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Essential Spectrum for Maxwell’s Equations

Giovanni S. Alberti, Malcolm Brown, Marco Marletta
and Tan Wood

Abstract. We study the essential spectrum of operator pencils associated
with anisotropic Maxwell equations, with permittivity e, permeability
and conductivity o, on finitely connected unbounded domains. The main
result is that the essential spectrum of the Maxwell pencil is the union of
two sets: namely, the spectrum of the pencil div((we + i)V -), and the
essential spectrum of the Maxwell pencil with constant coefficients. We
expect the analysis to be of more general interest and to open avenues
to investigation of other questions concerning Maxwell’s and related sys-
tems.

Mathematics Subject Classification. 35Q61, 35P05, 35J46, 78A25.

1. Introduction

In this paper we consider the essential spectrum of linear operator pencils
arising from the Maxwell system

{curlH = —i(we +i0)E in Q,

curl E = iwpH in €, (1)

where  C R? is a finitely connected domain, with boundary condition
v x E =0 on 00

if  has a boundary. In these equations w is the pencil spectral parameter, ¢ the
electric permittivity, u the magnetic permeability and o is the conductivity; v
is the unit normal to the boundary.

Lassas [15] already studied this problem on a bounded domain with C1!
boundary, so in this article our primary concern is to treat unbounded domains
which provides additional sources for essential spectrum. However, even for
bounded domains, we are able to relax the required boundary regularity to
Lipschitz continuity. Like Lassas we allow the permittivity, permeability and
conductivity to be tensor valued (i.e., we allow anisotropy); however, we make
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the physically realistic assumption that, at infinity, these coefficients approach
isotropic constant values.

Maxwell systems in infinite domains are usually studied in the context
of scattering, with a Silver—Miiller radiation condition imposed at infinity, see,
e.g., [17, p. 10] and [5,6]. Scattering theory is sometimes regarded as the study
of solutions when the spectral parameter lies in the essential spectrum, though
the fact that the Maxwell system already has non-trivial essential spectrum in
bounded domains indicates that such an interpretation involves local condi-
tions as well as the study of radiation to infinity. The case of zero conductivity
o = 0 is substantially simpler, both for bounded and unbounded domains.
However, it is also physically unrealistic in numerous applications, including
imaging [7,11,13,14].

The main technical difficulty in dealing with the essential spectrum of
Maxwell systems in infinite domains is the fact that compactly supported per-
turbations to the coefficients do change the essential spectrum, as is clear even
for bounded domains from [15]. This means that techniques such as Glaz-
man decomposition, useful for Schrodinger operators, are no longer helpful.
We use instead a Helmholtz decomposition inspired by [1,3] together with fur-
ther decompositions of the resulting 2 x 2 block-operator matrices. As in [2],
this approach allows us to substantially reduce Maxwell’s system to an elliptic
problem. The main result is stated in Theorem 6: the essential spectrum of
the Maxwell pencil is the union of two sets: namely the spectrum of the pencil
div((we + i0)V - ) acting between suitable spaces, together with the essential
spectrum of the Maxwell pencil with constant coefficients. The spectral geo-
metric question of how the topology of 2 at infinity is reflected in the essential
spectrum of a constant coefficient Maxwell operator is also interesting, and an
avenue for future work.

Our original motivation for the investigations in this paper came from our
study of inverse problems in a slab for the Maxwell system with conductivity.
However, knowledge of the essential spectrum has much more fundamental
importance. It is a first step toward determination of the absolutely continuous
subspace of an operator and hence the behavior of its semi-group, as required,
e.g., for the study of Vlasov—Maxwell systems. It can also be a key component
in the analysis of certain types of homogenization problem.

2. Main Result

We shall study the Maxwell system on a finitely connected domain Q C R3.
Prototype examples include exterior domains Q := R3\Q in which ' has
finitely many simply connected components; the case of an infinite slab, {2 =
R? x (0,1), or a half space Q = R? x (0,00); domains with cylindrical ends,
such as waveguides; and indeed the case 2 = R? (see Assumption 14 and
Proposition 15 below for more details). The boundary 052, if non-empty, will
be of Lipschitz type, and the coefficients €, ¢ and p will be assumed to be
symmetric matrix-valued functions in L*° (Q; R3 X3) such that for some A > 0
and every n € R3
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AP <meen < Al ATMnlP <mepm < Al 0 <n-on < Algl®
(2)
almost everywhere in €.
As already mentioned, the case of bounded domains was treated by Lassas
[15] under slightly stronger regularity assumptions; for infinite domains we

assume that all the coefficients have a ‘value at infinity’ in the precise sense
that

lim p(z) = pol, lim e(x) = eol, lim o(z) = ool (3)

r—00 Tr— 00 xr— 00

for some scalar values pg > 0, g > 0 and oy > 0. To allow a unified treatment
of unbounded and bounded domains, it is convenient to assign values to &g,
1o and oo when 2 is bounded, and we choose

eo:=1, po:=1; o9:=0, (9 bounded). (4)
Several function spaces arise commonly in the study of Maxwell systems;
to fix notation, we denote
H(curl, Q) := {u € L*(C?) : curlu € L*(Q;C?)},
H(div, Q) := {u € L*(Q;C?) : divu € L*(Q)},
equipped with the canonical norms
Hqu-t(curl,Q) = ||UH2L2(Q;(C3) + 1| CUT1U||2L2(Q;<C3),
||u||$-£(div,ﬂ) = ||“H2L2(Q;<c3) + || div u”%?(Q;C)'
If 002 is non-empty, then we let v denote the outward unit normal vector, and
define
Ho(curl, Q) = {u € H(curl, Q) : v X ulgq = 0},
with the understanding that when Q = R? then Hg(curl, Q) = H(curl, 2).
We start by considering, in the Hilbert space
Hy := Ho(curl, Q) & H(curl, Q), (5)
the operator pencil w — V,, defined from (1) in the space H; by
Vit Hy — L*(;C*), ©)
(E,H) — (curl H + i(we + io)E, curl E — iwpH).

Our aim is to study the essential spectrum of the pencil V,,.

Definition 1. Let H; and Hs be two Hilbert spaces. For each w € C, let
L,: Hy — H; be a bounded linear operator. Adapting the definitions in [9,
Ch. 1, §4], we say that w € C lies in the

1. essential spectrum o, ; of the pencil w — L, if L, is not semi-Fredholm
(an operator is semi-Fredholm if its range is closed and its kernel or its
cokernel is finite-dimensional);

2. essential spectrum o, 2 of the pencil w — L, if L, is not in the class F
of semi-Fredholm operators with finite-dimensional kernel;
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3. essential spectrum o, 3 of the pencil w — L, if L, is not in the class F
of Fredholm operators with finite-dimensional kernel and cokernel;

4. essential spectrum o, 4 of the pencil w — L,, if L, is not Fredholm with
index zero, where ind L., = dimker L, — dim coker L,.

When these essential spectra coincide, we shall use the notation ... With an
abuse of terminology, we shall refer to the essential spectrum of L, and write
w € Uc,k(Lw)'

For the Maxwell pencil V,,, all essential spectra o x(Ly), k = 1,...,4,
coincide.

Lemma 2. We have

Ue,l(vw) = 06,2(Vw) = Ue,S(Vw) = 0—6,4(‘/&))'
Proof. By definition, we always have

Ue,l(vw) g Ue,Q(Vw) g O—e,S(Vw) g 0—8,4(‘/&))'
It remains to prove that o¢ 4(V,) C 0e1(Vo).

Take w ¢ ¢,1(V,,). Thus V,, is semi-Fredholm, namely the range of V,, is
closed and its kernel or its cokernel is finite-dimensional. A direct calculation
using integration by parts yields, thanks to the symmetry of the coeflicients ¢,
wand o,

<Vw(u)au/>L2(Q;C3)2 = <uan(?)>L2(Q;C3)27 u,u’ € Hi.
Thus, since H; is dense in L(Q; C3)2, for u € H; we have
u € ker V,, u),u')p2(a,cey2 = 0 for all v’ € L*(Q;C?)?

)L
) u')pe 2(;c3)2 = 0 for all u € Hy
u'))

)LZ(Qc?,z—OfOI“ all v’ € Hy

(Vo
(Vo
(u,
(u, ( u')) p2(,ce)2 = 0 for all v’ € Hy

rrrut

u € coker V.

Hence, ker V,, = coker V,, and so
dim ker V, = dim coker V,, = dim coker V,,,

implying that V, is a Fredholm operator with index zero, namely w ¢ e 4(V,,).
O

Remark 3. When H; and Hj are separable, infinite-dimensional Hilbert spaces,
the statement w € o¢ 2(Ly,) is equivalent to the statement that there exists a
Weyl singular sequence (uy) in Hy with ||u,||z, = 1 and u, — 0 in H; such
that ||Lyun||m, — 0. This follows from [9, Ch. IX, Thm. 1.3], which covers the
case Hy = Hy, by using a straightforward argument involving the isomorphism
between H; and Ho.

Finally, we introduce some homogeneous Sobolev spaces which are re-
quired for the Helmholtz decomposition for unbounded domains. For bounded
domains, these coincide with the usual Sobolev spaces.
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Definition 4. (1) (2 unbounded) The homogeneous Sobolev spaces H{ ()

(2)

and H'(Q) are the completions of the Schwartz spaces D(Q) and D(9),
respectively, with respect to the norm ||ul| := |[Vul|z2(q)-

(© bounded) In this case we define the homogeneous Sobolev spaces to
coincide with the usual Sobolev spaces: H}(Q) = HL () and H'(Q) =
H'(Q).

Remark 5. (a) Note that this definition does not coincide with Definition

1.31 in [4], which uses Fourier transforms to define H*(R?) and results in
spaces which are not complete if s > d/2. Our definition follows Dautray
and Lions [8]. For clarity, we use our definition directly in “Appendix A”.
If K is any compact subset of Q with non-empty interior and €2 is
bounded, then the usual H'-norm is equivalent to

lull® = l[ullf2x) + [Vull72 (), (7)

see Maz’ya [16]. In the case when  is unbounded, the norms on H' and
H& may be shown to be equivalent to the norm defined in (7), for any
compact K C € with non-empty interior. Thus an equivalent definition
of H'(Q), valid for bounded and unbounded €, is the closure of D(f2)
in the norm (7). However, for unbounded €, this is no longer equivalent
to the H'-norm; e.g., the function given in polar coordinates by u(r) =
1/(r 4 1)3/2 does not lie in H'(R?) but lies in H'(R?).

We are now ready to state our main result.

Theorem 6. Let 2 C R3 be a Lipschitz domain satisfying Assumption 14 (given
below) and €,0, i € L% (;R3*3) satisfy (2). Assume (3) if Q is unbounded,
and (4) if Q is bounded. We have

Oess (Vi) = Oess (div((we +i0)V +)) U Tess(VY),

where div((we 4+ i0)V ) acts from H(Q;C) to its dual H='(Q;C) and VO is
the Mazwell pencil with constant coefficients g, o and og.

Thanks to this result, the essential spectrum of the Maxwell pencil is

decomposed into two parts.

e The essential spectrum of the operator div((we+ic)V -): this component

depends on the coefficients € and o directly. In particular, in the case when
the coefficients € and o are continuous, it consists of the closure of the
set of w = iv, v € R, for which ve + o is indefinite at some point in :
see Proposition 27. As in Lemma 2, a direct calculation shows that for
this operator all essential spectra coincide, and so the notation o.ss is
unambiguous.

The essential spectrum of the constant coefficient Maxwell pencil,

VIUE,H) = (curl H + i(weg +io) E, curl B — iwpuoH),

which is determined by the geometry of 2. This can be computed explic-
itly in many cases of interest: we provide several examples below. It is
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worth observing that 0 always belongs to o.ss(V.?), since {0} VH(Q) C
ker V.
In the next examples, we will calculate the essential spectrum of V.0, for

different choices of domains €.

Ezample 7. The simplest case to consider in the calculation of g.ss(V,0) is
when Q is bounded. By (4) we have g9 = o = 1 and o¢ = 0. Thus, the pencil
is self-adjoint, and we have

O'ess( ) = {O}
see [12,15,17].

Ezample 8. We consider here the case of the full space 2 = R3. We can make
use of the Fourier transform to obtain a simple expression of this operator.

Writing E(x ng )e'™€ d¢, the expression of the operator curl £ in the
Fourier domaln is given by the multiplication operator iC' (E)E‘ (€), where
0 & &
Cl) =1 & 0 —& |- (8)
& & 0

Writing curl H in a similar way, we immediately see that V0 is represented, in
the Fourier domain, by the multiplication by the matrix

~ (i(weg +iog)I  iC(€)
Aule) = ( i) —iwpol )
A direct calculation gives
det (A, (€)) = ko (€] — ku)?,  kw = wpo(weo + ioo).
By a standard argument, o.4:(V.?) ={w € C : det(A, (£))=0 for some £ € R3},
so that
ao . . ao
Oess(VO) ={weC:k, >O}{az:a€R}U{zb:b€ {,O]}.
2¢ep €0

In the particular case, when the conductivity at infinity is zero, i.e., oy = 0,
we simply have o.ss(V?) = R.

Example 9. Let us look at the case of the slab Q = {z = (2/,23) € R? : 0 <
x3 < L}, for some L > 0. The derivation is very similar to the one presented
above for the full space, the only difference being that the continuous Fourier
transform in the third variable becomes a Fourier series. As a consequence,
the continuous variable &3 is replaced by a discrete variable n = 0,1,.... More
precisely,

=3 [ B me € sin (M) g, j=1.2,
n=1 R? L

:Z/ Ea(¢' n)e™" € cos (Txg) e’
2 e L
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and, analogously,

=3 [ B¢ e cos () g =12,
n=0"R

Hj(z) = Z Hy(&' n)e™" ¢ sin (%x;;) d¢’s

—1 JR2

the range of n in each summation has been determined by the boundary con-
ditions on 3 = 0 and x3 = L. Compared to the full space in Example 8, the
continuous frequency variable £ € R® has become £ := (¢, %F) € R? x (EN).
By calculations similar to those for the full space, we see that the essential
spectrum is the set of w € C such that for some £ € R? x (IN)

kw(‘§|2 - kw)2 =0, ky,= W,U«O(CUE() + iO’()),

and it is easy to see that this coincides with the essential spectrum for the full
space problem.

Example 10. We now compute the essential spectrum of V9 in a cylinder
D={reR3:0<mxy <Ly, 0<23< La}. As above, let us expand F and H
in Fourier coordinates as

Eqi(x1,x0,23) = ENz/ E1 (n, &) sm(L—xg) Sm(L—an ) e,

2

™ o
Es(xq,29,23) = eNz/ E2 n, &) cos(L—lxg) sm(L—x ) 1 e,

E3(.’171,J)2,J}3 Z /E?, n 6 Sln ZCQ) COS(%@B) i€y d£

neN2
and

7$2 L, ?
N9
Hy(x1, e, x3) = /Hg sm L )cos(— ) 1 e,
e Ly Lo

Hs(x1,xe,x3) = Z /H3 n,§) cos(Lillxg) sm(L—zx ) &1 qe.

neN?

Hy(xq,22,23) = /H1 n, &) cos il )cos(ﬂn x) i€r1 Q¢
nen?

In order to guarantee uniqueness of the expansions, set
H3(0,19,6) =0, Hy(n1,0,6) =0, Ey(0,n2,6) =0,
Ey(n1,0,6) =0, En(n1,0,6) =0, E3(0,n2,6) =0,

for every n € N? and ¢ € R.

A direct calculation gives that the operators E — curl E and H +— curl H

may be written in Fourier coordinates as the multiplication operators by the
matrices

(9)

o ™ ™ s
c (257 7, 72”2) and (Zf, 7, —fzn2) )
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respectively, where the matrix C' is defined in (8). As a consequence, in the
Fourier domain, V¥ is a multiplication operator represented by the matrix

i(weg +i09) C(i€, —1-n1, — £ n2)
(n,§) = e x : :
C (i€, £-n1, £;n2) —iwpiol
A further calculation yields
det (Au(n,€)) = ko (62 + %n? + %n% — k)%, ke = wpol(weg + iog).

If w is such that det (A, (n,€)) # 0 for every n € N? and ¢ € R, then w does
not belong to the essential spectrum of V?. On the other hand, suppose that
w is such that det (A, (n,&)) =0 for some n € Nand £ € R. If ny = ny =0, it
is easy to see that there are no nonzero elements of ker A, (n, §) satisfying (9).
On the other hand, the vector (0, wugLe, 0, 7,0, Ls) belongs to ker A, (0, 1, &)
and satisfies (9) (and similarly if n; = 1 and n2 = 0). As a consequence, we
have that

Oess(VY) ={weC:k,=0ork, 2”2}, L = max(Lq, Ls).

In the particular case when oy = 0, this set takes the simpler form
(V) = (=00~ | U (ODU | o)
L\/m L./zopo
Note that this set approaches the essential spectrum for the slab as L — +oo.

This is expected: as L increases the cylinder becomes larger and larger in one
direction.

3. Helmholtz Decomposition and Related Operators

We shall treat both bounded and unbounded Lipschitz domains 2 C R3. The
latter are our primary interest, as the bounded case has already been studied
by Lassas [15], albeit under slightly stronger assumptions on the boundary
regularity. However, in the definitions which follow, we deal with both cases.
The first decomposition result which we require is true without restric-
tions on the topology of 2. Although it is standard, we present a proof since
it shows how the homogeneous Sobolev spaces arise in a natural way.
Lemma 11. Let Q C R3 be a Lipschitz domain.

1. The space L*(Q; C3) admits the following orthogonal decompositions:
L2(;C%) = VA (Q) @ H(div 0, ), (10a)
L*(Q;C3) = VHY(Q) & Ho(div 0, Q), (10b)
in which
H(div0,Q) = {u € L*(Q;C%) : divu =0},
Ho(div0,Q) = {u € L*(Q;C?) : divu=0, v-ulyg=0}.
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2. The spaces Ho(curl, Q) and H(curl, Q) admit the orthogonal decomposi-
tions

Ho(curl, Q) = VH (2 C) @ (Ho(curl, Q) NH(div 0,Q)), (11a)
H(ewl, Q) = VH'(Q;C) @ (H(curl, Q) N Ho(div0,9)). (11b)

Proof. (1) The operator V: H} () — L?(Q; C?) is an isometry, and so VH{ (Q)
is closed in L?(€2; C?). It remains to prove that (VHZ () = H(div 0, Q). Sup-
pose that ¢ € (VHJ(2))*; then (¢, Vv) = 0 for all v € D(£2), which means that
(div ¢, vy = 0 for all v € D(). This proves that ¢ € H(div0,2). Conversely, if
¢ € H(div 0, Q) then for any v € D(Q2) we have 0 = (div ¢, v) = (¢, Vv). Taking
the closure in the H}(Q)-topology shows that (¢, Vo) = 0 for all v € H}(Q),
which proves (10a).

Analogously, VH(Q) is closed in L?(; C?). To prove (10b) suppose that
¢ € (VHY(Q))*; then certainly div¢ = 0 since (VHl( Nt C (VHG Q)™
Thus for all v € D(Q), we have 0 = (¢, Vv) = [,,(v - ¢)vds. This means that
v-¢=0on dN and so ¢ € Ho(div0, ). The proof that any ¢ € Ho(div 0, Q)
lies in (VH' ()" is straightforward.

(2) The decompositions (11) follow immediately from (10) by taking the
appropriate subspaces. O

To decompose the Maxwell pencil we need to decompose the spaces
H(div0,Q) and Ho(div 0, Q) further, by using vector potentials in some suit-
able spaces, which we now introduce.

Definition 12. Let Q C R? be a Lipschitz domain.

e The space X7(Q) is the completion of H(curl, Q) N Ho(div 0, Q) with re-
spect to the seminorm |lul| = |[curlullp2) + |[divul/rzq)
+ vl g-1/2000)-

e The space Xn(Q) is the completion of Ho(curl, Q) N H(div 0, Q) with re-
spect to the seminorm |lul| = |[curlullp2) + |[divul/rzq)
+ Hu X V||H_1/2(BQ)'

e The space Kp(Q) is the kernel of the curl operator restricted to Xp (),
namely

Kr(Q) = {u e X7(Q) : curlu = 0}.
e The space Ky () is the kernel of the curl operator restricted to Xy (€2),
namely

Kn(Q) = {ue Xn(Q) : curlu = 0}.

The spaces K7(Q) and Ky () are closed in X7(Q) and in Xy (), re-
spectively, and so we can consider the quotient spaces

Xr(Q)/Kr(©Q),  Xn(Q)/KEn(Q).
The curl operator is well-defined and injective on these spaces. To avoid cum-
bersome notation, we will in the following identify curl for ¢ € X1 (Q)/ K1 ()
or ¢ € Xn(Q)/Kn(Q) with the vector in L?(Q; C3) given by curl acting on any
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representative of the equivalence class 1. The curl operator maps these quo-
tient spaces into the space of divergence-free fields, with appropriate boundary
conditions.

Lemma 13. Let Q C R3 be a Lipschitz domain.
1. The space curl(Xp(Q)/K1(Q)) is contained in H(div0,9).
2. The space curl(Xn(Q)/Kn(Q)) is contained in Ho(div 0, ).

Proof. Part (1) follows immediately from div o curl = 0. Part (2) follows from
the identities div o curl = 0 and (curlu)-v = diveq(uxv) on 90 [17, (3.52)]. O

We make the following assumption.
Assumption 14. The spaces K7 () and Ky () are finite-dimensional and
H(div 0,Q) = curl(X(Q)/K7(Q)) ® Kn(Q), (12a)
Ho(div0,Q) = curl(Xn(Q)/Kn(Q)) & K7(Q). (12b)

This assumption is verified in many cases of theoretical and practical
interest.

Proposition 15. Assumption 14 is verified in any of the following cases:

1. Q=R3 (with Kr(Q) = Ky(Q) = {0});

2. Q is a bounded Lipschitz domain, satisfying Hypothesis 3.3 of [4];

3. Qis a C? exterior domain, satisfying assumptions (1.45) of [8, Chapter
IXA];

4. Q is the half space {(x1,22,73) € R3 : 23 > 0} (with K7 (Q) = Kn(Q) =
{0});

5. Q is the slab {(x1,72,23) € R3 : 0 < 23 < L} for some L > 0 (with
Kr(Q) = Ky () = {0});

6. Q is a cylinder R x ', where Q' C R? is a simply connected bounded
domain of class C** or piecewise smooth with no re-entrant corners (with

Kr(Q2) = Kn(©) ={0}).

Remark 16. We have decided not to provide the details of the assumptions
of parts (2) and (3), since they are rather lengthy and are not needed for
the rest of the paper. In simple words, these assumptions require 9€) to be a
finite union of connected surfaces and that there exist a finite number of cuts
within € which divide it into multiple simply connected domains. The number
of cuts is given by dim K7 (Q2), and the number of connected components of
092 by dim Kn(€Q) + 1. Thus, for simply connected domains with connected
boundaries, the decomposition is even simpler: Kp(§2) and Ky (2) are trivial
and can be omitted.

Proof. (1) The decompositions (12a) and (12b) coincide, and sim-
ply follow from the identity 4(§) = —& X (ﬁg—ly), valid for every
divergence-free field u (which implies £ - 4 = 0), where @ denotes
the Fourier transform of u. Alternatively, this is also a consequence

of Proposition 29 and Lemma 30.
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(2) This part is proved in [4] (see also [8, Chapter IXA] and [10, Chap-
ter I, §3] for the smooth case). The construction of the spaces
K7 (Q) and Ky () is described explicitly.
(3) The decompositions in this case are proved in [8, Chapter IXA].
(4)—-(5)—(6) The arguments are standard and explicit, but it is not easy to find
precise statements in the literature. We detail the derivation in
“Appendix A”, which contains a general construction for a larger

class of cylinders.
O

Combining (10) and (12), we obtain that the space L?(£2; C3) admits the
following orthogonal decompositions:

L2(Q;C%) = VHL(Q; C) @ curl(X7(Q)/K7(Q) & Kn(Q), (13a)
L2(Q;C%) = VHY(Q;C) ® curl(Xn(Q)/Kn(Q)) ® K1 (Q). (13b)

In view of these decompositions, to every vector field in L?(Q2;C3), we can
associate the unique vector potentials in X7 (92)/Kr(Q2) and in Xn(Q)/Kn ().

Lemma 17. Let Q C R? be a Lipschitz domain satisfying Assumption 14.
There exist bounded operators Ty : L*(Q;C3) — Xn(Q)/Kn(Q) and Tr :
L2(Q,C3) — X7 (Q)/K7p(Q) such that

Tycurl® =&, &€ Xn(Q)/Kn(Q),

TyVg=0, g€ H(C); Inf=0, feKp();

Trewld =&, & e X7(Q)/Kr(Q),

TrVq=0, g€ HY(Q;C); Trf=0, feKn(Q).

(14)

Proof. In view of (13b), every F € L*(Q,C3) admits a unique decomposition
into three orthogonal vectors,

F=Vq+curl®+ f,

with ¢ € H'(Q,C), ® € Xx(Q)/Kn(Q) and f € Kr(Q). We define Ty by
TyF = ®, so that Ty curl® = ® for all ® € Xy (Q)/Kn(Q). By the closed
graph theorem, Ty is bounded. The definition of T follows similarly by using
the other Helmholtz decomposition (13a). O

4. Proof of the Main Result

In a first part, we introduce a series of equivalent reformulations of our problem
to obtain a form where the two contributions to the essential spectrum in our
main result can easily be separated.

Decomposing H; using (11) and (12) allows us to transform the Maxwell
operator V,,. More precisely, for E' € Hy(curl,Q) and H € H(curl, Q) consider
the decompositions

E=Vqg+VYg+hy, H=Vqg+¥Yyg+hr, (15)

where g5 € Hg(€;C), qu € H(;C), ¥ € Ho(curl, Q)Neurl(X1(2)/Kr (),
Uy € H(curl, Q) Neurl(Xn(Q)/Kn(Q)), hr € Kp(Q) and hy € Kn(£2). We
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now wish to discard the contribution coming from K, () and Ky (). To this
end, we introduce the space

Hy = VHE(Q) x VHY(Q) x Ho(curl, Q) Neurl(X7(Q)/K7(Q))
xH(curl, Q) Ncurl(Xn (Q)/Kn ()
equipped with the canonical product norm
(w1, uz, U1, Wo)[|F, = [[wr] |72y + luall72(q) + W11 cur0)
W2 1 cur0)- (16)

Define the projection map
W: Hy — Ho, W(E,H) = (Vqe,Vqu,Ye, ¥),
where E, H are given by (15), and its right inverse W1 : Hy — H; by
W Vap, Vau, Ve, Yy) = (Veg + Vg, Vg + ¥g).

Since the decompositions in (11) and (12) are orthogonal, for any (E, H) € H;
we have

(B, H)|[3, = IW(E, H)|[3, + [|(hn, hr)l 7202 (17)
Instead of the operator V,,, we consider
Vw =V,o I/V_1 :Hy — Lz(Q; (CS)Q.

This does not change the essential spectrum, as the following lemma shows.

Lemma 18. We have ce2(V,,) = 0e2(Vay).

Proof. Using that W' is an isometry we immediately obtain that o, o(V,,) C
0e,2(V,). It remains to show the reverse inclusion.

Let w € 0e2(V,). By Remark 3, there exists a sequence of functions
Up = (VQE,n+\I/E,n+hN,n7 VQH,n+\I’H,n+hT,n) in Hy, ||UnH7-¢1 =1, u, = 0in
‘Hq such that ||V, u,|/;» — 0. Then there exists ¢ > 0 such that ||[Wu,||x, > ¢
for all sufficiently large n. This follows from the fact that otherwise by (17) we
would have that, at least on a subsequence, Pyru, := (hyn, hr,) satisfies
|| PnTun|l7, — 1. However, the range of Py is the finite-dimensional space
Kn(92) x Kp(€). This contradicts that w, — 0 in H;y, which implies that
(hN,vu hT,n) — 0 in Hl.

Set @, = Wuy,/||Wun||#,- Then, ||ty|lx, =1 and

Vw(qu,n + \I/E,na VqH,'rL + \I/H,n) _ unn - Vw(hN,na hT,n)

Vi, = = 0
W unl[2, W unl[2,
in L2(Q;C3)2. Finally, for any ¢ € (H2)" we have ¢ o W € (H1)', so
- (o W)uy,
Un) = 7 — 0,
P = (Wl

and hence w is in the o, 2 essential spectrum of f/w. O
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By definition of V, and (6), we obtain
~ . curl 4+ 1M, ,Vqrg + 1M, Vg
VolVar, Var, Ve, Ui) = (curI\I/E — WM, Vay — inu\I'H> - (18)

where M, F = (we +i0)F and M, F = puF.
In order to simplify this operator even further, we need the following
elementary result.

Lemma 19. Let Py denote the orthogonal projection onto the space H.
1. The map ¢ : L2(Q;C) — H-1(Q;C) x (X7 (Q)/K7(Q)) x Kn(Q) defined
by
Fr— (le F, TTF, PKN(Q)F)
is an isomorphism, where H='(Q;C) denotes the dual of Hg(€;C).
. / .
2. The map Ca: L*(Q;C%) — (VHl(Q;(C)) x (Xn(Q)/Kn(Q) x Kr(R)
given by
Fr— (h(F),TNF, PKT(SZ)F)7

where h: L?(Q; C3?) — (VHl(Q;(C)) is defined by

(h(F),Vq):= | F-Vqduz, (19)
Q

is an isomorphism.

Proof. (1) Take (¢,®, f) € H='(Q;C) x (X7(Q)/Kr(Q)) x Kn(Q). We need
to show that there exists a unique F € L?(Q;C3) such that (;(F) = (¢, ®, f).
We use the Helmholtz decomposition (13a) and look for F' of the form F =
Vq + curl ® + fy, with ¢ € H}(Q;C), ® € X7(Q)/Kr(Q) and fy € Kn(Q).
First, since P () F = fn, choose fy = f. Now note that

divF = ¢ <= Aq = ¢,

which is uniquely solvable for ¢ € H&(Q; C) by the Lax—Milgram theorem.
Further,

TrF=%&=3,

which is clearly uniquely solvable for ® € X7 (Q)/K7(Q). This shows that
G(Vg+ curl ® + In) = (o,P, f), as desired.

(2) The map ¢, is well-defined since VH'(Q) C L?(Q; C?). We now show
that (o is an isomorphism. Take

(0. 0.1 € (VIH(®:C)) x (Xn(@)/Kn(9)) x Kr(0).

We use the Helmholtz decomposition (13b) and look for F' of the form F =
Vp + curl ® + fr, with p € HY(Q;C), ® € Xn(Q)/Kn(Q) and fr € Kp(Q).
Then Tw F = & and Pr.oyF' = fr, and so ® and fr are uniquely determined
by ® = & and fr = f.
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It remains to show that p can be chosen so that Vp + curl® + f = ¢ or
. ’
Vp=¢—curl® — fin (VHI(Q; (C)) . Thus we need to find p such that

/Vp~qux:/(cp—curl@—f)qudx, g€ HY(Q;C).
Q Q
. ’
Using that L?(Q;C3) C (VHI(Q)) , this is uniquely solvable for p using the
Lax—Milgram theorem.
This shows that (o(Vp + curl @ + f) = (¢, @, f), as desired. O

Now, define ¢ = (401 Q) and C(F1, F) = (div Fy, h(F), T Fa, TrF),
i.e., ¢ contains the parts of ¢ not in Kn(Q) @ Kp(Q). Let

Hy = B (950) x (VEN@€)) x (X (Q)/Kn (@) x (Xr(9)/Kr(9).
Set

szfof/w : Ha — Hs.
Lemma 20. We have 002(V,,) = 0e2(V.,).
Proof. We use the characterization of the essential spectrum by Weyl singular
sequences given in Remark 3. R

Since C is continuous, the inclusion o 2(V,,) C 00.2(V,,) is immediate. Let
us now show the reverse inclusion.

Take w € Ue’g(f/w). Let (un)n C Ha be a singular sequence, namely
[tn ]3¢, = 1, tty = 0 in Hy and ¢(V,,(u,)) — 0 in Hs. Since Kn () & K7 ()
is finite-dimensional, we have 7(V,,(u,)) — 0, where 7 is the projection onto
Kn(Q) ® Kr(Q), since 7 o V,, is compact. This implies that ¢(V,(u,)) —
0, whence Vw(un) — 0 since ¢ is an isomorphism. Thus (u,), is a singular
sequence for V,,, and so w € ae,g(ffw). O

Combining Lemmata 18 and 20, we obtain c¢2(V,) = 0e2(V,). The
corresponding identity for the essential spectrum o 4 follows from the following
abstract result.

Lemma 21. Let X, Y and Z be Hilbert spaces with dimY < 400 and T: X &
Y - Z®Y be a bounded linear operator. Define T': X — Z by

T =PzoToix,
where Py: Z &Y — Z is the orthogonal projection (z,y) — z and ix: X —
X @Y is the canonical immersion x — (x,0). Then T is a Fredholm operator
with indez 0 if and only if T’ is a Fredholm operator with indez 0.
Proof. Observe that
T(l’, y) = (PzT(.’E, y)7 PyT(iU, y))
= (PzT(iU, y)vo) + (07 PYT(Qj?y))
= (PzT(x,0),0) + (PzT(0,y),0) + (0, Py T'(x,y)).



Essential Spectrum for Maxwell’s Equations

Since the index is invariant under compact perturbations and the operator
(z,y) — (PzT(0,y),0) + (0, Py T(x,y)) is finite rank (dimY < +00), we have
that T is Fredholm with index 0 if and only if

T": XY —-ZaY, (z,y)— (PzT(z,0),0),

is Fredholm with index 0.
Let 7" =T"o0ix: X — Z®Y. Since dimker 7" = dimker 7"’ + dim Y
and dim coker 7" = dim coker T""" we have that 7" is Fredholm with index 0
if and only if 7" is Fredholm with
ind(T"") = dimker """ — dim coker "’ = — dim Y.

Finally, observe that 7" = Pz oT"". Since the range of 7" is contained in
Z & {0} we have dimker 7" = dimker 7" and dim coker 7" = dim coker 7" +
dimY. Hence, 7" is Fredholm with ind(7T"") = —dimY if and only if 7" is
Fredholm with index 0. This concludes the proof. 0

Lemma 22. We have 00 4(V,,) = 064(Vo,).
Proof. Recall that V,,: Hy — L*(Q;C3)2. By (11) and (12), we have H; =
Ho @ (Kn(Q) ® K7 (22)). By Lemma 19, we can identify

LH(©;C°)? = Ha @ (KN () ® K1 (),

(disregarding isomorphisms). Since Ky (€2) @ K () is finite-dimensional, the
result is an immediate consequence of Lemma 21 applied with X = Hy, Z =

H3, Y = Kn(Q)® Kp(Q), T =V, and T' = V. O

Now, recalling that Uy € Xp(Q) and U € Xn (), by (14) and (18) we
have that
=~ - curlUy +iM_ Vqg +iM Vg
Vo(Var, Var, Ve, Vi) = ¢ (CurI\I/E — in#V;]H — inu\I/H>
i1div(M,Vqg) +idiv(M, V)
—iwh(M,NVqu) — iwh(M, V)
[\I/E] — Z'CUTNMHV(]H — Z'QJTNMH\I/H
[\I/H] +iTrM,Vqg +1Tr M, Vg

in which [-] denotes the equivalence class in the appropriate quotient space.

(20)

)

In order to compute the essential spectrum of V,, we now decompose the
coefficients in the Maxwell system. As a consequence of our Hypotheses (3, 4),
whether Q be bounded or unbounded, for each § > 0 the Maxwell coefficients
admit a decomposition

p= o + fic + ps, €=¢co+ec+es, 0=a9+o.+as, (21)

in which the terms pg, €9 and oy are constant and do not depend on 4, the
terms p., €. and o, are compactly supported, and the terms us, €5, s are
essentially bounded, with

mg := max(||us]| o (@), l€5 ]| Lo (@) |05 ]| Lo (@) < 05 (22)
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here the norms are defined by ||a|[r~ ) := esssup,cq|la(z)|]2 for a € L
(Q;R3*3), where ||A|| denotes the induced norm SqueRS\{o}% for A €
R3%3.

In the expression for V,, appearing in (20) the Maxwell coefficients ap-

pear linearly in the multiplication operators M,, (multiplication by ) and
M, (multiplication by we + ic). The decomposition (21) of the coefficients is

partially reflected in the following decomposition of V,:

‘:/w = ‘:/w,O + ‘:/w,c + ‘:/w,&

in which
Ve idiv((we +i0)VqE)
= —iwh(uV
oo | Yoo | - . i) . (23)
Vg —iwTN (uVau) + [YE] — iwTN (1oV )
Vu iTr (we +i0)Vqe) + iTr((weo + io0) V) + [T ]
Vau idiv((w(e.o +ec)+i(og+0.))VE)
oo | Var | _ —iwh((po + pe)¥rr)
we \IJE —inN(MC‘I’H)
Vu iTr (wee + i00) V)
and
Van idiv((e)eg +i05)¥g)
7 Vau | _ —iwh(usVrr)
“ “I}E —Z'LUTN(‘LL(;\I/H)
Uy

iTr((wes +i05)¥E)

Note that the operator Vw,o is independent of d. Further, the operator f/w’c is

compact and the operator ‘N/w,(; is O(6)-small in a suitable norm, as we show
in the following two lemmata.

Lemma 23. The operator V%C : Ho — Hs is compact.

Proof. By a direct calculation it is easy to see that div((weg + icg)Pg) = 0
and h(puoWPy) = 0, using that €9, ¢ and g are scalar. Since the operators

div: L*(Q;C?) — H~1(Q;0), Tr: L*(Q;C?) — X7(Q)/Kr(Q),
h: LH(Q;C%) — (VHY(;C)), Tn: L(Q;C%) — Xn(Q)/En(Q),
are bounded, it is enough to show that the operators
Fr: Ho(curl, Q) Ncurl(X7(Q)/K7(Q)) — L*(Q;C?), Vg — (we, +i0.) ¥,
Fr: H(curl, Q) Neurl(Xn(Q)/Kn(Q) — L2H(Q;C3), Uy — pVy,

are compact. We now prove that Fr is compact, the other proof is completely
analogous. Let R > 0 be big enough so that K := supp(we.+io.) C B(0, R)NS)
and x € C*(9) be a cutoff function such that x = 1 in K and suppx C
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B(0, R) N Q. Setting Qr = B(0, R) N, the operator Fr may be expressed via
the following compositions

Ho(curl, Q) N curl(Xp(Q) /K1 () Uy
Ho(curl, QR)lﬂ H(div, Qr) (X‘I/i“)kla
L*(QR; C?) (X\I’i)lnﬁ :
LQ(Qﬁc; C?) ((wee + z‘jc)\PE)IQR
L2 (Q;C%) (wee +Iiac)‘I’E

where the third operator is the multiplication by we. + io. and the fourth
operator is simply the extension by zero. Therefore, since the embedding
Ho(curl, Qr) N H(div,Qr) — L?(Qr;C3) is compact [19] (see also [4, The-
orem 2.8]), the operator Fr is compact. O

Lemma 24. There exists a constant C' > 0 depending only on Q and on the
coefficients p, € and o, such that for each 6 > 0 we have

Voo 6172 —745 < C(1 4 |w])o.
Proof. Note that by (16) we have
1(Vae, Vau, Ve, VE)l sy < 1(Vae, Ve, Ve, Vi),

Thus, since the four operators in (24) are bounded, there exists a constant
C > 0 depending only on 2 and on the coefficients i, € and o, such that

1Vs(Vag, Var, U e, Vir)lla, < C(1+ w)ms||(Vas, Var, Ue, Vi)l 2@.co)s
<O+ |w)il(Vae, Vau, Ve, Vi)l #,,

where the second inequality follows from (22). This concludes the proof. [
It is helpful to recall that ‘:/w: ‘Ho — Hs, where
Hy = VH(Q) x VHY(Q) x Ho(curl, Q) N eurl(X 7 (Q)/K7(Q))
x H(curl, Q) N curl(Xn (Q)/Kn ()
and
Hy = H@:C) x (VAN (©:0)) x (X (Q)/Kn(9) x (Xr()/Kr(Q).

Proposition 25. The o,2 essential spectrum of V., is the union of the ¢z
essential spectra of the two block operator pencils

A VINQ) x VINQ) — H(Q:C) x (le(Q;C))'
D,,: Ho(curl, Q) N curl(Xp(Q) /K () x H(curl, Q) N curl(Xn(Q)/Kn(Q))
— (XN (Q)/Kn(Q) x (X7(Q)/Kr ()
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determined by the expressions

_ (idiv((we +i0) ) 0 . In —iwpoTN
Aw = ( 0 fiwh(u-)> » Do = (i(wso + i00)Tr It ) - (25)
Here the operators Iny and It are the canonical mappings from XN(Q) and
X1 (Q) to the quotient spaces Xn(Q)/Kn(Q) and X1(Q)/ K7 (), respectively.

Proof. By inspection of (23), the operator pencil Vw,O may be written as the
block lower triangular operator matrix pencil

I~ w 0
Voo = (“g : ) (26)

in whi(;h A, and' D, are as in Eq. (25) and jche off-diagonal component
Co: VHY(Q) x VHY(Q) — (XN (Q)/KNn(Q)) x (X7(Q)/Kr(Q)) is given by

Co = (iTT((w£+i0)-) _MTON(M.)> :

The proof is divided into several steps.

1. Uc,2(‘~/w,0) g JC,Q(Aw) U UC,Q(Dw)« B
Let us prove the claim. Take w € O'eyg(f/wv()). Keeping in mind the block

structure (26) of ‘7“;,0, let (un,vn)n be a singular sequence for Vu,o- If
u, — 0, then at least some subsequence of vy, /||v, || is a singular sequence
for D,,, and so w € 0e2(D,). Otherwise, at least some subsequence of
Un/|un|| is a singular sequence for A, and so w € ge 2(Ay).

2. Ue,2(Dw) g 06,2(Vw,0)-
In order to prove the claim, it is enough to observe that if (v,), is a

singular sequence for D, then (0,v,) is a singular sequence for wao.
3. 025(V2) € 0ua(V).

Recall that U:,Q (V,,) is the set of w for which V,, is not in the class F_ of
semi-Fredholm operators with finite-dimensional cokernel. By [9, Chapter
IX, section 1] (the relevant argument is valid also if the domain and the
codomain of the operators are different, as in our case), we have

~ ok ~ ok

Ue,2*<‘7w) = 0e2(V,,)s 0ea(Vy,) = 0ea(Vo).
Further, combining Lemmata 2, 18, 20 and 22 we have

Ue,Z(Vw) == 0e,4(vw)-
Thus, the claim follows using the inclusion Ue’g(‘;w) - 08’4(1:&,).

4. Ue,Z(Vw) = Ue,Q(Vw’O)'

Take w € C. Recall that ‘:/w = ‘:/w,o + ‘:/L,,C + ‘:/%5, in which ‘:/w and ‘:/w,o
are independent of 0. By Lemma 24 we have

i 1V = V) = Vool a5 = 0.
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In other words, vV, — Vw,O is the operator norm limit of the compact

operators f/w,c, and is therefore compact. Thus V, = Vw,o + K, for some
compact operator K,,. Hence, the claim follows by the invariance of o, 2
under compact perturbations.

5. UZ,2<Vw) = Uz,z(vw@)-
The proof is completely analogous to that of the previous claim.
6. Ue,Q(Aw) = qe,Z(Aw)-
For u,u’ € H}(Q), by integrating by parts we obtain
(i div((we + i) Vu),u’) = (idiv((we + io)Vu'), u)
where (-, -) denotes the duality product between H~1(€; C) and H} (Q; C).

This shows that u’ belongs to the cokernel of the operator i div((we+io) )
if and only if Vu’ belongs to its kernel, hence

0.5 (i div((we +i0) ) = 0e 2 (i div((we + io) -)).

By a similar argument based on the definition of h given in (19), we
obtain

002 (—iwh(-)) = oea(—iwh()).
Combining these two identities yields the claim.
7. J:,Q(AW) - UZ,Q(Vw,O)-

Take W € 0:}2(./4“,) = 0e2(A¥). Thus there exists a singular sequence
(un)n for A%. By (26), we have

= (AL G
Vw,O(o D*)v

and so (un,0), is a singular sequence for Vw*,0~ Thus w € 062(V)) =

0:,2(‘7%0)'
Let us now conclude the proof. By items 1. and 4. we obtain

O'e,Q(Vw) c O'e,2(-Aw) U Ue,2(Dw)-
By items 2. and 4. we have
Ue,Q(Dw) g O—e,2(‘~/w)~
By items 3., 5., 6. and 7. we have
Ue,Q(Aw) - Ue,Z(Vw)-
This concludes the proof. O

Remark 26. The text [18] contains many interesting results on essential spectra
of block-operator matrices and pencils; Theorem 2.4.1 is very close to what
we would need, but our pencil Vw,o is lower triangular rather than diagonally
dominant.

We are now ready to prove our main result.
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Proof of Theorem 6. We commence the proof by observing the following iden-
tity:

O'e,2(Vw) = Ue,2(Aw) U Ue,2(Dw)- (27)

This is an immediate consequence of Lemmas 18 and 20 and of Proposition 25.
We now consider oe2(A,) and o 2(D,,) in more detail.

The essential spectrum of A,, consists of the point {0}, arising from the
(2,2) diagonal entry of A,, which has w = 0 as an eigenvalue of infinite
multiplicity and is otherwise invertible; and of the essential spectrum of the
pencil in the (1,1) entry, which is as stated in the theorem, namely

Oe2(Aw) = {0} U ge o (div((we + i0)V -)). (28)

In order to deal with the essential spectrum of D, we observe that if
we replace V, by a new pencil V¥ in which the coefficients have the constant
values g, po and og, then D, will be unchanged while A4, will be replaced
by a pencil A, o in which all the coefficients are constant. For the constant
coefficient pencil A, o we see that O lies in the 0.2 essential spectrum as we
reasoned before, while the (1, 1) term is invertible and Fredholm precisely when
weg + iog # 0, by the Babuska-Lax-Milgram theorem; hence ce2(Aw0) =
{0, —iop/eo}. Using (27) for the constant coefficient pencil, we now have

0972(‘/3) = {07 72’0’0/60} U Ue,Q(Dw)- (29)

We now prove that the oo essential spectrum of A, already contains
the set {0, —iog/ep}. The (2,2) component has 0 as an eigenvalue of infinite
multiplicity. If € is bounded, we have op = 0 and so the claim is proven.
Otherwise, for the point —iog/ep we observe that by the Hypothesis (3), given
n > 0 there exists R,, > 0 such that if wy := —ioy/eg then

. 1

sup |lwoe(z) +io(x)]2 < —.
|I|2Rn n

Choosing any function ¢,, € C§°(Q2) with support in {z € Q : |z| > R, }, with
[Vénll2() = 1, we see that
. . 1
| div((woe +i0) V00 -+ <
Since the supports of the sequence (V¢ )neny move off to infinity, the sequence
converges weakly to zero; it is therefore a singular sequence in VH}(Q) for
the (1,1) element of A,,,. Thus wy lies in the o2 essential spectrum of A,,.
Combining the observations (27), (28) and (29) with the fact that oe2(A,) 2
{0, —ioo/e0} completes the proof. O

We conclude this section with a more explicit description of the essential
spectrum of the divergence form operator div((we 4+ i0)V +) in the case of
continuous coefficients.
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Proposition 27. When the coefficients € and o are continuous in Q, the 0,2
essential spectrum of div((we 4 i0)V -), acting from H}(Q;C) to H~(€;C),
consists of the closure of the set of all w = iv, v € R, such that ve + o is
indefinite at some point in ). Equivalently, when Q is bounded, it is the set of
w =iv, v € R, such that ve + o is indefinite at some point in Q.

Proof. Tf R(w) # 0 then the real part of we+io is definite, and the result follows
by the Lax—Milgram theorem. If w = iv is purely imaginary, this reasoning
still works if ve + o is uniformly definite in €. It remains only to show that if
ve + o is indefinite at some point xg € €2, then 0 lies in the essential spectrum
of div((we +i0)V -).

We prove the result by constructing a Weyl singular sequence. Define
a := ve+ o and ag := a(xg). Let x : [0,00) — [0,1] be a smooth cutoff
function such that y(¢) = 1 for 0 <t < 1 and x(t) = 0 for all t > 2. Let § € R3
be a unit vector chosen such that §Ta(x)f = 0. For each sufficiently small
0 > 0 and large r > 0 let

Xs(x) = (SS%X ('m ;xd) , Ups() = xs(z)r texp(irf -z).  (30)

A direct calculation shows that Vu,; in sup-norm is O(r‘1§_5/ )+
O(673/2). We suppose that 762 > 1, so that the 673/2 term dominates; we
have ||V, s| Lo (Bys (20)) = O(6 /%) and l[trs]l g2 () = ¢ for some ¢ > 0 inde-
pendent of r and ¢. If v is any smooth test function then

[(Vtur.5, VO < C8%| V5]l Loe (Bas (20)) IV VI Lo (B (20))
< OV 0036732 = 0(6%/?),

so that the u, s tend to zero weakly in Hj(Q2) as r / 400 and ¢ \, 0, with
r>65.

To complete the proof that 0 lies in the essential spectrum of our operator
we show that || div(a Vu,s)||g-1(q) can be made arbitrarily small. It is easy
to see that

. ag Vs, Vv
div(a V) i1 < lla — aollzm(Eapqeoy - sup 120 VUne: VUl
veHL(Q)\{0} ||’U||Hg(n)
(31)

We compute Vu, s by direct differentiation of eqn. (30) and deduce that for
each v € H} (),

1 z—z¢ ,(|z— x| )
7,65 < 5 0-x),
[{ap Vuy s, V)| ‘<a0 o p—— ( 3 exp(irf - z), Vv

+ [(xs aoV (r~ " exp(irf - z)) , Vo)
< C%””HH&(Q) +[{div(xs a0 V (r~ " exp(irf - ) ,v)|

- C%”””Hé(ﬂ) +[((Vxs) a0 V (r~ exp(ir - ) ,v)| 5
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in the last step we have used the fact that div (ao \Y (ril exp(irf - x))) =0,
which follows immediately from 67 agf = 0. Integration by parts yields

a ) .
[{ao Vs, V)| < C%HUHH(%(Q) + Kr‘l exp(irf - x),dlv(vagVX(;)M .

We estimate the final inner product by observing that ys is O(673/2), its
gradient is O(67°/2) and its second derivatives O(6~7/2), while its support is
a ball whose volume is O(5%): thus

lao| [1 1
|<a0vu7’,5vvv>|§07 S+ﬁ vl &2 ()

for some constant C' > 0. Substituting this back into (31) we obtain

. a 1 1
I div(a V) 1110 < 10— 0]l (g o) + O {5 ; 5} .
Letting r " 0o and then letting J \, 0 we obtain the required result. O
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Appendix A: The Helmholtz Decomposition for Cylinders

This appendix is devoted to the study of the decompositions (12a) and (12b)
for a large class of cylinders of the form Q = R x €/, with ' C R%. We
will then show that this class includes the full space, the half space, the slab,
and the cylinders with bounded sections as in Proposition 15 part(6), thereby
providing a proof to the corresponding parts of Proposition 15.

We denote coordinates in Q by (z1,2') where 2’ = (x9,23) € ', with
similar conventions for components of vectors and operators, such as gradient
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and Laplacian. For simplicity of notation, we shall write a < b to mean a < Cb
for some positive constant C' depending only on ©'. We assume that the cross-
section ' satisfies the following additional hypothesis.

Assumption 28. Let g,h € L*(Q). If ¢’ € D' (L) satisfies
curl ¥ =g in
div/ ¢ = h in (32)
Y v=0or¢-7=0 on 0,
where v/ = (v9,v3) and 7/ = (—vs,12) denote the unit normal and tangent
vectors to 0, respectively, then

V' | L2y S gl ) + 17l

This assumption guarantees the existence of the decompositions (12a)
and (12b) with the spaces Kr(Q) and Kx () (Definition 12) both trivial.

Proposition 29. Let Q = Rx €Y, where ' C R? is a Lipschitz domain satisfying
Assumption 28. Then Ky (Q) = Kr(Q) = {0} and

(a) H(div0,Q) = curl{yy € H(Q) : divep =0 in Q, 1 -v = 0 on 9Q},

(b) Ho(div0,Q) = curl{yy € HY(Q) : divep =0 in Q, ¥ x v =0 on Q}.

Proof. We divide the proof into three steps.

1. First, we prove that every function f in Ho(div0,2) may be written as
the curl of a unique divergence-free function % such that ¢ x v = 0 on
0N). In particular, this implies that the space Ky (2) is trivial.

2. Second, we prove that every function f in H(div0,€2) may be written as
the curl of a unique divergence-free function v such that ¢ -v = 0 on 99.
In particular, this implies that the space K7 () is trivial.

3. Third, we prove that the potentials ¢ constructed in steps (1) and (2)
belong to H'(Q).

Step (1) Given f € Ho(div0,€2), we look for ¢ such that

curly = f in €, (33)
divyy =0 in Q, (34)
Y xv=0 ondf. (35)

Since v; = 0, the second and third components of (35) yield ¢¥1v3 = 0 and
P1vg = 0, giving ¥ = 0 on 9. Taking the curl of Eq. (33) we obtain
—A’(/)l = 82f3 - 63f2 in Q,

upon taking the Fourier transform with respect to the first coordinate x; we
obtain the boundary value problem
TA/dA)l + &%y = Oafs — D3fo inY,
Y1 =0 on OV,
in which A’ denotes the Laplacian with respect to 2’ € ' and £ € R is the

dual variable of z; under Fourier transformation. For almost every £ € R, this
Dirichlet boundary value problem admits a unique solution vy (¢) € H(Q')

(36)
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by the Lax Milgram theorem, and so 17 is uniquely determined. To obtain the
remaining components of ¢ we rewrite (33) and (34) as

Ootp3 — O31hg = f1, 0391 — 013 = fa, O — Ooth1 = f3,
011 + 02t + 0303 = 0.

Again take the Fourier transform with respect to 27 and obtain

Oothy — Oatho = fi, Oty — &by = fo, &by — Bathy = f,

(€1 + Oatha + D313 = 0. (37)
Using the second and third identities in (37) yields
oy = —iLwl;— f3, s = i7f2 _5831/]17 for a.e. £ € R.

It remains to check the first and fourth identities in (37) and the first compo-
nent of (35). For the first identity in (37) we observe that
- - i 5 . - ; i,z ;
0213 — O399 = 3 (32f2 — D231 + 03291 + a3f3) = E(*fol) = fi.

Here we have used, for the second equality, the fact that div f = 0. For the
fourth identity in (37), by (36) we have

i€y + Datha + Dsihy = i€ahy + % (*331[)1 — Oofs + Dz fo — 3331/31)
= 2 (€001 - 33— 84) — (Bufa— 0u)
=0.

Finally, for the first component of (35), using F to denote the Fourier trans-

form,
1/3@212 — 1/21[)3 = é (—82@2111/3 — f31/3 — f21/2 + 3312111/2) = é]:(v/l/n T—f-v)=0,

where we have used the fact that ;1 =0 and f-v =0 on 09 in the last step.
Step (2) The only difference between this case and the one above lies in

the boundary conditions. We no longer have f - v = 0 on the boundary. This
time f € H(div0, ) and we seek ¢ such that

curly = f in Q, (38)
divy =0 in Q, (39)
Y -v =0 on 0. (40)

The calculations follow as above except that problem (36) is replaced by
A"y + %y = div/(fs,—f2) in €,
V'V = (fs,—f2) on 9%,

in which the reason for the slightly curious Neumann boundary condition will
become clear shortly. As above, for almost every £ € R, this problem admits

a unique solution ¢ (£) € H'(') by the Lax Milgram theorem. Having found
11, we construct 5 and 13 as before, and the verification of (38) and (39) is

(41)



Essential Spectrum for Maxwell’s Equations

similar to the calculations for (33) and (34). This leaves the boundary condition
(40): since ¥ - v = hovs + 313, we have

,(& U= % {(8212]1 + f3)1/2 — (fg — 83’(&1)1/3} = %Z {V”l[)l . ]/’ + (f37_f2) . y’} — 07

the equality at the last step coming from the boundary equation in (41).
Step (3) We now verify that ¢ lies in H*(£2) in both cases. From (36, 41)
we have

— A"y + 2y = div'(f3, — f2) in €, (42)

Uy =0 or =V - = (fs,—fo) v/ ondSY.
An integration against 1/31 gives

191 1y + € 2y = (= Fo 2, V') o
whence
: , : 1)l (e
V61 lleze) < 17Ol 1Ollzzen < === (43)

From the first and fourth identities of (37) we get, for almost every £ € R,

curl’ zﬁ’ = fi X in
div'¢/ = —i&py in Q.
We also have the desired boundary conditions:
¢ 7' =00n 0 for (b), or ¢ -1 =0 on dY for (a).
By Assumption 28 we have
IV (Oll2@) S A2 + €012 S F©ll2@),  (44)

the last inequality following from the second inequality in (43).
We now regularize ; for £ — 0. Define, for € > 0,

'l[}i,s(gax ) = |£|i

By a direct calculation we have V/1); — V'’ 1/32-’5 =

bi(€,2"), i=1,2,3.

— = V'i);, and so we get
IE\ +e

IV 4; — Vli/;i,sHm(Q/) = ||V’ ¢z||L2 ) <V’ ¢z||L2(Q' < |1f(e L2y

[€l+e | +e
where the last inequality follows from (43) for ¢ = 1 and (44) for i = 2,3. By
the Dominated Convergence Theorem, therefore,

;ig(l) ||V 4; — v/'l[]z',EHL%Q) =0.
By direct calculation,

||51[)1 - &gi,s”Lz(Q/) |§| te

il 2 o) (45)
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Now, using (43) for ¢ = 1 and the two identities
o = —i(Dathr + f3),  Es = i(fa — Dathn),

together with (43) for ¢ = 2,3, we have |¢] - H’(ZJZ'HLZ(SZI) < \|f||Lz(Q,), whence

H&ﬁl — Ew;,8||L2(Q/) < ||f||L2(Q/). Taking inverse Fourier transforms in (45),
dominated convergence yields

lim |01, — O1¥il[L2() = 0.
Altogether we have that [|[V; . — V|| 12(q) — 0 as € — 0, namely
gii% ||¢z‘,a - wz‘HHl(Q) =0. (46)

Since [¢); (€, 2)| < e~ 1|€W; (€, 2')| we have that 1$icllzz @) < e ol o)
< 400, and so ¥; . € H'(Q2). Since HY(Q) is dense in H'(Q), by (46) we
conclude that ¢ € H'(Q). a

We now observe that Assumption 28 is verified in many situations of
interest.

Lemma 30. Assumption 28 is verified in each of the following cases:

1. Q' is the full space R?;

2. Q is the half space {(x2,13) € R? : 23 > 0};

3. ' is a strip {(x2,73) € R?: 0 < x3 < L} for some L > 0;

4. Q) is a simply connected bounded domain of class C*' or piecewise smooth
with no re-entrant corners.

Proof. (1) Taking Fourier transforms in (32) we obtain
i€l —igalh = g, i€l + ikxlly = h,
with unique solution

o —ihtibg o —itah — it

ooer T P
~ 27 PN ~
Hence |&294| = ‘é%‘};l + ‘E‘?T;" < |h| + |g], so that

10295 | 22 (re) < 13llz2Re) + IRl L2qre),

and similarly for the other conditions.

(2) In this case the boundary condition is either ¢4 = 0 or ¥4 = 0 on
{z3 = 0}. We study the case ¢}, = 0; the other is similar.

Taking Fourier transforms we get

T/JQ(xzawa):/R A Uh(&a, €3)e™>"2 sin(315)dEsd &,

?ﬁé(xzax?)):/k A P (&, €3)€™272 cos(€x3)désdEs,
+
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!J(»’lfzaﬂfrﬁ):/m{/lR 9(&2,&3)e™2™ cos(&3a3)dEzdés,

h(.TQ, xg) = / h(fg, fg)(ﬁig?x?‘ sin(§33x3)d§3d£2.
RJR,
The equations in (32) become
ity — &y =9, it — &yl = h,
and then everything proceeds as for the case ' = R2.
(3) This follows by using the Fourier transform with respect to the vari-
able x9 and the Fourier series in the variable x3, as in cases (1) and (2) above;

the calculations are completely analogous.
(4) This part was proven in [10, Chapter 1, Remark 3.5]). O
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