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Abstract

This thesis studies algebras contained in a large class of iterated Ore extensions, as well as
their quotient algebras by completely prime ideals, and develops methods for computing
their polynomial identity (PI) degree and constructing irreducible representations of maximal
dimension. This class contains quantum nilpotent algebras, including many examples
of quantised coordinate rings and quantised enveloping algebras. When the deformation
parameters are allowed to be roots of unity these algebras often become PI algebras. We
focus our attention on such algebras in this work.

By extending Cauchon’s deleting derivations algorithm in the generic setting [Cau03a]
we are able, given a suitable PI algebra A and completely prime ideal P </ A, to construct a
quantum affine space A’ and completely prime ideal Q <<A’, such that the quotient algebras
A/P and A’/Q share the same PI degree. This extends a result of Haynal [Hay08], where
existence of Q was proved but no method of construction was provided. The PI degree of
several small examples are then calculated.

For completely prime quotients of quantum matrices the PI degree is shown to be closely
related to properties of Cauchon-Le diagrams. We prove that given any Cauchon-Le diagram,
the invariant factors of its associated matrix are all powers of 2. Furthermore, we compute the
toric permutation of Cauchon-Le diagrams corresponding to quantum determinantal rings,
which then allows us to state an explicit formula for the PI degree of a quantum determinantal
ring at a root of unity.

Finally, we show how certain irreducible representations of the quotient A’/Q may be
passed through the deleting derivations algorithm to give an irreducible representation of

A/P, and we construct an irreducible representation of a general quantum determinantal ring.
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Chapter 1
Introduction

The study of quantum algebras, or equivalently quantum groups, has been an active area of
research since they first arose in the 1980s in the fields of theoretical physics and statistical
mechanics. There is no axiomatic definition of a quantum algebra, instead, this class
of algebras is made up of examples which share “quantum-like” properties. These are
typically deformations of coordinate rings of algebraic groups or varieties, and deformations
of enveloping algebras of semisimple Lie algebras, which are then labelled as quantised
versions of the classical algebras.

Arguably the simplest example to work with, thanks to the results of Goodearl and
Letzter [GL98], is a quantum affine space, denoted by O (KV), or by KA[T1, ..., Ty] when
the generators are known, for some multiplicatively antisymmetric matrix A := (4; ;); j with
nonzero entries in the base field, K*. This is a free algebra over K with generators 71, ..., Ty

subject to commutation relations determined by the matrix A:
TTi=A,;T;T; V1<i,j<N.

This can be viewed as a deformation of the classical coordinate ring of affine N-space,
the commutative polynomial ring &(K) = K[Ty,..., Ty]. Properties of &4 (K") can vary
depending on the choice of entries in A. For example, take N = 2 to obtain the quantum
affine plane K, [Ty, T»] such that T\T, = AT>T}, and take K to be algebraically closed. If
A € K* is not a root of unity then all the prime ideals of K, [T}, T»] are completely prime,
however, this is not the case if A is a primitive /™ root of unity since (T — 1,7y — 1) provides
a counterexample to this statement [BG02, 11.6.8].

The choice of parameters in quantised coordinate rings and quantised enveloping algebras
crudely splits their research into two main areas, each requiring different techniques to study

them: the generic case, where suitable deformation parameters are taken to be non-roots



of unity, and the root of unity case, where suitable deformation parameters are taken to be
roots of unity. The generic case comprises algebras with much more rigid structures [BG02,
II.1-I1.9] than that of those in the root of unity case, whose algebras are typically finite
modules over their centres and to which the theory of polynomial identities may be applied.
It is this latter setting that we explore in thesis.

In the generic setting much progress has been made in uncovering the structures of the
prime and primitive spectra of some quantum algebras. An important advancement is the
JC-stratification theory of Goodearl and Letzter [GL98], which applies to certain algebras
supporting a rational action of a torus, .77 It allows for the study of the prime and primitive
spectra of the algebra through the study of the so-called .77-primes; prime ideals which are
invariant under the torus action and which parametrise a finite partition of the prime spectrum.
Another advancement is Cauchon’s deleting derivations algorithm [Cau03a], which provides
an embedding from the prime spectrum of a suitable algebra into the prime spectrum of a
quantum affine space via a process which allows properties from the quantum affine space to
be transferred back to the original algebra. This embedding respects certain rational torus
actions that may be supported on the algebra, hence Cauchon’s procedure is compatible with
the .77 -stratification theory.

Quantum algebras, specifically iterated Ore extensions (Section 2.3) that allow the
application of both Cauchon’s deleting derivations algorithm and Goodearl and Letzter’s 7-
stratification theory, are called quantum nilpotent algebras and originally appeared under the
name Cauchon-Goodearl-Letzter extensions [LLRO06]. The precise definition can be found in
[GY 15, Definition 2.3] and requires certain parameters to be generic. If, instead, we choose
these parameters to be roots of unity then we obtain what we call quantum nilpotent algebras
at roots of unity and these fall within the class of algebras studied in this thesis. Examples
include quantum Schubert cell algebras, quantised Weyl algebras, quantised coordinate rings

of affine, symplectic, and euclidean spaces, and quantum matrices.

Aim of Thesis

Many quantised coordinate rings and quantised enveloping algebras at roots of unity become
polynomial identity (PI) algebras. When this is the case, the PI degree is a useful invariant
for deducing various properties of the algebra (see Section 2.2 for definitions, basic results,
and references to further literature on PI theory). For example, recently Brown and Yakimov
[BY17] showed that, under some mild conditions on a prime PI algebra, knowing its Azumaya
locus (an invariant which is linked to the PI degree of the algebra and the PI degree of

quotients by maximal ideals) provides valuable information about its discriminant ideal



(another invariant with applications in the study of automorphism groups of PI algebras
([CPWZ16] and [CPWZ15])). The PI degree also plays an important role in the representation
theory of prime affine PI algebras, giving an upper bound on the dimension of irreducible
representations (Theorem 2.17). The representations of an algebra shed light on its structure
and, as such, they are worth investigating. For these reasons we require a method of
calculating the PI degree of quantum algebras and their quotients.

This thesis focusses on extending Cauchon’s deleting derivations algorithm in the generic
setting [Cau03a] to include the root of unity case by utilising an adapted version, provided
by Haynal [Hay08, Section 3], of the homomorphism which lies at the heart of the procedure.
This allows, under certain conditions, for the computation of the PI degree of completely
prime quotients of a large class of quantum algebras, including quantum nilpotent algebras.
The algorithm associates to each suitable quantum PI algebra, A, a corresponding quantum
affine space, A’, with the same PI degree, and to each completely prime ideal, P <A, it
associates a completely prime ideal, Q <tA’, such that PI-deg(A/P) = PI-deg(A’/Q). The
algorithm also allows for an irreducible representation of A’/Q, satisfying certain conditions,
to induce an irreducible representation of A/P of the same dimension. In the case where A/P
is a quantum determinantal ring we calculate the PI degree explicitly, given a mild restriction
on the deformation parameter ¢, and we construct an irreducible representation of A/P with

dimension equal to the PI degree.

Deleting Derivations Algorithm and its Motivation

In the first part of this thesis (Chapters 3 and 4) we extend Cauchon’s deleting derivations

algorithm [Cau03a, Section 3] to make it applicable to all iterated Ore extensions of the form
A =KI[Xi][X2;02,8] - [Xn; On, On]

satisfying certain conditions (see Hypothesis 1) and whose maps (0;, §;) satisfy a g;-skew
relation, where the parameters ¢; are allowed to be roots of unity. Cauchon requires these g;
to be non-roots of unity, however, we prove that many of the results in [Cau03a] still hold in
this more general setting. In particular, we construct a corresponding quantum affine space
A’ = Ox(KN) such that certain localisations of A and A’ are equal in Frac(A), the total ring
of fractions of A, and therefore

Frac(A) = Frac(A’) (1.1)



(Theorem 3.10). Furthermore, we produce an analogous canonical embedding to [Cau03a,

Section 4] by defining an injective algebra homomorphism
v : C.Spec(A) — C.Spec(A’),

where C.Spec(R) denotes the completely prime spectrum of an algebra, R (Definition 4.7).
From this we deduce that, given a completely prime ideal P € C.Spec(A) and Q := y(P) €
C.Spec(A’), certain localisations of A/P and A’/ Q are equal in Frac(A/P), and hence

Frac(A/P) = Frac(A’/Q) (1.2)

(Theorem 4.25). Similarly to [Cau03a, Proposition 4.4.1], we also recover a partition (Lemma
4.9) of the completely prime spectrum of A indexed by so-called Cauchon diagrams, #"'; a
subset of the power set of [[1,N].

The existence of Q and isomorphisms between the localisations in (1.1) and (1.2) are
proved in [HayO8, Theorem 4.6 and Theorem 6.2] and, indeed, Haynal’s modified deleting
derivations homomorphism is an integral part of our algorithm. However, following Cau-
chon’s construction, which we do closely, allows us to obtain, for each specific example, an
explicit description of the generators of A" as elements in Frac(A), as well as of the ideal
Q, in a way that the results of [HayO8] do not allow. The advantages of this procedure are
outlined next as we discuss the motivations for extending Cauchon’s algorithm.

Cauchon’s deleting derivations algorithm has been applied by various authors to gain a
better understanding of structure of quantum algebras in the generic case. Tauvel’s height

formula, for example, is given by
GKdim(R/P) +ht(P) = GKdim(R)

and provides a useful connection between two invariants for a prime ideal P of certain
algebras R; these are its height, ht(P), and the Gel’fand-Kirillov dimension of the quotient
algebra, GKdim(R/P). Tauvel’s height formula was shown to hold for (generic) quantum
nilpotent algebras by Goodearl, Lenagan, and Launois [GLL18] and their proof relied on the
use of Cauchon’s deleting derivations algorithm.

Casteels also invoked said algorithm when he proved that the quantum minors in any
torus-invariant prime ideal in the generic quantum matrices, 0;(M,, »(K)), form a Grobner
basis [Cas14]. This proves a conjecture of Goodearl and Lenagan [GLO2], that all torus-
invariant prime ideals of &, (M,, ,(K)) for g a non-root of unity are generated by quantum

minors, previously shown to hold for K of characteristic zero and g transcendental over Q by



Launois [Lau04b, Lau04a] and Goodearl, Launois, and Lenagan [GLL11], and independently
by Yakimov [Yak10, Yak13].

Cauchon himself used the algorithm to give a positive answer to the quantum Gel fand-
Kirillov conjecture on prime quotients of a large class of quantum algebras in the generic
setting [Cau03a, Théoreme 6.1.1], covering examples such as quantum euclidean spaces,
quantum symplectic spaces, quantum matrices, and quantum Weyl algebras, all at non-roots
of unity. The general conjecture asserts that, if A is a K-algebra which is either a quantised
coordinate ring or a quantised enveloping algebra, and P is any prime ideal of A, then
Frac(A/P) must be isomorphic to Frac(&,(K")) for some ¢ and some field extension K of
K (see [BG02, 1.2.11-14, I1.10.4] for further discussion). Through developing a Poisson
deleting derivations algorithm for Poisson K-algebras, based on Cauchon’s construction,
Launois and Lecoutre [LLLL17] verify (under certain technical assumptions) that the Poisson
version of the Gel’fand-Kirillov conjecture holds for a large class of quotients by Poisson
prime torus-invariant ideals. A similar result had previously been proved by Goodearl and
Launois for quotients by any Poisson prime ideals, when K has characteristic zero [GLO7].
Extending the deleting derivations algorithm, as we do in this thesis, is therefore a step
towards answering this conjecture for quantum nilpotent algebras at roots of unity.

These applications of Cauchon’s algorithm rely on the explicit changes of indeterminates
in the total ring of fractions to transfer certain, more easily obtainable information, from the
quantum affine space back to information about the quantum algebra. One motivation for
setting up an analogous deleting derivations algorithm in the root of unity case is, therefore,
to obtain a similar tool which we might be able to wield to deduce analogous results to the
aforementioned. These problems will not be covered any further in this thesis, except for the
mention of Casteels’ paper in Section 5.4 in our discussion of some open problems.

A second motivation, and the one that this thesis will focus on, comes from the utility
of the PI degree in deducing various properties of PI algebras, as mentioned earlier in the
introduction. Haynal proves PI parity between A and A’ [Hay08, Corollary 4.7], that is, A is
a PI algebra if and only if A’ is a PI algebra and, in this case, both algebras share the same
PI degree; a result which may be recovered from (1.1). Leroy and Matzcuk also recover
this result in a slightly more general setting [LM11, Theorems 6 and 7]. Moreover, if A is
a PI algebra then from (1.2) we deduce that PI-deg(A/P) = Pl-deg(A’/Q), thus recovering
[HayO08, Corollary 6.4]. These equalities may simplify the computation of the PI degree
of A and A/P thanks to a result by De Concini and Procesi [CP93, Proposition 7.1] which
provides a method for computing the PI degree of a quantum affine space at a root of unity
(we recap their result in Theorem 2.30). Hence, if A’/Q is a known quantum affine space
then PI-deg(A/P) is calculable using [CP93, Proposition 7.1].



Although Haynal’s methods are successfully employed in [Hay08, Section 5] to compute
the PI degree of some quantum algebras, A, they are not sufficient to deduce the PI degree of
the completely prime quotients, A/P. The reason for this being that although A’ is known,
the completely prime ideal Q in A’ corresponding to the completely prime ideal P in A cannot
be computed using Haynal’s methods alone. The process of deleting derivations presented in
this thesis partially overcomes this issue by providing a method of constructing Q from P so

that A’/ Q can be calculated explicitly, given a specific example.

Applying the Deleting Derivations Algorithm

In Chapter 5 we work in the root of unity setting, where suitable parameters of A are given
by powers of some primitive £ root of unity, 1 # g € K*. We bring together the technical
results of Chapters 3 and 4, outlining how they can be applied in practice to compute the
PI degree of A /P for specific examples. Of particular interest to us is when A’/Q becomes
a quantum affine space, which happens, for example, when Q = J,, = (T; | i € w), where
Ti,...,Ty generate A" and w C [1,N]. In this case,

Pl-deg(A/P) = Pl-deg(O,u(K")), (1.3)

for some additively skew-symmetric matrix M € M, (K) (Remark 5.2), where, if we know
to which subset w the ideal P corresponds, then we also know the matrix M. Applying the
result of De Concini and Procesi we deduce (Lemma 5.7) the following formula for the PI
degree of A/P which depends only on properties of the matrix M, namely the dimension of

its kernel and its invariant factors, as well as the values of N and ¢:

N—dim(ker(M)) ’
2
Pl-deg(A/P) = —_—.
sam=I

Using this formula we compute the PI degree of two examples of completely prime
quotients A/P. The first example takes A = U; (s0s), the positive part of the quantised
enveloping algebra of sos, and computes the PI degree of a completely prime quotient
Uq+ (s05)/(Z') (Example 5.3.1). The second example (Example 5.3.2) computes the PI degree
of the quantum Schubert variety 0,((G24(K)(;33) by exploiting the link to a class of
quotients of quantum matrices called quantum determinantal rings, discovered by Lenagan
and Rigal in [LRO8]. We also use this link to provide a formula for computing the PI degree
of a general quantum Schubert variety, satisfying certain conditions (Corollary 5.13).



The method described in this chapter has some weaknesses in efficiency as it is not
known what the set # looks like for a general algebra A, or to which Q € C.Spec(A’) the
ideal P is sent. These open questions are discussed in Section 5.4. The formulae obtained in
this chapter require the knowledge of properties of the matrix M from (1.3), which may be
calculated for individual examples but for which we do not have a general closed form. The
next chapter shows that for quantum determinantal rings we can improve on this to obtain
an explicit formula for the PI degree, given that the deformation parameter is a primitive ¢/
root of unity with ¢ odd.

Computing the PI degree using De Concini and Procesi’s
Result

Chapter 6 focusses on the application of the result of De Concini and Procesi in computing
the PI degree of the quantum affine space on the right hand side of equation (1.3) in the case
when A = 0y (M,, »(K)), the single parameter quantum matrices at a root of unity ¢. It does
this by using combinatorial arguments on certain types of diagrams to deduce the relevant
properties of the matrix M.

In Theorem 4.37 we show that the set #” is in bijective correspondence with the set
of m x n grids with each square coloured black or white adhering to a rule, which is stated
in Section 4.5.1. These go by the name of Cauchon-Le diagrams (or sometimes Cauchon
diagrams or Le-diagrams depending on the author), and were discovered independently by
Postnikov [Pos06], in relation to the totally nonnegative Grassmannian, and by Cauchon
[Cau03b]. For each w € #” there exists a corresponding Cauchon-Le diagram C,, to which
we can associate a matrix M(Cy,). If w(P) = J,, then the matrix M(C,,) replaces M in (1.3).

The main result in this chapter states that the invariant factors of the matrix M(C,,)
associated to a Cauchon-Le diagram C,, are all powers of 2 (Theorem 6.3). Furthermore,
results of Bell, Casteels, and Launois [BCL12, Theorem 4.6 and Lemma 4.3] show that
the dimension of ker(M(C,,)) is contained within the properties of a combinatorial object
associated to the diagram C,, called the foric permutation, which can be read off C,, using
so-called pipe dreams. Combining these results we obtain a formula for the PI degree of
A’/J,, using the corresponding Cauchon-Le diagram (Remark 6.4). We illustrate this with a
small example. Work is still needed to trace the ideal J,, back through the deleting derivations
algorithm in each example in order to find out to which P € C.Spec(A) it corresponds, so we
don’t get a closed formula for PI-deg(A/P) in general.



The situation improves when we take A = 0,(M,(K)) and P to be the ideal generated by
all (14 1) x (r+ 1) quantum minors of A. In this case, A/P becomes a quantum determinantal
ring, denoted R;(M,,). Thanks to the results of Lenagan and Rigal [LR0O8, Lemma 4.4], the
PI degree of R,(M,,) is equal to the PI degree of & (K*" %) where the matrix M = M(C)
corresponds to an n x n Cauchon-Le diagram C consisting of an (n—t) x (n—t) block of
black boxes in the top left corner. We calculate the toric permutation of C (Proposition 6.10)
and deduce from this that dim(ker(M(C))) = ¢. This allows us to state the following explicit
formula (Theorem 6.11), given that ¢ is a primitive /" root of unity with ¢ odd:

2nt—t2—t
2

Pl-deg(R;(M,)) = ¢

Chapter 6 ends with some open questions related to the work above.

Irreducible Representations

In Chapter 7 (written in collaboration with Samuel Lopes) we show that, in the root of unity
setting, an irreducible representation of A’/ y/(P) may be passed back through the deleting
derivations algorithm to give an irreducible representation of A/P of the same dimension
(Corollary 7.9). This is illustrated in Section 7.3.2 on the example U, (s05)/(z') from Chapter
5. We specialise to the quantum determintantal ring R;(M,,) in Section 7.4, which we show
sits between a quantum affine space and its corresponding quantum torus (Lemma 7.15).
By first building an irreducible representation of this quantum affine space of dimension
Pl-deg(R,(M,)) (Proposition 7.7), we construct an irreducible representation of R,(M,,) of
the same dimension in the case when the deformation parameter ¢ is a primitive ¢/ root of
unity with £ odd (Proposition 7.16).



Notation

We adopt the following conventions and notation throughout this thesis:

N denotes the set of non-negative integers (i.e. 0 € N);
K is an arbitrary field unless stated otherwise;

K* :=K\{0};

[a,b] denotes the set {a,...,b}, for integers a < b;

all algebras (often labelled A) are taken to be unital, associative K-algebras unless
stated otherwise;

all ideals are two-sided ideals unless stated otherwise;
a = a—+ I denotes the image of a € A in the quotient algebra A /I,
P/I denotes the image of the ideal P <A in the quotient algebra A/I;

Spec(A) denotes the set of all prime ideals of A and C.Spec(A) denotes the set of all

completely prime ideals of A;
Z(A) denotes the centre of A;
all homomorphisms and (skew) derivations are K-linear;

if we write A = R[x; 0, 8] it is understood that A is a left Ore extension over a K-algebra
R with o € Autg(R) and 6 a o-derivation on R;

Frac(A) denotes the total ring of fractions of A, i.e. the (left and right) ring of fractions
with respect to the set of all regular elements in A. By writing Frac(A) we’re implying
that such a construct exists for A;

by calling a square matrix M = (m; j) = (m; j); je[1,n] Skew-symmetric we mean that it

is additively skew-symmetric, i.e. m;; =0 and m; j = —m;; for all i, j € [1,n];

M,, »(K) denotes the set of m x n matrices with entries in K and if m = n we denote

the resulting set simply as M, (K);

if I C [[1,N] then |I| denotes the number of elements in the set I.



Chapter 2
Preliminaries

In this chapter we provide an overview of polynomial identity (PI) ring theory and introduce
the specific algebras which will be studied in this thesis. We denote by K a field of arbitrary
characteristic.

2.1 Rings of Fractions

The following definitions and results concerning rings of fractions of noetherian rings are

well-known and can be found, for example, in [GW04, Chapters 6 and 10].

Definition 2.1. Given a multiplicative set X C A in aring A, X is called a right Ore set (or
equivalently, X satisfies the right Ore condition) if, for all a € A and x € X, there exists b € A
and y € X such that ay = xb. A left Ore set is defined symmetrically and a (two-sided) Ore
set 1s one which satisfies both the left and right Ore condition.

Given a right Ore set of regular elements X C A in a ring A we call the localisation
AX':={ax"'|a € A, x € X} the right ring of fractions for A with respect to X. This is
defined to be the overring AX ! D A such that every element of X is invertible in AX ! and
every element of AX ! can be expressed in the form ax~!, for some a € A and x € X.

The left ring of fractions X ~'A is defined symmetrically and if X is both a right and left
Ore set of regular elements we call AX ~! = X 1A a (two-sided) ring of fractions for A with
respect to X.

A right (left, two-sided) Ore domain is any domain A in which the nonzero elements form
a right (left, two-sided) Ore set.

Remark 2.2. If A is a noetherian ring then there exists a ring of fractions AX ! = X 1A if
and only if X is an Ore set [GWO04, Theorem 10.3 and Proposition 10.7]. Furthermore, if A

is a noetherian domain then it is an Ore domain [GW04, Corollary 6.7] where all nonzero
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elements are regular. It therefore has a toral ring of fractions which is a division ring [GW04,
Theorem 6.8] and we denote this by Frac(A) (this is the ring of fractions of A with respect to
the set of all nonzero elements of A).

2.2 Polynomial Identity (PI) theory

2.2.1 Polynomial Identity Rings

Extensive background on PI theory can be found in books by Rowen ([Row88a] and
[Row88b]) and Procesi [Pro73]. For a concise overview of more recent results relating
specifically to the types of algebras discussed in this thesis, we turn to [BG02, Appendices
I.13 and 1.14].

Definition 2.3. An element f = f(xi,...,x,) of the free algebra Z(xy,...,x,) is called a
monic polynomial if at least one monomial in f of highest degree has coefficient 1, where
the degree of the monomial x" - - - x% is defined to be a; + - - - +a,. A ring A is said to satisfy
a monic polynomial f when f(ay,...,a,) =0, forall aj,...,a, € A. In this case, A is said to
be a polynomial identity (PI) ring (or, equivalently, A is PI). The minimal degree of a PI ring
A is the least degree of all monic polynomial identities for A. We call an algebra a Pl algebra

if it satisfies some monic polynomial identity.
PI rings cover a large class of rings. We collect some examples and results below.

Example 2.4. Commutative rings satisfy the polynomial identity x;x, — xpx; and therefore

have minimal degree 2.

Example 2.5. Nilpotent rings (rings in which there exists some N € N+ such that every
product of N elements is 0 and there exists a nonzero product of N — 1 elements) satisfy the

polynomial identity x%.
Example 2.6. Amitsur and Levitzki proved ([AL50, Theorem 1]) the celebrated result that

the ring of n x n matrices M, (C) over a commutative ring C satisfies the so-called standard

identity sy, of degree 2n given by

sai= Y, (1) gy g,

TeSH,

where S5, is the symmetric group on 2z elements, and /() gives the length of the permutation
7 (that is, the number of inversions). In fact, M, (C) satisfies no monic polynomial of degree
less than 2n, and thus it has minimal degree 2n (see, for example, [MRO1, Proposition 13.3.2
and Theorem 13.3.3]).
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Proposition 2.7 (Corollary 13.1.13, [MRO1]). Any ring which is finitely generated as a

module over a commutative subring is a PI ring.

Example 2.8. A central simple algebra, A, is defined as a simple Z(A)-algebra which is
finite dimensional over Z(A). Hence all central simple algebras are PI by Proposition 2.7.

Proposition 2.9 (1.13.2.4., [BGO02]). If A is a PI ring with minimal degree d, then any subring

or factor ring of A is also PI with minimal degree at most d.

Proposition 2.10 (Proposition 1.7.8, [Row88al). If A is a PI ring, and S # 0 is a multi-
plicatively closed set of central elements of A, then the localisation AS~" is also a PI ring.

Suppose further that S contains no zero divisors then

minimal degree of A = minimal degree of AS™".

2.2.2 PI Degree

In this section we define the PI degree of prime PI algebras. This definition will suffice
because the algebras covered in this thesis are all prime.
As a consequence of the Artin-Wedderburn Theorem, any central simple algebra A is

isomorphic to a matrix ring over a central simple division ring. Hence
dimy(4)(A) =n’ 2.1)

for some n € N+ (. From this, we define the PI degree of A to be n.

We now recall one of the fundamental results from PI theory:

Theorem 2.11 (Posner’s Theorem). Let A be a prime PI ring with centre Z(A) and minimal
degree d. Let S = Z(A)\{0}, Q = AS~! and F = Z(A)S~'. Then Q is a central simple
algebra with centre F and dimp(Q) = (d/2)>.

Note that the Q in Posner’s theorem is PI and, since Q is a central simple algebra, we can
state its PI degree to be d/2 by the discussion above. Furthermore, Proposition 2.10 tells
us that Q has the same minimal degree as A, namely d. Recognising that the PI degree can
be interpreted as some measure of how close to being commutative a PI algebra is and that
this, in turn, is related to its minimal degree, the definition of PI degree given above can be

extended to all prime PI rings in the following way:

Definition 2.12. The PI degree of a prime PI ring A with minimal degree d is

Pl-deg(A) = d/2.
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Remark 2.13. The reader is invited to refer to [BG02, 1.13.3]) for a more technical motivation
of this definition.

Remark 2.14. With this definition, Proposition 2.9 implies that PI-deg(A/P) < PI-deg(A)
for all prime PI rings A and prime ideals P € Spec(A).

As a consequence of Posner’s Theorem, every prime PI ring has a total ring of fractions
Frac(A) obtained by inverting all nonzero central elements of A, and we obtain the following
result [BGO2, Corollary 1.13.3]:

Corollary 2.15. Let A be a prime PI ring. If B is a subring of Frac(A), with A C B, then B is
also a prime PI ring and PI-deg(B) = PI-deg(A).

The following result (from [BGO02, Section 1.13.5.]) provides the important link between
the PI degree of a prime affine PI algebra over an algebraically closed field and its irreducible
representations, which will be utilised in Chapter 7. Before presenting this result, we give a

definition:
Definition 2.16. An algebra is called affine if it is finitely generated as an algebra.

Theorem 2.17. Let A be a prime affine PI algebra over the algebraically closed field K, with
Pl-deg(A) = n.

(1) If S is a primitive factor of A then
S = M,(K)

for some integer t, where t < n.

(2) LetV be an irreducible A-module. ThenV is a K-vector space of dimensiont € N, where
t <nandA/annyg (V) = M;(K).

Remark 2.18. The upper bounds in both parts of the theorem are, in fact, attained [BGO02,
Lemma III.1.2(2)].
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2.3 Iterated Ore Extensions and Skew-Laurent Polynomial

Rings

2.3.1 Ore Extensions

Let R be a K-algebra and ¢ be a K-algebra endomorphism on R. A (left) o-derivation on R
is defined to be a K-linear additive map 6 : R — R such that, for all r, s € R,

o(rs) =o(r)8(s)+d(r)s.

It may be easily verified that §(1) = 0, and that if ¢ = Idg then § becomes a derivation in
the classical sense. In general, when we don’t wish to specify ¢, we often refer to the map 6
defined above as a skew derivation.

We assume o to be a K-algebra automorphism on R for the rest of the thesis and denote
this by o € Autg (R). From now on we will drop the “left” and simply call § a 6-derivation
whenever it satisfies the property above.

Given some ¢ € Autg(R) and o-derivation 6 : R — R we can form the Ore extension of

R (or skew-polynomial ring over R), A = R[x; 0, 0], where
(1) A is a K-algebra containing R as a subalgebra;

2) xeA;

(3) Ais a free left R-module with basis {1,x,x%,...};

4) xr=0(r)x+9(r) forall r € R.

When 6 = 0 we write A = R[x; 5], and when ¢ = Idg we write A = R|x; §].
We give an example, taken from [GWO04, Exercise 1L]:

Example 2.19. Consider the Lie algebra sl,(K) with standard basis {e, f,h}, where [e, f] =
h, [h,e] = 2e, and [h, f] = —2f. Then the enveloping algebra U (sl,(K)) is the K-algebra
generated by e, h, f subject to the following relations:

ef —fe=h, he — eh = 2e, hf —fh=-=2f.

Let R := K[A] be the polynomial ring and let A be the subalgebra of U (sl (K)) generated by

e and h. Then A may be presented as an Ore extension over R, written

A :R[e;Gl,O] :R[e;61],
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where 0 is the K-automorphism on R defined on 4 as oy (h) = h— 2. It can be checked, using
property (4) of Ore extensions given above, that eh = o1 (h)e + 0 = he — 2e, as required.

Definition 2.20. R[x;0,0] is a g-skew Ore extension (or, equivalently, (o, d) is g-skew) if
the automorphism and skew derivation satisfy the relation 6 o 0 = go 0 §. Note that this
is the opposite to the relation used in [Cau03a], however it matches [HayO8] and others.
The derivation § is locally nilpotent if, for every r € R, there is an integer n, > 0 such that
0" (r) =0and 6™(r) # 0 for any m < n,. We define such an n, as the 8-nilpotence index of

r.

The existence of an Ore extension for any algebra R, K-automorphism &, and o-derivation
0 is given, for instance, in [GWO04, Proposition 2.3]. Ore extensions satisfy a universal
mapping property [GWO04, Proposition 2.4] and are consequently unique up to isomorphism
[GWO04, Corollary 2.5]:

Proposition 2.21 (Universal Property of Ore Extensions). Let A = R[x;0,0] be an Ore
extension. Suppose there exists an algebra B with an algebra homomorphism ¢ : R — B and
an element y € B such that y¢(r) = ¢ oo (r)y+ ¢ 0 6(r) for all r € R. Then there exists a
unique algebra homomorphism y : A — B such that y(x) =y and Y|gr = ¢.

Corollary 2.22. Let R be an algebra, 6 € Autg(R), and 8 a 6-derivation on R. Set A =
R[x;0,6] and A’ = R[X'; 0, 8]. Then there exists a unique isomorphism ¢ : A — A’ such that
¢ (x) =x" and ¢|g = 1dg.

The following results (see [BG02, Lemma I.1.12 and Theorem I.1.13]) will prove useful:
Theorem 2.23. Let A = R[x; 0, 6]|. Then the following statements hold:
(a) A is a domain if R is a domain.
(b) A is a prime ring if R is a prime ring.

(c) (Skew Hilbert Basis Theorem) A is right (left) noetherian if R is right (left) noetherian.

2.3.2 Iterated Ore Extensions

Iterated Ore extensions are constructed inductively: Starting with an Ore extension A; :=
R[x1;01,68;] we construct the algebra A, to be the Ore extension of A; by an automor-
phism, 6, € Autg(A}), and a o,-derivation, &, : A} — A;. That is, Ay := A{[xp; 00, 8] =

R[x1; 01, 61][x2; 02, 02]. We may continue this process to obtain the iterated Ore extension

A :A}’l = R[x1;61761] [xn;6n75n]7
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where 0; € Autg (A;_1) and &; is a o;-derivation on A;_1, for all 1 <i < n. The convention is
to set Ap :=R.

Remark 2.24. Theorem 2.23 naturally extends to iterated Ore extensions.
We build upon Example 2.19 with another example taken from [GW04, Exercise 2S]:

Example 2.25. Let A C U(sly(K)) be the subalgebra generated by e and /. Then U (sl (K))
may be presented as an Ore extension over A or, equivalently, as an iterated Ore extension

over K:
U(sh(K)) = A[f;02, 8] = K[h][e; 01][f; 02, 82,

where o0, is the K-automorphism on A with 0,(e¢) = e and 62(h) = h+2, & is the 0,-
derivation on A with & (e) = —h and 8,(h) = 0, and oy is the automorphism defined in
Example 2.19.

2.3.3 Skew-Laurent Extensions

Given some 0 € Autg (R) we may write the skew-Laurent extension of R (or skew-Laurent

polynomial ring over R) as B = R[x*'; 5], where

(1) Bis aK-algebra containing R as a subalgebra;

(2) x € Bis invertible;

(3) Bis a free left R-module with basis {1,x,x~ ', x> x72,...};
(4) xr =o(r)xforall r € R.

As with Ore extensions, it may be shown that the skew-Laurent extension for o € Autgk (R)
exists and is unique up to isomorphism, by a universal mapping property [GW04, Exercise
IN]. It may also be shown that a skew-Laurent extension is a localisation of an Ore extension;
that is B=AX !, where A = R[x; 6] and X = {x' | i € N} is a multiplicatively closed set in
A.

Following an inductive process similar to the one used to get iterated Ore extensions, we
may construct an iterated skew-Laurent extension

B=R[xi;01] [0,

where 0; € Autg (B;—1) forall 1 <i<n.

As a consequence of the Skew Hilbert Basis Theorem, and by extending [GW04, Corol-

lary 1.15] to iterated skew-Laurent extensions, we may state the following:
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Corollary 2.26. Let B = R[x{';01]---[x'; 0,] where o; € Autg (B;_1) forall 1 <i<n. If
R is right (left) noetherian then so is B.

2.4 Algebras Used in this Thesis

The specific algebras of interest in this thesis arise either as deformations of classical
coordinate rings or as deformations of enveloping algebras, which can be presented in terms
of generators and relations. For example, given n indeterminates X := {xy,...,x,} and ¢

relations R := {ri(x) =0|i=1,...,¢}, where r; € K(xy,...,x,), we write
K(x|ri(x)=0,...,r(x)=0)

to mean the K-algebra given by generators x satisfying the relations in R.

Example 2.27. The commutative polynomial ring in » indeterminates can be presented by

generators xi, ..., X, and relations x;x; = x;x; forall 1 <i, j <n, so
Kty ..o, xn] =K1, ..o x | xixj =xx; Vi, je[1,n]).

Remark 2.28. In this thesis we will use the notation K(xy,...,x,) to denote either the free
K-algebra generated by x1,...,x, (where these generators satisfy no relations) or an algebra
with these generators whose relations are known from the context (for example, a subalgebra
of a given algebra, in which case the relations from the larger algebra carry over to the
subalgebra).

2.4.1 Quantum Affine Spaces

Let N be a positive integer and A := (4; ;) € My(K*) be a multiplicatively antisymmetric
matrix (thatis, A; j = A inl and A;; =1 forall 1 <i, j <N). Using A we can define relations
on N indeterminates 71, ..., Ty by setting 7;Tj = A; ;T;T; for all i, j € [1,N]. The K-algebra
presented by generators 71, ..., Ty with relations derived from A,

K<T177TN|TITJZ;LIJTJE VI,_]G[[l,N]D,

is called the multiparameter quantum affine space corresponding to A and is denoted by
OxN(KN) or Kp[Ty,. .., Ty]. In the special case where N = 2 we get the quantum plane which
we denote by 0,(K?) or K,[Tj, T3] for some g € K*, where ¢ = A, 5 in the notation above.
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If there exists some ¢ € K* and an (additively) skew-symmetric matrix M = (m;, j) €
My(Z) such that ; ; = g™ for all 1 <i,j <N, then we call O5(K") a uniparameter
quantum dffine space corresponding to M with parameter ¢, and we denote it by O u (KM) or
KqM[Tl,...,TN].

If all entries of A are roots of unity then there exists a root of unity g € K* such that
Ai.j = ¢™ for some m; j € Z, for all 1 <i, j < N. This may be seen by assuming that A; ;

is an il root of unity, for all i, j, and setting r :=lem{r; ; | i,j = 1,...,N}. There then

LJ
h

exists an ™ root of unity, which we label ¢, and integers m; ; such that g™/ = A; j. Thus,
OpNKN) = O (KM). We often refer to this as the root of unity case.

We can write the quantum affine space €, (KV) as the iterated Ore extension
K[T][T2; 02] - - [T o],

where each o; is a K-automorphism on the relevant algebra and G,'(Tj) = A;;T; for all
j < i. Therefore O (K") is a noetherian domain by Theorem 2.23. It has a PBW K-basis
{Tlil ---TK,N |i1,...,iv € N}

Remark 2.29 (PI setting). In the root of unity case (where all A; ; = g™/ for a primitive
£™ root of unity, g € K*), we can easily check that the quantum affine space O gm (KM) has
K[T f yeens Tzé] as a central subalgebra. Hence O u (KM) is a finitely generated module over
its centre, with basis {7}"'---Ty" | 0 <j,...,iy < £}, and we can use Proposition 2.7 to
conclude that it is a (prime) PI ring. This sufficient condition on the entries A; ; for a quantum

affine space to be PI is, in fact, necessary, as will be seen next.

The theorem that follows ([BGO02, Proposition 1.14.2] and [CP93, Proposition 7.1])
provides one of the key techniques for calculating the PI degree of the algebras we are
interested in. It provides the motivation for the deleting derivations algorithm and, as such, it

underpins this whole thesis.

Theorem 2.30 (De Concini and Procesi). Let A = (4; ;) € My(K) be a multiplicatively

antisymmetric matrix.

(i) The algebra OA(KY) is a PI ring if and only if all the 2; j are roots of unity. In this
case there exists a root of unity q € K* and integers m; j such that A; j = ¢ for all
i,j € [1,N].

(ii) Suppose A; j = g™ for all i, j, for some skew-symmetric matrix M = (m; j) € Mn(Z),
and suppose q € K* is a primitive /" root of unity. Let h be the cardinality of the image
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of the homomorphism
N M gN T (7.)07)V, 2.2)

where T denotes the canonical epimorphism. Then PI-deg(Ox(KN)) = v/h.

2.4.2 Quantum Tori

Let N be a positive integer and A = (4; ;) € My(K*) be a multiplicatively antisymmetric
matrix. The K-algebra presented by generators 77, Tl’1 , 1>, Tz’l, v I, Ty ! with relations

coming from A,
K0T T, T T Ty | T = AT, T =T ' i =10 Vi j e [1,N]),

is called the multiparameter quantum torus corresponding to A and is denoted by O ((K*)V)
or Ka[T{, ... T ).

If there exists some ¢ € K* and an (additively) skew-symmetric matrix M = (m; ;) €
My(Z), such that A; j = g™ for all 1 < i, j <N, then we call Ox((K*)V) a uniparameter
quantum torus corresponding to M with parameter ¢ and we denote it by ﬁqM((K*)N ) or
Km[T7 . T

If all entries in A are roots of unity, then there exists a root of unity ¢ € K* such that
Aij = ", for some m; j € Z and all 1 <i,j <N. Thus, OA((K*)V) = Ou((K*)V). We
often refer to this as the root of unity case.

We can write the quantum torus &, ((IK*)") as the iterated skew-Laurent extension
K[Tlil][T2i1§02] e [Tl\%l;GN]

where each o; is a K-automorphism on the relevant algebra and 6;(7;) = 4, ;T}, for all j <.
Therefore Ox((K*)V) is a noetherian domain by Theorem 2.23. It has a PBW K-basis
{Tlil ---TK,N | i1,-..,IN € Z}.

Remark 2.31 (PI setting). The quantum torus &, ((IK*)V) is the localisation of the quantum
affine space O (K") with respect to the multiplicatively closed set S = {T, il,...,T]f,N |
i1,...,iy € N}, ie.,

OA((KN) = Op(KV)S™,

From this we arrive at the inclusions

OA(KN) € Op((K)Y) = OA(KN)S™! C Frac(O(KY)).
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We saw in Theorem 2.30 that ﬁA(KN ) is a (prime) PI ring if and only if all the 4; j are roots
of unity. Using Corollary 2.15 with the inclusions above, we deduce that & (K*)V)isa
(prime) PI ring, with PI-deg(&m ((K*)V)) = PI-deg(&,u (K")), if and only if all the ; ; are
roots of unity.

2.4.3 Quantum Matrices

The quantised coordinate ring of 2 x 2 matrices is now presented in terms of its generators
and relations. The interested reader is referred to [BG02, Example 1.1.6] for a detailed
construction of this ring with justifications of the relations arising from the classical algebraic
geometry setting.

The K-algebra generated by a, b, c,d with relations

ab=gba, ac=gqca, ad=da+(q—q ")bc, bc=cb, bd=qdb, cd=qdc,
(2.3)

for some g € K*, is called the single parameter quantised coordinate ring of 2 x 2 matrices
and is denoted by &, (M, (K)). Its generators can be thought of as lying in a 2 x 2 matrix,
b
(€a):
There is an analogue to the classical determinant in &, (M>(K)), called the quantum

determinant, which is a central element and is defined as
D, := ad — qgbc.

Using the relations in the 2 x 2 case we can define the single parameter quantised
coordinate ring of m x n matrices Oy(M,y, ,(K)) for any m,n € N as follows: Arrange the
mn generators X; ;j of 0y (M, ,(K)) in a matrix,

Xi1 o Xig

Xml an

) ’

which we call the matrix of generators for 0y(M,, ,(K)). Then, for any 2 x 2 submatrix

X X .
( ij X:; ) of Z,, we define the relations between the generators X; ;,X;;, Xy j, X, to be

precisely those for a,b,c,d given in (2.3). That is, for (1,1) < (i,j) < (s,7) < (m,n) (in
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lexicographic ordering), we have

X5, X j i<s,]>1
XijXsr = § qXs1Xi j (i=s,j<t)or(i<s,j=t);
X Xij+(q—q DX Xy i<s,j<t.

Remark 2.32. More often than not we use the terms quantum m x n matrix algebra or m x n
quantum matrices to describe &, (M, ,(K)), instead of the more formal quantised coordinate

ring of m X n matrices.

We can also define the multiparameter quantum m x n matrix algebra (or m X n multipa-
rameter quantum matrices), Oy, ,(Mp,(K)), where A € K* and p = (p;,j) € M ,(K*) is a
multiplicatively antisymmetric matrix, as the K-algebra with matrix of generators

X1 o Xig

) )

%l,p: :
Xml an

I )

and relations, for (1,1) < (s,7) < (i,j) < (m,n),

Pispr jXsuXij+ (A — 1)pisXs jXiy 1>, j>1
Xi jXst = Apispr,jXs 1 Xij i>s,j<1;
D1, jXs 1 Xi j i=s,j>t.
Remark 2.33. We can recover the single parameter relations from those of the multiparameter

case by setting A = ¢~ and pij=qforalli> j.

Definition 2.34. We can extend the definition of the quantum determinant to arbitrary degree
and use this to define quantum minors on &, (M, ,(K)) and &), (M1 (K)).

1. Single parameter case: The single parameter quantum determinant D, of 0, (M, (K))

can be expressed as

Dq = Z <_q)€(7r)X7T(l),l e 'Xn‘(n),m
TES,

where /(7) gives the length of the permutation 7.
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2.

Multiparameter case: The multiparameter quantum determinant D, ;, of 0}, ,(M,(K))
can be expressed as

Dyp=Y, IT rriri) | Xeq)as- - Xayn

mes, | 1<i<j<n
n(i)>n(j)

. Quantum minors: Let I C [1,m] and J C [1,n], with |I| = |J| = s for some 1 < s <

min(m,n). Order the elements in / and J so that I = {i; < ... <is} and J = {j; <
... < Js} and let 27 s denote the s x s submatrix of 2 (or Z), ,) determined by taking
the rows indexed by {ij,...,is} and the columns indexed by {ji,..., js}. The quantum
minor [I|J] € Oy(My, »(K)) (respectively [I|J] € O, ,(Myn,2(K))) is defined to be the
quantum determinant (respectively the multiparameter quantum determinant) of 27 ;.

. Index pairs: For I and J defined as above, we call the pair (1,J) an index pair and we

denote the set of all index pairs by A,, ,. Since there is a one-to-one correspondence
between index pairs of [1,m] x [1,n] and quantum minors of &, (M,, ,(K)) we of-

ten identify these two sets and use A, , to denote the set of all quantum minors of
O4(Mmn(K)).

Both the single parameter and multiparameter quantum matrices can be written as iterated

Ore extensions with the generators appearing in lexicographic order. In the multiparameter

case we can write

where

ﬁh,p(Mm,n(K)) = K[Xl,l] [XLZ; c71,27 5172] T [Xm,n; Gm,m 6m,n];

pi,spqusJ (i >, ] 7& t);
Gi7j(Xs,t) = )Lpi,spt,sz,t (i>s,j=1);
pt,sz,t (i:S7j>t)7
()L — l)pi,sXs,in,t (i >, ] > t);

otherwise.

0;,j(Xss), =

The single parameter case is recovered using Remark 2.33. &, (M, »(K)) and &), (M, »(K))
are both noetherian domains by Theorem 2.23 and they both have a PBW K-basis given by

i12

. . i i . . .
monomials in the generators, Xlt'ilXLz < X, where 11,012, -+ yimn € N.
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Remark 2.35 (PI setting). In the single parameter case when ¢ is a primitive /" root of
unity, we have that all /" powers of the generators are central elements. To see this, consider
the 2 x 2 quantum matrices &,(M>(K)) generated by a,b,c,d (the calculations are then
easily extended to 0, (M, ,(K))). Tt is straightforward to see that b*,c’ € Z(0,(M2(K)))
and that af, d’ commute with b,c. It remains to check that a'd = da’ (and that d‘a = ad",
which is shown in a similar way): It can be shown, via induction on 1 < k < /, that dd =
da* + (¢* ' — g ")bca*~'. Therefore, when k =/, we get > ! —qg ' =g ' —¢q71 =0
and hence a'd = da'.

Define the (-centre of 0y(M,,,(K)) to be the central subalgebra Zy C Z(0y(M;n.n(K))),
where Z := K[Xf}l, e ,X,f;}n]. Any monomial XIZIIIXI”Z2 .. .X,l;;’j;;‘ € 0y(Mp»(K)) can be writ-
ten as

X{UXYS X = (XL )0 (XL )02 (XD ) X XY X
where (Xf,l)-m (Xf’z)j‘ﬁ2 T (X,f;yn)j"w €Zpand0<ky 1,...,kn, <{—1.Hence, Oy(My, ,(K))
is finite dimensional as a module over Zy and hence, by Proposition 2.7, it is a PI ring.

2.4.4 Quantum Determinantal Rings

For any 0 <t < min(m,n) let I; := ([I|J] € Oy(Mun(K)) | |I| = |J| =t + 1) be the ideal in
Oy(Mn.n(K)) generated by all (r+ 1) x (# + 1) quantum minors. We call such an ideal a
quantum determinantal ideal and we define the quantum determinantal ring as R;(My, ) =
Oy(Mpn(K))/I. The algebra R;(M,, ,) is noetherian (as the quotient ring of a noetherian
ring) and also a domain, so that /; is completely prime [GLO0O, Corollary 2.6]. Furthermore, if
Oy(Myn,n(K)) is PI then so too is R, (M, ). Note that when ¢ = 0, the quantum determinantal
ring Ro(M,, »(K)) is trivial, i.e. it becomes the field, K.

Remark 2.36. From the geometric perspective, the set of m x n matrices of rank at most 7,

Vi € My, ,(K), is an irreducible variety with coordinate ring
OVi) = O(Mun(K))/Jr,

where J; < O(M,, »(K)) is the prime ideal generated by all (r + 1) x (# + 1) minors. Taking
quantum analogues of the right hand side of this equality gives &, (M, »(K))/I;. Therefore
the quantum determinantal ring R,(M,, ,) can be thought of as the quantum analogue to
O (V;). (See [GLOO] for more details on the motivation coming from determinantal varieties.)



Chapter 3

The Deleting Derivations Algorithm on
Iterated Ore Extensions

3.1 Preliminary Work

In this chapter we lay out the main foundations of the deleting derivations algorithm. First
we set up some definitions and notation of objects that will be used in the work that follows.
For the following definition, see, for example, [Hay08, Definition 2.1]:

Definition 3.1. For an indeterminate ¢ and integers n > i > 0, we define the following:

D=t 2 4 1, (3.1)
()= (0)(i—1)---(1);, where (0)!;:=1, (3.2)

C)t - (,)'((’;—)'_l)' (33)

The expressions (’:) . are called t-binomial coefficients and are polynomials in 7 over Z with
similar properties to the regular binomial coefficients. We may evaluate the 7-binomial

coefficients at r = ¢, for some g € K*, to give g-binomial coefficients.

The g-binomial coefficients defined above appear in the following g-Leibniz rules. These

enable us to group together terms of the same degree in any g-skew Ore extension, R[x; G, 8].

n
0" (rs) = z{) (7) 6" 08! (r)0" !(s) forall,s € Randn=0,1,2,... (3.4)
1= q
n
r=Y ("> 6" o8 (r)x" forallr € Randn=0,1,2,... (3.5)
i=0 l q
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In the case where g is a non-root of unity, Cauchon [Cau03a, Définition 2.1] defines a
homomorphism for use in his algorithm which includes the multiplier ﬁ in a sum from
n =1 to oo. If ¢ were a root of unity with ¢* = 1, then this map would be undefined for n > ¢
since (£)!; = 0. In order to derive similar results to those of Cauchon for any 1 # g € K*,
Haynal [Hay08, Section 2] defined a sequence of linear maps which satisfy properties similar

to the g-Leibniz rules but do not involve g-binomial coefficients.

Definition 3.2. [Hay08, Definition 2.2] A higher g-skew &-derivation (h.g-s.c-d.) on a
K-algebra R is a sequence dy,d,d>, ... of K-linear operators on R such that the following

three conditions are satisfied:
1. dp is the identity,
2. dy(rs) = Y1 06" 'di(r)dy—i(s) for all r,s € R and all n,
3. dyoo =¢q"c od, for all n.

If a sequence of K-linear maps satisfies the first two conditions then we refer to it as a higher
o-derivation. We often abbreviate the sequence {d,}, _ as {d,} when it is obvious which
subscript indexes the sequence. A h.g-s.o-d. is locally nilpotent if, for all r € R, there exists
an integer n, > 0 such that d,(r) = 0 for all n > n,, and d,,(r) # 0 for any m < n,. In this
case we call n, the d-nilpotence index of . A h.g-s.c-d. is iterative if dydy,, = (") Antm
for all n,m. Note that this implies the d,, commute with each other. Finally, we say a g-skew
o-derivation 8 extends to a h.q-s.c-d. {d,} if such a sequence exists with d; = J.

We illustrate the definition given above with an example taken from [Hay08]:

Example 3.3. [Hay08, Section 2] The quantised Weyl algebra A}(K) is defined as the K-
algebra generated by x and y subject to the relation xy — €yx = 1, for some € € K*. It may
be presented as an Ore extension K[y|[x; 0, 8'] where 6’/(y) = €y, 6'(y) = 1, and (0’,8’) is
e-skew. Taking 1 # € to be a non-root of unity, we define the following K-linear maps for all
n>0:
a =)
(n)!e

The sequence {d;} then defines an iterative higher -skew ¢’-derivation on A}(K), as may

(3.6)

be verified using the e-Leibniz rules ((3.4) & (3.5), replacing g with €), and by checking that

dy(y') =
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In the example above, if € = ¢, for some primitive /M root of unity g € K*, then (3.6)
is undefined for n > ¢. In [Hay08, Theorem 2.8] Haynal provides a result which gives a
sufficient condition on a g-skew Ore extension R[x; o, 8] for the o-derivation, &, to extend to
ah.g-s.o-d., {d,}, for any 1 # g € K*. For algebras satisfying the required conditions, it is
shown that {d,} comes from a higher &-skew derivation {d),} defined as in (3.6) on some
K [¢*1]-algebra satisfying certain properties. We will see in later chapters that the specific
examples we are interested in for this thesis do indeed satisfy the conditions of the theorem,
thus allowing us to define the higher g-skew derivations in this way.

In [Hay08, Section 3] these higher g-skew o-derivations were used to define a deleting
derivations homomorphism for any 1 # g € K*, which, when ¢ is not a root of unity and
under certain assumptions on {d, }, returns the formula presented in [Cau03a, Section 2].

This algebra homomorphism is defined in the following proposition for use later on:

Proposition 3.4 ([Hay08], Proposition 3.4). For a K-algebra R, let A := R[x;0,0d], with
0 € Autg (R) and 8 an o-derivation, and set S :={x" | n € NU{0}} C A, the multiplicatively
closed set. Suppose & is locally nilpotent and extends to an iterative, locally nilpotent higher
g-skew o-derivation {d,} on R with 1 # q € K*. Then there is a unique injective algebra

homomorphism,

f:R[y;0] — AS™!

yr—x

which we call the deleting derivation homomorphism. The image of f is the subalgebra of

AS~! generated by x and f(R), and is isomorphic (as an algebra) to R|y; o).

Properties of the algebras which we consider in this thesis are listed in the hypothesis
below for us to refer back to throughout this work. Note that these algebras are always

noetherian domains, by Theorem 2.23.
Hypothesis 1.

HI.1: A=K[X]|[X2;02,8]...[Xn;0On,On] is an iterated Ore extension, where K is a field,

o; are K-algebra automorphisms, and J; are o;-derivations.
H1.2: 0;(X;) = Ay X foralll <iand2 <i <N, where 2;; € K*.

HI.3: A:= (4 ;) € My(K*) is a multiplicatively antisymmetric matrix. That is, A;; = A, ;'
forall1 <i,l <N.
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HI1.4: For2 <i<N there exists some 1 # q; € K* such that §;o 6; = q;0;0 §;, i.e. (0;,8;)

is q;i-skew.
H1.5: Aj:= K[Xl][Xz;Gz, 52] . [Xj;Gj, 6]‘], so that Ag := K and Ay := A.

H1.6: Forall2 <i<N each §; extends to a locally nilpotent, iterative h.q;-s.0;-d., {d,'7n};°:0,
onA;_y, and 0j0d;, = M?,‘di,n oojonAi_iforalln>0andi+1<[<N.

The following result is an inductive corollary to [Hay08, Lemma 4.1] which allows
the reordering of extensions of A. This makes it possible to set up an algorithm to apply
the deleting derivation homomorphism iteratively to successive subalgebras of Frac(A) by
reordering the extensions of the subalgebra at each step so that those containing derivations

come last.

Lemma 3.5. Let

A=Aj1[X};05, 61X 15 0541] - [Xns on],
A=Aj11X5305, 8] X7 0] Xy s 0wl

where the automorphisms and derivations satisfy properties H1.1-H1.5 and §; # 0.

(I) Then
A=Aj (X 0h] . Xui oR X2 00, 81,
A +1. +1. .
A:Aj—l[Xj+l’6;+l]"‘[XN ’G;][XJ’GJ/.?BJ/']J
where

(i) 67|, = Oila,, for all j+1 <i <N and o;(X;) = 0i(X;) = A, X; for all
JH1<I<i;
(ii) GJ/‘|Aj_1 = 0j and 51/-‘141._] = 6j,'

(iii) Gjl'(Xl) =X = ),flel and 5;(Xl) =O0forall j+1<I1<N.

(1) (0},6;]) is q;-skew.

(I11) Suppose that property H1.6 is also satisfied. Then 5]’- extends to a locally nilpotent,

iterative h.q-s.0}-d., {d; , };_o, on Aj—1 <Xﬁll,ij§r12, o X1, where the d’; , coincide

with the dj,, on Aj_y and, for all j+1 <1< Nandn>1, d}n(X]) = 0. Moreover,

d’. Y . restricts to a h.q;-s.0'-d. on A;_1(X;i11,X42,...,XN) which is also locally
JjnIn=0 j=5-9j j J J

nilpotent and iterative.
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Proof. Fix N > 3. We prove the result by decreasing induction on 2 < j < N, i.e. the index
2 < j <N such that §; # 0 and §; = O for all j < i < N. The initial case, where j =N — 1
and A = Ay_»[Xn—1;0n-1,0n—1]|[Xn; On], is proved in [Hay08, Lemma 4.1].

Suppose that each part of the lemma holds for some 3 < j+ 1 < N and consider the

following algebras:

A
A

Aj11Xj: 65, 6)][Xj 13 0j41] ... [Xn: on],
A

. +1 . +1,
~11X505, 611X 1504 - [Xy s o],

where the automorphisms and derivations satisfy properties H1.1-H1.5 and J; # 0.
Applying [Hay08, Lemma 4.1] to the subalgebras A;_[X;;6;,8,][X+1;0j4+1] C A and

Aj—l[Xj;Gj; 51] [Xﬁl;cj+1] - A we obtain

Aj11X}:05,8]][Xj1130j01] = Ajo1 [Xj11:0744][X3 67,65, (3.7)
Aj-1[X30), 81X 0] = Aj X 0714][X;:67,6), (3-8)

where

(a) (6},6;) is q;-skew;

(b) 6711 =0jt1la;

(¢) Gjla, , = o0jand 5j|A‘,»_1 =94

d) 6j(Xj+1) = Aj_jull,ijH Ajj+1Xj+1 and5( Xjt1)=0.

Extending both sides of (3.7) by the Ore extensions [X; 2;0j12]---[Xy; on], and doing the

same for (3.8) with the skew-Laurent extensions [Xﬁlz; Gj12]... [Xi'; on], we obtain

A=Aj_ 1[Xj+l;6;<+l][Xj;6]7 ][ Xj12;0j42) ... [Xn; ON]
= B[X;:6,6;][Xj+2: Ojs2] ... [Xn; O], (3.9)

A= Aj- I[Xj_;_la j+]][X]’G]7 H GJ+2] [Xﬁl;GN]
= B[X;:65,8]][X +2’Gj+2] Xy o, (3.10)
whereB::Aj_l[XjH;GfH] andé::Aj 1[Xjﬁ11, j+1] The iterated Ore extension (3.9)

and the iterated skew-Laurent extension (3.10) satisfy the conditions of the lemma and the
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inductive hypothesis, therefore we can apply inductive step to these algebras to obtain

A:B[Xj+2;6;+2] [XN’ ][X GJ76]]
:A [ J+15 ]4»1][ j+2s ]+2] [XN’GN][X]’GPSJ]
A= B[X+2, j+2] [Xil oylX;; 0},8]]
X,

o Ojial- Xy onl[Xj; 07,87,

_A/ 1[ ]+l’ ]+l] J2 QY

It is straightforward to verify that (I) and (II) hold for the algebras above by combining
properties (a)-(d) with the properties coming from the inductive hypothesis. This proves (I)
and (II) forall 2 < j < N.

Suppose now that §; satisfies H1.6. From [Hay08, Lemma 4.1], Sj in (3.9) satisfies H1.6
so we can apply the inductive hypothesis to deduce that property (III) holds for 5]’.. This
proves (III) for all 2 < j < N.

O

3.2 The Deleting Derivations Algorithm

In the results that follow, we abuse notation slightly and use the same notation for maps
defined on isomorphic algebras. We do this in the case where the action of the map on
the generators of the algebra does not change, even though the algebras do. For example,

suppose we have two isomorphic iterated Ore extensions
K[X1][X2; 02, 8] 2= K[x1][x2; 62, 8],

where 6,(X|) = AX; and G,(x;) = Ax; for the same A € K*. Then, if we let 1 : K[X;] — K]x{]
be the isomorphism sending X to x|, we see that 0, = 1 1oG0otand 63 =10001 ! In
this case, we simply denote 6, by o (similarly for &) and write K[x|][x2; 62, &]. It is made
explicit which algebra the map is defined on, if it is not already obvious from the context.
We may also abuse notation in a similar way for restrictions of maps to isomorphic
subalgebras. Let R and S be algebras generated by X7,..., Xy and x1,...,xy respectively and

suppose R == S. Consider the following iterated Ore extensions where 9 and &, are nonzero:

A :R[Yl;clgél][Y2;62762]7
B = S[y1:61][y2: 62].



3.2 The Deleting Derivations Algorithm 30

Then, if 6,(X;) = 4;X; and 6>(x;) = Ax; for all i € [1,N] and some A; € K*, we write
a5 = 02l

We can now describe the deleting derivations algorithm for algebras A satisfying Hy-
pothesis 1. It follows the method laid out in [Cau03a, Section 3.2] but utilises Haynal’s
homomorphism (Proposition 3.4).

For each j € [2,N + 1] we define a sequence (Xl(j), e ,XJE/)) of elements of F := Frac(A)
and set AUV) ;= K(Xl(j ), . ,X]S,j ) ) to be the subalgebra of F generated by these elements. For
j=N+1 we set (XI(NH), ... ,XZS,NH)) := (X1,...,Xy) so that we we have that ANV = A,
For ease of notation in the following proofs, for some fixed j € [2,N] we set (x1,...,xy) :=

(Xl(j +1), . ,Xls,j +1)) and assume that the algebra AUHD) satisfies the following hypothesis:

Hypothesis 2.

H2.1: AUt = K[xq]... [Xj;Gj,Sj][XjH;GJ(-ﬂI)] e [XN,G](\;HI)] by an isomorphism send-
ing xi— X; forallie {1,...,N}.

H2.2: Foreachiéc [j+1,N], the map Gl.(jﬂ) is an automorphism such that Gl-(jH)(Xl) =
AiiX; for all 1 € [1,i—1]. Furthermore, we have Gi(]H) ody, = Ai’,lldlm o Gl.(JH) for
alll € [2,j] and n > 0.

This allows us to write

AU = K(x, ... xy) (3.11)

=Kx]...[x;; 0,0/ [Xj+1;6](fil)] s G]E,Hl)] (3.12)

where, for i € [2,j], o; and §; satisfy Hypothesis 1 and §; extends to a locally nilpotent,
iterative h.g;-s.0;-d., {d; » };»_, on A;_1. Note that the maps in (3.12) are not strictly the same
as those defined in Hypothesis 2 because they are defined on different (albeit isomorphic)
algebras. However, since the maps Gl(j 1) act on the generators x; in the same way as they
act on the generators X;, we perform the slight abuse of notation mentioned at the beginning
of this section.

We define a new sequence of elements in F, (yi,...,yn) := (X](j),...,XIS,j)), in the
following way:

X [>J;

yi= N n(n+1) - - . (3.13)
Yoodq; > (gj—1)"djpo0 " (x)x;" 1< .
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Note that the sum stated above is finite, since the sequence {d; ,, }7_ is locally nilpotent: We

see that d; , commutes with 6;1 up to a factor of g;, using property 3 of Definition 3.2:

djno 6171 = (6;1 ocj)odj,o0 6;1
= Gj_] o(ojodj,)o Gj_l
= Gj_l o (q]_" in00j)o Gj_l
= q;nijl odjp.
Using the above observations, and denoting n; € N to be the d-nilpotence index of x;, we can
write the sum in (3.13) as:

o p(ntl) . . . =1 a1 L . L
ZCIJ‘2 (g;—1) jn©0; (xl)xj :quz (gi—1) jn©0; (xl)xj
n=0 n=0
< antl) . . .
+Y q; 7 (gj—1)7"djno0;"(x)x;",
n=nj
where
i n(n2+1) . . . e n(n2+1) . —n2 n n
q; (g;—1) dj,nOGj (xl)xj = Z q; (g;—1) qg; O; Odj,n(xl>xj
n=nj n=nj
S n(nzﬂ) —n_—n* ——n —n
:qu (g;—1) qg; O; (O)xj
n=n;
=0.

We are therefore left with a finite sum from O to n; — 1. With this we define AU) =
K<)’17~-aYN>-

Theorem 3.6. Let A be as in Hypothesis 1, with AUFD defined as above and satisfying
Hypothesis 2. Then we have the following:

() AV = K[X][X2; 02,8 [Xj_1;06/-1,8,1][X}; ;j)] e [XN;GIE,j)] by an isomorphism
which sends y; to X; forall 1 <[ < N.

(Il) Forall j <i<N, Gi(j ) are automorphisms satisfying

(i) o (X)) = A X; forall 1 € [1,i— 1];
(ii) 6" odyy = Aydyno 0! foralln>0andall l € [2,j—1].
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(IlI) Let Sj:={x]|n >0} ={y}|n>0}. This is a multiplicatively closed set of regular
elements satisfying the two sided Ore-condition in AUTD and AY) and, furthermore,
A(J)sjfl :A(J’H)ijl_

Proof. By Hypothesis 2, and the discussion thereafter, we can write AUHD) g5

AU =Kl ].. [xjs05, 800 ) vio ).

Defining
AT = K[ [v3 02,8 [vj 13051, 851]

and applying Lemma 3.5 to AU+ =A§J+1])[xj,0',, il [xj+1;G](_j:;])] e [xN;G]E,jH)] gives

AU = AV e 0T s o s 0, 81, (3.14)

where

(a) Gi(j+l)*|A<_j+11> =0/ |A(‘j+1]) forall i € [j+1,N], and 0" () = 07 () = Ay,
J—= J=
foralll € [j+1,i—1];

—1

(b) G}\Awll = 0 and 5'\ ) = 6j;
b

© oi(x) =Ajm =27 xl and &}(x;) =0 forall / € [j+1,N].

In particular, §; extends to a h.g;-s.c}-d., {d} , };_, on AS 1)(x]+1, Xy ) where
il g G40 = djn (Vn=0), (3.15)
-1
d}n(xl) =0 (Vie[j+1,N]andn > 1). (3.16)

Define

i +1)x j-+1)%*
AU+1) ;:AE; Xj1150.0 ) ]...[xN;G,g,’ ]
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Applying [Hay08, Theorem 3.7] to AU+D yields the isomorphism,

[ AU 0] — AUHD[xj 07, 67187
— > n(n+l)
AUt 35 g +— f(a) = qu 2 (qj—l)_”d}7no(6})_"(a)x;"
n=0

Xj — Xj.

Note that f(x;) =x; forall € [j+1,N] since, by (3.16), d’; ,(x;) =0 for all n > 1. Therefore

the only nonzero summands in f(x;) occur when n = 0, in which case we get

Z%

0(0+1)

=q; 7 (qj—1)°d}jg0(c})°(x)x]
=Id(x;)

)] 0 (07) " ()"

= XJ.

If [ € [1,j— 1], then x; and (o) ™" (x;) € AYY". Thus, by (3.15) and (b) above, we can
replace 6} and d;, in f(x;) with ; and d; , to obtain

n( n+1
qu (qj—1)"djnoo;"(x)x;" =y,
as defined in (3.13). Therefore, for any / € [1,N] we see that

X ZZ],
flx) = _
Yi l<.]7

hence the isomorphism f takes x; to y; for all € [1,N].
Using [Hay08, Theorem 3.7] we see that restricting f to AU+ [x s O'J/-] gives the deleting
derivation homomorphism as defined in Proposition 3.4. Therefore

—

Im(f) 2 AU+D[x;; 0], (3.17)
where Im(f) = f(AU+V[x;; 67]) is the subalgebra of AU+ [x; +1. ;0},8]] generated by x; and

—_—

F(AUHD). Since f(AU+D) is generated by K and y; for all / # j, and since x; = y;, this
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simply tells us that
Im(f) = K{y,...,yv) = A

Using (3.17) we see that

AD =1m(f) 2 K1) [vj-1:05-1,8j-1]je1:00 ] v o o),

and therefore,

i j+1)% j+1)%
AD =K. oo, 8o bvioy el (Ga8)
Finally we apply [Hay08, Proposition 3.6] to conclude that §; is a multiplicatively closed set
of regular elements in both AU+ and AW, satisfying the two-sided Ore condition, and that

im(f)s;" =AU [x;; 00, 857,

() g—=1 _ A(j+1) -1
AJSj =AY Si

Thus assertion (III) is proved.
The property y;y; = Ay jy;yi, along with the fact that 4; j = 4 j_ll , allows us to rearrange
(3.18) to obtain

AV =Ky]...[yj-1:0/-1,8-1][yji0 ()Hyj+1’ 1@1] Dwvioy]. (3.19)

Defining
5)' Kyi]...[yj-130)-1,8;-1]

()

we see that A i

| £ A and there is an isomorphism

A(j):K[yl] [y] 136] 175j 1][yj’ ()][y1+1’ j(ﬂL)l] [yN’o-js/)]

=~ K[Xq]... [Xj_l;Gj_1,5j_1] [Xj; Gj(-J)][Xj-i-l;G](_i_)l] [ X Gli,j)] (3.20)

sending y; to X; for all [ € [[1,N], where the maps (as defined on suitable subalgebras of AWy
are as follows:

@) o\ =0 o)

(Hl)'A(/)l forallie [j+1,N];
i

() 6 (y) = Ay foralli € [j+1,N] and I € [1,i—1].
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Using the isomorphism in (3.20) along with the observations (a’)-(c’) above we can prove
assertion (IT) for all i € [j, N]: Observation (a’) proves both parts of assertion (IT) when i = j,
since o; satisfies assertion (II) by definition (see H.1.2 and H.1.6). When i € [j + 1,N],
observation (b") proves (II)(ii), since Gl.(j +1) satisfies H.2.2, and observation (c) proves

D). ]

If A is an algebra satisfying Hypothesis 1 then Hypothesis 2 is satisfied for j = N + 1.
Theorem 3.6 then tells us that Hypothesis 2 is also satisfied for all j € [2,N + 1]. We deduce
the following:

Corollary 3.7. The algebra A’ := A@) isq quantum affine space. More precisely, by setting
T;:= Xl.(z) forallie [1,N] and A := (A j) € MN(K) to be the multiplicatively antisymmetric
matrix, we obtain:

A =RKA\[Th,. .., Ty].

Remark 3.8. For all j € [1,N], we say that AU*1) is the algebra obtained from A after N — j
steps of the deleting derivations algorithm.

3.3 Ring of Fractions

In order to be able to track the completely prime ideals along the deleting derivations
algorithm we need the following two results regarding the total division ring of fractions of
the algebras AU) at each step of the algorithm. These results were discovered in [Cau03a,
Subsection 3.3] in the generic setting and can be applied directly to our setting given the
results proved above. They are included here, rewritten in the notation used thus far in this
work, for completeness.

Let X be the multiplicatively closed set in A’ generated by the elements 71,...,Ty. For
j € [2,N]}, define the sets X; as:

22 = Z,
i =AVTUNE;  for2 < j<N.
Proposition 3.9. For all j € [2,N + 1] the following are true:
(i) X;is a multiplicatively closed set of regular elements in AW containing X]@l Yoo ,Xlslj);

(ii) X; satisfies the two-sided Ore condition in AU);

(iii) The algebras A(j)Z]T1 C Frac(A) are all equal.
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Proof. We proceed by induction on j. When j = 2, assertions (1) and (ii) are trivially true
from the definition of ¥ and the fact that the generators (and monomials in these generators)
of a quantum affine space are regular and normal.

Let j € [2,N] and suppose assertions (i) and (ii) hold for j. We will show that assertions
(i) and (ii) also hold for j+ 1 and that AVVE 7 = AUTDE L

Recall the notation from the previous section,

o - . ,
(s an) o= (XYY XU and (py, ) = ()L x D)),

where x; = y; for all i > j. By the induction hypothesis, X; is a multiplicatively closed
set of regular elements in A/) containing y;_1,...,yy. Therefore £;.; =AU NZ; is a
multiplicatively closed set of regular elements of AU+ containing y; = xj, ..., yN = Xn.
This proves assertion (i).

Recall the set S; = {x]j |n € N} = {y} |[n € N} C£;N X and use Theorem 3.6(11I) to
obtain the inclusions

AGHD CA(j+])S;1 :A(j)S;] CA(j)Z;l- (3.21)

Since X1 C X; then X ;1 must be invertible in AU )Z]fl. We use this to show that an element
acAU )Z;I can be rewritten as an element in AU “)Z;&l in the following way: First, write
a=yu~', where y € AU) and u € X;. Since

)y c AU CA(J’)sjfl :A(J'Jrl)_gjfl7

we can write u = vsl_1 and y = xsz_l, with v,x € AUFD and s, ,82 € §;. Then a becomes

1 —1, -1
= XS, SV

a=uxsy (vsy)” =xs15, v =xs1(vs2)

Observe that vs, = (vsl_l)slsz =usysp €XjsinceucXjandsy,so €S; CX;. Also, v c AUHD
and s, € S; C AU therefore vsy € AUTD NX;=2X;;. Similarly, xs; € AU 50 we can
write

_ 1 i+1)y—1
a=bc ' eAl )Zj+17

where b = xs; € AUTD and c = vsy € it

From the inductive hypothesis we know that AU )2;1 = ZIIA(J' ),soifaec AU )Z;I then it
must also be true that a € ij 'A(), We also know from Theorem 3.6(III) that S; is an Ore set
in AU and AUTY), thus AU)ST! = §7140) and AU ST = 714U, Using these results
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we can follow a similar method to before to rewrite a € A(/) Zlfl = Z]TIAU ) as

a=c"'p e} AUTY,
with ¢’ € £, and b’ € AUFD),

If we can prove that X, is a two-sided Ore set in AUHY) then the working above implies
thatA(j)ij1 C A(j“)Z]j:l. Furthermore, AU ¢ A(j)Z]fl and £;.1 C X; so we also have
A(HI)ZJTJ:I C A(j)Z]Tl. Hence assertion (iii) is true if we can prove that assertion (ii) holds.

From the inclusion A(j“)Z;i] C A(j)Z]T1 we can write any a = be~! € AUH)ZJTJ:I as
acAU )ZJTI and, applying the above working, we see that there exist ¢’ € X ;, 1 and b’ € AUT1)
such thata =c'~1b' € ZJ;llA(f 1), This verifies the two-sided Ore conditionon X, C AU+1

necessary for proving assertion (ii) and, by the comment earlier, assertion (iii). ]
From the above proposition it is clear that:

Theorem 3.10. (i) There exists a multiplicatively closed set of regular elements S C A
such that AS~' = A2V = KA [T, T

(ii) Frac(AY)) = Frac(A) for all j € [2,N 4 1] and, in particular, Frac(A) = Frac(A’).

(iii) A is a PI algebra if and only if A; j are roots of unity for all 1 <i,j < N and, in this
case, PI-deg(A) =PI-deg(A").

Proof. Take S = Xy and apply Proposition 3.9(iii) to show that AS~! = A’X~!. The
second statement follows from all the algebras AU) having a common localisation (again,
by Proposition 3.9(iii)). Finally, [Hay08, Corollary 4.7] shows that A is PI if and only if A; ;
are roots of unity for all 1 <, j < N and, from Theorem 2.30, we see that under the same
conditions A’ is also PI. Therefore, since we have equality of their total rings of fractions, we
conclude that we also have equality of their PI degrees. [



Chapter 4

Deleting Derivations Algorithm on
Completely Prime Quotients

The aim of this chapter is to extend Theorem 3.10 to the quotient algebras A / P, for completely
prime ideals P <1A. We first set up the canonical embedding, y, from the completely prime
spectrum of A to the completely prime spectrum of A’, which allows us to track properties
of P through the deleting derivations algorithm. Using this, we prove that Frac(A/P) =
Frac(A’/w(P)) and therefore that A/P and A’/ y(P) have the same PI degree provided they
are both PI algebras (for example, if A is a PI algebra). Moreover, in this PI setting, when
y(P) is generated by a subset of the generators of A’ then A’/ y(P) becomes a quantum
affine space to which we can apply Theorem 2.30 and obtain its PI degree. Therefore, out of
the completely prime ideals Q <1 A’ we are interested in finding out which are in the image of
the canonical embedding and, additionally, which of these are also generated by a subset of
the generators of A’. To this end, we define criteria for Q <tA’ to lie in Im(y) and, in Section
4.5, we specialise to quantum matrices, where we give a combinatorial description of those
Q € Im(y) which are generated by a subset of the generators of A’.

Many of the results of this chapter are analogues to those found in the generic setting
[Cau03a, Sections 4 and 5] and their proofs follow in almost the same way, thanks to the
results of the previous chapter.

Let A satisfy Hypothesis 1 and retain the notation of Section 3.2. In particular, for some
fixed j € [2,N], we set (x1,...,xy) = (Xl(j+1), e ,Xls,jﬂ)) and (y1,...,yn) = (Xl(j),...,XIE/)),
and define subalgebras of F := Frac(A) generated by these elements as AU+ :=K (x1,...,xy)
and AU) := K(yj,...,yn). Recall, too, that y; = x; and we have A(j)ijl = A(HI)S;1 for the
Ore set Sj:={xj [n € N} = {yj[n € N}.

For any ring R, let Spec(R) denote the set of prime ideals in R and C.Spec(R) C Spec(R)
denote the set of completely prime ideals in R.
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4.1 The Canonical Embedding vy : C.Spec(A) — C.Spec(A’)

4.1.1 The Injection y; : C.Spec(AU+1)) — C.Spec(A))

Recall the standard result that if X is a right Ore set in a right noetherian ring R, then extension
and contraction provide inverse bijections between the set of prime ideals of RX ~! and the
set of those prime ideals of R that are disjoint from X (see [GWO04, Proposition 10.7 and
Theorem 10.20]). That is: Let I C R and J C RX ! be (two-sided) ideals and define the

extension and contraction of these ideals (/° and J¢ respectively) to be the following:

F=Ix"'={ix'eRx'|iclxeX}CRX !,
J:=JNR={acR|al ' cJ} CR.

Define a subset of Spec(R) to be 2 (R) := {P' € Spec(R) | PNX = 0}. Then [GW04,
Theorem 10.20] states that there is a bijection

o: ZR) — Spec(RX*I),

with inverse, ¢!, such that ¢(P) = P°® and ¢ ' (Q) = Q° for all P € Z(R) and Q €
Spec(RX~1).

Lemma 4.1. The inverse bijections ¢ and ¢~ defined above send completely prime ideals

to completely prime ideals.

Proof. Take P € Z(R) to be completely prime and consider ¢(P) = P = PX~!. Let
a,b € RX~ ! and assume ab € PX~!. Since a,b € RX~!' and RX ! = X IR then there exist
x,y € X such that xa,by € R and, as PX ! is a two-sided ideal, x(ab)y € PX~!. From this
we see that x(ab)y = (xa)(by) € R and therefore that (xa)(by) € PX"'NR = P. Since P
is completely prime then either xa € P or by € P, whence we conclude that a € PX~! or
beprx .

Now take Q € Spec(RX ') to be completely prime and consider ¢ ~'(Q) = Q°. Let
a,b € R and assume ab € Q°. Note how this implies ab ¢ X so at least one of a and b is not
in X. Certainly the natural map 7 : R — RX ! taking r € R to r1~! would take ab € Q°
to (ab)1~!' € Q. By the fact that Q is completely prime this implies al~! € Q or b1~' € Q
(since we cannot have 1le O because this is an invertible element, which would mean
that Q = RX~1). But then a € Q€ or b € Q° by the definition of Q¢. Therefore Q° C R is
completely prime for all Q C RX ! completely prime. [

Lemma 4.2. Let P € C.Spec(AUT)). Thenx; ¢ P <= PNS;=0.
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Proof. <= is immediate. To see “ =, suppose x; ¢ P and assume PN .S; # 0. Then there
exists some n € N such that x? € PNS;. Since P is completely prime, this implies x; € P,
which gives a contradiction. Therefore our assumption that PN S; # 0 is false. [

The observations above justify the following notation:

PYUAV):
PHAV):
PYAUH)
j-H)

2} (A

[P e C.Spec(al) |y, ¢ P},
{P e C.Spec(AW)) | yj € P},

{P e C.Spec(AVtV) | x; ¢ P},
{P € C.Spec(AU+1) | xj € P}.

These sets allow us to define analogous maps to those defined in [Cau03a, Section 4.3], as
we do in the following lemma. By the term increasing we mean that the homeomorphism is
order-preserving with respect to inclusion of ideals. By bi-increasing we mean that both the

homeomorphism and its inverse are increasing homeomorphisms.

Lemma 4.3. There is an increasing homeomorphism l//? : f@? (A(j“)) — 3”0( AU)) given
by V/JO(P) = PS;1 NAU). Its inverse is defined by (w;))_l (Q) = QS; ﬁAUH) and is also

increasing. Hence l,tl? is bi-increasing.

Proof. We first endow the set Spec(A/ )S;l) with the Zariski topology in the standard way
and use this to induce the Zariski topology on the subset C. Spec(A( ')S ~1) C Spec(Al ‘)SJT by,
defining the closed sets to be V (J) := {Q € C.Spec(Al ) |J C Q} for all J < AU )Sj_l.

Using the inverse bijections in Lemma 4.1, which we label as ¢; and ¢1 respectively,
we endow @0( AU )) with the Zariski topology, taking the closed sets to be

V(1) :={Pe 29AV)|1CP},

for all I <AU). The bijective correspondence between 320( AU)) and C.Spec(Al )S;I) en-
sures a homeomorphism between these two topological spaces which is bi-increasing

In the same way as above, using inverse bijections ¢, and ¢, ! between 3”5-’ (A(j“)) and
C.Spec(AU “)S;l), we may also induce the Zariski topology on @?( AU +1)) and obtain a bi-
increasing homeomorphism between ,@}) (AU+D)) and C.Spec(AV “)S ). Since AU )S =
A(/'JFI)S;1 then C.Spec(A(j)S]TI) = C.Spec(A(j“)S]Tl) as topological spaces. Therefore

=0, Yo ¢y and (W?)_l =0, Lo @1 are inverse bijections and give rise to a bi-increasing
homeomorphism between @9 (AU+D)) and @? (AW). O

Now we turn our attention to the sets 93 (A1) and 32 AU+,
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Lemma 4.4. There is a surjective algebra homomorphism g ; cAU) 5 AUHD /(x i) which
takes y; — x; + (x;), for all 1 <i < N, where x; + (x;) is the canonical image of x; in
AUD [ {xj).

Proof. By Theorem 3.6 we have

1%

AT =Ky, o) KX X058l V] oy ),

Jj+1
AV =K(yy,...,yn) = K[Xl]--'[Xj—l;cj_l,5j_1][Xj;6](j)]--~[XN;61§,j)].

Restricting these algebras to R := K(xy,...,xj—;) and § := K(yi,...,yj—1) we see that there
is an isomorphism S — R sending y; — x; for all i € [1,j— 1]. Since R C AUTD we can
compose this isomorphism with the natural surjection AU+D — AU+ /(x ;) to obtain the
surjective algebra homomorphism f : S — AU+ /(x;), which sends y; + x; + (x;) for all
i € [1,j—1]. Using the commutation rules for AU+ as stated in Hypothesis 2, we see that,
forie[[j+1,N]and! € [1,i—1],

xxi = A = (g () () = A+ () (o + (x5),

and, since x; + (x;) = 0, then (x; + (x;))(x; + (x;)) = A;i(xi + (x;))(x; + (xj)) = 0 for
all i € [1,j— 1]. The relations on x; + (x;) € AU+ /(x;) therefore agree with those on
yi € Slyjs Gj(-j )] s G]E,j )], for all i € [1,N]. This, along with the surjective algebra homo-
morphism § — AUT! )/ (xj) which we defined above, allows us to apply the universal property
of Ore extensions (Proposition 2.21) to conclude that there exists a homomorphism,
gi:A0 =Syjio)]--wioy'] — AU/ (xy)
yi > xi+(xj),

and that this homomorphism is surjective. 0

Lemma 4.5. There is an increasing injective map l//} : @} AUy 5 2 ]' (AD)) taking P +—
y/} (P):= g}l (P/{x;)), where P/{x;) denotes the canonical image of P in AUtV / (x,), which
induces a bi-increasing homeomorphism between & Jl (AUHD)Y and the image l//]1 (;@Jl (AU,

Proof. By the First Isomorphism Theorem for algebras we can restrict the map g; from
Lemma 4.4 to the quotient algebra A1) / ker(g ) to yield an isomorphism g AU) /ker(g;) =
AU /(x ;). This map, along with the bijective correspondence between ideals in a quotient
algebra R /I (for some algebra R and ideal / <1 R) and ideals in R which contain /, induces the
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following bi-increasing homeomorphisms between sets endowed with the Zariski topology:

fi: 2HAUTD) — C-Spec<A<f“>/<x,->)7
f2:C.Spec(AVHV /(x,)) — C.Spec(AY) /ker(g))),
()

13 :C.Spec(A(j)/ker(gj)) — {Q € C.Spec(A") | ker(g;) C Q}.
The composition of these maps gives a bi-increasing homeomorphism

frofrofi: 2HAUT)) — {0 e C.Spec(AVY) |ker(g;) C O}
P — g7 (P/(x})).

Note that g;(y;) = x;+ (xj) =0so (y;) C ker(g;), which leads to the inclusion

{0 € C.Spec(A)) | ker(g) C 0} € #}(AV).
Therefore, from f3 o f> o f1, we can actually define an increasing injective map

yl: 2] (AUT)) — 2l(AU)
P — ;' (P/{x))),

which induces a bi-increasing homeomorphism on its image, y; (,@' AUt ={Q ¢
C.Spec(AW) | ker(g;) C O} O

Using the two previous results we now define the map y/; : C.Spec (AU — C.Spec(A)
where, for P € C.Spec(AUHD), we set

yI(P) if Pe 2V(AUTY);

yi(P) = :
! yl(P) ifPe 2}(AUMD),

The next result follows immediately from our previous work.

Proposition 4.6. For j € [2,N] the map v; : C.Spec(AU1)) — C.Spec(AY)) is injective.
For € € {0,1}, y; induces (by restriction) a bi-increasing homeomorphism 3218( (J+1)) N
l//j(,@f (AUDY) which is a closed subset of ,@f (AW).

4.1.2 The Canonical Partition of C.Spec(A)

The maps defined in the previous section allow us to define a partition of the set C.Spec(A)

in a similar way to [Cau03a, Section 4.4].
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Definition 4.7. Set y := y, 0--- o Yy to be the injective map y : C.Spec(A) — C.Spec(A”).
We call y the canonical embedding of C.Spec(A) into C.Spec(A”).

Let # :=P([1,N]) denote the power set of [1,N] and, for all w € #/, set
C.Spec,,(A’) := {Q € C.Spec(A") | 0N {Ty,... Tv} = {T; | i e w}},

where {T,}i\': | are the generators of the quantum affine space A’.
Lemma 4.8. The sets {C.Spec,,(A") } ey provide a partition of C.Spec(A”).

Proof. Let Q € C.Spec(A’). Then, for each T;, either T; € Q or T; ¢ Q. Therefore, for all
w e W, either {T;}icw C Q or {T;}iew € Q. This yields the following properties which make
the sets {C.Spec,,(A") }, ey into a partition of C.Spec(A’):

« for wi,wy € #, C.Spec,, (A') NC.Spec,, (A") = 0;

* |l,ey C.Spec,,(A") = C.Spec(A”).

For each w € # we define
C.Spec,,(A) := y~1(C.Spec,,(4"))
and let #/ C # denote the set of all w € # such that C.Spec,,(A) # 0. We immediately
obtain a partition of C.Spec(A):

Lemma 4.9. The set C.Spec(A) has a partition indexed by the family #' so that,

C.Spec(A) = | | C.Spec,(A), where [#'|<|w|=2".
weW’

Definition 4.10. We call the partition {C.Spec,,(A) },,c» the canonical partition of C.Spec(A),
and we call each w € #' a Cauchon diagram of A.

Note that 7 depends on the expression of the algebra A as an iterated Ore extension, as

we will illustrate in Example 4.38 once we’ve set up some necessary results.

4.1.3 Properties of the Canonical Embedding

In order to use the deleting derivations algorithm for the purpose of calculating the PI degree

of quotient algebras, we need to be able to test whether a completely prime ideal of A’ lies
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in the image of the canonical embedding. In this section we verify that y satisfies many of
the same properties as the canonical embedding defined in the generic case and we give a
membership criterion for Im(y).

The proofs of the topological properties of ¥ follow in a similar manner to those in
[Cau03a, Section 5.1], and the proofs concerning membership criteria for Im(y) closely

mirror those in the Poisson setting, which can be found in [Lec14, Sections 5.4.3 and 5.4.4].

Lemma 4.11. Fix some j € [2,N] and let Q € C.Spec(Al)). Then,

Q € Im(y;) <= [Eitherxj=y; ¢ Q or ker(g;) C Q.

Proof. LetQ € C.Spec(AW)). Ify; ¢ Qthen Q € BZ? (A1), and in Lemma 4.3 we constructed
a bijection between sets 4@? AU+ and 9? (AU)). Therefore Q € Im(l[/?) — yj¢0.
Ifyje QthenQ € & jl (A1), and in Lemma 4.5 we constructed a bijection between sets
@} (AUT1)) and {Q € C.Spec(AV)) | ker(g,) C Q}. Therefore Q € Im(l//}) <= ker(g;) C
Q. O

We now define, inductively, injective maps f; : C.Spec(AU+1)) — C.Spec(4’), for all
Jj € [1,N]. To do this, we set f] := idc gpec(a’) to be the identity map on C.Spec(A’) and, for
all j € [2,N], we define f; := fj_1 o y; so that fy = fj o y. Using Lemma 4.11 we may
deduce the following result:

Proposition 4.12. Let Q € C.Spec(A’). The following are equivalent:

* QeIm(y).

* For all j € [2,N] we have Q € Im(f;_1) and either Xj(j) = X}jﬂ) ¢ fjill(Q) or
ker(g;) € f;,(Q).

Proof. Let Q € C.Spec(A’). Suppose Q € Im(y), then Q = y(P) for some P € C.Spec(A).
Since fy = fioyro---oyythen Q = f;_1(P;) forall j € [2,N], where P; = yjo---oyy(P).
Hence Q € Im(fj_;) for all j € [2,N]. From this we see that fj__ll(Q) € Im(y;), for all
J € [2,N], and we may therefore apply Lemma 4.11 to f j__ll(Q) to conclude that either
X" =XV ¢ £,11(0) orker(g)) € £, (Q).

Now suppose the second statement holds. By Lemma 4.11, f jjll (Q) € Im(y;) forall j €
[2,N]. Let P’ := £, (Q) so that P’ € Im(yy). Then P’ = yy(P) for some P € C.Spec(A)
and

0= fv-1(P) = fu-1(yn(P)) = w(P).
Therefore, Q € Im(y). O
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In order to utilise Proposition 4.12, we need to know the explicit form that each ker(g ;)
takes, for all j € [2,N]. In Section 4.4 we provide a general form for ker(g;) given any
A satisfying Hypothesis 1, and in Section 4.5 we apply this result to the multiparameter
quantum matrices to obtain a combinatorial description of the Cauchon diagrams, #'.

We now state some properties of y which will be used to give a sufficient condition for a

given completely prime ideal in A’ to be in the image of the canonical embedding.

Lemma 4.13. Fix some j € [2,N] and leti € [j,N] and P € C.Spec(AU+1). Then,
Xi€P < y, € l//j(P).

Proof. When i = j the result follows from the bijections constructed in Lemmas 4.3 and 4.5.

Suppose i > j and consider the two following cases:

Case 1: If x; ¢ P then y;(P) = PS;1 NAWY) and we see that

xeP = x-17'ePs;! — xi =y € PS;' NAY) = y;(P),

y; € l[/j(P) = Y- 17 'e l//j(P)S]TI = y;i=x; € I[/j(P)S]TI NAUHD = p,
Case 2: If x; € P then y;(P) = g]fl(P/(xj)). Therefore, since y; € g;l(gj(y,-)), we see that

X €P = xi+(x;) €P/{xj) < g;j(i)€P/{x))
= &' (g;(n) Cg; ' (P/{x)))
<~ Yi € l,l/j(P).

Corollary 4.14. Leti € [1,N] and Q € Im(y). We have
T:=X" c0 « x'" e (0.

Proof. When i = 1, the result trivially holds since f;” (@) = 0. Suppose now that i € [2,N].
For each j € [2,i] we may apply Lemma 4.13 to the ideal P = fj_1 (Q) with y;(P) = fj__l1 (P).
This gives us

X e r10) = x e wi(f1(0) = 124 (0).

From this we easily conclude that

Xl.(z) €0 — Xi(3) cfN0) = - = Xl.("“) c 7 1(0).
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]

For the next two results we set up the following notation: Fixing some w € #  and
J € [1,N], we define

X, == f; '(C.Spec,, (4)) € C.Spec(AU™). (4.1)
If j = 1 then X,, = C.Spec,,(A"), and if j > 2 then we let X,, = l//j_1 (Y,), so that
Y, := f;} (C.Spec, (")) C C.Spec(a)). (4.2)

Lemma 4.15. Let j € [1,N] andw € #'. Foralli € [j,N] we have

(i) igw = [X.(Hl) ¢P, VPcX,] = X, C f@ﬁ)(ﬁﬁl))).

(i) iew = [x/"V eP, vPeX,] = X, C 2}AU).

Proof. When j=1, Xl.(j ™ — 7; and the result follows from the definition of X;, = C.Spec,,(A").
Let j > 2 and assume the lemma is true for j — 1. Suppose i ¢ w and consider P € X,, =
fj_l (C.Spec,,(A")) C C.Spec(AU+)). If Xi(jH) € P then, since i > j, we may use Lemma
4.13 to deduce that Xi(j ) e v;(P) €Y,. However, this contradicts the inductive hypothesis,
so we conclude that Xl.(j 1) ¢ P for all P € X,,,.
Similarly, if i € w then we deduce that Xl-(j +1) g Pforall P € X,. O]

Lemma 4.16. For each j € [1,N], the set fj(X,,) is a closed subset of C.Spec,,(A") and f;
induces (by restriction) a bi-increasing homeomorphism from X,, to f;(X,,).

Proof. When j = 1, the result is trivially true since fj is the identity map on C.Spec,,(A").
Fix some j € [2,N] and define sets X,, and Y}, as in (4.1) and (4.2). Assume the statements
hold for j— 1; that is, the subset fj_;(¥,,) C C.Spec,,(A’) is closed and f;_; induces a
bi-increasing homeomorphism from Y, to fj_;(Y;,). Applying Lemma 4.15, for the fixed j
and w of this proof and taking i = j, we see that

i j¢w = X, C yg(A(.i+1));
(i) jew = X, C gZ]l (AUTD),

We therefore deduce, using Proposition 4.6, that y$(X,,) C &} (AU)), where & = 0 if
j¢wande=1if j€w. Since y;(Xy) CY, for all € € {0,1} then yi(X,) =Y, N
y/]‘?(@f(A(j“))). Furthermore, y/f(ﬁf(A(j“))) C Wf(A(j)) is a closed subset, hence
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l;/f (Xy) is closed in Y,,. The result now follows from the induction hypothesis, as we may

write the following inclusions

[iXw) = fi-1(¥§ (X)) € fj-1(Yw) € C.Spec,,(4),

where f;_1(¥,) is a closed subset of C.Spec,,(A") (by the induction hypothesis) and y(X,,)
is closed in Y,,. Since fj_1l|y, : ¥,y = fj—1(Y,) is a bi-increasing homeomorphism (again,
by the induction hypothesis), which sends closed sets of ¥,, to closed sets of f;_1(Y},), we
see that f;(X) = fj—1(y$ (X)) is closed in f;_1(Y,;) and hence in C.Spec,,(A"). Finally,
filx, : Xw — fj(Xy) is the composition of the bi-increasing homeomorphisms 7 and f;_

(restricted to the appropriate subsets), and thus is also bi-increasing. [

When j = N, we have f; = fy = y and X,, = C.Spec,,(A), whence we obtain the
following result:

Theorem 4.17. Let y : C.Spec(A) — C.Spec(A’) be the canonical embedding and letw € %
Then y(C.Spec,,(A)) is a (non-empty) closed subset of C.Spec,,(A") and the map y induces
(by restriction) a bi-increasing homeomorphism from C.Spec,,(A) to y(C.Spec,,(A)).

Proposition 4.18. Let w € #”, P € C.Spec,,(A), and Q € C.Spec,,(A"). If w(P) C Q then
Q € Im(y).

Proof. We prove, by induction on j € [1,N], that Q € Im(f;).

When j =1, f1(Q) = Q and the result is holds trivially. Fix some j € [2,N] and assume
that Q € Im(fj—1). We need to show that f]f_ll(Q) € Im(y;) so that Q € Im(f;) by the
defining property f; = fj—i o y;. Note that if y(P) C Q then fj__l1 (y(P)) C fj__l1 (Q). We
investigate the following two cases:

Suppose X J(j 1) ¢f ]_—1 (y(P)), then it follows by Corollary 4.14 that T; ¢ y/(P). Therefore
J ¢ wand, by Lemma 4.15 (with j — 1 in place of j and setting i = j), we see that X}Hl) ¢
f ]'__11 (Q). Finally, Lemma 4.11 allows us to conclude that f j__ll (Q) € Im(y;).

Suppose X}jﬂ) € f]fl(l//(P)), then fj.’l(l//(P)) € @JI (AU+1). By Lemma 4.5, we obtain
the bi-increasing homeomorphism y; from ,93} (AUT) to {P" € C.Spec(AV) | ker(g;) C
P'}. Applying this map to £ (y(P)), we see that ker(g;) € w(f;  (W(P))) = £ (w(P).
Finally, since f j__ll (y(P))C f j__ll (Q), the inclusion above gives ker(g;) C f j_—]l (Q), and we
may use Lemma 4.11 again to conclude that f jill (Q) € Im(y;).

In both possible cases we conclude that f jjll (Q) € Im(y;) as desired and therefore, by
induction, Q € Im(f;) for all j € [1,N]. O
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4.2 Completely Prime Quotients of AU+ and A

In this section we follow closely the results and proofs found in [Cau03a, Section 5.3],
showing that they also apply to algebras satisfying Hypothesis 1, and their completely prime
quotients.

For some j € [2,N], let P € C.Spec(AUT)) and Q = w;(P) € C.Spec(A))) be its image

under the canonical embedding. Set
BUT) .= AUt /p pl) .= AU) /0.

We denote by (X1, ...,Xn) € BUTD and (F1,---,9N) € BU) the canonical images of (X1y--0 0 XN)
in BV and (yy,...,yn) in BY), respectively.
Lemma 4.19. Suppose xj = 0. Then there exists an algebra isomorphism BU) — BU+D)
sending y; — X; for all i € [1,N].
Proof. Since xj € P then Q = l//J (P : 1(P/ (x;)), where P/(x;) is the canonical image
of P in AUTD /(x,). Noting that (x

X

the natural surjection 7 : AU+ /(

)
)

C P we can concatenate the surjective map g; with
— AUTD / P to obtain the following surjective algebra

Xj
j)
homomorphism:

AU 8 A(j+1)/<xj> , AU+ /p
yi > x+{x) — X,

Clearly ker(7w) = P/(x;) and ker(mwog;) = g;l (P/(xj)) = Q. We therefore get an algebra
isomorphism,

AV Jker(mog;) =AW /0 — AUTD/p

Vi — X;.

Lemma 4.20. Suppose % # 0 and let Zj := {¥] | n € N}. Then the following hold:

(i) Z;j is a multiplicative set of regular elements ofB(jH), which satisfies the two-sided

Ore condition.

(ii) There exists an injective algebra homomorphism 7y : BU) — BU +1)Z;1 defined on the

generators of BU ) in the following way:

X ifi>j;

Yoodq; © (g —1) 7" dja(xi)x; " ifi<,
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where d; ,(x;) denotes the canonical image of d; ,(x;) in BUTY).

(iii) If we identify BY) with its imqge y(BU)) C B(Hl)Z]._l, then Z; is also a multiplicative
set of regular elements in BU) satisfying the two-sided Ore condition. Furthermore,
B(J')Zj—l = B(j+1)zj—1_

Proof. Since x; ¢ Pthen Q = ‘V? (P) = PS]T1 NAWY), where S; = {x | n € N} is the multiplica-
tively closed set of regular elements in AU+ and AU) satisfying the two-sided Ore condition,
as shown in Theorem 3.6(II). We also see that A(J'“)ij1 = A(j)SJfl, as subalgebras of F,
(again, by Theorem 3.6(I11)) and we denote this algebra by Q. It can be easily verified from
the definition of I//;) that PS]T] = QS]T] <1Q, a completely prime ideal (by Lemma 4.1), which
we denote by ® < Q. It has the property that ® NAUH) = Pand @NAU) = Q.

We may define an algebra homomorphism

v :BUTD — Q/0
a+P — al”'+0,

for all a € AUTD, hence all a+ P € BUHY | and this homomorphism is injective. We identify
BUTD with its image in Q/® under the map Y’ (that is, b = a+P = al~! + @ for all
b =a+ P € BUtD). Note that, since Z; = (¥} [neNt={x]+P[neN}=S5;+P,its
image under ¥’ becomes

Y(Z)=z1'vo=(S;+P)17'+o=51"'+0 BV CQ/0.
Identifying Z; with its image y’(Z;), we observe that all elements of the set Z; are invertible
in BUtD . Since Q = AUH)S;l = S]TIA(jH) and PS]Tl = SJTIP = 0, we can write any
element b € Q/O as

b=ais;' +@=s,'a,+0, (4.3)

where ay,a; € AUTD and sy, s, € Sj. Letby,by € BUTD and 71,2, € Zj such that

bi=ail"'+0, bhy=a1'4+0, z1=511"140, 2=51"4+0.

Then, using (4.3), we see that, for all b € Q/0,

b=bz;' =2z, "'b.
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This shows that the set Z; C BU*D satisfies the two-sided Ore condition, thus proving
property (1) of the lemma. The working above also proves the equality BU “)Zj’1 =Q/0,
ie. (AUTY/P)Z-t = AUTDS 1 /pST, | |

We now construct the homomorphism 7y : BU) — BU JFI)Z]._1 = Q/0 defined in part (ii)
of the theorem. Just as for BU1) we may use the fact that ® NAU) = Q to define an injective

homomorphism

y:BY) — Q/0
a+0 — al ' +0,

foralla e AV, Recall,

Xi ifi > j;
V= _ nl) -
Yooo0d; ° (q;—1)7"A; M dja(xi)x;"  ifi <,

for all y; € AU). Using A(J'“)S;1 :A(J')Sj’1 = Q and B(J'“)Zj*1 = Q/0®, as was shown
earlier in the proof, we observe that, for all i > j,

YG) =y0i+0) =yl ' +0=x1"+0=x+P =%
Similarly, for all i < j,

VG =yi+Q) =yl +0

N n(n+1)

=Y a7 (45— 1) "A dja(x)x; "+ ©
n=0
N n(n+1) _

= qu' (g1 nk d]n(xz)_]na
n=0

where d; ,(x;) is the image of d; ,(x;) in BUFV).

As before, identifying BUY) with its image in Q/© allows us to show that Z; is a mul-
tiplicative set of regular elements satisfying the two-sided Ore condition in BUY), and that
BUZ ' =Q/@=BUtNzZ 1, O

Lemma 4.21. Frac(BU*)) = Frac(BY)).

Proof. 1f x; = 0 then BY) = BUTY and the result is immediate. If ; ; 7 0 then the result
follows from the preceding lemma; spec1ﬁcally we see that BU )Z_ B(-HI)ZJ-_I, with
BUTDZ ! C Frac(BUtY) and BYZ; ! C Frac(BY). O
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4.3 Completely Prime Quotients of A and A’

We continue to extend Cauchon’s algorithm to algebras satisfying Hypothesis 1 and in this
section we present analogues to the results in [Cau03a, Section 5.4] using the same methods.

Let P € C.Spec(A) and Q = y(P) € C.Spec(A’). In this section we prove a similar result
to Lemma 4.21 for Frac(A/P) and Frac(A’/Q) by iterating the method in Section 4.2 and
tracking the ideal P through this process. We begin be setting up some notation which allows
us to do this:

e Let B:=A/Pand Xi,...,Xy € B be the canonical images of Xi,...,Xy € A.
e Let B :=A"/Qand1ty,...,ty € B be the canonical images of Ty,...,Ty € A’.

* For j € [2,N + 1], denote by Pj := y;0---0 yy(P) € C.Spec(Al/)) the image of P
after N — j+ 1 steps of the deleting derivations algorithm.

* Foreach j € [2,N + 1], define the algebra B/) := AU) /P; and denote by Xl(j), o ,X](Vf)
the canonical images of Xl(j ), . 7X1$1j )in BU). Note that by taking j = N + 1 we obtain
BW+D = g with (XY M) = (X,,...,Xy)., and by taking j =2 we obtain
B® =B with (X, . X{P) = (11,... .tn).

Proposition 4.22. For each j € [2,N + 1], the following hold:
(i) BY) is a subalgebra of Frac(B) generated by Xl(j), o _zslj) ;

(ii) There is an algebra homomorphism,

with image BY) and kernel P;.
Proof.

(i) Applying Lemma 4.21 to each j € [2,N + 1], we see that Frac(B"/)) = Frac(B). Since
BUY) is (trivially) a subalgebra of Frgc(B(j)), generated by Xl(j ),...,X]E/ ), then this
observation leads us to deduce that BY) C Frac(B).

(ii) Concatenating the natural embedding B\/) — Frac(B) with the canonical surjection,
i« AV — AU) /P, = BU), gives the homomorphism f; described in the statement
of the proposition. It is clear that 7; has kernel P; and that the natural embedding
BU) < Frac(B) has image B\/).
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Lemmas 4.19 and 4.20 combine to give the following:
Proposition 4.23. Let j € [2,N+1].
(i) X =0 then X1 = X7 for all i € [1,N].

(ii) Suppose X 75 0 and set (x1,...,xy) := (Xl(j+1), . ,XJS/H)). Then the generators

of BY) are can be obtained as Sfollows:
X ifi>J;
- M nyn GUH D\ e
Yood; * (qj =174 firrodja(x) (X7 )™" i<,
where [ is the map defined in Proposition 4.22.

(iii) Suppose X 7é 0 and let Z; = {()_(](jﬂ))" |ne N} = {( _J(j))” | n € N} be a mul-
tzpllcatlvely closed set of regular elements in BY) and BUTY. Then Z; satisfies the
two-sided Ore condition in both BY) and BUtY) and we have BU )Z ! B(H])Zj_l.

Proof. Part (i) follows from the isomorphism given in Lemma 4.19 and the observation
in Lemma 4.21. Part (ii) follows from Lemma 4.20 once one notes that f;,1od; ,(x;) =
djn(x;)- 17! € Frac(B). Part (iii) also follows directly from Lemma 4.20. O

Let w € # with P € C.Spec,,(A) and Q = y(P) € C.Spec,,(A’). By the definition of
C.Spec,,(A"), we have that T; € Q if and only if i € w or, equivalently, #; = 0 if and only
ifiew. Letiew:={l,...,N}\w so that ; # 0. Then, since 7; is normal in A" and Q is
completely prime, #; is normal and regular in B’, hence it is invertible in Frac(B’) = Frac(B).

We denote by ¥ the multiplicatively closed set of regular elements in B’ generated by all
t; such that i € w. From this set we define, recursively, the sets £; C BY) for JE[2,N+1]in
the following way:

=%, X :=BVng;

Proposition 4.24. For each j € [2,N + 1] the following statements hold:

(i) X; is a multiplicatively closed set of regular elements in BY) which contains, as a subset,
{X lie[j—1,N] andX 750}

(ii) X; satisfies the two-sided Ore condition in BU):

(iii) The algebras BU )Z , when considered as subalgebras of Frac(B), are all equal.
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Proof. When we take j = 2, properties (1) and (i) are immediately satisfied by the discussion
preceding this proposition.

Fix j € [2,N] and assume properties (i) and (ii) are satisfied. We show that these
properties are also satisfied when replacing j with j+ 1 and that BU )E_ B(HI)ZJTJ:I. We

consider two cases: X ]( Y — 0 and X (D) 3& 0.

When X U — 0 we may apply Proposition 4.23(i) to obtain X ) = Xl.(j ™ for all
i€[1,N]. Therefore BU) = BUHY) and properties (i) and (ii) follow immediately by inductive
hypothesis and the fact that Y1 CXj

Now suppose X 7é 0. Applying Proposition 4.23(ii) to this case gives that X

U+

() _

for all i > j and by the induction hypothesis we know that
{ \lE[[]—lN]]X #0} C X,
Therefore,

Y =BUtnx; o Bt A {xY |iej—1,n], X £0}
= (XU e [j.N], XY £ 0},

The set X ;1 is multiplicatively closed by the induction hypothesis, which tells us that X ; is
multiplicatively closed, and it contains regular elements because P; | is a completely prime
ideal and hence BUt1) is a domain in which all nonzero elements are regular. This proves
part (i).

Note that Z; C X, and Z; C X;. Applying Proposition 4.23(iii), we see that

gU+) B(j'H)Zj_l — gl )Z c BU )Z_

These inclusions mirror those found in (3.21), and we may apply the rest of the method used
in the proof of Proposition 3.9 to conclude parts (ii) and (iii) of this proposition. ]

An immediate consequence of this proposition is that we can now show equivalence of
the total rings of fractions of A/P and A’/ y/(P) in the case where P € C.Spec,,(A), for some
wew'

Theorem 4.25. Let w € #"', P € C.Spec,,(A), and Q = y(P) € C.Spec,,(A"). Let X be the
multiplicatively closed set of elements in A’/ Q which is generated by all the generators t;
such thati € w = {1,...,N}\w, where t; is the canonical image of T; in A’/ Q. Then,

(i) ¥ is a multiplicatively closed set of regular, normal elements in A’/ Q.
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(ii) There exists a multiplicatively closed set of regular elements, T, in A /P which satisfies
the two-sided Ore condition in A/P and is such that (A/P)T~! = (A’/Q)x~L.

(iii) Frac(A/P) = Frac(A’/Q). Furthermore, A/P and A’ /Q are PI algebras if all ; j are
roots of unity and, in this case, PI-deg(A/P) = Pl-deg(A’/ Q).

4.4 Kernel of g;

Proposition 4.12 provides criteria for some Q € C.Spec(A’) to be in the image of the canonical
embedding. Part of these criteria involves checking if ker(g;) C fjill (Q) for j € [2,N]. As
such, in order to apply this result effectively it is necessary to know what ker(g;) is for all
J € [2,N]. In this section we compute the form that ker(g ;) takes for any algebra satisfying
Hypothesis 1 and, in Section 4.5, we apply this result to multiparameter quantum matrices to
obtain a combinatorial description of the set #”.

Two-sided ideals in an algebra A will be denoted by (e) <A whereas left ideals will be
denoted by ()L <i; A. If R C A is a subalgebra then we may need to specify where the ideal
lies. Where clarity is necessary, we distinguish in which algebra the ideal lies by use of a
subscript, i.e. ()% <11 R denotes the left ideal in R (similarly, (8)g <I R denotes the two-sided
ideal in R).

Throughout this section we let A = K[X]] - - - [Xy; On, On] = R[Xn; On, Oy] be an iterated
Ore extension satisfying Hypothesis 1 and we denote by (Xy) <A the two-sided ideal in A
generated by Xy .

Lemma 4.26. For A = K[X;]---[Xn;0n,On] = R[XN;On, On] satisfying Hypothesis 1, we
have
(Xn) = ¥ RXY + (8v(R)%.
>0
Proof. Take Y € (Xy) and write it as Y = Y, Z, X\ W, for some Z;,, W; € A, where Z, =
Y0k XN and W, = Y50 b X}y, for some ay,, by € R. That is,

Y=Y au, Xy bi Xy

t>0
i,k>0
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Applying the g-Leibniz rule (3.5) to X1(,+kbi7,, and splitting up the sums, gives,

k
Y o Z a li t+k GFH(*IOSI (b )Xl+kfl+i
- kot i N IN\Vit)AN
4N

>0 1=0

ik>0
t+k—1

t+k ol .

+k Iy sl t+k—I+

=Y a Z ( ) o Oy (bi) Xy

t>0 4qN

i,k>0

k k
+) ak7t(t+ > 8L (b XN+Zakt<t+ ) 85 (bo,)

t,i>0 t+k t>0 t+k
k>0 k>0
=Y ouXy+ Y Bdy(b),
t>0 t>0

for some by, 0, B € R. Thus (Xy) C Y- RXY + (Sv(R))k, since 8! (b;) € R.
For the opposite inclusion we use the following identity arising from the definition of an
Ore extension:
on(r) = Xnr— onXy.

Hence 8y(R) C (Xy) and we deduce that ¥~ RX% + (Sv(R))% C (X). O

Lemma 4.27. For A = K[Xi]---[Xn;0n,On] = R[XN;On, On] satisfying Hypothesis 1, we
have

(8w (R))% = (8y(X;) [ i€ [N —1],1 > O)r.

Proof. Label the ideals in the statement of the lemma as 7 := (3y(R))k <1, R and J :=
(6y(X;) | i€ [1,N—1],t > 0)g <R. Using properties of skew—derlvatlons, we obtain

k
SN(Xil v 'Xik> = Z GN(Xil v 'X5171)5N<Xi1)Xiz+1 Xy eJ
=1

for all k € N, where iy,...,i; € [1,N — 1] are not necessarily distinct. Since any element

of R can be written as a linear combination of some X;, - - - X;,, we conclude that 8y(R) C J

17/
and thus  C J.

We prove the opposite inclusion, J C I, through a series of claims:

Claim 1: Foreachi € [1,N —1], 85,(X;)b € I forany b € R and all 1 > 0.

Leti € [[1,N — 1] and b € R. We prove by induction on ¢ > 0 that

84 (Xib) = ZomSN X;)847 (b)), (4.4)
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for some o; € K with oy = 1. The base case is shown by the identity

5N(Xib) = OpN (X,')BN (b) + Oy (Xl)b

Now assume that for some r — 1 > 1 we have 51’\,_1(Xl-b) Zl 0 s ( )5t—1—l( ),
with a;_; = 1. We use this, along with the identity oy o 5N( i) = qu/lN, v (Xi) (a
consequence of H.1.2 and H.1.4), to deduce the following:

St (Xib) = Za,(s,v (SN( ,-)6]{,‘1"(b)>

1

=Y o (owo 84085 (1) + 84 (X) 5 1)
=0

t—1
=Y ougyAn i85 (X:) 8y (b +ZO€1 18y(X:) 8y (b)

l—O I=1

—Z%% yl)

where o € K, forall [ € [0,¢], and &f = o4_; = 1, by the induction hypothesis. This
proves the inductive step and therefore the equality in (4.4) holds for all # > 0. To see

more clearly that the claim now follows, we observe that 51’\, (R) C I, forallt > 0, and
thus rewrite (4.4) to obtain

Claim 2: J C /.
Take some x € J and write it as

x= Y ad8i(X) 80 (Xno1)b
teNN=1\{0}

for some a;, b, € R. For each t € NV=1\{0} there exists a largest number k() €

[1,N —1] such that #;,) # 0 and #; = O for all [ > k(). Using this, we rewrite the
equation above as

x= Y a8i(X)- 85 (Xp)bre
teNV-1\{0}
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By Claim 1 we know that 5;\',“@ (X())br € 1 for each t € NV=1\{0}, therefore x € I.
This completes the proof of this claim and thus proves the equality / = J.

]
Combining Lemmas 4.26 and 4.27 we obtain:

Corollary 4.28. For A =K[X]---[Xy;0n, On] = R[XN; On, On]| satisfying Hypothesis 1, we
have

(Xn) = ZRX}V+ (8y(Xi) |i€[2,N—1],t > 0)g.
t>0

As in Section 3.2, we denote by AW the subalgebra of Frac(A) obtained after one step of
the deleting derivation algorithm. Setting (Y1,...,Yy) := (Xl(N), e ,XIS,N)) allows us to write

this algebra as

AN —K(yy,....Yn) =K[Y]--- [Yy_1:On_1, 6N—1][YN§GIE/N+1)]7

where GZS,NH)(Y,-) = Ay, € K*, foralli € [I,N —1], and

X; i=N;
Yi = n(n+1) _ _ .
Yo—ody® (av—1)""Aydna(Xi)Xy" i<N.

Recall from Section 4.1 the surjective algebra homomorphism gy : ANY) — A/(Xy), which
takes ¥; — X; + (Xn), for all i € [1,N]. Define subalgebras

R:=K(X,....Xv_1) CA, S:=K{,....Yy_) €AW

and observe, as in the proof of Lemma 4.4, that there exists an isomorphism, f : S — R,
sending ¥; — X;, forall i € [1,N —1].

Using the isomorphism, f, we calculate expressions for the generators of the kernel of
the map gy. As a corollary to this result, we obtain expressions for the generators of ker(g )
for all j € [2,N].

Proposition 4.29. Keep the notation above. Suppose that A = K[X;]---[Xn;0n,0n] =
R[Xy; 0N, On| satisfies Hypothesis 1 and that f is the algebra isomorphism defined above.

Then we have

ker(gy) = (Y £~ (8 (F(¥))) | i € [LN = 1], 1 > 0) <4,
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Proof. Consider the following commutative diagram:

S_f»R
[oam o 4\ (4.5)
mu/// lnz

AN [(Yy) - A/ (Xn)

where p1, p» are the natural embeddings of subalgebras and 7, 7, are the natural surjections.
Using the commutation rule YyY; = Ay ;¥;¥n, for all i € [1,N — 1], it is straightforward
to verify that 7; o p; is an isomorphism taking Y; to ¥; + (Yy). We label its inverse F} :=
(71 0 p1)~!. The concatenation of the algebra homomorphisms 7, o p; is a surjection, taking
X; to X;+ (Xy) for all i € [1,N — 1]. We denote this map by F> := m, o p. With these maps,
we may define the following algebra homomorphisms:

G:=foF :AM /(vy) — R

Yi+(Yn) — X, (4.6)
1:=FoG: AN /(vy) — A/(Xy)

Y+ (Yn) — X;i+ (Xy). (4.7)

As the concatenation of two isomorphisms, G, too, is an isomorphism. As the concatenation
of an isomorphism with a surjection, 1 is a surjection.

We now consider the following diagram:
AN) By AN /vy — S5 R
L j o3 (4.8)
A/(Xn)
This diagram also commutes, since gy = 1 o ;. We see that

ker(gn) = ker(1om) = m; ' (ker(1)) = 7] ! (ker(Fy 0 G)) = n; H(G ™! (ker(R))), (4.9)
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where ker(F>) = p, ! (ker(m)) = p, ' ((Xn)a) = (Xn)a NR. We now apply Corollary 4.28
to obtain

ker(F>) = (Xy)aNR = <ZRXN+ (84(X;) |ie[1,N 1]],t>O>R> NR

>0

= (64(X;) |i € [I,N—1],t > O)g,

since Xy ¢ R. Substituting this into the expression (4.9) for ker(gy ), and defining the inverses
Gl= Ffl Of_1 and Ffl = T o p1, we obtain

ker(gy) = 7, G (ker(F)))
=, (G ((8y(X;) | i€ [I,N—1],¢ > O)g)
=m (B o T (X)) [ i€ [LN —1],1 > 0)g))
= o B (N (8y(X) i € [1LN —1],1 > 0)s)
=m ' ((FH 8V (X) i€ [1L,N —1],1 > 0)s/(¥))
— (Y, £ (85(X)) | i € [L,N=1],1> 0) .
= (Yw, /(S (F(Y))) [i € [1,N = 1], > 0) 4

as desired. O]

Fixing some j € [2,N], we now consider the algebras AU+1) : K(XI(HI), . ,XIS,jH))

and AU) K(Xl(] ), X X )> defined in Section 3.2. Define subalgebras of these,

+1 j+1 i+1 i
XY XY xy ) Al

X)) cal,

Ry =KXV .
sp=Kx . xPxD

and let f; : §; — R; be the algebra homomorphism which takes Xi(j ) to Xi(j +1), for all

e [1L,NI\{J}-

Corollary 4.30. For each j € [2,N] the algebra homomorphism f;, defined above, is an
isomorphism, and we have

ker(gj) = (X, 1 1SN i€ [1,j— 11,1 > 0) <AV

Proof. The case when j = N is shown in Proposition 4.29.
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Fix some j € [2,N — 1]. Presenting AUD and AU) as iterated Ore extensions gives

AU =) Y 0,5, ][X,(ﬂ Vol oL
AV =Kx) - x5 0m1, 81X Vs 6V 6 o),

which may be rewritten, using Lemma 3.5, as

AU =R 0,8 X o I o T IX Y 0, 8

j—1 J+1 J+1 J Y0
_ (D). -1 o
_Rj[Xj ’Gjaéj]v

for K-algebras R;, S;. The map f; : §; — R; is seen to be an isomorphism by noting that we
have K(x\7,. XJ@Q ~ g(xUtY X](ﬁll)) from Lemma 4.4, to which we may adjoin
the addltlonal Ore extensions to both sides. An application of the universal property of Ore
extensions then completes the proof that f; is an isomorphism.

Since AU = [X (D) G]’-, 5]’] is an iterated Ore extension satisfying Hypothesis 1,

and f; is an algebra isomorphism, we may apply Proposition 4.29 to see that
ker(g)) = (X, £ (8} (£ i € [1,j =111 > 0) 14V,

Upon noting that 5]’-(Xl.(j+1)) = 5j(X.(j+1)), for all i € [1, j — 1], the result of the corollary

1
then follows.

O]

4.5 Special Application: Quantum Matrices

In this section we provide a combinatorial description of the set of Cauchon diagrams %/
(defined in Section 4.1.2) associated to A = 0 ,(My2(K)), the algebra of multiparameter
quantum m X n matrices. We utilise Corollary 4.30 to calculate the kernel of the appropriately
defined map g; for quantum matrices, which allows for Propositions 4.34 and 4.36 to be
proved in much the same way as in the analogous results for matrix Poisson varieties [Lec14,

Propositions 7.3.5 and 7.3.7]. Theorem 4.37 then follows naturally.
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4.5.1 Cauchon-Le diagrams

Before we see the deleting derivations algorithm applied to A, we first set up a correspondence
linking the set # = P({(1,1),(1,2),...,(m,n)}) with m x n diagrams (m x n grids with
each square coloured either black or white). As in Section 4.1.2, we let #” C # denote the
elements w € # such that C.Spec,,(A) # 0. We denote by G the set of all m x n diagrams.

There is a bijection

E:W — G

w +— C,

where C,, is the m x n diagram whose square in position (i, j) is coloured black if and only
if (i,) € w. Figure 4.1 shows two examples of 3 x 4 diagrams, C,, and C,,s, corresponding
tow=1{(1,4),(2,2),(3,1),(3,2),(3,3)} and w = {(1,2),(1,4),(2,2),(3,1),(3,2),(3,3)},
respectively. For C € G, we denote by wc the pre-image of C under &, i.e. we := E1(C).
We investigate the effect this map has on the set of Cauchon diagrams #’. To do this, we
denote by ¢ C G the subset of m x n diagram which satisfies the Cauchon property; that is,
given a black square in the diagram, either all squares strictly above it are black or all squares
strictly to the left are black. In Figure 4.1, the diagram C,, on the right satisfies the Cauchon
property but the one on the left, C,,, does not.

Fig. 4.1 Left diagram: C,, € G\¥. Right diagram: C,, € .

Definition 4.31. An m X n diagram satisfying the Cauchon property defined above is called

a Cauchon-Le diagram.

4.5.2 Applying the Deleting Derivations Algorithm

In order to show the bijection #' — ¢, we apply the deleting derivations algorithm to
A := 0) (M, »,(K)) and use results in Section 4.1 to determine the set % explicitly.
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First, we set up some notation which will be used in the calculations to come. For some
natural number n, set [n] := {1,...,n}. For (u,v) € ([m] x [n])\{(1,1), (m,n)} we denote by
(u,v)™ (respectively (u,v)™) the largest (respectively smallest) element of [m] x [n] which is
smaller (respectively larger) than (u,v) with respect to the lexicographic ordering. We set
(1,1)*:=(1,2), (myn)” := (m,n—1) and (m,n)" := (m,n+1). We may sometimes also
write (u,v)~ for (u~,v™) (and similarly (u,v)™ for (u™,v")).

Recall the definition of the algebra of quantum m X n matrices, A, from Chapter 2 and its

formulation as an iterated Ore extension (with generators in lexicographic order),
A =KX 1][X12:012,61 2] [Xoni Omns Omnl,

with maps defined on X, for all (1,1) < (s,¢) < (i, j), as

pi,spt7sz,t (i >8,] 7& t);

Gi,j(Xs,t) = }Lpi.,spt,sz,t (i >, ] = f);

pt,sz,t (i:S,j>t),
A —1)piXs i X; i>s,j>1);
6i,j(Xs) = N /=

0 otherwise,

where 1 # A € K* and p = (p; j) € Myn,,(K*) is multiplicatively antisymmetric. Define
subalgebras, for all (1,1) < (i,j) < (m,n), as
Ay = KX11][X12: 012, 610] - [Xi 3 01 j, G 5.

Haynal shows [Hay08, Example 5.3] that each (o; ;,d; ;) is A~ l_skew and 51-?]- =0 for all
(i,/), and therefore that A satisfies Hypothesis 1. Furthermore, she verifies that each §; ;
extends to an iterative, locally nilpotent h.?Lfl—s.Gh j-d., {d@ j)}n}n, on the appropriate K-
subalgebra, A; ;- € A, by showing that the conditions of [Hay08, Theorem 2.8] hold for A.
In particular, there exists a torsion-free K[e¢*!]-algebra,

R=K[e™"[X11][X12: 67 2,8 o] -+ Xonns O O]

such that R/(e — A7) = A, with maps o; ; and §; ; reducing to o; ; and & ; respectively.
Furthermore, it is shown that (6 ;)"(R(; j-) € (n)!eR(; j)-, for all (i, j) and n, thus allowing
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a well-defined sequence of maps to be defined on the appropriate subalgebra R(; ;- € R as

df; )= (4.10)

for all n > 0. The sequence {dgi,j),n}" forms a h.¢-s.0] ;-d. on R; j)- and induces a h.A~l-
5.0 j-d., {d(; j)n }n- ON A(; j)- via the quotient map.

We now take A to be a primitive £ root of unity and all the entries pi,j to be roots of

unity, so that A is a PI-algebra. Then, using (4.10) above, for n < ¢ we obtain

o)

A= (a1 (4.11)

In fact, we are able to deduce expressions for d(; ;) ,(X;,), for each (1,1) < (s,2) < (i, )

and all n > 0, using the property (§;; )? = 62 =0, for all (1,1) < (i,j) < (m,n). More

(1,1) < (s,¢) < (i,j) and n > 2,

specifically, this property allows us to write, for all

l,](XgJ) = ( ) 1,54%8, ], l J

s=iort=j.

Thus, if i > s and j > ¢, we obtain

XS,Z n—= O;
diiynXsa) = § (A = DpisXs jXis n=1; (4.12)
0 n>1,

and, if either s =i or t = j, then d; j) o(Xs) = X and d(; j) ,(Xs,) = 0 for all n > 0.
Applying the deleting derivations algorithm to A gives, for each (1,2) < (u,v) < (m,n)™,

a subalgebra AY) of Frac(A) generated by Xl(fdl’v),. Xn(iu},v) which, when arranged in a

matrix, gives the matrix of generators for AY), (Xs(" v)) + € My, n(Frac(A)). We may write

AY) ag an iterated Ore extension,

A =KX X0, 8 X 0l XA o)
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for suitable maps Gi(l;.’v), defined in Theorem 3.6. When the matrix (Xs(,b;’vﬁ) s, 18 known, we

obtain the entries of (Xs(fﬁ’v)) s, by setting

XS(,L;7V)+ (Sjt) 2 (u7 v)’
Xs(,lfv) = Xs(7'f’v)+ (5,¢) < (u,v) and (s=uort =v);
+ + + +
Xs(,,;W) _puvsXs(,LQv) XI,S,L;7V) (XLSZ':;V) )l s<uwuandt <.

(4.13)

This is simply the result of applying one step of the deleting derivations algorithm to Aly)”

+

More precisely, we see immediately from (3.13) that if (s,¢) > (u,v) then Xs("f’v) = XS(";’V) .
When (s,7) < (u,v) then, by (3.13), we write

X =y 2

n=0

—n(n+1)
2

u,v + u,v \—n
(A7 = 1)y w0 0, (X5 )X

Using properties of d(, , , defined above we see that, if s=u ort =v, thendy,,) | (Xs(,';’v)+) _
5M’V(XY(7L;’V)+) = 0 and the identity above reduces to ng"f’v) = X“(’L;’Vﬁ. If, however, s < u and
t < v then, by (4.12), the identity becomes

AR W)

n=0

—n(n+1)
2

u,v + u,v + —-n
A~ = 1) gm0 0" (XA (x)

() VS

u,v + — u,v + u,v + u,v T
— X" (=17 = D)Xl x T (x ey

u,t
)+

_ y(uy
st

+ + +
— pusX X ()
This shows that XS(7'f’v) is as defined in (4.13).

We set A" := A(12) with matrix of generators denoted by (T ;); j := (Xi(’}’z)),-7 j» and we
observe that A’ is a quantum affine space in mn indeterminates. Finally, for each w € #" we
associate a completely prime ideal in A’, which we define as

Jw:=(T; ;| (i,j) € w) € C.Spec,,(A").

4.5.3 Combinatorial Description of Cauchon Diagrams, 7'

We now recall the maps defined in Section 4.1, updating the notation for A = & (M, ,(K)):
Let (1,2) < (u,v) < (m,p). By Proposition 4.6, there exists an injective map ) :
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C.Spec(A") ") — C.Spec(A"), defined on P € C.Spec(A“V)") as

={" DAY X ¢ P (4.14)
‘l/(uvv) = _ ’ u.y + Uy .
8 ) (P/ Xty xe e p

where S, ) C A" s the multiplicatively closed set generated by XIEZJV’V)+ = X,i"v’v), and

8(u,v) 18 the surjective algebra homomorphism

u,v +
8(u,y) :A(M’V) — A(M’V)+/<XL$7V’ ) >
+ x5,

x5 — x5
The canonical embedding becomes y : C.Spec(A) — C.Spec(A’) to be y := y(; 5y0---0
Wn,n)- We also define injective maps f(,, ,) : C.Spec(A#)") = C.Spec(A’), for all (1,1) <
(u,v) < (m,n), by setting f(; 1) := Idc spec(ary and fuv) = flu)- © W(u,v)- Then, for some
0 € Im(y) we set P, ) := f(;lv),(Q) € C.Spec(A®Y), for all (1,2) < (u,v) < (m,n)*, and
let P := P, )+ € C.Spec(A).

To aid with notation in the next results, we provide the following definition:

Definition 4.32. Let R be a K-algebra. The matrix M = (m; ;) € My, ,(R) is a Cauchon

matrix if, for all (i, j) € [m] x [n] we have
(m;;=0) <= (my j=0forall k <i, orm;; =0foralll < j).
Remark 4.33. Each Cauchon matrix M corresponds to a unique Cauchon-Le diagram C,, € 4
via the rule that the square in position (i, j) is black if and only if m; ; = 0.
Proposition 4.34. Let & and 4 be as defined in Section 4.5.1. Then E(W') C 4.

Proof. Letw € #' and &(w) = C,, € G be the associated diagram. By the definition of #”,
there must exist some ideal P,, € Im(y) NC.Spec,,(A"), so that we have T; ; € P, if and only
if (i, j) € w, for each generator 7; ; € A’. Consider the ring of matrices M, ,(A’/P,,), which
contains all m X n matrices with entries of the form a; ; + P, € A’/P,,, where ajj € A’. Note
that 7; ; + P, = O if and only if 7; ; € B,,, which is true if and only if (i, ) € w. Hence,

Cy, €9 < (T;;+Py)i; is a Cauchon matrix.

For each (1,1) < (u,v) < (m,n)", we set ideals P, := f(;.lv),(Pw) € C.Spec(A®"), per

the discussion at the beginning of this subsection with Q = P,,. We prove, by decreasing
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induction on (1,2) < (u,v) < (m,n)™, that the matrix (Xl.(;’v) +Puy)ij € Mm7n(A(“’V)/P(u7v))
is a Cauchon matrix. The result will then follow from the case (u,v) = (1,2).
+
First, suppose that Xi(T’n) € Pypp)+- Then, forall s <iandr < j,

+ + + + + +
Xi(’;(hn) Xs(’rln,n) —pi,spz,sz(f,”’") Xl_("}l,n) =(A— 1)Pi,sXs(:77n) Xi(’:n.,n) € Py

+
Since P, ,+ = W' (P,) is a completely prime ideal, either XS(Z?’") € Pl n)+ OF Xl.(;"’”)+ €
+
Py )+~ We may assume, without loss of generality, that XiET’") ¢ P+~ Then, for all

r<i,

+ + + + + +
XiETM) Xr(’:n,n) _pl_th’jXr(?;n,n) Xigzl,n) —(A- I)Pi,rXrgT’n) Xign,n) € Pyt
Using the completely prime property of P, )+ again, along with the assumption Xi€:"7n)+ ¢

P+ we conclude that Xr(;t,nﬁ € P+ for all r <i. Therefore (Xi(,';i’")+ +P(m7n)+)i7j is
+

a Cauchon matrix. This proves the base case. Note that if we were to assume Xs(r;l’") ¢

P )+ instead then we would conclude that Xi('r"’n)+ € P+, for all r < j, and hence

(X(m7n)+ + P(m,n)+)i,j is still a Cauchon matrix.

iJ
For the induction step, assume that (Xi(”"v)+ + Pyt )i € MmJ,(A(”’V)Jr /Puy)+) is a Cau-

o
chon matrix, for some (1,1) < (u,v) < (m,n), and consider the matrix (Xl-(;’v) +Pluw))ij €
van(A(”’V)/P(W)). Suppose Xi(?"v) € Py ), for some (1,1) < (7, j) < (m,n). The proof now

splits into three cases:

Case 1: If (i, j) < (u,v), we observe that

XX prap X EVX = (A - D) pi XX 8 € P,

forall s <iandz < j. This allows us to conclude Case 1 using the same method as the
base case.

Case 2: If (i, j) = (u,v) then our supposition becomes Xu(ftv’v) € P, and, by Lemma 4.13,
this implies that X,Ef'v’v)+ € P,v)+- We may apply Lemma 4.19 to obtain an isomorphism

A(uy)/P(u?v) SN A(u,v)+/p(u7v)Jr

(u,v) (uv)*t
Xs,t +P(u,v) — X t +P(u,v)+'

S,
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From this we see that Xs(f;’v) € P, if and only if Xs(f,”v)+ € P+ The inductive

hypothesis can now be applied, which states that either Xi(,tu7V)+ € P+, forallr < j,

or Xs(';f’v)+ S P(W)h for all s <. This concludes the proof of this case.
Case 3: If (i, j) > (u,v), we need to distinguish between two further cases.

Case 3.1: If Xu(ff;v)+ € P+ then we may apply Lemma 4.19 and proceed with the same
method as used in Case 2.
Case 3.2: If ng,uv’v)+ ¢ Pluy)+ then, since (i, j) > (u,v), we have x®7 = x| Further-

L,J Y
Sfl

more, by Lemma 4.3, W, ,,) (Pv)+) = P ) NA®Y) Therefore,

u,v)
()™ _ () )" ~1 )t
Xi; V= Xl)’j' Ve P(”ﬂ’) mA(M Y C P(qu)S(mv) mA(u K

—1 uy)t
- P(”vV)+S(u,v) ﬂA( )

- P(M7V)+ .

1 1 1 1 (M,V)+ 7 (M7V)+
The inductive hypothesis states that either X" € P, )+, forall s <i,or X;;"’ €
P+, for all £ < j. We use this to state the same result for XS(Z.’V), Xi(;t’v) € Pluy)-
Note that, since (i, j) > (u,v), we have i > u but not necessarily j > v, which means
that (i,7) > (u,v) but we cannot say the same for (s, j). Thus these two cases are not
symmetric and need to be checked separately.

Case 3.2.1: Suppose Xi(;7v)+ € P+ forallt € [1, j]. Then, either (i,1) > (u,v), or (i,t) <
(u,v) and i = u. In both cases we use (4.13) and the inductive hypothesis to deduce
that

+
X(M,V) —X(M’V) c P(u7v)+ ﬂA(u’V) - P(u7v)'

it T g

Case 3.2.2: Suppose X" € Py, forall s € [1,i]. Then, by (4.13),

X(”7V)+ f > P> -
X(u,v)_ s,j ors ~uor j-v;
o= + + + +
* X pu XS XY (XY fors <wand j < v,

If s >uor j>uthen XY(';V) € P(,W) and we conclude as in Case 3.2.1. Otherwise,

. . (uy)™ (u,v)™ .
if s <wu and j < v then X j and X, both belong to P, )+ because s, u < i.

Therefore, we conclude by observing that

+ + + +
X = X g XX ()T € Py nAt) =By,
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All three cases have been proved and thus the induction is complete. 0

In order to show the converse statement, 5_1 (9) C ', we need to know the explicit

form for the kernel of g, .. This arises as a consequence of Corollary 4.30.

Lemma 4.35. Let A := 0), ,(Myy,(K)) and (1,2) < (u,v) < (m,n). Then,
ker(g () = (X,Eftv’v), Xs("ﬁ’v)X,Ef;’v) |se[lu—1] andt € [1,v—1]).

Proof. Using Lemma 3.5, we may rewrite the algebras AT and A1) ag

u,y)* uy)t uy)t uy)t uv)t uv)t
A" :K[Xi1 ) ][ngv ) ;G(M,V)’S(u,v)][xb5+,v)+ ;G((u’v))+]"'[Xl1(1,n) ’G((m,n)) ]
u,v)™
:R[XLEvV ) > (/u,v)’ (/u V)]7
A =KX X0 50 8y JXE s o) X0 o]
s X(u,v) (u)’
[ u,v ’G(M,v) ]7
where
R=KG5 x0T X)) At

and, for all (s,7) < (u,v),
uy)t uy)t uy)t u,v)™
* 0, (X5) = 0 (X5 ) and 8, (XGT) = 8y (XS )
. 6(57‘)) (X(uvv)) — G(uvv) (X(uv))’

st (u,v)

and, for all (s,7) > (u,v),

(x4 =0;

st

uy)t — u,v)t
+ o, (X0 ) = o L (x5 ) and 8,

uv)! u,v u,v -1 u,v
y G((u:v)) (XS(J )) = G((SJ)) (ng,v ))~

By applying Corollary 4.30 to this setting we obtain an algebra isomorphism f: § — R taking

(u,v) (uy)™ ..
X;; =X L forall (i, j) € ([m] X [n])\{(«,v)}, and

Ker(g(u) = (A5 £ 1 (8L, (P [ (1,1) < (s,0) < (u,v), £ > 0).
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The observation 5(2,4 v = 0 allows us to simplify this to

ker(g(up) = (X" £ (8 (PN 1 (1,1) < (5,8) < ().

The result then follows from this since, for all (1,1) < (s,7) < (u,v), if s € [1,u— 1] and
t € [1,v—1] then

u,v — u,v + u,y + u,v u,v
P B L)) = (A = Dpax T x0Ty = (A = 1) pr x4 x4,

otherwise,

£ By (X)) = £71(0) = 0.

Proposition 4.36. Let & and 9 be as defined in Section 4.5.1. Then E~1(9) C W',

Proof. Let C € 4 and define we := £~ (C). To show we € # it is sufficient to show that
Jwe :=(T;,j | (i, ) € we) € Im(y) since then, by Proposition 4.18, any ideal I € C.Spec(A’)
with J,,. C I will also be in the image of y. We prove, by increasing induction on (1,1) <
(u,v) < (m,n), that J,,. € Im(f{,,,)). The result then follows from the case (u,v) = (m,n),
since fy ) = Y.

When (u,v) = (1,1), f(1,1) is simply the identity map C.Spec(A’), so the result holds
trivially. This proves the base case.

For the induction step, assume the result holds for (u,v)~, where (1,2) < (u,v) < (m,n);
ie. Jue € Im(f{,,)-). Consider P, ) := fil ),(JWC) € C.Spec(A™"). We will show that

(u,v

Py € Im(y(,,)). We must consider two cases: T,y & Jue and Ty, € Sy

Case 1: If T,,, ¢ J,, then T,,, = u(f’v’vﬁ = XLEZJV’V) ¢ P, and applying Proposition 4.12
allows us to deduce that P, ,,) € Im(l//(w)).

Case2: If 7,,, € J,,. then T, , = XLS?V’V)+ = X,,(flv’v) € P,)- Again we apply Proposition 4.12,
whence we see that P, € Im(y(,.,)) if and only if ker(g(,,,)) C P(,). We have an
explicit form for ker(g(,,,)), given in Lemma 4.35, therefore we are done if we can
show that either Xs(fé’v) € P y) forall s € [1,u], or XLE’L;’V) € P,y forall 7 € [1,v]. Since
C € ¢ then the matrix (T; j + Jy..)ij € M n(A’/Jy,.) is @ Cauchon matrix. It follows
from T, € J,,. that either Ty, € J,,. for all s € [1,u], or T,,; € J,,. for all € [1,v].

We treat these cases separately:

Case 2.1: Suppose 7,,; € J,,. for all ¢ € [1,v]. We prove by induction on [ € [t,v] that
+
XLSf;’l) € P ;). If [ =1 then, by Corollary 4.14, X,Ef;’t) € P+ and thus x\) € P, by

u,
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Lemma 4.13. For the inductive step we assume that ngz’l) € P, forsome l € [t,v—1]

and we show that szf;’m € P )+ The proof splits into two further cases:

Case 2.1.1: T£ X'} ¢ P, ) then, by (4.14), P,y = Py S;. Y NAED" Since X,y is in

+
the same row as the pivot, X M(”l’l), then ngf;’l) = XLEZ;’I) e AwD™ and we obtain

X(uvl) J— )((le)jL

ut T Ayt

€ P(u,l) 17! ﬂA(”’Z)+ - P(u’])qt.

Case 2.1.2: If X" € P, then, by (4.14),
— u,l)™
Plut) = 8 ) (P<u,z>+/ (x4 >) :

By the induction hypothesis, we have X,Efﬁ’l) € P, and, applying g, ;) to both sides
of the equation above, we see that

u u + u + u +
2y X5y = x4 (XU € Py /(XD

Therefore, X, (f;’m € P, )+ This completes the proof for Case 2.1.

u

Case 2.2: Now suppose that T}, € J,,. for all s € [1,u]. We induct on (1,2) < (i, j) < (u,v)
to show that Xs(fv’j) € P; j)- The base case, when (7, j) = (1,2), is trivial since P(; o) =
Jy- For the induction hypothesis, assume that Xs(fv’j ) ¢ P j for some (1,2) < (i, j) <
(u,v). Again, we split the proof into two cases:

Case 2.2.1: If Xl-(’?j) ¢ P j then P; jy+ = P(iJ-)S@lj) NA®)"  and we have

X(z,])_ s,V ors~>i10rv 2= j,
S,V - O PR PP LN
Xs(fv’J) —p,-7SXS(fJ’.J) Xl.(fv’]) (Xl.f’jfj) )=l fors<iandv < j.

If s >iorv > jwe can conclude as in Case 2.1.1. Otherwise, if s < i and v < j then

we rearrange the expression for Xs(fv’] ) to obtain

S,V S, J i,v i,j

)+

We now use the fact that generators X (’l’j remain unchanged under the deleting

a,

PR +
derivations algorithm if they lie in the same column or row as the pivot, Xi<lj’J )" Thus
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X(i’.j) _X( ) X(l ) X( i.J) and X( BT Xi(ifj). Substituting these into (4.15) gives

S, J s,j 0w

)(S(I\LJ)Jr — Xs(l J) "‘pz GX_g(}J)X(l’]) (X( 7])) 1

) i i,j

and, upon noting that X; (i.J) € P j (by the induction hypothesis), we deduce that

Xs(v) s( )+plsX(lj)X~(i7j)(X(lj)) 1 P( )S_ ﬂA(d) P(

) s,j iy i,j (i,)) ST

Case 2.2.2: If Xl.(;’j )¢ P,; ;) then we apply Lemma 4.19 to obtain an isomorphism A/ /P; ;) —
A("’j)+/Pl-j +, which sends X ( )+P(l i) »—>X( Z + P jy+ for all (1,1) < (a, b)
(m,n). Hence, 1sz(v’]) € P j for all s € [1,u] then Xs(lv]) € P jy+ forall s € [1,u].
This completes the induction for Case 2.2.

These two cases prove the main induction argument. U
Propositions 4.34 and 4.36 combine to give the following result:
Theorem 4.37. Let w € W'. The following are equivalent:
(i) weW';
(ii) J,, € Im(y);
(iii) Cy, €Y,
(iv) w~1(C.Spec,,(A")) # 0.

We are now able to present an example which illustrates how the presentation of the

algebra as an iterated Ore extension affects the set of Cauchon diagrams #':

Example 4.38. Consider the single parameter quantum matrices 0,;(M>(K)) with matrix
of generators ))21 );22 let g € K* be a primitive /™ root of unity with ¢ > 2, and let
W =P{(1,1),(1,2),(2,1),(2,2)}). We present this algebra as two different iterated Ore
extensions, denoted A and B, by choosing two different orderings for the generators. We then
show that the Cauchon diagrams of ¢,(M,(K)) with respect to these different orderings,

denoted #/, and #} respectively, are not equal.

* The standard ordering of generators in quantum matrices that is taken in this thesis is

the lexicographic ordering, from which we obtain the following iterated Ore extension:

A = K[X) 1][X1 2;012][X2,1:02,1][X22; 022, 02 2],
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where
022(X21) =q ' Xa1, 32(X21) =0,
o22(X12) =q X1z, 02(X12) =0,
022(X1,1) = X1.1, &2(X11) = (g7 —¢) X1 X1 2.

It can be verified that (022, 8,2) is g*-skew. Then, by applying the deleting derivations
algorithm once, we obtain the quantum affine space

A=K u[T1,T12,T21,T22],

%0 0
w1thM:(_l 0 0
0 —1—

OSO—r—=O

) and generators 15 :=X55, 1> 1 := X5 1, T1 2 := X 2, and
1

—_

Ti=Xi1+q (" — 1) ' 80005, (X11)X;,
=Xi1— qX2,1X1,2X£21-

Note that A?)" = A and after one step of the algorithm we obtain A2 — A’ Let Yy
C.Spec(A) — C.Spec(A’) be the canonical embedding defined in Definition 4.7 and
denote by #, C # the set of all w € # such that C.Spec,,(A) = y; ' (C.Spec,,(A")) #
(. It can be shown (by applying Lemma 4.11 with the pivot generator 75, = X5 > in
place of y; = x;) that the completely prime ideal (77 ;) € C.Spec(A’) lies in the image
of Wy, since Tr» ¢ (Tj,1). Therefore (1,1) € #.

* We may also present the generators in a reverse lexicographic order, giving the follow-

ing iterated Ore extension:
B :=K[X2,][Xa.1562.1][X1.2;612][X1.1:61.1,61.1],
where

61,1(X12) = gX1 2, 011(X12) =
611(X2.1) =gXa.1, 011(X21) =
011(X22) =Xz, 51.1(X22) = (¢ —q " Xa,1X1 2.
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It can be verified that (67 1, 5171) is g~ 2-skew. Then, by applying the deleting deriva-

tions algorithm once, we obtain the quantum affine space

/ / / / /
B :KqM’[TZ,ZaT2,17Tl,27Tl,1]’

1 -1

(10 0
w1thM_< 0 0
11

OSO—=r—O

0
_{) and generators 7} | 1= X1 1, T{ , ;= X12, Ty | := X2,1, and
0

T35 =X20+q (g 7= 1) 811067 (Xe2)X{ |
=Xo2— q_lX271X172X1_711.

Care must be taken when applying the results from previous sections because the
generators were always assumed to be arranged in lexicographic order, so that the
subscripts would be increasing. This is not the case in this example. Instead we
have BI:D)” = B and after one step of the algorithm we obtain BUD = B Let Vg :
C.Spec(B) — C.Spec(B’) be the canonical embedding defined in Definition 4.7 and
denote by #} C # the set of all w € # such that C.Spec,,(B) = w5 | (C.Spec,,(B')) #
(0. We may now apply Lemma 4.11 to this case, this time using 7} ; = X ; as the pivot
generator, instead of 75 = X» » as in the previous case. This changes the conclusion
because T} ; € (T7 ;), hence we require ker(g(; 1)) C (7} ;) if (77 ;) is to be contained
in the image of yp. However, by applying Proposition 4.29 to this example it can
be shown that ker(g(; 1)) = (T} |, T{ ,T; 1), and hence we see that ker(g(; 1)) € (T} ;)-
Therefore, (7} ;) ¢ Im(yp) and (1,1) ¢ #5.

The above working shows that (1,1) € # but (1,1) ¢ #y, hence # # #4.



Chapter 5

Method for Computing the PI Degree of
A/P

Throughout this chapter we take A to be a K-algebra satisfying Hypothesis 1, A’ to be
the quantum affine space obtained by deleting all derivations from A, P € C.Spec(A), and
v : C.Spec(A) — C.Spec(A’) to be the canonical embedding. We assume that each A; ; (from
H.1.3) is a root of unity so that A; ; = ¢"/ for some skew-symmetric matrix M = (m; ;) €
My/(Z) and primitive ¢ root of unity, 1 # ¢ € K*. In particular, A and A /P are PI algebras
for all P € C.Spec(A), by Theorem 3.10. Finally, set # :=P([1,N]) and let #' C # denote
the set of Cauchon diagrams of A.

We set out the steps required to compute the PI degree of A/P. Provided the quotient
A’ /y(P) is a quantum affine space, O (K™), for some n € N and M' € M, (Z), the last step
in the method is an application of the result by De Concini and Procesi (Theorem 2.30),
which provides a method for calculating the PI degree of a quantum affine space using the
matrix M’. As such, we first present a result which uses Theorem 2.30 to obtain a formula
for the PI degree of ﬁqM/ (K™) in terms of the properties of M’.

To illustrate how the above method is applied in practice, we compute the PI degree on
two small examples. The second of these examples introduces two new classes of algebras
that are closely linked (in a way which will be explained): quantum Schubert varieties and
generalised quantum determinantal rings. Finally, we see at the end of the chapter how this
link may be exploited to provide a general strategy for computing the PI degree of specific

examples of quantum Schubert varieties satisfying certain criteria.
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5.1 General Method for Calculating PI-deg(A/P)

Given A and P as above, it was shown in Theorem 4.25 that PI-deg(A/P) = Pl-deg(A’/w(P)).

To help in our discussion we single out a specific case of interest:

Definition 5.1. Let w € #”. We call P € C.Spec,,(A) a Cauchon ideal if y(P) =J,, = (T; €
A’ |iew) e C.Spec,(A").

Remark 5.2. With this definition we see that, if P € C.Spec,,(A) is a Cauchon ideal, then
A Jw(P)=A 1]y =Kou([Ti,..., Ty /(Ti | i € w) = K(t; | i ¢ w) = € (KNI"),

where M’ € My _y,,|(Z) is the submatrix of M obtained by deleting the columns and rows
indexed by i € w, and t; := T; 4 J,, for all i ¢ w. This allows us to write

Pl-deg(4/P) = Pl-deg(A'/ y(P)) = Pl-deg(, (K ")),

to which we can then apply De Concini and Procesi’s result.

Knowing when P € C.Spec(A) is a Cauchon ideal, and to which w € #” it is associated
to, is difficult in general. We discuss some open questions relating to these problems in
Section 5.4. For specific examples these details can be worked out by hand, although this is
often arduous for iterated Ore extensions with many derivations. The steps to follow in order
to compute the PI degree of A/P are given below and, in the next section, we apply these

steps to two specific examples.

1. Given an algebra A, verify that it satisfies Hypothesis 1 and that all 4; ; are roots of
unity so that A is a PI algebra. Write 4; ; = ¢”"/ for some primitive /™ root of unity,
1 # g € K¥, and some M = (m; j) € Mn(Z).

2. Apply the deleting derivations algorithm (Theorem 3.6) to A, noting down the new
indeterminates (XI(J ), . ,XJS/ )) at each step, to obtain the quantum affine space A’ after

at most N — 1 iterations.

3. For P € C.Spec(A), apply Proposition 4.6, along with Lemmas 4.3 and 4.5, at each step
of the algorithm to obtain y(P) € C.Spec(A’). Then PI-deg(A/P) = PI-deg(A’/w(P)).

(a) If y(P) = Jy, for some w € #”, then A’/y(P) is the quantum affine space
ﬁqM/ (K™), for some n < N. Proceed to Step 4.
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(b) If w(P) # J,,, for all w € #”, then we do not have the techniques to compute its
PI degree.

- Open question: When is P a Cauchon ideal? (See question 1 in Section 5.4.)

4. Apply Theorem 2.30to &y (K™) and calculate the cardinality, A, of the image of the ho-
momorphism ToM’ : Z" — (Z/¢Z)" to conclude that PI-deg(A/P) = PI-deg(A’/w(P)) =
Vh.

Alternatively, Step 3 may be replaced with the following:

3*. For w € #/, take the ideal J,, € C.Spec(A’), so that A’/J,, = O (K") for some
M' € M,(Z) and n < N. Verify whether J,, lies in the image of ¥ by working
backwards through the algorithm, applying Proposition 4.12 at each step to check that
Jw € Im(f)).

(a) IfJ,, € Im(y) then, by setting P:= y~!(J,,) € C.Spec(A), we have PI-deg(A/P) =
Pl-deg(A’/Jy) = PI-deg (0, (K")). Proceed to Step 4.
(b) If J,, ¢ Im(y) then there does not exist any P € C.Spec(A) such that y(P) = J,,.

- Open question: what is the set of Cauchon diagrams, %, for any algebra A?

(See question 2 in Section 5.4.)

5.2 A Formula for PI-deg(A/yv~'(J,))

Before presenting an application of the method described above, we give a result which
simplifies the calculation of 4 in the statement of De Concini and Procesi’s theorem (Theorem
2.30). Recall that their theorem stated the following: Given the quantum affine space
O gm (KM), for some skew-symmetric matrix M € My(Z), the PI degree of ﬁ’qM(KN ) is given
as v'h, where h is the cardinality of the image of the following homomorphisms:

ZN M, gN E L, (z )TN, (5.1)

where 7 denotes the canonical epimorphism.
As will be seen in this section, the following definition [New72, Chapters II and IV]
and lemma [Pan94, Corollary] simplifies the computation of 4 by allowing us to replace the

matrix M in (5.1) with a simpler block diagonal matrix, S (see Remark 5.6).

Definition 5.3. Let M and S be two N x N integral matrices. We say that M is equivalent to
S if there are two invertible matrices U,V € My(Z) (i.e. det(U) = +1, det(V) = £1) such
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that M = USV. We say that M is congruent to S (denoted M ~¢ S) if there is an invertible
matrix U € My(Z) (i.e. det(U) = %1) such that M = U SU.

Lemma 5.4 (Panov). Let M, S € My(Z) be two skew-symmetric matrices and let O, qM((K*)N )

and ﬁqs((K*)N ) be their respective associated quantum tori. Let g € K* be an element of
the field. If M is congruent to S then ﬁqM((K*)N) = ﬁqs((K*)N).

Remark 5.5. Please note that in the interest of being consistent with Definition 5.3, the
statement of Lemma 5.4 differs slightly from that of [Pan95, Lemma 2.4]. Panov stated the
above result for equivalent matrices, however, his definition of equivalent matrices [Pan95,
Definition 2.1] is precisely the definition of congruent matrices given in Definition 5.3, which

appears to be more widely used in the literature.

Remark 5.6. It is a well known result that every skew-symmetric integral matrix M € My (Z)
is congruent to its skew-normal form, which we denote by S or Sk(M) if it is not clear to
which matrix M the skew-normal form S is congruent. This is a block diagonal matrix of the
form

where 0 is a square matrix of zeros of dimension dim(ker(M)), so that 2s = N —dim(ker(M)),
and h;j|h;y € Z\{0} for all i € [1,s]. These nonzero hy, hy, hy, ha, ..., hg, hy are called the
invariant factors of M. As they always come in pairs, from now on we will avoid repetition
and list the invariant factors simply as hy, hy, ..., h;.

Panov’s result is used in the following lemma, which states that the PI degree of the
quantum affine space & u (KV) is completely determined by properties of M, namely the
dimension of its kernel along with its invariant factors and the value of ¢.

Lemma 5.7. Take 1 # q € K*, a primitive /™ root of unity. Let M € My(Z) be a skew-
symmetric integral matrix with invariant factors hy, ..., hs. Then the PI degree of U u (KM)

is given as

Pl-deg(O (KM)) = H
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Proof. The PI degree of this quantum affine space is v/, where 4 is the cardinality of the

image of the homomorphism

ZN M, gN T (70N,

and 7 denotes the canonical epimorphism. Let S be the skew-normal form of M. Then S is
congruent to M and, by Lemma 5.4, the two quantum tori ﬁqM((K*)N ) and ﬁqs((K*)N ) are
isomorphic. Therefore, since

Pl-deg(0,n(K")) = PI-deg (& ((K*)") = Pl-deg(0,s(K*)") = Pl-deg(&,s(KY)),
it is enough to compute the cardinality, &, of the image of the homomorphism

Z¥ S N _E ., (Z)eT)N. (5.2)

Applying this map to a general element z = (z1,...,zy)7 € Z", we obtain the following:

(708)(2) = (h122, —h1z1, hoza, —haz3, . .. hyzog, —hyzae—1,0)7
where h;z; denotes the canonical image of h;z; in Z/¢Z. Since dim(ker(M)) = dim(ker(S)),
the dimension of the zero matrix 0 in S is equal to dim(ker(M)) and hence 2s = N —
dim(ker(M)).
We now turn our attention to the entries of (7o S)(z). Each nonzero entry is of the form
ih_,-z_j for some 7; € Z /?7Z. Consider then, for each invariant factor 4;, the map

fit 7 — T

Zj /> hiZj.

The image of f; is
Im(f;) = {hz; | Z; € ZJIZ} C Z/Z

and this forms an additive subgroup of (Z/¢Z,+). Furthermore, the image of f; is the cyclic
subgroup generated by /; and denoted by (h;). Since (Z/¢7Z,+) is the cyclic group generated
by 1 containing ¢ elements then the order of h; € (Z/¢Z,+) is £/ gcd(h;,£). Hence

14

()l =1k = 7
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The image of (o S) in (Z/¢Z)N consists of copies of the subgroup Im(f;) € Z/¢Z in
positions 2i and 2i — 1, for each i € [[1,s], and zeros in positions 2s + 1, ..., N. Therefore, for
each i € [1,s] the image of f; describes two entries in the image of (70 S). The cardinality
of the whole image of (7o S) is therefore given as

hHumﬁ H‘ H(ﬁ>

=1

As noted before, 25 = N — dim(ker(M)), so the PI degree of & v (KV) becomes

N—dim(ker(M)) N—dim(ker(M))

— 3 / 2 ) /
i\ I (i) = 0 wane o

i=1 i=1

5.3 Examples

We use the method described above to calculate examples of the PI degree of A/P for some
Cauchon prime P € C.Spec(A). Let 1 # g € K* be a primitive /" root of unity for these

examples, where we specify conditions on ¢ for each example.

5.3.1 A Two Step Process: U,f (s0s)/(z)

In this example we take £ ¢ {2,4} and compute the PI degree of a quotient of U,/ (s05), the

C-algebra generated by two indeterminates E;, E, subject to the the following relations:

E{Ey— (¢* +1+q EIEE +(¢* +1+q 2)EIE2Ef — EE; =0
E3E\ —(q° +q *)E2E1Er + EE5 = 0.

There is a PBW basis of U+(505) formed by monomials Ek‘Ek“Ek*Ek2 where ki, k>, k3, k4
are nonnegative integers and E3, E4 are certain root vectors. This result can be found, for
example, in [Lau06, Section 2.4]. The same paper also expresses this algebra as an iterated
Ore extension over C generated by these four indeterminates, with the Ore extensions
appearing in the following order: E|, E4, E3, E>. Because of this ordering, we relabel the
indeterminates as

X] = El, Xz = E4, X3 = E3, X4 = Ez.
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The relations between E1, E;, E3, E4 in [Lau06] then become

XoXi = g X1 X,
X3X) = X1 X3 — (g +q )Xy, X3Xp = ¢ 2Xp X3,

_ 2 2 _ . 612 -1 5 _ 2
XuX1 = q X1 X4 — q° X3, X4Xy = X0 Xy —q+q_1X3, XuX3 =q “X3X4.

This allows us to present A := U; (sos) as the following iterated Ore extension:
U, (sos) = C[X1][X2; 02][X3: 03, 83] [X4: 04, 64]

where, using the notation in H1.5 to denote subalgebras A ; := C(Xy,...,X j> C A, the auto-

morphisms o; are defined on the generators as:

02 A1 — Ay X)— q 2X),
03: A — Ay, X1 — X
X — q X,
o4 A3 — Ay, X1 — ¢°X)
Xo — Xo
X3 — q*X3; (5.4)

and the o;-derivations §; are defined on the generators as:

53 2A2 —)Az; X] — —(q—l—qil)Xz
le—>0,

Oy : Az — Az, X —> —q2X3

X3 — 0. (5.5)

Verifying U; (sos) satisfies Hypothesis 1:

We need to check that this presentation as an iterated Ore extension satisfies Hypothesis 1 in
order to be able to apply the deleting derivations algorithm. Note, for example, that the field

elements A; ; in property H.1.3 are defined as A; ; = ¢"/, where the m; ; are the entries of
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the skew-symmetric matrix

%8070
2 0-20

In fact, the only properties that need to be checked are H.1.4 and H.1.6 because the other
properties follow immediately from the definitions above.
Routine computations show that (03, 83) is g*>-skew and (o4, 84) is ¢*-skew. So, since
0 ¢ {2,4}, A satisfies property H.1.4 with g3 = ¢ and g4 = ¢*. We define the following
C[t*']-algebra:
R := C[r*'][X1][X2: 62][X3: 63, 63][X4: 5, 84,

where the C[til]-automorphisms, 6;, and skew-derivations, 5,-, are defined analogously to
(5.4) and (5.5) on the appropriate subalgebras of R, with ¢ replacing g. We see immediately
that (63, 83) is r2-skew and (&y, &) is t*-skew, and that

R/<t_Q> gAa

with 63, 64, 83, 84 reducing to 03, 0y, 83, &, respectively. For all j € [1,4] denote by R iCR
the subalgebra generated by X, ...,X; € R. To verify the first part of H.1.6 we need to show
that 33"(R2) C (n)!,2Ry and Sf(Rg) C (n)!,4R3 for all n > 0, since then the desired result
follows from [HayO8, Theorem 2.8]. By [HayO8, Lemma 5.3] we note that we only need
to show that this property holds on the generators, which we do by using (5.5) to see that
53(X2) = S4(X3) = 0, and

Sf(Xl) = —tzgf_]()@) =0,
=1 g 1,00
oy (X3)=0,

T
X)) =+ 8 (%) =0,

87 (X2) =

for all n > 1. Therefore, 83 extends to a h.g*-s.o3-d., {d3 0}, and &4 extends to a h.g*-s.04-

d., {dsn}; . both of which are locally nilpotent and iterative. Furthermore, d3, = (3—3:12
q

forall n < {3, and ds ,, = (n(?;‘:: for all n < ¢4, where q2 1S a primitive Egh of unity and q4 isa
q
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primitive Ezh root of unity. Note, in particular, that the results above allow us to write

Xl n=20;
djin(X1) =14 68;(X;)) n=1; (5.6)
0 n>1,

for je{3,4}andl € [1,j—1].

Finally, we prove the remaining property of H.1.6, namely that 640d3 , = /13"7 43,004
for all n > 0. This holds trivially when n = 0, as d3 o = Ida,. For n > 0 it is enough to prove
os0d31(X;) = A43d3,1 0 04(X;), for i = 1,2, as then the property holds on the whole of A,
and for all n, by the following two observations: Firstly, if 04 0d3 j(a) = A3 4d3 1 0 04(a) and
o40d31(b) = A3 4d3,1 0 04(D), for some a,b € Ay, then

o40d3 1 (ab) = o40 83(ab)
— 64(03(a)83(b) + 8 (a)b)
= (03004)(a)(040683)(b) + (040 83)(a)o4(b)
= A34(03004)(a)(03004) (D) 4+ A34(03 0 04)(a) o4 (D)
= A34(63004)(ab)
= A34d3,1 0 04(ab).

Secondly, assuming the property 64 0d3 , = A} 4d3 , © 64 holds for some n > 0 then, by the
definition of d3 ,,, we may conclude that it holds for all n > 0, given that

04085 = (0408) 085 = A] 487 0 (04083) = AJ 4234685 0 (83004) = A} 85 o .
The following calculations therefore complete the proof that A satisfies H.1.6:

—(g+qg )X i=1;
0 i=2.

O4 Od371(Xl') = 040 63(Xl) =

—*(g+q )X, i=1

d31004(X;) = 83(A4,:X;) =
0 =2,

and hence o4 0d3 1 (X;) = q’2d3, 1004 = A4 3d3 1 004(X;), as required. From this we conclude
that A satisfies Hypothesis 1 and we may apply the techniques developed in Chapters 3 and 4.
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Applying the deleting derivations algorithm:

Consider the ideal <z’> <A, generated by the central element (see [Lau06, Section 2.4])
di=—(*—q ) g+q X Xe+ 47 (> — 1)X5.

We show that (7') is a completely prime Cauchon ideal of A by tracking it through the
deleting derivations algorithm to see that (') € Im(y), and then by noting that y({z’)) is a
completely prime ideal in A’.

First Step: Applying Theorem 3.6 to A results in the following subalgebra of Frac(A):
AW = x| o)X Ys 0, 8] 1%, Vs 04,

where Gf) (X 1(4)) = 7L471Xl(4) forl € {1,2,3}. The generators X, 1(4) € Frac(A) are defined
as in (3.13) and may be written in the following way, upon substituting in values for g4
and oy (X)):

X >4

4n(n+1)

Yooq 2 (¢"—1)7"Aldan(XDX" 1< 4.

The description of d; ,(X;) in (5.6) reduces the sum above to just two terms, when
n =0, 1, and this gives the following:

xY=x,,

X3V = X5+ g% (g" — 1) A3 84(X)X, !
:X37

4V =X+ g4 (g - 1) A ()X

q4

:X —
Y@+ Dg+a )
XY =X gt (gt - 1) A 80X, !
4

q -1
=X ———X3X, .
1 q4_1 3494

X5x; !,

Second Step: Applying Theorem 3.6 again, to A® results in the following algebra:

3 3 3 3 3 3
A =Y ol %5031 07,
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where 6% (X)) = 24,x for I € {1,2,3}, and 6 (x*)) = 23, x for I € {1,2}.

Performing similar calculations to before, we arrive at the following expressions for
the generators of AB):

xP=xY = x,,
x = x = x;,

07 =20 e - 1) 8067 )
=xY
614
(¢*+D(g+q7")

X =X 4@ 1) s s )

=X - XX,

=XV~ (¢ -1 g+ % ")
2 -1
+ )
— X, — %XZXS I (5.7)

As there are no more derivations left in the presentation of A®) as an iterated Ore
extension, the algorithm stops here. We set 7; := Xl-(3) for all i € [1,4] and write A®) as a

uni-parameter quantum affine space,

A® = A" =C [T, T2, T3, T).

Finding y((z')) € C.Spec(A’):

Recall (Definition 4.7) that y := w30y, and set S3 := {T5' | n > 0} and S, := {(Xf))” |
n > 0} to be the multiplicatively closed Ore sets given in Theorem 3.6(IIT) (for j = 3 and
Jj =4, respectively). Note that in the equivalent subalgebras of F, i.e. A'Sy = A(4)S§ =
A(‘l)SZ1 = AS;l (Proposition 3.9(iii)), straightforward calculations confirm that

inTy =gx,VxY =7, (5.8)

where § = —(¢> — ¢ %)(g+ ¢ ") € C*. Using this observation, we consider the ideal
(T») € C.Spec(A’) and track this back through the algorithm to show that y—!((T)) =
v, 2oy; '({Ib)) = (), and hence that (z) € C.Spec(A).
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We first compute y; ' ((T2)): Since T3 ¢ (T5), then applying Proposition 4.6 and Lemma
4.3, and noting that 7, = X2(4) and (T>) 4S5 = (T2>A,S3—1 , We may write

vy (B)ar) = (B) st 0AS) = (1Y) g 0 nA® = (x]Y) 0. (5.9)

Next we compute ' ((X2(4) )): Since XF) ¢ (X2(4)> then applying Proposition 4.6 and

Lemma 4.3 gives

v (07 = ()08 na= (x4 0 04 (5.10)

We now show that (z/) As7t = (X2(4)> As;! using the observation in (5.8): Clearly, given any

ac () as; ! there exists some b AS; ! such that
a=2b=ax{"x{"p = x{Vve () 1.

1§<X2()

where v = (ij)b €AS, !. Hence (/) ) >As;

bex)

AS; 1. Conversely, for any element a’ €

As;! there exists some b;,b; € AS;1 such that
4 4) o (4) /o (4)\— a 4)\—
d =0 X"y = b XX X by =b1g 2 (X)) by = 2w e (a5t

where w = §~'b, (Xf))_lbz c AWSs; 1 Hence <X2(4)) as;t € () as;1 and thus equality holds.
The bijective correspondence between {7 € C.Spec(A) | INSs =0} and C.Spec(AS, ') allows

us to deduce that

()51 DA = (&)1 DA = (D).

Combining this with (5.9) and (5.10) we conclude that y~'((T3)) = (Z), hence (') €
C.Spec(A) and is a Cauchon ideal. In particular (z') € C.Specy,y(A) and therefore {2} € %
PI degree of A’ /y((')):

We are now in the position to apply Theorem 4.25 to this example, which implies that A’/ (T5)
and A/(7') are PI algebras with PI-deg(A/(z’)) = PI-deg(A’/(T»)). The quotient algebra

A’ /(T») simplifies to a quantum affine space of lower dimension,

A//<T2> = (CqM/ [tl >t37t4]7
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where M’ = <§ 82 %2> is obtained from M by deleting the second row and second column,
and t; := T; + (]_"2) for all i € {1,3,4}. It is easily verified that the skew normal form
of M' is § = <—22 é §> , hence M’ has a kernel of dimension 1 and one pair of invariant
factors, where h; = 2. Given that this is such a small example, we can apply Theorem 2.30
directly to CqM/ [t1,13,14] to calculate the cardinality & of the image of the homomorphism

moM' : 73 — (Z/IZ). We observe that

x -2z x
roM' | |yl |=| 22 |. forall |y | eZ?
Z 2x —2y Z

From this we see that we have 2 free entries in the image (in positions 1 and 3) and each of
these entries has cardinality ¢ if ¢ is odd, and ¢/2 if £ is even. Therefore

02 ¢ is odd;
(€/2)? {is even,

h =

and,

14 ¢ is odd;

Pl-deg(A/ (<)) = Pl-deg(A'/(T3)) = Pl-deg(C w11, T3, Tu]) = Vh = _
¢/2 ¢ >4iseven.

We would recover the same result if, instead, we applied Lemma 5.7, using the properties of
M’ calculated above, to obtain

w
|

1 14 12 ¢ is odd;

1 ged(h;, £) N ged(2,4) N 0/2  €>4iseven.

lagl

Pl-deg(A/()) =

1

5.3.2 A Quantum Schubert Variety: &,(G,4(K)), for y={1,3}

In this example we study the quantum analogue to the coordinate ring of a specific Schubert
variety. Quantum Schubert varieties occur as a family of quotients of the so-called quantum
Grassmannian and they are strongly linked to quantum determinantal rings. We exploit
this strong link and apply the results in Section 4.5 to compute the PI degree of certain
quantum Schubert varieties. The aforementioned link between quantum Schubert varieties

and generalised quantum determinantal rings was shown by Lenagan and Rigal in [LROS].
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Here, we present a summary of some of their results, before showing on a specific example
how they may be used to compute the PI degree of a quantum Schubert variety.

The reader should beware the difference in notation: In their paper, Lenagan and Rigal
define quantum determinantal rings for ideals I;, where [; is generated by all ¢ X t quantum
minors. In our definition (see Section 2.4.4), which agrees with [GL0OO], we define quantum
determinantal rings for ideals I;, where I; is generated by all (1 + 1) x (¢ + 1) quantum minors.
When calling results from [LRO8] we must therefore be careful to replace ¢ with # + 1 in
order to match our definition.

The link to generalised quantum determinantal rings:

We begin by defining the objects mentioned above. For a full exposition of the following
constructs, the reader is referred to [LROS].

Definition 5.8. Let m,n € Ny with m < n. The quantum Grassmannian, denoted by
Oy(Gmn(K)), is defined to be the subalgebra of 0,(M,, ,(K)) generated by the m x m
quantum minors (called the maximal quantum minors). It is a deformation of the coordinate

ring of the Grassmannian, G, ,(K), of m-dimensional subspaces of K".

Just as index pairs (I,J) € Ay, correspond to quantum minors of y(M, ,(K)), so
too index sets [ = {i} < ... < iy} C [1,n] correspond to maximal minors [[1,m]|I] of
Oy(My, »(K)), and hence to elements in &y (G, »(K)). We denote by IT,, , the set of all index
sets and we identify this with the set of all maximal minors of &, (M, ,(K)).

We equip the set A, , with a partial order < where, if (1,J), (K,L) € A, with I =
{ii<..<ipJ={j<..<jK={ki<..<k},L={l <...<Il},then

(I,J) <t (K,L) <= i; <k, forsc [L,v];
Js <I; forse[1,v].

This partial order restricts to IL,, C Ay, in the following way: For I,J € 11, ,, with
I={ii<...<ip}andJ={j; <...< jm}, we have

[<qJ <= i< j; forse][l,m].

We may now state the main object of interest for this example, as defined in [LROS,
Definition 1.1]:
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Definition 5.9. Let y € I, , and define the set H,Zq,n ={o €L, | @ % v}. The quantum

Schubert variety associated to Y is

Og(Gmn(K))y 1= Og(Gmn(K))/(TT}, ).

This is a deformation of the coordinate ring of a Schubert variety.

Lenagan and Rigal go on to define a class of quotients of &,(M,, ,(K)), in a similar way
[LROS, Definition 4.1]:

Definition 5.10. Let 6 € A, , and set A,‘fw ={a €Apyn|t #s 0}. The generalised quantum

determinantal ring associated to 0 is

Oo(Mnn(K)) 5 := Og(Mnn(K))/ (A, ).

Remark 5.11. The quantum determinantal ring R; (M, ) := Oy(M,, n(K))/I; can be ob-
tained from the definition above by taking 6 = ([[1,7 — 1], [1,# — 1]) (see [LR08, Remark
42(v))).

In [LROS8, Proposition 4.3], an isomorphism is provided which links a localisation
of a quantum Schubert variety with a skew-Laurent extension of a generalised quantum
determinantal ring. This isomorphism is induced by the dehomogenisation map defined
in [LRO6, Section 3.5] and is constructed in the following way: For 6 € A, ,,, let T =
{n+1,....,n+m} and y = 8, »(8), where

6m,n : Am,n — Hmm-i—n\{T}
(1,J) — Kz p) (5.11)

is an isomorphism of partially ordered sets and, for I = {i; <...<i;}andJ={j; < ... < ji},
we set Ky :={Jj1,---,jsn+1,...,n+mp\{n+m+1—iy,...,n+m+1—i}. Then there
is an isomorphism,

—

D1§1,n 2 Og(Minn(K))s] a)’il;q)] — Og(Gmmn(K)W[[T] ], (5.12)
which sends [1]J] to mmil and y to [T] (where [I|J] denotes the canonical image of
[7]J] in the quotient algebra &y (M, »(K))s, and similarly for [K(; y)] in Og(Gumm+n(K))y)-
The automorphism ¢ of €,(M,, ,(K))s is defined as ¢(X; ;) = ¢~ 'X; ; for all generators
Xij € Of(Myn(K))s.

We now proceed with our example, which is to compute the PI degree of 0, (G2 4(K)){ 3y-
Letm=n=2and y= {1,3} € I, 4. From the maps defined above, we have 7 = {2,3} and
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0= 62_21(y) = ({1},{1}) € Az 2. Moreover,

A, =f{aedop | Fa ({1} {11} = ({1,2}.{1.2}),
M, ={aelby| a2« ({1.3})} = {12},

so that <qu2> = (D,) and (11} ,) = ([12[12]). The isomorphism in (5.12) then becomes

D3, : O4(My(K))/(Dg) [y~ 9] — ﬁq(Gz,4(K)){1,3}[[172l273]71]- (5.13)

Since 1 # ¢ € K* is a primitive /™ root of unity, both algebras in the map (5.13) are PI
algebras. By the invariance of the PI degree under localisation (Corollary 2.15), and the
isomorphism in (5.13), we see that

Pl-deg(6, (Ma(K)) /(Dy) [y 9]) = Pl-deg(6(G2.4(K))y). (5.14)
We focus on computing the left hand side of this equality.

PI degree of 0,(M>(K))/(D,)[y; ¢]:

Recalling the results from Section 4.5.1 (substituting A = ¢~2 and pi,j=q,foralli> j, and
relabelling the generators as a := Xj 1, b := X| 2, ¢ := Xo 1, d := X5 > for ease of reading), we
may present &, (M>(K)) as the iterated Ore extension

Oq(M2(K)) = K[al[b; 0p][c; oc][d; 04, 8],

where the actions of 0y, 0., 6; on the generators are determined by g € K* raised to the

LEY
M:(— 0 01)-
0 -1-10

For example, oy(b) = ¢"*2b = ¢~ 'b and o),(c) = ¢™3c = c, etc. The o,-derivation is
defined as

power of the entries of the matrix

0 :K{a,b,c) — K{a,b,c)
ar— (¢~ —q)be

b,c— 0.
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We don’t need the full force of the deleting derivations algorithm to obtain the re-
sults of Theorem 4.25 because this is such a small example. Instead we observe that,
denoting the images of a,...,d in 0,(My(K))/(D,) as @, ...,d, we have a = ghcd ! €
0,(Ma(K))/(Dy)[d ). Hence

Oy(Ma(K))/(Dg)ld ") =K o [b,e,d™], (5.15)

q

where M’ is the submatrix of M obtained by deleting the first row and first column.
Recall, from (5.14), that computing the PI degree of &,(G>4(K))y is equivalent to
computing the PI degree of 0,(M,(K))/(D,)[y; 9], where

Since ¢ is an automorphism, it extends to an automorphism ¢’ on &,(M,(K))/(D,)[d ']
We form Ore extensions over the algebras on either side of the equality in (5.15), using ¢’,
which, as a consequence of the universal property of Ore extensions (Corollary 2.22), allows

us to define an isomorphism
Oy(Ma(K))/(Dg)[d][:9"] — K (b, e, d* 1)y ¢']

taking y to )’ and acting as the identity on &,(M>(K))/(D,)[d~']. From this, it is not hard
to verify that

0y(Ma(K))/{Dg)ly:91ld "] = K julb. ¢, d y][d ],

where M is the (still skew-symmetric) matrix obtained from M’ by attaching a column of 1’s

and a row of —1’s as follows:

— (M1 0 0 11
M=<_1T0)=(11 0 1)-
“1-1-10

Therefore, by applying Corollary 2.15 and Lemma 5.7 we obtain

PI-deg(ﬁq(Mz(K))/(Dqﬂy;(p]) = PI'deg(KqM[Bvév d_7y]) = IZ—I

where the A; are the invariant factors of M. The skew-normal form of M can be calculated
easily (for example, using Maple), from which it may be verified that dim(ker(M)) = 2 and
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hi = 1. This allows us to conclude this example by calculating the PI degree:

Pl-deg(04(G24(K))y) = Pl-deg(04(M2(K))/(Dg)1y; #]) = ¢.

5.3.3 General Method for Quantum Schubert Varieties

In this section we present a more general method for calculating the PI degree of a quantum
Schubert variety, which utilises the deleting derivations algorithm. We take ¢ € K* to be a
primitive /1 root of unity, with £ > 2, and m, n to be positive integers.

Recall the notation and constructs from the previous section, in particular the sets and
maps which appear in (5.11) and (5.12). Let 6 € A, and ¥ = 8,,4(8) € Il 10 \{T }, where
T ={n+1,...,n+m}. Recall, too, the automorphism ¢ € Autg (&,(M,, »,(K))s, defined as
¢ (X ;) = q~'X; j for all generators X; j € Oy(My 1 (K))s.

Since ¢ is a root of unity, the quotient algebra &, (M,, ,(K))s is a PI algebra (as a finite
module over a central subalgebra Z, as discussed in Section 2.4.3). It is clear, from the
definition of ¢, that y’ is a central element and hence that the skew-Laurent extension
Oy(Myn(K)) 5,y "5 9] is finite dimensional over the central subalgebra K(Zy,y"). Thus it

is also a PI algebra. The isomorphism in (5.12) then allows us to deduce that

PI-deg (O (M n(K))sy: ¢]) = PI-deg(0g(Gmmn(K))y). (5.16)

We now make use of techniques from previous chapters to provide an expression for the left
hand side of the equality above, thus giving an expression for the PI degree of the quantum
Schubert variety on the right hand side of the equality.

Proposition 5.12. Keep the notation and assumptions above. Let A := Oy(Mp,(K)) and
denote its set of Cauchon diagrams by W

(i) We have

PL-deg(O (G nn(K))y) = Pl-deg((G,u (K™) /W (A5, ))D39')),

where
* Om (K™") is the quantum affine space obtained by applying the deleting deriva-
tions algorithm to Oy(My, n(K));
* Y is the canonical embedding y : C.Spec(0y(My »(K))) — C.Spec(O, m (K™));

* ¢ € Autg (O m (Km”)/l,t/(@sl’n))) is the automorphism defined as ¢’ (t,5) = q~ 'ty
on the generatorsty 1,...,tmpn of Ogn (K’"”)/l;/((A,‘jm))
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(ii) If<A27n> € C.Spec,,(Oy(Mu1(K))) is a Cauchon ideal, for some w € #, then
Pl-deg(04(Gym+n(K))y) = Pl-deg(0 (K1),

where k = mn— |w| and M € My, (Z) is obtained from M by first deleting the columns
and rows indexed by w to obtain M' € My(7Z), and then extending M’ by a column of

] !
1’s and a row of —1’s to obtain M = <f’{7 (1))

Proof. Applying the deleting derivations algorithm (Theorem 3.6) to A = 0, (M,,.,(K)) we
obtain a quantum affine space

A= ﬁqM(Kmn) = KqM [Tl,lv e Tmm],

for some M € M,,,(K), with PI-deg(A) = PI-deg(A’). Recall from [LROS8, Proposition 4.3]
that 0y (M, ,(K))s :A/<Afn’n> is an integral domain, hence <A§n7n> € C.Spec(A). Let P:=
(Agw), so that 0, (Myn,(K))s =A/P, and denote its image under the canonical embedding
by 0 = w((A3,,)) € C.Spec(A").

We adapt the notation in Section 4.3 to this example to make the proof more readable.
Let X,.; € A/P be the canonical image of X,.; € A and 7, € A’/Q be the canonical image
of T, € A, for all (1,1) < (r,s) < (m,n). Using the maps defined in Proposition 4.6, we
set Py 1= W) O 0 Wiy (P) € C.Spec(A™"), for all (1,2) < (u,v) < (m,n)*. Finally,
for all (1,2) < (u,v) < (m,n)", we set B"Y) := At“Y) /P, and denote by Xr(f’v) € B) the
canonical image of Xr(:v”v) e A forall (1,1) < (r,5) < (m,n). Note that B = A/P

_ + _ _
with generators Xr(fs"’") = X5, and B(1.2) = A/ /Q with generators X,%z) = lrs.

(i) Given the notation above, the statement that we wish to prove becomes
PI-deg(0y(Gmm+n(K))y) = Pl-deg((A’/Q)[Y: 9]), (5.17)
where ¢’ € Autg (A’/Q) is defined as ¢/ () = g~ 't,.5, for all t,;, € A’/Q. We apply
Theorem 4.25 to A/P = 0y(M,, »(K))s to see that there exists multiplicatively closed

Ore sets, T CA/P and X C A’/Q, such that

(A/P)T ' =(A'/Q)L™! C Frac(4/P). (5.18)

It is sufficient to show that

(A/P)y: 9T = (A'/Q)y: 9127, (5.19)
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as then, the equality in (5.17) will follow from Corollary 2.15 as well as the equality in

(5.16), which, rewritten in the notation above, becomes
Pl-deg((A/P)[y; ¢]) = Pl-deg(Oy(Gmm+n(K))y).

We recall from the discussion at the beginning of this example that ¢ € Autg (A/P) is
defined as ¢ (X; ;) = g~ 'X; j, for all generators X; ; € A/P. This extends naturally to an
automorphism ¢ on (A/P)I""! and to an automorphism & on Frac(A/P). Restricting ®
to A/P and (A/P)I"~! returns ¢ and @, respectively. As a consequence of the universal
property of Ore extensions (Corollary 2.22) and the equality in (5.18), we obtain the
following isomorphism:

(A/P)T My 9] = (A'/Q)=7 'Y 9). (5.20)

We now show that ¢ (z,) = g ! (r.5), for all generators 7, € A’/Q, by using an argument
of decreasing induction on (1,2) < (u,v) < (m,n)™ to show that @(X,Q?’V)) = q*IX,E?’V),
for all (1,1) < (r,s) < (m,n). Setting (u,v) := (1,2) and noting that ¢ (¢.5) = P(z,s)
will then prove the result.

Let (u,v) = (m,n)*, then X" = X, and ®(X.,) = ¢ (Xrs) = g~ 'Xy.5, by the defini-
tion of ¢. This proves the base case.

Take some (1,2) < (u,v) < (m,n) and assume that q)(XrE?’V)+) = q_'Xg’V)+, for all
(1,1) < (r,5) < (m,n). Using Proposition 4.23(ii) we may write

)+

X5 (1,5) = (u,v):
Xr(,?’v) = Xé?’vﬁ (r;s) < (u,v) and (r =uors=v);
Xr(,?’vﬁ — qX_7§1’/j7V)+X_I,57S’V)+(X_LSK)’V)+>_1 r<wuands <v.

From this we see that if » > u or s > v, then

(X)) = d(XM) = g1 = g1 XY,
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(ii)

Otherwise, if r < u and s < u, then

o (u,v —u.,vJr —u,v+ —u,v+ -u,v+ —
d(XM) = (X1 — g dERE DX )
—u,v+ _—u,v*_—u,vJr -u,v+_
=q r(,s) —C](CI 1Xr(,v)q1'£.,s)Q( 157\;))])

q
= ()t =(uv)T o (uy =(uv)ty—
:q_l( r(,s ) —(q. r(,v ) ng,s ( zg,v) ) 1)
q

This proves the inductive step and completes the proof that @(X,S?’V)) = q*IXéz’v) for all
(1,2) < (u,v) < (m,n)" and all (1,1) < (r,5) < (m,n). Therefore, taking (u,v) = (1,2)
we conclude that ¢ (t,5) = g~ (t.5), for all (1,1) < (r,s) < (m,n).

Using (5.20) we see that ¢ restricts to both A/P and A’/ Q. Restricting ¢ to A/P returns

the automorphism ¢ and, denoting the restriction of ¢ to A’/Q as ¢’, we obtain

(A/P)y: 9T = (A'/Q)y; 9127,

where ¢'(t,) = @(t,5) = g 't,.5, for all (1,1) < (r,s) < (m,n). This proves the isomor-
phism in (5.19), as required, and thus completes the proof of part ().

Suppose (Agln> € C.Spec,,(A) is a Cauchon ideal, for some w € #”. Using Remark
5.2 we write

AJQ = O, (™) [y (8,)) = K Tyt Tl /(T | ) € W) = 60 ()

(5.21)

where k = mn — |w|, and M’ € My(Z) is obtained from M by deleting the columns

and rows indexed by w. Let ¢ € AutK(ﬁqM/ (K¥)) be such that ¢'(t;) = g~ ¢; for all

i € [1,k], wherety,. ..t are the generators of O (K¥). Note that this is the same map

as defined in part (i), we have just relabelled the generators of & u (K™")/y ((A,‘fm)) =
ﬁqM/ (K") from 7,5 to #;. Using ¢’ we form an Ore extension over ﬁqM/ (KK,

O (K391 =K

gl nlD5 0T =Koalt, )] = O m(K), (5.22)
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where M = ( f’fT (1)> € M1 (Z). Combining the result of part (i) with the equalities in
(5.21) and (5.22), we may conclude:

Pl-deg(6 s (K*™)) = Pl-deg (0, (K¥) ;"))

= Pl-deg((A’/Q)[y;¢'])
= Pl-deg (0, (Gmm+n(K))y).

Combining this proposition with Lemma 5.7 gives the following:

Corollary 5.13. Let 6 € Ay, and Y € Iy jyi:n\{T'} be as in Proposition 5.12. If <A,§17n) €
C.Spec,,(Oy(Mnn(K))) is a Cauchon ideal, for some w € #', then

k+1—dim(ker(M))

PLAeg(0y(Grumin(K))y) = H ¢

ged(hi, £)’

where k =mn— |w|, M € My {(Z) is the matrix defined in Proposition 5.12(ii), and hy , . . ., hs
are the invariant factors of M (where 2s = k + 1 — dim(ker(M))).

The corollary above encourages us to investigate the properties of the matrix M, the
matrix extended from M’. In next chapter we present properties of M’ in the special case of
quantum determinantal rings, and we discuss the potential of using this information to gain

information about the properties of M.

5.4 Open Questions

We now address some of the questions and open problems arising from work in this chapter.
Steps 3(b) and 3*(b) in the general method for calculating PI-deg(A/P) motivate the
following two questions:

1) When is P € C.Spec(A) a Cauchon ideal?

Analogues to this question have been answered in the generic case by Cauchon [Cau03a,
Lemme 5.5.8], and in the Poisson setting by Lecoutre [Lec14, Lemma 5.5.10]. In both
settings, this was achieved by considering a torus action on the starting algebra, with certain
assumptions placed on the torus as well as, possibly, on the base field (see [Cau0O3a, Hy-

pothese 4.1.2 and Hypothese 4.1.2] for these assumptions in the generic case, and [Lec14,
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Section 5.5.2] for these assumptions in the Poisson setting). In particular, the torus-invariant
prime ideals (respectively, Poisson prime ideals) provide the answer to the analogous question
in each setting.

Naturally, then, we investigated the effects of a rational torus action on the completely
prime spectra of A and A’ in the root of unity case. We can show that such an action commutes
with the deleting derivation homomorphism and, therefore, extends to a rational torus action
on A’. Furthermore, the torus-invariant completely prime ideals in A are mapped to torus-
invariant completely prime ideals in A’. In order to conclude in a similar manner to Cauchon

and Lecoutre we require the following statement to be true:

Let T = (A'/J,)S,,! be a quantum torus, for some w € W where w # [1,N], and S,,

the multiplicatively closed set generated by all T; € A’ /J,, for i € [1,N]\w. Assume

T supports a rational torus action coming from a rational torus action, 7¢, on A. If

I € C.Spec(T) is an F€-invariant completely prime ideal, then I = {0}.
A positive result would imply that the only .7 -invariant completely prime ideals of A" are
the ideals J,,, for all w € #/, and hence every .7#-invariant ideal P € C.Spec(A) is a Cauchon
ideal. Unfortunately, the methods employed by Cauchon and Lecoutre to prove analogues to
the statement above ([Cau03a, Lemme 5.5.3] and [Lec14, Proposition 3.4.3], respectively)
break down in the root of unity case due to the existence of the so-called /-centre - elements
of the algebra A raised to the /! power which commute with everything and may form
monomials which remain unchanged under the torus action.

We have found a counterexample to this statement, when A = 0, (M>(K)), w=0and ¢ =

2, which suggests the need for at least some conditions on the primitive /" root of unity g; for
example, that ¢ be greater than 2. Indeed, if ¢ > 2 then, working in collaboration with Lewis
Topley, we have been able to confirm that the statement above holds when A = &, (M,(K))
and w = 0, using an algebraic geometric argument. That is, if 7' = K u [at!, p*! ¢t a* ]

01 10
with M = (i >0 i), and the torus 57 = (K*)? acts on T in the following way:
0 —1-10

(a,B,7)- (a,b,c,d) = (aa,Bb, ye, Bya"d),

then 7' contains no non-trivial .7/’-invariant completely prime ideals. In and of itself, this
result is not sufficient to conclude anything about which .7#-invariant completely prime
ideals in 0,(M,, ,(K)) are Cauchon ideals, and attempts to induct on this result in order
to prove it for quantum matrices of arbitrary dimension fail, again due to the existence of
an (-centre. For this reason we have omitted these results from the thesis. In light of the
discussion above, it seems that different techniques may be required to investigate the validity

of the statement for any 7.
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2) Given J,, € C.Spec,,(A’) for some w € #', what is y~!(J,,) € C.Spec,,(A)?

It is implied in the question that we know the full description of the set of Cauchon diagrams
# for A, although this in itself is still an open problem for general algebras. Since we have
the description of #” for quantum matrices (Theorem 4.37), we focus on this question for
A = Og(Myn(K)).

Again, looking to the generic case for inspiration (that is when ¢ is not a root of unity)
we find a paper of Casteels [Cas14], in which he utilises Cauchon’s deleting derivations
algorithm to prove that all torus-invariant prime ideals of 0,(M,, ,(K)) are generated by
quantum minors. We can show that, in the root of unity case, A still supports a rational torus
action which transfers to a rational torus action on A’, and that J,, and y~!(J,,) are invariant
under these actions (see the discussion for Question 1 above). Therefore a natural starting
point for resolving this open question in the root of unity setting is to see whether the method
employed in [Cas14] still works when applying the deleting derivations algorithm introduced
in Section 3.2 in place of Cauchon’s algorithm.



Chapter 6

PI Degree of Quotients of Quantum
Matrices

In this chapter we focus on the single parameter quantum matrices, 0,;(M,, ,(K)), where
g € K* is some nonzero field element such that g> # 1, so that the algebra satisfies Hypothesis
1. Let O u(K™), for M € My (Z), be the quantum affine space obtained at the end of the
deleting derivations algorithm applied to &, (M, ,(K)) with the generators presented in
lexicographic order. Let # := P([1,m] x [1,n]) and #" C # denote the set of Cauchon
diagrams of 0,(M,»(K)). Let P € C.Spec,,(0,(M;n,(K))) be a Cauchon ideal, so that
O (K™) /y(P) = O (K™="), by Remark 5.2. When g € K* is a primitive ¢! root of
unity (with £ > 2) we have

Pl-deg(0y(Myn n(K))/P) = Pl-deg(6 s (K™ M)), (6.1)

where M’ € M| (Z) is the skew-symmetric matrix obtained from M by deleting the rows
and columns indexed by w.

In Section 6.1 we associate to any m x n Cauchon-Le diagram C a matrix M(C) and
show how properties of M(C), namely the dimension of its kernel and information about its
invariant factors, may be obtained through properties of C. The main result of this chapter
states that the invariant factors of the matrix corresponding to a Cauchon-Le diagram are all
powers of 2. In Section 6.2 we specialise to quantum determinantal rings, where we give an
explicit calculation of the PI degree of R;(M,,) when ¢ € K* is a primitive /! root of unity
and ¢ is odd.
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6.1 Properties of M’ Using Cauchon-Le Diagrams

Given an m x n Cauchon-Le diagram C we may compute its foric permutation T, as defined
in [BCL12, Section 4.1], by laying pipes over the squares such that we place a “cross" on
each black square and a “hyperbola" on each white square. We label the sides of the diagram
with the numbers 1,...,m+ n such that each pair of opposite sides share the same labels in
the same order. The permutation, 7, may then be read off this diagram by defining 7(i) to be
the label (on the left or top side of C) reached by following the pipe starting at label i (on the
right or bottom side of C).

For each m x n Cauchon-Le diagram, C, with N white squares, we may construct a
skew-symmetric integral matrix, M(C) € My(Z), as follows: Label the white squares from 1
to N in such a way that the labels increase along the rows (from left to right) and down the
columns (from top to bottom). Given such a labelling, we construct M(C) according the rule

1 if square i is stricly below or strictly to the right of square j;
M(C)[i,jl = ¢ —1 if square i is strictly above or strictly to the left of square j;
0 otherwise.

Note that this construction of M(C) is also valid if C is any m x n diagram, i.e. if C does not
satisfy the Cauchon property stated in Section 4.5.1.

Recalling the notation from Section 4.5, Figure 6.1 shows the 3 x 5 labelled Cauchon-Le
diagram C = C,, associated to w = {(1,2),(1,4),(2,2),(3,1),(3,2),(3,3)} on the left, and

its pipe dream construction showing the toric permutation, 7 = (17)(26384), on the right.

4 5 6 7 8

=
1 2 3 3 t 3

8 9 1 |l |l r\ 1

4 5 6 7 8

Fig. 6.1 A labelled Cauchon-Le diagram (left) with pipe dream construction (right) showing
T =(17)(26384)
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The matrix associated to the Cauchon-Le diagram C,, in Figure 6.1 is:

01 1 100000
~10 1 01 00 00
~1-10 0 0 0 I 01
-10 00 1 1 1 00

MCy,)=]0-10-10 11 00
00 0-1-10 110
0 0 -1-1-1-10 01
00000 0-10 01
00-100 0-1-10

Properties of a Cauchon-Le diagram provide information about its associated matrix.

Indeed, combining [BCL12, Theorem 4.6 and Lemma 4.3] gives the following result:

Proposition 6.1 (Bell, Casteels, Launois; [BCL12]). Let C be an m x n diagram and M(C)
be its associated matrix. Then the dimension of the kernel of M(C) is the number of odd

cycles in the disjoint cycle decomposition of its toric permutation T.

Remark 6.2. A cycle is odd if it can be written as an odd number of inversions. That is, odd
cycles have even length. Given a diagram C with toric permutation 7, let odd(7) denote the

number of odd cycles in the disjoint cycle decomposition of 7.

The next result provides information about the invariant factors of M(C), which has

powerful consequences for us when / is odd.

Theorem 6.3. Let C be an m x n Cauchon-Le diagram and M(C) be its associated matrix.

Then the invariant factors of M(C) are all powers of 2.

Proof. We prove that all invariant factors of M(C) are powers of 2 using increasing induction
on the dimension, d, of the kernel of M(C).

If d = 0 then the matrix M(C) is invertible and it follows, from [BLL10, Theorem 2.2],
that the determinant of M(C) is a power of 4. Let det(M(C)) = 4 for some a € N. By
Remark 5.2, M(C) is congruent to the block diagonal matrix

Sk(C) := —hy 0 ;

0 A
—hg 0O
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where rank(M(C)) = 2s and h; | hiy) € Z\{0}, fori € [1,s — 1]. The matrix Sk(C) is clearly
equivalent to the Smith normal form of M(C), which we denote by

Sm(C) = diag(hy,hy,ha, ho, ... ks, hy).

We see that det(Sk(C)) = det(Sm(C)) since Sm(C) is obtained from Sk(C) by performing s
distinct row swaps and multiplying s rows by —1, thus changing the determinant of Sk(C)
by a factor of (—1)?* = 1. The congruence relation then implies that

det(M(C)) = det(Sk(C)) = det(Sm(C)).

Since the nonzero entries /; in Sm(C) are the invariant factors of the matrix M(C), we may

use the observations above to deduce that

49 = det(M(C)) = det(Sm(C)) = f[h% — 29= f[h,-.
i=1 i=1
Therefore, each h; is a power of 2.

Now let d > 0 and assume the statement of the theorem holds for all Cauchon-Le diagrams
whose associated matrix has kernel of dimension less than d. That is, for all Cauchon-Le
diagrams C’, with dim(ker(M(C’))) < d, the invariant factors of M(C") are powers of 2.
Consider a Cauchon-Le diagram C whose associated matrix M (C) has kernel of dimension
d, and let N be the number of white squares in C so that M(C) is an N x N matrix. Then, by
[BL10, Proposition 4.6], there exists a Cauchon-Le diagram C’ obtained by adding exactly
one black square to C, with the property

dim(ker(M(C')))=d =d—1.

Label the white squares of C as [; < ... < Iy and suppose we obtain C’ by colouring the white
square labelled /; black, for some i € [1,N]. Then M(C’) is the (N — 1) x (N — 1) submatrix
of M(C) obtained by removing the row and column indexed by i. Noting thatd' =d — 1 < d,
we apply the induction hypothesis to M(C’) to see that all its invariant factors, denoted by
hy,...,h, for some s’ € N, are powers of 2. Let hy,...,h, be the invariant factors of M(C)
and note that

s =N—1—(d-1)=N—-d=s.
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We may therefore write the Smith normal forms of M(C) and M(C'), respectively, as

Sm(C) = diag(hy,hy, ..., hs, ks, 0, ...,0), (6.2)
Sm(C') = diag(i},K,,...,H,,K.,0,...,0). (6.3)

A well-known result for the Smith normal form (see [New72, Chapter II subsection 16])
applied to M(C’) allows us to write

Dy 1(M(C')) = h}- Dy (M(C)), (6.4)
Dyi(M(C')) = h; - Dyi—1(M(C)), (6.5)

where D;(M(C")) is the greatest common divisor of all j X j minors of the matrix M(C’), for
all j € [1,N—1], and Do(M(C")) := 1. Clearly any minor of M(C’) of size j is also a minor
of M(C) of size j, so D;j(M(C)) divides D;j(M(C")). Therefore, if D;(M(C’)) is a power of
2, forall j € [1,2s], then D;(M(C)) is also a power of 2, for all j € [1,2s]. We now apply
an induction argument on i € [1,s] to show that Dy;_1(M(C")) and Dy;(M(C")) are powers
of 2 for all i.

The base case, when i = 1, is easily seen to hold since h’1 is a power of 2, by the inductive
hypothesis on d, and (6.4) and (6.5) give

Di(M(C')) = H; - Do(M(C')) = H; -1,
D>(M(C')) = Iy - Dy (M(C')) = Iy - Iy

Assume now that Dy;_1 (M(C")) and D,;(M(C")) are powers of 2, for some i € [1,s— 1], and
consider Dy;1(M(C")) and D,;2(M(C")). Using (6.4) and (6.5), we write these as

Dy 1(M(C')) = i,y - Dai(M(C)),
Dai2(M(C')) = hiyy - Daiy1(M(C')),

where /]| is a power of 2, by the induction hypothesis on d, and D»;(M(C")) is a power of

2, by the induction hypothesis on i € [[1,s]. Hence, using the equations above, we may write

D1 (M(C')) =227 = 2%,
Daisa(M(C')) = 29200 = 2247,

for some a,b € N. This proves the inductive step for the induction on i and, hence, we
conclude that D;(M(C)) is a power of 2, for all j € [1,2s].
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Finally, to conclude the main induction on d we apply the identity (6.5) to M(C), and use
the result of the previous induction argument, to show that, for any i € [1,s],
Dyi(M 2¢
po D) 2
Dy 1(M(C)) 2f
for some e, f € N such that e > f. This proves that all the invariant factors, A;, of M(C) are

powers of 2, thus completing the main proof by induction. [

Remark 6.4. Let w € #” and take P € C.Spec,, (0, (Mun(K))) to be a Cauchon ideal, with
g € K* a primitive /! root of unity and ¢ > 2. It can be verified, through direct construction
of M(C,,), that the matrix M’ in (6.1) is the one associated to the Cauchon-Le diagram
C,y. Proposition 6.1 implies that dim(ker(M’)) = odd(7), where 7 is the toric permutation
associated to C,,. Therefore, by Lemma 5.7, we may write

mn—|w|—odd(7)
mn—wlodd(c)
Pl-deg (& ,y (K™ ")) = S
g( qM ( )) g ng(hl,g)
where the /; are the invariant factors of the matrix M’ = M(Cy,) € M,,,,_,,|(Z). These are all
powers of 2, by Theorem 6.3, hence, if ¢ is odd then the PI degree becomes

mn—|w|—odd(7)
2

PL-deg(0, (M (K)/P) = ¢

We now illustrate these results with an example.

Example 6.5. Take ¢ € K* to be a primitive /" root of unity, with ¢ > 2, and let A =
Uy(M3 5)(K). From Section 4.5 we see that A satisfies Hypothesis 1 and, applying the delet-
ing derivations algorithm, we obtain the quantum affine space A’ = Kgm [T11,...,T35). Here,
M =M (D) € M;5(K) is the skew-symmetric matrix corresponding to the 3 x 5 Cauchon-Le
diagram D containing no black squares.

Taking w = {(1,2),(1,4),(2,2),(3,1),(3,2),(3,3)} we construct the 3 x 5 diagram C,,,
as seen in Figure 6.1, and confirm that it is a Cauchon-Le diagram. From Theorem 4.37 we
deduce that J,, € C.Spec,,(A") NIm(y), where J,, :== (T; ; | (i,/) € w) and y : C.Spec(A) —
C.Spec(A’) is the canonical embedding. Thus

Al =K [N1,T13. 115,121,123, 124, Ta 5, 13,4, T3 5],
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where M’ C M is the 9 x 9 submatrix obtained from M by deleting the rows and columns
indexed by (i, j) € w, that is, M' = M(C,,). Therefore, by Theorem 4.25, we observe,

Pl-deg(A/y " (J4)) = Pl-deg(A’/J,,) = Pl-deg (0 u(c,) (K°)).

By Remark 6.4, we see that in order to compute PI-deg(0, (M3 5(K))/y~1(J,)) we re-
quire the values of the invariant factors of M(C,,) along with odd(7), where 7 is the toric per-
mutation of C,,. From Figure 6.1 we read off the toric permutation as T = (17)(26384). This
has 1 odd cycle, namely (17), so odd(7) = 1 and we are left with (mn — |w|—odd(7))/2 =4
pairs of invariant factors of M(C,,). Theorem 6.3 implies that the invariant factors /; are
all powers of 2, so we may write h; = 2%, for some a; € Z and all i € [1,4]. Therefore, by
Remark 6.4, )

Pl-deg(A/y ! H

1 ged( 2“1 )’
which simplifies to #* when / is odd.

In this small example we can actually calculate M(C,,) explicitly and reduce it to its
skew-normal form (using, for example, Maple) in order to find its invariant factors. Doing so

confirms that i; = hy = h3 = 1 and hy = 2. We may therefore state the result explicitly:

I if ¢ is odd;

Pldeg(A/y™'()) =4 .
Cm it =2m.

It remains to trace J,, back through the deleting derivations algorithm, via the method given
in Chapter 5, in order to calculate P = y~1(J,,). We know that such a completely prime ideal
P € C.Spec,,(A) does exist, by Theorem 4.37.

6.2 Specialising to Quantum Determinantal Rings

In this section we provide a formula for the PI degree of the quantum determinantal ring
R,(M,) := O,(M,(K))/I, for some ¢ € [1,n— 1], in the case where g is a primitive /" root
of unity with ¢ > 2. To do this, we utilise an isomorphism defined in [LROS8] to show that
the PI degree of R;(M,) is equal to the PI degree of &, (c o) (K2 %), where C is the n x n
Cauchon-Le diagram whose last  rows and 7 columns are white. We then calculate odd(7),
for the toric permutation 7 associated to C, and conclude using Remark 6.4.

We take 1 # g € K* to be any nonzero element of the field for the first subsection (this
level of generality will be useful to us in the next chapter) however, we then specialise to g
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being a root of unity so that we are in the PI setting. We will state explicitly whenever we

require g to be a primitive /" root of unity.

6.2.1 PI Parity with a Quantum Affine Space

Let 1 # g € K* be a nonzero field element. We begin by proving the following lemma, one

isomorphism at a time:

Lemma 6.6. Let 0 :=[1,...,t|1,...,t] be at x t quantum minor in R = O4(M,(K)), for
some q € K*. Let § € R,(M,) be its canonical image and & = [n+t—1,....n,|n+t—

1,...,n] be at xt quantum minor in R°P. Then
R(Ma)[67'] = A8 =B [57],
where A; and B; are the following subalgebras:

A= (X;jER|i<torj<t)CR,
B/ :=(Xij€R®|i>n—t+1orj>n—1+1) CRP.

Remark 6.7. Lemma 6.6 implies that Frac(R,(M,,)) = Frac(B;).

The first isomorphism in Lemma 6.6 is [LR08, Lemma 4.4], recalled below. Beware
once again the difference in notation, as noted in the previous chapter: Where we use ¢ + 1
in defining quantum determinantal rings, Lenagan and Rigal use r. We have made the

appropriate notation changes to the statement of this next lemma.

Lemma 6.8 (Lenagan & Rigal, 2008). Let 6 :=[1,...,t | 1,...,t] be a t X t quantum minor
in R and § € R,(My) be its canonical image. Let A, := (X; j€R|i<tor j<t) CRbea

subalgebra. Then & is normal in A, and

R(M,)[5' 1= A,057].

For the second isomorphism we use the map defined in [PW91, Proposition 3.7.1(3)]:
Let X:={X;; |1 <i,j <n}, then the map X — X sending X; ; to X,_ 1 ,—it+1, for all

1 <i,j < n, may be extended to an anti-automorphism

Pg: R — R

Xij — Xn—jrin—it1-
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In particular, p, defines an isomorphism between (R, -) and its opposite algebra (R°P, ),
where - denotes multiplication in R and * denotes multiplication in R°P. Note, in particular,
that pq_l = py. From [PW91, Lemma 4.3.1] we see that p,(8) = &, where & := [n—1+
l,...,n|n—t+1,...,n] is the r X t quantum minor in R°’. The second isomorphism in
Lemma 6.6 then follows by noting that p, preserves the normality of J, as is shown in the

following lemma:
Lemma 6.9. & is normal in B; and therefore A;[8~'] = B;[5,!].

Proof. To check that & is normal in B; we use the fact that d is normal in A,. First note that
Py (A;) = By, where pg is the isomorphism defined above. To see this, let X; ; € A, so that
i <t or j<t. Without loss of generality, assume i < ¢ sothatn —i+1>n—t+ 1. Then

Pg(Xij) =Xn—jr1n-it1 €B

and hence p,(A;) C B;. For the opposite inclusion, suppose Xy j € B;, for some 7', j’, and

without loss of generality assume that i/ > n—t + 1. Then, since n — i’ +1 < t, we see that

Pqg(Xir j) = Xn—jy1n—ir+1 € Ar.

It was noted earlier that pg = Idg, hence, applying p, to the equation above gives Xy i €
py(A;). From this we conclude that B; C p,(A;) and thus B; = p,(A;). Therefore, A; = B;.
Since 6 is normal in A,, we have that 0 - A; = A; - 6. This implies that J; is normal in B;,

since

8 % By = pqg(8) % pqg(Ar) = Pq(8 - Ar) = pq(Ar - 8) = pq(Ar) % pg(8) = B &

Therefore, we conclude that
AL =B85

]

B; may be expressed as an iterated Ore extension over K by taking the nonzero indeter-
minates X; ; € By, for (i, j) € {(1,n—t+1),...,(n,n)}, and adjoining them in lexicographic
order to the base field, K. Let o be the K-automorphism, and f; be the oy-derivation,
appearing in the k™ Ore extension of B;, and let X(i j), and X; ;), be the indeterminates in the

k™ and /™ extensions of B; respectively. That is,

Xijy = Xin—re1y o0 Xy, = Xtns X jyoy = Xonvvts s Xy, o = Xnn-
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Then,

B = K[X17n_t+l] I:X17n—f+2’ a27 62] U [XﬂJl; %1/”7[27 62}1[7[2]
= KIX(i,), XG5, )25 002, 82] - [Xi ), 23 Oop—s2, Oy 2]

and, for all 1 <[ < k < 2nt —t%, we have

Xi.jye * Xii. gy, = (X jy,) * Xii.jye + BeXi jy,)
=" X i ), * Xi,jyi + BeXi ), )

for some my ; € Z. The fact that oy (X(,-7 J) )= q"%'X(; j), arises from the commutation rules
of the single parameter quantum matrices, R = &,(M,(K)), and the og-derivations, B, may
be worked out similarly. These my; € Z form a skew-symmetric matrix which we denote by
M € My, (Z).

It was shown in [Hay08, Example 5.4] that R satisfies the conditions of [Hay08, Theorem
4.6]. As B; is isomorphic to a subalgebra of R, it too must satisfy these conditions because the
relevant properties of the iterated Ore extension of R are preserved in B;. We may therefore

apply [Hay08, Corollary 4.7] to B, to obtain the following:
1. Frac(B;) = Frac(Ou (Kz’”_’2)).

2. If g is a root of unity then B, is a PI algebra with PI-deg(B;) = PI—deg(ﬁqM(Kz’” ”2)).

6.2.2 The PI Setting

From now on we take g € K* to be a primitive £ root of unity, with £ > 2, so that R;(M,,)
and B, are both PI algebras. We are interested in computing the PI degree of the quantum
determinantal ring R, (M,,).

So far we have reduced the problem to finding the PI degree of a quantum affine space
with associated matrix M. We apply De Concini and Procesi’s result (Theorem 2.30) to this

quantum affine space to obtain
Pl-deg (O u (sz_tz)) =V,
where £ is the cardinality of the image of the homomorphism
gt My gt T, (7/07)mr (6.6)

with 7 denoting the canonical epimorphism.
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The cardinality of this map depends on the dimension of the kernel as well as the invariant
factors of the matrix M (Lemma 5.6). Since these properties do not change upon multiplying

M by —Id, h is also the cardinality of the image of the homomorphism
g2ni—i2 M o W (Z/EZ)sztz. (6.7)

That is,
PI-deg(ﬁ’qM(sz_tz)) = Pl-deg(0,-u (KZ"’_’Z)).

The advantage of considering the homomorphism in (6.7), instead of the one in (6.6), is that
the matrix —M corresponds to a Cauchon-Le diagram C (that is, there exists a Cauchon-Le
diagram C such that M(C) = —M) whereas, for M there is no such Cauchon-Le diagram
associated to it. In fact, one may verify that —M is the matrix associated to the n x n
Cauchon-Le diagram whose last # rows and # columns are white. This allows us to use the
combinatorial techniques presented in this chapter to compute the dimension of the kernel
and the invariant factors of M(C). We do this next.

6.2.3 Calculating the Toric Permutation

Proposition 6.10. Fix some n € Nog and t € [1,n—1]. Let C be the n x n Cauchon-Le
diagram whose last t rows and t columns are white. Then the associated toric permutation,
T, is the product of t disjoint odd cycles T =cy - - ¢;.

In particular, write n = ut +r, for some u € N and r € [0,t — 1]. Then the cycles depend

onn—t andt, and are the following:

e0<n—t<t:

(i,i+t,2t+r+it+r+i), 1<i<r

Ci .=

(i,t+r+1i), r<i<t.

en—1=1t:
ci:= i+t i+t+n,i+n), 1<i<t.
o <n—1t:
(i,i+t,...,i+ut,i+ut+n,i+w—1)t+n,...,i+n), 1<i<r
Ci .=

(Li+t, .. i+(w—1)ti+w—Dt+n,i+(u—2)t+n,...,i+n), r<i<t.
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Proof. We consider three cases: t =n—t,t <n—t,and ¢t > n—t. For each of these cases, we
provide the corresponding Cauchon-Le diagram with pipe dream construction (see Figures
6.2, 6.4, and 6.6), as defined in Section 6.2.3, and we read off the associated toric permutation,
7. Each diagram is drawn using the following conventions:

* The lines distinguishing the individual squares of the Cauchon-Le diagram are omitted

to make the overall pattern of permutation paths clearer.

* The paths are coloured differently depending on which permutation rule they obey.

These are given below:

— A red path takes label i to i +¢, fori € [1,n —1];

— A blue path takes label i to i +n, fori € [n—t + 1,n];
— A pink path takes label i to i —n, fori € [n+ 1,n+1];
— A green path takes label i to i —¢, fori € [n+1+1,2n].

* Only the first and last paths (with respect to source label i) of each permutation type are
included on the Cauchon-Le diagram. It should be understood that all paths bounded
by two paths of the same colour must also share that colour and, therefore, that specific

permutation rule.

Our strategy is to consider only the permutation cycles starting at labels i € [[1,¢]. This
will give ¢ disjoint odd cycles cy, ..., c; and we then show that each of the remaining labels
J € [t + 1,2n] appears in exactly one of these cycles. From this we will be able to conclude
that T =cq1---¢.

* t < n—t: We start with the least straightforward case as once we’ve set up the notation
and method of proof the other cases will follow easily. See Figure 6.2 for the Cauchon-
Le diagram with pipe dreams corresponding to this case.

Let n = ut 4 r for some integers u,r, where r < ¢, and using this, rewrite the labels
i € [1,2n] in terms of u,t, and r. This will allow us to track the permutations more
easily, since 7 either permutes a label i by ¢ or £=n each time. We define the following

sets:

ri:={it+1,...,it+r}
rie={n+it+1,....n+it+r}
tic=Ait+r+1,...,(i+ 1)t}
ti:={n+it+r+1,....n+(+ 1))}

} for i € [0, u]

} fori e [0,u—1] (6.8)
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n+1 - n+t n+t+1 - 2n—t 2n—t+1 -+ 2n

n+1 - n+t n+t+1 - 2n—t 2n—t+1 -+ 2n

Fig. 6.2 Cauchon-Le diagram with pipe dreams fort <n—t¢

Note that |rj| = |r{| = r and |1;| = |¢/| = — r. Note, also, the following important sets:

ro={1,....r}, to={r+1,....t},
tyr={n—t+1,...ut}, r,={ut+1,...,n},
ro={n+1,...n+r}, to={n+r+1,...,n+t},
ro={n+ut+1,...,2n}.

We now redraw the Cauchon-Le diagram from Figure 6.2, labelling the sides r;, 7/, #;, 1/,
and adding in grid lines to distinguish these sets of labels (See Figure 6.3).

We begin by considering the set ry. Figure 6.3 shows the paths along which repeated
applications of 7 takes the set rg. The colour of the path, again, denotes the permutation
type that results in taking that path. The emboldened labels on the left and upper sides
of the diagram show which sets r( is permuted through before returning to ry.

We see from the diagram that the set r( is permuted along u red paths, 1 blue path, u
green paths and 1 pink path. Applying the corresponding permutation type for each of
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! /
rl e [u72 ) o

ro 1o

A _ A

/ / !
0 Ty " hio T

Fig. 6.3 Toric permutation applied to the set ro fort <n—t

these coloured paths gives us the following permutations:
ci= (i, i+t,i+2t,....i4+ut,i+ut+ni+u—1)t+ni+(u—2t)+n,...,i+n)

of length 2(u+ 1), for all i € ry.

Similarly, we see from Figure 6.3 that the set g is permuted along u — 1 red paths, 1
blue path, u — 1 green paths and 1 pink path. Therefore, for any i € 1y, we obtain the
cyclic permutations

ci=(l,i+t,i+2t,...;i+w—Dt,i+wu—Dt+n,i+(u—2)t+n,...,i+n)

of length 2u. Finally, it should be clear from the diagram that all other labels j €
[t + 1,2n] appear in exactly one of the cycles c;, for some i € [1,¢]. Therefore

(ii+t,...itutji+ut+ni+w—1)t+n,...;i+n), 1<i<r
(ii+t,....i+(u—Dtji+(u—1Dt+ni+(u—2)t+n,...;i+n), r<i<t.

Cj =
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e 0<n—t<t:

n+1 - 2n—t2n—t+1--- n+t n+t+1 -+ 2n

.

t+1 t+1

t t
n—t+1 n—t+1

n—t n—t

1N 1

n+1 - 2n—t2n—t+1--- n+t n+t+1 --- 2n

Fig. 6.4 Cauchon-Le diagram with pipe dreams forO <n—t <t

Writing n = ut + r we see that 0 < r < (2 — u)t implying that u = 1 since, if u = 0 then
n—t =r—t <0, which is not possible. We may therefore write n as n =t +r. We
obtain a similar Cauchon-Le diagram with pipe dreams to the previous case (Figure
6.4) and, again, we define sets r;, #;, 1, and ¢/ as in (6.8). Since u = 1 in this case then
there are only 6 sets to consider:

ro=11,...,r}, ro={t+1,..t+ry,  ty={t+2r+1,...2t+r},
to={r+1,....0}, rp={t+r+1,..0+2r}, ro={2t4+r+1,....2t+2r}.

Proceeding as in the previous case, and using Figure 6.5, we conclude that we have the
following ¢ permutations of lengths 2 and 4:

(Li+t,2t+r+it+r+i), 1<i<r
Cj =

(i,t+r+i), r<i<t.
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Iy :rl

fo \\ fo
r.)|.\ NG

!/ /
0 fo r

Fig. 6.5 Toric permutation applied to ry for O <n—1t <t

* t =n—t: In this case the diagram is simplified even further since n = 2¢ (see Figure

2t+1 - 3t 3t+1 - 4¢

2t

t+1

2t+1 - 3t 3t+1 - 4t

Fig. 6.6 Cauchon-Le diagram with pipe dreams fort =n —¢

6.6) so we just need to consider i € [1,¢]. We obtain 4 sets:

to={1,...,t}, t1={t+1,...2t},
th={20+1,....3t}, 1 ={3t+1,...4t},

and 7 simply permutes these sets between one another.

From Figure 6.7 we see that there are ¢ permutations of length 4, for i € [1,7], given by

ci:=(i,i+t,i+t+n,i+n).
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t |\ NP

Fig. 6.7 Toric permutation applied to ro fort =n —1¢

O

Theorem 6.11. Let n € Nog and t € [1,n— 1] and take q to be a primitive {"™ root of unity
with { > 2. Then

nt—t2—t
¢ 2 {is odd,
Pl'deg(Rt (Mn)> = 2n172fzft , .
Il wdiD) l is even,
where hy,....hop 2y 5 € Z are the invariant factors of the matrix M (C) associated to the

n X n Cauchon-Le diagram C whose last t rows and t columns are white.

Proof. Since isomorphic algebras have the same PI degree and the PI degree is invariant

under localisation, Lemma 6.6 allows us to write
Pl-deg(R;(M,)) = Pl-deg(R,(M,)[6']) = Pl-deg(B,[5; ']) = Pl-deg(B).
By the second bullet point in Section 6.2.1, we obtain
PI-deg(R: (M,)) = Pl-deg(B,) = Pl-deg (& (K*"~"))

where, by the discussion in Section 6.2.2, M = M(C) for the Cauchon-Le diagram C con-
sisting of white squares in the last # rows and ¢ columns. Let 7 be the toric permutation
associated to C. By Proposition 6.10, the number of odd cycles in 7 is ¢ and, by Remark 6.4,
we obtain

dnt—t2—t
2

PL R/(M,)) = PL- Kan—zz _ -
deg(R;(My)) deg(& o) ( ) ,11 ged(hy, €)

We now apply Theorem 6.3 to deduce that each 4; is a power of 2, hence, if ¢ is odd then the

2nt—t2—t

PI degree simplifies to PI-deg(R;(M,)) =¢~ 2 .
[
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6.3 Open Questions

There are a number of natural questions which arise from the work in this chapter. We
address these in this section.

In the questions below take ¢ € K* to be a primitive ¢! root of unity with ¢ > 2 and let
M = M(C) be the matrix associated to some Cauchon-Le diagram C, and M = (_Aff (1)> .

Recall from Corollary 5.13 that knowing the properties of M, for certain Cauchon-Le
diagrams, would allow us to compute the PI degree of quantum Schubert varieties. This
forms the basis of questions 2 and 3 below.

For some n > 2 and 1 <t < n, denote by .#,, := M(C) € My(Z), the matrix associated
to C, where C is the n x n Cauchon-Le diagram whose last # rows and # columns are white,
and N = 2nt — 2. Recall that the properties of the matrix M would allow us to compute
the PI degree of quantum determinantal rings for any value of /. That is,

Pl-deg (R (My)) = Pl-deg(€ s, (K*"~")).
This motivates the first question:

1) What are the values of the invariant factors of .#,, ;?

Fix n>2and let I <t <n. By Theorem 6.11, dim(ker(.#,,)) =1, leaving s = M’_T’z_t pairs

of invariant factors. Denote these invariant factors by hl@ € Z, fori € [1,s]. By Theorem 6.3

these invariant factors are all powers of 2. Knowing the exact values of each hl@ would allow
us to state the PI degree of R;(M,,) for any ¢ > 2.
It is possible to show that hl@ =1,forall 1 <7 <nmandié€ [l,n— 1], using the following

argument: When t = 1, .#,,; takes the form

p_1 B
My = €M, (Z
1 (_%T %) n—1(Z)
for matrices
0 1 1
-1 0 1
dy=| | em@). @=(0 1>€Mn_17n(Z),
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where 0 € M,,_1(Z) is the zero square matrix, and 1 € M,,_ ;(Z) is the n — 1 dimensional
vector with all entries equal to 1. It can be verified that the (2n —2) x (2n — 2) minor of
M1, obtained by removing the first row and first column, has determinant equal to 1 so that
Doy—o( Ay, ) = 1. Recall that

" Doio(Myy)  Daiy(Mpy)

A _ Dyi((Mny)  Dari(AMy)

S0, in particular, hiljl

foralli e [1,n—1].

The following inclusion of submatrices is immediately apparent:

= 1. Using the property hl(l) | hg-l) for all j > i we deduce that hgl) =1

%n,l - f//n.,Z c---C %n,n-

This implies that hl(j) |h§l), forall j >/ and i€ [1,s], and thus hl@ =1, forall 7 € [1,n] and
i € [1,n— 1]. Furthermore, in [Hay08, Section 5.3] it was shown that h,(fl) — 2. Therefore,
2]h,(f) for all 7 € [[1,n] and this completes the proof that .4, ; has precisely 2(n — 1) invariant
factors equal to 1.

(1)

It is left to prove the exact values of &} for i € [n,s] for all # € [1,n]. By extensive

calculations on the invariant factors of .#,; using Maple (forall2 <n <40 and 1 <t <n),

we state the following conjecture:

Conjecture 6.12. Forn > 2 and all t € [1,n] we have

1 forie[l,n—1];
2 forié€[n,s],

R —

1

hence M has 2(n — 1) invariant factors equal to 1, 2nt —t> —t — 2(n — 1) invariant factors

equal to 2, and a kernel of dimension t.

If the conjecture holds then it would allow us to state the PI degree of R;(M,,) for ¢ = 2m,
I‘ltftzftf n
for some m € N. This would become PI-deg(R;(M,)) = e

2) Given any Cauchon-Le diagram C with corresponding matrix M = M(C), are the
invariant factors of the extended matrix M still all powers of 2?

For general Cauchon-Le diagrams this question doesn’t necessarily have a positive answer,
however the question is still open for Cauchon-Le diagrams with associated matrix M (C) =

My, as we discuss below.
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Since M and M are skew symmetric, they have even rank (as one sees immediately by
considering their skew-normal forms). Thus, upon extending M to obtain M, as defined
in the introduction to this section, the rank either remains the same or increases by 2. Let
hi,...,hs € Z\{0} be the invariant factors of M and let S denote the skew-normal form of M,

where

L
I
©“

_Es+l 0

0

for hy,...,hs € Z\{0}, and hy,| € Z (possibly zero). We may apply [Tho79, Theorem 3],
with C =M and A = M, to obtain the following interlacing inequalities for the invariant

factors:
hi|hy|ha|hy| . .. |hg|hs|hsy1 |0 (6.9)

Note that, in the notation of Thompson’s paper, we have hy;_ (M) = hy;(M) = h; for all
i € [1,s], and hj(M) = O for all i > 2s. Similarly, we have ho;_| (M) = hy;(M) = h; for all
i € [1,s+1], and h;(M) = 0 for all i > 25+ 2. Since each h; is a power of 2, we deduce
from (6.9) that /1, ...,k are also powers of 2. However, we are unable to make any such
conclusion about /1, 1.

If rank (M) = rank(M) then kg, | = 0 and we may conclude that all invariant factors of
M are powers of 2. If rank (M) = rank(M) + 2, however, then /| # 0 and is not necessarily
a power of 2.

Indeed, there are examples of Cauchon-Le diagrams C whose corresponding extended
matrix M has an invariant factor which is not a power of 2: Let C be the 5 x 5 Cauchon-Le
diagram in Figure 6.8. The invariant factors of its associated matrix, M = M(C), consist of
eight 1’s and twelve 2’s, however, its extended matrix W has invariant factors consisting
of ten 1’s and two 6’s.

We may restrict this question to Cauchon-Le diagrams C whose associated matrix is
M(C) = My, In this case, we have checked (using Maple) that, for 2 < n < 40 and all
1 <t < n, the invariant factors of ///_,” are still all powers of 2. The question is therefore still

open for matrices corresponding to quantum determinantal rings.
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Fig. 6.8 Counterexample to question 2

3) Given M = M(C) corresponding to a Cauchon-Le diagram C, and M := (_AfT (1)> , for
what properties of C does rank(M) = rank(M)?

In the discussion for question 2 we saw that if rank(M) = rank(M) then the invariant factors
of M are all powers of 2. This is what motivates this question.

We focus on Cauchon-Le diagrams C with associated matrix M (C) = .#),; and extended
i/ll”’T’ ;) , for some n > 2 and 1 <t < n. Computations in Maple (for2 <n <
40 and all 1 <t < n) suggest that we have

matrix /4, ; =

_ rank(.#, ;) n =2m and t|m;
rank (4, ) = ’
rank(.#,;)+2 otherwise.

Recall, from Sections 5.3.2 that R,(M,,) = 0;(M,,(K))s, for 6 = ([1, —1],[1,# —1]). Thus,
if our prediction above is proved to be true then we would be able to calculate the PI degree
of R, (M,,)|y; 9] explicitly in the case where n = 2m and t|m, for some m € N~(, when / is

even. By Corollary 5.13 this would then give us the the PI degree of the quantum Schubert
variety 0,(G,,21,(K)))y, where ¥ = 8,,(9).



Chapter 7
Irreducible Representations

This chapter focuses on applying the techniques and results of previous chapters to construct
irreducible representations of the algebras we have examined throughout this thesis. The
results are joint work with Samuel Lopes.

Section 7.1 sets up the required standard background information for this chapter. In
Section 7.2 we construct an irreducible representation of a uni-parameter quantum affine
space at a root of unity, satisfying some mild conditions. From this representation we are
able to induce irreducible representations of some completely prime quotient algebras A /P,
where A satisfies Hypothesis 1, and of quantum determinantal rings at roots of unity.

Section 7.3 shows how to track certain irreducible representations of A’/y/(P) back
through the deleting derivations algorithm to give an irreducible representation of A/P. If A
is a PI algebra in the root of unity setting then this construction is always possible, and we
give an explicit example of this in Section 7.3.2.

Quantum determinantal rings are a particularly nice class of algebras satisfying Hypothe-
sis 1, as we have seen previously. In particular, we know the PI degree explicitly, provided
that the deformation parameter g is a primitive £ root of unity and ¢ is odd. In Section 7.4
we show that quantum determinantal rings contain a particularly “nice” quantum affine space
as a subalgebra, which we may use, along with the main result in Section 7.2, to construct an
irreducible representation of the quantum determinantal ring at a root of unity. This section
concludes with an example.

Aside from Section 7.1, throughout this chapter we will take K to be an algebraically
closed field. This is required for several of the standard results we use, including the corollary
to Schur’s Lemma, the Jacobson Density Theorem, and Theorem 2.17, which bounds the
dimension of irreducible representations of a PI algebra above by its PI degree. We take
1 # g € K* to be a nonzero element of the field and specify when we require it to be a root

of unity.
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7.1 Representation Theory Background

For any field K, let R be a K-algebra and V be a K-vector space. We denote by Endg (V) the
set of all K-linear maps on V. This forms a ring which may also be viewed as a K-algebra.

A K-algebra homomorphism

¢: R — Endg(V)

r— @

defines a representation of R on V, which we denote by (¢,V). We will sometimes use the
notation ¢(r) instead of @,, and write ¢(r) - v to mean @,(v), for all v € V. The dimension
of the representation is said to be the dimension of V as a vector space over the field, K.
A nonzero subspace W C V gives rise to a sub-representation of V if ¢@.(W) C W, for
all » € R. A representation (¢,V) of R is called irreducible if V is nonzero and has no
sub-representations other than 0 and itself.

The algebra homomorphism ¢ is called the structural homomorphism of V as it makes
V into a (left) R-module, with multiplication defined by rv = ¢@,(v), forallr € Rand v € V.
In this chapter we assume all modules to be left modules. A submodule of an R-module, V,
is a K-subspace W C V such that RW C W. We say that V is simple if it is nonzero and has
no submodules other than 0 and itself. Therefore, simple modules correspond to irreducible
representations. An R-module, V, is semisimple if it can be written as a direct sum of simple
modules. In particular, every simple module is semisimple.

Given two R-modules, V and W, an R-module homomorphism ¢ : V — W is a K-linear
map satisfying ¢ (rv) = r¢(v) for all r € R and v € V. We denote by Endg(V) the ring of
R-module homomorphisms on V.

We recall two well-known results in representation theory. The first of these is Schur’s
Lemma (see, for example, [Lan02, Proposition 1.1]), which has important consequences
when K is algebraically closed and V is finite-dimensional over K. The second is the

Jacobson Density Theorem (see, for example, [Lan02, Theorem 3.2]).

Proposition 7.1 (Schur’s Lemma). Let R be K-algebra and V a simple R-module. Then
Endg(V) is a division K-algebra. If V and W are simple R-modules, then every nonzero

R-module homomorphism from'V to W is an isomorphism.

Corollary 7.2. Let R be a K-algebra, V be a simple R-module, and ¢ : R — Endgk (V) be the
structural homomorphism. Suppose K is algebraically closed and V has finite dimension
over K. Then

(i) Endg(V) = {Aldy | A € K}.
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(ii) If r € Z(R) then @, = A1dy, for some A € K.

Proof. (i) Let ¢, € Endg(V) be a nonzero R-linear endomorphism. The characteristic
polynomial for ¢, is a polynomial over K and hence, since K is algebraically closed,
all its roots lie in K. Therefore, ¢, has an eigenvalue A € K and an eigenvector v € V
such that ¢,(v) = Av. That is, v € ker(¢@, — AIdy) and ¢, — AIdy € Endg(V) is not
injective. This means that ¢, — A Idy is not invertible, thus, by Schur’s Lemma, it must
be 0, since Endg(V) is a division algebra. Hence ¢, = A 1dy.

(ii) If r € Z(R) then, for alla € R and v € V, we have

Or(av) = Ora(v) = Qur(v) = arv = a@,(v).

Therefore ¢, € Endg(V) and we may conclude using part (i).
[

Theorem 7.3 (Jacobson Density Theorem). Let V be semisimple over R and R := Endg (V).
Take some f € Endg/(V) and xy,...,x, € V. Then there exists an element r € R such that
rx; € f(x;) for all i € [1,n]. Furthermore, if V is finitely generated over R', the map
p : R — Endg/ (V) taking r — f,, where f.(v) = rv forv € V, is surjective.

When working over an algebraically closed field, the Jacobson Density Theorem can be
used to show the following standard result:

Proposition 7.4. Take K to be an algebraically closed field. Let R and S be K-algebras, V a
simple R-module and W a simple S-module. Then V QW is a simple module for the tensor
product algebra R® S.

We end this introduction with a definition which provides a way to represent the tensor

product of linear maps between vector spaces with fixed bases as matrices.

Definition 7.5. Let Vi, V2, Wi, W, be K-vector spaces and let M = (m; ;) € M,;(Z) and
N = (n;j) € M, (Z) be matrices representing the K-linear maps V; — W; and Vo, — W,
respectively. Then the tensor product, also called the Kronecker product, M @ N, defined as

myN - m N
MN = EMsu,tv(Z>7
mS.‘lN .o mS.,lN

represents the tensor product of the two maps, Vi @ W — Vo, @ Ws.



7.2 Irreducible Representations of Quantum Affine Spaces 122

7.2 Irreducible Representations of Quantum Affine Spaces

In this section we take K to be algebraically closed and 1 # ¢ € K* to be a primitive /" root
of unity.

We start by constructing an irreducible representation of a quantum affine space at a root
of unity, with dimension equal to its PI degree. This will be called upon in later sections when
we construct irreducible representations of quantum determinantal rings, and of algebras
which have passed through the deleting derivations algorithm. To do this, we first construct
an irreducible representation of a quantum affine plane at a root of unity which has maximal
dimension. This result is not believed to be new, however, we present a proof of it here to
convince the reader that we do indeed get an irreducible representation, as this is used heavily
in the results that follow.

The notation of the lemma has been chosen to suit its application in the results to come,

in which we will take tensor products of a family of quantum affine planes indexed by i.

Lemma 7.6. Let 1 # g € K* be a primitive (™ root of unity, for some { € N~ . Let th,- [xi,yi]
denote the quantum affine plane with relations x;y; = q"y;x;, for some h; € Z\{0} satisfying
ged(h;, 0) = 1. Let V; be an (-dimensional K-vector space with basis {vgi), e ,vg)} CV;and
define the map

@i - K, [xi,yi] — Endg(V;) (7.1)
Xj — (p,'<x,')
yi — @0;(yi),

i

where the endomorphisms @;(x;), ;(y;) act on the basis vectors v.(]) € {vgi), e ,véi)} in the

Jfollowing way:

;i (xi) -vﬁ-") = kiq(j_l)hivg-i), (7.2)
(i) s .
VARG AGESE ifje1,4—1];
@i(yi) vy’ = ORI (7.3)
1 > J 9

for some A; € K*. In particular, we can write @;(x;), ©;(y;) as matrices in My(K) with respect

to this basis:

A;
. 00 .. 01
Aiq" . 10 .00
(i) = A A D I (7.4)
0. . 10

gD
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Then ¢; is a surjective algebra homomorphism which defines an irreducible representation
of K i [xi,yi] on V, of dimension ¢, and satisfies the property ¢;(x;)" = A 1dy, and @;(y;)" =
Idy.

l

Proof. Using (7.2) and (7.3) it may be verified that @;(x;)@;(y;) = ¢" @i(y:)@;(x;), so that
the relations between generators x;,y; € thi [xi,vi] are preserved in the image of ¢;. By
the universal property of algebras with generators and relations, ¢; then becomes an alge-
bra homomorphism and thus defines a representation of thi [xi,yi] on V;. This gives V; a
K [xi, yi]-module structure with multiplication defined as rv = @;(r) -v, for all r € K s, [x;, yi]
andveV.

To show that (¢;,V;) defines an irreducible representation of the quantum affine space,
we suppose that there exists a nonzero subspace W C V; which is a sub-representation of V;
and we argue that W = V;. Assume (for contradiction) that vy) ¢ W, forall j € [1,¢], and

letw:= Z§:1 (07 jvg-i) e W, with a4,...,0y € K, be a nonzero element of W which is minimal
with respect to the number of nonzero summands. Note that the assumption vgi) ¢ W implies
that at least two coefficients in {o, ..., 0/} are nonzero. Since W is a sub-representation
then @;(y;)-w € W and @;(x;y;) -w € W, where

& .0 0
Qi) -w=Y oyl oy,
=1

-1 . .
0i(xivi) - w = @ix) - (@) - w) = ¥ AigMap!) | + A,
j=1
We now use these elements of W to arrive at a contradiction. If oy # 0 then we consider
@i (yi — A«i_lxiYi) -w € W, where

1 ,
Qi(vi— A xiyi) o w =Y a;(1 - qjh")vﬁl-
J=1

This is nonzero, since ¢ 1 jh; for all j € [1,¢— 1], and it has fewer summands than w, thus
contradicting the minimality of w. If, instead, ay = 0 and oy # 0, for some k € 1,4 — 1],
then we consider the element @;(y; — q_kh%i_lxiy,-) -w and argue in a similar way to show
that this also contradicts the minimality of w. Therefore, our assumption is false and there
g-i) € W. But then W =V;, since ¢;(y;) permutes all the
basis vectors, as can be seen in (7.3). We deduce from this that (¢;,V;) is irreducible.

must exist some j € [1,¢] such that v

To verify surjectivity of ¢;, note that V; is a simple K s, [x;, yi]-module, finite-dimensional
over K, and K is algebraically closed. Thus, by Schur’s Lemma, Endy , [y, 1] (Vi) 2K and
q 1
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we can apply the Jacobson Density Theorem to R =K , [x;,yi], with R' = Enquhi ] (Vi)
to see that the map p : K 5. [x;,yi] — Endg (V;), sending r — f;, is surjective. Recall that f;
was defined as f(v) = rv, forall r e K " [xi,yi] and v € V}, and this is precisely the definition
of @;(r) as stated earlier. Hence ¢; = p is surjective.

Finally, it is easily verified that @;(x;)* = A/ Idy, and @;(y;)’ = Idy,. This proves the final
property in the statement. [

Consider the quantum affine space K u [Ti,...,Ty], where M has a kernel of dimension 7,
for some 7 € [0, N — 1]. The skew normal form of M is

S=EME" = , € My(7Z),

0 by
—hg O

0

where E = (e; j)i.j € Mn(Z) is invertible, 0 is the 7 x t zero matrix, the i; € Z\{0} are the
invariant factors of M, and 2s = N —t. We define the quantum affine space associated to S as

D= qu[x17y17x27y27 <oy Xsy Vs 21y e e 7Zt]-

If ged(hi, £) = 1, for all i € [1,s], then each subalgebra K s, [x;,y;] C D is a quantum affine
plane satisfying the conditions of Lemma 7.6, hence it must have an irreducible representation
(¢;,V;) of dimension ¢. Let V := V| ®--- ® V; so that the dimension of V is ¢°. Using this

notation we state the following proposition:

Proposition 7.7. Let 1 # g € K* be a primitive ™ root of unity, for some ¢ € N~1, and
M € My (7Z) be a skew-symmetric matrix with invariant factors hy, ..., hs € Z\{0} satisfying
ged(hi, 0) = 1, foralli € [1,s]. Then the following statements hold:

(i) Pl-deg(Km[Ty,...,Tn]) = £°.

(ii) There is an algebra homomorphism @ : D — Endg (V) which defines an irreducible

representation of D on'V of dimension (°. It is defined using the tensor product of the
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maps @; found in Lemma 7.6 and it acts on the generators of D as follows:

¢(x;) =1dy, ®- - ®@1dy, , @¢;(x;) ®Idy;,, ®- - ®1dy,,
o(yi) =ldy, @--- @ dy,_, @@;(y;) @Idy,,, ®--- @ 1dy,,
¢(z;) = §;1dy,

where &; € K* for all j € [1,t], 1dy, denotes the identity map on V; for all i € [1,s],

and 1dy :=1dy, ®--- ® Idy, denotes the identity map on V. Moreover, ¢(x;)~! =

/’Ll-_é(p(x,-)é_1 and (p(yi)_] = (p(y,-)g_l,for alli € [1,s].

(iii) (@,V) induces an irreducible representation, (¢,V), of Ku[Th,..., Ty]| where, for all
i € [1,N], we have

O(T}) := @(x1) 1 @(y1)52 -+ @ (x5)i25- 19 ()72 @ (21 ) 1251 - (2)is,

with E~! = (e! i )ij € MN(Z). Moreover, foralli € [1,2s+t] there exists some v; € K*
such that ([)(T,) L=vlo(m)
Proof.

(i) This follows from a straightforward application of Lemma 5.7.

(ii) It is clear from the matrix S that that the elements zi, ...,z € Z(D) generate a poly-
nomial ring K[zj,...,z] € D and that, for each i € [1,s], the pair x;, y; generates
a quantum affine plane K " [xi,yi] € D such that x;, y; commute with x;, y;, for all
J € [1,s]\{i}. The generators of D therefore share the same commutation relations
as the generators of <®f-:1 K gt [xi, yi]> ®K]z1,...,2z]. Using the universal property of
Ore extensions we deduce that the following map extends to an algebra homomorphism,
and that this is in fact an isomorphism:

1:D — th [xl,yl]®...®ths[xs,ys]®K[z1,...,zt] (7.5)
xi— 1h1®-®1;10x580111®--®1;®1
vi— 11 ®--®1;1 QY0111 ® - ®1;®1
zi— L1®--®1;®z,

where 1; is the identity element in K s [x;, yi], for all i € [1,s].
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. l I l
That is, for a general element d = Y nps+s O@xlllyll2 xS ‘y?ézf”' 2 eD,

I 1 by ‘ l l
l(d) — Z O‘Lxll)’f Q- ®st§ 1yi23 ®Z12s+1 ,_.thm.
£€N25+’

We can define an irreducible representation (¢’,V) of the tensor product algebra on the
right hand side of (7.5) by applying Proposition 7.4 and noting, by Schur’s Lemma,
that the image of K[zy,...,z/] under ¢’ is contained in K. Here, ¢’ := ¢; ® - - - ¢, for
the maps ¢; as defined in Lemma 7.6. We then pull this representation back to an
irreducible representation (¢, V) of D via the isomorphism above by setting ¢ := ¢’ o1.
This is defined on the generators of D as

¢©:D — Endg(V)
xi — Idy, ®--- @Idy,_, ®@;(x;) ®1dy,,, ®--- @Idy,
yi — ldy, @ ®@1dy, |, @@;(yi)) @1dy,,, ®--- ®1dy,
zj— &;ldy, (7.6)

where Idy; is the identity map on V; and Idy := Idy, ® - - - ® Idy, is the identity map on
V.

We may form a basis {u;, j, | 1 <iy,ip,...,ig < £} of V in terms of the basis of each

yeeesls

V; by setting:
Hiyin,..ig = ( )®V( )® ®V( s)

Then, using (7.2) and (7.3), one may verify the following:

-1) J+1)

& -- ®v( s)
J+1)

(s)

:v§1)®---®v§]{l”®)tjq(‘f )hfv()®v( ®- @V

ii—1)h;
(j ) leLilv 7is

] l+1
We.. ®V(J 1)®v(+), ®V(J+1>®__,®vlp>’ ifl-j#;

= Lj+l
VE1)®“'®VE,,1)®V§)®v(]+”® oW, i =,

Noy. . — ()
(P(yj) ‘ullw-yls -

'I'Lil7“'7ij7171+ij7ij+17"~7i5’ lf l] % g’
uil7"'7ij71717ij+1a"'7i57 lf l] = g’

O(2j) - Miy....i, = EjMiy ..,
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(111)

Fixing this basis for V allows us to represent the maps @ (x;), @(y:), ¢(z;) € Endg (V)
as matrices in Mys (K) by first defining @;(x;), ¢;(y;) as the matrices in (7.4), and then
taking the images in (7.6) to be the Kronecker product of these matrices.

The algebra homomorphism ¢ : D — Endg (V) preserves the relations

0 (x)o(vi) = ¢" P (i) p(xi),

for all i € [1,s], and, as was shown in Lemma 7.6, @;(x;)’ = A/ Idy. and @;(y;)* = Idy..
Hence we obtain

o) ' =4 lo) T = (AT

o) =00 T =00 Y € ¢(D). (7.7)
o) =& 'dy

These identities show that ¢ may be extended to define a representation of the quantum
torus associated to D and hence, any negative powers of the generators x;, y;, z; in the
argument of ¢@ may be replaced with positive powers, upon an appropriate multiplication
by a scalar.

From the identity E~'S(E~")T = M we obtain the equality

S
/ / / /
mi j = Z hie(€; ok— 1€ 2k — €2k 2k—1)- (7.8)
k=1

Any algebra homomorphism ¢ : K u[T1,.. ., Ty] — Endgk (V) must preserve the com-
mutation rules between the 7;. That is, for all i, j € [1,N],

O(T)O(T;) = ¢"9(T))9(Ty) = g1 i) ¢ (T)) o (T7).

Let Ei_1 denote the i row of E~1, foralli € [1,N], and letd :=x1y; ...Xsys21...2 €D
be the ordered monomial of all the generators of D. We define the following elements
of the quantum torus DX !, where £ C D is the multiplicatively closed set generated
by the generators of D:

/ / / / / /
E-V . i Cip €ins—1 Cids Cidstl €i s+t -1
d ! — Xll yll b 'Xsl g ysl Szll g . 'Ztl g E DZ . (7.9)

We may apply ¢ to dEi_l, using (7.7) to replace any negative powers ea ; with positive

powers £ — eg’j so that (p(c_lEifl) € ¢(D), and, using (7.8) and (7.9), it may be verified
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that
-1 E! - E! -1
o™ )o(d i ) =q"p(d" )od" ),

for all i, j € [1,N]. Therefore, by the universal property of algebras with generators and
relations, the following map extends to an algebra homomorphism and hence defines a
representation of K u(T1,...,Ty] on V:

(]) . KqM [Tl, ceey TN] — EndK(V)

T— ().

Note that Im(¢) C Im(¢) and, for all i € [1,N],
- €1 ¢ Cias1 Cins o € st
(I)(T;)f — QD(C_ZE’ )f — (P(xll,lylz,z . ‘xszls lys ‘,2‘Zl 25+1 -Z; 25+ )( — ViIdV

for some v; € K*, by properties of ¢. Thus ¢(7;)~! = v, '¢(7;)*~!, which allows us
to deal with negative powers of 7; under ¢ in a similar manner to how we dealt with

negative powers of x;, y;, z; under @.

We now wish to show that (¢,V) is irreducible. In a similar way to above, we may
write each @(x;), @(yi), @(z;) in terms of the ¢ (7;). The identity EMET = S allows us

to write the entries s; ; € S in terms of the entries m; ; € M and ¢; ; € E as follows:

N

Sij = Z mj r€;1€;j k-
Lk=1

Denoting E; to be the i row of E, forall i € [1,N],and T :=T; - - - Ty to be the ordered
monomial of the generators of K v [T1,...,Ty], we define the following elements of
KT, Ty

TE =T TN, (7.10)
Using this, one may verify, by explicit calculation on 75T/, that
O(T™)9(T™) = g™/ (TF) (1),
for all i, j € [1,N]. In particular, the elements

O(TE), 9(T52), ..., 9(TF>1), o(T™), ¢(TF>), ..., o(THV)
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share the same relations as the elements xy, yy, ..., X5, s, 21, .- -, &. Therefore, again
by the universal property of algebras with generators and relations, the following map

extends to an algebra homomorphism:

7:D — Endg (V)
xj —> ¢<ZE21'71)
yi— o(T™)

zj— ¢(TF2),

with Im(7) C Im(¢). Since E~'E = Id, where 1d is the identity matrix, we deduce that
ZQ]:] ef{ ¢jk = 11if i = j, and otherwise the sum is zero. Using this, along with the

definition of ¢, we obtain

() = (T 1) = (1M T )
_ (P( El_l)62,—1,1 ”_(p(dE,Ql)ezi—l,N
/ / / / /
_ (p(x‘lﬁ.ly‘]ﬁ.z B _Zfl,N)ezpl,l .. .(P(x?,ly‘;za . .ZfN*N)eZi*LN
p (szﬁ:l € 62;71,ky2§:':1 €} 2€2i-1 k y ‘ZZivzl e;c,NeZi—l,k)
= 1 1 t
= (P(vxi)a

where v € K* is the scalar resulting from reordering the generators of D. Similarly we
can show that 7(y;) = ¢@(V'y;) and 7(z;) = ¢@(v"z;), for some v/, v" € K*. From this
we deduce that Im(7) = Im(¢) and hence Im(¢) C Im(¢). It then follows that (¢,V)
is an irreducible representation of K u[T1,.. ., Ty] because (¢,V) is irreducible.

7.3 Irreducible Representations and the Deleting Deriva-

tions Algorithm

Given a PI algebra A/P satisfying certain conditions, the deleting derivations algorithm
provides a way to construct a quotient of a quantum affine space, A’/y(P), such that
Pl-deg(A/P) = PI-deg(A’/w(P)). The importance of the PI degree comes from Theorem
2.17, which states that for a prime affine PI algebra, the PI degree gives an upper bound
on the dimension of its irreducible representations. We show that we may pass certain
irreducible representations of A’/y(P) of dimension d := PI-deg(A’/w(P)) = Pl-deg(A/P)
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back through the deleting derivations algorithm to obtain an irreducible representation of
A/P of degree d. In the case when P € C.Spec(A) is a Cauchon ideal, the quotient A’/ y/(P)
is a quantum affine space at a root of unity and the result from the previous section may, in
the case where its invariant factors are coprime to the order of the root of unity, provide us
with an explicit irreducible representation of A’ /y/(P) of dimension d.

This result is a specific case of a more general result, in which the algebra A/P doesn’t
need to be a PI algebra in order for an irreducible representation of A/P to be constructed
from an irreducible representation of A’/y(P). For this broader case, we simply require the
irreducible representation of A’/ y(P) to satisfy a property on the generators. We prove this
result first and the case where A /P is a PI algebra comes as a corollary. We end this section
by providing an example of the theory.

In this section we continue to take K to be an algebraically closed field but we now let
1 # g € K* be any element, unless stated otherwise.

7.3.1 The Construction

Recall the notation from Chapters 3 and 4. Specifically, let A be an algebra satisfying
Hypothesis 1, A’ be the quantum affine space obtained from applying Corollary 3.7 to A, and
v : C.Spec(A) — C.Spec(A’) be the canonical embedding.

Denote the power set # :=P([1,N]) and let #”" C # be the set of Cauchon diagrams for
A. Then, for some w € #" and P € C.Spec,,(A), set Pj := y;o---oyy(P) € C.Spec(A\V),
where we recall that y := y0--- o yy. For each j € [2,N + 1], let BY) := AU) /P; and,
for all i € [1,N], denote by )_(l-(j) the canonical image of Xl.(j) in BY), where Xl(j), e ,X}Vf)
generate AU). In particular, for j =2 and j = N+ 1, we set B:=A/P and B' := A’/ y(P)
with generators X; := X; + P € B and t; := T; + y(P) € B/, respectively.

Define ¥ C B’ to be the multiplicatively closed set generated by 7; for all i € #"\{w} and
let £ = X,. Finally, for all j € [2,N], set ;1 := BV+)Nx;.

Proposition
that (¢;,V) is an irreducible representation of BY) where, for each e ex j» there exists
some & € K* and £ € N~y such that ¢;(e))! = ETdy.
Then, for any k € [2,N + 1] and b%) € B®), there exists some b\Y) € BY) and elV) € X ;
such that
pK) = p) (L))~ ¢ B(j)zjfl.
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If k > j then ¢; induces an irreducible representation of B® onv, defined by the algebra

homomorphism

¢ : BY — Endg(V)
bY s £719;(0)) (D)

Moreover, for each e e Y1, there exists some &' € K* and ¢' € N~ such that ¢k(e(k))£, =
&' 1dy.

Proof. Let (¢;,V) be an irreducible representation of BU) satisfying the conditions of the
proposition. We may rewrite the condition on ¢; as qu(e'(j)f1 = é’lq)j(e(j))e’l. This
induces a representation of BU )E]fl,

¢: BYL;! — Endg(V)
pU) (])j(b(j))
(6(1))—1 NN 5—1¢j(8(1))€—1’

from which we observe that ¢ (e/))~! = E=1¢(el))~1, for all /) € ¥;. The inclusion
BU) C B(j)ijl ensures that (¢, V) is irreducible.

From Proposition 4.24(iii) we see that BU )ijl =BW®x, !, forall k € [2,N + 1], hence
each element in B(")Zk_1 can be written in terms of elements in BU )Z;I, and vice versa. This
allows us to view ¢ as an algebra homomorphism ¢ : B(k)Zk_l — Endg (V), hence (@,V)
defines an irreducible representation of B(k)Zk”.

Every element b*) € B®) may be written as an element b*) . 1-1 ¢ B(k)Zk’l, which we
write simply as b e B(k)Zk_l. By the equality of localisations, bk may also be written as
an element in B(j)Z;] , that is b() = p(/) (e(j))_1 € B(j)ijl. Restricting ¢ to B gives the

following algebra homomorphism:

¢ : BY — Endg (V)
p¥ —s ¢ (b(j) (e(j))*l) = &1, (b7) ()Y,

This defines a (not necessarily irreducible) representation of B on V. To show that this
representation is irreducible when k > j we note that, in this case, ¥y C X;. Therefore, for all
e®) € 3, there exists some £’ € K* and ¢’ € N such that ¢(e®))? = £'Idy, hence

oe(eM) = § (™) = E'1dy .
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Using the identity B(k)Zk_l = B(j)ijl we may write any element b)) € BU) as pl) =
b (e®k))=1 € BWL 1. Thus

A

q)j(b(])) — (ﬁ(b(l)) — (ﬁ <b(k)(€(k))—l> _ g/—l(p(b(k))(l’)‘(e(k))f’—l _ (pk(é/—lb(k) (e(k))z’_l)’

which shows that ¢;(BY)) C ¢x(B%)). Therefore, since (¢;,V) is irreducible, so too is
(¢k,V)- O

Corollary 7.9. Let A be a K-algebra satisfying Hypothesis 1 and suppose that all the A; ;
in H1.2 are roots of unity. Write these as A; j = g™/, for some skew-symmetric matrix
M = (m; )i j € Mn(Z) and primitive £™ root of unity 1 # q € K*, for £ € N+.

Then any irreducible representation (¢,V) of B' satisfies the conditions of Proposition

7.8 and therefore induces an irreducible representation (¢',V) of B.

Proof. A’ is a prime affine PI algebra, by Theorem 3.10(iii). Since quotients of affine PI
algebras are themselves affine PI algebras, and given that y(P) € C.Spec(A’), we therefore
deduce that A’/y(P) is a prime affine PI algebra. Hence, by Theorem 2.17, B’ has an
irreducible representation (¢,V) of dimension PI-deg(B’). Suppose P € C.Spec,,(A), for
some w € #'. Then the quotient algebra, B = A/y/(P), is generated by all #; such that
i€ W\{w}, where t; := T; + y(P). Hence t;t; = ¢"it;t;, for all i, j € #'\{w}. We deduce
from this that t{ € Z(B'), for all i € #'\{w}, thus, by Schur’s Lemma, ¢ (#;) = &Idy, for
some &; € K*. Since X is defined to be the multiplicatively closed set generated by the
set {t; | i € #\{w}}, then the conditions of Proposition 7.8 are satisfied. Applying this
proposition to A with j =2 and k = N + 1 gives the desired result. U

Remark 7.10. A special case of the corollary above arises when P is a Cauchon ideal,
whence B’ is a quantum affine space. Let B = 0, M (K") and suppose the invariant factors of
M = (m; ;) satisfy the conditions of Proposition 7.7. We may then apply said proposition to
obtain an irreducible representation (¢, V) of B’ of dimension rank(M) /2. Then, by Corollary

7.9, we may apply Proposition 7.8 to obtain an irreducible representation of B on V.

Remark 7.11. If we let P = {0} <A, so that BY) = AU) for all j € [2,N 1], then Proposition
7.8 and Corollary 7.9 give ways to induce an irreducible representation of A provided that
there exists an irreducible representation (¢,V) of A" satisfying analogous conditions. In
particular, if we define the sets X; as in Section 3.3 (that is we take X C A’ to be the
multiplicatively closed set generated by T7,..., Ty, we let X, := X, and we define X, :=
AU NY,, for j € [2,N]) then the equality of localisations A(J')ijl =AWL 1 for all
J,k € [1,N], as stated in Proposition 3.9(iii), provides the condition required to transfer an

irreducible representation of A’ to an irreducible representation of A.
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7.3.2 Example: U (sos)/(z)

Let K = C and ¢ € C* be a primitive /™ root of unity, with £ ¢ {2,4}. Recall Example 5.3.1,

where we showed

14 ¢ is odd;

Pl-deg (U (s05)/(Z)) = Pl-deg(C 11,13, 14)) = |
¢/2 ¢>4iseven,

00 -2 . . . .
for M’ = ((2) 02 % ) . In the notation of the previous section we write

B =B =C ylt,i,t), Bi=B% =U/(s05)/(), X7 =%, X =

1

for all i € [1,5]), and we denote by ¥ := X3 C B’ the multiplicatively closed set generated by
{t1,13,14}. Let £ be odd, then CqM/ [t1,13,14] satisfies the conditions of Proposition 7.7. The

skew-normal form of M’ is

0 20
S=1-2 0 0
0 00

and the quantum affine space associated to Sis D := Cqs [x1,¥1,21]- By Proposition 7.7(ii)
there is an /-dimensional C-vector space, V, and an algebra homomorphism ¢ : D — End¢ (V)
whose image on the generators of D, upon fixing a basis vy,...,v, € V, may be presented as

matrices in the following way:

A
00 ... 01
o §9588
P(x1) = 1 o) =|(7" 7], elm)=SEldy.
- g2 0. .. 10

That is, ¢ is the map ¢; defined in Lemma 7.6, with A; = A. The pair (¢,V) defines an
irreducible representation of D.

To define an irreducible representation of (CqM/ t1,13,14] we apply Proposition 7.7(iii)

101
using E~! = (7)1 0 8) , where E € M3(Z) is the invertible matrix satisfying EMET = S.
The resulting algebra homomorphism ¢ : C [t1,13,14]) — Endc(V), defined on 71, 3, 14 as

0(n1) = p(xpyizi) = @(x1)9(z1) = E@(xr),
¢

0(13) = (7'M = (1) =20,
0(t) = (') = 0(1) =0, (7.11)



7.3 Irreducible Representations and the Deleting Derivations Algorithm 134

then defines an irreducible representation of C [t1,13,14]) on V. Using the definition of ¢,

we see that

(1) =&'p(x1)" =& dy,
0(13) =2 L) =27 A dy = 2 1dy

0(t2)" = (y1)" " =1dy,

hence the conditions of Proposition 7.8 are satisfied for j = 3. Applying this proposition
allows us to define an irreducible representation of U, ; (s05)/(z') once we know how to write
the generators X, ..., Xy € U/ (s0s)/(Z/) in terms of the generators 71,...,14 € CqM/ [t1,13,14).
In Example 5.3.1 we wrote the generators Ti,...,Ts € Cyu [Ti,...,T4] in terms of the
generators Xp,...,X4 € U; (s0s) (see (5.7)). Taking the images of the generators 7; and X; in
the quotient algebras CqM/ [t1,13,14] and U; (s05)/(<) respectively, gives the following:
4 2 —1
q X%X[l, tlle—q (g+q )

szil.
(@+1)(g+q7") g — 3

t5:=X4, 3=X3, n=Xo—

Rearranging these identities, and noting that , = 0, allows us to write

4 4

9 B, Xi=n+

Xo=1, Xz=n X = -
(¢*+1D(g+q ")

nt, .

g*—1

Applying Proposition 7.8, with j =3,k =5, and ¢; = ¢, and using (7.11), we are able to
deduce that there is an algebra homomorphism ¢s : U," (s0s)/(z') — Endc(V') defined on its

generators as

q" B
) =0 ((q2+1)(q+q1)t32l4 1)
4
B (‘12+1)q(q+q—1)(p( Do),
4
95(X1) =9 (t1+ ; t3t4_1)
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which defines an irreducible representation (¢s,V) of U, (s0s5)/(z'). Substituting in the
matrices for ¢(x;) and ¢(y;) and taking ¢ = 5 gives the following explicit form of this

irreducible representation:

—
)
o o O

05(Xy) =

o o o O

o o o O

A0 0 0 0
0 A7 o0 0 0
os(X3)=1| 0 0 Alg 0 0
0 0 0 A4 o0
0 0 0 0 Alg?
1
0 0 0 0 N
(qulf)zlz 0 0 0 0
q3
0 0 Gy 0 0
q4
0 0 (@°+1)*A2 0
4
EA 0 0 0 (q;il)l
2
@421)1 g)tqZ 0 0 0
¢s(X1) = 0 m Ergt 0 0
3
0 0 A EAg 0
3
0 0 0 = EAg
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7.4 Irreducible Representations of Quantum Determinan-

tal Rings

Recall the quantum determinantal ring R,(M,,) introduced in Chapter 5. We computed its
2nt 7127t

PI degree to be PI-deg(R,(M,)) = ¢~ 2, in the case where the deformation parameter ¢

is a primitive /" root of unity and ¢ is odd (Theorem 6.11). There must therefore exist an
irreducible representation of R;(M,,) of this dimension, by Theorem 2.17. We will construct
such a representation using the results of this chapter.

In order to apply the results in Section 7.3 to construct an irreducible representation
of R;(M,) we would need to know the explicit form of y(l;). As we do not yet have
the techniques to compute this in general, we develop a different method to construct the
irreducible representation. Our strategy is to first find a quantum affine space A which sits
inside R;(M,,) as a subalgebra and whose associated quantum torus AL ™! contains R;(M,,) as
a subalgebra. We define an irreducible representation of A of the correct dimension, using
Proposition 7.7, which we then push up to an irreducible representation of AZ~!. We then
show that the restriction of the representation to R;(M,,) remains irreducible.

We end this chapter by providing an explicit computation of an irreducible representation
of R2 (M3 ) .

In this section we continue to take KK to be algebraically closed and 1 # g € K* to be any

element, unless stated otherwise.

7.4.1 The Construction

First we introduce two dimensional invariants for algebras, which will be used to show
algebraic independence of a set of elements. Definitions and basic results concerning the
Gelfand-Kirillov dimension can be found in [KLOO], whilst we use [Zha96] for definitions
and results on the Gelfand-Kirillov transcendence degree.

Definition 7.12. For a K-algebra A, the Gelfand-Kirillov dimension of A is defined to be

GKdim(A) = sup lim log, dim(V"),

14 n—oo

and the Gelfand-Kirillov transcendence degree of A is defined to be

Tdeg(A) = supinf lim log, dim((K+aV)"),
y a n—yoo



7.4 Irreducible Representations of Quantum Determinantal Rings 137

where V ranges over the finite-dimensional subspaces of A containing 1 (also known as

subframes) of A, and a ranges over the regular elements of A.

Definition 7.13. An algebra A is called Tdeg-stable if the following hold:
(1) Tdeg(A) = GKdim(A);

(2) Tdeg(S~'A) = Tdeg(A) for every Ore set S of regular elements.

Recall from Definition 2.34 that A, , denotes the set of all quantum minors of &,(M,(K)),
or equivalently, the set of all index pairs (1,J) € [1,n] x [1,n]. We define the following
elements, which form a subset of A, ;:

Definition 7.14. An index pair (/,J) € A, corresponds to a final quantum minor of
Oy(M,(K)) of size s € [1,n] if I = [i,i+ (s—1)] and J = [j,j+ (s —1)], and either
i+(s—1)=norj+(s—1)=n.

We denote the set of all final quantum minors of &,(M,(K)) by &, , C A, and the
set of all final quantum minors of &, (M, (KK)) of size less than or equal to by ©, , C Q..
Note that all the quantum minors in €, “survive” in the quotient algebra R,(M,) and
generate a subalgebra, which we denote by K(€, ) C R,(M,). It may also be verified that

Q| = 2nt — 1%,

Lemma 7.15. Take 1 # q € K* to be a nonzero field element. Let A = K(Q,, ,) and let ¥ C A
be the multiplicative set generated by Qfm Then,

(i) The elements of in commute with each other up to powers of q;
(ii) ACRi(My) CAZ™";

. 2 . .
(iti) A 'is the quantum affine space O u (K2M=1"Y and AL~ is the quantum torus associated
toA;

(iv) M € M,,,_,»(Z) has rank 2nt — 12 —t and all its invariant factors are powers of 2.
Proof.

(i) This result follows from an analogous result for initial quantum minors of &, (M,(K)):
A quantum minor [I|J] € @, is called initial if = {i,i+1,...,i+t}and J = {j,j+
1,...,j+t}, for somet € [0,n], and 1 € TUJ. Noting that all pairs of initial quantum
minors [I|J], [M|N] satisfying i = m = 1 are weakly separated in the sense of Leclerc
and Zelevinsky [LZ98], we may apply their result [LZ98, Lemma 2.1] to see that the
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[1|J], [M|N] above quasi-commute (that is, commute up to a power of g). Applying the
transpose automorphism ‘L'(; of [PWO1, Proposition 3.7.1(1)] reveals that any pair of
initial quantum minors [I'|J'], [M'|N'] satisfying j/ = n’ = 1 also quasi-commute, as is
shown in [Goo06, (4-13)]. Finally, [Goo06, Corollary 6.5] shows that pairs of initial
quantum minors [I|J], [M'|N'] satisfying i = n’ = 1 quasi-commute and hence all initial
quantum minors of &,(M,(K)) quasi-commute with each other. This result passes to
the final quantum minors of &,(M,(K)), and hence to all elements of &, ,, by use of
the anti-automorphism ’L'qz of [PW91, Proposition 3.7.1(2)] and the property found in

[PW91, Lemma 4.3.1].

(ii)) A C R/(M,) is immediate. We deduce from part (i) that the elements of Qﬁm are normal
in A. They are also regular, since R;(M,,) is a noetherian domain. Therefore, X C A is
an Ore set at which we can localise. We now show that each generator of R;(M,,) is

contained in AX !

Define sets Q1 := [n—t+1,n] x [1,n], Q2 :=[1,n] x [n—t+1,n], and Q := Q; UQ>.
To prove R;(M,)) C AL~! we first use decreasing induction on (i, j) € Q to show that
Xi, j € AX~!, where Xi, JER, (M,,) is the canonical image of the generator X; j €ER. We
then show that X; ; € AL, for all (i, j) € [1,n—1] x [1,n—¢]. This will prove the
result for all (i, j) € [1,n] x [1,n] since [1,n] x [1,n] = QU ([1,n—1] x [1,n—1t]).

We start with the induction argument. Since X; ; € A for all (i, j) € ({n} x [1,n])U
([1,n] x {n}), by definition, the first non-trivial (i, j) € Q to prove in the induction is
when (i, j) = (n— 1,n— 1). We take this as our base case.

By the definition of quantum minors, we may write
{n—1,n}{n—1,n}] = X1 p—1Xnn — 4Xn—1 nXnn—1-
Rearranging this we obtain
Xn—10-1=([{n—1,n}|{n—1,n}] +an_17an7n_1)X,:,} e AX L.

Since [{n—1,n}{n—1,n}], X1, Xun—1, Xun €A, and X, | € AL, this proves the

base case.

For ease of reading we now fix some notation: for some (i, j) € Q, denote by [I; ;|J; ;| €
Ay, the final quantum minor which has i as its first row index and j as its first column

index; that is,

i j:=[i,i+min{n—i,n—j}], Jij:=[j,j+min{n—in— j}].
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Setting s; j := min{n —i,n — j} we see that [I; ;|J; j] has size s; j+ 1 and s; j+ 1 € [1,7]
because (i, j) € Q. Therefore, [I; j|J; ;] € Q] , € A. One may also verify that [[; ;|J; ;]
is generated by sums of monomials in X; x, where (/,k) > (i, j) and (I,k) € Q.

For the inductive step, fix some (i, j) € Q, with (i,j) < (n— 1,n— 1), and assume
that X, € AX™!, for all (i, j) < (I,k) < (n,n) and (I,k) € Q. Consider X; ;. With the
notation above we can rewrite [[; j|J; ;] € A, using the quantum Laplace relations from
[NYMOI3, Proposition 1.1], as

<

Jijl = Xi jllivr 1 igr je1] + Z @) Xijor L\ N +1Y (7.12)

11
Since (i+1,j+1) € Q then [li1 j1]Jit1,j41] € @, and is hence invertible in AX 1.
Using the inductive hypothesis we deduce that [/; ;)\ {i}J; j\{j+r}] € AL, for all
r € [0,s; ], as it is the sum of monomials in X; 4, where (I,k) > (i, j) and (/,k) € Q.
Similarly, X; j+, € AL~!, forall r € [1,s; j], because (i, j+r) € Qand (i, j+71) > (i, j).
We may therefore rearrange (7.12) to obtain

r=1

Si,j
Xij= ([lz‘,.f Jijl =Y (—q) X jor [ j\{i }\sz\{1+r}]> L1 jr1 g1 je1]) ' €AZT

This proves the inductive step and we conclude that X; ; € AX~! for all (i,)) € Q.
For any (i, ) € [1,n—1t] x [1,n—1], define

fi’j = {i,n—t+1,n—t+2,...,n}, j;:] = {j,n—l—f— l,l’l—l—|—2,...,l’l}
so that |I; ;| = |/; j| =t + 1. Then [f; j|J; ;] = 0 in R;(M,) and hence also in A. We may

write this as

0= X,J[ ,J\{ }|Jl]\{.]}] Z( )r in— t+r[u\{ }|th\{”_l+r}] (7.13)

=1
Note that, for all r € [1,#], the quantum minor [§; ;\{i}|/; ;\{n —t+r}] is a sum of
monomials in X; 4, where [ € [n—1+1,n] so that ({,k) € Q. By the induction above we

deduce that X;; € AX™! and hence [[; )\ {i}|/; j\{n—t+r}] € AZ™!, for all r € [1,1].
Furthermore, [l]\{} ]\{]}] Ln—t41n—t4+1: In—t41,n—141) € Qfm and is therefore
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(111)

invertible in AX~!. Rearranging (7.13) we obtain

t

Xij = <— Y ) Kin—rr [l N N n =1+ rH) G\ AN e Az
r=1

Hence X; j € AL ™!, forall (i, j) € [1,n—1t] x [1,n—1], and, together with the induction

proof above, this proves that R,(M,,) C AY L.

It was shown in part (i) that elements of Qﬁw commute with each other up to powers
of g as determined by a skew-symmetric matrix, which we denote by M € M,,, _»(Z).

Hence, there is a surjective homomorphism
frOmE ) — A (7.14)

We will use the GK-dimension to show that this surjection is, in fact, an isomorphism.
Claim 1: GKdim(A) = GKdim(R,(M,)) = 2nt —t>.

When ¢ is not a root of unity then [GLL18, Corollary 4.8] applied to R;(M,,), with
Jw =1 and w = [1,n—1t] x [1,n—t], shows that R,(M,,) is Tdeg-stable in the generic
case. When g is a root of unity then R;(M,) is a PI algebra which is a noetherian
domain. Thus [Zha96, Theorem 5.3] says that R;(M,,) is also Tdeg-stable in the root of

unity case. Taking total rings of fractions of the algebras in part (ii) (possible since all

algebras involved are noetherian domains), we obtain
Frac(A) C Frac(R;(M,)) C Frac(AZ ') =Frac(A) =  Frac(R;(M,)) = Frac(A).

The algebras A and R;(M,) therefore satisfy the conditions of [Zha96, Proposition
3.5(3)], which tells us that GKdim(A) > GKdim(R,(M,,)). The equality of GK-dimension
follows from the basic property that A C R;(M,,) implies GKdim(A) < GKdim(R;(Mp,)).
Finally, we see that GKdim(R, (M,,)) = 2nt — t*, using [LROS, Remark 4.2 (iii) & (iv)],
replacing the 7 with 7 + 1 to make the result in the paper compatible with our definition
of R,(M,,).

Claim 2: The map, f, in (7.14) is an isomorphism.

From (7.14) and the First Isomorphism Theorem, we have ﬁ’qM(sz _’2) Jker(f) = A
and hence

GKdim (ﬁqM(Kznf*fz) Jker( f)) — GKdim(A) = 2nt — 2.
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As a consequence of Goldie’s Theorem (see [GWO04, Corollary 6.4]), every nonzero
ideal of O u (Kz’”*’z) contains a regular element. Therefore, if ker(f) were not trivial
then, by [KLOO, Proposition 3.15],

GKdim (ﬁqM (K>~ /e f)) +1 < GKdim (ﬁqM(sz—fz)) . (7.15)

However, GKdim <ﬁqM (sz_’z)) = 2nt —12, by [LMOS88, Lemma 2], so the inequality
in (7.15) becomes 2nt — 24+ 1< 2nf —t?, which is clearly false. Therefore ker(f) must
be trivial and O u (K2 _’2) =A.

(iv) In Section 6.2.1 it was shown that Frac(R,(M,)) = Frac(& (K2 _[2)), and in The-
orem 6.3 and Proposition 6.10 we deduced properties of M’ € M,,, ,2(Z), namely
that M’ has rank 2nt —t> —t and that all its invariant factors are powers of 2. Parts
(ii) and (iii) of this lemma imply that Frac(R;(M,)) = Frac(A) = Frac(O (K2 *tz)),
therefore

Frac(€,u (K*"~"")) 2 Frac( 0,y (K" ™)).

Taking ¢ to be a non-root of unity allows us to apply [Pan95, Theorem 2.19] to this
isomorphism, which states that

Frac(6,u (K" ™)) 2 Frac(0, (K™ ™)) = M~cM,

where ~¢ denotes the congruence relation of Definition 5.3. Therefore, M shares the
same invariant factors and rank as M’, thus proving part (iv) in the case when ¢ is not a
root of unity. Since the matrix M also defines the commutation relations on the quantum

affine space A when ¢ is a root of unity, this also proves part (iv) for any 1 # g € K*.
]

Proposition 7.16. Take 1 # q € K* to be a primitive {"™ root of unity, with ¢ odd. Let
A= K(Qﬁlﬁ C R;(M,,) be the subalgebra generated by the final quantum minors of size less
than or equal to t, denoted by Ty, ..., Trgys € Ri(M,), where 2s = 2nt —t> —t. Let (¢,V) be
the V*-dimensional irreducible representation of A defined in Proposition 7.7.

Then, every element r € R;(M,,) may be written as

_ il pids +1 +1
r=), ol L €Ko[T, . T
L'GZZSH



7.4 Irreducible Representations of Quantum Determinantal Rings 142

where o € Kand ij € Z, for all j € [1,2s5+1t], and there is an algebra homomorphism

p R/ (M,;) — Endg(V)
e Y (T g (o)

ieZZS#’[
which defines an irreducible representation of R,(M,,) of dimension (.

Proof. By Lemma 7.15(iii), A is a quantum affine space so, denoting the final quantum
minors in the set Qim by Ti,..., Tass, this allows us to write A = K u [T1,...,Thsi], Where
M € M,,,_»(Z) is a skew-symmetric matrix. We saw in Lemma 7.15(iv) that the dimension
of the kernel of M is t and that all its invariant factors, hy,...,hs, are powers of 2. Since ¢
is odd then ged(h;,¢) = 1, for all i € [1,s], and we may apply Proposition 7.7 to obtain the
irreducible representation (¢, V) of A of dimension ¢* defined therein.

Recall that X C A is the Ore set generated by all 7;, and let 7: A — AXY 1 be the localisation
map which defines AX~! as a right ring of fractions of A. Recall also, from Proposition
7.7, that ¢(T;) C Endk (V) is invertible for all 7; € £. Then, by the universal property of
localisations (see [GWO04, Proposition 10.4]), there exists a unique ring homomorphism
¢ : AZ~! — Endg (V) such that ¢ = ¢ o z. Since ¢ is a K-algebra homomorphism then so

too are ¢ and 7. We restrict ¢ to R, (M) to obtain an algebra homomorphism

p:R,(M,) — Endg(V)

ro— (ﬁ(r 171),

which defines a representation (p, V) of R;(My). In particular, ¢ (T,"') = ¢(T;) ™' = ¢(T;) ',
for all 7; € £, because of the observation in Proposition 7.7(iii). Thus, writing r € R;(M,,) in
terms of Tiil € AX~!, as is possible by the inclusions shown in Lemma 7.15(ii), we obtain

pr)=9(r-171)=¢ ( Y oty Tz?if) = Y p(T)" - @ (Tasa)™>",

jGZZHT £~622s+t
where i; € Z, for all j € [1,2s+1¢], and ¢;; € K*.
To show irreducibility of (p, V) we use the fact that A C R,(M,,) to deduce Im(¢) C Im(p).

Therefore, if (p, V) were reducible this would force (¢, V) to be reducible, thus contradicting
Proposition 7.7. Hence (p,V) is an irreducible representation of R;(M,,) of dimension ¢*. [
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7.4.2 Example: 0,(M5(K))/(D,)

For this example we take 1 # g € K* to be a primitive /1 root of unity with ¢ odd, and we con-
sider the quantum determinantal ring R, (M3) = 0,(M3(K))/(Dy), where D, € 0,(M5(K))
is the 3 x 3 single parameter quantum determinant. We construct an explicit irreducible
representation of Ry (M3) of dimension PI-deg(Ry(M3)) = £3 using the results of the previous
section.

By Proposition 7.16 we see that we need to first construct an irreducible representation of
the subalgebra A C R, (M3) generated by the final quantum minors of size less than or equal
to 2. There are eight such quantum minors:

Ti:=X13, T:=X3, T3:=X31, Ty:=X32, T5:=X33,
To:=[1223], Tp:=[23]12], Ti:=[23]23],
hence we set A := K(T1,...,T3) C Ry(M3). It can be verified that the commutation relations
between the 7; correspond to the matrix
0 1 0 0O 1 O 0 1
-1 0 0 O 1 0 -1 0
0 0 0 1 1 O 0 1
0

0 -1 0 1 -1 0 O
M = € Mg (Z)
-1 -1 -1 -1 0 -1 -1 0
0O 0 O 1 1 0 0 1
0 1 O o 1 o0 0 1
-1 0 -1 0 0 -1 -1 0
That is, A = KqM [Ti,...,T3]. In order to construct an irreducible representation of A using

Proposition 7.7 we need the skew-normal form, S, of M as well as the explicit matrix, E,
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such that EMET = S. These are given below:

0 1 0 06 0 00O

-10 0 0 0 00O

0 0 01 0 0O0O

S:EMET:OO_l()OOOO,

0 0 0 0 0 200

0 0 0 02000

0 0 0 0 0 00O

0 06 06 06 0 000
0 -1 0 0 0O0O0 O o 1 0 0 0 0O0O
1 0 0 0 0O0O0 O -10 0 0 0 00O
0 0 0 -1 000 O 6o 0o o0 1 0 00O
0o 0 1 0 0O0O0 O 0O 0 -1 0 O 00O

E= , El=

o 1 0 1 000 —1 -1 -1 -1 -1 1 1 00
1 -2 1 -2100 1 6o 0 o0 1 0 010
60 0 -1 0 010 O o 1 0 O 0 0O01
-1 0 0 0 001 O -1 0 -1 0 -1 00 0

From S we observe that M has invariant factors hy = 1, hy = 1, hs = 2, so ged(h;,0) =
ged(h;,3) =1 for all i € [1,3], thus confirming that A satisfies the conditions of Proposition
7.7.

Applying Proposition 7.7(ii) to this example, we obtain an irreducible representation
(p,V) of D:= Kys [X1,Y1,X2,¥2,%3,¥3,21,22]. Here, V is a £3-dimensional K-vector space
defined as V = V| ® V, ® V3, for the three /-dimensional K-vector spaces Vi, V,, V3, and ¢
is the homomorphism from Proposition 7.7 defined using the maps ¢; found in Lemma 7.6.

Hence,
QYT x5Y5223) = 61 &' 1 (¥HT) @ 02(x5y)) @ 93 (x5)5),

for some &;,& € K* and i; € N, for j € [1,8]. Recall from Proposition 7.7(ii) that ¢ (x;) ! =
A7t (x) " and @(y:) "' = @(y;)"!, for all i € [1,3]. This allows us to consider negative
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powers, i; j, of the generators when used as an argument in @, as @ extends to the localisation

K [xl ,y1 ,x2 ,y2 ,)cg'ﬂ,y3 ,z;—Ll,zz |. From Proposition 7.7(iii) we then construct an

1rreduc1ble representation (¢,V) of A using the rows of E~!. Explicitly, we obtain

¢(Th) :== o)

0(Tz) == @(x1) "

¢(T3) == @(y2)

O(Ta) == 9(x2) "

0(Ts) == o(x; vy x5 vy xsya)
¢(T6) := E19(y2)

¢(T7) := &0 (1)

0(Tg) == o(x; 'x3 x5 ).

Proposition 7.16 states that ¢ extends to an algebra homomorphism p : Ry(M3) —
Endgk (V), making (p, V) into an irreducible representation of R,(M3). To find out how p acts
on the generators X; ; € Ry(M3) we must write them as elements of AL~ ! = K = T,
where £ C A is the Ore set generated by T;, for all i € [1,8]. By the definition of Ty, ..., T,

Xiz=Ti, Xo3="1, X31=T3, X3,=TN, X33=TIs.

Hence, by Proposition 7.16,

p(Xi3)=0(T)= o)
P(X23)=9(T) = @(x) "

p(X3.1) = ¢(T3) = ¢(y2)

P(X32) = 0(Ty) = @(x2) "
P(X33) = 0(T5) = @(x; vy 'x; 'y 'xays).

Using the definition of quantum minors, we obtain expressions for X; 2, X 1, X » in terms of
Xf;,Xf;,Xfll,szl,Xf;,T6il,T7ﬂ,T8il e AX L

Ty = [23]23] = X2,X33 — X2 3X32 = Xoo = (Tl +¢X23X32)X;.

=[23]12] =X5,1 X320 — gX02X31 = Xo1 = (T7+qX22X31)X;,

To = [12123] = X12X03 —gX13X00 = Xio= (Ts+qX13X22)X;

7

_l\),_w,_.
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This allows us to deduce the action of p on these generators, for example:

+qp(X23)p(X32))p (X33) !

) +a9(T2)9(T4)9 (7)™

(T3)9(T5) ™" +q¢(T2) ¢ (T4)9(T5) '

(xl x2 )‘P()’IX1YZX2)’3 Xy )‘HI(P(XI)_
= @(yyay; x5 +ay vy g ).

p(X22) = (p(T3)

= (¢(Ts
¢
¢

1

@(xz)_lﬁo(ylmyzmyg_lxg_l)

Through similar calculations, we obtain
P(Xa1) = @(&yixa + qyiyaxays x5 2 + axy yiyanays g )
p(X12) = @(Exiyz + qyixiyay; X5 2+ y1yay; x5 ).
For X; | we use the fact that the quantum determinant Dy is zero in Rp(M3). This gives
0 =D, = X, 1[23|23] — ¢X1 2[23|13] + ¢° X1 3(23/12]
which, upon rearranging, can be written in terms of elements of AL~ !:
X110 = (¢%12[23]13] — ¢* X1 5[23]12])[23[23]
= (gX12(X01 X33 — X2 3X3.1) + ¢° X1 3T7) Ty

From this, we obtain

p(X11) = o(q(Eixiyr + qyixiyay; x5 +yivays g h)

(524_2)6%)@2_ '¥3y3 + 4 xix3ys + g 2x1yanaxs — qyaxaxs) — ¢>Eayixinaxs).

Using the definition of ¢ we write all p(X; ;) in terms of the maps ¢;, for i, j, k € [1,3]:

P(X1.1) = q(191(x1) © P2(y2) @ 1dv, +@1 (v7x1) @ 92(v2) © 3(x3y3) ™
+01(7) @ 02(y2) ® 93(x3y3) ) (&2 @1(x7) ® 2 (x2) @2(y2) ' ® @3(x3y3)
+q7 o1(x7) © @2(13y2) ®1dy, +q 291 (x1) ® @2 (y223) ® P3(x3)
—q1dy, @2 (y2%2) ® 93(x3)) — ¢° 5201 (yix1) © P2 (x2) © @3(x3)
p(X12) = &191(x1) ® @2(y2) ® Idvy +901 (yix1) © P2(y2) @ P3(x3y3) !
+0107) ® @2(y2) ® 3(x3y3) !
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p(X13) = @1(y1) ®1dy, ®1dy,
P(X21) = &01(31) ® P2(x2) @ Idv, +q¢1 (1) © P2(¥3x2) ® P3(x3y3) !
+01(x1) " o1(31) ® P2 (¥532) ® P3(x3y3) !

= 1(y1x1) ' ®@ @2(y2x2) ' @ @3(x3y3). (7.16)

Setting £ = 3 and fixing the bases of Vi, V,, V3 allows us to present the images of x; and
y; under ¢; as matrices in the following way:

M0 0 0 0 A3 00
(pl(xl) =( 04qg O , (Pz(xZ) = 04q O , (P3(X3) =042 0 |,
0 0 442 0 0 Adg? 0 0 Mg

for some A1,42,43 € K*, and @;(y1) = ¢2(y2) = @3(y3) = (g % (;)) . The matrix representa-

tions of (7.16) can then be computed using the Kronecker product. For example,

0o A4' o 0 A0 0 0 A
p(X3)=1] 0 0 A'¢|®| o 0 A'@le|[rng o o
Arlg 0 0 Alg 0 0 0 Mg O

As the matrices in this representation are of dimension 33 =127, itis impractical to write them
explicitly here, however, they can be easily computed using, for example, Maple. The reader
is invited to turn to Appendix A, where the Maple code required to generate the matrices in
(7.16) for any choice of odd ¢ > 1 is provided.



Appendix A

Irreducible representation of
Oq(M3(K))/(Dy)

This appendix contains Maple code which calculates the matrix representation of the ir-
reducible representation of &,(M3(K))/(D,) constructed in Section 7.4.2, where g € K*
is a primitive /! root of unity. The reader may choose ¢ to be any odd positive integer;
the code will then return the matrices of dimension ¢ which represent the generators
X;j € 0,(M3)/(Dy) in the representation (p,V). The Maple code below relates to the
notation in Section 7.4.2 in the following way:

1={, R=0,(M5(K))/(Dg), A=Km[T,...,Ts],

X1=01(x1), X2=@(x2), X3=@3(x3),

Y1=§01()’1), Y2=¢2(y2), Y3=¢3(33),

=M, b=Ak, c=4, d=§, e=§&,

(1), T2=¢(T), T3=¢(3), T4=09(Tu),

6 =9(T5), T6=09(Ts), T7=0¢(T7), T8=¢(Ts),
=pX11), X12=p(X12), X13=pXi3), X21=p(X21), X22=p(X22),
=p(X23), X31=p(X31), X32=p(X32), X33=p(X33).

The code is then as follows:

restart: with(LinearAlgebra):

# Set an odd value for 1.
1:=3;
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interface(rtablesize = 1°3):

# Set the matrix M.

M:=Matrix(8,8,shape=’antisymmetric’): M[1,2]:=1: M[1,5]:=1: M[1,8]:=1:
M[2,5]:=1: M[2,7]:=-1: M[3,4]:=1: M[3,5]:=1: M[3,8]:=1:

M[4,5]:=1: M[4,6]:=-1: M[5,6]:=-1: M[5,7]:=-1: M[6,8]:=1: M[7,8]:=1:
M’ =M;

# Set the matrix E and its inverse.

E:= Matrix(8,8): E[1,2]:=-1: E[2,1]:=1: E[3,4]:=-1:
E[4,3]:=1: E[5,2]:=1: E[5,4]:=1: E[5,8]:=-1: E[6,1]:=1:
E[6,2]:=-2: E[6,3]:=1: E[6,4]:=-2: E[6,5]:=1: E[6,8]:=1:
E[7,3]:=-1: E[7,6]:=1: E[8,1]:=-1: E[8,7]:=1:

'E’=E;

'E~{-1}’=MatrixInverse(E);

# Set S to be the skew-normal form of M.
S=E.M.Transpose(E);

# Set the matrices in the representation of the quantum affine planes.
Y1:=Matrix(1l): Y2:=Matrix(l): Y3:=Matrix(1l):
for i to 1-1 do
Y1[i+1,i]:=1: Y2[i+1,i]:= 1: Y3[i+1,i]:=1:
end do:
Yi[1,1]:=1: Y2[1,1]:=1: Y3[1,1]:=1:
’Y1’=Y1, °’Y2’=Y2, ’Y3’=Y3;

X1:=Matrix(1):

X2:=Matrix(1):

X3:=Matrix(1):

for 1 from 1 to 1 do
X1[i,i]:=simplify(axq~(i-1)):
X2[i,i]:=simplify(b*q~(i-1)):
X3[1i,1] :=simplify(c*q~(2*(i-1))):

end do:

’X1°=X1;
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'X27=X2;
'X37=X3;

# Compute matrices for the representation of A.
T1:=KroneckerProduct (KroneckerProduct (
Y1,IdentityMatrix (1)) ,IdentityMatrix(1l)):
T2:=KroneckerProduct (KroneckerProduct (
X1~(-1) ,IdentityMatrix (1)) ,IdentityMatrix(1l)):
T3:=KroneckerProduct (KroneckerProduct (
IdentityMatrix(1l),Y2),IdentityMatrix(1)):
T4 :=KroneckerProduct (KroneckerProduct (
IdentityMatrix (1) ,X2"(-1)),IdentityMatrix(1)):
T5:=KroneckerProduct (KroneckerProduct (
X1~ (-1).Y1~(-1), X2~(-1).Y2"(-1)), X3.Y3):
T6:=KroneckerProduct (KroneckerProduct (
dxIdentityMatrix(1l),Y2),IdentityMatrix(1)):
T7 :=KroneckerProduct (KroneckerProduct (
exY1,IdentityMatrix(1)),IdentityMatrix(1)):
T8:=KroneckerProduct (KroneckerProduct (
X1~(-1), X2~(-1)), X3~ (-1)):

# Compute matrices for the representation of R.

X13:=T1: X23:=T2: X31:=T3: X32:=T4: X33:=Tb:

X22:=simplify ((T8+q*X23.X32).X33"(-1)):

X21:=simplify ((T7+q*X22.X31) .X32"(-1)):

X12:=simplify ((T6+q*X13.X22) .X23"(-1)):

X11:=simplify ((q*X12.(X21.X33-q*X23.X31)-q~2%X13.T7) .T8"(-1)):

# Set q to be a primitive 1-th root of unity in the complex numbers.
q:=exp(2¥PixI/1);

# Output the matrices corresponding to the generators of R.
’X11’=gimplify (X11);
’X12’=gimplify(X12);
’X13’=simplify(X13);
’X21°=simplify (X21);
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’X22°=simplify (X22);
’X23’=simplify(X23);
’X31’=simplify(X31);
’X32’=gimplify(X32);
’X33’=simplify(X33);

In order to verify that the matrices calculated using the code above do indeed give a
representation of &,(M3(K))/(D,), one must check that the output X11,X12,...,X33 share
the same relations as X; 1,X)2,...,X33 € Oy(M3(K))/(D,). For example, for X11 one
should check that

simplify (X11.
simplify (X11.
simplify(X11.
simplify(X11.
simplify(X11.
simplify(X11.
simplify (X11.
simplify(X11.

are all zero.

X12-q*X12.X11)
X13-q*X13.X11}
X21-q*X21.X11)
X22-X22.X11-(q-q~(-1))*X12.X21)
X23-X23.X11-(q-q~ (-1))*X13.X21)
X31-q*X31.X11)
X32-X32.X11-(g-q~ (-1))*X12.X31)
X33-X33.X11-(q-q~(-1))*X13.X31)
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