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ABSTRACT This paper investigates the uplink and downlink achievable rates of full-duplex (FD) massive
multi-input-multi-output (MIMO) systems in which low-resolution analog-to-digital converters/digital-to-
analog converters (ADCs/DACSs) are employed and maximum ratio combining/maximum ratio transmission
processing are adopted. Then, employing an additive quantization noise model, we derive approximate
expressions of the uplink and downlink achievable rates, in which the effect of the quantization error,
the loop interference, and the inter-user interference is considered. The theoretical results show that using
proper power scaling law and more antennas can eliminate the interference and the noise. Furthermore,
under the fixed number of antennas, the uplink and downlink approximate achievable rates will become a
constant, as the number of quantization bits tends to infinity. Increasing the resolution of ADCs/DACs will
limitedly improve the system performance but cause excessive overhead and power consumption, so adopting
low-resolution ADCs/DACs in FD massive MIMO systems is sensible.

INDEX TERMS Full-duplex, low-resolution ADCs/DACs, quantization error, achievable rate, additive

quantization noise model.

I. INTRODUCTION

To further improve spectral efficiency (SE), massive MIMO
system, in which the multi-user interference can be reduced
to zero as the number of antennas at the base station (BS)
is infinity, has been proposed [1], [2]. On the other hand,
theoretically, full-duplex (FD) technology doubles spectral
efficiency theoretically because it transmits and receives
signals on the same frequency resources at the same time
and it also enables two-way communication [3], [4]. Ref-
erence [4] analyzed the capacity of FD MIMO system and
compared it with that of half-duplex MIMO system. However,
one of the main problems is how to wipe out the loop
interference (LI) caused by FD. To obtain the beneficial
impacts brought by the two key techniques, one has con-
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ducted a study about the massive MIMO system with the FD
functionality [S5]-[7]. Wang et al. [6] studied the energy/
spectral efficiency of multi-user FD massive MIMO sys-
tems over Rayleigh fading channels. Contrary to [6], [7]
investigated the achievable rates of multi-user FD massive
MIMO systems over Rician fading, which is more general and
realistic than Rayleigh fading, with zero-forcing reception/
zero-forcing transmission (ZFR/ZFT) and maximum ratio
combining/maximum ratio transmission (MRC/MRT)
processing.

However, there still exist some problems on further
improvement in the practical implementation of massive
MIMO. Too much hardware cost and radio frequency (RF)
circuit power consumption will result from BS which has
lots of antennas. Particularly, each receive antenna and
transmit antenna needs one analog-digital converter (ADC)
and digital-to-analog converter (DAC) unit, respectively.
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A typical flash ADC with b-bit and the sampling frequency
f; operates f;2" conversion steps per second. So, the use
of high resolution ADCs can cause excessive overhead and
power consumption, a significant bottleneck in applying
large-scale MIMO systems. To solve the problem, adopting
low-resolution ADCs is the most direct method [8]-[10].
At the same time, Zhang et al. [10] showed that increasing the
number of receive antennas in massive MIMO systems can
compensate the performance loss resulted from employing
low-resolution ADCs. So employing low-resolution ADCs
is a feasible solution for the power consumption problem
in massive MIMO systems. Recently, the impact of low-
resolution ADCs on large-scale MIMO systems has been
studied. Also, some researchers have carried out studies about
Massive MIMO systems with low-resolution ADCs and they
found the uplink achievable rate under Rayleigh fading chan-
nel in [8]. Even they began to study the Rician fading channel
from which the uplink SE was obtained in [10]. Jia et al. [11],
Jiao et al. [12], Kong et al. [13], and Kong et al. [14] gave
consideration to a more general FD massive MIMO relaying
system in which the relay is fixed with low-resolution ADCs,
and got the similar result of the sum rate. Reference [15]
researched into the low-resolution DACs processing with
multiple transmit antennas on the basis of minimum mean
square error (MMSE).

The works [11], [12] assumed that the receive antennas
of the FD relay are fixed with low-resolution ADCs and the
works [13], [14] considered that low-resolution ADCs are
applied at the relay as well as users. From the above literature
review, we can find that FD massive MIMO relay with low-
resolution ADCs could be another method to further increase
the SE. But the literatures mentioned above did not show
that the low-resolution DACs were simultaneously applied at
the transmit antennas of the relay. In contrast to the above
works, in this paper, we give consideration to a FD massive
MIMO system in which low-resolution ADCs/DACsS are used
in both the receiver and transmitter so that the hardware
cost and the power consumption will be reduced. Aided by
additive quantization noise model (AQNM) which has been
applied widely [10], the uplink and downlink approximate
achievable rates are derived in this paper. Nevertheless, sup-
pressing the impact of the LI and researching into the effect
of the quantization error on the system performance are cru-
cial if the receive and transmit antennas of the FD mode
BS use the low-resolution ADCs/DACs at the same time.
Therefore, the approximate expressions of the uplink and
downlink achievable rates derived from the study indicate that
it possible to eliminate the multi-user interference, LI, quan-
tization noise and additive white Gaussian noise (AWGN)
by using power scaling law appropriately and using more
antennas. Moreover, we find that adopting low-resolution
ADCs/DACs in FD massive MIMO systems is sensible. The
main contributions of this paper are summarized as follows.

o We present the multi-user massive MIMO systems

in which both the FD mode and low-resolution
ADCs/DAC:s are simultaneously employed.
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o We derive original closed-form approximate expressions
for the uplink and downlink achievable rates of FD mas-
sive MIMO systems with low-resolution ADCs/DACs,
respectively. The theoretical results display the effects
of the number of quantization bits, the number of BS
antennas and the transmit power of each user and BS on
the achievable rate performance.

o« We analyze the asymptotic performance, based on
approximate achievable rates for uplink and downlink
of FD massive MIMO systems with low-resolution
ADCs/DACs, when the transmit power of BS, the num-
ber of quantization bits and the number of BS antennas
tend to infinity, respectively. These results show the
effects of LI, the inter-user interference (IUI) and the
quantization error on the achievable rate performance.

The rest of this paper is organized as follows: system model
is presented in Section II. The approximate achievable rates
of uplink and downlink are analyzed in Section III. Numerical
results are then provided in Section IV, and the paper is
concluded in Section V.

In this paper, we use lower and upper case boldface to
define vectors and matrices, respectively. Let (A)7, 1r{A},
I(A)|| respectively stand for the matrix conjugate transpose,
matrix trace, the Euclidean norm of matrix A,; [E {e} rep-
resents the expectation; [A],,, denotes the n x n diagonal
entry of matrix A; The M x M identity matrix reads as
Iy xi ~CN (0, criz) whose mean and variance are 0 and
al.z,respectively, represents the ith entry of a circularly sym-
metric complex-Gaussian vector x.

Il. SYSTEM MODEL

Consider a multi-user FD massive MIMO system model
shown in Fig. 1 which comprised of an FD radio BS and
N users. It is assumed that the BS is equipped with M
transmitter antennas and M receiver antennas, where each of
the receive antennas is connected with low-resolution ADCs
and each of transmit antennas is linked to low-resolution
DACSs, and each user has a transmit antenna and a receive
antenna [17]. We define Gy = [gy 1, -+ . gy.n] € CV,
Gp=[gp1. - .8&pn] € CM*V asthe uplink and downlink
channel matrix, respectively. To facilitate the next discus-
sions in this paper, we decompose the uplink and downlink
channel matrix as G, = H aDLl/ 2 (a € {U, D}), where H, is
the M x N small-scale fading channel matrix and has ele-
ments that are independent and identically distributed (i.i.d.)
CN (0, 1), while D, is the N x N large-scale channel fading
diagonal matrix whose nth diagonal entry is [D,],,, = Ba.n-
Gy € CMxM represents the LI channel matrix between
transmit antennas and receive antennas of the BS, each of
whose entries follows the distribution of CNA (O, ,u%[). Fur-
ther, Gy = [glU’l, e ,gIU’N] € CN*N is used to denote
the IUT channel with [Gyy];; defined as the channel coef-
ficient from the ith user to the jth user and [Gyy],,, = &m
denoted as the self-interference channel coefficient of the nth
user. Each element in Gy is presumed as the i.i.d. random

variable with the distribution of CA/ (O, 85)
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FIGURE 1. lllustration of a FD massive MIMO system with N users.

Before the ADCs for uplink data transmission, the received
signal y;; at the BS is given as [4] by

yu = VPuGuxy + nvPpGLyp + ny (1)

And the downlink un-quantized transmit signal yp is
given by

yp = Wxp @

where the transmit signal vectors of the BS and users
are represented by xp = [xp1,--- ,xD,N]T and
xy = [xua. ,xU,N]T, satisfying E {xoxf} =
Iy, (ae{D,U}), Pp and Py are denoted as the transmit
power of BS and the users, respectively, ¥, is the quantized
transmit signal at the BS, W = [wq, --- , wy] € CM>*N rep-
resents the downlink precoding matrix, n refers to the factor
which is closely related to the LI, the term ny ~ (O, olzjl M)
represents the additive white Gaussian noise (AWGN) vector
at the BS.

As the quantization error can be well approximated as
a linear gain with AQNM, the received signal y;; and the
transmit signal y,, after the ADCs/DACs at the BS can be
given, respectively, as follows

Yu = ayy +qu 3)
¥p = aayp +4qp 4
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TABLE 1. py(pg) for different ADC quantization bits b (b < 5).

b 1 2 3 4 5
pulpa) 03634 0.1175 0.03454  0.009497  0.002499

witha, =1 — p,, g = 1 — pg, where p, and p; denote
the inverse of the signal-to quantization-noise ratios for the
uplink and downlink, respectively, which are decided by the
number of quantization bits. Table 1 gives the values of p,
and py for the number of quantization bits b < 5 for the
non-uniform minimum mean-square-error quantizer. While
it usually approximates p, and py for b > 5 by computing
ou(pd) = %g 2720 [15], [16]. qy and g, represent the addi-
tive Gaussian quantization noise for uplink and downlink sig-
nals, respectively. When channel matrices G, (a € {D, U}),
Gy, Gy and precoding matrix W are given, the covariance
matrices of g;; and g can be written, respectively, as [§]

Ry, = Eqyall)
=a, (1 —ay)diag (PUGUGZ + T+ 0[211M>
Ry, = E{qug}
= og (1 —ag)diag (WWH)
where T = nPpGyy (O(L%WWH ~|—RqD) GZ.
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IIl. ANALYSIS OF UPLINK AND DOWNLINK ACHIEVABLE
RATES WITH MRC/MRT PROCESSING

In this section, the tractable approximate achievable rates of
uplink and downlink with perfect channel state information
(CSI) are derived. Based on the derived approximate expres-
sions, we try to find that employing proper power scaling law
and using more BS antennas can eliminate the quantization
error, LI and the IUI. Moreover, we find that when the number
of quantization bit b tends to infinity under the fixed number
of antennas M, the uplink and downlink approximate achiev-
able rates will converge to a constant.

In this paper, without loss of generality, we will give con-
sideration to the maximal-ratio combining / maximum ratio
transmission (MRC/MRT), the beamforming and precoding
matrix of which are given as [17]

F=Gy
1 %)
{W = Gp (tr (G} Gp)) " ?

where F stands for the uplink decoding matrix at the receiver
side and W denotes the downlink precoding matrix at the
transmit side.

First, we introduce a lemma in support of the following
derivations. Reference [18, Lemma 3] can prove it easily
when Rician K -factor is set as zero, and thus is omitted due
to space limitation.

Lemma 1: The following results hold:

E{ lganl’} = Buatt
E{lgunl*} = 62, (M + )

2
E{ } = ,Ba,n/ga,iM (6)

A. ANALYSIS OF UPLINK ACHIEVABLE RATE
From (3) and (5), we can obtain the quantized signal vector
after the MRC receiver as follows

ry = Gy¥y @
Then substituting (1), (2), (3) and (4) into (7), the processed
quantized signal vector ryy can be reshaped as follows
ry = oy PUGZGUxU
+ ot/ PpGYGrr (0aWxp + qp)
+0,Giny + Glqy (8)

H
ga,nga,i

From (8), the received signal of nth user can be expressed
as follows

N
H H
run = %y Pugy ,&u .nXU.n + auy Pu Z 8U 18U XU
i=1,i#n

N gl Gu
+ouaJIVPD Y ——=E——gp XD,
i=1 \/tr (GHGp)
+ o/ Pogl) GLIqp+ gl U +80 4y (9)

where gy; ,, stands for the nth column vector of Gy .
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Theorem 1: When FD mode with low-resolution
ADCSs/DACs and MRC/MRT processing with perfect CSI in
massive MIMO systems are employed, the uplink achievable
rate of the nth user can be approximated by

Ry ~ log, (1 4 2wPvbund +M)) (10)
TU,n
where
N
Tyn=Pu Z Bu.i + aanPpuuM + of
i=1,i#n

+2(1 — o) PU,BU,n

Proof: According to the preceding assumption in this
paper, the ergodic achievable uplink rate of the nth user can

be given by
2
A
Run=Ellog, [1+ [Aual” (11)
"IJU,n

where
Aun = auv/PUEY 18U w¥Un (12)
2 2 2
lIJU,n = |BU,n‘ + }CU,n| + |DU,n|
2 2
+ |Eun|” + |Fu.nl (13)
with
N
By, = auwyPu Z 80 18UV
i=1,i#n
N H
8y .GL
Cumn = uaJTVPD Y | ———=2—gp XD.i
i=1 4/1r (GgGD)
DU,n = au\/ﬁv PDgg,nGLIqD
Ey, = Ofuglg,nnU
Fun = 80440 (14)
Applying [18, Lemma 1], (11) can be approximated as
follows
2
EfjAv.a |’}
Ryn=~log, | | + —/——— (15)
" 2 E{wy .}
where
2
Ef[Aval} = of Pusl, (M + M) (16)

E (W) =E{[Bua*| +E{[cual’]
+]E{|DU,n|2} +E{|Eu,n|2}+E{|FU,n|2]
7)
with
N
E{|Bual} =Py Y BuabuM (18)
i=1,i#n

VOLUME 7, 2019
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2

E{[Cual*} = adadnPousifu . (19)
2

E{[Dual*} = adea 0 = a) nPopuiBuaM?  (20)
2

E{|Ev.al} = a2bu.aMo 21)
2

E“FU,,,| } = 20, (1 — &) Pupy ;M

N
o (A=) [Py D BuaBuiM
i=1,i#n

+ oy (1 — o) (O‘anDMLI/gU,n]W2
+ BuaMa) (22)

The proof of Eq. (22) is given in Appendix A.

Based on Lemma 1, substituting (16), (17) to (15), (10) can
be derived. O

From (10), we study the impact of three factors on the rate
performance, which includes the number of quantization bits
b, the number of antennas M and the transmit power of BS
and each user. In contrast to [8], Theorem 1 involves the LI
term caused by FD mode BS. We carry out an analysis of the
following three asymptotic results respectively, so that we can
have an intuitive understanding of Theorem 1.

Remark 1.1: As Py, Pp and M are fixedand b — oo (a, =
ag = 1), Ry » can converge to the formula as follows

P 1+M
RU,n_>10g2 1+ UﬂU,n( + )

N
Py Y. Bu.i+PonuuM + o}
i=1.istn

(23)

From (23), we notice that the quantization error which is
brought by ADCs/DACs can be eliminated once the num-
ber of quantization bits b is infinity. But FD leads to some
effect of LI that cannot be wiped out. If a fixed M is given,
the approximate achievable rate of uplink will become a
constant. Thus, the system performance is limited although
it can be improved by increasing ADCs/DACs resolution.
Moreover, when the number of antennas is M — oo, we fur-
ther obtain the result which is in agreement with [17, eq. (18)].

Remark 1.2: As b and M are fixed and Py = Pp — o0,
Ry ., can converge to the formula as follows

RU,n_>
1+M
10g2 1+ = auﬂU,n( +M)
Y. BuitaanupM~+2(1—ay) Bu.n
i=1,i#n

(24)

(24) is in agreement with [8, eq. (25)] when the LI is
wiped out thoroughly. From Remark 1.2, we find that the rate
relies on the number of antennas M as well as the number of

VOLUME 7, 2019

quantization bits » when the transmit power of BS and users
tend to infinity. Furthermore, we also find that the uplink rate
performance degradation cannot be compensated by increas-
ing transmit power and we cannot ignore that FD really causes
some effect of LI and low-resolution ADCs/DACs bring the
quantization error.

Remark 1.3: If the transmit power of BS and each user
are scaled with M, i.e., Py = EU/M and Pp = ED/M,
where Ey, Ep is fixed, as M — oo, Ry , can converge to the
formula as follows

(25)

E
Ry.n — log, (1 + _SuBUPUn uPu.n )

agnprr + 012]

From (25), Ry, — log, (1 + (quU,BU,n) can be obtained
when o} = 1 which is consistent with [8, eq. (26)].
We found that using proper power scaling law and more
antennas M can eliminate the quantization error and LI
caused by FD. The number of quantization bits b determines
the approximate uplink rate when M tends to infinity. If the
number of quantization bits b — oo and alzjzl, we fur-
ther get Ry, — log, (1 + EU,BU,,,) that is in agreement
with [19, eq. (13)].

B. ANALYSIS OF DOWNLINK ACHIEVABLE RATE
From (2) and (4), the downlink received signal at the users
can be expressed as follows

rp = \/PDGgiD + \/PuGﬁ/’nXU +np
= ad\/PDGgWxD + \/PDGqu + \/PUGIIL[UxU +np
(26)

From (26), the received signal of nth user is expressed as
follows

N
H H
rD,n = %av/ Ppgp yWnXp,n + aav/ Pp E &p.nWiXD,i
i=1,i#n

+Pogh ap + VPughy xu + np., 27)

Theorem 2: When FD mode with low-resolution
ADCs/DACs and MRC/MRT processing with perfect CSI in
massive MIMO systems are employed, the downlink achiev-
able rate of the nth user can be approximated by

RD,n ~

aGPpBp (1 + M)

log, | 1+

N
OléPDﬂD,n > Bp.i+ Aitr (Dp) + PpA;
i=1,i#n

(28)

N
where Aj = Py > 8in + 0]%,71’

i=1

N
Ay =oay (1 —ag)Bpn <,3D,n + Z ,BD,i>-

i=1
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FIGURE 2. FD sum rate versus the number of antennas at the BS, where the transmit power

of each user and the BS are scaled with M.

Proof: From (27), the downlink achievable rate of the
nth user is expressed as follows
2

a¢21PD |gD,nwnxD,n |
‘IJD,n

Rp,=E !logz (1 +

where

N

2 H 2
Wpn=oayPp E ’gD,nWixD,i
i=1,i#n

2
+PDgg,anDgD,n + Py ‘g%],nxU‘ + Jg,n

By substituting (5) into (29) and using [18, Lemma 1], (29)
can be approximated as follows

PoagE {lgp, [} (r (G5GD))”
E{Wp .}

1

Rp.n ~ log,

(30)

Applying Lemma 1, we can obtain

N
E{Wp.}=ajPp ) E“gg,ngD,i
i=1.isn

'} (r(cBon))”

+Py Y Sin+ 0, +aa (1 —ag) Pp

i=1
E {ggndiag {GDGg } gD,n} (tr (GgGD))il
(31)

Then, we can derive the last term in (31) as follows
-1
E {gg’ndiag {GDGg } gD,n} (tr (GgGD»
u 4
= > E{lgom[*} &r @p) 1)
m=1

24348

5 E{[gpmnl* | E { 0.} tr @) 1)~
i=1,i#n

N
= B (ﬂD,n +y ﬁD,,) (tr Dp))~"
i=1

Substituting (31), (32) into (30), (28) can be derived. [

Next, we respectively study what the effect of three factors
have on the downlink rate performance, which include the
number of antennas M, the number of quantization bits b and
the transmit power of BS and each user in the same way. Thus,
we have the following remarks.

Remark 1.4: As Py, Pp and M are fixed and b — o0
(g = 1), Rp » can converge to the formula as follows

>

m=1

+

(32)

PpBp (1 +M)
N

2

i=1,i#n

Rpn—logy | 1 +

PpBpn Bp.i + Aqtr (Dp)

(33)

It is shown from (33) that the quantization error can be
ignored as the number of quantization bits b tends to infinity.
When M is fixed, the downlink approximate achievable rate
will became a constant. Although the increasing DACs reso-
lution can improve the system performance, it is still limited
after b increases to a specific value. Moreover, we also obtain
the result which agrees with [17, eq. (27)] when the number
of antennas M is fixed.

Remark 1.5: As b and M are fixed and Py = Pp — o0,
Rp.,, can converge to the formula as follows

22
o;B5  (1+M)
Rp.n — logy | 1+ a7'Dn

N N
azﬁD,n Z Bp,i+ Z oitr (Dp)+Az
i=1.itn i=1
(34)
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(34) indicates that the rate relies on the number of antennas
M as well as the number of quantization bits b when the
transmit power of BS and users tend to infinity. Furthermore,
increasing transmit power makes it possible to ignore the
quantization error caused by the ADCs and the effect of TUI
caused by FD mode users.

Remark 1.6: If the transmit power of BS and each user
are scaled with M, i.e., Py = Ey/M and Pp = Ep/M,
where Ey, Ep is fixed, as M — o0, Rp , can converge to the
formula as follows

4 on 35
o}t (Dp) (3)

2 2
azEpp
Rp.n, — log, (1 + d D.n )

VOLUME 7, 2019

(35) implies that using proper power scaling law and more
antennas M can eliminate the IUI caused by FD. The number
of quantization bits b determines the approximate downlink
rate when M tends to infinity.

IV. NUMERICAL RESULTS

We present the simulation results of sum achievable rates
related to various system parameters that verify the derived
results and show the effectiveness of FD massive MIMO
system where low-resolution ADCs/DACs are employed.
Assuming that the radius of a cell, in which N users are
uniformly distributed, is » = 1000m. r, is denoted as the
distance from the nth user to the BS where the minimum
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FIGURE 5. Downlink sum rate versus the number of quantization bits.

distance from the user to the BS is set as rpin = 100m. a,
is defined as a log-normal random variable whose standard
deviation 0 = 8dB. v = 3.8 is specified as the path loss
exponent [20], [21]. The large-scale fading can be modeled
as By = ap (ry/rmin) ~° [22]. Other simulation parameters are
set as the variances of the noise are op = oy = 1, N = 10,
the residual LI power is p=81; = 0dB, Py = 10dB and
Pp = NPy.

When the transmit power of each user and the BS are scaled
with M, Fig. 2 presents the FD sum achievable rate versus
different numbers of antennas M at the BS. Simulation results
are presented for three different numbers of quantization
bits with 1, 2 and oco. As shown in Fig. 2, the FD sum
rates increase with the number of quantization bits b and
the number of antennas M. For variable values of b, these
corresponding curves eventually converge to fixed values
with an increased M, which agree with (25).

Fig. 3 describes the uplink sum rates of FD massive MIMO
systems with or without power scaling versus different resid-
ual LI power nur; when M = 200 for three different numbers
of quantization bits with 1, 2 and oco. The results in Fig. 3
show that the uplink sum rate is a constant with small residual
LI power nurs, and the uplink sum rate is on the decrease
and the performance of the proposed system deteriorates as
the residual LI power nuy; gradually increases.

Fig. 4 and Fig. 5 display the uplink and downlink sum
achievable rate versus different b, respectively, assuming the
number of antennas M = 100. As shown in Fig. 4 and Fig. 5,
we see that the uplink and downlink rate increases with b
and converges to a constant which can be obtained by (23)
and (33) when b > 5. So that low-resolution ADCs/DACs
can significantly decrease the system complexity. The fig-
ures demonstrate the rationality of adopting low-resolutions
ADCs/DACs in FD massive MIMO systems.
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V. CONCLUSION

In this paper, we have investigated a FD massive MIMO sys-
tem with low-resolution ADCs/DACSs in the receive antennas
and transmit antennas at the FD mode BS. Using MRC/MRT
processing and AQNM, the approximate achievable rates for
uplink and downlink with perfect CSI have been obtained.
And then we have discussed the asymptotic analyses under
three cases. The results indicate the quantization error of the
low-resolution ADCs/DACs and LI lead to the loss of sys-
tem performance, however, the loss of system performance
can be compensated by using proper power scaling law and
more antennas, where this result shows the feasibility of
adopting low-resolution ADCs/DACs in FD massive MIMO
systems.

APPENDIX A

PROOF OF EQ.(22)

To calculate (11), we will singly compute Ay », By .n, Cu n,
Dy ., Eyn and Fy , as follows, where Ay, denotes the
desired signal, By, stands for the multi-user interference,
Cu .» represents the loop interference (LI), Dy ,, denotes the
additive Gaussian quantization noise at the transmit antennas
of the BS, Ey , represents the additive white Gaussian noise,
Fy ., stands for the additive Gaussian quantization noise at
the receive antennas of the BS.

1) Compute E {!Ay,nyz}:

2
E“AU,n’z} = al% PUE{‘gZ,ngU,nxUﬂ }
= o2 Pk { ool

= alPuBy, (M+M?)  G6)
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2) Compute E [}Bu,nfz}:

lseaf] =i ro 3 B{et e

i=1,i#n

N
=alPy Y. BuabuiM  (37)
i=1,i#n

3) Compute E { ’CU,n|2}:

2
E { Cu }
2
G
- auad 77PD Z U = gD’iXD’i
i=1 tr (GHGD)
u 2
ﬁ: E {‘gU’nGLIgD,i’ }
2.2
= o, aznPp H
— tr (GRGp)
., JLE [tr (gZ’nGLIgD,igg,iGZgUJl)}
i=1 Z ,BD,jM
= aia%nPD

N
tr (IE gt 6.0} EGLIGE) LE {gD,,-gg,,-})
1=

X
N

> BoM
j=1
= aZa2nPpuriBu.M* (38)

4) Compute E [|Dy,n|2}:
 (efot]
—ag(1—ag)tr (diag (GDG{)’)) (tr (GDG};’))_1
=g (1 —ay) (39)
E {|DU,,,]2}
= a2nPpE { ‘gﬂu,nGLﬂID‘z}
= aﬁnPDE {tr (gZ,nGqungZgU,n)}
E

= “377PD”" (E {gg,ngU,n} E {GLIGZ} {qug})

= aZaq (1 — ag) nPpuri Bu.M* (40)

5) Compute E { |EU,,, |2}:

2
5 {leval) = e { et
= o3 BuaMog (41)
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6) Compute E “FU’"IZ}:

E{|Fu.} =E “g’é,nqu‘z}

=o,(1—a)E [tr (gZ,,,diag (PUGUGZ>gU,n)}

+a, (1 —ay)
E {tr (gg,ndiag (aﬁ nPpGyy WWHGZ) gU’n) }
+oy, (1 —a)

E {fr (g’l}’,ndiag <UPDGL1qugGIZI) gU,n)}

4oy, (1—oy)E {tr (gﬁndiag (nth)gU)n)}
(42)

We can derive the first term in (42) as follows

E {tr (gzindiag (PUGUGg) gU,n)}

= Py zﬂj:IE“gU,mnrl]
B3>

m=1i=1,i#n

E “8U,mn’2}E { |gU,mi}2}
(43)

I 2 4
Substituting E =|gu,mn| } = Bu.n andE{|gU,mn| } =
2,3[2]”1 [8] to (43) yields

E {tr (gg,ndiag (PUGUGg) gU’n)}
N
=2PyBy,M+Pu Y BuaBuiM (44)
i=1,i%n

The second term in (42) can be derived as follows

E {tr (gg’ndiag (ameDGu WWHGZ) gU,n) }
= adznPDlr
x (E{gh gv.0) B {diag (G GoGHGH)])
x (tr (DpM))~!
odnPou.Mir (E |diag (G GoGHGH)])
x (tr (DpM))~!
= agnPpBu..Mtr (DpM ;) (tr DpM)) ™!
= ajnPpuriBu.M* (45)

Combine (40), (44) and (45), we have

E{|FU,,1}2} =y (1 — )
N

x | 2Py g M + Py Z Bu.nBu.iM
i=1,i#n
+ oty (1—ay) (anPpiiri Bu nM*+03 BuaM) (46)
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