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We consider the calculation of Euler—Lagrange systems of ordinary difference equations, including the
difference Noether’s theorem, in the light of the recently-developed calculus of difference invariants and
discrete moving frames. We introduce the difference moving frame, a natural discrete moving frame that
is adapted to difference equations by prolongation conditions. For any Lagrangian that is invariant under
a Lie group action on the space of dependent variables, we show that the Euler—Lagrange equations can
be calculated directly in terms of the invariants of the group action. Furthermore, Noether’s conservation
laws can be written in terms of a difference moving frame and the invariants. We show that this form of the
laws can significantly ease the problem of solving the Euler-Lagrange equations, and we also show how
to use a difference frame to integrate Lie group invariant difference equations. In this Part I, we illustrate
the theory by applications to Lagrangians invariant under various solvable Lie groups. The theory is
also generalized to deal with variational symmetries that do not leave the Lagrangian invariant. Apart
from the study of systems that are inherently discrete, one significant application is to obtain geometric
(variational) integrators that have finite difference approximations of the continuous conservation laws
embedded a priori. This is achieved by taking an invariant finite difference Lagrangian in which the
discrete invariants have the correct continuum limit to their smooth counterparts. We show the calculations
for a discretization of the Lagrangian for Euler’s elastica, and compare our discrete solution to that of its
smooth continuum limit.

Keywords: Noether’s theorem; finite difference; discrete moving frames.

1. Introduction

Conservation laws are among the most fundamental attributes of a given system of partial differential
equations. They constrain all solutions and have a topological interpretation as cohomology classes
in the restriction of the variational bicomplex to solutions of the given system (Vinogradov, 1984).
Their importance has led to a major theme in geometric integration that seeks to construct finite
difference approximations that preserve conservation laws in some sense. Approaches include methods
that preserve symplectic or multisymplectic structures, energy, and other conservation laws. Variational
integrators exploit the structure inherent in variational problems, where conservation laws are associated
with symmetries.

Much of physics is governed by variational principles, with symmetries leading to conservation laws
and Bianchi identities. Noether’s first (and best-known) theorem relates an R-dimensional Lie group of
symmetries of a given variational problem to R linearly independent conservation laws of the system
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2 E. L. MANSFIELD ET AL.

of Euler-Lagrange differential equations (Noether, 1918). A second theorem in her seminal paper deals
with variational problems that have gauge symmetries, and there is now a bridging theorem that includes
all intermediate cases (Hydon & Mansfield, 2011). For a translation into English of Noether’s paper and
an historical survey of the context and impact of Noether’s theorems and subsequent generalizations, see
Kosmann-Schwarzbach (2011). Each of these theorems has now been adapted to difference equations
(Dorodnitsyn, 2001; Hydon & Mansfield, 2011; Hydon, 2014).

Noether’s (first) theorem may be used to derive conservation laws from a finite-dimensional Lie
group of variational point symmetries that act on the space of independent and dependent variables. One
can work in terms of the given variables, but for complex problems it is usually more efficient to factor
out the Lie group action from the outset and work entirely in terms of invariants and the equivariant
frame. Having solved a simplified problem for the invariants, one can then construct the solution to
the original problem. This divide-and-conquer approach has recently been achieved, for differential
equations, by using moving frame theory. These results were presented in Gongcalves & Mansfield
(2012) for all three inequivalent SL(2) actions in the complex plane and in Gongalves & Mansfield
(2013) for the standard SE(3) action. Finally, in Gonc¢alves & Mansfield (2016) the calculations were
extended to cases where the independent variables are not invariant under the group action, which is the
case for many physically important models.

The theory and applications of Lie group based moving frames are now well established, and provide
an invariant calculus to study differential systems that are either invariant or equivariant under the action
of a Lie group. Associated with the name of Elie Cartan (1952), who used repéres mobile to solve
equivalence problems in differential geometry, the ideas go back to earlier works, for example, by Cotton
(1905) and Darboux (1887).

From the point of view of symbolic computation, a breakthrough in the understanding of Cartan’s
methods for differential systems came in a series of papers by Fels & Olver (1999, 2001), Olver
(2001a,b), Hubert (2005, 2007, 2009) and Hubert & Kogan (2007a,b), which provide a coherent,
rigorous and constructive moving frame method. The resulting differential invariant calculus is the
subject of the textbook by Mansfield (2010). Applications include integration of Lie group invariant
differential equations (Mansfield, 2010), the calculus of variations and Noether’s theorem (see e.g.,
Gongalves & Mansfield, 2012, 2013; Kogan & Olver, 2003), and integrable systems (e.g., Mansfield &
van der Kamp, 2006; Beffa, 2006, 2008, 2010).

Moving frame theory assumes that the Lie group acts on a continuous space. For spaces in which
some variables are discrete, the theory must be modified. The first results for the computation of discrete
invariants using group-based moving frames were given by Olver (who called them joint invariants)
in Olver (2001b); modern applications to date include computer vision (Olver, 2001¢c) and numerical
schemes for systems with a Lie symmetry (Kim & Olver, 2004; Kim, 2007, 2008; Mansfield & Hydon,
2008; Rebelo & Valiquette, 2013). While moving frames for discrete applications as formulated by Olver
do give generating sets of discrete invariants, the recursion formulae for differential invariants (which
were so successful for the application of moving frames to calculus-based results) do not generalize well
to joint invariants. In particular, joint invariants do not seem to have computationally useful recursion
formulae under the shift operator (which is defined below). To overcome this problem, Beffa er al.
(2013) introduced the notion of a discrete moving frame, which is essentially a sequence of frames. In
that paper discrete recursion formulae were proven for small computable generating sets of invariants,
called the discrete Maurer—Cartan invariants, and their syzygies (i.e., their recursion relations) were
investigated.

Difference equations arise as models in their own right, not just as approximations to differential
equations. Some have conservation laws; for instance, discrete integrable systems have infinite
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MOVING FRAMES AND NOETHER'’S FINITE DIFFERENCE CONSERVATION LAWS I 3

hierarchies of conservation laws (Mikhailov er al., 2011). However, the geometry underlying finite
difference conservation laws is much less well understood than its counterpart for differential equations.
Discrete moving frames are widely applicable to discrete spaces, but they do not incorporate the
prolongation structure that is inherent in difference equations. This paper describes the necessary
modification to incorporate this structure, difference moving frame theory, and applies it to ordinary
difference equations with variational symmetries. This makes it possible to factor out the symmetries
and write the Euler—Lagrange equations entirely in terms of invariant variables and the conservation
laws in terms of the invariants and the frame.

We consider systems of ordinary difference equations (O AEs) whose independent variable is n € Z,
with dependent variables u = (ul, ...,u?) € RY. A system of OAEs is a given system of relations
between the quantities u®(n + j) for a finite set of integers j. The system holds for all » in a given
connected domain (interval), which may or may not be finite, so it is helpful to suppress » and use the
shorthand uJ“ for u®(n +j) and u; for u(n + j).

The (forward) shift operator S acts on functions of n as follows:

S:n—>n+1, S:f(n) > f(n+ 1),
for all functions f whose domain includes n and n 4 1. In particular,

. 4,0 o
S: uj = Uiy
on any domain where both of these quantities are defined. The forward difference operator is S — id,
where id is the identity operator:

id:n— n, id: f(n) = f(n), id:u}"Hu]‘-".

A variational system of OAEs is obtained by extremizing a given functional, L[u] =

Zn L(n,u,...,u;), where the sum is taken over all n in a given interval, which need not necessarily

be bounded; the Lagrangian L depends on only a finite number of arguments. The extrema are given by
the condition

d

de

0ZL(n,uO—|—8w0,...,u1+8wj) =0
&=l
n

for all functions w : Z — RY. It is well known that the extrema satisfy the following system of Euler—
Lagrange (difference) equations (Kupershmidt, 1985; Hydon & Mansfield, 2004):

J
aL L
Ee(L) = Zs_j(w) =0,  where S_;=(S7'Y. (1.1)
j=0 J
Each E,» (L) depends only on nand u_y, ..., uy, so the Euler-Lagrange equations are of order at most

2J. In the following, we develop an invariantized version of these equations, together with invariant
conservation laws that stem from Noether’s theorem.

In Section 2, the natural geometric setting for difference equations is discussed. Just as a given
differential equation can be regarded as a subspace of an appropriate jet space, a given difference
equation is a subspace of an appropriate difference prolongation space.
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4 E. L. MANSFIELD ET AL.

Section 3 is a brief review of the difference calculus of variations. The methods that we will develop
emulate these calculations as far as possible, but using the invariant difference calculus. In Section 4, we
give a short overview of continuous and discrete moving frames, and introduce the difference moving
frame, which gives the geometric framework for our results. A running example is used from here on to
illustrate how the theory is applied.

In Section 5, we show how a difference moving frame can be used to calculate the difference Euler—
Lagrange equations directly in terms of the invariants. This calculation yields boundary terms that can be
transformed into the conservation laws, which require both invariants and the frame for their expression.
Section 6 introduces the adjoint representation of the frame, enabling us (in Section 7) to state and
prove key results on the difference conservation laws that arise via the difference analogue of Noether’s
theorem.

Section 8 shows how the difference moving frame may be used to integrate a difference system
that is invariant under a Lie group action. Further, we show how the conservation laws and the
frame together may be used to ease the integration process, whether or not one can solve for the
frame.

In Section 9, we generalize the difference frame version of Noether theory to include variational
symmetries that do not leave the Lagrangian invariant. (Their counterparts for differential equations
are sometimes called divergence symmetries.) Consequently, difference moving frames may be used
to solve or simplify ordinary difference systems with any finite-dimensional Lie group of variational
symmetries. This is illustrated in Section 10.

The paper concludes with another use of difference moving frames: to create symmetry-preserving
numerical approximations. Section 11 illustrates this for the Euler elastica, which is invariant under
the Euclidean group action. Smooth Lagrangians that are invariant under the Euclidean action can be
expressed in terms of the Euclidean curvature and arc length, and the Noether laws for these are the
conservation of linear and angular momenta. We demonstrate for this example that by taking a difference
frame that converges, in some sense, to a smooth frame, then we obtain simultaneous convergence of
the Lagrangian, the Euler—Lagrange system and all three conservation laws. The specific difference
Lagrangian we consider is a discrete analogue of that for Euler’s elastica, and we show how our results
compare with that of the smooth Euler-Lagrange equation, solved using the analogous theory of smooth
moving frames. In effect, we show how the design of the approximate Lagrangian can yield a discrete
Euler-Lagrange system that is a variational integrator and that respects difference analogues of all three
conservation laws.

2. Difference prolongation spaces

A given differential equation can be expressed geometrically as a variety in an appropriate jet space
whose coordinates are the independent and dependent variables, together with sufficiently many
derivatives of the dependent variables (Olver, 1995). There is an analogous geometric structure for
difference equations, but jet spaces and derivatives are replaced by difference prolongation spaces and
shifts, respectively. While equations may have singularities, techniques described in this paper are valid
only away from these, and hence we do not consider such points here.

The difference prolongation spaces are obtained from the space of independent and dependent
variables, Z x R4. Over each base point n € Z, the dependent variables take values in a continuous
fibre U c RY, which has the coordinates u = (ul, ...,u?). For simplicity, we shall assume that all
structures on each fibre are identical; the necessary modifications when this does not hold are obvious
but can be messy.
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MOVING FRAMES AND NOETHER'’S FINITE DIFFERENCE CONSERVATION LAWS I 5

It is useful to regard n as representing a given (arbitrary) base point and to prolong the fibre over
n to include the values of u on other fibres. For all sequences (u(m)),, . 7, let u; denote u(n + j). Then
the fibre over n is P,SO’O)(U) =~ U, with coordinates u,. The first forward prolongation space over 7 is
P,%O’l) (U) = U x U with coordinates z = (ug,u;). Similarly, the Jth forward prolongation space over
n is the product space P;O’J)(U) ~ U x --- x U (J + 1 copies) with coordinates z = (ug,uy,...,u;).
More generally, one can include both forward and backward shifts, obtaining the prolongation spaces
Pf,JO’J)(U) =~ Ux---xU( —Jy+ 1 copies) with coordinates z = (ujo,...,uj), where J, < 0
and J > 0.

Prolongation spaces are equipped with an ordering that enables sequences to be represented as points
in the appropriate prolongation space. Consequently, a given difference equation, A (n,u;,...,u;) =
0, corresponds to a variety in any prolongation space that contains the submanifold Pﬁ,JO’J)(U). This
makes it possible to apply continuous methods to difference equations (locally, away from singularities).

Every prolongation space P,(fo’])(U) is a submanifold of the fotal prolongation space over n,
PE,_OO’OO)(U) with coordinates z = (...,u_,,u_;,Uy,U;,Uy,...). As n is a free variable, the same
structures are repeated over each n. This yields the natural map

7w PO U) — POOOW), mize i
here the coordinates on PE;?O’OO)(U) are distinguished by a caret, so ﬁj denotes u(n + 1 + j) for all

sequences (u(m)),, .. Consequently, each ﬁ] is represented in PE,_OO’OO)(U) by = Suj, where we
regard the shift S as an operator on Pﬁl_oo’oo) (U). Similarly, variables on any prolongation space over a
point m may be represented as equivalent variables in Pf,_oo’oo) (U) by applying the (m — n)th power of
the shift operator S. We denote the jth power of S by S}, so that u; = S;u,, for each j € Z.

For OAEs, it is enough to use the restriction of S to finite prolongation spaces. To accommodate
difference equations on a finite or semi-infinite interval, we add the constraint that = Suj is defined
only if n 4+ j and n 4 1 4 j are in the interval.

In the remainder of the paper, we treat n as fixed, using powers of the shift operator S to represent
structures on prolongation spaces over any base point m as equivalent structures on all sufficiently
large prolongation spaces over n. In Section 4, we will use this property to construct difference moving
frames.

Throughout, we work formally, without considering convergence of sums or integrals.

3. The difference variational calculus

Consider a functional of the form
Lu] =D Lnugu,... ), (3.1)

where u = (ul,...,uj‘.}) € RI. Here and henceforth, the unadorned summation symbol denotes
summation over n; the range of this summation is a given interval in Z, which can be unbounded.
For sums over all other variables, we will use the Einstein summation convention as far as possible, to
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6 E. L. MANSFIELD ET AL.

avoid a proliferation of summation symbols. The variation of £ [u] in the direction w is

, oL

dis s:oﬁ [u+ewl= D wf W ) (3.2)
Summing by parts, using the identity
S;Hg=rS_jg+(S;—id)(fS_;g) (3.3)
and pulling out the factor (S — id) from (S; — id), we obtain
o oL o L )
w; W =w S_j@ + (S —id)A,(n, W), (3.4)

where

il aL
Agmwy=>">" s,[wg S—j@} .
J

j=1 =0

The sum over n of the differences (S — id)A, telescopes, contributing only boundary terms to the
variation. So for all variations to be zero, u must solve the Euler-Lagrange system of difference
equations

aL
B =S -5=0 a=l...q (3.5)
J

Moreover, the boundary terms yield natural boundary conditions that must be satisfied if u is not fully
constrained at the boundary.

ExaMpPLE 3.1 As a running example, we will consider a functional with two dependent variables,
u = (x, u), that is of the form

L[x,u]l = ZL(xO,uo,xl,ul,u2).

Setting w = (w*, w"), the variation is

d y . .
| Llerentuten] =3 [WEWL +whE, L) + S —idA,(nw}.

There are two Euler-Lagrange equations, one for each dependent variable:

oL oL oL oL oL
—4+S_;— =0, E,WL)=—+S_—+S_,— =0.
axg + ~1ox, uH) + ~ou, + 2 du,

E (L) :=
(D) dug

The remaining terms come from A, (n, w) = A* + A", where

oL oL oL
A =wjS_,—, A =wiS_— + (S+id "S_,— ).
05-15,, wo —18M1+( +1)(W0 ‘28u2)
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MOVING FRAMES AND NOETHER'’S FINITE DIFFERENCE CONSERVATION LAWS I 7

So far, we have considered all variations w, without reference to the Lagrangian. However, variations
¢ that do not change the functional £ [u] are of special importance. They leave the Lagrangian L
invariant, up to a total difference term.

DEFINITION 3.2 Suppose that a nonzero function ¢ = (¢1 (n,n),...,¢%n, u))7 satisfies

o oL . o o

q)j (n,u) — = (S —id)B(n,u), where ¢ =S¢y, (3.6)
duf J J

for some B(n,u) (which may be zero). Then the Lagrangian L is said to have a variational symmetry'

with characteristic ¢. The Lagrangian is invariant under this symmetry if B = 0.

The relationship between variational symmetries and characteristics will be made clear in Section 6.
The next theorem explains why these symmetries are important.

THEOREM 3.3 (Difference Noether’s theorem). Suppose that a Lagrangian L has a variational symmetry
with characteristic ¢ # 0. If u = u is a solution of the Euler—Lagrange system for L then

(S —id){A,(n,¢) — B(n,w)}) |u:ﬁ =0. (3.7)
Proof. Substituting ¢ for w in (3.4) gives
o : o 0 L .
¢“(n,wE o (L) + (S —id)A,(n,¢) = ¢ (n,w) = (S —id)B(n,u).
J

The result follows immediately. (]

The expression in Equation (3.7) is a conservation law for the Euler-Lagrange system. As there
is only one independent variable, the expression in braces is a first integral, so every solution of the
Euler-Lagrange system satisfies

{A,(n.¢) = Bn.w}| _. =c.
where c is a constant.
ExawmpLE 3.4 (Example 3.1 cont.) For instance, the Lagrangian

X1 —.XO

{(“2 —up)(uy — ”0)}

L(XO,uo,xl,Ml,Mz) = (38)

32

has three variational symmetries, all with B = 0. Table 1 lists the corresponding first integrals for every
Lagrangian L(xg, uy, x|, 4, 4,) that has these symmetries.

We will see in the sequel that the first symmetry arises from the invariance of the Lagrangian under
the scalings (x,u) — (A3x, Au), for A € RT, the second arises from invariance under translations in x,

! This is shorthand for a one-parameter local Lie group of variational symmetries, see Olver (1993).

6102 1940100 || U0 }sonB Aq 06€L9GG/F00ZUY L/E/A0BISAE-0[ILE/WIEWI/WOD dNO"dlWspese)/:Sdjjy Woj papeojumoq



8 E. L. MANSFIELD ET AL.

TABLE 1  Characteristics and first integrals for the Lagrangian (3.8)

o* " First integral: A, (n, @)
3 3x,S_, 25 4 S al‘+(s+'d)( S 3")
X u X _— U -_— 1 U —_—
0 —13xl 0 —18u1 0 _28u2
oL
1 0 S—l_
0x,
oL oL oL oL
0 1 S —+ES+id)S_H,—=S_|— ——

that is, x > x + a for all @ € R and the third arises from invariance under translations in u#, namely
u— u+b, belk.

Despite having three first integrals for the system of Euler-Lagrange equations, the expressions
are unwieldy for the given Lagrangian (3.8) and the system remains difficult to solve. We will show
that the necessary insight into the solution set is obtained by using coordinates that are adapted to the
three symmetries. So for the rest of the running example, we will consider only those Lagrangians
L(xq, ugy, x, uy, u,) that have the same three symmetries. A major advantage of using symmetry-adapted
coordinates is that one can deal with all such Lagrangians together.

To obtain adapted coordinates for general variational problems, we need the machinery of moving
frames and, in particular, difference moving frames.

4. Moving frames

This section outlines the basic theory of the moving frame and its extension to the discrete moving
frame on an appropriate prolongation space, as illustrated by the running example. The discrete moving
frame is essentially a sequence of moving frames. We introduce the difference moving frame, which is
equivalent to a discrete moving frame (on a prolongation space) that is subject to further prolongation
conditions. It is analogous to the continuous moving frame on a given jet space, adapted to difference
equations that are invariant or equivariant under a Lie group action.

4.1 Lie group actions, invariants and moving frames

Given a Lie group G that acts on a manifold M, the group action of G on M is a map
GxM—>M, (g2~ g 2z 4.1)

For a left action,
81 (822 =(818) %
similarly, for a right action

g1-(g -2 =1(g8) 2

Given a left action (g,z) —> g - z, it follows that (g,z) > g~ ! - zis a right action. In practice both right

and left actions occur, and the ease of the calculations can differ considerably, depending on the choice.
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MOVING FRAMES AND NOETHER'’S FINITE DIFFERENCE CONSERVATION LAWS I 9

all

different

orbits

F1G. 1. A moving frame defined by a cross-section.

In a theoretical development, however, only one is needed, so we restrict ourselves in the following to
left actions.

Remark on notation. For ease of exposition, a tilde will be used to denote a transformed variable; for
instance, g - z = z. In this notation, g is implicit.

Important assumption. In the following outline of moving frame theory, the action is assumed to be
free and regular on M; see Mansfield (2010) for details. (If it is not, replace M by a domain M on which
the action is free and regular.) Consequently, there exists a cross section /O C M that is transverse to the
orbits O(z) and, for each z € M, the set KL N O(z) has just one element, the projection of z onto /C, as
shown in Fig. 1.

Using the cross-section K, a moving frame for the group action on a neighbourhood &/ C M of z can
be defined as follows.

DEFINITION 4.1 (Moving frame). Given a smooth Lie group action G x M — M, a moving frame is an
equivariant map p : Y C M — G. Here U is called the domain of the frame.

A left equivariant map satisfies p(g - z) = gp(z), and a right equivariant map satisfies p(g - z) =
p(2)g~". The frame is called left or right accordingly.

In order to find the frame, let the cross-section I be given by a system of equations ¥,(z) = 0,
forr =1,...,R, where R is the dimension of the group G. One then solves the so-called normalization
equations,

Y,.(g-2) =0, r=1,...,R, 4.2)

for g as a function of z. The solution is the group element g = p(z) that maps z to its projection on
KC (see Fig. 1). In other words, the frame p satisfies

Y, (p()-2) =0, r=1,...,R.
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10 E. L. MANSFIELD ET AL.

The conditions on the action above are those for the implicit function theorem to hold (Hirsch, 1976),
so the solution p is unique. A consequence of uniqueness is that

p(g-2) = p@g ",

that is, the frame is right equivariant, as both p(g - z) and p(z)g~" solve the equation Y. (o(g-2) -
(g - 2)) = 0. A left frame, which satisfies p(g - z7) = gp(z), is obtained by taking the inverse of a right

frame. In practice, the ease of calculation can differ considerably depending on the choice of parity.
ExampLE 4.2 (Example 3.1 cont.) It is straightforward to check that the Lagrangian (3.8) is invariant
under the scaling and translation group action on R? given by

(x,u) —> (A3x+a,ku+b), reRT, a,belR;

the Lie group is the semi-direct product, R* x R?. The action is not free on the space R? over n, which
has coordinates (x,, 4y). To achieve freeness, one needs to work in a higher-dimensional continuous

space. For instance, the action is free on the first forward prolongation space Pf,o’l) (R?), which has
coordinates (x, g, X, ;). On this prolongation space, the action is given by

(xo, Ug, X1, ”1) = (A3x0 +a,Aug + b, A3x1 +a, u; + b) .

If we choose the normalization equations to be g - (X, ug, X1, ;) = (0,0, %, 1), where * is unspecified,
the values of the parameters for the frame group element are”

1 X U
=\ a=——0 oy
A standard matrix representation for the generic group element is
23 0a g-x by
gh,a,by=1 0 A b |, with g-u|l=grx,ab)| u
0 01 1 1
With this representation, which is faithful, the frame is
Ly N
(uy — up)? (uy — up)?
,O(xo,uo,xl,ul) = 0 1 _ Uy
0 0 1

2 As A > 0, this is valid throughout the half-space U = {(xg, ug, X1, u1) € PS,O’I)(RZ) : u1 > ug}. For the half-space u; < ug,
the normalization g - (xg, ug,x1,u1) = (0,0, %, —1) would be appropriate.
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MOVING FRAMES AND NOETHER'’S FINITE DIFFERENCE CONSERVATION LAWS I 11

The equivariance is easily checked in matrix form: for z = (xg, ug, x, u}),

1 0 _ X+ a/x’
p(g-2) = 0 1 _ Uy +b/2
)\.(l/ll —_ uo) I/ll —_ MO
0 0 1
;3 0 —_ %\ /;-3 9 _9
(u; — ug) (uy — up)? A3
Uy — Uy uy — Uy A
0 0 1 0 0 1

= p@g.a,b)”".

Returning to the general theory, the requirement that frames are equivariant enables one to obtain
invariants of the group action.

LeEmMA 4.1 (Normalized invariants). Given a left or right action G x M — M and a right frame p, then
1(z) = p(2) - z, for z in the domain of the frame p, is invariant under the group action.

Proof. First apply the group action to z; then, by definition,

(g D=pEg2 € 2=p@ g g 2=0p@ z2=10), (4.3)

so ((z) is an invariant function. [l
DEFINITION 4.3 The normalized invariants are the components of ¢(z).

DEFINITION 4.4 A set of invariants is said to be a generating, or complete, set for an algebra of invariants
if any invariant in the algebra can be written as a function of elements of the generating set.

We now state the replacement rule (see Fels & Olver, 1999), from which it follows that the
normalized invariants provide a set of generators for the algebra of invariants.

THEOREM 4.5 (Replacement rule). If F(z) is an invariant of the given action G x M — M for a right
moving frame p on M then F(z) = F(1(2)).

Proof. As F(z) is invariant, F(z) = F(g - z) for all g € G. Setting g = p(z) and using the definition of
t(z) yields the required result. O

DEFINITION 4.6 (Invariantization operator). Given a right moving frame p, the map z — ((z) = p(2) - z
is called the invariantization operator. This operator extends to functions as f(z) — f(¢(z)), and f(¢(2))
is called the invariantization of f.

If z has components z%, let ((z*) denote the oth component of ¢(z).

6102 1940100 || U0 }sonB Aq 06€L9GG/F00ZUY L/E/A0BISAE-0[ILE/WIEWI/WOD dNO"dlWspese)/:Sdjjy Woj papeojumoq



12 E. L. MANSFIELD ET AL.

ExampLE 4.7 (Example 3.1 cont.) The action of the frame on z = (x,, 4y, X1, ;) € Pflo’l)(Rz) is

p(z)-z=(o,o,M 1),

(ul - u0)3

which is seen to be an invariant of the group action (constants are always invariants). With this same

frame, higher forward prolongations of R2 yield more invariants. For z = (xo, U, X1, Upy .o X, U J) €
(0.J) 2
Py (R9),
X; — X, Xy — X, Uy, — U X; — X, Uy —u
p(z).zz(o’o’ ] 03’1’ 2 03’ 2 Oa"'? J 037 J 0)
(uy = up) (uy —up)® uy —uy (uy —up)” uy —uy

Difference Euler—Lagrange equations typically involve both positive and negative indices j,
so in general, one must prolong forwards and backwards. For instance, for elements z =

—-1,1
(X Uy X g X 11y) € PV (R2),

X_|—Xy U_j— U x| — X,
p(z)-z:( — -, ———,0,0, —— 03,1),
(u; —up)”  up —ug (uy — up)

and so on. These results are summarized by

x-—xO M-—l/lo
J t(uj) =peup= J

— 3> , jeZ.
() — M0)3 Uy — uy

L(xj) =pex =

‘We now calculate recurrence relations for these invariants and show that all of them can be written in
terms of two fundamental invariants,

K=tup) =p-uy,  N=10x)=p-x, (4.4)
and their shifts. For each j € Z,

Uip1 —HUo uy —uy

Uy —uy My —ug Uy —Uy e —1]
Uy =y Uy~

S{L(Mj)} = uj+1 — Uy — Uy Uy — Uy _ L(uj-‘rl) -1 .

We will later prove that each shift of an invariant is an invariant. So the last equality can be obtained
more easily by using the replacement rule (Theorem 4.5):

S{e(u)} = il s (”J'H _”1) ) =) eyy) — 1
)y = U, — U =t U, —u - 1(uy) — 1(uy) = -1

The calculation for S{: (xj)} is similar. Together, these identities amount to

L(uj_H) =k-1 S{L(uj)} +1, L(xj+1) = (k — 1)3 S{t(xj)} +n. 4.5)
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This shows that the invariants with positive j can be written in terms of «, n and their forward shifts. For
convenience, let k;, = S;« and n, = S;n for all k € Z. To find the invariants with negative indices j,
invert (4.5):

L(Uj_l) _ S_l{L(Uj)} - 1’ () = S_l{L(xj)} — N
k_p—1 ! (k_y —1)?
For instance,
—_ 1 —K_2
WD =mTr DTS e, -

and so on. Note that all L(Ltj), L(xj) can be written in terms of 1 and « and their shifts.

The invariants L(xj), L(uj) do not behave well under the shift map, in the sense that S{L(xj)} #*
L(xj 1) and S{L(uj)} #* L(uj +1). Even though the shift map takes invariants to invariants, writing shifts
of invariantized variables in terms of shifts of n and « involves complicated expressions. The discrete
moving frame, defined next, will lead to the proper geometric setting that explains the origin of these
expressions.

4.2 Discrete moving frames

A discrete moving frame is an analogue of a moving frame that is adapted to discrete base points. It
amounts to a sequence of frames defined on a product manifold. More detail on discrete moving frames
and their applications can be found in Beffa ez al. (2013) and Beffa & Mansfield (2018).

In this subsection, the manifold on which G acts will be the Cartesian product manifold M = MV,
We assume that the action on M is free, taking the number of copies N of the manifold M to be as high
as necessary. This happens, for example, when the action is (locally) effective on subsets, see Boutin
(2002) for a discussion of this and related issues; further, see Olver (2001b) for a pathological example
where the product action is not free for any N. Questions like the regularity and freeness of the action
will refer to the diagonal action on the product; given the action (g, z;) > g - z; for z; € M, the diagonal
action of Gon z = (z4,2,...,2y) € M is

8- (Z]’Z29~--3ZN) g (g'Z19g'Z29~-~’g'ZN)'

Important note. Throughout this subsection, no assumptions are made about any relationship between
the elements zq, . .., 2y.

DErFINITION 4.8 (Discrete moving frames: Beffa ef al., 2013; Beffa & Mansfield, 2018). Let G denote
the Cartesian product of N copies of the group G. A map

p: MY - GV, p(2) = (p1(2), ..., py(2)
is a right discrete moving frame if
p(g-d=p@e"  k=1,....N,
and a left discrete moving frame if

(g 2) = g (2), k=1,...,N.

6102 1940100 || U0 }sonB Aq 06€L9GG/F00ZUY L/E/A0BISAE-0[ILE/WIEWI/WOD dNO"dlWspese)/:Sdjjy Woj papeojumoq



14 E. L. MANSFIELD ET AL.

Obtaining a frame via the use of normalization equations yields a right frame. As the theory for
right and left frames is parallel, we restrict ourselves to studying right frames only. It is advisable when
calculating examples, however, to check the parity of actions and frames, see Mansfield (2010) for the
subtleties involved.

A discrete moving frame is a sequence of moving frames (p,) with a nontrivial intersection of
domains which, locally, are uniquely determined by the cross-section K = (K, ...,y) to the group
orbit through z. The right moving frame component pj, is the unique element of the group G that takes z
to the cross section KC;,. We also define for a right frame, the invariants

Lij = (D) - 2. (4.6)
If M is g-dimensional, so that Z has components A, ,z]‘!, the g components of I, jare the invariants
I,‘z‘J = p(2) -z;‘, a=1,...q .7

These are invariant by the same reasoning as for Equation (4.3). For later use, let ¢, denote the
invariantization operator with respect to the frame p, (z), so that

IkJ = lk(Zj), I/‘é/ = lk(qul)'

4.3 Difference moving frames

The discrete moving frame is a powerful construction that can be adapted to any discrete domain.
Typically, M represents the fibres M over a sequence of N discrete points. The geometric context may
determine additional structures on M.

From Section 2, the fact that n is a free variable allows us to replicate the same structures over
each base point m, using powers of the natural map 7. The shift operator enables these structures to be
represented on prolongation spaces over any given n. This suggests that the natural moving frame for a
given OAE has M = Pf,JO’I)(U) for some appropriate J, < 0 and J > 0. Consequently, N = J —J,+1;
from here on, we replace the indices 1,...,N by Jy, ..., J.

We now use K, and p, to denote the cross-sections and frames on M, respectively. The cross-section
over n, denoted ), is replicated for all other base points n + k if and only if the cross-section over n+ k
is represented on M by

for all k. When this condition holds, o, = S; 0, (by definition) for all k; consequently, K, , | = SK; and
Pr+1 = SPy-

DEFINITION 4.9 A difference moving frame is a discrete moving frame such that M is a prolongation
space PY*” (U7) and (4.8) holds for all J, < k < J.

By definition, the invariants /; ; given by a difference moving frame satisfy

SUr) = Tiyrjt1 (4.9)

so every invariant /; ; can be expressed as a shift of ;;_.
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DEFINITION 4.10 (Discrete Maurer—Cartan invariants). Given a right discrete moving frame p, the right
discrete Maurer—Cartan group elements are

K = prs10f " (4.10)

forJy <k<J-—1.

As the frame is equivariant, each K is invariant under the action of G. We call the components of
the Maurer—Cartan elements the Maurer—Cartan invariants.

As p; is a frame for each k, the components of p,(z) - z generate the set of all invariants by the
replacement rule (Theorem 4.5). Moreover, for the two different frames p,,, and p;, and for any
invariant F'(z), the replacement rule gives

F(z) = F(p;(2) - 2) = F(pp1(2) - 2) = F(pk+1(z)pk_l(z) - p(2) - 2).

It can be seen that the action of the Maurer—Cartan element K;, = 0,10, ! provides a mechanism for
any invariant, written in terms of the components of the invariant o, (z) - z, to be expressed in terms of the
components of the invariant p; | (z) - z. Such a mechanism is an example of a syzygy, which we define
next.

DErINITION 4.11 (Syzygy). A syzygy on a set of invariants is a relation between invariants that
expresses functional dependency.

Hence, a syzygy on a set of invariants is a function of invariants, which is identically zero when the
invariants are expressed in terms of the underlying variables (in this case, z € M).

The key idea is to use the Maurer—Cartan group elements, which are well-adapted to studying
difference equations, to express all invariants in terms of a small generating set. Using (4.6) and (4.10)
we have

-1
Ki Iij = Prs1 P~ Prc G = Prgr "% = Ly o (4.11)

and iterating this, we have K K - [ j = Ij, ;, and so on, which leads to the following result.

THEOREM 4.12 (Beffa et al., 2013, Proposition 3.11). Given a right discrete moving frame p, the
components of Ky, together with the set of all diagonal invariants, I;; = p;(z) - z;, generate all other
invariants.

We refer to the difference identities, or syzygies, (4.11) as recurrence relations for the invariants. It
is helpful to extend slightly the notion of a generating set from Definition 4.4.

DEFINITION 4.13 A set of invariants is a generating set for an algebra of difference invariants if any
difference invariant in the algebra can be written as a function of elements of the generating set and their
shifts.

For a right difference moving frame, the identities /; ; = S;1, ; and K} = S; K, hold, so Theorem 4.12
reduces to the following result.

THEOREM 4.14 Given a right difference moving frame p, the set of all invariants is generated by the set
of components of K, = p; 0y land Ly = po(2) - 2o
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16 E. L. MANSFIELD ET AL.

Note that as K|, is invariant, the replacement rule gives the following useful identity:

where ¢, denotes invariantization with respect to the frame py.

ExaMmPLE 4.15 (Example 3.1 cont.) As the Lagrangian L in (3.8) is second-order, the Euler—Lagrange
equations define a subspace of the prolongation space M = P’(1—2,2) (R?), which we use for the
remainder of this example. Early in this section, we found a continuous moving frame p for P;,O’l) (R?);
this can be used to construct a difference moving frame on M, setting

1 X0

- 0 - 70
(u1 - Mo)3 (141 - u0)3
Py = 0 1 _ %) (4.13)
Uy —uy Uy — Uy
0 0

and p, = S; 0. It is helpful to review the recurrence relations obtained earlier in the light of Equation
(4.11). By definition,

0,/ X; X
I&/ = LO M] — pO u]
1 1 1
and therefore
Sy, Y+ . Xjt1 Iy
U - U
SIOJ =P Mj+1 = (/O] Po ) Lo uj-i-l = KO 10J+1 . 4.14)
1 1 1 1
Calculating the matrix Ky = p; 0y 1 = to(py) yields
1
- 9 T
(k —1)3 (k —1)3
0= 0 1 : (4.15)
k=1 Kk—1
0 0 1

where 1 and « are defined in (4.4). Clearly, equations (4.5) and (4.14) are consistent.

The Maurer—Cartan invariants for this example are the components of K, and their shifts. By
Theorem 4.14, the algebra of invariants is generated by 7, « and their shifts, because both components
of Iy g = pg - (xg, ) are zero.

A complete discussion of Maurer—Cartan invariants for discrete moving frames, with their recur-
rence relations and discrete syzygies, is given in Beffa & Mansfield (2018).
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4.4  Differential-difference invariants and the differential-difference syzygy

We aim to obtain the Euler—Lagrange equations in terms of the invariants, and also the form of
the conservation laws in terms of invariants and a frame. A key ingredient of our method will
be a differential-difference syzygy between differential and difference invariants, which will feature
prominently in our formulae.

Given any smooth path 7 — z(¢) in the space M = MY consider the induced group action on the
path and its tangent. We extend the group action to the dummy variable ¢ trivially, so that 7 is invariant.
The action is extended to the first-order jet space of M as follows:

dz() _ d(g-z(0)
8T T dr

If the action is free and regular on M, it will remain so on the jet space and we may use the same frame
to find the first-order differential invariants

dz;(1)
dr

Ly (1) = (D) - (4.16)

Let I, j (t) denote the restriction of I, jto the path z(r). The frame depends on z(¢), so, in general,

d
Iej:i(0) # 1),

The particular differential-difference syzygy that we will need to calculate the invariantized
variation of the Euler—Lagrange equations concerns the relationship between the #-derivative of the
discrete invariants /; i® and the differential-difference invariants /,, (. It takes the form

d
K =Ho. 4.17)

where k is a vector of generating invariants, H is a linear difference operator with coefficients that
are functions of « and its shifts, and o is a vector of generating first-order differential invariants of the
form (4.16).

If the generating discrete invariants are known, the syzygies can be found by direct differentiation
followed by the replacement rule (Theorem 4.5). Recurrence relations for the differential invariants are
obtained in a manner analogous to those of the discrete invariants, as illustrated in the running example
below. This allows one to write the syzygy in terms of a set of generating differential invariants. Another
method is to differentiate the Maurer—Cartan matrix as follows. Given a matrix representation for the
right frame oy, restricted throughout the following to the path z(), apply the product rule to the definition
of K to obtain

d d d d
— K=~ (pk—Hpk_l) =\ 7 Pk+1 pk_+llKk — K| —p) o (4.18)
dr dr dr dr

This motivates the following definition.
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18 E. L. MANSFIELD ET AL.

DEFINITION 4.16 (Curvature matrix). The curvature matrix Ny is given by

d —1
Ny = a P ) Pu (4.19)

when o is in matrix form.

It can be seen that for a right frame, N, is an invariant matrix that involves the first-order differential
invariants. The above derivation applies to all discrete moving frames. For a difference frame, moreover,
N, = S;N, and (4.18) simplifies to the set of shifts of a generating syzygy,

d

As N, is invariant, the replacement rule yields another useful identity:

d

Equating components in (4.20) yields syzygies relating the derivatives of the Maurer—Cartan
invariants to the first-order differential invariants and their shifts.

Finally, we need the differential-difference syzygies for the remaining generating invariants, the
diagonal invariants (see Theorem 4.14). For a linear (matrix) action,

%10,()(1‘) = (%Po) Po_l : (P() : Z()(t)) + 0 - %Zo(t) = Noloo(®) + 1y ., (0). (4.22)
For nonlinear actions, the techniques described in the text Mansfield (2010) may be modified to
accommodate difference moving frames.

In all examples in this paper, the diagonal invariants I& o are normalized to be constants; nevertheless,
there are examples where this need not hold. In some circumstances, it is necessary to chose a
normalization that makes off-diagonal invariants constants, in which case some diagonal invariants may
depend on z(t).

ExampLE 4.17 (Example 3.1 cont.) We now turn our attention to the differential invariants for our
running example. Writing X = xj(t) and up = uj(t), etc., the action on the derivatives x]’. = dxj/dt,

u]’ = du;/dz is induced by the chain rule, as follows:

g ¥ = dlg-g) _dlex) _ s,
Tod(g) dr 7

and similarly,

g u :Au}-.

<O~
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Define
X U
X _ / J u _ ’r_ J
O‘I’t—pox]——3, IO,/,t_'OOu]_u —u . (4.23)
(g — ug) 1~ 4o
We first obtain recurrence relations for the I,f it and I,’: it As

-1
SIy i =Sy - X)) = p1 - Xip1 = (P1Pg )P0 X1 = Ko - I j1:10

and similarly for Ijj i it follows that

u _ I&H—l;l 4.24
Sl = <L (4.24)

I.X
IX _ 01/+1;t
0ys1 (K _ 1)3’

In the same way, 0n§ can use the shift operath and o Lo I_ K,_K,_, - - K, to obtain all Il)ch;t’ Il?,j;t in
terms of the generating Maurer—Cartan invariants,

/
*o

(”1 - ”o)

X . X — / . /
0" =1l o, = toXo) = P - Xo = 3

u .__qu _ /N /
o =1y, = 19(ug) = py - g = )
Uy — Uy

and their shifts. We now obtain the differential-difference syzygies (4.20). The simplest way to calculate
N is to use the identity (4.21):

d =319 () — to(up)) 0 —1o(xg)
Ny =1 (5,00) = 8 — (1o (] )0— to(up)) —toéuE)) ) (4.25)

Other methods are detailed in Mansfield (2010). Now use the recurrence relations (4.24) to obtain the
differential invariants in (4.25) in terms of o, o and their shifts:

=3 ((k = 1)So* — o) 0 —o*
Ny = 0 —((k = DHSo¥* — o) —c" |. (4.26)
0 0 0

Inserting (4.15) and (4.26) into (4.20) yields, after equating components and simplifying,

dn
dr
di
dr

=[ = 1)*S —id]o* +3n[id — (k — )S]o",

=k —D[id=«kS+ @K —1)S,]o" 4.27)
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20 E. L. MANSFIELD ET AL.

Therefore, the differential-difference syzygy between the generating difference invariants, n and «, and
the generating differential invariants, o* and 0¥, can be put into the canonical form

{0 (2)

where 1 is a linear difference operator whose coefficients depend only on the generating difference
invariants and their shifts.

5. The Euler-Lagrange equations for a Lie group invariant Lagrangian

We are now ready to present our first main result, the calculation of the Euler—Lagrange equations, in
terms of invariants, for a Lie group invariant difference Lagrangian. We emulate the calculation of the
Euler-Lagrange equations given in Section 3, but use the computational techniques developed above for
difference invariants.

First, recall the summation by parts formula (3.3). This leads to the following similar definition.

DEFINITION 5.1 Given a linear difference operator H = ¢;S;, the adjoint operator 7 * is defined by
H *(F) =S_j(¢;F)
and the associated boundary term A, is defined by
FH(G) —H *(F)G = (S —id)(Ay (F,G)),

for all appropriate expressions F and G.

Now suppose we are given a group action G x M — M and that we have found a difference frame for
this action. Any group-invariant Lagrangian L(n, u,, ..., u;) can be written, in terms of the generating
invariants k¢ and their shifts « ;= SjIC, asL(n,kg, ...,k J]) for some J;; we adopt this notation from here
on. For consistency, we drop the argument from the associated functional, setting

L= Lnug....u) =D Linkgy....kz).

THEOREM 5.2 (Invariant Euler-Lagrange equations). Let £ be a Lagrangian functional whose invariant
Lagrangian is given in terms of the generating invariants as

L= ZL(n,KO,...,ICl]),
and suppose that the differential-difference syzygies are

dk

¥ _ e
ar g

Then (with - denoting the sum over all components)

E (L) -uy = (H *E, (D) - o, (5.1
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where E, is the difference Euler operator with respect to . Consequently, the invariantization of the
original Euler—Lagrange equations is

to(Eq(L)) = H *E, (L) (5.2)

Proof. In order to effect the variation, set u = u(¢) and compare

d .
r L= Z {E,(L) -ug + (S —id)(A,)} (5.3)
with the same calculation in terms of the invariants. This gives d£/d¢ = > dL/dt, where
dL aL dif
dt dkj dt
oL _ dk®
— S
8Kj dr
s L)L s iy
- BK;” dt « 5.4
di .
= E (@) il S —id)(A,)
=E W@ -Ho+ S —-id)A,)
= (H "B (L)) -0 +(S—id){A, +Ay }.
The divergence terms arising from the first and second summations by parts are (S — id)A, and (S —
id)A4, , respectively. (Note that A, is linear in the d«® /df and their shifts, while A4, is linear in the o*

and their shifts.) By the fundamental lemma of the calculus of variations, the identity (5.1) holds. To
derive (5.2), apply ¢ to (5.1) and compare components of o O

Consequently, the original Euler—-Lagrange equations, in invariant form, are equivalent to
H *E, (L) = 0.
ExaMpLE 5.3 (Example 3.1 cont.) The invariant Lagrangian in our example is of the form
L= ZL(r/, K, Sk).

Using n; = S;n and k; = S;k henceforth, we write Equation (4.27) as

d
d_)z = HIIUX+H12UM,
(5.5)
di
= Hpo",

dr
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with

Hy = k—13S—id,
Hi, = 3n{id—( —1)S},
Hyy = (k— D {id— S+ (kc, — DS, }.

By Theorem 5.2, the invariantized Euler—Lagrange equations are
H,1E, (L) =0, H 5B, (L) + HpE, (L) =0,

where
Hip = —1)?S_; —id,
My =3nid—3n_;(k_; —1S_y,
Has = (e = Did = k_y (e = DS+ (eoy = Dlk_y = DSy,

The particular Lagrangian (3.8) amounts to L = n(k — D732, 50

E,=k-D7"?  E,=-3nk—-1""2

K
Consequently, the invariantized Euler—Lagrange equations are
(k_; =1 == 1)/ =0, (5.6)

Hnte =D —n_ e = DTV ey = DT =k = Dk, — DT} =00 (5.7)

Assuming that L is real-valued (xk > 1), the general solution of (5.6) is

n 2
e= 1+ =1 d [k kT G = kDD (5.8)
where k| is an arbitrary nonzero constant. Therefore (5.7) simplifies to
3_1n+1 3(=1)" —1)" 5(—1 n+1
BED '7+(k1( " ))n—l_kl( "
whose general solution is
—1) _1\n+1 _1\n
=k ks (o DK =) k-0t (5.9)

where k, and k5 are arbitrary constants.

6. On infinitesimals and the adjoint action

To state our results concerning the conservation laws, it is necessary to use the infinitesimal generators
of a Lie group action on a manifold, together with the adjoint representation of the Lie group.
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DEFINITION 6.1 Let G x U — U be a smooth local Lie group action. If y (¢) is a path in G with
v (0) = e, the identity element in G, then

d
V= pr z=0y(t) -u (6.1)

is called the infinitesimal generator of the group action at u € U, in the direction y'(0) € T,G, where
T,G is the tangent space to G at e. In coordinates, the components of the infinitesimal generator are
¢% = v(u®), so

0
— o
vV=2¢ vk
The infinitesimal generator is extended to the prolongation space M = P,SJO’J)(U) by the

prolongation formula

d .
VO = oy @ - =9f =S8i9F. Ty <i<,

(see Hydon, 2014). In coordinates, the prolonged infinitesimal generator is

o
= ¢ — -
Bu]

LEMMA 6.1 If a Lagrangian L[u] is invariant under the group action G x M — M, the components
of the infinitesimal generator of the group action given by Definition 6.1 form the characteristic of a
variational symmetry of L[u], as defined in Definition 3.2.

Proof. The Lagrangian L is invariant, so

L(llo,lll,...,ll]) :L(gllo,glll,..,gllj)

for all g. Thus,

, oL

d
0= —|,—oL (¥® - ug.y(®) -uy,...) = V(L) = ¢f e
j

dr

By Definition 3.2, the components ¢“ of the infinitesimal generator are the components of the
characteristic of a variational symmetry of L. U

Each infinitesimal generator is determined by y’(0) € T,G; the remainder of the path in G is
immaterial. However, T,G is isomorphic to the Lie algebra g, which is the set of right-invariant vector
fields on G. Right-invariance yields a Lie algebra homomorphism from g to the set X of infinitesimal
generators of symmetries (see Olver, 1993 for details). If the group action is faithful, this is an
isomorphism.

The R-dimensional Lie group G can be parametrized by a = (a!,...,af) in a neighbourhood of
the identity, e, so that the general group element is I"(a), where I"(0) = e. Given local coordinates
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u=(u',...,u?) on U, letd = I'(a) - u. By varying each independent parameter a” in turn, the process
above yields R infinitesimal generators,

au“

v, =§(W)d., where &= 57 laco’ (6.2)

These form a basis for .
As Xis homomorphic to g, the adjoint representation of G on g gives rise to the adjoint representation
of G on &X. Given g € G, the adjoint representation Ad, is the tangent map on g induced by the

conjugation & — ghg™'. The corresponding adjoint representation on X is expressed by a matrix,
Ad(g), which is most conveniently obtained as follows. Having calculated a basis for X,

vV, =& () 3,0, r=1,...,R,

letu = g - u and define

v, = &) 00, r=1,...,R.
Now express each v,. in terms of V|, ...,V and determine A d(g) from the identity

(V) - VR = (V) -+ VRp)Ad(9). (6.3)
ExampLE 6.2 (Example 3.1 cont.) For our running example, the group parameters are A, a and b with
identity (A, a,b) = (1,0, 0). Choosing al = In(}), a? = a and @® = b, so that the identity corresponds
to a = 0, one obtains the following basis for A:

v, = 3x0, +ud,, vy, =0,, V3 =0,
Recall that the action of a fixed group element g, parametrized by (A, a, b), gives
(X, ) = WPx + a, Au + b).

Therefore, by the standard change-of-variables formula,

v =3G —a@)d + @—b)d;,, v, =238,  v3=2r0;

Consequently,
1 00
(V; Vo V3) = (V, ¥, V3) Ad(g), where Ad(g)=| —3a »* 0
—b 0 A

3 See the appendix for an alternative construction using Lie algebra structure constants.
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Regarding the infinitesimal generators as differential operators and applying the identity (6.3) to
each u“ in turn, one obtains

(V@) -+ vp@@®) = € @) - Eg@) Ad(g). (6.4)

This yields a useful matrix identity. Define the matrix of characteristics to be the ¢ x R matrix

@ (u) = (£ (w). (6.5)
Then, by the chain rule, (6.4) amounts to
ou ~
— )2 =21)Ady), (6.6)
Ju
where (0u/du) is the Jacobian matrix. This identity is extended to prolongation spaces with coordinates
z=(u . ;), where J, < 0 and J > 0, as follows. Define the matrix of prolonged infinitesimals
to be
®(u,,)
D(2) = :
D (uy)

The infinitesimal generators v,., prolonged to all variables in z, satisfy (6.3), where the tilde now denotes
replacement of z by g - z. Applying this identity to g - z gives

(3(‘2;)) () = (g2 Ad(g). (6.7)

7. Conservation laws

In general, the conservation laws are not invariant. However, as we will show, they are equivariant;
indeed, they can be written in terms of invariants and the frame. Our key result is that for difference
frames, the R conservation laws can be written in the form

(S —id{V(D)Ad(py)} =0,

where A d(p) is the adjoint representation of py and V(I) = (V| --- Vj) is a row vector of invariants.

In the standard (i.e., not invariantized) calculation of the Euler—Lagrange equations and boundary
terms, suppose that the dummy variable ¢ effecting the variation is a group parameter for G, under
which the Lagrangian is invariant. Then the resulting boundary terms yield conservation laws; this is
the difference version of Noether’s theorem. So it is useful to identify ¢# with a group parameter by
considering the following path in G:

t—y =T (al(t),...,aR(t)), where a' ()=t and d'(t)=0, [#r; (7.1)
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recall from §6 that a — [I"(a) expresses the general group element in terms of the coordinates a. On
this path, each (u,)’ at # = 0 is an infinitesimal generator, from (6.2).

For the invariantized calculation, we follow essentially the same route to our result, identifying the
dummy variable effecting the variation with each group parameter in turn. The proof of Theorem 5.2
uses the identity

%L (e, ..., S;,(0)) = (H *E (L)) - 0 4+ (S —id){A, + Ay, }. (7.2)

Recall that A, is linear in d«* /df and their shifts, while A4, is linear in the 0 and their shifts. Astis a
group parameter and each ¢ is invariant, d«® /dt = 0. Thus, (7.2) reduces to

(1 *E( (L) -0 + (S —id)Ay, =0, (7.3)
so (S —id)A4 = 0 on all solutions of the invariantized Euler-Lagrange equations H *E_ (L) = 0. We
now derive the conservation laws from this condition.

THEOREM 7.1 Suppose that the conditions of Theorem 5.2 hold. Write

Ay =CJS;(0®),

where each Cy depends only on n, k and its shifts. Let &% (u,) be the row of the matrix of characteristics
corresponding to the dependent variable uj and denote its invariantization by @ (I) = ®%(py - uy).
Then the R conservation laws in row vector form amount to

CLSAPE (1) .Ad (pg)} = 0. (7.4)

That is, to obtain the conservation laws, it is sufficient to make the replacement

% > (D(g - up) Ad@)] (1.5)
in A'H .
Proof. Recall that
o o/ d o
0% =py-(ug) =|—g uy ‘ . (7.6)
dt 8=po
To obtain the conservation laws, conflate # with the group parameter a’, making the replacement
po- ) > S| oy, .7)
o+ (o a7 lioP0 " Vr 0 -
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in Ay, , where y,(?) is the path defined in (7.1). For any g € G,

o (8- v (0) - ug d
= cu — =
el ' (7.8)
_ d(g-up) (d B
B 8uf (d_f z=0yr(t) i ) '

In matrix form, (7.8) amounts to the following (taking (6.7) into account):

0 .
(g : yr(t) : ng) = ( (iz Z) @(Z))( ‘0 = (¢(g ' Z)Ad(g))(ug’r) s
uo,r

dt‘t:O

where (u(), r) denotes the entry in the row corresponding to u{ and the rth column. Setting g = py, the
required replacement is

o (P (pp - Z)Ad(/’o))(ug,r) = (@ (pg - up) Ad(pp)); -
By using each parameter a” in turn, o is replaced by a row vector,
0% > dYD)Ad(py),

as required. (]

By the prolongation formula S (o) = pj, the conservation laws amount to
(s —id) (¢ (5,26 (0) Ad () =0, (7.9)

As Ad(,oj)Ad(,oO)_l = Ad(p;py 1Y is invariant, this leads to the following corollary.

CorOLLARY 7.1 The conservation laws for a difference frame may be written in the form

(S —id{V() Ad(py} =0, (7.10)
where V(I) = (V| --- Vp) is an invariant row vector. Specifically,
V() = CJ(S;08 (D) Ad (pj,oo_l) . (7.11)

COROLLARY 7.2 On any solution of the invariantized Euler-Lagrange equations,
V) Ad (po) =c, (7.12)

for some constant row vector ¢ = (¢; - -+ Cp).
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As the conservation laws depend only on the terms arising from A, , the laws can be calculated for
all Lagrangians in the relevant invariance class, in terms of the E, (L), independently of the precise form
that L = L(n,«k, ..., Sjllc) takes.

ExampLE 7.2 (Example 3.1 cont.) Redoing an earlier calculation, but keeping track of the terms
in AH .

d

$L(T),K, Sk) = (o{E, (D)} o™ + 1x{E, (D)} 6" + (S —id)A, + (S —id) (S_1 {t - 1)3E,7(L)} ox)

+ (S —id) (=S (3n(c = DE, (L) + x(c = DE, (1)} o)

(S, - id)(S_z{(K — Dk, — DE, (L)} a”),
where
d oL
A, = d—'; S_, (ﬁ) :
Hence, the terms that contribute to the conservation laws come from
Ay =Clo" +C20" + ) S(0"), (7.13)
where
¢t =s_{ - DE, W}

¢l = =S_ {3k — DE, (L) 4« (k — DE (L)} + S_{(k — D(«; — DE, (L)},

Ci =S_; {(,k = Dk, — DE.(D)}.

For this running example,

1 0 0
Ad(pg) = | (u; —ug)* (uy —up)?
MO O
Uy —ug Uy — up

and the invariantized form of the matrix of characteristics restricted to the variables x,, and u is

®; X 10) (010
— 0 ) = 0 —
wn=(5) =0 (i 0%) =00 1)
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Therefore, by (7.4), the conservation laws are of the form (S — id)A = 0, where
A=C2010)Ad(py) +CL00 1) Ad(py) +C,S{(001).Ad(py)}

= [c;’(o 10)+C001)+C, (00 1>Ad(p1p0—‘>] Ad(py);

the last equality writes the conservation laws in the form of Equation (7.10). It remains only to write the
matrix Ad(pl,oo_l) in terms of n and «:

1 0 0
3n 1 0
Ad(pypy ") = Ad(Ky) = 1o(Ad(p)) = | (k= 1)} (k —1)3
! 0
k—1 k—1

More generally, once one has solved for the frame, each A d (Pjpy l) can be written in terms of « and its
shifts by using invariantization followed by the recurrence formula. Doing the calculation, we find that
A=V(I)Ad(py), where

S_{,c—=DE, @)} g

V() = S_{c=1)’E, ()}
—-S_1{3n(c=DE, (L) + (k—=1)*E (D)} + S_,{(c =D, = DE, (1)}

For the particular Lagrangian (3.8), the solutions (5.8), (5.9) of the invariantized Euler-Lagrange
equations yield

Vi==—3n_ k-7 = —gkz[k1+k;‘+(k1—k;‘)(2n—1)(—1)n]+ Iks(=1)",

3(_1)n+1
1

Vy=(k_—1)? =k : (7.14)

_1\n+1
v, =3 [n(/c—l)_3/2 + 77—1(’(—1_1)_3/2] = =3k

In the coordinates we have used, the first element of (S — id)A = 0 is the conservation law due to the
scaling invariance, the second is due to invariance under translation of x and the third is due to translation
of u.

REMARK 7.1 Calculation of the conservation laws There is another way to calculate the laws for
difference frames. By Corollary 7.1, one can use symbolic software to calculate the conservation laws
in the original variables, and then use the replacement rule, Theorem 4.5, to obtain the invariantized first
integrals V(I) (see Table 2, which is obtained from Table 1 by applying ¢, taking the normalization
equations into account). This is because the replacement rule sends p, to the identity matrix. The
recurrence formulae can then be used to write V(I) in terms of the generating invariants. This means
that the methods to solve for the extremals in the original variables, given in the next section, can still
be used without having to perform the more complex, invariantized summation by parts computation.
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TABLE 2  Infinitesimals and invariantized first integrals for the Lagrangian (3.8)

¢~ " Invariantized first integral: V(I) = (5{A,(n, @)}
3x u Lo (S_l %)

1 0 o (5_1%)

0 1 " (s_ 12— %)

8. Solving for the original dependent variables u,, once the generating invariants are known

In this section we show how to find the solutions u, to the original Euler-Lagrange equations, once
the invariant Euler—Lagrange equations have been solved for the generating invariants «*. The starting-
point is that k is a known function of n and some arbitrary constants (which are determined if initial
data are specified). There are three methods, depending on the information available. We use the running
expository example to illustrate each method.

8.1 How to solve for u, from the invariants, knowing only the Maurer—Cartan matrix

This method can be used for any invariant difference system. Indeed, when the adjoint representation of
the Lie group is trivial, it is the only available method.

Assume that the Maurer—Cartan matrix Ky = p; o, !is known in terms of the generating invariants,
so that it can be written in terms of n (and some arbitrary constants). This yields a system of recurrence
relations for o, namely

DEFINITION 8.1 The system (8.1) is known as the set of Maurer—Cartan equations for the frame p.

Once the Maurer—Cartan equations for p, have been solved, one can obtain u;, from

o

ug = py" (oo - ug) = py ISy : (8.2)

the invariant I, is known, either from the normalization equations or from the set of generating
invariants already determined.

ExampLE 8.2 (Example 3.1 cont.) From Equation (4.15), the Maurer—Cartan matrix is

(k =173 0 —nk — 173
Ky = 0 k—D7" —@—-17!
0 0 1
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Hence, setting A, a; and b, to be the parameter values for the group element o, the set of Maurer—
Cartan equations is

A% 0 a kg 0 a
0 0 1 0 0 1

which amount to three recurrence relations for the group parameters:

e (k= )71,
a, = (k=173 (ag—n), (8.3)
by = (k=171 (by—1).

Now suppose that we know the general solution of these recurrence relations. The normalization
equations give p - x, = 0 and p; - uy = 0, so

Yo = :00_1 (P Xp) = )‘5?(100 “Xg = dg) = —)‘ajao’
Uy Lo - (g -tg) =g (g -ug —bg) = —Ay by

8.2 Solving for w, from the invariants and conservation laws when the adjoint representation is
nontrivial

This method works when the adjoint representation is not the identity representation. The conservation
laws give

V(DAd(py) = c, (8.4)

where ¢ is a constant row vector. The components V; depend only on «, and are therefore known
functions of n. As Ad(g) is known in terms of the group parameters, Equation (8.4) yields equations
for these parameters.

If the adjoint action of the group on its Lie algebra is not transitive, the algebraic system of equations
for the parameters may be under-determined. To complete the solution, it is then necessary to supplement
this system with the Maurer—Cartan equations (8.1). Even so, the algebraic equations coming from the
conservation laws can ease, considerably, the problem of solving the Maurer—Cartan equations alone.
Once p, is known as a function of n, Equation (8.2) yields u,), as before.

ExaMpLE 8.3 (Example 3.1 cont.) For the running example, (8.4) is

1 00
Vi VoV | =3ay A3 0 | =(c;c,c3).

We obtain immediately A, = c3/V; and hence, a first integral of the Euler—Lagrange equations:

V) O
W) = sk (8.5)
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The remaining equation is a linear expression for a, and b,

3agVy +byVy — Vi +c¢; =0. (8.6)
If one of the second and third equations of (8.3) can be solved, (8.6) yields the remaining parameter.

8.3 Solving for u from k from the conservation laws, and with a nontrivial adjoint representation of
o which is known as a function of u,

In this case we consider the conservation laws V(I) Ad(p,) = c, taking into account that py(u) is
known as a function of the dependent variables. One can sometimes derive explicit equations for u that
are simple to solve. We illustrate the possibilities in the running example.

ExampLE 8.4 (Example 3.1 cont.) The conservation laws amount to

1 0 0
3xg 0
ViV, V3) () — M0)3 (u; — 140)3 = (¢] ¢; ¢3). (8.7)
1
up —uy Uy — Uy

We obtain once more the first integral (8.5) and the simple recurrence relation
Once this is solved for 1, one can obtain x;, from the first column of (8.7).

For the Lagrangian (3.8), each V,. is given in (7.14) in terms of n and k;, i = 1,2, 3. The first integral

(8.5) yields ¢3 = —3k2c;/ 3 Assuming that k, is nonzero, it is convenient to define k;, = ¢, Y 3; then the
general solution of (8.8) is

Uy = 1y [2(k1 kT + =k (=1 + ks] ,
where ks is an arbitrary constant. Finally, the first column of (8.7) gives
_ 13 =D" _ 1 n
xp =K [fonk{ ™" = Shg (1" + ).
where kg = ¢ /3 + ky (k| +k1_l +ks)/4 is the remaining arbitrary constant.
9. Lagrangians invariant up to a divergence
So far, we have considered only Lagrangians L that are invariant under a Lie group G of variational

symmetries, that is, g - L = L for all g € G. However, Noether’s theorem merely requires the action £
to be invariant. This broader definition of a Lie group of variational symmetries requires that for each
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g € G, there exists a function Pg of n and a finite number of shifts of u, such that
g-L= L+(S—id)Pg.

Without loss of generality, we set P, = 0. This useful generalization can be treated in the invariant
framework by introducing a new dependent variable ¢ such that

¢ 5 =S(c—P), el ©.1)

LEmMA 9.1 With the above notation, the group action on (S — id)¢ defined by (9.1) is a left action.
Furthermore, the modified Lagrangian

L=L+(S—idy, 9.2)

is invariant under all g € G.

Proof. Let g,h € G. By definition, taking the left action of G on u into account,
S—id)Py, =(hg)-L—L=h-(L+ S —id)P,) —L=(S —id)(P,+h-P,),
where the last equality is a consequence of the prolongation formula. Therefore,
(hg) - (S —id)¢y) = (S —id)(gp — Pp) = (S —id) (G = Py —h - Pp) = h- (g ((S —id)p)),

which extends to a left action on all (S — id)¢; by the prolongation formula. Invariance of the modified
Lagrangian follows

g L=g Ltg (G —g) =L+ S —id)P,+ (S —id)(g — Py =L.
0

As L and L differ by a divergence, they yield the same Euler—Lagrange equations. Therefore, L
can be used to obtain the conservation laws by the difference moving frame method. Only the original
dependent variables can be used for normalization, because ¢ does not appear in the Euler—Lagrange
equations. Moreover, ¢ does not appear in A4, for the modified Lagrangian, so the expression for the
conservation laws in terms of invariants and .4 d(p,) is unaffected by the modification.

An example appears in the next section, Section 10.

10. Explicit dependence on n changes nothing

So far, we have considered examples whose Lagrangian and variational symmetries do not depend

explicitly on n. However, the difference frame reduction takes place on a prolongation space over a

single (arbitrary) base point n. Consequently, n should be regarded in the calculations as a parameter.
Consider the Lagrangian

(v —vp)(vz —vy)
(uy = vo) (g —vy)

L:

+ 21In(uy — vy).
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While this Lagrangian does not depend explicitly on n, there is a three-parameter Lie group of variational
symmetries depending explicitly on n, g - (4, v) = (i1, V), where

i=exp{(=D"a}u+a,+a3;(—=1)" = ucosha; +a, + (—1)"{usinha, + az},
v =-exp {(—1)"511}\/ +a, + a3(—=1)" = vcosha, +a, + (—1)”{v sinha; + a3}. (10.1)

The infinitesimal generators v, corresponding to a, are
Vi=ED"d, 4 (=)D, v=09,43,  vi=(=1"3,+ (=",

So

1 0 0
(Vi -+ vg) = (V; --- Vg) Ad(g), where Ad(g) = | —ay cosha, sinhaq, |. (10.2)
—a, sinha; cosha

For this group action, the standard representation is not faithful, so we shall use the Adjoint
representation, which is faithful.
In this example, L is not invariant:

g-L=L+2a;(=)" =L+ (S —id){a;(=D)"}.

Accordingly, by the result in Section 9, we define a new dependent variable ¢ and the (invariant)
modified Lagrangian L(u, vy, {o, 41, V1, {15 Vo, v3) such that

¢ = Co+a(=D)", £, = +a (=), L=L+(S—id¢;

here g denotes g - gj. The extension of the infinitesimal generators v, to include their action on ¢ is as
follows:

vi=(=D"ud, + (=D, +(=D"3;, v,=09,+39, v3=(=D"3,+(=D"3,.
These generators satisfy the same commutation relations as their unextended counterparts, so (10.2) is

unchanged.
We choose the moving frame p,, defined by the normalization

Po U =1, Po - vo =0, Po-v1 =0,
which amounts to
a; = (=" In(ug — vp),

a, = —% [vi (g = vo) + vo/(ug — vp)] . (10.3)

az = 5(=1)" [v) (g = vo) = vo/ (g = vp)] .
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Consequently, the frame (in the adjoint representation) is
1 0 0
po = Ad(py) = [ —ay cosha; sinha; |,

—a, sinha; cosha,

where a,, a, and a5 are given by (10.3); hence,

(_l)n+l 1
. sinhay = ——— |uy — vy — :
} sin al ) [MO VO uO — v0:|

1
COSha1=§|:u0—v0+u —
0 0

The fundamental difference invariants are

K = 100 . ul = (uo — Vo)(ul - Vl)’
m=pg-vy = (vy —vg)/(uy — vy),

V= po . ;O = CO - 1n(l/l0 - Vo).
Therefore, in terms of these invariants, L amounts to
L=pp+Ink+v; —v,

and

1 0 0

Ad(Ky) = p(Ad(p) = | SFren 3 le+e™!) G5 (=«
b S =k b e

We now construct the differential-difference syzygies. Noting that

-1 -l
l()(MJI') = (uy — V())( y u;, Lo(VJ/‘) = (ug — Vo)( Y VJ/w Lo(§j/) = fj/,

the fundamental differential-difference invariants are

ul ul
/ 0 / 0 /
o' = 1y(uy) = , o’ =1y(vy) = , ot = Zo-
Uy — Vo Uy — Vo

Consequently,

@) =k Sa", ) =kSa¥,  1y0h) =k Tk S0, 1y(¢]) = Sab.

35

(10.4)

(10.5)

(10.6)

(10.7)

(10.8)
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and thus the differential-difference syzygies needed to calculate the Euler—Lagrange equations are

d K Hl] H]z 0 o
& %% = Hz] sz 0 o’ , (10.9)
v -1 1 1 ot

where
Hiyy =«(S+id), Hyp=—Hy, Hoy =—pid, Hyy =k 'k;Sy+ (u—1id.  (10.10)
Therefore,
dL
5 = (B + 1B, (D) —E, (D} 0" + {H 3B, (L) + HR3E, (L) + E, ()} o
+E,(L) o’ + (S —id)(A, +Ay ), (10.11)

where
Ay = [S_ (B (L)](0" = o") + (S + id) {S_Z[K_lxlEu(L)] aV}

and, for the particular Lagrangian (10.5), A, = pu_;pu’ +v'.

The invariantized Euler-Lagrange equations are obtained from the coefficients of 6%, 0% and ¢¢ in
(10.11), ignoring terms in A, and A, . By construction, the coefficient of ¢ gives E, (L) = 0; the
remaining Euler-Lagrange equations simplify to

0=(S_; +id{«E (L)} — ME, (L) =2 — pu(p_y + y), (10.12)
0=S_,{x'E, (L)} —E, (L) = ((/c_z)—lx_ls_2 - id) (U_y + 1y)- (10.13)
The general (real-valued) solution of (10.12) is
=k (= k2T KTk £ L Ky £0. (10.14)
To complete the solution, the following identities are useful:

n+1
L+ A"

Mo = —""—pn M
L+ k"

ppy =14k (=D".
The first of these enables (10.13) to be solved:
e =c(1— k)~ 1+, (10.15)

where the (nonzero) constant ¢ will be determined later.
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The conservation laws come from A4, , which, for the Lagrangian (10.5), amounts to
Ay = 0" — 0" + (S +id) {(K_z)_lk_l(/t_3 +u_y) ov} . (10.16)

Note: by construction, ¢ and its invariantization do not contribute to the conservation laws; v’ appears
inA,,butnotin Ay, .

One can complete the solution of the problem using (10.16), but it is better to use the Euler-Lagrange
equations (10.12) and (10.13) to simplify A, first; this gives equivalent conservation laws with

Ay =0"—=cd"+(S+ id)(ZM_IGV).

To calculate the replacements for o and ¢”, we need the matrix of characteristics, restricted to the
original dependent variables:

a a, as
Cowy ((=Duy 1 (=1
P 1) = 10 ( e (—1)")' (10.17)

The invariantization of this matrix gives the replacements

o' (D" 1(=D") Ad(p,), o’ (01 (=D") Ad(py). (10.18)
The replacement for So” is

So” > (o 1 (—1)”“) Ad(py) = (0 1 (—1)”“) Ad(Ky) Ad(py). (10.19)
Collecting terms, the conservation laws are

2 2 2(=1)"  2(=1)nt!
(c; ¢y c3) = ((—1)" -4+ — ) + =D ) Ad(py). (10.20)
WKy w Ky

Bearing in mind that « = (ug — vg)(u; — v;), (10.20) amounts to

cg==D)"1=-C—-id) { ———— |, (10.21)
m(ug — vg)
(S +id) [ } c (S +1id) l 21" ] (10.22)
cy = _, = —_— . .
2 M(uo - V()) 3 M(M() - Vo)
The general solution of (10.22) is
Uy — A 5 —c3#0, (10.23)

Vg=——""""—"1,
07 fi(cy + e3(=D)m)
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where p is given by (10.14). Therefore, the value of the undetermined constant in (10.15) is
c= 16/(c% — c%) and the general solution of (10.21) is

2’1 + Cl (—l)n + k3
Vo =
07 ey + e5(=D)M)

, (10.24)

where k5 is an arbitrary constant. This yields u, from (10.23), completing the solution of the Euler—
Lagrange equations in the original variables.

11. Application to the study of Euler’s elastica

As a final example, we study a discrete variational problem analogous to that of the smooth Euler

elastica,
2 I/t
L :/K ds, K:—”S/z, ds = /14 u2dx, (11.1)

(14 u?)

where « is the Euclidean curvature and s is the Euclidean arc length. Converting to derivatives with
respect to arc length s, the Euler—Lagrange equation is

K +1K3—0
ss 2 —

for which a first integral was found by Euler in his masterpiece Euler (1744) (see also Levien, 2008 for
a mathematical history of the problem).

The aim is to design the discrete Lagrangian in such a way that not only the discrete Euler—Lagrange
equations, but also all the discrete conservation laws become, in an appropriate continuum limit, the
smooth Euler—Lagrange equations and conservation laws of a variational problem. Our method involves
taking a difference frame for SE(2) that has for its continuum limit the smooth SE(2) frame, see
Mansfield (2010) and Gongalves & Mansfield (2013); by matching this heart of the two calculations, one
for the smooth and one for the difference variational problem, we match not only the Euler-Lagrange
equations but all three conservation laws, as all the relevant formulae align allowing convergence to be
proven readily.

By contrast, Ge’s famous no-go theorem (see Ge & Marsden, 1988) states that a symplectic
integrator, possibly after reduction so that only the conservation of energy remains, cannot exactly
preserve the smooth energy without computing the exact solution. Conservation of energy in the
smooth cases arises when a Lagrangian is invariant under translations in the independent variable. When
computing a difference analogue, the independent variable must appear as a discrete dependent variable
and the difference Lagrangian must be invariant under translation in this, so that conservation of energy
in the smooth case becomes a conservation of a linear momentum in the difference analogue. For our
example here, it is translation in x in the smooth case which is incorporated.

That our method of works in general is an open conjecture. To evidence this conjecture, we calculate
all the relevant quantities in detail.

The Euclidean group of rotations and translations in the plane acts on curves (x, u(x)) as

X X a X cos —sin0
(u)'_)Re(u)—i_(b):(ﬁ)’ Rez(sine cos@)'
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Choosing the normalization equations to be

x=0,

IS
Il
e
S
Il
L

(11.2)
we obtain a smooth frame, denoted by p, namely

X
o (mo-n ().

0 1

where R, is the rotation matrix with sin® = —u,//1 + u2, cos® = 1//1 + uZ. This frame satisfies

1 0 « —1
= o0 "= -0 0 |. (11.3)

Pp = ———=pp " =
' Vit 0 0 0

With this frame, the conservation laws for the Lagrangian (11.1) are, in terms of the moving frame o
(see Mansfield, 2010; Gongalves & Mansfield, 2013):

Xy Ug XUg — UXg

(—k? —2K, 26) | —uy xg xx,+uug | = (cp ¢y c3).
0 0 |
Ad(p)
Using the identity x? + u? = 1, this amounts to
Xy —Ug U
(=% =2, 2) = (cycpe3) | uy x, —x . (11.4)
0 1

The same identity gives a first integral for the Euler-Lagrange equation,
Kt +dakl =t 4+ (11.5)

Eliminating x, from the first two columns of (11.4) gives
U= s (2c],<s - c2;c2) . (11.6)

By solving (11.5), (11.6) and the third column of (11.4) (to determine x), we obtain the smooth solution
in Fig. 2, once the constants of integration c¢; and ¢, are determined.
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y
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} ol ————p——jo
10
8,
.| —ot T
6,
T *— 7 ——¢——h—t—e
2,
L ol X
-2 -1 0 1 2
® Discrete solution I+  Discrete solution 2 —— Smooth solution

FIG. 2. A plot of an extract of 847 points of the discrete solution for certain initial data and an extract of 507 points of the discrete
solution for a variation of the previous initial data. This is compared with an accurate numerical solution of the third column of
(11.4), (11.5) and (11.6), using a Fehlberg fourth—fifth order Runge—Kutta method with degree four interpolant, with uniform step
0.1. The conservation laws are used in the solution in order to match the initial data.

The idea is to take a difference frame with matching normalization equations, and to take the discrete
analogues of curvature and arc length to be those playing the same role when compared to the smooth
Maurer—Cartan invariants given in Equation (11.3). We now explain these remarks. Consider the action
of SE(2) in the plane where the points u; have coordinates (xj, uj), and take the frame

X0
0o = ROO _RG() ( u ) ,
0 1
(using the standard representation) such that the normalization equations are
Po - (@ —uy) = (%,0).

0o - ug = (0,0),

In other words, R, is the rotation matrix that sends u; — u, to a row vector with a zero second
component, so that sin 6, = —(u; —u)/£ and cos 6, = (x; —xy) /£, where £ = |u; —u,|. These discrete
normalization equations match, in some sense, the normalization equations (11.2) for the smooth frame.
Then

_ X1 — X _ 12
KO = plpo_l = Rhg Rel ( ul - uo ) = Rh@ Rhe ( 0 ) 5
0 1 0 1

where h, = 6, — 6. Therefore, the generating invariants are &, and £.
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In order to see the discrete analogues of curvature and arc length, we consider ﬁxﬁ_l to be
approximated by

(P + ) = 50) 5@ ™' /h, = (PG + )P~ = 1d) /h,

where 1d is the identity matrix, and p(x + h,)p(x) ~1 to be approximated by K, when x = x; and
h, =x; — X

Observing that the component of the first row and second column of the matrix K, — Id is — sin &,
and that, to first-order in A, the component of the first row and third column of the matrix K, — Id is
—¢, we take the discrete analogue of ds to be £ and the discrete analogue of « to be

— -1 ..
K =—{""sinhy,.

Hence, we consider the variational problem

L= ZE“I sin? hg,
with £ and hy as the fundamental invariants. The differential-difference syzygies are

¢’ =coshy So* + sinhy So* — o7,

iy = (S = id) (¢ [ sinhy So* = cos g S + 0])

where 0 = (3(x)) and 6" = 1,(u;). Applying the theory developed in this paper, the invariantized
Euler-Lagrange equations are

{S_l(coshg) S_; — id}El(L) + {S_l (Z‘l sinhg) (S_2—S_1)}Eh6 (L) =0,
{S_l(sinhg) S_I}EZ(L) + {E_I(S_l —id) — S_; (E_l cos he) (S_2—S_1)}Eh9 L)y =0,
where

aL aL
E,, (L) = — =(""sin@2hy),  E,(L) =

— = —¢7%sin% by,
dhy oL

These equations are then solved for £ and /,. We note that (the shifts of) these Euler-Lagrange equations
can be written in the form,

(cos hy —sinh, ) (z—l (S_; —id) E,, (L) ) _s ( €71 (S_, —id) E,, (L) )

sinhy coshy, E, (L) E,(L)
The boundary terms can be written in the form

Ay = CL () + CL o (up) + C S(to () + C.L S(eg(u))s
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where
¢ = S_ {coshy E,(L) — ¢~ sinhyE,, (L) + ¢~ 'sinhy S_; (B, (D)},

C. = Sy {sinhyEy (L) + (S (¢71) + £  coshy — €~ coshy S_) By, (L)}
Cxl = Z_l sinhe S—l {Ehg (L)} >
¢! = —t'coshyS_| {E,, ()}

The infinitesimal vector fields are

Va = 3XO, Vb = 8u0, Ve = —uoax() +x08M0’

ww= (30 1), w0=(300)

cosd —sinf b
Ad(g,a,b)) = | sinfd cosf —a
0 0 1

so that

and

Applying the replacement (7.5) and simplifying and collecting terms, the conservation laws can be
written in terms of the row vector of invariants as follows

R, JR,u 0 —1
(V1V2V3)(30 9100)=(clc2c3), J=(1 0), (11.7)

where
Vi =S_;(coshyE (L)) + {S_; (¢~ "sinhy) (S_y — S_)} By, (D),
Vy =S_(sinhyEy (L)) — {S_; (€7 coshy) (S_y — S_1)} By, (D),
V3=-S_,(E,WL).

Using Maple, we solve the discrete Euler—Lagrange equations for the invariants as an initial data
problem. Note that (11.7) implies that

(Vl)2 + (V2)2 = (Cl)2 + (Cz)z’

which gives a first integral of the discrete Euler-Lagrange equations. Further, there is a linear relation
for x and u, in terms of the invariants; using the methods of Section 8.2, the solution in terms of the
original variables can be obtained in a straightforward manner. The initial data give the values of the
constants ¢, ¢,. We have used these constants and the initial values (xq, 1) = (0, 1) to obtain the initial
data for the smooth solution. The discrete equations require one more initial datum than the smooth, so
that more than one discrete solution will have the same constants and starting point, and hence more than
one discrete solution can approximate a given smooth one. In Fig. 2, we compare two discrete solutions
with differing initial step sizes, both approximating the single smooth solution. Magnifications of these
solutions, verification that conserved quantities are indeed conserved, and relative errors of each discrete
solution to the smooth solution are given Figs 3 and 4.
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FI1G. 3. Plots (a) and (b) magnify two regions of Fig. 2.
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Fi1G. 4. (a) Graph showing the three conserved quantities are indeed conserved (are constants). The values of the constants in the
conservation laws obtained in the discrete case were used to calculate the initial data in the integration of the smooth case. (b) The
norm relative error between the solution of the smooth problem and each solution of the discrete problem.

A routine albeit lengthy calculation shows that the Euler—Lagrange equations and the conservation
laws converge to the smooth counterparts in the continuum limit. The relative success of this simple
example shows that this approach to obtaining symmetry-preserving variational integrators via the
difference moving frame merits further research. More sophisticated methods to derive discrete
Lagrangians using interpolation are also being explored (Beffa & Mansfield, 2018).
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12. Conclusions

In this paper, we have introduced difference moving frames and some applications. In particular, for a
discrete Lagrangian with a Lie group of variational symmetries, a difference moving frame expresses
the Euler-Lagrange equations in terms of the invariants and Noether’s conservation laws in terms of
the frame and a vector of invariants. This makes explicit the equivariance of the conservation laws. The
difference frame formulation can allow one to solve for the solutions in terms of the original variables
by a divide-and-conquer approach: first the invariantized Euler—Lagrange equations are solved, then the
conservation laws and frame are used to construct the complete solution. It is worth noting that one need
not use the full Lie group to do this; a Lie subgroup may do the job more simply. For instance, using the
translation subgroup in our running example would have been equally effective, with slightly simpler
calculations.

We have developed the Noether theory for difference frames to cover all variational symmetries,
not just those that leave the given Lagrangian invariant. It also covers symmetries whose generators are
n-dependent and Lagrangians that vary with n.

We have shown that, by matching the smooth and difference frames for the smooth and discretized
problems respectively, it is possible to create symmetry-preserving variational integrators that can
approximate the full set of conservation laws. Optimizing the use of the difference frame in these
approximations is a subject for further research.

Part I of this paper has concentrated on relatively straightforward Lie group actions. In Part II, we
turn to actions of the semisimple Lie group SL(2).
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Appendix A. From structure constants to .«7d(g)
There is an alternative way to construct the matrix 27d(g) from the basis
v, =&Y () 3,0, r=1,...,R,

for the Lie algebra of infinitesimal generators. The Lie algebra is closed, giving rise to the commutator
relations

_ k ..
[vi,vj] = ViV = VY =V Lj=1,...,R,

where cg. are the structure constants. Define the R x R matrices C; by

(C)f =

Every infinitesimal generator v = a’v, can be exponentiated to produce a one-parameter local Lie
group of transformations exp(ev). These act on an arbitrary smooth function F(u) as follows:

X m
exp(ev)F(u) = F(u(e)), where U(g) = exp(ev)u = Z S—‘ v (u).
= m!
One can obtain U(¢) by solving the initial value problem
du®(e) N _
% - agre), a=1,....q u|g=0 =u.

THEOREM A.1 Suppose that g - u = exp(a’v,)u. Then 27d(g) = exp(a’C,).
Proof. Let v = a'v, and consider the action of the one parameter local Lie group exp(ev). Define
g(e) -u=1(e) = exp(ev)u
and denote the components of .«7d(g(¢)) by Af (¢). The identity (6.3) yields
v = Aj(e)V)(e),
where V;(¢) is v, with u replaced by U(¢). If F(u) is an arbitrary smooth function,
exp(—ev) v, exp(eV)F(u) = exp(—ev){Al(e)V,(e)F(li(e))} = Al(e)V,F(u).

Consequently,

d .

g{Af(e)}vlF(u) = exp(—&v) [v;, VIexp(eV)F(u) = a’cl; A} (e)v,F (u),

and so 27d(g(e)) satisfies the initial value problem

d .
% dd(g(e)) = d /d(g(e))C;, /d(g(0)) = Id.
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The R x R matrix exp(ed/ C)) satisfies the same initial value problem, so the standard uniqueness theorem
for ODEs proves that '
Ad(g(e)) = exp(ed C)).

Set & = 1 to conclude the result. (Il
COROLLARY A.1 Suppose that
g-u=exp(a'v, ) exp(ayv,,) - exp(ay v, Ju.
Then .7d(g) = exp(a}' C, ) exp(ay C,,) - - - exp(ay) C,, ).
Proof. The adjoint representation preserves left multiplication. U

For every R-dimensional local Lie group of transformations, the action of every g in some
neighbourhood of the identity can be written as exp(a’v,) for some a”, which are called canonical
coordinates of the first kind. So if U = g - u is written in this form, Theorem A.1 enables us to write
down «7d(g) = exp(a”C,) immediately.

Commonly, u = g-u is written as a product of exponentiated generators, in which case Corollary A.1
is applicable. In particular, the action of every g in some neighbourhood of the identity can be written
as exp(afv R) exp(alvl); here a” are canonical coordinates of the second kind.

ExampPLE A.2 (Example 3.1 cont.) The group action g - (x,u) = (X, %) in the running example can be
written in terms of canonical coordinates of the second kind as

x, 1) = (e3alx + a2, u + a3) = exp(a3v3) exp(a2v2) exp(alvl)(x, u),

where (a!, @%, %) = (In(}), a, b) and

v, = 3x0, + ud,, v, =10, V3 =10,
The only nonzero structure constants are c%z = —c%l = —3 and c?3 = —cgl = —1, so Corollary A.l
yields
0 00 0 00 00 O 1 0l 0
d(g) =exp|[ 0 00 |exp[—3a% 00 |exp[03a' 0 |=|-3a>* 0 |,
-a*> 00 0 00 00 a —d 0

in agreement with the more straightforward approach of Section 6.
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