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We characterize all the multiple orthogonal threefold symmetric polynomial sequences
whose sequence of derivatives is also multiple orthogonal. Such a property is commonly
called the Hahn property and it is an extension of the concept of classical polynomials
to the context of multiple orthogonality. The emphasis is on the polynomials whose
indices lie on the step line, also known as 2-orthogonal polynomials. We explain the
relation of the asymptotic behavior of the recurrence coefficients to that of the largest
zero (in absolute value) of the polynomial set. We provide a full characterization of
the Hahn-classical orthogonality measures supported on a 3-star in the complex plane
containing all the zeros of the polynomials. There are essentially three distinct families,
one of them 2-orthogonal with respect to two confluent functions of the second kind.
This paper complements earlier research of Douak and Maroni.

Keywords: orthogonal polynomials, multiple orthogonal polynomials, confluent hyperge-
ometric function, Airy function, Hahn classical polynomials, recurrence relation, linear
differential equation
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1. Introduction and motivation

In this paper we investigate and characterize all the multiple orthogonal polynomials
of type II that are threefold symmetric and are such that the polynomial sequence
of its derivatives is also a multiple orthogonal sequence of type II. Within the stan-
dard orthogonality context there are only four families satisfying this property,
commonly referred to as the Hahn property, and they are the Hermite, Laguerre,
Jacobi and Bessel, collectively known as the classical orthogonal polynomials. These
four families of polynomials also share a number of analytic and algebraic proper-
ties. Several studies are dedicated to extensions of those properties to the context of
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multiple orthogonality. However, those extensions give rise to completely different
sequences of multiple orthogonal polynomials. For the usual orthogonal polynomials
the Hahn property is equivalent with the Bochner characterization (polynomials sat-
isfy a second order differential equation of Sturm-Liouville type) and the existence
of a Rodrigues formula. This is no longer true for multiple orthogonal polynomials
since there are families of multiple orthogonal polynomials with a Rodrigues type
formula [1] that do not satisfy the Hahn property, and various examples of multiple
orthogonal polynomials satisfy a higher-order linear recurrence relation, which is
not of Sturm-Liouville type [11]. Hence characterizations for multiple orthogonal
polynomials based on the Hahn property, the Bochner property or the Rodrigues
formula give different families of polynomials.

A sequence of monic polynomials {P,},>o with deg P,, = n is orthogonal with
respect to a Borel measure p whenever

/Pn(gc)xkd,u(a?)zoifk:0,1,...,n—1, n>0
and
/Pn(m)x”d,u(x) #0 forn>0.

Without loss of generality, often we normalize p so that it is a probability measure.
Obviously, an orthogonal polynomial sequence forms a basis of the vector space
of polynomials P. The measures described above can be represented via a linear
functional £, defined on P’, the dual space of P, and it is understood that the action
of £ over a polynomial f corresponds to [ f(x)du(z). Throughout, we denote this
action as

(., f(2)) = / f(@)du(z).

The derivative of a function f is denoted by f’ or % (z). Properties on P’, such
as differentiation or multiplication by a polynomial, can be defined by duality. A
detailed explanation can be found in [29] [31]. In particular, given ¢ € P and a
functional £ € P’, we define

(g(@)L, f(2)) = (L,g(z)f(x)) and (L' f(x)) = —(L, ['(x)) (1.1)

for any polynomial f.
From the definition it is straightforward that an orthogonal polynomial sequence
satisfies a second order recurrence relation

Poy1(z) = (x — Bn) Pa(2) — bPn-1(z), n > 1, (1.2)

with Py(z) =1, Pi(x) = ¢ — By and 7, # 0 for all integers n > 1. This relation is
often called the three-term recurrence relation, but we will avoid this terminology
as we will be dealing with three-term recurrence relations which are of higher order.
There is an important converse of this connection between orthogonal polynomials
and second order recurrence relations, known as the Shohat-Favard theorem or
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spectral theorem for orthogonal polynomials. It states that any sequence of monic
polynomials { P, },,>0 with deg P,, = n, satisfying the recurrence relation (1.2) with
n 7# 0 for all n > 1 and initial conditions P_;(z) = 0 and FPy(x) = 1, is always an
orthogonal polynomial sequence with respect to some measure p and, if, in addition,
Brn € R and 7,41 > 0 for all n > 0, then p is a positive measure on the real line.
So, basically, the orthogonality conditions and the second order recurrence relations
are two equivalent ways to characterize an orthogonal polynomial sequence.

Multiple orthogonal polynomials of type II correspond to a sequence of polyno-
mials of a single variable that satisfy multiple orthogonality conditions with respect
to r > 1 measures. With the multi-index @ = (n1,...,n,) € N”, type II multiple
orthogonal polynomials correspond to a (multi-index) sequence of monic polyno-
mials Pz (z) of degree || = n1 + ...+ n, for which there is a vector of measures
(0s - - - pr—1) such that

/xkpﬁ(x)dﬂj(x) =0, 0<k<n;—1 (1.3)

holds for every j = 0,1,...,r—1. By setting r = 1, we recover the usual orthogonal
polynomials. Obviously, (1.3) amounts to the same as saying there exists a vector
of r linear functionals (Lo, ..., L,_1) such that

(L, 2" Pz(x)) =0, 0<k<n;—1.

This polynomial P; set may not exist or is not unique unless we impose some
extra conditions on the r measures uq,..., t,—1, but under appropriate conditions
the polynomial set satisfies a system of r recurrence relations, relating Pz with
its nearest neighbors Py ez, and Pﬁ_é'j, where €}, consists of the r-dimensional unit
vector with zero entries except for the kth component which is 1 (see [37] for further
details). The focus of the present work is on the polynomials whose multi-indices
lie on the step-line near the diagonal @ = (n,n,...,n), and are defined by

J
Prnyj(@) = Prys (2), with &= &, j=01,...,r—1,
=0

that is,

Prn-l—j(m) = P(n+1,...,n+1,n,...,n)(x)7 .7 =0,1,...,7r— L
J T=J
This step-line polynomial sequence {P,},>o satisfies a (r 4+ 1)th order recurrence
relation (involving up to (r 4+ 2) consecutive terms) and it can be written as

xPn(x) = Phi1 (m) + Cn,jpnfj(x)a nzr,
2 (1.4)
Pj(x):zj, j=0,...,m,

where (., # 0 for all n > 7. Such a step-line polynomial sequence {P, },>¢ corre-
sponds to so-called d-orthogonal polynomials (with d = r), see [28,15,32] and Figure
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Fig. 1. Step-line for the multi-index (n1,n2) when r = 2.

1 for the case of r = 2. So, basically, if there exists a vector of linear functionals
(Lo,...,L4—1) and a polynomial sequence {P,},>¢ satisfying
n—j

d

(L;,2"P,(2)) =0 and (L;,2"Panyj(z)) #0, 0<k< { J , n=0,
then the polynomials {P,},>0 are related by (1.4). There is a converse result,
which is a natural generalization of the Shohat-Favard theorem, in the sense that if
a polynomial sequence { P, },,>o satisfies (1.4) with ¢, 4 # 0 for all n > d, then there
is a vector of r linear functionals (Lo, ..., L4—1) with respect to which {P,},>0 is
d-orthogonal. Such a vector of linear functionals is not unique, but we can consider
its components to be the first d elements of the dual sequence {uy,},>0 associated
to { P, }n>0, which always exist and which are defined by

<unaPm> = 6n,ma m,n 2 Oa

where 6,, ,, represents the Kronecker symbol. The remaining elements of the dual
sequence of a d-orthogonal polynomial sequence can be generated from the first
ones: for each pair of integers (n, j) there exist polynomials g, ;. (x) such that [28]

d—1
Udn+j = quj,l,(:z:)uu, for 0<j<d—1,
v=0

where deg gy, ;j(z) =n, deggn j (z) <Knfor 0K v <j—1if1<j<d-1and
deggn (@) <n—1forj+1<v<d—1if0<j<d—2. Unlike the standard
orthogonality (case d = 1), this result only provides structural properties for the
dual sequence and in practical terms it can be used in that sense.

In this paper we mainly deal with 2-orthogonal polynomial sequences, but our
results and ideas can be extended to the d-orthogonal case. Here, we provide a
characterization of all the 2-orthogonal polynomial sequences that are threefold
symmetric and possess the Hahn property in the context of 2-orthogonality, i.e., the
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sequence of monic derivatives is also 2-orthogonal. The notion and properties of
threefold symmetric 2-orthogonal polynomial sequences are revised and discussed
in Section 2, while we also bring a new result (Theorem 2.2) relating the asymptotic
behavior of the recurrence coefficient to the asymptotic behavior of the absolute
value of the largest zero. Section 3 is dedicated to a detailed characterization of
all the threefold symmetric 2-orthogonal polynomials satisfying the Hahn property.
We bring together old and new results in a self-contained and complete analysis to
fully characterize this type of sequences in terms of their explicit recurrence rela-
tions, weight functions and a differential equation of third order. In that regard,
we complete the study initiated by Douak and Maroni in [14,15] by providing suf-
ficient conditions and taking the study based only on the properties of the zeros in
combination with the weights. We end up this coherent description with a detailed
analysis of the four distinct families of threefold symmetric 2-orthogonal polynomi-
als satisfying the Hahn property. The first case, treated in Section 3.1 corresponds
to polynomials with the Appell property whose 2-orthogonality weights are sup-
ported on the three-starlike set (as in Fig.2) represented via the Airy function and
its derivative. These polynomials have been studied in [13], but the explicit repre-
sentation of the weights supported on a set containing all the zeros has not been
considered there. In Sections 3.2 and 3.3 we study the second and third cases where
the weights are represented via the confluent hypergeometric Kummer function of
2nd kind. These are, to the best of our knowledge, new. The fourth case is treated
in Section 3.4, where the orthogonality weights are expressed via hypergeometric
functions and depend on two parameters. For special choices of those parameters
we recover some known polynomial families. However, the existent literature on the
subject has not taken into account the explicit representation of the weights sup-
ported on a set containing all the zeros and this has been accomplished here for all
the threefold symmetric polynomials satisfying the Hahn property within the con-
text of 2-orthogonality. The orthogonality (1.3) of these polynomials corresponds
to an non-hermitian inner product (no conjugation is used) on three-starlike sets.
The Airy function, the confluent hypergeometric function and the hypergeometric
function are analytic functions, so the paths of integration can be deformed away
from the three-starlike sets without loosing orthogonality. However, the choice of
the three-starlike sets is convenient because of the positivity of the measures and
the location of the zeros. It turns out that the orthogonality measures under analy-
sis are solutions to a second order differential equation and, as such, the recurrence
coefficients for the whole set of the corresponding multiple orthogonal polynomials
of type II can only be obtained algorithmically via the nearest-neighbor algorithm
explained in [37] [19]. Some of the d-orthogonal polynomials that we found appear
in the theory of random matrices, in particular in the investigation of singular val-
ues of products of Ginibre matrices, which uses multiple orthogonal polynomials
with weight functions expressed in terms of Meijer G-functions [24]. For r = 2 these
Meijer G-functions are hypergeometric or confluent hypergeometric functions.



June 10, 2019 17:36  WSPC/INSTRUCTION FILE
aa’style Loureiro VanAssche

6 A. F. Loureiro and W. Van Assche

2. Threefold 2-orthogonal polynomial sequence

A sequence of monic polynomials { P, }, >0 (with deg P,, = n) is symmetric whenever
P, (—z) = (=1)"P,(z) for all n > 0. This means that all even degree polynomials
are even functions while odd degree polynomials are odd functions. Hermite and
Gegenbauer polynomials are examples of symmetric polynomial sets, which also
happen to be the only classical orthogonal polynomials that are symmetric. Many
other examples of symmetric orthogonal polynomial sequences are around in the
literature.

The notion of symmetry of polynomial sequences has been extended and com-
monly referred to as d-symmetric in works by Maroni [28], [15] and followed by Ben
Cheikh and his collaborators [6] [8] [9][25]. The case d = 1 would correspond to
the usual symmetric case. We believe the name is misleading, as will soon become
apparent, and therefore we call it differently as it pictures better the nature of the
problem.

Definition 2.1. A polynomial sequence {P,},>¢ is m-fold symmetric if

P, (wz) =w" Py(z), forany n > 0. (2.1)

i

where w = e’ .
By induction, property (2.1) corresponds to
P(wFz) = w™ P,(z), forany n>0 and k=1,2,...,m —1.

So, an m-fold symmetric sequence is a (m — 1)-symmetric sequence in [28], [15], [6],
[8],[9],[25]. (The symmetric sequences of Hermite and Gegenbauer polynomials are
examples of twofold symmetric polynomials.) In particular, a threefold symmetric
sequence { P, }n>0, is such that

Po(wz) = w"Py(z) and P,(w?z) = w?"P,(r) with w= e, n >0,
which corresponds to say that there exist three sequences {P,[Lj]}n>0 with 7 €
{0,1,2} such that

Pypyj(x) =2/ PP)(a®), j=0,1,2, (2:2)

Throughout, we will refer to {P,[lj]},@o as the diagonal components of the cubic
decomposition of the threefold symmetric sequence { P, },>0, which is line with the
terminology adopted in a more general cubic decomposition framework in [33].

In the case of a 2-orthogonal polynomial sequence {P,},>0 with respect to a
vector linear functional u = (ug,u1), we have, as discussed in Section 1,

m _J0 forn>2m+1
(o, @™ Pu) = {No(n) # 0 for n = 2m (23)
0 forn > 2m +2
mP,) = 24
(ur, 2™ Fn) {Nl(n);«éOforn:2m+L (24)
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and there exists a set of coefficients {(8,, @n,¥n)}n>0 such that {P,},>0 satisfies
a third order recurrence relation (see [28,39])

Pria(z) = (x = Bn) Pa(@) — 0 Puo1(2) — Yn—1Pn—2(2) (2.5)
with P_o(xz) = P_1(z) = 0 and Py(z) = 1. Straightforwardly from the definition,
one has

n+1P n n+1P "
gy = S Ponka) g (0 Ps) oS o)

(ug, " Pay,) (U1, 2" Popq1)

or, equivalently,

n n

1 1

(uo, 2" Papya) = H Yort1 and (w1, " Payyg) = H Yokt2, for n>0.
k=0 k=0

Whenever a 2-orthogonal polynomial sequence is threefold symmetric, the recur-
rence relation (2.5) reduces to a three-term relation, where the 8- and a-coefficients
all vanish. For this type of 2-orthogonal polynomial sequences more can be said.

Proposition 2.1. [14] Let {P,},>0 be a 2-orthogonal polynomial sequence with
respect to the linear functional U = (ug,uy1) satisfying (2.3)-(2.4). The following
statements are equivalent:

(a) The sequence {Py},>0 is threefold symmetric.
(b) The linear functional is threefold symmetric, that is,

(w)snt; =0, for v=0,1 and j=1,2 with j#v, (2.7)

where (4)m, = (u,x™) for m = 0.
(c) The sequence {P,}n>0 satisfies the third order recurrence relation

Poi1(x) = 2Py (2) — yn—1Pn—2(z), nz2, (2.8)
with Po(z) =1, Pi(z) = x and Py(x) = 2.

Each of the components of the cubic decomposition are also 2-orthogonal poly-
nomial sequences.

Lemma 2.1. [28] Let {P, }n>0 be a threefold symmetric 2-OPS. The three polyno-
mial sequences {P,[L]]}n>0 (with j = 0,1,2) in the cubic decomposition of {Py}n>0
described in (2.2) are 2-orthogonal polynomial sequences satisfying:

P (@) = (@ = B PP (2) — ol P, () = 9L P (), (2.9)
where
57[{] = Y3n—14j T V3n+j T V3nt1+js n 20,
ol = Van—2+45V3n+5 T V3n—1+5V3n—3+5 T V3n—2+45V3n—1+4; nz=1,

Al = V3n—2+5Y3n+jVsn+2+j 7 0, n > 2.



June 10, 2019 17:36  WSPC/INSTRUCTION FILE
aa’style Loureiro VanAssche

8 A. F. Loureiro and W. Van Assche

Moreover, {P,[Lj]}n>0 is 2-orthogonal with respect to the vector functional UVl =
(u([f],u[j]) with
ul) = 3(x9uz,yj) for each j=0,1,2 and v =0,1.

where {uy, }n>o represents the dual sequence of {P,}n>0 and o3 : P/ — P’ is the
operator defined by (o3(v), f(z)) = (v, f(z3)) for any v € P' and f € P.

The orthogonality measures are supported on a starlike set with three rays.

Theorem 2.1. [8] If v, > 0 for n > 1 in (2.8), then there exists a vector of linear
functionals (ug,u1) such that the polynomials P, defined by (2.8) satisfy the 2-
orthogonal relations (2.3)-(2.4). Moreover, the vector of linear functionals (ug,u1)
satisfies (2.7) and there exist a vector of two measures (o, pt1) such that

(uo, f(x)) = /S F(@)dpiola)
(ur, f(2) = /S F(@)dyns ()

where S represents the starlike set
2
S = U Ty with Ty = [0,e2™*/300),
k=0

and the measures have a common support which is a subset of S and are invariant
under rotations of 2w /3.

I

To

Iy

Fig. 2. The three rays I'g, I'1 and I'a.

Regarding the behavior of the zeros of any threefold symmetric 2-orthogonal
polynomial sequence{P,},>0, it was shown in [9] that between two nonzero con-
secutive roots of P, 1o there is exactly one root of P,, and one root of P, ; and all
those roots lie on the starlike set S.

Proposition 2.2. Let {P,},>0 be a 2-OPS satisfying (2.8). If v, > 0, then the
following statements hold:
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(a) If x is a zero of Psyyj, then wiz are also zeros of Psyyj with w = e2mi/3,
b) 0 is a zero of Ps,y; of multiplicity 7 when j =1,2.
+J
(¢) Psnij has n distinct positive real zeros {x%}zzl with 0 < :1:53)1 <. < ng)n
d) Between two real zeros of Psn,iji3 there exist only one zero of Psniiio and
+Jj+ +Ji+

. j+2 j j+1 i+2
only one zero of Psnyjy1, that is, xgl];r ) < xif}cﬂ < ng’;r)l < 9553,2431-

Proof. The result is a consequence of [9, Theorem 2.2] for the case d = 2. |
So, Ps,4; with j € {0, 1,2} has n zeros (wg)l, . ,ng)n) on the positive real line
and all the other zeros are obtained by rotations of 27 /3 of (ng )1, e ,ng; 21) and

0 is a single zero for Ps,; and a double zero for Ps,12. The connection between
the asymptotic behavior of the ~-recurrence coefficients in (2.8) and the upper
bound for the largest zero ng ) is discussed in [2], but for bounded recurrence
coefficients. Here, we extend that discussion, by embracing the cases where the
recurrence coefficients are unbounded with different asymptotic behavior for even

and odd order indices, which will be instrumental in Section 3.

Theorem 2.2. If vy, in (2.8) are positive and, additionally, 2, = con® + o(n®)
and Yan+1 = cin® + o(n®) for large n, with min{cg,c1} > 0, ¢ = max{cp,c1} >0
and « > 0, then largest zero in absolute value |z, | behaves as

3 B33 4oo(n®/3), n > 1. (2.10)

|xn,n‘ < %

Proof. Consider the Hessenberg matrix

010 - 0 0 0 00

001 0 0 00

v 0 0 1 0 00

07 0 1 0 - 00

H, =

0004 O 0 10

000 0 -3 0 01

0000 -+ 0 7v7%=-200

so that the recurrence relation (2.8) can be expressed as

P()({,E) Po(,T) 0
Py (x) Py (z) 0
Pn—l(x) Pn—l(x) 1

and each zero of P, is an eigenvalue of the matrix H,,. The spectral radius of the
matrix H,,,

p(H,) = max{|A| : A is an eigenvalue of H,},
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is bounded from above by ||H,|| where ||-|| denotes a matrix norm (see [23, Section
5.6]). We take the matrix norm

[H,|ls = |IS™'H nSloo = max Z\ THLS)ig ¢

where S corresponds to a non-singular matrix and (S~'H,S);; denotes the ith
row and jth column entry of the product matrix S™'H,,S. In particular if S is an
invertible diagonal matrix S = diag(dy,...,dk,...,d,), then

IHy|ls

~ max dy d3 dy+dim di + dp—37k—3 dp +dp—3Yn-3 dp—2Yn—2
dydy ds T dr—1 Y dn_1 T d, '

Setting dj, = d*(k!)*/3 # 0, for some positive constant d, gives
c .
[H,||s < 2°/% (d+ ﬁ) n®3 £ o(n®3) as n — 4oo.
The choice of d = (2c)1/3 gives a minimum to (d + Zz), so that

3
[[Hnlls < 15 (c no‘)l/3 +0(n%?) as n — +oo,

which implies the result. O

To summarize, Proposition 2.2 combined with Lemma 2.1 allow us to conclude

that each P[ I has exactly n real zeros {x[]]k} with 0 < xml < ... < x%ln

n
Moreover, between two consecutive zeros of phit? ] there is exactly one zero of pY!
and another of PY: xb+2] < J:Ef]kﬂ < J;EZEl < 54,;2@1 Taking into consideration
the asymptotic behavior for the largest zero |z, | of P, described in Theorem 2.2,
we then conclude that
(4]

xn,

27
e S =€ n% 4+ o(n).

Therefore, for each j € {0, 1,2}, all the zeros mg )k of P34 ; distinct from 0 corre-

spond to the cubic roots of xm >0, with k € {1,...,n}, and they all lie on the star-
like set S and within the disc centred at the origin w1th radius b = 4 Ten® +o(n®).
Multiple orthogonal polynomials on starlike sets received attention in recent
years, under different frameworks. This includes the asymptotic behavior of poly-
nomial sequences generated by recurrence relations of the type (2.8) when further
assumptions are taken regarding specific behaviour for the «y-coefficient [2] or for
certain type of the 2-orthogonality measures in [12] and [27]. Faber polynomials
associated with hypocycloidal domains and stars have also been studied in [21].
Here, we describe all the threefold 2-orthogonal polynomial sequences that are
classical in Hahn’s sense, and our study includes the representations for the mea-
sures supported on a set containing all the zeros of the polynomial sequence. From
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Theorem 2.1 and Proposition 2.2, the support lies on a starlike set, that, accord-
ing to Theorem 2.2 is bounded if the ~y-coefficients are bounded, and unbounded
otherwise.

3. Threefold symmetric Hahn-classical 2-orthogonal polynomial
sequence

The classical orthogonal polynomial sequences of Hermite, Laguerre, Jacobi and
Bessel collectively satisfy the so-called Hahn property: the sequence of its derivatives
is again an orthogonal polynomial sequence. In the context of 2-orthogonality, this
algebraic property is portrayed as follows:

Definition 3.1. A monic 2-orthogonal polynomial sequence {P, },>¢ is ”2-Hahn-

classical” when the sequence of its derivatives {Qy }n>0, With @, (z) == %HP,’L ()

is also a 2-orthogonal polynomial sequence.

The study of this type of 2-orthogonal sequences was initiated in the works by
Douak and Maroni [14]-[17]. In those works (as well as in [32]) several properties of
these polynomials were given, with the main pillars of the study being the structural
properties, including the recurrence relations, satisfied by the polynomials. All in all,
those studies encompassed the analysis of a nonlinear system of equations fulfilled
by the recurrence coefficients. Douak and Maroni treated some special solutions
to that system of equations, bringing to light several examples of these threefold
symmetric ”2-Hahn-classical” polynomials: see [13,16,17]. However, for those cases
the support of the corresponding orthogonality measures that they found consisted
of the positive real axis, which does not contain all the zeros. Here, we base our
analysis on the properties of the orthogonality measures and deduce the properties
of the recurrence coefficients. We incorporate the works by Douak and Maroni and
go beyond that by fully describing all the threefold ”2-Hahn-classical” polynomials
and bringing up explicitly the orthogonality measures along with the asymptotic
behavior of the largest zero in absolute value as well as a Bochner type result for
the polynomials (i.e., characterizing these polynomials via a third order differential
equation).

We start by observing that the threefold symmetry of {P, },>0 readily implies
the threefold symmetry of {Q,(z) = %ﬂ " +1(@) }n>0. This is a straightforward
consequence of Definition 2.1, as it suffices to take single differentiation of relation
(2.1). Such property is valid for any polynomial sequence, regardless any orthogo-
nality properties.

Regarding threefold symmetric 2-orthogonal polynomial sequences possessing
Hahn’s property, more can be said. The next result summarizes a characterization
of the orthogonality measures along side with the recurrence relations of the original
sequence { P, (x)}n>0 and the sequence of derivatives {Q,(z) == %_H 1 1(2) Fnx0-
This characterization can be found in the works [14,15,32]. Nonetheless, we revisit
these results for a matter of completion while bringing different approaches to the
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original proofs, highlighting that all the structural properties for the polynomials
can be derived from the corresponding 2-orthogonality measures.

Theorem 3.1. Let {P,},>0 be a threefold symmetric 2-orthogonal polynomial
sequence for (ug,u1) satisfying the recurrence relation (2.8) and let {Qn(x) =
%_HP,’LH(:E)}T@O. The following statements are equivalent:

(a) {Qn(2)}n>0 is a threefold symmetric 2-orthogonal polynomial sequence, satisfy-
ing the third-order recurrence relation

QnJrl(x) = I'Qn(x) - 51171627172(‘2)’ (31)

with initial conditions Qx(x) = x* for k € {0,1,2}.
(b) The vector functional (ug,uy) satisfies the matriz differential equation

(2 [ZTD/”’ o= o) (3:22)

where
191 (1 — 191).13 01
o= |9 and ¥ = l 9 0] (3.2b)
= (1 —19) 22 205 — 1 me
Y1
for some constants ¥ and Yo such that
n—1
91,09 # , forall n>1. (3.2¢)
n

(c) there are coefficients V1,92 # =L, such that U = (ug,u1) satisfies

n ?

(¢>(x)u0)" + <i(02 9y — 2)m2u0>/ + % (01 —2aup =0  (3.3)

and
(191 — 2) (2’192 — ].) Ul
2 if Y # 2, 3.4
= ooy~ 2 - 1) @0 - Hatu, | T O
1
Uy = 2uy, if 91=2, (3.4b)
where
2
¢(x) =01 (202 — 1) — - (01 —1) (9 — 1) a°. (3.5)
(d) There exists a sequence of numbers {Vn41}n>0 such that
Pats(@) = Quis(@) + (0 + Dnsz = (0 +3)5041)Qu(@),  (36)

with initial conditions Py(x) = Qo(z) = 1, Pi(z) = Q1(x) = z and Py(x) =
Q2(x) = 2.
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Proof. We prove that (a) = (d) = (b) < (¢) = (a).

In order to see (a) implies (d), we differentiate the recurrence relation satisfied
by P, to then replace the differentiated terms by its definition of @,,. A substitution
of the term z@Q,(x) by the expression provided in (3.1) finally gives (3.6).

Now we prove that (d) implies (b). Any linear functional w in P’ can be written

as
oo
w = Z(w,Pk>uk.
k=0
Based on this, the relation @, (z) = %HPJL 41(z) gives a differential relation be-

tween the dual sequence {v,}n>0 of {@Qn}n>o in terms of {u,},>0 (the dual se-
quence of {P, },>0), which is
v, =—(n+ Dupt, n >0, (3.7)
whilst (3.6) leads to
Up = Up + (N + Dyng2 — (0 + 3)Vnt1) Unts, n > 0. (3.8)
The choice of n =0 and n = 1 in both (3.7) and (3.8) respectively gives
{vﬂ:_[ul ] and [vo]:{uo—é—(vz—?ﬁj)ug . (3.9)
vy 2ug vy uy + (273 — 4%2) ug
As explained in [32] (and, alternatively, in [14], [15] and [28]), the elements of the
dual sequence {u,}n>o of the 2-orthogonal polynomial sequence {P,},>0 can be
written as
U2n = En(ﬂf)uo + an—l(x)ulv
U2n+1 = bn(fﬂ)uo + Fn(x)ula
where E, and F), are polynomials of degree n, while a,, and b,, are polynomials
of degree less than or equal to n under the assumption that a_q(z) = 0, Eq = 1,
Fy =1 and by = 0. The recurrence relations (2.8) fulfilled by {P,},>0 yield (see
[32, Lemma 6.1])

YonteFny1(z) — 2 Fy(2) = —a,—1(), Yont30n41(T) — van(z) = —Fy(x),
'Y2n+2bn+l(x) - xbn(x) = _En(x) and '72n+3En+2($) —zEnq1 (33) = —bn(.%‘),

with initial conditions ag(z) = 0 and E;(z) = 711I In particular, we obtain:

1 1 1 1
bi(z) =——, Fi(z)=—2z, FEsx)= 2, and a(z) = ——,
V2 Y2 Y173 V3
so that
1 1 1 1, 1
Uy = —T Uy, U3=——uUg+ —xzu; and uy = xug — —wui.  (3.10)
71 Y2 Y2 Y173 73

Consequently, the first identity in (3.9) reads as

! 0 1
[”9] = - [“O} with W=, . (3.11a)
v] Ul T 0
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Using (3.10) in the second identity in (3.9) leads to
Vo ug : ®0,0 ¢0,1 ]
= with & = ’ I 3.11b
[Ul] [UJ [¢1,0 P11 ( )

where (c.f. [32, Eq. (6.17)])
d00() = ?’% do1(z) = (1 - ?’j;) .

1 27 45
p10(z) =2 ( - 72) 2 and ¢(z)=-1+ kLY
il V3 V3

We set ¥ = % # 0 and ¥y = 2,% # 0, and now (3.2a)-(3.2b) follows after
differentiating both sides of the equation in (3.11b) and then compare with (3.11a),
which is a system of two functional equations in (ug, u1):

Yuh+ (1 —d)zu) + (2—-91)ur =0
(1 — 192)552 u6 + 2(3 — 2’192)25 ug — (1 — 2192)@&’1 =0.

Y1

2 (3.12)
Y1

The action of each of these equations over the monomials gives

nﬁl(uo)n,l + ((TL — 1) — 71'(91) (ul)n = 0,

1

% ((TL — 1) — nﬂg) (Uo)n+1 + (2192 - l)n(ul)n_l = 0, n 2 O,
under the assumption that (ug)—1 = (u1)—; = 0. All the moments are well defined
provided that

(n=1)=nd) ((n—1) —nda) #0, n >0,

which corresponds to condition (3.2c). Under this assumption, the threefold sym-
metry implies that

(u0)n = (U1)pt1 =0 for n # 0 mod 3,
whilst for n = 0 mod 3, we have (ug)n (u1)n+1 # 0, and these are recursively defined

by

2
o (n+ 1= (n+2)02) (n— (n+ 1)J1) (uo)nts = 1(202 — 1)(n + 1)(n + 2)(uo)n ,
(n +1-— (n + 2)192) (n +3 - (n + 4)191) (ul)n+4 = 191(2192 - 1)(71 + 2)(n + 4)(U1)n+1 ,
where (ug)o = (u1)1 = 1.

Concerning the proof of (b) = (c), we start by noting that the system of equa-
tions (3.2a) can be written as in (3.12) which reads as

c {“/1] =-D {“6] (3.13)

with
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Observe that det C' = —(2 — 91)(202 — 1) is constant. The matrix C is nonsingular
if 991 # 2. For this case, a left multiplication by its adjoint matrix C* gives

(61— 2) (202 — 1)y

S (91 —2) (1 — 92) 2%ufy + 2 (91 — 2) (292 — 3) wuy, (3.14a)
71 71
(01 —2) (202 — 1) uy = ¢(w)ufy — % (91 — 1) (295 — 3) 2%ug,  (3.14b)

where ¢(x) = det ® which is given in (3.5). We differentiate (3.14b) once and
compare with (3.14a) to obtain (3.3) and (3.4a).
When ¥ = 2, the functional equations (3.12) (or equivalently (3.13)) become

2u6 = aju,’17
2 (1~ dp)a?up + 2 (3 — 202)zug — (1 — 202 =0,

and this gives (3.3) and (3.4b).

The implication (c) = (b) can be trivially obtained by performing reciprocal
operations to the ones just described.

The proof of (b) = (a) consists of showing that {Q,}n>0 is 2-orthogonal for
(vo,v1) given by (3.11b) based on (3.2a)-(3.2b) together with the 2-orthogonality of
{P, }n>0 with respect to (up,u1) and on account of conditions (3.2¢). We will omit
the details which can be followed in [32, Proposition 6.2, p.324], with the obvious
adaptations to the threefold symmetric case. a

The vector functional U = (ug,u;) satisfies a matrix equation of Pearson type
(3.2a). This somehow mimics the properties of the classical orthogonal polynomials.
However, we refrain ourselves from calling such polynomials 2-orthogonal classical,
since other characteristic properties of the classical orthogonal polynomials can be
interpreted in the context of 2-orthogonality (or multiple orthogonality) and give
rise to completely different sets of polynomials.

As a straightforward consequence of statement (c) in the latter result, we derive
equations for the moments of the Hahn-classical vector linear functional (ug,u;):

Corollary 3.1. Under the same assumptions of Theorem 3.1, the moments of ug
and w1 satisfy

%[(371 +2)((Bn+1) W1 = 1) 95 = 1) = (92 + 91 —2)) = (91 — 2) | (w0)an+

= (37’L + 2)(3n + 1)191 (2192 — 1) (Uo)gn s

(©0)3nt+1 = (10)3n+2 =0 and  (ug)o =1,
(3.15)
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while

2001 = 1) ((Bn+2)92 — (3n+ 1))
(U1)3n+1 = o (191 _ 2) (2192 — 1) (U0)3n+3
if 9 2
_ (3n + 1)191 (2192 — ].) (U0)3n, Zf ! #
(3.16)
(u1)3n41 = 2(33::21)(160)371 if 9 =2
(1)3n = (U1)3n42 =0 and (u1); = 1.
Proof. From (3.3)-(3.4) it follows
" 2 , \ 2
((¢(x)u0> + (’}’1(192 +91 —2)x u0> + % (91 — 2) zug, ™) =0, n >0,
and
<(’l91 — 2) (2192 — 1) Ul,l‘n> = <¢)(I>’LL6 — 721 (191 — 1) (2’[92 — 3) £E2U0,2L‘n>, lf 191 # 27
ruf = 2(uf, z"), if 91 = 2,

which, on account of (1.1), leads to (3.15).
Similarly, by taking into account the operations defined in (3.43), we deduce
that relations (3.4) imply (3.16). O

The ”2-Hahn-classical” polynomials satisfy a third order recurrence relation
(2.5) and the 7-recurrence coefficients have a specific rational structure. Here, we
show that such expression for the ~y-coefficients actually characterizes the three-
fold symmetric ”2-Hahn-classical” polynomials, by proving the reciprocal condition
found in the work by Douak and Maroni [14]. For a matter of completion, we ob-
tain the ~y-coefficients directly from the functional equations (3.2a), rather than
from algebraic manipulations on the recurrence relations.

Theorem 3.2. Let {P,}n>0 be a monic 2-orthogonal polynomial sequence. Then
{Pn}n>0 satisfies (2.8) with

n+3 n@,—-1)+1

_—y 3.17
n+l(n+d) (O —1)+1 " (3:.17)

Yn+2 =

where

_ 1_(—1)n 1—LH(1—ﬁ1) 1_|_(_1)n 1_@(1_192)
ﬁn( 2 >1—”21(1_,l91)+< B) >1_(,212_1)(1_192), n =1,

(3.18)
with 1,92 subject to (3.2¢), if and only if the sequence {Qn(x) = %_HP;L-H(C”)}T@O
is 2-orthogonal satisfying the recurrence relation (3.1) with

~ n

Tn = mﬂn"/ﬂ+l, for n>1. (3.19)
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Proof. We start by proving that if {Q,}n>0 satisfies the recurrence relation (3.1)
with the J-coefficients given by (3.19), then the ~-coeflicients in the recurrence
relation of { P, },,>0 are given by (3.17)-(3.18). The assumption means that {Qy }n>0
is 2-orthogonal and therefore { P, },,>0 is Hahn-classical. According to Theorem 3.1,
{P.}n>0 is 2-orthogonal with respect to a vector functional (ug,u1) satisfying the
differential equation (3.2a) and {@}n>o is 2-orthogonal for V = (vg,v1) given by
(3.11a)-(3.11b). The relation Q,(z) = %HP,’LH(:JJ) combined with the properties
(1.1) implies

1
(vo, 2" Q2n) = —m«xnvo)/ s Pang)
and
n 1 n /
(v1,2" Qant1) = _2n+2<($ v1)", Popa)

for any n > 0. In the latter identities we replace (v, v1) and (v, v1) by the respective
expressions given in (3.11a) and (3.11b), to obtain

(09, 2" Q2n) = 2n 4+ 1)1 (1 — ngbé’l(()))(ul, 2" Popt1), for n >0,

(01, 2" Qany1) = 2n +2)71 (¢’(0) _ RL(O)

5 ) (ug, z" 1 Pyyia), for n >0,

which are the same as
(vo, 2" Q2n) = (2n + 1)71(1 — (1 =91)n){ur, 2" Popy1), for n >0,

2
(v1,2"Qon+1) = (2n + 2)_1a (1—(1=199)n) (1L(),967”L1P2n+2>7 for n>0.

Taking into account (2.6), from the latter we obtain (3.19) if we set J,, as in (3.18).
Observe that

(n+1)91 —n (n+1)92 —n
19 = — d ?9 n - ) 2 07
T o, — (n—1) an 2T 0y — (n—1) "
and from this, we can clearly see that 1, is actually a solution to the Riccati
equation
1
Unts + =2, for n>0. (3.20)
19n+1

Conversely, if {P,},>0 satisfies (2.8) with the v-coefficients given by (3.17)
where ¥,, is given by (3.18), then we prove that {Q,},>0 satisfies a third or-
der recurrence relation (3.1) with J-coefficients as in (3.19). We differentiate
the recurrence relation (2.8) once and then take into account the definition of
Qn(x) = %_HP,’L_H(:E) obtain the structural relation

P(z)=(n+1)Qn(z) — nzQpn_1(x) + (n — 2)ypn_1Qn_3-
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In (2.8), we replace P41, P, and P,_5 by the expressions provided in the latter
identity to obtain

(0 +2)Qn1(2) = 2(n + 1)2Qu () — 002 Qu1(x) + 2(n — 23— 12Qu—s(x)
- (n + 1)(’}%71 + 'Vn)anQ(x) - (n - 4)’7n73'7n71Qn75($)7
(3.21)
which is valid for any n > 0, under the assumption that Q_,(z) = 0. As {@Qn}n>0
is a basis for P, there are coefficients &,41,, such that

n+1

xQn(x) = Z fn+1,uQu($)7 (322)
v=0

where &,41,n+1+» = 0 for any v > 0 and &,41,n+1 = 1 because @, is monic. Based
on this, we can also write

n+2 n+l n+1
xQQn(x) = Z Z £n+1,afa+1,uQV(x) + Z £n+1,0€a+1,0Q0($)' (323)
v=1o=v—1 o=0
The threefold symmetry of { P, },,>0 readily implies that of {Q,, },,>0 and this means
that &, , = 0 whenever n + v # 0 mod 3, so that &, n—1, &nn—2, Enn—a, Enn—>s,---
are all equal zero. We replace the terms £Q,, £Q,—3 and 22Q,,_» by the respective
expressions given by (3.22) and (3.23) in the relation (3.21) to obtain

n+1 n—2
(04 2)Quir(@) = 200+ 1) Y 610 Qul@) + 200~ D301 Y Eu2,0Qu ()
v=0 v=0

n+1 n n
—n (Z Z 5n,a§a+1,uQu(x) + Zofn,ofa—i-l,OQO(x))

v=1lo=v—1

= (n = 1)(Yn-1 4 1)@n—-2(x) = (n = ) 1n-3Vn-1Qn—s5().
(3.24)
For n > 2, we equate the coefficients of @Q,,_o, giving

0=2n+ 1) t1n—2+2(n —2)y—1 —n&nn-3— (0 —1)(Yn-1+ 7). (3.25)
In particular, for n = 2 the latter becomes
0=480—7 — 72,
and, because of (3.17), we have 71 = £ (491 — 3)7; so that

1
§3,0 = 372-
If we assume that for some n > 3,
n—2
§n7n—3 = 79n—27n—17

then (3.25) implies

(n+2)ns1n—2 = ((n —2)0p—2 —(n— 3))7n—1 + (n— 1),
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which, after writing ~,,—1 in terms of v, via (3.17), reads as

n—1
§n+1,n—2 = mﬂn—l'ﬁma
and therefore we conclude that
1
€ntan = 271319”+1’7n+27 for all n > 0. (3.26)

Equating the coefficients of Q,,—5 in (3.24) leads to

0= (TL + 2)£n+1,n75 + (Z(TL - 2)’777,71 - nén,n73) £n72,n75

3.27
- ngn,n—ﬁ - (n - 4)’}%—3'}%—17 ( )

for n > 5. The particular choice of n =5 in the latter identity becomes

0 =780+ (2—1U3) V17274 — Y274,

after replacing &5 o and &3 o by the expressions provided by (3.26). Using the identity
(3.20) for n = 4, we then conclude that & o = 0. Now, suppose that &, ,—¢ = 0 for
some n > 6. Identity (3.27) tells that

(n+2)&nt1,n-5 = = (2(n = 2)Yn-1 — N&n,n—3) En—2,n—5 + (0 — 4)Yn—3Vn-1,
which, because of (3.26), becomes
(n+2)8nt1n-5=—(n—4) (2= Vp-2) Vpn-a¥n-17n-3 + (1 — 4)Vn-37n-1,
and hence, due to (3.20), we conclude
Enton =0, for all n > 0.
Now, equating the coefficients of Q,,1+1-3; for j > 3 in (3.24) gives

0=(n+2)¢+1,n+1-35 + 2(n —2)y—1 — n&nn—3) En—2,n+1-3j

n—=6

-n Z &n,o€o+1,n+1-35>

o=n—3j
which is also

0=(n+2)+1,n+1-35 + (2(n = 2) -1 — n&nn-3) En—2,n+1-3;

J
-—n Z gn,n73(r§n+173o',n+173j~

o=2
Suppose that &, ,—3r = 0 for each k = 2,3,...,j5 — 1 and n > 3k, then the latter
becomes
(n+2),nt1nt1-37 = Nén.n—3;,

which yields

En+1nt1-35 = m&jp- (3.28a)
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In particular this implies that
3j 3j+1
. — . d ) =2 £, 3.28b
£3j+1,1 G +2) €350 and 35400 3 +3)§33,0 ( )

Finally we compare the coefficients of Q) in (3.24) to obtain

n—1
0=(Mn+2)& 410+ 2(n—2)Ym-1&n—20—n (Z §7L,a§a+1,o> ,

o=0

for n > 6. Recall that £, o = 0 for k£ # 0 mod 3, so that the latter identity simplifies

to
n—2

0 = (3n + 3)&3n+3,0 + 6nY30&3n,0 — (30 + 2) (Z §3n+2,3a+2§30+3,0> — n&3n+2,23,0,
o=1

(3.29)
for n > 6. We have already seen that £ o = 0. Proceeding by induction, we promptly
observe that if {350 = 0 for j =0,1,...,n, then identities (3.28a)—(3.28b) allow us
to conclude from (3.29) that 3(,41),0 = 0 and this implies

&nk =0, for 0<k<n—4.

As a result, we conclude that

. n—1
xQn = Qn+1+£n+1,nf2Qn727 with §n+1,n72 = mﬁnfl'yn 7é Oa for n 2 2a
with Q;(z) = 27 for j = 0,1,2. This means that {Q,},>0 is 2-orthogonal and
threefold symmetric. O

In [17] Douak and Maroni have highlighted several properties of threefold-
symmetric (therein referred to as ”2-symmetric”) 2-classical polynomials including
a differential equation of third order. Here we show that such differential equation
actually characterizes these polynomials, bringing to the theory a Bochner-type
characterization.

Proposition 3.1. Let {P,},>0 be a threefold symmetric 2-orthogonal polynomial
sequence satisfying (2.8). The sequence {Py,}n>0 is Hahn-classical if and only if
each P, satisfies

(anz® = b,)P) + cpx®P! + dyzP. = e, Py, (3.30)
where
an = (O — 1)(Fp41 — 1) (3.31a)
b, — Yo (n=1)0_1 —n+2)(nd, —n+1)((n+ 1)1 — n) (3.31b)
nn+1)

en =041 —1—(n—=3)0 — 1)(Opst1 — 1) (3.31¢)
dyp = npy1 — (n—1)9, (20,41 — 1) (3.31d)
en = npi1, (3.31e)
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for alln > 1, and 9, given in (3.18) with initial values V1 = 3(7417;272) and 9o =

3(?07:;’2)—%% subject to V1,02 ¢ {=2: n>1} .

Proof. The necessary condition was proved in [17, Proposition 3.2], where Douak
and Maroni have shown that threefold-symmetric (therein referred to as 72-
symmetric”) 2-orthogonal polynomials satisfying Hahn’s property are solutions to
(3.30) under the definitions (3.31a) and (3.31c¢)-(3.31e) with

_ Int3 (n+3)0p —n+2)((n+4)0p41 — (n+3)) (n+5)9ns2 — (n+3))
(n+3)(n+4) ’
where ¥, is given in (3.18). It turns out that b, can be written as in (3.31b)

because, according to Theorem 3.2, the y-recurrence coefficients are recursively
given by (3.17) which implies

bn

_ (n+4)(n+3)
Tn+3 = W
) ((n 1) (s — 1)+ 1) (nwn — 1)+ 1) ((n )y — 1) + 1)

((n +5) (g2 — 1) + 1) ((n F ) (Dpgr — 1) + 1) ((n £ 3) (WU, —1) + 1) "

Conversely, suppose that the 2-orthogonal polynomial sequence { P, },>0 fulfils
(3.30) under the definitions (3.31a)-(3.31e) with ¥, given in (3.18). Observe that
¥, satisfies the Riccati equation (3.20) with initial conditions ¢#; = 3(7417::2)
Uy = 3(%7':;’2) + §7 both assumed to be different from % for all integers k& > 1. For
values of n > 3, we consider the expansion P, (z) = 2™ + \,z" 3 4 ... and insert it
in the differential equation (3.30). We equate the coefficients of 2™ and this gives

(n—2)(n—1)nb,
3(n=3)0p —n+4)((n—2)041—n+3)’

On the other hand, from the recurrence relation (2.8) we deduce

and

Ao = —

n = 0.

Yn = Ant+1 — Ang2, n =0.

After combining the latter two expressions we obtain

(n—1n(n+ )byt
3((n=2)0ns1 —n+3)((n—1)0ns2 —n+2)

n(n+1)(n+ 2)byio

3((n—1)0pq2 —n+2) (npq3 —n+1)’
where by, is given in (3.31b). Based on (3.20), we consider the following substitutions
in the latter expression

Tn = —

+

((n = 1)dn_1 = (n - 2))
ﬁn—l

(n=2)0pt1—n+3) =

and
((n+1)Vny1 —n)

(nny3 — (n—1)) = ot

)
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to find
(n—1)Y-1((n+ 1941 —n)
3(n+2)((n—1)0,-1—(n—-2))

Tn =10y (N + 2)Vpq2 — (n+ 1)) ( ~ Yn+1

(14 DOnsr (04 3)0nss — (n+2))
+ 2 S(n:- 3) (n0y, — (;3— ) ):

which is the same as
Y _ (n+1)((n+4)9ny1 — (n+3))
n((n+3)0, — (n+2) "2 3(n+3) (nd, — (n—1))
(n—=1)0,—1((n+1)0p11 —n)

. 3.32
WS 2) (n = D —(n—2)) o)
after taking the following substitutions (derived from (3.20))
On (04 2)0n42 — (n+1)) = ((n +3)dn — (n+2)),
and
Ut (04 3)0nys — (n+2)) = ((n +4)Int1 — (n+3)).
We subtract (n+2)((n_¥;’§73_1_(n_2)) from both sides of (3.32) and this leads to
—37n < _ Ynt1 n((n+3)d, — (n+2)) )
n((n+3)dn — (0 +2)) Vi1 Yo (n+2)((n=1)p1—(n—2))

_ (1  Yugz (1) (0 + 4)pgr — (n+3))>
Tnt1 (n+3) (nd, — (n—1)) )

which implies

n 3 Y2 (491 — 3)
<2_1_[1 C((+3)0— (L +2)) '72+1> <1 — 713)

_ (1 g2 (1) (R +4)0nys — (n+ 3))>
Vrt1 (n+3) (nd, — (n—1))
The assumption on the initial value for 9J; readily implies the left-hand side of the
latter equality to be zero and therefore we conclude

(e (0 D) (0 D — (04 3)
0= (1 o1 (04 3) (b — (01— 1))

Now, Theorem 3.2 ensures the 2-orthogonality of the sequence {Q,(z) =

=5 P} 1(2) }nz0, which means that {P,},>0 is Hahn-classical. |

> for all n > 1.

Remark 3.1. After a single differentiation of (3.30), we obtain a differential equa-
tion for the polynomials (),, and these satisfy:

(an@® = bp)Q + (cn + 3an)2°Qlt + (dy + 20)2Q), = (e — dp)Qn,  n 20,
with ay, by, ¢n, dy, and e, given by (3.31a)—(3.31e).
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Theorem 3.2 shows that a threefold symmetric 2-orthogonal polynomial se-
quence is Hahn-classical if and only if the v-recurrence coefficients in (2.8) can
be written as (3.17), provided that 01,92 # ;75 for all positive integers n.

If 91,92 > 1, then ~, and 7, are both positive for all integers n > 1. Further-
more, from (3.17)-(3.19) we readily see that +, and 7, are two rational functions
in n, both having the same asymptotic behavior:

Yo =cn® 4+ o(n%) as n — +oo.

Hence, as a result of Theorem 2.1 together with Theorem 2.2 and Theorem 3.1
the two linear functionals associated with a Hahn-classical threefold symmetric
2-orthogonal polynomial sequence admit the following integral representation.

Theorem 3.3. Let {P,}n>0 be a threefold symmetric and 2-orthogonal polynomial
sequence with respect to the vector linear functional (ug,u1) fulfilling (3.3)-(3.4). If
V1,92 = 1, then {P,}n>0 satisfies the recurrence relation (2.8) with v, > 0 and ug
and uy admit the integral representation

<uk7 f> =
1 b bw bw?
3 (/ fx)Uy(x) dx—i—w%_l/ f () Uy (w?x) da?—&—wl_%/ f (@)U (wz) dx) ,
0 0 0
(3.33)
(with k = 0,1) for any polynomial f, with w = e*™/3 and b = lim (%'yn),

n—oo

provided that there exist two twice differentiable functions Uy and Uy mapping [0, b)
to R such that Uy is solution to

(ston(@)” + (2212 2t000) )+ 2=ty (0) = o)
(3.34)

and Uy is given by
(191 — 2) (2192 - 1)U1(:1c)

= gy () — 2017 ”fﬁ? -3

all{(z) = 2Uy(x) + Mg () | if 91 = 2, (3.35h)

if 91 # 2,(3.35a)

IEQ
U () + Mgi(z) ,

where ¢(x) =91 (202 — 1) — Wﬁ, and satisfying

!
lim f(x)%uo(x) =0, foranyle{0,1} and f€P, (3.36)

z—b
b
/Uo(ac) de =1,
0

where A\ is a complex constant (possibly zero) and gy a function whose moments
vanish identically on the support of Uy,.
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Proof. According to Theorem 2.1, the threefold symmetry of a 2-orthogonal poly-
nomial sequence ensures the existence of two orthogonality measures pg and pg
(respectively defined by the vector functional (ug,u;)) supported on a starlike set
S on the three rays of the complex plane. On the other hand, Theorem 3.1 tells
that ug satisfies (3.3) and w; fulfils (3.4a)-(3.4b). Based on these equations, we
seek an integral representation for both ug and w; via a weight function ¢ such
that (3.33) holds for any polynomial f. Such a representation readily ensures the
threefold symmetry of (ug,u1). Identity (3.3) is the same as

<(¢(%‘)UO)” + (2(192 +7191 —2) xQuo) L2 z2) (ﬂ;_ 2) zug , f> =0, VfeP,
1 1

which, because of (1.1), reads as

<uo, o) f" (z) — Mfo’(x) n 2(h —2)

a:f(a:)>=07 VfeP,
! 24!

(3.37)
with
2 — 1) (99 — 1)353
gg!
We seek a function Wy, at least twice differentiable, defined on an open set D

containing the piecewise differentiable curve C containing all the zeros of {P,}n>0
that is a subset of S =g UT'; UTy (represented in Fig.2) and such that

(uo, f / fl@)Wo(x (3.38)

holds for every polynomial f. In the  light of Theorem 2.2, the support of the weight
function is C = FO U F1 U F2 where F1 and 1"2 are the two straight lines starting at
some point bw and bw? (respectively) and ending at the origin, while I‘o corresponds

to the straight line on the positive real axis starting at the origin and ending at
b. Here b is a positive real number or can represent a point at infinity. Thus, from
(3.37), the weight function W,y we seek must be such that

202 + 1 — 2 2 —
/Wo < f(x) — Maﬂf’(x) + “)xf(x)> dz =0, Vf € P.
4! At
We use (complex) integration by parts to deduce

/ <<¢<x>wo<x>>”+ (szwom) +W‘2)xwo<x>> F(x) da

At 71

¢(.’E) = ’191 (2’192 — 1) —

b

+ Y (r@s@mie + o (222w - Ga@mie)))

je{1,2) tE

wib

which must hold for every polynomial f. This condition is fulfilled if each of the
following conditions hold:
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(a) W) is a solution of the second order differential equation

2(92 + 9 — 2 "2 -2

@)+ (A= )+ 2D o) < (o),
1

(3.39)

for some constant Ag (possibly zero) and a function gy representing the null

linear functional on the vector space of polynomials supported on C, that is
/go(x)f(x) dx =0, for every polynomial f.
c

(b) The solution W, of (3.39) satisfies the boundary conditions

(#erotemge) + o) (2=

b
:0’

wib

(3.40)

PWo(o) - (e o(a) ) )

with j = 1,2, for every polynomial f.
(¢) All the moments of Wy coincide with those of ug, that is,

(ug)n = / Wo(x)z" d, n > 0.
s

This corresponds essentially to (3.38), insofar as {#"},,>¢ forms a basis for P.
In particular, and in the light of Proposition 2.1, the threefold symmetry of the
linear functional ug means that (ug), = 0 if n # 0 mod 3.

Observe that if y is a solution of (3.39), then so are the functions w’ y(w’z) for
j = 1,2. Taking into consideration the threefold symmetry of wug, it follows that

%Uo(f[:) ifx € fo = [0, b),
—L02Up(wPa) if 2 € Ty,
Wo(z) = 31 N (3.41)
—swlp(wx) if x €Ty,
0 if.’L’¢C:f0Uf1Uf2.

where Uy : [0,b) — R is an at least twice differentiable function that is a solution
of the differential equation (3.39) satisfying the conditions (3.36), so that (3.40)
holds. Here, r 1 and fg are the two straight lines starting at some point bw and bw?
(respectively), with w = e?™/3_and ending at the origin, while fo corresponds to
the straight line on the positive real axis starting at the origin and ending at b.
Hence (3.33) is proved for k& = 0.

Similarly, an integral representation for the linear functional u; can be obtained
from (3.4) by seeking a differentiable function W, defined on C such that

(ug, f(z)) = /c f(@)Wh(x) dz, for every polynomial f. (3.42)

If 91 # 2, then u satisfies (3.4a) and this gives

(un ) = (0 —2) " (205 — 1) {(ayuf — 2017 13( 2022 8) o0, )
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Based on the properties (1.1), the latter becomes
2 (¥ —1) (292 — 3)

(ur, f) = (91 =2) 7" (202 = 1) (ug, —(¢f) — - 2’f). (3.43)
Taking into consideration (3.38), we then have
(ug, f)y = — (¥ — 2) (209 — 1)
/ Wote) (ot~ 2L ER =02 ) )

We perform integration by parts on the first term of the integral, to obtain

(U1 —2) (292 — 1) (us, f)

- % (semiorl )

jEL2

, 2(0; —1)(202 - 3) ,
+ /C F(x) (¢(x)W0(x) - . Wo(x)) dz.

!
The vanishing conditions (3.36) at the end points of the contour readily imply that

the integrated term vanishes identically for every polynomial f considered. As a
consequence, a weight function associated with u; corresponds to

Wi(z) = (91 — 2)" (205 — 1)1 ((b(x)u/(x) _ 20 131(2’92 ) mQWO(x))

+ Algl(x)a

where \; represents a complex constant (possibly zero) and g; a function represent-
ing the null linear functional. By construction, this choice for the weight function
guarantees that (3.42) is well defined and, in particular, all the moments satisfy the
threefold symmetry property described in Proposition 2.1. So, we conclude that
(3.33) also holds for kK =1 with U; given by (3.35a) when ¥; # 2.

If Y1 = 2, then using an entirely analogous approach we deduce (3.35b) from
(3.4D). O

Remark 3.2. An alternative to the representation (3.33) stated in Theorem 3.3 is

(ug, f /f WWr(x (k=0,1),

where Wy (z) is given in (3.41).
The weight functions W, and W are threefold symmetric in the sense that they
satisfy the following rotational invariant property:

WWi (W x) = Wi(z), j=0,%+1,42,..., for each k=0,1.
We consider the following equivalence relation between two polynomial se-
quences {P, }n>0 and {B,}n>0:

{Po}ns0 ~ {Bn}n>o iff 3a € C\{0}, b € C such that B, (z) =a "P,(az + ),
(3.44)
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for all n > 0. In this case, if {P,}n>0 satisfies (2.5) then {B,,},>0 satisfies
Bn -b

B,i1(x) = (m -

a
with initial conditions B_s(z) = B_1(x) = 0 and By(z) = 1.

Observe that ¥, is a solution of a Riccati equation (3.20) for which ¥,, =1 is a
trivial solution. Depending on the initial conditions ¥; and ¥Js, there are four sets
of independent solutions which in fact give rise to four equivalence classes of the

Qn

) Bu(2) = 5By (@) - 7’;;13”,2(@, n>1,

threefold symmetric 2-Hahn-classical polynomials. In other words, up to a linear
transformation of the variable, there are at most four distinct families of threefold
symmetric 2-orthogonal Hahn-classical polynomials, which we single out:

Case A: 191 =1 = 95. This implies that ¥,, = 1 for all n > 0.
Case Bi: 97 # 1 but 92 = 1 so that by setting ¥, = LE2 5t follows that

T optl
1
ﬂgnflzw and 19271:17 77/21.
n-+pn
Case Bs: 97 = 1 but 95 # 1 so that by setting ¥ = % it follows that
1
192n—1 =1 and 192n = m s > 1.
n—+p

Case C: 91 # 1 and Y5 # 1 and hence by setting 91 = l‘j—ﬁ and ¥y = Z—ﬁ it
follows that

1
ﬂgn_lzw and ?9271:7, n}l.

n-+pn n-+p

All these cases were highlighted in [14], where expressions for the recurrence
coefficients for the three components of the cubic decomposition of each of these
threefold symmetric Hahn-classical polynomials were deduced. Only some of these
polynomials were studied in detail: those in case A in [13] and a few subcases
of Case C in [16,17]. The representations for the orthogonality measures that we
describe in the next sections are new. The support of these orthogonality measures
contain all the zeros of the polynomial sequences. Even for particular cases that
already appeared in the literature, the integral representations for the orthogonality
measures were either not given or given on the positive real line (with oscillating
terms), which is only part of the starlike set S. In the next subsections we fully
describe all these cases in detail.

As observed in [14], the following limiting relations take place

case C B, case A
p—>00 pU—00

and also

case C By case A .
H—>00 p—>00

It turns out that cases B; and By are related to each other by differentiation, as
explained in Section 3.2 and Section 3.3.
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3.1. Case A

In the light of Theorem 3.2, for this choice of initial conditions one has ¥, = 1
for all integers n > 1, so that the ~-recurrence coefficients are given by 7,11 =
(n+1)(n+2)% and Y41 = Y1 for n > 0. As a consequence, Q,(x) = P, (x) for
all n > 0 and, for this reason, the 2-orthogonal polynomial sequence {P, },>¢ is an
Appell sequence.

Since the 2-orthogonality property is invariant under any linear transformation,
we can set y; = 2, and, with this choice, recalling (3.17)-(3.19) it follows that

Ynt1 = Tn+1 = (n+2)(n+ 1), n >0,
so that
Poyi(x) = xPy(z) — n(n — 1) Py_a(x), n>=2, (3.45)
Po(x) = 17 Pl(x) =1z and PQ(Q;‘) = xQ .

<

60 -

40 -

20 -

P x

L L L L
20 40 60 80

3%/3 2/3

Fig. 3. Case A: Plot of the largest zero in absolute value of P3,, against the curve y = 5573

Figure 3.1 illustrates the behavior of the largest zero in absolute value (plot gen-
erated in Mathematica): bounded from above by the curve y = 223/3 n?/3 suggested
by Theorem 2.2.

Regarding the integral representation of the corresponding orthogonality mea-
sures, we have:

Proposition 3.2. The threefold symmetric polynomial sequence {P,}n>0 defined
by the recurrence relation (3.45) is 2-orthogonal with respect to (ug,u1) admitting
the integral representation (3.33), where

Up(z) = Ai(x) and U (x) = —Ai' (),
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and b = +o0. Moreover, the sequence {Qn(x) = %HP,’L_H(;U)}n)O coincides with
{Po}n>0 (i-e., {Pn}n>o0 is an Appell sequence).

Here and in what follows Ai and Bi are the Airy functions of the first and second

kind (see [34, §9]), respectively.

Proof. Under the assumptions, by virtue of Theorem 3.2 and Theorem 3.1, this
polynomial sequence is 2-orthogonal with respect to (ug,u;) satisfying (3.3)-(3.4)

which reads as
uy —x ug =0,
. !
Uy = 7u0,

from which we conclude that the corresponding sequence of the moments
{(UQ)n}n20 and {(ul)n}n>0 satisfy

(uo)n43 = (n+1)(n+2)(uo)n and  (u1)n = n(uo)n-1,

with initial conditions (ug)o =1 and (ug)1 = (ug)2 = (u1)o = 0. This implies
(uo)zn = % and  (u0)3nt1 = (U0)3nt2 =0, (3.46)
(u1)3n41 = % and  (u1)3n = (U1)3n42 =0, n 2> 0.

According to Theorem 3.3, ug and u; admit the representation (3.33) provided
that there exist two twice differentiable functions Uy and U; from R to R that are
solutions to

U (x) — xUp(x) = Aogo(x),
{ 0 () o(z) = Aogo(x) (3.47)
—U(z) = Up(z) + Migi(2)
and satisfying
1
lim f(as)d—b{o(ﬂc) =0, forj1e€{0,1,2} and fe€P, (3.48)
T—wl oo dﬂ?l
Up(z)dz =1,

0
where Ay, € C (possibly zero) and g () # 0 are rapidly decreasing functions, locally
integrable, representing the null functional (k = 0,1). For Ay = 0, the general
solution of the first equation in (3.47) can be written as

y(x) = c1Ai(x) + e2Bi(x),

for arbitrary constants cy, ca. Observe that (3.48) is realized if we take co = 0 (see
(34, (9.7.5)-(9.7.8)]). Since [34, (9.10.17)]

T A C(n+1)
/0 2" Ai(z)dx = W(%—Fl) < 400, for all m > 0,

the result now follows if we take ¢y = 1 and A1 = 0. O
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3.1.1. The differential equation

Under these assumptions (3.30) becomes
—P!(z) + P! (z) = nP,(z), n >0,

whose general solution is given by

3 n—1 3 n—2 3
T ——5 X — T
. 3 . 2 3 .
79 +CI-T1F2 Eé’g +cox 1F2 é§79 )
373 373

with integration constants cy, ¢; and cy. Observe that for each n there is one
polynomial solution and we have

colro @IS

Pn(l‘) = Cp 1F2 (

)

W=

Pyn(x) = P(2%)  with  PlO(x) = (=9)"(1/3)n(2/3)n F(_”
3
Pypa(2) =« Pl(a®) with P (x) = (=9)"(2/3)a(4/3)n 1 F ( 71;3) ’
373
'

Pynia(z) = 22 P2 (%) with P2 (2) = (=9)"(4/3),,(5/3)n 1 F> (

3.1.2. The cubic decomposition

In [7, §5] the cubic decomposition of an Appell 2-orthogonal sequence has been high-
lighted. This also happens to be threefold symmetric, and the corresponding poly-
nomials were called Hermite-type 2-orthogonal polynomials. The three 2-orthogonal
polynomial sequences {P,[Lj ]}n>0 (4 =0,1,2) in the cubic decomposition of {P,, } >0
are 2-orthogonal with respect to weights involving modified Bessel functions of the
second kind, studied in [7,38].

Following Lemma 2.1, each of the three polynomial sequences {PT[Lj ) }n>o0, with
j € {0,1,2}, is 2-orthogonal and satisfies the third order recurrence relation (2.9),
where

B =3 (7 +6n+j+90°) +9n+2  n>0,
o) =3 +3n—2)(G+3n—1)%(G+3n), n>1,
W = (G430 —2)(j+3n -1 +3n)([ +3n+ 1) +3n+2)(G+3n+3), n

WV
o

It should be noted that the Appell polynomials {P,},>¢ and the components in
the cubic decomposition were treated in [7] under a different normalisation, namely
by considering 2/v; = 9. However the integral representation provided in [7] is
supported on the positive real axis, and therefore different from the one given here.
In [25, Cor. 5,7] the authors have also studied these polynomials, where the focus
was put on algebraic properties, including generating functions.

Remark 3.3. This Appell sequence {P, },,>0 has already appeared in the literature
in other contexts, often not recognized as 2-orthogonal polynomial sequences. For
instance, it is linked to the Vorob’ev-Yablonski polynomials associated with rational
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solutions of the second Painlevé equations [10]. Furthermore, in [40] Widder studied
the so-called Airy transform defined as follows

400 1 y—x
t) = Ai dy.
u(fL', ) /;oo f(y)(gt)l/g 1(3t1/3> y
Up to a scalling, it maps the sequence of monomials to the Appell 2-orthogonal

polynomial sequence {P,, },>0 [40, §8]. For this reason, in [36, §4.2.3] (and also [4])
they have been referred to as ” Airy polynomials”.

Figure 3.1.2 corroborates the statement in Proposition 2.2: the zeros on the
positive real axis of three consecutive polynomials interlace and all the other non-
zero zeros are rotations of 2w /3 of them.

Imz

zeros of P,(x) when
o n=27

% N=28

= n=29

Fig. 4. Case A: Zeros of Pa7 (empty circles), Pog (stars) and Pag (solid squares).

3.2. Case B,

In this case, Yo, = 1 and ¥op_1 = ":ﬁ:l, under the constraint that u # —n, for

all n > 1. Therefore, the threefold symmetric sequence {P,(-; it;71)}In>0 satisfies
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the recurrence relation (2.8), where

(n+1)(2n +1)(u +2)

Tant1 = (3n+ p+2) b
n+1)2n+3)(n+p+1 + 2
oy MEDEE N D)
Bn+u+2)Bn+p+5)

Observe that v; is a mere scaling factor and, from this point forth, we set v; =

ﬁ. The discussion is therefore about on {P,(:; u) = Pp.(*; p, ﬁ)}"%)' The
general case {P,(; 1;71) }n>0 can be deduced after a linear transformation of the
variable:
1/3
Py (z;371) = a " Py, (az; ), with a = (m) , n > 0.

The two sequences are equivalent, under (3.44).
Hence, {P,(-; ) }n>0 satisfies (2.8) with v, 41 = yn41(1) given by

2(n+1)2n+1) 2(n+1)2n+3)(n+p+1)
Yon+1 = 5 3 Yon+2 = 5 3
3 Brntpt2 3 Bntputr2)Bntputs)

b

(3.49)
and it is 2-orthogonal for (ug,u;) for which

Uy = — (“:2) (ug + 3x2uo) if pu#0,

1
—uf + x*uf) — (u — 2)zug =0 and

3 Ty = 2uy if p=0.
(3.50)
Consequently,
(5)n(3)n
(’U,())gm = 5“123 and (u0)3n+1 = (’LLO)3n+2 = O7 (351)
and
(5), (5)
(U1)3n+1 = W and (Ul)gn = (U1)3n+2 =0. (352)
3 /n

Observe that in order to have v,41 > 0 for all n > 0, the constraint ; > —1 needs
to be imposed.
Particular choices of the parameter p make the y-coefficients linear functions in

n, namely:
4n 4n+1
for p=-1/2: y2,(—1/2) = —, yont1(—1/2) = (7)7
27 9
whilst
22n+1 2(2n+1
for p=1: 72”(1):(277)7 72n+1(1):7( 5 )

For each 4 > —1, we have
dn  2(5—2
dn 205 —2p)

4n+2(7 +2u)
9 27

O(1) whilst  ~api2(p) = 27 81

Y2n+1 (:U')

o) n — 400.
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In the light of Theorem 2.2, an upper bound for the absolute value of the largest
2€10 [Ty 5| of P, is given by (2.10) with ¢ = ¢ and o = 1 so that we obtain

|Znn| < 33013 4 o(nl/3), n > 1.

The accuracy of the result is illustrated in Figure 5, where we have only plotted
the positive zeros of Ps,(z), but similar results hold for the zeros of Ps,11(z) and
Py, 12(x), which are just rotations of the positive zeros.

L P x
20 40 60 =

Fig. 5. Plot of of the curve y = 3L/351/3 (grey solid line) and the largest zeros in absolute value
(black dots) of Psp(x;3) with n ranging from 0 to 100.

The zeros of three consecutive polynomials interlace and lie on the three-starlike
set S : Figure 6 illustrates this.

In the light of Theorem 2.1, the two orthogonality weights can be expressed via
the confluent hypergeometric function of the second kind U(a,b; x), which admits
the following integral representation [34, (13.4.4)]

1 oo
Ula, b;z) = / £ (¢ 4 1)Lt gy,

T(a) Jo
provided that R(a) > 0 and | arg(x)| < 7/2, whilst

U(0,b;z) =1,
and one has the identity U(a,b;z) = 2'~*U(a — b+ 1,2 — b; ).

Proposition 3.3. Let p > —1. The threefold symmetric polynomial sequence
{P.(- : )}tn>o defined by the recurrence relation (2.8), with v, given by (3.49),
is 2-orthogonal with respect to (ug,u1) admitting the integral representation (3.33)
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zeros of P,(x;3) when

o n=34
% N=35
= n=36
o
&
o
L d
o
* 1
o
a*
o
*
o
-
o L
e
o 2L

,O

Fig. 6. Zeros of Pa4(z;p) (circle), Pss(z;p) (star) and Psg(x;p) (square) with p = 3, where
Py, (z; ) is the 2-orthogonal polynomial sequence studied in case B1.

where
ut2 3
o) = th(asp) = Foriage UG i) (35
ars 3
U (z) =Us(z; 1) = FQF;)E I?’(%) e U (5+1, %,x3) , (3.54)

and b = +oo, where U represents the Kummer (confluent hypergeometric) function
of second kind.

Proof. Under the assumptions, it follows that ug and u; satisfy (3.50) and {P, (- :
1) bn>0 satisfies the recurrence relation (2.8) with 7, > 0 for all n > 1. In the light
of Theorem 2.1, there exists a function W, and a domain C containing all the zeros
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of {P,}n>0 so that

(o, f(2)) = /C F@)Wole) da,

is valid for every polynomial f. By virtue of Theorem 2.2 and the asymptotic behav-
ior of =y, for large n, the curve that contains all the zeros of {P,},>¢ corresponds
to the starlike set S in Fig. 2. According to Theorem 3.3, ug and u; admit the
representation (3.33), provided that there exist two twice differentiable functions
Uy and U; from R to R that are solutions to

sU () + 22U (2) — (1 — 2)alho(z) = Aogo(x) if p> —1,

U (z) = 2Uj(z) + 222Uy (x) + g1 (z) if pw#0and pu>—1, (3.55)
Ui (x) = 2U)(z) + Mg1(x) if pu=0,
and satisfying
dl
lim f(x)—Up(x) =0, forj,le{0,1,2} and feP, (3.56)
T—rwd 0o dl‘l
/ Up(z)dz =1, (3.57)
0

where A\, € C (possibly zero) and g # 0 are rapidly decreasing functions, locally
integrable, representing the null functional (¢ = 0,1). For Ay = 0, the general
solution of the first equation in (3.55) can be written as

e 14
y(z)=c1 1y g —2d | ez FY 4 3.3, (3.58)
3 3
with ¢1, ¢ two arbitrary constants. Based on [34, Egs. (13.2.39) and (13.2.42)] we

have

: rey (5 ur(-1) -
e §) ,li’ g’ 3\ 3 F 3 — 3 4 3 F, 3 P — 3 ,
e (5,2,2%) I‘(“;rl)l 1 2 x 73F(%+1)$1 1 s x
which is valid when b is not an integer. Observe that (see [34, (13.7.3)])

—8 no2 3 L - (%)a(%ﬂ)‘s —s
Gla;p) =e " U (§,3,2%) ve W amny 2203 te (g7,
s=0

s!

and also that [34, (13.3.27)]

d o
aG(Ivﬂ) = —31’26 U(%? §7‘r3)7

so that, for both I = 0,1, we obtain lim f(x)

= 0 for every polynomial
f T—00 dz!

According to [20, Eq. (7.621.6)], the following identity

+o0 _
/ 7 U (a,¢;t) et dt = LOLG=c+1)

o TFla+b—c+1)’ (3.59)
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holds, provided that $(b) > max(0, ®(c) — 1). Therefore

+o0 1 +<>OL+1 1 (2t (nt2
[ et e [T R o g TSGR

for n > 0, which, upon the substitution n — 3n, becomes

oo nfz uo2, _F(l)()()(Z)
/0 77U, ia) da = 3r3(“+2) (4 2?3 et

Consequently, the particular choices of

+2
o — 321—‘(%431 and ¢y = —3MF( 3 3
I (57) I'(5+ DI (3)
in the general solution (3.58) gives the function Uy (z; i) in (3.53), which meets the

requirements (3.56)-(3.57). Furthermore, we have

(up)n = </F0 dr — w? /1“1 dxw/r2 dx) (m” I}Eé;%r‘z%)eng(g, g;x3)> ;

which matches with (3.51).
Now, for the integral representation of the linear functional u; we consider (3.55)
with A\; = 0 and this gives

Uy (z;p) = _u+2) (Z/{(’)(m) + SxQUO(x))
or (&2 5 .
“FRy T O e
(o 4) = T (3.a?) it =0,

where, for the first line of the latter identity we have used [34, (13.3.27)] as well
as the contiguous relation [34, (13.3.10)]. The second line of the latter identity
corresponds to the first line after taking g = 0 because of [34, Eq. (13.6.6)], so
that we obtain (3.54). Here, I'(¢, z) is the incomplete Gamma function: I'(a, z) =

—+oo
/ t*~le~tdt provided that a > 0. Moreover, based on (3.59), we have

+o0
2/3)n(4/3)n
/ P (03 ) d = H I ,Lg &4 p> -1,
0 (?)n
which coincides with the moments of u; given in (3.52). m|

3.2.1. Particular cases

For the following choices of the parameter p the expressions (3.53)-(3.54) relate to
other functions. Namely we have:
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e 1= —1/2 then
23 3
9v3e~ T xK1 (“’—)
3 /3 3 1 2 3\ 2
i—1/2) = 24/ =7 =, 2,28 i—1/2) = 2
Up(z;—1/2) 2\/;6 U( 6,3,x) and U (z;—1/2) y )
where K, is the modified Bessel function of the second kind (see [34, Ch. 10.25]).
e 11 =0, then
3 or(3) (2 .
Up(x;0) = e and U (2;0) = —32T (;z3>.
r'(3) r)rE) \s
e =1, then
3V3e T VoK, () 9V3e" U (2,1, 49)
Up(z;1 d U (z:1 373
0($’ ) 273/2 an 1(.%‘ ) o
e 1 =2, then
3 (3 230 (4 f
Uo(x;2) \/2 (5) r (%,x3) and U (z;2) = wf (%,x‘s) .
™ ™

3.2.2. The differential equation

Following Lemma 3.1, the polynomial P, (z; i) is a solution of the differential equa-
tion

3y eae (e 5 (3 - 5 ) =20 (e 5+ 254 D)),

whose general solution can be written as

_272_’_(_1) E 5 l_ﬂ7ﬂ+(_1)n+ﬁ+§
y(ff)ClQFQ( 376 4 3 2 +CQI’2F2 3 376 2;1 3 4;I3
373
+

13
2;1:3.

For each positive integer n, there is only one (monic) polynomial solution, but
it is not always the same: it depends on whether n equals 0,1 or 2 mod 3. To be

i~}

w\*

n

2 37 3 4
+C3(L‘ 2F2 é 5
373



June 10, 2019 17:36  WSPC/INSTRUCTION FILE
aa’style Loureiro VanAssche

38 A. F. Loureiro and W. Van Assche

precise, we have

Py (w3 ) = PY0(a®; )

Pypyr(w;p) = 2PN (2% )
G, (R E RO )

(5 + 1D+ 5+ 1) n

Papyo(w; p) = 2 PP (2% )
4y (5 P .
2 1" (5), ()., st EY DR L)
(5+ 3D+ 5+ 35)n

These polynomial sequences {P,[lk](g,u)}n)o, with k& € {0, 1,2}, are precisely the
2-orthogonal polynomial sequences in the cubic decomposition of {P,(; 1) }n>0-
In fact, from Lemma 2.1, these three 2-orthogonal polynomial sequences are not
threefold symmetric and satisfy the recurrence relation (2.9), whose recurrence co-
efficients are given in the Appendix for completeness. These coefficients have been
computed in [14, Tableau 4, 8 and 12 - Case C], for a different choice of the ”free”
parameter ;. We have included them here for a matter of completeness.

3.2.3. The sequence of derivatives

Following Theorem 3.1 along with Theorem 3.2, {Q,(-; 1) == %HP;LJFI(J:; ) >0 is
2-orthogonal for the vector functional (v, v1), which admits an integral representa-
tion via two weight functions Wy (+; i), Wi (+; 1)) with support on the three-starlike

set S which are given by

| = |55 | (]

—~

Proposition 3.3 allows us to conclude

ok, f) = (/rodeQ/pldw”/pzdx) (f2) Valws ), VfEP, k=01,

where

oy B2
Vo(.’E,,U,) - M_|_ 1“0(x7lu)

Vi(z; p) = Uh (z; ).

X
- 1u1(:v;u) = Uo(w;p+3),



June 10, 2019 17:36  WSPC/INSTRUCTION FILE
aa’style Loureiro VanAssche

Threefold symmetric Hahn-classical multiple orthogonal polynomials 39

Furthermore, {Qn(-; 1) }n>0 satisfies the second order recurrence relation (3.1)

where
~ ~ 2 n(2n+1)
n = Y2n =, n>=l1,
Yon =) = 3@ T 0
(3.60)
- - 2(n+1)2n+1)(n+2+
Yon+1 = 72n+1(,u) = 7( )( )( ﬂ)’ n = 0.

3 Bn+2+pu)Bn+5+pu)

For each integer n > 0, the polynomial @, (z; 1) is a solution to the differential
equation

=2y @) h2%y (1) (A 3 (-1)" —5) + 200/ () = g (4t 2~ B(-1)" + 1) (o),

from which we deduce

1
_lng é _n,H—i—ﬂ—‘,—(_l)n_'_H
Qaner(wip) = - ((3)1?"3%17 2y ’ 22 4 ! 12,$3 )
(E+5+ =7+ 24
(_1)n(é)" é) —n, g4 n_ (=1 + 23
Qansa(w: 1) = £ n (31)7«03 n23 25 ’ 24 5 ! 12, ’ ) n =0
(§ + 2 4 + ﬁ)n 333

It turns out that the forthcoming case B is closely connected to this case By:
the sequence of derivatives in case By belongs to case Bs.

3.3. Case By
For this family 92,11 = 1 and we can write 92, = ”:i:l, under the relation
Yo = % with p # —n. As aresult, the threefold symmetric Hahn-classical sequence
{P.(:; p; 71) In>0 satisfies the recurrence (2.8) with
n(2n+1)(p+3)
o = 1 nz=1,
(3n+p)
n+1)(2n+1)(n+ +3
S (n+1)( )(n+p)(p )% n>0.
Bn+p)(Bn+p+3)
Analogously to the former cases, the parameter 7; is redundant for the study, and
therefore we can choose a representative value for ;. Here we set v1 = ﬁ. Hence
the 2-orthogonal polynomial sequence { P, (+; p) = Py (+; p; ﬁ)}n%) satisfies (2.8)
with
2n(2n +1)
n = n = To/o_ .\ n 2 17
T2 =220 (P) =
(3.61)
2n+1)(2n+1)(n +
Yon+1 = Yont1(p) = ( ) i p)7 n = 0.

33n+p)(B3n+p+3)
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Furthermore, the
2-orthogonal polynomial sequence {Qy(z;p) = — P, (z;p)}nso satisfies (3.1)
with

n+

2n2n+1)(n+p+1)

~ n = ~: n - 3 n 2 ]-7

Yon = YenlP) = 3 S Ga T p 1 3) 562
N N 2n+1)2n +1 '
Yon+1 = Yan(p) = —3(3n Jr(p 1 3) )7 = 0.

Observe that the recurrence coeflicients uniquely determine a 2-orthogonal poly-
nomial sequence. A comparison between (3.49) and (3.62) and between (3.60) and
(3.61) shows that

QU Bz 1) = P B (1), forall n> 0,
while
QCase B (g 1) = Pease B2 (g0 4 9), for all n > 0,

where the notation PS¢ Bi and PS¢ Bz i5 used for the threefold 2-orthogonal
polynomial sequences defined by the recurrence coefficients (3.49), in case By, and
(3.61), in case By, respectively. Likewise, Q¢ B1 and Q¢*° B1 denote the monic
derivatives of PS¢ B1 and P3¢ B2 respectively.

From this, we conclude that the the polynomial sequences {Q¢*¢ B (z; ) =
T as Pttt B (2; 1) bnso and {QE P2 (z; ) = T s Pt P2 (w5 p) a0 are also
Hahn-classical. Furthermore, we have

1 d2
m@lzzﬁﬂﬂﬂ) = Pn(I§N+ 3)7

in both cases By and Bs. These observations also serve as an alternative to the

proof of the following result:

Proposition 3.4. Let p > 0. The threefold symmetric polynomial sequence { Py (- :
P)}nso defined by the recurrence relation (2.8) with v, given by (3.61) is 2-
orthogonal with respect to (ug,u1) admitting the integral representation (3.33) where

30 (22 +1 2 .
Uo() = Up(wsp) — — ), 3U<” ,af"),

rHTE)" 33

i O (%) 5 atgy(PF15
) =) = £y Py v (2 ).

and b = +oo, where U represents the Kummer (confluent hypergeometric) function
of second kind.

Proof. The proof is entirely analogous to the proof of Proposition 3.3. O

In fact, we have
u(():ase Bo (1‘, p) _ ugase B ($7p + 1) and ulcase B (.13, p) — u{:ase B1 (33, p— 2)’
provided that p > 1.
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3.4. Case C

Here we have

n+p+1

A d g, =P >1
2n—1 n+ an 2 "+ p
so that (3.17) reads as
o = 2n(2n +1)(n + p) (L+2)(p+3)n -
" Bt -1+ p+2)(3n+p) 2 ’ -
_ 2(n+1)@2n+1(n+p)  (k+2)(p+3)m
Yon+1 = , n = 0.
Bn+u+2)Bn+p)Bn+p+3) 2

The Hahn-classical polynomial sequence obtained under these assumptions
clearly depends on the pair of parameters (i, p) and on 71, so it makes sense to in-
corporate this information, and therefore we shall refer to it as { P, (:; i, p; 1) tn>0-
Similar to the precedent cases, without loss of generality, it suffices to study the se-
quence for a particular choice of ;. A scaling of the variable would then reproduce
all the other sequences { Py, (; i, p; 71) }n>0 within this equivalence class. Hence, we

set y1 = , and the analysis is on

(n+2)(p+3)

. — : : 2
{Pn('v:u"p) = Py (" Ho 5 m) }n>0 ’

which satisfies the recurrence relation (2.8) where the y-coefficients are given by
2n(2n+ 1)(n + p)
3n+p—1)3n+p+2)3n+p)’

2(n+1)2n+1)(n+p)
In+p+2)Bn+p)Bn+p+3)’

Yon = ,YQn(Mvp) = (
(3.63)

Yont1 = Yon(tt, p) = ( n > 0.

Observe that v,4+1 > 0 for all n > 0 provided that p+ 1, p > 0 and that

Tn o(l), as n— +oo.

Theorem 2.2 ensures that the largest zero of P, (x; i, p) in absolute value is always
less than or equal to 1. Figure 7 illustrates the curve defined by these zeros.

Regarding the orthogonality measures for the polynomial sequence
{Pn(:; 1, p) }ru>0 we have:

Proposition 3.5. Let p > —1 and p > 0. The threefold symmetric polynomial
sequence {Py,(-; i, p) }n>0 defined by the recurrence relation (2.8) with vy, given by
(3.63) is 2-orthogonal with respect to (ug,u1), admitting the integral representation
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0 >

Fig. 7. Plot of the largest zero in absolute value of Py (z;pu,p) for each n = 1,...,100 when
w=2,p =3, against the curve y = 1.

(3.33) with b =1 and

Uo(x) = Uo(x; 1y p) =

241 . g+17p+1
(5+1) 22(1 - 2%) "5, <3 31— 21d.65)
ETES) ptp+2

r)T ()

Proof. According to Theorem 3.1, {P,,(*; 4, p) }n>0 is 2-orthogonal with respect to
the vector of linear functionals (ug, ;) fulfilling the distributional equations

(1—2®)ug +2*(u+p—4uy — (p—2)(p — Daug =0,

Ghyun = (2% = 1) up — (p— 12wy if p#0,
zuy = 2uy if u=0,

which yields

(u0)3n = m, (u0)3n+1 = (u0)3n+2 = 0, n 20,

as well as

2 4

ﬁv (u1)3n = (u1)3n+2 = 07 nz 0,
n

3
because (uo)o = (u1)1 = 1 and (uo)1 = (uo)2 = (u1)o = (u1)2 = 0.

Since limy, 00 v = 24—7, then by virtue of Theorem 3.3, ug and u; admit the inte-

gral representation (3.33) with b = 1, provided that there exists a pair of functions
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Uy and U, with support on [0, 1) satisfying (3.34)-(3.35) and subject to the bound-
ary condition (3.36). To be precise, under the assumptions, we seek Uy (x; 1, p) and
Uy (x; 1, p) defined on defined on [0, 1) such that

(1= 2®) UG (3 11, p) + 2 (1 4 p — DU (25 11, p) — (10— 2)(p — D)atho(w; 1, p) = Aogo(),

(3.66)
ﬁbﬁ(m; psp) = (2% = 1) Uy(x; p, p) = (p — Da®Uo(x; 1, p) + Migi () if p #0,
alUly (z; p, p) = 2Ug(x; p, p) + A1g1 () if p=0,

(3.67)

where \;, for j € {0,1}, are constants (possibly zero) and g; are functions repre-
senting the null linear functional, i.e.,

/gj(x)x" dz =0, n = 0,
c

and, in addition,
dl
lim f(x)@L{O(x;u,p) =0, forany!e{0,1} and fe€P, (3.68)

r—1

! 3n . _ %)n (%)n
" Uo (s p, p) dw = 528, n > 0. (3.69)
0 (7)., (5°).,

For Ao = 0, the differential equation (3.66) becomes
(1= 2®) Uy (25 1, p) + (1 + p — DU (w5 1, p) = (10 = 2)(p — V)alho(z; 1, p) = 0,

whose general solution can be written as

2*/1,177# 1_E,2;P
Up(xspp)=c1 oF1 | 3 2 S a3 | depxoFy ?’é 52,
3 3

with integration constants ¢; and c¢o which must be chosen such that (3.68)-(3.69)
hold. By taking

(I (52)
Cy = — C1,
r(z)T(5)T (5
we have
L ()T (752)
Uo (5 1, p) = e ——3 3
T (3)
p(%) <2u1p ) p(z)x (1_u2p
F 3 7 3 ,$3 _ 3 F 37 3
(F(’T)F(pﬁ % OGS 3
T (et 1 (e£t2 el £7&1
— ¢ ( 31“)@)( 3 )(1_:53)% o F) <i+§i2’1_x3>’
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where, for the latter identity, we have used [34, (15.10.18)]. In fact, for this choice
of g, it follows that lir? Uo(z; 1, p) = 0, because
r—1"

() - B

is valid whenever R(c —a — b) > 0. Moreover, condition (3.68) is fulfilled, and, in
addition, we successively have

Lo D)0 [ s, tp=1 505
/0 1'3 I/{Q(-T,,U/,p) dl‘:Cl SF (%) 2 /0 $3 (1_1‘3) 3 2Fl z+§i2;1_x3 dz
TR e (4
= 1—az)"s F| 2 3,5 .d
1 30 (3) ; (1-2) oy #+§+2 x x
ZQF@NW%?EW%%Fﬁﬁ?% §h(@n
U (47) T (5 +1) (559, (5+1),

where, for the last identity, we have used [20, (7.512.4)]. If we take
3T (M) (5 +1)

)T (AT ()T (E )

Cc1 =

then (3.69) is fulfilled. As a result, the first orthogonality measure can be represented
as in (3.33) (case k = 0) where Uy is given by (3.64).

Now, in order to obtain the second orthogonality measure, we take A\; = 0 in
(3.67), which involves a derivative of Uy(x; 11, p), that, according to [34, (15.5.4)],
corresponds to

3
I (

—

pt2 L
)(F?,(Q))I;‘((BHIP}FZ) (,LL + p— 1) x2(1 _ 583)

ntp+2
5= -2

Uy (s, p) = —

Wl

For p # 0, it follows from (3.67) that

O (H2)1 (5 +1

K . _
G I TR T @) (2

uoptl uoptl
ptp—1 3 3 .1 _ .3 _ (p=1 373 .1 _ .3
( 3 ) 2F1 ptp—1 71 z ( 3 )2F1 u+p+271 z
3 3

+2 © p+1l
:3,U'F(MT)F(§+12) x2(1_x3)%2F1 ’§+1,P3 ;1—553 ,
L)) (=)

where, for the last identity we have used [34, (15.5.15)]

1
(c—1)oFy (Caibl;l —z)—(—a+c—1)2F1 (a’cb;l —z) =aol} (CH_C ’b;l —z) .
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As a result, we obtain the expression (3.65) for U (x; i, p) and we have

2 4
_ (g)"‘zln) = (u1)3n+17 n 2 O

so that
9227 (2 + 1 2 i—p
ul(m707p):K_ 1 (3 p—l) 2F1<3 53 ;1:3 ’
T (3)T(5) 3
) ) 6r(2+1)r(2) . .
for some integration constant K. We set K = T(L)(2) use identity [34,
3)I(5

(15.10.18)] to obtain
£+1
Ui (z;0,p) = ——>—5—
1( P) r (%) T p+2
which is the same as (3.65) with u = 0.

3.4.1. Differential equation and the cubic decomposition of {P,(x; 1, p) }n>0
Let us assume g > —1 and p > 0. For each positive integer n, the polynomial

P, (x; u, p) satisfies the differential equation

(2® = 1) y®(z) + 2*(u + p+5)y" (x)
+3x (8up + 14p — 6n% —dn(u+p+2) — 3(—=1)"(2u — 2p + 1) + 18p + 27) ¢/ (x)

= L (dp+2n +3(=1)" +5) (2n — 3(=1)" + 4p + 3) y(x).

The general solution of the latter equation can be written as

n n
. _272_;'_(*1) +&+i,ﬁ_<*1) +£+l. 3
Pn(x,u,p)zclgF2< 3°6 1 311226 3 3 4,1‘
3’3
1_n n_ (=D" 3 n_ (=1" 7
T oeox gFy [ 37T I +%2 T +§+E;z3
33
, | (=1 (="
b oens? o) (§§,2+ R +§+i;.xs)
4 5 ’ .
3°3

which has only one polynomial solution for each n > 0. Similar to the precedent
cases, for each positive integer n, there is only one (monic) polynomial solution and
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it differs depending on whether n equals 0,1 or 2 mod 3. To be precise, we have

Py (31, p) = PO (2% 1, p)

Papir (w3, p) = 2PN (2% 1, p)

Py yo(w; 1, p) = 2” PPN (% 1, p)

n (4 5
_ 2 (=" (5)., (3).,
- n 1 n 17 n 1 n 5
(2+4(_1)3 —&-%—&—12)“(5—1(—1)3 +§+Z)n
R AR AR LTS LS S8
3F2 4 5 5T
373

Here, the sequences {P,Ek](gu,p)}n)(), with k € {0,1,2}, are precisely the 2-
orthogonal polynomial sequences in the cubic decomposition of {P,(-; , p) tn>o0-
From Lemma 2.1, these three 2-orthogonal polynomial sequences are not threefold
symmetric and satisfy the recurrence relation (2.9). These coefficients have been
computed in [14, Tableau 1, 5 and 9 - Case A], for a different choice of the ”free”
parameter ;. We have included them in the Appendix for completeness, where we
have used the software Mathematica.

3.4.2. The sequence of derivatives
The 2-orthogonal polynomial sequence {Q,(z; u, p) == %HPT’LH(w; iy ) In>0 satis-
fies the relation (3.1) with

n2n+1)(n+p+1)
p+3n+2)3n+p)(3n+p+3)°

2(n+1)2n+1)(n+n+2)
p+3n+2)(u+3n+50Bn+p+3)

21,

A’YJZn = :\7'2n(,u>p) = (

Yon+1 = Yont1(i, p) = ( n =0,

whose expressions are derived from (3.17) and (3.63). A straightforward comparison
between (3.63) and (3.70) readily shows that

Ynt1(tts p) = Ynt1(p+Lp+2),  n=0.
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This, combined with the uniqueness of a polynomial sequence defined by the recur-
rence relation (3.1) implies Qp(z; p, p) = Pu(x; p+ 1, p + 2) which means

1

+1Pn+1(:c w,p) =Po(z;p+1,0+2), n > 0. (3.71)

3.4.3. Particular cases

The so called Humbert polynomials introduced in [22] correspond to

{P,(z; ‘3"2 L 32)},>0, up to a scaling of the variable. In fact, by setting p = 342

and p = 7, this 2-orthogonal polynomial sequence satisfies

Pn+2(.73 31/2 1’3?1/)
3v—1 3u)_i n(n+1)Bv+n-1)

— 2Py (2 s Py (w; 21 32
P (235573 2T (v+n—Dw+n)(v+n+1)" " 1@ 5573

with initial conditions Py = 1, Pi(z) = x and P2(z) = 2. Baker [5, p.60] gave
explicit expressions for this particular case via 3F5 hypergeometric series and these
coincide with those obtained above. Pincherle polynomials, introduced in [35], are
a particular case obtained with v = 1/2, which received special attention. For in-
stance, they were discussed in [30] and several properties were further analyzed in
[26] with the focus of the study on the algebraic properties, including generating
functions, as well as the analysis of the components arising in the cubic decomposi-
tion, but integral representations for the orthogonality measures were not included.
Prior to this work, Douak and Maroni [16] analyzed in detail the case where v =1
(and therefore p = 1 and v = 3/2), which gives a threefold symmetric sequence
with constant y-coefficients, namely

P'fl"r?(x; 17 %) = mPTH'l(m; 17 %) - %Pﬂ—l(xv 17 %)7

with the same initial conditions. In other words, this means that the associated
sequence coincides with the original one, and, regarding the nature of the problem,
they referred to this polynomial sequence as Chebyshev type polynomials. Therein,
an integral representation for the orthogonality functionals was given, with support
on an interval on the real line (which obviously does not contain all the zeros of
the polynomial sequence [16, Theorem 4.1]), which is, from our point of view, a bit
artificial. Following Proposition 3.5, the polynomial sequence { P, (z; 1, %)}7@0 is 2-
orthogonal with respect to (ug,u1) which admit the integral representation (3.33)
with b =1 and

i =23 ((rv) ) )
ot = 2 (V)" (1)),

after using [34, Eq. (15.4.9)].

1/3
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Another particular case that made its appearance in the literature corresponds
to the case where p = —1/2 and p = 0, and therefore v,42 =7, = 4/27 and v; =
4/9. In fact, { P, (z; 5L, 0)}n>0 is a particular case of Faber polynomials, named after
the author of [18], and this polynomial sequence with almost constant coefficients
has been studied in [17] and [21]. The latter paper was essentially devoted to the
study of the zeros, while the former was mainly dedicated to the algebraic properties
as well as a representation of the measure on an interval on the real line. Here, we
combine the two approaches in a more general setting. So, {P,(z; 55, 0)}nx0 is 2-
orthogonal with respect to (ug,u1) which admit the integral representation (3.33)

with b =1 and
o 33 (1-vi=a%)""+ (1+vI=a9) ")
(@i =3,0) = P ’
B (s MRt R
1\&5 —3,Y) = .

8my/1 — 23
The penultimate and the latter particular cases are related to each other: if we
recall (3.71) we readily see that

1

It turns out that, the sequence { R, (z; f%, 0)}r>0 of the associated polynomials of
{Pn(z; _%7 0)}n>0, defined by

Po(x;—1,0) — P,(t;—3,0)
Ry (z;—3,0) = -2 L2
(2;—5,0) <u0, o >

actually coincides with {P,(z;1, 3)},>0, as discussed in [17].
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Appendix

As discussed in Lemma, 2.1, the polynomial sequences {Py[bj] () }n>o0, with j = 0,1, 2,
arising from the cubic decomposition of threefold-symmetric 2-Hahn classical poly-
nomials P, (z) are 2-orthogonal polynomials. The expressions for the corresponding
recurrence coefficients can be obtained from the expressions of the ~y-coefficients.
So, in the light of Lemma 2.1, we computed the expressions of the recurrence co-
efficients for each of the cubic components of the polynomial sequences discussed
in Cases By and C, and this is detailed below. We have included them here for
a matter of completion, as these polynomial sequences {Pibj ) () }n>0 were already
described in [14] up to a linear change of variable.

Case B
/3’[0]( ) = 2(p+3nBu+9In(2pn+ 14n+3) —2) — 1)

20\ = 3(p+9n—1)(u+9In+2)
B[O] (1) = 2194 + 3n(21p + In(2p + 10n + 17) + 77) + 32)

21 = 3(u+9n+2)(ut9n+8)

0 An(3n —1)(6n — 1) (—3u2 — B+ 70203 + 27(8ps — 9)n2 + 3(6(p — 3)p — 17)n + 8)
Qon (1) = 3(u+9n—D(u+9n— 1)2(n+9n +2)

0 4(2n +1)(3n + 1)(6n + 1) (2u +3 (;ﬁ £ 11703 + 9(4p + 9)n2 + (3p(u + 6) + 5)n) - 5)
o1 (1) = 3(u+9n—1)(ut9n+2)2(uton+5)
7[0](u) _8n(2n+1)(3n —1)(3n+ 1)(6n — 1)(6n 4+ 1)(1+ 3n — 1) (1 + 3n)(pn + 3n + 1)

2n -

3(p+9n—4)(p+9n—1)2(n+9n+2)2(u + 9n + 5)
8n+1)2n+1)(3n+1)(3n 4+ 2)(6n + 1)(6n + 5)
3p+9In+2)(p+9n+5)(n+9In+8)

V) =

,8[1]( ) = 8(w—1)+6n(9u + 9In(2u+ 10n + 7) + 5)
2n K 3(ut+9n—)(ut9nt5h)

1] 2(31 + 3n(27p + 9n (2 + 14n + 31) + 202) + 143)
Bon+1(n) =

3(p+9In+5)(n+9n+8)
dn (36n2 - 1) (—4u +3n (3(u — Q)+ 11702 + 36(p — L)n — 10) + 4)
)= 3(p+9n—4)(p+9n —1)2(u+9n +2)

ol () = 42n +1)(3n+1)(3n + 2)
2t 1 = 30 90 + 2) (i + 9n + 5)2 (i + 9n + 8)

((u +2)(9p 4 37) 4+ 702n° + 27(8p + 43)n? + 3(6p(p + 13) + 187)n)

[212 (1w

[1]( ) = 8n(2n+1)(3n+ 1)(3n + 2)(6n — 1)(6n + 1)

P20\ = T 0 — D) (- 9n + 2) (i + 9n + 5)

’y[l] () = 8(n+1)2n+1)(3n+1)(3n+2)(6n+5)(6n+ 7)(n+3n+ 1)(u+ 3n+ 2)(n+ 3n + 3)
2n+1 -

3(u+9In+2)(n+9In+5)2(u+9In+8)2(n+9n + 11)
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20(p + 2) + 6n(15u + In(2u + 14n + 17) + 58)

[2]
nln) = 3(p+9In+2)(u+9n+5)

5[2] (u) = 2(461 + 3n(33p + In(2p + 10n + 27) 4+ 209) + 170)
2n+1H 3(+9n+5)(u+9In + 11)
o 4n(3n + 1)(6n + 1) (M +3 (u2 423403 + 9(8u + 17)n2 + (6u(u +5) + 7)n) - 10)
5 (1) = 3(u+9n —1)(u+9n+2)2(u+9n +5)
4(2n +1)(3n 4 2)(6n + 5
() = (2n +1)(3n 4 2)(6n + 5)

3(p+9In+2)(p+9In+5)2(n+9n+38)
(z(u +2)(3 + 10) + 3510 + 54(2 + 11)n? + 3(3p(p + 14) + 98)n)

7[2} (u) = 8n(2n+1)(3n+ 1)(3n 4+ 2)(6n + 1)(6n + 5)(n+ 3n)(p+3n+ 1) (u + 3n + 2)
2n 3(p+9n — 1) (u+9n+2)2(n + 9n + 5)2(p + 9n + 8)
2] (1) = 8(n+1)2n+1)(3n+2)(3n+4)(6n + 5)(6n + 7)
Tt R 90 5) (u+ 9 + 8) (1 + 9n + 11)
Case C
[0]( ) = 22n+1)@Bn+1L)(6n+1)  4n(3n—1)(6n —1)
2P g ) O+ p+3)  Ontp—1)(9n+p—3)
,6[0] (1, p) = 4n+1)(Bn+2)(6n+5) 2(2n+1)(B3n+1)(6n+1)
At P o i+ 8)Ont p+6)  (Intpu+2)(ntp+3)
6n(6n —2)(6n —1
a[QOT]L(H p) = (9n + p — 4)(9n i o — 1))2((9n + /)) —3)2(9n + p) ((Gn - 1D)Bn+pu—1)Bn+p-—1)

n 6n—3)In+pu—1)Bn+p—-2)Bn+p—1) n (bn+1)Bn+pu—1)Bn+u)9n+p—23)
n+p—6 In+p+2

6(2n 4+ 1)(6n + 1)
On+p+2)2(9n+ p+5)(9n+ p)(9n + p + 3)2

oS (i p) =

<2(3n +u+1)Bn+p)(3n+1)°

N 6n(3n+ p)Bn+p+1)(9In+p+3)(3n+1) n (Bn +2)(6n+2)(In+p+2)(3n+p)(Bn+p+1)
In+p—1 In+p+6
[0] ~ 6n(6n —2)(6n — 1)(6n + 1)(6n +2)(6n + 3) (1 + 3n — 1) (1 + 3n) (1 + 3n + 1)
Yon (1 p) =

(n+9n —4)(+9n — 1)2(u~+9n+2)2(u+9n +5)(9n + p — 3)(9n + p)(9n + p + 3)
6n(6n — 2)(6n — 1)(6n 4 1)(6n 4+ 2)(6n + 3) (1 +3n — 1) (1 + 3n)(u + 3n + 1)
(H+9In—)(p+9In—1)2(p+9In+2)2(n+9In+5)(In+p—3)(9In+ p)(In+ p+ 3)

vgﬂﬂ (1, p) =
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4(2n 4 1)(3n 4+ 1)(3n + 2) 2n — 72n3
On+p+5)On+p+3)  On+p—-1)9n+p)
2(n+1)(6n+5)(6n+7) 4(2n+1)(3n+1)(3n +2)

(1] _ _
Bans1 o) = (o 8 On+p+9)  (n+u+5)(9n+p+3)

6n(6n — 1)(6n + 1)
In+pu—1)209n+p+2)9n +p—3)(9n + p)?

ﬁéln] (1, p) =

b (1, p) = ( <6n<3n +u)Bn+p—1)

L (6n+2)On+p—1)Bn+p)Bntp—1) , (6n—2)(En+p— 1)(3n+u)(9n+p)>
In+p+3 O +pu—4

6(2n + 1
ab 1 (1) = Bt

T O+ p+2) 9+ p+5)29n+p+3)2(9n 4 p+6)

x (6(2n + 1)@+ 1)Br+2)Bn+pu+1)Bn+p+1)

n (Bn+2)(6n+1)(6n+2)(In+ p+5)(Bn+p)(3n+p+1)

In+p
. Bn+ 1)(6n+4)(6n +5)(3n + p+ 1) (3n + p+2)(9n + p +3)
In+p+8
6] _ 6n(6n — 1)(6n + 1)(6n 4+ 2)(6n+3)(6n+4)B3n+p—1)Bn+p)Bn+p+1)
Von (1> P) =

(L+9n—1D)(p+9n+2)(p+9In+5)(In+p—3)9n+ p)2(In+ p+3)2(In+ p+6)
6n(6n — 1)(6n + 1)(6n 4+ 2)(6n+3)(6n +4)Bn+p—1)Bn+p)Bn+p+1)
p+9n—1)(p+9n+2)(p+9n+5)(In+p—3)In+p)2(9n+p+3)2(9n+ p +6)

WEJH (s p) = (
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B2 (1, ) = 2@+ D@Bn+2)(6n+5)  An(3n+ D(En +1)
2 P g i+ 5O+ p+6) O+ g+ 2)(9n + p)

5[2] (1, p) = 4n+1)@Brn+4)(6n+7)  2(2n+1)(3n +2)(6n +5)
21 P = g 1) (9n+ p+9)  (9n+p+5)(9n + p+ 6)
6n(6n + 1)(6n + 2)

In+p—1)9n+p+2)29n+ p)2(9n+p+3)

o5 (1.p) = (

<(6n +1)(3n + 1) (3n + p)

N (6n —1)(In+pu+2)Bn+p—1)(3n+ p)
n+p—3
L (6n+3)Bn+ w)Bn+ p+1)(9n + p)
In+p+5
6(2n + 1)(6n + 5)
I+ 14529+ pu+8)(9n + p+3)(9n + p + 6)2

abn 1 () = (

(2(3n +pu+2)Bn+p+1)(3n+2)>

L O D)On+p+5)Bntp+1)Bn+p+2)(3n+2)
In+p+9

3n 4+ 1)(6n +4)(3n + p+ 1)(Bn+ p + 2)(9n+p+6)>

L

In+p+2

6n(6n + 1)(61 4 2)(6n + 3)(6n + 4) (61 + 5) (11 + 3n) (1 4+ 3n + 1) (1 + 3n + 2)
(p+9n —1)(p+9n+2)2(u+9n+5)2(un +9n + 8)(9n + p)(9n + p + 3)(9n + p + 6)

751 (s p) =

7[2] (1, p) = 6n(6n + 1)(6n + 2)(6n + 3)(6n + 4)(6n + 5)(1 + 3n)( + 3n + 1) (u + 3n + 2)
In 1A (p+9n— 1) (p+9In+2)2(u+9n+5)2(n+9In + 8)(In + p)(In + p + 3)(In + p + 6)




