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POISSON COHOMOLOGY OF SCALAR
MULTIDIMENSIONAL DUBROVIN-NOVIKOV BRACKETS

GUIDO CARLET, MATTEO CASATI, AND SERGEY SHADRIN

ABSTRACT. We compute the Poisson cohomology of a scalar Poisson
bracket of Dubrovin-Novikov type with D independent variables. We
find that the second and third cohomology groups are generically non-
vanishing in D > 1. Hence, in contrast with the D = 1 case, the
deformation theory in the multivariable case is non-trivial.
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1. INTRODUCTION

The multidimensional Dubrovin-Novikov (DN) type Poisson brackets were
introduced by Dubrovin and Novikov in [7}, §].

Let x = («!,...,2P) be coordinates on the torus TP and u = (u!,... u'V)
be variables on an open ball U € RY (or more generally local coordinates
on a smooth N-dimensional manifold M). The Dubrovin-Novikov brackets
are of the form

D

@)W @) = 3 (07 @) — ) + B ) @ )
a=1

)
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were g¥/%(u) and bga(u) are smooth functions over U, and §(z — y) denotes
the multidimensional Dirac delta function

Sz —y)=6(x' —y)--- 5" —yP).

The fact that the brackets () are Poisson (i.e. that they are skew-
symmetric and satisfy the Jacobi identity) imposes several conditions on
the functions ¢”/(u) and b"(u).

Such conditions have been studied and are still being studied for different
values of D, N by several authors. In particular they have been related to
certain geometric structures over M, since the seminal paper by Dubrovin
and Novikov [7] which states a one to one correspondence between the nonde-
generate D = 1 Poisson brackets and flat contravariant pseudo-Riemannian
metrics. A general set of equations valid for all D, N has been obtained by
Mokhov [14]; a classification of the nondegenerate brackets for D = 2 exists
for N = 2 [15] and N = 3,4 [10], where it relies on the notion of Killing
(1,1)-tensors; in special cases a classification can be obtained for D = 2 and
arbitrary N, or for D = 3, N < 3 [I0], or again for arbitrary D and N [15].
Very recently some first results on the classification of degenerate brackets
have appeared [16] [17].

As pointed out in [9], at least in the scalar case, an important problem
is to classify the dispersive deformations of such brackets. Let us state this
problem precisely in the multidimensional case.

Let A be the space of differential polynomials, i.e. formal power series in
the variables ajj} ---8’;3 u® with coefficients which are smooth functions of

u':

A=C®(U)[[{0M -+ 9" Bu’ with ky,....kp >0, (k1,...,kp) # 0}]].

The standard degree deg on A counts the number of derivatives 0, in a
monomial, i.e., it is defined by deg(@f} ---afgui) =ki+--+kp.
We consider dispersive deformations of multidimensional DN brackets of

the form
{u'(2), 4w (y)}* = {u'(2),v (y) }+ (2)

5 . .
3 ST A (@)t 98B — )
k>0 ki,...kp=0
ki+-+kp<k+1

where Aif;kl,...,kD € A and degAZkhka =k—k ---—kp+1.
The Miura-type transformations (of the second kind [12]) are changes of

variables of the form
vh =t + Z ekFli
k>1

where F; ch € A and deg F, fc = k. They form a group called Miura group.

The main problem is to classify the dispersive deformations ([2) of the
multidimensional DN type brackets {, } up to equivalence. Two deforma-
tions are equivalent when they are related by a Miura transformation. A
deformation {, }¢ is called trivial when it is equivalent to the undeformed
DN type brackets {, }.
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It is a well known general fact that the dispersive deformations are gov-
erned by the second and third Poisson cohomology groups associated with
the dispersionless Poisson bracket {, }. In particular the second Poisson co-
homology classifies the infinitesimal deformations, while the third Poisson
cohomology encodes the obstructions to the extension of an infinitesimal
deformation to a full dispersive deformation. See Section [2] for the relevant
definitions.

In the case of a single independent variable, D = 1, the Poisson coho-
mology of a DN type Poisson bracket has been shown to vanish, in positive
degree, by Getzler [I1]. The main consequence of this result is that all defor-
mations of one-dimensional DN type Poisson brackets are trivial, i.e., they
are Miura equivalent to their dispersionless limit. Independent proofs of the
triviality of the deformation problems in the case D = 1 have been obtained
within different frameworks [5l O] [6]. Moreover, some first results for D = 2
have been published by one of the authors [3].

In the scalar case N = 1 the general form of a multidimensional DN type
Poisson bracket is [14]

fula), u(y)} = gu@)e' -

where g(u) is a non-vanishing function and ¢’ are constants, with i =
1,...,D.

Our main result is the computation of the full Poisson cohomology of the
Poisson bracket (@), in a quite implicit form, see Theorem As a conse-
quence of this result, we obtain the cohomology groups of low degree, which
are relevant for the deformation theory, for some values of D, see Section Bl
We find in particular that for D > 1 the second and third Poisson cohomol-
ogy groups are generically non-vanishing. Therefore (formal) infinitesimal
deformations of (3] are still parametrized by a class in H?(F), although this
class is in general non-homogeneous in the standard degree, but no general
statement can be made about the possibility of extending such infinitesimal
deformation to a full deformation of the form (2]), even in the homogeneous
case. See Section 2.7 for further details.

Interesting problems to consider at this stage would be: the study of
how particular examples of full dispersive Poisson brackets of DN type in
D > 1 fit in this scenario; and the formulation of classification and existence
theorems for certain subclasses of homogeneous deformations.

The paper is organized as follows: in Section 2 we introduce the main tools
of formal multidimensional variational calculus. In Section 3 we specialise
to the case of a single dependent variable, and we prove our main Theorem.
In Section 4 we explicitly compute a few homogeneous components of the
first and second cohomology groups, using the formalism of Poisson Vertex

Algebras.

5w — )+ 30 (@) on @3z —y) ()
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2. FUNCTIONAL VARIATIONAL CALCULUS AND DEFORMATIONS IN THE
MULTIDIMENSIONAL CASE

In this Section we introduce the basic notions of local multivectors, Schouten-

Nijenhuis brackets, 6 formalism and Miura transformations in the case of
D independent and N dependent variables. In §2.1-2.5 we give the D > 1
version of some basic constructions of [I2] 3], omitting the generalisations
of most of the proofs, which will be addressed in a subsequent publication.
In §2.6 we introduce short sequences related with partial integrations, which
are a peculiar feature of the D > 1 case, and we prove that they are exact,
adapting the proof of exactness of the variational bicomplex [I]. In §2.7 we
consider the relation between deformation theory and Poisson cohomology.

2.1. Multi-index notation. Let us introduce the multi-index notation as
follows. Denote by &1, ...&p the standard basis of the semiring Z := Zgo.
Let a multi-index S = Zfi 1 5i& be an arbitrary element of Z. The length
of the multi-index S is |S| = lezl s;. We denote by Z; C Z the set of
multi-indices S = lezl 5;& with s; = 0. We denote by 0% the operator

i{ e 8;3. Sums over repeated indices and multi-indices are assumed.

2.2. Local multivectors. Using the multi-index notation, the space of dif-
ferential polynomials is

A=C®U)[{u*®,a=1,...,N,|S| > 0}]],

where we denote u®® = 95u®. The standard gradation deg on A is given
by degu®® = |S|. We denote A4 the homogeneous component of degree d.

On A we define commuting derivations 0,: for i = 1,...,D by
0
o a,5+§&;
83“2 - Z u OucsS”
a,S

The elements of the quotient
A
Opp A+ +0,pA
are called local functionals. The standard gradation on A induces a standard

gradation on F, since the operators d,; are homogeneous. We denote the
projection map from A to F as a multiple integral, which associates to f € A

the element
D
/ fdPzx
in F.

The variational derivative of a local functional F' = [ p f dPz is defined
as

f:

Su

oF _ Z(—1)|S\asi.
S
One can easily prove that

9 0
[aua,S7axj] = W, if §= Zszfz with S5 > 0, (4)
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and is equal to zero otherwise, and

0

From this in particular it follows that the variational derivative of [ b fdPzx
does not depend on the choice of the density f.

A local p-vector P is a linear p-alternating map from F to itself of the
form

D
..o 0l ol
P(I,... ’[p) :/ PSll, 7Spp 951 <5u—al> . 90 <5u01;> dP (6)

where Pal’ ’a” € A, for arbitrary Iy,...,I, € F. We denote the space of

local p- Vectors by AP C AltP(F,F).
The following Lemma generalizes Lemma 2.1.7 of [12].

Lemma 1. Let P* € A. If
[ Y ava

forall I € A, then P* = ZZ 1 CGiU u® for some c; € R.

2.3. The 6 formalism. Let A be the algebra of formal power series in
the commutative variables u®, |S| > 0 and anticommutative variables 62,
|S| = 0 with coefficients given by smooth functions on U, i.e.,

A= (U)[[{u™?,|S| > 0} U {65,]S| = 0}]].
The standard gradation deg and the super gradation degy of A are defined
by setting
degu®® = deg 6 = 9|, degy u®® =0, degy 05 = 1.

We denote fld, resp. AP , the homogeneous components of standard degree
d, resp. super degree p, while A" := A, N AP. Clearly A° = A.

The commuting derivations d,: for i = 1,..., D are extended to A by
0 0
, — 7S+§i S+§z

Note that the kernel of ,: on A is R.

We denote by F the quotient of A by the subspace (9361./4 + -4+ 0yp ./Zl,
and by a multiple integral fD - dPz the projection map from A to F. Since
the derivations 0, are homogeneous, i.e., degd,; = 1 and degy d,: = 0, F
inherits both gradations of A.

Equations () and (&) hold and, similarly,

0 0
—,(9]: ,if S = E $:& with s; > 0,
[%i T -
and is equal to zero otherwise. It follows that the variational derivative

= o @

«,
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satisfies

o
50,

Hence both variational derivatives (Bl and (7)) define maps from F to A.

8, = 0.

Proposition 2. The space of local multi-vectors AP is isomorphic to FP for
p # 1. Moreover

F! , Der’(A)
EBinuo‘vfiea - @RI, ’
where Der’ (A) denotes the space of derivations of A that commute with 0, ,
fori=1,...,D, and Der'(A) = F!.

Al

12

Remark 3. Let us give here some remark on the proof of this Proposition,
following the argument of [12]. Notice that for p = 0, the isomorphism is
trivial, since FO = F = A% Let us assume instead that p = 1. Given
P e FP, and arbitrary Iv,...,I, € F, let

B, 0 s, (0N s, [ 91p
L(P)(Ilg---alp):%...ﬁsip.a1<—5ua1>...8p<5ua’p .
ap @

Clearly «(P) is an p-alternating map from F to A, and it satisfies
L(szP)(Il, e ,Ip) = sz(L(P)(Il, e ,Ip)).
The desired map 7 from FP to AP is then defined by

Z(/DP d%) :/DL(P) dPz.

Surjectivity of 7 is easy to see; indeed the local p-vector (@) is the image
through ¢ of

1

_ Q1,e.50p 1 Sp Sp
P= PGSO bl

In the case p =1, an element P of F1 can be written uniquely as
D
P= / P8, dPx

for P* € A. The map that sends P to

0
_ S
op = g 0° P* Jua S
defines an isomorphism F! 2 Der’ (A). Notice that

/ op(I Dy,

Clearly, for each i, the derivation associated with P = [ p Yoa u®%if, dPz
corresponds to Op = 0,:, therefore is in the kernel of 7. From Lemma [I] it
follows that the kernel of 7 is indeed generated by these elements.

It remains to show that 7 is injective for p > 2, which can be done es-
sentially by adapting the proof given in [I2] to the present case. Since this
argument relies on further technical lemmas on differential operators we
prefer to skip it in the context of this paper.
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2.4. The Schouten-Nijenhuis bracket. The Schouten-Nijenhuis bracket
[,]: FP x F4— Fpra-l
is defined as
[P,Q] = /D (%i—% +(—1)P%%) dPz.
It is a bilinear map that satisfies the graded symmetry
P.@Q] = (~1)[Q, P
and the graded Jacobi identity
(=D [[P, QL Rl + (-1)*[[Q, R, P] + (=1)"[[R, P,Q] = 0

for arbitrary P € P, Q € F4 and r € F".

A bivector P € F? is a Poisson structure when [P,P] = 0. In such
case dp := adp = [P,-] squares to zero, as a consequence of the graded
Jacobi identity, and the cohomology of the complex (.7:" ,dp) is called Poisson
cohomology of P.

2.5. The differential on A. inen an element P € FP we define the fol-
lowing differential operator on A

opP 0 oP\ 0
’ %:< (57.) s+ 0o (5 ) @
Since [Dp,0,:] = 0 for all ¢ = 1,..., D, the operator Dp descends to an
operator on F which is given by the adjoint action adp = [P,-] of P on F

via the Schouten-Nijenhuis bracket, i.e.,

adp </DQ d%) = /D Dp(Q) dPx,

for Q € A. This can be easily checked by integration by parts.
Remark 4. It can be proved by an explicit computation that
Dipq = (1) [Dp, Dq] 9)

which holds for P € F? and Q € F9, where the brackets on the righthand-
side represent the graded commutator that induces a graded Lie algebra
structure on the space of graded derivations to which Dp belongs, see [13],
ie.,

[Dp, Dg] = DpDg — (=1)*~V=Y Dy Dp.

It follows that, if P € F? is such that [P, P] = 0, then D% = 0; in other
words, if P € F2 is a Poisson structure, then Dp squares to zero, hence
(./i, Dp) is a differential complex.

We will not prove the identity (@) here, since in our specific case, where P
is given by formula (20), the fact that D% = 0 simply follows from a trivial
computation, see next Section.
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2.6. Partial integrations. A crucial role in our construction is played by
the following Lemma.

Lemma 5. The sequences

o ) o da! N
0 » AR Z, 4 1A S0
~ Bxg ~ fdx2 ~
0 — fl/R — ]:1 — ]:2 — 0
A 813 ~ fdl‘?’ fa3 10
0 - FHR/R — Fb — F3 — 0 (10)
~ a,p A [ dzP A
0 - Fp1/R =— Fpi1 —— Fp — 0
where R
P —
6351.»4—{- ‘|‘amz./4
are exact.

Proof. The exactness of the first line is obvious: by quotienting out the
kernel of 9,1, which is given by constants, we have injectivity on the left
side, while [ dz! just denotes the projection to the quotient F1, which is
indeed surjective.

Let us consider the second line. The derivation d,2 on A commutes with
9,1, hence defines a map on F; which we denote with the same symbol.
Notice that . X

}HA _ ] A -
02 F1 0 A+ 0,2A
therefore surjectivity is guaranteed.

The same argument works for the rest of the lines, since it is easy to check

that

~

Fi A :
=~ — = ~ = E-i—l-
Opit1 F; O A+ -+ 0,11 A

It remains to be proved that the map induced by 0« on Fa_1 has kernel
given by R, for a = 2,..., D. In order to do this we reformulate this property
as the vanishing of the cohomology of some auxiliary complex, and then we
construct an explicit homotopy contraction for that auxiliary complex that
implies the vanishing of its cohomology.

The map induced by 0z« on Fa_1 has only constants in the kernel if and
only if for any function f € A the conditions Opa f € (9:,31./1 + -+ 6ma_1ft
and f is non-constant imply that f € 8,04 + -+ + d,a-1.A. Consider the
following complex:

0— Q0 4, ot 2, 4y a1 diy e (11)
where €, 0 < j < a, is the space of local differential j-forms with coefficients
in A/R, that is,

O = &y A/R - dat Ao Ada

IC{1, .}, l1]=j
I={i1<"'<ij}
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and the differential dy is equal to Y 7, dz® A O,i. In terms of this complex,
the condition Oy f = 0,191 + -+ - + Opa—1g4_1 is the same as dgw = 0, where
w € Q%! is given by

W= dx“ Zgz ) LA Ada

The property that f € 9,0 A+ -+ + 9pa1.A (and the similar statements for
gi, i =1,...,a — 1, obtained by relabeling of the independent variables) is
equivalent to w € dyQ® 2. That is, we have to prove that the auxiliary
complex ([IIJ) is acyclic in cohomological degree a — 1.

In order to do this, we revisit the argument of Anderson, cf. [I, Proposition
4.2 and 4.3]. While the horizontal rows of the variational bicomplex that is
considered in [I] are, in general, quite different from (II]) (the meaning of
the symbol @ is completely different), the combinatorics of the differential
dy is literally the same, which allows us to adapt the formulas of Anderson.

The first thing we need to do is to refine the standard gradation. Namely,
we represent S € Z>0, |S| > 0, as the sum S = S"+ 5", where " = Y7 | 8:&;
and §” = ZZD:QH 5;&. This way we represent deg as the sum deg’ + deg”,
where deg’ = |S’| and deg” = |S”|. Observe that both deg” and the super
gradation degy are preserved by the differential dry. This means that we can
split the complex (IIJ) into the direct summands

0= (24)° =5 ()" - 5 ()" (@), (12)

where the coefficients have deg” = d” and deg, =

There are two different cases, p = 0 and p # 0. In the case p = 0, we
have no 6s. Also, we consider the variables u®® as u(a’s//)’sl, that is, we
introduce a new index («, S”) for the dependent variables, and we take into

account only the dependence on the independent variables z!,..., 2% In
other words, we redefine the algebra A to be

C®(N)[[u ) a=1,...,N,|8"| > 0]][[u\")5"|8”] > 0],
where {u(*5")} is the new set of dependent variables (we allow S” = 0 and
identify u(®0 w1th u®), {x ., 2%} is the new set of independent variables,
and u(®5")5" = §5"y(@5") If we fix the degree deg”, we still have a finite

number of dependent variables, and the only difference with the standard
case is that we require our functions to be homogeneous polynomials in
some of them (as opposed to just smooth functions). This modification
(and also the minor difference that we don’t consider explicit dependence
on independent variables) is the only difference between the complex (I2])
for p = 0 and the complex considered in the first half of [I, Proposition 4.3].
It is then straightforward to see that the argument of Anderson proves that
this complex is acyclic (up to cohomological degree (a — 1)).

It remains to prove that the complex (2] is acyclic in cohomological
degree < (a—1) for p > 0. In this case we can follow [I, Proof of Proposition
4.2]. Anderson gives an explicit homotopy contraction operator that uses
03"

only the combinatorics of indices of the variables 9% 95" =: 05; grmy» SO We can

also define it as an operator h?’: (QZ,,)i — (QZ,,)i_l. Since the bookkeeping
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of indices and notation in [I] is quite different from the one we use in this
paper, let us rewrite the homotopy contraction operator explicitly in our
terms, cf. [I, Equation (4.13)]:

Ll fitgi+1 = <f1z+gz>

L — L : - (13)

P jzl((%')flg.f:awa_“rurz?lf‘f 151;[1 Je
g17"'7ga>0

a a a 8

[H aﬁ] ’ 6(00475”) " [H(_aﬂ)gzl ’ 995 Tim(fitai)é °d (dxd)

(=1 (=1 (a,8")
Then the arguments of [I, Lemma 4.4 and Proof of Proposition 4.2] imply
that (hP"*ldy +dgh?)w = w for w € (QZ,,)Z, p > 0and i < a. This implies
that for p > 0 the cohomology of the chain complex (I2)) in cohomological
degree < (a — 1) is equal to zero.

This completes the proof of the Lemma. O

2.7. Deformations of DN brackets and Poisson cohomology. Let us

introduce the transformations
o0

u' e @ =Y R (uur), i=1,...,N (14)
k=0

on the space A, where F} € Aj and

det <8gi(]u)> # 0

The transformations (I4]) form a group who is called the Miura group [9].
It can be regarded as the group of local diffeomorphisms on the space A,
whose Lie algebra is the algebra of the (translational invariant) vector fields
on A. The transformation of the O-th order coordinates u’ is then lifted
to the higher order jet variables u*®. The action of the elements of the
Miura group is then naturally extended to the full space A. An important
subclass of Miura transformations, that plays a central role in the theory
of the deformations of DN brackets, are the so-called second kind Miura
deformations [12], for which Fg = .

Definition 6. Given a Poisson bivector Py € F 2 a n-th order infinitesimal
compatible deformation of Py is a bivector P = Py + > }_, ¥ Py, such that
[P, P] = O(e"™1). The bracket associated to a deformed bivector by the rule
{F,G} =[P, F],(] is then

{7}N:{7}0+Zek{7}k' (15)
k=1

In the DN case, where deg Py = 1, the degree of each deformation deg Py is
k+1.

Definition 7. A deformation of Py is said to be trivial if there exists an
element ¢ of the Miura group such that ¢.P = P,. From Definition [G],
this implies that ¢ must be of second kind. Equivalently, an infinitesi-
mal deformation is trivial if there exist an evolutionary vector field X such
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that [X, Py = P. This is equivalent to say that {¢(u(x)),od(u(y))}o =
o ({u(z),u(y)}™) + O(e"*1) for a deformed bracket of degree n + 1.

As in the finite dimensional setting, the theory of deformations of DN
brackets can be rephrased in terms of the Poisson—Lichnerowicz cohomol-
ogy. The main result of this paper is, indeed, the computation of the full
cohomology for N = 1 and arbitrary D DN brackets. It is then well known
the relation between lower order cohomology groups and the key elements
of the deformation theory.

If P e 72 and [P,P] = 0, then Dp defined in [B) squares to 0. That
means that it is possible to define a cochain complex

0 O Lry j1 Dry go Dr,

and its cohomology; moreover, since Dp commutes with all the 0,: the
complex and the cohomology groups pass to the quotient space F.
We denote

HP(A) Ker (Dp: AP = A”H)

= Im <DP;Ap—1_>Ap>
and
. HP(A) B Ker <dP; Fr ]:-p+1>

HP(F) = — — =
) Oy A+ -+ 0,0 A Im(dpzﬁpflﬁﬁp)

(16)

The groups H '(.7:" ,dp) constitute the Poisson—Lichnerowicz cohomology
in the infinite dimensional setting we are dealing with. We identify the
first cohomology group H' with the symmetries of the Poisson bivector P
that are not Hamiltonian, and the second cohomology group H? with the
infinitesimal compatible deformations of the Poisson bracket defined by the
bivector P that are not trivial. Recalling the definition of dp, a symmetry X
is an (evolutionary) vector field, namely a derivation of F which commutes
with all {0,:}, such that [P, X] = 0, a Hamiltonian vector field is a vector
field of form Xy = [P, H] for H € F° a local functional, a compatible
bivector P’ is a bivector such that [P, P’] = 0, and a trivial compatible
bivector is such that P’ = [P,Y] for some vector field Y e F.

The gradation on A defined in Paragraph 2.3 can be used to decompose
the cohomology groups both on A and F. We will denote, for instance,
H3(F) the first order (n = 1 in the expansion (IH)) nontrivial compatible
deformations of a Poisson bivector of degree 1.

Remark 8. Spelling out the compatibility condition for the bivectors, one
get a sequence of equations

[Py, Pi] =0
2[Ry, Po] + [P, Al =0

In particular, the first nonvanishing term of the expansion must be a com-
patible bivector in the Bihamiltonian sense, and the possibility of extending
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the deformation from the first order to the following ones is related to the
third cohomology group.

Furthermore, if we have a bivector P = Y Py, deg P, = k+1, [P, P] =
O(e"™1), we can extend it one order higher in e if and only if the following
element of F3 happens to be dp,-exact:

[Phpn] + [P27Pn—1] +---+ [Pn,Pl]
Note that the condition [P, P] = O(e"*!) implies that this element is dp,-
closed. To this end it would be sufficient to have H? +3(.7:" ) = 0, but unfor-
tunately, as we see below, it is in general not the case for the DN-brackets.

However, once we have a particular extension to order €"*! given by a
bivector P, 11 such that [P + P,y 1, P 4+ P,;1] = O(¢"*?) (for instance, we
definitely have one equal to zero in the case P} = --- = P, = 0), then we can
describe explicitly the space of all possible extensions up to Miura transfor-

mations of second kind. It is an affine space given by P41 + H2, ,(F).

3. THE POISSON COHOMOLOGY IN THE SCALAR CASE
In this Section we consider the N = 1, or scalar, case.

3.1. Main result. Our main result can be formulated as follows. Let ©
be the polynomial ring R[{6°,S € (Z=¢)”~'}]. The derivations 0,:, i =
1,...,D—1act on © in the obvious way. Denote by Hg(D) the homogeneous
component of bi-degree (p,d) of

B ©

N 0,10+ -+ 0,010

Theorem 9. The Poisson cohomology of the Poisson bracket (3) in bi-degree
(p,d) is isomorphic to the sum of vector spaces

H2(D) ® HY™(D).

H(D)

The proof of this Theorem will be given in the following subsections. The
strategy is to compute first the cohomology of a particular Poisson bracket,
and then to show that the cohomology does not change under linear changes
of the independent variables. That allows us to extend the result to the
whole class of Poisson brackets (3]).

Let us first derive some consequences of Theorem [@ Let’s start by an
explicit description of the spaces HY(D) for small or large p:

Lemma 10. We have that

R d=0, p=0,1,
0 d>1, p=0,1,
Hg(D) — O s d == 27 p = 4
R(":D a0, p=d+1,
0 d>20, p=>d+2

Remark 11. The vanishing result in last line of the Lemma can be improved:
HY(D) is zero for any (p,d) in the range

D+1-1 D+1 D +1
g ) g 1) — 1
( ; ><p <l+1> 0<d<pl+1) < I > (17)
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for any [ > 0.

Proof. For p=0,1 the statement is trivial.

For p > d+ 2, it is easy to see that © = 0, therefore HY(D) = 0 as well.
By computing the minimal deg of a monomial of degy = p, one can also
extend this vanishing result for @Z to the range given in (I7]).

For p =d + 1 a basis of @ZJA is given by
909%i1 ... Q%
with i1 < --- <igand i, =1,...,D — 1. It follows that

D-1
dim H]™ (D) = dim 0% = ( g )

For p = d = 2 a generic element in ©3
D—-1
Z <al.j95i9£j + bij995i+§j>
ij=1
can always be cancelled by a generic element in ZZD:EI 0,:0©?%, which is of the
form

D—1 D—1 D—1
3x¢ Z cij«%ff = Z Cij (9&6@ + 66§i+§j> s
i=1 j=1 i,j=1
by the obvious symmetry properties of the matrices a;;, b;j, c;j. O

Remark 12. For D > 2 the dimension of O is given by

(s+D—2)
QP D—2
amey- ¥ II("5))
Po;p1,---20 520 s
Po+p1+--=p
p1+2p2+3p3+--=d
which can be given in terms of a generating function as
s+D—2
Z dlm@z mpyd = H(l + xys)( D—2 )
p,d=0 520
A straightforward application of Theorem [l gives us the explicit form of
the Poisson cohomology groups in several cases:

Corollary 13. We have that:

(R2 d=0, p=0,
R d=0, p=1,
0 d>1, p=0,
. RP-1 d=1,p=1
P ~ ’ ’
Hd(f)_ 0 dzla p:2’
R2D-1D-2) g_9 5 —9
r(°2Y) d>0, p=d+1,
0 d=0, p=>d+2.

\

Remark 14. The vanishing result in the last line actually generalises to the
set of bidegrees (7).
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Remark 15. In the D = 1 case we have H(1) = © = R @ R, therefore
Theorem [ implies that HY(F) is isomorphic to R? for p = d = 0, to R
for p = 1, d = 0, and vanishes otherwise, as in the scalar case of Getzler’s

result [11].

Remark 16. For D = 2 we can provide a general formula for H (.7:" ). Indeed,
in this case © = R[H(i’o)] and in particular @Z is generated by the monomials
0(11,0)9(i2,0) ... 9(ir.0) guch that i1 + i + - - - + ip = d, i, > 0. The dimension
of @Z is given by the number of ways of writing d as the sum of p distinct
nonnegative integers, regardless of the order. The result, in terms of the
partition function P(n, k) giving the number of ways of writing n as sum of
k positive addends, is [4]

dim®§:P<d+p—<§>,p>. (18)

Since Kerd,1 = R # 0 only in ©J, the dimension of 9,1 o | for (p,d) #
(0,1) is given by the same formula (I8)) with &' =d — 1.
Then we have:

p(32— p) p(32— p) )

for (p,d) # (0,1) and dim HY(2) = 0. The dimension of the cohomology

group HY (F) is obtained in a straightforward way from Theorem [ for D =
2. We can conveniently express it as a generating function

ZdimHg(]:") a® = WP () + hPHi(x),
d=0

dim H2(2) = P(d + p)— P(d—1+

where

ZdimHg(D =2) 2% = WP (z) ;= 22D H(l — 2+ 26,0
d=0 1=2

From the explicit form of P(n, k) for k = 2,3 we can improve the results of
Lemma

d =2k
dim H3(D = 2) = X ’
1 d=2k+1,
0 d <3,
dim H3(D=2) =< k d = 4+ 6k,
k+1 d=3+6k, 5+ 6k <d< 84 6k.
Combining the two previous results we obtain:
k d =4+ 6k,
dim H3(F)=<{k+1 d=6+06k, d=8+ 6k, (19)
k+2 d=3+6k, d=5+6k, d=7T+ 6k.

In particular it should be noticed that Hg(]}) # 0 for all d > 4. Some
explicit values are
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d[01 2 3 45 6 7 8
dimH¥(F) [0 1 0 2 0 2 1 2 1
dimH3(F)[0 0 0 1 0 1 2 1 2

Remark 17. For D > 2 we have no explicit formulas, but we expect HY(D)
to be generically non-trivial. Symbolic computer calculations allow us to
obtain, for example, for D = 3:

dl[001 2 3 4 5 6 7 8
dimH3(F)|0 2 1 8 3 16 13 26 26
dimH3(F)|0 0 1 4 6 14 29 36 72
and for D = 4:
d[001 2 3 4 5 6
dimH3(F) |0 3 3 20 15 66 73
dim H3(F) [0 0 3 11 30 75 183

3.2. Cohomology in a special case. Let us consider the DN brackets
with one dependent variable and D independent variables

{u(z),u(y)} = 0,00(x —y),

which, in the 6 formalism, corresponds to the bivector
.1 [P .
pP= 5/ 00> Pz e F2.

In this Section we compute the Poisson cohomology of the bracket {,}, i.e.,

the cohomology of the complex (F, dp), where dp = [P,
Let 5

A= Dp = ZGS+5D
S
be the differential operator on A associated with P defined in (). Clearly, A
squares to zero. Moreover, this operator commutes with 0,1, ...,0,p, there-
fore it induces a differential on each of the spaces .7:"1, e ,.7:" p. In particular,
it is obvious that on Fp = F this operator coincides with dp.

With the differentials induced by A on A, Fi,...,Fp, the short exact
sequences (I0) become short exact sequences of complexes. We will use
the associated long exact sequences in order to compute the cohomology
of Fi,...,Fp. Since all the cohomology groups that we consider are to be
understood with respect to the differential induced by A, we will generally
refrain from indicating it all the time.

Recall that we denote by Zp the sub-semiring of Z that consists of multi-
indices of the form S =3, s;& with sp = 0.

Lemma 18. We have that H(A) = R[{6°,S € Zp}].

Proof. Under the identification 05160 < du®, S € Z, the operator A turns
into the de Rham differential on the differential forms in u®, S € Z, hence
its cohomology is given by the degree 0 forms constant in v°, S € Z, that
is, by all elements of A independent of u® and #°t¢0 | S € Z. These are the
polynomials in 8%, S € Zp. O
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For D = 1 we have H(A) = R ® R4, as in [12, 13].

As before, we denote the polynomial ring R[{#°,S € Zp}] by ©. It is
important to stress that the polynomials in 6%, S € Zp, are indeed repre-
sentatives of cohomology classes in H(A).

Proposition 19. We have:
. ©
H(F;) =
(3) 0,10+ ---4+0,:0

fori=1,....,D—1.
Proof. Let us start by considering the short exact sequence

o 0 ~ [dxl «
0 A/RZL AL 2 o,

which induces a long exact sequence in cohomology

~ 9,1 [ dx +1 +1
HY [(A/R) = Hg(A) —> Hp(}"l) — HY (.A/R) —> H§+1(A)
By Lemma [I8, the cohomology classes in H(A), and of course in H(A/R),
are represented by elements of ©, i.e., by polynomials in ° with S € Zp.
The derivations 0,1, ...,0,p-1 map such polynomials to polynomials of the
same form, hence their action on the cohomology coincides With their natural

action on ©. It clearly follows that the kernel of HY le(.A/ ]R) — H g]:ll (A)
is equal to zero.

The Bockstein homomorphism H?(F;) — H2T'(A/R) is therefore the
zero map, and we can conclude that HY (.7:"1) is the quotient of HY (A) by
the image of 9,1. So, we have

P A P
HY(Fy) = HalA) ~ = @Ufn ;
O HYy (A)  92109g,

which is precisely the assertion of the Proposition for Fi.
Let us now prove the same statement for 7;, i = 2,..., D—1, by induction.
The short exact sequence

~ 817; ~ fd:vi ~
0—>F1/R=F_ 1 —F —0
induces the long exact sequence in cohomology

~ o] ~ dat
HY (Fio/R) 225 HE(Fy) 15

L8 g F) - HP (B /R) 22 HYH (Fisq).
Notice that the map 8,:: H(Fi_1/R) — H(F;_,) is given, by inductive
assumption, by

© S}

O 5 0T 10,00 R 9.0+ 0.0 (21)

Lemma 20. The kernel of the map [21)) is equal to zero.

Proof. We can follow the proof of Lemmal[bl By the same argument as there,
we reduce the statement of the lemma to the vanishing of the cohomology
of a certain complex, where we have an explicit homotopy contraction given
by exactly the same formula as in Equation (I3]). O
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Since the kernel of the map (2I)) is equal to zero, the Bockstein homo-
morphism vanishes, and therefore we can conclude that

e
0,10+ +0,; 10 S

~

Oy (W)ZQﬂG—F...-{—@ﬂ@.

I

H(F;)

O

In particular, the previous Proposition implies that HY (.7:" p—1) is a finite
dimensional vector space, whose dimension one can compute explicitly for
each choice of p,d, D. Due to its importance we denote it by Hg (D), which
is then the degree (p,d) component of

S}
0,10 + -+ 8$D71(").

Finally we can compute the Poisson cohomology in the scalar case:

Theorem 21. We have that H?(F) ~ HY(D) ® H"*'(D).

Proof. The short exact sequence
A axD ~ fdg;D ~
0—Fp1/R—=— Fp1 —— Fp—0

induces in cohomology the exact sequence

A a, . dzP A A a, .
HY_(Fp-1/R) = HY(Fp_1) 12, HY(Fp) — HY Y (Fp_1/R) =2 HYV (Fpoy).
(22)
It is easy to check that, for a € ©,

da
O,pa = AZuS—S,
S 06

hence the map 0,p sends any element of O, considered as a subspace of ./Zl,
to a A-exact element of A. This implies that the operator induces by 0D
on the cohomology of Ais equal to zero, and therefore it is also equal to zero
on the cohomology of Fii= 1,...,D — 1. The long exact sequence ([22)) is
then equivalent to the collection of short exact sequences

0 — HY(Fp_1) — HY(Fp) — HY ™ (Fp_1/R) — 0,
forp > 0, d > 0. This implies that Hg(]:"p) ~ Hg(fp,l)@Hngl(fD,l). O

3.3. Change of independent variables. In Section we have proved

a theorem about the Poisson cohomology for the bracket {u(z),u(y)} =

0,00(x—y). On the other hand, the generic nondegenerate Poisson bracket (3]
has the form, when written in flat coordinates,

D
-0
_ 2
(ule)ul)} =3 gt ) (23)
1=
Let us denote A the Poisson bivector associated to the bracket (23)).
In this Section we prove that the cohomology groups for the bracket (23))
are isomorphic to the ones we computed in the previous one, and hence that
Theorem [9 holds for all the nondegenerate scalar DN brackets.
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Lemma 22. By a linear change of independent variables (z',... xP) the
bracket [23]) can be brought to the form
{v(2),0(9)} = 0zp0(% — 7). (24)

Proof. Under a linear change of coordinates z +— & = Jz, with J a constant
D x D matrix, the derivations 9, = {0,:} change according to 9, — 0z =
(J7HT9,. For the D-dimensional Dirac’s delta function to be invariant, we
require in addition that det J = 1. Introducing the D-dimensional vector

C = (c1,...,cp) we have to solve the algebraic set of equations J - C' = {p.
We get D equations for D? — 1 entries of the matrix J. Hence, the solution
is not unique but it always exists. O

We will denote A the Poisson bivector defining the bracket (4.
Lemma 23. The cohomology groups Hg(]:", A) are isomorphic to Hg(]:", A).

Proof. The same transformation law 9, — 0z = (J *I)T(?x applies to the
variables u¢ = 0,:u and #%. Since .J is constant, the higher order derivatives
leave it unaffected, in such a way that the transformation law is tensorial

ul ol = ((Jfl)T)m ul’
where |I| = ki1 4+ ...+ kq and |I| = |I'|. More precisely, we have

a(F1skD) —

, . ‘ ‘ 1|

—INT\®L(f 7=1\T\ ik —1\T\ bk +1 —1\T\ 1|
((77)7) (D)) () (7)) p Orin o
Moreover, the partial derivatives with respect to the jets transform with JT,
so that the differential A is transformed, being homogeneous of differential
order 1, as (J~1)TA. Under the change of independent variables, AZ — .AZ
for any component of bidegree (p,d).

Since J is invertible and the change of coordinates does not change the
differential order of the jets, there exists an isomorphism between the kernels
and the imagesA of A: A — ./4}2 41 and A: Al — AY +1- Hence the quotient
spaces H(A, A) and HY(A, A) are isomorphic.

Moreover, the change of independent variable leaves the space F invariant.
Let us consider the quotient operation

- A
0351./21 + -+ ({9xD./Zl.
The change of independent coordinates maps each partial derivative to a
linear combination of all the D derivatives

Oyi ((J_l)Tam)

oxl

i YD
J

d,i.

Since J is nondegenerate, however, Span((%fl) is the same as Span(@xfl),
which proves the claim.

Equation (I6]) reads
o4

HE(F) =
d( ) 8119271—1-"'4-81@@271




COHOMOLOGY OF DUBROVIN-NOVIKOV BRACKETS 19

where 0 = HY (A) The linear change of independent coordinates, as al-
ready discussed, maps the numerator of the quotient to an isomorphic space.
For the denominator we have

axIGZil —+ - BxDG)Zfl —
Oz éZ—1+' .- afD(:)Z_l =0 éZ—1+' .. QvDéZ_l >~ 0 @Z_l—i—- .. Q,JD@Z_Y

Since both the numerator and the denominator of the quotient HY (]:" ) are
mapped to isomorphic spaces, such is the quotient itself. This allows us to
extend the Theorem [9 to all the nondegenerate scalar DN brackets. O

4. DIRECT COMPUTATION OF SOME COHOMOLOGY GROUPS

In this section we show how one can explicitly compute some cohomology
groups HY (F,A) using the formalism of Poisson Vertex Algebras [2]. The
notion of Poisson Vertex Algebra was introduced as an algebraic framework
to deal with evolutionary Hamiltonian PDEs with one spatial variable, but
an extension to D-dimensional equations is straightforward and has already
been exploited to compute some cohomology groups for (D =2, N = 2) DN
brackets [3].

Definition 24. A (D-dimensional) Poisson Vertex Algebra (PVA) is a dif-
ferential algebra (V,{9;}2 ) endowed with D commuting derivations and
with a bilinear operation {-x-}: V®V — R[A1,...,Ap] ® V called the A
bracket satisfying the following set of properties:

1) {9ifag} = —Ai{fxg}
2) {f20ig} = (0o + M) {fag}
3) {fxgh}t = {fagth +{fah}g
4) {fgah} = {faroh}tg + {gxroh}f
5) {oaf} = —{f-x-ag9} (PVA-skewsymmetry)

(6) {fa{guh}}t —{gulfan}} = {{fag}trruh} (PVA-Jacobi identity).
We use a multi-index notation A/ = Aiﬂ? . --)\% for I = (i1,42,...,ip).
The terms in the RHS of Property (4) are to be read, if { fxh} = 3_; B(f, h)1 N,
as {farohtg = 2 B(f,h)r(A +8)'g = 32 B(f,h)1(M + 91)" -~ (Ap +
dp)'Pg. Similarly, the skewsymmetry property in extenso is >, B(g, f)iA] =
~ (=X =9)B(f.9)r.

When we consider V = A the algebra of differential polynomials and
identify the “total derivations” 0,: with 0;, the set of axioms for the PVA
translates into a practical formula that gives the bracket between two ele-
ments of A in terms of the bracket between the so-called generators u:

dg M L of
{fag} = — A+ )M {uS pu” (A - )
a,ﬁZL:..,N aufﬂ e Oug
L,M€Z§O

(25)

The main reason why the notion of a Poisson Vertex Algebra is relevant
and useful for the study of the Poisson cohomology is that there exists an
isomorphism between the Poisson Vertex Algebras and the Poisson brackets
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on the space of local functionals. In particular, given the A bracket of a PVA

we have that
{ [r] g} = [thaatiaco

and, given a Poisson bracket in the space of the local densities A, {u®(z),u”(y)} =
> B‘Iw(u(x); ur (2))815(z — y), we can define a A bracket

{uSuP} = Z Bga(u; urp )Y,
T

Moreover, an evolutionary Hamiltonian PDE of form u; = { [ h,u} is mapped
to uy = {hau}|x=o. The advantage of working with PVAs rather than on
local functionals is that there is no need to integrate — or, equivalently,
to perform the quotient from A to F — since the properties (5) and (6)
encode the skewsymmetry and the Jacobi identity for the bracket after the
integration. This allows to perform explicitly computations, a few examples
of which we will now demonstrate.

4.1. Symmetries of the bracket. The A bracket is equivalent to the Pois-
son bracket defined by the bivector A = 200°P is {uyu} = Ap. As we
have already discussed in Sect. 2.4, the elements of the first cohomology
group H 1(.7:" ,A) are the symmetries of the bracket that are not Hamilton-
ian, namely the evolutionary vector fields
0
I .
X = ;8 X(u7uL)au1
satisfying
X({uu}) = {X (w)au} + {uaX(u)} (26)
of form different from
X(u) = {hau}|x=o
Let us compute H¢ and Hi and HJ for generic D, showing the agreement
with the results of Corollary

For H& we want to consider an evolutionary vector field whose component
X depends only on u. Since the bracket between the generators u is constant,
the LHS of (2] vanishes; computing the RHS with the help of formula (2]
and setting it equal to 0 immediately gives that X must be a constant. Given
the form of the Poisson bivector, we cannot have any constant Hamiltonian
vector fields; thus, H} = R.

To compute H{ we are interested in vector fields of first degree, namely
of form X = Zl’; , X"(u)ug,. Imposing the condition of symmetry does not
give any condition on X P but forces X? for i = 1,..., D —1 to be constants.
On the other hand, if we take a generic Hamiltonian density of degree 0, i.e.,
a function h(w), its Hamiltonian vector field will be X;, = h/(u)ug,,, where
XP = K can be arbitrary. This means that the D — 1 constants only are
elements of H{ = RP~L.

In principle, computing any component of the first cohomology group
means performing the same computations as the ones for the first two. How-
ever, they become more and more involved with the growing of the degree
(and hence of the differential order). Another advantage of the formulation
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of the problem in term of PVAs is that the computations are straightfor-
ward and can be performed by a computer. Computing (20) for a degree
two evolutionary vector field, whose component is X = Zszl X ilbu&luﬁb +

ngugaJrgb, we get that the necessary condition is that X; = X5 = 0 for all
(a,b). This means that Hi = 0.

4.2. Deformations of the bracket. As already discussed, the second co-
homology group classifies the compatible infinitesimal deformations of the
A bracket associated with the Poisson bivector A that cannot be obtained
by a Miura transformation. We will demonstrate a few results for the case
D = 2. Definition [6l in terms of A\ bracket, translates into considering a
deformed bracket
{at={xta+ela}”

and requiring that it satisfies Property (5) and (6) of the PVAs up to the

order €. Since {-x-}a is constant, it is enough to impose the skewsymmetry
of {-x-}~ and

{uafupu}™a +{upfuau}™ta = {uau}xyuba (27)
The form of the deformed bracket we choose depends on which component of
the second cohomology group we are interested in: when computing Hfl we
will consider homogeneous A brackets of degree d (as for the gradation on ./Zl,
we consider deg Al = |I| and deg{uxu} = deg(B(u;ur)\) = deg B + |I|).
Property (5) prevents the existence of nontrivial elements in Hg, since there
cannot be skewsymmetric brackets of form {uxu} = A(u).

For H} we consider brackets of form {uxu}™ = S22_ 24%(u)\, + A%,
— we have already implemented the skewsymmetry of the deformation.
Computing condition (27]) for this bracket does not give any constraint on
A? but implies that A! is constant. Let us consider a generic Miura trans-
formation that gives rise to a bracket of degree one: since A is degree one
as well, the transformation must be of degree 0, so u — U = u+€eF'(u). We
get

{U)‘U}A = {uxu}A +e€ (2F,(’LL))\2 + F"(u)u52) + 0(62).
This computation shows that we can never get from a Miura transformation
a bracket of form {uyu} = A;, which is compatible with {-x-}a. This means
that H? = R.

We can proceed similarly for H7; in this case a general deformed bracket
of degree 2 will be

{U,)\u}N = Z Aab)\a)\b + Bab)\GU£b + CabU&LU&; + Dabu§a+§b.
a,b

Note that, by definition, A, C, and D are symmetric in the indices (a,b).
Imposing skewsymmetry we find the relations

A% =,
Cab — 1 (Bab/ + Bba/)
4 ’
Dab _ 1 (Bab + Bba)
1 .
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We now impose condition ([27]) on the bracket and find that the parameters
B must satisfy the set of equations

Bll -0
B2 4+ B* =y,
B* = 0.

In other words, all the compatible infinitesimal deformations of A of degree
2 are parametrized by a single function B(u) = B'? according to the given
prescription. Any of these compatible deformations can be obtained from
A by the Miura transformation

ur— U :u—eugl/ B(s)ds

which exists for any function B of a single variable. This means that H2 = 0,
in agreement with formula ([I9).
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