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Abstract

We consider a non-selfadjoint Dirac-type differential expression

D@y =L + Q. (0.1)
with a non-selfadjoint potential matrix @ € L{. .(Z,C"*™) and a signature ma-
trix J, = —J,; ! = —J* € C"™". Here T denotes either the line R or the
half-line R,. With this differential expression one associates in L?(Z,C") the
(closed) maximal and minimal operators Dyax(®@) and Dpyin(Q), respectively.
One of our main results for the whole line case states that Dyax(Q) = Dmin(Q)
in L?(R,C"). Moreover, we show that if the minimal operator Dy,(Q) in
L?(R,C") is j-symmetric with respect to an appropriate involution j, then it is
j-selfadjoint.

Similar results are valid in the case of the semiaxis R;. In particular, we
show that if n = 2p and the minimal operator D} (Q) in L?(R.,C?P) is

min
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j-symmetric, then there exists a 2p x p-Weyl-type matrix solution ¥(z,-) €
L3(R,,C?P*P) of the equation D, (Q)¥(z,-) = 2¥(z,-). A similar result is
valid for general expression (0.1) whenever there exists a proper extension A with
dim (dom A/dom D} (Q)) = p and having nonempty resolvent set p(A) # 0.
In particular, it holds if a potential matrix @) has a bounded imaginary part.
This leads to the existence of a unique Weyl function for the expression (0.1).
The main results are proven by means of a reduction to the self-adjoint case by
using the technique of dual pairs of operators.

The differential expression (0.1) is of significance as it appears in the Lax

formulation of the vector-valued nonlinear Schrodinger equation.

Keywords: Dirac-type operator, j-selfadjointness, Weyl solution, Weyl
function, dual pair of operators
2010 MSC: Primary 34B20, 34L10; Secondary 47B25.

1. Introduction

Let Z be either the half-line Ry = [0,00) or the whole line R. The main
object of the paper is a study of the general (not necessarily formally self-adjoint)
Dirac-type differential expression

dy
D(Q)y = Jn% + Q(l')y, (11)
with a potential matrix @ € L{ (Z,C"*"™) and a signature matrix .J,, = —J,; ! =

—J¥ € C™". One may associate with this differential expression in L?(Z,C")
the (closed) maximal and minimal operators Di,a.x(Q) and Duyin(Q), respec-
tively. The maximal operator D.x(Q) is defined by

dom Dyax (Q) = {y € L*(Z,C") : y € ACio(Z,C"), D(Q)y € L*(Z,C™")},

Dmax(Q)y = D(Q)ya RS dom Dmax(Q)~

The minimal operator Dy, (Q) is the closure of the operator D} . (Q), where
D! ..(@) is the restriction of Dpax(Q) to the set of functions y € dom Doy (Q)
with compact support (in the case of the half-line we mean that suppy C
(0,00)). Clearly, both the operators Dpax(Q) and Dy (Q) are densely defined.

Assume that Z = R and that the expression (1.1) is formally selfadjoint, that
is Q(x) = Q*(x) (a.e. on R). Then according to [23, Sect. 8.6] and [22, Theorem
3.2] we have Dpin(Q) = Dmax(Q)(= Dmin(Q)*), i.e., the minimal operator is
self-adjoint and coincides with the maximal one.

To distinguish between operators acting on the half-line R from those acting
on the line R, we write D}, (Q) and D, (Q) instead of Dyax(Q) and Diin(Q),
respectively. With this notation, in the case of the half-line the analogue of our
previous result reads as follows: the minimal operator D (Q) is in the limit-
point case at infinity, i.e. the deficiency indices ni (D7, (Q)) of D, (Q) are
the minimal possible:

ni(DJ’_

min

(Q)) = dimker (J, £4I) =: k1 (Jp) =: K1, (1.2)



(see [22, Theorem 5.2]).

We now reformulate this statement in terms of a subspace ©® C C™ and
define the operators D& (Q) and (DJ)'(Q) to be the restrictions of D, (Q) to
the domains

dom D¢ (Q) = {y € dom D}, .(Q) : y(0) € O},

max

and
dom (DY) (Q) = {y € dom DE(Q) : suppy C [0,00) and is compact},

respectively. Further we denote by D (Q) the closure of (D) (Q).
With this notation one easily gets that the minimality condition (1.2) is
equivalent to

Dg’O(Q) = D&(Q) for any subspace © C C", (1.3)

i.e. the coincidence of the minimal and maximal operators.

In the present paper we study a general Dirac-type expression (1.1) with
arbitrary complex-valued @ € Li (Z,C" ") via the abstract setting of dual
pairs and j-selfadjoint operators. One of our main results reads as follows.

Theorem 1.1. For a general Dirac-type expression (1.1) on R with potential
Q € L _(R,C"*") the following equality holds:

loc
Dmin(Q) = Dmax(Q)- (14)

In other words equality (1.4) means that the functions from dom Dy, (Q) with
compact support are dense in dom Dy,.x(Q) equipped with the graph norm.

By using Theorem 1.1 we obtain a criterion for j-selfadjointness of the mini-
mal operator D, (Q) in L?(R,C™) with an appropriate conjugation j (see The-
orem 3.2). The latter result generalizes results by Gesztesy, Cascaval, and Clark
from [6, Theorem 4] and [10] (see also [7, 9]). Namely, assuming that n = 2p
they proved j-selfadjointness of the j-symmetric Dirac operator Dy, (Q) for the
particular case when

(1, 0 (0 V T el pxp
JIp = (0 —Ip) , Q= Z(V* O) and V =V" e L (R, CP*P).
(1.5)

Note in this connection that such Dirac-type operators naturally appear in
the Lax representation of the known p X p matrix valued AKNS systems (the
focusing NLS equation).

Moreover our above result, i.e. relation (1.4), covers the so-called vector NLS
equation mentioned as an unsolved problem at the end of [6], when

q2 0 ... 0 1 )
v=|. . |, @elh(®), je{l,...n}  (16)
Gn O 0



It naturally appears in the Lax representation of the vector NLS equation

(cf. [8]),

. 1 «
ig+ See + lal’a =0, a=(g,...0)", lal =a'a=)_lof*

Turning now to the problem on the semiaxis R we first note that the coun-
terpart of relation (1.3) remains valid in the non-selfadjoint case, i.e. ngmin =

Dg’max (see Theorem 3.7). This result is applied to prove the following counter-

part on the deficiency indices (see (1.2)) of D, and existence of the Weyl-type

min

matrix solution to the homogeneous equation

dy
D@y =Jno +Q2)y =2y, xR (L.7)

Theorem 1.2. Assume that n = 2p. Then:

(i) a proper extension A = Deo(Q) € Ext{D}. (Q), D, (Q*)} is quasi-
selfadjoint, i.e.

dim (dom A/dom D (Q)) = dim (dom A*/dom D, (Q*)) (=p),  (1.8)
if and only if dim © = p; _

(ii) If the resolvent set of some quasi-selfadjoint extension A := D& (Q) is
nonempty, p(A) # 0, then

dimker (D}, (Q) — z) = dimker (D, (Q*) —Z) =p forany z¢€ p(A).
(1.9)
Moreover, there exists a 2p X p-Weyl-type matrix solution of equation (1.~7),
U, (z,-) € L3(Ry,C?P*P), which can be chosen to be holomorphic in z € p(A).

In the case of j-symmetric Dirac operator this result can be improved.
Theorem 1.3. Let the minimal Dirac operator D, (Q) in L?*(R,,C?P) be j-
symmetric with respect to an appropriate conjugation j. Assume in addition
that the field of reqularity ﬁ(DI:m(Q)) % (. Then

DefDrfnn(Q) := dim ker (DIJ'r_lax(Q) - Z) =D fOT’ any =z € ﬁ(DrJrrun(Q))

Moreover, for any z € ﬁ(D;ln(Q)) there ezists a 2p x p- Weyl-type matriz so-
lution Wy (z,-) € L*(Ry,C**P) of equation (1.7) which can be chosen to be

holomorphic in z.

This theorem generalizes the corresponding result from [7, Theorem 5.4] (see
also [6] and [10]) where it is proved for p = 1 by another method.

Moreover, assuming that the imaginary part Im @, of the potential matrix
Q is bounded, i.e. ag <ImQ(z) < Bg, = € R4, we show (see Proposition 4.11)
that

dmMy (D, (Q7) = Ay, dmIG(D5,(Q) =+,  ImA>fg,



dim M\ (D, (Q*)) = k_, dim N (D, (Q)) = ki, Im\ < ag. (1.10)

Here M\ (D, (Q*)) = ker ((D},.(Q) — ). This result is a counterpart of the
minimality conditions (1.2) in the non-selfadjoint case.

In the case n = 2p and x4 = p this result implies the existence of the 2p x p
~Weyl-Titchmarsh-type matrix solution ¥(z, ) € L?(R,,C?**P) of the equation
D (Q)¥(z,+) = 2¥(z,-) which complements Theorem 1.3.

In turn, we apply this result to prove the uniqueness of the Weyl function for
the Dirac operator on the semiaxis (see Proposition 4.15). This result comple-
ments a recent result from [15] where it is proved for a skew-symmetric potential
matrix @ by extending the classical Weyl limit point — limit circle procedure.

The paper is organized as follows. Section 2 introduces the abstract setting
that we will use: dual pairs of operators A and B and their proper extensions.
Dual pairs of operators and their extensions have been studied by many authors,
see e.g. [13, 17] for the symmetric case and [3, 4, 5, 24, 26, 27, 28] for the non-
symmetric case. The main idea of this paper consists of reducing the problem
to the study of the properties of the symmetric operator S given by

S = (g é) (1.11)

This allows us to relate the deficiency indices of S to those of the dual pair and
to study j-symmetric operators A and their extensions via S. In particular, we
prove here Proposition 2.3 containing an analog of the von Neumann formulas.

In turn, using this result we obtain the results of Race [30] and Zhikhar [34]
by treating extensions of a densely defined closed j-symmetric operator A as
proper extensions of the dual pair {4, jAj}.

In Section 3 we apply the abstract results to non-selfadjoint Dirac-type op-
erators in L?(R,C?") to prove Theorem 1.1, as well as j-selfadjointness of the
J-symmetric minimal Dirac-type operator D, (Q). Moreover, we prove a coun-
terpart of Theorem 1.1 for L?(R,,C?") (see Theorem 3.7) and the results of
Theorem 1.2.

In Section 4.1 we introduce a boundary triple for a dual pair of minimal
Dirac operators {D}. (Q), D, (Q*)} and investigate the corresponding Weyl
function. In Section 4.2 we prove Theorem 1.3 on existence of the Weyl 2p X p-
matrix solution for j-symmetric operators.

In Section 4.3 we investigate the Dirac-type operator on the half-line as-
suming a potential matrix ) with a bounded imaginary part. In particular, we
prove the equalities (1.10) for such operators, meaning the minimality of defi-
ciency indices in respective half-planes. Moreover, we extract from this property
the uniqueness of the Weyl function for Dirac-type operators with J,, satisfying
k+ = p (see Proposition 4.15). This result complements the results from [15]
(see also [31]) and Proposition 4.11. We also obtain certain additional properties
of the Weyl function for such Dirac-type operators. In this connection we also
mention the paper [18] where certain properties of Dirac-type operators were
investigated in the framework of boundary triples and the corresponding Weyl
functions.



2. Dual pairs and j-symmetric operators

In this section we introduce several abstract results for dual pairs of opera-
tors. These will be used to study specific problems for Dirac operators in the
rest of the paper.

2.1. Dual pairs and symmetric operators.

Definition 2.1. (i) A pair of linear operators A and B in a Hilbert space $)
forms a dual pair (or adjoint pair) {A, B} if

(Af,q9) = (f, Bg), f € dom A, g € dom B. (2.1)

If A and B are closable densely defined operators, then (2.1) is equivalent to
each of the following relations

ACB* and BC A" (2.2)

(ii) A densely defined operator A is called a proper extension of a dual pair
{A,B} if A C A C B*. The set of all proper extensions of a dual pair {A, B}
is denoted by Ext {A, B}.

Our interest is in studying extensions in Ext {A, B}. As a first step, we will
investigate the relation between dom A and dom B* and dom B and dom A*,
respectively.

To any closable densely defined operator A we associate a Hilbert space 4 4
by equipping dom A* with an inner product

(f:9)+a=(f9) +(A"f,A"g)  f,gecdomA”. (2.3)

By @4 we denote the orthogonal sum in $); 4. For simplicity of notation, when
no confusion is possible, we will omit specifying the operator and let $4 := H 4
with inner product (f,g)+ = (f,9)+4a.

Remark 2.2. Let {A, B} be a dual pair. Then, clearly dom B is a (closed)
subspace of H4 if and only if B is closed.

Proposition 2.3. Let {A, B} be a dual pair of densely defined closed operators
n $. Then the following orthogonal decompositions hold

dom A* = dom B @4 ker (I + B*A"), (2.4)
dom B* = dom A @p ker (I + A*B*). (2.5)

In particular, A* = B (or, equivalently, A = B*) if and only if
ker (I + B*A*) = {0} (or, equivalently, ker (I + A*B*) = {0}). (2.6)

Remark 2.4. As in this proposition, throughout the paper, many results will
consist of two statements, the second one being the ‘adjoint’ of the first. In these
cases, we will usually omit the proof of the second statement, as it will follow
analogously to the first.



Proof: By Remark 2.2, dom B is a closed subspace of $. Let g be orthog-
onal to dom B in $;. Then for any f € dom B

Hence, A*g € dom B* and B*A*g = —g, or g € ker (I + B*A*). Conversely,
if g € ker (I + B*A*), then by (2.7) we have g L dom B. Thus (2.4) is valid. O

Corollary 2.5. Let {A, B} be a dual pair of densely defined operators in $).
Define

n(A*, B) := dim (dom A*/dom B) and n(B*, A) := dim (dom B*/dom A).
(2.8)
Then
n(A*, B) = n(B*, A). (2.9)

Proof: The simple equalities
A*(I+ B*A*)=(I+ A*B*)A* and B*(I+ A*B*)=(Il+ B*A*)B",

together with the fact that A*f = 0 for f € ker (I + B*A*) and B*g # 0 for
g € ker (I + A*B*) imply that

dimker (I + B*A*) = dimker (I + A*B"). (2.10)

By combining this with (2.4) and (2.5) we get the required result. O
Formulas (2.4) and (2.5) may be considered as generalizations of the J. von
Neumann formula known in the extension theory of symmetric operators. In
fact, the latter is easily implied by (2.4) if B = A.
For the next statement, for A in the field of regularity p(A) of A, we use the
common notation My (A) = ker (A* — X) for the defect subspace of the operator
A, omitting the parameter A when no confusion can arise.

Corollary 2.6. Let A be a closed densely defined symmetric operator in $).
Then
dom A* = dom A PaN; Ba N_;. (211)

Proof: Note that, since A is symmetric, the pair {A, A} is a dual pair of
operators in $). Now formula (2.4) becomes

dom A* = dom A @ 4 ker (I + A*?) = dom A @ 4 ker (A* 4 iI) @4 ker (A* —il).

(2.12)
Here, the last equality follows from u = 7% for any u € D(A*). O
We now introduce a symmetric operator S associated with the dual pair {4, B}
which allows us to extend many results from the symmetric case to our more
general setting.



Proposition 2.7. Let A and B form a dual pair of closed densely defined op-
erators in §). Then
(i) the operator

S = <g 61> with  dom (S) = dom (B) x dom (A) (2.13)

is a symmetric operator in $H2 = § O H with equal deficiency indices,
n4(S) =n_(S) =n(4*,B) =n(B*, A). (2.14)
(i) S is selfadjoint if and only if
A= B*. (2.15)
Proof: (i) Note that the property of S being symmetric,

0 A 0 B* «
s= (5 Nl M)es 210

is equivalent to saying that the operators A and B form a dual pair of operators.
It is easily seen that

ker (S*+i) = {f: f=1{fi,fa}, f1==%iB"fs, fo€ker(I+A*B")}. (2.17)

Note that B*fy # 0 for any fo € ker (I + A*B*). Therefore B* maps Ho =
ker (I + A*B*) isomorphically onto B*H,.

Hence
n4 (S) = dimker (S* F i) = dimker (I + A*B*) (2.18)
and the statement follows from the proof of Corollary 2.5.
(ii) This statement is implied immediately by (i). O

Remark 2.8. (i) The decompositions (2.4) and (2.5) can also be derived from
Proposition 2.7.

(i) In [29] operators of the form (2.13) are studied. An upper bound for n,
and n_ is given in [29, Lemma 2.1], but equality is not shown there.

(i) Note that for any A € Ext {A, B}, the operator T = g* gl s a
selfadjoint extension of S. Hence the equality ny(S) = n_(S) is immediate.

2.2. Correct dual pairs and quasi-selfadjoint extensions.
The following new definition will play a central role in the paper.

Definition 2.9. Let {A, B} be a dual pair of closed densely defined operators
mn $.

(i) We will call an extension A € Ext{A, B} quasi-selfadjoint (or quasi-
hermitian) if

dim (dom A/dom A) = dim (dom A*/dom B). (2.19)

(i) A a dual pair {A, B} will be called a correct dual pair if it admits a
quasi-selfadjoint extension.



The following proposition gives necessary conditions for a dual pair {A, B} to
be a correct dual pair. In particular, it shows that not any dual pair is correct.

Proposition 2.10. Let {A, B} be a dual pair of operators in $ and suppose
A € Ext {A, B}.
(i) The following identities hold

n(A*,B) = dim(dom B*/dom A) + dim (dom A*/dom A*)  (2.20)
= dim (dom A/dom A) + dim (dom A* /dom B).

(is) If Aisa quasi-selfadjoint extension of {A, B}, then n(A*, B) is even
and

n(A*,B)/2 = dim(dom B*/dom A) = dim (dom A*/dom A*) (2.21)
= dim(dom A/dom A) = dim (dom A*/dom B).

0
A*

0 A 0 A . 0 B*\ .
S(B 0)CT<;1* 0>T c<A* O)S, (2.22)

so T is a selfadjoint extension of S. Set

Proof: (i) Introducing the operator T' = ( g) we note that

n; = dim (dom B*/dom A) + dim (dom A* /dom A*)

and
n, = dim (dom A/dom A) + dim (dom A* /dom B).

It follows from (2.22) that
dim (dom T'/dom S) = n,., and dim (dom S*/domT) =n;.  (2.23)
Since T is a selfadjoint extension of S, then J. von Neumann’s formulas yield
n; = ny = ng(S5). (2.24)

Combining (2.24) with (2.14) we get the required result.

(ii) Now let A be a quasi-selfadjoint extension of { A, B}, that is (2.19) holds.
It is clear that

n(A*, B) = dim (dom A* /dom A*) + dim (dom A* /dom B) (2.25)

and
n(B*, A) = dim (dom B* /dom A) + dim (dom A/dom A). (2.26)

Combining these formulas with (2.19) and (2.9) we get

dim (dom A* /dom A*) = dim (dom B* /dom A) (2.27)



It follows from (2.20), (2.27) and (2.24) that
n; = 2 dim (dom B* /dom A) = 2 dim (dom A*/dom A*) = n(A*, B). (2.28)

The remaining equalities in (2.21) are now implied by combining (2.25), (2.26)
and (2.28). [ Next we present a criterion for an extension A € Ext {4, B} to
be quasi-selfadjoint.

Proposition 2.11. Let {A, B} be a dual pair in $). Suppose that for some
extension A € Ext{A, B} the following condition holds

dim (dom B*/dom A) = dim (dom A/dom A). (2.29)
Then A is a quasi-selfadjoint extension of {A, B}.
Proof: It is clear from (2.22)-(2.24) that
dim (dom B* /dom A) + dim (dom A* /dom A*) = n(S) (2.30)

and
dim (dom A/dom A) + dim (dom A* /dom B) = n(S) (2.31)

Combining (2.30) and (2.31) with (2.29) we get
dim (dom A* /dom A*) = dim (dom A* /dom B). (2.32)
On the other hand, combining (2.29) with (2.26) we obtain
2 dim (dom A/dom A) = n(B*, A) = n.(S), (2.33)
and combining (2.32) with (2.25) we have
2 dim (dom A* /dom B) = n(A*, B) = n+(9). (2.34)

Comparing (2.33) with (2.34) we get the required result. O
2.3. Defect numbers of dual pairs and correct dual pairs.

Here, we introduce a concept of defect numbers of a dual pair and establish
their connection with deficiency indices of a symmetric operator S. We first
recall a standard definition.

Definition 2.12. (i) The field of regqularity p(A) of a closed linear operator A
is the set of A € C such that for some e >0

[Af = Afll = ellfll, f € domA. (2.35)

(ii) For a dual pair {A, B} we let p{A,B} :={\ € C: X € p(A) and X €
p(B)}.

Clearly, p(g) C p{A, B} for each proper extension A € Ext {A,B}. We
continue with a simple and well-known lemma.

10



Lemma 2.13. Let {A, B} be a dual pair and A € Ext {A, B} a proper extension
with nonempty resolvent set p(A). Then for any Ao € p(A) the following direct
decompositions hold

dom A = dom A+(A — Xo) 195 (A), (2.36)

dom A* = dom B+(A* — Xg) !0y, (B). (2.37)

Proof: We prove (2.36). Since A\g € p(A), we have \g € p(A) and thus
ran (A—)o) is closed. Therefore, £ = ran (A—X)@M, (A). Applying (A—Xo)~!
to this equality gives the desired result. O

Corollary 2.14. If there exists an extension A € Ext {A, B} with p(A) # 0,
then

n(A) := dim N5 (A) = const, A€ p(A), (2.38)
n(B) := dim Ny (B) = const, X € p(A%). (2.39)

Proof: The proof is immediate from (2.36) and (2.37) since

dim 95, (A) = dim (dom A/dom A), g € p(A), (2.40)

and _ B
dim 91y, (B) = dim (dom A* /dom B), Ao € p(A). (2.41)
O

Definition 2.15. The numbers n(A) and n(B) are called the defect numbers of
a dual pair {A, B}.

We emphasize that n(A) and n(B) do not depend on the choice of A €
Ext {A, B} with p(4) # 0.
Note that, by definition, A\g € p(A, B) if there exists £ > 0 such that

JAf = Xofll = ellfll, fedomA and [Bg— gl > elgl, g€ domB.
(2.42)
We set D(Ag;e) := {A € C: |\ — X\g| < €}. One easily proves that D(\g;e) C
F(A,B).
The next result which can be found in [26] and [25, Proposition 2.10] proves
that there is a proper extension preserving the ‘gap in the spectrum’.

Proposition 2.16. Let {A, B} be a dual pair of densely defined operators in
9. Suppose that for some \g € C we have

JAf = Xofll > ellfll, f€dom(4) and [|Bg—ogll > lgll, g € dom (B).

(2.43)

Then there exists an extension A € Ext{A, B} preserving the gap, i.e. such
that

D(Ag;e) ={A e C: A= Xo| <e} Cp(A) (2.44)

11



and moreover, the norm-preserving estimate holds

IAf = Xofll = ellfll, £ € dom (A). (2.45)
In particular, there exists a proper extension A € Ext {A, B} such that )y €
p(A).

Remark 2.17. We emphasize that estimate (2.45) implies inclusion (2.44) but
not vice versa. These conditions are indeed equivalent for a selfadjoint operator
A= A*.

Note also that in [26] and [25, Proposition 2.10] estimate (2.45) was proved
but was not stated explicitly. In fact, this estimate is useful in the sequel.

We have the following decompositions of the domains of A* and B*.

Lemma 2.18. Let {A, B} be a dual pair of densely defined closed operators in
$. Suppose that \g € p{A, B}, and let A be a proper extension of the dual pair
with A\g € p(A). Then the following direct decompositions hold

dom B* = dom A+(A — \o) 195 (A)+9, (B), (2.46)
dom A* = dom B+(A* — X) 10, (B)+915, (A). (2.47)
Proof: We prove (2.46). Clearly, we have
dom B* D dom A + (A — Xo) 1915 (4) + 9y, (B).

On the other hand, directness of the sum is easy to show and for any u €
dom (B*) we have

u = u—(A=X) (B = Xo)u+ (A— X)) HB* = \o)u

Since \g € p(A), we have that ran (A — \¢) is closed and so $ =ran (A — A\g) ®
‘ﬁ;o (A) and
(B = Ao)u = [(A— Xo)g + h]

for some g € D(A) and h € N5 (A). Thus,
u = u— (A=) (B = Xo)u+ (A=) [(A— Xo)g + ]
= [u= (A= 20)7(B" = do)u| + g+ (A= 20) b
Here, the first term on the right lies in 91y, (B), ¢ is in dom (4) and we have

(A= X)) the (A- Xo)~ !9, (A), proving the decomposition. [0 This result
directly leads to some identities for deficiency indices.

Corollary 2.19. Additionally to the conditions of Lemma 2.18, let S be an
operator of the form (2.13). Then

ni(S) = dim mxo (A) + dim 91y, (B) (248)
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Proof: It follows from (2.14) and (2.46) that
n(B*, A) = dim (dom B* /dom A) = dim N5 (A4) + dim Ny, (B), (2.49)
Comparing (2.49) with (2.14) we get the required result. O
Corollary 2.20. Additionally to the conditions of Lemma 2.18 suppose that
dim 95, (A) = dim Ny, (B). (2.50)

Then
ni(S) =2 dim Ny (A) = 2 dim Ny (B). (2.51)

2.4. j-symmetric and j-selfadjoint operators.

In this subsection, we study j-symmetric operators. Making use of the theory
of dual pairs we are able to show various results on deficiency indices for such
operators. We start with a definition. Recall that j is a conjugation operator
in 9, if j is an anti-linear operator satisfying

(u,v) g = (jv,u)g, u,v € H and  j%2 =1 (2.52)

In particular,
(ju,j'l))ﬁ = (Uvu)fh u,v € 9. (253)

Definition 2.21. (i) A densely defined linear operator A in $ is called j-
symmetric if

AC jA"j (or equivalently, if jAj C A™). (2.54)
(i) The operator A is called j-selfadjoint if
A=jA"j (or equivalently, if jAj = A™). (2.55)

The following two results were originally proved by Race [30]. For the sake
of completeness we present proofs here deducing them from Proposition 2.3.

Proposition 2.22. Let A be a densely defined closed j-symmetric operator in
9. Then the following decompositions hold

dom A* = dom (jAj) @4 ker (I + (jA*)?) (2.56)
dom (jA*j) = dom A ®;4; ker (I + (A*j)Q) (2.57)

In particular, a j-symmetric operator A is j-selfadjoint if and only if
ker (I + (jA*)?) = {0} (or equivalently, if ker (I + (A*5)?) = {0}). (2.58)

Proof: Let B = jAj. Then {A, B} is a dual pair of closed densely defined
linear operators. Noting that B* = jA*j and applying Proposition 2.3 we get

dom A* = dom (jAj) ©4 ker (I + jA*jA*) = dom (jAj) ®a ker (I + (jA*)?).
(2.59)
Formula (2.58) is implied by (2.6). O
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Proposition 2.23. Let A be a closed j-symmetric operator in $) and A any
j-selfadjoint extension of A. Then

dim (dom (jA*j)/dom Z) = dim (dom g/dom A). (2.60)

Proof: Setting B = jAj we obtain a dual pair {A, B}. It is clear that

(0 A (o A . [0 AT\ .
S_(jAj 0>CT—<E* O>_T C(A* 0)_5. (2.61)

Since A* = jﬁj7 jdom A* = dom (jA*j) and

jdom A = dom (jAj) = dom A*, jdom A = dom (jAj), (2.62)
we get ~ _
dim (dom (jA*j)/dom A) = dim (dom A*/dom A*). (2.63)
It follows that
dim (dom S*/dom T') = 2 dim (dom (jA*j)/dom /~1), (2.64)
dim (dom T'//dom S) = 2 dim (dom A/dom A). (2.65)
Since T is a selfadjoint extension of S, then by J.von Neumann’s formulas
dim (dom S*/dom T') = dim (dom T'/dom S). (2.66)
Combining (2.64), (2.65) and (2.66) we get the required result. O

Next we complement Proposition 2.23 by the following simple statement.

Proposition 2.24. Let A be a closed j-symmetric operator in §. Then any
j-selfadjoint extension A of A is a quasi-selfadjoint extension of the dual pair

{A,jAj}.

Proof: Since dom (jAj) = jdom A and A = j;lj, taking (2.62) into account,
we obtain that

dim (dom A*/dom (jAj)) = dim (dom (jA5)/dom (A7)  (2.67)
= dim (dom A/dom A).
By Definition 2.9 this means that Ais quasi-selfadjoint. O

Lemma 2.25. Let A be a densely defined closed j-symmetric operator in $.
Then:

(i) the operator
0 A
s=(% %) oot

is a closed symmetric operator in H% = H @ H and ny (S) = n_(S);
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(ii) S is selfadjoint if and only if A is j-selfadjoint.

Proof: Setting B := jAj, we note that by Definition 2.9, we have A C B* =
jA*j and B C A*. Thus, {A, B} forms a dual pair of densely defined closed

operators in ). It remains to apply Proposition 2.7 to obtain the desired result.
O

Corollary 2.26. Let A be a j-symmetric operator in §), with a nonempty field
of regularity p(A) and let S be the operator of the form (2.68). Then the fol-
lowing relations hold

2n(A) = 2Def(A) :=2dim Ny (A) = ns(9), for any Ao € p(A4).
(2.69)

Proof: Let \g € p(A). Note that \g € p(B), since for any f € dom A
IBif = Xoifll = l3(Af = o)l = [Af = Xof]- (2.70)

We next show that equality (2.50) is satisfied for any Ao € p(A). Indeed, for
any f € ker (A* — \g) we have with g = jf,

Bg=jA"jg=jA"f = jAf = Xojf = Xog, (2.71)
that is g € ker (B*—\g) and jker (A*—Xg) = ker (B*—X¢). Hence dim 95 (A) =
dim Ny, (B) Now (2.69) is implied by Corollary 2.20. O The next

result is similar to Proposition 2.16 and shows that there is a gap preserving
j-selfadjoint extension.

Proposition 2.27. Let A be a j-symmetric operator in §). Suppose that
[Af=Xofll Zelfl,  fe€domA, (2.72)

in particular, D(Ag;€) C p(A). Then there exists a j-selfadjoint extension A of
A such that _ _
[Af=Xofll Zelfll,  f € domA. (2.73)

In particular, the j-selfadjoint extension A preserves the gap D(Ag;€), that is
D(Aose) C p(A).

Proof: Setting B := jAj we note that {A, B} is a dual pair of operators and
due to (2.70) ||Bg — Xog|| > ¢llgll, g € dom B. By Proposition 2.16 there exists
a proper extension A; of {4, B}, obeying (2.73). We set T := £(A; — A¢) ! and
further

8= (T +4T75)/2 = el(Ar = Xo) ™" + j(A = o) 74]/2 (2.74)
Clearly, S is contractive and

S* = e[(AF = Xo) " 4 (AL — 2o)14]/2, (2.75)
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s0 j8*j = 8 and S is j-selfadjoint. Moreover, as A, € Ext {A, B}, we have
A O A and g’{ D jAj. Thus jgfj D A. Therefore, S is an extension of
the non-densely defined contraction 73 = (A — X\g)~! : ran (4 — Xg) — 9.
Altogether we have

Thcs=35Sy, S <1 (2.76)

Assume Sf = 0 for some f and let g € dom A. Then using that S extends 77
we obtain
0 = (Sfij(A=X)g) = (f,S"j(A = Xo)g)
Density of dom A implies that €jf =0, so f = 0 and § has trivial kernel. As S
is an injective contraction, it is invertible and we can set A = eS~! + X\g. Then
Z* — 5(8_1)* +)\70 _ 5(8*)_1 +>\70
= ST+ = j(e8T +h)j = jAj
and A is j-selfadjoint. Let g € dom A. Then
1 1
9=_Ti(A=o)g = -S(A~o)g (2.77)

and g € domS~! with (eS7! + \g)g = Ag, so A extends A. It satisfies (2.73),
as S is a contraction. O
0.

Corollary 2.28 ([34]). Let A be j-symmetric operator in $ and p(A) #
Then:

(i) For any Ao € p(A) there exists a j-selfadjoint extension A of A with
Ao € p(A) _

(ii) For any Ao € p(A) the following direct decompositions hold

dom jA*j = dom A-+(A — o) 190, (A)+i95, (A), (2.78)

dom A* = dom jAj+(A* —No) "1 N5, (B)+9N5, (A). (2.79)

Proof: (i) This statement is immediate from Proposition 2.27.

(ii) These formulas are implied by formulas (2.46) and (2.47), respectively,
with B = jAj if one takes the relation j95 (A) = 95 (B) into account. O
This result implies one more justification of the existence of the defect number
Def(A) for any j-symmetric operator A (see Corollary 2.26).

Corollary 2.29. Let A be a j-symmetric operator in § with a nonempty field
of regularity p(A) and let B = jAj, so that {A, B} is a dual pair of densely
defined operators in ). Then p(A) = p{A, B} and

Def(A) = dimNy(A) = dim N\ (B) forany M€ p{A,B}. (2.80)
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Proof: By Proposition 2.27, for any Ao € p(A) there exists a j-selfadjoint

extension A satisfying Ao € p(A). It follows from (2.78) that
dim (dom jA*j/dom A) = 2dim N5 (A) for any Ao € p(A). (2.81)
Hence dim M), (A) does not depend on Ay € p(A). This proves (2.80). O

Remark 2.30. The ezistence of a j-selfadjoint extension of a j-symmetric op-
erator has been well-known for a long time. It was proved by Zhikhar [34, The-
orems 2,3] for the first time using the Vishik method [32], see e.g. [16, Section
22] and [14, Theorem II1.5.8 & Theorem II1.5.9]. However, the preservation
of the gap (in the sense of (2.73)) seems to be new. It can be considered as a
generalization of well known result of Krein [21] which ensures existence of a
selfadjoint extension A preserving a gap of a symmetric operator A with a gap.

It also complements a result by Brasche et al in [2, Theorem 3.1], which
states that there need not be a selfadjoint extension of a symmetric operator
that commutes with j.

Note also that Lemma 2.18 and Corollary 2.28 generalize Vishik’s results
from [32].

3. Non-selfadjoint Dirac-type operators

3.1. Dirac-type expressions and relative operators

‘We now consider applications of the previous theory to Dirac-type operators,
both on the semiaxis and the whole line.

In the following $), H are Hilbert spaces, B($1,$2) is the set of bounded
operators defined on $; with values in 5 and B($)) := B($, ). An operator
T € B(C™) will often be identified with its matrix 7" = (T;;);";,—; in the standard
basis of C™.

Moreover, AC)o.(Z,C™) is the set of all C™-valued vector-functions, defined
on an interval Z C R and absolutely continuous on each compact subinterval
[, 8] € T, L*(Z,C™) is the Hilbert space of all Borel measurable functions
f:Z — C™ with

/ PR dt < 00, where [f()2 = 310
7 J=1

Li (T, B(C™)) is the set of all operator-functions F : Z — B(C™) integrable on

each compact interval [a,b] C Z, L*(Z, B(C™,C™2)) is the set of all operator-

functions F : Z — B(C™,C™2)) such that [ |F(¢)[*dt < oo or, equivalently,
z

F(-)h € L*(Z,C™2) for all h € C™. Moreover, for a € R we denote by C,
and C,, _ the open half-planes C, + = {z € C:Imz >a} and C,_ ={z € C:
Im z < a}, respectively.
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Let T = (a,b), —00 < a < b < o0, be an interval in R (each of the endpoints
a or b may belong or not belong to Z). We recall that we are considering the
Dirac-type differential expression

d
D(Q)y = Ju7 +Qla)y (3.1)
on Z with the operator J, € B(C") such that J: = J,' = —J, and the

operator (matrix) potential Q(x). In the following we suppose (unless otherwise
stated) that Q € L, (Z, B(C™)). Expression (3.1) is called formally selfadjoint
if Q(z) = Q*(x) (a.e. on I).
Let § := L?(Z,C") and let Dy,ax(Q) be the maximal operator in § defined
by
dom Dy (Q) = {y € H 1y € AC1o(Z,C"), D(Q)y € H}

DmaX(Q)y = D(Q)?L (/S dom Dmax(Q)-
Define the preminimal operator by D/ ;. (Q) := Dyax(Q) | dom D!, (Q), where

min

dom D} ;. (Q) is the set of all y € dom Dy,ax(Q) such that supp y is compact and
y(a) = 0(y(b) =0) if a € T (resp. b € I). It follows by standard techniques
(see e.g. [23]) that D, (Q) is a densely defined closable operator in $. The

min

minimal operator Dy, (Q) is then defined as the closure of D/ ; (Q) and satisfies

(Dmin(@))* = Dimax(Q*). Since obviously Din(Q) C Dmax(Q) = (Dmin (@))%,
it follows that {Dmin(Q), Dmin(Q*)} forms a dual pair of closed densely defined
operators in §).

3.2.  Dirac-type operators on the whole line

We now prove our first main result, Theorem 1.1. Proof:[Proof of Theorem
1.1] Let Ja, € B(C?") and Q(z)(€ B(C?")) be given by

Ty = (}Jn {)n) . Q) = (Q*O(@ Qéx)) (3.2)
Since obviously J3, = Js,5 = —Ja, and Q*(z) = Q(x), the equality
~_ ~dy o~
D(Q)j = Jon 7 + Q)i (3:3)

defines a formally selfadjoint Dirac type expression D(Q)y on R and therefore

according to [22, Theorem 3.2] Diin(Q) = (Dmin(Q))*(= Dmax(Q)). On the
other hand, one can easily verify that

Dmin(@) _ (Dmif(Q*) DmiS(Q)> .

Hence by Proposition 2.7, (ii) Dpin(Q) = (Dmin(@*))* = Dmax(Q), which
proves (1.4). O In the following we denote by j, the complex conjugation in
C"™, ie

jnhzﬁlz{ﬁl,ﬁg,...,ﬁn}, h:{hl,hg,...,hn}e(C”
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0 I,

Letn:2p,U:(Ip 0

) and let Z = (a,b) be an interval in R. Then the
equalities
Jn=Ujn(=5aU) and (G0 :=juf(t), teZ,  feL*I,C") (3.4)
define conjugations j, and j in C™ and L2(Z,C") respectively.
In what follows C'" denotes the matrix transpose to the matrix C.

Proposition 3.1. Let n = 2p, let T = (a,b) be an interval in R and let D(Q)
be the Dirac type expression (3.1) on T with Q € L (Z, B(C")) and

loc

S (% _(},,> o> Cec, (3.5)
_ (Qu(z) Qua(z))
)= (Qzl(:c) sz(w)) CPreCr - Cralr (3.6)

Assume also that j is a conjugation in $ = L*(Z,C") given by (3.4). If

Qi1 (z) = Qu(x), Qla(x) = Qr2(z), Q3,(z) =Qu(x) (ae. on I)( )
3.7
then the operator Dpmin(Q) is j-symmetric and

ijax(Q)j = Dmax(Q*)7 ]Dmm(Q)] = Dmin(Q*)' (38)

Here the operator Q;;(x)(€ B(CP)) is identified with its matriz in the standard
basis of CP.

Conversely, if Q € L2 (Z, B(C")) and Duwin(Q) is j-symmetric, then (3.7)
holds.

Proof: Since j, = j, @ jp, it follows that

3 T - (3pQ22(2)jp  JpQ21(2)]
e = e = (R SE)

- (8= 28).

Therefore (3.7) is equivalent to

;nQ(x)En =Q*(z) (a.e. on 7). (3.9)

Moreover, one easily checks that

Enjn’jn = Jn (310)

Let (3.7) be satisfied. Then (3.9) and (3.10) hold, which implies the first
equality in (3.8). By using this equality one gets

Dmin(Q) = (Dmax(Q*))* = (.ijax(Q)j)* = j(DmaX(Q))*j = JDmln(Q*)j
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This proves the second equality in (3.8). Since Dpin(Q*) C Dumax(Q*) =
(Dmin(Q))*, it follows from the second equality in (3.8) that Dpyin(Q) is j-
symmetric.

Conversely, let @ € L (Z,B(C")) and let the operator Dpin(Q) be j-
symmetric. It is easily seen that for each compact interval [, 5] C Z and for
h € C" there exists a function y € dom D/, (Q) such that y(z) = juh, =
[a, B]. Clearly, a function yo = jy satisfies jyo € dom Dpuin(Q), yo(z) =
x € [a, B, and for this function

(FDmin(@)790) () = jnQ(@)jnhs (Dimax(Q)yo)(z) = Q*(x)h ace. on [, .
This and the inclusion jDpin(Q)j C Dmax(Q*) give (3.9), which in turn yields
(3.7). (]

Now we are in position to state a criterion for the Dirac-type operator
Dmin(Q) to be j-selfadjoint on the line R.

€
h,

Theorem 3.2. Let n = 2p, D(Q) be the Dirac-type expression (3.1) on R with
Jn and Q(-) € L (R, B(C™)) given by (3.6) and let j be the conjugation in
L?(Ry,C™) given by (3.4). If the relations (3.7) are fulfilled, then the operator
Dinin(Q)(= Dimax(Q)) is j-selfadjoint. Conversely, if Q € L% (R, B(C™)) and
Dnin(Q) is j-selfadjoint, then (3.7) holds.

Proof: By Proposition 3.1, conditions (3.7) imply relations (3.8). On the other

hand, Theorem 1.1 ensures the equality (Dmin(Q))* = Dmax(Q*) = Dmin(Q*).
Combining this relation with the second one in (3.8) yields

ijm(Q)j = Dmin(Q*) = (Dmln(Q))*

This proves the result. [J The following result is immediate from Theorems 1.1
and 3.2.

Corollary 3.3. In addition to the assumptions of Theorem 3.2 let
N —Q(x))
- : : 3.11
Q(x) ? (q (x) 0 ( )

where ¢ € L{ (R,CP*P) and q(x) = q'(x) (a.e. on R). Then Duin(Q) =

loc

Dax(Q) and the operator Dpmin(Q) is j-selfadjoint.

Remark 3.4. Corollary 3.3 was proved by another method in [7, Theorem 3.5]
in the scalar case (p = 1) and in [6, Theorem 4] for general p. It was also
generalized for a wider class of off-diagonal potential matrices Q in [20]. We
emphasize however that our method of reduction of the problem to the self-adjoint
case is apparently applied to such problems here for the first time.

3.3.  Dirac-type operators on the half-line

In this subsection we assume that the Dirac-type expression (3.1) is de-
fined on the half-line R, = [0,00). The corresponding minimal and maximal
operators in § = L?(Ry,C") will be denoted by Dpin(Q) = DI (Q) and
Dmax(Q) = Dr—gax(Q)'
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Proposition 3.5. For expression (3.1) on Ry the (Lagrange) identity

(Dihax(@)y: 2)5 — (4 Dihax (@) 2)5 = —(Jny(0), 2(0))c (3.12)
holds for every y € dom D}, (Q) and z € dom D/ (Q*).

Proof: Let Jo, and @(x) be the same as in (3.2) in the proof of Theorem 1.1, let
D(Q)7y be the formally selfadjoint expression (3.3) and let $ := L*(R,,C?") =

$H @ H. Then according to [22, Theorem 3.2] the following Lagrange identity
holds:

(D3ax(@)5:)5 = (5 Dihax(@)Z)5 = —(2n3(0), 2(0), 9,7 € dom D@(( Q). 3
3.1
Let y € dom D/, . (Q), 2 € dom D/ (Q*) and let § = 0 y(€ H® H), z =
2@ 0(e H®H). Clearly, 7,7 € ACioe(Ry,C2) N H and for z € R,
D(Q)F = {Juy/(z) + Q(@)y(x), 0}, D(Q)Z = {0, 1.2 (x) + Q" (z)y(x)}.

Therefore D(Q)7 € $, D(Q)Z € § and, consequently, 7, % € dom D, (Q) and

D$ax( )y - {Dmmx( )y,O} Dmax( )Z = {O Dmax( )Z} Hence

(Dihax ()9, 2)5 = (7, Dt Q)2)5 = (D (Q)y: )5 = (4, Dy (@) ).

Moreover,

(J203(0),2(0)) = ({Juy(0), 0}, {2(0), 0})5 = (Juy(0), 2(0))s
and (3.13) yields (3.12). O

Lemma 3.6. For any h € C" there exists y € dom D}, . (Q) with compact
support such that y(0) = h.

Proof: In the case of the formally selfadjoint expression (3.1) the statement is
well known (see e.g. [22]). In the general case it suffices to apply the known
statement to the formally selfadjoint expression (3.3). O For a subspace
O C C" we let

0 =C" 6 J,0. (3.14)

and define the operators (Dao)'(Q) and D& (Q) to be restrictions of D, (Q)
to the domains

dom (Dg,o) (Q) ={y € dom D}, (Q) : y(0) € © and suppy is compact}

and
dom D§(Q) = {y € dom D, (Q) : y(0) € O},

respectively. Denote also by Dg,o (Q) the closure of (Dg)o)’(Q).

Theorem 3.7. With the above notations the following holds:
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(i) For any subspace © of C™ the operators Dg’O(Q) and DE(Q) coincide,

that is
D§,(Q) = DE(Q). (3.15)
Moreover,
(D6(Q))" = Dg.(Q). (3.16)
(ii) The equality N
A=D4(Q) (3.17)

establishes a bijective correspondence between all subspaces © C C" and
all extensions A € Ext{DI. (Q), DI (Q*)}. In particular, DI, (Q) =
D+0 (Q) with ©g = {0} and hence

dom Dy, (@) = {y € dom Dy, (Q) : y(0) = 0}. (3.18)
(ii) The dual pair {D}. (Q), D} (Q*)} is correct if and only if n = 2p. If

min
this condition is satisfied, then the equality (3.17) gives a bijective corre-
spondence between all subspaces © C C?P with dim® = p and all quasi-

selfadjoint extensions A € Ext {D}. (Q), D, (Q*)}.

Proof: (i) We first show that
(D& (Q)" = (DEQ)" = DE.(Q7). (3.19)

Since (Dy1,)(Q) C (Dé)'(Q) C DG(Q) and ((Dy;,)'(Q))* = (D (Q))* =
D (Q%), we have the inclusions ((Dao)'(Q)) C D} (Q%) and (D (Q))* C

max
D/ .. (Q*). This and the Lagrange identity (3.12) yield
dom ((Dg )" (Q))*

= {z € dom D, (Q") : (Jny(0), 2(0)) = 0, y € dom (D ,)'(Q)},
dom (D§(Q))" = {z € dom Dy, (Q") = (Juy(0),2(0)) = 0, y € dom D(Q)}-
It follows from Lemma 3.6 that
{y(0) : y € dom (D ,)'(Q)} = {y(0) : y € dom DF(Q)} = ©.
Therefore by (3.14)
dom ((D§5)'(@))" = dom (D (Q))" = dom D&, (Q"),

which together with the equality (Dg ((Q))* = (Deo(Q))* yields (3.19). The
equalities (3.15) and (3.16) are immediate from (3.19).
(ii) The equalities D, (Q) = D?o} (Q) and (3.18) directly follow from the

definition of D, (Q) and statement (i). Next, for each subspace © C C"

min

the 1nclu51on D@(Q) e Ext {DI. (Q), DI, (Q*)} is obvious. Conversely, let

0 := {y(0) : y € dom A}. (3.20)
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Then for any y € dom DZ(Q) there exists u € dom A such that y(0) = u(0) and
hence v := y — u satisfies v(0) = 0. Therefore by (3.18) v € dom D, (Q) C
dom A and, consequently, y = u + v € dom A. Thus dong(Q) C dom A.
Since the inverse inclusion dom A C dom D{(Q) is obvious, it follows that
dom A = dom D (Q) and hence (3.17) holds with © given by (3.20).

(iii) It follows from (3.18) that for each extension A = Deg(Q) in the set
Ext {DI. (Q), D} (Q*)} the equality

dim (dom A/dom D}, (Q)) = dim © (3.21)
holds. Moreover, by (3.16) one has dim (dom A*/dom D (Q") = dim©*.
Combining these facts with the obvious identity dim © 4+ dim ©* = n and state-
ment (ii), one gets the required statement. O

Corollary 3.8. With the notation above
n((Din (@))%, Dyt (@))(= dim (dom D, (Q) /dom D, (Q))) = m. (3.22)

Proof: It follows from Lemma 3.6 that D, (Q) = De(Q) with © = C™.
Combining this relation with (3.21) yields (3.22). O

Remark 3.9. If n = 2p and

J, = (0 _IP> .CPeCP = CPaCP, (3.23)
I, 0

then a subspace © € CP & CP is called a linear relation in CP and the linear
relation

o* C"e J,0

{{h,h'} eCP > CP: (K, k)cr — (h,k')cr =0 for all {k,k'} € O}

is called the adjoint relation of © (see e.g. [11]). Clearly, in this case O = ©*.
Moreover, if the Dirac-type expression (3.1), (3.23) is formally selfadjoint and
O = ©*, then by Theorem 3.7 we have that Dg(Q)(: ngo(Q)) is a selfadjoint

extension of D (Q).

Definition 3.10. A pair of operators (matrices) Cy,Cy € B(CP) will be called
admissible if rank (Cy,Cs) = p.

Corollary 3.11. Assume that n = 2p, so that functions y € dom D7 (Q) and
z € dom D}, (Q*) admit the representation

max

y(t) = {y1(t), 12(t) }(€ C* & CP), 2(t) = {z1(t), (1) }(e CP & CP), t € R,
(3.24)
Then for each admissible operator pair Cy,Cy € B(CP) the equalities (the bound-
ary conditions)

dom A = {y € dom D, (Q) : C1y1(0) 4+ Cay2(0) = 0}, (3.25)

max
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A=D} (Q) ] dom A (3.26)
define a quasi-selfadjoint extension A € Ext {D} (Q), D, (Q*)} and con-

versely for each such extension A there exists an admissible operator pair Cq,
Cy € B(CP) such that (3.26) holds.

Proof: Clearly, for each admissible pair C7,Cy € B(CP) the equality
0= {{hl,hg} ceCPCP:Cihy + Cyhy = 0} (327)

defines a subspace © € C?” with dimension dim © = p and conversely for each
such subspace © there exists an admissible pair Cy, Cy € B(CP) such that (3.27)
holds. This and Theorem 3.7, (iii) yield the desired statement. O

Corollary 3.12. Let A := D, (Q) and B := DI, (Q*). Assume that there

min ni

exists an extension A € Ext{A, B} such that p(A) # 0 and dim N5 (A) =

dim My, (B) =: p for some Ao € p(A). Then:
(i) n=2p and

dim N5 (A) = dimNy\(B) =p, A€ p(A); (3.28)

(i) Ais a quasi-selfadjoint extension of the dual pair {A, B} (hence the dual
pair is correct) and A = Dg(Q) with a subspace © C C?P of the dimension
dim © = p.

Proof: (i) Combining of (3.22) with (2.49) gives n = 2p. Equality (3.28) is
immediate from Corollary 2.14.

(ii) This statement follows from (2.40), (2.41) and Theorem 3.7, (iii). O
Finally, we summarize our main results on non-selfadjoint Dirac type operators.

Theorem 3.13. Assume that n = 2p. Then:
(i) the pair {D}. (Q), DF. (Q*)} forms the correct dual pair;

(i) a proper extension A € Ext{D}. (Q),Di. (Q*)} is quasi-selfadjoint if
and only if A = De(Q) with © being a p-dimensional subspace of C*, dim © =
b3

(#ii) Assume in addition that for some subspace © C C with dim®© = p

the corresponding (quasi-selfadjoint) extension A= Dg(Q) has the nonempty

resolvent set, p(A) # 0. Then

dimker (D, (Q) — z) = dimker (D}, (Q") —2) =p forany =z¢€ p(A).
(3.29)

Proof: (i), (ii). It follows from Theorem 3.7, (iii) and (3.21) that A is a

quasi-selfadjoint extension of the dual pair {D;. (Q), D}, (Q*)} if and only if
dim (dom A/dom D (Q)) = dim© = p.

(iii) Since dim © = p, the extension A= D¢ (Q) is quasi-selfadjoint, and the
required relations (3.29) are implied by identities (2.40), (2.41). O
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4. Weyl solutions and Weyl functions for Dirac-type operators on the
half-line

4.1. Boundary triples for dual pairs and their Weyl functions

We first recall the definitions of a boundary triple for a dual pair {A, B} of
closed densely defined operators A, B in §) and their respective v-field and Weyl
function.

Definition 4.1. [2/] A collection I = {Ho @ H1,TE, T4} consisting of Hilbert
spaces Hy and Hi and linear mappings
Iy

B
B = <£%) cdom B* — Ho ®Hy and T = <PA> :dom A — Hy & Hy
1 1
is called a boundary triple for {A, B} if the mappings TP and T4 are surjective

and the following Green identity holds:

4.1

With each boundary triple IT = {H ®Hq, B, T4} for {A, B} one associates an
extension Ag € Ext {A, B} given by Ag = B* | ker'J. Moreover, if p(Ag) # 0,
one associates with II a v-field and the corresponding Weyl function.

Definition 4.2. [28] The operator-functions M(-) : p(Ao) — B(Ho,H1) and
7(:) : p(Ao) = B(Ho,9) defined for A € p(Ao) by

LY 190 (B) = M()(IF [90(B)) and y(A) = (Ig [9(B)~".  (4.2)

are called the Weyl function and the v-field of the boundary triple I = {Ho ®
H1,T'B T4} for {A, B} respectively.

Note that Lemma 2.18 ensures the 7-field v(-) and Weyl function are well de-
fined. Indeed, it follows from the decomposition (2.46) that for each A € p(Ay)
the mapping 'Y | 91,(B) is a topological isomorphism of 91, (B) onto H, hence
~(+) is well defined on p(Ap). Moreover, it is shown in [28] that M () and ()
are holomorphic in p(A4p).

Remark 4.3. Let S be a closed densely defined symmetric operator in ). Then
a collection I1 = {H, Ty, T'1} consisting of a Hilbert space H and linear operators
I'j :domS* — H, j € {0,1}, is called a boundary triple for S* if the operator
['= ([g,T1) " is surjective and the abstract Green identity

(S*f.9) — (f,8%g) = (T'1f,Tog) — Tof,T1g), f,g € domS* (4.3)

is valid (see e.g. [17]). In this connection note that Definition 4.1 of a boundary
triple {Ho@®H1, T8, T4Y for a dual pair { A, B} generalizes the above definition of
a boundary triple {H,To,T'1} for S* and coincides with it in the case A = B =: S
if additionally H1 = Ho =: H and I'B =T'4 =:T. Observe also that in this case
So = S* [ ker Ty is a selfadjoint extension of S and the Weyl function M(-) of
the triple I1 in the sense of Definition 4.2 turns into the Weyl function in the
sense of [12].
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Lemma 4.4. Let S be a closed densely defined symmetric operator in $) with the
deficiency indices ny(S) = dimNA(S), A € Cy, let T € B(H) be a selfadjoint

operator, let o = J}relsfa (ﬁf‘"’;) and 8 = Jscup (ﬁﬁlé) be the lower lower and the upper
S

bounds of T' respectively and let
A=S5+1T, B=S5—iT.

Then:
(i) We have dom A = dom B = D, where D := dom S. Moreover, for f € D

ol fII* < Im(Af, ) < BIIFIP, =BIAIP < Im(Bf, f) < —allfII*,

and the operators A and B form a dual pair {A,B}.
(ii) The inclusion (C,,—UCg 1) C p{A, B} holds and

dim 9\ (B) = n4(S), dim N5 (A) =n_(S), AeCs, (4.4)
dim 91\ (B) = n_(9), dim Ny (A) =ny (5), A eCq —. (4.5)
(iii) The following equalities hold
dom A* = dom B* = D,, A*=8"—iT, B*=S5"+iT, (4.6)
where D, := dom S*.

Proof: Statements (i) and (iii) are obvious. Statement (ii) is immediate from
the known results of the perturbation theory for linear operators (see e.g. [1,
Theorem 3.7.1]) O

Theorem 4.5. With the assumptions of Lemma 4.4 let also ny(S) = n_(S5),
D, =dom S* and let T = {H,T,T'1} be a boundary triple for S* (see Remark
4.3). Then:

(i) the collection 11 = {H @& H,T'B T4} with operators TP = (LB, TE)T .
Dy —»HEH and TA = (T¢, TN T : D, — H & H defined by

rb=ri=r, TP=r{=1, (4.7)

is a boundary triple for the dual pair {A, B}. Moreover, the extension
Ao(= B* | ker ') € Ext {A, B} satisfies

al|f[I* < Im(Aof, f) < BIIfII?, f € dom Ag, and Co - UCs 4 C p(Ao);
(4.8)
(ii) the Weyl function M(-) of the triple I1 satisfies the identities

M) = M*(p) =" (WA =1 s — 2T]y(A), A p€p(Ao)  (4.9)
Im M(A) =~"(\)(ImA- Iy = T)v(A), A€ p(Ao), (4.10)

where y(A) is the v-field of II. Moreover,
ImM(X) > d0\I, AeCgy; ImM(\) <0\, MNeC,- (4.11)

with some 65 > 0 and ¢4 < 0 (depending on \).
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Proof: (i) Since by (4.7) we have I'B = I'* = I" and the mapping I' is surjective,
so are the mappings I'® and T'4. Moreover, using (4.6), (4.7) and the identity
(4.3) (for the triple II) one gets

(B*f.9) = (,A%) = (S°f.9) +i(Tf,9)—(f,5g) —i(f,Tg)
= (5 ,9) = (f,5%9)
(
(

Flfvrog) (F0f7rlg)
IPf,04g) — (08 £.T¢9). f.geD..

Hence I'? and T'“ satisfy (4.1) and, consequently, II = {H @ H,T'5, T4} is a
boundary triple for {A, B}.

Next assume that So = S* | kerI'g is a selfadjoint extension of S corre-
sponding to the triple II for S*. Then

Ag = B* [ kerI'§¥ = (S* +4T) [ kerTg = Sy +iT

and Lemma 4.4 with ny(Sp) = 0 yields (4.8).
(ii) Since My (B) = {f € dom B* : B*f = Af}, it follows from (4.6) that

M\(B) = {f €D, :Sf=Af—iTf}, reC. (4.12)
Assume that h € H, A\, p € p(Ap) and

Ix=7NheM(B),  gu=7(wh e Nu(B).
Then by (4.12)
S fx=AM—iTfx = (M =iT)y(Mh,  S*gu = pgu —iTgy = (uI —iT)y(p)h

and hence

(S*f)wgu) (f)uS gu)
= (AL =iT)y(Nh, y(w)h) = (v(A)h, (uI = iT)y(p)h)
= (v (WM —iT) = (@l +4T)]y(A)h, h)
= (V" (WA =B = 2iT]y(A)h, h).
On the other hand, by the definition of v(\) and M (\) one has
Tofs =T§fx=h, Tifx =TT fr=M(Nh,
Tog, = Fégg/t =h, Tig,= Fjlggu = M(pu)h
and, consequently,
(C1ifx;Togu) — (Pofa,Tign) = (M(A)h,h) — (h, M(p)h)
= ((M(X) = M"(p))h, h).
Now an application of the identity (4.3) for the triple I to fr and g, yields
(7" ()N = T — 2T (\)hy b) = (M(X) = M ()b, ), h € H, A, € p(Ao).

This implies identity (4.9), which in turn gives (4.10). Finally, (4.11) directly
follows from (4.10). O
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4.2. The Weyl solution and the Weyl function for Dirac operators
In this subsection we assume that the Dirac-type expression (3.1) is defined
on the half-line R;. First we prove the existence of the Weyl solution on R .

Theorem 4.6. Suppose that n = 2p and the operator J,, in (3.1) is of the form
(3.23). Let A := DI. (Q) and B := D}, (Q*), so that A* = D} . (Q*) and

min max
B* = D, (Q). Moreover, let C1,Cy € B(CP) be an admissible operator pair

max

and let A be the corresponding quasi-selfadjoint extension of the form (3.26). If
p(A) # 0, then the following hold:

(i) There exist a pair of operators

_ G Gy .CP D 2 D
X_(CS C4> . CPBCP = CP & CP, (4.13)
! i
Y—(%} g%>;<cp@<cp—><cp@<cp (4.14)
3 4

such that Y*J, X = J, and for each such a pair the equalities

I'Fy = Ciy1(0) + Cay2(0), TPy = C3y1(0) + Cuya(0),  (4.15)
Lgly = C121(0) + Ch22(0), Ti'y = C4z1(0) + Clz2(0),  (4.16)
I = (FgaFIB)T> 4= (F(I)L‘aFjlq)T’ (4.17)
where y € dom B* and z € dom A*, define a boundary triple Il = {CP @
CP,T'B T4} for {A, B} (in (4.15) and (4.16) y; and z; are taken from
(3.24) ). Moreover, for this triple Ag(= B* | kerI'B) = A.
(ii) For each A € p(A) the homogeneous equation

D(Q)y = Ay (4.18)

has a unique L?-operator-valued solution (the Weyl solution)
v(A) = (v( A),v2( N) T € ARy, B(CP,C™)) (4.19)

satisfying B
Civy (0, )\) + 021]2(0, /\) = Ip, AE p(A) (420)

Moreover, the solution v(-, A) is holomorphic in XA € p(A).
(iii) The Weyl function M(-) of the triple II is

M(X) = C5v1(0,\) + Cyv2(0, ), X € p(A). (4.21)
If (-, A) and (-, ) are B(CP,CP & CP)-valued solutions of (4.18) satis-
fying
xeon = (7). xeon= (). (1.22)
P

then the Weyl function M(-) can also be defined as the unique operator-

valued function M(-) : p(A) — B(CP) such that

O(, M) + (-, \) € LRy, B(CP,C™)), X € p(A). (4.23)
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(iv) If X € p(ﬁ) and 0 (-,\) = (01(-, ), 92(-,\) T € L%(R,, B(CP,C?)) is
an operator solution of (4.18), then the operator Civ1(0,\) + Cav2(0, \)
is invertible and

M()\) = (03’01 (O, /\) + C4’U2(O, )\))(C’lvl (0, )\) + CQ’UQ(O, /\))_1.
Proof: (i) Let I'B = (fg’,f?)—r and T4 = (fé, I'Y)T be operators defined by

Py =41(0), TPy=uyy(0), yedomB* (4.24)
T{z=2(0), TI''z=2(0), zecdomA*. (4.25)

It follows from (3.23) and the Lagrange identity (3.12) that these operators
satisfy (4.1). Moreover, by Lemma 3.6 the operators I'® and T'4 are surjective.
Therefore the collection IT = {C? & C?,T'B, T4} is a boundary triple for {A, B}.

Since the pair C,Cy is admissible, there exist operators C3,Cy € B(CP)
and C} € B(CP), j € {1,...,4}, such that the equalities (4.13), (4.14) define
invertible operators X and Y satisfying Y*JX = J. Moreover, according to
[28, Proposition 4.6] for each such pair the equalities

e _ (T8 ._ (C1 Ce ry ra_ (TN _ (G G Iy
rs Cs Cy) \TB )’ ry{ Cy Cy) \1¢
define a boundary triple IT = {CP @ CP,I'Z T'4} for the dual pair {A, B} and in
view of (4.24), (4.25), the mappings I'? and I'* are of the form (4.15) — (4.17).
Moreover, the equality Ay = A is implied by combining (3.26) with (4.15).

(ii) Let v(-) be the y-field (4.2) of the triple II. Since 1y (B) coincides with
the space of all L2(R, C")-solutions of equation (4.18), the equality

o(t, Vh = (y(MR)(t),  heCP, Xep(A) (4.26)

defines a unique operator solution v(¢, \)(€ B(CP,C")) of (4.18) such that
v(-, A\)h € L*(R4,C") and

IPv(,\h=h, heCP, )cpA). (4.27)

Moreover, it follows from (4.15) and the block representation (4.19) of v(-, A)

that (4.27) is equivalent to (4.20). The holomorphy of v(-, A) in p(A) is imme-
diate from (4.26) since the ~-field () is holomorphic on p(A).

(iii) Recall that in accordance with (4.2), M()\) = I'Py(\). Therefore it
follows from (4.26) and (4.15) that (4.21) holds. Next, combining (4.20) with

(4.21) yields

X0(0,)) = (1\4%)) = X (0(0, \)M () + %(0, \)).

Since X is invertible, one gets v(t, A) = @(t, \)M(X) + (¢, A). This proves the
second statement in (iii).
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(iv) This statement is immediate by combining (ii) with (iii). O The
following theorem is an extended version of Theorem 1.3 from the Introduction.
In particular, we prove here the existence of a holomorphic Weyl solution for a
j-symmetric Dirac-type operator on the half-line.

Theorem 4.7. Let n = 2p, let D(Q) be the Dirac-type expression (3.1) on Ry
with J, and Q(-) given by (3.6), let the relations (3. 7) be fulfilled and let j be
the conjugation in L*(Ry,C") given by (3.4). If p(DF, (Q)) # 0, then:

(i) The minimal operator DF. (Q) is j-symmetric and Def(D . (Q)) = p,
i.e., the following equality holds for each A\ € p(DZL. (Q)) (or, equiva-

lently, for each X € p{D;;(Q), Dy (@%)}): o

dim M\ (D}, (QF)) = dimN<(DL,, (Q)) = p. (4.28)

min

(ii) There exists an operator C € B(CP,C™) such that the equalities

A=D}, (Q)domA, domA={yedomD;, (Q):Cy=0},

max

define a j-selfadjoint extension A of Dt (Q) with p(A ) # O and for
each X € p(A) there exists a unique operator-valued solution of (4.18)
(the Weyl solution) V., (-,\) € L?*(Ry, B(CP,C")) satisfying the condi-
tion CV(0,\) = I,. Moreover, the solution W (-, ) is holomorphic in
p(A).

Proof: (i) As in Proposition 3.1 (see formula (3.8)) the operator DI, (Q) is
j-symmetric and

J(Dgin(@))") = 1D5x(Q")j = Dyax(Q).

Combining this formula with (2.81) and Corollary 3.8 (see formula (3.22)) gives

2DefD+ (Q) dim (dOHl (]Dmln( ) )/dOHl Dmln(Q))

min

= dim (dom Dy}, (@) /dom Dy, (@) = n = 2p. (4.29)

This proves the statement. B

(ii) According to Proposition 2.27 there exists a j-selfadjoint extension A
of DF. (Q) such that p(A) # §. Since A is a quasi-selfadjoint extension, the
statement (ii) follows from Corollary 3.11 and Theorem 4.6(ii). O
Corollary 4.8. Assume the conditions of Theorem 4.7, \o € p(D}: (Q)) and
let D(X\o;€) be a gap for the operator Dt (Q). Then there is an operator C' €
B(CP?,C™) such that the corresponding Weyl solution W (-,\) is holomorphic
in D(Aos €).

Proof: According to Proposition 2.27 there exists a j-selfadjoint extension A
of DF. (Q) preserving the gap D(\o; ). Starting with this extension it remains

min

to repeat the reasoning of Theorem 4.7(ii). O
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Remark 4.9. (i) In the scalar case (p = 1) and a Dirac-type expression
D(Q) on Ry with Q(-) of the form (3.11) and arbitrary scalar q(-), The-
orem 4.7 was proved by another method in [7] (see also [10]). Note also
the paper [20], where equality (4.28) (without a connection with the Weyl
type solutions) was proved for a Dirac-type expression (3.1) with a special
off-diagonal potential matriz Q(-) such that (3.8) is satisfied.

(ii) Clearly, a similar result is valid for the Dirac system on R_ with a poten-
tial matriz Q € L (R_,C"*™), i.e. there exists the unique B(CP,C")-
valued Weyl solution ¥_(-,\) € L>(R_, B(CP,C")) .

Note also, that in the scalar case (p = 1) for a Dirac-type operator on
the line with a potential matriz Q(€ Li (R,C?*?)) of the form (3.11) a
stronger result is proved in [7, Theorem 5.4], namely

sw ([~ 1wl ) ([T 1wz | <. @m0

4.3. The Weyl-function of almost formally selfadjoint Dirac-type operators

The Dirac-type expression (3.1) admits the representation

DIQW = 1.2 + Qi) +iQe(wy, (431)

where Q1(z) = Q1(x) := Re Q(x) and Q2(z) = Q2(z) :==ImQ(z), x € R;.

Definition 4.10. The Dirac-type expression (4.31) will be called almost for-
mally selfadjoint if the operator-function Q2(-) is bounded, that is ||Q2(z)| <
C, z € Ry, with some C € R.

Let the expression (4.31) be almost selfadjoint and let «(z) = inf %

heCn
and f(z) = sup % be lower and upper bounds respectively of Qa(x).
heCn

In the following we denote by ag and B¢ the essential infimum and supremum
of Q2(x) respectively:

ag =ess inf Qa(x), Bo = ess sup Q2(z).
rERL TER

Proposition 4.11. Let expression (4.31) on R be almost formally selfadjoint,
let ke = dimker (J,, £ il,) and let A := D, (Q), B := DI (Q*). Then
dom A = dom B =: D, dom A* = dom B* and for f € D
agl|fII* <Im(Af, ) < BollfI*, —=BollfII < Tm(Bf, f) < —aql|fI]*.
Moreover, (Cop,— UCg, +) C p{A, B} and
dim Ny (B) = k4., dimN(A4) =k-, A€Cpy 4,

dim 9N\ (B) = k_, dimNy(A) =Ky, AeC

ag,—:
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Proof: Let S := DI (Q1) be the minimal operator generated in $ by the

formally selfadjoint Dirac-type expression

d
D(Q1)y = Jnﬁ + Q1(z)y (4.32)
and let T" be the multiplication operator in $) defined by

(Tf)(x) = Qa(2)f(x),  f() € 9. (4.33)

Clearly, S is a closed densely defined symmetric operator in ), and in accordance
with [22, Theorem 5.2] ny(S) = k4. Moreover, T = T* € B($) and the lower
and upper bounds of T are ag and B¢ respectively. Therefore (4.31) yields

A=5+41iT, B=S5—iT. (4.34)
It remains to apply Lemma 4.4. O

Theorem 4.12. Assume that n = 2p, expression (4.31) on Ry is almost for-
mally selfadjoint and J,, is of the form (3.23). Then:

(i) For each operator ® = ®* € B(CP) the equalities (the boundary condi-
tions)

dom Ag = {y € dom D, _(Q) : cos® - y1(0) + sin® - (0) = 0},

A = D, (Q) | dom Ag
define a quasi-selfadjoint extension Ag € Ext {D}. (Q), D, (Q*)} satis-
fying , ~ , .
agl[fII° < Im(Aaf, f) < BallfII°, f € domAg (4.35)

and (Cup,— UCp, 4) C p(Ag).

(ii) For each A € p(Ag) there exists a unique operator solution
vo(t,\) = (v1.a(t,\), v28(t,\)T :CP - CPGCP, tcR,  (4.36)

of the homogeneous equation (4.18) such that ve(-,\)h € L?*(R.,C"),
h e CP, and

cos® - v1.5(0, ) +sin®-v35(0,N) =1,, \€ p(Asp). (4.37)

Proof: Let A:= D}, (Q), B:= D}, (Q"), let S and T be the same as in the
proof of Proposition 4.11 and let D, := dom S*. Then by (4.34) and Lemma
4.4, (iii) the equalities (4.6) hold.

Next, assume that & = &* € B(CP). Then the operator

¥ < cos® sin®

. P /4 P P
R COS(I)).@ ®CP 5 CP @ C (4.38)
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satisfies X*J,X = J, and by Theorem 4.6, (i) applied to the Dirac-type ex-
pression (4.32) the equalities

Toy = cos®-y1(0) +sin®@-y5(0), Ti1y=—sin® y;1(0)+cosP®-y2(0), y € D,
(4.39)
define a boundary triple = {CP,Ty,T'1} for S*. Moreover, application of
Theorem 4.6, (i) to the dual pair {A, B} implies that a collection II = {C? @
CP,TB, T4} with operators I'® = (IF, TP)T and I'* = (I'$, ) T defined by

I8y =Ty = cos® - y(0) +sin @ - y5(0), (4.40)
By =Ty = —sin®y,(0) + cos® - 42(0), y € D, (4.41)

is a boundary triple for {A, B} and for this triple Ag(= B* | kerI'¥) = Ag.
Since the triples IT and II are connected via (4.7), it follows from Theorem 4.5,
(i) that (4.35) holds.

Statement (ii) directly follows from Theorem 4.6, (ii) applied to the extension
A= ﬁq,. [0 Let the assumptions of Theorem 4.12 be satisfied and let
® = o* € B(CP).

Definition 4.13. The operator solution v(-,\) = ve(-,A), A € p(As), of (4.18)
defined in Theorem 4.12 will be called the Weyl solution (with respect to the
parameter ® ).

Definition 4.14. The operator function M(-) = Mg(-) : p(Ag) — B(CP) de-
fined by

Mg(A) = —sin® - v;.5(0,A) + cos® - v25(0,\), A€ p(As) (4.42)

will be called the Weyl function of the almost formally-selfadjoint Dirac-type
expression (4.31) on Ry (with respect to the parameter ® ).

Proposition 4.15. Assume the hypothesis of Theorem 4.12. Let ® = ®&* €
B(CP) and let o(-,\) and ¥ (-, A) be B(CP,C? & CP)-valued solutions of (4.18)
with the initial values

©(0,\) = <_Sinq’> . P(0,0) = <C°S @) . (4.43)

cos ® sin ®

Then:

(i) the Weyl function Mg (-) of expression (4.31) can be defined as a unique
operator-function Mg (-) : p(Ae) — B(CP) such that (4.23) holds, i.e.,

P M) +9(-,A) € L*(Ry, B(CP,C™)), A € p(As);

(ii) Mg(-) is holomorphic in p(Ag) and for A, u € p(Ag) it satisfies the iden-
tities

Ma(N) — My () = / 0 (2, 1) (N — )L — 20Qa(x) g (. ) di, (4.44)
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Im Mg (N) = /R v (2, \)(Im A - I, — Qa2(2))ve(z, A) dz. (4.45)

Moreover,
ImMp(A) > 03], A€Csyi;  ImMa(A) <04, A€ Ca,_
(4.46)
with some 6y > 0 and ¢4 < 0 (depending on \).

Proof: Let A:= D}, (Q), B := D (Q*)and let X be the operator (4.38).
It was shown in the proof of Theorem 4.12 that the operators I'? = (I'F, T'5)"
and T4 = (T4, T'{) T defined by (4.40) and (4.41) form a boundary triple I =
{CPaCP,TB, T4} for {A, B}. Since by (4.38) the operators Cs and Cy in (4.21)
are C3 = —sin® and Cy = cos ®, it follows from Theorem 4.6, (iii) and (4.42)
that the Weyl function M(-) of II coincides with Mg(+). Moreover,

1 _ [cos® —sind
X _<sin<I> cosq))

and hence the initial conditions (4.22) are equivalent to (4.43). Now statement
(i) follows from Theorem 4.6, (iii).

Next, assume that S and T" are the same as in the proof of Proposition 4.11
and let IT = {CP @ CP,Ty,T'1} be the boundary triple (4.39) for S*. Since A
and B admit representation (4.34) and boundary triples IT and Il are connected
via (4.7), it follows from Theorem 4.5 that identities (4.9) and (4.10) hold with
M(X\) = Mg()\) and Ay = Ag. By using (4.26) one can easily verify that

T = [ 0N 10 €5 N e (),
+

This and (4.26), (4.33) imply that (4.9) and (4.10) can be written in the form

(4.44) and (4.45), respectively. Finally, (4.46) is immediate from (4.11) and the

equality M(A\) = Mg(X), A€ Cg, y NC O

Corollary 4.16. Let n = 2p, and let D(Q) be an almost formally-selfadjoint
Dirac-type expression (3.1) (or, equivalently, (4.31)) on Ry with

ag,—:

Jo= (" ) . wrecrscrece (4.47)
0 i,

and let o(-, ) and (-, \) be B(C?,CP @ CP)-valued solution of (4.18) with the

mitial values
_ (0 _ (b

Then there exists a unique operator-function Ms(-) : Cg, 4 — B(CP) such that

QO(', )‘)MS()‘) + w(7 )‘) € LQ(R-H B((Cp?(cn))7 AE Cﬁ@d" (448)
Moreover, M(-) is holomorphic on Cg, y and satisfies ||[Ms(N)|] < 1, A €
Csgt-
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ily I ) defines a

. 2 . . _ L
Proof: One can easily verify that the equality U = 7 (—i I, I,

unitary operator U € B(C"™) such that

T . qr* _ (0 —1I
Jn.—UJnU—<Ip 0).

Let Q(z) == U*Q@)U = Q,(x) +iQy(x) with Q,(z) = Re Q(z) and
I

D(Q)y = Tnl+ Q@ +ialw)y, =R,

be the respective almost selfadjoint Dirac-type expression and let My(-) be the
Weyl function of D(@) (with respect to ® = 0). Since obviously B@ = fo, it
follows that My(-) is defined on Cg, 4 and by (4.46) the equality (the Cayley
transform of My(\))

M,(\) = (Mo(N) —il)(Mo(N) +il,) ™", A€ Cso.+

)+
defines a holomorphic operator-function Mj () Cpy,+ — B(CP) such that
[IMs(N)|] < 1, X € Cpy4. Let vo(-,A) € L*(R4, B(CP,C")) be the Weyl
solution of the homogeneous equation D(@)y = Ay (with respect to ® = 0)
and let

vs (2, \) = Uvg(z, V2(Mo(\) +il,) 7Y, =€ Ry, A€ECpg -

Clearly, vs(+, \) is a solution of (4.18) and v,(-,\) € L?(Ry, B(CP,C")). More-
over, since ® = 0, it follows from (4.37) and (4.42) that vo(0,\) = (I, Mo()\)) "
and hence vs(0,\) = (I,, Ms(\))". Therefore, vs(z,\) = @(x, \)Ms(\) +
¥ (z, A), which implies (4.48). O

Remark 4.17. (i) Let D(Q) be an almost formally-selfadjoint Dirac-type ex-
pression (3.1) with J, of the form (4.47), let A := D} (Q), B := D. (Q*)
and let D, = dom A* = dom B* (see Proposition 4.11). It follows from the La-
grange identity (3.12) and Lemma 3.6 that a collection 11, = {CP & CP, T'B T4}

with operators TP = (B TEYT and T4 = (T, )T defined by

Ify=11(0), TPy=1y(0), Tfy=iy(0), TI'iy=1iy1(0), y€ D,

is a boundary triple for {A, B} (here y;(0) are taken from (3.24)). Moreover,
one can easily prove that Mg(-) is the Weyl function of Tl,.

(i) The operator-function Ms(-) coincides with the Weyl function introduced
in [15, 81] for special almost formally-selfadjoint Dirac-type expression (3.1),
(4.47) with Q(x) of the form

(0 q(%))
)=1( , :CPeCP - CP o CP.
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