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Chapter 1

Introduction and preliminaries

1.1 Thesis introduction and overview

The present work focuses on the use of random measures for the modelling of complex
data which presents heterogeneity in various aspects. We will mainly focus on two kinds of

heterogeneity.
1) Heterogeneity due to belonging to different populations or samples.
2) Heterogeneity due to having different covariate values.

In the present chapter we present the necessary preliminaries for the rest of the thesis, includ-
ing the notion of completely random measures, vectors of completely random measures and
neutral to the right distributions. Vectors of completely random measure are the fundamental
mathematical tool for the work presented throughout the thesis; while the neutral to the right
distribution are of key importance for the models introduced in chapter 4 and 5. Chapter 2
revolves around the concept of completely random measures which are a flexible and man-
ageable class of vectors of completely random measures that has been previously introduced
and used for Bayesian analysis of heterogeneous data in the literature. In this chapter we
present recently published results regarding the integrability conditions of compound random
measure and present a variety of results, including the introduction of a new compound
random measure, related to the LogNormal distribution, and a new formula for the associated
Laplace exponent which allows for an approximation via Monte-Carlo methods. In Chapter
3 we focus on the link between compound random measures and Lévy copulas, which are a
framework for the modelling of vectors of completely random measures that has been very
popular in the literature. Of main importance is the introduction of a new class of Lévy

copulas which is a generalization of the widely used Clayton Lévy copula. Many models
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for heterogeneous data in the framework of Lévy copulas have been proposed and can be
used with the specific choice of our extended Clayton Lévy copula proposal. Chapter 4
presents a recently published model which generalizes neutral to the right distributions for
multiple-sample information. This model addresses heterogeneity as in point 1) above, where
different populations can exhibit different behaviours which can be dependent among each
other. Finally, in Chapter 5 we introduce a new model for regression in survival analysis
where the two heterogeneity points above, 1)-2), are modelled. We argue that such model
can even be used for the identification of different populations which keep the symmetry of

exchangeability and are determined by the covariate values of the individuals.

1.2 Completely random measures and vectors thereof

Even though the main application of this thesis is in survival analysis where we consider
survival times that correspond to random variables supported in the real positive axis RT =
(0,0), results in Chapter 2 are given for more general spaces than R™. With that in mind,
we present this section’s preliminaries in a general setting. Let (,.%,P) be a probability
space and X a Polish space with corresponding Borel o-algebra 2". We call a measure u
on (X, .Z") boundedly finite if ©(A) < e for any bounded set A € Z7; we denote by Mx
the space of boundedly finite measures on the measurable space (X, 2") and by .#x the
associated Borel o-algebra, see Appendix 2 in Daley and Vere-Jones (2007) for technical
details. A random measure is a measurable function from the probability space (Q,.7,P)
onto (Mx,.#x). We will focus on the class of completely random measures as introduced
by Kingman (1967).

Definition 1. A random measure y on (X, 2") is called a completely random measure (CRM)
if for any n > 1 and disjoint sets Ay, ...,A, € 2 the random variables u(Ay),..., 1 (A,) are

mutually independent.

A CRM pu has the following representation, see Kingman (1967),

M= Ha+ W+ Hy1,

where [, is a deterministic measure; Lz is a measure that consists on jumps with possibly

random jump heights but fixed jump locations, i.e.

o o (f
up =Y. w )5xgﬂ>,
i=1 !
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with {xgﬂ) * | C X the fixed jump locations and {Wi(ﬂ) * , C R* the random jump heights;

and U, is a measure made of jumps with random locations and random heights, i.e.

where {Xl-(r)}‘f:] C X are the random jump locations and {Wi(r)}?:] C R the random jump
heights. The measures 4, ls and U, are mutually independent. In this thesis we will
consider CRM’s without the deterministic part, t;; even more we will treat the part with
fixed locations separately. So by a CRM we will refer to a measure which has the form as u,
above. Such CRM’s are characterized by their Laplace transform

E [efu(f)} _ e*fRJrXx(lfe_f(x)é‘)V(ds,dx) (1.1)

for f: X — R™ such that £ (f) < e, where u(f) = [ f(x)u(dx), and v(ds,dx) is a measure
in(RT x X, Z(R")® Z") such that

/ min{1,s}v(ds,dx) < oo (1.2)
RTxX

for any bounded set X € 2. A measure Vv satisfying the condition displayed in equation
(1.2) is called the Lévy intensity of . We say that v is homogeneous when

v(ds,dx) = p(ds)K(dx) (1.3)

with p a measure in (R, Z(R™)) referring to the jump heights and k a non-atomic measure
in (X, Z") referring to the jump locations. From the integrability condition equation 1.2,
we observe that if k is a boundedly finite measure in X, i.e. for any bounded set X € 2~
K(X) < oo, then p must satisfy the condition 1.2 by its own. All the homogeneous Lévy
intensities in the present work will be such that the associated kK measure is boundedly
finite so the associated p measure is such that p(ds)dx is a Lévy intensity. If in the Laplace
transform (1.1) we set f(x) = Alyca) With 2 € R and A a bounded set in 2, we get

B [e—im(A)] — o Jrtaal=e ) v(dsdx). (1.4)
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Such Laplace transform is often sufficient to perform the majority of the calculations in this

work. With that in mind we define the Laplace exponent
l[/,(?t):/ (1—e ™) v(ds,dx). (1.5)
R+ x (0,1]

If the Lévy intensity of interest is homogeneous as in (1.3) then the corresponding Laplace
exponent can be written as y; (1) = y(t)w (1) where y(t) = [ k(dx) and y(A) = [5°(1 —
e*)p(ds). Sometimes it is useful to write a CRM in terms of a Poisson random measure
(PRM). Following Sato (1999), we define the latter measure as follows

Definition 2. Let v be a o-finite measure in (X, 2"). A Poisson random measure in (X, .2")
is a completely random measure N such that if C € 2" then N(C) is a Poisson random

variable with intensity v(C).

Given a CRM pu with Lévy intensity v we can set a Poisson random measure N in
(RT x X, Z(R") ® Z") such that by the Lévy-Ito decomposition, see Sato (1999), we have
that

1(A) = /R | sN(ds,dv). (1.6)

An advantage of the above representation is that it allows us to use PRM’s results in a CRM
setting. A key result for PRM’s which will be of use later on follows

Proposition 1. (Rosinski (2001)) Let M and N be PRM’s defined on possibly different
probability spaces and taking values in Polish spaces S, T, with respective Borel G-algebras
<, Jy and intensity measures M, V. We suppose that Ty C T for some Polish space T, with
Borel 6-algebra .7, and that we have a measurable function h : S — T such that

v=noh 'on %

then
NiMoh_1

In addition, if N is defined in a probability space rich enough to allow the existence of a

standard uniform random variable that is independent of N and
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for some S-valued random elements S;, i > 1, then there exists a sequence {S’i}le of S-valued

random elements defined in the same probability space as N and such that
G ) o d )
{Sitiz = {8t

and

In the next example we use the above proposition to construct a series representation for a

CRM with homogeneous Lévy intensity.

Example. Let there be sequences of independent, identically distributed (i.i.d.) random
variables (1.v.’s)

U; "% Uniform(0,1), i€ {1,2,...}

I; "% Exponential(1), i€ {1,2,...}

i
Li=YT, ie{l1,2,..},
j=1

v(ds,dx) = p(ds)dx be a Lévy intensity in R™ x R* with p a Borel measure in R* and
denote the Lebesgue measure in R™ as Leb(dx). An homogeneous PRM in R with Lévy
intensity 7)(A) = Leb(A), can be written as };° | & . It follows that

has intensity Leb x Leb in R™ x [0, 1]. If we define
hl(s):inf{u>0 : / p(dy)<s}
o)

then for a < b we observe that h; ' ([a,b]) = (p([b,)),p([a,>))) has Lebesgue measure
p([a,)) —p([b,)) = p([a,b)), so extending the measure it follows from Proposition 1
that

N = 8 (t).0)

i=1
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is a PRM with intensity v(ds,dx) = Lebo ;' (ds) x LeboId ! (dx) = p(ds) x Leb(dx). We
can use equation (1.6) to construct a CRM with Lévy intensity v from the series representation
of the PRM N above.

In the above example the function 4| can be seen as the generalized inverse function of the

so called tail integral of a Lévy intensity p(ds)dx:

Definition 3. Let p(ds)dx be a Lévy intensity defined in
(R x[0,1], B(RT) ® 2((0,1])) .

The tail integral of p is the function
Uu) = / p(ds).
[u,00)

We observe that the tail integral, by definition a decreasing function, has a decreasing general-
ized inverse, denoted /1 in the above example; so the sequence {/;(I";)}3* | is monotonically
decreasing. For non-homogeneous Lévy intensities we can also use Proposition 1 to get a

series representation of the associated CRM, as showed in the next example.

Example. Let v(ds,dx) be a Lévy intensity in Rt x RY, {W;}*, C R such that Y37 | 8, is
a PRM with intensity p(ds) = v(ds,R") and {U;}*, i.i.d. Uniform(0, 1) random variables;
then

M= ; Sw.vy)

has Lévy intensity p x Leb in R™ x [0, 1]. If we define

Fgw(s) = 25
Fyjw(s) = inf {u>0: Fyy(u) > s}

then for a < b we observe that
~1
(Fiw)  (1a.5]) = (F(@)xyw- F(B)xw)
has Lebesgue measure

v (dW, (a,b])
p(dw)
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so extending the measure it follows from Proposition 1 that

-1
is a PRM with intensity p oId~!(ds) x Lebo (FXTW) (dx) = p(ds) x Fy|s(dx) = v(ds,dx).

The above examples, albeit considering X to be a general Polish space, can be used to
motivate the next algorithm for simulation of a CRM u with Lévy intensity v as above.

Algorithm 1 Ferguson-Klass
1: Let K € N and simulate

U; iid Uniform(0,1), i€ {1,2,...,K};
I; i Exponential(1), i€ {1,2,...,K};

l
Li=YTn, ie{l,2,.. K}

2: Define

. v d“l? :7S

3: Approximate U by using

K
Y Wby,
i=1

Again we observe that the weights W; are given by the generalized inverse function of the tail
integral of p(ds) = v(ds, X) and as such conform a monotonically decreasing sequence. For
the truncation parameter K in step 3 of the Ferguson-Klass algorithm above we exploit the

monotonicity of the weights and will use

K =max{i: W; > b}
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for some b € R*. The above algorithm was proposed in Ferguson and Klass (1972). A
variety of algorithms for simulation of CRM’s are available; see for instance Rosinski (2001)

and Cont and Tankov (2004) for such algorithms in a Lévy process context.

o-stable CRM

1.4 4

1.2

1.0 ~

u(o,t

0.8
0.4

0.2 4

0.0 - __—-—J—’— —— 0=0.5,A=2.0

0.0 0.2 0.4 0.6 0.8 1.0
t

Fig. 1.1 Plot of 1t (0,¢] when a o-stable CRM is considered with x(dx) = dx. The plot was
obtained by using Algorithm 1; truncation level in step 3 of the algorithm is given by the
bound » = 1079 as discussed above.

A popular example of an homogeneous CRM is the o-stable

Example 1. o-stable CRM
Let o € (0,1), the Lévy intensity determining a 6-stable CRM is

Aos~ -9

r(1-o0)

As an illustration, we plot in Figure 1.1 the associated process (L (0,] for the o-stable process
in (1.7) with x(dx) = dx by making use of Algorithm 1, where

v(ds,dx) = dsk(dx). (1.7)

Ao *® o4 A
U= Figy ) o
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is the associated tail integral and

is the corresponding generalized inverse used to generate the jump weights W; in step 2 of
Algorithm 1. We choose the truncation level K in step 3 of Algorithm 1 such that the weights
W;>bforie{l,....K} forbeR".

Another important example of an homogeneous CRM is the Gamma.

Example 2. Gamma CRM
Let a, B € (0,0), the Lévy intensity determining a Gamma(o, ) CRM is

ﬁefas

N

v(ds,dx) = dsk(dx) (1.8)

If for example we take x(dx) = dx above then we have the tail integral

—os
e

ds
s

v =B

Following Wolpert and Ickstadt (1998) we define

E(x) :/xme—_sds

S

so U(x) = BE(ax), and observe that if 2 is a Chi-squared distribution with d degrees of

freedom then
E(x)=1liml d Py > 2x]
d—0 2 d
. d o2 2
= (mf(zﬂ)) (igf%ap[%d > Zﬂ)
.2 2

The generalized inverse of E, denoted E<, can be written in terms of the quantile function of

a xg—distribution which we denote Qxﬁ as follows
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So

£ () 0 (1-%)

U™ (x) = =1 1.9

(x) o dl—r&) 2o (1.9)
The Laplace exponent of the Gamma CRM is given by
A

y(2) = Blog(1+ ), (1.10)

see for instance Kyprianou (2006). As another illustration of Algorithm 1, we plot in Figure
1.2 the stochastic process (0,7}, with t € R™, given by a Gamma(a, ) CRM pu with
Kk (dx) = dx, so we are in the homogeneous case. To evaluate the generalized inverse of the
associated tail integral in step 2 of Algorithm 1 we use the limit approximation in (1.9) by
choosing d sufficiently small. We choose the truncation level K in step 3 of Algorithm 1 such
that the weights W; > b fori € {1,...,K} forb € R*.

Gammala, ) CRM

u(o, t]

o4 —— —— a=2.0,8=1.0

0.0 0.2 0.4 0.6 0.8 1.0
t

Fig. 1.2 Plot of u(0,¢] when a Gamma(2,1) CRM is considered with k(dx) = dx. The plot
was obtained by using Algorithm 1; in step 2 of the Algorithm the limit approximation (1.9)
was used with d = 1073 and in step 3 the truncation level is given by the bound b = 10~1°
as discussed above.

The notion of a completely random measure can be generalized to higher dimensions in a

similar fashion to Definition 1 by considering vectors that have CRM’s as entries.
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Definition 4. A vector 4 = (Uy,..., ) of random measures on (X, .2") is called a vector
of completely random measures (VCRM) if for any n > 1 and disjoint sets Ay, ...,A, € Z
the random vectors {(1(A;), ..., 4qa(A;))}, are mutually independent.

In similarity with the CRM case, we will restrict ourselves to VCRM’s that have no determin-
istic part nor fixed jump locations, again we will treat this case separately; so the VCRM’s u

we consider have a series representation

U= (ZWI,i6X,‘7"'7ZWd7i6X,‘> (111)
i=1 i=1

for a random collection of vectors {(W) ;,..., W)}, taking values in (R™)? and {X;},
taking values in X; such VCRM’s are determined by the following Laplace functional

transform:
E [e—m (fl)—~-~—ﬂd(fd)] — o car(1me NPl ) v, (ds d) (1.12)

where fj: X — R", j e {1,...,d}, are such that y;(f;) < e and ¥, is a measure, defined in
(RT)? x X, 2 ((RT)?) ® 2), which must satisfy the integrability condition

/ min{1, ||s|[} ¥ (ds, dx) < oo (1.13)
(R+)4xX

for any bounded set X € Z". We call V,; the multivariate Lévy intensity of g. Two basic

examples of VCRM’s are given next.

Example 3. Independent entries VCRM
Letd € N\ {0} and p a d—dimensional VCRM. The entries of y are pairwise independent
if and only if its Lévy intensity satisfies that

Va(A,B)=v;({s: (5,0,...,0) €A} ,B)+ v, ({s : (0,5,0,...,0) €A} ,B)
+...4+v;({s:(0,0,...,5) €A} ,B)

for some univariate Lévy intensities vy, ..., Vv, and any sets A € Z((RT)4), B € Z(R").

Example 4. Completely identical dependence
Letd € N\ {0} and g a d—dimensional VCRM. The entries of i are almost surely equal if

and only if its Lévy intensity satisfies that

Vi(A,B)=V({s: (s,s,...,5) EA},B)
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for some univariate Lévy intensities ¥ and any sets A € Z((R*)?), B € Z(R™).

The corresponding homogeneous case arises when V,; can be written in the form
74(ds, dx) = py(ds) K(dx) (1.14)

where p, is a measure in ((R")4, 2 ((R*)“)) referring to the vector of jump heights and k is
a non-atomic measure in (X, 2") referring to the shared jump locations in each CRM within
the vector. Again, if in the multivariate Laplace transform (1.12) we take fi(x) = AL ca)
forie {l,...,d},A = (A1,...,Ag) € (R*)? and A a bounded set in 2" then we can obtain a
simpler version of the multivariate Laplace transform as

B [~ (A)—~~—adud<A>] — ¢ Jmhpa(-e T Ty (ds dx) (1.15)
We define the Laplace exponent corresponding to a VCRM as
wa) = [ (1= e~ &) 7, (ds, dx). (1.16)
(RF)4x(0.1]

Again, if the Lév intensity of interest is homogeneous as in (1.14) then the corresponding
Laplace exponent can be written as W (1) = y(¢)w(A) where y(t) = [j k(dx) and (1) =
Jimeya (1= e~ *5))p,(ds). We observe that each entry in a VCRM g = (uy,...,tg) is a
CRM with its corresponding Lévy intensity. Indeed, for j € {1,...,d}, the Lévy intensity
associated to [}, the j-th entry of a VCRM p with multivariate Lévy intensity V,, is given by

vi(4,X) :/(R+)d-n Va(dsy,...,dsj_1,A,dss1,...,dsg, X) (1.17)

with A € Z (R™). We call v; the j-th marginal of the d-variate Lévy intensity V,;. We observe
that if V; is homogeneous, taking the form (1.14), then each marginal v; associated to V; can
be written in the form

vj(ds,dx) = p;(ds)x(dx) (1.18)

with p; a measure in (R, ZA(R")), for each j € {1,...,d}. For a Lévy intensity p,(ds)dx

we define the d—variate tail integral in analogy with Definition 3:

Definition 5. Let p,;(ds)dx be a d—variate Lévy intensity defined in

((R+)d xRT, B ((R+>d) ®%’(R+)> .



1.3 Neutral to the right distributions 13

The d—variate tail integral associated to p,; is the function

U(u :/ Pa(ds).
( ) [M],M)X..,X[Md,w) d( )

With the notation as in 1.18 we set the notation for the marginal tail integral, i.e. the tail

integral associated to the marginal p;(ds)dx, as follows
U,—@):/{ pi(d) (1.19)
U0

for je{l,...,d}.

1.3 Neutral to the right distributions

In the seminal work of Doksum (1974), the neutral to the right (NTR) probability distributions
were introduced. Such NTR distributions can be expressed in terms of a CRM p.

Definition 6. We say that a positive random variable Y has a NTR distribution given by a
CRM p, denoted Y ~ NTR(u), if

S(t) =PY >1|u] = e O,

where U is such that
a.s.

lim 41(0,1] = o, (1.20)
so Y is almost surely supported in R™.

NTR distributions have several appealing properties, including the independence of normal-

ized increments
Fny) F(y) —F(11) F(tgx) —F(tx—1)
’ 1—F(ll) ’ ’ I—F(lel)
for F(r) = 1 — S(z) the distribution function associated to the NTR distribution, 0 < #; <

... <tk for K € N. Another important property is the posterior characterization for censored

to the right data which is of great utility in a survival analysis context.

Definition 7. Let there be two independent samples

o iid
v}z, "< H
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and

ii

{G}., ~ G,
for H, G cumulative distribution functions. We suppose that we only observe
T; =min{Y;,C;}; Ji= Liy<cy-
We denote as censored to the right survival data

2 = (T )Yy

Taking into account possible repetitions in the censored to the right observations, we consider
the ordered statistics without repetitions, (T(l), ceey T(k)), where k is the number of different
observations. We set 7o) = 0, T(; 1) = °o. In the frequentist statistics literature, the survival
function of the observations of interest, in censored to the right data, is fitted with the Kaplan-
Meier estimator, we will use this frequentist estimation for comparison with the Bayesian

nonparametric fits of survival functions in this thesis.

Definition 8. The Kaplan-Meier estimator for the survival function of the events of interest

in a censored to the right survival data setting is given by

Sxkm(t) = (1_ "
{j:gsr} #{i: T, > T}

(1.21)

The number of exact observations for censored to the right data is n, = Y/ | J; and the

number of censored observations is n. = n — n,. Define the set functions

n n
“(A) =) Jila(Ty) ; =Y (1 —Ji14(T;
i=1

=1

So we define the numbers

nS=#{i: T=T adJ;=1} ; nS=#{i: T;=T;and J; =0}
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for, respectively, the exact observations and censored observations related to time T( i)

Jj €{1,...,k}. The next cumulative quantities will also be of use
k k
ﬁj:an ; ﬁ?zZnﬁ,
r=j r=j
where j € {1,...,k}. Using the notation introduced above, the posterior characterization

when considering censored to the right data for a NTR distribution is given next.

Theorem 1. Let u be a CRM with Lévy intensity of the form v(ds,dx) = v(s,dx)ds. And let

D be censored to the right data arising from a NTR(u) model. If for n;(s) = v(s, (0,t]) the

partial derivative n,’o (s) = a%’l(s) ‘ exists, then the posterior distribution given censored to
t=ty

the right data 9 is again NTR with the next associated CRM

ue + ) M;ér,, (1.22)

{J: T}y is an exact observation }
where

i) U° is given by a Lévy intensity V° such that

v°(ds, dx)| )= ef(ﬁ%ﬁ;)sv(s,dx)ds

xe (T Ty
forje{l,...;k+1}.

ii) The random weights {M,} jepm, with
M={j: T\ ;) is an exact observation 1

are mutually independent and have, respectively, a density given by
f(s) < e TN (L — e imp (s).

iti) The completely random measure |1° is independent of {M;} jcp.

The result above showcases that the posterior distribution of a NTR distribution with respect
to censored to the right data is itself NTR again. This is because the measure in (1.22) is
completely random; we can distinguish two parts in it, a so called "continuous" part given
by (° and a discrete part with jump locations explicitly given by the exact observations in
the survival data and random jump weights. We observe that such result is similar in spirit
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to the conjugacy results in parametric Bayesian statistics and allows for model tractability.
Indeed, we can use the result above to propose an estimator for the survival function of the

event times of interest in terms of a posterior mean as follows.

Corollary 1. In the setting of Theorem 1, let H be the survival function associated to the

event times of interest, {Y;}}_, in the censored to the right data 9 and set
M, = {j : T(j) is an exact observation and T(J-) < t} .

We can estimate H with

ZHI <V’z/\T( )( )— WtAT(J 1)(1))

oo —(14aS+7¢ N
I Jore TN (1 — ey, (s)ds
jem, Jo e (7515 (1 _e_s)nirlln ) (s)ds
J

$(r) =E[P[Y >1|u]|2] =

(1.23)

where ' is the Laplace exponent of u° restricted to (T 1), 1)) J € {1, Kk}

Usually the Lévy intensity underlying the CRM in a NTR distribution is parametrized by
some real valued vector c. It follows from the proof of Theorem 1 that we can get an explicit
formula for the likelihood of such vector of hyper-parameters ¢, given survival data 2 as

before; such likelihood is of key importance for the inferential procedure of the NTR model.

Corollary 2. In the setting of Theorem 1, given survival data 9 if the underlying Lévy inten-
sity V¢, the corresponding partial derivative nt”c and Laplace exponent \J; o are parametrized

by some vector ¢ with real valued entries then the likelihood on c is given by
k 7C_| e 7C | e
(C' 9) _ *Zj;l <‘I/T(j),c(”j+”j)*WT<j71>.c("j+"j)>
1= ) g ()
()

jGM
We highlight that if we assign a prior distribution on the vector of hyper-parameters ¢ then
we can use the above likelihood to get the posterior distribution; furthermore we can use a

Markov Chain Monte-Carlo (MCMC) algorithm to draw samples from ¢|2. To make easier
the evaluation of the estimator in Corollary 1 we present two Propositions next.
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Proposition 2. In the setting of Theorem 1, the Laplace exponent of U° restricted to
(T j=1), 1)) j € {1,...,k}, can be evaluated as

wI(A) = (‘l’me (A+75+79) = Ying, ) (A +75 +ﬁ§))
— (Winr, (85 +75) = Wiz, (5 +75)

We observe that if in the above result the Laplace exponent y; is related to an homogeneous
CRM so y;(A) = y(¢)y(A) then we have the following simplification

Y () = (Y AT)) = 1 ATGon) (WA S +75) — w(is+ 7))

Proposition 3. Let v be a Lévy measure defining a CRM, let g € R™ and n € N\ {0}. Then

n—1
/ e (1—e™)"v(ds,dv) = ) ("_ 1) (DM (v k) =y (k+1+9))
R+ (0,1] =\ k
We observe that in order to calculate the estimator proposed in Corollary 1 we need to
explicitly evaluate the Laplace exponent y of the underlying CRM in the NTR distribution,
this need is further showed in Proposition 3 above where the Laplace exponent is used
to evaluate integrals as the ones in the estimator formula 1.23. Similarly to evaluate the
likelihood in Corollary 2 the calculation of the Laplace exponent can be of key importance
for computations. In the next example we illustrate two ways of of fitting the survival of
possibly censored to the right data in a NTR context.

Example 5. NTR fit
We consider synthetic exponentially distributed censored to the right survival data 2 where

Y; ~ Exponential(1.0), i=1,...,125.
C; ~ Exponential(1.0/3.0), j=1,...,125.

Such choice is useful as it allows for around 80% of the censored to the right observations to
be exact, around 100 data points. We use the estimator from Corollary 1 to fit the data. As we
take into account a vector of hyper-parameters ¢ in what follows we denote such estimator,
(1.23), as $(t;¢). We consider a NTR distribution with an homogeneous Gamma(a, 3) as
underlying CRM. Hence, our vector of hyper-parameters is ¢ = (¢, 3); to which we assign
prior distributions, po and pg respectively, and use a Metropolis-Within Gibbs algorithm to
draw samples from the posterior distributions of o and f3, i.e. a|2 and |2 accordingly. To
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this end we use the likelihood I(ct, B;9) as presented in 2. Given initial values a(®) and (©)
the algorithm is as follows.

Algorithm 2 Metropolis within Gibbs for NTR(Gamma (a, )) model fit example

1: Draw o'tV from a Metropolis-Hastings sampler with truncated Normal proposal distri-

bution g(x'|x) ~ Normal| (0,00) (x,1) and target distribution

1(x,B7; D) pg(x).

2: Draw f3 (+1) from a Metropolis-Hastings sampler truncated Normal proposal distribution
g(x’|x) ~ Normal| (0.0 (x,1) and target distribution

(@) x;9)pg (x).

After using the above algorithm to generate a MCMC chain we use the values oe™**P°St and
BmaxpPost which attain the maximum posterior distribution along the chain to evaluate the

estimator in Corollary 1 as
Smaxpost — S(t, amaxpost,ﬁmaxpost) (124)

see Figure . Alternatively we can average the estimator over the values in the chain after a
burn-in index.

. chain-length $ l‘;OC(i) (1)
Saveraged (t) = Z ( : )

i=burn-in

1.25
chain-length — burn-in’ (1.25)

see Figure . The prior distributions we choose for the hyper-parameters are.

—
=
~
\.ﬂl
Q
(3]
I

o ~ LogNormal(m = 1. 1.0)

B ~ LogNormal(m = 1.0,6% = 1.0)

where T is the mean of the censored to the right observations {T,}llg and LogNormal(m, 62)

denotes the law of LogNormal random variable associated to a Normal distribution with
mean m and variance 6. With such choices we run Algorithm 2 and show the chains for o
and f in Figures 1.3 and 1.4, respectively; the values attaining the maximum a posteriori

value are showed in these figures and later used to plug-in in the estimator (1.24) which
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is showed in Figure 5; even more, we use the chains to produce the estimator (1.25) as

showcased in Figure 1.6.

MCMC chain for a

300 +

250 1

200 +

150 A

100

50

o - — M= 108.76

T T T T T T T T
0] 500 1000 1500 2000 2500 3000 3500 4000

Fig. 1.3 Plot of MCMC chain for o as described in Algorithm 2.

MCMC chain for 8

350 +

300 A

250 +

200 +

150

100

50

—— pMaxPost= 117.07

T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000

Fig. 1.4 Plot of MCMC chain for 8 as described in Algorithm 2.
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Survival fit with maximum a posteriori estimator for the hyper-parameters

1.0 + —=—= Kaplan-Meier estimator
—— True survival
—— MNeutral to the right estimator
0.8 H
0.6
=
o
0.4 1
0.2
0.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fig. 1.5 NTR survival fit with the estimator (1.24), compared with the Kaplan-Meier estimator
(1.21) and the true survival function of the events of interest, which are exponentially
distributed with rate one.

Survival fit averaged over MCMC chain values

1.0 ——- Kaplan-Meier estimator
—— MNeutral to the right estimator
—— True survival
0.8
0.6
=
W
0.4
0.2
0.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fig. 1.6 NTR survival fit with the estimator (1.25), burn-in= 200, compared with the Kaplan-
Meier estimator (1.21) and the true survival function of the events of interest, which are
exponentially distributed with rate one.
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The asymptotic analysis of a posterior distribution when the number of observations n tends
to infinity is of special importance in Bayesian statistics. Posterior consistency is a key

concept in this setting.

Definition 9. Given a time horizon T € R™, n i.i.d. survival times Yi,...,Y, associated
to a true cumulative hazard function Ag which is continuous, a true survival function Sy
such that lim;_, So(¢) = 0 and lim,_,So(¢) = 1 and corresponding survival data 90 —
{(T;,6:,X;)}_,, We say that the posterior is consistent if for any € > 0

P |sup |S(r) — So(t)| < €|2™ | — 1
t<7T
The study of posterior consistency conditions for NTR distributions was performed by Kim
and Lee (2001) and Dey et al. (2003). To introduce such conditions we haver first to present

the cumulative hazard function for NTR distributions.

Definition 10. Given a random variable with cumulative distribution function F and survival

function S, its cumulative hazard functions is given by

[T F(ds)

Ar) = 0 S

For NTR distributions we have the following characterization of the cumulative hazard.

Proposition 4. Ler Q&%) (x) = 1 —e™* be the quantile functions of an Exponential r.v. with
rate parameter 1. If S ~ NTR() and U is a CRM with homogeneous Lévy intensity v(ds,dx)
then the cumulative hazard function of S is a CRM with homogeneous Lévy intensity & (ds, dx)
given by

s —v (050 ' ).5)
forany A,B € B(R™).

For a proof see Proposition 2 in Dey et al. (2003) and the discussion therein. If v is
homogeneous v(ds,dx) = p(ds)k(dx) and furthermore p is absolutely continuous with
respect to Lebesgue measure, i.e. p(ds) = p(s)ds, then &(ds,dx) = L(ds)x(dx) and L is
absolutely continuous with respect to Lebesgue measure, L(ds) = L(s)ds, as

_ _ [ p(Zlog(l—s)) .
L) = /(QEXP(I))l(A) pls)ds = /A 1—s ds;

so L(s) = p (—log(1—1s)) /(1 —s) where we have been performing the usual abuse of nota-

tion of giving the same name to the measure and the respective Radon-Nikodym derivative.
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The next result from Kim and Lee (2001) gives sufficient conditions for posterior consistency
when we consider a cumulative hazard rate given by a Lévy process with homogeneous
intensity of the form & (s,x)dsdx in the NTR model.

Proposition 5 (Kim and Lee (2001)). Given a time horizon T € R™, if S is a survival function
such that S(ds) = 1 — A(ds) where A is a CRM given by a Lévy intensity & such that for

1
Alx) = / s&(s,x)ds
0
we have that

sup — s <™
we0d,scp1]  AX)

and there exists a function h(x) in [0, t] such that 0 <infyc(o 7 h(x) < sup,cjo - h(x) < oo and

0 <lim sup
s=0,cf0,)) A(X)

then the posterior distributions of S is consistent.

Example 6 (Kim and Lee (2001)). Homogeneous Gamma CRM posterior consistency
For the homogeneous gamma CRM we have that

Be”*'x(x)

v(s,x) = -

so by Proposition 4 the associated cumulative hazard function A has Lévy intensity given by

_ B —s5)%(x)
S(9%) = o= 91—

We observe that

Ay [ B =)

o —log(l—s)(1 —s)ds = cx(x)

for some ¢ € (0,00). Using 1 —e™* <

Sﬁ(l—S)a B(l_s)oc:ﬁ

sup < sup —

xel0,d,scfo,1] —clog(l =) = cjoq € ¢
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Consistency for Gamma NTR

Survival fit with 15 observations Survival fit with 60 observations

—— True survival —— True survival
1.0 1 —— Neutral te the right estimator 101 —— Neutral to the right estimator

0.8 1

0.6 4

5(t)
s(t)

0.4 4

0.24

X T T T T T T T 0.0 T T T T T
0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00 0.0 0.3 10 15 2.0 2.5 3.0
t t

Survival fit with 25 observations Survival fit with 125 observations

—— True survival —— True survival
104 —— Neutral to the right estimator 1.0 —— Neutral to the right estimator

0.8 1

0.6 4

()
S5(t)
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Fig. 1.7 Plot of NTR fits as in Example 5, with (1.24), and true survival for 15, 25, 60 and
125 observations; in each case there are around 80% of the observations are exact and the
rest censored to the right.

and choosing h(x) = 8/2¢

B B B
fim = (1=9) = 22| = 3¢

, sB(1—s) B
ggr(l)xzhlfﬂ —clog(l—s)(1—s5) 2¢

So the gamma CRM satisfies the conditions of Proposition 5 and in consequence the consis-

tency of the posterior survival function.

Another interesting asymptotic property in Bayesian statistics is the Bernstein-von Mises
theorem which deals with the convergence of the posterior distribution into the law of a
frequentist estimator, in our case the Kaplan-Meier estimator of Definition 8. In what follows
let B(-) be a standard Brownian motion in R™ and given survival data with covariates @g )
denote the associated Kaplan-Meier estimators as §§53,I

Definition 11. Given a time horizon 7 € R™, let D([0, 7]) be the space of cadlag functions
on [0, 7] with the uniform convergence topology and associated Borel c-algebra. Let there
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be ni.i.d. survival times Y7,...,Y, associated to a true cumulative hazard function Ay which
is continuous, a true survival function Sy such that lim;_,. So(¢) = 0 and lim,_,0So(7) = 1,
and corresponding survival data 2" = {(T;, &, X i)} |; we say that the posterior attains the
Bernstein-von Mises theorem if

2 (Vals() = $&i()125) 4 =SB ()

on D ([0,7)) with probability 1, where Up(t) = [ dAo(s)/Q(s) with Q(¢) =P[Y >1], Y ~
Z(8).

The next result from Kim and Lee (2004) gives sufficient conditions for the Bernstein-von
Mises theorem in a NTR setting.

Proposition 6. (Kim and Lee (2004)) Given a time horizon T € R™, if S is a survival function
such that S(ds) = 1 — A(ds) where A is a CRM given by a Lévy intensity & such that for

1
0<A(x)= / sE(s,x)ds < oo
0
we have that

sup — . ™
w0d,scf1]  AX)

(5071

for some € > 0. Then the posterior attains the Bernstein-von Mises theorem.

and

sup
x€0,7],5€(0,€)

Example 7. (Kim and Lee (2004)) Homogeneous Gamma CRM Bernstein-von Mises

In view of Example 6, k¥ must be bounded and positive in [0, 7] and we only have to observe
that for g(s) = s&(s,x) /A (x)

iy Bl=5)*"" Bla—1)s(1—-5)*2* Bs(l—s5)*"?
8§ =~ oeli=s) = clog(l =3) 2 (log(1—9))

B Blo—1)s(1—-5)%2 B(1—5)*"1 /—log(l—s)—s(1—s)"!
- clog(1—s) * c < (log(1 —s))? )
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Bernstein-von Mises Theorem for Gamma NTR

Survival fit with 15 observations Survival fit with 60 observations
--- Kaplan-Meier estimator —-- Kaplan-Meier estimator
107 —— Neutral to the right estimator 104 —— Neutral to the right estimator
0.8 0.8
06 _ 06
@ @
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0.0 T T T T T T T 0.0 T T T T T
000 025 050 075 100 125 150 175  2.00 0.0 05 10 15 2.0 2.5 3.0
t t
Survival fit with 25 observations Survival fit with 125 observations
- KBD\BI’\'MEIEI’ estimator - KBNBI’\'MEIEV estimator
107 —— Neutral to the right estimator 1.0 4 —— Neutral to the right estimator
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Fig. 1.8 Plot of NTR fits as in Example 5, with (1.24), and Kapla-Meier fits for 15, 25, 60
and 125 observations; in each case around 80% of the observations are exact and the rest
censored to the right.

for some ¢ € (0,0). Using L’Hopital’s rule we see that

Bla—1) B, (1-s)'—(1—5)"—s(1—5)2

1. / __P\®*—7 —l
Jimg'(s) e e log(l—s)(1—s)
__Ble=1) B
c 2¢

So the Bernstein-von Mises result follows.

1.4 Proofs of NTR results

In this section we give the proofs of the results associated to NTR distributions in the previous

section.
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Proof of Theorem 1

We need the next technical lemma for the proof of the theorem.

Lemma 1. In the seiting of Theorem 1, let r € R, g € N\ {0}, 1o > 0 and 0 < € < 1y, then
as€—0

E | Ho—€M0] (] — eWO*f-foJ)ﬂ —¢ / Te(1— e*)Iny (s)ds +o(€)
0

Proof. We denote A2 f;(r) = fs,(r) — fs, (r) for a function f where s;,s2,r € RT. We use
the binomial theorem and apply expectation to write the left hand side in the equation above

as

E [e*ru(fr&fo] (1— eﬂ(fO*EJo])q] —E

i< ) AO (i)

_ O ew() i (Q) (= 1)l - Wlre)-w(r)
i=0 \!

q

A0 ()
—=e t0—8 t Z
i=0

q
DN (_1)ip—(r+i)p(to—e.to]
£ (ron

i=0

?)(_l)ie—fo e (1= ) AD ey (5)ds

1

_ oD [y

t q
_ e Shen (14 y

= e_Aig—*?"”(r) —8/000 e”zq: <q) (=11 - e*"s)nt'0 (s)ds+0(8)>

We make use of the following Lemma to simplify the proof of the Theorem.
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Lemma 2. In the setting of Theorem 1 suppose the censored to the right data D is comprised

of a sole observation t| with frequencies n® = n{ and n° = n{. Lett < t|; then

—Ap(0.1] , E[e—(/ln%"g)”(o’tq
E[é’ #o, Iﬂﬁ] = lim E [e~ (r+n) (0]

Proof.

E {emo,r]encmom (emi0n-ei eu(O,n])ne}

E [e*lu(o’f]

5 @ - l e
H ] EE)I}) E [e_ncu(oatl} (e_[.L(O,ll—S] — e_”(o’ll])n :|
B { e_au(o,z]—ncu(o,t}—neu(o,ﬂ E {e—nm(m] <e_.u(tvt1_s} — e—“(’v“])ne]

= lim e
50 [ fe-ru(0d-nu(0a] | [e—ncw,n] (e-m(tn—e] — g=p(tn])" ]

E o (04
— o~ (WA +n®) =y (n+n))

E [ -1 )a(04]]

]

We observe that if y; is the Laplace exponent associated to the Lévy measure v then
l//t(k) (1) = y; (A 4+ k) — y; (k) is the Laplace exponent associated to e *v(ds, dx), with this
in mind we have that, in the following, without loss of generality for calculations of the
posterior Laplace exponent as in the previous Lemma it suffices to consider evaluation of the
exponent in a time ¢ which is greater than all the survival times in the survival data D.

Lets define

k
Toe=(\{(T1,J1,.... T, Jn) - m* ({T;;)}) =nS,
j=1

m® (1) — &1;;)]) = nf}

so that

B[00y, (9
el 0] — oy EL 05 D)
€0 P[2 €Tg]
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We have that

E[efxu(o.t]ﬂrm (9)} — limE |e

e—0

Ap(0.4) =Xy nf (0,7 ﬁ( e u(07T<i>}>"1

1

<l—e u(T, eT(,-)})nf]

— | | o A0 =EE (0,7 Ly nf (0,75~

:j»

i=1

— | AT 1=l QA TAT W (Tl T €)=Ky (A, (T =T

k "

<I1 (1 - e*MT@-)fe,T(,-)}) ,
i=1

k - k .
< B o B (e BT —e T T (1 ¢ 42 )
i=1
=E[L]E[L]
with

I = e—):i:]l (A7 +7 ) 1 (Tiz1), Ty —e]
where we set T(;;.1) =1, i | = 0=} ;. On the other hand
k ne
b = o~ B (A (T~ T TT (1 —e—“<T<f>—f’T<f>]) . (1.26)
i=1

For the expectation in I need to calculate quantities of the form
E [e—rﬂ(to—&to] (1— e#(to—&to])q]
which are already given by the previous lemma for g > 0; if g =0
llm E [ (t() g, tO]( e”(lo_gvt()]) :| — llm E |: (t() g, l()]:| =1

So if we define # = {j : n} > 0} then

lim E[l»] = lim <s / e~ (AL )3 (] — ™)y, (s)ds+o(e)>
O 1

£e—0 EHOiG/



1.4 Proofs of NTR results 29

We also get that

k+1 7y e ¢ ze
ImE[}]=e e (‘VT()(’l+"i+",-)—V/T(i_l)(/l+ni+ni))

£—0

So

E[e—lue(o.t]ﬂrag (@)} _ Zk+1< T (A7) = (,-,1>(/l+ﬁ,‘7+ﬁf))

X lim (s/ — (AT )s (1 —e’s)”fn'T(,> (s)ds+0(8)>
O 1

8_>Oie/

Analogously, or by Monotone convergence when A — 0, we get that
k o -
E []11“9] = e72i=1 (WT,-(n,- +ni)*ll/T<i71) (”i +”i))

x lim T < / (A )s (1 —e_s)"?n'T(i) (s)ds—|—0(8)> . (1.27)

e—0. ic ¢
It follows that

— (7§ +0€)s
E [e—lue(o,t] ‘9} _ e_):f‘cill fR+X(T<i71>,T(i)](1_eils)e U1y (ds du)

(el e BT — ey (s)ds+ o)
X lim :

jer &0\ g e () (g _e—s)"fn’T(j)(s)dero(e)

—(+nf)s
6_25‘2—11 fRJrX(T(ifl)'T(i)](1_67)“)6 (7 +71;) v(ds,du)

oo 7<l+n +7 _ oS\ !
0 Jie )i ying (s)ds

jem f5°€_<ﬁ$+ﬁf+l)s(1—efs)"’?n/Tw

(1.28)
(s)ds

Proof of Corollary 1

In equation 1.28 above, take A = 1 and using the discussion after Lemma 2 replace M with
M, to obtain the result.

Proof of Corollary 2

From equation 1.27 in the proof of Theorem 1 we obtain the desired likelihood.
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Proof of Proposition 2
In the setting of Theorem 1.
- /mT AT XR+(1 B ei(l+ﬁ§+ﬁ;)s)v(s’dx)ds
_ / (1— e~ @)y (5, dx)ds
(tATjj1) d AT ) <R
- (W% (A4 754 789) — Winy, ) (A + 75 +ﬁ;>)
= (Wanm 55 485) = i, (54 75))

Proof of Proposition 3
In the setting of Proposition 3
(1 —e )" v(ds,dx
/R+><(0,z}e (1=e7) v(ds,d)
- e (1 —e-S)nZ1 n—l (—1)*e v (dsdx)
k

R+ x (O,I] k=0

_ Zl <”; 1) <_1)’</R+X(M e~ s (1 — ¢%) v (ds, dx)

— n—1
— -1 k+1 (/ 1— —(k+q)s d 7dx
ko( e ([ ametvasay

_ /R ot —e<k+1+qﬁ)v(ds,dx))



Chapter 2

Compound random measures

2.1 Completely random measures

Griffin and Leisen (2017) introduced a flexible and tractable family of VCRM’s. Their
key idea was to construct a d-variate VCRM using as building blocks a CRM, i.e. an
univariate VCRM, and a d-variate probability distribution. They call Compound Random
Measure (CoRM) the particular family of VCRM’s they propose. The following definition
of a CoRM differs from the one in Griffin and Leisen (2017) since it takes into account
the inhomogeneous case, where the locations and associated weights in the CRM are not

independent as in (1.14).
Definition 12. A Compound Random Measure (CoRM) is a VCRM with Lévy intensity
given by

74(ds, dx) — /

R+

h (S—ls—d) dsv*(dz, dx) @.1)
Z Z

where h is a d-variate probability density function which we call the score distribution

density, and v* is a Lévy intensity which we call the directing Lévy measure.

By performing a simple change of variable we note that

/ 7 h s—l,...,s—d ds=1.
(R+)d Z 2

Therefore, z¢h (%‘, ey %’) can be seen as the density of a distribution function

H(ﬁﬁ>
Z Z
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This allows to write the multivariate Lévy intensity in equation (2.1) as

Va(ds,ax) = [

d d
H <ﬂ ﬂ) v*(dz, dx), 2.2)
R+

z’ z

and we call such H the score distribution. To write the Lévy intensity of a CoRM in
terms of distribution functions rather than probability density functions will be convenient
for the results presented in the next section. In the following we will say that the CRM as-
sociated to the directing Lévy measure v* of a CoRM p is the directing CRM of the CoORM u.

In Griffin and Leisen (2017), they used a CoRM to model a vector of Dirichlet processes
which they used to fit a mixture model for heterogeneous clinical studies; furthermore they
extend this approach in Griffin and Leisen (2018) where they use a mixture model based
on a normalized CoRM where the score distribution depends on a covariate. On the other
hand, Todeschini et al. (2016) recently used CoRM’s for the modelling of graphs which allow
overlapping communities. Finally in this thesis we will use CoRM’s for survival analysis
with multiple-sample information, Riva-Palacio and Leisen (2018) as discussed in Chapter 4,
and for survival analysis regression in Chapter 5. We conclude the high potential for the use

of CoRM’s in the analysis of several heterogeneous datasets.

2.2 Integrability conditions

The specification of a CoRM needs the initial choice of a score distribution and a directing
Lévy measure. Although this seems straightforward, it is necessary to check that this choices
lead to a well defined CoRM. Otherwise, the associated stochastic process, in this case a
random measure, is not well defined; in a Bayesian statistics setting where a probability
distribution is given in terms of a CoRM we can be under risk of performing inference based
on an ill-posed prior if the CoORM we are using is not well defined. In this section we look at

two important aspects of Definition 12

1) We provide conditions on the score distribution and the directing L.évy measure for the

existence of the marginal Lévy intensities of a CoRM, see Theorem 2 and Corollary 3,

2) We provide conditions on the score distribution and the directing L.évy measure for the

existence of the multivariate Lévy intensity of a CoRM, see Theorem 3.

Essentially, Theorem 2 and Corollary 3 ahead focus on the existence of the marginals, (1.17),
of a CoRM. On the other hand, Theorem 3 focuses on the global existence of a CoRM. The

proofs of the theorems can be found at the end of the chapter, section 2.4.
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Let H and v* be, respectively, a score distribution and a directing Lévy measure which define
a CoRM. We denote with H;, j € {1,...,d}, the j-th marginal of a d-dimensional score
distribution H. A simple change of variable leads to the j-th marginal of a CoRM, namely

vax =[] sy

_ « (42 |
_/]1{{+/,4va (s ,dx) Hj(ds). (2.3)

We can see the formula above as a mean. Let S; be a random variable with distribution Hj,
then

A
vj(A,X):E[v* (—,X)} (2.4)
for A € Z(R"). We use the last identity to give conditions for the marginal intensity Vv; to be

a proper Lévy intensity, i.e. a measure that satisfies the condition displayed in equation (1.2).

Theorem 2. Let H be a d-variate score distribution and v* a directing Lévy measure defining
a measure V4 as in (2.2) with corresponding marginals v; for j € {1,...,d}. Let X be a
bounded set in 2, then the measure V; satisfies the integrability condition (1.2) if and only if

/ P {Sj > 1} v*(dz, dx) < oo 2.5)
(0,1)xX z
and
/ P {S,- < 1} 2v*(dz, dx) < oo. (2.6)
[1,00)xX Z

Furthermore if the marginal score H; satisfies that

1
1—H; (—) <zVz€(0,¢€) for some € >0 (2.7)
z
and
) 1
lim 2, <-) <o 2.8)
z—e0 z

then conditions (2.5), (2.6) are satisfied with an arbitrary choice of the directing Lévy

measure V*.
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As set in Definition 12, we usually work with CoRM'’s given by a score with a probability

density; in such case the following corollary to Theorem 2 follows.

Corollary 3. If S; has probability density function h; then conditions (2.7)-(2.8) reduce to

a0
lim -2 < 1 2.
zgl(l) Z2 < (9)
and
lim & (&) < oo. (2.10)
e—0

The previous results concerned conditions for the marginals of a CoRM to be well defined,
now we focus on such a result for the CoRM. For a score density function / and directing
Lévy measure v* to properly define a CoRM we need to check the condition (1.13) which
takes the form

. S Sq ds *
1 lsiba (25 5 ) Sy (dg, di) < oo 2.11
[ mintn st () Gy @ @1

for bounded set X € 2 . As stated at the beginning of this section, in the next theorem we
provide conditions on the score distribution and the directing Lévy measure for the existence
of the multivariate Lévy intensity of a CoRM. This is equivalent to provide conditions such
that the above inequality holds true.

Theorem 3. Consider a CoRM which satisfies conditions (2.5) and (2.6) for each marginal
vj, j€{l,...,d}, then the integrability condition (2.11) is satisfied.

We conclude this section by providing three examples of the use of the previous results when

considering Gamma, Beta and LogNormal distributed score distributions.

Example 8. Gamma scores

We consider the marginal gamma score case. Let i be the d-variate probability density of
the score distribution; for j € {1,...,d} we denote the j-th marginal density /; and let it
correspond to a Gamma distribution with shape and rate parameters o, f3;, i.e.

ﬁj('xjs(xj—le—ﬁjs
hi(s) = ———=———1 sc(0.00)}-
J( ) F((XJ) { E(O: )}
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We check the constraints (2.7), (2.8) by making use of Corollary 3 as we have probability
densities. To check (2.9) we see that
B

1
lim hj (E) _ J _
s—0 S2 s—>OF( )afH

and constraint (2.10) is satisfied for arbitrary Lévy directing measure v* whenever o/; > 1, as
in the examples presented in Griffin and Leisen (2017). However for a;; < 1 the associated
CoRM will be well posed depending on the choice of v*. If for example we take the directing
Lévy measure to be the o-stable, i.e.

Ao
v* (dZ, dX) = W(]de

then constraint (2.5) in Theorem 2 can be reduced to

I'(l-o //h 1+cdeZ_ -0 // o+1dst
S e GG

which is always satisfied since /; is a Gamma density. On the other hand, condition (2.6) in
Theorem 2 becomes

1_ / / 1+Gdsdz— 1_ // dzds
—mfo hj(s)(s® ! —1)ds < oo

which is not satisfied when a; + o0 < 1.

Example 9. Beta scores
In the setting as above, if the marginal scores are Beta distributed, i.e.

s%=1(1 —s)ﬁi—1
Blog.By) O

hj(s) =

then constraint (2.9) becomes

hi (4 — D!
tim ")y _G=DP
550 §2 s—0 S(Xj‘f‘ﬁjB((Xj? ﬁj)
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so it is always satisfied; and condition (2.8) is satisfied whenever o; > 1. We consider

again a o-stable Lévy intensity for v* when ¢¢; < 1. Proceeding as in the previous example,

1_ //h cy+1c1zds<oo

so it always holds; and constraint (2.6) becomes

1_ // dzds<°°

constraint (2.5) becomes

which holds for o + a; > 1.

Example 10. LogNormal scores
We check conditions (2.9) and (2.10) for an arbitrary LogNormal distribution with density

he) 1 _ <1n<z);u>2
Z)= e 20
70V 2TW
We have that
_ (n(1/2)-p)?
i h(1/z) ~ lim 1 =
=0 72 =070/ 27t
o 1 71n(1/z) *2(“3 2)In(1/2)—p?
= lim 20 =0
=0 o/ 271'
and

, @ 1 @2 +2u-—c?)in() —p?
limA(z) = lim 202 lim e 202
o)

z—0 =0 \ zO\ /271' z—0 21
=0

So LogNormal scores define a CoRM for any choice of the directing Lévy measure v*.

Example 11. Mixture distribution scores
We will see that a mixture of score distributions which satisfy the conditions of Corollary 3

attains the integrability conditions.

Definition 13. Let n € N\ {0} and H") be a d—variate probability distribution for each
i€{l,...,n}. Given w = (wy,...,w,) in the n-dimensional simplex, i.e. with positive
entries and such that ' , w; = 1, then we say that the mixture of H M), ...,H" with weights
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w is the distribution given by
n .
H=Y wH",
i=1

denoted w1 Z(HW) + ... +w,.Z(H™) where we can refer to the law of the probability

distributions by their name, cumulative distribution, survival function or density function.

It is straightforward that if {h(")};":1 are probability densities satisfying the conditions in
Corollary 3, then then any mixture distribution of them has a probability density that attain
the Corollary 3 as well.

In what follows we denote a CoRM with score distribution "distribution" and directing
Lévy measure "directing" as "distribution"-"directing" CoRM; for example we can have
a LogNormal-Gamma CoRM or a Beta-o-stable CoRM. If the "distribution" label used
corresponds to univariate distribution we assume that the vector given by the score has
mutually independent entries with marginal distribution as the label; furthermore the directing

Lévy measure is taken to be homogeneous if it is not otherwise indicated in the label.

2.3 Other interesting properties

The aim of this section is to investigate four interesting properties of CoRM’s. First, we
focus on CoRM’s which arise from regurlarly varying directing Lévy measures. This result is
motivated by the recent papers of Caron and Fox (2017) and Todeschini et al. (2016) which
made use of regularly varying Lévy measures to construct sparse random graphs. Second, we
provide an explicit expression of the multivariate Lévy intensity of a CoRM with independent
exponential scores. This result is interesting when compared with Theorem 3.2 in Zhu and
Leisen (2015) and Corollary 2 in Griffin and Leisen (2017) which provide, respectively,
the Lévy copula representation and the Laplace exponent of CoRM’s with independent
exponential scores. Third we give a formula for the Laplace exponent of a CoORM which can
be approximated via Monte-Carlo methods. Finally, we give a series representation for a
CoRM which can be used for simulation purposes and that will be of use later on to prove
results concerning the model in Chapter 5. The proofs of the results can be found at the end

of the chapter.

For the results that deal with a d-variate CoRM given by an homogeneous directing Lévy
intensity v*(dz,dx) = p*(dz)x(dx), we observe that the corresponding marginals of the
CoRM can be written in the form v;(ds,dx) = p;(ds)x(dx) as discussed in (1.18).
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2.3.1 Regularly varying directing L.évy measure

In this section we focus on CoRM’s given by a directing Lévy measure that is regularly
varying. We recall that a real valued function L is slowly varying if lim,_,. L(at)/L(t) =
1Va>0.

Definition 14. An homogeneous Lévy measure p*(dz)x(dx) in R™ x X is said to be regularly

varying if the tail integral U*(y) = [;” p*(ds) is a regularly varying function, i.e. it satisfies

o-i()

for some o € [0,1), which we call the regular variation index, and L a slowly varying

function.

The following Theorem highlights an interesting link between the directing Lévy measure

and the marginal Lévy intensities in terms of the regularly varying property.

Theorem 4. Consider a CoORM with an homogeneous directing Lévy measure p*(ds)k(dx)
such that the conditions of Theorem 3 are satisfied. If p* is regularly varying with tail integral
U then the marginals pj, j € {1,...,d}, are regularly varying.

Example. o-stable directing Lévy measure

Consider a o-stable directing Lévy measure

(o
V*(ds, dX) = stdx

The related tail integral is
1

U= [(1-o)y°

1
I'(l-o0)"
We see that the regularly varying tail integrals related to the CoRM construction arise as a

which is a regularly varying function with index ¢ and slowly varying function L(y) =

factor of U*, namely U;(y) = E [Sﬂ U*(y) and from Theorem 4 the associated marginal tail

integrals are regularly varying.

Regularly varying CRM’s are of interest in the work of Caron and Fox (2017) and Todeschini
et al. (2016) as they are related to the asymptotic properties of their models, see Caron and
Rousseau (2017).
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2.3.2 Independent Exponential scores

Consider a d-variate CoORM given by an homogeneous directing Lévy measure v*(dz,dx) =
p*(dz)x(dx) and a score distribution corresponding to d independent standard exponential

distributions, 1.e.
d

h(sy,...,8q4) :He_si.

i~
We observe that each associated marginal takes the form v;(ds,dx) = f(s)dsx(dx), where

fls)=Jy 7 'e":p*(dz). The following Theorem provides a characterization for this class
of CoRM’s.

Theorem 5. Consider a CoRM as described above; the corresponding d-variate Lévy
intensity V;(ds,dx) = p,(s)dsk(dx) is such that

2.3.3 Laplace exponent of a CoRM.

We can express the Laplace exponent of a CoRM in terms of the Laplace exponent of its

directing Lévy measure as follows.

Theorem 6. Let U be a d-variate CoRM given by a score distribution H and directing Lévy

intensity V* associated to a Laplace exponent Y, then the Laplace exponent is given by
l//t(ll,. .. ,ld) = E[y/,*()qWI — .. lde)]

where (Wy,...,Wy) ~ H.

The inferential schemes for the models presented in Chapters 4 and 5 rely heavily on the
evaluation of the Laplace exponent of an underlying VCRM,; so the above result is of special
interest for using a CoRM in such models when its Laplace exponent is not explicitly available
but the one corresponding to the directing Lévy measure is.

2.3.4 Series representation of a CoRM

We can use the second part of Proposition 1 to obtain a series representation of a CoRM
given a series representation of the directing CRM. We illustrate such procedure in the next

theorem.
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Theorem 7. Let L be a CoRM given by a score distribution H and a directing CRM ™ with

a series representations

.U* — Z‘/Vi*éxi‘
i=1
If
(Ziir . Zai) "R H, i €{1,2,...}
then

a.s.

M:

s

(Z1iW;, ..., Zg;W;) Bx,. (2.12)
1

~.

We can use the above result to set an algorithm for simulation of a CoRM with score
distribution H and directing CRM u* as follows

Algorithm 3 CoRM simulation
1: Use the Ferguson-Klass algorithm, Algorithm 1, or some other algorithm to generate a

truncated series approximation of the directing CRM

*

TR

M=

Wy By
1

for some K € N.
2: Sample
iid.

(Z1jgy-. . Za;) ~ H,ie{l,....K}.

3: Approximate @ by using

TS

M=

(Z1,Wi, ..., Z4;W;) B, -

1

1

~.

We denote LogNormal(m,X) for a d-variate LogNormal distribution associated to a d-variate
Normal distribution with vector of means m and variance-covariance matrix E. Let /(4) be
the d-variate identity matrix. With such notation we plot a LogNormal-Gamma CoRM in
Figure 2.1.
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LogNormal( (1.5, 0.5), I'*')-Gamma(2.0,1.0) CoRM

121 _ LogNormal(u; = 1.5, 02 = 1.0)
LogNormal(u; = 0.5, 03 = 1.0)
10
8 -
=
S 61
o
4 —
2 —
-
0 —
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

t

Fig. 2.1 Plot of the entries of p ((0,¢] x (0,¢]) when a LogNormal (m =(1.5,0.5), 1(2)>—

Gamma(2,1) CoRM is considered, the Gamma directing Lévy measure is homogeneous,
i.e. k(dx) = dx as it was not otherwise stated. The random vector related to the secore
distribution has mutually independent entries due to the choice of variance-covariance matrix
but they are not identically distributed due to the vector of means choice. The simulation
was obtained by using Algorithm 3. The underlying Gamma process was obtained by using
Algorithm 1 as indicated in step 1 of the CoRM simulation algorithm.

2.4 Chapter 2 proofs

Proof of Theorem 2

We recall that v* satisfies (1.2) since it is a Lévy intensity. Using (2.4), condition (1.2) for v;

becomes
dz
]E/ min{1,z}v* [ —,dx
[R*xx {3} (Sj )}

zv*(dz,dx) | + E

/ V¥ (dz,dx) | < ee. (2.13)
)

.
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Therefore, v; satisfies (1.2) if and only if

/<0 " sz*(dz,dx)] < oo (2.14)
and

E

/ V*(dz, dx) | < eo. (2.15)
[5) <

_ST?

The former can be decomposed using the Fubini-Tonelli theorem in

E

/(07;)XXZV*(dz,dX)] = /R +XXP[S,~ < ﬂ zv*(dz, dx)

1 1
= P|S; < —|zv*(dz,dx) + P|S; < —|zv*(dz,dx).
(0,1)xX z [1,00) xX Z

Condition (2.6) ensures that the second term of the above equation is finite. It is easy to see
that the first term is finite as well. Indeed,

/ P [Sj < 1} zv*(dz,dx) < / zv*(dz,dx) < oo.
(0,1)xX < (0,1)xX

On the other hand, the second term in (2.13) can be decomposed in

/[1 w>XxV*(dz7dX)] :/R+xXPE gsj] v*(dz, dx)

Sj’

E

_ P[Sj > 1] v*(dz, dx) +/ ]P’[Sj > l} v*(dz, dx).
(0,1)xX z [1,00) XX z

Condition (2.5) ensures that the first term of the above equation is finite. It is easy to see that

the second term is finite as well. Indeed,

/ P{Sj > 1} V*(dz, dx) < / V*(dz, dx) < oo,
[1,00)xX Z [1,00)xX

Therefore, the first part of the theorem follows from (2.13), (2.14) and (2.15).

For the remaining part of the Theorem we use that (1.2) is attained when considering the
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directing Lévy measure v*. Indeed, if

1
lim zP [Sj < —] < o0 (2.16)
z—roo z
then as v* is a Lévy intensity
1
/ P [S,- < —} 2v*(dz, dx) < oo. (2.17)
[1,00)xX Z

$0 (2.14) holds. And if there exists € > 0 such that 1 — H; (%) <zVz€(0,¢) then
1
/ IF’[— < Sj] v*(dz,dx) < / zv*(dz,dx) < oo,
(0,1)xX Z (0,1)xX

$0 (2.15) also holds. From the first part of the theorem the CoRM marginal v; satisfies the
integrability conditions for arbitrary v*.

Proof of Corollary 3

We define f(z) =z— (1—H; (1)) and observe that f(0") = 0 so the existence of f'(07) >0
implies (2.7). As S; has a probability density we get that f'(0") exists and (2.7) is equivalent
to f/(0™) > 0 which we write as

hj ()

2

lim < 1.

=0 Z

Using the fundamental theorem of calculus we see that (2.8) reduces to

1
lIimzP|S; < —| =limh; oo
Zl_gloz {]_ z} slg(l) 1(8)<

which is satisfied when £ is continuous at zero.
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Proof of Theorem 3

Denote Pj = {s € (RT)? : max{sy,...,s4} =s;} for j € {1,...,d}; then, by using (2.3) and
the fact that each v; is a Lévy intensity we get that for any bounded set X in .2~

. S1 Sd ds *
1, h{—,...,— | Vv~ (dz,dx
Lo o mintlsl) (z Z)Zd (dz,dx)

d
) 51 sq\ ds
Lllsie (22 %) Sy (dz, dx
% [ w2 Z)Zd (42,09

j=1

()
:Jé/ﬂwxmin{l,\/c‘zs}vj(ds,dx)
d

Z:/R+ min{V/d, Vds}v;(ds,dx)
:\/Ej;/[wxxmin{l,s}vj(ds,dx) < oo,

Proof of Theorem 4

We recall that for the case at hand

U*(y) =L (—) — (2.18)
is a tail integral.

Proof. We note that equation (2.4) implies that
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It follows that the marginals of the CoRM are given by
Uj(y) = pj ()
(Y
=E|U*( =
i (%‘)]
=3 ()]
L \Y y
[ [S; 1
“sfu(¥)s] .
L \Y Yy

Hence, it is enough to check if the function /(z) = E [L(S jz)Sﬂ is slowly varying for L a

slowly varying function. Let a > 0, we need to check

fim 19 _ imM—l
f—yoo l(t) e E[ (IS )SG] =1.

For a fixed € > 0 we can choose #y such that Vu > 1,

L) /L)~ 1] < 5,

since L is slowly varying. Then for ¢ > 1,

]E[ (atS; )S"] e ]E[Sj’ (L(alSj)—L(ij))]

E[ (tSj)Sﬂ E [L(tsj)sﬂ

E [1{Sj>,?}s;f |L(atS;) — L(tS)) @ E [1{&4?}5;’ |L(atS;) — L(tS)) @

i>
_l.

< B [L05)57] E[L(r$)s9]
E{H{SP,?}S;’%L(ISJ')} E[ {Sj 0 } o }L (atS;) L(Z‘Sj)‘]

< +

E [L(tsj)sﬂ IE:[ (S j)S;?]

E {1{%?}57 |L(atS;) — L \}

E[L(tsj)sﬂ

<=+

N M
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5,<0 }S;?z(’ |L(atS;) — L(1S;)|

2 Uj(7)

t

f(o o) s°t° |L(ats) — L(ts)| H;j(ds)

€

? Uj(4)
e Jiowu® 1 Lau) —L(w) | H; (%)

= 2 + Uj(l) (2.19)

t

We observe that lim,_,oU; (x) = 0. since U j 1s a tail integral. From (2.18) it follows that
lim,_,0x® (L(ax) — L(x)) = 0. Hence, the function g(x) = x° (L(ax) — L(x)) is bounded in
[0,%0] by a constant K ;,. Finally we observe that for ¢ > 1,

d
/ H](—u></ H](du)gl
(Ovt()} t (07”
We set t; > to such that for u > 1y
2K
% <U;(1/u).

Choosing > #; we get

It follows from (2.19) that
E [L(arsj)s;f }
B SN D) P
E [L(IS /)59 ]

Consequently, / defined above is slowly varying, implying that the marginal tail integral U;
is regularly varying. [

Proof of Theorem 5

Let
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From the setting of the independent exponential multivariate score distribution it is straight-
forward to see that

ﬁd(s):/ 2 h (S—la"',sd>P (dz) = / e p  (dg).
0 z z 0

From Example 8 we know that, for arbitrary p* and d € N\ {0}, the previous integral is
finite. Therefore for s # 0

r

it follows using the Dominated Convergence Theorem that we can take the derivative under
the integral sign as

9/ ‘ N
szle*z p*(dz) = pj+1(s,0,...,0) < oo (2.20)

dladl

(~1) £ (6)

s=s1+...+854

IR
:(—l)d ! =y (Z le z)p (dz)

_ / —EEE e (dy). 2.21)

Using (2.20) and (2.21) we conclude the proof.

Proof of Theorem 6

t [} (o5}
w,(xl,...,zd):/o/o /0 (1 — M —=2aa)y (duy .. dugdy)
1 oo )
:// / (1= e MWz==Rava2) pypr i )dw - dwgv*(dz, dx)

_/ / / / ~ A2y y X (dg, dx)h(w o wa)dw - dwg
Y NT—

= E[Wz (2,1W1 — .. )Lde)]
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Proof of Theorem 7

Let u* and H as in the hypothesis of the theorem and v* the Lévy intensity of u*. We
consider a PRM

s

M= 6(21'7“/1'7)(1')’

1

where {Z;} , " B and {(W;,X;)}>, are such that

Z Sw,.x))
i=1
as a PRM has intensity v*. It follows that M has intensity u = H x v*. We define by
h(z,w,x) = (21w, 22W, . . ., ZgW, X)
Then for Ay,...,Ay,B € B (R")

R (A x...xAg) xB) =

ay a a
{(i,f,...,;‘i,w,x) suchthatx € B, a; € Ay,...ay € Ay, weR*}

So the pullback measure 1 = poh~! is given by

n((Alx...xxAd)xB):/ du
h= (A1 Xx...Xx xAg)XB)

= H(dsy,...,ds;)v*(dz,dx)
Al /zxAy/z%...xAy /7% (0,00) X B

dS1 de

H( oo )v*(dz,dx)
Ap XAy X...xAgx(0,00) xB Z Z

So extending the measure we conclude that

™

N =) Oz, W25 Wi.....70.W: X;)

1

is a CoRM given by the score distribution H and the directing Lévy measure v* due to
Proposition 1.



Chapter 3

Lévy copulas from compound random
measures

3.1 Lévy copulas

A widely used approach for setting the dependence structure in a VCRM is the Lévy copula
approach. Lévy copulas were proposed in Kallsen and Tankov (2006) and serve as an
analogue of the distributional copulas. For Lévy copulas interest is placed on a multivariate
Lévy intensity while distributional copulas interest is placed on a multivariate probability
distribution. For a full review of Lévy copulas see Cont and Tankov (2004) and for a full
review of distributional copulas see Nelsen (2007). In this chapter we discuss the link between
a Lévy copula and a CoRM, exhibited in Theorem 9, and introduce a new class of Lévy
copulas which generalize the widely used Clayton Lévy copula. These results are of interest
in a Bayesian nonparametric context as we will see in Chapter 4. However, Lévy copulas are
also of interest in the frequentist literature. In fact, they were first used in this framework
for modelling dependent Lévy processes, see for instance Esmaeili and Kliippelberg (2010).
We introduce some preliminary concepts for the discussion in this chapter. Let d € N, in
the following we say fora = (ay,...,ay) and b = (by,...,by) both in (RT)¢ that a d—box
denoted [a,b] is given by

[a,b] = [al,bl] X [az,bz] X X [ad,bd].
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We say that the vertices of a d—box [a,b] are the points ¢ = (cy,...,cq) such that ¢; € [ay, bi]
for k € {1,...,d}. We also define the function

(©) 1, if ¢ = a; for an even number of k’s.
sgn(c) =
—1, if ¢ = a; for an odd number of k’s.

We need the next two definitions for the setting up of the Lévy copula concept.

Definition 15. Let f be a d-variate function Dom(f) C (R*)? and [a,b] with all its vertices
in Dom(f); we say that the f—volume of [a,b] is

V (la,b]) = ) sgn(c)f(c)

{c:cis a vertex of [a,b]}

Definition 16. We say that a d-variate function f with domain Dom(f) C (R*)? is d-
increasing in (R™)? if V¢ ([a,b]) > O for all d—boxes [a,b] with all their vertices in Dom(f).

More precisely a Lévy copula is defined as follows.

Definition 17. A d—variate positive Lévy copula is a function € (s1, . ..,sg) : [0,00]¢ — [0, 0]
which satisfies

1. €(s1,...,8q4) <oofor (sq,...,54) # (c0,...,00).
2. € is d—increasing.
3. €(s1,...,84) =0if up =0 forany k € {1,...,d}

4. Gi(s) :%(ygk),...,y,(ck_)l,s,ykﬂ,...,ygk)) =sforke{l,...,d},seR", wherey(lk) =

k k k

The relation between the d—variate tail integral, see Definition 5, the marginal tail integrals,
see equation (1.19), and the Lévy copula is made explicit in the next result, which can be
seen as the Lévy copula analogue of the Sklar Theorem for distributional copulas.

Theorem 8. (Cont and Tankov (2004)) Let U be a d-variate tail integral with margins
{U;YL, then there exists a Lévy copula € such that

U(siy...,8q) =CUi(s1),-..,Us(sq))

If {U;}4_, are continuous € is unique, otherwise it is unique in Ran(Uy) x ... x Ran(Uy).
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For a proof see Cont and Tankov (2004) where a full review of Lévy copulas and their link to
Lévy processes is given. If the Lévy copula is smooth then from Theorem 8 and the definition
of the multivariate tail integral we have that the underlying multivariate Lévy intensity can
be expressed as
04
Pals) = m%(") P1(s1) - -Palsa), 3.1
ur=U(s1),+ xg=Uq(sa)

where p;, i € {1,...,d}, are the corresponding marginal tail integrals. Furthermore if €
is a two dimensional Lévy copula and {(W; ;,W>;)}* ; are the random weights of a series
representation for the associated CRM, equation (1.11), then the law of S;; = U; (W; ;)
conditioned on S, ; = U (Wa,;) = s, € RT \ {0} is given by the distribution function

)

Fy 5,5, (51) = a—sz‘f (s1,52) (3.2)

and the law of Sy ; = U (Wa;) conditioned on S ; = U; (W) ;) = s; € RT\ {0} is given by
the distribution function

)

Fyy (5,25, (52) = a—ﬁ‘f(m ,82); (3.3)

see Theorem 6.3 in Cont and Tankov (2004) for a proof.

Some examples of d-variate positive Lévy copulas are the following:

Example 12. Independence Lévy copula.

d

Cr(stse50) = Y i ] Tsy=eo)-

=1 j#i
In this case the random measures {; ?:1 are pairwise independent.

Example 13. Complete dependence Lévy copula.
CKH(SI,,. .. ,Sd) = min{sl, e ,Sd}.

In this case the random measures { /,Li}fl:] are completely dependent in the sense that the

i=1
as in (1.11), are in a set S such that whenever v,u € § then either v; < u; or u; <v; for all

je{l,....d}.

jumps weights of the VCRM associated to each location, the vectors { (Wi ;,...,Wz;) }
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Example 14. Clayton Lévy copula.

~1/6
%g(sl,...,sd):<SIG+...+s;9> ; 6>0.

The Clayton example above is of great interest as its parameter 8 enable us to modulate

between the independence and complete dependence cases; indeed
lim (59(51, cee ,Sd) = ng_(sl,. .. ,Sd)
0—0

and
lim %(sl,...,sd) :CKH(SI,,...,Sd).

0—oo

Lévy copulas are useful to construct VCRM’s in such a way that the marginal behaviour can
be fixed and the dependence structure can be modeled separately, see for example Grothe
and Nicklas (2013) Leisen and Lijoi (2011), Leisen et al. (2013) and Zhu and Leisen (2015).

Example 15. Clayton Lévy copula with o-stable marginals.

We focus on an homogeneous VCRM with dependence in the weights given by the Clayton
Lévy copula and with o-stable margins, Example 1 with x(dx) = dx. If we consider the
Lévy intensity arising from (3.1) when considering the d-dimensional Clayton Lévy copula,

above, and o-stable marginals with the same parameter, (1.7), we obtain

A(1+6)(1426)---(1+(d—1)0)c (slsz---sd)ce_l.

Pa0.a6(s) = T4
L(1-0)(s§9+---+599)9

Furthermore, if we take 6 = 1 /0 we obtain the simplified Lévy intensity

Paac(s)= A(?Z 1_)(66)2;121 .(j;;lc;} ) (3.4)

Such intensity corresponds as well to a CoRM with Gamma(1, 1) score distribution, Example
2, which is restrained to have Gamma marginals; this example arises when taking ¢ =1
in equation (4.4) of Griffin and Leisen (2017). A convenient feature of this Lévy intensity
is that, as shown in Proposition 3.1 of Zhu and Leisen (2015), we can explicitly get the
corresponding Laplace exponent

d A’iO-er —1

Viaoc(A) = ;
’ i—ZiH?_l,j;éi(li_lj)

Ai # Aj for j#1, (3.5)
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where we take the appropriate limits when A = (4y,...,A,) is such that A; = A; for distinct
i,je{l,...,d}.

The Lévy copula approach is also convenient for the proposal of general simulation schemes
for VCRM’s. We can use the identities (3.2) and (3.3) to construct a simulation algorithm as
follows, see Cont and Tankov (2004).

o-stable marginals with Clayton Levy copula; §=0.3

P——

14} .

1.6

1.2} .

0.8 :

0s] — _

0.4} §

11 (0.2]

0.2} — o, =0.5 |
o, =0.5

0.0 0.2 0.4 0.6 0.8 1.0

0.40 o-stable marginals with Clayton Levy copula; §=3.5

0.35+ .

0.30

0.25}

0.20 -

1 (0.8]

0.05 | — o, =05 |]
— o, =05

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3.1 Plots of VCRM’s given by a Clayton Lévy copula and o-stable margins; simulation
was peformed using Algorithm 4 with Algorithm 1 for the marginal CRM simulation.
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Algorithm 4 Lévy copula based simulation for two dimensional VCRM

1: Draw a marginal CRM.
2: Use the conditional distributions (3.2) or (3.3) to draw the weights of the remaining
CRM weights given the weights of the CRM drawn in the last step.

[ustration of the dependence structure given by a Clayton Lévy copula is presented in Figure
3.1. As expected, when 6 = 0.3, we are close to independent behaviour. On the other hand,
when 6 is increased to 3.5, we can appreciate the higher dependence induced by a larger
value of the copula parameter.

3.2 A new class of Lévy copulas from CoRM’s

Griffin and Leisen (2017) highlighted the Lévy copula structure of a CoRM when the
score distribution has independent and identically distributed marginal distributions; further
exploration of the Lévy copulas corresponding to a CoRM was not performed. In a more
general setting where the score distribution has an arbitrary d-variate density function &
which we determine by its associated distributional survival Copula € and marginal survival
functions Sy,...,Sy, see Nelsen (2007) Section 2.6, we have the next result to recover the
Lévy Copula

Theorem 9. Let y be a CoRM given by a directing Lévy measure v* and a score distribution
with distributional survival Copula C and marginal survival functions S\, . .., Sy, then the

Lévy copula, €, associated to [ is given by

oo —1 -1
%(S],...,Sd) :/0 é(S] (UIT(SI)> gt ,Sd (%@ﬁ))p*(dz)

where the marginal tail integrals U; can be expressed as

v =[5 () e
forie{l,...d}.

The above result can be used to propose new families of Lévy copulas which arise from a
CoRM. With the aim of proposing a new family of Lévy copulas we focus on the next family
of bivariate CoORM’s which was previously studied in Griffin and Leisen (2017).

Example 16. If o € (0,1), ¢ > 0 and
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¢_1 —y1—y
. h(ylayz) = (ylyz)r(T‘;’le

« '76711—*
* p(e) = r(qz>+c)r((1¢jc)

Then by Theorem 4.1 in Griffin and Leisen (2017) the corresponding bivariate CoRM has

o —stable marginals and Lévy intensity given by

0(s152)? T (0 +2¢)(s1+s2) 2
I(¢)l(c +¢)T(1 - o)

Po.¢(dsy,dsy) = dsidsy (3.6)

We show the Lévy copula associated to the above CoRM in the next result.

Theorem 10. Let o € (0, 1) and ¢ > 0. We set

_1 _1
ol'(c+2¢)(s; °+s,°)"°

R YONCET)
G ()
FECHE )

Then the Lévy Copula associated to pg ¢, in (3.6), is €5 ¢.

For ¢ € N\ {0} we observe that €5 ¢ reduces to

OT(G+20)(s, @ +5,7)°
[(¢)T'(c+¢)

Co,0(51,52) =

i i _1 1N/
E R et
k=0 j=0 J (G+])(G+¢+k)
Furthermore, we observe that under the reparametrization 8 = % the Lévy copula (3.7) has
the Clayton Lévy copula as a factor. Although, from Theorem 10 we see that 6 € (1,0) as
Po.,p Was only defined for o € (0,1). Surprisingly, this Lévy copula can be extended for
0 € (0,1] as showcased in the next theorem.
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Theorem 11. Let ¢ € N and 0 € (0,), then

1

F(% +2¢)(sf9 +s59)_§
20T(¢)0(5+¢)

: : -
0=l o1\ o1k (5177477 (570 52
Xk;)((pk ) Z ((P . )(_l)kH( )( )

J (04 j)(o+o+k)

C0,0(51,52) =

j=0

is a Lévy copula.

3.3 Future work

We follow Esmaeili and Kliippelberg (2010) to perform parameter estimation of a bivariate
compound Poisson process. We will restrict ourselves to compound Poisson processes with

positive increments.

Definition 18. Given A1, € R\ {0} and probability distributions Fj, F> in R, a bivariate
compound Poisson process with positive increments is a bivariate vector of stochastic

processes (X1,X>) given by
Xi(t) = pi(0,1]
fort € R™ and u = (U, lp) a bivariate VCRM such that marginally y; has Lévy intensity
vi(dsdx) = A;Fi(ds)dx.

We observe that the associated marginal tail integrals are bounded in R™ so almost surely
the associated series representation has finite jumps. We will focus on bivariate compound

processes of the form

Ni(t) N> (1)
(X1(t),Xa(1)) = (Z Wii, Z Wz,i>

N3 (1) Nl

(1)
Y Wit ) Wzﬂ,i
i=1 i=1

Il
=
uN'l_
+
[ g
\'_g:

where N (1), Ny(t), Ni-(t), N5-(t) and Nl (¢) can be seen as PRM’s in R*, evaluated in
(0,t], see Definition 2. We observe that in each vector component the first sum is related

to independent weights while the second sum in each component is related to dependent
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weights, we call the former the independent part and the latter the dependent part. The

dependent part
Nl (1) | Nl (1)
Z Wl i Z
i=1 i=1
can be modelled by a Lévy copula with conditional distributions in the weights (3.2) and
(3.3) such that they do not assign a point mass at zero; which is the case for ¢ y. For a
full review of Poisson processes we refer to Kingman (2005). We will assume the next

observation scheme for bivariate compound Poisson processes.

Definition 19. We say that we observe the bivariate compound process continuously through

time if we are able to observe all the jump times and jump weights in a given time interval.

Let {(wy ;,w2,)}7_, be the jump sizes of a continuously observed bivariate bivariate com-

pound Poisson process, with n € N the number of jumps. We denote

1
{wihil, ={(wi,wa2) : wii #0,wp; =0}, {wa,;};2 1—{(W1,W2) twii=0,wy; # 0}

and

{0l VL = {wrywa) = wiy £ 0, wa, # 0}

with nf, nzL,nH € N, respectively, the number of jumps in only the first dimension, number
of jumps in only the second dimension and number of jumps in both dimensions. With the

above notation we can give the likelihood for the continuous through time observations.

Proposition 7 (Esmaeili and Kliippelberg (2010)). Let T € R if a bivariate compound
Poisson process has jump rates Ay, Ay and dependent part modelled by a Lévy copula 6,
parametrized by a real valued vector ¢ such that #{;uz‘ﬁ exists for every (uy,up) € (0,41) X
(0,A2), then setting 2| = €.(A1, 1), At =X— A, marginal jump weight distributions F;
associated to survival functions S; and probability densities f; parametrized by real valued

vector @;, i € {1,2}, the likelihood function for continuously observed bivariate compound
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M1—1151(Wt,~;al)> )
Mz—lzsz(wii;az)) )

Poisson processes in (0,t] is given by

L
nJ- 3L il a
L(ll,lz,al,az,c) = 7(,1 Le Af TiI_I (fl(wti;al) (1 — a—ul%(ul,lz)

ny
X }L;zie*’lfTH (fZ(Wé_i;aZ) <1 - ai%(/h’uz)
i=1 ’ 2

X (7L] lz)n” eil”T H (fl (W|1‘7,'; (0 4] )fZ(WgJ; aZ)

l
i=1
82

% 8u18u2

Ce(u1,u2)

u=MSi (Wll,,»;al),uz—/'LzSz(Wzl_i;az))

The application of our extension of the Clayton Lévy copula €g_ is of interest for the above
model as it can offer more flexibility in the likelihood above. Esmaeili and Kliippelberg
(2010) performed a real data analysis of the Danish fire insurance dataset. With the same data
set and the use of our Copula we have numerically found values of 6 foreach2 < ¢ <12
which attain a higher likelihood value than the maximum likelihood restrained to ¢ =1,
i.e. the usual Clayton Lévy copula. However numerical issues arise in the maximization
routine as the parameter ¢ grows. We plan to keep working on the use of our new copula for
bivariate compound Poisson process modelling

3.4 Chapter 3 proofs

Proof of Theorem 9

By definition

/ / H(ﬂ,__.,ﬂ)p*(dz)
S Sd Z Z

/ H(duy, ..., dug) p*(dz)
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Where in the last equation we have used the Sklar theorem for survival copulas

S(ul,...,ud) :é(Sl(Ml),Sd(ud))

From the Sklar theorem for Lévy copulas, Theorem 8, we conclude the proof.

Proof of Theorem 10

Let U be the bivariate tail integral of ps ¢ as in the hypothesis.

ylyz )0 1F(0+2¢)(Y1+Y2) o-2¢
U= [ [ Foto)r(1—o) b2

We consider the change of variable

h(y1,y2) = (y1 +y2,51/ (1 +y2)) = (p,21)

dh _
dpdz; = det(@)‘dmdyz = (y1 +y2) 'dyidy>
SO
ol'(c+2

[(¢)(c+¢)l(1-0)

XL/‘ (z1—21)?'p 7 dpdz;.
h({y1y2:51<y1,52<y2})

For notation purposes let for the rest of this proof

ol'(c+2¢)
[(¢)l (o +¢)I'(1-0)

For the region of integration we consider the curves

Co,p =

C?)(IA) :h(sl,SQ-i-f) = (Sl +S2+f,sl/(S1 +S2+f))
’}A/(f) :h(s1 —l—f,SZ) = (Sl +S2—|—f, (Sl —l—f)/(sl —|—S2—{—f))
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with 7 > 0; so for ¢ > s1 + s, we can get the reparametrized curves (r) = (¢,s;/t) and

Y(t) = (t,1 —sp/t) to delimit the integration area, hence using Fubini theorem

1- 92/P B oo
U(s1,52) = Cop (z1 zl p dz;dp
s1+s2Js1/p

l—s2/p
/ / (z1—21)? 'p7° dzydp
+s52 Js1/p

I=s2/p & -1
ZCG@/ pol/ Z (¢k >( l)k? 1+de1dp
S1+82 S[/p k=0

l—s2/p

Fubini = [ (91 k Z?Jrk
vk o (P ) dp
6/¢k:ZO/Sl+S2 k ¢ +k s1/p

_ - [T e (91w (1= -
_""74’,;0/1“2” ( k )( b [ o+k I

_ —o—1/1 _ S2\¢+k _ O+k —c—1—9—k
e Zo( >¢+k/1+sz< ST )dp

o B e L e () ()

B S(f+kp_a_1—¢—k) dp
F(E (e[
. -1 Js]/ o—1 iq
coo Z( >¢+k Z J ( ) 2 sl+szp P
_srf+k/ p—a—l—¢—kdp>
S1+52
S1+S2)

_C‘”’Z( >¢+k g(¢+k) Hé(%
Bty

SIS

c—¢—k |
Otk
5 ((G+¢+k s ]
~wo 5 (° ) oix
_ grk(s142)” Gq)k}
! (c+¢+k)




3.4 Chapter 3 proofs 61

S GV =

k=0 0
(514 52)70(1 — 2}k
(c+¢+k)
e 5 (O EE (5 (0K oS
- ""”kgo( k )¢+k (Zz)( J )( Vi) " 1)

(i)
B E(EC )

(s14+s2)"

To get the copula we evaluate the above tail integral in

(U™ (1), U™ (52)) = ((O(1 = 0)51)7%, (T(1 = 6)s2) 7 ) :

entailing the associated Lévy copula

_1 _1
ol'(c+2¢)(s; °+s,°)"°

R O CE)

1 J
R Ny S A <Sl—éz+sz—é>
kgo( ) L R

Exploiting that by construction ¢ ¢ is symmetric, we get

1

ol'(0+29)(s; +Sz °)°
2I(¢)l (o +¢)

Co,0(51,52) =

i i\ [ 1 1\
“’i (¢—1> ¢+f1 (¢+k—1)(_1)k+j (Sl GHZG) (sl e ) .
k

k=0 j=0 J
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Proof of Theorem 11

From equation (3.1) we have that

p —Sstal ( ) U_—ls al (52) a a
o— stabcy . ( = G_Zabt ° 1 ) =359 —C5,0(51,52),
p (U 9tab(s1>) p (UO'—stab(sz)) §2 081

o —stab

where p is the Lévy intensity of an homogeneous o-stable CRM and U 1 stab 1S

corresponding generalized inverse tail integral, see Example 1. It follows that
Jd d
—%
aSZ 881 ¢ (P(Sl S2)
¢—
(U ]stab( 1)U6 stab(sz)) F(G + 2¢) (U 1stz;lb(sl) + U stab( 2))

T(9)T(c+¢)L(1—0)po—s@ (UL (s1)) pos2b (U L (52))
—0-2¢

, 1 1\ 9! 1 1 >
cy((r(l—a))as1 “s2‘5> I'(c+2¢) (s1 "+s2") (r(l—o))1+F¢
F<¢)F(G+ (p)r(l - G)pG stab (UG lstab( l)) pG stab (UG lstab( ))

—0-2¢

1

1\t 11\ o 142
G(sl 5, ° I'(c+29¢) (sl c’4—s2"> (T(1—-0))'*s

T(¢9)I(o+ —0)po b (UL (51)) PO (UL (52))

( B —0-2¢

+¢)T"
<lf> I'(c+2¢) ( G+s2°) (C(1-0))**s
G+ 9)T(1—0)02(T(1—0)s)) "o (T(1—0)s,) '
| 1\ —0— 2¢
[(c+2¢) ( "—1—s2_">
[(0)T(0 +9)0 (s152) '+

which is greater than zero for 55,51 > 0 and is well defined for 0 < ©.
By symmetry and using (3.3) it suffices to check that

. d
lim F52|51:S1 (52) lim = o5, =——Cos,¢(51,52) =0

sp—0 sp—0

and

silgnwFSﬂS] =5 (s2) = slgnw a_Slch’q) (s1,82) = 1.
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For the first limit we observe that

0
a—sl(fc@(Sl,Sz) =

_if 1 1\ 797J
oT'(c +29) q’zl (¢—1><”+ﬁ1 (¢+k—1)(_1)k+,-i 2’ (SIGHZJ)
L(¢)I(o+¢) k=0 k =0 J dsi (6+j)(o+¢+k)
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So for j €N
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From formula 0.160.2 in Ryzhik and Gradshteyn (1965) we have that

3 () e = & () 0 g =Bl 1)

k=0 k=0

So we conclude that

lim £ (52) = [(c+20)B(9,0+9¢) _I(c+20)B(9.0+9)
e S=ICY TN 6 +9)  [(@)(c+9)

As this limits do not depend on what values ¢ takes in (0,o) we conclude that we can
construct a CRM with the desired Lévy copula for any ¢ € (0,0).



Chapter 4

Multiple-sample Neutral to the Right
Model

In this chapter we generalize the model of Epifani and Lijoi (2010) to an arbitrary dimension
on the underlying VCRM in their model. We provide the posterior characterization for the
model, see Theorem 12. We retain the conjugacy property of NTR type models as discussed
in section 1.3. Extensions of some results in Epifani and Lijoi (2010) and Doksum (1974)
are also provided. The derivation of such results is not trivial when considering an arbitrary
dimension. Proposition 8 gives a general expression for the Laplace exponent when a Lévy
copula is considered to set the dependence of the VCRM underlying the multiple-sample
NTR model; Proposition 10 gives an alternative characterization of the model. Furthermore,
other theoretical results are proved in order to facilitate the calculation of posterior means
when the inferential exercise is implemented. Finally, we illustrate the methodology on
a synthetic dataset. The chapter is divided as follows: Section 3 we extend some results
in Epifani and Lijoi (2010) to the multivariate setting. In particular, we state the posterior
characterization of the model and provide some useful corollaries for implementing the
posterior inference. In Section 4, an application with synthetic data is illustrated. All the

proofs can be found in the appendix.

4.1 Exchangeability and Partial exchangeability

Let Z be a complete and separable metric space, with corresponding Borel o-algebra % =

B(T)
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Definition 20. A collection of random variables {Z;}* , in Z is exchangeable if for any
permutation 7 of {1,...,m} we have that

(Z1y - Zn) = (Za1)s > Zoniom)) -

In several modelling problems the exchangeability assumption appears to be far too restrictive.
In particular, if we consider observations airsing from d different populations where the order
in which they are collected within each population is irrelevant. To describe this setting we
resort to the notion of partial exchangeability, which was introduced in de Finetti (1938), as
set forth in de Finetti (1980). Partial exchangeability formalizes the idea of partitioning a set
of observations into a certain number of classes, say d, in such a way that exchangeability is
attained within each class. For ease of exposition, we confine ourselves to consider the case
where d = 2.

Definition 21. The collection of random vectors

in Z? is partially exchangeable if, for any m,m, > 1 and for all permutations 7; and 7, of

{1,...,m} and {1,...,my} respectively, we have that

(1) (1) (2) (2)y 4 (1) (1) (2) (2)
(Z07s szl 207 2y ) = (Zy 1y L) Zm 1) Lomgmy) - 4D

A fundamental result regarding exchangeability is de Finetti’s representation theorem which
states that a sequence of random variables is exchangeable if and only if it is conditionally

1.1.d., see for instance Kallenberg (2006). For example if
Yilp " NTR(w), ie{l,...};

then it follows that {Y¥;}?* | are conditionally i.i.d. and hence exchangeable. An extension of
the NTR model into a partially exchangeable setting was given by Epifani and Lijoi (2010)
for the 2—dimensional case. They considered two populations

1 oo 2 oo
ey, e,
such that fort;,/, € R" and i,j € N

P Yi(l) > l1,YJ-(2) >t (1, )| = e (0n]—pa(0.0]
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So

vl R NTR (), i€ {1,...},
and

v W NTR (1), i€ {1},

implying that each population {Yi(j )}‘f:l is exchangeable, j € {1,2} although {Yi(l) 2 U

{Yi(z) 1 1s not necessarily exchangeable as Yl-(l), y®

fe i, j € N are not identically distributed

a.s.
when () # w. It follows that {Yi(l),Y @) ~ , are partially exchangeable.

1

4.2 Multiple-sample NTR model

In the present work, we follow the approach of Epifani and Lijoi (2010) and focus on models
based on a d-dimensional VCRM.

Definition 22. Let d € N\ {0} and p = (u,...,Hy) a d-variate VCRM such that
. a.s.
lim p;(0,1] = oo
forany i€ {1,...,d}. We say that d collections of survival times

1)y d) oo
AR PRy e

follow a multiple-sample NTR distribution, denoted NTR (), if for ; ; € (R*)4, n; € N\ {0},
(i,7) €{(i,j); 1 <j<m, 1 <i<d}.

Py > o, Y >t VD S a0, 0 S M = .d .ni e Hil0i],
o 4.2)
In particular fort = (11,,...t;) € (RT)*
S(t) =P [Yif” >t Y >t (s ) | = e PO Ot g 3)

with arbitrary i1,...,i; € N\ {0}. This model is convenient for modelling data where the
dependence among the entries of the VCRM u = (uy, ..., ) accounts for dependence
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among the multiple-samples in a partially exchangeable setting. Furthermore, marginally we
recover the NTR model, namely

" NTR (1)

AN AL
withi e {1,...,d}, n; € N\ {0}; we observe that this is a clear extension of the model in Epi-
fani and Lijoi (2010) to an arbitrary dimension d. In (4.3) we want to model the dependence
in the entries of the VCRM g in a way that allows us to fix a marginal behaviour so we can
exploit the fact that marginally we recover a NTR model; Lévy copulas as set in Definition
17 are a natural framework to model the dependence structure of a VCRM’s entries in such
way so we will be using them in some of the following results. We remember that Lévy
copulas as set forth in Chapter 3 assume that the related Lévy measure is homogeneous, so
for instance the Laplace exponent can be written as y; (A1) = y(¢)w(A) for some y: RT — R*
which must satisfy lim,_,. ¥(t) = 0. The family of Clayton Lévy copulas, Example 14, is
of interest because it has both the independence and complete dependence cases as limit
behaviour. In the next result, we work towards finding expressions for the Laplace exponent
associated to the Clayton family in such a way that the dependence structure is decoupled
across dimensions. This result is useful since, as we will see, an explicit calculation of y is

of key importance to implement the Bayesian inference in the model above.

Let py ¢ be the Lévy intensity associated via Sklar Theorem 8 to the Clayton Lévy copula
9.4 and fixed marginal Lévy intensities py, ..., pg with corresponding Laplace transforms
v,...,¥;. We denote the vector of tail integrals corresponding to the marginal Lévy
intensities as U ;(x) = (U (x1),...,Uy(x4)) and fix the notation

K(G;l,i)zln”-?tim/( " e Mt Gy (Ui (51), - -, U, (sn) ),
R m

where d € N\ {0}, A = (A1,...,4y) € (RN, me {1,...,d}, and i = (i1,ip,...,im) €
{1,...,d}"is such that i} < -+ < iy,.

Proposition 8. Suppose thatd € {2,3,...} and

[ lslpao(s)ds < o
llsf|<1
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then

_ _ —<As>
‘V(l)—/(w)d(l e )aud”.aul%.,d(u)’uzud(s)l)l(sl) Pa(sa)ds

i=1 i=(i) 12)6{.1 ..... d}2
1<y
+(_1>d Z K<9;A'7i)+(_1)d+1K<9;A’7(17“'7d))7
i=(i] yeenig_1)E{1,d}d =1
i1<-<ig_i

where A = (A1,...,Ag) € (RT)%.

Calculation of the Laplace exponent as above is important for the evaluation of various
quantities of interest in the setting of our multiple-sample NTR model. For example, in the
next result we give a formula for the prior survival in our model where we integrate out the

underlying VCRM. With such purpose, we introduce the following notation

vi17~-~7ih(si17"'7sih):/O /0 ﬁd(s) H de

JE{itswsin}

for h € {1,...,d} and distinct i1,...,i, € {1,...,d}; and denote y;, ... ;, for the respective
Laplace exponents.

Proposition 9. In the context of 4.2, let 1 = (1,...,1). Fort; <--- <ty and iy,...,ig €
{1,...,d} such thatt;; <--- <t;, then

P[r0 > 0, Y0 > )] = 7 W)= (Fly)=101,)) Wiy iy (0 (¥0,) 3, Wi, (1)

This result showcases the importance of the Laplace exponent y for calculating probabilities
in the multiple-sample information NTR model and the impact of the function y(t), related to
the time depending part of the Laplace exponent, in the survival function. In the Applications
section of this chapter, 4.3, we will show that the availability of the Laplace exponent is also
of main importance to implement the Bayesian inference for the model. The model we are
working on generalizes to arbitrary dimension the classic model of Doksum (1974). We
present a multivariate extension of Theorem 3.1 in Doksum (1974), which relates our model
with the notion of neutrality to the right. Let F' be a d-variate random distribution function
on (R*)? and, for a d-variate vector of CRM’s it = (U1, ..., i), denote w;(t) = u; ((0,7])
with i € {1,...,d}. Then, we have the following multivariate extension to Theorem 3.1 in
Doksum (1974) and Proposition 4 in Epifani and Lijoi (2010).



70 Multiple-sample Neutral to the Right Model

Proposition 10. F(t), witht = (t1,...,t3), has the same distribution as

[1— e M) 1 — g Halta)]

for some d-variate CRM p = (Ui, ...,Uq) if and only if for h € {1,2,...} and vectors
1 = (t1,17-~-7td71>7~--7th: (t17h»---7ld7h) Withto,i:0<l17i <<y andtj70:0<tj,1 <
.-+ < tjp, there exists h independent random vectors (Vi.1,...Va1),..., (Vi ... Van) such
that

F(t)Lv, Va1
Fty) £ [1 =V Vi) [1 = Vg1 Vo)
; o o
F(th)Z[l—H 1l 0= Ve (4.4)

where V; j=1—V;jwithie€{l,...,d} and j € {1,...,h}.

When possibly censored to the right survival data is considered for our model in (4.2) we

have to generalize the setting of survival data, Definition 7, for the multiple sample setting.

Definition 23. Letd,ny,...,ng,n € N\ {0} suchthatn = ¥¢ | nyand {¥\"} ... (¥} |

be d groups of observations following a multiple-sample NTR distribution. Associate to each

(o)

group of observations {Y j(i) }7-1 possibly censored to the right data

2 ={(r.)) }J—l ’

ie€{l,...,d}. We say that
d
2,=J2"
i=1

is censored to the right data with multiple-samples.

We establish some notation in order to address the posterior distribution arising from the

model in (4.2) The number of exact observations is

_ d n; J_(j)
Te ZZ i

i=1j=1



4.2 Multiple-sample NTR model 71

and the number of censored observations is n. = n — n,. Taking into account the possible

repetition of values among the observations

(1) ()
we consider the order statistics (7(y), ..., (x)) of the distinct observations where k is the

number of distinct observed times among all groups; we set Ty = 0 and T3, 1) = . Let
define the set functions

mi(A) =Y 01y o omia) = Y (1-7) (1)
j=1 j=1
fori € {1,...,d}, which denote the number of, respectively, exact and censored marginal

observations in A, with respect to group i. We define the numbers

nij=mi({Tn}y) + nmi;=mi({T(H})

for, respectively, the exact and censored observations in group i related to the time 7 ;),
i€l,...,d}and j€ {l,...,k}. The following cumulative quantities will also be of use

k k
—e e . —c c
A= Mmoo M=)
r=j r=j
and the corresponding vectors

j-:(ﬁij,...,ﬁfw) ; ﬁ‘jz(ﬁ‘l'?j,...,ﬁg’j),

n
i€l,...,d}and j € {l1,... ,k}. The next theorem determines the calculation of the posterior
characterization for the undelrying VCRM in the multiple-sample NTR model given possibly
censored to the right survival data; we highlight that it applies to a general VCRM as the

assumption that the respective Lévy intensity is homogeneous has been dropped.

Theorem 12. Let u = (Uy,. .., Uy) be a d-variate VCRM with corresponding Lévy intensity
of the form V,(ds,dx) = V,(s,dx)ds and let D, be survival data with d multiple-samples
arising from a multiple-sample NTR(W) distribution. If for n, = V4(s, (0,t]) and arbitrary ty €
R*\ {0} the partial derivative 1 (s) = 1(s) /1| 1, €Xists then the posterior distribution

of 1 given survival data D 4 is the distribution of the random measure

(W5 1) + )» (M1.81,,.--Ma ;07

{J: T, jis an exact observation}
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where

i) u° = (uy,...,u;) is a d-variate VCRM with Lévy intensity v; such that

Vg(ds,dX)‘xe( (j

_ 505 ,8) 5
T, )€ Sy, Va(ds, dx)

J)
forje{l,...;k+1}.

ii) The vectors of jumps {(M\ j,...,Ma,j)} ;cpe), with
= {Jj : T\ is an exact observation},

are mutually independent and have, respectively, a d-variate probability density function

given by

P e P

iii) The random measure \° is independent of { (M j,...,Mg j)} jem-

The previous result showcases that the posterior distribution arising from (4.2) can be
modelled in the same framework using the VCRM u° instead of g and adding as extra
component a series of 0 measures with random weights and locations on the exact observation
times. This Theorem is enough to provide a scheme for posterior inference. In particular, we

want to estimate the corresponding posterior survival function of the from
S(t) = S(t17"'vtd) - ]P Y(l) > tl,...,Y(d) > td “J.

when multiple-sample survival data is available. A natural approach in Bayesian nonparamet-
rics is to marginalize over the infinite dimensional random element which characterizes the
probability model. In our case, given possibly censored to the right data 2 ,, we calculate the
mean of the survival function given the data by marginalizing over the VCRM l. As a result
of Theorem 12 we can calculate such quantity. The next corollary allows us to implement
the necessary inferential scheme for performing the estimation of the survival function as
a posterior mean. We set Sz.(t) = S(tY ;e e;) fort >0,0# L C {1,...,d}. In view of the
independent increments of the CRM’s in a VCRM, the calculation of the posterior mean
of Sz, is all that is needed for the evaluation of the posterior mean of S. The next corollary
shows how to evaluate the posterior mean of Sy.
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Corollary 4. In the setting of Theorem 12, let 0 # L C {1,...,d} and set
= {j : T{j) is an exact observation and T(jy <t}
Then

k+1 oj
SL([) — ]E[]E[S (l‘)‘ﬂ] \9(1] —e ): (WIAT (Xicren)— V/t/\T(j_1>(ZZ€LeZ)) Jl~{T(j<71)<t}

Jipo T (e Bt s 1 — e )y (s)ds
el Jmh TIL 1( L) (1—673")”’6"”’) n’T(j)(s)ds

X

where Y is the Laplace exponent of 1°.

From the independence of increments of CRM’s, it follows the next corollary which gives us
an estimator for S(¢) for arbitrary ¢ € (R*)? in terms of the estimates defined in the previous
corollary.

Corollary 5. In the setting of Theorem 12, let S(t) be the survival function associated to a
d-variate multiple-sample NTR distribution. Fort = (t1,...,t4) and T the permutation of
{1,...,d} such that tyy <tgoy < -+ <tyq). We define, fori € {1,...,d — 1}, the sets

Li={j: x7V () > i}

then the posterior mean of the survival function S(t) given multiple-sample survival data D 4

Is

A tﬂ:l
)= EEISO) 1921 o) [T ) 45

for arbitraryt € (R*)4.

Usually, we deal with Lévy intensities which exhibit some dependences in a vector of hyper-
parameters c. In the proof of Theorem 12, it is outlined how, given multiple-sample survival
data 2,, we can derive the likelihood of the hyper-parameters in the Lévy intensity. This
likelihood is necessary for implementing the inferential procedure and it is displayed in the
next corollary.

Corollary 6. In the setting of Theorem 12 with survival data D ;, underlying Lévy intensity

V4 ¢ associated partial derivative 7][76 and Laplace exponent \J; ¢ for some real valued vector
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of hyper-parameters c, we get the likelihood on ¢
l(c' @d) — ei Z_];:l <II/T(J)C (ﬁ3+ﬁ?)7WT<J71> ,C(ﬁ5+ﬁj)>

I [ T eyt ng, c(s)as.

JEM
The next proposition is useful for the evaluation of the estimator in Corollary 5.

Proposition 11. In the setting of Theorem 12 the Laplace exponent of W° restricted to
(T j-1),T(j)) j €{1,...,d}, can be evaluated as

_ __—{A,s) ) —(nSHns,s) &
v (A |[TJ n:TG) /(O,t]X(R+)d (1 ¢ )e 7T Va (s, dx)ds
= Y (A + 0§ +05) — i (RS +0S).

The next proposition provides a useful identity for the computation of the integrals in
Corollary 5 and Corollary 6.

Proposition 12. In the setting of Theorem 12, let ny,...,ng € Nand j € {1,...,d} be such
thatnj > 0. Set n =Y | n; and a multiset I = {iy,...,i,} C {1 <k <d : m # 0} such that
#Hiel:i=k}=mn then

d
/<> c0a) *II0 ) Valds, &)

i=1

=Yy (—1)#(5><w,(e,-+2ez+q) —%(Zez+q)>

Scl\j leS leS

where I\ j={i1,...,ij-1,ij11,.. in}

The previous results highlight how the implementation of the inferential procedure depends
on whether we can perform evaluations of the Laplace exponent or not, this will be of key

importance in the next section.

4.3 Multiple-sample NTR model application

In this section we perform the fitting of a multivariate survival function given possibly
censored to the right multiple-sample survival data in the framework of (4.2). As mentioned
previously, the evaluation of the Laplace exponent of it in (4.2) is necessary to evaluate

the posterior mean in Corollary 5 and the likelihood in Corollary 6; with this in mind, we
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choose the random measure it given by the Lévy intensity showcased in (3.4), so that the
corresponding Laplace exponent is readily given by (3.5). For illustration purposes, we use
4-dimensional data arising from a distributional copula with fixed marginal distributions,
see Nelsen (2007) for an overview of distributional copulas. More precisely, we generate
simulated data ¥ = (Y1,...,Ys) with probability distribution Fy ; given by a distributional
Clayton copula with parameter 6 and exponential marginals with parameter A. Then, we
perform right-censoring by considering censoring time variables C = (Cy,...,Cy) consisting
of independent exponential random variables with parameter Ac. We will consider 150

synthetic observation drawn as follows

1 1 1 1

<Y-(1),Y~(2),Y-(3),Y-(4)> ~ Fg—031=1., j=1...,150

'l ~ Exp(A. = 3.7), i=1,...,4; j=1,..,150

We chose A, = 3.7 so we have at least 75% of exact observations for T in each dimension.
Set

and

@) _ oy ~)
T;" =min{Y;”,C;"}.

We obtain the multiple-sample censored to the right data

4 . .
9.~ Of(r 7))

J=1

The construction of Fy ; through a distributional Clayton copula allows us to calculate
explicitly the associated survival function. Indeed if Cy g be a d-dimensional distributional
Clayton copula and F,i= 1,...,d, acollection of marginal cumulative distribution functions;
then the survival function associated to the Clayton distributional copula with the previous

marginals is given by

d
S(xl,...,xd)zI—ZFi(xi)—i—Z(—l)J Z ‘KgJ(xil,...,xij),
i=1 j=2 i ool jE{L,. d}
i1<...<ij

see Section 2.6 in Nelsen (2007). We use the true survival function for comparison with the

fitted survival functions. The estimated survival function are given by the posterior mean

SA(tl,tz,l‘g,M) = E[E[S(tlat27t3»t4)|“] |D] )
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as in (4.5). For fitting the data, we use the 4-dimensional Lévy intensity given by (3.4)
and assign priors for the corresponding hyper-parameters 6 and A which we respectively
denote ps and ps. We choose a LogNormal prior for the parameter A and a Beta prior for
the parameter 6. We use the Metropolis within Gibbs algorithm to draw samples from the
posterior distributions of A and o, i.e. 6|9, and A|2,, by making use of the likelihood
I(6,A;9D,) showed in Corollary 6. Given initial values 6(%), A%, the algorithm is as follows

Algorithm 5 Metropolis within Gibbs for Multiple-Smaple NTR model

1: Draw A(+D) from a Metropolis-Hastings sampler with proposal distribution g(x’|x) ~
LogNormal(log(x), 1) and target distribution /(6" x; D ;) pa ().

2: Draw oUtY) from a Metropolis-Hastings sampler with Uniform proposal distribution
and target distribution /(x,A(*1); 2 ,) ps ().

After using the above algorithm we perform a Monte Carlo approximation of the estimator
(4.5), where we average over the posterior draws of A and . For a full review of Markov
Chain Monte Carlo methods refer, for example, to Robert and Casella (2010). The prior

distributions we choose for the hyperparameters are

o ~ Beta(u =0.4,62=0.1)
A ~ LogNormal(u = 10g(0.88), 6% = 3.5).

In Figures 4.1 and 4.2 we show the fit for 150 possibly right censored observations where we
performed 100 iterations for the inner Metropolis-Hasting sampler and 1000 iterations for
the overall Gibbs sampler in algorithm 5. The estimated survival functions approximate well
the true functions. For comparison purposes, we presented a Kaplan-Meier type of estimator
for the true survival function. As there is no multivariate Kaplan-Meier, we use the next

estimator for a multivariate survival function:

SKM(Il,...,td) = SKM(I1|T2 >t,..., 1y > l‘d)SKM(tz‘T3 >3, , 1y > td)...Sm(td),

where each Sky estimator is treated as a univariate Kaplan-Meier estimator restricted to the
corresponding set of observations. In Figure 4.1 and Figure 4.2, we can appreciate in the last
subplots of each column that the Kaplan-Meier can fit poorly as there are less observations
on the conditioned Kaplan-Meier functions, as presented in the formula above.
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Fig. 4.1 Plot of our methodology fits (violet lines), compared with Kaplan-Meier fits (dashed
lines) and the true survival function associated to the distributions Fg_g 3 3—1. (green lines).
The first column shows fits of the survival function with fixed values in all dimensions except
the first one; the second column has fixed values in all dimensions except the second one.
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Fig. 4.2 Plot of our methodology fits (violet lines), compared with Kaplan-Meier fits (dashed
lines) and the true survival function associated to the distributions Fg_g 3 3—1. (green lines).
The first column shows fits of the survival function with fixed values in all dimensions except
the third one; the second column has fixed values in all dimensions except the fourth one.
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4.4 Proofs of multiple-sample NTR model results

Proof of Proposition 8

Givend € {2,3,...}, we use the notation p_;(s) = H?=i+1 p;(s;j) and

Uia(s) = (U(s1),-- -, Ua(sa-k+1))

for s € (R*)?. Furthermore we define integrals

ad
_ = <As>
aO7m()v) N /(]R+)m(1 ¢ )8ud e '&Ml Cge’m(u)‘u:Udme:d(s)p_o(S)ds
and
y) k—+1 <As> 947k
m — —1 / )‘ ...A‘ - 8 % m U —m . _ dS
agm(A) =(=1) e M ME g a0 U a—m+1:a(s)) p—i(s)

where k € {1,...,d},me€ {0,1,...,d} and A € (R")“ such that ag 4(A) < . we also define
Hﬁ-:k aj =1 when k > [, and denote x_; for the vector x without its i-th entry.
An integration by parts shows that

ad_l §1=00
Tug-auy 04 W) lu—v,(5)P-1(5) - ds_;
s 0!
—<A,s
+/(R+)dlle mcg&d(u)}u:Ud(s)p*l(s)ds

=apq—1(A-1)+aiq(A)

_ _—<As>
aod = /(R+)d—1 (1—e )

and in general for r € {1,...,d} we get the recursion formula

ar.,du') = drd—1 ()’—(r—i-l)) +ar+l,d()'>~ (4.6)

We prove the next technical lemma which provides d + 1 identities; of which the first one,
index 0, will be of use for the proof of the Proposition and the rest are useful to prove by
induction the d + 1 identities of the Lemma.
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Lemma 3. Ifap 4(A) < oo then the next d + 1 identities hold

d
aaA)=Y wvid)— Y k(B:A,i)+-
i=1

i:(il,iz)e{l....,d}z

o (=1)4 ) K(6:4, (i1, ia—1))

1<-<lg_i

+(=1)"k(6:1,(1,....d))
d

ahd(l):wl(ll)—ZK(O;l,(l,i))+ Z K(6;A,(1,i1,i2))+ -
i=2 i1,i€{2,....d}

i1<ip

(=D Y k((6:4, (L. ig))

i]seeig_n€{2,d}
[1<<ig_p

+ (=D (0;4,(1,...,d))
ag-14A) = (—1)'%x (8:4,(1,...,d — 1)) + (= 1)k (6;:4,(1,...,d))
aga(A) = (=) Tk (6;4,(1,...,d)) (4.7)

Proof. We proceed by mathematical induction over the dimension d. We observe that from

the definition of k¥ we always have
aga(A) = (=1)"'k(6:4,(1,...,d))
For the case d = 2 we have from Proposition 1 in Epifani and Lijoi (2010) that
ao2(A,42) = y1(A1) + va(A2) — k(05 (A1, 42), (1,2))
And integrating by parts we obtain
al’z(ll,lz) = / lle_llslUl (xl)dsl —lllz/ e_llxz_MSng (Ul (Sl),Uz(Sz))dsldSZ
R+ (R+)2
= vi(M) —x(6:4,(1,2))

Therefore, we get the validity of the equations in (4.7) for the case d = 2. Now, suppose that
(4.7) 1s true for d = m — 1, we must show the validity for d = m. From the recursion formula
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(4.6) we get for r € {0,1,--- ,d}
arm(A) = ar.,m—l(l—(rﬂ)) +ar+1,m—1(l—(r+2)) T+ +am—l,m—l(l—m) +amm(A)

The validity of (4.7) for d = m follows from the validity for d = m — 1 and a combinatorial

argument. 0

Proposition 8 follows by considering the first equation in the Lemma statement and the

definition of ag 4.

Proof of Proposition 9.

Using the independent increments property of CRM’s we get that

P[Y0) > ..., Y0 > )] = B[00
—F [e—ﬂil O e (Ovtil]] E |:e_,ui2(li1 g = — i, (8 ,z,ﬂ}

...xE [e’“id (fig_y ’tid]i|

— oY)y (1) = [y =¥ Wiy iy (1) = IV(0) =Yy )W, (1)

Proof of Proposition 10.
For the only if part we define V; ; = 1 — e~ Wilij)=Hilij-1)l for j € {1,....d} and j € {1,...,h}
so by supposing (Fi(t1),...,Fy(tg)) 4 (1—e ) 11— e Hal)) we have
F(ti1,.. . ta1) L1 —e )] [] — g Halan)]
= [1 — e~ W)=mnol]... 11 — ¢~ Haltar)=Raltaol]

=Vi1-Va

We observe that fori € {2,...,h} and r € {1,...,d}

1— Il—[‘_/r’j =1- ILI(I — Vr,j) =1- lile_[nuf(tﬁ,j)_nuf(tr,jfl]) =1- e_ﬂr(tni)
j=l1 j=1

J=1
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Soforie{2,...d}
F(ty,... tq,) 4 [1— e M) 1 — g Halai)]

_ [1 _ IIIVIJ] [1 _l—il‘_/daj]'
j=1 j=1

Concluding the only if part.

For the if part we define p;(r) = —log(1 — Fi(t)) for i € {1,...,d} and suppose for i €
{12, hti=(t11,--sta1),-stn = (1 gy tap) Withto; =0 <t ; <--- <tz;and tjo =
0 <t <--- <tj the existence of independent random vectors

(Vl,17~~-Vd.,l)a-ua(vl,hw'-Vd,h)

such that we have (4.4).

Marginalizing in (4.4), we can apply Theorem 3.1 of Doksum (1974) to each F; so we
obtain that F; ~ NTR(y;) for some CRM p; that is stochastically continuous, almost surely
non-decreasing and has the appropriate limit behaviour.

We observe that

4

mi(tj) — i (tj—1) = —log(1 =V )

4

Ha(tj) = ta(tj—1) = —log(1 = Vg ;)

Hence (i, ..., Uy) defines a VCRM.

Proof of Theorem 12.

This proof is not only restricted to the homogeneous Lévy intensity case; in this general
setting, we recall that the Laplace exponent has the form (1.16). In order to prove the theorem

we use the next technical lemma.

Lemma 4. Let (Uy,...,Uy) be a d-variate CRM such that Uy, .., U, are not independent
and let the Lévy intensity V,(s,dt)ds of (W1,...,Uq) be such that ny = Vy4(x,(0,t]) is dif-
ferentiable with respect to t € RY at some to # 0 and denote n; (s) = dn(s)/ ot| i
q=(q1,...,94) € N? are such that max{qi,...,qz} > 1 andr = (r1,...,rg) € (RY)? are
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such that min{ry,...,ry} > 1, then
E[e—rlm (Ae)——rata(Ae) <1 _ e—m(As))q‘ (1 _ e—w(&))"“}
_ —{rs) (1 _ =SNG ... (1 _ »—Sd\qd 1/
—8/(R+)de (1— ™) o (1= =5)0an! (s)ds +o(e)

as 0 < € — 0, with Ag = (tg — €,19] for some ty € RT\ {0}.

Proof. We denote A3 f,(r) = fi,(r) — f;, (r) for a function f where 51,5, € R* and r € R,
We use the binomial theorem and apply expectation to write the left hand side in the equation

above as
y .y (‘11> . (‘{d)(_1)jl+-~+jde—(w0(r+(j17...,jd>)—1m0_e<r+<jl,...,jd»)
=0 jz=0 \J1 Jd

d
_ e—A;gfelVl(r) +e ’0 eWi(r {Z qZ <ql> je—Aigfe(l//,(r—o—je,-)—l/J,(r))
=1j=
qll (112 . .
+ Z Z Z (q”) (%2) Jl+lze tO O o (wi(r+jiei, +jreiy)—wi(r))

iip€{l,...d} j1=1 jo=1
i1<ip

q1 dd . ) .
+ . 1))y Lrg-e (Wi ()= i(r) 4.8
jlz—l Z:’ (Jl) <Jd) =) *+5)

We note that for j; € {0,...,x;}, i€ {1,...,d}, j = (Jj1,...,Ja), a Taylor expansion yields

SO0 D)) _ S e T (= UAY_ni(s)ds

e

—l-¢ /( o e (1 —e Y)n/ (s)ds+o(e) (4.9)

—=e

Furthermore by the binomial theorem we get the next d identities

(DZZ() e i) =— il—es

i=1j=1 i=1

9, 49iy
(2) Z Z Z (Clu) <le) 1)]1+j2(1 _efjls,-lszsiz)

i1ipe{l,...d} j1= 1jr=1
i1<ip

— Z { sll q,1_|_(1 Siz)%

_ (1 _ e_sil )qil (1 _ e_siz)qiz}
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@n Y % qlf (ql1> (%1) (= 1)Jr+ iy

i omig 1 €{ld) =1 jgo1=1 Jd—1
i1<<ig_1
X (1 _ e_‘/lsil_"'_‘/dflsid_l)

d—1
= )y A ;u

il ,....,l'd71€{l,...,d}
1 <---<lg_i

()2 Y (e )Tl —e )t
]1 ]26{11 AAAAA ’d 1}
J1<Jj2

o (=) (1 —efi) i e (1 — e S ) ia }

@ Z Zl (m) - (q_d)(_l)<1,,->(1_e<,,s>)

Jd

= dz q,_|_

(_1)d—1 Z (1—e %) (1 —eSn)n 4. ..

(=D (L —e Si) i (1 — e ¥ia )9

So we have that (4.8) becomes

i ip€f{l,...d} j1=1 jo=1
i(1<ip

(rs) 9y iy gi gi
—e —(rs g 2 (—1)/rti
/(R+)de L L L (jl)(jz)( )

i1 ip€f{l,...d} j1=1 jo=1
11<ip

x (1—e /=)l (s)ds+ -+ i Z ( 1) : (]d)(_l)@j)

A=l ja=1

ef e (1) (qd)<_1><l,j>(1_e_<,,s>m,0(s)ds+o(£)}

Jd
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_ L) {e / eI (L= e )Mo (1 — %) dimy (S)ds+0(8)}
(R*)!

={1+o0(1)} {e/ e (1 —e™ )9 .. (1 —esd)‘Idn,'O(s)ds+0(£)}
(R*)?

= {e /(R+)d e (1 —e )0 (1 —e_“d)qdntlo(s)ds—ko(s)} .

O

Similarly to the proof of Theorem 1 we use the next Lemma to simplify the calculations in
the proof of the Theorem at hand.

Lemma 5. In the setting of Theorem 1 suppose the censored to the right data 9 is comprised
of a sole observation t| with frequencies n® = (n5,...,n5) andn® = (n§,...,n5). Let t <1y,
then

E [ e—(/l—l—n”—i—ne)/,t(OJ]}

E[ A (0,2]—.. *Adﬂd0t|@i|—lln(l) E[e (n)n (0]
e~ e ’

Proof.
E [6—11#1 (0] =..= A pta (0,1] |@d}

{Hd — it (0.1] =i (011} <e*”i(07’l*£] _eﬂi(07lﬂ>nf]

= llm e
€0 [Hd —n{ 1 (0,11] (efﬂi(O,h*S] — e*ﬂi(ovtl])ni}
[H" — A (0.4] nfui(m]—nfui(o,tq
= lim
£—0 E [e—n?m((),t}—n?ui(oﬂ]}

B[ eimten) (e-mien-e eomtc) ]
[Hd —n§ (e, (e—,u,-(z,tl—s} _ e—y,-(z,tl])”f}

X

[H —(Ai+n§+nf)u; (0, t]}
[H ()i (0, ﬂ

e—(ql,(l—i—nc—i-ne)—l;/,(n”—i-ne)'

]

We observe that if y; is the Laplace exponent associated to the Lévy measure V; then
l//t(k) (A) =y, (A +k) — y; (k) is the Laplace exponent associated to e~ *:5)¥,(ds, dx), with
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this in mind we have that, in the following, without loss of generality for calculations of the
posterior Laplace exponent as in the previous Lemma it suffices to consider evaluation of
the exponent in a time ¢ which is greater than all the survival times in the survival data 2.
Define

rgd,g—mm{ V) (1)) =

i=1j=1
mi ((Tij) —€.T(;)]) =ni;}

so that

E —A g (0] = —Agpq(0,1] 1 9D
B [e—llﬂl (0,8] =+ Ag g (0] |@d] — lim [e L'g,e ( d)]
£—0 P[@d € ng,e]

We observe that defining 7jy =0 and 7}, ; =0fori€ {1,...,d}

ik+

E [e*llul(OJ}*'“MW(OJ} Ir,. (D)}

e

_E He M:Otne i hi( 0,75 (0,775~ }<1 o HilT()~ 8T<>1)"

=~

—E He Aip(T H[ it (T(j1) Ty~ €)= Ratt(T(j)—e. Ty

j=1
X e*n,ﬁjZ,:l (,ui( (r)7£7T(r)]+ui(T(r71)vT(r)78})77151'21«:1I-Li(T(rfl)vT(r)fg}

w5 i1 (T —&. 1) (1 o HilTi)= 8T<>1) }
d
:E H A,[JI( ] Zj 1 ,jZ,_ (,ut(T(r) 87T(r)}+“i( (r— l) (rn— 8])
=1

Z] 1 le] ;::]“i(T(r 8] Z} 1 ljz‘;—lul( ) S’T(r)]

XHe Aitti (T j— 1), Tjy— €l =it (T jy — €T ;)] <1_e—#z(T() 8T()}> e]

=~

He JiTog 11 T e (A5 475 Wi (T )= €T3 ) (1_e—ﬂz(T<> &1 >]>

Jj=1

o MiMi(Tg—1) Ty — €= (T 1) 1) —€] ﬁf.j“i(T(n)vT(j)S}]
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So defining
k d . ne
Iie= HH{e—[M":ﬁ"uH]M( ()& ( e HilT(y) =&, T</>]) "’}
j=1li=1
d k
be :He*/li.ui(T(k)»’}H{e_}”i“i(T(.i—l)vT(j)_e] (4 )T 1) () — 8]}
i=1 j=1

We get from the independence property of CRM’s that

E [efz'l“’l (07[}7'“7)'d;u'd(07t] ]lr

De

(D)| =E[l¢]E[L] (4.10)

We observe that for r; = A; +7; ;+7¢ ;. i € {1,...,d} we have thatmin{ry,...,ry} > 1 and
for j € {1,...,k} such that T(J) is an exact observation we have that max{ny ;,...,ng j} > 1
so Lemma 4 can be applied yielding

d =C | e ne
E He_(l"_‘—"i-j_‘—"i,jﬂ)ui(T(j)_s’T(j)] (1 o HiT() €T >J)
i=1

_8/R+ H T ) (1_e_si)nf'j}nt/T(j)(s)dS+0(8) (4.11)

On the other hand, for j & I(®) = {J : Tjj) is an exact observation} we have n; ; =0so by
the continuity of 1, (s) in 7 we have

limE He (Atig iy (T —€.T; ) (l—e (T<j>—87T<j>}>n"’j]
e—0 ;
< — (Mg 40 s )T =€)
— imE e )T =& Tl | — 4.12
lim ZIJ J (4.12)

From (4.11), (4.12) and the independence property of CRM’s we obtain

lim E[Il e] =
£—0 ’

d
;g% H {8/(]R+ dn{ (At 472 5,y )si ‘(1 _efsi)nf,j}n’T(j) (s)ds+0(£)}

jer© i=1
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Also by continuity and independence, settng A = (4,...,4,4), we get
lim E[ly.¢] = o (W)—vr, )

y H { ( N i l[/T(jil)(lJrﬁ?Jrﬁ“}))f(q/T(j) (ﬁ§+ﬁj)fWT<H>(ﬁj+ﬁj)> }

So by (4.10), (4.12) and (4.11) we get that

t () ~C | =€
1imE[e—wl<0J1—--~—ldud<0,t]ILFD (@) = " Lt AriL WA )

e—0
/l+n Rt ) s /
hm{ /W H (1 —e >f}nnj)<s>ds+o<e>}

e—0

—):];':1 Ar(j.il) i (R+05)

And similarly

T .
B Y

oy i ()

lim P (24€Tg,:] =e

X lim { /R+ H (L 108 (1 —e‘si)”ij}nt’T(j)(s)ds—l—o(e)}

£—>0

We set T(; 1) = so we conclude

D)

E [e—xlul(o,t]—~~-—7tdud(o7t] Ir,
d,E

]E [e—l]u] (O,Z]*"‘*ld”d(oﬂ ’@d] = llm
-0 PDeTy, .|

_ z"“ 0 )(l[/r(l+n+n) i (RS+5))

I 2 i LMCUALG

im
0 i e.

jer € [(r+ya ML, { ( o ”H) (1 —e_si)n”’}n/T(j) (s)ds+o(e)

](l—e%}“’s))e (#5+75.9) v(ds,du)

k+1
_ Himeya T(-1)70)

Sy I, { TR (1 e_Si)nij} M, ($)ds
(
e N ) { (i) (1 —e_si)nij} M, (5)ds

(4.13)

(4.14)
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Proof of Corollary 4.

In equation (4.14) above take A = (1,...,1) and using the discussion after Lemma 5 replace
M with M; to obtain the result.

Proof of Corollary 5.

From equation (4.13) in the proof of Theorem 12 we obtain the related likelihood.

Proof of Proposition 11.

In the setting of Theorem 12.

wlA) = (1— e R80T, (s, dx)ds

/t/\T AT ) ) x (R )

— l1—e ()\.+n +n ,8) dx)ds
/t/\T VAT x (R*)d ( ) (S )

- (1— e~ 55519, (s, dx)ds
/<”\T(jl>7’/\T<j>)X(R+)d

= (Vinmy (A +75+7) — winr, (A +7+75))

— (Wt/\T(j) (ﬁj "’ﬁj‘) - WI/\T<,>1) (ﬁcl +ﬁ§)> :

Proof of Proposition 12.

We will use the next lemma.

Lemma6. Letm €N, q1,...,q, € (RT) distinct of 0= (0,...,0), g€ (R and 0 #1 =
{iv. i} C{1,...,m}. Wedenote I\1={ia,...,i}. Then

—{a.s) ) ©
/(Rﬂdx(o./,}e 1 H(l e >Vd(ds,dx)

lel

=) <_1)#<S>(%<q1 +Zqz+q)—%<2qz+q>)

Sci\1 leS leS
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Proof.

—<q7S> 1_ _<q17s> V ds dx
/(R+)dx(0,t]e H( 4 )Vd( ) )

lel

— e (1 —e @ T (1—e*<ql’s>) Va(ds, dx)

(RF)4x(0.1] lel\1
— ~@s) (1 — @9 (—1)" e Liesa:5) 3, (ds, dx)
e e e 4 (ds,
(R¥)4(0,1] SCZI\I
=Y (_1)#5/ ¢~ @ Licsq:8) (1 — ¢=(91:5)) 7, (ds, dx)
SCI\1 (R+)4
=Y (—1>#(S)(ll/t(q1+Zqz+q)—%(2qz+q))
Sci\1 leS leS

]

The proposition follows with 7 as in the hypothesis and q; = e; fori € {1,...,d} in the above

lemma.



Chapter 5

Generalized Additive Neutral to the
Right Regression

5.1 Survival regression

In survival analysis it is often the case that the events of interest we want to analyse involve
information that can be suitably quantified in a control variable which we refer to as covariate.
Usually we want to use the covariates for prognosis purposes, i.e. their effect on the related
survival function. To analyse the dependence between the variable of interest and the
associated covariates we require a regression model. Regression in a NTR setting regression
was investigated by Kim and Lee (2003), where they considered a Cox regression approach
for NTR distributions.

Definition 24. (Kim and Lee (2003)) Let  be a CRM and T ~ NTR(u) so that the survival
function of Y is S(¢) = ¢~ furthermore let there be a vector of covariates X € R? for
some d € N. We say that Y|X follows a Cox NTR distribution if

Scox(t) = P[T > 1X] = S(1)?" = =P ¥ u04]

for some B € RY.

The Cox regression approach can be too restrictive in a variety of settings even if we use
the flexible NTR distribution; for example, a shortcoming of this model is that it induces
proportional hazards when we vary the covariates and therefore it does not allow for the
crossing of the survival functions related to r.v.’s with different covariates outside of the set
{t € RT : Scox(t) =0 or Scox(t) = 1}. Indeed, if py, py are indexes associated to survival

times Y, , ¥, with respective covariates X (1) £ X (P2) and survival functions S(CIZ)IX), Sgg?
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given as in the definition above for a NTR distribution, then

S(Pl)(t) _S(Clz)zx) (1) = ng)lx)(l)(l —S(t)")

Cox

where r = (B Xr2) — o(B-Xp1) The quantity above can only be zeroif t =0 or ¢ = 1.

5.2 Generalized additive NTR regression model

We observe that the d-variate multiple-sample NTR model of Chapter 4, displayed in equation
(4.2), can be thought of as a regression model where the covariates denote the label of
membership to one of d different populations. We will focus on the use of VCRM’s to build
a flexible Bayesian nonparametric regression model that can recover the multiple-sample and
Cox NTR settings.

Definition 25. Let n,m,d,b € N\ {0} and u = (uy,...,Hy) a d-variate VCRM such that
. a.s.
lim ;(0,1] = oo
forany i € {1,...,d}. We say that a collection of random elements
{Yi, X}y

with ¥; € RT, X; = (Xi1,...,Xim) € R™, follows a generalized additive NTR regression
model if

S@t)=P[Y; >t1,...,Y, > t,|u,B,X] = He_fl (BXi)u1 (0,ti]—..— fa(B.Xi)1a(0,1i] (5.1)
i=1

where (t1,...,t;) € (RY)", B = (B1,...,B,) €RPand f; : R® xR™ = R+ foric {1,...,d}.

We observe that the generalized additive NTR regression model can be seen as NTR distribu-

tion conditionally on the covariates X;

. d
Yi|B.X:,p * NTR (Z fj(ﬁ,Xi)uj> ; (5.2)
j=1

such remark is useful as it allows us to use NTR results for our model. The Cox NTR
model of Kim and Lee (2003) is recovered if d = 1 and f;(B,X) = ¢'B-X) However, when
considering d > 1 regressor functions f in our model the survival functions for different



5.2 Generalized additive NTR regression model 93

covariate values can cross each other at any point z € R*. Indeed, let S, and S, be the
survival functions of r.v.’s Y, , ¥, in the generalized additive NTR regression model with

respective covariates X ,, # X,,, then

d
Spl (t) - Sp2(t) - Spl (t) (1 — Herl’:u'i(ovt}>
i=1
with r; = fi(B,X p,) — fi(B,X p, ). For example, if d = 2, the survival functions cross if the

curves given by {(e 104 =041y » r ¢ RV and {(1,1¢) : t € RY, ¢ = —r(/r2} cross. In
Figure 5.1 we illustrate such case.

Crossing of survival curves with Gamma(1,1)-Gamma(2,1)

1.00 + =050, ] - 0.5:00.¢])
_—

e~ 0.3 (0, t] - 0.81(0.])

0.95 4

0.90 A

0.85 =

S(t)

0.80

0.75 A

0.70 _I_I—l_‘

0.65

0.60 -

0.0 0.2 0.4 0.6 0.8 1.0
t

Fig. 5.1 Crossing of survival functions when considering a bidimensional CoRM with Gamma
directing Lévy measure and independent Gamma(l,1) scores.

The multiple-sample NTR model, (4.3), can also be recovered by considering a covariate
X € {0, 1} such that X; = 1 if ¥; belongs to sample i and X; = 0 otherwise, and choosing

filB.X) = Lix—1}- (5.3)

In Section 5.3 we address the posterior consistency of the multiple-sample NTR model and
highlight some interesting comparisons with our more general model (5.1). We have moti-
vated our model as a generalization of the Cox regression and multiple-sample information

models but it can also be viewed as a competing risks model. We assume d causes for the
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event of interest to happen and define the survival function for the i-th cause to be

Si(t) = e~ FBX)ui(01]

for i € {1,...,d}. The overall survival function is then given by the model in (5.2). This
suggests a simulation scheme for our model. We sample ¥; as survival times according to the
survival function S;(z) and set

Y =min{¥y,...,¥;}. (5.4)

The CoRM is an interesting choice for the underlying VCRM p in the generalized additive
NTR regression model, (5.2). In this case the series representation of 4 = (uy,...,ly) in
(2.12) leads to the identity

[}

T ~NTR <Z (zd: f,-(ﬁ,X)m,-,_,-> w_,-6uj> (5.5)
i=1

J=1

which can be seen as a CoRM on R™ with directing Lévy measure v* and score distribution
given by the r.v.’s ):?:1 fi(B,X)m; ;. In this form, each score is a random linear combination
of the basis functions fi,..., f;. For example, if we take f;(B,X) = ePXi and the score
distribution £, corresponding to the i.i.d. weights {(m; j,...,mq, j)}‘;"zl, to be a multivariate

LogNormal, as in example (10), then we get a NTR distribution as follows

oo d
Y ~NTR (Z ( ePiXites ) w0 j>
j=1 \u=1

where {(&1j,...,€4,) }7-; are i.i.d. multivariate Normal r.v.’s. When we consider possibly
censored to the right data, the posterior characterization of the generalized additive NTR
model can be calculated. First, we fix the notation for the posterior calculation of (5.1) to be
established in Theorem 13.

Definition 26. Let
9 = {7}7‘11'}?:1

be survival data with possibly censored to the right observations. Given a sequence of
m—dimensional covariates {X;}" ; andan xm matrix X with rows consisting of the covariate
sequence, we say that

@X = {Tia‘IhXi}?:l

is survival data censored to the right with covariates.
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For the sequence T1,...,T, we define the k < n order statistics (without repetition) to be

Ty < -+» <Tyy. LetTigy =0 and T 1) = oo. We define n? and nj to be the number of

censored and exact observations at time 7} ;) respectively. The matrix X is defined to have as
rows the m-dimensional covariate vectors {X;}" ,. We define sets

19={:T=T,ads=1} ; I')={:7 =1, andJ; =0},
with j € {1,...,k} and
1) = {I : T} is an exact observation}.

We also define functions

n@2)= Y fzz) : hl@2)=Y fzz)

(e) (c)
lel; l€l;

for z € R”, b € N\ {0}, and Z = (Z;;), a real valued matrix of dimension n x m with
je{l,....k}andi € {1,...,d}. We define the cumulative version of these functions by

with j € {1,...,k} and }_zl(_ek)ﬂ(z,Z) =19, (2,Z) = 0. We define vectors

and

With the above notation, the next theorem provides the posterior distribution of the gener-
alized additive NTR regression model, (5.2), with a general VCRM and possibly censored
data.

Theorem 13. Let u = (Uy,. .., Uy) be a d-variate VCRM with corresponding Lévy intensity
of the form V,(ds,dx) = V,(s,dx)ds and Dy survival data with covariates following a
generalized additive NTR regression with VCRM W and regressor functions fi,... fm. If
fi > 0 for at least one i € {1,...,d} and for n(s) = V,(s,(0,t]) the partial derivative
Ny, (s) = dni(s)/ ot| 1=, €Xists for arbitrary to in R*\ {0}, then the posterior distribution of
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K given survival data Dy is the distribution of the random measure

(U5, 1g) + Z()(Ml,j5r<,»)7--~aMd,j5T<,~)>
Jer¢

where

i) u° = (uy,...,u;) is a d-variate VCRM with Lévy intensity

i 70 g g i © )
Vd(ds,dx)lxe[T(j_l)7T(j)) — o (B (BX)+h; (B’X)’S>Vd(ds,dx) (5.6)

ii) The vectors of jumps { (M, j,...,Ma,j)} ;cy are mutually independent and have, respec-
tively, a d—variate probability density function given by

d /(70 B+ BR))s: d
gj(S) o H (e <I’li.j+1(ﬁ7x)+hiﬁj (ﬁX)) z> H (1 _ He—ﬁ(ﬁXl)si) nﬁj) (S) (57)
i=1

i=1 (e) i=
lelj

iii) The random measure W° is independent of { (M j,...,Ma,j)} jc -

We observe that we have the same posterior structure as for the multiple-sample model, a
measure (° with explicit Lévy intensity plus a series of 6 measure with random weights and
fixed location at the exact observation times; however the structure relating to the covariate
structure i1s much richer now. The posterior characterization result is of special interest for its
use in the inference scheme for model; we address this in the following corollaries.

The survival function S(t) = P[Y > ¢ |B,X] conditional on the survival data 2 and fixed
value B (which will often be a value sampled from the posterior distribution using a simulation

algorithm) is presented in the next result.
Corollary 7. In the setting of Theorem 13. For 0 # L C {1,...,d} denote

It(e) = {l : Tyy) is an exact observation } N{l : T;) <t}.

Let S*(t) = P[Y* > t|B,X*] be the survival function of a r.v. Y* associated to a covariate

vector X* and B a d—variate random vector; then
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k+1 o * o *
§(0) = E[EIS" (1) 1] 195 B.X] —¢ (W V1= V)0, 2y

_(yrapte 7981 s
f(R+)d H?’:] (e (V’ +h./'+lﬁi(ﬁvx)+hj,i (ﬁX)> l) H
<1

(i BRI BR))s;
jet® J+ya I (e <hf+‘*"(ﬁ’x)+hf=" (ﬁ’x)> ’> [1

(1 T e )

e .
lelj ()

(s)ds

@ (1- e, e~ fiBX)si)nl (s)ds

e .
lelj ()

(5.8)

where V* = (V... ,V}) = (fi(B,X*),..., f2(B,X*)) and y° is the Laplace exponent of |1°.

The underlying Lévy intensities with which we deal in our model usually have a parametric
dependence in a vector of hyper-parameters c. In the proof of Theorem 13 it is outlined how
to derive the likelihood of the corresponding hyper-parameters when we consider censored
to the right survival data with covariates, 9}2. This likelihood is essential for the inference

scheme we present later on in this chapter.

Corollary 8. In the setting of Theorem 12 with survival data Dy, underlying Lévy intensity
Va e partial derivative nt’p and Y, ¢ the associated Laplace exponent, for some real valued

vector of hyper-parameters ¢, we get the likelihood on ¢ and B

(e)
lelj

where for A € (RT), t e RT

A =/ 1= e )7, (ds, dx
wed)=[ o Vie(ds,d)
We can essentially use Proposition 11 from the last chapter to evaluate the Laplace exponent
in the estimator that appears in Corollary 7. Next we give a Proposition to analytically
calculate the integrals of the type involved in both the estimator of Corollary 7 and likelithood

function of Corollary 8.
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Proposition 13. Let q1,...,qn € (RT)? distinct of 0 = (0,...,0), g € (RT) and 0 # I =
{ive. it c{1,...,m}. Wedenote I\ 1= {iy,...,ij;}. Then

—(g.9) 1—e 99 v, (ds. dx
AR+)dX(Ot] e H < e > Vd( ) )

lel

-y (—1)#(S)<%<q1 +Zqz+q)—%<2qz+q))

Sci\1 leS leS

The preceding discussion highlight how the implementation of the inferential procedure,
as for the multiple-sample information NTR model, depends on whether we can perform
evaluations of the Laplace exponent or not.

5.3 Asymptotic results

In this section we use the main results of Kim and Lee (2001) and Kim and Lee (2004) to
check posterior consistency and the Bernstein-von Mises theorem for the generalized additive
NTR regression model. We use these results to provide guidelines about the choice of the
VCRM and regressor functions { fi}f:l in our model. For example in the CoRM case, this
limits the choice of the score distribution and directing Lévy measure. These results also
give insights into how these choices for the model affect the borrowing of information in a
competing risks framework, (5.4), and how the model can be misspecified if the regressor
functions are not flexible enough. The results presented in this section rely on the use of
the cumulative hazard function for NTR distributions, see Proposition 4, by making use of
the identity of (5.5) which relates our regression model to a NTR setting. In this section we
consider possibly censored to the right survival data with covariates 9;2" ) = {1, 7., X},
where special emphasis is placed on the number of observations n. When we say that a
distribution has posterior consistency in this section it will be in the setting of Definition 9
with respect to a true underlying distribution with survival function S that generates survival
data 9;" ). In the context of (5.2), the following proposition establishes consistency if the
entries of the VCRM are pairwise independent Gamma CRM’s, see Examples 2 and 3 in
Chapter 1.

Proposition 14. Let d € N\ {0}, K = (K,...,K,;) be a random vector in (R*)? such that

a.s.
Ki # Oforie{l,...,d}, andlet p = (U1,..., ) be a vector of CRM’s with independent
entries such that marginally each entry is a Gamma CRM; then, given K, the NTR (Zle Kil;)

distribution has a consistent posterior.



5.3 Asymptotic results 99

On the other hand, if we consider complete identical dependence as discussed in Example 4

we get the next analogue result.

Proposition 15. Let d € N\ {0}, K = (K1,...,Ky;) be a random vector in (R™)¢ such that

a.s.
K #0 uaCRMand p = (Uy,...,t1g) = (U, U,...,1) be a VCRM with Lévy intensity
supported in {(s1,...,54) : s1 =52 =... =54} ; then, given K, the ~ NTR(YL, K;l;) =
NTR ((Ky +...Ky) ) distribution has a consistent posterior if W is a Gamma CRM.

In terms of our model, (5.1), the previous two propositions give the next result.

Corollary 9. Let u be a VCRM with Gamma CRM entries that are either mutually indepen-
dent or a.s. equal. If f; > 0 for everyi € {1,...,d} then

NTR (f1(B )41 (0.1] + ..+ fa(B X )1a(0,1]| D) (5.10)

has a consistent posterior, with respect to the underlying true distribution with survival

function Sy, conditionally on B.

The next proposition can be seen as a generalization of Example 6 into a CoRM setting and

also into the framework of our model.

Proposition 16. Let K = (K, ...,K,;) be a random vector with a probability density sup-
portedin (R*\{0})¢ and u = (W, ..., 1g) a CoRM with Gamma directing Lévy measure and
score distribution with density h supported in (R+)d. Then the NTR(Y.%_, K;L;) distribution

has a consistent posterior.

The above result showcases a robustness for the posterior consistency of the NTR model
with Gamma CRM when we consider the CoRM with directing Gamma Lévy measure as a

perturbation. In terms of our model, (5.1), we get the next corollary for the proposition above

Corollary 10. Let p be a CoRM with Gamma directing Lévy measure and score distribution
with density h supported in (R*)d. If fi > 0 foreveryic {l,...,d} then

NTR (f1(B ) (0.1] + ..+ fa(B X )pa(0,1)| 2" (5.11)

has a consistent posterior, with respect to the underlying true distribution with survival

function Sy, conditionally on B.

On a more general setting, if we consider the underlying VCRM in our generalized additive
NTR regression model to be determined by an arbitrary absolutely continuous with respect
to Lebesgue measure Lévy intensity V; then the conditions for posterior consistency in

Proposition 5 are expressed as follows
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a.s.
Proposition 17. Let K = (Ki,...,K,;) be a random vector in (R*)¢ such that K; # 0 for
ie{l,....d}, and p = (Uy,...,Ug) be a VCRM with absolutely continuous with respect to
Lebesgue measure Lévy intensity V4(s,dx)ds. Then the distribution NTR(Y_, Kiw;) has a

consistent posterior if

(-~ log(1—5).)
satisfies the conditions of Proposition 5 where

v ydi —y2 )2 Yd
// /Z Yd—--—)Y3 d YKyttt Ky >d d
K K y2...dyq.

Theorem 14. Let b € N\ {0}, B € R?, Y* be an exact observation with covariate X*,
§* (1) =PY* >1|B,X*] and V* = (f1(B,.X*),..., fa(B,X")). If

NTR (fi(B )1 (0.1] + ..+ fa(B X )1a(0,1)| D) (5.12)

has a consistent posterior, with respect to the underlying true distribution with survival

function Sy, conditionally on B, then

lim E [S*(t) 23 B.X*| = So(t)R(1:X)

n—oo

with

_ k(n)+1 o *\ __11s° o ) *
REE) — tim o on (W V) (0¥ (0¥, ) L0,y I

n—yoo

lEI

_(yrapt® CACIT S (O
f(R+)dH§i:1 (e (Vi +hil (BX ) +h; (BX )) l)H

O H B A BEs
f(RﬂdHEi:] (e (1+hj+1,,-(ﬁ,X )+h\ (B X )) ,)H

161 (1—H e ﬁBXz)s,) v(s)ds

(5.13)

where dependence on n has been made explicit by a super-index (n).

We observe that if f; = 1 then R = 1 so our regression model estimator is equivalent in the
limit to the frequentist Kaplan-Meier estimator. The other asymptotic property we focus on
in this chapter are the Bernstein-von Mises results, as in Definition 11, for the generalized
additive NTR regression model. In such context we consider again a true underlying survival

(n)

function Sy which generates the survival data with covariates 9}2 .
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Proposition 18. Let K = (Ki,...,K;) be a random vector with a probability density sup-
ported in (RT\{0}1)? such that E[K;] ,E[1/K;] < o foranyic {1,...,d}; andp = (uy,...,Ug)
be a CoRM with Gamma directing Lévy measure and a score distribution with density
h supported in (R*)d such that if (Uy,...,Uy) ~ Z(h) we have that E[U;| < o for any
i €{l,....,d} and E[1/U;] < o for at least one j € {1,...,d}. Then the distribution
NTR(YY | Kiw;) attains the Bernstein-von Mises theorem.

In the context of the generalized additive NTR regression model the next result follows.

Corollary 11. Let yu be a d—variate CoRM with Gamma directing Lévy measure and and
a score distribution with density h supported in (R+)d such that if (Uy,...,Ug) ~ ZL(h) we
have that E[U;] < o for any i € {1,...,d} and E[1/U;] < oo for at least one j € {1,...,d}.
FE[1/£(B,X)] .E[fi(B.X)] <o foranyi€ {1,...,d} then given survival data @g)

S(:%) = o1 BE 04—~ fa(BX) s 0] (5.14)

satisfies the Bernstein-von Mises theorem with respect to the Kaplan-Meier estimator of the

possibly censored to the right observations in @)(2" ) forany X € R?,

Results as Theorem 14 are interesting as they show a case, namely when f; > 0O for every
i€{l,,...,d}, where the posterior mean estimator (5.8) collapses in the limit to the marginal
survival associated to the survival data without covariates, 2, times a function R which
accounts for the covariate dependence. If the regressor functions f; are not chosen with

enough flexibility we have that our regression model can become misspecified.

Example 17. Model misspecification
We draw samples from two different populations ¥ (1) = {v .(1)}‘;":1 and Y(?) = {Y-(Z) 24

1 1

given by

Yl.(l) "5 Weibull (shape = 2.1,rate = 0.5) ; Yl.(z) "1 Weibull (shape = 0.9,rate = 0.5).

Given n € N\ {0} we consider {Y;,Z;}}_, such that no censoring is considered,

Y; " 0.5Weibull (shape = 2.1, rate = 0.5) + 0.5Weibull (shape = 0.9, rate = 0.5),

where we have used the usual notation for mixture distributions, and

1, if¥; ~ Weibull (shape = 2.1,rate = 0.5).

Z; = .
2, if ¥; ~ Weibull (shape = 0.9,rate = 0.5).
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For illustration purposes we take a VCRM consisting of two independent homogeneous
Gamma(o, B;) CRM’s with k(dx) = dx, i € {1,2}. If we consider the generalized additive
NTR regression model with regressor functions fi, f, given by

f(Z2)=061(2); f(Z)=8(2),

then the model is equivalent to having independent NTR (Gamma(;, f3;)) distributions for
each population, Y, appearing in the survival data, i € {1,2}. As we have Gamma CRM’s

there will be consistency for each population, see Figure 5.2.

Two populations fit with multiple-sample NTR model

100 observations 1000 observations
—— Population 1 true survival —— Population 1 true survival
1.0 —— Population 2 true survival 101 —— Population 2 true survival

—— Population 1 multiple-sample fit —— Population 1 multiple-sample fit
—— Population 2 multiple-sample fit —— Population 2 multiple-sample fit

0.8 4 0.8 4

0.6 4 0.6

S(t)
S(t)

0.4 - 0.4 1

0.2 4 0.2 4

0.0 0.0

10000 observations

—— Population 1 true survival
1.0 —— Population 2 true survival
—— Population 1 multiple-sample fit
—— Population 2 multiple-sample fit
0.8

0.6 4

5(t)

0.4 4

0.2 4

0.0

Fig. 5.2 Plot of NTR fits given by the estimator (5.8) for two Weibull distributed populations
with independent Gamma(1,1) CRM’s. Draws from 100, 1000 and 10000 observations
without censoring were considered.
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Two populations fit with misspecified NTR regression model

100 observations 1000 observations
—— Population 1 true survival —— Population 1 true survival
L0 —— Population 2 true survival 101 —— Population 2 true survival

—=—- Population 1 misspecified limit
—=—- Population 2 misspecified limit
0.8 —— Population 1 misspecified fit 0.8
—— Population 2 misspecified fit

——- Population 1 misspecified limit
—=—- Population 2 misspecified limit
—— Population 1 misspecified fit
—— Population 2 misspecified fit

0.6 0.6

S(t)
S(t)

0.4 0.4

0.2+ 0.2+

0.0 0.0

10000 observations

—— Population 1 true survival
107 . —— Population 2 true survival

\ —=—- Population 1 misspecified limit
—=—- Population 2 misspecified limit
0.8 4 —— Population 1 misspecified fit
—— Population 2 misspecified fit

0.6 4

S()

0.4 4

0.2 4

0.0

Fig. 5.3 Plot of NTR fits given by the estimator (5.8) for two Weibull distributed populations
with independent Gamma(1,1) CRM’s. Draws from 100, 1000 and 10000 observations
without censoring were considered. The misspecified limit So(r)R(¢;X ) is calculated with
the true mixture of Weibull distribution for Sy and an approximation of R by considering

2 in the limit in (5.13).
On the other hand, if we take the strictly positive regressor functions fi, f> given by

fi(Z) = 1.58,(2) +0.58(2)
12(Z2) =0.561(Z) +1.560(2),

then, still using independent Gamma CRM’s for the VCRM, because of Theorem 14 the
posterior distribution of individuals belonging to either population, with covariate Z = 1
or Z =2, will collapse in the distribution given by So(z)R(¢;Z). Here Sy is the survival
function associated to the full set of observations {¥;}”_,, which in this case corresponds

to the uniform mixture, weights 0.5 and 0.5 for each involved distribution, of the Weibull
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laws associated to each population ¥ M, ¥®@); and R (+;Z) is the function depending on the
covariate Z that was given in Theorem 14 and which, by the choices of fi, f> is different

from 1 so the model will produce misspecification as showed in Figure 5.3

We see from the previous example that special care has to be taken in the choice of the
regressor functions, so they are flexible enough to avoid misspecification as in the previous

example.

5.4 Real data analyses

In this section we analyse real survival datasets with the generalized additive NTR regression
model. For the underlying VCRM we will use a CoRM that can modulate between assigning

mass on random weights in the axis of (R*)¢ and the identity line.

Definition 27. Let 6 € [0, 1], we denote by 6 — LogNormal the distribution given by the
mixture

14
7, 1LogNormal ((1 —0)ej+ 01, Gl(d)> .

i—

If § = 0 then the §-LogNormal distribution accumulates mass near the axis in (R*)? and
if 0 = 1 then the mass of the distribution is accumulated near the identity. As showcased
in Example 11 such distribution can be used as the score distribution of a CoRM. In all the
real data studies of this section we will use a § — LogNormal — Gamma(a, ) CoRM with
o = 0.1 in the § — LogNormal score distribution and k(dx) = dx for location part in the
homogeneous Gamma directing CRM. We observe that computation of the Laplace exponent
of a 6 — LogNormal — Gamma CoRM is not straightforward. However, as the Laplace
exponent of the Gamma directing CRM is explicitly available and drawing samples from the
score distribution is possible, we can use Theorem 6 to give a Monte-Carlo estimator for the
Laplace exponent of the § — LogNormal — Gamma CoRM. We propose a MCMC scheme
for estimation of the mean posterior survival function in Corollary 7, equation (5.8), when
assigning prior distributions on the vectors B, ¢, as in Corollary 8. For all the generalized
additive NTR regression fits in this section we first perform a NTR maximum a posteriori

estimate ¢Maxpost

, see the example in Figure 1.5 and equation 1.24, for the vector of hyper-
parameters ¢ = (&, B) for the directing Gamma Lévy measure associated to the underlying
CoRM. So we fix ¢ = gMaXPost — ((maxpost’ gmaxpost) jp the rest of the inferential scheme. For

the estimation of the parameters B € R” and A € [0, 1] we use a pseudo-marginal Metropolis
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within Gibbs algorithm to draw

ﬂ(i)|émaxpost7 9}2, 1<i<M;

A maxpost

and use the likelihood (5.9) to identify ([3 ,),maXPOSt) attaining the running maximum
a posterior value along the MCMC chain above. We resort to the maximum a posteriori
approaches instead of using averaged estimator along the MCMC chain as in (1.25), see the
discussion pertaining Figure 1.6, because the Laplace exponent of the 6 — LogNormal —
Gamma CoRM is not explicitly available so we recur to a Monte-Carlo approximation,
which is computationally more expensive, instead. Even more, we have to recur to the
pseudo-marginal approach as in each MCMC step the Monte-Carlo estimator of the 6 —

LogNormal — Gamma CoRM’s Laplace exponent is used.

Algorithm 6 Pseudo-marginal Metropolis within Gibbs for generalized additive NTR regres-
sion model

1: Draw A1 from a Metropolis-Hastings sampler with Uniorm(0, 1) proposal distribution
and target distribution

(BY,x; Dy)
with yMonteCarlo jngtead of .

2: Draw B (+1) from a Metropolis-Hastings sampler with suitable proposal distribution and
target distribution

z<x,x<f+1>;@,2)pﬁ (x).

with yMonteCarlo jngtead of y and pp @ suitable prior distribution in B. the vector of
parameters for the regressor functions { f;} ;.

Anemia clinical trials

In Kalbfleisch and Prentice (2011), Table 1.2, two different treatments for patients with ane-
mia were considered; one with cyclosporine and methotrexate, and the other with methotrex-
ate alone. Each treatment study involved 64 patients. The Kaplan-Meier estimators of
the two treatments cross each other; we see that we can recover this behaviour with the
two-dimensional 6-LogNormal-Gamma CoRM and the multiple-sample model regressor

functions

f 1 (Zi ) = ]l{Patient Y; belongs to treatment 1.}

P (Zi ) = ﬂ{Patient Y; belongs to treatment 2.} -
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Anemia survival

1.0 -—1 === Treatment 1 Kaplan-Meier estimator
1 ——- Treatment 2 Kaplan-Meier estimator

L N —— Treatment 1 NTR regression

L! Treatment 2 NTR regression

0.9 - "'%—1

S(t)

0.7 1

0.6 1

Fig. 5.4 8-LogNormal-Gamma model fit for two anemia treatments with 5 =0.13. Kaplan-
Meier estimators are given for comparison.

We observe that in Figure 5.4 the survival estimators in our model for the two treatments
cross each other. As §™#Post — () 13 is close to zero, there is a subtle sharing of information
that can be observed when comparing with the Kaplan-Meier estimators.

Melanoma survival data

In Andersen et al. (2012), 205 patients with melanoma which had a tumour removed by
surgery were considered. The thickness of the tumour was one of the covariables of interest
as an increase in the tumour’s thickness is thought to increase the chances of death. Again
we use the two dimensional § — LogNormal — Gamma CoRM and choose the regressor
functions in a flexible way. Let ¢ = (q1,¢2,9394,9s) be the quantiles of the thickness
covariates at 0.0, 0.25, 0.5, 0.75, 1.0, respectively, then given B € [0,1]° we set k(q,B) =
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{(q1,B1),---(gs,Bs)} and regressor functions

f1(z,B) = max{0, Spline](f)(z)}
f2(z,B) = max{0, max(B) — fi(2)}

where Splinef) is a spline of degree 3 with knots k and max(B) = max{p;,...,Bs}. With

such regressor functions we can approximately recover a multiple-sample model where
the samples are given by the thickness covariate belonging to the supports of fi, f>. The
maximum a posteriori regressor functions are given in Figure 5.5, where we observe that
patients with tumour thickness between the 0.25 and 0.5 quantiles have disjoint supports of
the regressor functions with respect to patients with tumour thickness above the 0.5 quantile;

which we interpret as the two populations the model has fitted.

Maximum a posteriori regressor functions

(2, Broees)
le:z, ﬂ'lmaxp&sr)
0.8 .
® quantiles
0.6
g
=
B
T 0.4 -
]
E
0.2
0.0 ® &'® ® (]

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
thickness=z

. . A maxpost
Fig. 5.5 Regressor functions fj, f> for the melanoma real data, evaluated at B P
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The maximum a posteriori for 6 heuristically quantifies how much sharing of information

is the model gives to the pseudo-populations given by the disjoint supports of the regressor

functions. In our case

Smaxpost — 0 000371,

so there is very little sharing of information between the pseudo-populations.

Melanoma NTR regression fits by thickness

1.0 1

0.9 1

0.8 1

5(8)

0.6 1

0.5 1

0.4

T T
0 1000 2000
NTR regression,
thickness = 0.5

NTR regression,
thickness = 1.5

NTR regression,
thickness = 3.3

NTR regression,
thickness = 5.5

T T T
3000 4000 5000

Kapla-Meier,

thickness =0.97
Kapla-Meier,

0.97 < thickness = 1.94
Kapla-Meier,

1.94 < thickness =3.56
Kapla-Meier,

3.56 < thicknes

Fig. 5.6 6 — LogNormal — Gamma fits for thickness values 0.5, 1.5, 3.3 and 5.5. For
comparison we present Kaplan-Meier fits of observations with thickness values between the

quantiles at 0.0, 0.25, 0.5 and 0.75 and 1.0.
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Kidney transplant data

We consider the Kidney transplant dataset from the survival analysis book of Klein and
Moeschberger (2006) which is available in the R package "KMsurv" by Yan (2010). This
dataset consists of 863 observations with an indicator covariate to specify if the observation
was exact or censored, an indicator covariate to determine if the observation corresponded to
a male or female patient, an indicator covariate to determine if the observation corresponded
to a white or black patient, and an age covariate which we treat as a continuous variable.

As patients can be divided in populations 1) Male-White, 2) Male-Black, 3) Female-White
and 4) Female-Black, we consider the 4-variate 0-LogNormal-Gamma CoRM. We consider
regressor functions f;, i € {mw, mb,fw,fb} for the label of each populations; which we

define as

— eﬁO‘mW +ﬁ1,mwzage

Smw (Z) 1 {zgender=male, zrace=white}
f mb (Z) = eﬁo’mb+ﬁl’mbzage 1 {zgender=male, zrace=black}

Srw (Z) = eﬁo’fW+ﬁ1’fwzage 1 {zgender=female, zrace=white}
fn(2) = PootPrmzage 1z ender=female, zpace=black}

The intercept coefficients By mw, Bo,mb Bo.fw Bo.m account for the heterogeneity in the pop-
ulations. The linear coefficients for the age B1 mw,B1.mb, B1 fw: b1t account for decreasing
survivals when the age augments. In the Male-White population there are 431 individuals,
this is the biggest population in the sample. In Figure 5.7 the generalized additive NTR
regression fit is presented for patients in this population with different age values. The
Female-White populations has 278 individuals, making it the second largest; our model fits
for this population are presented in Figure 5.8 with different age covariates. In contrast
with the White populations, the Black-Male and Black-Female population contain fewer
individual, 92 for Black-Male and 59 for Black-Female; for this reason we only present the
fit for the age equal to 50 covariate, being close to the mean and mode of the age covariate
for both populations. In Figures 5.9 and 5.10 we present the corresponding fits.
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White males age 40 survival
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0.4 4

0.34
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0.0

—— survival fit for white male, age 40.
—=-- Kaplan-Meier for white male, ages 35-45.
—-= Cox regression fit for white male, age 40.
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t

White males age 50 survival
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0.4 4

0.31
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—— Survival fit for white male, age 50.
—==- Kaplan-Meier for white male, ages 45-55
—-- Cox regression fit for white male, age 50.
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t

White males age 60 survival

508

0.34

0.2+

0.14

0.0

—— survival fit for white male, age 60.
—=-- Kaplan-Meier for white male, ages 55-65
—-- Cox regression fit for white male, age 60.

Fig. 5.7 6 — LogNormal — Gamma fits for the White-Male population in the kidney transfer
data set for different age values. Kaplan-Meier estimators and the associated Cox regression

1000 2000 3000
t

estimator are presented for comparisson.
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Kidney-transfer white male population NTR regression fits by age

White males age 45 survival
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—— survival fit for white male, age 45.
—=—- Kaplan-Meier for white male, ages 40-50.
—-= Cox regression fit for white male, age 45.
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t

White males age 55 survival
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—— Survival fit for white male, age 55.
—-=- Kaplan-Meier for white male, ages 50-60.
—-- Cox regression fit for white male, age 55.
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t

White males age 65 survival

0.2+

0.1+

0.0

—— survival fit for white male, age 65.
—=—- Kaplan-Meier for white male, ages 60-70.
—-- Cox regression fit for white male, age 65.

1000 2000 3000
t
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Kidney-transfer white female population NTR regression fits by age

White females age 30 survival White females age 35 survival

_ 06 06
= e
“ 051 ? 051

0.4 4 0.4 4

0.3+ 0.3 4

0.2 —— survival fit for white female, age 30. 0.2 1 —— survival fit for white female, age 35.

01 —-=-- Kaplan-Meier for white female, ages 25-35. 014 —=-- Kaplan-Meier for white female, ages 30-40.

—-= Cox regression fit for white female, age 30. —-= Cox regression fit for white female, age 35.
0.0 T T T 0.0 T T T
0 1000 2000 3000 0 1000 2000 3000
t t
White females age 40 survival White females age 45 survival

= =
MR ? 05

0.4 4 0.4

0.3 1 0.3 1

0.2 4 —— Survival fit for white female, age 40. 0.2 4 —— Survival fit for white female, age 45.

014 === Kaplan-Meier for white female, ages 35-45. 014 === Kaplan-Meier for white female, ages 40-50.

—-~ Cox regression fit for white female, age 40. —-- Cox regression fit for white female, age 45.
0.0 T T T 0.0 T T T
0 1000 2000 3000 o] 1000 2000 3000
t t
White females age 50 survival White females age 55 survival

034 0.3 4
0.2 —— survival fit for white female, age 50. 0.2 1 —— survival fit for white female, age 55.
01 —=-- Kaplan-Meier for white female, ages 45-65. 014 —=-- Kaplan-Meier for white female, ages 50-60.
—-~ Cox regression fit for white female, age 50. —-- Cox regression fit for white female, age 55.
0.0 T T T 0.0 T T T
0 1000 2000 3000 0 1000 2000 3000
t t

Fig. 5.8 6 — LogNormal — Gamma fits for the White-Female population in the kidney transfer
data set for different age values. Kaplan-Meier estimators and the associated Cox regression
estimator are presented for comparisson.
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Black males age 50 survival

=
“ 05
0.4
0.3 1
0.2 1 —— Survival fit for black male, age 50.
01 4 ——- Kaplan-Meier for black males, ages 45-55.
' —-- Cox regression fit for black male, age 50.
0.0 T T T
0 1000 2000 3000

Fig. 5.9 6 — LogNormal — Gamma fits for the Black-Male population in the kidney transfer
data set for different age values. Kaplan-Meier estimators and the associated Cox regression
estimator are presented for comparisson.

Black males age 50 survival

=
[}
0.5 A
0.4
0.3 A
0.2 1 —— Survival fit for black male, age 50.
014 —-—- Kaplan-Meier for black males, ages 45-55.
—-- Cox regression fit for black male, age 50.
0.0 T T T
0 1000 2000 3000

Fig. 5.10 6 — LogNormal — Gamma fits for the Black-Female population in the kidney
transfer data set for different age values. Kaplan-Meier estimators and the associated Cox
regression estimator are presented for comparisson.
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5.5 Proof of generalized additive NTR regression model re-

sults

Proof of Theorem 13

First we will use the next lemma.

Lemma 7. Let (Uy,...,Uy) be a d-variate CRM such that ly,. .., U, are not independent and
let the Levy intensity V4(s,dt)ds of (U1, .., Uq) be such that 1, = V4(s, (0,1]) is differentiable
with respect to t € R™ at some to # 0 and denote 1, (s) = on; (s)at‘t:lo. Let it be 0 #+
I CN\{0}, ifVielq = (q11,---q14) € N are such that max{q;1,...,q14} > 0, and
r=(r1,...,rq) € (RY) are such that min{r,...,ry} >0, then

d d
E H <€—riﬂi(Ae)> H (1 — He_ql’i“i(AS)>
i=1 lel i=1
_ —~(rs) —e )
B 8/(R+)d e ,E <1 e ) T (8)ds + ()

as 0 < € — 0, with A = (19 — €,1p] for some 1ty € RT\ {0}.
Proof. Letitbe 0 # 1 C N\ {0}, then

—rilti (to—€,fo ) H (1 _ ﬁe—qhi#i(to—&m])]

lel i=1

ﬁ( —rili(to—&.to ) Z(_l)#(s) Hﬁe—qhiui(fo—&fo]]

i=1 Ne leSi=1

:&

~.
[y

E

(-)*IE
1

d
H e~ (Liesquitri)i(to—€ to]
i=1

192
Q

(_1)#(3)6_[%0(’"1+ZZESQI.l7~~~7"d+):IeSQ¢1,l)_ll/fofs(rl+ZIESQI,lv~~-:rd+ZIESQdJ)]

1

— o Vi (riera) +Wig—e(r1,7a) Z (_1)#(S)e_Aigfs[ll/t(rl+ZIESQI717-~-7”d+ZZESQd,I)_WI(rlw-wrd)]
ScI

|9%)
N

With j = (j1,...,jq4) € (RT)? such that min{jy, ..., j;}; we use the Taylor expansion

e—Aﬁg,E[qft(rJrj)—y/,(r)] _ e_f(uw)d e*<’9‘>(l—e*<ivS>)A§g,£n,(s)ds

_l—¢ /(Rﬂde(”s)(l — eyt (s)ds+o(e) (5.15)
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So

d
E

i=1

i lel i=1

<e*ril~li(f0*87fo]) H (1 _ IquQI,ilJi(fOele])]

:e—I/I,O(r1,...,rd)—i-lpto,g(rl,....,rd) <1+ Z (_1)#(5){1
0£SCI

S /(Rﬂd e (1 — e—ZIEs<417S>)nt’O (s)ds +o(€) })

— _ L,V (r [RRREL )+V]f 78(" 7...,7‘) _ #(S) 7<r7s> _ 726 <q 7S> !
= —e Vil ¥y d<2< ) e/(we (1— e Tieslars)yy (s)ds

+0(8)>

U (Pl ) Wi —e (P1sesTg) —(r.s) VS 1 Yies@iS) !
— _¢ Vo )+ Vi d<8/(R+)de Y, (=) (1 — e Hs )y (5)ds

0
0#£SCI
+ 0(8))

= _efwt()(rla~~-7rd)+ll/t07£(rl7-~-~,rd) (8/(‘R+)d e_<r7s>(_1 _ Z (_1)#(S)e_Zl€S<qlvs>)nt/ (s)ds

0
0#£SCI
+ 0(8))

— (1+o(1)) (e Jooye 0+ <—1>#<S>eEfes<qf’s>>n;0<s>ds+o<e>)

0#£SCI

:g/ de*<r7S>(1+ Z (—l)#(S)e*Z/es@lv”)n,’o(s)ds+o(e)
R*) 04£SCI

_ g/ €_<r’s> ( Z (_1)#(8)6—216S<4173>)n;0 (s)ds + 0(8)
(R+)d scrl

—e /(W e rITT (1- @) my (s)ds + ofe)

lel

]

Similarly to the proof of Theorem 12 we use the next Lemma to simplify the calculations in

the proof of the Theorem at hand.

Lemma 8. In the setting of Theorem 13 suppose the survival data with covariates9Dy, is

comprised of a sole observation t| with associated covariates x; | € I for some finite set
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0#1CN. Lett < ty, then

d} L E [e—(l—i—nc—i—ne)u(OJ]}

711”1 (07[}7"'7)%“[1(071‘]
E [e e—0 [E [e*("”ﬂLne)#(OJﬂ

Proof.

E[e—wl<o,z}—...—zdud<o,4 X] —

E [szzl (e—liui(OJ]—h?C) (BX)M(QH]) e (szzl e JiBx)ui(0.t—¢] _ H?ZI e_fi(ﬁx).ui(outl]>i|
lim "
=0 B[, (efh,(”(ﬁxwi(o,n])nlel (T, e~ iBmOn—e] — T e=f(Bom(0al) |
E[ it (0.1] -1 (B.X) i (0.4]~h{") (B X)i(0, q

= lim
-0 E[ 1 (BX)wi(0.4]- hf(ﬁxmmzq

E[ngl (e e (B K)o )Hz , (Hg:]e—ﬁwx)ui(ml—d _ch_lee—ﬁﬁx)ui(r,n]ﬂ
E[Hld:l e~ (B X) “’”1>H161 (H e i)t~ e]_nd e fi Bx)uz(tn])}
E [Hd L Gt BR) 7 (B )0 t]]

1=

X

— o (AT BX)+h) (BX))—yi () (B X)+h') (B X))

[T e (n B R+ B )01

O]

We observe that if y; is the Laplace exponent associated to the Lévy measure V; then
l//t(k) (A) = w;(A +k) — w; (k) is the Laplace exponent associated to e~ *:5)¥,(ds, dx), with
this in mind we have that, in the following, without loss of generality for calculations of the
posterior Laplace exponent as in the previous Lemma it suffices to consider evaluation of the

exponent in a time ¢ which is greater than all the survival times in the survival data 9.

Define
k

F@x,e = ﬂ {(T17J17X17"'aTnaJnanbXn)}
j=1
so that

E|e Mt Of]= A0t 1. (g,
E efll;ul(ovtlf"'ldud(ovt} ’92i| — hn,6 |:e |: :|FD’8 ( X)]
£= P @f{ € F@X7€
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We observe that selecting € sufficiently small such that 7 & ( —&,T ;) forall j € {1,...,k}

E [e—/hul (0,8] =+ Aqq (0.1] Ir,, . (@X) |(f1, .- ,/.Ld)}

b e
ﬁe Aitti( Ot> ﬁ { H <ﬁe—ﬁ(ﬁX1)Mi(07T<_/)_8] _ﬁe_fi(ﬁXI)ﬂi(OvT(j)])
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k
=F (He Aitti(T He Aiti (T Tijy — €] =Rt (T — STM)
= j=1
d J J
><H<e XA 1) (B R) (X () Ty e+ lui(T<,~>8~,T<r>])>
i=1
k d
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J

d c
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So defining

j=1 Li=1
d
% H 1— He jlﬁ?Xl:u'l ST()]
(e) i=1
lGIj
d k d
12,82 He*)bz,ul(T(k)vt] HH eik"u’(T(J*IVT(Die]
=1 j=1i=1

We get from the independence property of CRM’s that

E |:efl|,u] (O,I]—.-.fldﬂd(o,l} er,s (@X)] — ]E[1178] E[127£] (516)

We observe that for r; = A; +7z§?1 (B.X) +7z§fi) (B.X),ie{l,...,d}, wesetq; = fi(B,X;)
and observe that min{r,...,r;} > 0 and max{qi ,...,q;;} > 0 so Lemma 7 can be applied
yielding

d 7(e A
E H(e—(lf+h§£1,i<ﬁ,x>+h§,2<ﬁ,x>)ul<T<> ew) ul <I_He—ﬁ (BX)u(T,, eTm)

lelj(.e) i=1
d SO aon (O m o d
_ 8/ I—I (e—()u+h§'+)1,,-(ﬁ,X)+h‘(,~:,~)( ,X))Si> H I_He—f,-(ﬁ,Xl)s,- 77/7 (S)dS+0(8)
(R+)d 2 le[(e) i ()
J
(5.17)

On the other hand, for j ¢ # = {j : T(;) is an exact observation} we have Ij(.e) = (0 so by the
continuity of 1,(s) in z we get that

lim [£
e=0 157

ﬁ( (At B+ (BX) ) i(T )~ 8>T<jﬂ)] —1 (5.18)
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From (5.17), (5.18) and the independence property of CRM’s we obtain

x (© 5i
hmE[Il el = hm { /R+ H( +h/+1z (BX)+h ,(ﬁ)ﬂ) )

e—0
d 3
< 1 1—He Ji(B X1)si Ny (8)ds +o(€)
lelj(.e) i=1
Also by continuity and independence we get

lim Ejy o] = ¢ % ]He (i, A+ (BX)+hY) (BX)—wr | (A+h (B.X)+hY) (BX))
e—0 ’

So by (5.16) we have that
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?L%E[e 111 (0,7] ala( I]HF@X_ﬁ (9)2)]

=
X
5
L
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+
\3‘/\
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>
+
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=
X

o) = (4 ]He wrj)(1+he>(ﬁ,x>+i,§.6

x hm{ / < (H+hc, (B X) 4+ (ﬁX)>si)
e—=0 R+)d
H (1—He —fi(B.X1)si )nTJ()dS—i—o(g)}
1er” i=1
j

And similarly

d
H (1 — He_fi(ﬁ,Xz)s,) n’Tm (s)ds—l—o(e)} (5.19)
i=1
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We set T(y 1) =t so we conclude

E [efllul(OJ}*'"*MW(O”]ﬂrg - (2% >]

E | e~ Mt (0] = —Aqita (0,1] X

| =1
S P
X @X,&‘

A (e B R () v B R )47 B3)))

— (A A9 (BR)+AC)(BR S —fi S
f(R+)d HleI <€ < + j+l,z(BX)+ i (BX)> )Hlel(") <1 _H?:Ie fi(B.X1) z) r’}(j) (S)dS

j

[1

‘ — (79 (BR)+R)(BX))s; ' '
S iy Ty (e (ot i0) )Hzem (1-TTL, e BXDs) ., (s)ds

(5.20)
Proof of Corollary 7

In equation (5.20) above take A = (1,...,1) and using the discussion after Lemma 8 replace
1©) with I,(e) to obtain the result.

Proof of Corollary 8

From equation (5.19) in the proof of Theorem 13 we obtain the related likelihood.

Proof of Proposition 13

The result follows from a straightforward application of Lemma 6, in the proof of Proposition
12.

Proof of Proposition 14
Let K and p be as in the hypothesis. We use the next Lemma to deal with the effect of K in
the Lévy intensity.

Lemma 9. Let S ~ NTR(K W) such that 1 is an homogeneous gamma CRM with Lévy inten-
sity v(ds,dx) = p(ds; o, B)x(dx) with k bounded and strictly positive and K an independent
random variable with probability density supported in R, then the posterior distribution of

S|K is consistent with respect to Sy.

Proof. The Lévy intensity of Ku|K is given by

vi(A,B) = /A ﬁl{’lg)dz: K(B) /A Be%dz
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for A € R™ so the hazard rate of S has absolutely continuous w.r.t. Lebesgue measure Lévy

intensity given by

L) w1 -t

v(
JQK(s,x): K(l—s) o _log(l—s)(l—s)~

As K has probability zero of being zero, the conditions of Proposition 5 follow from Example
6. ]

Furthermore we have the next Lemma to deal with the independent entries of the VCRM in

Proposition 14.

Lemma 10. Let S ~ NTR(YL | w). If i = (U1, ..., 1q) has mutually independent entries
and for eachi € {1,...,d} W; has Lévy intensity v; such that

vi(—log(l —s),x)
1—s

Sils,x) =
satisfies Proposition 1, then S is consistent.

Proof. Let u = (Uy,...,Hy) be a VCRM with independent entries such that each y; has a
Lévy intensity v;(s,dx)ds then u, = Y9 | u; has a Lévy intensity p given by

vi(A,B)=Vi(A,B)+...+V4(A,B).
It follows that v (ds,dx) = v4 (s,dx)ds = (vi(s,dx) + ...+ v4(s,dx)) ds. An application of
Proposition 5 implies that S ~ NTR(Y%, ;) is consistent. O

So from Lemma 9 we have that ug = (K1, ...,Ksy) has marginals which satisfy the
conditions of Lemma 10, from which the consistency of S|K ~ NTR(Y%, K;u;) follows.

Proof of Proposition 15

We have that S|K ~ NTR ((Kj + ...+ Kgz)u) where u isa Gamma CRM and K = K| +... K,
is a random variable with probability density function supported in R™ so the result follows
from Lemma 9.

Proof of Corollary 9

As each f; regressor function is strictly positive, the result follows from Propositions 14 and
15 in view of identity (5.2).
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Proof of Proposition 16

We make use of the next Lemma for this proof Furthermore for fixed t € R* the r.v. S(t;X)
is bounded, so it is uniformly integrable, and converges in probability to Sy(z) hence it

converges in the mean as well.

Lemma 11. Let p =Y | w0y, be an homogeneous Gamma(o., ) CRM in X for some k(x)
and {v;}; | be an i.i.d. sequence of random variables with common probability density g
supported in R, then S ~ NTR (Y32, viw;0y,) is consistent.

Proof. Using Proposition 1 we can check that the Lévy intensity of }'”° , vjw;§,, is given by

Vo (AB) :EUA p(é;a;/ﬁ)x(mdz}

for A in R* and V a random variable given by the probability density g. So the hazard rate
of S has Lévy intensity given by

p (280, B) e(d)
£ V(1 —s)

= Bx(dx)E

Eov)(s,dx) =

(1—s)7
—log(1—s)(1—3s) |
Using Lebesgue dominated convergence theorem the conditions of Proposition 5 follow
analogously to Example 6, [

Let Y , w;6,, be a series representation of the directing Gamma (¢, ) Lévy measure of the
CoRM pu then

)

d
Z Kju; = Z(Klfu 4. A+ Kgd g j)widy,
=1

i=1

where { (JU, . ,JdJ) }72, are i.i.d. with distribution given by the score distribution A. It
follows form the previous Lemma that S|K ~ NTR (Y%, Kyit,) is consistent.

Proof of Corollary 10

As the regressor functions f; are strictly positive the result follows from the Proposition 16 in

view of identity (5.2).
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Proof of Proposition 17

From Proposition 1 we get that the Lévy intensity of 1 + ...+ lg is given by ¥(dz,dx) =
V(z,dx)dz where

T fZ7Yd Z=Yd—-—Y3
:/0/0 /0 V(z—=Y2— ... =Ya,Y2,- -, Ya)dy2---dyg.  (5.21)

Using again Proposition 1, the Lévy intensity of (Kjuy,...,K ) given K is V(ds,dx) =
V(s,dx)ds with

) V(i)
V(s,dx) = KK, (5.22)

The affirmation of Proposition 17 follows from Proposition 6 applied to the Lévy intensity
obtained by applying (5.21) together with (5.22) and Proposition 4.

Proof of Theorem 14

If # = O the result is trivial so let# > 0. By hypothesis we have that

()4 i
N N (w D=V, (1))1 I
So(t) = lime ™ M) G-1) Ti-n=n I1

e (), (n)

JEL
(14459 B O B2,
f(R+)dH§i:1 (e (1++hj+l,i(ﬁ7x )+h;; (BX )) ’)Hlel (1—Hd e /i ﬂ’Xl)) v(s)ds

(e n) (n)
f(R+)dH?_l( (hj+lz(B»X )+h (BvX )) )ngl( (1_Hd le_fl BXI)St) (s)ds

due to convergence in probability and uniform integrability. So(#) and lim,_,e. E [S*(t) ]@;ﬂ ) B,X *]
exist by hypothesis so R is well defined. From the definition of the estimator (5.8) the result
follows.

Proof of Proposition18

We use the next Lemma for the proof.

Lemma 12. Let u = Y° | w;8,, be an homogeneous Gamma(o., ) CRM in X with positive
and bounded x and {V;}? | be an i.i.d. sequence of random variables with common probabil-
ity density g supported in R™, then S ~ NTR (Y.>_, viw;0y,) attains the Bernstein-von Mises
conditions of Proposition 6 if E[V] < oo and E [V] < oo for V with distribution given by g.
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We recall from the proof of Proposition 16 that the associated hazard rate for the case at hand

takes the form

Sex) =B =0 =)

B(1—s5)¥x(x) ]

where the distribution of V' is given by g. We use log(x) < x— 1 and the Tonelli theorem to
see that

[ sBU -9
0<l(x)—/0 E[—log(l—s)(l—s)ds

< k(x)E [/3 /01(1 —s)a—lds} _ KWPEV]

o

So the first condition of Proposition 6 follows. Similarly, taking A (x) = ck(x) for some
¢ € (0,00) we observe that

Bs(1—s)*

0= e <2 <

for any k > 0, so the second condition of in Proposition 6 follows. Finally

oy — | BU=97" BE-Ds( =52 ps(1—5) 2

g()_E_ clog(i—s) © clog(1—s) c(log(l—s))2]
B —1)s(1—5)72 lﬂE[(l—S)%_l} —log(1—s) —s(1—s)"!
=k clog(1—y) * c ( (log(1—s))? )

Using L’Hopital’s rule and the Dominated convergence Theorem we see that

. BEE -1 B (-5t (1—s) —s(1—5)2
fim g/ (5) = — i T ()
:_ﬁ(E[%}—l)_ZEOQ

So we conclude the condition for the Bernstein-von Mises result. Proceeding as in the proof

of Proposition 16, we observe that we have a series representation of the form

(KIJI,i +... +Kde,i)Wi6u,~

s

1
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where K1, ...,K; are as in the hypothesis of the proposition to proof and (J Lir--- ,de,-) i
Z(h) forany i € {1,2,...}. It follows that for i € {1,2,...}

E[KiJii+...+KaJg;] <oo
and for some j € {1,...,d}
E[1/(KiJii+...+Kada;)] <E[1/(KjJj;)] < oo
So an application of Lemma 12 when conditioning on K concludes the proof.

Proof of Corollary 11

As the regressor functions f; are strictly positive the result follows from the Proposition 18 in
view of identity (5.2).
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