a commutative ring and z,...,x, € R a sequence of arbitrary elements,
we define the complex K, := {K,,d.}, Ko = R, and K, = 0 if r is not in the range
0<r<n. For1 <r <n, weset K, = ®Re;, ; to be the free R-module of rank
(:), with basis {e;,..;, | 1 <11 <--- <i, < n}. It can be proven that this module
is isomorphic with the r-th exterior power of R, A" R. Furthermore, we define the

boundary operators d, : K, — K,_; on the basis elements by setting

dT<€i1~"r> = Z(_l)j_lxij eilmfj...ﬂ

J=0

and extend this R-linearly on the entire K. Someone can verify that d o d = 0.

Definition 1.3.1.9. We call the resulting chain complex the Koszul complex
associated to x := (x1,...,x,) and is denoted by K.(z) = K.(z1,...,z,). For
an R-module M, we set K.(z, M) = K.(z) ®r M for the complex obtained after
applying — @r M on the Koszul complex K.(z).

Notice that up to isomorphism of complexes the Koszul complex is independent
of the choice of a minimal generating set. Let (R, R;) be a graded local ring
and {z1,...,x,} a minimal generating set of R,. We call the number of elements
occurring is such a minimal set the embedding dimension of R and we denote it
by emb.dim(R). If y,...,y, € Ry is another minimal generating set, then there
is a an n x n invertible matrix over R, (o;;) € GL,(R), such that: y; = > oy;z;.
We can exploit this matrix and define an invertible morphism of complexes f :
Kr(y1, ..., yn) = Kr(z1,...,3,), defined by the rule fi(e}) = > aije;, and then
extended it R-linearly on the basis of the exterior algebras \" R, {e;, A---Ae;, | 1 <
iy < -+ <, < n} for each r = 1,...,n. This morphism commutes with the

boundary operators d, hence consists a well-defined isomorphism of complexes.
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We can measure how far a Koszul complex is from being exact by taking homology
at each position. The resulting homology groups of K.(z, M) are denoted by
H,(K.(z,M)), or just H,(z, M). We call H.(z, M) the r-th Koszul homology of
M associated to z. From the definition of K.(x, M), we see that:

Ho(z, M) = M/xM, H,(z, M) =M/azM={meM|zy;m=---=x,m=0}.

Applying an inductive argument we can prove the following theorem which relates

regular sequences with Koszul complexes.

Theorem 1.3.1.10. [13, Theorem 16.5, i] Let R be a ring, M an R-module and

r1,...,T, € R an M-sequence; then

H.(z,M) =0, forr >0, and Hy(xz, M) = M/xM.

So zero Koszul homology implies that the sequence is regular.

1.3.2 Complete Intersections

Following up the previous section, we introduce another class of commutative rings
we are interested. The complete intersections rings. It can be proven that this
class of rings is contained in the class of Cohen-Macaulay rings introduced before.
So complete intersections can be thought as Cohen-Macaulay rings with some

additional structure.

Definition 1.3.2.1. Let R be a finitely generated F-algebra with Krull dimension
dim(R) = n. Then R is called complete intersection ring if there is a presenta-

tion p: F[Xq,..., Xx| > R, such that for I := ker(p) we can find a homogeneous

generating set ri,...,rs which forms a reqular sequence and additionally we have
k=n+s.
If R = F[fi1,..., fx], then it is a complete intersection if the ideal of relations

consists of k — dim(R) homogeneous elements which form a regular sequence.

From the definition it is clear that being complete intersection is independent
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of the choice of presentation. When we have a unique syzygy we give to R a

special name.

Definition 1.3.2.2. A complete intersection R such that k —dim(R) = 1 is called

hypersurface.

There are Cohen-Macaulay rings which are not complete intersections. In [11], an
example of a group G < GL4(F) with this feature is given. However, it is an open
question what class of groups gives Cohen-Macaulay invariant rings F[V]“ but not

complete intersections.

Also in [23], Richard Stanley proves that F[V]¥ has a minimal free resolution in a
simple explicit form exactly when F[V]% is a complete intersection. Generalizing

this to arbitrary graded F-algebras yields the following.

Proposition 1.3.2.3. /23, Proposition 9.1] A graded F-algebra R is a complete

intersection if and only if the Koszul complex is a minimal free resolution.

Finally, when R is an integral domain we obtain a simple counting argument to
decide whether it is a complete intersection by looking at the dimension of the
first Koszul homology as an F-vector space. Before we prove this, we recall a

well-known result that is one of the key ingredients of this proof.

Proposition 1.3.2.4 (Graded Nakayama Lemma). [8, Proposition 2.10.1] Let R
be a finitely generated graded connected F-algebra and M a finitely generated non-
negatively graded R-module. Then the homogenous elements fi,..., f. generate
M as an R-module if and only if their corresponding images span M/R, M as an
F-vector space. Furthermore, they minimally generate M if and only if they form

an F-vector space basis of M/R, M.

Proposition 1.3.2.5. Suppose that S is an integral domain minimally generated

by k homogeneous generators. Then S is a complete intersection if and only if

dimg(H:(S)) = k — dim(S).
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Proof. Choose a presentation p : F[X;,...,X;] := R — S. Since S is integral

domain a := ker(p) is prime. Denote by p(a) a minimal generating set for a.

Let X := (Xj,..., X)) denote a regular sequence of R and f := (f,..., fx) denote
their corresponding image in S. The Koszul complex of R associated to X is by

definition

k 1
0+ /A\R—--— /\R—R—0.

Since X is a regular sequence, the complex

k 1
0—>/\R%~--—>/\R—>R—>R/R+:F—>O,

is exact. Therefore Kr(X) is a free resolution of F as R-module. Tensoring out

with — ®g S gives a chain complex

k 1
0—>(/\R)®RS—>---—>(/\R)®RS—>R®RS%’S—>O.

Looking closer the modules of this complex, we observe that

(AR @rS=(/\R) ®rR/a= \ Rlaz \S.

Thus, we obtain an isomorphism of complexes Kr(X)®pS = Kg(f). Furthermore,
the short exact sequence 0 - a — R — S — 0 gives a long exact sequence ending

n
<o — Torf{(F, a) — Tor(F, R) — Torl(F,S) = F®ra — FOrR — FoxS — 0.

Notice that H,(R) = Torf(F, R) = 0 since X is a regular sequence, while F®x R =
Fand FRrS = R/R, ®@rS = S/R.S=F. Also, Fora=R/R, ®ra=a/R;a.
So the last sequence eventually becomes

o

.o — Tor®(F,a) = 0 — Tor(F,S) = a/Ria - F = F — 0.

Therefore, we obtain an isomorphism H,(S) = Tor{'(F,S) = a/R,a. From the
Graded Nakayama Lemma above we obtain dimg(H;(S)) = dimg(a/R,a) = u(a).

Clearly now our assertion follows. O]
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1.4 Invariant Theory

1.4.1 Structure of F[V]°.

As mentioned at the beginning there are huge differences in the structure of F[V]¢
between the modular and non-modular case. For the non-modular case Maschke’s
Theorem implies that the category of FG-modules is semisimple. Therefore any
representation can be split in more handy pieces. For invariant theory, when |G|

is invertible in F we can define the Reynolds Operator

R:F[V]? — F[V]°,

[ oo RO = g T,

for any subgroup H < G, which serves as a natural projection. In particular,
setting H = {eq} yields an epimorphism from F[V] onto F[V]¢ which yields a nice
split: F[V] = F[V]¢ @ ker(Tr“). On the other hand, when |G| is not invertible in

F all the above fall apart, hence we are obliged to use different tools.

Definition 1.4.1.1. Let V' be an FG-module for some group G. We denote the
fixed vectors of V by G

Vel={veG|g-v=uvVYg€qG},
while for o € G
Vi={veG|o-v=v}
An element o € G is called reflection if dimg(V7) = dimg(V) — 1. We call o

bireflection if dimp(V7) > dimg(V) — 2.

In the non-modular case many questions regarding the structure of F[V]% have

been answered. The following consists one of the most celebrated results.

Theorem 1.4.1.2 (Chevalley, Shepard, Todd). If |G| is invertible in F*, then
F[V]9 is polynomial if and only if G is generated by reflections.
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Although in the modular case the above theorem fails, J.P. Serre (see, [8, Corollary

12.2.5]) proves that one direction is still true.

Theorem 1.4.1.3 (J.P. Serre). Let G be a finite group. If F[V]% is a polynomial

ring, then the action of G on V is generated by reflections.

An important result in non-modular invariant theory due to Hochster and Eagon,
see [10], answers the question when F[V]¢ is Cohen-Macaulay. Although the orig-
inal version talks about a wider class of groups (linearly reductive) we restrict

ourselves to the case of finite groups only.

Theorem 1.4.1.4 (Hochster-Eagon). If G is a finite group with |G| € F*, then
F[V1¢ is Cohen-Macaulay.

For the modular case the above fails. However, G. Kemper (see, [12, Corollary

2.7]) proves that one direction is still true when we restrict to the class of p-groups.

Theorem 1.4.1.5 (G. Kemper). Let G < GL(V) denote a p-group and suppose
that F[V]Y is a Cohen-Macaulay ring. Then G is generated by bi-reflections

G

Kemper’s theorem provides an easy criterion to decide whether F[V]“ is not

Cohen-Macaulay.

1.4.2 The invariant field F(V)¢.

Since F[V]¢ is always an integral domain we can define the field of fraction
Quot(F[V]%). It is not difficult to see that generally Quot(F[V]%) c F(V)C.
However, when G is finite we have an equality Quot(F[V]%) = F(V)%. To see this,

observe that

f_fIl{h-glgeG-{1}}
h {h-glgeGt

Then the denominator is the G-orbit of h, thus belongs to F[V]%. The latter
implies that f[[{h-g|g € G — {1}} € F[V]® as well. Therefore the equality
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of fields follows Quot(F[V]¥) = F(V)¢. Let F(V) denote the field of fractions of

F[V]. Based on the last observation we obtain the following lemma.

Lemma 1.4.2.1. /8, Lemma 5.0.1] For any finite group G ,we have Quot(F[V]%) =
F(V)E. Consequently, the extension F(V)¢ C F(V) is Galois, with group G and

so F(V) has dimension |G| as a F(V) wvector space.

We call F(V) the invariant field.

Theorem 1.4.2.2. [5, Theorem 8, pg.114] Suppose A is a graded subalgebra of
F[V]Y such that A contains an hsop and a generating set for F(V)C. If A is
integrally closed in its field of fractions, then A = F[V]Y.

Proof. Obviously we obtain Quot(A) = F(V)¢. Furthermore, since A contains an
hsop of F[V]¢, the latter becomes a finite A-module. If A is integrally closed in
its field of fractions we have A = F[V]°. O

Another reason that makes hsop useful is that sometimes suffice to generate F[V]¢.

Using the last theorem gives the following.

Theorem 1.4.2.3. [5, Theorem 9, 4] If V is a faithful representation, {fi1,..., fn}
is an hsop for F[V]|¢, and T[], deg(fi) = |G|, then F[V]¢ =F[f1,..., fa].

Proof. Since F[V] is a free A-module of rank |G|, follows that the field extension
Quot(A4) C F[V] has degree |G| . However, the field extension F(V)¢ c F(V) is
Galois and therefore has degree |G| too. Finally, since every polynomial ring is

UFD, A is integrally closed in its field of fraction, hence from the previous theorem

we obtain A = F[V]¢. O

Assume that H < G is an arbitrary subgroup. Then obviously F[V]¢ C F[V].
Since F[V] is integral over F[V]¢ and F[V]#, implies that F[V]¢ c F[V]¥ is
integral too. Therefore an hsop for F[V]% is also an hsop for F[V]#. Since G C
GL(V), the above comments imply that an hsop of F[V]H(V) is always an hsop
of F[V]¢ too. The following example constructs using the last two theorems a

famous generating set for F[V]S“V) the so-called Dickson invariants.
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Example 1.4.2.4. Assume that F, is a finite field of order ¢ = p® and let V' be
an n-dimensional vector space over F,. The group of invertible transformation of
V, GL(V), is finite and in particular has cardinality | GL(V)| = [T, (¢" — ¢" ).
We define the following polynomials

n

Fut):= [[t=¢) =D (-1)""diut™,

pev* i=0

where V* denotes the dual space of V. Since V is finite dimensional we have
V =2 Fy. Therefore |V| = ¢" and so |V*| = ¢" too. From the definition of Fy (t)
we observe that the coefficients d; ,, must have deg(d; ) = ¢"—q" . So the product
over all i yields [[;_, deg(d;,) = | GL(V)|. These d;,, are known in the literature
as the Dickson invariants. Although not obvious, they form an hsop of F[V]GH(V)
and by the last theorem we know they form a generating set too. So we have
F[V]S*Y) = Fldi, ..., dns) and for any G C GL(V), {din,--.,dnn} forms an
hsop for F[V]<.

A special subgroup of GL(V) is the group of upper-triangular matrices UT(V)
with 1’s along the diagonals. We call this the group of unitriangular matrices.
This group is known to have polynomial ring of invariants [15]. Using ideas similar
to the previous example we can construct a special generating set for F[V]VT(V)

too. We follow [8] for that.

Example 1.4.2.5. Let again F, denote a finite field of order ¢ = p* and V' an
n-dimensional Fj-vector space. Choose a basis V* = Spang {x1,...,z,}. Note
that by the definition of the action of UT(V') on each x;, the orbit polynomials
defined by the formula

hi= ] (@ituw).vi={1,...,n},

ueV;_1

are homogeneous of degree ¢"~'. In particular, it is true that h; = F;_i(z;) (the
latter is defined in the previous evample) and {hy, ..., h,} is an hsop of F,[V]VT(V)
with [T, hi = |UT(V)|. Therefore, F,[VIVTV) = F [hi, ..., hy].
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So far we have been dealing with arbitrary finite groups. Assume that P < GL(V)
is a p-group. Then it is a well-known fact that the invariant field of P is purely tran-
scendental (see, [14]). Since F[V] is integral domain we can find a transcendence
basis for its field of fractions, i.e., algebraically independent invariants fi,..., f, €
F(V)? such that (V)Y =F(fy,..., fn), where dim(R) = tr.degp(F(V))(= car-
dinality of a transcendence basis of F(V)?). It is always useful and sometimes
simpler to construct a transcendence basis for F(V)F rather than a generating set
for F[V]¢. The following theorem consists a constructive approach of this observa-
tion and it is a result that will be used repeatedly. For further reading we suggest

to see [6].

Theorem 1.4.2.6. Let P < UT(V) be an upper-triangular p-group represen-
tation. Choose homogeneous invariants ¢1,...,¢, € F[V]' such that for each
i=1,....n, ¢; € Floy,...,z])" has minimal positive x;-degree. Then we have
F(V)? =F(¢1,...,0n). Furtermore, if LC,,(¢;) denotes the leading coefficient of

¢; as polynomial in Flz, ..., x;_1][z;], we have
Fley, 2] 00, LCo, (00) 7] = Flon, . ] [LC,, (¢0) '],

The above theorem will be used as follows; typically, we shall be able to construct
for each variable x; the corresponding minimum degree invariant ¢; and we will
know beforehand F|xy, ..., 2, 1]F. Then LC,, (¢,) = z¢, would imply from the
above theorem that F[V P[] = Fzy, ..., 2,_1]"[¢n, 2], therefore we will have
an equality of localized rings F[V]"[x]'] = Flx1,...,z,_1]"[x]']. Most of the
times computing ¢;’s though is a tough ad hoc procedure which involves numerous

complex computations.

1.4.3 SAGBI basis and SAGBI/divide-by-x algorithm.

In this section we introduce one of our main tools, SAGBI bases, and present the
SAGBI/divide-by-z algorithm. This algorithm terminates with a SAGBI basis

when the F-algebra is finitely generated, hence when applied on F[V]# allows us
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to construct an explicit generating set.

We remind you that given an ideal I < R, a Grébner basis G :={f1,...,f,} C I
is a special generating set of I, such that for any h € I the lead monomial of h is

divisibe by LM(f;) for some i = 1,...,n.

The word SAGBI stands as an acronym of Subalgebra Analogue of Grobner Basis
for Ideals, hence from the name only it is obvious that forms a special generating
set. The difference is that in theory of SAGBI basis we deal with F-subalgebras
instead of ideals. For what follows let F[z,...,z,] denote a polynomial algebra,

F C Flxy,...,x,] an arbitrary subset and R an F-subalgebra of F[zy, ..., x,].

Definition 1.4.3.1. The lead term algebra of R is the F-vector space spanned
by the set (LT(f) | f € R), with respect to a fized term order <. In other words

the lead term algebra is

LTL(R) = (LT(f) | f € R)¥.

Since R is an F-subalgebra, LT_(R) is an F-algebra too. The reason we are
interested in the lead term algebra is that contains useful information for the

subalgebra itself. For example, the Hilbert series of R and LT<(R) coincide.
Lemma 1.4.3.2. /8, Lemma 5.1.1] H(R,t) = H(LT<(R),t).

Definition 1.4.3.3. A subset F C F[xy,...,x,] is called SAGBI basis of R, if
the set LTL(F) = {LT(f) | f € F} forms a generating set of LTL(R) as an

F-subalgebra. In other words, if we have

LT(R) = F[LT(Z)].

Although the idea of SAGBI basis is similar to that of Grobner basis, they have
some important differences. While a Grobner basis always exists and is finite
(under mild assumptions on the underlying ring), the same is not true for a SAGBI
basis. Indeed, if our subalgebra R is not finitely generated a SAGBI basis is never
finite. Surprisingly though, the latter is not true in the finitely generated case

either.
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Example 1.4.3.4. Assume that we have the subalgebra of F|x,y|, generated by the
set {x +y,ry, zy*}. Then Flz +y, zy, xy*] has no finite SAGBI basis with respect
any term order. Indeed, we can create from the leading terms of elements of this
subalgebra the set {xy,zy?, ..., xy",...}. Therefore the lead term algebra should
contain all this set inside its generating set since no term can be written in terms
of others in LT (F[x + y,xy, xy?]). Thus in that case the SAGBI basis is never
finite.

Example 1.4.3.5. [2/, Chapter 11, Example 1.12]. Another not so obvious ex-
ample of algebra where the SAGBI basis is not finite with respect some term order
1s gien by the ring of invariants for the three-dimensional permutation represen-
tation of the alternating group in three letters Az = (ids,, f, f?), R = Flx,y, 2]43.
This is the algebra consisting of invariant polynomials, remaining stable after the

action of

@ . Ag — GLg(F)

0 0 1
f— 110 0
0 0 1

It is well-known that the ring of invariants induced by the above representation is

the following algebra in four generators,
R=Flx+y+zay+yz+az,zyz,(x —y)(r—2)(y— 2)],

and if we let = be the lexicographic term order with x = y > z, then R has
an infinite SAGBI basis. Assume that LT(R) is finitely generated algebra and
let {x®2% ... 2%2%} be a subset of generators which do not contain y. Notice
this subset is not empty since for f € R and LT(f) = z%y™22" we must have
11 > dg > 13 or iy > i3 > i9. Think of the planar conver cone spanned by the
vectors {(ay,b1), ..., (as,bs)} and choose v > 1 such thatVi=1,...,s, a; > C-b;.
Then every vector contained in the cone must fulfill this inequality too. Set h :=

adtlzd o pdydtl 4 ydod L for some integer d > 1/(1 — «y) such that d +1 < 7 -d.
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Observe that h € R and that due to the lead term (d + 1,d) must lie in the cone
spanned by the above vectors. However, we derive a contradiction since d has been
chosen such that d+1 < v-d. Thus R has a SAGBI basis with infinite generating

set.

Example 1.4.3.6. On the other hand, a classical example of ring with a well-
behaved SAGBI basis is the invariant ring of the permutation representation of ¥,,.
This invariant ring is the algebra generated by the elementary symmetric polyno-
mials, that is Fxy, ..., 2,]%" = Floi+- -+, 1100+ 20 1Tn, ., T1T2 . . Ty
It can be proven that with respect any term order the set of elementary symmetric
polynomials forms a SAGBI basis for Flxy, ..., x,])>".

By the above example we understand that SAGBI bases are more complicated than
Grobner bases. Many questions around criteria which determine if a SAGBI basis
exists or not are still open. However, the following proposition gives necessary and

sufficient conditions for a subset to be a SAGBI basis.

Proposition 1.4.3.7. Let R be a subalgebra of [z, ..., x,]. The following state-

ments are equivalent:

(1) LTZ(R) is Noetherian.

(2) LTZ(R) is finitely generated algebra over F.

(8) The multiplicative monoid of lead terms of R is finitely generated.
(4) R has a finite SAGBI bases.

(5) Every SAGBI basis of R has a finite subset which is also a SAGBI basis for
R.

Before we proceed to the next definition we establish some more notation; for an
arbitrary finite set .Z = {f1,..., fi} C F[xy,...,x,] we denote by f! the product

Hj:1 f', where by I = (4,12, . ..,1;) we mean a sequence of non-negative integers.
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The reduction of an S-polynomial is of fundamental importance in the theory of
Grobner bases. The analogous calculation in the theory of SAGBI bases is the

subduction of a téte-a-téte .

Definition 1.4.3.8. Given a finite set F = {f1, fo,..., fi} C Flxq,...,x,], denote
fl= flvo . fin for I = (iy,...,in) a sequence of non-negative integers. A pair
(ff, f7) is called téte-a-téte if LM(f1) = LM(f7), for various sequences I, J.
We call a téte-a-téte non-trivial if the sequences I, J have disjoint support, i.e.,

if f1 and f’ share no common factors in F.

Now we have all that we need to give the subduction algorithm.

Algorithm 1 The subduction algorithm for a SAGBI bases
Input: A SAGBI bases .# for a subalgebra R C Flxy,...,z,]. A polynomial

feFxy, ...z,

Output: An expression of f as a polynomial in the elements of .%, provided

f € R and non-constant. While f is not a constant in F do

(1) Find fi, fo,..., fn € R, exponents iy, 1is,...,1, € N and ¢ € F* such that
LT.(f) =c LT<(fi)"LT<(f2)...LT<(fa)™. (%)

(2) If no representation (*) exists, then output ”f does not lie in R” and STOP.

(3) Otherwise, output p = c- f1 fo2... f,'» , and replace f by f — p.

Output the constant f.

Given a subset . C F[z1, 29, ..., x,], by adjoining every time the subducted non-
trivial téte-a-tétes on .# creates a nested sequence of generating sets .7 = %, C
F1 C Fy C ... for the subalgebra F[.#]. In fact the subduction algorithm works
when the subset .Z# is infinite, though the resulting generating set %, = J i F
is not finite, hence not really convenient to work out with. For B C R any subset
and f € R arbitrary, we denote by SUBD(f, B) the subduction of f against this set

B.
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We fix as term order the graded reverse lexicographic order with vy, > y,_1 >
-+ = x, for a polynomial algebra F[x,yi,...,y,]. Throughout this thesis we make
extensive use of a different algorithm known as SAGBI/divide-by-x algorithm.
This algorithm is an extension of the previous in the following sense: if a non-zero
subduction f has lead monomial z™y’, where y! = y;"ys™ ...y, for a sequence
of non-negative integers I = (i1, 14, ...,1,), then fx=™ is adjoined rather than f.
This procedure in contrast with the previous creates a sequence of generating sets
F = Py C F C Fy C ... again, but this time in addition we have a sequence
of F-algebras R = Ry C Ry C Ry C ..., each one generated by the corresponding
Fi.

The SAGBI/divide-by-x algorithm, in principle, can be used to compute the ring

of invariants for any modular representation of a p-group.

Theorem 1.4.3.9. [8, Theorem 5.2.3] If the action of G < GL(V) on F[V] is
triangular, then F[V]¢ has a finite SAGBI basis.

Theorem 1.4.3.10. [7, Theorem 2.1] Assume V is an F[P]-module of dimension
n and B = {z, f1,..., fx} a SAGBI basis of A C F[V]", where P denotes some
p-group. Furthermore, suppose Az~ = F[V|P[x~'] and that F[V]' is an integral
extension of A. Then A =F|[V|¥ and B is a SAGBI basis for F[V]'.

Proof. The proof of the theorem is a consequence of [13, Theorem 20.2]. Mod-
ular invariant rings of finite p-groups are known to be UFD [8, Theorem 3.8.1].
Therefore Az~ = F[V]"[z7!] is a UFD too. To prove the equality A = F[V]"
suffices to show that A is integrally closed in its field of fraction, i.e., a normal do-
main. From [13, Theorem 20.2] suffices to prove that zA is prime; assume f,g € A
such that fg € xA. Then xA C zF[V] and the last is prime. So we can assume
f € zF[V] without loss of generality. Due to the term order we use (grevlex with
x small), every term of f is divisible by x and SUBD(f, B) = 0 since B is SAGBI
basis of A. This implies f € A and zA is a prime, since at every step of the

subduction there is a factor of z. O]
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Theorem 1.4.3.11. [7, Theorem 2.2/ Suppose that B is a generating set for
A C F[V]¥ such that x € B and there exist homogeneous hy, ..., h, 1 € B with
LT(h;) = yi. If Alz7'] = F[V]P[z7!], then the SAGBI/divide-by-x algorithm
applied to B terminates with a SAGBI basis for F[V]7.

Proof. F[V] is a finite module over the lead term algebra of F[z, hy, ..., hy_1],
say L. So it is a Noetherian L-module. Thus the ascending sequence of algebras
Ay C Ay C Ay C ... generated by the lead terms of elements of B; in F[V]
terminates. Assume that it terminates at A; and let B; denote the corresponding
SAGBI basis. By assumption the set {z,hy,...,h, 1} forms an hsop for F[V]”
(follows from Lemma 1.12) and A;[z~!] = F[V]”[z7!]. Follows from the previous

theorem now B; is a SAGBI basis for F[V]% too. O

Finally, assume F :={f1,..., fn} C F[t] = F[ty,...,t,] forms a SAGBI basis for
the subalgebra R := F[F| with respect some term order <. Let A = {ay,...,a,} C
N™, denote the set of vectors such that LT(f;) = t%. Consider the F-algebra
epimorphism ¢; — f; from F[t] onto R with kernel I. Similarly, consider the map
from F[t] onto the lead term algebra LT (R), t; — LT<(f;). The kernel of this

map is the toric ideal I 4.

From the definition of SAGBI basis, there is no guarantee that F[F] is minimally
generated by F. The reason is that the subduction algorithm does not understand
whether a téte-a-téte subduction attached on .# can be written in terms of the
other elements when the algorithm has terminated (with a SAGBI basis). Although
this is a downside of the algorithm from algebraic point of view, can be proven
that the subduction of the non-trivial téte-a-tétes minimally generate the ideal of

algebraic relations of R.

Lemma 1.4.3.12. Using the above notation, the non-trivial téte-a-téte subductions

of F minimally generate the ideal of algebraic relations of R.

Proof. Pick an element p(t) =Y _ c,ty...t¢ € I; then p(fy,..., fn) = 0. When

expanding this sum the terms of highest <-order must cancel out. If uy,us € U

uel
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such that LT(c,, fi e #?) = LT (cy, fé o f#g) for distinct terms in p(fi, ..., fn),
then (f"1, f“2) forms a non-trivial téte-a-téte of F. Thus, must exist an element in
I which lifts this téte-a-téte subduction. Carry on this procedure for p(fi, ..., fa),
implies that any time the highest <-order is pruned, the corresponding term in
p(t) can be written in terms of the corresponding lifting of the subduction of some
non-trivial téte-a-téte of F. This yields an expression of p(t) in terms of basis
element projecting to téte-a-téte subductions. Hence any member of I can be

written in this form and our claim follows. O]

1.4.4 Nakajima groups

In this subsection we assume that P < GL,(F) denotes a p-group and F a field
of positive characteristic char(F) = p. It is a well-known fact that the fixed-point
space VT is non-zero if V' # 0. Modding out by this subspace V/VF, we see
that (V/VT)F is not trivial again. Thus we can construct in this fashion a basis
B = {v,...,v,} of Vand B* = {z1,...,2,} of V* such that the representing

matrices are in a unitriangular form.

Let N(z) := Np, (z) denote the norm of some 2 € V*. We recall that by norm,
we always mean the product over the stabilizer P, = {g € G| x-g =z}, i.e,
N(z) = [[,c.py- Set P; := NjxPy;. Then P; < P, and in particular has a very

special form. It is an one row-subgroup generated by the matrix

10 0 0 0 ... 0 ... 0
601 o0 o0 o ... 0 ... 0
0 0 1 0 0 0 0
0 0 0 1 x = *
oo o0 o0 ... 0 0 01

Definition 1.4.4.1. The group P is called Nakajima with respect to B if P =
P.,P, ... P.
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When P is known to be Nakajima the ring of invariants F[V]F has a very nice

description.
Theorem 1.4.4.2. P is Nakajima with respect to some basis B if and only if

F[V)Y = F[Np(z1),...,Np(x,)].

Proof. For a proof, see [8, Theorem 8.0.7]. O

1.5 Extra-special groups

1.5.1 Extra-special groups of order p’.

In this last section we explore the structure of the group for which the correspond-

ing invariant theory we will attempt to understand.

Extra-special groups form an interesting class of p-groups whose character the-
ory and classification is well-understood. Before we proceed to the definition we

introduce a little terminology from group theory.

Definition 1.5.1.1. Assume that G is a finite group. A series of subgroups
1=Ay< Ay < ... <« A, =G, (%)

1s called normal if Vi =1,...,n, A; is a normal subgroup of A;.1. Furthermore,
if each A; is a mazximal strict normal subgroup of A;+1 we call (x) composition
series. Fquivalently, a composition series is a normal series such that each factor
Ai1/A; is simple.

We call a finite group nilpotent, if there is a normal series which is also cen-

tral, i.e., Aj1/A; < Z(GJA;),Yi. Finally, if the successive quotients A;y1/A; are

abelian then the group is called solvable, while if they are cyclic supersolvable.

Clearly every supersolvable group is solvable and every solvable group is nilpotent.
Also it can be proven that any finite group has a composition series. In particular,

in case of finite p-groups we have something more, they are supersolvable.
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Definition 1.5.1.2. Suppose G is a finite group. The exponent of G is defined

as the least commmon multiple of the orders of all elements of the group.

A p-group G is called extra-special if its center Z(QG) is cyclic of order p and the
quotient G/Z(G) an elementary abelian group.

We recall the following construction from group theory which can be found in [19].

Definition 1.5.1.3. A group G is said to be the (internal) central product of
its normal subgroups Gy, ...,G, < G, if G =Gy ...G,, [G;,G;] =1 fori# j, and
GiNll; Gj = Z(G) for alli.

Follows from this definition that since Z(G;) < Z(G) we have Z(G;) = Z(G).

Every extra-special group has order p'™2"

for some positive integer n. Conversely
for each such number there are two extra-special groups up to isomorphism. Of

major importance are the two extra-special groups when n = 1. Define

G = (91,92 ’ 9]1) = 95 = [91792], [91> [91792]] =€, [92> [91,92]] =e€, [glaQZ]p = €>>

H = (g1,90 | 97 =95 =¢1[91,[91,92]] = €,[92, 01, 92]] = €, [g1, 92]" = €).

These are the only (up to isomorphism) extra-special groups of order p3. The first
has exponent p? whereas the second p. The importance of these two groups is

depicted in the following theorem.

Theorem 1.5.1.4. An extra-special p-group P is a central product of n nonabelian

2n+1

subgroups of order p* and has order p . Conversely a finite central product of

nonabelian groups of order p3 is an extra-special p-group.

In particular, we have the following cases:

(1) if p:=2, then P is a central product of Dg’s or is a central product of Dg’s

and a single Qg.

(2) if p > 2, then either P has exponent p, or otherwise it is a central product of
nonabelian groups of order p* and exponent p and a single non-abelian group

of order p* and exponent p.
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The above theorem implies that for p > 2, any extra-special group is either the
central product of n-copies of H, or the central product of (n— 1)-copies of H with

a copy of G.

1.5.2 Group Structure of H

To understand the group structure of H we look at the prototype example of
extra-special groups, the unitriangular matrices over a finite field F,. This is the

non-abelian group of matrices

1 Ci2 C13
UT5(Fp) = ¢ [0 1 3| |cj€F,
0 0 1

For the rest of this section we denote UT3(F,) by U.

A natural generating set for U is

110 1 00
r=1(01 0|, y=101 1],
0 01 001
with commutator element
1 01
[,y =10 1 0
001
Every matrix
1 a B
0 1 ~| €U,
0 0 1

can be written in the following form
1 a p

01 ~| =y a%[xy".
0 0 1
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Suppose that the following two matrices is a pair of non-commuting matrices of U

1 ap ag3 1 B2 Bis
A=10 1 ag3|, B=[0 1 fas
0 O 1 0O 0 1

We can prove that {A, B} forms a generating set. A straightforward computation
reveals that A and B commute if and only if a15823 = as3/312. Also the commutator

[A, B] = ABA™'B™! lies always in the center; using the formula

o b ] T/a —bjlad) (be— cd)/(afd)
0de|l =1]0 1/d —e/(fd)
00 f 0 0 1/f

for inverses of upper-triangular matrices we see that [A, B] € Z(U). Since the
center is cyclic, we have Z(U) = ([A, B]). Due to the isomorphism U = H, the
presentation of the first implies that non-commuting pairs in H form a generating

set with their commutator generating the center Z(H).

1.5.3 Structure of Aut(H).

We want to exploit the isomorphism U = H to understand Aut(H). Fix a non-
commuting pair A, B € U and f € End(U) such that

f:U=>U, r— A y— B.

Since our group is finite and every epimorphism in End(U) is an automorphism, by
definition f is an automorphism. Notice that there is an one-to-one correspondence

between non-commuting pairs in U and automorphisms.

Because U is a non-abelian group of order p® we know that all the maximal sub-
groups are abelian. In particular, these subgroups are obtained by joining a non-
central subgroup of prime order in U and the center. So every maximal abelian
subgroup of U is isomorphic to the 2-elementary abelian p-group, Z, x Z,. Fur-

thermore since every automorphism 7 € Aut(U) keeps the center itself stable, that
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is 7(Z(U)) = Z(U), by fixing a maximal subgroup and an element of U which does
not commute with the non-central generator of the elementary abelian subgroup,
then we get a generating set for U. To actually see this assertions, think of the

isomorphism from U to the semidirect product (Z, x Z,) X Z,,
U— (Z, X Zy) x Zyp, x+—((1,0),0), y — ((0,0),1).

Since any maximal subgroup of (Z, x Z,) X Z, is isomorphic to Z, X Z,, the
assertion for U follows too. Regarding the automorphism group Aut(U) we think
the corresponding Aut((Z, X Z,) x Z,). A simple counting gives (p* — p) elements
which are not in the center and every such an element is commuting only with the
elements of the maximal abelian subgroup generated by the join of the cyclic group
it generates and the center. Therefore for such an element we have p3 — p? distinct
choices of non-commuting elements. Together the above observations imply that

these are the only choices of automorphisms. Therefore, |Aut(U)| = (p* —p?) (p* —
p).



Chapter 2

Classification of modular

representations

2.1 Introduction

In this chapter we classify modular representations of H. Before we proceed to the

main part we first introduce some of the tools that we will need.

Assume F is a field of characteristic p > 0, G is a p-group and V' an n-dimensional
FG-module. We define the socle of V' to be the sum of all simple submodules
and we denote it by soc(V). It is well known result that the fixed-point space
V& is non-trivial (see, [8, Lemma 4.0.1]) and the only simple submodule is the
trivial one-dimensional module (see, [2, Theorem 1.3.2]). Therefore, follows that

soc(V) = VE.
Define soc; (V) := V¢ and for i > 1, soc;(V) so that
soc; (V) [soc;_1 (V') = soc(V /soc;_1 (V).
Then we obtain an ascending sequence of submodules
0 C socy (V) Csoce(V) C ... Csocp(V)=V.

We call this sequence the socle series and £ the socle-length of V' correspondingly.

38
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Definition 2.1.0.1. Define the positive integers
my = dimg(soc; (V)), m; = dimg(soc;(V) /soc;_1(V)), Vi=2,... k.

Then we say that V' has socle-type (my, . .., my), or simply that is of type-(my, ..., myg).

Since H is a p-group, we can apply the above definitions to finite-dimensional

F H-modules. If V' denotes such a module, we always fix a basis %8 consistent with

the socle series, i.e., we extend the basis of V¥ = Spang{ui, ..., un,}, to a basis
of socy (V') = Spang{u1, ..., Umy, Umy 41, - - - Uy +m, p and iteratively we set
soc;(V) = Spang{u1, ..., Umyy- -« Umyt..tm, }

for all ¢ € {1,...,k}. Thus if py : H — GL,(F) denotes the corresponding
linear representation of V', with respect to that basis the representing matrices are
upper-triangular unipotent, i.e., pg (H) C UT,(F). Furthermore, if another choice
of basis consistent with the socle series has been made, then the two bases differ

by a change of coordinates which stabilises the solce series of V.

2.2 Type-(1,1,...,1) Representations

In this section we investigate n-dimensional faithful F H-modules of type-(1, 1, ..., 1).
We prove the existence of a suitable generating set for the group of representing

matrices and explicitly describe these representations when n = 3, 4.

Below by J,, we denote the maximal Jordan normal form.

110 -~ 0 0]

011 --00
Jn:

000 - 11

0 0 0 0 1]
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Theorem 2.2.0.1. Suppose V' is an n-dimensional faithful ¥ H-module of type-
(1,1,...,1) withn < p. Then there is an ordered basis 9B for V such that py(H) =
(Ju, B) < UT,(F).

Proof. We fix a basis B’ of V' so that all the representing matrices of pg : H —
GL,(F) are in an upper-triangular form. First we prove that there is a matrix
A € pg/(H) equivalent to J,. To this end it is enough to show that there is
a matrix L = (I;;) € pg/(H) with all the superdiagonal entries non-zero, i.e.,
liszs1 # 0,4 =1,...,n — 1. Assume that pg (H) = (M, N). If either M or N
has all superdiagonal entries non-zero then we are done. Thus we assume that at
least one is zero. Observe that M, N can’t have same superdiagonal entries zero
at the same time. Otherwise, if ¢ € {1,...,n — 1} such that m; ;41 = n;;11 =0
exists, then the action of H on the quotient V' /soc;_1 (V') would define a fixed point
subspace with dimension at least two. Therefore, the equality soc(V /soc;_1(V)) =
(V /soc;—1(V))H, would imply m; = dimp(soc(V /soc;_1(V))) > 2, contradicting

our assumption that the representation is of type-(1,1,...,1).

The superdiagonal of the matrices M N*, k < p, has n — 2 expressions of the form
M i+1 + kniiy1. BEach of these expressions can be eliminated by at most one k.
Since by assumption n — 2 < p — 1, we can choose k < p so that all of these
expressions are non-zero. Hence for the right choice of k, the matrix MN¥ is

equivalent to the maximal n-dimensional Jordan block.

For suitable choice of k < p assume that pg (H) = (A, B’) with {A, B’} =
{MN* N} and A ~ J,. If B = {v1,...,0,}, set B = {(A — L,)" v, (A —
L) 20, ..., (A — I,)un, v, }. Then % is the seeking choice of basis, since it forms
an ordered basis of V' such that py(H) = (J,,B) < UT,(F). Now our claim
follows. Ol

From now on we fix a basis %8 as described in the previous theorem. Denote
by C(M) = {N € GL,(F)|NM = MN} the centralizer of an invertible ma-
trix M € GL,(F). The presentation of py(H) imposes the relations [J,,, B|.J,, =
JulJn, B), [Jn, B|B = B|J,, B], where [J,, B] = J,BJ; 1B~ denotes the commu-
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tator element. Thus, [J,, B] € C(J,) NC(B). The next lemma gives a description

of the elements in C'(.J,).

Lemma 2.2.0.2. A centralizing matriz T' € C(J,,) has the following form

tin tip tin-1 tin
0 tia tin—2 tip-1
T =
0 0 ti1 t12
0 0 0ty |

for various t;; € F,t;, € F*.

Proof. Let T € GL,(F) denote an invertible matrix. Then the (i, j)—entry of
the product T'J, equals (T'J,)[i,7] = > p_; tixJulk,j]. Thus, (T'J,)[i, 1] = t;1
while if j > 1 we have (T'J,)[i,j] = t;j + t;j—1. Similarly, for ¢ < n we obtain
(J.T)i, ] = tij+tiv1,; and (J,,T)[n, j] = tn;. Now the equality T'J,, = J,, T forces

T to have the claimed form. ]

In pg (H) the derived subgroup coincides with the center. The inclusion Z(pg (H)) C
C(J,) N C(B) implies Z(pz(H)) = (I') = C, for the right choice of T € C(J,) N
C(B). Below we describe T for n = 3, 4.

Lemma 2.2.0.3. Forn = 3,4, every matriz T € Z(py (H)) has the following form

10 0 tin
01 -0 0
T = , for t1, € F.
1 0
L 0 1]

Proof. We present explicitly the equality BT = T'B for the cases n = 3,4. Com-
putations on MAGMA yield
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n=3J3:
_t1,1 tiabig +ti2 tiibiz +ti2bio + 751,3_
0 t11 t11ba3 +t12
0 0 t11 i
_t1,1 tiabig +ti2 tiibiz +ti2ba3 + t1,3_
0 t11 t11b23 + 112
0 0 t11 i
n=4:
_t1,1 tinbig +tio tiabig +tiobio+1ti3 tiibia+1ti3b12 + 12013+ t1,4_
0 t11 t11b23 + 12 L1024 +t1 2023 + 113
0 0 t11 t11b3a + 112
| 0 0 0 t11 |

ti1 tiabia +t12 t11b13 +t12baz +t13 t11b1a +t1,3b34 +t12b24 + 114

0 t1,1 t11b23 +t12 t1,1b2.4 + 112034 + 113
0 0 ti1 t1,1b34 +t12
0 0 0 t1,1

The equality T = [J,,, B] yields t;; = 1 in both cases. For n = 3, the commutator
C = [A, B] becomes

1 0 b273 — b1’2
C=10 1 0
0 0 1

The condition C' # I3 implies by 3 — by 2 # 0, thus we obtain ¢; » = 0 and our claim

follows. The case n = 4 yields the following three equations:
t12(b12—b23) =0, t12(bag —b3a) =0, t12(b13—boa) +t13(b12—b34) =0 (1)
and the commutator of pg(H) equals

10 bog —bio (14 b34)(b12—bo3) — b1z + b2,4-
0 1 0 b3 — bag
00 1 0
00 0 1

[Ji,B] = JuBJ;'B~" =
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Thus, the condition 7" = [Jy, B] yields t12 = 0, as well as the equalities t; 5 =
b3 s — bag,t13 = bag — b1 2. Adding the last two equations gives 2t; 3 = b4 — by 2.
Applying the last equality to the third condition of (1) gives ¢; 3 = 0. Therefore,

for n = 4 our claim follows too. O]

Remark 2.2.0.4. The above observation cannot generalize directly to higher di-
mensions. For n = 5, the relation T = [J5, B] yields again t;1 = 1,t;5 = 0,

however the equality BT = T B implies that the commutator can have the follow-

g form i i
1 00 tig tip
010 0 ta
T=1001 0 0
000 1 O
000 0 1]

with t1 4 € F not necessarily zero and [T, Js] = 0.

The equality T = J4BleB_1 implies JuB — T'BJ, = O4. After the matrix

multiplication we obtain

0 0 byg—bia byy—bi3—d
00 0 b3 4 — bas
=04 = bia=0byz =104, by —b13#0.
0 0 0 0
_0 0 0 0 |

The same computation for n = 3 gives by 3 — b1 2 # 0.

For n = 4, we are able with a consistent change of basis that preserves J; to
bring B in a more handy form. Since byy — b3 # 0, set b = by 4/(baa — b13).
If B = {e1,eq,e3,e4} denotes the basis of V' from Theorem 2.2.0.1, then %, =

{e1 + beg, ea + bes, e3 + bey, €4}, forms a new basis such that the transition matrix
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T’ annihilates the (1, 4)-entry of B:

(1 by by O
0 1 by by
0 0 1 by
00 0 1

T 'BT =

When n = 3, follows from a routine calculation that C(J;) = C(B). Hence any
consistent with the socle series change of basis preserves both generators of pg (H).

So B cannot transform in that case.

Theorem 2.2.0.5. Suppose ¥ is a field of characteristic p > 5 and V' a faithful
four-dimensional ¥ H-module. Then there is a choice of basis 9B consistent with

the socles series such that pg(H) = (Jy, B) with

(1 by bz O]
B— 0 1 b1’2 b274
0 0 1 by
0 0 0 1

Furthermore, these representations are parameterised by the set {(byo,b13,b24) €

F3 | by 3 # bay}. Similarly, for n = 3 we have py(H) = (J3, B') with

1 bl,g 0

%
|
o O
[
=
[ N
w

and type-(1,1,1) representations are parameterised by {(bi2,b23) € F? | bio #
bas}-

Finally for arbitrary n > 5, from Theorem 2.2.0.1 we obtain the following propo-

sition.

Proposition 2.2.0.6. Suppose ¥ is a field of characteristic p > 5 and V a faithful

n-dimensional ¥ H—module of type-(1,1,...,1) such that n < p. Then there is

a choice of basis 9B consistent with the socle series such that py (V) = (J,, B).
n(n—1)

Hence, these representations are parameterised by points (by o, ...,bp—1,) € F 2,

subject to the relations [J,, [Jn, B]] = 0,[B, [Jn, B]] = 0.
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2.3 Type-(2,1,...,1) Representations

We start this section by describing the matrices with Jordan normal form J; ,_;.
Let M € GL,(F) denote an invertible matrix, A\y; € F an eigenvalue and dy =
dimp (ker(A — Ay 1,)F1). We recall by construction of Jordan normal forms that

the number of of Jordan blocks of dimension at least k corresponding to A, equals

dy, — dg—1.
Lemma 2.3.0.1. Let A € UT,(F), then

A~ Jip &= (A—1,)""?#0 and rank(A —1,) =n — 2.

Proof. The two conditions (A — I,,)"% # 0 and rank(A — I,,) = n — 2 imply that
(A—1I,)" ' = 0. Otherwise, (A —I,,)"~! # 0 yields non-zero superdiagonal entries
and rank(A — I,,) = n— 1. Also the condition rank(A — I,,) = n— 2 implies d; = 2,
so we have two Jordan blocks. Since d,,_; = n the first assumption (A—1I,,)""2 # 0

gives d,_1 — d,,_s # 0, hence there is a Jordan block of dimension n — 1. Thus,

follows A ~ Jnfl’l. ]

Next we prove that if V' is an n-dimensional F H-module of type-(2,1,...,1) then
under a mild assumption on the dimension there is always a representing matrix

equivalent to Jj 1.

Lemma 2.3.0.2. Suppose V' 1is an n-dimensional faithful FH-module of type-
(2,1,...,1) with n < p+ 1. Then there is an ordered basis 9B consistent with
the socle series such that pyp(H) = (J1 -1, B) < UT,(F).

Proof. Fix a basis B’ = {v1,...,v,} consistent with the socle series so that the
matrices in pg/(H) are upper-triangular unipotent. Suffices to prove that there is

always an A € pg/(H) such that a;;41 # 0, Vi = 1,...,n — 2. For such matrix
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follows immediately that rank(A — I,,) = n — 2 and a routine calculation yields

00 .. 0 13003 4...0n 1 n
0 0 ... 0 a930034....00p—1,

(A o [n)nf2 — ' ' ' 2,3 3,4' 1, # On.
00 .. 0 0 |

Therefore our claim will be an application of the previous lemma. To prove this
we follow the same strategy as in type-(1,1,...,1) representations. If pg/ (H) =
(M, N), then m; ;1,141 cannot be zero simultancously for any i = 2,...,n — 1,
since contradicts our initial claim; the action of H on V' / soc;—1(V) fixes a subspace
of dimension at least two, hence m; = dimg(soc;(V') / soc;—1(V)) > 2. If no entry
other than (1,2) is zero for either M or N then we are done. Otherwise, the
superdiagonal entry of the matrices MN*, k < p, contains n — 3 expressions of
the form m; ;41 + kn;;41. Each of these expressions is eliminated by at most one
k, hence n < p+ 1 implies the existence of £ € F* such that these expressions are

non-zero.

Let A € pg/(H) denote a representing matrix such that A ~ J;,,—1. The action of
(A—1,)* on the basis vector v,,_; for k = 1, ...,n—2 along with v,, yields a chain of n
linearly independent vectors B := {(A—1I1,)" *v,_1, ..., (A—IL,)vp_1,Vp_1, v, } that
is socle-preserving. With respect to that basis we obtain pg(H) = (J; -1, B) <
UT,(F). O

In the next lemma we give a description of the elements in the centralizer C(.J; ,,—1).

Lemma 2.3.0.3. A centralizing matriz T € C(Jy,—1) has the following form

[, 0 0ty
la1 22 ton-1 ton

T= ;
0 O loo 123
00 0 fa2

for various t;; € F,t1 1,120 € F™.
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Proof. Follows from a routine calculation similar to Lemma 2.2.0.2. [

Remark 2.3.0.4. Notice that when n = 3, representations of type-(2,1) are not
faithful since the representing matrices form an abelian subgroup. Thus three-

dimensional representations of this type are not considered.

Before we proceed to the next lemma, we compute that for n = 4 the derived

subgroup of pg (H) is generated by

(100  —bys
0 1 0 bsy—b
[JL:)” B] _ 3,4 2,3
001 0
000 1 |

Lemma 2.3.0.5. Forn =4, every matriz T € Z(py(H)) has the following form

t14

0
1

00
10 tyy
01
00

1
0
0

0

fort;; € F.

Proof. Assume T' € C(Jy3), B € UTy(F). The condition T' = [J, 3, B], gives
tig = tao = 1, and t12 = tp1 = ta3 = t34 = 0. For the resulting 7', a routine

computation gives BT = T'B. Hence our claim follows. O]

Substituting 7" from the last lemma in the equality J, 3B — T BJy3 = Oy, gives
t13 = bza — bas, t14 = —b13. Thus, the representation is faithful if and only if
b3 # 0 or bgy — byz # 0. Since we would like to transform the second generator

in a more handy form, we distinguish between the two cases.

Let 8 = {ey,e9,e3,¢e4} denote the basis of Lemma 2.3.0.2. Assume by 5 # 0

and consider the new basis By = {by 3e1 — by 462, €2, €3,ba 363 + by 3e4}. Then the
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transition matrix 7 := T, 4 is a change of basis consistent with the socle series

that fixes J; ,—1 and transforms B to

1 0
0 bay
1 b3y
0 1

0
1 1
T BT, =
0
0

1
0
0

0

If 6173 =0 (hence, bgjg - b374 7é O), b174 7é O, we can transform % to %2 = {tg’gel +

bia—0
log = t22 L4 23 The

to €2, taoes + tages, toses, e + €3}, with oo = g o
2,3 — 034

by’
resulting transition matrix 75 := T, ¢ transforms B to

10 0 1
0 1 byy O
Ty BT, = 24
00 1 by
00 0 1|

If by 4 = 0, then % can be transformed to B3 = {e1 + b3 4€2, €3 + ba 3€3, €3, €4} With

the transition matrix 73 giving

(10 0 o]
B 0 1 bpy O
T BTy =

00 1 by

00 0 1

All the above summarize to the following theorem.

Theorem 2.3.0.6. Suppose F is a field of characteristic p > 3 and V is a faithful
representation of H over ¥ of type-(2,1,1). Then there is a change of basis B
consistent with the socle series such that ps(H) = (J13, B). Furthermore, we have

the following cases:

(1) If b3 # 0, then the basis can be chosen so that

(101 0
01 0 by
0 0 1 byy
000 1
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(2) If bys = 0 and V' faithful indecomposable, then the basis can be chosen so

that ) )
1 0 0 ¢
01 0b 0
B 2,3
0 0 1 b3y
00 0 1
while if V' is decomposable, so that
(10 0 o]
s |01 ks 0
0 0 1 b3
00 0 1

49

Finally for arbitrary n > 5, we obtain the next proposition.

Proposition 2.3.0.7. Suppose ¥ is a field of characteristic p and V is a faithful
representation of H over ¥ of type-(2,1,...,1) and dimension n < p+ 1. Then
there is a choice of basis B for V', such that pgp (H) = (J1n—1, B). Therefore, these
representations are parameterised by points (bys,...,bn—1,) € F@, subject to

the relations [Jy n—1,[J1n-1, B]] = [B, [J1,n-1, B]] = 0.

2.4 Type-(1,1,...,2) Representations

Let V' denote an n-dimensional left F H-module and " = {vy, ..., v, } a fixed basis
such that the representing matrices are upper-triangular unipotent. We define a
right F H-module structure on the dual V* by setting (v; - h)(u) := vf(h-u) on the
dual basis and extending linearly. Set p%,, : H — GL(V*) for the induced linear
representation of this action. If A € GL,,(F) represents pg: (h) : V. — V for some
h € H, then the transpose A" represents the dual homomorphism p%, (k) : V* —
V*. Since A and A" are similar, up to permutation of Jordan blocks they have

the same Jordan form.
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Generally V' and V* need not have the same socle type neither to obey any rule.
However, if V' is of type-(1,1,...,2) and %’ consistent with the socle series, then

the image of pg/(H) consists of matrices

1 Ci2 €13 ... Cin
0 1 C23 ... Can
0 O 10
o 0 .. 0 1]

whose transpose induce a representation of type-(2,1,...,1). Therefore, the dual
module V* defines a type-(2, 1, ..., 1) representation. From the previous section we
know that in p},,(H) a matrix equivalent to J; ,_1 exists. Thus, up to permutation
of Jordan blocks we can assume that among the representing matrices of a type-
(1,1,...,2) representation there is always one equivalent to .J,_1 1. So we conclude

to the following.

Lemma 2.4.0.1. Suppose F s a field of characteristic p and V is a faithful rep-
resentation of H over F of type-(1,1,...,2) and dimension n < p+ 1. Then there
is a choice of basis for V' such that pp(H) = (Jo—11, B).

In the next lemma we give a description of the elements in the centralizer C(J,—11).

Lemma 2.4.0.2. A matrizc T € C(J,—11) has always the following form

_t1,1 tip o tip—t tl,n_
0 tip -+ tipn—2 O
T . . ’
0 0 - t, 0
0 0 o tunet tan]

for various t;; € F,t11,t,, € F".

Proof. Follows from a routine calculation similar to Lemma 2.2.0.2. n
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Remark 2.4.0.3. Notice that for n = 3 representations of type-(1,2) are not
faithful, since the representing matrices form an abelian subgroup. Thus three-

dimensional representations of this type are not considered.

Before we proceed to the next lemma, we compute the commutator of pg (H) when

n =4,

1 0 bys—Dbia bag

01 0 0
[J3,1a B] -

00 1 0

oo o 1]

Lemma 2.4.0.4. For n =4, every matriz T' € Z(py (H)) has the following form

(10 tis tis)
01 0 0
T = ,
00 1 0
00 0 1

fort,; € F.

Proof. Assume T € C(Js;), B € UT4(F). The condition T' = [J;5,, B] gives

tin =tsa =1, t1 9 =143 =0. Thus our assertion follows immediately. ]

Substituting the resulting 7" in the condition J51B — T'BJ3; = Oy, gives t13 =
bog —bia,t14 =boy. If byy =0, then in py(H) every element has zero (2, 4)-entry.
The latter implies that dimg(soca(V)) = 2 which is a contradiction. Hence we can

assume that by 4 # 0 always.

If B = {eq, eq, €3, €4} denotes the basis of Lemma 2.4.0.6, we consider the following
basis %1 = {61, —b2’3€1 + b2’4€2 + b17463, b27463 + b17464, b27464}. Then the transition

matrix 7' := Ty, is a change of basis consistent with the socle series that fixes
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J31 and transforms B to the following matrix

(b2 —ba3)bis ]

1 big big+ 0
ba 4
T*lBT — 0 1 0 1
0 O 1 0
0 0 0 1
Finally, assume that pjy, = (Js1,B1),p5, = (J31,Bs) are two representations

and %1, %, bases as constructed above. Then py, ~ p7,_, if an invertible matrix
P € GL4(F) that stabilises the socle series exists, such that P € C(J5;) and

P~'B,P = B,. A routine computation shows that the two conditions imply

P 0 pig3 p1,4-
0 piai O 0
0 0 pii O
0 0 0 pu

and that different pairs (b1 2,1 3) € F? define inequivalent representations of these

type. All the above summarize to the following theorem.

Theorem 2.4.0.5. Suppose ¥ is a field of characteristic p > 3 and V a four-
dimensional faithful representation of H over ¥ of type-(1,1,2). Then there is a
choice of basis 9B consistent with the socle series such that pg(H) = (Js51, B) with

(1 by by O

0 1 0 1
B =

00 1 0

0 0 0 1]

Furthermore, these representations are parameterised by points in F2.

Finally for arbitrary n > 5, we obtain the next proposition.

Proposition 2.4.0.6. Suppose ¥ is a field of characteristic p > 3 and V a faithful
representation of H over ¥ of type-(1,1,...,2) and dimension n < p + 1. Then
there is a choice of basis B for V', such that ps(H) = (Ju—11, B). Therefore, these
representations are parameterised by points (bya,...,bn—2,) € F%, subject to

the relations [Jn—11, [Jn-11, B]] = [B, [Jn-11, B]] = 0.
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2.5 Type-(1,2,1) Representations

Let V' denote a left four-dimensional F H-module of type-(1,2,1). We fix a basis %
such that pg (H) < UT4(F). Then pg(H) consists of matrices with the following

form

1 Ci2 C13 C14
0 1 0 co4
0 0 1 ¢34
0 0 0 1

, Cij € F.

We start off by investigating the Jordan normal form of matrices in pg (H). To this
end we use an idea introduced in [18], the socle-tabloid associated to V. Before
we proceed we point out an important property of V. In [18, Theorem 2.2.2], it
is proven the existence of a basis that is both socle-preserving for V' and up to

permutation of the dual basis elements, socle-preserving for V*.
For the rest of this section every basis of V' is assumed to have the above property.

Definition 2.5.0.1. [18, Definition 2.2.3] Let V' denote an n-dimensional left F P-
module for some p-group P and fix a basis B. We define the socle-tabloid of V'
to be the tabloid ty, where the boxes of the tabloid are in bijective correspondence

with the elements of v € B filled with the following rule:
v € soc; (V) \ soc;_1(V), v* €soc;(V*)\ soc;—1 (V™)

corresponds to L1 in i-th row.

Suppose V' is a left FH-module of socle-length k. Then the quotient module
V/sock_;(V') has socle-length i and corresponds to a submodule of the dual V* with
the same socle-length. Therefore, given an element in this submodule it cannot sit
in the socle series of V* further than soc;(V*). This idea can be translated in the

following lemma.

Lemma 2.5.0.2. [18, Lemma 2.2.7] Let V' denote an F P-module with socle-tabloid
ty. Then the i-th row from the bottom of ty contains at least one 2] and no entries

which exceed 1.
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The last lemma implies that if V' is four-dimensional F H-module of type-(1,2,1),

then we can have only the following two socle-tabloids

2] 1]

‘HL\DC«O‘

‘»—nww‘

The frequency of appearances of each number in a socle-tabloid gives the dual-
type. Thus, the left tabloid corresponds to type-(1,2,1) for V*, whereas the right

to type-(2,1,1). For the last case we have proven that a matrix with Jordan normal

form J3; always exists. Therefore, representations with socle-tabloid [271] contain

2
1
a matrix with Jordan normal form Js;. The last is not true for these with socle-
3
tabloid [2]2] Finally, throughout this section we fix a basis %’ that preserves the

—_

socle-type of V, and up to permutation, the socle-type of V*. The proof of the

existence of such a basis can be found in [18, Theorem 2.2.2].

3]
Representations with socle-tabloid [2]1]
1]

Let 9B’

3]
2[1]
1

Suppose V' is a four-dimensional FH-module with socle-tabloid
denote a basis such that the representing matrices are upper-triangular unipotent
and is socle-preserving both for V and V*. Then pg (H) consists of matrices of

the following form

1 cp a3 cia

0 1 0 ey

0 0 1 0
0 0 0 1|

Recall from type-(2, 1, ..., 1) representations that a matrix with Jordan normal form

3]
J1.3 always exists. Since the dual of a representation with socle-tabloid |2| 1] are of
1]
type-(2,1, 1), follows that up to permutation of Jordan blocks we can always find

a matrix with Jordan normal form Js ;.

Lemma 2.5.0.3. Suppose V' is a four-dimensional F H-module with socle-tabloid
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3]
% L], Then there is a choice of basis B consistent with the socle series, such that
pa (H) is generated by

1 100 1 bia 1 bia
01 01 0O 1 0 b
A B 2,4
0 01 0 0 0 1 0
0 0 0 I} o0 0 1

Proof. Assume that pg/(H) = (M,N) with M ~ Js;;. Pick any element e; €
V \ soca(V). Then for e3 = (M — Iy)(e1),es = (M — I,)*(e;) and a choice of

ey € VMN\ VH M transforms to the following matrix

0 0]
01
1 0|
0 1]

11
01
00

00

From the definition of M follows that the change of basis P is consistent with

the socle series, hence conjugation is well defined, i.e., B := P~!NP is consistent

with the socle series. Furthermore, since by 3 = 0 would imply soc(V) = 2, we can

assume by 3 # 0. Thus, for the right choice of es we acquire by 53 = 1. O

We wish to describe the centraliser of A and investigate how it acts on B.

Lemma 2.5.0.4. The centralizer C(A) consists of matrices of the following form

tin tip tiz tia
0 tin 0 ti2
0 0 to2 t34
0 0 0 t,

Proof. Follows from a routine computation on TA — AT = Oy,. O]
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Next we investigate how elements of C'(A) act on B. Assume T € C'(A), then the
equation T'B — BT = Oy yields explicitly

0 0 t11—too (boa—bio)tio—t34
00 0 0
— 04.
00 0 0
_0 0 0 0 |

Thus, T' commutes with B if and only if ¢1 1 = ta9, (b a—b12)t1 2—1t34 = 0. Further-
more, for the right choice of T € C(A)NC(B) we can assume that Z(pg (H)) = (T,
since Z(ps(H)) C C(A)NC(B). The relation AB —TBA = O, induced from the
presentation of pg (H)

0 —ti2 —tig baa—bio—tio—tia
0 0 0 —t
1,2 o,
0 0 o0 s
0o 0 o 0 |

implies t10 = t13 = t34 = 0,414 # 0 and byy — b1 2 = t14. Thus for B we must

have by o # b2 4. Summarizing all the above yields the following theorem.

Theorem 2.5.0.5. Suppose V' is a faithful four-dimensional FH-module with
3

socle-tabloid % L Then there is a choice of basis 9B consistent with the socle

series, such that pg(H) is generated by

—1 10 0_ —1 bia 1 51,4_

01 01 0O 1 00
A B 2,4 7

0010 0O 0 1 0

_0 00 1 _0 0 0 1 |

subject to the constraint by o # bys. Therefore, these representations are parame-

terised by the set {(bLQ, b1’47 b2,4) c FS ‘ bl’g §£ b2’4}.

Representations with socle-tabloid

‘»—Aww‘
o




CHAPTER 2. CLASSIFICATION OF MODULAR REPRESENTATIONS 57

This time there is no guarantee that a matrix with Jordan normal form J3; exists.

However, with the right choice of basis we obtain a suitable set of generators.

mma 2.5.0.6. Suppose V is a four-dimensional F H-module with socle-tabloid

Le

3

2]2]. Then there is a choice of basis % consistent with the socle series, such that
1

P3

(H) is generated by the following matrices

_1 G122 013 0_ _1 51,2 b1,3 0_

0 1 0 O 0 1 0 1
A - s B =

0 0 1 1 0 O 1 0

_O 0 0 1_ _0 0 0 1_

Proof. Assume that pg (H) = (M, N). We construct the seeking basis as follows;
choose any e; € V' \ soca(V) and set e = (M — I4)(e1),e3 = (N — Iy)(e1),eq4 =
[1 00 O]T. Then the resulting set of vectors B := {ey, s, €3, €4} forms a basis
for V. Calculating the generating matrices M and N on this new basis yields our

claim. ]

The commutator C' = [A, B] = ABA™'B~! in that case becomes

-1 0 0 CLLQ - b173
010 0

C =
0 01 1
ooo 1 |

Thus the condition C' # I gives a;2 — b1 3 # 0. We wish to classify equivalent
classes of representations of this form. From the last lemma it is obvious that
(a12,b12) # (0,0),(a13,b13) # (0,0), since otherwise the fixed point space is
two-dimensional. Two such representations are equivalent if an invertible matrix

that stabilises the socle series exists. If P denotes such matrix, the conditions
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P~YAP, P~'BP force P to have the following form

1 0 0 pia
0 pe2 O 0
0 0 p22 O
0 0 0 poo|

Explicit calculations on the above two conditions imply the following theorem.

Theorem 2.5.0.7. Suppose V' is a faithful four-dimensional FH-module with
3

socle-tabloid % 2| Then there is a choice of basis B consistent with the socle

series, such that pg(H) is generated by

1 12 13 0 _1 b1,2 51,3 0
0 1 0 O 0 1 0 1
A = s B —
0 O 1 1 0 O 1 0
0 0 0 1] 0 0 0 1

Furthermore, these representations are parameterised by points in the projective
space {[a1,2 a3t b1,2 : bl,:ﬂ € P%‘ | (a1,27b1,2) # (O,O),(a173,b1,3) # (070),a1,2 #
bl,g}.



Chapter 3

Three-dimensional case

3.1 Introduction

Let F denote a field of positive characteristic char(F) = p > 0. Assume that H
is the extraspecial group of order p* and exponent p endowed with the following

presentation

H={(g1,92| 9% = 95 =€, 91,01, )] = €, [92. 91, 92]] = e, [91,02]" = e).

We wish to study three-dimensional invariants of H over F.

Suppose V is a three-dimensional left F H-module. From Theorem 2.2.0.5 we know
the existence of a basis 8’ consistent with the socle series, such that the group of

representing matrices pg (H) is generated by

110 1 by O
J3 = 0 1 1 y B = 0 1 b273
0 01 0 O 1

To make our computations easier we change the generators with something equiv-
alent. If %, = {61, €9, 63}, then % = {261, €9 —+ b172/(bl’2 — 6273) *€1,€3 4+ b273/2(bl’2 —

ba3) - €2 + biobaz/2(b1 o — ba3)? - 1} forms a basis consistent with the socle series

29
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that transforms {.Js, B} to the following matrices

1 2 1 1 2¢; 0
=101 1|,9=10 1 c|, c,c2€F
0 01 0O 0 1

with the commutator h = [g1, g2] = g1 "5 'g192 given by

1 0 ¢
h=10 1 0], c=2(ca—c1).
0 01

It is not difficult to see that {g;, g2} forms a generating set for H. We denote the
group of representing matrices with respect to the new basis by pg(H). Finally

since we consider faithful representations, throughout we always assume ¢ # 0.

3.2 Generic Case

In this section we show that for any faithful generic three-dimensional F H-module
V, the ring of invariants F[V]" is a complete intersection. In Lemma 3.2.0.2 we
compute F(V) and we apply SAGBI/divide-by-x algorithm on the invariant field
generators to construct a generating set for F[V]#. To this end we make use of

the following result which forms the base of our technique.

Theorem 3.2.0.1. [7, Theorem 4.3] Let V3 denote the representation of (F,+)
dual to the symmetric square Vi and (W,+) < (F,+) a finite subgroup. Then
F[V5]W is the hypersurface generated by {x, 6, Ny (y), Ny (2)}, where § = y? — xz.
Furthermore, this generating set is a SAGBI basis with respect to the graded reverse

lexicographic order with z >y > x.

We consider the above theorem when W = (), to construct the invariant field

generators.

Think of the composition series {e} < H; « Hy < H, where Hy = (¢1), Hy =

(g1, h). We wish to describe the invariant rings for the successive quotients of
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the composition series and apply the identity (F[V]Y)¢/N = F[V]®. However this
cannot happen directly. The methods we have in our disposal are for group actions
on polynomial algebras, hence whenever F[V]V fails to be such an algebra the
quotient group G/N is not acting nicely for our convention. To resolve this issue
we pass to a localized level whereby we can apply the group action on polynomial

algebras.

We first consider the case H; = C,. Then Theorem 3.2.0.1 implies F[V]# =
Flz,6,Ny, (v), Ny, (2)], hence the Hy/H;-action is not on a polynomial algebra.

Localizing at x yields
FIV]"1 [z = Flz, 6, N, (y)][z7"]. (3.2.1)
Now the right hand side algebra is polynomial and since Ho/H; = (h) we obtain
F[V]™[a™!] = (F[V]")"™/ M ™) = Fla, 6, N, ()] ™ [27]. (3.2.2)

The (h)-action on F[z, d, Ny, (y)] induces an F(h)-module structure. Let 1} denote
the F-vector space spanned by the algebra generators {z,d, N, (y)} shifted to
degree one, i.e., V) = Spang{z,y; = Ny, (y)/2P~*,yo = 6/z}. In terms of this new
basis we compute

Yi-h=uyi, yo-h =y —cx.
Thus (h) acts as a Nakajima group and [8, Theorem 8.0.7] implies F[V;]¥" =
Flz,y1, Np(y2)]. Substituting in (3.2.2) and clearing out the denominators mini-

mally returns

F[V]™[z7"] = Flz, Ny, (), Na(0)][2"], (3.2.3)
where N, (§) = 67 — P~ 2P~y
Now applying the H/H; = (go)-action on (3.2.3) gives
F[V]"[2"] = Flz, Ny, (y), Ny (8)] ) [~ 1]. (3.2.4)

Set z5 := Ny (d) and Ay := g — 1 € F(go) for the twisted derivation induced by

go. Then 25 generates a triangular basis of Hy-invariants

{ZO = Ag(22>, 21 = A2(22)7Z2 = Nh(5>}



CHAPTER 3. THREE-DIMENSIONAL CASE 62

Note that as F(gs)-module, the vector space spanned by this basis is isomorphic
to Vs, the three dimensional indecomposable representation of (gs). A routine

computation gives
22 =Nu(0), 21 = 12" Ny, (y) + (& = 3 )a™, 2 = (5 — c2)a™,
thus F|z, 21, 20] = F[z?, 2PN, (y), N, (8)] and
Flz®, 27Ny, (y), N (9)][2~"] = Flz, N, (), Na(0)][z~"].
Therefore, from (3.2.4) follows that
FIV]7[27'] = Flz, N, (), N, (0)]9 [27] = Fleo, 21, 2] [271). (3.2.5)

Denote & = 22 — 2202 — 202,. Using Theorem 3.2.0.1 gives F|z, 21, 2] =

Flz0,0,N,,(21), Ny, (22)] and (3.2.5) implies
F[V]" 27" = Flz0,6, Ny, (21)][z 7). (3.2.6)
Let D denote the image of 4 in F[V] and Ny (y) the H-norm of y
Ny (y) = NP (y) — (c2” — co)P'a?P"UNy, (y). (3:2.7)

Using (3.2.6) this time, gives

Expanding the definition of D yields

D = A3(Nu(3)) — 2Nu(8)AZ(N,(6)) — Az(Ny(8)) AZ(N4(9))
— AN (y) + (20( — ) — (e — )Ny, ()
— 20— )e?N(O) + (& = ) = (S — o) (& — S,
To make the above expression simpler, we divide through by 2cP2?” and get rid of

the last summand. Set for simpilcity 79 = ¢2 — ¢1, 71 := ] — ¢; and 79 := b — 5.

Then the resulting polynomial

D =i N2 (y) +(c3F — 3y~ = ¥72)2" Ny, (y) — 12N (6), (3.2.8)
B8

is an H-invariant. The following lemma shows that is a generator of F(V) too.
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Lemma 3.2.0.2. F(V)# = F(z,Ny(y),D).

Proof. Note that LT(Ny(y)) = y*°. Since on the first two variables H is acting
as a two elementary abelian p-group, [9, Theorem 3.7.5] implies that {z, Ny (y)}
form minimum degree invariants in z and y respectively. Also, equality (3.2.2)
implies F(V)"2 = F(z,Ny, (y), Ny (d)) and the field inclusion F(V)# c F(V)?
that the minimum z-degree H-invariant has z-degree at least p. From equation
(3.2.8) follows that deg,(D) = p. Hence D is of minimum z-degree. Now the claim

is a consequence of Theorem 1.4.2.6. [

For 73 := 79 — 71 = ¢o — ¢}, expanding the new D we observe that the lead term
comes from the sum of the lead terms of & and 3, LT(D) = ~3 y* , while the second
term from o and equals —2v52P~1yP*1. So working modulo the ideal (zP) < F[V]
gives

D =40 13y — 298P Tyt (3.2.9)

For reasons that will become obvious later on we investigate and present the third

and fourth term in order. Expanding and reducing modulo (zP*!) < F[V] gives

2

D =ity 1% = 2967y + (6 — b = ) Ay’ + eas.

Set B = {x,Ny(y),D,Ny(z)} where Ny(z) denotes the z-norm. We wish to
extend Z to a SAGBI basis by applying the SAGBI/divide-by-z algorithm. In
what follows we always assume that v; #£ 0, for7 = 0, ..., 3. Moreover for simplicity
we set Y1 =YW+ —7 = c‘f — 9. Observe that in Z there is only one non-trivial

tete-a-téte: (DP, N%(y)).

Lemma 3.2.0.3. Subducting the téte-a-téte (DP,N%(y)), defines an invariant with

lead term: — 29 ~y /s - 2"~ 1yP*H1

Proof. We work modulo the ideal in (z7°~1) < Flz,y,2]. For D? follows from

(4.1.2) that in the quotient ring we have

DP =20y 7 Y2 — 2752 PP~ yp(ptl),

{ar?=
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On the other hand, expanding N%(y) and reducing modulo P gives
N2 () = sy 42— 2(1+ A5 e Dypesd),

Summing up the two parts yields

D? — 1IN, (y) = = 21y —2~2~ 74txp(p—l)yp(:tﬂrl).

We work modulo the principal ideal (zF) « F[z,y, z]. Set

(p+1)

~ p+1
fi = DP —iNL(y) + 298 ' a/ys® D2 2P (3.2.10)

We analyze each part of f,. The binomial theorem for D = = ey Y3y — 29f Pty t!

gives
ptl _ pil
DS =) (ny™ — 2yga?tyrth)

R I e P

Thus multiplying by 27?1 both sides yields
el p(p—1) B pr) p(p—1) p>—1, p?+1
D= =@ 13 Y z 70'73 x Y .
Regarding the téte-a-téte difference, expanding the definition gives

D” — N4 (y) = 75 NZ(y) + (% — e ™V) — )a?" NE (y) — 4N (3)
— BN (y) — 2987 'NEH ()20~ 4 2D 2= DN2 (y))).

while reducing modulo P

D? — N2 (y) =ty — 295 PO VarPD — 2922ty DDy L
Summing up the two parts now proves our claim
2
F1 =y =282/ - a7y
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Throughout, along with the previous assumptions (i.e., 7; # 0,Vi = 0,...,3),
we assume that v4 # 0 too. Notice that ]71 cannot subduct further. Due to the
SAGBI/divide-by-z algorithm we divide through by 2=~ and we attach this
new invariant to &. Set f, = fiz~®-Y and B, = B U {f1}. Observe that in

2
%, there is a unique non-trivial téte-a-téte: (f7, D%)

2
Lemma 3.2.0.4. Subducting the téte-a-téte (f7, DPTH), defines an invariant with

2 3
lead term: —~y A8 - xP 2P

Proof. To find the lead term of that téte-a-téte difference we work modulo (zP~1) <« F[V]7.

From previous calculation, (3.2.9), we obtain

2 2
D =@ (Y — QVSx”_lyp“)p;l
— p271 B
=@ry (1Y — 29027y T (™ — 298y AP
p’-1 W21

p3+1

3 — _
=@y ¥ YT =290 7 2ty
Regarding f7, expanding its definition we see that every term except the leading
has a power of x. Therefore, fI' does not contribute in the quotient ring for the
téte-a-tete difference.

Summing up yields

2,1 p2—1

+ e
Vol = D7 = =297 F patly

pi+1

21

b -1
Set 1= —2951"" /3 and
ZaESY
B 2. o 2 _ _
foim A7 = iD= ol Sy a NG ()
2 /1

To prove our claim we work in the polynomial algebra F[z,y, z] modulo the ideal
J := (2P yzP). Using the definition of Ng(y), (3.2.7), and reducing modulo z?**
we obtain N2 ' (y) =, y**~**. So that

p—1ngpr—1 _ 7{)72 p—1, p3+1
xP INY, (y)f1:J—2—7 Py .
3

Expanding D in the quotient ring gives

D =, y3y™ — 292"y + 2952727,
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hence
p2+1 p+1

2

p 3 p—1 3
— 2 p°+p 2 p,..p—1, p°+1

=YYy — 2737 Yty .

Furthermore, reducing f¥ modulo J yields: f¥ =; —7§2xpzp3. All together implies

p2+1
p P p2+1 p'732 p—1ngp—1
Y3f1 —pD T2 — g paP "Ny fi
1
=J

— 8 A e,
So the leading term of the subduction must be

LT(fy) = — 7% AL a2,
0

Set fo := x*pﬁ and By := %, U{fo}. Since f, is homogeneous of degree p* such
that LT(f2) = 27" we can replace Npy(2) by fo. Now every non-trivial téte-a-téte

in A5 subducts to zero.

Proposition 3.2.0.5. Let V denote a three-dimensional ¥ H-module, satisfying
vi # 0,8 =0,...,4. Then By = {x,Ny(y),D, f1, f2}, is a SAGBI basis hence
a generating set for F[V)H. Furthermore, F[V]? is a complete intersection with

2
generating relations constructed during the téte-a-téete subduction of (ff,D%)

and (DP,N%(y)).

Proof. We have proven already that %, is a SAGBI basis. Let A = F|[%,]
denote the algebra it generates. Since LM(D) = y* , LM(fy) = 2F° from 1,
Lemma 2.2.7], [7, Lemma 2.6.3] follows that (x, D, fo)F[V]¥ is a zero-dimensional
ideal and {z,D, fo} a homogeneous system of parameters. Hence A C F[V]#
is integral. Furthermore, the invariant field F(V)# = F(z,Ng(y),D) implies
F[V]H 27! = A[z7!]. So the equality F[V]# = A follows from an application of
Theorem 1.4.3.10. [

Corollary 3.2.0.6. The lead term algebra of F[V ¥ is the F-algebra generated by
the set LT(%B,) = {x,y2, 47", y?°t1, 22"}
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In order to terminate the subduction procedure above we swapped f, with Ny (z).
Since in our consideration norm elements appear more natural, it is clear that

makes no difference to swap again these two elements.

Theorem 3.2.0.7. For V a three-dimensional left ¥ H-module, such that ~; #
0,i=0,...,4, the set {x,D,Ng(y), fi,Nu(2)}, forms a SAGBI basis for F[V].
Furthermore, F[V] is a complete intersection with two relations constructed dur-

p2+1

) and (D7, N4(y)).

ing the téte-a-téte subductions of (f,D

A note on the assumption 74 # 0 we imposed earlier may be useful. Although
assuming v, = 0 affects the generating set of F[V]#, the structural properties
remain untouched. Since none of the invariant field generators is affected under this
assumption, the equality of fields F(V)# = F(z, Ng(y), D) still holds. Moreover,
v4 = 0 implies that the first téte-a-téte subduction (D?, N%(y)) in Lemma 3.2.0.3
becomes

_ 2_ 2
D? — iN%(y) =02, —20505 ol

Against {z,D,Ng(y), Ng(z)}, this téte-a-téte cannot subduct more (we always

work for p > 2) and returns the same lead monomial we had before. Thus for s; :=

p P2+1)

(DP — 42N, (1)) /(=29845 1) 2?* 1 the second téte-a-téte subduction (s7, D"z
returns an invariant with lead monomial 2727, but with different lead coefficient.
Therefore we can attach to our generating set this invariant after dividing by

to obtain a SAGBI basis. All the above summarize to the following theorem.

Theorem 3.2.0.8. Let V denote a three-dimensional F H-module such that ~; # 0,
i =1,2,3. Then F[V]|" is a complete intersection with embedding dimension five

and lead term algebra LT(F[V]) = Flz, y%, y?°, y?"t1, 27°).

3.3 Non-generic cases

The description of the invariant ring F[V]# given above works when the coefficients

v # 0,Vi = 1,2,3. However, in order to fully understand the three-dimensional
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invariants we need to investigate each case separately. So we distinguish between

the following cases.

3.3.1 Case cj,c2 € F,

This is the easiest case we have. The homomorphism p : H — GL3(F,), is an
isomorphism onto UT3(F,). Notice, that 7; = 75 = 0 implies 73,74 # 0, since the

representation is always assumed to be faithful (i.e. vy # 0).

Observe that the orbit of each variable in that case is [H : H,| =1, [H : H,| = p,
[H : H.] = p? hence the product of the group H coincides with the product of

their norms.

Corollary 3.3.1.1. For V' a three-dimensional ¥ H-module such that ci,c; € F),

3.3.2 Casec €F, coeF/F,

Throughout this section we assume ¢; € F,, ¢ € F/F,. The condition ¢; €
F, implies 74 = 0, v = 73 = —7v1. Recall from Lemma 3.2.0.3 that 7, oc-
curred in the leading coefficient of the first téte-a-téte subduction, (DP, N%(y)).
Hence the leading term of this subduction varies. We also recall that we set

B ={x,D,Ny(y),Ng(2)}.

Lemma 3.3.2.1. Subducting the téte-a-téte (DP,N2,(y)) defines an invariant f,

with lead term: ~Ja?” 27"

Proof. We work modulo the principal ideal (zP**1) a F[V].

Set

~ p—1
fii=DF — N3 (y) + 272 70 ID,

Vs
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Expanding and reducing modulo (:EPQH) the téte-a-tete difference yields

DP — N3 (1Y) = ey — 298 a2y 2l

2 1 2 2 2 2
+ (& = — ) ety g A
Regarding PP~V D, earlier we calculated
— 2p p_.p—1, p+1 2p 2,01 P P, P PP
D =@riy 13y = 29027y + (" — - — 1072)2"Y + yeaf2

pt1
hence multiplying by 242 o Jvs° - PP yields

p—1 p
oJ2 4 L+74 . Pe=11 = xp(p—l)yp2+p _9 ExPQ—lyPZH
2 Y3
V3
+ (B = =)y + 2902 PR,

Merging up the two parts yields

fi = (gp?+1) ’VgprZpQ + 757174 pryp(pfl)Zp

_ _ 2 2
+ (B =BT = )P (LA ) 2y

Thus LT(f1) = A4a?" 27" O

Define f; = m_p2ﬁ. We claim that the procedure is over. The condition ¢; € F,
implies LT(Ny(z)) = 2%, hence the norm Ny (z) can be substituted by f;. Now
in the resulting set %, := {z,D,Ng(y), f1} every non-trivial téte-a-téte subducts
to zero. Thus %, forms a SAGBI basis.

Lemma 3.3.2.2. ForV a three-dimensional left F H-module such thatc; € F,, ¢y €
F/F,, the set $, = {x,D,Ny(y), f1} forms a SAGBI basis for F[V]?. Further-
more, F[V|" is a complete intersection with the generating relation coming from

the téte-a-téte subduction (DP,N%(y)).

Proof. Let A denote the algebra generated by %;. Since LM(D) = 4?*, LM(f;) =
2’ from [8, Lemma 2.8.1] and [1, Lemma 2.2.7] follows that (z,D, f;)F[V]" is

zero-dimensional ideal and {z, D, f;} a homogeneous system of parameters. Hence
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the extension A C F[V]# is integral. Furthermore, observe that the field of fraction
has not been affected throughout since the minimum degree invariants remain the
same, F(V)? = F(xz,D,Ng(y)). Thus F[V]?[z7!] = Flz,Ng(y), D, fi][z7']. So
an application of Theorem 1.4.3.10 gives F[V]7 = A. O

Corollary 3.3.2.3. The lead term algebra of F[V " is the F-algebra generated by
the set LT(B,) = {x,y*, 4", 27"}

Again, since the norm elements appear more natural in our consideration, we

replace f; with Ng(2) to obtain the following equivalent description.

Proposition 3.3.2.4. Assume V' is a three-dimensional left F H-module such that
c1 €F,,co € F/F,. Then F[V]# = Flz,D,Ny(y), Ny (2)] is a hypersurface with
lead term algebra LT(F[V]7) = Flz, y?, y7, 27°].

3.3.3 Casec €F/F, cz€F,

In that case y5 = 0. However, 3,74 # 0, since otherwise vy = 0. This assumption

changes the whole setup. For example D is no longer the same as
D = N (y) + (2™ — ea®y5 1 )aP Ny, (v),

while the H;-norm of y becomes an H-invariant, Ny (y) = 3? — 2P~ 'y. Recall
from equation (3.2.4) the equality F[V]#[z7!] = Flx, Ny, (y), N4(6)]? [z71]. By
shifting the right-hand side generators to degree one y; = Ny (y)/2P~ ! yp =
N, (8) /2?71, we obtain a new three-dimensional representation of H and an equal-

ity F[V]7[z7'] = F[z,y1, 2] [27']. On this new basis {x, 31,9} we compute
TG =, Y12 =1, Yo ga = Yo+ 200y + (& — 3rp
So the new representation of (g2) has the following form

L2y o =
p:{g2) =, g2— [0 1 0 :
0 0 1
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and the action is Nakajima. Therefore

F[Qﬁ, Y1, y2]<g2> = F[ma Y1, Ngz (yQ)]?

with Ny, (y2) = 271;,2 (y5 — yzAz(yQ)pfl). Set for simplicity ﬁQQ (y2) = 2752N92 (y2)
0

and notice that the equality Flx, y1,42]'? = Fxz, y1, 1(192 (y2)] yields after clearing

out the denominators minimally
F[V]7[z ] = Flz, Ng(y), Ny (8) = N2 (5) — Np(8) Ag(N4 ()P [z, (3.3.1)

Notice that by construction {x, Ny (y), Ng(d)} is a set of minimum degree H-
invariants. Concerning the new minimum z-degree invariant Ny (6), expanding
the definition shows that deg,(Ny(d)) = p?, LT(Ny(0)) = y*° and the second

. . 1 2 2 . .
term in order is —4 " aP "PyP tP. Also a routine computation returns

No(Ny(8)) = 29327y — 2e78 ™~ 0™y + 2019 2* P Vyz + G(1 — A5 H)a™.

Finally, we attach the norm Ny (z) and denote # := {x, Ny (y), Ny (), Ny (2)}.
In Z there is a unique non-trivial téte-a-téte: (Ny(8), N7 (y)).

Lemma 3.3.3.1. Subducting the téte-a-téte (N (6), N7 (y)) defines an invariant

with lead term: 2yP" t1a?’ 1.

Proof. We work modulo the ideal (z7°~7+1) 4 F[V].

Follows easily that N2 (y) = (zp2—p1) Y2 —207°PyP*+r  Moreover, reducing Ny (8)
modulo (zP*~P+1) gives: N () = 2 opt1) y2° — AP P’ PyP* P Summing up the

two parts yields

Ny (6) — N?f(y) = (a2 -p+1) (2- 7§_1)$p2_pyp2+1'
Set

hy = Ng(8) = N2(y) — (2 — A2 NG (y)a?" 7.

We work modulo the ideal in F[V] generated by 271 and y:cPQ. We investigate

each part separately.
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Expanding the definition of Nz () and N7 (y), gives after reducing modulo (z7°+1, ya?®),

_ 2p? p=1,p?—p, p*+p p—1, p=2,p*-1, p°+1 P
Ny (0) =gty Y =5 2y +eovy s et Ty —al z

2 _ 2
N?f(y) = 1y Yy — 9P 1)yp +p.

Concerning N%H(y)xpLP, after expanding the definition and reducing modulo

(@™, yar®):
NZ;IH(y)pr—p S :Ep2—pyp2+p _ $p2—1yp2+1'
Merging up the two parts yields
%1 = 1 o) (0275—175—2 B %;)a—l i 2)yp2+1xp271 _ PPt

]

Set hy == 1/(cayt "8 2 =421 +2) - 2Dy and B, := BU{hi}. In B there

is a unique non-trivial téte-a-téte : (h¥, N?;H(y)).

Lemma 3.3.3.2. Subducting the téte-a-téte (h’l',Nil’;H(y)), defines an invariant

. . 3
with lead monomial: xPzP

Proof. First off we find the lead term of the téte-a-téte difference. We work modulo
(xP) <« F[V]. For Nﬁ;“(y) expanding and reducing modulo (aP) gives

N];;H(y) = or) yp3+p _ xpflyp:‘ﬂ.

Regarding A2, from the previous lemma LT (h) = (co7? 48 2 =871 42).g0" ~1yp*+1
and we divided through by 27~ to obtain hy. So in hy every term but the leading

contain an a-power. Thus i} = y?’*P and all together gives
2 _ 3
B = N () Sy 27y
Set for the next step of the subduction

7L2 = hl — Nﬁﬂ(g/) — 2Pty N’}{Lp(y).
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Now we work modulo (zP*!) <« F[V]. For hY, expanding and reducing modulo
(@Pt1) gives: BY =iy g7 — 1/ (@ VAR 480D 9y L arer’ Also
follows easily that Ng(y) =g e yp3+1’ — xp—lyPSH.

For zP~1' h; N%p 71)(y), we know that in A; every term but the leading contain an

a-power. In the product 2P~ 'N2%~(y) it is not difficult to see that no other term

except the leading remains in the quotient ring. Thus all together
xp—lthg}p—l)(y) = (p 1) xp—lyp3+1‘
Adding up every the two parts gives
hy =gy a2 /(g TIACTY = 507D 4 2),

]

Denote hy := 2 Phy and %y := B, U {ha}. Since the resulting subduction has the
same lead term with Ny(z), as previously suffices to swap Ny (z) with hy. Now

in the resulting set every non-trivial téte-a-téte subducts to zero.

Lemma 3.3.3.3. Let V denote a three-dimensional F H-module such that ¢, €
F/F,,co € F,. Then the set {x,Ng(y), hy, ha} forms a SAGBI basis for F[V].
Furthermore, F[V]H is a hypersurface with the unique relation coming from the

subduction of (W}, N2 (y)).

Proof. We have proven already that %, is a SAGBI basis. Let A denote the algebra
it generates. Since LM(Ny(y)) and LM(hy) = 2#°, follows that (z, Ny (y), ho)F[V]?
is a zero-dimensional ideal and {x,Ng(y), ha} a homogeneous system of parame-
ters. Hence A C F[V]" is integral. The invariant field F(V)# = F(z, Ng(y), h1)
implies F[V]7[z7!] = A[z™!]. So the equality F[V] = A follows from an applica-
tion of Theorem 1.4.3.10. O]

Corollary 3.3.3.4. The lead term algebra of F[V ¥ is the F-algebra generated by
the set LT(%B,) = {a,y?,y?"t1, 27"}

As previously we swap again fo and Ny (z).
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Proposition 3.3.3.5. Assume V is a three-dimensional FH-module such that
c1 € F/Fy,co € Fy. Then F[V]H# = Flz,Ny(y), i, Ng(2)] is a hypersurface with
lead term algebra LT(F[V]7) = Flz,y?, y?" 1, 2#°].

3.3.4 Casec €F/F, ¢ €F/F,

In this case 71,72 # 0. Also 3 and 74 cannot be zero simultaneously since implies
¢ € F,. Furthermore, we have seen that the assumption 74 = 0 is not essential
and yields invariant ring similar to the generic case. So we have to examine only

the case v3 = 0.

We check how much this assumption affects our setup. Observe that the lead
term of D changes. Expanding this time gives: LT(D) = —29527~1yP*1. Denote

D := 2= DD for this invariant after we divided by the superfluous z-power.

Remark 3.3.4.1. Since on the first two variables the action is Nakajima, {x, Ny (y)}
15 a set of minimum degree invariants. The constraint v3 = 0 does not affect the in-
variant field F(V)72 = F(z, Ny, (y), N,(0)), hence the inclusion F(V )7 C F(V)H
implies that the minimum z-degree invariant of F[V|¥ has z-degree at least p.

Since degz(ﬁ) = p, follows that F(V)H = F(z, D, Ny (y)).

Define % := {z,D,Ny(y),Ng(z)}. Then there is a unique non-trivial téte-a-
téte: (f)p2, N”(y)). Before we proceed we make a note that will be used below.

Expanding the definition of N?/'(y) and reducing modulo z#° gives

2 — _ 2 — 2 (_ 2_ 2 _
N3 (y) = N2 (y) — o4 a0 ING I () — o4 ar OTINGE(y) o e

3 3,2 _ 3 _ 2 3
=2y — 2005 T AT YR g
We shall use this computation in the following lemma.
Lemma 3.3.4.2. Subducting the téte-a-téte ([A)pz,N’;;rl(y)), defines an invariant

. . 3 2 .3
with lead monomial: ~§ x¥ zP".

Proof. We work modulo (z°~1) « F[V]. Clearly D’ = 21y — 2yg3yp2<p+1>, since

every term but the leading in D contains a positive x-power.

NP+ 1

91

(y)
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Concerning Nf’; 1(y), expanding and reducing modulo P’ gives
N%H(y) =y yp2(p+1) —(1+ 75‘1)xp(p71>yp3+p. (3.3.2)
Adding up the two parts yields

DY + 298 N (y) =00y = 2008 + 98 77 72PNy,

:<CCP _
Set ) Y
. - 3 P + p°+p“—p PPN _
[, = D" + 242" NZ Y (y) — (% J”O? ) 2= Py N2 (y).
0

We work modulo (z7°) < F[V]. Expanding D? and reducing modulo (zP°) yields

=y - 2 2 _ -1 2 2 2
D7 = e =290 y?PD 1A ey (0% — ol = g Pty
_ ,ygz PP Vgpkpxp(pfl)y%_

For z/®~1) N?"!(y), the binomial theorem acquires

p—1
xp(pfl)Nl;I—l(y) _ xp(pfl)z
i=0
p—1
- >
=0

1=

p—1 —1—4 - —1)\inTi
( 0 )(Nﬁl(@/))p (=g V)N (y)
p ; 1) DN ()P DD gpo- 1),

Thus, zP®~1) NP~ (y) = 2 2PP=Dyp*P=1) For the téte-a-téte (DP°, NE (), the

comments above give
DY + 29§ NI () =umy = 2008 +9b 7)Aoy

All together gives
B =gy g0y

However we are not finished yet. Notice that ¢; can be subducted further against
AB. Set

— p°—p,p—1 -1 —p+1
thi=ti+79, "7y o DF P

This time we work modulo (27" 1) « F[V]. In D”~?*! every term but the leading

contains an z-power strictly greater than two, so

2 2 2 3
p*—lpp°—p+l — p—1_p?—1, p°+1
¥ 7°D =2y 27 o Ty
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From the above analysis after expanding ¢; and reducing modulo ZP* yields
R A L R R N G I LR
Furthermore, zP(P~1) DP N2 (y) = 241y — 2 752 aPP=Dyp’+p and
D429 Ny (5) S ppzeny =200 +96 )0V g P (6 T gy
All together gives

3 3 2_
W+ ")

p2
Y0

b= D 200 NI () — DN (y) A PAp g D e

E<5Ep2+l>

3 2 3 _ 2 2 3
p°,.p° P 2p 2,.p—1 2p\p*,.p°, P
Yo 2V 2P 4 (" — e — )P Aty

so we have LT (t;) = 7(’]’395”2 2 as asserted. O

Denote w; := :z:_p2t1, Py = B U {w}. Now in HB; every non-trivial téte-a-téte

subducts to zero.

Lemma 3.3.4.3. For V a three-dimensional ¥ H-module such that c¢1,co € F/F,,
v3 =0, By forms a SAGBI basis for F[V 2. Furthermore, there is a single relation
constructed during the téte-a-téte subduction of (f)p2, N2 ().

Proof. Let A denote the algebra generated by %,. We have already proven that
%, forms a SAGBI basis for A. Furthermore, from [8, Lemma 2.6.3] and [1,
Lemma 2.2.7] follows that (z,D,w;)F[V]? is zero-dimensional and {z,D,w;} a
homogeneous system of parameters. Hence the extension A C F[V] is inte-
gral. Remark 3.3.4.1 implies that the field of fraction has not been affected, thus
F[V]#[z7!] = A[z~']. Therefore, the equality A = F[V]# follows from an applica-
tion of Theorem 1.4.3.10. ]

Corollary 3.3.4.4. The lead term algebra of F[V " is the F-algebra generated by

the set LT(By) = {x,y?*', 47", 27"}

As always we prefer the norm elements to generate our invariant ring when this is

feasible.
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Proposition 3.3.4.5. Assume V is a three-dimensional FH-module such that
c1,¢o € F/F,, 73 = 0. Then F[V]7 = F[x,f),NH(y),NH(z)] is a hypersurface
with lead term algebra LT(F[V]7) = Flz, y?+ y?°, 2#°].



Chapter 4

Four-dimensional case

4.1 Invariants of type-(1,1,1,1) representations.

4.1.1 Setup

Let V' denote a four-dimensional left F H-module of socle type-(1,1,1,1). In what

follows we investigate the structure of the invariant ring F[V]¥ and compute the

invariant field F(V)#. We prove that F[V]# is not Cohen-Macaulay and for p = 5

the existence of a partial hsop which fails to be regular sequence.

Recall from Theorem 2.2.0.5 the existence of a basis 98 consistent with the socle

series, such that the group of representing matrices is generated by

g1 =

1
0
0

0

1
1
0
0

O = = O

;
0
1
1_

y g2 =

78

1
0
0
0

C1,2
1
0
0

C1,3

C1,2
1
0

0
C2.4

C1,2
1
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subject to the constraint cy 4 — ¢33 # 0, with commutator

_]. 00 Coq4—C13
010 0

c= [91792] -
0 01 0
0ooo0 1

We denote this group by pg (H).

Lemma 4.1.1.1. The group py(H) is not a bireflection group.

Proof. The superdiagonal entries of a matrix g{"gy coincide and they are all equal
to mec1a +n. Pick M = ¢g{"g3"...97"" g5 € pyp(H) an arbitrary element. Then
the superdiagonal entries of M coincide too, and equal the sum of the superdiag-
onal entries of each pair g;”g,”. So it follows that if another generating set for
ps (H) consisting of bireflections was chosen, then the generators must all have
zero superdiagonal entries. The last is a contradiction since the fixed point space

is two-dimensional and we drop into a different representation type. [

From [12] we know that when an invariant ring is Cohen-Macaulay, then the group
of representing matrices is a generated by bireflections. Therefore, as a consequence

of the lemma we see that F[V]¥ fails to be Cohen-Macaulay.

Remark 4.1.1.2. In what follows we always work with p > 3. Observe, that if
p =3 then J} # I, and Jy has order nine.

Before we investigate the structure of F[V]# we compute the invariant field F (V).

4.1.2 The invariant field F(V)?

Think of the following series

{e} <« Hy <« Hy< H,
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where Hy = (g1) = C,, Hy = (¢1,¢) = C, x C,. From Theorem 1.4.2.6 we know
that in order to compute F(V)# we need to find the invariants of minimum degree

at each variable.

We start by computing F(V)#1. Let V; denote the four-dimensional indecompos-
able representation of H;. Since g; acts as the maximal four-dimensional Jordan
normal form, as FH;-module V = V,. Therefore, F(V)1 = F(V;)%. Using
22, Theorem 4.1] gives a SAGBI basis for F[V;]“» and the minimum degree ;-
invariants of that basis is a generating set for F(V)f1. To describe these invariants,

first we need to recall a notion defined in [22].

Definition 4.1.2.1. Let 8 € Flzy, ..., xx] denote an arbitrary monomial. We call
B admissible if it is the lead monomial of a Cy-invariant in some polynomial

algebra Flzq, ..., x,]. We denote the corresponding Cy,-invariant by inv([).

For convenience we set always inv(x}) = z%. The following theorem implies that
every monomial can be used to construct an admissible monomial for sufficiently

large n.

Theorem 4.1.2.2. Assume that B is a monomial in F|xy, ..., 2, 1]. Then for a
positive integer i > 2, the monomial Bzt € Flxy, ..., Tp_1][xm] is the lead mono-
mial of a Cy-invariant in some polynomial algebra Flxy, ..., x,] for sufficiently large

n.
Proof. For a proof, see, [22, Theorem 2.3]. O

We use this theorem to present two examples of invariants arising from admissible

monomials that we will need in this section. We follow the same notation.

Example 4.1.2.3. Assume that f =1, i=2,m =2 and C, = (g). Then from the
previous theorem we know that for sufficiently large n > 0 the monomial z3 is the
lead term of a Cy-invariant. Think of the polynomial fy = x3—2x1x3. Applying the
twisted derivation A = g —1 € FC,, on fi yields A(f1) = z3. Since g(zo11) = 23,

define fo = fi —x129 = x% — 2x1x3 — x1T2. Applying A this time returns zero,
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A(fy) = 0. Therefore fy is a Cp-invariant and inv(z3) = fo. Notice that this is

the integral invariant from the three-dimensional case.

Example 4.1.2.4. Similarly someone can think the case § = 1, i = 3,m = 2
and construct inv(x3). Following the same idea yields the Cp-invariant inv(z3) =

3 + 23374 — x9) — 3117273,

Now we are able to describe the generating set of the invariant field F(V)#1.
Proposition 4.1.2.5. Let V, denote the four-dimensional indecomposable repre-
sentation of C, = (g1). Then F(Vy)% = F(z1, Ny, (22),inv(23), inv(z3)). Further-

more, we obtain an equality of localized rings

FVi]%[ay"] = Flay, Ny, (22), inv(23), inv(23)][o7].

Proof. Let {1, Ny, (z2),inv(z3), inv(z3)} be a subset of the SAGBI basis elements

of F[V4]% as described in [22, Theorem 4.1]. From the previous examples we have

inv(z3) = 23 — 22123 — 2129, inv(23) = x5 + 22 (324 — 19) — 3w17973,

so they are of degree one in x5 and x4 respectively. Also x; and Ny, (z2) are of mini-
mum degree, since C, acts on the first two variables as Nakajima group. Therefore,
F(Vy)% = F(z1,Ny, (z2),inv(22),inv(23)). Finally, since LC,,(inv(z3)) = 27 the
equality of localized rings follows from Theorem 1.4.2.6. O

Using the equality F[V]71[z7!] = Flz1, Ny, (z9), inv(23), inv(23)][z1 '] and applying
the Hy/H; = (c)-action yields

F[V]% [z '] = Flay, Ny, (22), inv(23), inv(23)] 27 1].
Thus we need to describe F[zy, N, (75), inv(z2), inv(23)](@. To this end, we shift

the generators of the last algebra to degree one:

F[V]™[27"] = Flay, ), inv(23), inv(23)] [z7"]

Ng1 (mQ
N, (z2) inv(z2) inv(z3 _
:F[[El, 9p§12) ( 2) ( 2)](0)[ 1

7]
3 ) 2 1
T Zy L1

= Flr1, y1, y2, 3] 271,
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where y; == N, (z2)/20 " yy := inv(23) /2; and ys := inv(z3) /22,

Since we changed the basis, we have created a new representation for (c). Denote
this representation by p.. Then p. is fully determined by the action of ¢ on this
new basis {z1,y1, y2,ys}. Follows easily that

y-C=T1, Y1-C=1MY,

Y2 C=1Y2, Y3 -C=1Y3+ 3(02,4 - 01,3)9517

therefore, i i
]. O O 3(0274 — 01’3)
010 0
¢+ pe(c) =
0 01 0
_O 0 0 1 ]

The last implies that (c) acts on the new basis as Nakajima group, hence the

invariant ring F[z1, y1, yo, y3]? has a well-known description

F[$17 Y1, Y2, y3]<c> = F[xh Y1, Y2, Nc(y3>]7

with Ne(ys) = yh—(cou—c13)P "2t ys. After clearing the denominators minimally

we obtain

F[V]™[a7"] = Flay, Ny, (22), inv(23), Ne(inv(@3))][27], (4.1.1)
where N.(inv(z3)) = inv(23)? — (cgq — c13)P! lea(p—1) inv(z3), is of minimum x4-

degree.

Now applying H/H, = (go) on (4.1.1) gives
FIV) '] = (F[V]™ [ )" = Flay, N, (22), inv(23), Ne(inv(23))] 9 [ 1],

so this time we need to describe F[ry, Ny, (22), inv(23), N.(inv(x3))]%2).  Shift-
ing the generators to degree one again yields the following basis: {z;,2z; =

Ny, (12) /257", 29 := inv(23) /a1, 23 := Ne(inv(23)) /237~ '}. Thus

FV)7[27'] = Flz1, 21, 22, 23] 92 [271].
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This time we have to understand how gy acts on the basis elements. After explicit

computations we find

T1:G2=7T1,21 G2 =21+ (lez —C12)%1,
2o+ g2 =20+ (C12(c12 — 1) — 2¢9.4) 11,

23+ go = 23+ 3(c13 — c2.4)P21 + (K — K(cou — c13)7 V),

where k = c:f 9 — C12+ 314 — 3c12¢14. Therefore, the induced representation this

time is
1 011772 —c12 ca(cp —1) —coa K —K(crz — cou)P !
0 1 0 3(61’3 - 62’4);0
92 = Pgx(92) =
0 0 1 0
0 0 0 1 |

Previously the action of ¢ on the new basis was Nakajima, so we were able to apply
basic techniques to compute the ring of invariants. Here this is not the case and

Flxq, 21, 22, 23]<92> is not directly computable, so we follow a different approach.

The quotient group H/Z(H) acts on the first three-variables {x1,x9,23}. Since
dimp (V) = 1, the quotient V/V* defines a three-dimensional F H/Z(H)-module
and the canonical projection 7 : V' — V/VH induces an inclusion of algebras

F[V/VH|H/ZH) «y FIVIH, Since H/Z(H) is a two elementary abelian p-group,

using [7] gives a description of F[V/VH]H/Z(H),

The generating set of the last
invariant ring contains the minimum degree invariants of F[V] in the first three

variables and the following theorem describes their lead monomials.

Theorem 4.1.2.6. ([2, Theorem 6.2]) Assume that G = C, x C, = (e, e3) is an

elementary abelian group of rank two and that
P G — GLg(k),

is a generic rank two representation over k := F(x11, 12,21, x22). Then there
is a SAGBI basis of F[V3]¢, % := {x1, f1, f2, Ng(x3)}, consisting of homogeneous
polynomials with lead monomials

2

z1, LM(f1) = 25, LM(fs) = 257 LM(Ng(z3)) = 25 .
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We want to construct H-invariants with lead monomials as given in the last theo-
rem. Regarding x; there is nothing to say. The stabilizer of x3 in F[V]# has car-
dinality p, thus the lead term of the orbit product Ny (z3) is LT(Ngy(x3)) = :r;§2.

So we need to construct fi, fo.

Lemma 4.1.2.7. Assume 0%72 — 12 — 2c94 # 0. There exists an invariant f; €

F[V] in the first three variables such that LT(f) = x5, given by the formula
fi = Ny, (z2) — o 2P inv(22),

& o—cio
where o = z—*——— € F.
f2—C1,2—2c24

Proof. The commutator ¢ leaves fixed the first three variables, so N, (z2) and
inv(x3) are Ho-invariant. To verify that f; € F[V]# we have only to check that

g2(f1) = f1. A routine computation proves our claim. O

Because the denominator of o will occur in our analysis frequently, we set v :=
0%72 —c12 —2c94 and we assume v # 0 from now on. Finding f; is expected to be
a bit more difficult since one additional variable is required. However, we would
like to think f, for convenience as an extension of fi. Setting f := inv(z2)? — f2
gives: inv(z3) - g2 = inv(z3) + ya3, Ny, (22) - g2 = Ny, (22) + (¢] 5 — c12) 27, thus
f S gy = f + ’ya:fp . Although f is not an H-invariant, can be turned into one by

adding some extra terms.
Lemma 4.1.2.8. Assume c15 ¢ F,, and define
fo= (mv(a3)” — f7 — kaf Ny, (22))/(20277°),

where k := w——. Then f, € F[V|¥ and LT(f,) = 257

D
C1,27C1,2

. . : 2 p—2
Proof. We observe that the second term in order in f? is —2axh 2} ™2

Since
LT(inv(23)?) = LT(f?) and every term in 2iN,, (x2) has at least a power of ¥, the
lead term must be 2az5?2?7?. Thus in f, we obtain LT(f,) = 257>, Regarding
the first assertion, from the comments in the paragraph right before the lemma
we see that go fixes inv(23)? — raf Ny, (22) and since f; is an H-invariant, follows

that f, € F[V]7. O
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Now the only thing left to compute F(V) is to construct the minimum x4-degree
invariant. Equation (4.1.1) gives F(V)#2 = F(x1,N,, (22),inv(23), N (inv(z3))),
with N.(inv(z3)) of minimum x,-degree, deg, (N(inv(z3))) = p. Due to the
inclusion of fields F(V)7 C F(V)" we know that the minimum z,-degree H-
invariant must have degree at least p too. So if we were able to construct an H-
invariant with exactly that x4-degree, then it would be automatically a generator

of F(V)H.
Lemma 4.1.2.9. The polynomial defined by the formula

f3 = Ne(inv(a3)) — b2} N2, (z2) — bp 27" Ny, (z2) € F[V]",
where

3 — P 3 — P
(01,3 02,4) by = w B (01,3 0274) cF
2(cly — 12)
1,

by =
! (g —c12) 2

3 _
w =Yy +2d 505y —y — (con —c13)" 7 ]y + 2012004 — c12) and c12 ¢ F, forms

: , . 3
an H-invariant of minimum x4-degree. Moreover LT(f3) = x3’.

Proof. As a reminder, we have inv(x3) = a3 + 23(3v4 — 13) — 3z12923. From

the description of the orbit product N(ys) = y5 — (coy — c13)P'a? ys, where

y3 = inv(x3)/x?, we obtain

N, (inv(x3 inv(z3 o inv(ad
c( 2p( 2)) _ (2p2) o <024 o 0173)1) 1 xﬁ) 1 (2 2)7
T T 1

hence

N.(inv(z3)) = inv(z3)? — (cgq4 — c13)P " x?(p_l)inv(xg’)
follows that is has z4-degree p from the definition of inv(x3). A routine computation
gives

N.(inv(23)) - go := N.(inv(z3)) + 3 (c13 — caa)? xip Ny, (z2) + wxi’p,

for w = 011%{)2 + 2] 5ch s — A 5 — (cou — c13)P (e} + 212624 — c12) € F. Thus for

by = 3(c1,3 — C24)P by w B 3(c13 — c24)P T
2(chy —c12) (lg—c12) 2

the resulting polynomial becomes an invariant, f3 € F[V]. O]
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Lemma 4.1.2.10. F(V\)? = F(xy, f1, f2, f3). In particular, localizing at x1 yields
F[V]H[xfl] = F[xlu f17 f27 f3]['xfl]

Proof. From the above discussion it is obvious that F(V/VIH = F(zy, f1, f2) C
F(V)#. Thus attaching the minimum z,-degree invariant on F(V/VH)H yields
the seeking equality F(V)? = F(x1, f1, f2, f3). The equality of localized rings now
follows from Theorem 1.4.2.6 since LC,, (f3) = 7. O

4.1.3 The invariant ring F[V]7

Set B’ := {x1, f1, fa, f3, Ng(z3), Ny(z4)}. We wish to apply SAGBI/divide-by-z

algorithm on Z'. In &' there are two non-trivial téte-a-tétes : (f272, f2), (f2, f3).

Lemma 4.1.3.1. Subducting the téte-a-téte (f2, f3) defines an invariant with lead

term: —2a2x 2(p 2) p+4.

Proof. Let (z'™") a F[V] denote the ideal generated by ™', For f?, expanding

and reducing modulo (z27") yields

3 — 3p 2,.2(0+1)
fi =ty Ty a5

Concerning f3 things are straightforward, since all the other terms but the leading

: -1
contain a power of 2} ". Thus

All together gives
f f3 p 1 _30{1:1 2 2(p+1)

So the téte-a-téte (f2, f3) has lead term: —3aa? 222"V Define now

hi = f} = fs+3axy 2 fifo.

We work modulo the ideal (#7") « F[V] and analyze each part of the last expres-

sion. Every term in f; has x;-degree less than (p+ 1). So expanding and reducing
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1 .
modulo 27*" gives

= 22 N? (z2)—3aw)” e inv(22) = =t 2P =3 2P P 3 o 2 e Piny (2).

For f3 we find
f3 =, inv(x3)? — by xhas?.

The expression of f, modulo (z3) is equivalent to reducing 272 f, modulo (z£*").

Thus

2 1
fo =@y &7 - 2aaber - (a+ /a2t e — 1a-a5ad - k/2a - a5l

implies

2, = () a2 —gaba? ™ — (a4-1) Ja- b Tl =1 o ahal — k200 2Bah.
(4.1.2)

Summarizing all the above yields

= 3 2 302534‘0]234—0?172‘{’012 9
LT(hy) = (bh — z(1 + K))alzy’ = = — ’ ’ =i asl.
() = (0 = 500+ ey = SO A0
Set o
b B 3Cl3+ Cha— i+ 0172xpf2
1 1 2 611)’2 . C1,2 1J1 -
This time we work modulo (z3?~%). For 2% f? follows easily that: % f7 = 203

22227 Thus no term of 2% f2 exists in the quotient ring.

Expanding f? and reducing modulo (z7*) gives

f1 S o2 x?(p 2) p+4
Similarly for f; we obtain

3p
f3= 2279 xy’ — 3afabah.

However, these two terms of f3 both vanish in the quotient ring. The lead term
of f3 cancels 227, while the forth term of (4.1.2) multiplied by 3af; in hy cancels

P,.p,.P
—3T1 X5,
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Furthermore, in 304:v71’_2 f1f2 the lead term of 1:11’_2 f2 multiplied with the correspond-
ing of zP~2inv(22) in f; vields: —3a2z % P28 Thus, with the corresponding in

2(p—2 4 2p—3
2$1(p ).+ P )

f? gives a copy of —2a 5" in h; modulo (x} From all the above

discussion we conclude that this can be the only term. Thus

LT(hy) = —2a%220 "2+,

Lemma 4.1.3.2. The téte-a-téte (f'2, f¥) subducts to zero.

Proof. Remember from previous remark that H acts on the first three variables
as an elementary abelian p-group. Therefore, from [7, Theorem 6.2] we know
that {x1, f1, fo, Ng(z3)} forms a SAGBI basis for F[z,zs, z3]7 C F[V]. Thus

(f72 2y subducts to zero necessarily. O

We set s; = 2, "7 P hy and B := {a1, f1, fo, 51, N (3)} with LT(8) = {zy, 28, 25>
Note that when s; is attached, f3is not needed anymore. Following Lemma 4.1.2.10

now we obtain the following theorem.

Theorem 4.1.3.3. F[V)H[z,'] = Flzy, f1, f2, s1][x1']. The corresponding lead
terms are: LT(fy) = 25, LT(fo) = 2™, LT (s1) = 257"

In Z we obtain three non-trivial téte-a-tétes : (77 &%), (f2, 272, (f2, fis1).
Computations made on MAGMA for primes p = 5,7 and 11 suggest that the
above tete-a-téte subductions lead to invariants with lead term some power of
Zo. At the second stage the number of subductions increases significantly making
the computation of F[V]# infeasible. From our experience this phenomenon is
explained from the fact that pg(H) is not a bireflection group, hence F[V]# not
Cohen-Macaulay.

4.1.4 Non Cohen-Macaulyness of F[V]"

In this section we construct for p = 5 an hsop which is not a regular sequence. In

the introduction we proved that pg(H) is not bireflection group, hence F[V] not
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Cohen-Macaulay. From Chapter 1 also we know that the ring of invariants F[V]#
is always a graded finitely generated connected F-algebra. Thus we can exploit
the following theorem for this prime to prove that F[V]# is not Cohen-Macaulay

by presenting an intrinsic argument.

Theorem 4.1.4.1. [8, Theorem, 2.8.1] Let R be a finitely generated connected
graded F-algebra which is Cohen-Macaulay. Then every homogeneous system of

parameters for R is a regular sequence for R.

The last theorem implies that if we were able to construct an hsop for F[V]# which
is not a regular sequence, then we have proven our claim. We pick a partial hsop
that works for any prime number {x1, Ny (z2), Ng(z3)} and claim that when p = 5

cannot extend to a regular sequence. To prove this claim we need two things:

(1) there exist invariants f, h € F[V]¥, such that

fNg(z3) + h Ng(x3) € (z1)F[V]H,

(2) f ¢ (21, Np(z2)) F[V]".

The computations that follow have been made on MAGMA over the finite field
F(t) :=GF(p") for r := 4, with ¢;; := Random(F') random over the Galois field
GF(p").

The main idea of the following technique comes from [24, Corollary, 11.5]. First
we recall a construction from commutative algebra that will be used for the rest
of this section, toric ideals. Assume that we have a vector configuration, .o/ =
{ai,...,a,} C Z%— {0}, i.e., the induced matrix has rank d. Then we can define a

map between commutative monoids as follows

7Nt = 74,

u = (U, ..., u,) — Au,
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where A = [a; - - - a,] € Z4™. This induces an F-algebra homomorphism

7 Flag, .oy x) — FIE 87,

a; .__ 4015 adj
.Tj'—>t].—t1 "'td.

Definition 4.1.4.2. The toric ideal associated to <7, I, C Flxy,...,x,], is the

kernel of the map 7.

With respect any term order we can use generators of the toric ideal induced from
vectors of lead terms of a subset 8 C F[V]7, to subduct téte-a-tétes . Think of a

polynomial algebra in n variables F[X7, ..., X,,] and the diagram

under the identifications X; — f; for ¢ and X; — LTZ(f;) for ¢. In princi-
ple this iterated process of subductions and attachments creates a chain of sets
B C B C .. C B and we obtain a SAGBI basis for F[V]¥ precisely when
LT (F[%]) = LTZ(F[V]¥). Below we use lexicographic order with X; < ... < X,
for F[ Xy, ..., X,,].

Also we use the notation SUBD(¢, A) to denote the subduction of a téte-a-téte ¢
against a list of invariants A, after is has been divided by the superfluous x;-power

and the leading coefficient. According to that notation for instance

$1 = SUBD (f13 - f37 [xla f17 f27 f37 NA(‘%‘3)H($3)])
Below follows a series of subductions and Grobner basis calculations which con-
struct the invariants that prove our claim. We also remind you that # = {1, f1, f2, $1, Nu(z3) }.

Step 1: The Grobner basis of the toric ideal I for any p, is the set of binomials
{ Xy Xy — X2, X3X5 — X5, X3 — X3X3, Xy X3 — X§, X3 — X7}, Furthermore, the
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binomial X,;X, — X2 forms a generic choice and Subducting ¢y := f2 — s f1 gives

an invariant se := SUBD(ty, %) with
LT(sq) = 2Pt

For p = 5, the other invariants obtained by the subdcutions s3 := SUBD(s1f3 —

f5,B), 54 := SUBD(f} — s2fo, B), s5 := SUBD(ss — fof}, B), have lead terms
LT(s3) = 23°w3°, LT(s4) = 23wy, LT(s5) = 23 135°.

The last téte-a-téte subduction SUBD(f{ — f35, %), subducts to a polynomial with

lead term x2°.

Let #, = PB U {sy,s3, S4, 55} denote the new list after the above elements have
been attached.
Step 2: Among Grobner basis elements of 14, there is a binomial X3X5 — X5 X.

Define Sg 1= SUBD(fQSl — f182, %1), then

LT(sg) := x3%25.

Step 3: There exists an invariant s; := SUBD(s7 — so.f2, %) € F[V]#, with
LT(s7) = 23w},

obtained by Subducting the reduced Grobner basis element of I, X2 — XX3.
Furthermore, for %, := %, U {sg, s7}, the Grobner basis element X3 — X5X; of

I, subducts to an invariant sg := SUBD(f{l — s152, %>), with LT(sg) = z3%9.

Step 4: For %3 := %, U {ss}, we have a téte-a-téte subduction sy := SUBD(s3 —
[ f2, P3), obtained by the binomial generator X; — X, X, of I,, with LT(sq) =
22°. Additionally there are three more invariats, obtained from the subduction of

the Grobner basis elements of T,, X2 — X3 X3, X7 — X5X4, X7 — X2 X3. Denote
S10 = SUBD(83 — f184, %3),
S11 = SUBD(Sg — 8187, %3),

S1,2 1= SUBD(83 — fQSg, :@3)
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the corresponding subductions. These invariants have lead term: z3°x3. We can

confirm that including them in %3 along with sg, gives all the SAGBI elements up
to degree 27. Set Ay := B3 U {s9, S10, S11, S12}-

Step 5: The Grobner basis of I4,, contains a binomial X3.X6 — X5.X; 3 such that
the corresponding téte-a-téte subducts to s; 3 := SUBD(s159 — fa51.2, B4), with lead
term

LT(s13) = 23°75.

Furthermore, if the invariant SUBD(s159 — f2512, %) is included, then we have all

the SAGBI basis elements up to degree 29.

A synopsis of the above téte-a-téte subductions is given in the following table where
in the first row we have the subductions and in the second their corresponding lead

terms as depicted above:

S1 59 53 5S4 S5 S6 S7 S8 S9 510 S11 512 513
xg x%l x%}%f xé%%l xéoxé?’ x}g%g xéoxg :c;%g x%o :v%%% x?)”x% xg%g m%%%

Table 4.1: Table of lead terms for p = 5.

Now we return to our initial assertion.

Proposition 4.1.4.3. For p =5, the partial hsop {x1, Ng(z2), Ny (z3)} is not a

regular Sequence.

Proof. Firstly, we notice that the set {z;, Ny (z2)} is a regular sequence for F[V]H.

So to prove our assertion, we need only to prove the following two arguments
(1) there exist invariants f,h € F[V]# such that

fNH(ZL'g) + hNH(.l’Q) < ($1>F[V]H,

(2) f ¢ (21, Np(z2) F[V]".
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Then we have proven that N (z3) is a zero divisor in F[V]# /(z1, Ng(zy))F[V]H,
hence {x1, Ng(z2), Ng(z3)} is not a regular sequence. We shall denote by LC; € F
the coefficients during the MAGMA computations.

Set f := flfs. Can be easily verified that LT(fNg(x3)) = 222", From
Step 5 we know that (f{foNg(x3),s13Ng(z2)) is a téte-a-téte with lead term
LT(f}faNg(x3) — s13Ng(z2)) = LC;y 22°232, while by Step 4 we observe that the
polynomial sg f1 N (x5) has the same lead term, hence (f foaINg (23)—s13Npg(22), LCy 89 f1N g (22))
is a téte-a-téte too. The lead term of the last téte-a-téte according to MAGMA is:
LT(f} faNg(x3) —s13Npg(z3) —LCy s9 /1Ny (x9)) = LCy 2%23%, for some LC, € F.

Due to Step 3 we know that an invariant with lead term z3%z7 exists. Thus along

with f2 gives LT (s7 ffNg(x2)) = 239232, So the téte-a-téte difference (f1 foNpg (z3)—
513N (19) — LCy 89 filNg(22), LCy 87 f2 N (22)), yields a new invariant, with

LT(f Ny (23) — 513N p(29) — LCy 89 fiNg(22) — LCq s7ffNp(25)) = LC3 252,

The last monomial though is the lead term of s3Ng(z). Their difference on

MAGMA returns an invariant with lead term of the form LC,22%z3'z;. Therefore
f NH(Ig)—SlgNH(IQ)—LCl S9f1NH ($2)—LCQ 87f12NH (.’I?Q)—LC:; S?NH (%2) c (Z’I)F[V]H

So we can set h = s13+LCy 59 f1+LCy s7f2+LC3 s3 to obtain the first requirement.
For the second one, that is f ¢ (z;, Ny (z2))F[V]#, assume the contrary. Then
f = qir1 + 2Ng(z3), for g1, 9o € F[V]H. However, LT(f) = 237, so the lead term
necessarily comes from the multiplication of goN g (z5). This implies though, that
go has lead monomial x3 which is a contradiction since we have proved earlier that
the invariants in F[V]¥ with the minimum z,-degree have degree at least five. So

such an invariant can’t exist. O]
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4.2 Invariants of type-(1,1,2) representations.

4.2.1 The invariant field F(V)?

Let V' denote a four-dimensional left F H-module of type-(1,1,2). Then the group

of representing matrices consists of

1 Ci12 C13 Ciga
0 1 ¢ c
23 2 y Ci,j cF.
0 O 1 0
0 O 0 1

We recall from Theorem 2.4.0.5 the existence of a basis %’ consistent with the

socle series, such that {Js1, B} forms a generating set for pg (H) with

1 by big 0

~ 0 1 0 1 —~ —

B = , b172, b173 cF.
0 0 1 0
000 0 1

For computational reasons we change the generating set of H with something

equivalent. Instead of J5; we choose to work with

100]
10 1
010
00 1

1
0
0

_O .

Notice that A ~ J31, i.e., 3P € GL4(F) such that P7'AP = J3;. A routine

computation gives
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(100 0]
010 0
0001
(0010

and conjugating the second generator

(1 by 0 by |
e 0 1 1 0
PBP =

00 1 0

(00 0 1 |

Denote B := P~ BP and % for the resulting basis. Then py(H) = (A, B). Before

we start the invariant field F(V)# computation we observe the following.

Lemma 4.2.1.1. The group ps(H) is a bireflection group.

Proof. To prove our assertion suffices to show that the fixed point space of each
generator is at least two-dimensional. For A follows immediately that V4 =
Spang{ey, ez}, while for B it is not difficult to see that VZ = Spang{es, by 4e2 —

bises}. Now our claim follows.

]

Consider the composition series (A) < (A,C) <« (A, B) = H, where C' := [A, B]

denotes the commutator element

(10 1 —byy |
C=ABA'B ' = 0L 0

001 0

(000 1 |

The first step is to compute F[V]. Since (A) = C, we can apply [6, Theorem
3.2]. Notice that (A) acts on the first three-variables as Nakajima group, hence
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{1, 22, Na(x3)} is a set of minimum z;-degree (A)-invariants, i = 1,2, 3. Further-
more, follows easily that f; = 22 —2z40; —2123 € F[V] is of minimum z4-degree.

So the following lemma is a consequence of Theorem 1.4.2.6.

Lemma 4.2.1.2. F(V) = F(xy,29,N4(x3), f1). Furthermore, we have an
equality of localized rings: F[V] [z = F[B][z;"].

Define % := {x1,x9, f1,Na(z3)}. In A there is a unique non-trivial téte-a-téte:

(ff N% (23)).

Lemma 4.2.1.3. Subducting the téte-a-téte (f7,N%(x3)), yields an invariant with

lead term: —2xhxf.

Proof. Expanding the definition of the téte-a-téte difference yields: LT (ff—IN?%(z3)) =
p+1, p—1

pt1
Set hy == fF — N2 (x3) — 222" f, 7 . We work modulo (z'™") @ F[V] to prove our

claim. Expanding f? — N%(x3) and reducing modulo (z?*!) yields

D 2 — p+1_p—1 D, .p D .P

+1 p+1
. —1 E= . . . pr= .
Regarding 2% 2" reducing modulo (x?) the invariant f,? , is equivalent to
1 1 ) 1 1 )
41
. _q1 P 1 .
reducing #¥~' £, 2 modulo (z%""). Thus, since
p+1
2 — p+1 p—1 D
we obtain
p+l
p—1 5 _ p+1_p—1 p—1_p D,.D
—2xy " fi = (a0t —2xy ] — 2myxy x] — 27577
Adding up the two parts proves our claim: LT (hy) = —2282?. O
4Ty

Set fo := hg - (—x,;7/2) and B’ = B U {f2}. Then %' is a SAGBI basis for
the algebra it generates since every téte-a-téte subducts to zero. Furthermore,
since LT (f2) = LT(N4(z4)) we can replace fy with N 4(z4) to obtain the following

result.
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Lemma 4.2.1.4. F[V]| = Flzy, 2o, f1, Na(23), Na(z4)].

Proof. From Lemma 4.2.1.2, follows that F[V][z]] = F[#'][x]"] since we just
added a new invariant. Also [8, Lemma 2.6.3] implies that the extension F[#'] C
F[V]“ is integral. Since %' is a SAGBI basis the result is an application of
Theorem 1.4.3.10. []

Applying the (A, C)/(C) = (C)-action on the equality of localized rings in Lemma
4.2.1.2 gives

F[V]“ Oy !] = (FV]) WO D) = B2 [y ].

To understand F[%)(“)[x;!] we shift the generators of F[%] to degree one y; =

21, Yo 1= T2, ys = Na(ws) /20", ys := fi/z1 and set W = Spang{yi, 42, ys, ys} for
the vector space they span. Then W is a right F(C)-module with C' acting

i -C=y1, Y2-C=1y2, y3-C =3, ya-C=1ys+y2— bi2u1.

Now the (C')-action on W is Nakajima, hence the next lemma is a consequence of

8, Theorem 8.0.7].
Lemma 4.2.1.5. F[W]<C> =Fy1,92,y3, No(ya)].

As a result of the last lemma we obtain F[V]“([27!] = Fly1, 2, y3, N (ya)][27].

Substituting and clearing out the denominators minimally gives
FVI“9%) = Flay, o, Na(ws) /2]~ No(fi/z1)][a7"] = Flay, 29, Na(ws), Ne (/)] lz1 ).

Furthermore, the generators of the right hand side algebra in the last equality are

of minimum x;-degree for ¢ = 1,2, 3,4. Regarding the only unknown invariant

Ne(f1) = fi-(fi + 2wy — bl,2£%)-~-(f1 +(p = Dwgzy — (p — 1)51,213%)
we note that forms an invariant of degree 2p and x4-degree p.

Remark 4.2.1.6. [t is worth mentioning that although No(f1) consists a natural
choice of an (A, C)-invariant of minimum x4-degree, it is not the invariant of

manimum degree with respect to that property.
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We would like to fix that since it is more convenient for our computations to
work with invariants of minimum degree with respect a given property. Since
LT(N¢(f1)) = 237, LT(N4(x3)) = o, there is a non-trivial téte-a-téte (No(f1), N2 (23)).

Subducting this téte-a-téte gives the seeking invariant.

Lemma 4.2.1.7. Subducting (Nc(f1), N%4(x3)) gives an invariant with lead term
2x§+1x{’_1. Furthermore, it is of minimum x4-degree and after dividing by the
superfluous x1 power the resulting invariant is the minimum degree invariant with

respect to that property.

Proof. Set g1 := N¢(f1) — N%(z3) and assume that there is another invariant f
of minimum degree. Then necessarily LT(f) = cal, for some ¢ € F. Let € =
{x1, 19, N (x3), f} and think of the inclusion F[¢] C F[V]4© c F[V]“. Since
N(z4) and f have the same lead term we have F[V]¢) = Flay, 29, N4(23), f1, f].
The latter implies F[€][f1] = F[V]*, thus F[V]49[f,] = F[V]. However from
Galois theory we know [F(V)) : Quot(F[€])] = [(A, C)|/|(A)| = p and this is a
contradiction. A basis for the field F(V)“ as a Quot(F[¢])-vector space is given
by the set of secondary invariants, which in our case is just the singleton {f;}. So
such an invariant f cannot exist.

To prove the first part of our claim, we work modulo () < F[V]. Follows imme-
diately that N (x3)* =, 237 — 225 2?1 Regarding N (f1), observe that every
term but the leading contain a copy of :U’l’_l. Among them there is a unique with

p—1 . . . 2 p—1 p—1 _ 2p 2,.p—1_p—1
zy  in its expression, namely z3zy @y . Thus Ne(fi) =@ey 23" + 325 27

So our claim follows: LT(g;) = 225 "ab™. O
Set g1 = ¢1 /Zmﬁ’_l. We shall use g; to construct the minimum x4-degree H-

invariant.

From [8, Corollary 3.1.6] follows that the (C)-action on F[V] yields: F[V]{¢) =
F[xy, 79, 73, No(24)]. Using the inclusion F[V]# c F[V]{©), shows that the min-
imum z4-degree H-invariant has x4-degree p. Therefore, an H-invariant with x4-

degree exactly p is a generator of F(V).
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Lemma 4.2.1.8. The polynomial

fo= ((p=1)/2- ¥ w1+ (p+1)/2 22)N%(x3) — (2§ — 2% w2) g1
+ (P4 1)/2- W5+ (p—1)/2 - bio)aiah + (B§ 5 bra — 0)a )N (3)
+ { (p—1)/2 -5+ (p+1)/2- 67577 + 08577 by g)ah 2™ }NA(Ig),

forms an H-invariant of minimum x4-degree with lead term LT(f) := (p+1)/2 -

2p
Ty Ta.

Proof. Reducing g; modulo (x1) <« F[V]¥ gives: g1 =,y 257 + (p—1)/2- 2325 "

Now it is easy to see that
T =ty 2N (23) = 2h g1 =y (0 +1)/2 - a3"ws — a2l — (p = 1)/2- afwy” ™,

and our claim follows, LT(f) = (p + 1)/2 - 22 .

Clearly f is an A-invariant. Applying the twisted derivation A = B —1 € FH
gives Ap(N(23)) = Na(z3) 4+ 25 — 27" z5 and

Ap(gr) = (B3 bra =B )A + ((p+1)/2- 0 2 bu)ates + (p—1)/2 -2
+ (p—=1)/2 - bipzas + (p+1)/2- 93p+1 bzf,zf’leA(ﬂf:%) + 2N y(3)
p—2
+ D> (=172 0 + (p+1)/2- 6,7 + 0857 by )ah
j=1
Plugging into Ap(f) these expressions returns zero. Thus f € F[V]7. O

Set f := 2f. It is not difficult to see that for f € F[xy, 1y, x3][x4], the leading
coefficient is: LC(f) = 2(z12% — alxy). Furthermore, since the H-action on the
first three variables is Nakajima, {x1, 22, Ny (z3)} forms a set of minimum degree

invariants in the first three variables. Now we obtain the following theorem.

Theorem 4.2.1.9. F(V)? = F(x1, 29, Ny(x3), f). Furthermore, we have an
equality of rings F[V]7[I7] = Flzy, 2, Ng(x3), f][I7'], where | = abxy — xoaf
and LT(Ng(x3)) = 27, LT(f) = 2%2>.

2
Ly
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Proof. Both equalities follow as an application of Theorem 1.4.2.6. [

Remark 4.2.1.10. The invariant | showing up above is a rather interesting and

well-known example of invariant. We have Fplxy, z9)52F0) = F ]I, d; 5], where
di oy — 11152733?2352
12 = ap b~

—+—, denotes the Dickson invariant.
T1T5—T] T2

4.2.2 Non Cohen-Macaulyness of F[V]"

Our next step is to investigate the structure of F[V]#. Using MAGMA for small
primes reveals high computational complexity with the number of téte-a-téte sub-
ductions increasing significantly at each step. From our experience this implies that
F[V] is not Cohen-Macaulay. In this section we present computational evidence

that for p = 3,5 and 7 this claim is true.

In particular, when p = 3 we are able to compute explicitly a generating set of
F[V]# and with a simple counting argument prove that is not Cohen-Macaulay.
For p = 5,7, although MAGMA does not return a generating set we prove the

existence of a partial hsop which fails to be a regular sequence.

More analytically, set 7 := {1, 29, Np(g1)} where the last element denotes the
B-norm of g;. Since LT(Ng(g1)) = :L'g(erl), from [8, Lemma 2.6.3] follows that J¢

is a partial hsop. We shall prove that exist invariants ui, us € F[V]#, such that

U1 NB(gl) + U9 Ty € (ﬂfl)F[V]H (421)
for every prime p and that for p = 5,7 we have u; ¢ (w1, zo)F[V]¥. This will show
that 7 does not act regularly on F[V]¥ for these primes.

Observe that there is a téte-a-téte: (Ng(g1)fP~ /2, N%{(xg)xg_lﬂ). We claim that
subducting this téte-a-téte constructs (4.2.1).

Lemma 4.2.2.1. Subducting (Ng(g1)fP~/2, N%{(xg)xg_lﬂ) yields invariants uy, us €
F[V]H such that uy Ng(g1) + uz 22 € (z1)F[V]H.

Proof. Set s := Np(g1)fP~1/? — 227/*N2,(z5). To find out the lead term of s we
work modulo (z;) < F[V].
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p—1/2 2p% p—1/2 2$1§2+p (2p2fpfl)/2+x§pxé4p2f3p*1)/2

Follows easily that: N7, (z3)zh '~ =) 23" «}

Recall from Lemma 4.2.1.8, g1 =¢,) 257 + (p — 1)/2 - 2325, and from the

)

explicit description of Ap(g;) that we have: g, - B =¢;,) = Pt ahr, + (p —
1)/2 - 2325 + (p+ 1)/2 - 25*". More generally, we compute that: g, - B =)
a2 ialr, 4 (p—1)/2 - 232 + bt where ¢ = (p—1)/2,¢1 = (p+ 1)/2,
¢ =ci1+i+(p—1)/2,i > 2, or alternatively ¢; = Z;le—l—%co,i > 1. We claim
that Hf;ll ¢; = 1. Since each ¢; can be written as a multiple of cq, ¢; = —i2co,

Vi > 1, follows that [[/- —i%co = ([[0=, % )ch ' =

Using this observation we obtain a description of the norm

NB(gl) =(a) l’3(p+1) x§2+1l’p_1—|—)\1 xgpxgp 1) +>\2 p+1x22_1
=2 e,
where
(p—1)/2
p—1 p—1
)\1 = T+ Z (T) Ci1Ci2...Ci(p_l)/2

1<in<...<ip_1)/2<p—1

p-l p—1)\0"V2
F AT (5) st

=1 | s,
p+1)/2
Ay = 1+ Z (p%l)( ! Cir Cig-+-Cigy_1y /20
1<i1 <. iy 1) j2<p—1
with S; = {1 <y < ... <ipo1y2 < p—1]i1, ..., ip-1)2 # j}. We claim that Ay, Ay
can be simplified significantly. First off, |S;| := [S|/2 where |S| = (2211 ). Thus
(p—1)-|S| = (p-1)/2-|5]. In fact, in the second sum of A\, each summand
appears precisely (p — 1)/2 times. Therefore,

= (p—1)/ p—1 2 : (p—1)/
p—1)/2 - p—1)/2
E E Cy Cilciz-"ci(p_l)/g = T : Co cilciz"‘ci(p_n/z‘
=1 | S; 1<in <. <i(p_1)/2<p—1
That is,
p—1 p+1 (p—-1)/2
A= 5 + 5 E o CirCiz-+-Cigy_1) /25
1<41 <. <i(p1)2<p—1
, p—1 2: (p—1)/2
Ao = 1+ T . Cy CilCiQ...Ci(p71>/2.

1§z’1 <..4<7:(p_1)/2Sp—1
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Our goal is to determine Aj, A\o. Let Ap denote the twisted derivation corre-
sponding to B. Then we calculate A%(g;) = 0. Therefore, for X = A%(gy),Y =
Ap(q1), Z = g1, the set {X,Y, Z} defines a basis for a three-dimensional left FZ/p-
module. From [20][Lemma 6.1], we know that in such case an explicit description of
Ng(g1) = Ao+ A1 X +...+ A, 2 XP 2, with A; € F[Y, Z] can be given. Furthermore,

we know that each A; has the following combinatorial description

W &R ZEY PR for 1 < i < (p—1)/2
P2 for (p+1)/2<i<p—2,

_ 1) [(p—=2k+1\[(p—k
Ay =27 - ZYP1 ¢ :.(— :
0 Gk 2@(p—k)(@'—k+1><k—1>

We shall exploit the above description and the coefficients &; j, to compute A;. First

Ai:

where

off, we compute that modulo (z;) we have: Y =,y 2hzs + (p+1)/2- 25", X =4,
25" whereas earlier we computed also: Z =,y 25 + (p — 1)/2 - 2325 . We
claim that for ¢ > 0 there is only one term in the expansion of Ng(g1) above,

which contains 3" xg(p “Y_ Pick an arbitrary summand: Z¥Y?P~k X’ To track

(»-1)

2 : .
down where z3"z} lies, suffices to understand what k,7 construct such term.

Explicitly we have

g p—1 7
2 : +1)(k—j 1)j
Zk —(z1) (]) < 2 ) -:Egp )( J)mgp )J7

J
p—i—k . w
—i— p—1— k D+ 1 —i—k—w Dw+(p—i—k)—w
yp—i—k =) Z ( ) ( : ) . xz;(p )mngr Jw+(p )—w

w=0

To obtain :cgp:p’;(p‘”, we must have p?> — (w+7j+1i)p+ (k+7) = 2p (*), for suitable
choices of w,j € Z*,k > 1. Observe that alwaysw+j+i<p—i—k+j+1<p,
therefore w+ j+i=p— A, for 0 < A <p—1. Let 1 <i < (p—1)/2; since
k<i+1=(p+1)/2, follows that k+j < p+1 and if (x) holds, we must have w+
j+i=p—1,k+j = p. The last equality implies: k = (p+1)/2,7 = (p—1)/2. The
latter along with the initial assumption 1 < i < (p —1)/2, gives i = (p —1)/2. So
the only summand which contains the above term is f(p_l)/z(pﬂ)/gZ(p+1)/2X(p_1)/2.

Let now (p+1)/2 <i < p—2; then k < (p—1)/2, hence k+ j < p — 1. From
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the last now, it is straightforward that for such ¢, (*) can never hold. Finally, for
i = 0 we observe that in Ay, Z” contains x%p xij(” Y as well. Thus to determine
A1 suffices to sum up the coefficients of the corresponding terms. We compute
Ep-1)/2.p+1)2 = (—1)@TD/2 /2073972 while for k = (p+1)/2,7 = (p — 1)/2, the
coefficient of x§px’2’(’"” in Z(eHD/2XE=1/2i5 ((p—1)/2)®P~Y/2(p41)/2. Therefore,
p— 1)(101)/2 ‘ ]il p;l

A1=5<p—1)/2,(p+1>/2'(7 5 T3

All together yields A; = (p — 3)/2.

The last implies

(p—1)/2 _
E o Ciy Cig---Ciy_y )y = —2.

1§z‘1<4..<i(p_1)/2§p—1
Therefore, substituting that to Ay yields: Ay = 2.

Now we return back to our initial claim. From the previous lemma again follows

that: f =) 257ws — 225 wh+ 22237~ Expanding f7~1/2, we obtain modulo (z;):
p—1
1 1) _p—1/2+5(p—1
#p- 1/2_561> ng(p )—i(p— )xg /2435 (p=1)
=0

Working out the terms of the product Ng(g;)f?~/? we observe that

2
NB(gl)fp_1/2 E<x1> :L_gp $2 p—1/2 + (Al . 1) . I’g(p+1)$§p p—1/2
+ o atAg) 2 TR g+ (p - 1)/2) - a0
+ ( _1)/2 $p+1 ;lp —p— 3/2

Summarizing all the above gives: LT(s) = (A; + 1) - a4 p g PDEPED/2,

Set 5 = s — (A 4+ 1) - 2P VEPUENL (). As previously we work modulo
(z1) < F[V]. Observe that the third term of Np(g;)fP~*/? vanishes with the sec-
ond of Ng(g1)z? V72 gince 201 + A4+ 1 = 0. Therefore LT(s;) = ((p—1)/2—
M+ 1)+ 1)y T = (2 (p = 32 /4) e

Finally, we set s, = 81 — (2 — (p — 3)2/4) - 27 7"9/2f We claim that every

term in s, contains an xi-power. From previous steps we know that the only
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remaining terms modulo (x;) must be xp“a:;*p P32 and 222PPPY ) For the

last monomial, observe that in sy the coefficient is (A, + 1/2 — (2 — (p — 3)?/4)
and equals zero. Regarding the former, adding up all the corresponding terms in
sy yields: (p—1/2— (A + 1A +2(2 — (p — 3)*/4)). Working out this coefficient

gives zero too. Therefore sy =,y 0. Now our claim follows. O

271) 423pa

Define uy := fP12 uy := —ab ¥’ N2 (w3) +1/2 25 2 Ni(g)+1/d-2y * f

to be the invariants of equation (4.2.1).

In the beginning of the section we said that for p = 3 on MAGMA we can make
explicit computations. Using FundamentalInvariants() command and randomly
assigned variables we can compute a generating set for F[V]?. Therefore with
this setup we will see that F[V] is not Cohen-Macaulay by a simple counting
argument. Regarding the claim u; ¢ (x1, zo)F[V]¥ when p = 5,7, we exploit the
linear algebra method on MAGMA (see, [9, 3.1.1]) which computes an F-vector
space basis of F[V]¥ Vd > 0. To prove that u; ¢ (z1,z9)F[V]¥ for these primes
our strategy is the following. Assuming the contrary implies that u; = x1h1+x2hs,
for hy, hy € F[V]# with hy homogeneous of degree deg(hs) = (2p* — p — 3)/2 and
LT(hs) = 257 V22732 Thus, to prove our assertion suffices for these primes to

show that hy ¢ F[V]¥ for d := (2p* —p —3)/2.

For the computations below we worked over the field F(t):=GF(p"), for r :=
2 with cj9,c04 := Random(F) being random over F and the polynomial ring
S<x4,x3,x2,x1>:=PolynomialRing(F,4,"grevlex"). Furthermore, we use the

command InvariantsOfDegree () to compute an F-basis of F[V]¥

Case p = 5: Here we have d = 21, LT(hy) = 22%z,. InvariantsOfDegree()

returns a list of 33 basis element for F[V]4 with the following lead terms:
{025 "2 | i=0,...,10}, {a5" "2 | i =0,...,21}.

Since any homogeneous invariant in F[V]£ is a linear combination of these basis el-

ements, assuming hy € F[V] implies that among them there is one with the same

lead term. However, 2%z, is not in the above sets. Therefore, u; ¢ (w1, zo)F[V]H.
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Case p = 7: This time d = 44, LT(hy) = 23?23 and InvariantsOfDegree()

returns a list of 90 generators for F[V ]} with lead terms:
{22307t | i =0,..., 14}, {z3* 232 | i=0,...,29} {o3* "2t | i =0,...,44}.

Likewise, assuming hy € F[V]L implies that a basis element with lead term z32x32

exists. However this is clearly a contradiction again, therefore u; ¢ (z1, z2)F[V]H.

So for p = 5 and 7 there is evidence that {z,22,Npg(g1)} is an hsop which is
not a regular sequence, hence [8, Theorem 2.8.1] implies that F[V]# is not Cohen-

Macaulay with this setup.

Finally we examine the case p = 3. Using the same MAGMA setup, the command

FundamentalInvariants() returns a set of eleven invariants {tq,?s,...,¢;1} with

lead terms
LT(tl) =T, LT(tQ) = T9, LT(tg) = ngz, LT(t4) = Ig,
LT(t5) = 23’2,  LT(ts) = x3°, LT(t7) = x3°, LT(tg) = 23,
LT(ty) = 232, LT(t1o) = 23°, LT(t,) = 27,

such that F[V]H = F[t, ..., t1;]. Since {1, 2, Ng(x3), Ng(z4)} is always an hsop
we compute the secondary invariants over F[zy, 29, Ny (z3), Ngy(x4)]. Using the

command SecondaryInvariants() gives back again eleven-invariants with lead

terms
LT(g1) =1, LT (g2) = x524, LT(g3) = l’éol’g, LT (g4) = x%)?,
LT(gs) = x3°,  LT(ge) = 3°, LT(g7) = x3°, LT(gs) = 3",
LT(99) = »’17367 LT(glo) T3, LT(QM) = »’U§2

such that

F[V]7 = Z Flz1, 22, N(x3), N(x4)]g;-

The fact that F[V] is not Cohen-Macaulay has been reflected already. Be-
ing Cohen-Macaulay over a finitely generated algebra R = F[hy, ..., h,], where
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deg(h;) = d;, is equivalent to
|{minimal generating set of F[V]? as R-module}| = Hdz/|H|
i=1

In our case the left-hand side is eleven, while the right-hand side 9-27/27 = 9. So

follows by a simple counting argument that F[V]# is not Cohen-Macaulay.

Summarizing all the above we conjecture the following.

Conjecture 4.2.2.2. Let p be an odd prime. Then the ring of invariants F[V ] is
not Cohen-Macaulay with the partial homogeneous system of parameters {zy,x2, Ng(g1)}

acting non-reqularly for p > 3.

4.3 Invariants of type-(1,2,1) representations.

4.3.1 Introduction

In this section we investigate invariants of type-(1, 2, 1) representations. We remind
that for this type we can only have representations with one of the following socle-

tabloids.

2

3]
21|
1

‘»-nwoo‘

For simplicity we will refer to the left tabloid by (3,21, 1) and the right by (3,22, 1).

In each case we show that the group of representing matrices is generated by
bireflections and we compute the invariant field F(V)#. Furthermore, for rep-
resentations with socle-tabloid (3,21,1) we present computational evidence that
the invariants are not Cohen-Macaulay, while for those with socle-tabloid (3,22, 1)

evidence that F[V] is a complete intersection.
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4.3.2 Invariants of type-(1,2,1) with socle-tabloid: (3,21,1)

Suppose V' is a four-dimensional FH-module of type-(1,2,1) with socle-tabloid
(3,21,1). From Theorem 2.5.0.5 there is a choice of basis %, such that the group

of representing matrices pg (H) is generated by the following matrices

-1 10 O- -1 bia 1 51,4-

01 01 0O 1 0 b
A= B = 2

0010 0 0 1 0

_0 00 1 _0 0 0 1 |

subject to the condition by 9 — by 4 # 0, with commutator

(10 0 byy—bio]

010 0
C=[AB] = ABA B =

00 1 0

000 1

Before we proceed to explicit computations we observe the following.

Lemma 4.3.2.1. The group pys(H) is a bireflection group.

Proof. Suppose B := {e1, ez, €3,e4}. To prove our assertion suffices to show that
the null space of the nilpotent part of each generator is at least two-dimensional.
For A follows immediately that dimg(ker(A — I)) = Spang{ey, es}, while for B it
is not difficult to see that dimg(ker(B — I)) = Spang{e;, ea — by 2e3}. Hence our

assertion follows. O

Now we investigate the structure of F[V]”. In Lemma 4.3.2.3 we describe the
invariant field F(V)# and we use the invariant field generators to present evidence

that F[V]# is not Cohen-Macaulay.

Recall from type-(1,1,2) case that F[V]'4) = Flzy, 2o, Na(3), fi, f2], where

fl = (L’% —_ 23’,’41‘1 — X1T3, fQ = SIJBD<f{J - NA('ZB)? [1’17x27 flﬂNA('TE})])
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Localizing at z; gives F[V] [z 1] = Flz1, 2o, Na(z3), fi][z7']. Hence shifting the
generators to degree one y; = Ny (z3)/22 ™", yo = f1/x1 and applying the quotient
group (A, C)/(A) = (C) yields

F[V]AO (27 = Flay, 22, y1, 2] 9 [27Y). (4.3.1)

The action of C' now is on a polynomial algebra and on this new basis we have

Il.O = T, ZL’Q.C = Z9,

11.C =y, 2.0 =1y — 2(52,4 - b1,2)361.

Using [8, Corollary 3.1.6] we obtain F[zy, 2o, y1, 12" = Flzy, 29,91, No(12) =
Yo — (boy — byo)P~'a? 'yy). Substituting in equation (4.3.1) and clearing the de-

nominators minimally gives
F[V]<A’C> [xl_l] = F[ZEh.TQ, NA(Z'g),wl = fin — (b274 — bLQ)p_lI?(p_l)fl][[El_l}.

In the resulting set of invariants {x1, 2, N4(23),w;}, there is only one non-trivial

tete-a-téte 1 (N?(x3), wy).

Lemma 4.3.2.2. Subducting the téte-a-téte (wi, N2 (x3)) gives an invariant with

1, p—1
lead term: 225" 271

Proof. The lead term of the téte-a-téte difference is LT (wy — N (z5)) = 225 2?71

Since it cannot subduct more against {z1, xo, N4(23),w;} our claim follows.  [J

Define u; := (w; — N2 (x3))/227~". Expanding the definition of u; gives

wo= b —ae+ (p—1)/2 ahey+ ((boa — b))’ + D(p— 1)/2- ] ]

4+ (bog — bip)" @zt + (boa — b1o)"H(p+1)/2 - sad.

We shall use u; to describe the minimum z4-degree H-invariant. From [8, Corollary
3.1.6] again, the (C)-action on F[V] gives F[V]\) = F[zy, zy, x5, No(14) = 2 —
(by.o — bo4) - 28~ '24]. So the inclusion F[V]# c F[V]“) implies that the minimum
x4-degree H-invariant has degree at least p. Thus suffices to construct an H-

invariant with z4-degree exactly p. For the remaining generators of F(V)H observe
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that H acts on the first three variables as a Nakajima group, hence {x1, 22, Ny (z3)}

form minimum degree invariants on the first three variables.
Theorem 4.3.2.3. Assume byq € F\'F,. Then the H-invariant
hy =71 - fNa(zs) + 72 - 2] 2aNa(23) + 73 - 25N a(23) + 71 - N (23) — 28wy

with

[\

.
= LS b+ 12V IR — 120 | — bt

)

— 1/2- W7 5(054 — boa) /(b5 4 — b)),
Yo = (bra—boa)? /(W54 —boa),vs = —1/ (V54 — boa),va = (B 5 — boa) /2(b5 4 — b2a),

I
o

is of minimum x4-degree with L.C,, (hy) = 2. Therefore, F(V)# = F(x1, 22, Ng(x3), h)

and we have an equality of rings: F[V]7[x7'] = Fla1, 20, Ny (23), hi][27].

Proof. Obviously h; € F[V]‘. Applying the twisted B-derivation yields Ag(h;) =
0, hence hy; € F[V]H. The equality of fields F(V)¥ = F(zy,x2, Ng(x3), h1) now
follows from Theorem 1.4.2.6 since deg,, (h;) = p. Finally, notice that the lead
term of h; as a polynomial in x4 is 2%, thus F[V ¥ [z!] = Flx1, 2o, Ny (23), hi][2]!]

as an application of Theorem 1.4.2.6 too. n

Expanding the definition of hy gives LT(hy) = —(b), — baa)/2(bh 4 — boa) - 3.
Set B = {x1, 29, Ny(x3),h1}. In % there is a unique non-trivial téte-a-téte :
(R}, N% (z3)). Explicit computations for p = 3,5 and 7 on MAGMA, imply that
subducts to an invariant with lead monomial xgxgz. However, the number of téte-
a-tétes for each of these primes increases significantly at each step. Due to the
high computational complexity explicit calculations are infeasible. However, from
our experience the latter implies that F[V]# is not Cohen-Macaulay. Below we
collect evidence for the existence of a partial hsop which does not act regularly for

the above primes.

Lemma 4.3.2.4. Subducting the téte-a-téte (h},N%(x3)), yields an invariant with
lead term: —2(V, — V) /(b — 207,054 + b3) - ahal ot 7.
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Proof. Expanding the téte-a-téte difference gives LT(h] — N% (23)) = 1 /2(1){{22 -
bh4) - xé’zxf. Suppose 4y = h] — N%(x3) — 1/2(b§’?2 — by - 28 Ny (z3). Set
co = bp2_p_i(p_1) for the coefficient of the second term of N% (z3) and ¢; :=
( ) / 2( b5 4) for the third of hf. Define c := ¢; —cp. Expanding u; gives
LT(ul) =c- :cg(p +1)x2(p Y. Thus for the next step of the subduction we subtract
off ¢ xl ‘f"hl2 This time LT (u; — ¢~ xl ph S y=¢- xé’ngx’l’Q_p, where ¢ is the
difference between the coefficients of the second terms of u; and xzf_p hf%l . Carry

on that procedure yields the following invariant

2 o2 L

. —p 2i+1)p, Bt —i

Si=w—c-a ph i PNy (x3) + E il P2 ry T
=0

where ¢; is defined similarly to ¢ for all i € {0, ..., (p — 1)/2}. Using the definition
of each invariant and reducing modulo the ideal (m’f_p 1Y q F[V] gives

~ 2 2 2 2 2 2 2
S1 =@t rHy _2<b§,4 - bg,4>/<b1?2 - 217]13,26]23,4 + bzﬁ;) ~awyxh o P

Now our assertion follows. O]

Define s; := —(bff’; - 2(7]1J b2p)/2( b5,) - 51 and B’ = {21, 29, Ny (23)}.
Then %’ is a partial hsop from [8, Lemma 2.6.3]. We are going to use s; to provide
evidence that for certain primes %’ is not a regular sequence, hence F[V] not

Cohen-Macaulay.

Proposition 4.3.2.5. There exist invariants g1, g2 € F[V]7 such that g\Ng(x3)+
goo S ($1>F[V]H

Proof. Assume b ,—by 4 # 0. We assert that for ¢; := 1/(2(b%— 20 yba 4 +53 ,)'H),

p2 e p(p+1)
siNg(z3) — o5 hy® +1/(05 —baa) - 25" 'Np(z3)
(p—3)/2

. E—’L 2 2
- Z ¢ IR ) — 1) - 2 s € (o) FIV]E

il
Set vy 1= s;Ny(z3) — 25 hy® + 1/(0F 5 — Do) - 22PNy (z3). Expanding the

p?— +2php 1/2

definition of vy gives LT (v1) = ¢o - b Pab P*+P S0 we subtract off ¢ - zh
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which is the first summand. Inductively we find

J p(p+1)

LT( U1—Z cirxh p(p+2) +2lph7_l) = Cj115 (‘jH)xg(pH)H(jH)p, vj €40, ..., (p—5)/2}.
=0
Finally for j = (p — 3)/2 we compute
U0y — > a0 ) = 1/ — W) - e
i=0

For the final step we subtract 1/(b} 72 —b8 ) x§P231 and we work modulo (2}) < F[V].

7

Expanding and reducing h; modulo (z}) gives
hy =(zP) xgp + 2/(17}17,2 —bay) - THTh — 2(1711;,2 - 55,4)/(17}17,2 —boy) - xgﬂxlil-

Analyzing the terms involved in v, yields

p—1
2 2_(; - 2 _
siNp(ws) =qp o5 Vel + (Z(bf{a ) ) T
i=0
L i oo (p—3)/2 X ,
xg hy® =(zh) 5’73(er )3512) +1/(()11),2 _b2,4) Ia IQ +p+ Z G- xg(p - szg(er )Hp
=0

x:g(erl)NH(xg) =0 '733 $2(p+1)'

Therefore all together implies

(p—3)/2 p—1 ) )
_ p(p—1)—ip p(p+2)+lp —(i+1)p —ip\ i 2p°+1_p—1
U1 =(z) E Cilg Lo (b - b]f,z ) 24 | ~ %3 Ty

=0 =0

For the second part of the expression expanding the definition and reducing gives

(p—3)/2 ~ , , (p—3)/2 ‘ A
- Z c; - xz(pH +2th > ty /(6 —b5,) - ah 51 =wy — Z Cixz?:(p—l)—wxg(p%)ﬂp.
=0 i=0

Adding up the two parts returns

(p—3)/2 ‘ . .
— S IR, 8 s

1=0
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Finally, if we define g, = s; and

p+l _
g = b T 1)y — byg) - a3 T N ()

(r-3)/2 o 2 2
— > e I T W, — ) s,
i=0
gives 1N (x3) + gowy € (z1)F[V]¥. Thus our assertion follows. O

As a consequence of the proposition, if we were able to prove that s; ¢ (1, z2)F[V]#
then %’ would be a partial hsop which is not a regular sequence, hence [8, The-
orem 2.8.1] would imply that F[V]# is not Cohen-Macaulay. Albeit proving this
assertion for any prime p is a very difficult question in general, we are able to make

explicit computation for certain primes.

We use the MAGMA command InvariantsOfDegree over the field F(t) :=GF(p")
for r := 3 with b; ; := Random(F') random and polynomial ring S<x4,x3,x2,x1> :=
PolynomialRing(F,4,"grevlex"). Assuming the contrary, s; € (x, .',CQ)F[V]H
implies s; = vy + voxo for suitable vy, vy € F[V]H . In particular, we must have

LT (vs) = 2825 " and v € F[V]%, ;. Soin order to have s; ¢ (z1,z9)F[V]" it

is enough to show that in InvariantsOfDegree(H,S,p? +p — 1) no basis element

has lead monomial equal LM(vs). Below we present the lead monomials of basis

elements in InvariantsO0fDegree(H,S,p> +p—1) for p=3,5 and 7:

(1) p=3
{o1' b i =0, ..., 11} {ada? 'l |i = 0,1,2}, {aSa "2l |i = 0,...,5}
(2) p=5
{227l |0 =0,...,29}, {aPx1 2 i = 0, ..., 4}, {z2? "2l i = 0, ..., 19},
{23°2)"2h i =0,...,9}
3) p="7
{27 |i = 0,...,55}, {z3’ a0 "ah |i = 0, ...,6}, {zz'al "2b|i = 0,...,41},

{222l |i = 0,..., 27}, {o3?0® "ah |i = 0,...,13}.
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Observe now that for p = 3,5 and 7 there is no monomial x3z5, 2323* or xlx3®

correspondingly. Thus, s; ¢ F[V]%, | with this setup. Hence for these primes

H
p’+p
we have evidence that F[V]# is not Cohen-Macaulay.

Conjecture 4.3.2.6. Assume V is a four-dimensional F H-module of type-(1,2,1)

3]
with socle-tabloid [2]1]. Then F[V]" is not Cohen-Macaulay for any prime p > 2.
11

4.3.3 Invariants of type-(1,2,1) with socle-tabloid: (3,22,1)

Suppose V' is a four-dimensional FH-module of type-(1,2,1) with socle-tabloid
(3,22,1). From Theorem 2.5.0.7 there is a choice of basis %8 such that the group

of representing matrices pg (H) is generated by the following matrices

1 12 0413 0 -1 bl,Z b1,3 0-
0 1 0O O 0 1 0 1
A: ,B: )
0 O 1 1 0 O 1 0
_O 0 0 1_ _0 0 0 1_
with commutator
_1 0 0 a172—b173_
L., lo1o 0
C=[A,B]=ABA'B™' =
0 0 1 0
0 0 0 1]

We first compute F(V)?. Tt is clear that 1, Ny (zy) = a5 — 28 2y, Ny(z3) =
zh — 2% 'z5 are minimum degree invariants since the action on the first three
variables is Nakajima. For the last one we find a lower bound. Since the (C)-action
on F[V] is Nakajima F[V](©) = Flzy, 29, 23, N (24) = 2% — (a15 — brs) - 25 "xy).
Hence the inclusion F[V]? < F[V]“) implies that the minimum z,-degree H-

invariant has x4-degree at least p as well.
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Theorem 4.3.3.1. The H-invariant

p—1
~ p+1 p P D p ,.ptl D p—1—t i D 2,.p—1
gu = i@y 4 al a5ws + V] gwswh + af gz — ahay — (E ayy  bioby g+ bY5)/2 - asay
i=0
p p—1 p—1
p—igi p—1 p—1—1 i P 2,.p—1 pP—izi D
- E :a1,2 Vi w3zomy  — () ayy ‘aighis+ayy)/2-x52) + E :a1,2 b3 - T4y
1=0 =0 i=0

[y

p—1 p—
+ ()l Tkl — o) /2 waal + (Y by Tan by — af ) /2 - waad
=0

i

Il
o

is of minimum x4-degree LC,,(g1) = —x1. Therefore, F(V)# = F(z1, Ny (z2), Ng(x3), g1)
and we have an equality of rings: F[V]H[z'] = Flz1, Ny (z2), Ng(a3), 1]z ).

Proof. Applying the twisted derivations A4, Ap yields zero in both cases. Since
deg,, (g1) = p follows from the last paragraph that must be of minimum x4-
degree, hence the field equality is an application of Theorem 1.4.2.6. Finally,
notice that the lead term of g as a polynomial in x4 is —x1, thus F[V]7[2]!] =

Flz), Ng(z2), Ng(z3), g1][x1"] as a consequence of Theorem 1.4.2.6 too. O

Define g, := g1 /b 5 so that LT(g1) = 22 and set B = {x1, Ny (z3), Ny (z3), g1 }-
We wish to apply SAGBI/divide-by-z algorithm on 2. In % there is only one

non-trivial téte-a-téte = (N2 (x3), g?).
Lemma 4.3.3.2. Subducting the téte-a-téte (N (z3), "), yields an invariant
with lead term: (aIf’Qb’fQ_p — aﬁ)/bﬁ’; : xggxgmll’_l.

Proof. Set

~ 2 2
s1o= NY(as) — g + al o /b7, - Ny (2) Ny (23)
2 2 2 2 _ _
+ b110,3/b]1),2 - N (22) Ny (w3) + (1]1),3/b110,2 ‘ Ngl(@) + 1NZ;1 1(553)91-
Follows by construction that s; € F[V]H . Expanding and analyzing the definition

gives: LT(s7) := (a{'zblf{p — afz)/b’f; : x§2x2x§’71. Since the resulting lead term

cannot be subducted more s; must be the seeking subduction. O]
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2 2 2 — —(p—1
Let sy := U)o/ (af 0) 5 ¥ — aiy) - 512, "=V and B, = {z1, Ny (22), Ny (23), g1, 51}
Note that deg,,(s1) = p® with monomial term: xffa:l. This time we have two

non-trivial téte-a-tétes : (sf,N’;; (23)Ng(x9)), (sll’(pH),ngN’;{H(:pg)).

Lemma 4.3.3.3. Subducting the téte-a-téte (s, N%Q (x3)Np(x9)) yields an invari-

2 3 2 3 3
: ) p? 1p°—p p P p
ant with lead term: 1/(@1721)11’2 — a172) cah b

Proof. Expanding the definition of the téte-a-téte difference gives:
2 3.2 .2 2_pal p2
LT(Slf - N?{ (3)Ng(z2)) = _bzf,2 g b’1’73/(a’f — a4 2bp 7 ) - xé’ r Ig .
After explicit calculations we obtain the following expression for the first steps of
the subduction

5 2 3 2 3 _
wp = 8t — NU ()N () + 5 0y (0l — al b

)

2 2_
) NP ()N 7P ()
3

oy —p2/<a1? — B NB () NB, P (5)

)

3 3 2
- bil),S/(a 2 a12 1,2 " ) - N?{<I2)NH<I3)

3 3 2 2 _ 2_
- a]f,:’,/(@ 1,2 a€,26€72 ) 'NZJ?LIH(iUZ) — 1NI;1 P(x3)s1,

with LT (uy) = b’f;pb’f’?’/(afz — aﬁ’yzb’f?;p) : xé’g*pﬂxgxf*l. Consider the following

invariant

p
up = w—al { > Ni(@)(cin - Ny~ (@s)g1 + i Nﬁ_p_l(x?»)‘sl)}

p—1

+ o {Z i NG 7P ()N (xs)gl}

i=1
and set
vy 1= =l LS NG () (0 NG (@) g1+ 50NG 7 (wg)sn) b Vi € {1, pP—p)

i=1

Now define ¢;; = LC(v,_1), ¢j2 = LC(vj_1 —¢j1 -x’f_lNil(xg)N’;_l_j(xg)gl). An-
alyzing v; yields LT (v;) = ¢jq11 - x§3*p““)“x§”“)x€‘l, for all j € {1,...,p* — p}.
By definition, the coefficients ensure that the lead term LT(v;) is canceled by
LT(¢jq1,1 - $€_1Ng1($2)N]§_j_2($3)gl) at each stage and similarly that LT (v; —
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cjﬂ,l-:c]l”*lN];l(:cg)N’;ILj(:cg)gl) is canceled by LT(ch’g-x}f*le;l(:cg)Nﬁifpﬂ' (x3)s1).
Finally, we have LM(u,2_,) = xé’Q—pHx’Q’S_pQw’f—l. Hence can be subducted by the
last summand in us: ¢p—13 - Nzg_pﬂ(xg)N’;{_Q(xg)gl, for cp—13 = LC(vp2_,). So we
set ¢;3 = LC(vp2_), — ZZ;; Crs - N’]’;_p”(xg)N%_l_i(xg)gl). The last ensures that
in the resulting u, every term has a copy of x}. Since we are using grevlex order
with x; < 9 < x3 < x4, the term 1/(a§’7226§’732_p2 — af;) ~x’4’3x11’ in s{ must be the

lead term of us and the claim follows. O

Define sy := (aﬁ’;b]f{ﬁ — af’z) ~ug/x) and By = {x1, Ny (z2), Ny (x3), g1, 81, $2}-
Explicit computations on MAGMA over F(t) :=GF(p") for r := 4 with a;;,b;; :=
Random(F'), reveal that against %, the téte-a-téte (sll)(pﬂ),ngN%H(xg)) subducts
to zero when p = 3,5 and 7. Therefore, for these primes we collect evidence
that %, is a SAGBI basis. Furthermore, since F[%;] C F[V]¥ is integral with
F[#,][z;'] = F[V]#[z"] follows that F[V]¥ = F[%;] from Theorem 1.4.3.10.
Hence F[V]# is a complete intersection with embedding dimension six. However,
even for small primes the complexity of computations is forbidding for an explicit
description. When p = 5, MAGMA returns 1500 steps during the téte-a-téte
subduction and this number increases significantly when one attempts the case

p = 7. Therefore, we conjecture the following.

Conjecture 4.3.3.4. Assume that V is a four-dimensional FH-module of type-

3
(1,2,1) and socle-tabloid [2]2]. Then F[V|# is a complete intersection with embed-
1
ding dimension siz and two relations constructed during the téte-a-téte subductions.

4.4 Invariants of type-(2,1,1) representations.

4.4.1 Introduction

In this section we investigate the structure of the invariant rings of type-(2,1,1)

representations. We remind you that the image of these representations consists
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of elements of the form

1 0 c13 01,4-
01 c c
23 2 y Cijg cF.
00 1 C3.4
00 0 1]

Recall from Theorem 2.3.0.6 the existence of a basis %’ so that pg/(H) is generated
by

1 0 00 1 0 b3 51,4-
01 1 0 =~ 01 %b b
Ty = B 2,3 024
0 011 00 1 b3s
0 0 01 _0 0 O 1 ]

for b;; € F. From [8, Theorem 3.9.2], we know that F[V]¥ is Cohen-Macaulay
since dimp (V) = 2. However we have to distinguish between two cases, by 3 # 0

and b173 =0.

4.4.2 Case bi3#0

We start by considering the case by 3 # 0. From Theorem 2.3.0.6-(1), we fix a
basis %8 such that the group of representing matrices pg (H) is generated by

1000 1 010

0110 01 0 a
A= , B =

0011 0010

00 0 1] 00 0 1

for a,b € F.

In this section we compute the invariant field F(V)#. To this end, assume a,b # 0
N

d
and think of the composition series (4) < (A,C) <« (A, B) = H, where

100 -1
010 b
C=[A,B]=
001 0
000 1|
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Notice that F[V] = F[V3 @ Vi]¢Y. Therefore,
FV]¥ = FV3]"Y @ FVi] = F[z1, 6, Na(22), Na(z3), 24). (4.4.1)

The latter follows from the three-dimensional case in [7, Theorem 4.3], plus a
generator in degree one induced from the trivial representation. As a reminder,

we have set § = 13 — 22311 — To11.

For simplicity let Hy = (A, C). On localization level
F[V]"W[21"] = Fla1, 6, Na(22), 24 [z7 ).

Therefore applying the (C)-action yields: F[V]#2[z!] = Flzy, 6, Na(z2), 24) 9 [27].
As it is customary to do, we shift to degree one the algebra generators 1, :=
§/x1,y2 = Nu(zy)/2P~", and think of the new F(C)-module spanned by these

elements. On this new basis we compute

xl'C::xl s yl'C::yl_beb

yg'OZ:yg s .274'0::334—.’171.

The (C)-action is Nakajima, hence F[z1, y1, 32, 74]'C) = Flz1, 24—1/2b-y1, v, Ne(z4)].
Thus, F[V]#2[2]'] = Flx1, N4 (22),0 — 2br124, No(24)][z7 1] after clearing the de-
nominators minimally. Set B := {x1,9; := 0 — 2bx1xy, Na(22),No(24)}. In B

there is a unique non-trivial téte-a-téte: (N7, (x2), g7)-

Lemma 4.4.2.1. Subducting (N}, (22),97) yields an invariant with lead term.:

P, .p
20P x5y

Proof. Observe that LT(N?, (z5) — ¢}) = —225"'a%™". Therefore we set ¢; :=
N3, (z2) — g7 + 2923771 The second term in order inside g"™/227! s

4bxyxh'2?.  Since the corresponding term in N%, (z2) — gf

LT(ty) := 2bal2l. Finally, let ty := t; — 2b2) No(z4). Expanding the definition of

is 2bxlial; follows

ty 1s easy to see that 20Pzhal. O

Set go := to/20P2 and By := {x1, g1, Np,(22), 92, Np,(x4)}. This time in B, there

is no non-trivial téte-a-téte , hence forms a SAGBI basis of F[V]2,
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Lemma 4.4.2.2. F[V|#2 = Flxy, g1, Np,(22), g2, N, (24)], where LT(g;) = 22,
LT(Ny,(z3)) = 25, LT(g2) = 25, LT(Ny,(z4)) = Y. Furthermore, we have an
equality of fields F(V)"* = F (w1, N, (22), g1, 92).-

Proof. Follows by an application of Theorem 1.4.2.6 and 1.4.3.10. [

Now we compute F(V)#. On the first two variables the action is Nakajima, hence
{z1,Ng(z5)} form invariants of minimum degree with LT(Ng(x3)) = a:’j. Also a

routine computation shows that

—b bl — b2 b’ —b 2a + bP — b*
k- gt - zgab ! — cory -y

2y v Y 2

p—1
$2$1 9

fory:=a+(p—1)/2-0*+ (p+1)/2-b, is a minimum z,-degree H-invariant. The
only thing left is the minimum x3-degree invariant. From Lemma 4.4.2.2 and the

field inclusion F(V)# c F(V)#2, we know that has degree at least p.

Theorem 4.4.2.3. The polynomial

Ky = x%p — 2bp_1x§+1x11)_1 - Dakal + (—2a” + 2abP~ + b —b) /b - 252k

£ pPP D220 o (gt 1) aa T 4 (20 — 2abP T — P 4 0P) b - aan

2p—1
1

forms an H-invariant of minimum x3-degree. Therefore, F(V)H = F(z;, Ny(z2), k1, o)

and since LC,, (k1) = 22" we have an equality of localized rings: F[V]"[z71] =

Flz1, Ny (22), k1, ko] [271].

Remark 4.4.2.4. For the above computations we assumed a,b € ¥F*. When a =
b = 0, think the composition series Hi = (B) < Hy = (B,C) < H = (A, B).
Then [8, Corollary 3.1.6] implies F[V |t = F[zy, 12, 23, Ng(z4)] and applying the
Hy/H, = (C)-action, F[V]#2 = (F[V]H)H2/H1 = Flzy, 29, 23, Ny, (24)]. Since
the last algebra is polynomial, the H/Hy = (A)-action on F[V]#2 gives F[V]? =
Flz1, 2o, v3, N, (24)]Y. Thus, an application of [7, Theorem 4.3] for W = C,
yields F[V]7 = F[x1,0, Ng(xs), Ng(x3), Ny (z4)], where § = 25 — 23701 — 1977

9
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4.4.2.5 Complete intersection property of F[V]#

Set B = {x1,Ny(x3), k1, k2}. In principle, we can extend % to a SAGBI basis
for any p. However, computations on MAGMA reveal that F[V] depends on the
choice of p. As a result, F[V]* does not have a closed form. Below we investigate
subductions of % that exist for all p > 3 and explicitly present the téte-a-téte

subductions for small primes.

Set S := [x1, K1, K2, Ng(22), Ny (z4)] for the list of minimum degree invariants and
H-norm of x4. Note that the x3-norm has not been included. From the definition
of H in that case, we have LT(Ng(z3)) = x§3. However as we will see below
Ny (z3) is not the right invariant. For p = 5,7 during the téte-a-téte subduction

another one with lead term xgz is constructed.

We seek for non-trivial téte-a-tétes in S. The first téte-a-téte subduction is that of
(Ko, k2). Set hy := SUBD(ky — k2, .9) after normalization. Expanding the definition
of hy shows that LT(hy) = 5. When h, is attached to S, s is redundant. So
let Sy := [x1, Npy(z3), k1, h1, Ng(z4)] denote this new list.

The second téte-a-téte subduction is SUBD(Ny(x2) — kY, 51). Likewise, let hy
denote this subduction after normalization. Expanding again the definition gives
LT(hy) = 25", Now we can drop the norm Ny (z5) from S; and attach hy instead.

Define Sy := [z1, k1, by, ho, Ny (23), Ny (x4)] for the new list.

Finally, in S, there is an additional generic non-trivial téte-a-téte , (h?, hok). The
latter defines an invariant hg := (h? — hoky)/(LC(h? — hoky) 1), LT(hg) = abab™.
The new list S3 := [x1, Ny(x3), k1, h1, ha, hg, Ny (x4)] consists of H-invariants for

any prime p.

Below we investigate the cases p = 3,5 and 7. For each of these primes we use
MAGMA to extend S3 to a SAGBI basis. Furthermore, we are able to count the
number of minimal algebraic relations and based on this evidence we conjecture
that F[V]¥ is a Cohen-Macaulay ring which is not a complete intersection. In

what follows LC; denotes the leading coefficient of the i-th subduction. With that
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notation for example we have LCy = LC(ky — K1), LC3 = LC(h3 — haky).
Computation p = 3:

We apply SAGBI/divide-by-x algorithm on S3. The invariants we obtain after the
téte-a~téte subductions on MAGMA are depicted as follows:

hy = (P2 ponlr V%) LGy, LT(hy) = 2822,
hs = (WP — hyrPH?) LG5, LT(hs) = 2z,
he = (h — hsky — LC(hshy — hsk1)hB)/LCez1, LT(hg) = 237ah™,
hy = (hshy — hsk? — LC(hshy — hgk?)k1h?) /LCray, LT(h7) = a3Px2.

Let S7 denote the resulting list [z1, k1, b1, ha, hs, ha, hs, he, b7, Ng(x4)]. To check
if S; forms a SAGBI basis we use MAGMA again; over the finite field F := GF(p?),
we construct a polynomial ring on four-variables with respect the grevlex or-
der S<x4,x3,x2,x1>:=PolynomialRing(F,4,"grevlex"). Then, for randomly
assigned variables a := Random(F),b := Random(F), MAGMA returns immedi-
ately that in S; every non-trivial téte-a-téte subducts to zero. From Theorem
4.4.2.3 follows also that F[S7][z;'] = F[V]#[2]'] and F[S;] C F[V]¥ is integral,
so F[S7] = F[V]¥ and S; is a SAGBI basis for F[V]#. In particular, for p = 3 in
contrast with the other two cases below, MAGMA is able to return a minimal set of
fundamental invariants using the FundamentalInvariants () command. The lead
terms of these invariants coincide with those in S7, so it forms a minimal generat-
ing set. To count the algebraic relations of the elements in S; we use the sagbi ()
function described in the first chapter. From Lemma 1.4.3.12, we know that the
number of non-trivial téte-a-téte subductions in a SAGBI basis minimally generate
the ideal of relations. Here sagbi() returns 27 relations among the elements of

Sz, hence the ideal of relation of F[V]# is generated by 27 elements.
Computation p = 5:

We follow the same procedure as in the previous case. The generators and relations

of F[V]# created throughout the SAGBI/divide-by-z algorithm are defined as
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follows:
he = (s (p+3)/ thgp‘”/Q)/LQ; x1, LT(hy) = 25z}t
hs = (lnhohg — hary)/LCs 21, LT(hs) = 2izl?,
he = (b — hor{PD?) JLCs 21, LT(he) = 232’,
hy = (hgki — hahs)/LCr 2y, LT(hy) = 20214,
hs = (hghy — hswd)/LCs a1, LT(hg) = 2102},
ho = (khohs — hihe)/LCyx1, LT(hg) = 230y,
ho = (hohs — kihy)/LCro 21, LT(hy) = 2ioal?,
hii = (kihs — hohy)/LCy 71, LT(hyy) = 2234,
his = (hohs — kiho)/LCiaxy, LT(hys) = 2lPl?,
his = (hihs — hohg)/LC1sz1, LT(hys) = 215210,
hiy = (kihiz — hohyy — LC(kihy g — hahiy)k}?) /LCy 21, LT(hyy) = 23’23,
his = (Kihis — hahyg — LC(k1hys — hohy o) B /LCys 21, LT(has) = 22,

To complete the téte-a-tete subduction, there is one last left
N := SUBD(hoh3 — k1 hs, [1, K1, ha, ho, by, hu, hs, Ny (24)]) /LC 2}, LT(N3) =

We can confirm on MAGMA that in the resulting list, say Si5, every non-trivial
téte-a-téte subducts to zero. We work as previously over a finite field F := GF(p?),
with randomly assigned variables. Likewise, we have F[S;5] = F[V]#. Therefore,
Sy5 forms a SAGBI basis for F[V]#. Using the function sagbi() on MAGMA
returns a list of 125 generators for the ideal of algebraic relations of F[V]#. As we

said previously this list is minimal.
Computation p = 7:
The computations for p = 7 yield a SAGBI basis comprised of the following ele-
ments:
hy = (kT2 = P2 LC 2y, LT (hy) = 2727,
h5 = (h§p+1)/2 — hQ (p+1)/ )/LC5 xIy, LT(h ) == I‘Z(L’%g,
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h6 = H1h4 - hghghl)/L06 x1, LT(hG) = ZE}l4ZE%6,

(

hy = (hsk1 — hahy)/LCr a1, LT(h7) = 2y 23",
(hshy — hsk?)/LCsxy, LT(hg) = x}*a3®,
(hshy — hohsk®) /LCqy x1, LT (hg) = x*22°,
(k1he — h3hahy)/LCio w1, LT(hy) = 23'23,
(hohg — K1h7)/LCyy 21, LT (hyy) = 27 23°,
(hohy — K1hg)/LC12 21, LT (h12) = 2323,
(hohg — K1hg)/LC1 321, LT (h13) = 2323,
(hohg — hihg)/LCyy w1, LT(h14) = 2323,
(k1hoh3 — hihg)/LCys 21, LT (hys) = 27 23,
(hohio — k1h11)/LCig x1, LT (hig) = 32237,

hir = (hohyy — kihy2)/LCir 21, LT(hi7) = 2323,
(hohio — k1h13)/LCig x1, LT(hig) = 2323,
(hah1s — kihia) /LCrg 1, LT(h1g) = 23°23°,
(hoh1s — K1his) /LCo 21, LT(hyg) = 22822,
(hohis — hih1y) /LCy 21, LT(hy) = 23823,
(hohi7 — K1hig) /LCg w1, LT (hay) = 23°2:25°,
(hohig — K1h19) /LCo3 21, LT (hg3) = 30227
(hohig — K1hoo)/LCo 4 1, LT (hoy4) = 3238,
(hohgo — K1ha1) /LCos 1, LT (hes) = 23723,
(hahas — kihay — LC(hohas — Kihoa)k1°) /LCos x1, LT (hag) = 2’23,
(hoha 4 — K1hes — LC(hohg 4 — H1h25)/{1h2)/LCQ7 x1, LT(hyr) = xfxgg.

To complete the téte-a-téte subduction, there is one last left

N3 = SUBD(hghg—lilhlo, [ZEl, K1, hl, ]’LQ, hg, h4, h5, hﬁ, h7, hg, hg, NH<I4)])/LC l’i’, LT(Ng) = l’gQ.

Using MAGMA as above in the resulting list, say Ss7, we can confirm that every
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non-trivial téte-a-téte subducts to zero. Therefore, Sy; forms a SAGBI basis for
F[V]# when p = 7. This time the sagbi() function after few hours returns a list

of 401 minimal relations for F[V]H )

That the number of relations varies, implies that F[V]# has not a closed form.
Furthermore, although F[V]# is Cohen-Macaulay for every prime p, we can prove
that it is not a complete intersection by a simple counting argument. The rest of

this section is dedicated on this.

Let B denote a finitely generated commutative F-algebra graded over the non-
negative integers. Suppose also that S = {fi,..., f,} is a minimal system of ho-
mogeneous generators for B and let dim(B) denote the Krull dimension of B. We
remind you that B is called a complete intersection, if for a given presentation
o: F[X,.,X,] = B, X; = o(X;) = fi, the kernel ker(c) is generated by a

regular sequemnce.

For a given subset of elements of B, one can define the Koszul complex associated
to this set. In our case, choose this set to be S. Since the Koszul homology is
independent of the choice of the generating set (up to isomorphism of complexes)
[4, pg.75], we can denote the Koszul homology associated to f = (f1,..., fa), Kp(f),
just by H.(B).

We remind you the following result from the introduction, where counting the
number of minimal algebraic relations for a graded local Cohen-Macaulay ring

suffices to decide whether it is a complete intersection or not.

Proposition 4.4.2.6. Suppose that B is an integral domain. Using the above
notation, B is a complete intersection if and only if dimg(H,(B)) = n — dim(B).

In our case B = F[V]? and dim(F[V]#) = 4. Since dimg(H;(B)) coincides
with the cardinality of a minimal generating set of ker(o), to prove our claim
suffices to show that the above equality does not hold. For the case p = 3 we
calculated 27 relations, hence dimg(H;(F[V])) = 27. Also the SAGBI basis we
computed is minimal since coincides with the output of FundamentalInvariants,

and the last returns always a minimal generating set. Hence for p = 3 we have
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n —dim(B) = 10 — 4 = 6, so F[V]" is not a complete intersection.

For p = 5,7 unfortunately we have no guarantee that the SAGBI bases we com-
puted are minimal. However, the number of their elements sets an upper bound
for it. For p =5, we have dim(H;(F[V]#)) = 125 while a minimal generating set
contains at most 19 elements. Thus, again F[V]” cannot be a complete intersec-
tion from the proposition above. Finally, for p = 7 the corresponding numbers
are dim(H,; (F[V]")) = 401 and a minimal generating set consists of at most 27

elements, so it cannot be a complete intersection too.

Conjecture 4.4.2.7. Suppose V is a four-dimensional F H-module of type-(2,1,1)

as above. Then V is a complete intersection that is not Cohen-Macaulay.

4.4.3 Case b 3=0

We recall from Theorem 2.3.0.6 that when b, 3 = 0 we have two distinct cases. If V'
is decomposable, with the right choice of basis the group of representing matrices

is generated by

(10 0 0] (10 0 1]

0110 0 1 byg 0
A= ,B:: , )

0011 00 1 by,

000 1 00 0 1]

while if V' is indecomposable by

[1 0 0 0] (10 0 o]

0110 01 bpy O
A= . B =

0011 00 1 by,

000 1 00 0 1]

So we distinguish between the subcases where b; 4 = 0 and by 4 # 0.

Subcase b; 4 = 0 : Note that when b, 4 = 0, H fixes x4 and acts on the first three
variables like the three-dimensional generic case. Therefore, a generating set of

the invariant ring F[V]# is given from Theorem 3.2.0.8 including .
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Subcase by 4 # 0: Let (A) <« (A,C) <« (A, B) = H be a composition series where

100 0
C:=[A,B] = ABA'B™' = 010 bga = b

00 1 0

0 0 0 1

From equation (4.4.1) we have F[V] [z = Flz1, 6, Na(z2), 24][x7"]. Set Hy :=
(A,C). Then F[V]|#2[27'] = Fla1,, Nag(22), 24]¢[27!] and we shift to degree
one the generators y; = 6/x1, 9 := Na(z2)/2"" to obtain a new F(C)-module

W := Spang{z1,y1, Y2, 4 }. On this new basis {z1,y1, y2, x4} we have

21-Ci=21 , y1-C:=y1—2(bsa — bog)z
Yo - C =1y , x4 -C := 1y

The last imply that the (C)-action on W is Nakajima, hence we obtain after
clearing minimally the denominators F[V]#2[z!] = F[z1, N (8), N s(22), z4][z1 Y.
We shall extend the algebra generators of the right-hand side to a SAGBI basis
of F[V]#2. In the set {x1,N¢(5), Na(x3), 74}, there is a unique non-trivial téte-a-
téte: (N (9), N%(22)).

Lemma 4.4.3.1. Subducting the téte-a-téte (N¢(8), N%4(z2)), defines an invariant

with lead term: 225 22~

Proof. Set i := N¢(6)—N?(x9). Expanding the definition of §; gives immediately
LT(q) = 225 a2 O

Let g1 == g1/220"" and B = {21, N (23), g1, Na(x3), 24}. We note that N () is
redundant after g; has been attached. In B there is a unique non-trivial téte-a-téte

L (g1 NG (22)).

Lemma 4.4.3.2. The téte-a-téte (", NO (25)) subducts to zero.

Now in B every non-trivial téte-a-téte subducts to zero.
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Lemma 4.4.3.3. F[V}HQ = F[l’l, NA(IQ), gi, NA(fL’3), 1'4].

Proof. In B every non-trivial téte-a-téte subducts to zero, hence it is a SAGBI

basis. Now our claim follows by an application of Theorem 1.4.3.10. O]

Moreover, the invariant g, constructed above is of minimum x3-degree with deg,, (91) =

p, hence we have in addition an equality of fields.

Lemma 4.4.3.4. F(V)H2 = F(Il, NA(ZEQ), gi, .I'4).
Proof. Follows by an application of Theorem 1.4.2.6. O]

Now because of the field inclusion F(V)# c F(V)#2, we have obtained a lower
bound for the minimum degree invariants. Follows directly that {z1, Ng(z2)} are
of minimum degree in the first two variables. Furthermore, follows easily that
the polynomial ¢, := x5 — (b5, — bsg)xsxt " — 202h”!) forms an H-invariant of
minimum z4-degree too. Regarding the minimum x3-degree invariant, from the
field inclusion we know that has x3-degree at least p. Therefore suffices to construct

an H-invariant with that virtue.

Lemma 4.4.3.5. The polynomaial

¢ = N2 (22) + 71 - 9611)7191 — o - /N (),

where
S (p—=1)/2-b5,+ (p+1)/2-bs4
b (V55 — b34) ’
= b 4(bshy — 2055 + b3 ,) 4+ 00T bh o (—bsi T b+ BT — 0T
2 )
(053 — b3a) (b5 4 — b34)

is an H-invariant of minimum x3-degree. Therefore, F(V)7 = F(x1, Ng(x2), ¢1, ¢2)-

Proof. That ¢ € F[V]# follows from a routine calculation on Ag(qz) = 0, Ap :=
B —1 € FH. The field equality as an application of Theorem 1.4.2.6. O]
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Set B = {x1,Ny(z2),q1,q2}, with LT(Ng(z2)) = xé’Q,LT(ql) = 25, LT(qp) = 227
We shall extend this set to a SAGBI basis of F[V]7. The first téte-a-téte is:
(N (22), 7).

Lemma 4.4.3.6. Subducting the téte-a-téte (Ny(xa),q}), defines an invariant with

lead term: (bg’l — b§74)xixﬁ’2fp.

Proof. Set @3 :== Ny(z2) — ¢}. Observe that the second in term order of the norm
Ny (22) has z;-degree p* — p. Expanding the definition of ¢; follows immediately
that LT(@) = (¥, — Vh,) - aha} . =

Let g5 == G3/(Vh, — U5 ,)2% " and B := (% \ {Ny(z2)}) U {gs}. Thus, % =

{z1,q1,q2,q3} and (¢, ¢2) forms the unique non-trivial téte-a-téte in ;.

Lemma 4.4.3.7. Subducting the téte-a-téte (¢3,qs), defines an invariant with lead
1

term: —2(b5 4 — bsa)axha) .
Proof. Set @y := ¢? — q». Expanding the definition of each part and take the

difference gives immediately our claim: LT(g) = —2(by, — bsq)xaahat . O

Let g4 := qs/ — 2(b5, — bs)a? " and B, = (% \ {¢2}) U {@u}. Thus, B, =

{x1,q1,q3,q:} and (¢}, g3q}) forms a unique non-trivial téte-a-téte .

Lemma 4.4.3.8. Subducting the téte-a-téte (¢}, qsq?), defines an invariant with
2 _ 2 2
lead term: — (b 3—b3a—02) /(b 3—bs 4)P*'-2h ™l where 6y = (05 3—bsa)/(bh 35—

Ug.4)-

Proof. Set s1 := qj — g3¢;- Then modulo (z7) < F[V]: ¢f =», ;UZ:(:QQ + 1/(b§’723 —

2 2 2 2
b§?4) b P gsq? =(at) ok — 1/(b§,4 —b3y4) - b P Therefore, LT(s1) = 6y - 2} 7,
2

where 6; := (Vg — bsa)/(Bhs — b5 (064 — b3 ).

For the next step we set: sy := 51 — d1¢5"". Modulo (z¥) « F[V] each part yields:
2 2 _ 2 2 _
S1 =(a?) 01 *p—l/(b§,4—bs,4) 75 lak 17 quﬂ =(a?) h +p—(b§,4—b3,4)954373 zy -
:ng”xﬁ’*l. Thus, for this second step LT(sp) = 0 - x4x§2+1x€71, by = (1712”723 —
2

b)) (byz3 — b5 4).
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Finally, let s3 := s9 — 523711’_1(]713_1(]4. Expanding the definition of each part and
reducing modulo (z%): 227 '¢? ¢, = () 354:#2)2:17’17_1 + 1/(by 3 — bsa) - @5 +1ZB4_1.
Summarizing the aforementioned yields: LT (s3) = — (b5 3—bsa—02) /(b5 5—b34)P
b +1le)—1' O
We set q5 := s3/032P~" and B := B> U {gs}. In this new set there is a unique
téte-a-téte: (b, qf +1).

Lemma 4.4.3.9. Subducting the téte-a-téte (¢t, g} +1) defines an invariant with
3 2 3 2

lead term: (Vs — U50)/(Woy — Uhy) - 2 .

Proof. Let t1 := ¢¢ — ¢} *+1 denote the téte-a-téte difference. Expanding the defi-

nition of both invariants and reducing modulo (z7*!) « F[V]H: ¢ = x5’3“’ +

2 3 2 3 3 2 2 3_ 2 2 1 _
(bg,s - b§,4)/(b§,3 - bgs) - T T — (51273 - b§,4)/(b]§,3 - bg,g) ay xy Al q) i = (2Pt
x5 r — (by, — b374)x4x§3$71’ b ab +1:vp_1. Thus we have

2

o 3 1 pe 3 2 3
) (054 — b3,4)x4x§ o 4 N 7+ (055 —b54)/(bh 5 — bE5) - f oy
3 3 2
- (b’2373 - b§4)/( bp 3) ZU3 wy U

7

Let ty :=t; — (b5, — b3,4):c§’71q11°271q4. Reducing modulo () the second part of to:
xf_qu2_1q4 =) mx’jw’fl +1/(Uy 3 — b3a) - 75 +1x1_1. Forming the difference of
the two parts yields our assertion: LT(ty) = (b§23 - b§4)/(b§33 - bgzg) : :13’53:8’1). O
Finally we set ¢ = —(65?3 — bgil) : 754/%]1)2 and %3 = {r1,q1,q3,q,0,9} Now
every téte-a-téte in A3 subducts to zero. Since LT(Ng(x3)) = LT(gs), we swap
these two elements in %3 to obtain a more natural generating set. Therefore we

conclude to the following theorem.

Theorem 4.4.3.10. Let V' denote a four-dimensional indecomposable left ¥ H -
module of type-(2,1,1), such that by3 = 0. Then P as described above, forms a
SAGBI basis for F[V]. In particular, the ring of invariants F[V ] in that case is
a complete intersection with generating relations constructed during the téte-a-téte

subductions. Finally, we have LT(F[V]#) = F|xy, 25, 25 o x’gs,mxg,ari].
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Appendix A

MAGMA functions

To understand the behaviour of invariant rings and verify our claims, many times
in this thesis we use the computational algebra system MAGMA. Many of the func-
tions we use are built-in, however there are also others which have been developed

independently for invariant-theoretic purposes.

For example, the SAGBI/divide-by-z algorithm starts with a finite subset and
subducts all the non-trivial téte-a-tétes . This procedure stops when all the non-
trivial téte-a-tétes have subducted and a SAGBI basis is returned. If the initial
set has been chosen carefully, then the resulting SAGBI basis is a generating set
of Flzy,...,1,]% too. MAGMA has no built-in functions to do all this. Among
many, R.J. Shank and David Wehlau have constructed MAGMA functions that

can do all the above.

Given asubset B := {f1,..., f,} C F[V]¢ (for example the minimum degree homo-
geneous generators of F(V)%) and a téte-a-téte (f7, f7), where f1 = fi* ... fi» for
I := (iy,...,i,), the subduction SUBD(f! — f/, B) can be a very painful (and many
times impossible) procedure to be done by hand. The subd() function presented
below can simplify the subduction idea and be used to carry out very complex
téte-a-téte subductions. Before that we present the factor() function which is

used in subd() to perform a monomial factoring:
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factor := function(mon,mseq,j)
if LeadingMonomial (mon) eq 1
then exp:=[0 : m in mseq];
return true, exp;
end if;
for i in [j..#mseq] do
if IsDivisibleBy(mon,mseq[i]) then
newmon:= mon div mseq[i];
Test,exp:=%$$(newmon,mseq,i);
if Test then
exp[i] :=exp[i]+1;
return true, exp;
end if;
end if;
end for;
return false, [J;

end function;

subd := function(poly,gen)
for i in [1..#gen] do

gen[i] := gen[i] div LeadingCoefficient(gen[i]);

end for;
ltgen:=[LeadingTerm(m) : m in gen];
RP:=poly;
while RP ne 0 do
RM:=LeadingMonomial (RP) ;
Test, exp := factor(RM,ltgen,1);
if Test eq false then return RP;

else

Adj:=&*[gen[i] "exp[i] : i in [1..#genl];
RP:=RP-LeadingCoefficient (RP)*Adj;
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end if;
end while;
return RP;

end function;

So given poly = f! — f/ gen := B, we are capable every time to subtract off the
leading term of the previous step based on the elements of B until no further sub-

traction can be made. Hence, the returned polynomial is the seeking subduction.

As an extension of the previous algorithm, R.J. Shank and David Wehlau con-
structed another useful function called sagbi(). This one uses the toric ideal
method in [24, pg.32-33] to track down the téte-a-tétes of B and the subd() func-
tion to subduct them. Every non-zero subduction is returned and appended on the
previous calculated set after normalization and the procedure starts again. When

the function returns the empty set we have a SAGBI basis.

sagbi:=function(gen)
for i in [1..#gen] do
gen[i] := gen[i] div LeadingCoefficient(genl[i]);

end for;

ltgen:=[LeadingTerm(m) :m in gen];
S:=Parent(gen[1]);
T:=PolynomialRing(CoefficientRing(Parent(gen[1])) ,#1ltgen,"grevlex");
F:=hom<T->S|1ltgen>;
f:=hom<T->S|gen>;
time I:=PolyMapKernel(F) ;#Basis(I);
miss:=[]; tat := [];
for j in [1..#Basis(I)] do
test:=subd(f (Basis(I) [j]),gen);
if test ne O

then Append(“miss,test div LeadingCoefficient(test));



APPENDIX A. MAGMA FUNCTIONS 134

Append(“tat ,Basis(I) [j]1);
end if;
end for;
return miss, tat, Basis(I);

end function;
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