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Stringy invariants for horospherical varieties
of complexity one

Kevin Langlois, Clélia Pech and Michel Raibaut

ABSTRACT

We determine the stringy motivic volume of log terminal horospherical varieties of
complexity one and obtain a smoothness criterion using a comparison of stringy and
usual Euler characteristics.

1. Introduction

Motivic integration is a natural geometric counterpart to p-adic integration. It is a powerful
tool for creating new invariants for algebraic varieties such as stringy invariants; see [Bat98].
In [BM13], stringy invariants were instrumental in simplifying a smoothness criterion for embed-
dings of horospherical homogeneous spaces; however, for general spherical varieties, the formu-
lation of this criterion remains a conjecture; see [BM13, Conjecture 6.7].

In this paper, we study stringy invariants of Q-Gorenstein horospherical varieties of complex-
ity one with log terminal singularities. One of our results, Theorem 5.16, provides an explicit
formula for stringy invariants in terms of their combinatorial description. We also obtain a ra-
tional form for the stringy motivic volume and, using convex geometry, an explicit finite set of
candidate poles; see Theorem 5.23. Finally, under additional assumptions, we rephrase in Theo-
rem 6.4 a smoothness criterion for these varieties in terms of the stringy Euler characteristic.

Throughout, we work over the complex numbers. We denote by G a connected, simply con-
nected, reductive, linear algebraic group and by B a Borel subgroup. By “simply connected” we
mean that G = G x F, where G is a simply connected semisimple group in the usual sense
and F' is an algebraic torus. A G-homogeneous space G/H, where H is a closed subgroup, is
horospherical if H contains a maximal unipotent subgroup of G. These spaces are locally trivial
torus fiber bundles G/H — G/P over flag varieties, where P is the parabolic subgroup normal-
izing H. The fibers are isomorphic to the algebraic torus 7' = P/H. The character lattice of T
and the set of simple roots indexing the Schubert divisors in G/P entirely describe G/H; see
Section 3.1.

A horospherical G-variety is a normal G-variety such that every orbit is horospherical. Its
complexity is the minimum of the codimensions of its G-orbits. Horospherical varieties of com-
plexity at most one admit a combinatorial description in terms of objects coming from convex
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STRINGY INVARIANTS FOR HOROSPHERICAL VARIETIES

geometry, almost analogous to the classical situation for toric varieties. This combinatorial de-
scription was introduced by Timashev in [Tim97] and adapted from Luna—Vust theory [Timl1,
Chapter 3|; see also [LT16]. It goes as follows.

Consider a simple G-variety X, that is, a G-variety which contains an open affine B-stable
subset which intersects every G-orbit of X. Any simple horospherical G-variety X of complexity
one is described by a 4-tuple (C,G/H,®,F), where C is a smooth projective curve and G/H
is a horospherical G-homogeneous space. The pair (C,G/H) encodes the birational equivariant
type of X. The third datum © is a polyhedral divisor on C, that is, a Weil divisor on C whose
coefficients are polyhedra; see Definition 3.1. Finally, F denotes the set of B-stable prime divisors
on X which are not G-stable and which contain a G-orbit of X. We call the pair (D, F) a colored
polyhedral divisor.

It follows from [Sum74| that any normal G-variety possesses a finite open covering by stable
subsets which are simple G-varieties. Thus any horospherical G-variety of complexity one can
be described by a triple (C,G/H, &), where & is a colored divisorial fan consisting of a certain
finite collection of colored polyhedral divisors; see Definition 3.1.

The goal of this paper is to compute the stringy motivic volume of X in terms of (C,G/H, &),
under the assumption that X is a normal Q-Gorenstein variety with log terminal singularities.
For such X, let f: X’ — X be a log resolution of singularities. The stringy motivic volume of X
is the integral

Ex(X) = / L™K xdpy . (1.1)
2L(X7)

Here L is the class of the affine line, Kx//x the relative canonical divisor, 2 (X') the arc space
of X', and the measure py: takes values in a modification of the Grothendieck ring Ky(Varc)
of complex algebraic varieties.

The measure pxs can be explicitly described on particular subsets of Z(X’). Denote by 7,
the truncation morphism sending an arc of X’ to its n-jet. A subset Z C £(X’) is a cylinder if
there is an ng € N such that for any n > ng, the subset 7,(Z) is a constructible set in the space
of n-jets of X’ and Z = 7,1 (7,(Z)). On the cylinders, the motivic volume is defined as

px/(Z) = [wa(Z)| LMY

and does not depend on the choice of n > ng. Measurable subsets of .Z(X’) are approximations
of cylinders. The integral of a measurable function F': Z(X’) — Z with respect to px- is the
sum (if it exists) of the series >, pux/(F~(s)) L%

Note that the stringy motivic volume has a rational form (see the alternative expression in
Definition 2.5), and it is independent of the choice of a resolution of singularities; see [Bat98].

If X is toric with lattice N and fan ¥, let Ox : |X| — Q be the piecewise linear function which
takes value —1 on each primitive generator of the one-dimensional cones of . Here || denotes
the union of all cones of 3. Then

Ex(X) =L -1 > L&, (1.2)
ve|SINN
Equation (1.2) was proved in [BM13, Theorem 4.3], albeit in a more general setting. We follow

the proof of loc. cit., which consists of two main steps.

Let K be a field extension of C. The set .Z(X)(K) of K-points in the arc space .Z(X) of the
toric variety X identifies with X (O), where O = Ok = K][[t]]. The torus T'(O) naturally acts
on X(O)NT(K), where K is the fraction field of O, and X (O) and T'(K) are viewed as subsets
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of X(K). The set of orbits of X(O)NT(K) is in bijection with |3| N N; see [Ish04]. This yields
natural cylinders C, C .Z(X) for any v € |X| N N.

In the second step, we study the integral [L~ ord Kx//x dp s along each cylinder C,, where
X' — X is a desingularization given by a fan subdivision. Since X'(O) N T(K) identifies with
X(0O)NT(K) and the complement in .Z(X’) has motivic measure zero, we obtain an equality

/ ]LfordKX//Xdlu/X, — Z / L*OrdKX//XdIu/X/_ (13)
Z(X) velgnN Yo

Equation (1.2) is then obtained by computing each summand of the right-hand side.

When adapting these two steps to horospherical varieties of complexity one, we encounter
significant differences. For simplicity, let us explain these differences in the complexity one toric
case; that is, assume that X is a normal Q-Gorenstein T-variety of complexity one with log
terminal singularities. We denote by (C,T, &) the combinatorial data associated with X. The
first step is then modified as follows. The variety X contains an open subset of the form I" x T',
where I' C C' is an open dense subset. Thus, comparing with the toric setting, it is natural to
consider the action of T'(O) on

XO)Nn(TxT)K). (1.4)
However, when we follow the almost similar approach of Ishii [Ish04], we find uncountably many
T(O)-orbits. To solve this problem, we cut the set (1.4) in two disjoint pieces, namely the subset
of horizontal arcs and the subset of vertical arcs. Thus, we obtain a partition of the set (1.4) by
parts C(y,,») which are T(O)-stable and indexed by a countable set |&|r N .4" combinatorially
determined by &.

The second step consists in checking that each C, , ¢) is measurable, see Lemmas 4.14 and 4.15,
and computing

/ L*Orde//Xdlu,X/ = Z / ]LfordKX,/XdMX, 7 (1.5)
2 (v, 0)el&|ny ’ Cwro

where X' is obtained by an explicit desingularization determined by &; see Section 5.3.

The function fx: || — Q introduced above in the toric setting is a support function of
a torus-invariant canonical divisor. This analogy between support functions and Cartier Q-
divisors persists for horospherical varieties of complexity one; see Section 5.2. However, it is
not possible, adapting the proofs in [BM13], to directly obtain a version involving the support
function of an invariant canonical divisor. Instead we need to introduce an auziliary function wx;
see Proposition-Definition 5.10. This wx does not define, in the usual sense, a Cartier Q-divisor
(see Section 6.1 for further details). Note that in [Lan17] we use wx for characterizing singularities
related to the minimal model program.

Our main result can be stated as follows.

THEOREM 1.1. Let X be a Q-Gorenstein horospherical variety of complexity one with log termi-
nal singularities and combinatorial data (C,G/H,&). Assume that I' C C' is a dense open subset
which does not contain any special point (see Definition 3.11). Then

Ex(X) = [G/H] ST X Lexend
(y:Vve)e\‘ﬂFﬁ-/V

where Xg =I' and X, = A\ {0} if ¢ > 1.
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Let us give a brief summary of the contents of each section. In Sections 2 and 3, we introduce
notation from motivic integration and horospherical varieties that we use throughout this paper.
In Section 4, we study the arc space of a horospherical variety of complexity one. To do this,
we proceed in two steps. First, we give a description in the case where the acting group is an
algebraic torus; this corresponds to Sections 4.1 and 4.2. The last step concerns the general case,
where we reduce to the case of torus actions by parabolic induction. We believe that the study
in the first step might be interesting, independently, for the study of singularities of T-varieties.

In Section 5, we prove Theorem 1.1. One of the main ingredients of the proof is the con-
struction by combinatorial methods of an explicit desingularization of X. This construction is
explained in Section 5.3. Then we give a precise description of the rational form of the stringy
motivic volume in terms of wx. In Section 6, we provide examples and applications. In par-
ticular, for a certain class of log terminal horospherical varieties of complexity one, we give a
simple expression of another invariant called the stringy Fuler characteristic; see Lemma 6.1.
This allows us to rephrase, for this class, the smoothness condition in terms of the stringy Euler
characteristic; see Theorem 6.4.

2. Arc spaces and motivic integration

Motivic integration was developed by Batyrev [Bat98] in the smooth case and by Denef and
Loeser [DL99] in full generality. In this section, we recall main facts about this theory used
throughout the paper (see also [Loo02, Loe09, Blill] for survey articles).

2.1 The arc space of a variety

Let X be a variety. For any integer m, we denote by .Z,,(X) the m-jet scheme of arcs of X.
It is a scheme of finite type, and for any field extension K of C, its K-rational points are
the K|[t]/(t™*1)-rational points of X. We will consider it with its reduced structure. For any
m > ¢ > 0, we denote by j™!: %, (X) = Z£(X) the transition morphism induced by the
Weil restriction morphism from C[t]/(tF!) to C[t]/(t™*!). The arc space of X is the limit of
the projective system (%, (X), (™). It is a scheme, and for any field extension K of C each
K-rational point of .Z(X) corresponds to a unique K/[[t]]-rational point of X, and vice-versa.
We write my: Z(X) — £(X) for the natural truncation morphisms. They commute with the
transition morphisms.

2.2 The Grothendieck ring Ko(Varc)

We denote by [S] € Ko(Varc) the class of an algebraic variety S and let L = [AL]. We write M
for the completion of Ko(Varc)[LL"!] with respect to the usual filtration ensuring that L=" — 0
(see [DL99, Blill] and [NS11]).

2.3 Motivic integration

Let X be a smooth d-dimensional variety.

DEFINITION 2.1. A subset C C .Z(X) is a cylinder if C = 7,,} (7, (C)) for some mg and the set

mo

Tme (C), called the mg-basis of C, is constructible in .%,,,(X). Note that £ (X) itself is a cylinder
(see [Gre66, Corollary 2]). The motivic measure of C' is defined as

px(C) = [mm(C)IL™™ for any m > mo.
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This does not depend on m > my since if m > ¢ > 0, the map j™* lrm(C): Tm(C) = m(C) is
a piecewise trivial fibration with fiber A(m—9d.

Remark 2.2. A larger family of measurable sets can be considered (see [Bat98, DL99], [DL02,
Appendix]). For instance, if Y C X is a closed, reduced subscheme, then .Z(Y) is measurable
and ux(Z(Y)) =0 (see [DLI9, Equation (3.2.2)] or [Blill, Proposition 4,5]).

DEFINITION 2.3. A function F': Z(X) — Z U {oo} is measurable if for any s € Z U {oo}, the
subset F'~1(s) is measurable. In that case, L™F is integrable over a measurable set C' of £ (X)
if px (F~'(c0)) = 0 and the series > ., pux (C N F~1(s)) L™ converges in .#c. Then, we let

/CLquX = pux(CNF(s))L".

SEZL

Ezample 2.4 ([Blil1, Section 2.4]). Let Y be a proper, closed subscheme of X defined by the sheaf
of ideals #y. Let 7 be a point in £ (X) and v*: Ox — Ogpec(r, (7)) be its sheaf homomorphism.
The order of v along Y is ordy (y) := sup{e € NU{oo} | v*(#) C (t°)}. The function ordy
is measurable, and the set ord;l(oo), equal to Z(Y), has zero measure. Thus, for a divisor
D =3%"? ,a;D; in X (where a; € Q and the D; are prime divisors) and for an arc v € £(X),
we set ordp(y) = Y ;_; a;ordp, () with value oo if one of the ordp,(7) is infinite. The function
ordp is then measurable.

2.4 Stringy invariants of varieties with log terminal singularities

Let X be an irreducible normal Q-Gorenstein variety; namely, X is a normal variety and a (thus
any) canonical divisor Kx is Q-Cartier. We say that a morphism f: X' — X is a resolution of
singularities if X’ is smooth, f is birational and proper, and the exceptional locus is the union
of finitely many normal crossings, irreducible, smooth divisors.

DEFINITION 2.5. Let X be a normal, Q-Gorenstein algebraic variety with log terminal singulari-
ties. Let f: X' — X be a resolution of singularities of X, and let (E;);c; be the set of irreducible
components of its exceptional locus. Let Kx (respectively, Kx/) be a canonical divisor of X
(respectively, X’) and (1;);er be the multiplicities of the relative canonical divisor

KX//X = KX’ — f*KX = ZVZEZ
iel
The stringy motivic volume Es(X) is usually defined following [Bat98] as
o L-1 7 1
Jcl  jeJ

where m is the GCD of the denominators of the v;, the ring //2@ (Ll/m) is defined as the localiza-
tion and completion of Ko(Varc) with respect to L/™, and EY is Njes Ei \Uien s Ei for every
subset J of I.

The theorem below follows from the appendix of [Bat98]; see also [DL02] and [Yas04].

THEOREM 2.6. The stringy motivic volume is equal to

gSt(X) B /f(X/) L

and does not depend on the resolution f: X' — X. If X is smooth, then & (X) = [X].

—ordg

X'/x dux € ./Z(C (Ll/m)
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From &g (X), we can deduce two new invariants for log terminal varieties. These invariants
are defined by Batyrev [Bat98] and also studied by several authors such as Denef-Loeser [DL.02],
Yasuda [Yas04], and Schepers—Veys [Vey03, SV07].

DEFINITION 2.7. The E-function of a log terminal variety X is defined as

uv — 1

Ey(X;u,v) = ZE(EJ;U,’U) H W,

Jcl jeJ

where for any variety V, the invariant E(V;u,v) is the usual Hodge-Deligne polynomial of V' in
the variables u and v. The stringy Euler characteristic of X is

1
est(X) = e(E) ][] T
JcI jeJ J

where e(Ejy) = E(Ej;1,1) denotes the usual Euler characteristic.

3. Horospherical actions

Throughout, let G be a connected, simply connected, reductive algebraic group over C with Borel
subgroup B, maximal torus (), and maximal unipotent subgroup U such that B = QU.

3.1 Horospherical transformations

A (G/H-)embedding of a horospherical homogeneous space G/H is a pair (X, x) such that X is
a normal G-variety containing x, the orbit GG - x of x is open, and the stabilizer G, of x is H. For
brevity, we denote such an embedding simply by X. The subgroup H is called a horospherical
subgroup.

Description of horospherical subgroups of G. Let ® be the set of simple roots of G and W =
Ng(Q)/Q be the Weyl group of G. We denote by s, € W the simple reflection associated with
a € ® and by $, a lift of s, to G. We also denote by wg the longest element of W. If I C ®, we
set W; := ($a | @ € I), and we let P; be the parabolic subgroup generated by B and W;. The
map I — P; between subsets of ® and closed subgroups of G containing B is bijective.

By [Pas08, Proposition 2.4], there is a bijection between subgroups H of G containing U and
pairs (M, I), where M is a sublattice of the character group X(Q) and I C ®, subject to the
property that for any a € I, the associated coroot o satisfies (m,a") = 0 for any m € M. The
bijection is constructed as follows. First, consider the normalizer Ng(H) of H in the group G.
It is a parabolic subgroup P = P, where I C ®. The subset I constitutes the first part of the
data. Now the quotient T':= P/H is a torus, and our second datum M is the character lattice
of T.

Colors and charts. Let Y be a horospherical G-variety of arbitrary complexity and L C G be
a closed subgroup of G. An L-divisor is an L-stable prime divisor, and a color is a B-divisor
which is not G-stable.

A B-chart of Y is a dense, open, B-stable, affine subset of Y. We say that the horospherical
variety Y is simple if Y possesses a B-chart which intersects every G-orbit of Y. Since Y is
normal, it is the union of simple, G-stable, open subsets; see [Sum74, Theorem 1] and [Kno91,
Theorem 1.3]. Moreover, every normal, simple, horospherical G-variety is quasi-projective.
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Models. Let Y be a variety with a horospherical G-action. We say that a G-variety Z is a model
of Y if Z is normal and there exists a (G-equivariant birational map Z --+ Y. For instance,
any horospherical G-variety Y has a model of the form C x G/H, where H is a horospherical
subgroup of G, the factor C' is a smooth variety, and G acts by left multiplication on G/H and
trivially on C (see [Tim11, Proposition 7.7]). This implies that the dimension of C' is equal to
the complexity of the action of G on Y.

Let Y be a horospherical G-variety with model Z = C' x G/H. The variety Y contains a G-
stable, open subset which is identified with I' x G/H C Z, where I' C C' is open dense. Let
(M, I) be the lattice/subset pair parametrizing H. With any o € ® \ I, we associate a color by
letting D, denote the set I' x p~1(X,) C Y, where p: G/H — G/P is the natural projection,
P = Ng(H), and X, is the corresponding Schubert variety. The map a — D, between ®\ I and
the set Fy of colors of Y is bijective; see [FMSS95, Lemma 3]. We will use the same notation D,
for the colors of G/H and the colors of Y.

3.2 Colored polyhedral divisors

In this subsection, we consider horospherical varieties of complexity one, which as we have seen
are G-equivariantly birational to direct products Z = C' x G/H, where C' is a smooth projective
curve and H is a horospherical subgroup of G. Here, we introduce some combinatorial data which
describes all the models of Z. We refer to [Tim11, Section 16].

Let (M, I) be the pair associated with the horospherical subgroup H and N be the dual lattice
Hom(M,Z). Denote by Mg and Ng the dual associated vector spaces Q @z M and Q ®z N. The
dual 0¥ C Mg of a polyhedral cone o C Ny is

o/ ={me Mg |Vveoao, (muv)>0}.
The polyhedral cone o is strongly convex (that is, {0} is a face of o) if and only if 0¥ generates My.

DEFINITION 3.1 ([AHO06]). Let o be a strongly convex polyhedral cone in Ng and Cj be a smooth
curve.

(i) A o-polyhedral divisor on Cy is a formal sum
D= Z Ay ’ [y] )
y€Co

where A, C Ng is a o-polyhedron (that is, the Minkowski sum of the cone ¢ and a non-
empty polytope II C Ng) with the property that A, = o for all but finitely many y € Cp.
The set of special points of ® is Sp(D) := {y € Cy | Ay # o}. The cone o is called the tail
of ®, and the curve Cj is its locus.

(ii) The degree of © is defined, if Cy is complete, as the Minkowski sum deg® := Zyeco Ay
inside Ng, and as the empty set otherwise.

(iii) For m € ¢, we define a Q-divisor on Cy, called the evaluation of ® at m, by setting

D(m) == Z min{(m,v) |v e Ay} - [y].

y€Co

DEFINITION 3.2. (i) For any subsemigroup S of M, we let C[S] = €,,,cg Cx™ be the C-algebra
subject to the relations x"* - Xm/ = Xm+m, for all m,m’ € S.
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(ii) Let © be a polyhedral divisor. The associated M -graded algebra of ® is the subalgebra
ACo.D) = P H(Co,0c,(ID(m)))) ® X € C(Co) ®c C[M],

meaVNM

where |D(m)] is obtained by taking the integral part of the coefficients of ®(m).

DEFINITION 3.3. A o-polyhedral divisor ® is proper if either Cy is affine, or it is projective and
the two following conditions are satisfied:

(i) deg® C 0.
(ii) If min{(m,v) | v € deg®} = 0 for some m € ¢", then D (rm) is principal for some r € Z~.

If ® is proper, then A(Cp,®) and C(Cy) ®@c C[M] have the same field of fractions.

The next definition introduces the coloration map o of the horospherical homogeneous spa-
ce G/H.

DEFINITION 3.4. Let (M,I) be the lattice/subset pair associated with the horospherical sub-
group H. For any color D of G/H, there exists a unique root a € ® such that D = D,. In
particular, the coroot a" is an element of Hom(X(Q),Z). Thus, its restriction oy : M — Z to
M is an element of N = Hom (M, Z), and we define o(D) as a5

DEFINITION 3.5. A pair (D, F) is a colored o-polyhedral divisor (see [LT16, Section 1.3]) on Cy
if F is a subset of Fg/y such that o(F) C o and 0 ¢ o(F) and if D is a proper o-polyhedral
divisor on Cj.

We now give a combinatorial description of the simple models of the product C' x G/H, which
follows from a general classification result for normal G-varieties of complexity one; see [Tim97,
Theorem 3.1].

THEOREM 3.6. Let G be a connected, simply connected, reductive algebraic group and H be
a horospherical subgroup associated with a lattice/subset pair (M,I). Define Z := C x G/H,
where C is a smooth projective curve.

(i) Let (®,F) be a colored polyhedral divisor on an open, dense subset Co C C. Then there
exists a simple G-model X (D) := X (9, F) of Z containing a B-chart which is determined
by (®,F). The construction of X () will be specified in equation (3.2).

(ii) Let X be a simple G-model of Z. Then there exist an open, dense subset Cy C C, a colored
polyhedral divisor (D, F) on Cy, and a G-isomorphism X — X (D).

Let us sketch the construction of the G-variety X (®) from item (i). Denote by Pr the
parabolic subgroup of G containing the Borel subgroup B and corresponding to the set of roots

Ir={ac€®\I|DyeF}UI.

Let L be the Levi subgroup of Pr containing the maximal torus ) and Bj, be the Borel subgroup
of L containing @, so that Ir is the set of simple roots of L. We also write Hy, := H N L and
Ur := UNL. The subgroup Hy, contains Uy ; hence, the homogeneous space L/H7, is horospherical.
It is quasi-affine; see [Tim11, Corollary 15.6]. Note that L/HJ, is constructed so that the set of
B-divisors in L/H|, exactly identifies with F. Moreover, the lattice of Bp-weights in C(L/H)
is the lattice M.
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Denote by X, (Q) C Mg the cone generated by the dominant weights of C[L/Hp]. Recall
that the rational L-module C[L/H] admits a C-algebra graduation

ClL/Hil= @ Vim),
meX4 (Q)OM
where V(m) denotes the irreducible rational representation corresponding to m € X4 (Q) N M
(see [Timl1, Proposition 7.6]).

Since by the definition of (D, F), we have o(F) C o, it follows that ¢V C X, (Q). Thus, we
may define a subalgebra of C(C) ®¢ C[L/Hp] by

ACo,®,F) = P HCo 06,(19(m)])) @c V(m). (3.1)
meaVNM
Set Y (D, F) := Spec A(Cp, D, F). Since D is proper, Y (D, F) is a well-defined affine L-model of
the product C' x L/Hp,. To conclude, consider the parabolic induction
X®)=X®,F)=GxFY(®,F). (3.2)
The notation G xP# Y/(®, F) means that X (D) is the quotient (G x Y(D,F))/Pr, where Pr
acts by p- (g,y) := (gp~,¢(p) - y) for all p € Pr, g € G, and y € Y(D,F). Here ¢: Pr — L is
the usual projection. Note that X (D) is a fiber bundle over G/Pr with fiber Y (D, F).

The original construction of the simple G-models X (®) from [Tim97] generalized the ap-
proach of [Kno91] in complexity one. Let us recall here how this construction relates to the one
explained above.

DEFINITION 3.7. Let Y be a horospherical G-variety. A locality of C(Y') is a local ring Ry, where
p C R is a prime ideal in a subalgebra R of C(Y") of finite type with fraction field C(Y). The
set of localities G(Y') is naturally endowed with a C-scheme structure; it is called the scheme
of geometric localities. We denote by &4(Y) C S(Y) the maximal normal, open subset where
the G-action (induced by the G-action on C(Y')) is a morphism of C-schemes; we will call it the
equivariant scheme of geometric localities.

According to the previous definition, a G-model of a horospherical G-variety Y is nothing
but a G-stable, separated, open, dense subset of G (Y') which is also of finite type over C.

Now consider a horospherical G-variety of the form Z = C x G/H, where C is a smooth
projective curve and H is a horospherical subgroup.

DEFINITION 3.8. The hyperspace Ag is the set C' x Ng x Q¢ modulo the equivalence relation
(y7y7€) ~ (y/71//7€/) <:> (y = y/71/ = I//7€ = £/> or (e = gl = 07V = V’) *

Since an element (y,v,0) € Ag does not depend on y € C, from now on, we will denote it by
(C,v,0). We also write .4~ C Aq for the subset of integral points

N ={(y,v,l) e My |veN,lelp}.

Let © = Zye(}o Ay - [y] be a o-polyhedral divisor on an open dense subset Cy C C. For y € C,
the Cayley cone Cy(®) is defined as the cone generated by the subsets o x {0} and A, x {1} in
Ng x Qxo. The hypercone associated with ® is the subset C(®) C A defined by

C®@) = Uyec, (v} x Cy@)/w .

We denote by C(D)(1) the subset of elements [y, v, ] € C(D)N.A such that (v, £) is an integral
primitive generator of a one-dimensional face of Cy (D).
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Each triple £ = (y, v, ¢) € g induces a unique discrete, G-invariant valuation w(§): C(Z)* —
Q, whose restriction to the subalgebra C(C) ®@c C[M] C C(Z) satisfies
w(€)(f @ x™) = Lordy(f) + (m,v)

for all f € C(C)* and m € M. Here we identify the algebra C[M] with C[Bxo]Y, where Bz is
the open B-orbit in G/H. From this description, it follows that the set of G-invariant discrete
valuations of C(Z) with values in Q is in one-to-one correspondence with the hyperspace Ag
(see [Timl1l1, Corollary 19.13, Theorems 20.3 and 21.10]).

Let us now consider the morphism X (®) — G/Pr induced by projecting on the first factor in
equation (3.2); its fibers are isomorphic to Y (®, F). The inverse image of the open B-orbit Byg
of G/Pr is a B-chart, which we denote by Xj. This B-chart intersects all the G-orbits in X (D).
Note that Byg is isomorphic to the affine space A7, where r = dim G/Pr. Since the fibration
restricted to By is trivial, the chart X is identified with Y (®, F) x Af. The ring of functions
on X can be described as

C[Xo] = (C(C) ®c C[Bzo)) N (] OueyN () G » (3.3)
£eC(@)(1) DeF

where vp is the valuation associated with the divisor D € F and 0y, and 0, are the respective
valuation rings of vp and v(§).

Remark 3.9. The variety X (®) is a union of G-orbits
X®)=G-Xo={g9-x]geG,ze X} CSa(2). (3.4)

Thus, equations (3.3) and (3.4) yield another more conceptual construction of the G-variety X (D);
see [Tim11, Section 16]. From now on, we identify X (®) with an open subset of S (Z).

3.3 Colored divisorial fans

Here we introduce the combinatorial objects describing horospherical G-varieties of complexity
one. The idea is to consider “fans of colored polyhedral divisors” in order to describe these
varieties as a gluing of simple G-models.

DEFINITION 3.10 ([LT16, Section 1.3.4]). Let C be a smooth projective curve and G/H be
a horospherical homogeneous space. A colored divisorial fan on the pair (C,G/H) is a finite set
& = {(D', F?) | i € J} of colored polyhedral divisors, where

D' =) ALyl
yeCt

Here C* is an open dense subset of C, we have F' C Faym, and D% and F' are subject to the
following conditions:

(i) For all 4,5 € J, we have (D' NDJ, Fi N FJ) € &, where the intersection is given by
DND = > (ALNA)) [y
y€Ci ;
and the curve C;; by the equality C;; := {y € C*NC7 | A; N Ai # 0}.
(ii) For all 4,5 € J and y € C;;, the polyhedron AZ N A% is a common face to AZ and A;.
(iii) For all 7,j € J, we have
FinF =oYon aj) NF =poYo;N a;) nF7,
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where 0; and o are the respective tails of D’ and D7.

(iv) The intersection of the degree of D’ with the tail 0;; of D*ND7 is equal to the intersection
of the degree of ®’ with o;;.

To any colored divisorial fan &, one can attach some combinatorial objects as follows.

DEFINITION 3.11. The set
H(&) :={(C(®D),F) | (D,F) €&}

is the associated colored hyperfan (see [Tim11, Definition 16.18]). The support of & is defined as

6= |J Cc®cHn

(D,F)eé&

and the set of special points as

Sp(&) == U Sp(®).

(D,F)eé&

We refer to Definition 3.1 for Sp(®). The tail fan of & is the fan (&) generated by all the tails o
of polyhedral divisors © with (D, F) € &.

When G = T is a torus, we write & = {D? | i € J} instead of & = {(D%,0) | i € J}, and we
recover the usual divisorial fans of [AHS08, Definition 5.2]. The following result provides a full
description of horospherical varieties of complexity one.

THEOREM 3.12 ([Tim11, Theorems 12.13 and 16.19]). Let C' be a smooth projective curve, G/H
be a horospherical homogeneous space, and Z be the product C' x G/H. Denote by & a colored
divisorial fan on (C,G/H). Then the open union

X&) = |J x®7
(D,F)e&

inside the equivariant scheme of geometric localities &¢(Z) is a G-model of Z. Conversely, every
G-model of Z arises in this way. Moreover, X (&) is a complete variety if and only if |&| = Ag.

Let us now recall the construction of the discoloration morphism associated with a colored
divisorial fan from [LT16, Section 2.2]. This construction will allow us to provide specific equiv-
ariant desingularizations of X (&). If & is a colored divisorial fan, we denote by

Sgis = {(®7®) | (@’]:) € éo}

its discoloration, that is, the colored divisorial fan obtained from & by removing the colors.
For any (©,F) in & (respectively, (D,0) in &) we consider Xy (respectively, Xgis), the B-
chart associated with (D, F) (respectively, with (D,()). The inclusions of C-algebras C[Xy] C
C[Xgis] induce morphisms X (D, () — X (D, F) which glue into a birational proper G-equivariant
morphism

Tdis - X(@@dis) — X(éa) . (3.5)
Writing P = Pr = Ng(H), T = P/H, and M = X(T'), we define the T-variety associated with &

V(&) =] Spec A(C*, D%) € &7(C x T), (3.6)
ieJ
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where &7(C x T) is the T-equivariant scheme of geometric localities of C' x T' and A(C*, D?) de-
notes the M-graded algebra associated with D%; see Definition 3.2. From [L'T16, Proposition 2.9],
it follows that X (&) is G-isomorphic to G x¥ V (&), where P acts on V(&) via the canonical
surjection P — T.

4. The arc space of a horospherical variety of complexity one

In this section, we describe the arc space of a horospherical variety X of complexity one, in order
to compute its stringy E-function via motivic integration in Section 5.

Let K be a field extension of C and O := O and K := Kg be the corresponding ring of
power series and its fraction field. Denote by 0 and 7 the closed and generic point of Spec Ok,
respectively. Our goal is to describe the set of K-valued points of .2 (X), that is, the set X(Ok).
To do this, we restrict ourselves to the study of a subset £ (X) of Z(X) which has the same
motivic measure as .Z(X ), and we decompose it into horizontal and vertical arcs; see Sections 4.1
and 4.2 for the case of T-varieties of complexity one. We give a parametrization of the G(QO)-
orbits in Theorem 4.12. Finally, in Section 4.4, we show that the corresponding pieces in 2 (X)
are cylinders, hence measurable, and we compute their motivic measure in Theorem 4.16.

Notation 4.1. We keep the same notation M, N,C,G/H,&,... as in the previous section for
describing a horospherical variety X = X (&) of complexity one. In particular, for the colored
divisorial fan & = {(D?, F*)},c; and for any i € J, we write

D= ALy,
yeCt

where C* C C is open dense. The symbol o; denotes the tail of D¢, and T is an open, dense,
affine subset of C' which does not intersect Sp(&’).

4.1 Horizontal and vertical arcs

In this subsection, we also assume that G = T is a torus, that H = {e} is trivial, and that &
consists of a single colored divisor ® with tail o and affine locus Cy containing I'. The construction
following Theorem 3.6 shows that X is the T-variety Spec A(Cy, D).

Let X, be the toric variety Spec C[o¥ N M| associated with the cone o. The product I' x X,
is a dense, open, T-stable subset of X, and so is its subset I' x T'. Define

Xr =X = X(O)N (T x T)(K) := {a: SpecOx — X |a(n) e x T} C X(0),
where X (0O) and (I' x T')(K) are both viewed as subsets of X (K).
Remark 4.2. The subspace
(X)) ={aceZ(X)|an) el xT}

has the same motivic measure as .Z(X). Indeed, its complement in .Z(X) identifies with the
arc space of Xy := X \ (I' x T'), which has zero measure; see Remark 2.2. Hence for purposes
of motivic integration, we may study 21 (X) instead of the whole arc space .Z(X). Clearly,
Zr(X)(K) = X{.

Any K-valued arc a in 21 (X)(K) induces morphisms C[M] — K and C[I'] — K. Indeed, as
I" x T is an open subset of X, we have a commutative diagram
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=k

[0}

Cl ®cCM] — K

|

Cclx] —= O.

We denote by of (respectively, by «j,) the restriction of a* to C[I'| (respectively, to C[M]).
Clearly, o is uniquely determined by the data of and aj,. Conversely, if we are given two C-
algebra morphisms Sr: C[I'] — K and Syr: C[M] — K such that fr @ Sy (C[X]) C O, then there
exists an arc a € Xt such that of = fr and o}, = Bur.

Remark 4.3. Following [Ish04, Proof of Theorem 4.1], if & € Xp, we parametrize the map
oy using the group homomorphisms v,: M — 7Z and wy: M — O defined by the equal-
ity a3, (x™) = timve) s (m) for any m € M. We also parametrize af. using the valuation
vo: C[I'] = Z and the function R,: C[T] — O* such that ai(f) = t*“)R,(f). Since C(I)
is of transcendence degree one over C, there exist unique ¢, € Zso and y, € I' = C such that
Vo = Lo 0rdy,, .

The following lemma is a direct consequence of the classification of invariant valuations in
[Tim11, Section 16] for toric varieties of complexity one.

LEMMA 4.4. Let w: C(X)* — Q be a T-invariant discrete valuation. The following statements
are equivalent:

(i) The restriction w |c[x)\{0} IS non-negative.

(ii) There exists a triple (y,v,{) € C(®) such that for any homogeneous element f @ x™ in
C[X], we have w(f ® x™) = Lordy(f) + (m,v).

Hence if o € Xt is an arc, then the triple (Yo, Vo, o) defined above is a point of the hypercone
cC®)NA.
The following disjoint subsets of Xt are defined according to the position of the image of
0 € SpecO.
DEFINITION 4.5. Define the horizontal part of Xt by
Xhor :={a: SpecO — X | a(0) e ' x X, and a(n) € T' x T'}
and its vertical part by Xyer := X1 \ Xhor, that is,
Xyer = {a: SpecO — X | a(0) ¢T' x X, and a(n) € I' x T'}.

The condition a(0) ¢ I' x X, means that the closed point «(0) belongs to the fiber of the quotient
map X — Cy over a point of Cp \ T.

We may characterize elements o € Xyer in terms of their associated maps of.
LEMMA 4.6. Let o € X1 be an arc. The following properties are equivalent:
(i) o€ Xyer.

(i) op(C[I)) ¢ O.
(iii) We have y, € Co \ T and ¢, # 0, where y, and {, are as in Remark 4.3.

In particular, if one of the above conditions is satisfied, then af. is injective.
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Proof. The equivalence between statements (ii) and (iii) is clear. Let us now prove that state-
ments (i) and (iii) are equivalent.

If yo € T, then v, € 0 NN by the definition of C'(®). Moreover, ord,, is non-negative on
C[I'], and the image of C[I'| ®c C[X,| by af ® o}, is contained in O; hence o € Xyor. S0 @ € Xy
implies y, € Cp \ I'. Conversely, if y, € Cp \ ' and ¢, # 0, then there exists an f € C[I'] such
that £, ord,, (f) < 0, so that of-(C[I']) ¢ O. In particular, of ® a},;(C[I'] ®c C[X,]) ¢ O, and
a € Xyer-

Now, we assume that of is not injective, so its kernel is the ideal of a C-point, so £, = 0 and
Vo € 0. This implies that af ® a},(C[I'] ®c C[X,]) C O, which means that o € X}or. O

Let us now study the T'(O)-action on the space Xp. Consider
Lall XF —>C(©)OJV,

which with an arc « associates the point (yq, Vo, fo) from Lemma 4.4. Our goal is to decompose
into T'(O)-orbits the fibers of val above points of X}, and Xyer. In the case of Ay, the result is
immediate from [Ish04, Theorem 4.1].

LEMMA 4.7. We have a decomposition

Xhor = F(O) 2 (XO'(O) N T(’C)) = F(O) X |_| Cu,
veonN

where o € X, is identified with the pair (of, o) € T'(O) x (Xo(O)NT(K)) and
C, :={ay | @ € Xhor , Vo =V}
is a T'(O)-orbit of X,(O)NT(K). Moreover,
val(Xhr) = {(C,1,0) | v € 0 N}
and val ! (C,v,0) = T(O) x C, for any v € o N N.

We now state a similar result for the subset X,;.

LEMMA 4.8. Let « be an arc in Xy and w € C(C)* be a uniformizer of y,. There exists a
one-to-one correspondence between

Xver,a = Lalil(vial(a)) = {5 € Xyer ’ Y = Ya Vg = Vo JB = la}

and the set of pairs (w,u), where w: M — O* is a group homomorphism and v € O*. The
correspondence is given by B — (wg, Rg(m)), where Rg is the function from Remark 4.3. It
identifies the fiber Xyer o with the product C,, x O*. Furthermore, we have

val(Xyer) = {(y,1,0) € C(D)N N |y € Co\T and £ > 1} . (4.1)

Proof. We first prove the surjectivity of the correspondence. Fix a pair (w,u) € T(O) x O* and
write ¥ = Yo, V = Vo, and £ = {,. From [Eis95, Theorem 7.16], we know that there exists a
unique morphism ¢: ﬁy = C[[x]] — O such that ¢(7) = t‘u, where ﬁy is the formal completion
of (0,,m0,). When we restrict to C[Cy], since ¢ # 0, the morphism ¢ induces an injective
homomorphism C[Cy] — O; see Lemma 4.6. Extending it to the fraction field, we obtain a
homomorphism C(Cp) — K, whose restriction to C[I'] is denoted by A. We define an arc 5 € Xyer
by setting 5*(f@x™) = A(f)t"")w(m) for any homogeneous element f@x™ € C[[®@cClo¥NM].
The arc § is in Xyer since dg =€ # 0 and yg =y € Co \ T
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To prove that the correspondence is injective, it is enough to check that for 8 € Xye, the
map A: C[I'] = K above is uniquely determined by ¢ = {3, y = yg, and Rg(w), where 7 € C(C)*
is a uniformizer of y. Clearly, A induces a continuous morphism A: (&, 76,) — (O,tO), that
is, a morphism such that X(Wﬁy) C tO. Taking formal completions, we also get a morphism
A: 5y = Cl[[r]] = O; see [Mat80, Section 23.H|. Using [Eis95, Theorem 7.16] again, we see that
A is the unique morphism sending 7 to tZRﬁ(W). We conclude by noticing that A is uniquely
determined by )\, which proves the injectivity.

To conclude the proof, we check equation (4.1). The direct inclusion of val(Xye) has been
proved by combining Lemmas 4.4 and 4.6. For the other inclusion, consider a triple (y,v,¥) €
C®)NA with y € Co \ T and ¢ # 0. Choose a uniformizer 7 of y, and consider the unique
morphism ﬁy = C[[x]] = O which sends 7 to t’. By the same argument as before, it implies the
existence of a morphism 3*: A(Cy,®) — O such that 3*(f @ x™) := t!odu()+m) hence the
existence of an arc 5 € Xy such that val(s) = (y, v, £). O

4.2 The arc space of a normal T-variety of complexity one

In this section, we generalize the results of Section 4.1 to the non-affine case. We still assume
that G =T is a torus and H = {e} is trivial.

We want to describe the arc space of X = X (&) in terms of the arc spaces of the affine

charts X (®) for polyhedral divisors ® € &, which may have non-affine loci. So to apply the
previous results, we need to replace X with a T-variety X associated with a divisorial fan & such
that all the polyhedral divisors in & are defined on open dense affine subsets of C. We call this
process affinization.
Notation 4.9. Keeping the same notation as in Section 4.1, for any ®¢ € &, we consider a fi-
nite, open, dense, affine covering (C’JZ) jes, of the curve C?. Denote by @; the polyhedral divisor
obtained as the restriction of ! to the open affine subset C’; and by & the divisorial fan consti-
tuted of all the @; Then the T-variety X = X (&) does not depend on the choices of the affine
coverings, and its support |é5 | coincides with that of &.

From [AHO06, Theorem 3.1], it follows that the inclusions A(C? D%) — A(C},”D;-) induce
a proper T-equivariant birational morphism

q: X(&) = X(8). (4.2)
As in Section 4.1, we introduce a morphism val defined on X, whose image will be contained
in
&= Cr(®) € g, (4.3)
Deé
where Cr(D) = C(D)\ {(y,1,£) | y € T,v € Ng,£ > 0}. Clearly, |&|r = |&|r.
The following result extends Lemmas 4.7 and 4.8 to the T-variety X.
PROPOSITION 4.10. Let & be a divisorial fan on (C,T), and write X = X(&). Consider a dense
open subset I' C C which does not contain any special point. There exists a surjective map
val: Xp = |&lr N A, a— (Ya,Va, la) , (4.4)
where |&|r is as in equation (4.3) and A as in Definition 3.8. Moreover,
o) xc, ift,=0,

Liﬂ_l(yaayavéa) - {O* x C ifly > 1
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Proof. Recall the morphism ¢: X — X from equation (4.2). We first check that Xr identifies
with

Xr={aeX(O)|a(n) el xT}.
Indeed, we know that ¢ |px7 is the identity map. Write X; := X \ (I' x T'). By the valuative
criterion of properness, the morphism ¢ induces a bijection

LX)\ L (¢ (X)) — LX)\ Z(x1).

This implies that X1 = Xr, so we will assume & = & in the rest of the proof.
We now prove that val is well defined and surjective. Clearly, the arc space has a covering
Xr=|JX@)r,
Deé
where X(D)r := {a € Xr | «(0) € X(9D)}. Fixing a uniformizer for each point of C'\ I" and
combining Lemmas 4.7 and 4.8, we get well-defined surjective maps

valg: X(D)p — Cr(®) N A,

which are clearly compatible and glue into val. Finally, the description of the fibers of val is
a consequence of Lemma 4.7 when ¢, = 0 and of Lemma 4.8 when ¢, > 1. O]

4.3 The general case

Let us now treat the case of a horospherical G-variety X of complexity one. We start by recalling
the complexity zero case.

Let G/H be a horospherical homogeneous space and P, I, T, M, and N be as in Notation 4.1.
A horospherical embedding Y of G/H is parametrized by a colored fan ¥ on Ng; see [Kno9l,
Theorem 3.3]. Let |X[ be the support of X, that is, the union |X[ := (J, z)ex 0, Where o is
a strongly convex cone and F C Fg/ g is a subset of colors. The following theorem describes the
arc space of Y in terms of |X|.

THEOREM 4.11 ([BM13, Theorem 3.1]). Let Y be a horospherical G/H-embedding defined by
a colored fan Y. Then there exists a surjective map

V:Y(O)n(G/H)(K) = |Z|NN,
whose fiber over v € |E| N N is a G(O)-orbit Q,,. In particular, we obtain a one-to-one corre-

spondence between the lattice points in || N N and the G(O)-orbits in Y (O) N (G/H)(K).

Let us sketch the construction of the map V. After discoloring, using the valuative criterion
of properness, we may assume Y = G x© Yy, where Yy, is the T-variety with fan . Since
T =P/H C G/H, the closure Yy, =T embeds into Y. We have a commutative diagram:

Ys(0) N T(K) SN

| "

Y(O)n(G/H)(K),

where the map ¥ comes from [Ish04, Corollary 4.3]. Denote by C, the fiber of ¥ over v € |X|NN.
The map V extends ¥ in such a way that €, is the unique G(O)-orbit containing C,.
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For the following theorem, which deals with the complexity one case, we use the setting of
Notation 4.1.

THEOREM 4.12. Let X := X (&), where & is a colored divisorial fan on (C,G/H). Let I be
a dense, open, affine subset of C' which does not contain any special point. There exists a surjective
map
val: Xp = X(O)N(Cx G/H)(K) = |Er N A, a—= (Yas Vas ba) s

where

Elr= ] Cr(®)c A

(D,F)e&

and ¥ and Ag are as in Definition 3.8. Moreover, it satisfies

T(O0) x Q,, ifl,=0,

val~! asVarba) =
val ™ (y ) {O*nya i, =1,

where the Q,,, are as in Theorem 4.11.

Proof. First, we discolor X using the map mgis: Xgis — X from equation (3.5). We have Xgis =
GxPV (&), where V(&) is as in equation (3.6). Then, we replace the colored divisorial fan & with
another fan & using the affinization map ¢ from equation (4.2), obtaining a proper birational
morphism ©: G x¥ V(&) — X which restricts to the identity on I' x G/H. By the valuative
criterion of properness, it is equivalent to consider arcs on X or on G x” V(é~a ), so from now on
we assume X = G xP V(&).

Next, we compare Xr, the set of K-valued formal arcs on X with generic point in I x T,
with

V(E)r = {a: SpecO — V(éND) la(n) €T xT} C .Z(V((?))(K)

By the construction of X = G x¥ V(&), the closure of T x T embeds in X and identifies

with V(&). The variety V(&) will play the same role as Yx in equation (4.5). We have a map
U: V() — |&|r N A, which is the map val from Proposition 4.10.

From the proof of [BM13, Theorem 3.1], we obtain a map V: (G/H)(K) — N which is
constant on the G(O)-orbits and whose restriction to T'(K) C (G/H)(K) is constructed from the
standard valuation map ord: K* — Z as in [BM13, Lemma 3.2]. We use it to build part of a map
from (I' x G/H)(K) to 4", which we will then restrict to Xp.

To get the other part of the map, as in Remark 4.3, we parametrize a € I'(K) by the pair
(Yo, La), Where o (f) = tleodva(N) R (f) for any f € C[I]. Finally,

val: (I'x G/H)(K) = A, (&,8) = (Ya, V8, la)

where vg = V(). Restricted to V(&)r, this map is simply ¥, and it is constant on the G(O)-
orbits.

We now study the restriction of val to Xr, which we denote again in the same way. Consider
the quotient map ¢: X — G/P and the corresponding map X (0) — (G/P)(O) on the set of
O-valued points. We denote by poo: Xr — (G/P)(O) its restriction to Xr. It extends to the
natural map

Poo: T'(K) x (G/H)(K) = (G/P)(K) .
Since (G/P)(K) = (G/P)(O) by the valuative criterion of properness, the image of ¢ is in fact
contained in (G/P)(QO), which is equal to G(O)/P(O) by the local triviality of the quotient map
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G — G/P. Moreover, the map ¢, is G(O)-equivariant. If &« € Xy, then by transitivity and G(O)-
equivariance, there exists a g € G(O) such that ¢ (g - @) = po, where pg = P(O) € (G/P)(0O).
Hence
9-a € (po) € 95 (po) = (U x T)(K).

It follows that g-a € (xT)(K)NXt and (IxT)(K)NXT C V(&)r. Indeed, if 8 € (DxT)(K)NXT,
then 8(0) € B(n) C T x T = V(&); thus, 3 is an element of V(&)p. As a result, g- a € V(&)r,
and val(o) = val(g - @) = ¥(g - ). This implies that val(Xp) = O(V(&)r) = |&|r N A .

To conclude, we compute the fibers of the restriction val: Xp — |&|rN.4". Consider (y,v,f) €
|&|r N A . For any o € val™*(y, v, (), by a previous argument, there exists a g € G(O) such that
g-a€ V(c?)p Nval~!(y, v, £). Finally, by Proposition 4.10, we know that

~ _ ro)yxc, ife=0,
V(&) nval 1<y,u,e>—{oﬁjc ol

4.4 Motivic volumes

Assuming that X is smooth, we now compute the motivic measure of the fibers of the map val
from Theorem 4.12.

We start by studying truncations of arcs in Xt. Using the discoloration morphism, we may
assume that & has trivial coloration, so that X = G x V(&). Recall that there is a surjective
quotient map ¢: X — G/P. The next result, obtained from Theorem 4.12, gives a comparison
between the jet spaces of X and those of the flag variety G/P.

LEMMA 4.13. Consider & := (y,v,{) € |&|lr N A and q € N, where |&|r is as in equation (4.3).
Then the restriction to m,(val™*(¢)) of the bundle of g-jets ¢,: Zy(X) — £,(G/P) is a bun-
dle with fiber isomorphic to m, (V(&)r Nval™'(¢)), where ,: L(V(&)) — £,(V(&)) is the

q
truncation map.

Proof. We have a commutative diagram

val™! (¢) Z(G/P)

L

Wq(Lal_l(g)) — Z(G/P),

where the vertical maps are arc truncations and the horizontal maps are induced by ¢: X — G/P.
The vertical map on the left-hand side is clearly surjective, and the other also is since G/P is
smooth (see [Gre66]). Finally, the top horizontal map is surjective by the proof of Theorem 4.12;
hence, so is the bottom map. The last claim in the lemma follows from the description of the
fibers of the top map. O

Using Lemma 4.13, we now show that the fibers of val are cylinders, hence measurable.
Lemma 4.14 deals with the horizontal fibers, while Lemma 4.15 takes care of the vertical fibers.

LEMMA 4.14. Let X be as in Notation 4.1. Assume that X is smooth of dimension d and that &
has trivial coloration. Consider & := (y,v,0) € |&|r N A ". Let n be the rank of the lattice N
and o € ¥(&) be a cone containing v, and put r := dimo. The linear part oV N (—c") of 0" is
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a (d — 1 —r)-dimensional vector space Vg. Let Wy be a complement of Vg in Mg and uy, ..., u,
be an integral basis of o N Wy.
Then for any q > max({{uj,v) | 1 < j < r}), the set val }(¢) N V(&)r is a cylinder with
q-basis
Zy(T) x (AT 0)" x AT~ 2= (w0

Proof. By the smoothness criterion of [KKMS73, Chapter II], any cone o € 3(&) is generated
by part of a basis of N. Consider a € val '(¢) N V(&)r and the morphisms of: C[I] — O
and o, : Clo¥ N M] — O from Remark 4.3. The maps «of and o}, induce arcs on I' and X,
which can be truncated to g-jets o € Z,(T") and o), € Z,(X,). Moreover, the set {af | a €
val 1 (&) NV (&)r} is isomorphic to %, (T")(K) since T is smooth. To conclude, we use an adapted
version of [BM13, Lemma 3.4], where we do not assume the cone to be full-dimensional. The
result of the lemma implies that

{a)y | @ eval ™ (E) NV(E)r) = (AYK)\ 0)" x AT~ 25=1() () O

LEMMA 4.15. Let X be as in Notation 4.1. Assume that X is smooth of dimension d and that &
has trivial coloration, and denote by n the rank of the lattice N. Consider £ := (y,v,{) € |&|rNA
such that ¢ > 1. Let (©,F) € & be such that £ € Cr(®), and let o be the tail of ®. Denote
by r the dimension of o and by s > r + 1 that of the Cayley cone Cy(®). The linear part
Cy(D)'N(=Cy(D)Y) of Cy(D)V is a (d—s)-dimensional vector space Vg. Let Wy be a complement
of Vo in Ag = Mg & Q, and denote by {(u1,0),...,(u,0),wi,...,ws—,} an integral basis of
Cy(D)Y N Wq, where the u; are in o¥ N M.

Then for any q greater than max ({{u;,v) | 1 <j <r}U{{w;, (v, £)) |1 < j<s—r}), theset
val=} (&) N V(&)r is a cylinder with g-basis

(AT 0)™H x ATHD= (S5 )+ 5 w0

Proof. Let m € C(C)* be a uniformizer of y. Writing A = M @ Z, we have
ClCy(D)Y NA] = {ﬂ'k @ X™ | (m, k) € Cy(D) NA}.

Denote the associated toric variety by X¢, (o) := SpecC[Cy(D)¥ N A]. The restricted fiber
val (&) N V(&)r identifies with the (T x G,,)(O)-orbit C,, ¢ of X, ) (0) N (T x Gp)(K) given
in [Ish04, Theorem 4.1].

Indeed, as in the proof of Lemma 4.8, any arc « in the restricted fiber induces a morphism
Cl[r]] ®c C[M] — K, which restricts to C[Cy(D)¥ N A] — O. Conversely, if we have an arc
B € Z(Xc, ) (K) with the property above, it induces a morphism Clr, 7 ] ®c C[M] — K.
Since the completion of (C[r, 7], #C[r, 7~1]) is C((7)), by [Eis95, Theorem 7.16], the arc 3 gives
a morphism C[[7]] ®c C[M] — K which restricts to a co-morphism of an arc in val~*(£) NV (&)r.
The rest of the proof follows from the suitably modified version of [BM13, Lemma 3.4] already
used in Lemma 4.14. O

The next result gives the motivic volume of the fibers of the surjective map val: Xp —
|&|r N A". Thus we obtain, up to a subset of motivic measure zero, a decomposition of the arc
space of X as a disjoint union of measurable subsets of known motivic volume, which concludes

our study of .Z(X).

THEOREM 4.16. Let & be a colored divisorial fan on (C,G/H) such that X = X (&) is smooth
of dimension d. Without loss of generality, we may assume that & has trivial coloration.
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Consider £ := (y,v,l) € |&p N A, where |&]r = Up res Cr(D) C Mg and A and
@ are as in Definition 3.8. Let (D,F) € & be such that { € Cr(®), and let o be the tail
of ©. Denote by r the dimension of o and by s > r + 1 that of the Cayley cone Cy(®). The
linear part Cy(D)Y N (=Cy(D)V) of Cy(D)V is a (d — s)-dimensional vector space V. Let Wy
be a complement of Vg in Ag = Mg & Q, and denote by {(u1,0),..., (u,,0),w1,..., ws—y} an
integral basis of Cyy(®D)Y N Wy, where the u; are in o N M. Then

ey _ J DG/ H L im0 if0=0,

Proof. For £ =0, since G/P is smooth, it follows by Lemmas 4.13 and 4.14 that for large enough
q=0,

jix (val ™ (C,,0)) = [x(V(&)r Nyal ™ ()] [Z(G/P)| L™

q
= [Z,(D))(L — 1)"[G/P] La(ntdim(G/P)=d)=377_ (uj.v)

The result for ¢ = 0 follows from the equalities dim(G/P) =d —1—n, [G/H] = (L — 1)"[G/P],
and .Z,(I') = [I'] LY. For the case ¢ > 1, we have by Lemmas 4.13 and 4.15 the equality

[Lx (Vialfl(f)) =(L- 1)"+1[G/P] L a(nAH14dim(G/P)=d) =377 (ug.v) = 32527 (wj,(v,6))

)

which simplifies to our desired formula. O

5. Computing the stringy E-function

Let X = X (&) be a log terminal, horospherical variety of complexity one. In Theorem 5.16,
we compute the stringy motivic volume of X. As in the complexity zero case, see [BM13],
Theorem 5.16 requires X to be Q-Gorenstein and log terminal; we introduce the related notions
in Section 5.2. In Section 5.3, we construct a desingularization of X in terms of its colored
divisorial fan, and in Section 5.4, we put the previous results to use by computing the discrepancy.
This enables us to prove Theorem 5.16 in Section 5.5. Throughout this section, we follow the
conventions of Notation 4.1.

5.1 Canonical class

The canonical class Kx of X can be expressed as a linear combination of B-invariant divisors;
see [LT16, Sections 2.3 and 2.4]. By the description in [Tim11, Section 16], there are two types
of G-divisors called vertical and horizontal, depending on whether the G-action has complexity
zero or one. The set of wvertical G-divisors on X is parametrized by

Vert(&) := U Vert (CDZ) ,
ieJ
where for any i in .J, we denote by Vert(D?) (equal to Vert(D?, F*)) the set of pairs (y,p) such
that y is in C* and p is a vertex of AZ. The rest of the G-invariant divisors of X are horizontal
and parametrized by
Ray(&) := U Ray (@i,]j) ,
ieJ

where for any 7 in J, we denote by Ray(D?, F*) the set of rays p of o; such that p N o(F?) is
empty (namely, the ray p is uncolored) and pNdeg(D?) is empty if C? is projective. Here we used
the same notation p for a ray and for the corresponding primitive generator.
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THEOREM 5.1 ([LT16, Theorem 2.11]). Let Div(&) denote the set of G-divisors of X. There
exists a bijection
Vert(&)| | Ray (&) — Div(&),

where we denote by Dy, ,, respectively D,, the G-divisor corresponding to the pair (y,p) €
Vert (&), respectively to p € Ray(&).

We may now describe the canonical class of X as a Weil divisor.

THEOREM 5.2 ([LT16, Theorem 2.18]). With the same notation as in Theorem 5.1, the divisor

Ex= Y (6(by+5(p)—1) Dyy— > D—Zaa- o

(y,p)EVert(&) pERay(& a€d\T

is a canonical divisor of X. Here K¢ = Eyec by - ly] is a canonical divisor on C, and a, =
ZBGFH\RI (B,a"), where R is the set of positive roots of G and Ry is the set of roots of
P = Ng(H).

5.2 Cartier divisors and support functions
We recall the combinatorial description of invariant Cartier divisors on horospherical varieties of
complexity one from [Tim11, Section 17] and [LT16, Corollary 2.17], via functions on hypercones
called support functions. We refer to [PS11] for the setting of torus actions. Then, we give
a criterion for these varieties to have Q-Gorenstein or log terminal singularities.

Denote by C(X)(5) the set of B-eigenfunctions in the function field C(X) of X, which iden-
tifies with a subset of the tensor product C(C') ®c C[M]. The principal divisor associated with
a B-eigenfunction f ® x™ in C(C) ®c C[M] is given by

div(fox™) = > #p)({mp)+ordy(f) Dy
(y,p)EVert (&)
+ Z (m,p)-D,+ Z (m,o(D))- D,
pERay (&) DeFe/u

where k(p) = min{\ € Z~o | A - p € N}. Cartier divisors are locally principal divisors. Invariant
Cartier divisors on X will be associated with some support functions defined on the Cayley
cones Cy(D?).
DEFINITION 5.3. An integral linear function on ®° is a map ¥: C(D?) — Q such that

(i) for every y € C, there exist an m, € M and a b, € Z such that for any (v, /) € C,(D?),
(ii) if C?is projective, there exist an m € M such that m, = m for any y € C and an f € C(C)*

such that
div f = ch- []
yeC
Denote by Fs the union of all the sets F* for i € .J. A colored integral piecewise linear function
on & is a pair 6 = (9, (ra)), where ¥: [£| — Q is a function such that the restriction ¥ | (g is
integral linear for every i in J and ¥ |¢(piy and ¥ |¢(psy coincide on C(D)NC(DY) for all i and
j in J, and where (r4) is a sequence of integers with o running over simple roots in @ \ I such
that D, & Fg. More generally, we say that 6 = (9, (ry)) is a colored piecewise linear function
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on & if there exists a k € Z~¢ such that kf is a colored integral piecewise linear function. We
denote by PL(&) (respectively, PL(&,Q)) the set of colored integral piecewise linear functions
(respectively, colored piecewise linear functions) on &.

Now, the Cartier divisor associated with a colored piecewise linear function 6 in PL(&) is

Dy = Z ﬁ(yaﬁ(p)pa'%(p))D(y,p) + Z 79(07:0a O)D

(y,p) € Vert (&) pERay (&)
+ Z HC,o(D),0)D + Z oD
DeFg Dot Fs

PROPOSITION 5.4 ([LT16, Corollary 2.19]). The variety X (&) is Q-Gorenstein (that is, Kx is Q-
Cartier) if and only if there exists a 0 = (0, (r,)) in PL(&, Q) such that the following conditions
are satisfied:

(1) There exists a canonical divisor K¢ =Y, o by - [y] on C where for every (y,p) in Vert(&)
we have

Iy, s(p)p, £(p)) = ()b +r(p) — 1.
(ii) For every p in Ray(&’), we have ¥(C, p,0) =

(iii) For every D, in Fg, we have ¥(C, 0(Dy),0) = —ay,.

Let x be the colored piecewise linear function on X satisfying the conditions of Proposi-
tion 5.4 and such that r, = —a, for any « with D, & Fg. The uniqueness follows from [Tim11,
Equations (17.1-2)].

The support function w used in Theorem 5.16 is constructed by gluing the following linear
functions.

LEMMA 5.5. Let (D, F) be a colored o-polyhedral divisor on (C,G/H) such that Y = X (©,F) is
Q-Gorenstein. Let z be a point in the locus of ©, and denote by X (C,(®),F) the horospherical
(G x C*)-variety associated with the pair (C,(®),F) and the horospherical homogeneous space
G/H x C*. Then there exists a linear function wy , on C,(®) such that

(i) wyz(p,0) =vy(z,p,0) for any uncolored ray p of o,

(ii) wy:(7) = —1 for any ray 7 of C,(®) not contained in Ny,
(ili) wy,z(0(Da),0) = —aq for any color D, € F.
In particular, if the locus of ® is affine, we have

X (D, F) Q-Gorenstein = X (C.(D), F) Q-Gorenstein .

Proof. AsY is Q-Gorenstein, by Proposition 5.4 there exists, on (D, F), a colored piecewise linear
function 0y = (VYy, (ry)) satisfying the conditions (i)—(iii) of the proposition. We construct the
function wy,, by modifying 6y . To do so, we construct a function f in C(C)* such that —ord,(f) =
b, +1 for any (2, p) in Vert(D), where K¢ =3 by - [y] is a canonical divisor of C. Since C
is smooth, any divisor on C' is locally principal. Hence there exist an open neighborhood C’ of 2z
in C and a function f in C(C’)*, which is equal to C(C)*, such that (K¢ + [2])cr = (div f~1) .
The divisor Dy, +div(f) is a Cartier Q-divisor in X. The restriction wy, of its support function
to C,(D) is the required function. Indeed, as required, using Proposition 5.4, we get

wy,z(k(p)p, k(p)) = V(z, K(p)p, k(p)) + K(p) ord.(f) = —1.
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Let us now assume that the locus of © is affine. The variety X (C, (D), F) being horospherical,
it is Q-Gorenstein if and only if there exists a (restricted) linear function w: C,(®) — Q such
that w(7) = —1 for any uncolored ray 7 of C,(®) (that is, 7 N o(F) = ) and w(e(Dy),0) =
—aq for any color D, in F (see [Bri93, Proposition 4.1]). These conditions are satisfied by the
function wy,,. Indeed, since the locus of ® is affine, for any uncolored ray p of o, we have

wY,Z(p7 0) = T9Y(Z,p7 0) =-L [

In Theorem 5.16, we will need to assume that X is log terminal to ensure the convergence of
the integral of the stringy motivic volume. We recall the following criterion.

THEOREM 5.6 ([LS13], [LT16, Theorem 2.22]). Suppose that X = X (&) is Q-Gorenstein. Then
X has only log terminal singularities if and only if for any (9,F) € &, one of the following
assertions holds:

(i) The locus of ® is affine.

(ii) The locus of ® is the projective line P! and Y (1—-1/ky) < 2, where

y€eP!

ky = max ({k(p) | p is a vertex of Ay}) .
Here the polyhedron A, is defined by ® = ZyECo Ay -yl

5.3 Desingularization

Here we explain how to desingularize X in terms of combinatorial data. The desingularization
involves three proper birational morphisms:

X(6) —— X (&) —— X (fuis) —=, X (&) = X . (5.1)

—— 20— Aa) 7=
(8

The discoloration morphism 7g;s and the affinization morphism ¢ have already been defined in

equations (3.5) and (4.2). Let us now construct the morphism ¢'. Let Sp(&’) be the set of special

points of &, and denote its elements by yi,...,¥y,. Up to refining the affine coverings (C]i-)je Ji

in the construction outlined in Notation 4.9, we may assume that each element of & contains at
most one special point. For 1 < i < r, we let & be the set of all polyhedral divisors ® in & which
have y; as a special point, and we define a fan ¥; on Ng © Q as the fan generated by the Cayley
cones C,, (D) for any D in &. Clearly, the fans ¥; all contain the tail fan g(éz ) as a subfan. Now

following [CLS11, Section 11.1], we will consider a star subdivision of ¥(&’) and compatible star
subdivisions of the ;.

DEFINITION 5.7. Consider a fan ¥ in Ng and an element v of |[X| N N in the support of 3. The
star subdivision of X associated with v is the fan consisting of the cones
(i) o € ¥ such that v ¢ o,
(ii) Cone(r,v) for T € ¥ such that v € 7 and there exists a 0 € ¥ with {v} U7 C 0.
A star subdivision is a subdivision of the original fan ¥ (see [CLS11, Lemma 11.1.3]).
We say that a fan 3 is smooth if any cone in X is generated by a subset of a lattice basis of V.

This is equivalent to the toric variety Xy being smooth. By [CLS11, Theorem 11.1.9], any fan ¥
has a smooth refinement ¥’ containing every smooth cone of 3 and obtained from X by a sequence
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of star subdivisions. Geometrically, this implies that there is a projective desingularization of toric
varieties Xsv — Xx.

Let >/(&) be a smooth refinement of the tail fan (&), corresponding to a sequence of star
subdivisions associated with an element (v1,...,vs) € N°. For any 1 < i < r, define ¥; as the fan
obtained from ¥ after applying star subdivisions with respect to ((v1,0), ..., (vs,0)) in (N & Z)°.

Clearly, ¥/(&) is a smooth subfan of 3;. Finally, there exists a refinement ¥} of ¥; such that ¥}
contains every smooth cone of ¥;, including in particular every cone of 3'(&).

For any ® in &, consider the set Y; o of cones 7 in X! such that 7 C Cy, (D). For 7 € ¥, »,
we denote by o, ; the cone 7N (Ng x {0}) and by A, ; the set 7N (Ng x {1}) when 7 ¢ Ng x {0}.
Since 7 C Cy, (D), it follows that 7N (Ng x {1}) is a o, ;-polyhedron. We define a o, ;-polyhedral
divisor

QT,i = Z Ay ) [y] )
y€Co
where Cy C C is the locus of © and Ay = o, for any y € Cy\ {y;}. In addition, Ay, = o, ; if 7 C
Ng x {0} and A, = A, ; otherwise. The set &o := {D,; | 7 € ¥; 0} is a divisorial fan. Moreover,
the C-algebras embeddings A(Cy, D) C A(Cy,D;) for D, € &p induce a proper T-equivariant
birational morphism V(&£p) — V(D); see [Tim11, Theorem 12.13]. Since the set & := Uoes &n
is a divisorial fan, the previous morphisms glue together into a proper birational morphism

q: X (&) — X(&). To prove that X (&”) is indeed smooth, we use [KKMS73, Chapter 11}, [LS13,
Proof of Proposition 2.6], and [LT16, Theorem 2.5].

This concludes our construction of the desingularization of X.

5.4 Discrepancy

The aim of this section is to compute the discrepancy of the G-equivariant morphism ¢: X’ — X
from equation (5.1), whose definition we recall below.

/
~ q Tdis

X' = X (&) —— x(&) —L X (&) X.

(8

The exceptional divisors of v are particular G-divisors of X'; that is, they correspond to some
elements of Vert(&”) LU Ray(&”).

Exceptional divisors of mgis- As Vert(&ys) is equal to Vert(&'), the exceptional divisors of 7g;s
are in one-to-one correspondence with the elements of Ray(&y;s) which do not come from Ray (&),
that is, the elements of

| Ray (97,0) \ Ray (9%, 7). (5.2)
i€J
By Lemma 5.5, the associated divisors D, ,...,D,, C X(&ys) in (5.2) are the exceptional

divisors of mg;s.

Ezxceptional divisors of . The morphism ¢q: X (&) — X (&gis) is obtained via parabolic induction
on the T-equivariant morphism V(&) — V(&) from equation (4.2), so the exceptional divisors
of ¢ are the parabolic inductions of the exceptional divisors of the latter map. By [AH06, The-

orem 10.1], the set Ray(&) \ Ray(&ys) is equal to the union over all colored polyhedral divisors
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(D,0) in & with projective locus, of the rays p of the tails of polyhedral divisors © with the prop-
erty deg® Np # (. We denote the associated exceptional divisors of ¢ by D, ,,...,D,, C X(&).

Exceptional divisors of ¢'.  As before, the map ¢: X' = X(&') — X (&) is obtained from the
map ¢": V(&) = V(&). Denote by {y1,...,y.} the set of special points of &. For 1 <i < u
consider the fans ¥; and X! constructed in Section 5.3. The exceptional divisors of ¢” (or, equiv-
alently, of ¢') are in bijection with the triples [y;, v, ], where (v,¢) is a ray of X/ \ 3;. When
¢ = 0, the triple (y;,r,0) corresponds to an element of Ray(&”); otherwise, it corresponds to
an element of Vert(&”). We denote the associated exceptional divisors by D/ ...,D;e and

Ps+17
! /
Dy oy Dy pu) TESPECtiVEly.

Relative canonical class of 1. Since (&) = %(&yis) = X(&) and (&) is a fan subdivision of

E(cg"), we may identify the pullbacks of D,,, ..., D, with the corresponding divisors Dpl, ceey D;S

in X’. By the previous paragraphs, the exceptlonal divisors of v are the (Dpi)lgzge and the

(Dfy, pyy hr<ssu-

PROPOSITION 5.8. If X (&) is Q-Gorenstein, then the relative canonical class of 1 is represented
by

Kxi/x = Z K(pj)by, + K(p;) — 1 = Ix(y, 6(p;)ps, £(p5))) Diy, vi)

+Z —1—9x(C,p;,0)) D,

where ZyEC - [y] is a canonical divisor of C, 0x = (9x,(ry)) is the support function from
Section 5.2, and k: Ng — Z is defined by k(p) = min{\ € Zso | A-p € N}.

Proof. A canonical divisor of X' is given by
Kxi= Y Ox(y,c@ps®)Dy,y+ D, 9x/(C.p,0)D,— Y aaD;
(y,p)EVert(&”) pERay (&) aed\I
while the pullback by ¢ of a canonical divisor of X is
VEx= Y Ix(yk@p, @)Dl + Y, Ox(Cop,0)D,— > a.D
(y,p)EVert (&) pERay (&) aed\T

where we choose Kx as in Theorem 5.6. Hence

u

Kxiyx =Y (0x = 9x)(y, 6(p)pjs 6(0)) DYy, o) + Z Oxr —9x)(C, pi,0) Dy,
j=1 i=1

We conclude by computing the values of ¥x, using Proposition 5.4. O

5.5 Stringy invariants

This section is devoted to determining the stringy motivic volume of a log terminal horospherical
variety of complexity one by using the discrepancy calculation from Section 5.4. We use the
notation of that section and denote by I' C C' an open dense affine subset which does not contain
any special point. Let d be the dimension of X.
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Decomposition of the motivic integral. We decompose the motivic volume & (X) along the
fibers of the map val: X{. — |&’|r N A from equation (4.4). The next statement immediately
follows from the measurability results of Lemmas 4.14 and 4.15.

LEMMA 5.9. With the above notation, the stringy motivic volume can be decomposed as

0= Z / -1 L OrdKX//X duxr .
(y ) €lE [pny V¥l (Wh)

The stringy support function. Now we want to calculate the right-hand side of the identity in
Lemma 5.9, depending on whether £ = 0 or £ > 1. As we did in Lemma 5.5 for a single hypercone,
we need to introduce a new support function wx inspired by the definition of the function 6x.

PROPOSITION-DEFINITION 5.10. Denote by (D!, F') the elements of & for i € J. There exists
a pair wx = (wx, (rq)), where wx: |&| — Q is a function and ro € Z for any a € ® \ I, such
that

— for any i € J and any vy in the locus of ®°, we have
(i) wx(y,p,0) =Ix(y,p,0) for any uncolored ray p of the tail of D,
(ii) wx(y,7) = —1 for any ray T of Cy(D?) not contained in Ng,
(i) wx(y,0(Da),0) = —a for any color D, € F*,
(iv) rq = —aq for any o € ® \ I such that D, ¢ Fpg,
(v) wx(y,v,£) = (my,v) + Le, for some m; € M and 'c; €Q. |

— If (y,v,0) € C(D)NC(DY), then (m},v) + e}, = (m),v) + lc,.

We call the pair wyx = (wx, (rq)) the stringy support function.

Proof. Since X is Q-Gorenstein, by Lemma 5.5, for any i € J and y in the locus of ©?, there
exists a linear function w;, on Cy(D?) satisfying conditions (i)—(iii) above. It is enough to check
that w;, and w;, coincide on Cy(D?) N Cy(D?). Indeed, C, (D) N Cy(D?) is a common face to
both Cy (D) and Cy(D7). It is generated by colored or uncolored rays. Moreover, both w;, and
wjy are linear on the common face and coincide on the rays, which concludes the proof. O

Motivic volume for horizontal arcs. We compute the motivic integral over subsets of the form

val~!(C, v, 0).
LeMMA 5.11. Let (y,v,0) be an element of |&'|p = |&|p. We have

L, o I e = (6L,
val™ 0,0

Proof. We only prove the result for a T-variety. The general case is obtained by parabolic induc-
tion. Let o € 3(&”) be a cone containing v and D be a o-polyhedral divisor of &’ with (affine)
locus Cy. The rays of o either correspond to exceptional divisors of ¢: X’ — X or are elements
of Ray(&). For the exceptional divisors, we use the notation of Section 5.4. Up to renumbering,

we may assume that the exceptional rays of o are pi,..., ps, and we denote the remaining rays
by Tat1,-..,7r. Write Vg := 0¥ N (—c"), and choose a basis (v1,...,v4-1—,) of Vo N M. Let
ULy .-y Ug, Ugtl, - -, Ur De the duals of p1,..., pa, Tat1s -+, Tr-
From [PS11, Remark 3.16(2)], we know that the ideal of a T-stable divisor D}, is given by
I(o,)= @  H(Coou(Dm)]) ex™. (5.3)
mE(JV\pJ-L)HM
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If a € val™}(C,1,0) and f ® x™ is a homogeneous element of degree m in A(Cy, D), we have
o (f @ x™) = t""™Mw(m)R(f),

where we use the notation of Remark 4.3. Hence sup {k € N | a*(f @ x™) € (t*)} = (m,v).

Write v = vip1+- - -+ Vapa+Var1Tar1+- -+ 1p7r. We have v; € Nfor 1 < i < 7. An element m
of (aV'\ p]L) N M can be decomposed as m = myuy + -+ - + myu, + mijvy +---+ml_|_ vi_1-,
with m; € Nfor 1 < i <r, mj #0, and my,...,m),_,_,. in Z. Hence (m,v) = [ | m;(u;,v).

Finally, we have
min {(m,v) | m € (O'V\,O]‘L) NM} = (uj,v).

We have ordp, a = (u;,v) and ordp, a = 0 since o € val ™' (C, v,0). We obtain
J YiPq
ordg,, (@) =Y (=1 =0x(C, ps, 0)) (us, v) . (5.4)
i=1

Now by equation (5.4) and Theorem 4.16, we get
/ L_ OIIdKX//X d,U«X’ =[x (La,lil(cx v, 0))ng:1(1+19X([C7Pi70}))<ui71/>
val~ ! (C,,0)
= [I[G/H] L~ 2 i (g ) 320 (140 x (Copin0) (i)

By the linearity of ¢¥x on each Cayley cone and the decomposition of v on the integral basis,
we obtain

ﬁX(Ca v, 0) = Z<ula V>’L9X(C7 Pi; 0) + Z <uja V>’L9X(C7 Tjs 0) .
i=1 j=a+1
Finally, by the definition of ¥ x, we have ¥x(C,7;,0) = —1 for a +1 < j < r, which concludes
the proof. O

COROLLARY 5.12. With the notation of Lemma 5.11, we have

/ . )L_OrdKXI/XdMX’ — [G/H][F] LwX(C,V,O) )
val™ ,v,0

Motivic volume for vertical arcs. We now consider motivic integrals over vertical components
of the arc space £ (X’). Let &€ = (y,v,¢) be an element of |&'|p N .4 such that ¢ > 1. As in
the previous lemma, we assume G = T and H = {e}. Let © be a polyhedral divisor of & with
(affine) locus Cy such that (v,¢) € C(D), and denote by o the tail of ©. Let r be the dimension
of 0 and s be the dimension of Cy(®). Up to renumbering the exceptional divisors of Section 5.4,
we may assume that the rays of o either correspond to exceptional divisors D;w e ,D;)a of
¥: X' = X or are elements 741, ..., 7, of Ray(&). Similarly, the other rays

AL = (/i(pl)ph /i(pl))7 ey A 1= (/i(ps—r)ps—m K/(ps—r))

of Cy(®) include those associated with the exceptional divisors DEy p1)r Dzy o)
Let A = M ®Z. Write Vg := Cyy(D)VN(—Cy(D)"), and choose a basis (v1, ... ,v4_s) of VgNA.
Let uy,...,uq, Ug+1,- .-, Uy be the duals of p1,..., pa, Tat+1,.-.,7 in N and wy, ..., ws—, be the

duals of A1, ..., As—y. A set of generators of the semigroup Cy(D)¥ N A is given by

(Ul,O), s (UJT?O);:‘:UM' : 'aivd—s;wla ceey Wg—p -
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LEMMA 5.13. We have
/ L~ %X x dpx: = [G/H](L — 1) LOx (€)= 2izi (k(pi)by +rpi)) (wi,(n0))
val = (¢)

Proof. Let m in C(C)* be a uniformizer of y. Recalling the expression of the ideal I(Dj )

from equation (5.3), we can compute ordD;)j (o) by studying o*(7* @ x™) for all (m,k) in

(Cy(D)V\ (pj,0)1) N A. We may then use the same argument as in Lemma 5.11. We obtain

ordp, (@) = (uj,v) for any o in val~1(€). Let us now recall the description of I<D2y,pi)) from

[PS11, Remark 3.16(1)]:

[(Diyyy) = €D H(Co. Ocy(|D(m)])) N{[ € C(Co) | ordy [ + (m,pi) > 0} @ X™.

meoVNM

As before, we can compute ord Dy, (o) from the computation of a* (7* ® x™) for any pair (m, k)

in (Cy(D)V\ (pi, 1)F)NA. We find OrdDEy,pi) (o) = (wj, (v, £)). Then it follows from Proposition 5.8

that

ordge,, (@) = ejuj,v) + i di(w;, (v, 1)), (5.5)
=1

j=1
where ¢; = —1—9x(C, p;,0) and d; = k(p;)by +r(p;) —1—Vx(y, k(pi)pi, £(p;)). Note that d; =0
for u < 1 < s —r. Now by equation (5.5) and Theorem 4.16,

[ B s = ) L S ) )
= [G/H](L — 1) L™ Z5=18us) =2 (wis () =35 €5 {u ) =2t da(wis(1:8))

Since ¥ x is linear on Cayley cones, decomposing v on the integral basis, we conclude using the
identity

s

T a T

Ox (&) = Y (k(pa)by + k(pi)) (wi, (1, 0)) = (=1 = ¢j)(uz,v) — Y (uj,v)
i=1 j=1 j=a+1
—Z(1+di)<wi,(%€)>- [
=1

To rephrase the formula of Lemma 5.13 in terms of the function wx, we need the following.

PROPOSITION 5.14. Let & be a colored divisorial fan on (C, G/H). Assume that X := X (&) is Q-
Gorenstein, and let X' = X (&) be the desingularization of X as defined in equation (5.1). Then

for any (y, p) in Vert(&')\ Vert(&), we have (dx —x )(y. (p)p, #(p)) = —1 — wx (3, KD, £(0)).
Proof. Since the problem is local, we may assume & = {(©,F)}. We first show the statement

when & = &, that is, when the coloration F is trivial and the locus Cj of ® is affine. By parabolic
induction, we may also assume G =T and H = {e}. Write

D= A.-[4],
2€Cy

and let y € Cp. Set & = {D'};cs. The cones Cy(D?) generate a fan X’ in Ng & Q. Denote by Xior
(respectively, by X{,.) the toric (T" x C*)-variety associated with the cone Cy(D) C Ng & Q
(respectively, with the fan ). By Lemma 5.5, we know that X, is Q-Gorenstein. Moreover,
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X{,, is smooth, and the proper birational map X{ . — Xior is a (T" x C*)-equivariant resolution
of singularities.

Define a o-polyhedral divisor © with locus A' on (P!, T) by setting © := D oaeal A, -7,

where
AZ _ Ay lf Z = O.,
o otherwise .

Similarly, for any 7 € J, we define a polyhedral divisor D with locus A! associated with D', and
we let & be the corresponding divisorial fan. We have a commutative diagram
/

q

/
Xtor Xtor
/

x(é) -1 x(d).

Indeed, the equality on the right comes from the description of the C-algebra A(A!, @) viewed
as the semigroup algebra C[Co(®D)Y N (M @& Z)]. The other equality is similar.

Consider the support functions 0x = (Vx,(—aq)) in PL(®) and 0x/ = (Ix/,(—aq)) in
PL(&”) satisfying the hypotheses of Proposition 5.4, which induce functions on, respectively,
Cy(®) and ¥'. To prove the proposition, we compute the discrepancy of ¢’ in two different ways.

Let us first compute the discrepancy of ¢': X (&) — X (D) using the functions 9y, and 9x.
By definition, the Weil Q-divisor

K = Z (ﬁX(é%’) - ﬁx(@))(07 H(p)pv "i(p))DZO,p)
(0,p)EVert(&")\ Vert(D)
T Z (19)(((?/) - ﬂX(@))(IPﬂ’ P O)D;
pERay(&")\Ray (D)
= > (Ixr —Ix)(y, 5(P)p, £(p)) D{g )
(y,p)€Vert (&) \ Vert(D)

p€Ray(6”)\Ray (D)

is a relative canonical divisor. Next, we compute the discrepancy of ¢’: X{ . — Xior using the
function wy. By [BM13, Proposition 4.2], the Weil Q-divisor

K = Z (_1 _WX(yv"i(p)pvﬁ(p)))Dzo,p) + Z (_1 _WX(?J»P; 0))D;
(y,p)E€Vert(&”)\Vert(D) pERay(£")\Ray (D)

is a relative canonical divisor. The divisors K and K are linearly equivalent. By [KM98, Lem-
ma 3.39], we know that they are in fact equal. Thus

—1 = wx(y, k(p)p, 5(p)) = (Vx5 = Ix(9)) (0, K(D)p, £(p)) (5.6)

for any (y, p) € Vert(&”) \ Vert(®), which concludes the case where & = &.

For the case where & is general, we remark that the functions w X(&) + vx — 9 X(&) and wx
coincide. Indeed, they are linear on each Cayley cone of &, and they have the same values on
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the rays. Hence, taking this into account, we obtain equation (5.6) in the general case, which
concludes the proof. ]

COROLLARY 5.15. With the notation of Lemma 5.13, when £ > 1, we have

/ L™ dar = (G H](L — 1) Lex @)
val™" (y,v,f)

Proof. We proved in Lemma 5.13 that

/ L~ R x dpxs = [G/H](L — 1) LIX @0~ Xi=1 (6a)by+a(pi)) {wi, (»0) (5.7)
val™ (y,1,0)

By the definitions of ¥x/ and Jx, we have

— T

x(y, v, 0) — Z K(pi)by + K(pi)) (wi, (1, 0)) = Ix —Ox) (Y, v, 0) = Y (o) = > (1,0),w;).
=1

j=1
Moreover, by linearity,

T

Wx —Ix)(y,1,0) =Y _(v,u;)(Wx — Ix0)(y, pi, 0)
=1

S—r

+ 3 (w0, wi) (WOx — Ix) (y, K9 )ps, (D)) - (5.8)

j=1
By the proofs of Corollary 5.12 and Proposition 5.14, we have

(Ux —Vx)(y, pi,0) = wx (y, pi,0) — 1

and
(x = Ix)(y, £(p;)pj; £(ps)) = 1+ wx (y, £(p;)pj: £(P5)) -
We obtain
(Ix — V¥x:)(y,v,{) —Z(V,uﬁ — (v, 0),w;) = wx(y,v, 1) . (5.9)
i=1 Jj=1

Replacing the exponent of L. on the right-hand side of equation (5.7) by wx (y, v, ¢) using equa-
tions (5.8) and (5.9), we obtain the stated result. O

The stringy motivic volume

THEOREM 5.16. Let & be a colored divisorial fan on (C,G/H) such that X = X (&) is Q-
Gorenstein with log terminal singularities. Then for any open dense subset I' in C'\ Sp(&), we
have

gSt (X) = [G/H] Z [Xé] ]LWX (y,v,0) ,
(y,,0)€|E|rNA

where Xg = I' and X, = A\ {0} if ¢ > 1. The stringy E-function of X is computed as follows:

Eg(X;u,v) = E(G/H;u,v) Z B(Xy;u,v) (ww)x @0
(g 0)€lErnA

where E(Xy;u,v) = E(T;u,v) if ¢ = 0, else E(Xy;u,v) = uv — 1.
Proof. This follows from Lemma 5.9 and Corollaries 5.12 and 5.15. O
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Rational form and candidate poles. We end this section by giving a rational expression of the
stringy motivic volume & (X) in terms of the combinatorial data &. For a special point y
in Sp(&), we denote by &, the fan generated by the Cayley cones of the form Cy(D°), where
i € J. Let 7 belong to &,. Fix a fan ¥, with support 7 such that every cone of X, is simplicial
and the cones of dimension one in Y, are exactly the faces of dimension one of 7. Such a fan
always exists (see [Ewa96, Section V.4]).

For an arbitrary polyhedral cone A C No®Q, we denote by A(1) the set of primitive generators
in N @ Z of the rays of A\. The fundamental parallelotope of A is the set

P, ::{ > MppeN@Z}ogup<1,peA(1)}cN@.
pEA(L)

We denote the set of proper faces of A by the symbol Prop()\). For an element v € N & Z, we
write x¥ for the Laurent monomial associated with v. We define two functions L1 and Lo via the
equalities

Ll(v):Z(Zx”) [T (-x) and L) =L - 3 L)

veP, peT(1)\v(1) 7' €Prop(v)

for every cone v € Xr. We also introduce Q(7,%7) 1= 3" cs: \prop(r) L2(7)-

THEOREM 5.17. Let 7 C Ng @ Q be a strongly convex, simplicial polyhedral cone. Then

u ZnEPT Xn
Z X = I

uETNNGZ peT(l)(l - Xp)

Proof. This follows from the proof of Gordan’s lemma; see [CLS11, Proposition 1.2.17] and
[Bri88, Section 2]. O

We give an interpretation of the polynomial Q(7,X;) in terms of the generating function
Sm= > X
uET°N(NDZ)

where 7° is the relative interior of 7.

LEMMA 5.18. With the same notation as above,
S(r)=Q(r.%,) [[ (1-x")
peT(1)

The polynomial Q(7,%;) does not depend on the choice of ¥..; it will be denoted by Q(T).

-1

LEMMA 5.19. Let ©® be a proper o-polyhedral divisor on P'. For any ray p of o such that
deg(®) Np # 0, there exist a XA € Qs and a vertex v € deg(®) such that p = \v.

Proof. Straightforward. O

Using the combinatorial description of the log terminal condition given in Theorem 5.6, we
study the sign of wx on each cone of the fan &, where y is a special point of &.

LEMMA 5.20. Let 7 € &, and p € 7(1). Then wx(y, p) < 0.
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Proof. Consider (©,F) € & such that p is a primitive generator of a ray of Cy(®). First,
assume p € o(1), where o is the tail of ®. If p € Ray(&) or if a color of F is mapped onto
the ray Q=qp, then by Proposition 5.10, the rational number wx (y, p) is negative. Otherwise, by
Theorem 5.6, the log terminal condition implies that the locus of ® is the projective line P! and
that deg(®) N Qxop # 0. By Lemma 5.19, there exists a vertex v of deg(®D) such that p = pwv for
some u € Q<.

Let us write ® = > p1 A, - [2]. Then (see Definition 5.3) we can find e € M, o € Q~0, and
f € C(PY)* such that for any z € P! and any vertex v in A, we have

Ox(z, k(v)v,k(v)) = ak(v)({e,v) + ord,(f)) = k(v)b, + k(v) — 1, (5.10)

where Kp1 = ) p1 b, - [2] is a canonical divisor. Let (v.).cp1 be a sequence of elements of Ng
such that for any z € P!, the element v, is a vertex of A, and v = > .ept V- By equation (5.10)
and Proposition 5.10, we obtain

1
wx (C,v,0) = Z ar(vs) (k(vz2)({e,vz) +ord,(f))
zeP!
~YNaee K +> (1= ! <0 (5.11)
a & np k(vy) ' '
z€P!

The inequality is a consequence of the fact that deg Kp1 = —2 and of the log terminal assumption
on X (see Theorem 5.6). If p does not belong to Ng, then p = (k(w)w, k(w)) for some vertex w
of Ay, and finally wx (v, p) = O0x (y, k(w)w, K(w)) = —1. O

COROLLARY 5.21. Let y € Sp(&) be a special point, and let T € &. Let C[[T N (N @ Z)]] be the
formal completion of the ring C[t N (N & Z)] with respect to the ideal I, generated by the set
{x’lvern(N®Z)\{0}}. Elements of I are of the form ) ~naz) v X" With a, € C. Let
m :=min{a € Z~¢ | a - wx takes its values in Z}. Then the map

or: (ClrNn(Ne®Z),I;) — ((C [L’l/m],L’l/mC[L*/m]) . XU Lox )
is a well-defined, continuous morphism, and therefore it extends to the formal completions
o Cr N (N®Z)] » C[[L V"], ¥ e LX)

Proof. By Lemma 5.20, we have o, (I;) c L=Y/™C [Lfl/m], and @, exists [Mat80, Section 23.H].
[

Inspired by the theory of Stanley—Reisner rings (see also [BM13, Section 6]), we introduce
the following notion.

DEFINITION 5.22. Let y € Sp(&), and consider 7 € &,. Let m € Zx( be as in Corollary 5.21.
According to that corollary, we have @, (Q(7)) € Z[t'], where t = L™ and Q(7) = Q(7, %,) is
the function of Lemma 5.18. The Stanley—Reisner polynomial associated with the pair (7,wx) is
the polynomial

P(r,wx) = P(r,wx)(t) = L") . ¢ (Q(7)) € Z[t],
where 7(7,wx) € L7 is the degree of P(7,wx) divided by m.

The following result describes a rational form of the stringy motivic volume Eg(X) in terms
of the function wx.
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THEOREM 5.23. For every y € Sp(&), let us denote by &, the set of cones T of &, such that
T ¢ Ng. Let I' = C \ Sp(&), and consider the tail fan ¥(&) of &. Then the stringy motivic
volume of X = X (&) is

Ex(X) = [G/H][T Z P(T’WX)L*TI(T,wx) H (1_]wa(c,p,0))—1
TEX(E) peT(1)

+[G/H](L Z Z (rywx) L™ n(rwx) H (1_wa(y,p))*17

yESp(&) TES peT(1)

where P(7,wx) is the Stanley—Reisner polynomial associated with the pair (T,wx).
Proof. This follows from Theorem 5.16 and Corollary 5.21. O

As a consequence of the theorem, under some assumptions on &, we also obtain a formula
for the stringy Euler characteristic of the variety X.

COROLLARY 5.24. Let (M, I) be the pair describing the horospherical homogeneous space G /H.
Consider W := Ng(Q)/Q, the Weyl group of (G,Q), and W; C W, the subset defined in
Section 3.1. Lef; r:= dim(Ng). Assume that for every tail cone T € (&) and every 7’ € &, for
y € Sp(&), we have r > |7(1)| and r + 1 > |7/(1)|. Then

Wil .
—ex(X) =e(I) Z P(r,wx)(1) H I
w TEN(E) dim(r)=r pery (T9x(Cp:0))
1
Yy prenn I oy
yeSp(&) re&y dim(r)=r+1 per(l) x (Y, p

where P(7,wx) is the Stanley—Reisner polynomial associated with the pair (T,wx).

6. Stringy Euler characteristic and a smoothness criterion

In this section, we start in Section 6.1 by illustrating Theorem 5.16 on the example of a hy-
persurface endowed with a (C*)2-action, which was initially studied by Liendo and Siif§ [L.S13,
Example 1.1]. Then, analogously to [BM13, Theorem 5.3], in Section 6.2 we deduce from Theo-
rem 5.16 a smoothness criterion for locally factorial, horospherical varieties of complexity one.

6.1 An example where the acting group is a torus
Let N = Z? and o = Cone((1,0), (1,6)) C Ng = Q?. Define a o-polyhedral divisor on (P!, (C*)?)
by © =3 cp Ay - [y], where

Conv((1,0),(1,1))+ 0 ify=0,

A (=3.0) +o ify=1,
v (—%,0)4-0' if y =00
o otherwise .

Figure 1 shows Ag, A1, and A
3

The variety X (D) is a hypersurface in A%, given by the equation 23 — 2% + 124 = 0, where
the (C*)2-action is given by

()\17 )\2) . (l‘l, Z2,x3, ZE4) = ()\Qxla )\%332’ )\%1?3, A?A51$4) .
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FIGURE 1. The o-polyhedra Ag, A1, and A

N[

An easy computation shows that the stringy motivic volume of X (D) is

L(L — 1)?
Ex(X) = M(l — 2L 4+ 3L72 4 3L + 4L + 10L7°

—10L 0+ 15L7 7"+ 3L % 4 2L + L™17).
Thus eg(X) =6/5 > e(X) = 1.

6.2 Stringy Euler characteristic and a smoothness criterion

LEMMA 6.1. Let (®,F) be a colored o-polyhedral divisor on (C,G/H) with affine locus Cj.
Assume that X (9) is locally factorial (that is, that any Weil divisor is Cartier) and that o has
dimension dim X — 1. Then the stringy FEuler characteristic is equal to

(W]
[Wi| HDae]-' o’

where, as usual, W denotes the Weyl group of (G,Q) and W denotes the Weyl group of

est(X) = e(Cp)

Proof. Let I' C Cp \ Sp(®) be an open subset. By Theorem 5.16, we have

Ex(X) = [M)[G/H] Y Lex©@0 4 (L-1)[G/H] Y > Lex @6
vEoNN yeCo\I' (1,0)eCy(D)\(ox{0})
= ME(X (0, F)+ DY (Ea(X(Cy(D), F)) — (L — DEw(X (0, F))),
y€CO\T'

where X (o, F) (respectively, X (Cy(®D), F)) is the G-equivariant (respectively, G x C*-equivariant)
embedding of the horospherical homogeneous space G/H (respectively, G/H x C*) associated
with the colored cone (o, F) (respectively, (Cy (D), F)). Here the last equality comes from [BM13,
Theorem 4.3].

Passing to the stringy E-polynomial and evaluating at « = v = 1, we obtain

est(X) = e(Dese(X (0, F)) + Y est(X(Cy(D), F)).
y€Co\T'
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Using [BM13, Proposition 5.11], we see that eg (X (Cy(D)),F) = est(X (0, F)) since the stringy
Euler characteristic depends only on the Weyl groups and the colors, which are unchanged. We
deduce
(W]
est(X) = e(Cp)est (X (0, F)) and ex(X (0, F)) = ,
° ° Wil HDQ eF Qa
which concludes the proof. O

The following proposition gives a full description of the G-orbits of a simple G-model of
C x G/H corresponding to a colored o-polyhedral divisor (®,F) with affine locus Cy. For the
complexity zero case, we refer to [BM13, Proposition 2.4].

PROPOSITION 6.2. Let (D, F) be a colored o-polyhedral divisor on (C, G/H ) with affine locus Cj.
Then X := X (D, F) has two types of G-orbits:

(i) horizontal orbits, which are contained in the G-invariant open subset I' x X (o, F) of X,
where I' = Cy \ Sp(®) and X (0, F) is the G/H-embedding associated with the colored cone
(0, F);
(ii) vertical orbits, which are the remaining G-orbits.
Moreover, the horizontal G-orbits of X are parametrized by triples (y, T, F;), where y € T,
T is a face of o, and Fr = {D € F | o(D) € 7}. The stabilizer Hy » 7. =: H; of such a triple is
given by
H, = {gEPIfT | x"(g) =1 foranymGTJ‘ﬂM},
where Ir, C ® is the union with I of the set of simple roots indexing the colors in F, and x"" is
the character of Py, associated with m. Finally, the vertical G-orbits of X are parametrized by

triples (y, F, Fr), where y € Sp(®), F is a face of the o-polyhedron A, of ® associated with y,
and Frp = {D, € F | 0(Dy) € A\(F)} with

AMF)={me Mg | (m,v—1") >0 for any v € Ay,v' € F}.

The stabilizer Hy pr, =: Hyp of a triple (y,F,Fr) is given by Hyp = {g € Pr | Vm €
My, x™(g) = 1} with

M, = {m e M NANF) O (=A(F)) | min (m,v) € Z}.

vEAy

Proof. This follows by combining [BM13, Proposition 2.4] and [AHO06, Section 7]. O

We compute the (usual) Euler characteristic and compare it to the stringy version of Lem-
ma 6.1.

LEMMA 6.3. Under the same assumptions as in Lemma 6.1, the Euler characteristic of X is

Proof. We have a decomposition e(X) = e(I' x X (0,F)) + D0 vertical G-orbit €(O) by Proposi-
tion 6.2. Using [BM13, Proposition 5.11] and the parametrization of vertical orbits given in
Proposition 6.2, we obtain

e(X):e(I‘)“’}VWI/"ﬂL > Zﬂ
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Thus it only remains to prove that

Wl _ > i (6.1)
’WI}" vEA, W]]_.{ }‘

Fix a point yo € Cp, and define a colored o-polyhedral divisor (®,F) on (P',G/H ) with 9 :

Y eal A, - [z], where A, = A, if 2 = 0 and A, = o otherwise. The variety X (D) is locally
factorial and horospherical, and it identifies with the (G x C*)-equivariant embedding of G/H xC*
associated with the colored cone (Co(D), F) = (Cy(®), F). Thus by [BM13, Proposition 5.11],
we obtain

W . . . W
T = X (ColD), 7)) = e(X(D)) = e(C)e(X (0. F) + 3 I
Ir vEAy ]‘F{v} ‘
Since e(C*) = 0, this proves equation (6.1) and concludes the proof. O

Combining Lemmas 6.1 and 6.3 with the smoothness criterion of [LT16, Theorem 2.5], we
obtain the following result.

THEOREM 6.4. Let (©,F) be a colored o-polyhedral divisor on (C,G/H) with affine locus
Co C C. Assume that X = X (D) is locally factorial and that for any y € Cy, the Cayley cone
Cy(®) has dimension d = dim X. Then we have es(X) > e(X). Moreover, if 2—2g—|C\ Cy| # 0,
then X is smooth if and only if est(X) = e(X).
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