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Abstract

Distributed massive multi-input multi-output (MIMO) is an attractive technology to

meet the vast growth in the requirements for huge data rates in future wireless com-

munication systems. To realise the gains of the distributed massive MIMO, the central

processing unit (CPU) typically needs to estimate the channels between the remote radio

heads (RRHs) and the user-equipments (UEs) from mutually orthogonal pilots sent by

UEs. The channel coherence is limited in time as well as frequency, causing a trade-off

between the resources spent on pilots and those allocated for data symbols. The reuse

of pilots is needed to reduce the pilot overhead, when a large number of UEs are being

simultaneously served. This, in turn, introduces pilot interference in the channel estima-

tion phase. In this thesis, the problem of pilot allocation is investigated, with the aim to

smartly and efficiently reuse the pilots among UEs in different distributed massive MIMO

scenarios by utilising the user-centric clustering approach.

Within the cellular distributed massive MIMO (DM-MIMO), a novel dynamic pilot

reuse (DPR) scheme is proposed by assuming the pilot reuse inside the same cell of

a dense DM-MIMO network. Since the pilot reuse directly affects the UEs’ data-rate,

the DPR scheme is developed with the objective of maximising the uplink sum-rate by

allowing two UEs separated by a sufficient distance and satisfying a particular signal-to-

interference-plus-noise ratio (SINR) constraint to share the same pilot. In order to achieve

the objective, an expression of the SINR is firstly derived for any UE sharing its pilot with

another. A novel low-complexity algorithm is then presented to reuse the pilots based

on the separation distance between UEs. The iterative grid search (IGS) method is also

employed to find the optimum SINR threshold with the aim to maximise the sum-rate.

The simulation results have demonstrated the superiority of the DPR scheme over other
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reuse schemes based on the uplink sum-rate performance.

Another novel user-centric based pilot assignment scheme is presented in the cell-free

(CF) massive MIMO network to minimise the maximum estimation error for UEs subject

to some practical constraints. This scheme depends on allocating pilots with fewer reuse

times to the UEs with the weakest channel conditions, while the UEs with good channel

qualities adopt pilots with higher reuse times. Two novel low-complexity algorithms are

developed to perform the two stages of this pilot reuse scheme. Furthermore, a novel

problem is addressed considering the effect of pilot allocation on the satisfaction of UE’s

quality of service requirements, in terms of SINR. The problem is solved by utilising an-

other two algorithms to minimise the number of pilots and the average channel estimation

error subject to a specific SINR threshold. The simulation results reveal the superiority

of the proposed scheme over the existing ones, and its average channel estimation er-

ror performance approaches that of the exhaustive search with much lower complexity.

Furthermore, increasing the number of pilots initially improve the SINR, but when the

number of pilots is significantly increased, this does not improve the SINR further.
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Chapter 1

Introduction

1.1 Motivation

The demands for high data rates and efficient use of different resources have been mo-

tivating the rapid evolutions in mobile networks. According to the Ericsson Mobility

report, for the near future, the total mobile data traffic will experience a 43% annual

increase from 2018 to 2023 to reach 107 Exabytes (EB) per month by the end of 2023

as shown in Figure 1.1 [1]. Meeting this growing amount of data traffic is a critical issue

for wireless systems. While the fourth generation (4G) mobile systems have approached

theoretical capacity, the fifth generation (5G) mobile networks is to be launched in 2020

to deal with growing expectations of quality of services (QoS) [3]. Another significant

requirement that customers anticipate is the availability of equally good services any-

where [4]. The demand for wireless data connectivity is an additional challenge that will

continue to increases in the near future. The fully networked society will be a feature

of the 5G mobile networks, where all electronic devices are connected to the Internet as

well as communications, such as machine-to-machine (M2M), Internet of things (IoT),

etc, need to be supported beside personal communications [2]. Moreover, on the basis of
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Figure 1.1: Global mobile data traffic (EB per month) (Source: Ericsson) [1].

the Ericsson Mobility Report [1], the number of connected devices including the IoT, and

other devices such as mobile phones, is expected to reach 31.4 billion in 2023. Therefore,

it is essential to deal with all these intense demands through designing new revolutionary

wireless network technologies.

To deal with the above mentioned challenges in the forthcoming wireless networks,

various new approaches have been proposed. One of the promising technologies is the

distributed massive multi-input multi-output (DM-MIMO). The traditional DM-MIMO

is implemented in a cellular structure [5–8]. In this thesis, the term DM-MIMO is used

to refer to this traditional form with a cellular topology. The key idea with DM-MIMO

is to allow a set of low-functionality remote radio heads (RRHs) to jointly serve the user-

equipments (UEs) within the cell with less transmission distance, so that better coverage,
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power saving and capacity merits than a co-located massive MIMO are obtained [9–13].

The RRHs in each cell are linked to a central processing unit (CPU) where the signal

processing and resource allocation operations are achieved. Each UE in the cell is only

served by the RRHs in that cell. In DM-MIMO, scaling up the number of antennas

equipped with RRHs brings the benefits of the massive MIMO, such as delivering high

performance in terms of spectral and energy efficiency [14–16].

In the cellular topology in which the DM-MIMO is implemented, a cell covers a lim-

ited number of UEs [5, 6, 16]. As previously mentioned, future wireless networks have to

handle billions of devices, human UEs and machine-type communications. More practical

networks are needed to manage the resources more efficiently than the cellular systems,

and to be able to meet the huge demand for wireless connectivity [15]. Thus, a new form

of DM-MIMO has been proposed under the name of cell-free (CF) massive MIMO where

the concept of cells is not considered [15,17–20]. CF massive MIMO network is designed

to cover a large geographical area by utilising a CPU and a number of RRHs distributed

within the coverage area to jointly serve the UEs. Similarly to the conventional DM-

MIMO, the baseband signal processing operations in the CF network are performed in

the CPU. A set of RRHs can be utilised to provide equally good service for all UEs in

the network. In addition, high-bandwidth low-latency fronthaul links, such as fibre optic,

are employed to connect the RRHs to the CPU in the network. Owing to its architecture

and the centralised signal processing ability, CF massive MIMO can adapt to non-uniform

loaded scenarios and manage the resources more efficiently than the traditional cellular

systems. It is necessary to clarify here the relationship between the cloud radio access net-

work (C-RAN) and the CF massive MIMO. In C-RAN, the baseband processing is moved

from the access points to the cloud. CF massive MIMO means that many distributed

access points are serving the UEs by coherent joint transmission. These two methods can
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be used together, but C-RAN can be also used with conventional base stations and/or

cell-free without C-RAN [21].

The computational complexity in the CPU is a challenge due to the huge signal pro-

cessing and resources allocation operations that need to be performed there. Therefore,

an efficient clustering method called user-centric is invoked in this thesis to achieve low-

complexity in the CF massive MIMO and DM-MIMO networks [22–24]. In this method,

each UE is served by a set of the nearest RRHs based on the fact that the far away RRHs

contribute little to the UE’s signal quality. This may result in that the clusters serving

different UEs might be overlapped.

The local channel state information (CSI) approach is assumed in this thesis, as de-

scribed in [25], in order to avoid dealing with huge quantity of CSIs. This approach

includes measuring the CSI between any UE to only its serving cluster and this is called

the intra-cluster CSI. On the other hand, only the large-scale fading can be provided for

RRHs outside UE cluster set, and this is named the inter-cluster CSI. The acquisition of

the large-scale fading can be obtained easily in practice due to the slow rate at which it

varies compared to the small-scale fading.

1.2 Challenges

As the CSI is required to be known at the transmitter, massive MIMO systems generally

exploit the channel reciprocity. This can be fulfilled with the help of the time-division

duplex (TDD) protocol. When the CSI is measured through pre-defined orthogonal pilot

signals transmitted by UEs in the uplink in every coherence interval, the CSI will also

be valid during the downlink transmission due to the channel reciprocity. The obtained

channel estimates are utilised to perform data detection in the uplink and to beamform
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data to the UEs in the downlink. The channel estimation needs to be achieved within each

coherence interval, which is limited in specific time and frequency intervals. Assigning

orthogonal pilot sequences to UEs becomes challenging as unaffordable pilot resources are

required and that increases linearly with the number of UEs. Hence, it is necessary to

allow some UEs to share the same pilot especially when the number of UEs is high and

that is to be expected in the future networks, as explained earlier. The reuse of pilot

signals incurs what is known as pilot contamination when a RRH receives a superposition

of undesired UEs’ pilot signals and this leads to a corrupted CSI estimation and sizeable

estimation error. Therefore, a smart pilot assignment scheme should be developed to

reduce the pilot overhead, while guaranteeing the quality of service (QoS) for UEs to be

satisfied.

1.3 Contribution of the Thesis

The key contributions of this thesis are summarized as follows:

1. A novel dynamic pilot reuse (DPR) scheme is proposed to allow a pair of UEs to

share a single pilot sequence within the same cell of the dense DM-MIMO system

with adopting the user-centric approach. Specifically, the proposed reuse scheme

achieves the objective of maximising the uplink achievable sum-rate subject to UEs’

signal-to-interference-plus-noise ratio (SINR) requirements and pilot resources con-

straints. Under the proposed pilot reuse scheme, the SINR expression is derived for

any UE sharing its pilot with another UE by utilising both minimum mean squared

error (MMSE) detection and channel estimation. A low-complexity algorithm is

then developed to allow reusing the pilots based on the separation distance between

UEs. The iterative grid search (IGS) method is also employed to find the threshold
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that can be utilised in the proposed algorithm to maximise the sum-rate. Finally,

simulation results are presented to show the effectiveness of the DPR scheme with

the optimised threshold in terms of the uplink achievable sum-rate.

2. Another novel user-centric based pilot assignment scheme is proposed in the CF

massive MIMO network to deal with the UEs suffering low channel quality and with

a high probability of delivering a bad rate performance due to the high estimation

error when pilots with high pilot reuse are allocated to them. The pilot allocation

scheme is developed to minimise the maximum channel estimation error with the

constraints of a limited number of pilot reuse times and allocating different pilots

to the UEs served by at least one common RRH. The design of this scheme includes

two stages. The first one aims to find the minimum number of pilots required to

serve all UEs in the system when the aforementioned constraints are applied. This

stage relies on the the graph colouring after applying the Dsatur algorithm [26]. UE

selection is adopted here to remove some UEs when the minimum number of pilots

needed is higher than the number of available pilot sequences. In the second stage,

pilots are allocated to satisfy the objective of minimising the maximum estimation

error. The allocation of pilots depends on assigning pilots with fewer pilot reuse

times to UEs with the worst channel quality. Two algorithms are additionally

proposed to perform both the initial stage and the pilot assignment in the second

stage. The downlink sum-rate analysis is also included when the impact of the

proposed allocation scheme is taken into account along both the local CSI and the

user-centric approaches.

3. By utilising the same idea of the proposed pilot allocation scheme of the CF massive

MIMO network, a second problem has been presented to link the channel estima-
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tion error with the sum-rate performance which, to the author’s best knowledge,

has not been investigated before for the user-centric based CF massive MIMO. In

this problem, both the number of pilots and the average channel estimation error

are minimised subject to a particular SINR threshold per UE in addition to the

constraints of the first problem. Furthermore, another two algorithms are presented

to satisfy this objective with the constraints.

1.4 Thesis Outline

The structure of this thesis is based on five chapters and an appendix as follows:

In Chapter 1, the motivation and the challenges of the CSI acquisition are discussed.

The main contributions of this thesis are summarised, and the thesis contents are outlined.

In Chapter 2, a brief introduction about the wireless channel is given. After that,

massive MIMO, and specifically both DM-MIMO and CF massive MIMO networks are

described. The pilot-based channel estimation together with the issue of pilot contami-

nation are then discussed. The state of the art on pilot assignment design in both the

DM-MIMO and the CF massive MIMO networks are finally listed.

In Chapter 3, the system model of a single cell DM-MIMO network is first introduced.

The DPR scheme is then proposed along analysing the sum-rate performance when the

pilot reuse is taken into consideration. Finally, simulation results in terms of the uplink

achievable sum-rate are included to evaluate the performance of the DPR scheme.

In Chapter 4, the signal transmission model of the CF massive MIMO network is

introduced in addition to the channel estimation for intra-cluster CSI and the downlink

sum-rate performance. The proposed pilot allocation scheme in CF massive MIMO is then

presented. After that, the channel estimation error minimisation problem is developed
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while a SINR threshold is satisfied. Different algorithms are presented to solve these

problems. The complexity analysis of the proposed algorithms are further discussed.

Finally, extensive simulation results are produced to assess the proposed algorithms and

to show the impacts of various parameters on the performance of the proposed schemes.

In Chapter 5, the conclusions of this thesis are drawn, and future research directions

are discussed.

In Appendix A, the explicit formulas of the parameters of equations (3.13) and (3.14),

and the derivation of equation (4.10) are all included.

A list of the related publications to this work is provided on page v.
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Chapter 2

Theoretical Background and

Literature Review

This chapter provides many of the basic concepts related to wireless channels, massive

MIMO system and pilot-based channel estimation in this system. These concepts will be

utilised in other parts of this thesis. A description of the wireless propagation environment

is initially introduced in Section 2.1. After this, it is observed in Section 2.2 that the

channel can be seen as approximately constant within a particular time and frequency

intervals. An overview of the concept of massive MIMO system is discussed in Section

2.3, with a focus on both the traditional cellular distributed massive MIMO (DM-MIMO)

and the cell-free (CF) massive MIMO. Section 2.4 provides insights into the user-centric

approach. The channel estimation in massive MIMO with a distributed setup is explained

in Section 2.5 including the challenges of high pilot overhead and pilot contamination

which are the main motivations of this thesis. Finally, Section 2.6 includes some of the

works related to the pilot allocation design and pilot overhead reduction.
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2.1 The Wireless Channel

A signal propagating through space is highly affected by the environment. Propagating

the radio signal with distance causes the signal power to be attenuated. Further impacts

that the outdoor channels include are the scattering, diffraction and reflection which all

influence the radiated energy. Such phenomena arise from different interfering objects in

the environment, for instance buildings and trees. These objects lead to what is known as

Multi-path Propagation where the transmitted signal arrives at the destination through

several different paths, with each path differs from the others in both the delay spread

and the attenuation [27].

2.1.1 Path-loss

When a signal is propagated through an ideal free space, the signal power is attenuated

due only to the Free-space Path-loss. Far from the transmitting antenna, the signal suffers

an inverse square law power loss which indicates that the power density of the signal is

reduced with a square of the propagating distance from the transmitter. In addition,

free-space path-loss is proportional to the square of the frequency of the radio signal1. In

the case of mobile networks, where the signal is transmitted over a ground plane, a part

of the transmitted signal is reflected by the ground’s surface and might be destructively

interfered with the primary path. The power density in such a scenario experiences a

path-loss exponent of 4. However, the path-loss exponent value is normally in the range

of 2.5 to 6 in real urban environments based on the terrain and different environmental

factors - for instance the foliage [27,28].

1In Chapter 3, a simple large-scale fading coefficient formula is used that does not include the effect

of the frequency on the path-loss. In Chapter 4, another formula is utilised for the large-scale fading that

works in the range from 2 to 6 GHz.
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2.1.2 Shadow Fading

Radio signals can be significantly attenuated due to large objects such as a hill or large

building, positioned between the transmitter and receiver. These obstacles create shadow

zones that occupy an area exceeding the wavelength of the signal carrier. The large scale

attenuation is created due to shadow fading for the period in which the terminal exists in

the shadow region of the object. Even when the main signal is completely obscured, some

parts of the signal power can still reach the terminal when the radio signal experiences

diffraction at the edges of the scatterer. Shadow fading is more likely to arise in urban

environments where many large objects can exist. It has been found that the logarithm

of attenuation generated by shadow fading due to various shadowing effects of building

and natural features approaches the normal distribution. Therefore, this kind of fading

is also described as lognormal fading [27,28].

2.1.3 Small-scale Fading

Scattering and other factors such as reflection and diffraction that the propagating signal

undergoes while travelling through a radio channel cause the multi-path propagation. This

implies that the signal reaches the receiving antenna along various paths, each adopting

different attenuation and phase shift as mentioned earlier. These multi-path signals can

be combined constructively or destructively at the destination, creating another type of

fading called Small-scale Fading. It represents the short term variation of the received

signal power level. In the environments where no line of sight and a large number of

uncorrelated scattered components exist, and this is usual in the urban areas, then the

in-phase and quadrature components of the received signal can be assumed to follow

independent zero-mean Gaussian processes, and this is known as Rayleigh fading [27,28].
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2.1.4 Doppler Effect

Another effect that the transmitted signal might experience is the Doppler shift, which

particularly appears when the terminal is in motion relative to the transmitting antenna.

This mobility produces a Doppler shift in the frequency of the corresponding multi-path

signals. The quantity of Doppler shift is determined by both the velocity of the terminal

with respect to the incoming signal and the carrier frequency. The combined impact of the

Doppler shifts from different multi-path components causes the expansion of the received

signal spectrum, and this is known as frequency dispersion. The channel response due to

frequency dispersion varies with time, and this effect is referred to as the time-selective

fading. The aggregated impact of all of the path-loss, large- and small-scale fading, and

Doppler shift can be considered as the main factors that influence the signal transmitted

over a radio channel [27,28].

2.2 Channel Coherence

The multi-path components mentioned above generate small-scale fading due to the con-

structive and destructive interference of these components at the receiver, based on their

path lengths. In multi-path channels, the phase shift of multi-path signals changes with

frequency, resulting in frequency-varying small-scale fading. In this case, the Coherence

Bandwidth can be defined as the frequency interval over which the channel is approx-

imately constant. The frequency selective channel describes the case when the signal

bandwidth is larger than the coherence interval, otherwise the channel is said to be fre-

quency flat. Due to Doppler shift, the channel can suffer a time-selective fading too as

explained earlier. Similarly, the time in which the channel is viewed as time-invariant

is the Coherence Time. The propagation channels in outdoor environments experience
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both frequency- and time-selective fading. Within the block of coherence time interval

and frequency coherence interval, the channel response can be considered as constant

and flat-fading. It is therefore necessary to perform the channel estimation via training

in each coherence interval to measure the channel effects, that discussed in Section 2.1,

on the transmitted signals. For communication systems, a coherence block consists of a

number of time-frequency resource units (RUs). As an example, a single RU in the Long-

Term Evolution (LTE) downlink grid comprises of duration 71.4 µs and a bandwidth of

15 kHz [2,27,28].

Three parameters determine the size of a coherence block: UE speed, carrier frequency

and phase differences in the multi-path propagation. Each UE has its own coherence band-

width and coherence time. However, in practice, the worst condition of the propagation

scenario should be considered in deciding the size of the coherence block. In addition,

when the coherence bandwidth and coherence time of a UE is much greater than the

coherence block, it is not necessary to measure the channel estimate in every block [2].

In this thesis, and for the sake of simplicity, it is assumed that all UEs need to estimate

that channel in each coherence block.

2.3 Massive MIMO System

Massive MIMO is a scalable version of multi-user MIMO, which originally appeared in [14].

In the massive MIMO, hundreds or thousands of base station antennas are deployed

to serve tens of UEs simultaneously. This technique provides promising gains in both

spectral and energy efficiencies over the conventional multi-user MIMO systems. The

serving antennas can be employed either in a compact co-located form or in a distributed

manner. However, the focus now is on the co-located massive MIMO as illustrated in
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Figure 2.1(a). The distributed massive MIMO will be discussed later in Subsections 2.3.1

and 2.3.2.

All UEs in massive MIMO utilise the full time-frequency resources simultaneously in

both the uplink and downlink transmissions. That significantly increases the spectral

efficiency over current systems. On the uplink of massive MIMO, the signals transmitted

by the UEs are detected by the base station. The base station on the downlink works on

ensuring that each UE delivers only its own signal. The multiplexing and de-multiplexing

signal processing operations at the base station can be possibly performed with the avail-

ability of a large number of antennas along the CSI information. The base stations are

designed to deal with the burden of processing complexity aiming to achieve high rate

performance at UEs even if they utilise cheap and single antennas terminals [28–30].

Employing more antennas in the massive MIMO system produces a large number of

degrees of freedom, which enables the base station to form sharp beams focusing toward

the UEs by using simple linear processing techniques. Increasing the number of anten-

nas in base stations makes the UEs’ channel directions asymptotically orthogonal to a

significant extent, and this is known as the Favourable Propagation. Thus, simple signal

processing can work nearly optimally with the linear combining/precoding schemes in the

uplink/downlink transmissions, respectively. The availability of narrow beams to each

UE facilitates mitigating intra-cell interference between these UEs. However, the impact

of pilot contamination on the channel estimates due to pilot reuse is still the dominant in-

herent limitation of massive MIMO [2,14,29]. This will be further discussed in Subsection

2.5.1.

An additional consequence of increasing the number of antennas is that the power

can be sharply focused onto the UEs, and thereby the radiated power can be reduced.

Therefore, higher energy efficiency by an order or more of magnitude can be achieved.
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Figure 2.1: Structure of different massive MIMO systems: (a) Co-located Massive MIMO,

(b) DM-MIMO and (c) CF Massive MIMO.
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Low-cost amplifiers can be further employed to serve the UEs instead of the conventional

high-output power amplifiers [2, 29]. Furthermore, in massive MIMO, the base station

benefits what is known as Channel Hardening. This means that when a signal is beam-

formed by a large number of antennas, the fading multi-antenna channel behaves almost

as deterministic scalar channel as a result of the law of large numbers. Hence, this al-

leviates the impact of the small-scale fading and improves the downlink channel gain

estimation [15,18,30].

2.3.1 Distributed Massive MIMO (DM-MIMO)

The massive antenna arrays exploited at the base stations can be placed in a distributed

setup to form what is entitled the Distributed Massive MIMO (DM-MIMO). DM-MIMO

can be viewed as a combination of the distributed antennas system (DAS) and the massive

MIMO technology. This combination brings all the benefits of these two concepts. The

spatially separated antennas in DAS provide low-path-losses and a high degree of macro-

diversity, thereby having power saving, coverage and capacity merits over a co-located

antenna system (CAS). In addition, adopting large antenna arrays yields the previously

mentioned advantages of the co-located massive MIMO. That will be, unfortunately, at

the cost of high backhaul requirements. In the cellular DM-MIMO networks, the archi-

tecture of a single cell includes replacing the base station with a set of low-functionality

remote radio-heads (RRHs) spreading out over the cell to perform radio signals trans-

mission/reception as illustrated in Figure 2.1(b). These RRHs are connected through

high-bandwidth low-latency fronthaul links, optical fibres for instance, to a central pro-

cessing unit (CPU) where the signal processing operations are achieved. In addition to

that DM-MIMO inherits the idea of DAS, DM-MIMO has a similar concept to that of the

network MIMO and the coordinated multipoint (CoMP) as RRHs perform joint transmis-
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sion. However, each UE in DM-MIMO is served by a large number of antennas [5,6,16,18].

2.3.2 Cell-free (CF) Massive MIMO

Subsection 2.3.1 described the conventional DM-MIMO based on cellular topologies, in

which a limited number of UEs can be served in each cell [5–7]. In the future, wireless

networks have to handle a huge number of UEs, human UEs and machine-type commu-

nications as discussed in Section 1.1. Therefore, the DM-MIMO has reproduced under

the name of Cell-free (CF) Massive MIMO, where the concept of cells or cell boundaries

are eliminated as illustrated in Figure 2.1 (c), to be more convenient in such scenar-

ios [15, 17–20]. CF massive MIMO is a new and scalable network architecture where a

number of RRHs are distributed over a large area and jointly cooperated to serve a set of

UEs. In the architecture of CF massive MIMO, the baseband signal processing can take

place in the CPU as well. However, in the conventional DM-MIMO, RRHs located in a

particular cell only serve the UEs within that cell. The set of low-cost RRHs can be de-

ployed to provide uniformly good service within the coverage area of the CF network. CF

massive MIMO has the ability to manage the resources efficiently due to the centralised

signal processing capabilities of the CPU, thus it can work better in the non-uniform

loaded scenarios than the cellular DM-MIMO. In addition to the inter-cell interference

efficient mitigation through the centralised signal processing and CoMP technique, CF

massive MIMO can improve the energy efficiency via RRH selection [20]. It also provides

better coverage compared with using uncoordinated small cells where each UE is served

by a single RRH [18].
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2.4 User-Centric Approach

One of the challenges in the CF massive MIMO is the high computational complexity

in the CPU owing to the huge signal processing and resources allocation operations that

need to be performed there. An efficient method entitled user-centric can be utilised

to achieve low-complexity and scalable channel acquisition in the CF massive MIMO

network [22–24, 31]. This method depends on each UE individually choosing its serving

RRH cluster from the set of closest RRHs or strongest channels, as distant RRHs do not

make a significant contribution to its signal quality due to the severe path-loss. This

assumes that a UE’s serving RRH cluster may overlap with other UEs’ clusters. Forming

clusters in practice depends on the large-scale fading, where the average channel gains

of UEs are measured and sent to the CPU. After that, the CPU determines the cluster

associated with each UE based on the measured channel gains, which vary slowly [32].

Different cluster formation methods can be employed in the CPU. However, for simplicity

purposes, clusters are formed in this thesis based on the distance only where each UE is

associated with the nearest set of RRHs. The savings on the capacity of the backhaul

obtained from adopting the user-centric method is discussed in [23]. For instance, in the

downlink transmission, and by assuming K UEs, N RRHs equipped with M antennas,

the CPU needs to transmit, at each symbol interval, NM times the K data symbol in

the case when the user-centric approach is not utilised. This means that the overhead

per symbol interval is NMK in this case. However, that can be reduced to NMK in

the user-centric CF massive MIMO by supposing that each UE is served by a set of N

RRHs [23].
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2.5 Channel Estimation in D-/CF Massive MIMO

Systems

To achieve the full potential of both the DM-MIMO and CF massive MIMO systems

previously explained, the CPU has to measure the channel state information (CSI) from

the active UEs to the RRHs within the current coherence interval. These CSIs are utilised

by the CPU to jointly precode data for the UEs in the downlink transmission, and to

jointly detect the UE signals in the uplink transmission. A common method for measuring

the channel response is to transmit pre-known pilot sequences and to evaluate how the

channel impacts, that discussed in Section 2.1, affect these pilots at the receiver side. In

order to obtain accurate CSIs, orthogonal pilot sequences are generally adopted. The

columns of a pilot book Q ∈ CB×B can be employed to generate B orthogonal pilots, and

this book should satisfy QHQ = IB. In the case of DM-MIMO network, it is recommended

for each CPU in each cell to allocate different orthogonal pilots among the UEs in its cell.

Two examples of pilot books are the Walsh-Hadamard matrix and the discrete Fourier

transform (DFT) matrix. The Walsh-Hadamard matrix can be generated with dimensions

of a power of two: B = 2n for n = 0, 1, · · · . On the other hand, the DFT matrix can be

generated with an arbitrary dimension, so it does not need to be a power of 2 [2].

2.5.1 Pilot Contamination

The channel estimates obtained from pilot signals are valid within the coherence block,

after which it is necessary to measure the channel again as aforementioned in Section

2.2. Due to the limited size of the channel coherence blocks, it is not always possible

to guarantee that the number of mutually orthogonal pilot sequences is larger than the

number of UEs in the cell/system. Thus, it is essential to reuse the pilot sequences among
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Figure 2.2: Contamination of uplink pilot signal when a pilot is shared by two UEs [2].

Figure 2.3: Effect of pilot contamination on downlink data transmission [2].

UEs in different cells in the DM-MIMO or among a set of UEs in the CF massive MIMO

resulting a pilot coherent interference. This interference causes the channel estimation

quality of the UEs sharing the same pilot to be degraded and this can not be improved by

adding more antennas. The phenomenon of pilot interference on the received pilot signal

is known in the literature as Pilot Contamination. For the scenario shown in Figure

2.2, two UEs are transmitting their pilots simultaneously, and the CPU then receives a

superposition of their signals, in which the desired pilot sequence is contaminated. The

channel estimates at the CPU unintentionally include a superposition of the channels

from both the desired UE and the interferer [2, 29].

During uplink data transmission, the CPU is aimed at coherently detecting the re-
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ceived signals by different RRHs through utilising the previously estimated CSIs. Part

of the interfering signal is then unintentionally detected along the UE’s desired signal.

That is more harmful in the case of adopting a large number of antennas at RRHs where

the high array gain increases the power of both the desired signal and the interference

signal. In the downlink transmission, the RRHs beamform the downlink signals in the

direction of the desired UE, but parts of these signals are unintentionally directed toward

the location of the interferer UE. This is clarified in Figure 2.3. Considerable efforts have

been made to limit the effect of pilot contamination. That includes allocating the pilots

effectively, and this is the focus of this thesis.

2.5.2 Time-Division Versus Frequency-Division Duplexing

In massive MIMO systems, the channel can be generally measured by utilising the received

pilot sequences. Alternatively, the channel estimation can use the feedback from the

receiver to the transmitter, or both the feedback and the received pilots. That depends on

which duplexing mode is employed, the time-division duplexing (TDD) or the frequency-

division duplexing (FDD) which both are shown in Figure 2.4 [2].

1. In TDD, the uplink transmission and the downlink transmission are separated in

time. Thus, the channel responses are reciprocal, which indicates that the channel

response is the same in both the uplink and the downlink. The CPU performs the

channel estimation through uplink pilots. Due to channel reciprocity, the estimates

in the uplink are valid for the downlink too. As a result, the pilot signals needed

depend only on the number of UEs, and the number of RRH antennas do not affect

the number of required pilots. That is attractive for D-/CF massive MIMO systems

as the total number of antennas in the cell/system is much higher than the number
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Figure 2.4: Slot structure for FDD and TDD operation modes.

of UEs. Therefore, TDD protocol is assumed throughout this thesis.

2. In FDD, the uplink transmission and the downlink transmission are separated in

frequency. The uplink and downlink channels are always different and it is not

possible to benefit the reciprocity in this case. The UEs, in FDD operation, measure

the channel from the pilots sent by the RRHs, these estimated CSIs are fed back to

the CPU through a control channel to enable the downlink precoding computation.

In order to obtain the uplink channel estimates, the CPU relies on the pilots received

from the UEs by the RRHs [2,29].

2.5.3 MMSE Channel Estimation

The minimum mean squared error (MMSE) channel estimator exploits knowing the chan-

nel statistics to perform the channel estimation. Although it has high complexity com-

pared with other estimators such as the least-squares (LS) estimator, the MMSE estimator

has been widely implemented in the literature due to its good performance. It employs

the spatial information of a UE included in its channel covariance matrix to improve
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the channel estimation. Specifically, the MMSE estimator amplifies the signal from the

direction of the desired UE and attenuates the signals from the direction of interferers [33].

To clarify how the MMSE estimator works, a CF massive MIMO network is assumed

with K single-antenna UEs and N RRHs, each equipped with M antennas. The set of

UEs is denoted as K = {1, 2, · · · , K}. The channel response between the kth UE and

the ith RRH is symbolised as gi,k, where gi,k = [g1,i,k, g2,i,k, · · · , gM,i,k]
T , and gm,i,k is the

channel coefficient between the kth UE and the mth antenna at the RRH i. The M ×M

channel covariance matrix Ri,k is then represented as Ri,k = E{gi,kgHi,k}. This covariance

matrix will be exploited by the MMSE estimator as it includes the spatial information of

a UE [28].

It is further assumed that the set of orthogonal pilot signals are denoted as Q =

{q1,q2, · · · ,qb, · · · ,qB} ∈ CB×B. It is additionally considered that Kb = {k : bk = b} is

the group of UEs sharing the bth pilot sequence. During the uplink training phase, each

UE needs to transmit its assigned pilot to the RRHs to measure the CSIs. Given the pilot

reuse scheme, the received signal at RRH i arranged in a structure of size M ×B, is given

by

Yi =
∑
k∈K

√
ρp gi,kq

H
bk

+ Ni, (2.1)

where ρp is the transmit power for pilots, while Ni is the additive noise matrix received

during the training phase with entries having the distribution CN (0, σ2
p).

To estimate the channel-vector gi,k, where i ∈ Ik, Yi is first projected into qbk , yielding

yi,k =
1
√
ρp

Yiqbk ,

= gi,k +
∑

l∈Kbk
\{k}

gi,l + ni, (2.2)

where ni = 1√
ρp

Niqbk . The minimum mean square error (MMSE) estimate of channel gi,k
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is given by [2]

ĝi,k = Ri,k(
∑
l∈Kbk

Ri,l + σ̂p
2)−1yi,k, (2.3)

where σ̂p
2 = σ2

p/ρp.

In order to estimate gi,k, the CPU should perform the multiplications shown in both

(2.2) and (2.3) with having the pilot sequence of UE k. However, if two UEs sharing the

same pilots, the estimates of their channels will be correlated. This is a consequence of

the inability of the CPU to separate UEs that have transmitted the same pilot signal and

have the same spatial characteristics [2, 28]. Therefore, efficient pilot allocation schemes

are needed to reuse the pilots with meeting UEs’ quality of service (QoS).

2.6 Related Works

This section discusses the previous works that have addressed the pilot assignment design

or pilot overhead reduction in both CF massive MIMO and DM-MIMO networks. In

addition, an overview of the history of the user-centric method is finally discussed.

2.6.1 The Scenario of CF Massive MIMO

Several papers [7,18,34–36] have discussed the problem of pilot allocation in CF massive

MIMO. In [34], non-orthogonal pilot codes were proposed. In this pilot design, each RRH

can detect the pilot collision when more than one UE in its area utilises the same pilot

dimensions. After this, RRHs can be turned on or off to prevent pilot collisions which

may reduce system performance, especially when the number of RRHs is not high. A

downlink pilot scheme appeared in [35] based on the fact that less channel hardening can

be expected in the single-antenna access points (APs) CF massive MIMO than that of a

co-located massive MIMO. However, [35] does not take into account the effect of pilot reuse
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which is impractical assumption in a CF massive MIMO network with a large number of

UEs. A greedy pilot assignment scheme was investigated in [18], along a power allocation

optimisation problem, aiming to mitigate pilot contamination when non-orthogonal pilot

sequences are utilised. In this scheme, pilots were allocated randomly to UEs in the initial

stage, then the pilot allocation was iteratively improved by updating the pilot of the UE

with the worst downlink rate so minimum pilot contamination can be obtained. This

will be repeated a particular number of times. However, the user-centric approach was

not included in this work, also, single-antenna APs were considered in [18]. RRHs or

APs can adopt multiple antennas to increase the array gains and to reduce the backhaul

requirements. The authors in [36] adopted the user-centric method and a precoding

strategy was investigated to balance between inter-cluster interference and signal with

the objective of maximising the sum-rate, also solving a power allocation problem was

included. Nonetheless, a perfect CSI was additionally assumed in [36]. In [7], a novel pilot

allocation scheme has been proposed for the scenario of CF massive MIMO by allocating

one pilot for a pair of UEs satisfying a specific SINR ratio. However, it is necessary to

reuse the pilots more than only once in the large networks. In addition, the problem

investigated in the CF massive MIMO network in this thesis focuses on the UEs with

bad channel conditions which is not the case in [7]. Therefore, the problem in this thesis

differs from that in [7] not only in its objective but also in its constraints.

Pilot reuse design has been extensively studied in both co-located and distributed mas-

sive MIMO [37–41] due to the significance of CSI acquisition in massive MIMO systems.

In the proposed reuse schemes, identical pilots are generally assigned to the UEs with

different angles or least channel correlations depending on the special features of massive

MIMO. Some of these works [37–39] adopted cell-based approaches where the pilots are

reused among the cells. These approaches are not applicable in the CF scenarios due to
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the lack of cells. Other approaches included, for instance, data-aided channel estimation

with superimposed training design as in [40], and blind channel estimation based on sin-

gular value decomposition (SVD) as in [41]. However, such approaches suffered from high

computational complexity when applied to the CF massive MIMO with a large network.

In [32], a novel pilot allocation scheme was presented to maximise the number of admitted

UEs with a fixed number of pilot sequences in the dense cloud radio access (C-RAN) net-

works based on the graph colouring algorithm. Although this scheme can be extended to

work in the CF massive MIMO scenario, it did not consider any quality of service (QoS)

requirements when pilots were reused among UEs; a dual transmit antennas setting was

also considered at each RRH in [32] which means it was not a massive MIMO system.

In Chapter 4 of this thesis, the design of pilot assignment scheme is addressed in the CF

massive MIMO with the joint impacts of the pilot contamination and the user-centric

approach.

2.6.2 The Scenario of Traditional Cellular DM-MIMO

In the literature, many approaches have been introduced to mitigate pilot contamination

for different architectures of massive MIMO systems, including co-located massive MIMO

[38, 42, 43], Network MIMO [44] and small cells scenarios [45]. In these approaches, UEs

in the same cell adopt different orthogonal pilot signals, meanwhile the same group of

pilots are reused among cells. However, in the case when the number of pilots is much

less than the number of UEs in the cell, it might be necessary for more than one UE to

share the same pilot within a single cell. By following this approach, the angle of arrival

(AoA)-based methods [46, 47] have assumed pilot reuse within the same cell in the co-

located massive MIMO to further reduce the pilot overhead. In these methods, the UEs

with non-overlapping AoAs do not contaminate each other when they adopt the same

26



2. Theoretical Background and Literature Review

pilot. However, the assumption of the small AoA spread is not always feasible in practice.

The aforementioned pilot assignment approaches [18, 34] that have been designed for

CF massive MIMO networks can be applied to reuse the pilots within a single cell DM-

MIMO network. However, the previously mentioned limitations of these works are still

valid here, as the user-centric clustering is considered in the scenario of DM-MIMO of this

thesis along multiple antennas RRHs. Thus, in the next chapter, a novel pilot allocation

scheme is presented to reuse the pilots within the same cell of the user-centric based

DM-MIMO system with the objective of maximising the sum-rate under the constraint

that the SINR for each UE is not less than a specific threshold where the impacts of pilot

contamination are taken into account.

2.6.3 User-centric Approach

In the literature, the user-centric clustering method has appeared to mange the coordi-

nation in multi-cell scenarios as an alternative way to the disjoint clustering scheme. In

the disjoint clustering scheme, the entire network is divided into non-overlapping clusters

and the UEs in each cluster are jointly served by only the base stations or RRHs within

the coverage area. Although the disjoint clustering scheme can be considered as an effi-

cient method to mitigate the inter-cell interference [48, 49], UEs at the cluster edge still

experience significant out-of-cluster interference. Alternatively, the user-centric clustering

employs dynamic and flexible multi-cell coordination [44, 50, 51]. In user-centric cluster-

ing, each UE is served by an individually selected subset of neighbouring BSs or RRHs

and different clusters for different UEs may overlap. The main benefit here is that such a

method does not include any explicit cluster edge. The impact of the geographical loca-

tion of UEs was discussed in [44], however the desirable cooperation and coordination vary

with time depending on different parameters, such as mobility of UEs, and macroscopic
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conditions, such as congestion in specific areas [22].

The user-centric approach has been also applied in CF massive MIMO in different

works [23, 52] where UEs can be associated with multiple nearby RRHs without cell

boundaries. In [23], the CF massive MIMO architecture, when each UE is served by

all the RRHs, was contrasted with the user-centric approach. It has been shown in [23]

that the user-centric method generally provides better data-rate performance except for

UEs with bad channel conditions. In [52], the user-centric based CF massive MIMO was

investigated when both UEs and RRHs were equipped with multiple antennas. A channel-

inverting beamforming scheme was proposed that does not need channel estimation at the

UEs.
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Chapter 3

Pilot Reuse in a Single Cell

DM-MIMO System

This chapter describes the proposed pilot allocation design that assumes the pilot reuse

within the same cell of the dense DM-MIMO network. The dynamic pilot reuse (DPR)

scheme is developed to deal with the case when the number of UEs in the target cell is

larger than the number of available pilot sequences. In Section 3.1, the system model

and the channel model are introduced. Following this, in Section 3.2, the uplink sum-rate

performance is discussed and analysed by considering the pilot contamination, and the

problem formulation of pilot assignment is then presented. A low-complexity algorithm

aiming to solve this problem is developed in Section 3.3, where the pilots in this algorithm

are allocated based on the proposed reuse scheme. The computational complexity of the

pilot allocation algorithm is further analysed in this section. Finally, Section 3.4 presents

the simulation results in terms of the uplink sum-rate to evaluate the performance of the

proposed reuse scheme.
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3.1 System Model

A dense single cell DM-MIMO network consisting of S-tier hexagonal topology structure

with N = 3S2 + 3S+ 1 RRHs [45] and K̄ UEs is considered as shown in Figure 3.1. Each

RRH and each UE are equipped with M antennas and a single antenna, respectively. The

set of RRHs and UEs are denoted as N = {1, · · · , N} and K̄ = {1, · · · , K̄}, respectively.

It is supposed that K UEs are admitted in this network and the set of these UEs is

expressed as K ⊆ K̄. In addition, the set of antennas of the ith RRH is denoted as

Mi = {1, · · · ,M}. It is also assumed that UEs are randomly distributed within the cell.

Furthermore, RRHs are physically connected to the CPU through high-speed links, where

the CPU performs the joint detection of the received signals from multiple RRHs.

TDD mode is adopted in this scenario, which indicates that the CSI is the same for

both uplink and downlink transmissions. The channel estimation of the uplink channels is

executed in the CPU with the received pilot signals. It is assumed that S time-frequency

resource units (RUs) are allocated within one coherence block. Within these S RUs, B

RUs are reserved for pilot sequences in each block. The remaining (S − B) RUs are

dedicated for uplink and downlink data transmission.

By assuming that the whole pilot resources are utilised for pilot signalling, the available

pilot set is denoted as Q = {1, · · · , b, · · · , B}, and the corresponding orthogonal pilot

sequences as QQQ = {q1, · · · ,qb, · · · ,qB} ∈ CB×B, where each qb ∈ CB×1 in set QQQ is

mutually orthogonal with each other, that is QQQHQQQ = IB [6, 53]. By using the orthogonal

pilot assignment scheme, only B UEs are able to send their pilots without interfering with

each other [53]. In order to serve more UEs, a pilot reuse scheme is required. An arbitrary

pilot reuse scheme is denoted as P(K,Q) = (k, bk) : k ∈ K, bk ∈ Q, where (k, bk) denotes

that the kth UE is allocated with the pilot sequence qbk .
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Figure 3.1: Structure of a single cell dense DM-MIMO with N = 19, i.e. S = 2, and an

illustration of the proposed DPR scheme by supposing B = 8 and K̄ = 11. Unique pilots

are allocated for UEs with circle shapes, and a single pilot is allocated for a pair of UEs

with any one of the following shapes: square, triangle and star.

The uplink channel response for the kth UE to the mth antenna in the ith RRH is given

by [38]:

gk,i,m = α
1/2
k,i hk,i,m, (3.1)

where αk,i represents the large-scale fading coefficient between the kth UE to the ith RRH,

which consists of both the path-loss and the shadow fading. αk,i is assumed to be the

same between the kth UE and all M antennas of any RRH. In addition, hk,i,m is assumed

to be the small-scale fading coefficient between the kth UE to the mth antenna in the ith

RRH, and it is further supposed that each element of hk,i,m is an i.i.d. complex Gaussian

variable with zero mean and unit variance. The channel response M × 1 vector from the

kth UE to the ith RRH is given by [5]

gk,i = α
1/2
k,i [hk,i,1, hk,i,2, · · · , hk,i,M ]T . (3.2)
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By assuming a synchronous pilot transmission from all UEs, the received signal matrix

of pilots at the ith RRH is

Yp,i =
√
ρp
∑
k∈K

gk,iq
H
bk

+ Ni ∈ CM×B, (3.3)

where ρp is the transmit power for pilots. qbk is the pilot transmitted by the kth UE,

where qbk ∈ QQQ. Also, Ni ∈ CM×B is complex additive white Gaussian noise with zero

mean and unit covariance matrix1. The CPU has the following observation of the channel

from the kth UE to the ith RRH [6,47]

yp,k,i =
1
√
ρp

Yp,iqbk ∈ CM×1. (3.4)

3.2 Sum-rate Analysis

In this chapter, the scenario that K̄ is larger than the number of available pilot sequences

B in the dense cell of DM-MIMO is discussed. Thus, the DPR scheme is proposed to

allow a pair of UEs to share one pilot within the same cell and different pilots are assigned

to different pairs. In this section, given the pairs of UEs using the same pilot according

to the proposed DPR scheme, the achievable sum-rate for data transmission is analysed.

Based on the analytical results and the target of maximising the sum-rate, an algorithm

for the dynamic pilot reuse is proposed in the next section.

After reusing the pilots for some UE pairs, no pilot reuse is considered for the rest of

the UEs, and unique pilot sequences are allocated to them. As illustrated in Figure 3.1,

(B = 8) and (K̄ = 11) are considered. This means that three pilots (K̄ −B) are required

to be reused in order to serve all the UEs in Figure 3.1 (K = K̄). The UEs with unique

pilot sequences are represented with the black circles, and the pair of UEs using the same

1This indicates that the noise is assumed to have a unit variance.
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pilot sequence is represented by one of the following shapes: square, triangle and star. As

a result, two groups of UEs will be created: UEs with unique pilot sequences, and UEs

with reused pilot sequences. In order to obtain the channel estimation for these UEs, the

equation (3.4) for any UE should be expanded as [6, 47]

yp,k,i =
∑
k∈I

gk,i +
Niqbk√
ρp
∀k ∈ K, i ∈ N , (3.5)

where I is the set that includes the pair of UEs {k, k′} in the case of pilot reuse where

the two UEs share the same pilot, or I includes only the kth UE in the case of no reuse.

Based on [54], CPU computes the MMSE estimation of the kth UE2

ĝk,i = αk,i(
∑
k∈I

αk,i +
1
√
ρp

)−1yp,k,i ∀k ∈ K, i ∈ N , (3.6)

where ĝk,i ∼ CN (0, θk,iIM) and θk,i is given by

θk,i = α2
k,i(
∑
k∈I

αk,i +
1√
ρpB

)−1 ∀k ∈ K, i ∈ N . (3.7)

The channel gk,i can be decomposed as gk,i = ĝk,i + g̃k,i, where g̃k,i is the channel es-

timation error and it is statistically independent of ĝk,i due to the orthogonal property

of MMSE estimation and the joint Gaussianity of both vectors, the covariance of g̃k,i is

((αk,i − θk,i)IM).

During the uplink data transmission, the received data signal vector for the ith RRH

is

yd,i =
√
ρd
∑
k∈K

gk,ixk + zd,i ∈ CM×1, (3.8)

where ρd is the transmit power for data and all UEs have the same transmit power,

zd,i ∈ CM×1 is complex additive white Gaussian noise with zero mean and unit covariance

matrix. xk is the transmitted data signal from the kth UE, k ∈ K.

2The large-scale fading can be estimated blindly or can be obtained from the statistical measurements

[21].
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It is assumed that the MMSE detection is applied in the CPU for recovering UE data.

The detector M × 1 vector for the kth UE at ith RRH is given as [54]

âk,i = (ĜiĜ
H

i + Zi +
1

ρd
IM)−1ĝk,i, (3.9)

where Ĝi is the estimated channel response M × K matrix from all the UEs to the ith

RRH, and the kth column of Ĝi is ĝk,i. In addition, Zi =
∑

k∈K E(g̃k,ig̃
H
k,i) is the covariance

matrix of the channel estimation errors for the ith RRH.

The user-centric cluster method, that mentioned in Section 2.4, is adopted here to

reduce the computational cost for a dense single cell DM-MIMO. This means that UEs

are only served by a cluster of the nearest RRHs since distant RRHs contribute little to

the UE’s signal quality due to the severe path-loss. The notation Nk is used to represent

the group of RRHs serving the kth UE. For a pair of UEs sharing the same pilot, the

clusters of RRHs serving these two UEs should not overlap. In other words, the UEs

served by at least one common RRH should be allocated with difference pilots. This is

essential to enable the CPU to differentiate the CSIs for the UEs sharing a single pilot.

Based on (3.9), the CSIs from all UEs to the ith RRH are needed. However, for UEs

with pilot reuse, the instantaneous CSIs that can be provided are only from a UE to

its serving cluster of RRHs. For the CSI from the UE to the RRHs outside its cluster,

only the large-scale fading (path-loss and shadowing) can be tracked. The assumption

of the availability of the large-scale fading is valid because of the slow rate at which this

parameter varies compared with the small-scale fading, thus it can be obtained at a much

lower cost.

The MMSE detection is then applied in the CPU. The estimated data symbol for the
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kth UE is represented by

x̂k =
∑
i∈Nk

âHk,iyd,i. (3.10)

The ergodic achievable sum-rate can be written as

RT = (1− B

S
)
∑
k∈K

log2(1 + SINRk). (3.11)

The SINR for the kth UE, whose pilot is reused with the k
′th UE, is given in (3.12). The

numerator of (3.12) represents the signal power, while the first term in the denominator

includes the effect of channel estimation error, the second term is the pilot contamination,

the third term is the sum interference power from other UEs and the last term is the power

of noise. For a UE with unique pilot, the SINR can still be obtained from (3.12) but the

second term of the pilot contamination in the denominator of (3.12) should be neglected.

SINR〈k,k′ 〉 =
ρd(
∑

i∈Nk
âHk,iĝk,i)

2

ρd[(
∑

i∈Nk
âHk,ig̃k,i)

2 + (
∑

i∈Nk
âHk,igk′ ,i)

2 +
∑

q∈K
q 6=k
q 6=k′

(
∑

i∈Nk
âHk,igq,i)

2]+ (
∑

i∈Nk
âHk,izd,i)

2

(3.12)

In order to simplify the SINR in (3.12), the deterministic equivalent analysis from [54]

is employed here. The results in [54] are asymptotic since the SINR formulas were derived

by considering the number of antennas increases considerably. However, simulation results

in [54] demonstrate that even for a small number of antennas, the fit between simulation

and approximation is acceptable. According to ([54], Theorem 5), the SINR for MMSE

detector is given in ([54], equation (25)). This formula is modified to match the single cell

DM-MIMO scenario of this chapter as shown in (3.13) and (3.14), for a UE without pilot

reuse and a UE with pilot reuse, respectively. The elements of the channel vector from
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the kth UE to the antennas of the base station in [54] are replaced by the channel vector

from the UE to all the antennas of the serving set of RRHs (Nk). In the denominator

of both (3.13) and (3.14), the first term represents the power of noise, the second term

is the sum interference power from other UEs and the third or the last term in (3.14)

is the pilot contamination. The parameters of δk, µ〈q,k〉, ϑk and T
′

can be calculated by

using ([54], Theorem 1 and Theorem 2). These parameters depend on Z̄, which can be

calculated from Z̄ =
∑

k∈K(R̄k − Θ̄k) [54]. R̄k is a diagonal matrix with the diagonal

entries of αk,i,m for all the antennas equipped with all the serving RRHs cluster Ni, where

αk,i,m = αk,i for m ∈ Mi, ∀i ∈ Ni. Similarly, Θ̄k is a diagonal matrix with the diagonal

entries of θk,i,m for all the antennas equipped with all the serving RRHs cluster Ni, where

θk,i,m = θk,i for m ∈ Mi, ∀i ∈ Ni. Then, ([54], Theorem 1, Theorem 2 and Theorem 3)

can be employed to calculate the parameters3 δk, T̄
′
, µ〈q,k〉 and ϑk, which are all functions

of R̄k and Θ̄k.

SINRk =
δ2k

1
ρd(NM)2

tr Θ̄kT̄
′ + 1

(NM)2

∑
q∈K
q 6=k

µ〈q,k〉
(3.13)

SINR〈k,k′ 〉=
δ2k

1
ρd(NM)2

tr Θ̄kT̄
′ + 1

(NM)2

∑
q∈K
q 6=k

µ〈q,k〉 + |ϑk′ |2
(3.14)

3.2.1 Problem Formulation

In this chapter, the DPR scheme is developed to allocate the pilots with the objective of

maximising the achievable uplink sum-rate in (3.11) under some practical constraints and

3The explicit formulas of these parameters are presented in Appendex A.1
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by utilising the user-centric cluster method. Hence, this problem can be formulated as

max
P(K,Q)

E{RT}, (3.15a)

s.t. SINR〈k,k′ 〉 ≥ γth, ∀k, k
′ ∈ K when qbk = qb′k

(3.15b)

Nk ∩Nk′ = Ø,∀k, k′ ∈ K. (3.15c)

It can be seen from (3.15) that the reuse of the pilots between pairs of UEs is considered.

For any pair of UEs {k, k′}, the following constraints are provided: First, the constraint

(3.15b) means that each UE in a pair with the same pilot should satisfy a SINR threshold

(γth). This threshold will be optimised in subsection 3.3.1 to satisfy the objective in

(3.15a). No SINR constraint is considered for the UEs with unique pilots. Following

that, constraint (3.15c) indicates that the two RRH clusters Nk and Nk′ must not be

overlapped, as explained earlier. It is assumed in this problem that only B pilots are

available. Furthermore, the number of times of pilot reuse is denoted as ω, where ω is

upper bounded by min(Np, B), and

Np =


K
2
, if K is even

K
2
− 1, if K is odd.

(3.16)

3.3 Algorithm for Dynamic Pilot Reuse

The optimal solution of the problem in (3.15a) can be obtained by the exhaustive search

method, in which it is required to test all possible pilot allocation schemes and choose the

one that satisfies the aim of maximising the sum-rate. However, the exhaustive search

method may cost high complexity especially in the case of high number of UEs. Therefore,

a low-complexity algorithm is presented in this section. The pseudocode of this algorithm

is clarified in Algorithm 3.1. In this algorithm, two UEs separated by a large distance
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3. Pilot Reuse in DM-MIMO

can share the same pilot to ensure a marginal channel estimation error. The reuse is only

allowed when the potential SINRs for the two UEs sharing the same pilot are still higher

than the SINR threshold γth. The SINRs of these UEs can be calculated based on (3.14),

which includes the effect of pilot contamination. Additionally, (3.14) depends on the UEs’

large-scale fading coefficients αk,i. This means that it is required in Algorithm 3.1 to

have large-scale channel gains, which change very slowly and can be easily obtained. In

Algorithm 3.1, no reuse will be permitted if no pair satisfies the required γth, and only

B UEs will be served in this case. Algorithm 3.1 should update the pilot allocation

for UEs when the number of UEs K changes or the location of the UEs changes as this

affects constraint (3.15c).

The selection of the pairs of UEs that are able to share the same pilot can be sum-

marised in two stages: In the first stage, the UEs are classified into pairs, in a descending

order, according to the separation distance. A search is then fulfilled within these pairs

to determine which is able to cope with the reuse condition to assign the same pilot to

its two UEs. The full explanation of Algorithm 3.1 can be described as follows:

1. Initialization: In line 1, an initialization of the pilot allocation, the number of pairs

of UEs that use the same pilots (v) and the pair index (f) is performed.

2. UE Pairs Classification: A search is achieved in line 2 for the possible configurations

of UE pairs, where the serving sets of RRHs for the UEs in each pair should not

be overlapped. The set of UE pairs are ordered descendingly in [θ1, · · · , θf , · · · , θF]

according to the separation distance, where F is the number of acceptable pairs.

3. UEs Selection: In line 4, the pair θ1 is initially chosen, and the two UEs of this pair

are considered as {k, k′}.
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Algorithm 3.1: Dynamic pilot reuse algorithm

1 INPUT: System parameters: K, M , B, N , ω and γth;

2 Large scale fading coefficients αk,i.

3 OUTPUT: Pilot allocation: P(K,Q).

1: P(K,Q) = 0, pilot reuse times (v = 0), iteration number (f = 1).

2: Form the UE pairs set [θ1, θ2, · · · , θf , · · · , θF], where F is the number of pairs.

3: while v < ω OR f < F do

4: for a pair of UEs (k, k
′
) with order θf do

5: if SINR〈k,k′ 〉 ≥ γth AND SINR〈k′ ,k〉 ≥ γth then

6: qbk = qb
k
′ .

7: Increment number of reuse v = v + 1.

8: Increment pair index f = f + 1.

9: Go to line 4.

10: else

11: Increment pair index f = f + 1.

12: Go to line 4.

13: end if

14: end for

15: end while

16: if v = ω OR f = F then

17: Randomly allocate the rest of the pilots.

18: end if
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4. Pilot Reuse Condition: For the pair of UEs {k, k′} selected in line 4, the potential

values of SINR〈k,k′ 〉 and SINR〈k′ ,k〉 are calculated based on equation (3.14) and

compared with γth. If both of them are larger than or equal to γth, one pilot will be

allocated for the two UEs as shown in line 6. Later, a new pair of UEs is selected

and tested (lines 8-9 or 11-12).

5. Pilot Reuse Termination: As shown in line 3, the above procedures to reuse pilots

will be repeated a number of times equal to ω or when all the pairs of UEs are tested

(f = F). The parameter v in line 7 counts how many pilots are reused. When v

equals ω or when all pairs of UEs are tested, reusing pilots will be terminated. It

is necessary here to allocate the remaining pilots, if there is, randomly to the rest

of the UEs as shown in lines 16 and 17. If all pairs satisfy the SINR constraint and

in the end some pilots are still available, the pairs with lowest average SINR will be

dissociated and unique pilots will be allocated to each UE in these pairs.

3.3.1 Determining the Optimal SINR Threshold (γth)

The value of γth utilised in Algorithm 3.1 is calculated by considering a simple method

called the iterative grid search (IGS) [38] to find the threshold that provides the objective

of maximum sum-rate in (3.15a). In IGS method, it is first required to measure the

minimum and maximum values of γth, i.e. γmin and γmax, respectively. In the extreme

case when γth ≤ γmin, any pair of UEs can meet the SINR constraint in (3.15b) whatever

the separation distance between them. In this case, maximum number of UEs can be

served, but high pilot contamination is expected. On the other hand, when γth ≥ γmax,

no pair is able to meet the SINR constraint. This case indicates that no reuse can

be applied and the number of UEs that can be served is the same as the number of
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pilots (B) with no pilot contamination. The near-optimal threshold should be located

between [γmin and γmax] and can be found by sampling the interval [γmin and γmax] by

Nb points with uniform subinterval ∆ = (γmax − γmin)/(Nb − 1). At each point, the

sum-rate is calculated, and the threshold that provides the maximum sum-rate value will

be considered as γ
(1)
max. These procedures will be repeated by supposing that the new

threshold interval is, [γ
(1)
max −∆(1)/2, γ

(1)
max + ∆(1)/2]. These steps will be applied T times

in an iterative way, where T is the number of iterations. The final near-optimal threshold

will be γth = γ
(T )
max.

3.3.2 Complexity Analysis

The computational complexity of Algorithm 3.1 is investigated in this subsection. The

maximum number of the possible combinations of UE pairs that satisfy (3.15c) is F =∑K−1
f=1 f . Therefore, the highest complexity for Algorithm 3.1 is achieved when it is

required to search over all the combinations of UE pairs to find the pairs that can meet the

pilot reuse condition based on a specific threshold γth. By including the pairs classification

and the search over UE pairs, the complexity of Algorithm 3.1 is O(2
∑K−1

f=1 f) in

the case of using a fixed SINR threshold γth. Using the IGS method to find γth that

provides the maximum sum-rate requires additional iterations equal to (NbT). As a result,

the upper bound of the total complexity when the optimised threshold is used will be

O((NbT + 2)
∑K−1

f=1 f).

3.4 Simulation Results

The uplink performance of the proposed pilot reuse scheme in a single cell dense TDD

DM-MIMO network is evaluated in this section. The UEs are randomly and uniformly
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placed in the cell, and the distribution of the RRHs follow the topology structure shown

in Figure 3.1 with S = 2, i.e., N = 19, The large-scale fading coefficient αk,i can be

calculated as αk,i = ℘k,i/(dk,i/ro)
α, where ℘k,i represents the shadow fading and it obeys

a log-normal distribution, which is represented by, 10 log10(℘k,i) ∼ CN (0, σshad), and dk,i

is the distance between the kth UE to the ith RRH [14]. The other simulation parameters

are set as follows: Cell radius R = 2000m, decay exponent α = 3, shadow fading standard

deviation σshad = 8 dB, transmit power for both pilots and data ρp = ρd = 40 dBm,

normalised radius ro = 100m and the IGS parameters4 are Nb = 5 and T = 2. For

comparison purposes, the performance of the following pilot reuse schemes are included

beside the DPR scheme with an optimised threshold:

1. Orthogonal pilot allocation: A unique orthogonal pilot is allocated for each UE in

this scheme. Thus, the number of admitted UEs is equal to the number of pilots B.

2. Random pilot reuse: In this scheme, UE pairs are selected randomly to allocate the

same pilot for them without taking into account any SINR constraint.

3. DPR scheme with no threshold: This scheme adopts the DPR algorithm as well but

allocating the pilots to UE pairs is performed based only on the separation distance

between the two UEs in each pair. This indicates that the SINR constraint will not

be taken into account in this case too.

4. DPR scheme with a fixed threshold: The DPR algorithm is utilised here with a

fixed SINR threshold which means that the IGS method is not adopted in this case.

To guarantee the fairness, the number of times of pilot reuse ω in the DPR scheme

4The value of T was chosen based on the simulation results. When T is bigger than 2, the same value

of the SINR threshold γth will be continuously obtained.
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with the no threshold, the fixed threshold and the random pilot reuse scheme is supposed

to be the same as ω in the DPR scheme with the optimised threshold.

In Figure 3.2, the uplink achievable sum-rate is plotted versus the number of available

pilots B with K̄ = 32, S = 64 and M = 20. As expected, the orthogonal pilot allocation

scheme has the worst performance since no UEs are allowed to reuse the pilots. On the

other hand, the performance of the DPR scheme with the optimised threshold outperforms

the random pilot reuse scheme, the DPR scheme with fixed SINR thresholds (5 dB and

10 dB) and no threshold cases. The random selection of UE pairs to reuse their pilots in

the random pilot reuse scheme may lead to a severe pilot contamination in pairs with low

separation distances. Furthermore, a fixed threshold is generally less effective than the

optimised one in the DPR scheme although all UEs guarantee their SINR requirements

through the fixed threshold. The sum-rate performance at the threshold of 5 dB is better

than the 10 dB as more UEs can be admitted in the case of 5 dB compared with the

10 dB as shown in Figure 3.3. Using the IGS method to continuously find the threshold

that provides the maximum sum-rate gives the superiority to the DPR scheme when this

threshold is adopted. However, additional computational complexity is needed due to the

use of the IGS method compared with the fixed threshold.

Figure 3.3 shows the number of admitted UEs versus the number of available pilots B

for the orthogonal pilot allocation and the DPR scheme with the optimised threshold, 5

dB and 10 dB thresholds when K̄ = 32, S = 64 and M = 20. The numbers of admitted

UEs for the three cases increases with increasing the number of available pilots. However,

the orthogonal pilot allocation scheme can serve the lowest number of UEs since no UEs

are allowed to reuse the pilots. For the fixed threshold DPR scheme, the number of

admitted UEs increases when the threshold decreases as more UEs can satisfy the SINR

constraint. In the case of the optimised threshold DPR scheme, the number of admitted
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Figure 3.2: Uplink achievable sum-rate versus the number of pilots B.

UEs depends on the threshold itself, where the aim here is get the maximum sum-rate

which does not guarantee a maximum number of admitted UEs.

The uplink achievable sum-rate is shown in Figure 3.4, by supposing K = 16, B =

8, S = 64 with M = 10, 20, 50 and 100. It is obvious that the sum-rate performance is

continuously improved as M increases for all the reuse schemes owing to that a higher

array gain can be obtained. This indicates that it is possible to reuse more pilots if a

larger number of antennas is utilised as more UEs can satisfy the SINR constraint.

Figure 3.5 plots the uplink achievable sum-rate for the DPR scheme with the optimised

threshold versus the number of pilots B with K̄ = 32, S = 64, M = 20 and for various

sizes of serving cluster (|Nk| = 1, 2, 3 and 4). The rate performance is generally improved

as |Nk| increases, where more of the nearest RRHs will serve the UEs. Thus, more uplink

signals for these UEs will be coherently detected by the CPU. However, when |Nk| is
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Figure 3.3: Number of admitted UEs versus the available pilots B.
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Figure 3.4: Uplink achievable sum-rate versus the number of antennas M .
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Figure 3.5: The impact of the size of Nk on the uplink achievable sum-rate.

greatly increased, such as when |Nk| = 3 or 4, the two sets of Nk of a pair of UEs that

share a single pilot will be closer to each other. Hence, higher pilot contamination could

be received by RRHs located close to the second UE using the same pilot. This will

negatively affect the sum-rate performance which will not be further improved.

Finally, the impact of changing the coherence block size S on the sum-rate performance

of both the DPR scheme with the optimised threshold and the orthogonal pilot allocation

scheme is shown in Figure 3.6 for different values of B. It is supposed here that K̄ = 32,

M = 20, with three cases (S =32, 64 and 128). It is clear that the performance of the

both two reuse schemes increases as S increases. The effect of the prelog-factor (1 − B
S

)

in (3.11) appears here. For a fixed B, the prelog-factor increases as S increases, where a

greater part of the transmission block is employed for data transmission.
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Figure 3.6: The effect of the transmission block size on the achievable sum-rate.
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Chapter 4

Pilot Assignment in a CF massive

MIMO System

In the previous chapter, the DPR scheme was presented assuming that a pilot can be

shared by a pair of UEs located in a single cell of DM-MIMO. Although this scheme can

be implemented in a CF massive MIMO system, reusing a pilot once can be impractical

in the CF network that is supposed to cover a larger area than that of a single cell.

In addition, a dense network was assumed in the previous scenario so a UE could has

a high probability to obtain at least one nearby RRH being served this UE, thereby a

good signal quality could be delivered. In this chapter, another pilot allocation design

is presented that can be applied in CF networks of any size. This pilot reuse scheme

is designed to specifically target the UEs suffering bad channel qualities, especially in

non-dense networks in which some UEs might be far away from all the RRHs.

4.1 System Model

In this section, the network model for the CF massive MIMO is first presented. The signal

model is then described together with the channel estimation method.
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4. Pilot Assignment in CF Massive MIMO

Figure 4.1: CF massive MIMO by supposing K̄ = 12.

4.1.1 Network Model

A downlink CF massive MIMO network is considered as shown in Figure 4.1. This network

consists of K̄ UEs and N RRHs, that simply transmit/receive radio signals. The set RRHs

is denoted as N = {1, · · · , N}, and the set of UEs is denoted as K̄ = {1, · · · , K̄}. It is

supposed that K UEs are admitted in this network and the set of these UEs is denoted

as K ⊆ K̄. It has been presented in [15] that deploying a few multi-antenna RRHs in the

CF massive MIMO is more beneficial than utilising many single-antenna APs from the

channel hardening and spectral efficiency aspects. Increasing the number of antennas per

RRH additionally means more array gain and less backhaul requirements [15]. Therefore,

multiple antenna RRHs are assumed in this chapter, and each has M antennas. As shown

in Figure 4.1, all RRHs are placed randomly in a large area and connected to a CPU via

fronthaul links (the red dashed lines in Figure 4.1). The CPU has access to all UEs’ CSI

and data information. It is further assumed that UEs are equipped with single-antennas.
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4.1.2 Signal Model

To reduce the computational complexity and data sharing overhead for the CF massive

MIMO, the user-centric approach [22, 23] is adopted in this chapter as well. In this

approach, a UE, for example UE k, only communicates with the nearest N RRHs, repre-

sented by the set Nk ⊆ N . Furthermore, the set of UEs served by RRH i is denoted as

Ki ⊆ K. When applying the user-centric approach in the CF massive MIMO, the RRH

sets for serving different UEs may overlap with each other. That is, for two UEs k and

k
′
, Nk ∩ Nk′ 6= ∅, ∀k, k′ ∈ K. After applying the user-centric approach, the baseband

received signal at UE k is modelled as

yk =
∑
i∈Nk

√
ρi,k hHi,kwi,ksk︸ ︷︷ ︸

Desired Signal

+
∑
k
′∈K
k
′ 6=k

∑
i∈N

k
′

√
ρi,k′ hHi,kwi,k′sk′

︸ ︷︷ ︸
Interference from other UEs

+ zk︸︷︷︸
Noise

, (4.1)

where hi,k ∈ CM×1 and wi,k ∈ CM×1 denote the downlink channel-vector and the precoding-

vector from RRH i to UE k, respectively. sk is the data symbol for UE k, and has unit

power E{|sk|2} = 1, and ρi,k denotes the transmit power assigned to UE k from RRH i.

Finally, zk ∼ CN (0, σ2
k) stands for the additive complex white Gaussian noise (AWGN).

The channel model includes the uncorrelated Rayleigh fading channel, which means that

the channels are independent between UEs, RRH antennas and the coherence intervals.

This assumption is based on the fact that the RRHs and the UEs are spread out over a

wide area, therefore the scatterers for each RRH and each UEs are probably different [18].

The channel response vector hi,k is assumed to follow CN (0, αi,kI), where the variance

αi,k models the large-scale component that involves both the path-loss and the shadowing.
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4.1.3 Uplink Channel Estimation for Intra-cluster CSI

Uplink and downlink transmissions in this scenario are executed by the TDD protocol.

In addition to the uplink and downlink transmissions, each coherence interval includes a

phase dedicated of uplink training. Since RRHs are considered as only simple radio units,

the channel estimation of the uplink channels is assumed to be implemented in the CPU

by utilising the pilot signals sent synchronously during the uplink training phase. It is

not needed for RRHs to transmit pilots during the downlink transmission to measure the

channel realisations. Alternatively, channel statistics are only needed due to the channel

hardening phenomenon, as mentioned earlier [15, 18]. It is assumed that for a coherence

interval of length S symbols, B symbols are dedicated for the uplink channel training.

Then, the length of the pilot sequences that can be provided is B. The maximum number

of the orthogonal pilot signal that can be available to serve the UEs is B as well. The

remaining S − B symbols of the coherence interval are devoted for data transmission. It

is further assumed that B is smaller than the total number of UEs in the network, i.e.,

B < K. Consequently, without pilot reuse in CF massive MIMO, only B UEs can be

served at the same time. In this chapter, the focus is on the case that B < K, and a

proper pilot reuse scheme is proposed to enable UEs to share pilot sequences wisely in

order to minimise the maximum estimation error for all UEs.

The available pilot set and their corresponding orthogonal pilot signals are denoted

as Q = {1, 2, · · · , b, · · · , B} and Q = {q1,q2, · · · ,qb, · · · ,qB} ∈ CB×B, respectively.

Each sequence in the matrix Q is mutually orthogonal with other sequences such that

QHQ = IB. An arbitrary pilot reuse scheme with UEs set K and pilot set Q is denoted as

P(K,Q) = {(k, bk) : k ∈ K, bk ∈ Q}, where (k, bk) ∈ P(K,Q) denotes the pilot sequence

qbk associated with the UE k. Furthermore, it is considered that Kb = {k : bk = b} is the
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group of UEs sharing the bth pilot sequence.

During the training phase, each UE needs to transmit its assigned pilot to the RRHs

to measure the CSIs. Given the pilot reuse scheme P(K,Q), the received signal at RRH

i arranged in a structure of size M ×B, is given by

Yp,i =
√
ρp
∑
k∈K

hi,kq
H
bk

+ Ni, (4.2)

where ρp is the transmit power for pilots, while Ni is the additive noise matrix received

during the training phase with entries having the distribution CN (0, σ2
p).

To estimate the channel-vector hi,k, where i ∈ Ik, Yp,i is first projected into qbk as

yp,i,k =
1
√
ρp

Yp,iqbk ,

= hi,k +
∑

k′∈Kbk
\{k}

hi,k′ + ni, (4.3)

where ni = 1√
ρp

Niqbk . The minimum mean square error (MMSE) estimate of channel hi,k

is given by

ĥi,k = αi,k(
∑
k′∈Kbk

αi,k′ + σ̂p
2)−1yp,i,k, (4.4)

where σ̂p
2 = σ2

p/ρp. Based on the property of MMSE estimation [55], the estimated

channel ĥi,k is independent of the estimation error h̃i,k. Therefore, hi,k can be decom-

posed as hi,k = ĥi,k + h̃i,k, and both ĥi,k and h̃i,k can be described as CN (0, θi,kIM) and

CN (0, ψi,kIM), respectively, where θi,k is expressed as [32,56]

θi,k =
α2
i,k∑

k′∈Kbk
αi,k′ + σ̂p

2 . (4.5)

In addition, ψi,k can be written as

ψi,k = αi,k − θi,k =
αi,k(

∑
k′∈Kbk

\{k} αi,k′ + σ̂p
2)∑

k′∈Kbk
αi,k′ + σ̂p

2 . (4.6)
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Since the average channel estimation error will be considered later, a UE that is close

to a RRH might have a very good channel where the estimation error ψi,k will be large

in absolute terms and will dominate over all the UEs having very weak channels to all

RRHs. This can be addressed by utilising the normalised mean square error of the channel

estimate (NMSE), where this metric will be employed in this chapter to compare the

estimation quality of different pilot allocation schemes. NMSE can be defined as [21,39]

NMSEi,k ,
E‖ĥi,k − hi,k‖2

E‖hi,k‖2
=
ψi,k
αi,k

. (4.7)

Due to each UE being served by multiple RRHs, the aggregated NMSE per UE (ξk) needs

to be generated. Therefore, the sum MSE for all the channels between the serving RRHs

set (Nk) and UE k divided by the sum of the variance of these channels is considered1.

In other words, the NMSE per UE can be represented as

ξk =

∑
i∈Nk

ψi,k∑
i∈Nk

αi,k
. (4.8)

ξ̄ will be additionally adopted to represent the average NMSE for all UEs in K.

4.1.4 Downlink Sum-rate Performance

In this section, the downlink achievable sum-rate performance will be analysed for the CF

massive MIMO network considering an arbitrary pilot assignment scheme along with the

user-centric approach. The maximum-ratio transmission (MRT) precoding technique is

assumed here. When the MRT precoding is used, the RRH i needs only ĥi,k to form the

1In calculating the total NMSE per user, averaging all the NMSEi,k from the severing set Nk to the

UE k is not recommended. If there is one RRH that is too close to UE k, a very low NMSEi,k can

be expected from this RRH. If the other RRHs are assumed to be far away from UE k, high NMSEi,k

are obtained from these RRHs. This creates a high total NMSE at UE k as the high values of NMSEi,k

dominate the one with low value, and this does not reflect the fact that UE k delivers a good performance

as it is close to one of the RRHs. This has been also addressed in this chapter by using equation (4.8).
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precoding vector for UE k. As a result, the MRT precoding is not affected by the local CSI

approach as ĥi,k is always available, however this is not the case when the zero forcing

(ZF) precoding is utilised. Under MRT representation, the precoding vector shown in

(4.1) can be written as [56]

wi,k =
ĥi,k√

E{‖ĥi,k‖2}
. (4.9)

The SINR analysis of the coherent transmission in [56] is employed in this chapter. The

formula of the lower-bound SINR for UE k in [56] was derived in the scenario of multi-cell

co-located massive MIMO with joint coherent transmissions as shown in ([56], Appendix

F). In the following, this formula is modified to match the scenario of user-centric CF

massive MIMO in this chapter as2

SINRkmin
=

M
(∑

i∈Nk

√
ρi,kθi,k

)2
M
∑

i∈Nk

∑
k′∈Kbk

\{k} ρi,k′ θi,k +
∑

i∈Nk

∑
k′∈K ρi,k′ αi,k + σ2

k

. (4.10)

In this chapter, it is assumed that each RRH distributes its power among the UEs served

by this RRH based on the channel estimate strengths of these UEs. Thus, it is possible

to describe ρi,k as [23]

ρi,k =
Pi|ĥi,k|2∑
l∈Ki
|ĥi,l|2

, (4.11)

where Pi is the total power transmitted by RRH i. The power control shown in (4.11) is

similar to the maximum ratio combining approach for multipath diversity reception. For

the SINR formula in (4.10), the numerator shows the signal power collected coherently

from the set of serving cluster of RRHs, providing a better signal gain than utilising a

single RRH. Benefiting from the array gain, the signal power increases with M . In the

denominator of (4.10), the first term is the pilot contamination which increases with M .

2The derivation of this formula is presented in Appendix A.2.
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The well designed pilot allocation scheme can provide a properly selected set of UEs

sharing the same pilot which reduces ψi,k and increases θi,k to enhance the SINR. The

second term is the sum interference power from other UEs and the third term represents

the power of noise. Finally, the lower-bound of the downlink ergodic achievable sum-rate

of all admitted UEs is

RTmin
= (1− B

S
)
∑
k∈K

log2(1 + SINRkmin
). (4.12)

4.2 Proposed Pilot Assignment Scheme

This section includes the proposed pilot allocation scheme aiming to achieve the objec-

tive of minimising the maximum estimation error with consideration of some practical

constraints and a fixed number of pilot sequences.

4.2.1 Problem Formulation

In CF massive MIMO systems, as UEs with high pilot contamination limit system per-

formance significantly [14], the pilot allocation in this chapter aims to minimise the max-

imum channel estimation error of all K UEs. Therefore, the problem of pilot allocation

is formulated in the following

Pe : min
P(K,Q)

max
∀k ∈ K

ξk, (4.13a)

s.t.Nk ∩Nk′ = ∅,when qbk = qb′k
, k 6= k

′
, ∀k, k′ ∈ K, ∀qbk ∈ Q, (4.13b)

max
b
gb ≤ G, ∀b ∈ Q. (4.13c)

The constraint in (4.13b) indicates that it is required for the UEs sharing the same pilots

to be associated with non-overlapped RRH clusters. In other words, the UEs served

by the same RRH should be allocated with different orthogonal pilots for them. This
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enables the CPU to differentiate the channels from UEs served by at least one common

RRH. A similar idea is implemented in the cell-based scenarios where all UEs in the same

macro-cell should be assigned orthogonal training sequences. In Figure 4.1, by allowing

each UE is associated with its nearest two RRHs (i.e. N = |Nk| = 2, ∀k ∈ K) based on

the user-centric approach, UE 1, UE 2, UE 9 and UE 12 should utilise orthogonal pilots

according to (4.13b) since the serving RRH clusters for all these UEs include one common

RRH (RRH 8). Another constraint (4.13c) is employed to control the reuse times for each

pilot sequence. In (4.13c), gb is the number of times the lth pilot sequence, l ∈ Q is used,

and G is the limit of the number of times of reuse. This constraint is necessary to avoid

high estimation error for some UEs, and to guarantee that there are no pilots that are

extensively reused relative to other pilots.

The NMSE formula shown in (4.8) depends mainly on the large-scale fading coefficients

αi,k that vary at a slow rate, compared with the small-scale fading ones, and can be easily

tracked by the CPU. Thus, the optimisation problem Pe can be rewritten as

Pe : min
P(K,Q)

max
∀k ∈ K

∑
i∈Nk

ψi,k∑
i∈Nk

αi,k
. (4.14)

s.t. (4.13b) and (4.13c).

To solve Pe, the exhaustive search method can be utilised, in which all possible pilot

allocation schemes are checked and the one that achieves the objective of minimising

the maximum estimation error of all UEs while both (4.13b) and (4.13c) are satisfied is

adopted. However, this is demanding computationally, especially in the case of a high

number of UEs. In the subsequent section, a computation-feasible pilot allocation scheme

is presented that can be suitably applied to improve the channel estimation error of UEs.

56



4. Pilot Assignment in CF Massive MIMO

4.2.2 Pilot Assignment Scheme

In order to solve the optimisation problem Pe, the following pilot allocation scheme is

developed. Initially, the lower limit of ψi,k can be easily obtained as provided in Theorem

4.1.

Theorem 4.1. The minimum value of ψi,k can be written as

ψi,kmin
=

αi,k σ̂p
2

αi,k + σ̂p
2 , (4.15)

and ψi,k = ψi,kmin
can be obtained if and only if

∑
k′∈Kbk

\{k}

αi,k′ = 0. (4.16)

Proof. From (4.6), ψi,kmin
can be obtained

ψi,k =
αi,k(

∑
k′∈Kbk

\{k} αi,k′ + σ̂p
2)∑

k′∈Kbk
αi,k′ + σ̂p

2 (4.17)

≥ αi,k σ̂p
2

αi,k + σ̂p
2 . (4.18)

When 0 ≤ αi,l ≤ αi,k, l ∈ Kbk\{k}, ψi,k will be increased monotonically when the set of

UEs sharing the bthk pilot increases. Thus, if and only if αi,l = 0, l ∈ Kbk\{k}, i.e., when

UE k utilises unique pilot, the following can be satisfied

∑
l∈Kbk

αi,l = αi,k. (4.19)

Plugging (4.19) into (4.17) will lead to (4.15).

It can be seen that the minimum channel estimation error is achieved when a unique

pilot is assigned to the UE, where noise will be the only contributor to the channel

estimation error. However, as the pilot reuse is unavoidable when a large number of UEs

(when K > B) have to be served, it is necessary to allocate pilots wisely to avoid having
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a high channel estimation error. Inspired by the channel estimation error in (4.6), a series

of parameters {ηk}Kk=1 are declared to determine the statistical channel quality of the UEs

in the network. These parameters can be defined as

ηk =
∑
i∈Nk

αi,k, k = 1, 2, · · · , K. (4.20)

Furthermore, another set of parameters {Υk}Kk=1 is defined to evaluate the pilot contam-

ination caused by UEs sharing the same pilot sequence with UE k as

Υk =
∑

k′∈Kbk
\{k}

∑
i∈Nk

αi,k′ , k = 1, 2, · · · , K. (4.21)

It is assumed that Pu(Ku,Qu) = {(1, bu1), (2, bu2), · · · , (Ku, b
u
K)} is a particular pilot reuse

scheme. The channel estimation error ψk defined in (4.6) for UE k that adopts the pilot

buk and RRH i is then determined by two aspects: the inter-group pilot contamination

Υbuk
caused by UEs sharing the same pilot with UE k, and the channel quality ηk. In

order to minimise the maximum channel estimation error for all UEs in the network,

high pilot contamination at the UEs having bad channel qualities should be avoided. A

heuristic proposed pilot allocation scheme is then proposed based on this idea. At first,

it is necessary to initially measure the minimum number of pilots (h) needed to serve all

the UEs based on the constraints (4.13b) and (4.13b) and to remove some UEs when h is

larger than the number of available pilots B. Thus, an initial stage is designed to identify

the value of h while considering both (4.13b) and (4.13b) and to perform the UE selection

if h > B. In the following, the two stages will be discussed:

4.2.2.1 Initial Stage

The aim of this stage is to calculate the minimum number of pilots h needed to serve

all the UEs in the network and to achieve the UE selection. To fulfil the initial stage,
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un undirected graph is generated, and the graph colouring mechanism utilised in [32] is

adopted. This mechanism depends on the Dsatur algorithm [24, 32, 38], which requires

low complexity. In order to create the indirected graph, and by following [32], a binary

matrix Λ of size K ×K is defined to satisfy (4.13b). In Λ, the element λk,k′ , 1 if the

two UEs k and k
′

are served by at least one common RRH, i.e. Nk ∩ Nk′ 6= ∅, where

k 6= k
′
, otherwise λk,k′ , 0. Based on Λ, the undirected graph is generated, as shown in

Figure 4.2, where the vertices denote UEs and the edges reflect the relationship between

UEs governed by (4.13b) where any two UEs should be linked together if there is at

least one RRH serves both of them. After generating the undirected graph, the graph

colouring mechanism is applied, which allocates a minimum number of colours (equivalent

to pilots) to all UEs. Colouring the vertices should ensure satisfying the constraint of the

maximum number of reuse times G specified in (4.13c) and assigning different pilots to

any pair of UEs connected with each other based on (4.13b) as illustrated in Figure 4.2.

The minimum number of colours used in the graph colouring mechanism is equivalent to

h. After identifying h, if the value of h is higher than B, some UEs need to be excluded

to ensure that h is not higher than B. In the other case when h ≤ B, all UEs can be

served. If h < B, all B pilots will be exploited to serve UEs to further reduce the channel

estimation error.

Algorithm 4.1 is presented here to reveal the procedures of how to measure h and

achieve the UEs selection when h > B.

The full explanation of Algorithm 4.1 can be described as follows:

1. Initialization: In line 1, the used pilot set is initialized as a null set, i.e., Qused = 0.

Given αi,k, the matrix Λ can be calculated. In line 2, the first pilot is then allocated

to UE 1 and Qused is updated.
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Figure 4.2: The indirected graph for the network in Figure 4.1 by assuming N = |Nk| =

2, ∀k ∈ K̄ after colouring its vertices by supposing G = 3.

2. Loop Condition: The rest of UEs in the set K̄ are assigned to their corresponding

pilots in turn, and therefore the for loop in line 3 will go through all these UEs.

3. Temporary Pilot Set: To determine whether a new pilot or one of the previously

used pilots is required, the set Qtemp is established in line 4. This set includes the

pilots of any UE within the set {UE 1 to UE k − 1} that has a link with the UE k

in the undirected graph. A check is performed in line 5 on each UE k sequentially.

4. A New Pilot Allocation Condition: In the case when Qused ∩ Qtemp = Qused, this

means that Qused ∩ Qtemp includes all pilots that have already used Qused. Thus, a

new pilot needs to be assigned to UE k and Qused requires updating as illustrated

in line 6.

5. Unlinked Pilot Set: In line 8, Qun is further defined, which includes the set of pilots

of the UE set {UE 1 to UE k − 1} that is unlinked with UE k in the undirected

graph.
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6. Reuse Times Condition: Qun is updated in line 9 to remove all pilots that have

already been reused G times based on (4.13c). If all pilots are reused G times, i.e.

Qun is empty, a new pilot is allocated to UE k and Qused is updated as in line 11.

Otherwise, the pilot with the minimum index in Qun is assigned to UE k (line 13).

No need to update Qused when a reused pilot is allocated to a UE. After colouring

all the UEs, the cardinality of Qused will be h.

7. UE Selection: If h > B, some UEs needs to be removed until h = B is obtained.

The UE with maximum connections in the undirected graph is first chosen to be

removed, as all the connected UEs need to use different pilots from that utilised

by this UE. It is necessary here to define ℵk ,
∑

k′ 6=k,k′∈K λk,k′ as the number of

connections that the UE k adopts with other UEs. If more than one UEs have

the same maximum number of connections ℵk, among these UEs, the UE with the

weakest channel quality ηk is first chosen to be removed. Afterwards, the matrix Λ

is updated as shown in lines 17 to 19. Finally, a new h is calculated according to

the new Λ and Q by repeating the steps in lines 1 to 16. The final set of K̄ will be

K.

4.2.2.2 Pilot Allocation Stage

After measuring h and determining the set of admitted UEs K through UE selection, the

objective in Pe is achieved by adopting a further stage. In this stage, pilots are allocated

to reduce the maximum channel estimation errors for all UEs. The channel gains for

all UEs are already known through ηk in (4.20) by supposing that the large scale fading

coefficients αi,k are also known as well. The pilot interference information is also provided

by Υk in (4.21). Although this pilot information is not available, the interference that a
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Algorithm 4.1: Measuring h and UE selection

1 INPUT: System parameters: K̄, B, Q, G, ξk, large-scale fading coefficients

(αi,k).

2 OUTPUT: h and the set of admitted UEs (K).

1: Qused = 0, calculate Λ.

Part (1): Measuring h.

2: b1 = 1,K1 = {1},Qused = {1}.

3: for k = 2 to |K̄| do

4: Qtemp = {bk},∀k such that Λ(k, 1 : k − 1) = 1.

5: if Qused ∩Qtemp = Qused then

6: Allocate a new pilot, bk = |Qused|+ 1,Qused ← Qused ∪ {|Qused|+ 1}.

7: else

8: Qun = {Qused \ Qtemp}.

9: Update Qun ← Qun \ {t}, ∀t such that gt > G.

10: if Qun = ∅ then

11: Allocate a new pilot, bk = |Qused|+ 1,Qused ← Qused ∪ {|Qused|+ 1}.

12: else

13: Allocate a reused pilot, bk = min{Qun}.

14: end if

15: end if

16: end for

Part (2): UE selection when h > B.

17: while h < B do

18: Find k̀ = arg maxk∈K ℵk. Select the UE with the weakest ηk if more than one UE

have the same value of ℵk.

19: Remove UE k̀ from K̄, i.e., K̄=K̄/k̀, and update matrix Λ with the new K̄.

20: Go to step (1) to calculate the new h.

21: end while
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UE receives can be controlled through the number of times the pilot associated with this

UE is reused. Thus, the assignment of pilots in this section depends on the UEs with the

low channel quality not receiving high pilot contamination. In other words, the UEs with

the weakest channel quality will be allocated, as much as possible, with unique pilots or

pilots with a low number of reuse times, while at the same time both (4.13b) and (4.13c)

should continue to be satisfied.

The pilot allocation procedures are shown in Algorithm 4.2. The assignment of pilots

requires a search within a number of possibilities of partitions of the UE set K obtained

from the initial stage and choosing the partition that delivers a minimum average channel

estimation error ξ̄. In each partition, UEs are split into subsets equal to the number of

available pilot sequences (B), and all the UEs in each subset will adopt an identical pilot

sequence. The size of each subset should not be larger than G based on (4.13c), and there

is no one common RRH serving the UEs in each subset simultaneously based on (4.13b).

Despite the number of UEs in each subset, or the UEs sharing the same pilot being

bounded at the upper limit by G, the allocations of pilots aims to assign a unique pilot or

pilots with low number of reuse times to the UEs with the worst channel condition. UEs

with the best channel quality are assigned with pilots reused more times. Although a huge

number of UE set partitions can be initially obtained, applying all the above-mentioned

constraints significantly limit the final number of partitions to be accepted for a search.

This will be explained in detail in Section 4.4. The size of UE subsets in one UE set

partition is generally depended on the ratio between K and B. To further clarify how the

size of UEs subsets are decided and how pilots are allocated to UEs in each partition, the

following two cases can be recognised.

1. When K > 2B, the number of UEs is much larger than the number of available
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Algorithm 4.2: Pilot allocation algorithm

1 INPUT: System parameters: K, B, N , h, G, ηk.

2 OUTPUT: Pilot allocation: P(K,Q) = {(k, bk) : k ∈ K, bk ∈ Q}.

1: Find all possibilities of how the UEs set can be partitioned, denote the set of such

partitions by V = [v1, v2, · · · , vf , · · · , vF ], each partition in V should include B

disjoint subsets. Assume for the vf
th partition, Lvf = [l1, l2, · · · , lb, · · · , lB] are the

subsets of this partition, the cardinal number of each subset lb will be, 1 ≤ |lb| ≤ G,

∀lb ∈ Lvf , ∀vf ∈ V . If |lb| ≥ 2, ∀lb ∈ Lvf ,∀vf ∈ V , for (any) UE pair {k, k′} in this

subset, (4.13b) should be satisfied, i.e. Nk ∩N
′

k 6= 0. The partitions in V should

include UEs with the worst channel quality within the smallest subsets.

2: Find vmin = arg minv∈V ξ̄.

3: for b = 1 to B do

4: For the partition vmin, assign the bth pilot to all UEs in lb,

bk = b,Kb = {k}, ∀k ∈ lb,∀lb ∈ vmin.

5: end for

pilots B. Each pilot therefore needs to be reused at least once and at most G as

mentioned earlier. For instance, the case K = 10 with the following UEs ascending

channel gain ηk order [8, 2, 9, 6, 3, 1, 7, 5, 10, 4] is assumed; B = 4 and G = 3 are

supposed in this example. For the partition 2 2 3 3, the two subsets of size 2 have

to be filled, in any order, with any pair from the UEs [8, 2, 9, 6] from the channel

gain ηk vector as they have the weakest channel qualities. Then the remaining UEs

[3, 1, 7, 5, 10, 4] can be placed, in any order, into the remaining subsets of size 3.

The partition at the end can be [{8, 2}, {9, 6}, {3, 1, 7}, {5, 10, 4}], which represents

an acceptable partition to be included in the search for UE partitions for the final

pilot allocation. This supposes that the UEs in each subset in this partition satisfy

(4.13b). As can be seen, this partition contains the UEs with the worst channel
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quality in the subsets filled with a pair of UEs. The remaining UEs have been

placed into the subsets of a larger size.

2. When K ≤ 2B, the UEs with the weakest channel quality are able to utilise unique

pilot sequences, while the UEs with good channel gains can be grouped so that

more then one UE can share the same pilot. If it is assumed that six UEs have

the following increasing channel quality ηk order [2, 6, 3, 1, 5, 4], where UE 2 has the

worst channel quality, by assuming B = 4 and G = 3, the examples of acceptable

partitions that the search in Algorithm 4.2 can include are [2, 6, {3, 1}, {5, 4}] and

[2, 6, 3, {1, 5, 4}]. In these two examples, and the same applies to all other possible

UEs partitions, the UEs with worst channel quality will be allocated unique pilots.

The rest of the UEs will share the rest of the pilots so that two or more UEs utilise

the same pilot.

The proposed pilot allocation scheme can be achieved in the CPU. The assignment of

pilot signal should be updated based on the rate at which the large-scale fading changes

as the formula of NMSE in (4.8) is a function of the large-scale fading coefficients. It has

been demonstrated that even in the case of high mobility, the large-scale fading varies

slowly compared with the coherence interval, where it can be 40 times slower [18, 57].

This will reduce the complexity at the CPU. However, the undirected graph depends on

the mobility of UEs. If the serving cluster of RRHs for an arbitrary UE has been changed

due to moving this UE, the undirected graph will be changed under the constraint (4.13b)

and hence the initial stage of calculating h and achieving the UE selection needs to be

recomputed.
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4.3 Channel Estimation Error Minimisation Problem

In the previous section, a pilot allocation scheme was presented with the objective of

minimising the maximum channel estimation error. As the estimation error will affect

the SINR in the data transmission, so as to the data-rate, in this section, the channel

estimation error minimisation is linked with the SINR and the data-rate performance.

Specifically, by adopting the same constraints of Pe, problem Ps is further developed to

allocate the pilots with the objective of minimising the average channel estimation error

ξ̄ with considering an additional constraint aiming to satisfy a SINR threshold (γth) per

UE. This problem includes finding the minimum number of pilots (hs) needed to serve all

the UEs while satisfying both the objective and the constraints. It is necessary to mention

here that the problem of minimising the training overhead while deploying the user-centric

approach has been solved in both [24, 32] by utilising the graph colouring. However, the

issue of delivering a particular quality of service (QoS) to the UEs and achieving the

objective of minimising the average channel estimation error were not involved in [24,32].

The problem described above can be formulated as

Ps : min
P(K,Q)

(ξ̄, hs) (4.22a)

s.t. SINRkmin
≥ γth, ∀k ∈ K, (4.22b)

Nk ∩Nk′ = ∅,when qbk = qb′k
, k 6= k

′
, ∀k, k′ ∈ K, ∀qbk ∈ Q, (4.22c)

max
b
gb ≤ G, ∀b ∈ Q. (4.22d)

This problem can be solved by utilising Algorithm 4.3, in which the graph colouring

method in Algorithm 4.1 is initially adopted to calculate the number of pilots h required

to serve all the UEs in the network. By assuming B ≥ h, all UEs can be served in this

case and the UE selection is not required. This means that the second part of Algorithm
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4.1 can be avoided when this algorithm is achieved. In this stage, Algorithm 4.4 can

be defined as being the same as of Algorithm 4.2 except that each UE in each partition

should satisfy the constraint (4.22b). If no partition meets the threshold in (4.22b),

another pilot will be added to further improve the SINR of UEs and Algorithm 4.4 will

be repeated again. After updating the number of pilots, the constraint (4.22b) is tested

again. If some partitions satisfy (4.22b) in addition to the other constraints, the partition

with the minimum ξ̄ will be chosen as the final pilot allocation scheme.

Algorithm 4.3: Solving Ps

1 INPUT: System parameters: K, M , B, N , G, ηk, q = 0;

2 Large scale fading coefficients αi,k.

3 OUTPUT: P(K,Q), hs.

1: Apply Algorithm 4.1 to find h.

2: Apply Algorithm 4.4 by utilising h pilots, and denote the set of the partitions

obtained from Algorithm 4.4 as Vs = [v1, v2, · · · , vf , · · · , vF ]. Each partition in Vs
should include h disjoint subsets. For the vf

th partition, Lvf = [l1, l2, · · · , lq, · · · , lh]

are assumed to be the subsets of this partition.

3: if |Vs| = ∅ then

4: h = h+ 1.

5: Go to step 2.

6: else

7: Find vmin = arg minv∈Vs ξ̄.

8: hs = h.

9: end if

10: for q = 1 to h do

11: For the partition vmin, assign the qth pilot to all UEs in lq,

bk = q,Kq = {k},∀k ∈ lq,∀lb ∈ vmin.

12: end for
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4.4 Complexity Analysis

The computational complexity of the proposed algorithms is quantified in this section.

For Algorithm 4.1, the computational complexity O(K2) is required to operate the

initial stage based on the Dsatur algorithm [26]. When some UEs need to be removed,

the Dsatur algorithm should be executed also for at most K times to decide the final set

of admitted UEs, and therefore the complexity has an upper limit of O(K3) in this case.

In Algorithm 4.2, for the set of admitted UEs K with cardinality K, it is required

to partition this set into B non-empty subsets. By assuming that V̄ is the set of these

partitions, the number of ways |V̄| of doing this is
{
K
B

}
, where the notation

{ }
indicates

the Stirling number of the second kind. The explicit formula of
{
K
B

}
can be written

as [58]

|V̄| =
{
K
B

}
=

1

B!

 B∑
i=0

(−1)B−i

 B

i

 iK

 . (4.23)

Due to constraint (4.13c), the illegal partitions that include any subset with the size

ñ, where ñ > G, should be excluded from V̄ . Since there are K!
ñ!(K−ñ)! possible ways to

form the subset of size ñ, the remaining (B − 1) subsets have to be filled with the rest

of (K − ñ) UEs. As there are
{
K−ñ
B−1

}
ways to partition the remaining (K − ñ) UEs into

(B − 1) subsets, the restricted number of partitions | ¯̄V| when the constraint (4.13c) is

considered will be:

| ¯̄V| = |V̄| −
K−B+1∑
ñ=G+1

K!

ñ!(K − ñ)!

{
K−ñ
B−1

}
. (4.24)

The upper limit of ñ shown in (4.24) is ñ = K − B + 1. This can be obtained when a

partition includes a subset of size (K − B + 1) and the remaining subsets contain single

UEs.
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In order to continue excluding the partitions that do not satisfy the constraint (4.13b)

from ¯̄V , and also excluding the partitions that do not include the UEs with the weakest

channel qualities in the subsets with the smallest size, a brute force method will be utilised

in the next part to list the final set of acceptable partitions. The brute force method of

calculating this includes:

1. Listing all the partitions of ¯̄V ;

2. For each of these partitions, determining the number of set partitions of K into

subsets, sizes of which correspond to the partition of K;

3. Summing the number of set partitions corresponding to each partition of K.

There is an explicit formula for step 2. The partition can be written as a1 a2 · · · ap

r1 r2 · · · rp

 (4.25)

where the ai’s are the distinct numbers that appear in the partition and ri is the number

of times that ai is repeated, so that K =
∑p

i=1 riai. For example, if K = 15 and B = 7,

the partition 1 2 2 2 2 3 3 would be written as 1 2 3

1 4 2


After this, the number of (unique) set partitions of K that this gives is [59]

K!

{(a1!)r1(a2!)r2 · · · (ap!)rp} × (r1!r2! · · · rp!)
. (4.26)

The next example shows how this approach would be used to calculate the number of

ways of partitioning a set of K = 12 UEs into B = 6 non-empty subsets. The Stirling

number of the second kind is
{

12
6

}
= 1323652. For the brute force enumeration, 11
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Table 4.1: Partition Sets When K = 12 and B = 6

Partition Number of Possible Partitions

7 1 1 1 1 1 792

6 2 1 1 1 1 13860

5 3 1 1 1 1 27720

4 4 1 1 1 1 17325

5 2 2 1 1 1 83160

4 3 2 1 1 1 277200

3 3 3 1 1 1 61600

4 2 2 2 1 1 207900

3 3 2 2 1 1 415800

3 2 2 2 2 1 207900

2 2 2 2 2 2 10395

possible partitions are generated in Table 4.1 and the formula (4.26) has been applied for

each. Summing the number of possible partitions for each case in Table 4.1 will give the

Stirling number 1323652. By applying the constraint (4.13c), the brute force approach

can easily be adopted by just excluding any partitions with any subset of a size larger

than G. For the example in Table 4.1, when G = 3, the restricted list of partitions are

illustrated in (Nsubsets1) in Table 4.2. The summation of these partitions is 695695.

In order to keep only the partitions that include UEs with the worst channel quality

within the subsets with the smallest sizes as described earlier, the following formula needs

to be applied in turn to the subsets of each size [59]

p∏
i=1

(airi)!

ri!(ai!)ri
. (4.27)
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For instance, the partition 3 3 2 2 1 1 is equivalent to

 1 2 3

2 2 2

, and the number of

allowable subsets is

2!

2!(1!)2
× 4!

2!(2!)2
× 6!

2!(3!)2
= 1× 3× 10 = 30.

This can be applied similarly for all the partitions. The results are given in the third

column (Nsubsets2) of Table 4.2. Note that the partition 2 2 2 2 2 2 has been excluded

from Nsubsets2 as all its subsets have the same size, therefore there is no advantage for

the UEs with the weakest channels when this partition is utilised.

Since the constraint (4.13b) refers to the fact that it is not possible for any set of

UEs sharing the same pilot to be served by any common RRH. This additionally re-

duces the number of acceptable partitions. Any partition with a subset of UEs served by

at least one common RRH should be excluded here. For N RRHs, and for the special

case where each UE is served by the nearest two RRHs, the probability that a particu-

lar subset of 2 is allowable, in the sense that the two UEs in this subset have different

nearest two RRHs is (N−2)(N−3)
N(N−1) . Furthermore, the probability that a subset of 3 or

4 includes UEs with non-overlapping serving RRH clusters is (N−2)(N−3)(N−4)(N−5)
(N(N−1))2 and

(N−2)(N−3)(N−4)(N−5)(N−6)(N−7)
(N(N−1))3 , respectively. For example, if there are 12 RRHs, the prob-

ability that a subset of three UEs will have different serving clusters, is 0.289. Thus, for

the partition 3 3 3 1 1 1, all three sets of 3 need to be allowable, and the probability of

this is 0.289 × 0.289 × 0.289 = 0.024. After that, the number of partitions of the form

3 3 3 1 1 1 (given by Nsubsets2 in Table 4.2) is multiplied by this probability. The results

are shown in the final column (Nsubsets3) of Table 4.2. The results of the final column

do not provide the exact number in general, but the exact number depends on the spatial

location of the UEs and the RRHs, so that the results here could be thought of as a sort
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of average.

Table 4.2: Number of Partitions

Number of Possible Partitions

Partitions Nsubsets1 Nsubsets2 Nsubsets3

3 3 3 1 1 1 61600 280 6.8

3 3 2 2 1 1 415800 30 1.2

3 2 2 2 2 1 207900 105 6.6

2 2 2 2 2 2 10395 − −

Summation 695695 415 14.6

For Algorithm 4.3, the computational complexity comes from two steps. Algorithm

4.1 is initially required to calculate h and that includes a complexity of O(K2), where

no UE selection is needed. After this, Algorithm 4.4 is applied by utilising h pilots,

which requires a similar complexity to that of Algorithm 4.2 with B = h by assuming

it is required to search within all partitions of Algorithm 4.2 to find the ones that

satisfy the SINR constraint. Since it is needed to add a pilot when no partition meets

the SINR condition, Algorithm 4.4 should be repeated at most (K − h) times, where h

is incremented in each time. This means that the upper limit of the total complexity of

Algorithm 4.3 is O(K2) plus (K − h) times the complexity of Algorithm 4.2.

4.5 Simulation Results

The performance of the proposed algorithms is examined in this section. A CF massive

MIMO network deployed in an area of 1km2 is considered in this chapter. Both the UEs

and RRHs are assumed to be randomly and uniformly distributed in this area. Each
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RRH has 20 antennas and each UE has a single antenna. The coefficients of the large

scale fading αk,i can be modelled according to the 3GPP standard [32, 60]. First, the

path-loss is 148.1 + 37.6 log10 di,k (dB), where di,k is the distance between the ith RRH

to the kth UE measured in km. Then, the large scale fading αi,k is calculated as αi,k =

−148.1−37.6 log10 di,k +℘i,k (dB), where ℘i,k symbolises the shadow fading and possesses

a lognormal distribution, which is represented by 10 log10(℘i,k) ∼ CN (0, σ2
shad). Based on

the user-centric method, it is assumed that each UE chooses its nearest two RRHs, that

is N = |Nk| = 2, ∀k ∈ K. The other system parameters are summarised in Table 4.3.

It is necessary to clarify here that since the results of the exhaustive search are included

as it will be shown in the next paragraph, a relatively small CF network is considered in

this simulation as larger networks imply unaffordable complexity of Algorithm 4.2 in

th case of the exhaustive search. The following results have been collected by averaging

over 1000 independent trials, where UEs are randomly placed in each trial.

Table 4.3: Simulation Parameters

Parameter Value

Number of RRHs (N) 10

Number of UEs (K̄) 12

Shadow fading standard deviation (σ2
shad) 8 dB

Maximum number of pilot reuse times (G) 3

Noise variance for both σ2
p and σ2

k −96 dBm

Transmit power for pilots (ρp) 200 mW

RRH’s maximum transmit power (Pi) 100 mW

Number of symbols per coherence block (S) 128

The performance of the proposed pilot reuse scheme obtained from Algorithm 4.2
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is compared with that of the following three cases:

1. Exhaustive search: provides the optimal solution. It is the solution of the opti-

misation problem Pe when the exhaustive search is adopted. A complete search

is fulfilled for all possibilities of how UE sets can be partitioned that meet only

constraints (4.13b) and (4.13c).

2. Graph colouring: is obtained by allocating the pilots based only on the graph colour-

ing as considered in [32].

3. Orthogonal pilot allocation (PA) scheme: includes assigning a unique orthogonal

pilot to each UE. Therefore, there is no pilot contamination, and the channel es-

timation error is only caused by noise. This case requires a high pilot overhead

especially when K is large.

In Figure 4.3, the average NMSE symbolised by ξ̄ is plotted versus the number of

available pilots B. The value of B is varied so that the performance of all the cases of the

relationship between B and h can be tested, when all UEs can be served or only some of

them. In addition, the two cases when K ≤ 2B or K > 2B are shown, depending on the

value of B. It can be seen from Figure 4.3 that the proposed scheme outperforms the graph

colouring based allocation scheme, as in the latter, no channel information is exploited.

Furthermore, the proposed pilot reuse scheme allocates the pilots with a lower number of

reuse times to the UE with worst channel quality. The exhaustive search scheme gains a

better performance compared with both the proposed scheme and the graph colouring as it

always finds the best option among UE set partitions that can be served with the available

set of pilots. However, a high computational complexity is needed to fulfil the exhaustive

search as it will be shown later. As expected, the orthogonal pilot allocation (PA) scheme
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achieves a small channel estimation error as UEs deliver zero pilot contamination in this

case, and the channel noise is the only source of the error when the channels between

UEs and RRHs are estimated. In order to serve all the 12 UEs assumed while generating

Figure 4.3, the average value of h needs to generally be around 5.5 (as shown later in

Figure 4.7). In Figure 4.3, when B ≤ 5, h is mostly higher than B. This means that

some UEs need to be removed, where the UEs with highest number of connections in

the undirected graph and experience the weakest channels will be removed as illustrated

in the UE selection part of Algorithm 4.1. The available pilots are reused intensively

among the remaining UEs in all reuse schemes and a high pilot interference is expected.

However, as the UEs with the highest number of connections and worst channel quality

are removed, the remaining UEs mostly have good channels, thereby low average NMSE

can be obtained. When B = h, at around h = 5, all UEs can be served and pilots are

still highly reused and this leads to obtaining the maximum ξ̄. As the average value of h

needs to generally be around 5.5 based on Figure 4.7, when B is greater than 6, h is most

probably less than B where all UEs can be served. The performance will be better as B

increases, as a lower number of reuse for pilots can be performed. When K > 2B, unique

pilots can be allocated to the UEs with the lowest channel quality so the performance of

the proposed scheme approaches that of the optimal solution.

Figure 4.4 shows the number of admitted UEs K versus the number of pilots B for the

proposed pilot allocation scheme, which is the same as the graph colouring based scheme

and the exhaustive search method. As it is required to remove some UEs when h > B, it

is not possible to serve all UEs when B is small. As B increases, K increases as well and

more UEs can be admitted until all UEs can be served (K = K̄) from B = h.

After studying the average NMSE (ξ̄) in Figure 4.3, the actual NMSE ξ for every

UE achieved by different algorithms is presented in Figure 4.5 for one randomly se-
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Figure 4.3: Average NMSE ξ̄ versus the number of pilots B.

lected simulation trial. In this case, B = 5 and G = 3 are considered. The result of

Algorithm 4.1 shows that h = 5 is needed to serve all the UEs. Since h = B, all

UEs can be admitted. In this trial, UEs have the following increasing channel qual-

ity ηk order [7, 6, 12, 1, 11, 9, 10, 4, 8, 3, 5, 2], where UE 7 has the lowest channel quality.

When the graph colouring is applied as illustrated in Algorithm 4.1, UEs shared the

five pilots in the following manner, [{3}, {4, 2}, {7, 6, 1}, {12, 11, 9}, {10, 8, 5}], where the

UEs in each subset share one single pilot. As shown in Figure 4.5, the performance

of the UEs with the worst channel quality is bad especially for UEs that their pilots

have been reused two times, for example UE 7 and UE 6. The reason is that no chan-

nel information is exploited in Algorithm 4.1. In Algorithm 4.2, pilots with lower

reuse times will be allocated to the UEs with lowest channel quality condition. The

result of this allocation is [{1, 12}, {6, 11}, {7, 9}, {2, 3, 8}, {5, 4, 10}]. As illustrated, the
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Figure 4.4: Number of admitted UEs K versus the number of pilots B when K̄ = 12.

performance generally improves in the case of the proposed scheme or Algorithm 4.2,

especially for the UEs with the worst channel. Finally, the exhaustive search has a dif-

ferent result in how pilots are allocated, where pilots are assigned in the following way

[{1, 8}, {2, 12}, {7, 6}, {3, 4, 9}, {5, 10, 11}] which provides the best average estimation er-

ror. The objective of minimising the maximum channel estimation error is clearly shown

here. UEs with bad channel quality, such as, UE 7, UE 6 and UE 12, deliver a better

performance when Algorithm 4.2 is considered.

Figure 4.6 plots the cumulative distribution function (CDF) curve of the maximum

NMSE among all K UEs in the network when B = 4 and 8, respectively. It can be

observed that the performance of all schemes improves when B increases as less pilot

contamination is produced. The proposed pilot reuse scheme outperforms the graph

colouring scheme with less error by about 0.13 when B = 4, and a lower amount of error
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Figure 4.5: Actual estimation error ξk for a set of 12 UEs.

by about 0.03 can be achieved by the exhaustive search scheme. Moreover, as the number

of pilots increases, i.e., when B = 8 is considered, the performance gaps among all pilot

reuse schemes are further reduced.

In Figure 4.7, the average of the minimum number of pilots needed h is plotted for

different numbers of UEs K and for various values of the maximum number of pilot reuse

times G. In general, h increases as K increases, and this depends on the location of UEs

in each simulation trail. Once the UEs are widely distributed within the coverage area,

less h is needed as fewer connections among the vertices are obtained in the undirected

graph based on constraint (4.13b). On the other hand, when UEs are densely placed on

a small area, higher h is expected as more connections among the vertices are required.

Another factor that affects h is the value of G. As G increases, fewer pilots are required

and therefore a smaller h is obtained as shown in Figure 4.7. When G is greatly increased
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(b) B = 8

Figure 4.6: The CDF of the maximum NMSE when K = 12.
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Figure 4.7: The average of the minimum number of pilots needed h for different number

of UEs K.

as when G = 4 or G = 5, although a higher number of times of pilot reuse is allowed, it

may only be possible to reuse the pilots a fewer number of times than G due to the need

to satisfy the constraint (4.13b). Consequently, increasing the value of G to more than 4

will not affect the value of h.

The performance of the average NMSE of the proposed pilot reuse scheme for different

number of pilots and values of G is presented in Figure 4.8. Increasing the value of G

increases the NMSE for an arbitrary UE k as the set Kbk in (4.8) expands. The same

shape of the proposed scheme that was obtained in Figure 4.3 has appeared here too

for all values of G. However, as h changes when G varies, as shown in Figure 4.7, the

peak at which the maximum average NMSE is delivered changes as well, as the peak

generally appears when B = h. As explained earlier, when B is greatly increased, the
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proposed scheme allocates unique pilots to the UEs with the worst channel quality, which

significantly reduces the estimation error whatever the value of G is.

Figure 4.9 shows how the proposed pilot reuse scheme affects the downlink minimum

achievable sum-rate RTmin
for different numbers of pilots B with K̄ = 12 when the MRT

precoding is utilised. The orthogonal pilot allocation (PA) scheme delivers the worst sum-

rate performance as the number of admitted UEs (K) here equals the number of pilots

where it is not allowed for pilots to be reused among UEs. On the other hand, both the

proposed scheme and the exhaustive search case provide almost the same superior perfor-

mance compared with the graph colouring and the orthogonal pilot allocation schemes.

This is due to the efficiency of the proposed reuse scheme in selecting the groups of UEs

to share the same pilot. However, additional computational complexity is required by

both the proposed scheme and the exhaustive search case because of the use of Algo-

rithm 4.2. The graph colouring achieves lower performance than the proposed scheme

especially when h < B. For all the reuse schemes, when h < B, the sum-rate performance

is slightly reduced as B increases while K is fixed, as more resources for pilots signalling

are utilised. This appears in the pre-log factor of (4.12), where this factor decreases as B

increases and it has a greater impact on the sum-rate performance than the first term of

the denominator of (4.10) that represents the pilot contamination.

The downlink minimum achievable sum-rate RTmin
is illustrated in Figure 4.10, by

supposing B = 4 and M = 1, 10, 20, 50 and 100. It is seen that for all the reuse schemes,

the sum-rate performance is continuously enhanced when more antennas are added due

to the effect of the array gain.

The impact of changing the number of RRHs N on the downlink minimum achievable

sum-rate RTmin
is plotted in Figure 4.11 when B = 4. It can be seen that the performance

generally improves as N increases because UEs experience a better channel quality where
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Figure 4.8: Average NMSE ξ̄ for different number of reuse times G.
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Figure 4.9: The downlink minimum sum-rate RTmin
versus the number of pilots B.
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Figure 4.10: The downlink minimum sum-rate RTmin
versus the number of antennas per

RRH M .

RRHs will be closer to the UEs and this will reduce the channel estimation error.

The results of the complexity analysis of Algorithm 4.2 is shown in Table 4.4 by

assuming K̄ = 12 and G = 3. To evaluate the analysis of Section 4.4, the number of

acceptable partitions obtained from the formulas of this section are compared with that

obtained during the simulation. In the interest of balance, only the results of the case

when all 12 UEs can be admitted are shown in Table 4.4. It can be seen that the results

of the two cases are almost identical.

Another comparison is illustrated in Figure 4.12 to shed light on the complexity of

the different algorithms presented in this chapter. The complexity of the exhaustive

search, which solves Pe by utilising both Algorithm 4.1 and Algorithm 4.2, is shown

in Figure 4.12(b). It is required here to search in all the UEs partitions that satisfy only
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Figure 4.11: The downlink minimum sum-rate RTmin
for various number of RRHs N .

Table 4.4: Complexity Comparison

B Analytical Results Simulation Results

6 7 7

7 207 220

8 24 22

9 5 6

10 2 1
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the constraints (4.13b) and (4.13c) without considering the channel quality in selecting

the partitions. The exhaustive search is very complex, as the number of partitions is too

high. The complexity of the proposed scheme, the graph colouring and the orthogonal

pilot allocation scheme are illustrated in Figure 4.12(a). Although the proposed scheme

requires the use of both Algorithm 4.1 and Algorithm 4.2 as well, the number of

partitions in this case is much lower than that of the exhaustive search as it is only

necessary to choose the partitions that include the UEs with the worst channel quality

in the subsets with the smallest size. This greatly reduces the number of acceptable

partitions. For both the proposed scheme and the exhaustive search, a spike appears

at B = 7. This depends on how many ways the set of UEs K can be partitioned into

B subsets, where at B = 7, more ways of splitting K can be obtained compared with

other values of B. In the graph colouring, it is necessary to perform only Algorithm

4.1, which has low-complexity. For small values of B, further operations are needed in

Algorithm 4.1 due to the UE selection. Therefore, greater complexity is delivered for

all the algorithms in this case. Finally, the complexity of the orthogonal pilot allocation

scheme is the lowest as it is equal to the number of pilots only.

For Algorithm 4.3, when Algorithm 4.1 is initially applied, the complexity is 144

for 12 UEs. After this, when Algorithm 4.4 is considered, by assuming that h is 6 and

it is required to add 4 pilots to have hs = 10, and by using the results in Table 4.4, the

upper limit of the complexity of Algorithm 4.4 will be 256, and the maximum total

complexity of Algorithm 4.3 will be 400.

Figure 4.13 and Figure 4.14 are presented to show the results of problem Ps with

assuming that all UEs are served. In each iteration during the simulation, a different

value of h is obtained based on the location of UEs in that iteration. Initially, B = h is

assumed. After that, more pilots are added to improve the SINR until the required SINR
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Figure 4.12: (a) The complexity of the proposed pilot allocation, graph colouring and the

orthogonal pilot allocation schemes versus different values of B when G = 3. (b) The

complexity of the exhaustive search case versus different values of B when G = 3.

threshold is met as explained in Algorithm 4.3. The upper subplot in Figure 4.13(a)

shows the minimum number of pilots hs needed for a particular SINR threshold to be

satisfied by all UEs. It is evident that when the SINR threshold is initially increased, hs

increases linearly, where increasing the number of pilots improves the channel estimate and

reduces the pilot contamination (the first term in the denominator of (4.10)). However,

when the SINR threshold is increased to more than 8, the number of pilots hs starts to

increase rapidly. In addition, if the SINR requirement is higher than 8.3, it cannot be

reached even if the number of pilots is highly increased as the effect of pilot contamination

in this stage is insignificant, and consequently adding more pilots will be ineffective on

the SINR. While obtaining the upper subplot of Figure 4.13(a), the minimum achievable
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sum-rate is additionally measured as illustrated in the lower subplot of Figure 4.13(a).

It is evident that the sum-rate is slightly reduced as hs increases due to the utilisation

of more resources by pilot signals while K is constant where the pre-log factor in (4.12)

is decreased when more pilots are employed. Although increasing hs improves the SINR

(up to 8.3), the pre-log factor in (4.12) has a greater impact on the sum-rate. As it

is not possible to obtain a SINR higher than 8.3, the minimum achievable sum-rate is

further reduced when the SINR threshold is higher than 8. In Figure 4.14, the minimum

average NMSE ξ̄ obtained from using Algorithm 4.3 is also illustrated. All the UE set

partitions that meet the SINR threshold in Algorithm 4.4 are tested and the one with

the minimum average NMSE ξ̄ is chosen. More pilots cause less ξ̄; this continues until ξ̄

approaches the case of no pilot reuse.
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Figure 4.13: (a) Minimum number of pilots hs obtained from Ps versus different values

of SINR threshold. (b) Minimum downlink achievable sum-rate obtained from Ps versus

different values of SINR threshold.
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Chapter 5

Conclusions and Future Work

5.1 Overall Conclusion

This thesis has investigated the challenging issue of the unaffordable channel training

overhead in TDD distributed massive MIMO systems when the number of UEs being

simultaneously served is higher than the number of available pilot sequences. Different

pilot allocation schemes have been proposed in two different scenarios, a dense single cell

DM-MIMO and a CF massive MIMO network. The key findings of each of these two

scenarios is presented separately.

5.1.1 Pilot Allocation in DM-MIMO

The pilot reuse within the same cell in the dense TDD DM-MIMO is proposed in Chapter

3. Specifically, the DPR scheme is presented to allow a pair of UEs to share a single pilot

sequence with the objective of maximising the sum-rate subject to a SINR constraint per

UE. An expression of the SINR is firstly derived for any UE sharing its pilot with another

by utilising both MMSE detection and channel estimation. A low-complexity algorithm

is then proposed based on the separation distance between UEs. The iterative grid search

(IGS) method is employed to find the threshold that can be utilised in the proposed

89



5. Conclusion and Future Work

algorithm to maximise the sum-rate. Simulation results are presented to evaluate the

uplink sum-rate performance of the proposed reuse scheme. The main conclusions are

drawn as follows:

1. The DPR scheme with the optimised threshold can achieve the best uplink sum-

rate performance compared with other pilot reuse schemes, such as the random pilot

reuse scheme, the DPR scheme with fixed SINR thresholds (5 dB and 10 dB), and no

threshold scheme. The superiority of the DPR scheme with the optimised threshold

comes from employing the IGR method to find the optimal threshold. For the case

of the DPR scheme with a fixed threshold, the sum-rate performance at a lower

threshold, for instance, 5 dB is better than the performance at a higher threshold,

for example, 10 dB, as more UEs can be admitted in the case of 5 dB than the case

of 10 dB.

2. The number of admitted UEs in the DPR scheme relies on the SINR threshold value.

Therefore, lower threshold values can achieve a higher number of admitted UEs as

more UEs can be served. Using the optimised threshold does not guarantee that the

maximum number of UEs are served as it aims to obtain the maximum sum-rate

only.

3. Increasing the number of antennas per RRH is always beneficial for sum-rate per-

formance of all the pilot reuse schemes. For the DPR scheme, more UEs can be

satisfied with the SINR constraint when a higher number of antennas is adopted,

as this improves UEs’ SINR.

4. When more RRHs serve a UE based on the user-centric clustering method, the sum-

rate performance is enhanced. However, when the size of the RRHs serving cluster
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is greatly increased, to 4 RRHs for instance, more non-nearby RRHs are serving

the UE. These RRHs contribute less to that UE’s signal quality than the nearby

RRHs, and are closer to the second UE sharing the same pilot with the desired UE.

Thus, this leads to a higher pilot contamination received from these RRHs, and the

sum-rate performance is unable to be further improved.

5. Increasing the coherence block size has a positive effect on the uplink sum-rate

performance as greater resources need to be employed for data transmission.

5.1.2 Pilot Assignment in CF Massive MIMO

Another pilot allocation scheme is presented in Chapter 4 aiming to minimise the maxi-

mum channel estimation error for all UEs in the CF massive MIMO network subject to

certain practical constraints. In this scheme, the UEs with the bad channel conditions

are allocated with the pilots with a low number of reuse times, while the UEs with the

best channel conditions adopt the pilots with higher reuse times. Two low-complexity

algorithms are developed as two stages to perform this pilot reuse scheme. The first one

utilises the graph colouring based on the Dsatur algorithm to determine the minimum

number of pilots needed to serve all the UEs, and to achieve the UE selection in the case

that there is not enough pilots to serve all the UEs. In the second algorithm, pilots are

allocated based on the channel quality of UEs, as previously mentioned. The proposed

scheme can be applied to any CF system whatever the number of antennas per RRH is.

However, in this thesis, the performance of this scheme is evaluated in the context of CF

massive MIMO system based on the average NMSE and the downlink sum-rate.

In order to link the channel estimation error with the sum-rate performance, a second

problem is then developed to allocate the pilots with the objective of minimising both the
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average channel estimation error and the number of pilots subject to the same constraints

of the previous problem. In addition to these constraints, all UEs have to satisfy a

particular SINR constraint. The main findings of the pilot allocation problems in CF

massive MIMO are summarised below:

1. The average NMSE performance of the proposed scheme outperformed that of the

graph colouring based scheme, and mostly approached the performance of the ex-

haustive scheme. In addition, the worst average NMSE was obtained by all the

reuse schemes when all UEs were served with a minimum number of pilots, i.e.

when (B = h), where B is the total number of pilots and h is the minimum number

of pilots needed to serve all the UEs. In the case of UE selection, i.e. when B < h,

a better performance was delivered as the remaining UEs after the UE selection

mostly had the best channel qualities. Finally, in the case when B > h, all UEs

could be served, and a better average NMSE performance was obtained when more

pilots were utilised.

2. The average value of h needed to serve a particular number of UEs depends on the

value of the threshold of pilot reuse times G, and the distribution of UEs in the

coverage area. When UEs are densely placed in a small area, higher h is obtained

as more connections among the vertices of the indirected graph are needed. In

addition, less h is required as G increases. However, having G larger than 4 did

not affect h for 12 UEs, as satisfying the constraint of the non-overlapping RRHs

prevented pilots being greatly reused.

3. The downlink minimum achievable sum-rate of the proposed scheme and the ex-

haustive search scheme when the maximum ratio transmission (MRT) was utilised

had almost the same superiority performance compared with the graph colouring
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scheme, especially with the case of a low number of pilots. For all the reuse schemes,

when h < B, the sum-rate performance was slightly reduced as B increased while

K was fixed, as more resources for pilots signalling were needed which reduced the

pre-log factor of (4.12).

4. For the proposed pilot allocation scheme, an example showed that increasing the

number of RRHs from 8 to 16 increased the minimum MRT achievable sum-rate

by around 12 bps/Hz, as this improved the channel quality of UEs and reduced the

channel estimation error. Furthermore, increasing the number of antennas per RRH

from 1 to 100 increased the minimum achievable sum-rate by around 45 bps/Hz as

higher array gain could be obtained.

5. Regarding the second problem Ps, it was shown that increasing the number of pilots

improved the SINR. However, increasing the number of pilots to more than 7 did not

improve the SINR further as the impact of the pilot contamination was significantly

reduced.

6. Algorithm 4.1 had low complexity due to adopting the graph colouring mechanism

based on the Dsatur algorithm. Similarly, the low complexity of Algorithm 4.2,

Algorithm 4.3 and Algorithm 4.4 was obtained from the search within a limited

number of UE set partitions. Although the number of partitions was initially huge

especially for a large number of UEs, it was significantly reduced after removing the

partitions that did not satisfy the constraints and the idea of allocating the pilots

with low reuse times to the UEs with bad channel conditions.
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5.2 Areas of Future Research

There are several open research directions in the distributed massive MIMO that still

need to be explored to make it feasible to apply this in practice, as listed below:

1. The sum-rate analysis in Chapter 3 included the impact of intra-cell pilot contami-

nation only. The effect of the inter-cell pilot contamination needs to be investigated

as well when pilots are reused within the same cell by utilising the DPR scheme,

and then among other cells too. Another stage can be added to the DPR scheme

to perform an efficient pilot reuse among the cells.

2. For the sake of simplicity, in our research, the number of serving RRHs N was

assumed to be fixed for all UEs in this thesis. However, N can be different for

different UEs based on the particular needs of each UE. The impact of this should

be investigated as well. Additionally, the set of RRHs serving a UE was selected

in our work based on the nearest RRHs to that UE. Alternative RRH selection

mechanisms can be further examined to see how they affect the proposed reuse

schemes.

3. The local CSI approach means that not all the instantaneous CSI for all UEs can be

available at the CPU. However, the CSI information is necessary in the ZF matrix to

calculate (Ĥ
H

i Ĥi)
−1, where Ĥi = [ĥi,1, ĥi,2, ..., ĥi,K ] ∈ CM×K is the channel estimate

matrix of RRH i. If the channel estimate is assumed be zero at the missing elements,

then Ĥ
H

i Ĥi will be non-invertible. Another approach is to compensate the missing

elements by their corresponding large-scale fading coefficients, but when ZF aims to

null the signals of unwanted UEs with missing the full CSIs, that will no longer be

applicable. More investigation is needed to see how the ZF can work in this case,
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and the impact of the local CSI on its sum-rate performance.

4. In the literature, the CF massive MIMO generally describes a network consisting of

a massive number of single-antenna APs geographically distributed to jointly serve

a set of UEs. It is interesting to compare the spectral efficiency performance of this

scenario with that of this thesis, where few multi-antenna RRHs are deployed when

the proposed reuse scheme and the user-centric approach are considered.
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Appendices

A.1 Parameters of Equations (3.13) and (3.14)

The explicit formulas of the parameters of equations (3.13) and (3.14) are listed in this

appendix. All these formulas are taken from ([54], Theorem 1, Theorem 2 and Theorem

3) with applying some modifications on them to match the scenario of a single cell DM-

MIMO. First, T(ρ) ∈ CMN×MN, and for any ρ > 0 can be defined as

T(ρ) =

 1

MN
∑
k′∈K

R̄k′

1 + δk′ (ρ)
+ S + ρIMN

−1 . (A.1.1)

where S = Z̄/MN.

In addition, the elements of δ(ρ) , [δ1(ρ) · · · δK(ρ)]T are defined, where δk(ρ) =

limt→∞ δ
(t)
k (ρ), and for t = 1, 2, · · ·

δ
(t)
k (ρ) =

1

MN
trR̄k

 1

MN
∑
k′∈K

R̄k′

1 + δ
(t−1)
k′

(ρ)
+ S + ρIMN

−1 , (A.1.2)

with initial values δ
(0)
k (ρ) = 1/ρ,∀k′ ∈ K, where ρ = MNρd. Following this, T̄ can be

defined as T̄ = T( 1
MNρd

) and δ̄ = [δ1 · · · δK ]T = δ( 1
MNρd

). Furthermore, T
′
(ρ) ∈ CMN×MN,
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is defined as

T
′
(ρ) = T(ρ)IMNT(ρ) + T(ρ)

1

MN
∑
k∈K

R̄kδ
′

k(ρ)

(1 + δk(ρ))2
T(ρ), (A.1.3)

where δ̄
′
(ρ) = [δ

′
1(ρ) · · · δ′K(ρ)]T , and δ̄

′
(ρ) can be calculated as

δ̄
′
(ρ) = (IK − J(ρ))−1v̄(ρ), (A.1.4)

and J(ρ) ∈ CK×K , v̄(ρ) ∈ CK can be calculated from

[J(ρ)]kq =
1
MNtrR̄kT(ρ)R̄qT(ρ)

MN(1 + δq(ρ))2
, 1 ≤ k, q ≤ K (A.1.5)

[v̄(ρ)]k =
1

MN
trR̄kT(ρ)IMNT(ρ), 1 ≤ k ≤ K. (A.1.6)

Finally, the following parameters are defined as

µ〈q,k〉 =
1

MN
trR̄kT

′ −
2ϑ∗kϑ

′

〈q,k〉(1 + δk)− |ϑk|2δ
′

k

(1 + δk)2
, (A.1.7)

ϑk =
1

MN
trR̄kT(1/ρ), (A.1.8)

ϑ
′

〈q,k〉 =
1

MN
trR̄kT

′

q. (A.1.9)

A.2 Derivation of Equation (4.10)

By using (4.1), and by applying the add-and-subtract technique shown in ([56], (43) and

(44)), if the Gaussian noise is considered as the worst case distribution of the uncorrelated

noise, a lower bound of the SINR of UE k can be presented as

SINRkmin
=

∣∣∑
i∈Nk

√
ρi,k E{hHi,kwi,k}

∣∣2∑
k′∈K E

{∣∣∣∑i∈Nk

√
ρi,k′ hHi,kwi,k′

∣∣∣2}− ∣∣∑i∈Nk

√
ρi,k E{hHi,kwi,k}

∣∣2 + σ2
k

.

(A.1.10)

97



Appendices

It is assumed that ANUM and BDEN are the numerator and the first term of the denomi-

nator of (A.1.10), respectively, where ANUM and BDEN are given as

ANUM =

∣∣∣∣∣∣∣
∑
i∈Nk

√
ρi,k E{hHi,kwi,k}︸ ︷︷ ︸

A1

∣∣∣∣∣∣∣
2

, (A.1.11)

BNUM =
∑
k′∈K

E


∣∣∣∣∣∑
i∈Nk

√
ρi,k′ hHi,kwi,k′

∣∣∣∣∣
2
 . (A.1.12)

In order to simplify ANUM , the independence between the channel estimates and the

estimation errors can be utilised, and A1 can be written as

A1 = E{hHi,kwi,k} = E{
hHi,kĥi,k√
E{‖ĥi,k‖2}

} =

√
E{‖ĥi,k‖2} =

√
Mθi,k. (A.1.13)

Thus, ANUM can be finally simplified as

ANUM = M

(∑
i∈Nk

√
ρi,kθi,k

)2

. (A.1.14)

In addition, BNUM can be represented as

BNUM =
∑
k′∈Kbk

E


∣∣∣∣∣∑
i∈Nk

√
ρi,k′ hHi,kwi,k′

∣∣∣∣∣
2
︸ ︷︷ ︸

B1

+
∑
k′ /∈Kbk

E


∣∣∣∣∣∑
i∈Nk

√
ρi,k′ hHi,kwi,k′

∣∣∣∣∣
2
︸ ︷︷ ︸

B2

.

(A.1.15)

B2 can be computed as the following

B2 =
∑
k′ /∈Kbk

∑
i∈Nk

ρi,k′E
{∣∣ hHi,kwi,k′

∣∣2} =
∑
k′ /∈Kbk

∑
i∈Nk

ρi,k′

E
{∣∣∣ hHi,kĥi,k′ ∣∣∣2}
E
{
‖ĥi,k′‖2

}
=
∑
k
′
/∈Kbk

∑
i∈Nk

ρi,k′
αi,kE

{
‖ĥi,k′‖2

}
E
{
‖ĥi,k′‖2

} =
∑
k′ /∈Kbk

∑
i∈Nk

ρi,k′αi,k. (A.1.16)
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Furthermore, B1 can be computed as the following

B1 =
∑
k′∈Kbk

E


∣∣∣∣∣∑
i∈Nk

√
ρi,k′ hHi,kwi,k′

∣∣∣∣∣
2
 =

∑
k′∈Kbk

E


∣∣∣∣∣∣
∑
i∈Nk

√
ρi,k′ (ĥ

H

i,k + eHi,k)
ĥi,k′√

E{‖ĥi,k′‖2}

∣∣∣∣∣∣
2

=
∑
k′∈Kbk

E


∣∣∣∣∣∣
∑
i∈Nk

√
ρi,k′

ĥ
H

i,kĥi,k′√
E{‖ĥi,k′‖2}

∣∣∣∣∣∣
2︸ ︷︷ ︸

B11

+
∑
k′∈Kbk

E


∣∣∣∣∣∣
∑
i∈Nk

√
ρi,k′

eHi,kĥi,k′√
E{‖ĥi,k′‖2}

∣∣∣∣∣∣
2︸ ︷︷ ︸

B12

.

(A.1.17)

By utilising ([56], (12)), and by following the steps in ([56], (55)), both B11 and B12

can be written as

B12 =
∑
k′∈Kbk

∑
i∈Nk

ρi,k′ (αi,k − θi,k). (A.1.18)

B11 =
∑
k′∈Kbk

E


∣∣∣∣∣∣
∑
i∈Nk

√
ρi,k′

αi,k
αi,k′

‖ĥi,k′‖2√
E{‖ĥi,k′‖2}

∣∣∣∣∣∣
2 (A.1.19)

=
∑
k′∈Kbk

∑
i∈Nk

ρi,k′α
2
i,kE{‖ĥi,k′‖4}

α2
i,k′

E{‖ĥi,k′‖2}
+
∑
k′∈Kbk

∑
i∈Nk

∑
j 6=i∈Nk

ρi,k′αi,kαj,k

αi,k′αj,k′

√
E{‖ĥj,k′‖2}E{‖ĥi,k′‖2}

=
∑
k′∈Kbk

∑
i∈Nk

ρi,k′α
2
i,k

α2
i,k′

(M − 1)θi,k′ +
∑
k′∈Kbk

∑
i∈Nk

∑
j 6=i∈Nk

ρi,k′αi,kαj,k

αi,k′αj,k′
M
√
θi,k′θj,k′

=
∑
k′∈Kbk

(
∑
i∈Nk

√
Mρi,k′θi,k)

2 −
∑
k′∈Kbk

∑
i∈Nk

ρi,k′θi,k (A.1.20)

Finally, both B1 and then BNUM can be reformed as

B1 = B11 +B12 =
∑
k′∈Kbk

(
∑
i∈Nk

√
Mρi,k′θi,k)

2 +
∑
k′∈Kbk

∑
i∈Nk

ρi,k′ (αi,k − θi,k). (A.1.21)

BNUM = B1 +B2 =
∑
k′∈Kbk

(
∑
i∈Nk

√
Mρi,k′θi,k)

2 +
∑
k′∈K

∑
i∈Nk

ρi,k′αi,k. (A.1.22)

By substituting (A.1.13) and (A.1.22) in (A.1.10), the SINR formula of (4.10) can be

obtained.
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