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Abstract

The theory of Poisson Vertex Algebras (PVAs) [4] is a good framework
to treat Hamiltonian partial differential equations. A PVA consists of a
pair (A, {-x-}) of a differential algebra .4 and a bilinear operation called
the A-bracket. We extend the definition to the class of algebras .4 endowed
with d > 1 commuting derivations. We call this structure a multidimen-
sional PVA: it is a suitable setting to study Hamiltonian PDEs with d
spatial dimensions. We apply this theory to the study of symmetries and
deformations of the Poisson brackets of hydrodynamic type for d = 2.

Keywords Hamiltonian Operator, Hydrodynamic Poisson Bracket, Poisson
Vertex Algebra

MSC 37KO05 (primary), 37K25, 17B80

1 Introduction

The main goal of this paper is to extend the formalism of Poisson Vertex Alge-
bras (PVAs) in order to study Hamiltonian evolutionary PDEs with several spa-
tial dimensions. Such PVAs provide efficient techniques to characterize Hamil-
tonian operators of evolutionary PDEs. In particular, we focus on multidi-
mensional Poisson brackets of hydrodynamic type and study their symmetries
and deformations, which correspond to the 1- and 2-cocycles in the Poisson—
Lichnerowicz complex [21], [I0]. Let us first briefly present some basic facts in
the theory of Poisson brackets of hydrodynamic type.


http://arxiv.org/abs/1312.1878v4

1.1 Poisson brackets of hydrodynamic type and their de-
formations

The notion of Poisson bracket of hydrodynamic type has been introduced in the
early 1980s by Dubrovin and Novikov [I2] in order to characterize the Hamilto-
nian structure of a class of equations that describe systems such as ideal fluids
with internal degrees of freedom. Poisson brackets (also called Poisson struc-
tures or Hamiltonian operators by different authors) of this form can be used
to describe, for instance, Euler’s equation [25]. The Hamiltonian structure is,
in these cases, given in term of a first order differential operator

PY(u(e)) = o (u(w)) o+ b () (11)
for the maps u'(z) € M: S* — M. P is a well defined skewsymmetric operator
if and only if the functions ¢ (u) and by’ (u) are respectively the components
of a (pseudo)Riemannian contravariant metric and the contravariant Christoffel
symbols of a compatible connection. Finally, P is an Hamiltonian operator if
and only if the connection has no torsion and the metric is flat. This means
that there exists a coordinate system {u’} in which the Poisson structure is
constant, the so-called Darboux coordinates. For the 1-dimensional case, they
are obviously the flat coordinates of the contravariant metric g.

Hydrodynamic Poisson brackets for maps u(x), x = {z!,..., 2%} have been
studied for several years [I3| 23]. They are defined by a family of d maps
g7*(u(x)) and b (u(x); in term of a differential operator, they have form

PO (u(x)) = g9 (u(x)) o + B () (D) (12)
In order for P to be a Hamiltonian operator, the functions ¢“¥® must be,
for each o = 1,...d, the components of a flat contravariant metric, while b;’“
the corresponding Christoffel symbols. These functions, moreover, must satisfy
quite a large set of compatibility conditions, that we present in Theorem @l [23].
The main difference between the multidimensional brackets of hydrodynamic
type and the monodimensional ones is that, despite each metric is flat, there
do not necessarily exist Darboux coordinates for them: each metric can be
constant, in general, for a different system of coordinates {u’(xz)}™ ;.

Under certain nondegeneracy assumptions there exist coordinate systems
in which the multidimensional Poisson brackets of hydrodynamic type are at
most linear [I3]. The Lie—Poisson bracket, namely the one associated to the Lie
algebra of vector fields on a compact manifold [25], is linear. It has the form

0 9 | 9% (1.3)

Psp00) = pilx)g 5+ pit) g2 + =50

for p: M — QY(M), dim M = d.
There exist Hamiltonian operators on the space M which are of order greater
than one: one of the first examples to be discovered and probably the most



celebrated one is the second Hamiltonian structure of KdV equation [22]

3

d
+ du— + 2u, (1.4)

Py(u(r)) = P .

For finite-dimensional Poisson manifolds the celebrated Darboux theorem holds
true, stating that for any Poisson bivector there locally exists a coordinate
system in which it is constant and has a canonical form. The search for a
canonical form of the Hamiltonian operators in the infinite dimensional manifold
M has been independently completed by several authors [19, 10} 14]. In [14]
and [10], this problem takes the name of ¢riviality problem, namely the problem
of classificating all the deformations of a Poisson structures compatible with a
chosed one of hydrodynamic type.

An Hamiltonian operator Py satisfies the Schouten relation [Py, Py] = 0. We
define a deformation P. of this operator as a formal infinite sum

P.=Py+eP, + P+ ---
such that the Schouten relation is satisfied:
[P, P.]=0.

We say that such a deformation is trivial if there exists a general Miura type
transform ¢, = 220:0 e* ¢y of the map space such that ¢..Py = P. and ¢
is homogeneous of degree k. Getzler [I9] proved that the infinite dimensional
analogue of the Poisson—Lichnerowicz cohomology is trivial, hence in particular
the second cohomology group (as directly proved also in [I0] and [14]) vanishes.
The vanishing of the second cohomology group implies that all the deformations
of a given Poisson bracket of hydrodynamic type are trivial. Then, relying
on Dubrovin and Novikov’s result [12], for a certain coordinate system they
must be trivial deformations of a constant Poisson bracket. Conversely, there
locally exists a system of coordinates in the space of maps for which the Poisson
bracket is constant; such a system of coordinates can be regarded as the infinite
dimensional analogue of the Darboux coordinates.

Example For the case n = 1, the constant Poisson structure of hydrody-
namic type is the total derivative with respect to the spatial variable x. The
second Hamiltonian structure of the KdV equation is easily got after a change
of coordinates in the space M

v =v(u) =u?+iu

where {u(z),u(y)} = ¢'(x —y) and v/(z) = uz(x). Let us compute {v(z),v(y)}
with the help of the formula ([2:24])

@), gt = 3 500 00 omap (u(e), u(y)
N

m,ne.




and recalling that f(y)0®) (z —y) = r—0 f@(2)6?P=9 (z—y) and 9,6(x —y) =
—0y0(z — y). We get

{v(2),v(y)} = {u® (@) + i/ (2),u?(y) +iu'}
= du(z)u(y)d' (x — y) + 2iu(y)0:0'(x — y)+
+ 2iu(x)0,0 (z — y) — 00,6 (z — y)
= 0" (x —y) + 4(u*(2) +iv/(2))d (x — y)+
+ 20, (u? () + i/ ()8 (x — 7)

a a
= (@4—41}@4-21})5(90—@,

namely the operator (4] acting on the Dirac’s delta.

It must be stressed that this analogue of the Darboux theorem holds for the
one-dimensional case. To our knowledge, there do not exist similar results even
in dimension two. The research work by E. Ferapontov and collaborators has
produced a big outcome in the direction of classifying the integrable Hamiltonian
equations of hydrodynamic type with d spatial variables and their deformations
(for instance, in [17, [I6]); analogous results in the direction of deformations of
the Poisson structure itself are not available. One of the main reason of this fact
is that the required computations are very cumbersome, and their complexity
increases dramatically with the order of the operators..

1.2 Poisson Vertex Algebras

The theory of Poisson Vertex Algebras [4] provides a very effective framework
to study Hamiltonian operators. The notion of a PVA, that can be seen as
the semiclassical limit of Vertex Algebras [20], has been introduced in order
to deal with evolutionary Hamiltonian PDEs in which the unknown functions
depend on one spatial variable. It provides a good framework for the study of
integrability of such a class of equations, and also gives some insights into the
study of nonlocal Poisson structures [7]. Let us first briefly introduce the notion
of a (monodimensional) PVA.

A Poisson Vertex Algebra [4] is a differential algebra (A, 9) endowed with a
bilinear operation A x A — R[A] ® A called a A-bracket and satisfying the set
of properties

L {fx0g} = (A + 0){frg}

- {0fxg} = =M /rg}

- Afxght ={fagth +{frh}g

4. {fgrh} = {fryohtg +{gr+oh}f
Ao =—{f-x-09}

w N

ot



6. {{guh}} —{gu{frn}}t = {Frgbrruh}

Let us explain the notation used in 4. and 5. Expand {fyg} = > C, A" with
C,, € A. Then in each term of the RHS of equation 4 one has

{Fyagth:=> Co(A+0)"h

Notice that using this convention {fat+a9} = {fa+o9}1 = {frg}. The RHS of
the fifth equation is defined by

AT rmog) = Y (-A-9)C,

The main theorem, on which all the theory of PVA in the framework of
Hamiltonian PDEs is based, is that from a A-bracket of a PVA we can get the
Poisson bracket between local functionals as

([ ook fiso

Conversely, given a Poisson structure as a differential operator we can define a
A-bracket between the generators of a suitable differential algebra as the symbol
of the differential operator; its extension to the full algebra is directly achieved
by using the so called master formula.

In the original paper and even in the more recent literature [9] the theory
of PVAs has been devoloped only for one dimensional Hamiltonian operators
(in the original language, for a differential algebra with one derivation); since
we want to deal with higher dimensional operators, we extend the definitions
and the main theorems of [4] introducing so-called multidimensional Poisson
Vertex Algebras, where the algebra A is endowed with d commuting deriva-
tions. For a suitable A, modelled on the algebra of differential polynomials of
several variables, we show that the same axioms of a standard PVA, conve-
niently rephrased, can be used to characterize Poisson structures on this more
general space of maps. In the paper, we apply the formalism of multidimen-
sional PVAs to the d-dimensional Poisson brackets of hydrodynamic type. As
an illustrative example, we obtain a new derivation of the set of necessary and
sufficient conditions for a homogeneous differential operator of order 1 to be an
Hamiltonian structure described by Mokhov in the late '80s [23]. Moreover, we
apply the technique of multidimensional PVAs to the study of symmetries and
deformations of such structures.

Definition 1 (Multidimensional PVAs). A d-dimensional PVA is a differential
algebra A endowed with d commuting derivation 0,, o = 1,...,d and with a
bilinear operation {-x-}: AxA — R[A1,..., A\g]® A called a A-bracket of rank d.
The A-bracket of a multidimensional PVA satisfies the following set of properties

L. {aoszg} = _)‘a{f)\g}
2. {fr0ag} = (Mo + 0a) {fag}



- Afaght = {fagth + {fah}g

A fgah} = {farohtg + {fr+a9}h
Agaft = —={f-x-ag}

A guh}y — {gu{fan}} = {/xg}rsnh}

The A-bracket between two elements of A can be expanded as

{ng} = Z Onl...nd/\;h ce )\gd = Z CNAN

ni,...,Na€L>o Nezd

S Ot s W

with Cy € A. According to this decomposition, the RHS of the fourth property
expands to

d
{frro9}h = Z CnA+0)Vh = Z Chy..na <H(>\a + 8a)”a> h.
a=1

d
Nezd, ni,...,nd€Lx>o

The RHS of the fifth property is given by

d
Afaagri= Y, (A=) on= > [P —0)"Cni

d =
NGZZO N1, ,Ng€L>o =1

For each PVA with A an algebra of differential polynomials, we can define a Lie
bracket among the local functionals with density A (Theorem 2]). We have

{[1.]s} = [thatha (15)

Such a Lie bracket is exactly what is called a Poisson structure. We prove
that there is a one-to-one correspondence between Poisson structures on local
functionals and A-brackets on their densities.

Arnold described the relation between the Lie algebra of vector fields on
a manifold and the Euler’s equations of motion for incompressible fluids [2],
together with their Hamiltonian formulation. Novikov explicitly introduced a
Poisson bracket for the system, which is the Lie—Poisson bracket of the algebra
of vector fields (3] [25]. In Section Bl we consider the first order deformations
of the Lie-Poisson structure (L3), whose equivalent A-bracket is

{piapj} = — PiXj +pjNi + 0ipj) -

We give the set of necessary and sufficient conditions for a generic second or-
der differential operator to be a deformation of the Lie-Poisson hydrodynamic
bracket (Lemma [I0]).

It has been proved by Mokhov [24] that the Lie-Poisson hydrodynamic
bracket is the normal form of the nondegenerate Poisson brackets of hydro-
dynamic type for d = n = 2; Ferapontov and collaborators have completed the



classification for the degenerate brackets in [I7] and have recently provided the
full classification for d = 2 and n < 4 [I5]. The main result in this paper is
stated in Theorem[6l Any second order homogeneous differential operator com-
patible with an arbitrary Poisson bracket of hydrodynamic type for d = n = 2
is a trivial deformation of the bracket itself.

2 Multidimensional Poisson Vertex Algebras

In this section we want to extend the notion of a Poisson Vertex Algebra [4] in the
spirit of the extension of the more general structure of a Lie conformal algebra
into the category of Lie pseudoalgebras [3]. Our ultimate aim is to identify
Poisson brackets between local functionals on a space of maps with some -
brackets, in the same way one can achieve this result for Poisson brackets on
loop spaces.

2.1 Formal map space

Let M be a n-dimensional smooth manifold. We want to descrive a class of
Poisson brackets on the space

M =Maps(X — M)

where ¥ is a compact d-dimensional smooth manifold. In order to avoid the
problems arising from the integration, let us fix ¥ to be (S')% = T9. Anyway,
all the definitions and the theorems of this section are expressed and work at
the formal level. It means that it is not important whether we are considering
functions on the d-torus, or rapidly decaying functions on R? in a way, we
are just working in the general space in which integration by parts is allowed
producing no boundary terms.

We describe such a space of maps according to the theory of formal varia-
tional calculus [I8]. Our expositon is tightly related to the one of [I4]. Let us
define the formal map space M in terms of ring of functions on it.

Let U C M be a chart on M with coordinates (u',...,u") and denote A =
A(U) the space of polynomials in the independent variables u% for i =1,...,n
and [ € Zi a multiindex (i.e., I, =1,2,... witha =1,...,d)

f(xvu; uf) = Z filfl;»»»;imlm (Ia u)ullll s ulf:l (21)

m>0

with coefficients f;,1,;.. ... 1., (X, %) smooth functions on ¥ x M. Such an expres-
sion is called a differential polynomial. The space A, endowed with a family of
operators

Oa: A— A
of . of i Of
Frgra tubag s +UI+EQ8—U}



(a =1,...,d and E, = (0,0,..., 1 ,0,...,0)) satisfying the following com-

(0%
mutation properties

[0a,08] =0 Va, s (2.2a)
0 0 .
[8—%’ 84 = au,}_Ea (— 0 if Ia = 0) (22b)
g0 0 o
l@’@] =0 V(Z,j,l, J) (22C)

form what in [4] is called an algebra of differential polynomials.

Since we are interested in local (in the sense of [14]) structures on the space of
maps, we do not have to take into account the explicit dependence on the points
in 3. This justifies the following definitions, where we will restrict ourselves to
consider the space A c A of differential polynomials f that do not depend
explicitly on x®. The ‘total derivatives’ have thus the form

; 0
aa = U’ZIJrEa a0 (2.3)
i:;,n au[
1€z,

and satisfy the same commutation relations as in (22)).

Because of the lacking of dependence on the variables on X, we are allowed to
identify the space of local functionals F whose densities do not depend explicitly
on x with the quotient fl/ Y a OaA. The quotient operation is denoted f

Let us consider the space X(A) of vector fields on the formal space of maps.
These are formal infinite sums

f= Y géwa% (2.4)

Iezd,

with & € A.
The derivative of a local functional [ f = f € F along a vector field ¢ reads

g-[ ¥ sﬁwn%w (2.5)

Iezgo

while the Lie bracket between two of such vector fields is obtained in a straight-
forward way by composition of derivations [£,n]f = &(nf) — n({f). The total
derivatives 8, can be regarded as vector fields with & = u}, 5 .

An evolutionary vector field is a derivation of A which commutes with all
the derivations d,. A simple computation shows that the condition imposes
£} = 0a&j_p, . Applying this relation reculsively we get that an evolutionary
vector field has form

(2.6)



We will adopt a multi-index notation and denote
d
[T©.)"
a=1

for I € Z<,. Analogue conventions will be adopted also for more general oper-
ators or expressions, always meaning that they must be regarded as “term by
term” powers.

A”, as a collection of n elements of /l, can be regarded as a vector. We can
introduce a symmetric bilinear pairing A" x A" — F given by

(A, B) > /iAi B, 2.7)

and use it to identify A" with its dual space, namely the one-forms. The
wmatzonal derivative, in this setting, is a map F — A™*. We can write & f=

[ 5u, and each component is

5f of
5l = ZI:(—B)I - (2.8)

5ul

ou’;

It is worthy noticing that we are giving as definition a formula which can ac-
tually be regarded as a proposition following by the rigorous construction of a
variational bicomplex, which can be found for instance in [I].

Lemma 1. On elements of A, the variational derivative of a total derivative
vanishes. Moreover, for any evolutionary vector field & € X(A) Z8) and for
any f € A, we have

=/ X' 2.9
Jer=[x52 (29)
Proof. Applying the commutation rule ([2.2B) to the definition we get
of of
D HHg+ee ZL 1 (—1)ltlgf L. 2.10
7= (o 2 ot 2 210
Now it is sufficient to impose I’ = I — E,, in the second term to get the result
3] oo 3]
Z(_l)mal-i-Ea_f; _ (_1)|I 9! +E0¢_j; = 0. (2'11)
e ou’ ouy,

In order to prove the second part of the lemma it is enough to integrate by parts
the definition (26). O



2.2 Poisson bivector and Poisson bracket

A bivector, in general, is an element of %(fl)/\z. In components, bivectors are
written as infinite sums of expression of the form

1 0 0
a=salll (u@), u(@s);. ) = — A = (2.12)
P ouf (z1)  Ouf(w2)

antisymmetric with respect to simultaneous exchange of i1, I1,x1 ¢ i2, I3, To.
The Lie bracket between vector fields and the wedge product allow us to define
the Schouten-Nijenhuis bracket between k-vectors. It is defined by extending the
Lie bracket of vector fields with respect to the product, imposing the Leibniz
rule [a, BAY] = [, B] Ay + (=1)F DB A fa,4] if a € X and B € X Tt
turns out that the Schouten-Nijenhuis bracket is the unique extension of Lie
bracket of vector fields which turns the graded algebra of k-vector fields into a
Gerstenhaber algebra. The formulas for the Schouten-Nijenhuis bracket between
generic k- and [- vectors are in general quite involved. We give the formula for
the bracket of a bivector with a vector fields, which is equivalent to the Lie
derivative. Given a vector field & = £ (z, u(x ) ..)0/0u’ and 8 a bivector of

form 212) we get

o _ oer oE? ]
L340 i1,l2 1 2 2 i1, 2.13
5511,12 ZfL ) )51112 8ulL(:vl) LIy 8ulL(:c )B ( )

This formula is useful to define translational invariant k-vectors, which satisfy
Lo, =0 (2.14)

for all @ = 1,...,d. The set of conditions (ZI4) imposes relations among the
components of the bivector analogue to the ones we have already given for evo-
lutionary vector fields. Every translational invariant bivector £ has coefficients

B2 (g (1), urc (2)) = (B)™ (D)™ B2 (uy(21), upc(w2))  (2.15)

where the differential polynomials B*% are antisymmetric in the simultaneous
exchange of indices. We call such differential polynomials the components of
the translational invariant bivector 3.

A local bivector is a translational invariant bivector such that its dependence
on 1,9 is given by a distribution with the support on the diagonal x; = x2,
ie.

BY = 3" CP(us(x)dL oz —y). (2.16)

pPezd,

10



The delta functions and their derivatives are defined by the usual formulae
/ fly y)dy = f(z)
[ 1kst ~ iy - / F)(~8,)"8( ~ y)dy = ' (2)

/f T1,...,T 8125(171—332) ai’;é(xl—xk)dxz...dxk:
=0L ... 0k f(xy,...,x)|

T1=To="=T}

Where we do not specify the variables on which the derivatives 9 act, it is meant
that they act on the first ones. The value of a local bivector on two one-forms

¢ = ¢i(z,...)0u" and ¢ = ¥;(y,...)0u’ is
/ ¢:BY (z,...)0¢;dx (2.17)

which easily follows from simply pairing the one-forms with the bivectors and
integrating in such a way that the derivatives of Dirac’s delta act on the sec-
ond one form. The antisymmetry of the bivector, namely (B, v) = — (B, ¢)
imposes on the components

BY = Y (-pTH (T> 9" 9By (2.18)
Tezd, S

where we denote |T'| = > T, and use the binomial coefficient for multi-indices
A a1 ad

- e 2.19

(5)- ()~ () 219

a!
(a) _ )y 0sbsa (2.20)
b 0 otherwise.

We will occasionally use also the multinomial coefficients

A n—1
B,=A- 1 Bi
(Bl,...,Bn>7 2=

which definition is analogue to the one for binomial coefficients with multi-
indices, given the usual multinomial coefficient

a a!
(bl...bn) Tblbyl b, (2.21)

From the componentwise expression (2.16) we see that each component can be
interpreted as a differential operator acting on the Dirac’s delta

and

Bz, u(), u(a)r; <o) — ) (2.22)

11



with d
B (z,u(x),u(r)r; d) ZB”BS

A local Poisson structure is a local bivector P € X"2(M) satisfying the
Schouten relation [P, P] = 0.

Given a Poisson bivector it is possible to define a bilinear operation (that
we will call a bracket) on the space of local densities f € A. It can be used
to define a bracket on the space F of local functionals, which is usually called
the Poisson bracket of functionals. This name is somehow confusing since the
Poisson bracket of functionals is not the bracket on a Poisson algebra; indeed,
it fails to be a derivation, because of the lack of a product in the space of
functionals.

Given a Poisson structure P, we first define the bracket on A on the basis
elements u’; we will often refer to them as the generators of A. We have

{u'(z), v (y)} = }:zﬂﬂ () 8%6(x — y). (2.23)
This definition extends to two generic densities f, g € A according to the formula

e }_Za 8UM()

Such a bracket satisfies by definition the Leibniz rule, i.e. {f,gh} = {f,g}h +
g9{f, h} and it is obviously bilinear. An important remark is that such a bracket
does not satisfy neither the usual skewsymmetry property nor the Jacobi iden-
tity, thus it is not a Lie bracket and, a fortiori, not even a Poisson bracket. The
reason why the two important properties do not hold is quite natural: we de-
fined a Poisson bivector to be skewsymmetric in the sense (2.1I8), which means
that the skewsymmetry makes sense only after the integration, i.e. on F. On
F Leibniz property does not hold, but we can give a genuine Lie bracket.

850, {u' (x), v (y)}. (2.24)

Definition 2 (Poisson bracket). A Poisson bracket {,} in F = A/dA is a
bilinear operation

(W} FxF—oF

(oo =4[ e 5}

satisfying the following two fundamental properties:
1. Skewsymmetry: {[ f, [ g} =—{[g. [ f}
2. Jacobi identity: {[f,{[g. [P}} —{[g.{[F, [h}}={{[ [ [g}, [h}

Applying the skewsymmetry property, Jacobi identity can also be written as
the vanishing of the expression {{ [ f, [ ¢}, [ h} + cycl.(f, g, h) = 0 which is the

usual way to write it.

12



Given a Poisson bivector P of form (ZI6]) satisfying [P, P] = 0, the Poisson
bracket of two local functionals [ f(u(x),ur(z))dx and [ g(u(y),u;(y))dy is
given by

(1o ] [ s

aLoM j X
//Za auM() 00} {u' (@), (y)}dxdy

L,M

//6’111 (Suj {“i(I)auj(y)}dxdy
5f i (). s (20 5g .
" & /5ui<x>PS< (@), ur =) 55

(2.25)

where the second equality is given by ([2:24]), the third one is obtained by inte-
grating by parts and transferring the total derivatives @ on the partial deriva-
tives of f and g respectively and the fourth one by performing the integration
with respect to y for the Dirac’s delta.

We do not prove here that the Schouten condition for P is the crucial re-
quirement for the bracket to be Lie, namely to satisfy Jacobi identity. Although
it is possible to get this result with the Dirac’s delta formalism — or even by
regarding the Poisson bracket of densities as a distribution and evaluating it on
test functions — we are going to shift our point of view and consider Barakat,
De Sole and Kac’s approach to Hamiltonian operators on a space of maps in
terms of Poisson Vertex Algebras [4].

2.3 Poisson Vertex Algebras

Let A be a differential algebra with d commuting derivations. Usually, we
consider the algebra of differential polynomials or an extension thereof.

Definition 3 (A-bracket). A A-bracket (of rank d) on A is a R-linear map

{'}\'}: AXA%R[Al,,Ad](@A
(f,9) = {fag}

which is sesquilinear, namely

{0afrg} = —Xa{frg} (2.26a)
{2009} = (9 + Aa) { fag} (2.26b)

and obeys, respectively, the right and left Leibniz rule

{fagh} = {fagth+ {fah}g (2.27a)
{forh} = {fxrah}g + {grrah}f (2.27D)

13



By definition, the A-bracket of two elements in Aisa polynomial in Ay, ..., Ag
(we will often refer to the collection of A as A) with coefficients in A. In general,
we can write { fag} = A(f,9)i,...., id)\zf e /\Zd which, using the usual multiindex
notation, is equivalent to writing A(f,g);Al. When, as in ([2.27H), we write
{frro9} it means that the A product is A(f,g); (A + 8)’, with the derivation
acting on the right (if nothing is written on the right, it is equivalent to the
derivatives acting on 1 and thus the only term not vanishing is A!).

Definition 4 (Multidimensional Poisson Vertex Algebra). A (d-dimensional)
Poisson Vertex Algebra is a differential algebra A endowed with a A-bracket of
rank d which is skewsymmetric

{oaft = —={f-x-ag} (2.28)
and satisfy the PVA-Jacobi identity
{Ix{guh}} = {gu{fan}} = {{fxgbasnh}- (2.29)

The notation used in ([2Z28) means that the differential operators (—X —
) must be regarded as acting on the coefficient of the bracket, too; namely

AS-r—a9} = (A= 0)A(f.9)1.

Theorem 1 (Master formula). Let A be the algebra of differential polynomials
(or an extension thereof) as defined in Section 2l Given two elements (f,g) €
A, their \-bracket can be expressed in terms of the A-bracket between the so-
called generators of A, {u'}iz1,.. n. We have

) . )

hot= Y o) ) (A9 2 (230
=1 OUN o
M,Nez%,

In particular, the skewsymmetry and the PVA-Jacobi property hold if and only
if the same properties for the generators hold.

We give here only a sketch of the proof of the theorem. The complete
— rather cumbersome — proof extends to the d-dimensional case the Theo-
rem 1.15 of [4] and follows the same ideas, without major technical issues.
Our aim is to prove that the master formula provides the unique bilinear
opeation satisfying the properties of a PVA for any two elements of A. From
sesquilinearity of the bracket between two generators we have that {uf, AUNT =
A+ )N (=X)M{uju?}. Moreover, from the right Leibniz property ([2.27a) fol-
lows that {fx-} is a derivation of /l, thus it acts on g only by its derivatives

99 We get
Quyy

iy 99
{frg} =D {huh}t—. (2.31)

ouly

Applying the sesquilinearity (2.261) we thus obtain

) _

{Iag} =D = A+ 9)" {1’} (2.32)

7
Ouy
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where the partial derivatives pf g have been put on the left to denote that the
total derivatives in the parenthesis act only on the A-bracket itself, according to
the right Leibniz rule (Z27al).

The way in which the derivatives of the first function f enter into the master
formula, conversely, is dictated by the left Leibniz rule and the sesquilinearity
for the first entry of the bracket. We have

of

—.
ou'y,

{Fag} =) {uhsog}(-A— )M (2.33)
Note that in ([233) the total derivatives act also on the partial derivatives of
f, as imposed by the left Leibniz rule (2.27h). One can then prove that the
skewsymmetry and the PVA-Jacobi identity for the brackets between the gen-
erators are the only conditions needed for the corresponding properties between
generic elements of A.

In Section we have noticed that there is a remarkable difference between
the bracket defined by the same Poisson bivector in the space of local densities
and the one among local functionals. In short, while the former is not a Lie
bracket but it is a derivation, the latter — despite being an actual Lie bracket
— fails at being the bracket of a Poisson algebra. The main discovery which
establishes a relation between the theory of Hamiltonian PDEs and Poisson
Vertex Algebras has originally been proved in [4] for a PVA of rank 1, namely
that the Poisson bracket (strictly speaking, the bracket defined by a Poisson
bivector) among local densities is related to a A-bracket by the relation

{f.9} ={frgtl,oy, [f9€A (2.34)

Its extension to the more general case we are dealing with is straightforward.
This fact is summarized by the following

Theorem 2. Let A be an algebra of differential polynomials with a A-bracket
and consider the bracket on A defined in [234)). Then

(a) The bracket Z34) induces a well-defined bracket on the quotient space F;
(b) If the A\-bracket satisfies the axioms of a PVA, then the induced bracket on

F is a Lie bracket.

Proof. Part (a). From the property of sesquilinearity we have that, for any
a=1,...,d,

{f + BE‘*h,g} = ({ng} - AEQ {hkg}) })‘:0 = {fvg} (235)
{f,9+0"h} = ({fag} + A+ )" {/rn}) |,_,
={f,g} +0"{f,h} ~ {f. g} (2.36)

Part (b). The Jacobi property for the bracket follows immediately by setting
A = p = 0 in PVA-Jacobi, while the skewsymmetry is a consequence of the

15



skewsymmetry for the A-bracket. First, we introduce a notation widely used in
[4], namely

(e"’%u) FO) = fF(A + 9. (2.37)

In words, we use the convention that the d in the exponent acts only on what is

inside the parentheses. This notation is justified by the Taylor expansion of the

exponential, which turns out to be equivalent to the RHS; the most important

part is to always keep track of the terms on which the derivations are acting on.
We have

{9, f} = {oxf} o
=—{frag}],_, (skewsymmetry)
S (68%{ f,Ag}) ., using [Z37) (2.38)
— (14 ogg+ ) Unaatay
~—{/f. g}

O

Conversely, given a Poisson bracket among local densities, the corresponding
A-bracket is its formal Fourier transform. The aim of this paragraph is to show
that the Fourier transform of the bracket of local densities is indeed a A-bracket,
which satisfies the PVA axioms if and only if the bracket is defined by a local
Poisson bivector. This result is very important because working with the A-
brackets we do not deal with differential operators on a quotient space, but
with simple differential polynomials.

Definition 5 (Formal Fourier transform). Given a A valued formal distribution
D(x,y) (with x,y € M, dim M = d), its formal Fourier transform is the linear
map

D(x,y) — /dxe>"("_y)D(x7 y) =:FD(y,A)
with values in A[/\l, ..., Ad]. Tt is equivalent to the one introduced, in a different

context, by Kac and De Sole in [6]. The symbol of the integral [ dx must be
regarded as the quotient operator with respect to ) Opo.

Lemma 2. Let us consider a differential operator acting on a Dirac’s delta

P(u(x), 8,)3(x —y) = Y _ P(u(x))s856(x — y).
S
Its formal Fourier transform is the symbol of the operator itself, namely

> Plu(x))sA®. (2.39)
S
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Proof. Expanding the multiindex notation and keeping the sum implicit we have
PPy D) = [P L (uly)0) . 0510(x - y)dx

= [ AP w)(03) . (0530 - v
integrating by parts

_ / O N VE, L (u(y))6(x — y)dx
= )‘il te ')‘fldpslmsd (u(y))

which, using the usual multiindex notation, is

— Py(u(y))A”.
O

In order to prove our claim that the Fourier transform of a Poisson bracket
of densities is a A-bracket, we proceed as follows: first, we will prove that the
skewsymmetry and the Jacobi property of the bracket among the generators, i.e.
the coordinate functions, imply the skewsymmetyry (Z28) and the PVA-Jacobi
identity (2:29) for A-bracket. Then we will compute the Fourier transform of
the Poisson bracket between two generic densities and we will prove that it
is expressed in terms of the Fourier transform of the bracket of generators by
the master formula. Hence, the Fourier transform of the Poisson bracket is a
A-bracket.

The Poisson bracket of two coordinate functions u’(x) and u(y) is given by

{u'(x), v/ (y)} = PP (u(y))s0; 6(x — y)

where Pgias are the components of the Poisson bivector defining the bracket.
From the lemma [2 its Fourier transform is

{udw’}(y) = P7(u(y))sA®. (2.40)
Lemma 3. The Lie bracket (Z40Q) is skewsymmetric in the sense of (2.23).

Proof. From the form of the Poisson brackets of generators we have that

{u'(x), v/ (y)} = P& (u(y))0; 6(x — y)
{u!(y),u'(x)} = P (u(x))05 5(y — x).

We recall the skewsymmetry relation of the Poisson bivector (2.I8]), which gives

PEy) = = S0 (g oo ri 2.1)

T
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and apply it within the Fourier transform. We get
(') = [ AP ()05 5x - y)ax
(x— T _S8 ¢ pij

= [ X)) 0TS (- 0)3(x - )

= [0 ()oz [Aevarspue] st - yiax

_ |T|( )(i ALGS~LHT=S Pl (4(x))5(x — y)dx

= ( A—0) TP” (u(y))

=—{ul ,_pu'}.

O

Lemma 4. The Lie bracket (240) satisfies the PVA-Jacobi identity, namely

{ui{ufu™}} = {ug, {uyu®}}y = {{uju’}ueau®}.

The proof of the lemma is a lenghty computation of the double formal Fourier
transform with respect to e® *=¥)ek (Y=2) for the three terms of the Jacobi iden-
tity, where the dependency of the coordinate functions u?(x), u’(y) and u*(z)
on different independent variables plays a crucial role. The detailed account of
the computations is left to Appendix [Al

To conclude this discussion, we want to show that taking the Fourier trans-
form of the Poisson bracket between two densities gives a formula which co-
incides with the master formula for a A-bracket. The computation is rather
lengthy but in a sense straightforward. We want to compute

/ &) (f(x)., gly)}dx.

For convenience, we drop the boldface typesetting to denote that the variables
x,y, z are coordinates in R. We expand the Poisson bracket and get

/e z— u)af( x) 9g(y )8M8N (PJZ( )355(3:—y))d3:.

6UM 6u

The derivatives respect to x do not act on the coefficients Pg;i because they
depend on functions of y by definition. Inside the bracket, moreover, we can
trade the derivatives respect to y with the ones respect to x exploiting the
properties of Dirac’s delta, thus obtaining

(_1)|M\/ A(z— y)af( ) ( )8N (sz( )(_8I)M+S5(x_y)) dz.

8U'M 8u
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Then we perform the derivatives Bév and use the same trick

(1) [ e D o1 ) (-0, VTS

6”1\/[ 8UN

We integrate by parts and let the 8, act properly. Then, we can finally integrate
the Dirac’s delta and get

(—1)!M] dg (N) (N -T+M+ S) )‘N7T+M+57R8T(P§i)aR of

augv T R oul,
By applying the Newton’s binomial,
dg (N _ i of
_1\IM| N-T gT( pji M+S
(8 O
99 i of
= (=M =22\ N(plic) M+s_Y)
(=1) augv( +8)" (Ps'(A+9) ZMM)
9g N ( pji S m Of
=—(A PI'(A —A - —).
S A O (PR AT 0 (X -0 )

Recalling the form of the A-bracket between the generators, the last expression

1S
(At 0) (uh g} (A - 0)" 2L
Ups

Jg
duy

namely the master formula.
We have thus proved the following theorem

~

Theorem 3. Given a local Poisson bivector P on the space of maps Map(3, M) =
A, the Fourier transform of the bracket induced by the bivector is the A-bracket
of a Poisson Vertexr Algebra on A.

(ra}(y) == / &) (£ (x), gly)}dx. (2.42)

2.4 Cohomology of Poisson Vertex Algebras

In Section 2.3] we have proved the correspondence between local Poisson bivec-
tors and PVAs. It is well known [2I] that from the Schouten relation [P, P] = 0 it
follows that one can define a linear differential dp = [P, -] which is a coboundary
operator, d% = 0.

From the properties of the Schouten bracket it follows that dp: A¥(M) —
AF+L(M), both for the finite and the infinite dimensional setting (for the latter,
see for instance [14]). One can define the cochain complex

0— A°(M) 25 AY(M) 225 AZ(M) 225

and its cohomology, which is called the Poisson-Lichnerowicz cohomology of M.
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It is quite natural to repeat the construction in the context of Poisson Vertex
Algebras. All the details are exposed by De Sole and Kac for one-dimensional
PVAs [8], but the definitions we are interested in are basically the same.

Definition 6 (Variational complex of a PVA). Given an algebra of differential
polynomials A, let us consider the free commutative superalgebra Q° (A) over
A with odd generators du’,, i = 1,...,n, M € Z%o- We define a grading
on Q°(A), imposing deg f = 0 for f € A and deg Sut; = 1, so that we can
decompose Q° = @keZ>o QF. An odd derivation §: QF — QFF1 is defined by

of ., .
5f ::Z%(SUJW fEA
i, M
§(6uly) =0
Since 62 = 0, we get a complex (?2,5) which is called the basic variational
complex. The total derivatives 9, defined in ([Z3]) can be extended to 2 by
daluly; = dulyy, p . One can easily prove that [0y,6] = 0 for any a = 1,...,d.

In such a way, we can define the reduced complex (£2,4), that is called the
variational complez.

Q=@r=00f, Q" =0%/) 0,0 (2.43)

and ¢ is the induced differential between the quotient spaces.

The space QO(A) is immediately identified with F the space of local func-
tionals. The derivative § is the operator of the variational derivative, since we
can use dul, = @Msu’ and the quotient map to get exactly (ZJ). QL (A) is
the space of evolutionary vector fields and the space Q2(A) is isomorphic to the
space of local bivectors (see the proof in [4], which holds for all Q* and local
k-vectors).

Let us consider an element X € Qk_l(/l). According to the aforementioned
result, we regard Q¥ as the space of local k-vector fields. Given a local bivector
whose symbol is > PsA®, we extend to the multidimensional PVA the definition
of [8] for the PVA differential and we get

k

kY _ ki i s 0 Eok
(dPX)(FO,..-,F ) - ;:0(_1) + /F . Psd EX(FO,,,.,F )+
o ) ) . i g
_1)\k+i+ i S 0o -« < k
+ > (-1) JX(—(SU/(F Ps@F7), FO 7.7 F)
0<i<j<k

The differential dp: ¥~ — QF is in one-to-one correspondence with [P, -] the
ordinary coboundary operator of the Poisson—Lichnerowicz cohomology, and it
squares to 0 thanks to the PVA-Jacobi identity.
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Exactly as in the classical case, one can then define the cohomology of the
complex: the first cohomology group H 1(A, dp) is identified with the sym-
metries of the Poisson bivector and the second cohomology group H? (A, dp)
is identified with the Poisson structures compatible with the structure P. In
the language of the A-brackets, we say that H2(A, dy.,.3,) is the space of the
A-brackets which are compatibles with {-x-}o.

We introduce a grading on A. We simply define

degul = |I| := ZIO‘ deg f(u;) = 0.

This means that deg 9, f (u’;ut) = deg f(u';u%) 4+ 1. Moreover, we assign to Al
the degree |I|. Any A-bracket can be decomposed, according to this grading,
into homogenous parts. A rigorous way to obtain such a decomposition is to
introduce a formal indeterminate € of degree —1 and rescale the bracket in such
a way that > 0o | et {uiu/}* is of degree 0; the reason why {uju’}* is in
fact of degree k + 1 is that we want to keep consistency with the notation used
in [14].
We can use this grading to decompose each cohomology group

HY (A, dgy,) = €D Hipy (A dpy,)-

We will call each H [’jl ] the k-th cohomology group of n-th order.

3 Multidimensional Poisson brackets of hydro-
dynamic type

In this section we apply the formalism we have discussed in the previous one
to the so-called multidimensional Poisson brackets of hydrodynamic type intro-
duced by Dubrovin and Novikov in [I3]. They are brackets on a space of maps
>, — M defined by a bivector whose components are differential operators of
the first order linear with respect to the first derivatives of the maps; in terms
of A\-bracket among the generators of /l, they have the form

d
{u?} =D g7 (WAa + Y b (u)daut. (3.1)
a=1 a=1...d
k=1...n

Since the order of derivatives we will deal with is not very high, it is easier to
switch back to a single-index notation, namely A¥e = ), and (for instance)
Ug,+E; = Oapu. Dubrovin and Novikov in [I3] have found, generalizing the
result for the one-dimensional case they discovered in [12], a set of necessary
conditions for a differential operator of type [B.I) to define a Poisson bracket
in the space of local functionals, provided g¢ were nondegenerate. Some years
later Mokhov [23] proved the complete set of axioms the collection of functions
(g%, b") must fulfil. They are summarized in the following theorem
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Theorem 4 ([23]). Let P be a differential operator whose symbol is B.I)). The
bracket among local functionals of density f,g defined by

s )=

is a Poisson bracket — equivalently, 1)) is the A-bracket of a Poisson Vertex
Algebra — if and only if

giie = giia (3.2a)
agija iio .
Z (g7 bIRe — goaBpika) = 0 (3.2¢)
(e,8)
Z (g*bIF® — geiBpike) = 0 (3.2d)
(4,3,k)
o ((ObIEE ObIkB ” ko aj
(e,8)
Qbika _ o ObIRB T
g“”aé% = b bR — b b = g‘”“aa; — bJrbke — ikene? (3.26)
0 u®
ik ik
0] wio [ OV p _ ob?. A + bf‘ljabgk,@ _ bf’lkabgjﬂ
ou® ou” ous
+ 8‘9 [ aif (i}a _ 885 ) + biPpake b;’“ﬁb?a] (3.2g)
u” u? u®
[ opika ppika [ ObIEB pikBs
bazﬁ s _ a paia T _ a =0
+(§Jr < Qut ow ﬂ +(§Js < 0w ﬂ

The notation ) ,, ., . used for instance in B.2d) means the cyclic summation
over the indices. Conditions [B3.2a) — (3.2D) are equivalent to the skewsymmetry
of the bracket, while the other ones are equivalent to the validity of the Jacobi
identity.

Proof. We explicitly impose the skewsymmetry condition ([2:28) and the PVA-
Jacobi identity ([Z29) for the bracket (3I) among three generators of A. The
vanishing of the first degree terms in A, for (Z28)) are the conditions ([B:2al),
while the vanishing of the coefficients of u¥ are ([3.2h). We then use the master
formula to compute (2.29). It gives a degree 2 differential polynomial in the A’s
and the p’s. The remaining conditions are the vanishing of the coefficients for,
respectively, Ao Ag, Aapig (the coefficients for p <> A are equivalent, provided
the skewsymmetry), Ugg, UgAg, and ugug. (]
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3.1 Symmetries of the Poisson brackets of hydrodynamic
type
Definition 7. A n-th order symmetry of a PVA (A, {-x-}) is an evolutionary

vector field £ € Der(A), [£, 0] = 0 Vo, with the following properties:

1. The components X of the vector field (see (2.6])) are homogeneous differ-
ential polynomials of order n;

2. §({fxg}) = {8(f)ag} +{fxE(9)}

Definition 8. A Hamiltonian vector field in the context of PVA [4] is an evo-
lutionary vector field £ whose components X* are

X'(ug) = €n(u') = {Hxu'}x=o (3.3)
for H € A.

In terms of PVA cohomology, a symmetry is a cocycle in Q' (A, {-x-}) and a
Hamiltonian vector field is a coboundary in the same space.

The fact that a Hamiltonian vector field, in the terms we defined it, is
a symmetry of the A-bracket is easily obtained from the PVA-Jacobi ([2:29)
identity after setting A =0

{Hx{fug}}x=0 = {ful{Hrg}} + {{Hxf}r+n9}) [x=0
fH({fug}) = {fufH(Q)} + {fH(f)ug}

On the other hand, the classification of the symmetries of the A-bracket allows
us to characterize the first PVA-cohomology group and, in the terms of section
2.4, the Poisson-Lichnerowicz cohomology of the associated Poisson bracket.

In the rest of this section, we investigate the first order symmetries of the
Poisson brackets of hydrodynamic type for d = n = 2. We will denote the
generators of the algebra of differential polynomials A as (p1 = p,p2 = q).
Ferapontov and collaborators provide in [I7] a classification, based on Mokhov’s
results [24], of all the undeformed Poisson structures on such a space up to Miura
transformations and linear change of the independent variables. They are, in
terms of A-brackets,

(3.4)

{piapit1 = 0y (3.5)
{Piapite = divjad + dijdja)e
{Pixpitp = — iXj +pjNi + 0ipj) - (3.7)

The essential difference, under the point of view of the classification, is that the
two strucures {-x-}1 and {-x-}2 are constant, while {-x-}1p is not. Mokhov ob-
served that the brackets that are essentially nonconstant can always be written
in a coordinate system for which they are of form {-x-}.p,a structure that has
been introduced by Novikov in [25] as a Lie-Poisson bracket of hydrodynamic

type.
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Lie—Poisson brackets of hydrodynamic type We consider the Lie algebra
g = X(X) of the vector fields on a manifold, let us say a d-dimensional torus.
It has been known for long time that this algebra is tightly related to the
Euler’s equation for ideal fluids ([2]). In some coordinates such vector fields
can be written as X (x) = >, X%(x)d;, i = 1...d; the components of their
commutator are [X, Y] (x) = Y X7(x)9;Y¥(x) — Y7(x)9; X*(x). This implies
that the structure functions of g must have the form C;k (x,y,z) = 6}6(z —
x)0kd(y —z) — 6.0(y —x)9;6(z —y). It is well known that, given a Lie algebra
g, it is always possible to endow its dual space g* with a Poisson bracket called
the Lie—Poisson bracket. In this setting, the coordinates on g* are a set of
functions p;(x) such that

[ pitooax

behaves as a scalar under change of variables. Here, v*(x) are the components of
a vector field. This means that p;(x) are densities of 1-forms. The Lie-Poisson
bracket is linear in the coordinates and defined by the structure functions as

(). pr(2)} = / Ci (%, y, 2)pi (x)dx. (3.8)

In the same fashion as the general case we dealt with in the previous section,
we define the A-bracket for the generators of the differential polynomial algebra
C*>(p;)[pir]. Regarding the p’s and their derivatives in (B8] as independent
variables, in the spirit of jet bundles and as we defined in Section 2.1l we drop
their dependence on the points of 3. For d = 2, we get (B7) as the result.
Notice that the form of the Lie-Poisson A-bracket would be the same for any
d=n.

Let us consider each of the normal forms for the A-bracket of hydrodynamic
type. We will compute the action of an evolutionary vector field on the brackets
between two generators in order to characterize the conditions it must satisfy
in order to be a symmetry of the brackets themselves. We restrict ourselves to
consider only first order vector fields, whose components can be written as

Epi) = Xi(p.p1) = A®(p)apy (3.9)

where each index runs from 1 to d = n = 2 and we follow the Einstein convention
for the sum over repeated indices.

The conditions for £ to be a symmetry can be directly computed and are
summarized in the following lemmas.

Lemma 5. An evolutionary vector field of form B9) is a first order symmetry
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of the bracket [B.H) if and only if the following conditions hold:

ab b ba sa ab b ba sa
A%SY 4 Abage — ASvsh — Abege = (3.10a)
DAY AV . 0AY 0AY
i go _ 92 b 9N sa 1 5% =0 3.10b
op; 7 op 7 op " p 100)

A RAM o 2AY L 92AY

; ;= . — 64 =0 3.10c

OpjOpm 7 OpjOpr 7 OpiOpm 7 OpiOpm ( )
9AF ,  QAY . 9AY ,  9AY

Lgb iga_ Zoiogb Tl g 10d

T T R (3.10d)

In particular, for the case d = n = 2, the solutions of [B10) for A% (p,q) are

o PK

11 _
1 — apg AQ =0
0’K
12 A12 —
! dpdq 2 “ 1
21 21 62K (3 )
A2 = A==
1 2 2 apaq
0’K
22 _ 22 __
A2 = A=

where ¢1 and co are constants and K = K(p,q) is a generic function of the
coordinates.

Proof. Recalling that &(p;) = A?0.py and &(f) = 87 (A%0.py) Of /Opir we
compute £({pinp;} — {A0appap;} — {pin A Oapy} and set to 0 the coefficients
of the four terms Ay Ap, AoOppi, OaPiOpPm, and Ogpp;. This procedure gives the
set of equations ([BI0); for the case d = n = 2 we explicitly write down the
algebraic equations (3.10a) that imply A3' =0, A%? =0, and A}? = A3'. The
complete solution is then easily found using (3.10D). Indeed, equations (3.10d)
turn out to be equivalent to (3.10D) and (3.10d) are differential consequences of
that. (]

Lemma 6. An evolutionary vector field of form [BA) is a first order symmetry
of the bracket (B8) if and only if the following conditions hold:

AR = Al AP =
AP + AT = AP
AR Al = ¢ A2 A2 = ¢ (3.12)
043 043" 043" 04 |
dq dp dq dp

Proof. The particular form of the bracket ([3.0) makes explicitly computing the
symmetry condition in the case d = n = 2 the most effective approach to
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the problem. As in Lemma B the coefficients of the terms A, A, are algebraic
equations, while the coefficients of the other terms are linear PDEs. Hence
we can first reduce the number of unknowns for the differential equations. In
order to simplify the set of the remaining equations, we relied to a powerful
computational tool which is called a Janet basis for the linear system of PDEs
[26]. Tt provides the normal form for the system, which is unique up to the
ordering of variables, and can be computed using the Maple package Janet
[5]. O

In this particular case, the original system is not very complicated and could
be simplified also by hand. Nevertheless, the search for a Janet basis of a linear
system of PDEs will be necessary for the more involved systems we will consider
next.

With the same technique used to prove Lemma [l and then computing the
Janet basis for the explicit formula of the symmetry conditions as we did in
Lemmal[6] we can characterize the symmetries of [B.7). The results are summa-
rized in the following lemma.

Lemma 7. An evolutionary vector field of form [B9) is a first order symmetry
of the bracket B1) if and only if the following conditions hold:

0 0 0 0
A — (pip) — A% — (p; A (pip1) — AV ) = 1
7 o (pip1) — Aj o (pjp1) + Aj o (pip1) — Aj oo (pjp) =0 (3.13a)
ba gl al ¢b bl ca ab gl 6A$l
Aj 61 +Aj 51 _Ai 5j _Ai 6j + 3pm a—pa (pmpj)-i-
DAY dA™ 9 AYM 9
T T ppi) — T (i) — —2 =~ (pip) =0 (3.13b
apl 8pb (p p]) apl 8pa (p p]) apm 8pa (p p ) ( )
o2 A O2 Aas > o2 Abm 92 Abs
U d $00 + ( U i ) 0%+ 3.13¢
<5p55pm OpiOpm ) =% OpsOpi Opiopm ) % ( )

52 Abm o2 Aab o2 A4l 52 Aba
L : i t — : i 3.13d
(3pa3pz OpiOpm ) Pit (3pb3pm 3pz<9pm> pit (3.13d)

al ab bm ba
+<8Ai oA >5;_n+ <8Ai DA! )% Y

py Iy e Opm
<8A‘;l_8A‘;S>i( _)+<8A§?l_8A§’S>i( N
s opr ) opy P s op1 ) Opa TP T

For the case d = n = 2, the algebraic equations allow us to express A3, Al2,
and A3' in terms of the remaining five functions; we then compute the Janet
basis of the remaining set of linear PDEs. After this procedure, (313) in the
two-dimensional case is reduced to the system

A%l _ A§2 _ %,A%Q A%Q _ Ail _ 2—pA%1
p q

PPAS +pg? AP — P AP
p*q

21 _
A5 =
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AP DA 0AP

2 A2 = 14
34 P 34 p+3 4 q+ 5A7 0 (3.14a)
DA DA DA
2 2422 - 22 p = .14b
op p+ 94 q+ 2A7 9 " 0 (3.14b)
oA oAl pAl
-2 - — 24 = 14
o ¢ o P g ¢ 2 =0 (3.14c)
aA%l 2 2 6A%1 3 (9A%2 4 aA%2 3
-2 2 — 3.14d
a9 74 8qpq+ g ¢ 8qpq+ ( )

243 + 4AP2¢® — APpg®> =0

0A%2 0AL! 0A%2 0A%?
LI e B P B B ek’

dq dq Op dq

A'p° — APpg® + AP =0

8A12 aAll 8A22 8A22
L2q? — 2882 3, 4 o000 0 070
op dq dq dq

243'p% — Apg® + 4AT¢° = 0

4 pq3—|— (3.14e)

pg°+ (3.14f)

We shift now into considering the form of the Hamiltonian vector fields for
each normal form of the A-bracket. From Definition [§] we can explicitly compute
the coefficients A% of a first order Hamiltonian vector field, provided that the
Hamiltonian h is a function of (p,¢) only. Hamiltonian functions homogeneous
of differential degree p produce, for brackets of hydrodynamic type, vector fields
of order p + 1.

The Hamiltonian vector fields of the bracket (B3] can be immediately com-
pared with (3.I1), since for this easy case we have explicitly solved the symmetry
conditions. For a Hamiltonian h(p, q), the associated Hamiltonian vector field
has form

En(pi) = A%, py = ﬂaqa (3.15)
n\Di) = A; OaPb = 8pi8pb i OaPb- .
In particular, this means that the first cohomology group for {-x-}1 is not trivial,
as opposite as what is known for 1-dimensional Poisson brackets of hydrody-
namic type [19]. Indeed, there exists a family of non Hamiltonian symmetry
depending on two arbitrary constants c¢; and cs.

The Hamiltonian vector fields of the bracket (3.6) can be easily computed,
too. Their components are given in terms of the coefficients A%, which for an
Hamiltonian h(p, q) are

0%h
All _ A12 _ A21 —
1 2 2 8paq
AP =AP =0
L Ph (3.16)
s
0%h
12 22

e
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There exist solutions of BI2) with ¢i1,¢2 # 0, but such solutions are not
Hamiltonian vector fields. For example, the vector field whose components
are AN = AL = A2 = A2 — A2 =0, A2 = ¢, and A2 = — A2\ = ¢y s a
symmetry but cannot be a Hamiltonian vector field. Thus, the first cohomology
group of {-x-}2 is not trivial.

In order to characterize the first cohomology group for {-x-}.p we choose
to proceed in a different way. The algebraic equations in the set of conditions
BI3) allowed us to express the linear PDEs (8I4a) in terms of 5 out of the 8
coefficients A?°. We compute these 5 coefficients for a Hamiltonian vector field.
They are

Al = (g_]; + 2]9% + q%) (3.17a)
Al = _q‘;%’; (3.17b)
A7 — _pgiq}; (3.17d)
AZ (g_;l n quiqi‘ n %) (3.17¢)

We can regard the five equations [B.I7) as an overdetermined system of inhomo-
geneous linear PDEs for the unknown function h. The compatibility conditions
for the functions A¢® are the conditions that a symmetry of the A-bracket must
satisfy in order to be Hamiltonian. Indeed, they guarantee that a solution (i.e.,
a Hamiltonian) exists for a generic vector field expressed in terms of the same
coefficients. The compatibility conditions may or may not have the same solu-
tion as the conditions for a vector field to be a symmetry. Of course, all the
solutions of the compatibility conditions are symmetries: they are components
of a Hamiltonian vector field. The converse is in general not true, namely the
solutions of the symmetry conditions may not be solutions of the compatibility
ones. That would mean that there exist non Hamiltonian symmetries.

The compatibility conditions among the parameters in the LHS of the system
BI10) can be found using the tools of Janet package. We compute the Janet
basis for them, getting exactly the set of equations ([BI4al). That means that
all the first order symmetries are Hamiltonian vector fields.

We have proved the following theorem:

Theorem 5. The first cohomology groups of {-x-}1 and {-x-}2 are not triv-
ial. In particular, their first order components are isomorphic to R?. The first
order component of the first cohomology group for the Poisson Vertex Algebra
(A, {-x-}rp) is trivial.
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3.2 Deformations of Poisson brackets of hydrodynamic
type

Definition 9. A n-th order deformation of a PVA (A, {--}o) is a PVA defined
by a deformed A-bracket

{at= {'A'}o-i-zek{'x}[k] (3.18)
k=1

such that {-x-} is PVA-skewsymmetric and the PVA-Jacobi identity holds up
to order n, namely

{alguh}} = {gulfah}} — {{fagharuh} = O(*).

A general Miura type transformation is a change of coordinates in the space
of generators of the PVA. Using the grading introduced in 2.4l we can define the
Miura group as the group of transformations of form

ui'—>ai=ZEkFﬁ'k](u;u1) Il <k
k=0

o %
det < lglij(p)> #0

Definition 10. A deformation is said to be trivial if there exists an element ¢,
of the group (BI9) which pulls back {-»-} to {-a-}o,

{de(@)rde(D)}o = ¢ ({axd}),  Va,be A
In terms of PVA cohomology, a deformed bracket is trivial if it is a coboundary
in Q2(A, {*x-}o).

A first order deformation of [B3]), (B8) or (371 is a second degree homoge-
neous bracket. In general, such a bracket is of the form

{pixpsty) = ALY (D) Aas + ij’bl (P)Oopira+
+ Cijl)bm (p)aaplabpm + Dab)l(p)aabpl (320)

in which each index can take values between 1 and d and we adopt the Einstein
convention for the sum over repeated indices; moreover, the commas in the
upper indices are inserted just for the convenience of the reader, namely to
distinguish the different symmetry properties of the indices. Here, A, B, C
and D are arbitrary functions of the p’s only. It should be apparent from the
definition that A‘;}’ and D?f”l are symmetric in the exchange of @ and b while

ijl’bm must be symmetric in the simultaneous exchange of (a,l) with (b, m).
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The deformation depends on 108 parameters for d = n = 2. The formalism of
the Poisson Vertex Algebras makes finding the conditions on A, B, C' and D
for the bracket {-x-}[1) to the first order deformation of (3.5), (.6), and (B.7))
relatively simple, and anyhow straightforward. We will prove the following

Theorem 6. The first order second cohomology group for the Poisson Vertex
Algebra associated to a multidimensional Poisson bracket of hydrodynamic type

of form BA), B.6), or B1) for d =n =2 is trivial.

3.3 Proof of the Theorem

In order to prove the theorem, we will proceed along two paths that are ulti-
mately going to meet. First, we impose to the deformation (320)) the constraints
needed to get a first order deformed bracket, namely the skewsymmetry and the
fulfillment of the PVA—Jacobi identity up to order €. Then, we shift to consider
the trivial deformations of ([B.A]), (B.6) and ([B.1), namely the ones which are
obtained by a Miura transformation of the bracket itself. We will show that the
compatibility conditions of the latter ones and the reduced system of the former
coincide. That means that all the compatible deformations of order 1 are trivial.
While the condition of skewsymmetry is independent from the particular form
of the undeformed bracket, both the trivial deformations and the PVA-Jacobi
identities must be computed for each undeformed bracket. Hence, the full proof
of the theorem is split in several lemmas.

Lemma 8. A first order deformation of the A-bracket of a PVA for d = n is
skewsymmetric if and only if the following conditions hold:

ab __ ab

A = A% (3.21a)

DAY 1 1

] a,bl a,bl b,al b,al
o =3 (B = B3") = 5 (B - B3 (3.21b)
BHY + B = BY 4+ BGY = 2D + 208 (3.21c)
9BX™  pphel  gphel g™

J 24 Il — o0t 420 3.21d
o opm I T Om W T ( )

Proof. We compute {p;xp; 1) + =1{Pj_g_Pi}1) and set equal to zero respec-
tively the coefficients of Ay Ay, AaOppr, OaDiOpDm and Ogpp;- O

In particular, for the case d = n = 2, the condition of skewsymmetry is

30



equivalent to impose the following form for the parameters of ([B.20):

Aijis) = % (A2 1 Aoty B
Afya) = % (A5 — Ag}) = AP
BZ(bé) = % (ij’bl + BJ‘.‘f»l) - ngbl
Bt = 5 (i — ) IR O
cattm = L (catim s et
ez 1 (9 (B + Bt R (Bl — Bt
4 Ipi Opm
at.om _ 1 al,bm al,bm Sal,bm
12(A) = 3 (012’ - Cyy ) = O
Dijig) = % (fo’l + Djf’l)
I (e mty + B - Bl
Dty = 5 (D' = Dgpt) = e,

(3.22a)
(3.22D)

(3.22¢)
(3.22d)

(3.22¢)

(3.22f)

(3.22g)

(3.22h)

Imposing the skewsymmetry condition reduces the number of free parameters

(now they are the functions denoted with the tilde) to 43.

Lemma 9. A homogeneous A\-bracket of degree 2 of form B20) is a first order
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deformation of the bracket [BA) if and only if the following conditions hold:

ab,i ¢c a c 1 a a c
> [Djlg 67 — Do + 3 (Bijbk + Bjibk) 5k] =0 (3.23a)
o(a,b,c)

BSYsE + BGYS! — (Bf,fj — BYY ) 55 + (B;.’f’c — 2fo’k) s+

+ (Bl* —2D(e%) o + 205 op = 0 (3.23b)
oD
> <2c;;’““ - a—;; - aaDg;*’“apl> 5 =0 (3.23¢)
o(a,b,c)
a,ck a,cl ac,k
) , 0B D
2qu,cl6l_y 2CI_77‘!Cl5(_1 ij . ij 2 ij 2Cq_k,cl 51)
R Opi Op, Ot Gy Kt
OB aBbe gpiek ab k
+ ( 8; — a;i ~2 8; +2070 ) o + 2 8;11 5 =0 (3.23d)

aBYt  pp Dbk oD
Ege — ik gb o opbet - U g — o o8 - L) §h+
Ip; 9p; ! Ipi ! I

0 ab,k ab,k c __
oo (Bi* — 2D ) 67 = 0 (3.23¢)

oD’ aBL"  aBLY oDy
p L 5g+( o oot o) get

p; opr Opk o

OB~k gBae dDw
4| =L - = o0kt o) bt
< om Opk " o k

Op, opy
92CHkIm  groakbm o g3 pabk
2 ij . ij . ij 5 =0
Opi1Opn, OprOpn  Op1OpmOpn

oDl Dok
i (cffmc;“l——” N

(3.23g)

>

o(al,bm,cn)
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i iy v
22U o
i

acy ™ 2305}0’“ aCgk 2321)?;7’“ 230?’?76’” 5o
Op oom | Op Opidpm - Opn Kt

+ - +2—2— -2
(3pz<9pm OprOpm Opm Op1Opm

2By o2BRM  aciM 92Dk
S5+

+ ¢ByT OB +280ij 282%% 5 =0 (3.23h)
OpOpm  OpkOpm Opm opdpm | F '
ak,bl 2 ab,l bk,al 2 ab,k
ocit™ @Dt ocipt DRt L
Opm  OpmOpx  Opm  OpmOp ) "
ck,al ak,cm al,cm 2 nac,k
N 6Cij N 8Cij B 6Cij B 0 Dij 62—1—
Opm Opy Opk OpmOp1
+ oc,” + 00, 00, 0Dy s=0 (3.23i)
- - = 231
Opm opy Opr Opmdpr | F

Repeated indices are summated according to Finstein’s rule; Za(a be) Teans the
complete symmetrization with respect to the listed indices (or couples of indices).

Proof. When computing the PVA-Jacobi identity for {-x-}, we end up with a
degree 0 term in € which is the PVA-Jacobi identity for the undeformed bracket
{*x-}1, plus a degree 1 term which reads

6( {piA {pjupk}l}[l] " {pi)‘ {pj“pk}[l]}l i

- {pj,L {piApkh}[l] - {pju {pixpr}y }1 +

_ {{pi)\pj}[l])\+“pk}1 - {{pi)\pj}lA+Mpk}[1]) (3.24)

and terms of higher order that are discharged. The sets of equations ([B:23) are
then obtained collecting the homogeneous terms in A, p and derivatives of p, up
to the third degree. O

We apply to [B23)) the skewsymmetry conditions (B.22)); all the algebraic
relations, that can be found by direct inspection, among the 43 parameters are
given in Appendix[B.l There are still 9 functions (according to our choice, A'!,
Atz 22 gl gL pail p22l i padi g plony oo satisfy the
following set of linear PDEs in order to be the components of the first order
deformed bracket.

oBy"" 0By | 02A%

0~ o +2 5 (3.25a)
51,22 52,11 2 111

0By _ 0By _,04° (3.25b)
dp 9q dq*
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The same procedure can be repeated for the deformations of (B.0). In this case
we do not start looking for the general set of conditions for any d, but compute
explictly the PVA-Jacobi identity at the first order (3.24]) for {-x-}2 and {-x-}p,
having imposed the form [B22]) to the parameters of the deformation. All the
43 parameters can be expressed as linear combinations and derivatives of just
9 of them, namely A, A2, A22, f?%’lll, B%im, 321’212, f?géll, 33’212, and 33’221.
The formulas for the remaining can be found solving linear algebraic equations
and are explicitly given in Appendix The nine parameters we are left with
must satisfy the following pair of linear PDEs:

51,12 2,11 52,12
0B,) +8322 _ 0B3)

3.26
dq dq dp (8.262)
H1,11 2 311 2 722 72,12 72,21 51,21 2 712
OB | 047 O0A7 _ ,0Bn" OBy | OBy | 047 (3.26h)
dq ol op? Jq Jq dp Opdq

Finally, we perform the same computation of Lemma [Q for the third class of
A-brackets.

Lemma 10. A homogeneous A\-bracket of degree 2 of form B20) is a first order
deformation of the bracket B) if and only if the following conditions hold:

DY p+ D5y ps + (D505 + D3as ) it © (a,b,0) = 0 (3.27a)
2 (AXSS + Afob) + 2 (A%085 — ARSS + Af2o7) +
- (BZ{-bC - szébc) P — (B}:}fb - Bj}f“) pit
— (B = By") 05 + Byi'sr + Brc's | pit (3.27h)
= (20"~ By) o+ (2050 - By ok + 20505 it

— (2050 — B+ 2050 — By 4 2D50 ) =0

K2

oDt oDy - .
Z ap + o 20577 | pmdy + (3.27¢)
o(a,b,c) m
oDyt aDie
ij 17 _ 2qu,bl =0
* ( apc N apl *

a,C ao,Cc a,C ao,c 6 ao,c C,a ca
(Cj’ e l) Pk — (ka Loy l) P 5 (Djf’ + DY 4 Dji’b) prt

— (Dipe + Dyt ot = Dol — (Dltog + Dital + Dietog) +
+ {(sz-m <o+ Cﬁm’%’i) - (Cf;Z” “loe + Oj,?*°l5$) + (3.27d)
0

3 (D;f’ma;; + DR + D;;.Wag)] Pm =0
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BZ.)’Cl(Sq _ pasclgh b,cl sa a,c
beoe — Bt + BUelog — BEoh + BUMge+
+Ba,cb

(3.27¢)
l b,ca ab.c a,cl b,cl
ik 53' - Bjk 55 + (ZDin’ — B;lj"bc) 4 _|_8Bik D — aBjk .+
oD b o T op "
ab,cl a@.c o ca,
+ 2Cjz — QCZ ,el 49 1] . 28D]1 + i (2Dab,c Ba’bc
Ot Ipy py i Dij ) P+
BB‘.Z’CZ b b,cl cb.m
+ ik_5b ik_sa ij
i +2 J _ bmyel a
8pm J 8pm 31)1 Cij 5k+
) <8Djf*m l 9
- — C(_l;n,c 5b - ( ab,m a,bm
Opi J k+3pz 2D — By )512 =0
ac,bl ab.c 8D(<lb’c 8D‘?f2’b be,a be
<CJ1 + Cjib7 l _ 8]1 _ Jt 8D1.7 + 8Dij1l Cba,cl ca.bl
DI opy o Opa R Cij ) prt
be,l
_8D]]€ pi — DZ?C,aél_ _ Dab,l(sc DacJ b be.l
3bpal gk i ik 05 — D67 + Dy o+ (3.27f)
oD% oDbe! be,m
+ gk 5;" —+ v aDU _ Cbﬂ’L,Cl cm,bl a
Pm O o i — Cij ot
oDee™
am,bl i ac,m
+ (sz‘ e oy + oemiel _ ODj; s
ap[ Ju apl k| Pm = 0
0 8Cbl,cm
27 (cl?l)cm ) 9y bcm
ap, \Cix Pi) T2 =i+ 20005
o be,a ab.c
. (20;@“ — 205" + N oD
m apl 6]?1 Pr+
+ 0 ab.cm b aDl??va aDac,b
3_]91 2Cji T — QOi]fl’Cm 429 9 ji n
_obhamge _ gcemal gb ca
k05 = 2057700 — 20;7,2’ o — 2C;£T’b“(5§+
+2 [ Ot — oD} o2 | copem oD5"
o 50{1_1,1777% ac,bm ab.c
> o ( o P 22, @ Diy
o(al,bm,cn) Dn Pc dpy OpmOp; Dk (3.27h)

n

o 50@!,bm as,bm
g (S

92D
_ + ij el
dp Ops op, 3pm3pz> 54 =0
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+

Opm +

) oDt aDge
8pc 8pl

ac,bl be,al
- Cij - Cij ) Pk

. <8C;1jl,cm 8Obl,cm 8Cqb,cm 8O§q,cm

+ ) _ 1] _ ) +
Opp OPa opy Ot

ij ij

aceh actr DIt 9PDre”
17 17
- - + + +
Opm Opm OpiOpm  Opi1Opm ) Pk
92Dt grpabn ol gobral
+pn ] 1] _ 1) _ 1) 524_
OpmOpn ~ Op1Opm Opm Opm

2 Hac,n al,cm an,cm cn,al
PO 900G JCHT 0CHM o
OpiOpm, Ipn op Opm

aQD;_zjc,n 6Clqjl,cm aCZ{zjn,cm 80911,01
+ — —
OpiOpm, Ipn op Opm

Op10pm Opn opy Opm

DY acye acyem 9o ,
. J I ozl =0 (3.27i)

The notation O (a,b,c) means cyclic permutations of the indices (a,b,c).

Remark Let us consider the trivial case d = 1. The undeformed bracket reads
{pap}rp = —2pX\ — p’' (the prime means the only derivative of p, namely wrt
x), which is the so-called Virasoro-Magri PVA with central charge 0 (see Ex.
1.18 in [4]). We easily get the well known result, shown for instance in [10],
that such deformations do not exist in the scalar case. From the skewsymmetry
conditions we get (now the indices have become useless) A = 0, 2D = B,
2C = B’; moreover, (3.27a)) is enough to get D = 0, hence B = C = 0.

We follow the same approach as for the bracket {-x-}1, setting d = 2 and
expressing the parameters of the deformation according to (8:22). In order to
find the algebraic relations among the 43 parameters of the deformation we use
the Mathematica package SYM [II]. We get an overdetermined system of 45
equations for 9 unknown functions A'', A2, A22) B1** B:' Bl?', B3,
By*, and Bjy'?. The expressions for the remaining ones in terms of these nine
are left to the Appendix The Janet basis of the system of PDEs according
which the deformed A-bracket is a PVA up to the first order are the following
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two equations

3 i1 3 0aon 3 anx 3 .= 3 .0A22 3 ,9Al
——p2A11+—q2A22——q?’B}’ln—Zp?’B;’ll 23 2.3

1 4 4 81 "aq 8p o
1, 2632 1 1. 8321’222 1 52011 1 5~191 H2, 12
— — —pPq—22— — Zp¢®’BY T — Spg® By B3
4 8p ) q 8p 2pq 11 4 q 11 4p 4599

1 1,22 ) 282/111 1 3 82/111 9 282/122 1 382/122
— Zp2gBL _Z Z
2p By —p°q BIE 5P 9p0q +p7q p? +5pa 2p0q +
5, 041 1, ,0B%7 1 L0A 1 9B 1, 9By
TRy T Ty TP g TP Ty TP Ty T
1,22 1 1,22 H1,21 1
1p 20B1° 1 2qu12 1 2qQaB 1 2qQaB B §pq28A22 _
2 Op 4 Op 4 dq 4 dp 8 dp

+

=0 (3.28a)
and
- 5p°q ({;2;;;2 —2p q% +6p*q° ;j;l +5p q(z:{;u + 2pq3%22f;2+
+ %pm” - fo/l” + 175(133&22 + %p33§’211 - %(f 8:;1:2 - 1—5193 a(;i;l
+p a;AQM +q 625222 +Z ? 261};1211 +% 3 %%22 + gpqu?fill + %pquﬁi%r
- %pzqﬁz + ;p qB3 +24* 8]21222 +2pq3%§21—2p3q8i§£2 —2p* 8@%11 +

o TAT N1 08T 905008 1 + 5pg’ —H—+
0q? 8 0q 4 Bq 4 dq 2 dq

5

4

7, 0By 1 L0BIY , OA® 1, ,0By? 3, ,0B;"
TPl dq 2 dp B qap 4P dq iP 1 8p+
13 8A22
S,

=0. (3.28D)

Now, let us consider the trivial deformations of (B.H), (3:6), and (1), namely
the deformed brackets given by performing a general Miura transformation

@BI9) of the first order to the undeformed brackets. Such a change of coor-
dinates will have the form

pi— Pi=pi+ Y €F*(p,q)0;px
§.k=1,2

and thus depends on 8 arbitrary functions of (p1 = p,p2 = ¢q). We compute
{P;(p)»Pj(p)}1,2,.p, which is in all three cases very straightforward. We start
by the expansion to the order e,

{PixPjt1,2,0p = {pixpj}1,2,LP+e ({Ealaapupj}l,z,Lp + {piAFJqlaapl}u_’Lp) +0(%)
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and then we use the master formula (230) for the two latter brackets. The
expression we get is written in terms of the ‘old’ coordinates; up to the first
order, we can invert the transformation by p;, = P, — eF2(P)9,P,, getting
the formula for the deformed bracket {P;(p),P;(p)}1,2,0p = {PiaPj}t12,.p +

L PP}y

For convenience, we provide only the 9 parameters of each first

order deformed bracket we have chosen to express all the other ones in terms
of. For deformations of ([B.5]) we have:

12111 _ F211
212112 _ F221 _ F112
A22 _ _F122
Bl,12 _ 28F112 _ 28F111
11 ap aq
Bl,22 _ 28F122 _ 8F121
11 ap aq
8F21
2,11
B11 == 8;
BQ,21 _ 28F211 _ 28F222
22 aq ap
BQ,ll _ 28F211 _ 8F212
22 aq ap
8F12
2,12
Bzz == 82

(3.29a)
(3.29D)
(3.29¢)

(3.29d)
(3.29€)
(3.29f)
(3.29g)
(3.29h)

(3.291)

Following the same procedure, the parameters we chose for the deformations of

B3) are

AW = _plt 4 g2

9412 — F22_ g2 _ pl2

dp

12122 _ _F122
Bl,ll _ 28F111 _ 8F112
11 aq ap
Bl,21 _ 28F121 _ 8F122
11 aq 8])
aFIQ 6F11
Bl,12 -9 2 ) 2
22 ap 8(]
o _,OFY OR? R
22 aq 8])
B2,12 _ aF212 _ aF221
22 8(] aq
aF21 6F22
B2,21 -9 2 ) 2
22 aq ap
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(3.30D)
(3.30¢)

(3.30d)
(3.30¢)
(3.30f)
(3.30g)
(3.30h)

(3.30i)



Finally, for the trivial deformations of [B.1) we get

A = gF!t = 2pFyt — qFy? (3.31a)
24" = pF!' + 2gF)? — pFy® + qF5' — 2pF5" — qF3? (3.31b)

AP = pFP! 4 2qF — pFy? (3.31c)
Byt =F? - 2q6§51 +pag]£2 - 2pa§51 + qag£2 (3.31d)
By? =P +pa§§2 + 2p6§51 - qa§52 - 4pa§52 (3.31e)
BH" = —F* - 2pag§1 +pa§£2 + 2pa§£1 + qagf (3.31f)
By =F3' + pagjl - 2qa§j2 + qagjl - Zpag;m (3.31g)
Byt =Fy' + qagjl + 2q8§;12 - pagﬁl - 4qa§jl (3.31h)
By = —F3 - 2q8§§2 + qagjl + 2q8§§2 + pagjl (3.311)

In the three sets of equations (8:229), (330), and ([B.3T]) we have dropped the tilde
from the parameters B’s because, by definition ([3.22]), we have B;-’bc = B;-’bc
Since the three brackets we have just defined are the Miura transformed of the
undeformed ones, they are a first order deformation of a PVA bracket; the sets
of coefficients satisfy, as it can be easily checked, the corresponding PVA—Jacobi
identities up to the first order.

We can regard each set of equations (3.29), (8330), and (B31) as an inhomo-
geneous linear system of 9 PDEs for the 8 unknown functions F’s. A solution
of the system, if there exists, is the set of the eight parameters of a Miura
transformation which produces a given coboundary.

The compatibility conditions for (8:229) are (8:25); the compatibility condi-
tions for (B30) are B26). Computing the compatibility conditions for (B3I
we get a system of two second order differential equations, whose Janet basis is
exactly ([3.28al) and (3.28b)).

That means that a generic first order cocycle, i.e. a first order deformed
bracket, can be written in terms of the nine parameters if and only if they
satisfy the corresponding pair of linear PDEs (328, (3228) or (8:28). On the
other hand, the same conditions allow to find the eight parameters of a Miura
transformations for which we get that cocycle. It follows that every cocycle
in Q[zu (A, {-a-}) is a coboundary, so that Hﬁ] (A, {x}) =0, for (A4, {a-}) a
2-dimensional Poisson Vertex Algebra of hydrodynamic type with 2 derivations.
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4 Concluding remarks

In this paper we have formulated the theory of multidimensional Poisson Vertex
Algebras, showing how it can be applied to the study of evolutionary Hamil-
tonian PDEs. In particular, we have proved a first result in the theory of de-
formations of multidimensional Poisson brackets of hydrodynamic type, namely
the characterization of the first order first and second cohomology groups for
the d = n = 2 normal forms of the bracket, according to the classification by
Ferapontov and collaborators [17].

We have proved that only the Lie-Poisson A-bracket can have a trivial first
cohomology group, while the second cohomology group is trivial for all the first
order deformations of the normal forms of A-brackets of hydrodynamic type. We
will devote further investigations to higher order deformations of the A-brackets,
aiming to characterize the full second cohomology group, in the spirit of [19],
[10] and [I4]. A deeper analysis of the classification of the normal forms of
the Poisson brackets of hydrodynamic type seems to be an important task in
order to provide general results. For example, we notice that a constant Poisson
bracket with generating metrics g = Ag! cannot be reduced to either ([B.5) or

@5).

A  Proof of Lemma (4

Let us consider the three generators u*(x), u/(y) and u*(z). For convenience,
we drop the boldface typesetting used in Section 2.3 to denote that the variables
x,1, 2 are coordinates in R?. Let us consider the double Fourier-like transform

[ i o), ), ()} (A1)
The first step is to expand the outer bracket , which gives

o{w (y) u*(2)}

dxdy
oul,

[ et (0l (o), ul ()
—/&“ﬂg%GM%%w@mﬂwnwﬂwmmwnNMy

If we perform the integration with respect to y, which appears only in the first
parenthesis, we get by definition the A-bracket (with parameter p) of the two
generators v/ and u*. Thus, we have got the partial result

/e*'<w—2>e“'<y‘z>{ui($)7 {w! (y),u"(2)} }dzdy
_ /e)\.(gg—z){ui(x%{uiuk}(z)}dl'.
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Let us for simplicity denote {uf,u*}(z) = g(z). A step backwards in the com-
putation brings us back to

/eA-(m—z)ag( ) (aL{u( ) (2)}) dz

L 99(2) x(w_2 ; -
= (T) oul e )(aZpg (2)) AL-T+55(x — 2)dx

where the second line is obtained by simply expanding the derivations of the
bracket. By substituting as usual 8,(x — z) with (—8,)d(x — 2z) and integrating
by parts we get

( )39( )AL T+S (BT (z))

8uL

_ ‘98915? (A+8.)TPL(z)AS
= {uxg}

where the last equality is given by (232)). Summarizing, we have
/GA'(m*‘z)e”'(y*‘z){ui(x% {! (y),u"(2)}}dady = {ui{u],u"}}. (A.2)

The second term for the Jacobi identity among three coordinate functions is the

same with u’(z) replaced by u/(y). The same computations hold provided the

switching, and this gives as second term of the Fourier transform of the Jacobi
identity

/ N e (=2 L (), {u(x), uF (2) } dady = {ul, {uiuF}}. (A.3)

The RHS term of the PVA-Jacobi identity is more complicated to achieve. As
before, let us start from expanding the usual formula for the Poisson bracket

/eA'(””_Z)e“'(y_z){{ui(x)vuj(y)}vuk(z)}
:/ A (z— z)eﬂ y—2) wal’{ul(y)7uk(2)}d$dy

Oup(y) 7
_ / A-(z=2) g (y— Z)MBL (PA]j[l(z)BMé(y — 2)) dzdy
6“L( ) y :
_ /e)\»(m—z)ell«'(y—z)Mpﬂ(z)aLaMé(y — z)dady
dul (y) v

The derivative with respect to y in the third does not act on P§i(2), so we
could move it further. Moreover, for convenience we can trade 8; OMs(y — 2)
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for (—1)IX1(—=8,)M+L§(y — 2) exchanging two times the variables respect to
which we derive the Dirac’s delta. It allows us to integrate by parts the delta’s
derivatives, in order to get

= (-1 ‘L‘ 3L+M ( 8{u8u) w )(y)}) eA'(zfz)Pﬂ(Z)lS(y — 2z)dzdy
L
= (-1 |L| (L + M) (8{U8 ), u v )(y)}> MLJFM*TG"'(-U*Z)&}"(I*Z)-
ul (y

Py (2 )5( —Z)dxdy

From the form for {u’(z),u?(z)} we see that the partial derivatives act only on
the coefficients P3/. So, we get that our expression is equal to

(=)l (L + M) pLAM=T,

T
_]z
/ ar (‘91) ?) No(x — z)) M@= PRy da

3uL 2)

Basically we repeat the computation applying the same rules for multiderivatives
of product and the integration by parts of the Dirac’s delta and we end, after
the integration, with

L+ M\ /(T 8P (z)
(_1)|L|< . )(R>P]@l(z>“L+M T)\T— R+N85 8uL(z)'

The rules for the product of binomials hold also in the multiindices case, since
they are only a product of ordinary binomials. It means, by slightly abusing
the notation, that

(g> <g> - B!(AAi B)! C!(BBi oy (A —/119, C)

In our case, calling L+ M — T = @Q, we get

(_1)\L\ (L + M)p (2)p Q)‘L+M—Q—R8R8P]{fi(z))\N

QR oul (z) )
= (—D)HPE YA+ o+ 3)L+M‘9le]vl(z) AN
Quy,(2)

Finally, we can adsorb the sign in front of the expression, and we get

L
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which is clearly the expression in terms of (2.33) of {uju’}r+,u*}, the RHS of
the PVA-Jacobi identity. We have finally proved that taking the double Fourier
transform with respect to e (®=2)T#:(u=2) of the Jacobi identity for the Poisson
bracket of the generators gives the PVA-Jacobi identity among them.

B Components of the 1st order deformation of
the \-bracket for d = 2

B.1 Deformation of (3.5

1,11 2,22
By~ =0 By =0
B =0 B4 =0
B =0 B =0
B =0 B =0
Bh2l _ _pg21 B212 _ _pl22
1 = 11 22 = 22
51,12 2,11 9AM 52,21 1,22 9A*
Byy"=-B3 + 9 Biy" =—-Bii" — ap
- 1 A2 - 1 A2
B _ _lpgliz pL22 _ _ 122l
12 5 P11 —8p 12 5722 —6(]
B a[lm _ 6A12
1,21 2,12
By = ap By - dq
8[122 (%lel
2,12 1,22 1,21 2,11
Biy" =B +2 dq By =By — ap
DL _ D222 _
P2l _ _lBhlz P22 _ 133-;1
8 8
- 1 AN - 1 A%
p221 L g2t _ p222 — _1 [ gl22
2 22 aq 2 11 + aq
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o1z 1 0By . 9*AM
4 dp Opdq
o2t 1 83%"112
8 Jp
1212 _ 1 635,211 92 Al
2 0q 0¢?
o221

B.2 Deformation of (3.6)

1,11
By, =0
1,12
B 7=0
2,22
B3 =0
aAQQ
BL22 _ _
11 8(]
B2 _ DA
11 — 3.
dq
52,21
By =0
~1,12 1 111
By " = _5311
5 6A12
1,22 2,11
Byy"=-Biy + o
- 1 DAM A2
2,11 2,12 2,21
By, =By "+ 5322 " g ap
piLl — 1B1,12
- 4 22
- 1
pl2l _ = (B%,lll _ 33’221)
. 1 DA22
D22’1 — _ = B1,21
2 11 + ap
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(22,22

21,22

(12,22

L2l

1122

=0

_1foBy® | 92A%
4 dq dpdq

_10By

8 Op

_ 1 (oBy” | 92A%
2 op Op?

1 (omyomy

8 dp dq

1,12 2,11
=- (322 + B3 )
aAQQ
2,12 2,21
_(B2é + B35 )
=0
1 112
= §B2é
= — B e —
2( 11 + 8p
1 DA 1A%
_ g2l _lpgl2l 1
22 2 11 8q 2 8])
1 111
ZBli
1 DA22

(o4 )




C111 — 163_5212 1222 _ 1 <5B_%121 I 92 A%
4 Op 8 dq Opdq
2122 _ 1 63%’121 n 02 A%2 22,22 _
8 dq Opdq
12t _ 1 0B B 0By Si112 _ L 0By B 0B
8 Op Op 8 dq dp
~12,12 _ _laB—%lll 2121 _ 1 8B—i121 N 92 A22
4 Oq 4 Op Op>
o122 _ 1 (263}’111 B 2835,212 B 0By _ 263?121 " 262;111 B 4621‘112
8 dq Oq dq Op 0q> Opdq
gron_ 1 2833-;2 N 0By 0B 232[122 N 232[111 B 432A12
8 Odq Oq Op Op> 0q? Opdq
B.3 Deformation of (3.7)
22 12 22
B — F <3glq n 2B%122> n % ( 23:94(1 ;3:94 +2BY 4 B2 11)
. Al
11 12 %
_ <_ 6:;1 + 6:;1 L BY2 Bg;z) ( )+
q
A2 9442 A
PP 4
2 (%lel 5 31‘111 8[112
B222 _ P _ op2:1 pl 9 9 Bl 22 | 9p2,12
22 q2 o + 22 + q 2 aq + ap + + 22
. A% 5 pl,22
_ 9A% _ DA™ LBl gt q( 5 —2Bu )+
8]) B 11 11 2p
opAll A2 j22
¢ 4  p

45



1,11 _ p2,22
By, =By =0

2
1,12 P 1,11
By "= _?Bli
2
2,21 q 2,22
By = 5322
B2 12 21)231,11 p 2Bl 21 232’11 Bl 22
11 = ? 11— a 1 t 11 11
1,21 q2 2,22 4 1,22 2,12 2,11
Byy" =25By" — = (232§ +2B3) ) — B
2,21 p 1,21 2,11 P 5111
By = a (Bu + Bij ) 5 Bii
1,12 q 1,22 2,12 q" 52,22
By, " =-— (B22 + B3 ) — B35
p p
~ 1
1,11 q 1,22 2,12 q~ 52,22
By = D) <]; (322 + B3 ) - _2322 >
1
2,22 P, 1,21 2,11 P 5111
Biy” = D) <a(311 + Bij ) 2B11 )

1/ 2
5 (——pq By — By + 2By + 233-;2)
1( 2
5 <——qp By + 2B + 287 — B§’222>

25 3
— 51422 + (23%,121 + 312,111) _ Q—SB%ill + 2Bl

_8A12+28A22 28[122

_l’_
dq dp p Iq D
QAN 9A2  poAl 2 . 2p 3q
-9 + _r + 241 4 (BL22 4 op212y P p211 O p2.22
dq op q Op q (B2 %) g 22 op 22

1 AAN 9Al A2 2p8(_§11 4pB§éll 3‘1357222 1,11 1,22 2,12
- |- +4 -2 + P + +2By] " — 3By, " — 5B5:
2 q aq ap q q D 11 22 22
1 (442 9A?  9A2  24%°  3pBNY 4B

Z ) 4 _ 7 1 1 5B%"121 - 3Bf.,lll + 233,222
2\ p dq dp P q P
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p

02222 _ lﬁ <p(B%"121 +B%111) <72>QB1,11>
2 7y - q 11

) 1 {8 2 B122+3212 P 23222

iy = sl 3 <<%> BX22 _ 9(Byy +By7) a_ 2aBy | pin oplez | op2i2
0
Op

2
( p gl p(Bl 7 Bflll)>>

AL _ 10 <Q(le’222 + B3 _ (g)232,22>
12 =g — 22

2,22
_ 29B5; 1,11

+ By

q

N 1(0 2pBLtt

01221,22 o (_ (_ Py +231 ,21 +2Bfl11 222 +
< +2B,,% + 2B3"?

=
N~

q
2 Bl,ll
<——p U 4 9Bl 4 op3!t 4 B3

~ 10
g 10
12 4 8[) q
G222 _ _la(Bth + B +2B3%)
12 8 dq
G2t _ 10(2By;" + By + By
12 3 ap
_ _ 9422 1,22 .
gz _ L[, f02AT 9242 9 «(%7 +2811") _ 242 3pBit i ppen
12 4 3q2 8])2 8]) P P 2q 11 11
dAY 5 p2,11 -
9 p( op ~ 2B ) 2A'' 3¢B” oplll _ pl22 _ 5p2.12 pdBHt
+8_q p _q+2p+11_22_22 +_8p
~ 1{ 92Au o2 22
Ciy* =<4 —4 +
8 0q? Op>
8A22 1,22 ~
9 2q( + 2B ) 4422 3pBhYt
o - =t Ld q“ ~ 5B — 38351 4 2B
dA'! 2,11 -
i) 21’( o — 2B ) 441 3¢BLY
+5e d - - d 2B sy - 5B
2,22
2(]8]%2112
p
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pa_ 1 Q(B;’zw + B35°) _ ¢*B3s”
12 =7 P2
fere 1 o 3%121 +32 11) B quhn
12 =77 PR
~ 1 9 B2 22
DEQ Z ( q 1 11 + 2B;222 + 2B2 12
- 1 2 Bl’“
Dfﬁ’l _ Z (_ q q11 +2B1 21 +2Bflll —|—32 22
~ 1
12,1 1,11 1,22 2,12
Dy = §(2Bll + Byy +B37)
~ 1
12,2 1,21 2,11 2,22
D" = _5(311 + Bii +2B3 )
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