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The Fourth Painlevé Transcendent
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13 November 2008

Abstract

The six Painlevé equations (P1—Pvy1) were first discovered about a hundred years ago by Painlevé and his col-
leagues in an investigation of nonlinear second-order ordinary differential equations. During the past 30 years there
has been considerable interest in the Painlevé equations primarily due to the fact that they arise as symmetry reductions
of the soliton equations which are solvable by inverse scattering. Although first discovered from pure mathematical
considerations, the Painlevé equations have arisen in a variety of important physical applications.

The Painlevé equations may be thought of as nonlinear analogues of the classical special functions. They have
a Hamiltonian structure and associated isomonodromy problems, which express the Painlevé equations as the com-
patibility condition of two linear systems. The Painlevé equations also admit symmetries under affine Weyl groups
which are related to the associated Bécklund transformations. These can be used to generate hierarchies of rational
solutions and one-parameter families of solutions expressible in terms of the classical special functions, for special
values of the parameters. Further solutions of the Painlevé equations have some interesting asymptotics which are
use in applications. In this paper I discuss some of the remarkable properties which the Painlevé equations possess
using the fourth Painlevé equation (Prv) as an illustrative example.

1 Introduction

The six Painlevé equations (P;—Pv) are the nonlinear ordinary differential equations
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where ’ = d/dz and «, (3, v and § are arbitrary constants, whose solutions are called the Painlevé transcendents.
The Painlevé equations Pi—Py were discovered about a hundred years ago by Painlevé, Gambier and their colleagues
whilst studying which second order ordinary differential equations of the form

w” = F (z;w,w'), (1.7)

where F is rational in w’ and w and analytic in z, have the property that the solutions have no movable branch points,
i.e. the locations of multi-valued singularities of any of the solutions are independent of the particular solution chosen
and so are dependent only on the equation; this is now known as the Painlevé property. Painlevé, Gambier et al.



showed that there were fifty canonical equations of the form (1.7) with this property, up to a Mdbius (bilinear rational)
transformation
W) = a(z)w + b(z)
() w+d(z)’
where a(z), b(z), ¢(z), d(z) and ¢(z) are locally analytic functions. Further they showed that of these fifty equations,
forty-four are either integrable in terms of previously known functions (such as elliptic functions or are equivalent
to linear equations) or reducible to one of six new nonlinear ordinary differential equations, which define new tran-
scendental functions (see Ince (48)). The Painlevé equations can be thought of as nonlinear analogues of the classical
special functions (see Refs. (23; 30; 52; 100)). Indeed Iwasaki, Kimura, Shimomura and Yoshida (52) characterize the
Painlevé equations as “the most important nonlinear ordinary differential equations” and state that “many specialists
believe that during the twenty-first century the Painlevé functions will become new members of the community of
special functions”. Further Umemura (100) states that “Kazuo Okamoto and his circle predict that in the 21st century
a new chapter on Painlevé equations will be added to Whittaker and Watson’s book™.

Although first discovered from mathematical considerations, the Painlevé equations have subsequently arisen in a
variety of applications including statistical mechanics (correlation functions of the XY model and the Ising model),
random matrix theory, topological field theory, plasma physics, nonlinear waves (resonant oscillations in shallow wa-
ter, convective flows with viscous dissipation, Gortler vortices in boundary layers and Hele-shaw problems), quantum
gravity, quantum field theory, general relativity, nonlinear and fiber optics, polyelectrolytes, Bose-Einstein conden-
sation and stimulated Raman scattering. Further the Painlevé equations have attracted much interest since they also
arise as reductions of the soliton equations, such as the Korteweg-de Vries, Boussinesq and nonlinear Schrodinger
equations, which are solvable by inverse scattering (see Ablowitz and Clarkson (2) and references therein).

The general solutions of the Painlevé equations are transcendental, i.e. irreducible in the sense that they cannot be
expressed in terms of previously known functions, such as rational functions, elliptic functions or the classical special
functions (see Umemura (100)). Essentially, generic solutions of the Pi—Py, are meromorphic functions in the complex
plane (see Hinkkanen and Laine (44-46) and Steinmetz (93), also Gromak, Laine and Shimomura (42)); solutions of
Py are rather different since the equation has three singular points (see Hinkkanen and Laine (47)).

The Painlevé equations, in common with other integrable equations such as soliton equations, have a plethora of
fascinating properties, some of which we discuss in the following sections, using Pry (1.4) as an illustrative example.

¢ =d(2), (1.8)

o The equations Pi—Py can be written as a (non-autonomous) Hamiltonian system, which are discussed in equa-
tion (2.

e The equations P;—Py1 can be expressed as the compatibility condition of a linear system, called an isomon-
odromy problem or Lax pair, which are discussed in §3.

e The equations Pi—Pyy possess Bdcklund transformations which relate one solution to another solution either of
the same equation, with different values of the parameters, or another equation, which are discussed in §4; these
transformations play an important role in the theory of integrable systems.

e The equations Pij—Py1 possess many rational solutions, algebraic solutions and solutions expressible in terms
of the classical special functions for certain values of the parameters, which are discussed in Secs. 5-6; these
solutions of the Painlevé equations are called “classical solutions”, see Umemura(100).

e Since the solutions of the equations P;—Pv are transcendental, then a study of the asymptotic behaviour of
these solutions, together with the associated connection formulae which relate the asymptotic behaviours of the
solutions as z — 400, play an important role in the application of the equations. These are discussed in §7.

A representation of Pry which has attracted much recent interest is the symmetric Pry (sPry) system

1+ @1(p2 — @3) + 201 =0, (1.92)
©h + @23 — 1) + 22 = 0, (1.9b)
©5 + @3(p1 — p2) + 2u3 = 0, (1.9¢)

where (11, (2 and g are constants, with the constraints

w1+ pe+ps =1, 1+ P2+ p3 = —2z. (1.9d)

Eliminating ¢, and 3, then w = ¢ satisfies Pry (1.4) with o = p3 — po and 3 = —2u2. The system sPry (1.9)
was derived by Bureau (15; 16) and later by Adler (5). The sPyy system (1.9) is extensively discussed by Noumi (79)
and arises in applications such as random matrices (see Forrester and Witte (35; 36)); other studies of sPyy include
Refs. (55; 72; 80; 83; 90-92; 94; 99; 106; 109).



2 Hamiltonian Structure

The Hamiltonian structure associated with the Painlevé equations P1—Pyy is Hy = (¢, p, Hy, z), where H;, the Hamil-
tonian function, is a polynomial in ¢, p and rational in z. Each of the Painlevé equations P—Py1 can be written as a
Hamiltonian system

dq - OH J dp o 8HJ

dz  op’ dz  0q’
for a suitable Hamiltonian function Hj(q, p, 2) (see Okamoto (88)). Further the function o(z) = Hj(q, p, 2) satisfies
a second-order, second-degree ordinary differential equation, whose solution is expressible in terms of the solution of
the associated Painlevé equation.

2.1

Example 2.1. The Hamiltonian for Pry (1.4) is

Hiv (g, p, 2) = 2qp° — (¢* + 22q + 2K0)p + KooQs (22)

with kg and K, parameters, and so

¢ =4qp — ¢* — 22q — 2k, (2.3)
p = —2p? 4 2pq + 22p — Koo. (2.3b)
Eliminating p then w = q satisfies Pyy (1.4) with @« = 1 — kg + 2k0 and 8 = —258, whilst eliminating ¢ then

w = —2p satisfies Pry (1.4) with @ = 2k — koo — 1 and 8 = —2k2 . The function o = Hyy (g, p, 2), defined by (2.2)
satisfies the second-order second-degree ordinary differential equation

(0")* = 4 (20" — 0)° + 40’ (0’ + 2k0) (0" + 2king) = 0 (2.4)

(see Jimbo and Miwa (53) and Okamoto (84)). Equation (2.4) is equivalent to equation SD-I.c in the classification of
second order, second degree ordinary differential equations with the Painlevé property due to Cosgrove and Scoufis
(27), an equation first derived and solved by Chazy (17) and rederived by Bureau (13; 14). Equation (2.4 also arises
in various applications including random matrix theory, see, for example, Refs. (35; 36; 57; 98). Conversely, if o is a
solution of (2.4), then solutions of (2.3) are given by

o'’ —2z0' + 20 o’ +2z0' — 20
4= 5oy D= (2.5)
2(0" 4 2kc0) 4(o’ + 2k0)
We remark for sPry (1.9), the Hamiltonian is
Hiv (91, @2, 03, 2) = —3010203 + 192 — fi2p1, (2.6)
since ¢ = 1, p = — 3¢, ko = 1 and Koo = —pla.
3 Isomonodromy Problems
Each of the Painlevé equations P1—Pv/1 can be expressed as the compatibility condition of the linear system
ovr owr
— =Az; )P — =Bz )W 3.1
8)\ (Z? ) Y az (Zﬂ ) ? ( )

where A and B are matrices whose entries depend on the solution w(z) of the Painlevé equation. The equation

*w  0*w
020\ 0NDzZ’
is satisfied provided that
0A OB
a—z—a—&-AB—BA—O, (3.2)

which is the compatibility condition of (3.1). Matrices A and B for P;—Py satisfying (3.2) are given by Jimbo and
Miwa (54) (see also Refs. (30) and (51)), though these are not unique, as illustrated in the following exmaples.



Example 3.1. Jimbo and Miwa (54) show that the compatibility condition of the linear system (3.1) with

0y — 2v uw
ATt oy YT
A(z;\) = 33
() Wby~ b (0 —0) 2w—b ) (3.32)
U Auw ¥ 2\
A U
B(z;A) = | 2v—60y — 0 NE (3.3b)
U
with 6 and 6, parameters, is
u = —u(w + 22), (3.4a)
20y — 202
o = OT“ + 160 + 00 — 20)w, (3.4b)
w' = —4v + w? + 2zw + 26,. (3.4¢)

Eliminating v then w satisfies Pry (1.4) with @ = 6, — 1 and 3 = —263.

Example 3.2. As remarked above, the isomonodromy problem is not unique. Kitaev (60) and Milne, Clarkson and
Bassom (74) show that Pry (1.4) also arises as the compatibility condition of the linear system (3.1) with

%)ﬁ—l—(z—l—uv)—i—@ i\ + 2zu + ')
Az \) = A o | (3.52)
i(A\2 4 220 —0') —%)\3—(2—|—uv)—70
IN2 4w iAu
) = (2
B(z;\) = ( o e uv) . (3.5b)

with ©¢ a constant, which comes from a scaling reduction of the Lax pair for the modified nonlinear Schrodinger
equation
iy = Uge + 1(|ul?u),, (3.6)

due to Kaup and Newell (59). Substituting (3.5) into the compatibility condition (3.2) yields

W'+ 220" + u 4 20gu — 4zu’v — 2uvu’ =0, (3.7a)
" 220" — v+ 20gv — 4zuv? + 2uvv’ = 0, (3.7b)

which implies that
wv —wv + 2zuv — u?v? = 204, (3.8)

with ©1 a constant. Then w = uw satisfies Pry (1.4) with « = 209 — ©; and 8 = —2037.

4 Baicklund and Schlesinger Transformations

4.1 Backlund Transformations

The Painlevé equations Pyj—Pvy1 possess Bdcklund transformations which relate one solution to another solution either
of the same equation, with different values of the parameters, or another equation (see Refs. (23; 28; 42) and the
references therein). An important application of the Bicklund transformations is that they generate hierarchies of
classical solutions of the Painlevé equations, which are discussed in §5 and §6.

Theorem 4.1. Let wy = w(z; ag, Bo) and wji = w(z; af, ﬁ]i) j =1,2,3,4 be solutions of Pry (1.4) with

af = 1(2 = 200 + 3y/=25), =11+ a0+ 3vV-26)% (4.1a)
aF = —(2+ 200 £ 3V/—25), = —3(1—ao £ 3v~-26), (4.1b)
az =8 — a0 T 3/-26,, = —3(1—ao % 3v/-260)% (4.10)
af = -3 — LagF 3/—2p, = —i(-1-ap+i/-25)% (4.1d)



Table 4.1: The effect of the Backlund transformations of sPyy

1 |5 M3 Y1 P2 3
2 2
S —p1 p1tpe pr+ps ©1 P2 — “m p3 — A
©1 ®Y1
2 2
So 1+ p —pe po - ps p1— et} 2 w3 + it}
®2 (2]
2 2
S3 p1tps p2tps —p3 Y1+ s Y2 — s 3
®3 ¥3
™ o2 3 |1 P2 ¥3 $1
Then
w2 =2
TE. gt YT W Z 22w F V2 (4.2a)
2w0
[+ wd 42 V=2
- R sl e 507 (4.2b)
2w0
2(1—apF iv/=20)w
’Zgi : w% = wy + /( 0% 3 50) 02, (4.2¢)
w) £ /=200 + 2zwo + w§
2(1+ag+ iv/=28)w
TE:  wE=wo+ (1+0a0+ 5v=20 ) wy (4.2d)

wh F V=280 — 22w — w3’

valid when the denominators are non-zero, and where the upper signs or the lower signs are taken throughout each
transformation.

Proof. See Lukashevich (64), Gromak (40; 41); also Bassom, Clarkson and Hicks (8), Gromak, Laine and Shimomura
(42) and Murata (77). O]

The parameter space of Pry can be identified with the Cartan subalgebra of a simple Lie algebra and the corre-
sponding affine Weyl group As acts on Py as a group of Bécklund transformations (for further details see Refs. (80;
83; 84; 101)). An affine Weyl group is essentially a group of translations and reflections on a lattice, which for Py is
in the parameter space. The affine Weyl group As = (Sp, S1, Sz, 7) with fundamental relations

sz = 1'7 (Sj5j+1)3 = I, 71'3 = I, 7TSj = Sj+171', (43)

fOI‘j =1,2,3, with Sj+3 = Sj forj € 7.

Theorem 4.2. The Bdcklund transformations of sPry (1.9) are defined by the fundamental relations (4.3) and realized
as a group of automorphisms of the field of rational functions C(j;, ¢;), for j =1,2,3, as

Sj(pj) = —pg,  Sj(pj+1) = pjx1 + py, (4.4a)

Siles)=wi,  Silpj1) =i £ % (4.4b)
J

W(Mj) = Mj+1, 7T(<Pj) = Pjt1- (4.4¢)

Proof. See Noumi and Yamada (80; 82); see also Noumi (79). The effect of these Bicklund transformations is
summarized in Table 4.1. O

Discrete Painlevé equations, which are discrete equations (difference equations) that have Painlevé equations as
their continuum limits, arising from the Béacklund transformations of Py (1.4) given by (4.2) are discussed in Refs. (26;
29; 38), as illustrated in the following example.

Example 4.3. Consider the Bicklund transformations T1+ and 7, . Setting ap4+1 = af, an = QQ, p—1 = Q4 ,

Cnil = 2(8)2 = /=202 and ¢,,_1 = y/—2(35 )? yields the difference equations
11 3 1,1 3
Ap41 = 3 = Qan'f'zcny An—1 :_§+§an_ cha
1 1
Cn+1 = 1+a, + 5Cn; Cp—1=—1+4+a,+ 5Cn,



which have the solution
an =gk = p(=1)"+gn,  cp=r+p(=1)"+n,

with x and y arbitrary constants. Eliminating wj, between the Bécklund transformations 7, and 7, , then setting
Tp = Wo(2; A, Cn)s Tnir = wi (250 Cn+1) and x =w, (z;a ), with ¢, = /=20y, gi
n 0\ Un, Cn ) Ln41 1 sy Un41, Cn4-1 n—1 2 ;An—1,Cn—1), WIL Cp, m»> S1VES

(Tpt1 4+ Tp + Tp1)xn = =222, —n+ w(—=1)" + p, 4.5)

which is the discrete Painlevé equation dPy (29). The relationship between solutions of Pry (1.4) and solutions of
dPI (4.5) was first noted by Fokas, Its and Kapaev (31; 32). Subsequently this relationship was studied by Bassom,
Clarkson and Hicks (8) who derived hierarchies of simultaneous solutions of Pyy (1.4) and dP; (4.5) in terms of
parabolic cylinder functions (the half-integer hierarchy discussed in §6.3); see also Ref. (38). The relationship between
solutions of Pry (1.4) and dP; (4.5) is reflected in the similarity of the results for dP; in Ref. (38) to those for Pry in
Refs. (8; 77; 84; 103).

4.2 Schlesinger transformations

A class of Bicklund transformations for the Painlevé equations is generated by so-called Schlesinger transformations
of the associated isomondromy problems (see Refs. (33) and (76)).

Fokas, Mugan and Ablowitz (33), using a Schlesinger transformation formulation associated with the isomon-
odromy formulation of Pry, deduced the following transformations R1—R4 for Pry.

o (w’—|—\/—2ﬂ)2 + (4o +4 — 2¢/=20) w? — w?(w + 22)?

Riiwn= 2w (w2 + 22w — W' — \/—7%) ’ (4.62)
o (w’—\/—2ﬁ)2+ (4o — 4 — 2¢/=28) w? — w?(w + 22)?

Re:wy = 2w (w2 + 22w +w' — \/—72[3) ’ (4.6b)

(w' — \/W)Q — (4a+4+2y=28) w? — w?(w + 2z)?

Rs:ws = 2w (w2 + 22w —w' + \/—725) ’ (4.6¢)
/ —573)2 _ — 2,2 2
Rt wy — (W +/=2B)" + (4a — 4+ 2¢/=20) w? — w?(w + 2z) 4.6)

2w (w2 + 2zw +w + \/—2ﬁ) ’

where w = w(z; o, ), w; = w(z; a5, ;). Fokas, Mugan and Ablowitz (33) also defined the composite transforma-
tions R5 = R1R3, Rg = RgRg, Rg = R1R4 and R7 = R2R4 given by

w —w? — 2zw 2—|—26
Rs:ws = 2w {1(1)’ — w? —2zw3—2(a+ 0}’ (@.72)
(20 = 2 F vV=2B) wM*(w,w', 2)
w(d 4+ 2¢/=28) — ME(w,w', 2) (w’fQZw—wQZF\/iQB)
(2+ 20+ V/=2B)w N 2+ v/-28
w — 22w — w2 F/—28 M*(w,w,z)’
(w" + w? —|—2zw)2 + 26

Ry :wr = 4.7
T 2w{w +w? 4+ 22w —2(a— 1)}’ (47¢)

RE :we = w +

(4.7b)

respectively, where

(2+2a+/-20)w +w’$¢i2ﬁ
w — 2zw — w? F /=20 2w '

We remark that R5 and R; are the transformations 7, and 7_, respectively, given by Murata (77) and a special case
of Réﬁ is given by Boiti and Pempinelli (11). Further note that w; and ws in (4.6a,b) are respectively x, 42 in the
sense of (4.5). The effect of these Schlesinger transformations on the Py parameters « and (3, the isomonodromy
parameters 6 and 6., and the sPyy parameters 111, 12 and pg is given in Table 4.2.

The Schlesinger transformations R1—Rs5, Rg.t and R~ are Bicklund transformations of Pry which involve (w’ )2.
The Bécklund transformations for Py given by Tli—ﬂi (4.2), have the form

e’ £ B
w(z;a, ) = C(w,2)w' + D(w, z)’

M*(w,w', 2) = fw+z+ (4.7d)

4.8)



Table 4.2: The effect of the Schlesinger transformations R1—Rs, Rgt and R~ on the parameters.

o g bo 2 f 142 13

Ry at+1l —302-v=28)7 -1 b+l m—1 po ps+1
Ro  a-1 —12+V=28)" Oo+1 fu—1 m+1 o ps—1
Rs at1 —12+v=28)% Oh+1 b+l m+1 pa—1 pg
Ra a-1 -12-y=28)% O—1 Ou—1 p—1 pat1l gy
Rs=Ri1Rs «a+2 16} 0o Ooo + 2 1 e —1 ps+1
RE=RoRs a —3(4+v=28)7 6+2 6o m+2 pa—1 pg—1
Ry =RiRa o —2(@A=y=28)° 6-2 0 -2 pat1 pg+1
Rr=RoRs «—2 1) 0y O — 2 I3 pe+1 ps—1

where A(w, z), B(w, z), C(w, z) and D(w, z) are polynomials in w and locally analytic in z, with AD — BC # 0;
for further details see Refs. (41) and (64). Bassom, Clarkson and Hicks (8) show that the Schlesinger transformations
R1-Rs, RE and R can be written in terms of the Bicklund transformations 7,;5~7,* (4.2). Second order difference
equations which are linear the highest coefficient, in particular the discrete Painlevé equations, can be derived from
Bicklund transformations of the form (4.8), cf. Ref. (29), whereas Bicklund transformations which involve (w’)?
usually give rise to difference equations that are of second degree in the highest coefficient, cf. Ref. (26).

5 Rational solutions of Py

The Painlevé equations Pr—Py1 possess sets of rational solutions, often called hierarchies, for special values of the
parameters (see Refs. (4; 23; 42) and the references therein). These hierarchies can be generated from “seed solutions”,
such as the simple solution for Py (1.4) given in (5.1) using the Bécklund transformations discussed in §4 above and
frequently are expressed in the form of determinants.
Simple rational solutions of Py (1.4) are

wy(z;£2,-2) = +£1/2, wa(z;0,-2) = -2z, ws(z;0, —%) = —%z. (5.1)
It is known that there are three sets of rational solutions of Pry, which have the solutions (5.1) as the simplest members.
These sets are known as the “—1/z hierarchy”, the “—2z hierarchy” and the “—%z hierarchy”, respectively (see
Bassom, Clarkson and Hicks (8)). The “—1/z hierarchy” and the “—2z hierarchy” form the set of rational solutions
of Pry (1.4) with parameters given by (5.2) and the “f%z hierarchy” forms the set with parameters given by (5.3).
The rational solutions of Pry (1.4) with parameters given by (5.2) lie at the vertexes of the “Weyl chambers” and those
with parameters given by (5.3) lie at the centres of the “Weyl chamber”, see Umemura and Watanabe (103). The
corresponding simple rational solutions of sPry (1.9) are

p1=—1/z, @2=1/z, p3=-2z,
with parameters p; = po = 1 and uz = —1 and
Y1 =2 =3 = —%Z,
with parameters 11 = po = ji3 = 5.
Theorem 5.1. Py (1.4) has rational solutions if and only if the parameters « and 3 are given by either
a=m

, B=—-2(2n—m+1)>2 (5.2)

or
a=m, B=-202n—m+1)? (5.3)

with m,n € Z. Further the rational solutions for these parameters are unique.



Proof. See Lukashevich (64), Gromak (41) and Murata (77); also Bassom, Clarkson and Hicks (8), Gromak, Laine
and Shimomura (42), Umemura and Watanabe (103). O]

In a comprehensive study of properties of solutions of Py, Okamoto (84) introduced two sets of polynomials
associated with rational solutions of Pry, analogous to the Yablonskii—Vorob’ev polynomials, which are special poly-
nomials associated with rational solutions of Py (for further details see Refs. (25; 107; 110)). Noumi and Yamada
(83) generalized Okamoto’s results and introduced the generalized Hermite polynomials H,, ,, defined in Theorem
5.2, and the generalized Okamoto polynomials Q). », defined in Theorem 5.4 (see also Clarkson (20)). Noumi and
Yamada (83) expressed the generalized Hermite and generalized Okamoto polynomials in terms of Schur functions
related to the modified Kadomtsev-Petviashvili hierarchy. Kajiwara and Ohta (56) also expressed rational solutions of
Prv in terms of Schur functions by expressing the solutions in the form of determinants, see equation (5.8.

5.1 Generalized Hermite polynomials

Here we consider the generalized Hermite polynomials H,, ,, which are defined in the following theorem.

Theorem 5.2. Suppose H,, ,, satisfies the recurrence relations

2mHpp i1 0 Hin 1.0 = Hpon He o — (Hly )+ 2mH2, (5.4a)
20 H i1 Hono 1 = —Hon n H o+ (HL LY+ 20H2, (5.4b)
with Hyo = Hy o = Ho1 = 1 and Hy 1 = 2z, then solutions of Py are
d Hpqin
wmn =w(z;2m+n+1,-2n?) = T In ( Hmﬂn ) , (5.52)
d Hpn
w2 =w(z;—(m+2n+1),-2m?) = oo (HW’H) : (5.5b)
: d Hpn
w¥ = w(zn—m,-2(m+n+1)?) =224+ —1In L) (5.5¢)
o dZ Hm+1’n

Proof. See Theorem 4.4 in Noumi and Yamada (83); also Theorem 3.1 in Clarkson (20). In terms of the rational
solutions (5.5), the corresponding rational solutions of sPry (1.9) are given by ¢; = wl%],n, for j = 1,2,3, with
parameters 1 = —n, s = —mand pu3 = m+n + 1. O

The polynomials H,, ,, defined by (5.4) are called the generalized Hermite polynomials since H,, 1(z) = H,,(z)
and Hy ,,,(2) =17 H,,(iz), where H,,(%) is the standard Hermite polynomial defined by

d7n
Hpy(z) = (-1)™ exp(z2)dzm {exp(—zQ)} (5.6)
or alternatively through the generating function
o0
H,,(2) A™
Z % = exp(2X\z — \?) (5.7)

m=0

(cf. Refs. (3; 6; 97)). The rational solutions of Pry defined by (5.5) include all solutions in the “—1/z” and “—22”
hierarchies, i.e. the set of rational solutions of Pry with parameters given by (5.2), and can be expressed in terms of
determinants whose entries are Hermite polynomials; see equation (5.8. These rational solutions of Pyy are special
cases of the special function solutions which are expressible in terms of parabolic cylinder functions D, (£), as shown
in §6.2. The polynomial H,, ,, has degree mn with integer coefficients, in fact Hmm(%( ) is a monic polynomial in
¢ with integer coefficients (for further details see Refs. (20; 83)). Further H,, ,, possesses the symmetry H,, ,,(z) =
""" Hypp, o (12).

Plots of the complex roots of Hag 20(2) and Haj 19(%2) are given in Figure 5.1. These plots, which are invariant
under reflections in the real and imaginary z-axes, take the form of m x n “rectangles”, though these are only approx-
imate rectangles since the roots lie on arcs rather than straight lines as can be seen by looking at the actual values of
the roots.

Remark 5.3.
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Figure 5.1: Roots of the generalized Hermite polynomials Hog 20(2), H21,19(2)
1. The generalized Hermite polynomials H,, , can be expressed in determinantal form as follows
Hm,n(z) = Cm,nW(Hma H7n+1a ) H7rz+7z—1)7 (5.8)
where H,, (z) is the nth Hermite polynomial, ¢, ,, is a constant and W(ip1, @a, . . ., ¢y, ) is the usual Wronskian.
The generalized Hermite polynomials H,, ,, can also be expressed in terms of Schur polynomials; for further
details see Kajiwara and Ohta (56) and Noumi and Yamada(83).

2. Using the Hamiltonian formalism for Py discussed in §2, it can be shown that the generalized Hermite poly-
nomials H,, 5, which are defined by the differential-difference equations (5.4), also satisfy fourth order bilinear
ordinary differential equation

Hm 7LH7/1/1”71 74H7/n nH;r/w,n +3(H7lr/1n) +4ZH77L 71H7nn 8mnH72n n
— 4(2% + 20 — 2m) {HH,’,’W — (H,.) } —0, (5.9)
and homogeneous difference equations; for further details see Clarkson(21; 22).
3. The polynomial H,, ,,(z) can be expressed as the multiple integral
m/21_[ k' n
k=1
H'”7”(Z) om(m+2n— 1)/2/ / H H —.13_/
=1 j=i+1
X H(z—a:k)mexp (—Ti) dridzs ... dz,, (5.10)
which arises in random matrix theory; for further details see Brézin and Hikami (12), Forrester and Witte (35).
4. The orthogonal polynomials on the real line with respect to the weight w(z; z,m) = (x—2)™ exp(—a?), satisfy

the three-term recurrence relation

xpn(x) = pn+1(x) + an(z; m)I?n(l’) + bn(za m)pn,l(m)7 (5.11a)
where L . " .
. R Hnt+lm — Nlp 1, mddn—1,m 11
an(z;m) = 5 3, 1 Hom bn(z;m) oHz,, , (5.11b)

for further details see Chen and Feigin (18).



5.2 Generalized Okamoto polynomials

Here we consider the generalized Okamoto polynomials (), , which were introduced by Noumi and Yamada (83)
and are defined in following Theorem.

Theorem 5.4. Suppose Q. r, satisfies the recurrence relations

Qmi1nQm-1n =3 {Qm,nQL’n,n - (%n)z} +{222+3@2m+n-1)} Q2 ., (5.12a)
2
Qm,n+1Qm,n—1 = % {Qm,anhn - (Q;n,n) } + {222 + 3(1 —m — 27”&)} Q?n,n’ (512b)
with Qoo = Q10 = Qo1 =1and Q11 = V2 z, then solutions of Pry are

d m n

@rlz],n =w(z;2m +n,—2(n — %)2) =-2:4 P In <QQ1:1n ) , (5.13a)
~ d Q

[2] — . — 9. -2 _1y2y 2 —1 m,n 5.13b
Wi = wlzi—m =20, =2m = §)) = —fz+ T In  gEm ), (3139

_ d .
@l = w(zn —m,—2(m +n+ ) =-2%22+—I (Q"”H> . (5.13¢)

' dz Qm+1,n

Proof. See Theorem 4.3 in Noumi and Yamada (83); also Theorem 4.1 in Clarkson (20). In terms of the rational
solutions (5.13), the corresponding rational solutions of sPry (1.9) are given by ¢; = fﬁmn, for j = 1,2,3, with
parameters 11 = —n + 3, i = —m + 3 and u3 = m +n + 3. O

The polynomials @, , defined by (5.12) are called the generalized Okamoto polynomials since Okamoto (84)
defined the polynomials in the cases when n = 0 and n = 1. The rational solutions of Pry defined by (5.13)
include all solutions in the “—%z” hierarchy, i.e. the set of rational solutions of Pry with parameters given by (5.3),
which also can be expressed in the form of determinants; see equation (5.15. The polynomial @, , has degree
dinn = m? 4+ n*+mn —m — n with integer coefficients (83); in fact Q. (/2 () is a monic polynomial in ¢ with
integer coefficients. Further @), , possesses the symmetries

Qnm(z) = exp(—%ﬂidmm) Qm.n(i2), (5.14a)
Q1—m—nn(2) = exp(—iTidm 1) Qm.n(iz). (5.14b)

Note that d,,, , = m? 4+ n? + mn —m — n satisfies dy, . = dpm = di—m—n n-

Plots of the complex roots of Q10,10(z) and Q_g _7(#) are given in Figure 5.2. The roots of the polynomial @, »,
with m,n > 1, take the form of m x n “rectangle” with an “equilateral triangle”, which have either m — 1 orn — 1
roots, on each of its sides. The roots of the polynomial ()_,, _,, with m,n > 1, take the form of m X n “rectangle”
with an “equilateral triangle”, which now have either m or n roots, on each of its sides. These are only approximate
rectangles and equilateral triangles as can be seen by looking at the actual values of the roots. The plots are invariant
under reflections in the real and imaginary z-axes.

Due to the symmetries (5.14), the roots of the polynomials Q_,, » and Q.,,—r, with m,n > 1 take similar forms
as these polynomials they can be expressed in terms of Qs x and QQ_ s, x for suitable M, N > 1. Specifically, the
roots of the polynomial ) _, ,, with m > n > 1, has the form of an x (m —n + 1) “rectangle” with an “equilateral
triangle”, which have either n — 1 or n — m — 1 roots, on each of its sides. Also the roots of the polynomial Q_,, »,
with n > m > 1, has the form of a m x (n —m — 1) “rectangle” with an “equilateral triangle”, which have either m
or n —m — 1 roots, on each of its sides. Further, we note that Q _, 1, = Q.1 and Q1 m = @m0, forallm € Z,
where (), o and ), o are the original polynomials introduced by Okamoto (84). Analogous results hold for ), _p,
with m,n > 1.

Remark 5.5.

1. The generalized Okamoto polynomials @), , can be expressed in determinantal form as follows

Qm,n = Cm,nW (djly Y, 7w3m+3n—5a Yo, Vs, ... ,1/13,L_4) s (5.15a)
Q—m,—n = EmnW (151, '(/)47 e aw3n—2> '(/)27 '(/}57 e 7'(/)3m+3n—1) 3 (515b)
for m,n > 0, with ¢, ,, and ¢, ,, constants, W (11,2, . .., 1, ) the Wronskian, and ¢, (=) given by
> n
> M = exp (22¢ + 3¢%), (5.16)
n=0 n
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Figure 5.2: Roots of the generalized Okamoto polynomials Q10,10(z) and Q_g _7(%)

s0 Y (2) = (—3)"/?H, (3V/3i2). This follows from equation (20) in Kajiwara and Ohta (56), though it is not
given there explicitly (see also Ref. (24)). The generalized Okamoto polynomials (), ,, can also be expressed
in terms of Schur polynomials (for further details see Refs. (24; 56; 83)).

2. As for the generalized Hermite polynomials,using the Hamiltonian formalism for Py discussed in §2, it can
be shown that the generalized Okamoto polynomials @, ,, which are defined by the differential-difference
equations (5.12), also satisfy the fourth order bilinear ordinary differential equation

Qm,nQ%,n - 4Q;an%,n + 3 (Q;:L,n)Q + %ZQ {Qm,anfL,n - (Q;nn)Q}
+ 42Qm,nQ;n,n - %(mz + n2 +mn—m — n)Q?n,n = Oa (517)

and homogeneous difference equations; for details see Refs. (21) and (22).

6 Special Function Solutions

The Painlevé equations Py1—Pvy1 possess hierarchies of solutions expressible in terms of classical special functions, for
special values of the parameters through an associated Riccati equation,

w = pa(2)w? + pi(2)w + po(2), 6.1)
where p2(2), p1(2) and pg(z) are rational functions. Hierarchies of solutions, which are often referred to as “one-
parameter solutions” (since they have one arbitrary constant), are generated from “seed solutions” derived from the
Riccati equation using the Bécklund transformations given in §4. Furthermore, as for the rational solutions, these
special function solutions are often expressed in the form of determinants. See Sachdev (89) for details of the derivation
of the associated Riccati equations for P;—Pvyr.

Special function solutions of Py are expressed in terms of Airy functions Ai(z) and Bi(z)(4; 37; 40; 84), of Pyy;
are expressed in terms of Bessel functions J,, (z) and Y, (2) (65; 75; 78; 87; 104), of Pry in terms of Weber-Hermite
(parabolic cylinder) functions D, (z) (8; 41; 64; 77; 84; 103), of Py in terms of Whittaker functions M, ,(z) and
Wi (), or equivalently confluent hypergeometric functions 1 F1(a; ¢; z) (39; 66; 86; 108) and of Py in terms of
hypergeometric functions F'(a, b; ¢; z) (34; 68; 85); see also Refs. (23; 42; 70; 95). Some classical orthogonal poly-
nomials arise as particular cases of these special function solutions and thus yield rational solutions of the associated
Painlevé equations. For Pyr; and Py these are in terms of associated Laguerre polynomials L,(Cm) (z) (71; 81), for Pry in
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terms of Hermite polynomials H,,(z) (8; 56; 77; 84) and for for Py in terms of Jacobi polynomials P,Sa’ﬁ ) (2) (69; 96).
In fact all rational solutions of Py arise as particular cases of the special solutions given in terms of hypergeometric
functions (73).

6.1 Weber-Hermite function solutions of Py
Theorem 6.1. Pry (1.4) has solutions expressible in terms of parabolic cylinder functions if and only if either
B=-22n+1+ea)?, (6.2)

or

8= —2n2, (6.3)
withn € Z and ¢ = *+1.

Proof. See Gambier (37), Gromak (41), Gromak and Lukashevich (43), Lukashevich (63; 64); also Gromak, Laine
and Shimomura (42). O]

In the case when n = 0 in (6.2), then the associated Riccati equation is
w = e(w? + 2z2w) + 2v, 2 =1, (6.4)

with Ppy parameters a = —¢(1 + v) and 3 = —2v2. Letting w(z) = —ev)/,(z;€) /1, (2; €) in this equation yields the
Weber-Hermite equation

P — 2ez], + 2ev1), = 0, (6.5
which, provided that v ¢ Z, has general solution
Yo (z8) = {C’lDy(\/%z) + 3D, (—V2e z)} exp (%822) , (6.6)
where C; and Cs are arbitrary constants and D,,(() is the parabolic cylinder function which satisfies
d?D,
@ (3¢ —v—3)Du, ©.7)
with boundary condition
D,(¢) ~("exp (—1¢%), as (— +oo. (6.8)
Equivalently
1,..2
~ ~ exp (5ez
Pu(25€) = {C1M%V+5,5(6Z2) + CQW%H%,%(&ZQ)} Z<12/2)7 (6.9)
where C; and C, are arbitrary constants, and M w,u(§) and W () are the Whittaker functions which satisfy
d?u L2k 1>
e ©10
The seed solutions which generate the special function solutions of Pry are
d
w(z, —e(v+ 1), —202) = 7551111/)1,(2;6), (6.11a)
d
w(z, —ev, —2(v +1)%) = —22+5d—ln1/1y(z;5), (6.11b)
z

where v, (z; €) is given by (6.6) or (6.9). The corresponding special function solutions of sPry (1.9) are given by, for
e=1

d d
P1 = —alnwu(% 1), po = —2z+ glnl/),,(z; 1), w3 =0,
with parameters py = —v, us = v + 1 and p3 = 0 and fore = —1
d In 4, ( 1) 0 2 d In,, ( 1)
= - MYplz;—1), =Y = —z2z— ——Inyy(z—1),
$1 dz P2 3 a4z

with parameters py = —v, uo = 0and u3 = v + 1.
Determinantal representations of special function solutions of Py are discussed by Okamoto (84); see also For-
rester and Witte (35). The following theorem is a generalization of Theorem 5.2.
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Theorem 6.2. Suppose T, (z;€) is given by

Tu,n(z;g) =W (1;[]1/(2; 5)»¢u+1(z§5)7 cee 7wu+n71(z;€)) ’ (612)

with 1, (z; €) given by (6.6) and W(¢,, ¥y 41, ..., Upiyn—1) the usual Wronskian, then solutions of Pry are given by

d To+1.n(2;€)
. 1). —=2n2) = e — fvtlni\e s/ .
w(z;e(2v +n+1),—2n%) e In ( e ) , (6.13a)
w(z; —e(v +2n + 1), —20%) = si In (T,,n(z,a)> (6.13b)
’ ’ dz Tunt1(z:€) )’ ’
w(z;e(n —v), =2 +n+1)?) = —2z+5;—zln (m) . (6.13¢c)

In the case when € = 1, the corresponding solutions of sPry (1.9) are given by

d v ;1 d v,m ;1 d v,n ;1
©1 1n<T (2 )>, P2 1n(T’L(Z )>, <p3:—2z—|—ln(7”+1(z )>,

a4z Ty (2;1) T dz Tym+1(2;1) dz Tut1n(2;1)
with parameters ;1 = —n, po = —v and us = v + n + 1. There are analogous solutions of sPry in the case when
e=—1.
We shall now discuss some special cases which are of particular interest.
6.2 Rational solutions
If o = n € Z, thenfor v = n € Z7 the parabolic cylinder function is given by D, (¢) = 27"/2H,,((/v/2) exp(—1(?),
with H,,(z) the Hermite polynomial. Consequently, Pry (1.4) has the solutions
d
w(z; —e(n +1), —2n?) = —sd—lan(\ﬁz)7 (6.14a)
z
d
w(z; —en, —2(n +1)%) = —2z+5d—lan(\/§z), (6.14b)
z

which are special cases of the rational solutions of Pry that are expressed in terms of the generalized Hermite polyno-
mials discussed in §5.1. In the case when € = 1, the corresponding rational solutions of sPry (1.9) are

d d
©1 Z—EIHHn(Z)v 902:—224‘&1an(2)» p3 =0,

with parameters py = —n, o =n + 1 and pusz = 0.

6.3 Half-integer hierarchy

If v = — 3, then equation (6.5 has solution

V_1/2(z3€) = {ClD_l/g(\/iz) + CQD_l/Q(_\/iZ)} exp (32°), (6.15)
with Cy and C5 arbitrary constants, and so Pry (1.4) has the solutions
B _\/5{01D1/2(\/§Z)—02D1/2(—\/§Z)} (6.162)
CiD_1/2(V22) + CaD_1)5(—V22) '
N V2{C1Dy5(vV22) — CoDy 5(—V22)}

— . 6.16b
C1D_15(V22) 4+ CoD_y 5(—V22) ( )

The corresponding solutions of sPry (1.9) are

- _\/i{ClDl/z(\/EZ) —Cle/z(_\/iz)} -0
= C1D_15(V22) + CoD_y5(—V22) ’ e
V2{C1Dy/5(v22) = C3D1 j5(—V22)}

Ci1D_1/5(V22) + CaD_y jo(—V22)

p3 = —2z+
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with parameters p; = % pe2 =0and pus = %

Using (6.16) as seed solutions generates a hierarchy, the half-integer hierarchy, of solutions of Pry (1.4) expressed
in terms of Dy /o (¢), which is discussed in detail by Bassom, Clarkson and Hicks (8) who plot some of the solutions.
We remark that the special solutions of Pry (1.4) when o = %n and 0 = —%nQ are also solutions of dP; (4.5) and
arise in quantum gravity (see Fokas, Its and Kitaev (31; 32)).

6.4 Complementary error function hierarchy
If v = 0, then equation (6.5 has solution

Yo(z;€) = Cy + Coerfe (V—cz2), (6.17)

where C; and Cs are arbitrary constants and erfc(z) is the complementary error function defined by

erfe(z) = \% / h exp(—t?) dt, (6.18)

and so Py (1.4) has the solutions

20 exp(—2?)
VT {C1 + Cyerfe(z)}’
_ 2iCy exp(z?)
Vr{C1 + Cyerfe(iz)}

(see Bassom, Clarkson and Hicks (8), Gromak and Lukashevich (43)). In the case when £ = 1, the corresponding
error function solutions of sPry (1.9) are

w(z;1,0) = (6.19a)

’lU(Z, _L 0)

(6.19b)

205 exp(—2?)
LI VT {C1 + Cyerfe(z)}’ 2 =0,
2C5 exp(—22)
VT {Cy + Cyerfe(z)}’

p3 = —2z+

with parameters 1y = po = 0 and pz = 1.

The seed solutions (6.19) generate a hierarchy, the complementary error function hierarchy, of solutions of Pry
(1.4) which have the form
w(z) = P(z, \I!)7 2¢ exp(—22) 7

Q(z, ) V[l = Eerfe(z)]
where P(z, ¥) and Q(z, ¥) are polynomials in z and ¥ (see Bassom, Clarkson and Hicks (8)). Solutions of the form
(6.20) are particular cases of the special function solutions associated with the Weber-Hermite equation
d?y dy

U(z;€) = (6.20)

If ¢ = 0 then ¥ = 0, and the solutions (6.20) then reduce to rational solutions that are expressed in terms of the
generalized Hermite polynomials discussed in §5.1.

A special case of the complementary error function hierarchy hierarchy occurs when oo = 2n+ 1 and 8 = 0 which
gives nonlinear bound state solutions which exponential decay as z — F-oco and so are nonlinear analogues of bound
states for the linear harmonic oscillator; for details see (8; 10), also Egs. (7.10) and (7.11). These bound state solutions
arise in the theory of (i), orthogonal polynomials with the discontinuous Hermite weight

w(w; 2, p) = exp(—2?) {1 — p+ 2pH(z — 2)}, (6.22)

with H(() the Heaviside function and p a parameter (see Chen and Pruessner (19)), and (ii), GUE random matrices
which are expressed as Hankel determinants of the function

bn(2:6) = ( | ¢ m) (z — =)™ exp(—a?) d, (6.23)

with ¢ a parameter (see Forrester and Witte (36)). We remark that ,,,(z; £) given by (6.23) is the general solution of
equation (6.21.
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7 Asymptotics and Connection Formulae

In this section we are concerned with the special case of Pry (1.4) with w(z) = 22 y,% (z3v), z = %\/ix a =
2v+1(€ R) and § = 0, so that
d2yk
da?

=3y + 2ayp + (§2° — v — 5k, (7.1)

together with boundary condition
yp(x;v) — 0, as x — 4oo. (7.2)

Theorem 7.1. Any nontrivial solution of (7.1) that satisfies (7.2) is asymptotic to kD, (x) as x — +o0, where k(# 0)
is a constant. Conversely, for any k(# 0), there is a unique solution yi(x;v) of (7.1) such that

yr(x;v) ~ kD, (z), as T — o0, (7.3)
with D, (x) the parabolic cylinder function. Now suppose © — —oo.

1. If0 < k < k., where

1
o 1 74
221 T(v+1) 74
then this solution exists for all real x as * — —oo.
(a) Ifv=n€eN
D
yr(x;n) ~ kDn(2) , as T — —oo. (7.5)
V1—22nrn!k?
(b) If v & Z, then for some d and 0y € R,
. _(_\[v+1] 1 1/2 —1/2 —3/2
ye(z;v) = (1)U (=22) 7" + dlz| " Zsinp(z) + O (|| , (7.62)
as xr — —oo, where
olx) = %\/§x2 - %\/gdz In |z| — 6. (7.6b)
2. If k = k., then
yr(x;v) ~ sgn(k) (7%@1/2 , as x — —oo. (7.7
3. If k > k. then yi(x; V) has a pole at a finite xo depending on k, so
yp(z;v) ~ sgn(k)(z — zo) /2, as x| xo. (7.8)

Proof. See Bassom, Clarkson, Hicks and McLeod (10); these asymptotics of Pry are also discussed by Abdullayev
(1) and Lu (61; 62). O]

Plots of y,(z;v) for v = —3, 3,3, 2 for values of k which are just below and just above the critical value of &

given by (7.4) and the curves 3% + %m + V22 4+ 12v + 6 = 0 are given in Figure 7.1.
The connection formulae relating the asymptotics of yy (z; ) as * — +oo given by (7.3) and (7.6) are discussed
in the following theorem.

Theorem 7.2. Connection formulas for d and 0y are given by

d* = —iV3 7 In(1 — [u?), (7.9a)
6o = Ld?V3 3+ Zmv+ Lo+ argp + arg T (—%i\/§d2), (7.9b)

where . = 1 + 2ikn®/? exp(—irv) /T (—v).

Proof. See Its and Kapaev (49), who use the linear system (3.1) with matrices A and B given by (3.5). O]
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(iii) 7 (iv)

Figure 7.1: (1), yi(x; 1) with £ = 0.33554691 (red), 0.33554692 (blue), and the parabolas y + 1x = 0 (green),
v +sr=0 (black) (ii), yx (z; 3) with k = 0.47442 (red), 0.47443 (blue), and the curves y? + fz+ tV22 + 12 =0
(green) and y2 + x - f\/xQ + 12 = 0 (black). (iii), yk( ) with & = 0.38736 (red), 0.38737 (blue) and the curves
Y2 + %x + %\/mQ + 24 = 0 (green) and y? + %:L’ \/m =0 (black) (1V) yk( ) with & = 0.244992 (red),
0.244993 (blue), and the curves y* + 1z + %\/m = 0 (green) and y* + 2z — m = 0 (black).

Forn € Z, yi(x;n) exists for all = provided that k? < 1/(2v/2m n!), has n distinct zeros and decays exponen-
tially to zero as z — oo with asymptotic behaviour

k™ exp(—1x?), as x — 0o,
yp(z;n) ~ { ka"exp(—1a?) (7.10)
, as x — —oo.
1—2v2nn! k2

There solutions are nonlinear analogues of the bound state solutions for the linear harmonic oscillator and so may be
thought of as nonlinear bound state solutions. The first two nonlinear bound state solutions are

kexp(—12?)

(z;0) = Uy (x), (7.11a)
\/1—k2\/ﬂerfc( V2 )
2(
yr(z;1) = 2) {20i(a) + 2} (7.11b)

\/1 — 21‘\?%(35) —4vi(z)

Plots of yx(x; n), forn = 0,1, 2, 3, for several values of k are given in Figure 7.2.
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Yx(;0) yr (w5 1)
k =0.3,0.4,0.44,0.446, 0.44662 k =0.3,0.4,0.44,0.446, 0.44662

1.5

Yi(7;2) yr (w5 3)
k =0.25,0.3,0.31,0.315, 0.3158 k= 0.15,0.18,0.182, 0.1823, 0.18233

Figure 7.2: Plots of yx(x;n), forn = 0,1, 2, 3, for several values of k.
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8 Discussion

This paper gives an introduction to some of the fascinating properties which the Painlevé equations possess including
Hamiltonian structure, isomonodromy problems, Bicklund transformations, hierarchies of exact solutions, asymp-
totics and connection formulae. These properties show that the Painlevé equations may be thought of as nonlinear
analogues of the classical special functions.

There are still several very important open problems relating to the following three major areas of modern theory
of Painlevé equations.

(i) Bécklund transformations and exact solutions of Painlevé equations; a summary of many of the currently known
results are given in Refs. (23) and (42).

(i1) The relationship between affine Weyl groups, Painlevé equations, Biacklund transformations and discrete equa-
tions; see Ref. (79), for an introduction to this topic.

(iii) Asymptotics and connection formulae for the Painlevé equations using the isomonodromy method, for example
the construction of uniform asymptotics around a nonlinear Stokes ray; see Refs. (30; 50; 58).

The ultimate objective is to provide a complete classification and unified structure for the exact solutions and Béack-
lund transformations for the Painlevé equations (and the discrete Painlevé equations) — the presently known results
are rather fragmentary and non-systematic.
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