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Abstract A monic Jacobi matrix is a tridiagonal matrix which contains the
parameters of the three-term recurrence relation satisfied by the sequence of
monic polynomials orthogonal with respect to a measure. The basic Geronimus
transformation with shift o transforms the monic Jacobi matrix associated
with a measure du into the monic Jacobi matrix associated with du/(x — o) +
C8(x — a), for some constant C. In this paper we examine the algorithms
available to compute this transformation and we propose a more accurate
algorithm, estimate its forward errors, and prove that it is forward stable. In
particular, we show that for C = 0 the problem is very ill-conditioned, and we
present a new algorithm that uses extended precision.
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1 Introduction

Given a measure u, with supp ¢ C R, one can define a linear functional .# on
the space P of polynomials with real coefficients in the following way:

Z(p) = / p@dut), peP, (1)

which is well defined provided that the moments %, := Z(x") are finite,
n=0,1,2,... In that case, we say that . is a moment functional. Moreover,
if the leading principal submatrices of the Hankel matrix M = (£, )75, are
nonsingular, then % is said to be quasi-definite, and there exists a sequence of
polynomials { P,}72 , orthogonal with respect to p, that is, [4]

1. deg(P,) =nforalln > 0.
2. ZL(P,Py) = K,b6um, where K, #0 and §,,, is the “Kronecker delta”
defined by

P 0, if m # n,
w1, ifm = n.

In particular, { P,}7° , is said to be a monic sequence of orthogonal polynomials
(MOPS) if the leading coefficient of each polynomial is equal to one. Every
MOPS satisfies a three-term recurrence relation (TTRR):

XPn(x) - Pn+l(-x)+Bn+1Pn(x)+GnPn—l(x)a (2)

P (x)=0, Pyx)=1, B, G, eR, Gy=%, G,#0 foralln=>0.

The previous set of equations can be written in matrix notation as

xp = Jp,
where p = [Py(x), Pi(x), P(x), ...]" and
B, 1 0
G, B, 1

J=10 G, B; ..

This semi-infinite tridiagonal matrix J is called the monic Jacobi matrix
associated with the functional .. It is very unusual to denote the entries of
a matrix by capital letters, but since the algorithms to compute the Geronimus
transformation involve two monic Jacobi matrices, for the sake of clarity,
we denote by capital letters the entries in the input matrix and by the same
lowercase letters the entries in the output matrix.
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For a moment functional .#, a polynomial 7, and a real number «, let 7.
and (x — a)~'.Z be the moment functionals defined by

(r2) (p) = L(np),

(- 2) =2
X —U
In the literature there are numerous results studying the connection be-
tween the recurrence relations of polynomials orthogonal with respect to
two allied measures [1, 2, 7, 15, 24]. This relationship can be extended to
the corresponding Jacobi matrices. Two examples stand out as particularly
important:

— Given .Z and « € R, the transformation that gives the monic Jacobi matrix
associated with (x — «).Z in terms of the monic Jacobi matrix associated
with .Z is called the Christoffel transformation or Darboux transformation.

— Given ¢, we consider the linear functional ¢4 := (x — )~ '.Z + M&(x —
a), where a € R is out of the support of the measure that defines .2, and M
is a nonzero constant. This transformation performs a rational modification
of the measure that defines the functional . and add a Dirac mass in
«. Notice that M = %, the first moment of 4. The transformation that
gives the monic Jacobi matrix associated with ¢ in terms of the monic
Jacobi matrix associated with .Z is called the Geronimus transformation
or Darboux transformation with free parameter.

These transformations can be considered as reciprocal in the following sense:

Lemma 1 [25] Let £ and 4 be two linear functionals and « a real number.
Then,

x—a)9 =2 ifandonlyif 4 =(x—a)"'L+%5(x—a).

If the functional .Z is expressed in integral form as in (1), then

d
24 Cp(a),
x —

o

G(p()) = [(x — &)L + D3 (x — )] (p(x)) = / p()

where C =% — o and pug = f xdT'ua' Therefore, this transformation depends
on two free parameters & and C. From now on we call the transformation that
gives the monic Jacobi matrix associated with the functional ¢ in terms of the
monic Jacobi matrix associated with . the Geronimus transformation with
shift « and parameter C.

The Geronimus transformation was first studied by Geronimus in 1940.
Among numerous papers by Geronimus on orthogonal polynomials there
are two [13, 14] which contain ideas that anticipated many investigations
in modern mathematical physics. The main contribution by Geronimus was
a deep investigation of both Darboux transformations. The first non-trivial
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application of these transformations was proposed by Geronimus himself in
[13]. This application is connected to the problem of classifying all sequences
of orthogonal polynomials such that its derivatives form another set of or-
thogonal polynomials. In the last two decades, these transformations have
attracted the interest of various specialists in different branches of mathe-
matics and mathematical physics for their applications to different topics such
as Discrete Integrable Systems [20, 22, 23], Quantum Mechanics, Bispectral
Transformations in Orthogonal Polynomials [16-18], and Numerical Analysis
[5,7,8,10,12].

The problem of the numerical computation of the Geronimus transforma-
tion with shift @ and parameter C of a Jacobi matrix J has been extensively
studied when C = 0 and the shift « is close to the support of the measure u
[5, 8, 10]. However, we have not found any papers on the case C # 0, or when
C = 0 and the shift is not close to the support of the measure.

The objectives of this paper are the following:

— to investigate the numerical behavior of the available algorithms to com-
pute the Geronimus transformation,

— to present a new algorithm which is more accurate than the previous ones
(Algorithm 3, specially when the shift moves away from the support of the
measure,

— to explain why the numerical behavior of any algorithm to compute the
Geronimus transformation is considerably different for C = 0 and C # 0.

We also estimate the forward errors (Theorem 2) produced by the new
algorithm with O(n) cost, and prove that this algorithm is componentwise
forward stable (Theorem 8), which means that the magnitude of the errors
produced by this algorithm are the best ones that can be expected because
they reflect the sensitivity of the problem to perturbations in the input data
(Theorem 2). No need to say that forward stability does not imply small
forward errors when the problem is ill-conditioned.

We also show that this algorithm is more accurate than the previous ones,
specially when the shift moves away from the support of the measure and
C # 0 (Section 4.4). We prove that the problem of computing the Geronimus
transformation is extremely ill-conditioned when C = 0 (Subsection 4.5) and
therefore, a significant loss of accuracy can be expected in this case. However,
we also show that by computing a few outputs with extended precision, the
algorithm becomes much more accurate (See Table 7).

The paper is structured as follows: in Section 2 we give a brief account of the
main theoretical results needed. In Section 3 we analyze the available forward
and backward algorithms, and in Section 4 we introduce a new algorithm. We
present a backward error analysis of this algorithm (Theorem 4.1) and provide
a condition number for the problem (Definition 2 and Theorem 3) that allows
us to estimate the forward errors produced by the new algorithm in O(n) flops.
Finally, we show several numerical experiments to illustrate the performance
of this new method and we prove that it is componentwise forward stable.
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2 Theoretical results on the Geronimus transformation

Throughout this section, .# is a quasi-definite moment functional, {P,} the
sequence of monic polynomials orthogonal with respect to ., J the monic
Jacobi matrix associated with { P, }, and « a real number outside the support of
the measure that defines .Z.

Let J —al = UL denote a decomposition of J —«/ as a product of an
upper triangular matrix U and a unit lower triangular matrix L, where

u 1.0 ... 100...
OLLZI... 1110

U=loo0owu...|-L=lonL1... | (3)

whenever it is possible. It is easy to check that whenever the U L factorization
of J — «[ exists, it is not unique. In fact, the entry u, can be considered a free
parameter. Then, given o and u,, we say that / = LU + «I is the Geronimus
transform of J with shift « and parameter u;.

Necessary and sufficient conditions for the existence of the Geronimus
transform with shift o and parameter u; of a monic Jacobi matrix J are given
in [1] and [25].

It is also clear that J is a tridiagonal semi-infinite matrix. By Favard’s
theorem [4], J generates a new sequence of monic orthogonal polynomials if
and only if the entries of J in positions (i 4 1, i) for i > 1 are all nonzero. In this
case, the MOPS associated with J and J, respectively, can be related through
the matrix L, as we next show.

Lemma 2 Let J be a monic Jacobi matrix and let o € R be such that J — a1 has
an UL factorization. Let u; € R and let J be the Geronimus transform with shift
o and parameter u, of J. Assume that { P,} and { Q,,} are, respectively, the MOPS
associated with J and J. If ] — al = UL is the UL factorization of J — ol such
that J = LU + «l, then L is the change of basis matrix from {P,} to {Q,}, i.e.
O = LP, where Q and P are, respectively, the column vectors containing the
polynomials in { P,} and {Q,}.
Proof Multiply J — ol = UL by L on the left to get

L(J —al)=(LU)L. 4)
Replace LU by J — «I in (4) and multiply by L~! on the right to get

LUJ—aDL'=J—al
Thus, J — «/ is similar to J — 1. Considering the relation xQ = JQ, we have
x—a)Q=J—-aQ=LJ—-a)L'Q
and multiplying by L~! on the left we have
x—a)L'Q=U —-aDL'Q
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and hence x(L~'Q) = J(L™'Q), and L' Q is a MOPS p satisfying xp = Jp.
By uniqueness L' Q = P, which implies the result. i

It can be proven [1, 25] that if the matrix J — o/ = U L, with U and L as in
(3), then the Geronimus transform with shift & and parameter u; is the Jacobi
matrix associated with a functional ¢ given by

GY=x—-a)'L+%sx—a),

where % is the first moment of the functional ¢. Next we show the relationship
between ¢, and the parameter u; involved in the U L factorization of J.

Lemma3 Let £ be a quasi-definite moment functional, and J the corre-
sponding Jacobi matrix. Then, the Geronimus transform of J with shift o and
parameter uy is associated with the moment functional

G=x—-a)'¥+ ?a(x — ),
1

where %, is the first moment of the functional .£. Moreover, if the integral
representation of £ is given by

Z(p) = /p(x)du(x),

then the Geronimus transform of J is associated with the moment functional
with integral representation

d %
4(p) = /p(x) wo | <u_10 - Mo) p(@),

X —o

where g = [ % and p € P.

Proof By Lemma 1, (x —a)¥ =.2. Let {P,};2, and {Q,};2, be the
MOPS with respect to £ and ¢, respectively. Then, if we denote P =
[P1(x), Po(x), ..., and Q = [Q1(x), O2(x), ....]', we get

(x—)9) (QQ") = 2 (00").
Taking into account Lemma 2,
Y ((x—a)QQ") =< (LPP'L").

Considering the recurrence relation that {Q,} satisfies and the linearity of .¥
and ¥,

¢ ((J-aDQQ') = LZ (PP) L'

(J—aD¥(QQ") = LD,L'
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where D, is the diagonal matrix whose diagonal elements are given by
(D) = £ (P for alli. Thus,

(J—al) =L(D,L'D;") = LU,

where D, is defined similarly to D,. Notice that D, and D, are invertible
matrices by definition of orthogonal polynomials.

Finally, this implies that u; = %,/%, and the result follows. The last part of
the lemma is obtained by considering the integral representation of .Z, that is,

G(p) = /(x)“() ()f“() p@).

O

From the point of view of the algorithms that we will present in the next
section, we need to use the fact that the MOPS {P,(x)}32, obeys a three term
recurrence relation of the form:

Ynr1 = (@ = Buy)yn — Guyn—1, n=0. &)

Now it is important to note that if o ¢ supp i, then the functions
{on(er, €)}52 _, defined by

P, C)=—5¢(Pn(X))=—</P (X) +CP (a)) n>0, p_i(a,C) =1
obey the same TTRR satisfied by the sequence of orthogonal polynomi-
als P,(x) for every value of C. Moreover, when C =0 it turns out that
{on(a, C)}2 _, is the minimal solution of this recursion, which means that

I ACRY
im

n—oo gn

=0,

for any other solution of the TTRR, say g,, which is independent of p, (e, 0).
The solution g, is called dominant, see [10] for more details on the general
theory.

As a consequence of this situation, when C =0, it is not recommended
to use the three-term recurrence relation in the forward direction (for in-
creasing n) to generate {p,(o, C)}2_,, due to numerical instability. However,
the TTRR can be used in the backward direction, and the process can be
reformulated in terms of the associated continued fraction

Yn Gn Gn+l Gn+2

= .., n=0,1,2,...
Yn-1 o —By1—a— Bypo—a— Byz—

which converges to the ratio of minimal solutions according to Pincherle’s
theorem [11].
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Let us define the following quantities:

. pn(a, €) G, Guyi Gui2
Ip—1 = = .., n=0,1,2,..
on—1(ct, ) o — Bn+1_ o — Bn+2_ o — Bn+3_ (6)

Note that, in particular, r_; = po(, C) = — (o + C). The importance of
these variables in the Geronimus transformation will be given in Lemma 4,
which expresses the quantities 7, defined in (6) in terms of the entries in the
subdiagonal of the matrix L in the U L factorization of J — «1.

Lemma 4 Let {P,} be the sequence of monic polynomials orthogonal with re-
spect to the linear functional £ (p) = [ pdu. Let C, o0 € R, and o & supp .. As-
sume that J — oI = UL is the U L factorization of J — al such that J = LU +
al is the monic Jacobi matrix associated with 4 (p) = fp(x)/(x —a)du +
Cp(a). Then,

pile, €)

T i= ————— =1, forallk > 1, 7
1= e ) o Je (7)

where l;, = Lk + 1, k).

Proof The result can be proven by induction. After dividing by px—;(«, C) the
TTRR

pr(a, C) = (@ — B pi—1(a, C) — Gr_1pp—2(a, C),  k >1,

consider the expression for /i given in Algorithm 1. O

3 Algorithms for computing the Geronimus transformation and numerical
experiments

In this section we examine the currently available algorithms for numerically
generating a Geronimus transform of a monic Jacobi matrix J. First we present
the standard algorithm which can be derived from the matrix version of the
Geronimus transformation given in (8). Then, we present other algorithms
used in the literature.

When C =0 and the shift o is close to the support of the measure,
researchers [5, 10] recommend a split strategy, that is, to use a “forward
algorithm” when the shift « approaches the support of the measure, and a
“backward algorithm” when the shift moves away from the support.

When C # 0, we can still use the “forward algorithms”. However, the
“backward algorithm” does not converge and is not useful as we explain
below. In this section, we also show, through numerical experiments, that the
“forward algorithms” and the “backward algorithm” (when available) become
less accurate as the shift moves away from the support of the measure.

From now on all the results refer to leading principal submatrices of monic
Jacobi matrices. Since we are interested in the numerical analysis of algorithms
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that implement the Geronimus transformation, we can only consider finite
matrices. We denote by J,,(B, G) the n x n leading principal submatrix of J,
where B =[By, ..., B,]", and G =[G, ...,G,_;]" and J,(b,g) is the n x n
leading principal submatrix of J,b=1[by,...b," being the elements on the
main diagonal of fn(b,g), and g =[gi, ..., g._1]" the elements on the first
lower subdiagonal. Then, the finite version of the Geronimus transformation
with shift « and parameter u, is given by

Jo(B,G) —al, = U,L, +lene,, J,b,g = L,U, +al,, (8)

where e, denotes the n-th column of the n-by-n identity matrix and M,, denotes
the leading principal submatrix of order n of any matrix M.

Since we can only consider a finite leading principal submatrix of the initial
monic Jacobi matrix as input for any algorithm to compute the Geronimus
transformation, in order to determine the appropriate value of the free para-
meter uy, the parameters C, o, and % need to be known (as Lemma 3 shows).
Thus, in all the algorithms in this paper we consider as inputs B, G, «, C, o,
and .%.

The following pseudocode gives the standard algorithm to compute the
Geronimus transform with shift @ and parameters C, uo, and % of an n x n
monic Jacobi matrix J,, (B, G). This algorithm is obtained from (8). Notice that

up+10 1 o O0--- U 1 o O0---
wly ury+10 1 0--- ully L +up 1 0---
1... =

UL = 0 usl, us+1; . LU= 0 wlh L+usl---

Algorithm 1 Given an n x n monic Jacobi matrix J,, (B, G), this algorithm com-
putes its Geronimus transform J, (b, g) of order n with shift « and parameters
C, uo, and %.
ur = 2o/(C+ o)
bi=u+a«
for i=1:n-1
l,’ = Bi — U — o
gi=u*l;
uir1 = Gi/l;
biyi=uim +li+o
end
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The computational cost of Algorithm 1 is 6n — 2 flops. This algorithm
is closely related to the qd-algorithm proposed by Rutishauser. In [21],
Rutishauser introduces o-degree monic polynomials p{” (x), depending on an
additional integer parameter v and with the initial condition p(()”) (x) = 1. These
polynomials satisfy two basic relations:

Py () = xpy L (1) — ¢ pl (%) ©)
and
Py = pP @) = —el pg Y (o). (10)

Compatibility of these relations yields a three-term recurrence relation for
the polynomials p(” (i.e. pfj”fll) are orthogonal polynomials), together with
nonlinear relations for the coefficients ¢{) and e{" (i.e. the qd-algorithm).
Relation (9) is equivalent to the Christoffel transformation from polynomials
p¥ (x) to polynomials p{"*V(x), while relation (10) is equivalent to Geron-
imus transformation from polynomials p{"*! (x) to polynomials p{” (x). These
transformations are not shifted, that is, « = 0. However, already in the classical
book [6, pg. 460], a generic scheme of the shifted Rutishauser algorithm is
presented.

If we denote by {P,} and {Q,} the sequence of polynomials whose Jacobi
matrix is J and J, respectively, condition (10) is equivalent in our notation to

Pn - Qn = _lnPnfla

(see (3) and Lemma 2).

Next we present an algorithm slightly different than Algorithm 1 that can
be obtained by replacing /x by —r;_;, using Lemma 4, and eliminating the
variables uy in Algorithm 1.

Algorithm 2 (Forward algorithm) Given an n x n monic Jacobi matrix
J. (B, G), this algorithm computes its Geronimus transform J,,(b, g) of order n
with shift « and parameters C, uo, and .%j.

roy=—(uo+C)

Go=%
fork=0:n-2

re = =By + o — G/rr
end
bi=Bi+r
g1 =Ly xro/r
fork=2:n-1

b= Bk+rr1—ria

8k = Gr_1ri—1/Tk—
end

bn = Bn +r 1 —Fno

The computational cost of this algorithm is 7z — 3 flops.
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Notice that both Algorithms 1 and 2 are “forward algorithms” since they
compute /,, and r,, respectively, for increasing values of n. However we call
Algorithm 2 “Forward Algorithm” because this is the algorithm proposed by
W. Gautschi [10] in the split strategy for C = 0.

W. Gautschi also proposes an alternative algorithm when C = 0, in which
the quantities r, are computed backwards. Namely, given an initial value
m > n:

Gi .
rm =0, V= ———, i=mym-—1,...,1,
o — Bip —ri
together with r_; = % /(¢ — B| — ry). Observe that this is equivalent to (6).
The quantities by and g are then computed in the same way as in the forward
algorithm.

In [10] Gautschi studies the properties of Algorithm 2 and the backward
method. He states that the forward algorithm is better when « is very close
to the support of the measure and the order n of J,(B, G) is not too large;
otherwise, the backward algorithm is advised.

This backward algorithm can produce very accurate Jacobi matrices but,
unlike the forward methods, it may require infeasibly large initial matrices
Jm(B, G) to produce an output matrix Ju(b, g) of quite moderate dimension.
Estimators for determining the advised initial order m of J,,(B, G) are given
in [9] but they are only well-defined for the classical families of orthogonal
polynomials.

Elhay and Kautsky [5] also suggest a split strategy in the case C =0,
the backward algorithm being the same as the one proposed by Gautschi.
However, the forward algorithm they propose, called the Inverse Cholesky
algorithm, is more expensive than Algorithm 2 (computational cost of at least
O(n?)) and their numerical experiments in [5] show comparable performance.

3.1 Numerical experiments

Here we present some numerical experiments that show the accuracy of the
algorithms presented in the previous subsection.

In order to check the accuracy of the algorithms, we have computed the
following componentwise forward errors:

by —by
b

gk — 8k
8k

error b = max
k=1..n

}, error g = max | lan

k=1..n—1

where b; and gr denote the outputs computed by a given algorithm in
standard double precision, i.e., u ~ 1.11 x 107! is the unit roundoff of the
finite arithmetic, while b, and g, denote the outputs obtained by running the
same algorithm with 64 decimal digits of precision.

The experiments have been done using MATLAB 7.6.0 and the variable
precision arithmetic of its Symbolic Math Toolbox. In all our tests, theoretical
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error bounds guarantee that the outputs obtained by running the algorithms
with 64 decimal digits of precision have more than 50 significant decimal digits.

We have applied Algorithm 1, Algorithm 2 and the Backward Algorithm to
the following Jacobi matrices:

1. The 60-by-60 monic Jacobi matrix corresponding to the Jacobi polynomials
with parametersa = —1/3 and b = 1/7.

2. The 60-by-60 monic Jacobi matrix corresponding to the Laguerre polyno-
mials with parameter a = —1/3.

In both cases, we considered a broad range of values for the shift « and two
different values for the parameter C = {0, 10}. For other nonzero values of C,
the behavior of the algorithms is similar to that of C = 10. The results can be
found in Tables 1, 2, 3, and 4.

Notice that when C = 0, the three algorithms lose all their accuracy as
the shift « moves away from the support. When C # 0, the accuracy of the
algorithms also decreases as « moves away from the support although in a
more moderate way. Notice that the numerical behavior of Algorithm 1 and
the Forward Algorithm seems very similar.

4 A new algorithm

In this section we present a new algorithm to compute a Geronimus transform
of a monic Jacobi matrix J. We will show that, with this new algorithm, the
accuracy increases as « moves away from the support of the measure when C #
0. In Section 4.6 we will also show that this new algorithm is forward stable.
This means that the forward errors we get from this algorithm are the best that
can be expected taking into account the conditioning of the problem.

This new algorithm does not improve the accuracy when C = 0 because,
as we will show in Subsection 4.3, the problem of computing the Geronimus
transformation of a monic Jacobi matrix when C = 0 is very ill-conditioned.
We will also show that the conditioning of the problem depends strongly on
the computation of the very first outputs and the accuracy increases notably
when computing those outputs with extended accuracy and taking them as new
inputs of the same algorithm.

The new algorithm that we present in this section only requires as input
a monic Jacobi matrix of the same size as the output matrix. The numerical

Table 1 Algorithm 1-algorithm 2-backward algorithm

o Error b Error g Error b Error g Error b Error g
—1.0001 1.4 1071 2210716 251071 6.7 10716 1.31071 441071
—1.1 16.78 1.7 29.26 0.18 25 1.6

-2 243 2.16 243 2.16 1.4 45

—10 4332 1.57 4332 1.57 26.3 1.21

Forward errors for Jacobi polynomials witha = —1/3,b =1/7,n =60, C =0
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Table 2 Algorithm 1-algorithm 2

o Error b Error g Error b Error g
—1.0001 22710712 2710716 2.97 10712 3.33 10716
—1.1 151071 2510710 2.1510° 1 4.44 10710
—10 2.0510710 3.38 10716 2.74 10710 4210716
—100 1.06 107 3.3510716 1.16 107 4.44 10710
—100 1.25 107 3.35 10716 7.55 1076 2221071

Forward errors for Jacobi polynomials witha = —1/3,b = 1/7,n = 60, C = 10

experiments will also show that the new algorithm do not improve significantly
the accuracy when the shift has a moderate size due to the conditioning of the
problem.

Let us define new variables {t,-}l'-l:_l1 as t; :=l; + o. Then, the following new
algorithm to compute the Geronimus transformation with shift « and parame-
ters C, uo, and %, can be derived. Notice that the variables [, ..., [,_; have
disappeared since they have been replaced by ¢4, ..., £,_.

Algorithm 3 (New algorithm) Given an n x n monic Jacobi matrix J,(B, G),
this algorithm computes its Geronimus transform Ju(b, g) of order n with shift
a and parameters C, po, and %.
uy = 2%/(C+ o)
bi=u +a
fori=1:n—-1
ti=B;—u;
g = (li—a)*u
uip1 = Gi/(ti — )
bivi =uiy1 +14
end

The computational cost of Algorithm 3 is 5n — 2 flops.
A matrix version of this new algorithm is

Ju(B,G) —al, = U, (T, —aD,) + e, J,(b,g = (T, —aD,) U, +al,,

Table 3 Algorithm 1-algorithm 2-backward algorithm

o Error b Error g Error b Error g Errorb Error g
—0.0001 2.110°16 3.64 10716 1.72 1071 4,3510°16 4.9107! 4.7 107!
—-0.1 1451071 2.141071 6.76 1015 1.07 10714 481071 6710710
—1 1.71107° 2.8310°° 17107 2.8310°° 71077 10-°
-10 2.74 44.65 274 44.67 1.4 25
Forward errors for Laguerre polynomials witha = —1/3,n =60,C =0
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Table 4 Algorithm 1-algorithm 2

o Error b Error g Error b Error g
—0.0001 2.011071° 3.3210°1° 1.73 1071 3.86 10710
—0.1 1.0410°1 2.18 10716 1.73 1071 4.1 10716
-1 2.2810°1° 2.18 10716 2.110716 43610710
—10 3.72 10716 42610710 6.19 10710 43910716
—100 3.9210°1 2710710 22510715 2.99 1071°
—100 1.08 10~10 2.16 10716 1.08 10~10 4.01 10716
Forward errors for Laguerre polynomials witha = —1/3, n = 60, C = 10
where

up 1 0 ... 0 100 ... 0 000 ...0

Ou, 1 ... 0 n10 ...0 100 ...0
Un - . . . 5 Tn - .o 5 Dn - P

00 .. 0 u, 00 ..¢t_1 00.. 10

Some numerical results are presented in Tables 5 and 6, namely, the com-
puted forward errors by Algorithm 3. Those tables also include the condition
number, which will be defined in Subsection 4.2 and whose explicit expression
is given in Theorem 3. Notice that the accuracy of the outputs increases as
|| increases when C # 0. However, no improvement can be observed when
C=0.

Before carrying out a rigorous roundoff error and stability analysis of the
algorithm, we can explain why the accuracy of the outputs improves when C #
0. Notice that the new algorithm is obtained from Algorithm 1 through some,
apparently, slight modifications which actually have a significant influence on
stability and accuracy.

We have observed that some harmful cancellations in the computation of
the outputs b; by Algorithm 1 may arise. A significant situation where this
problem can be clearly understood appears when the shift « is large. It can
easily be shown that limy|—.o ux = 0 for k > 2 (see Lemma 5 in Section 4.3),
and therefore /; = B, —a — u; ~ —a when |¢| - oo andi > 2,and then b, ;| =
Uir1 + 1 +a ~ (—a) + @ when |a| — oo and i > 2. The reader should notice
that this cancellation is avoided in Algorithm 3.

Table 5 New algorithm

o Error b Error g cond Error b Error g cond
—1.0001 7.5510712 222107 3.4610° 1.3410712 2710716 3.5910*
—1.1 16.04 1.7 48710 40510712 2510716 1.2210°
—10 43.32 1.57 1.8310"7 55310713 3.3810°10 1.1210*
—100 2.89 2.96 1.3310"7 47410714 3.3510°10 1.1310°
—1000 9.69 10.65 7.6410' 8410715 3.3510716 113.81
—106 0.35 0.53 8.6110'0 1.6410°1 3.3510716 38.4

Forward errors for Jacobi polynomials
a=—-1/3,b =1/7,n =60, C =0 (left) and C = 10 (right)
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Table 6 New algorithm

o Error b Error g cond Error b Error g cond
—0.0001 2.11 10716 3.64 10710 423 2.111071¢ 3.321071¢ 427
—0.1 14510715 2141071 1.19103 1.041071° 2.1810716 54.64
-1 1.7110°6 2.8310°° 2.9210" 2.110716 2.181071° 5.89
—10 2.74 44.67 2.510"7 1.961071° 42610710 4.48
—100 2.24 3.83 4.9710"7 2.111071¢ 2710716 3

—100 1.15 1.21 424106 2210716 2.161071° 3

Forward errors for Laguerre polynomials
a=—1/3,n=60,C =0 (left) and C = 10 (right)

From Lemma 5 in Section 4.3 we also observe that some harmful cancella-
tions may occur in Algorithm 1 when C = 0 in the computation of b4, /;, and
u,, but these are not eliminated by Algorithm 3. In fact, these cancellations
cannot be eliminated because they reflect the ill-conditioning of the problem.

4.1 Backward error analysis of Algorithm 3

We use the standard model of floating point arithmetic [19]:

xopy

. 18l Inl <,
T+ 1 18], 1]

flixop y) =(xopy)(1+98) =
where x and y are floating point numbers, op = +, —, %, /, and u is the unit
roundoff of the machine. From now on, given a vector v, |v| denotes the vector
whose entries are the absolute values of the entries of v.

We develop our error analysis in the most general setting. For this purpose
we assume that the shift « and C are real numbers, and we denote by &
and C the nearest floating point numbers to « and C. Similarly, we denote
by .,2’% and i the nearest floating point numbers to % and wy. Moreover,
we assume that the input parameters By, ..., B,—; and Gy, ..., G,,_; are each
affected respectively by the small relative errors €p,, ..., €5, |, €G,, ---s €G,_, »
where max;<;<,—1{|€g.|, |€G,|} < Du, D being a moderate constant. These er-
rors in the inputs may come from the rounding process when storing them
in the computer. In addition, for the Jacobi matrices associated with families
of classical orthogonal polynomials, the inputs B; and G; are computed using
well-known formulae which may cause further errors.

Theorem 1 Let J,(B, G) be a monic Jacobi matrix of order n. Let J,(b, g) be
the Geronimus transform with shift « and parameters C, o, and % of J,,(B, G).
Let &, 19, and C be the nearest floating point numbers to «, o, and C. Consider

the application of Algorithm 3 to the matrix with floating point entries J.(B, G)
where

Bi=Bi(1+ep). Gi=G(l+eg), l<i=n-—1,
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and

max {leg|, leg,|} < Du,
1<i<n—1

for a positive integer D such that Du < 1. If T, 8) is the matrix computed
by Algorithm 3, and L, T are the computed intermediate matrices appearing in
Algorithm 3, then

Jo(B+AB,G+ AG) —al, = U, (T, —al,),

Jub +Ab, g+ AR = (T, —al)U, +al,
where this transformation has parameters é, A%, and [iy, and

¢ — | < ulaf
AL <3ul %]+ OW?),
[0 — ol < ulpol

IC—Cl <ulC),

IABil < (D+ Du(|Bi| + i) + O@?), 1 <i<n-—1,
IAG:| < (D+2ulGi| + O@?), l<i<n-—1,
|Ab)| < ulbl, 1<i<n,
|Agi] <2u|g| + OW?), l<i<n-1.

Proof First observe that
ti=(Bi(1+ep)—t)(1+e), le <u
and we get
|AB;| = |t + 8 — Bi| < (D + Du+ Dw?) (|B| + |iti]) -
Assume that the floating point number closer to % is £y(1 + €). Then,

4 L1+ €)1 + €, + 8u)
l:

k] |6L|a |Eu1|7 |8M1| S u.

C+ o
Therefore,
AZ| = |2 — (€ + )| < Gu+ 30 +u)|Z.
A Gi(1+e€q,
vt = % (1 + 8ui+l) (1 + Euz+1) ’ 8”i+1 | ’ €“i+1| =u
-

which implies

IAG;| = |(f — &) flir1 — Gi| < (D +2u+ 2D + DHu* + Dw’) |Gyl
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Finally,
Z;i (1 + Gbi) =l + f,', Ebii <u.
&i (1 + egi) (1 + 55’:‘) = (ii-H - &) i, €gil» Sgi| =u,
and the results follow in a straightforward way. O

In plain words, Theorem 1 says that the computed Geronimus transform
jn(B , &) with shift ¢« and parameters C, uo, and % is almost the exact
Geronimus transform of J,(B + AB, G + AG) with shift & and parameters
C + AC, 19, and .

Definition 1 [19] A method for computing y = f(x) is called mixed forward-
backward stable (or numerically stable) if, for any x, it produces a computed y
satisfying

y+Ay= flx+Ax), [|AY| <e€lpl, |Ax]| <nlx],

provided that € and n are sufficiently small. Informally, a mixed forward-
backward stable algorithm produces almost the right answer for almost the
right data.

We conclude that Algorithm 3 is componentwise stable in a mixed forward-
backward sense [19] if |&;| = O(|B;|), for 1 <i < n. However the following
problem arises: |AB;|/|B;| can be much larger than wu if |&;| is much larger
than | B;|. Unfortunately, this can happen as the following numerical exper-
iments show. Consider the sequence of Jacobi polynomials with parame-
ters —1/3, 1/7, and the shift « = —2. Taking into account Theorem 1, we
compute a bound for the backward error as (e - errback), where errback =
max;_1n—1 {1+ |/ B:|}, and we get

n=10 n =100 n = 1000
errback, C =0 7.23 10° 3510° 5.9 10°
errback, C =10 418 5.7 10% 5.9 10°

The previous table shows that the upper bound of the backward error is not
“small”. Therefore, we cannot assure mixed forward-backward stability.

4.2 Condition number
The main goal of this section is to develop a bound that allows us to estimate
the forward errors of Algorithm 3 in O(n) operations. We also present

some numerical experiments showing that the bound obtained gives a good
prediction of the forward errors produced by this algorithm.
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To bound the errors in Algorithm 3, we study the sensitivity of the
Geronimus transformation with respect to perturbations of the initial data,
i.e., the parameters of the monic Jacobi matrix J,(B, G), the shift «, and
the parameters C, o and %. We consider perturbations associated with
the backward errors found in Theorem 1 and we measure the sensitivity of
the problem by using the notion of componentwise relative condition number.
This condition number, together with Theorem 1, allows us to get a tight upper
bound on the forward errors obtained by the application of Algorithm 3 to a
monic Jacobi matrix. This bound is presented in Theorem 2. In the following
definition the variables uy, uy, ..., u, correspond to the diagonal entries of U
in the UL factorization of J,,(B, G) — «al.

Definition 2 Let J,,(b, g) be the Geronimus transform of order »n with shift «
and parameters C, ug, and %, of the n x n monic Jacobi matrix J, (B, G). Let
Ju(b + Ab, g+ Ag) be the Geronimus transform of order n with shift o + Aw
and parameters C + AC, o + Apg, and %y + A% of the n x n monic Jacobi
matrix J,(B + AB, G + AG). Let us define

| Bil+ [uil 1Gil )7 el 7 ICT T (ol 1l

) |AB;| [AGi|] |Aa| [AC| Aol |AZ)]
DB :=max4{ max ,  max s ,
1<i<n—1 1<i<(n—1)

where the quotient |A«|/|«| has to be understood as zero if « = 0. Then, the
relative componentwise condition number of the Geronimus transformation
with shift « and parameters C, wg, and % with respect to perturbations
associated with the backward errors in Theorem 1 is defined as

ax lngi)il |b| ’ 1<¥I<1(3},X_1) | |
kK(B, G, a, C, po, £) = gim sup — : == 8i _

_’OO§DB§6 DB

The condition number « (B, G, «, C, o, %) is infinite if some of the de-
nominators appearing in the relative changes of the outputs b;, i.e. |Ab;|/|bil,
are zero. However, b; = 0 will only happen for extremely particular values
of the shift & and the rest of the parameters. In those cases, other condition
numbers have to be considered. For instance, measuring absolute changes in
the corresponding components of b, or measuring relative normwise changes
of b. We do not consider these particular situations in this work. Notice that
gi #0 for all i since g; = (t; — «)u; and both factors [; =1, —« and u; are
nonzero.

The condition number «(B, G, «, C, o, Zo) allows us to give an upper
bound on the forward errors produced by Algorithm 3, as the following
theorem shows.
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Theorem 2 Let J, (b, g) and jn(l;, 8) be the exact and computed Geronimus
transform with shift « and parameters C, o, and % from Algorithm 3. Then,

max
k

where the left hand side of the previous inequality is a shorthand expression for
(11) and D is the constant used in Theorem 1.

br—by
by

gk —8k
8k

’

1—(D+2)u

}s( (D + Du ><1+K<B, G, &, C, 1o, L)+ 0(),

Proof By definition of « (B, G, «, C, o, %),

Ab;
‘_ SK(B,G,OQCJLO,%)DB,
where
Ab; B bAl‘+Al;i—bi
b, | b;

by Theorem 1. Because of Theorem 1 again,
DB < (D +2u+ O@).

Therefore, to first order,

Ab—b = W < (B, G, a, C, o, Z0)(D + 2)u.
Since
bi—b; _ A_l;, - 6i+ABi—bi
b; b, | ~ b; '
we get
bi—b; ;

Ab
<k(B,G,a,C, uo, £)(D +2)u+

i

i i

Notice that by Theorem 1,

AB,‘ A[;i [;i Ei—bi+bi Bi—bi
— = ||| = —F— | =ull+ '
bi b; ||bi bi bi
Therefore,
I;,'—b[ l;i_bi
: 5(D+2)u<1+K(B,G,a,C,Mo,§ﬁ>)+ 5 )

and the result follows for the bs. The result for g; can be proven similarly. O
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We will provide a way to compute «(B, G, «, C, o, %), and therefore a
bound on the forward errors, with O(n) cost. It is essential to remark that we
have checked on the reliability of the bound on the forward errors running
many numerical experiments, where we have observed that the bound does
not overestimate significantly the actual errors. For an example, check Tables 5
and 6.

The entries b and g of the Geronimus transform Ja(b, g) of J,(B, G) are
rational functions of the inputs B, G, «, C, 1o, and %, and, as a consequence, b
and g are differentiable functions of these parameters whenever the denomina-
tors are different from zero. Therefore, « (B, G, a, C, ny, %) can be expressed
in terms of partial derivatives [3]. More precisely:

(B, G, a, C, po, Zo) = max{ max {i(bp)}, max {x(gi)}}. (12)
where

k=1 k=1

k(i) =Y kg (bi)+ Y kG, (b1) +ka(bi) + kc(br) + kz,(br) + Ky (D).
i=1 i=1

(13)
k k=1

K(gK) =Y KkB,(8k) + Y kG, (8K) + Ka(gi) + e (8h) + k.2, (8k) + Ky (81,

i=1 i=1

(14)

where, for k = 1, the sums Z?:, are understood to be zero and
| Bi| + |u;] 9b C 3by
(by) = | DL T LIk br) = |— 2k 15
kB; (D) ’ 3 0 B; ke (D) b 9C (15)
o oby G; by
b)) = |———|, (b)) i=|——|, 16
Ko (b 1) b 3o kG, (D) b, 3G, (16)
Sy dug o 0b g
by = |22 k| by) = |20 22k1 17
k.2, (b 1) by 3% Ko (B 1) by 3 (17)

and analogously for « (g).

In Theorem 3, we give recurrence relations for computing « (b) and « (gx)
that lead to an explicit expression for « (B, G, «, C, 1o, -Zp). Our first step to
prove Theorem 3 is to express the intermediate variables u; in Algorithm 3,
and the outputs b and gi as functions of the data B, G, «, C, 110, and .%. Then,
we obtain expressions for the partial derivatives of each of these functions with
respect to their arguments. A detailed proof of this theorem can be found in
Appendix 1.

Theorem 3 Let J,(B, G) be any n x n Jacobi matrix, and let o, C, g, and
% be real numbers such that J,(B, G) — ol has an UL factorization, where
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u; = £/(C+ o). Let U be the upper bidiagonal factor in the UL factor-
ization of J,(B, G) —al. If uy,uy, ...,u, are the entries of U in positions
(1,1),(2,2),...,(n,n), then

ou
k(b1 = |~ ‘1+ e DT
1 1
lurl Vi1 — 1
k(by) = +—[lBk—ll+|uk—1|(1+/<*(uk—1))]
|bk| Dkl
Uy
|b | (Vk—1ux — 1) + Vi—uk|, k=2,
Buk
ic(ge) = lyil [|Bil + lux] + 18klec* ()| + | — 5k——uk k>1,
where
[Cl + | ol
() =1+ ———-,
|C + wol
W) = 1+ [yl [|Bei| + a1 |(0+ * )], k=2,
0
uy Mo’ k=1
ouy _ C+M0 da
da Ay
“ Vkl”k<1+ uk1>,k>1
da
and
1
Vg = ———, 8k := Bi — 2uy — «, k> 1.

Bk—uk—a

Remark 1 1t is possible to develop a roundoff error analysis of Algorithm 1
similar to the analysis done for Algorithm 3. To begin with, backward
error bounds for Algorithm 1 can be found. Then, it is also possible to
deduce recurrence relations for a relative componentwise condition num-
ber, k4 (B, G, «, C, no, %), for the Geronimus transformation with respect
to perturbations in the input data associated with the backward errors of
Algorithm 1. Finally, the condition number « 4 (B, G, «, C, ug, %) can be used
in a counterpart version of Theorem 2 for Algorithm 1 to bound the forward
errors. We do not include the details of these results to keep the paper concise.
However, we would like to remark that it is easy to prove that

k(B, G, a,C, no, £) <ka(B, G, a, C, 1o, £)

for all monic Jacobi matrices J,, (B, G), all shifts «, and all the possible values
of the parameters C, py and %. This fact, together with the numerical
experiments in Subsection 3.1, show that Algorithm 3 is more accurate than
Algorithm 1.

Similar remarks can be made regarding Algorithm 2.
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4.3 Stability and accuracy of the new algorithm for large shifts

There are some interesting results that we can prove related to the stability
and accuracy of Algorithm 3 beyond the fact of being more accurate than
Algorithm 1 or 2. It can be proven that, for large enough values of the shift
a and under some small constraints, for C # 0, Algorithm 3 is accurate, i.e., it
produces outputs with componentwise forward errors of order O(u). To prove
this, we will show that

lim «(B, G, «, C, no, £H) = max

|| =00

{3 |B1|+3|-=%/C|}
B =%/ C|

Therefore, Theorem 2 guarantees accuracy if the quantity on the right is
“small”. The numerical experiments in Subsection 3.1 show that this is not the
case for Algorithms 1, 2, or the backward algorithm. In fact, it can be proven
that the accuracy of those algorithms decreases as |«| grows.

Let us recall that, if C # 0, according to Theorem 1, if |i;| = O(]B;|) for
1 <i < n, then Algorithm 3 is mixed forward-backward stable, which is the
usual requirement for a numerical algorithm to be considered stable [19, p.
7]. More premsely, in this case, it can be said that the computed Geronimus
transform J,, (b 8) with shift « and parameters C, u, and %, of J,(B, G) is an
O(u) relative componentwise perturbation of the exact Geronimus transform
with shift & and parameters C, o, and A% of J,(B+ AB, G+ AG), where
A%, AB and AG are O(u) relative componentwise perturbations of the exact
inputs .2y, B and G. In this context, another goal of this subsection is to prove
that for large enough values of the shift, |¢;| « | B;| and then Algorithm 3 is
stable. We have to admit that this will be proven for the exact values of ; and
not for the computed values #;, thus we are only proving stability up to O(u?)
terms.

Here we will also show that the condition number « (B, G, «, C, o, %)
becomes very large as || grows when C = 0. In Appendix 2 we show that this
condition number has the same magnitude as the standard condition number
of the problem which implies that no accuracy can be expected from any
algorithm to compute the Geronimus transformation when C = 0 and the shift
moves away from the support of the measure. Moreover, Lemma 5 shows that
|B1]| 4 |u;| > | Bi| when |a| grows which implies that no stability can either be
expected from Algorithm 3.

We start with some technical lemmas. Firstly, the different numerical be-
havior of the Geronimus transformation when C = 0 and when C # 0 can be
partially explained by using the following result. Notice that the parameter u,
can be seen as a function of «.

Lemma 5 Let J,(B, G) be the leading principal submatrix of a monic Jacobi
matrix J. Let a, C, o, and £y be real numbers such that there is a unique U L
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factorization of J,(B, G) — al. Letuy, 1 < k < n, be the main diagonal elements
in the U factor. Then,

— ifC #0,
lim u; = =2, lim u, =0, k>2.
|| > 00 C || > 00

As a consequence, when C # 0, Algorithm 3 is stable for |«| large enough if
1%/ Cl = O(IB1)).
- ifC=0,

lim |ui| =00, (u~—a),
|| =00

G
lim w, = =%, lim w =0, k>3
|| =00 Bl Ja|—00

Proof First, assume C # 0. The proof follows directly from the expressions:
R Gi_i

- L m=——L ks,
C+ o B —u 1 —«a

uj

using induction and the fact that 1y — 0, since

hmam=1ma/ e __ 4
| =00 Jot| =00 X—o

The limit and the integral can be interchanged if « ¢ supp w, because o/(x —
«) is a continuous function. As a consequence, u; — .2/ C when |¢| — oo if
C#0.

When C = 0, the previous result gives u; ~ —«, so u, — G;/B; when |a| —
oo. This implies that u3; — 0 and the second claim follows by induction. O

Lemma 6 When C # 0 it is true that yx — 0 and yéx — 1 when |o| — oo,
k> 1

Proof It follows from the definition of y; and §; and the asymptotic properties
of u; in Lemma 5. O

Lemma 7 Let J,(B, G) be the leading principal submatrix of a monic Jacobi
matrix J of size n. Let a, C, o, and £y be real numbers such that there is a
unique U L factorization of J,(B, G) — «al. Let u, be the element in position
(1, 1) in the U factor. Then,

3uk_{—1, C=0andk =1,

im — = .
la|—>o00 Jox 0, otherwise.

Proof Taking into account the definition of u;, when « ¢ supp p then

ow % D /b dp
dao  (C+pe)? da  (CH+up?ts x—a)
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The result follows from the observation that

o _ «fo
do

For k > 2 we can use induction on k, noting that

0 _
o w () ),
Jdo Bk—l — U1 — U o

and considering Lemma 5. Note that duy /da = O(a~") when |a| — oo. O

A
o = —;0 +0@™), >+ 0@, el > oo

4.4 Asymptotic analysis of the condition number when C # 0

In this subsection we present an analysis of the condition number of Algo-
rithm 3 when C # 0.

Lemma 8 If C # 0, then

By — 2uy —
fim B2 —adu im o« 0. k=1

ot =00 u o Iorl—>oo o

Proof From the previous estimations it follows that when C # 0 then

3141 $2 3
A0 4o
o Co2 TO@)
so the second part of the lemma is true for k = 1. Assume that the result holds

for k — 1. Then, notice that

8uk o n 778 oj_
=u o .
8a kBk_l — U1 —a By —up1—«a o

Taking limits the second result follows. The first part of the lemma is obtained
directly from the asymptotic estimations of du;/da and wdu;/da given above
and the fact that u; — %4,/ C when o« — oo and C # 0. O

Theorem 4 If C # 0, then

lim «*(u;) =2, ‘ llim K*(up) =1, k>2.
o|— 00

|a| =00

|Bi| +3|%/C|

li by =1, k#2, i bs) = '
|a|1—r>nooK( k) for k # |a‘1_r>nooK( 2) |By — %/C|

lim «(g;)) =3, ‘llim k(gr) =1, k=2
o|—> 00

|| =00
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Proof We prove the result by induction on k. Since limg|— o0 fto = 0,

lim «*(u;) =2.
|o| =00
It is easy to show that k*(u;) = 1. Assume that limy— o k*(ux—1) = 1 for some
k > 3. Then, taking into account Lemma 5, we get

lim |yx_1Bi-1| =0, lim |yg_jup—1| =0,
ler] =00 Jet] =00

which implies the result for u;. Recall that b = u; + «. Then, taking into
account Theorem 4, Lemmas 5 and 7 the result follows for k = 1. For k = 2, we
apply Theorem 4, Lemmas 5-8, bearing in mind that by = By_ 4+ ux — ug—1,
k>2.

S 2 - Bil | _|Bil +1%/C
lal=oo [by| =00 |by] |B) — %/Cl|~
. up £/ C
lim u — 1| |— |« () =2 | ———|,
|a|»oo|y12 |’b2 (1) ’Bl—.,%/C
o 8b2 o 8u2 8u1
— || —= = 1 —_— | — = —| =
le|>00 | by | | D lel>c0 | by | | o
Let k > 3, then
173 . | Bi—1] + |ttg—1]
im — =0, lim U — 1| ———— =1,
let]— 00 |bk| |Ot|—>00|yk 1 | |bk|
. Uj—
i ey — 1|5 e @) =0

o o

by by
by Lemma 8 and the result for b follows. Finally, for k = 1,

8uk 8uk,1

o Jo

oby
oo

1 - lm b
|| > 00 || =00

lim |y|[|Bi| + lui|]] =0, lim |y8;]k*(u)) =2,
|| =00 Jet]— 00
9
lim | < '(B1 —ouy —a) 2y,
lal—o0 | g dor

o Bl—2u1—a8uo

CH+ o Ja

= um
a|—>00'B1 — U — o

1‘:1.

The last equality follows from Lemma 8.
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For k > 2, notice that

lim [y,[[| Bl + |uxl] = 0, lim |yedile™ (uy) = 1,
Jer|—o00 lot]— 00
lim (B — 2uy, — a)— — Ug
a0 | gk do
B — 2uy — duk—
_ o k Uy [07 U 1+ Uk—1 1l = 0'
Bk—uk—a U kal —Uj—1 — U o
taking into account Lemma 7. O

Theorem 5 Let k (B, G, o, C, o, £p) be the condition number for the Geron-
imus transformation with shift o and parameters C # 0, po, and % introduced
in Definition 12. Then

hm k(B, G,a, C, iy, %) = max

C(—)OO

{3 |31|+3|9%/C|}
" |Bi—%)/C|
This implies that Algorithm 3 is accurate for || large enough as long as

|B1+3]-%/Cl
SBoZ/cr is small.

Proof Itis a direct consequence of Theorems 3 and 4. O
4.5 Asymptotic analysis of the condition number when C =0

Next we present a similar analysis of the condition number for the case C = 0.
Note the different behavior of «(by) and «(gx) with respect to the previous
subsection.

Theorem 6 [f C =0, then

lim «*(u;) =2, hm K* () =

|| — o0 || — o0

11m K*(uz) =143

i ‘ 32 lim «*(ug) =1, forallk >4,

|| =00
G,
lim k(b)) = oo, lim «(by) =3|1—-—|,
|ot|—>ooK( D |a\—>ooK( 2) ‘ B%
lim «(b3) = o0, lim k(by) =1, fork=>4
|ot| =00 |a| =00

lim «(g;) = oo, lim x(gy) =00
ler] =00 Jet|—o00

lim «(gg) =1, fork=>4

G,
hm k(g3) =143
|| > 00

BZ
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Proof The result for u, follows in a straightforward way. In the expression for
k*(u,) notice that

[uy

—1+K*Lt =0
By a— _a|( (u1))

taking into account Lemma 5.
Notice that «*(u3) can also be expressed as

B u B
1+ | B> n 17| (2+ |Bi] )
|By —us —al  |By —us —«f |Bi —u; — «f

+ |M2| |u1| (1 +K*(u1))
|By —uy —al |[By —us —«f '

Notice that the limit when |«| grows of the first three terms in the previous
expression is 1, while the limit of the last term is 3|G,/ B%|. Now it is easy to
show the result for k = 4. The rest of the cases follow by induction.

In order to compute the condition numbers of the b’s, note first that

3141

o
— ‘14__

b,

Uy

2
+b1

k(by) = P

Taking into account Lemmas 7 and 5, the result follows. In a similar way it
is possible to prove the result for the other condition numbers « (b ) and « (gx).
O

The previous results suggest that better accuracy can be obtained when
computing the Geronimus transformation with C = 0 using the new algorithm
(Algorithm 3) if at least the following outputs are computed with extended
accuracy: uy, up, usz, b1, b,, b3, ba, g1, 82, g3 and then use these values as inputs
of the same algorithm. Check Table 7 for new numerical results. The compu-
tations of the 4-by-4 principal leading submatrix of the Geronimus transform
J as well as the the first three main diagonal entries of the factor U were done
with 64 decimal digits of precision.

Table 7 Algorithm with extended accuracy

o Error b Error g o Error b Error g
—1.0001 1.31 107! 22210710 —0.0001 2.110716 3.64 10710
—1.1 91.26 1.74 —0.1 1.83 10716 2.3110°1°
-2 9.3 1073 1.67 1072 -1 1.41 1077 2.34 1077
—10 1.41 107 5.73 1077 —10 451073 931073
—100 5.29 10710 5.28 10710 —100 2381078 41078
—1000 1.59 1012 1.59 1012 —1000 3.6510712 3.59 10712
—100 22110716 22210716 —10° 2210710 2.89 10716

Forward errors for n = 60 and C = 0. On the left, Jacobi polynomials witha = —1/3,b = 1/7. On
the right, Laguerre polynomials witha = —1/3
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4.6 Forward stability of Algorithm 3

The purpose of this section is to prove that the forward error bound we have
found for Algorithm 3 is the best one can expect, because it reflects the sen-
sitivity of the transformation to componentwise relative perturbations in the
data. We have seen that Algorithm 3 is neither backward stable nor stable in
the mixed backward-forward sense, and therefore we consider a weaker notion
of stability. An algorithm is said to be forward stable if it produces forward
errors of similar magnitude to those produced by a backward stable algorithm
[19, p. 9]. In this section we show that Algorithm 3 is componentwise forward
stable. In order to prove that, we define the relative componentwise condition
number of the Geronimus transformation with shift « and parameters C, o,
and %, with respect to small componentwise relative perturbations of B, G, «,
C, o, and .%.

|AD | |Agil
Rl Pl (AT Rt R
ks(B, G, a, C, o, %) = lim  sup —— ! —— &

6=00<pC=<s DC

’

(18)
where

DC = max { max

I<i=(n)

{|ABZ~|} - {|AGI~|} |Aal |ACI Al |A%|}
Bl | r=zen LIGH | Tl ICT ol 1

Recurrent expressions for «s(B, G, «, C, uo, -Zp) can be obtained in a similar
way as we got recurrent expressions for « (B, G, «, C, uo, 20).

Theorem 7 Let J,(B, G) be any n x n monic Jacobi matrix, and let a, C, o,
and £ be real numbers such that J,,(B, G) — ol has a unique U L factorization
with u, = %4/(C+ o). Let U be the upper bidiagonal factor in the UL
factorization of J,(B, G) — al. If uy, u,, ..., u, are the entries of U in positions
(1,1),(2,2),...,(n,n), then

o ou u
ks(by) = 'b—]‘ ‘1 + 3_011 + 'b—l
u
ks(by) = ||bk|| % [| Bi—1] + lug—1 | ur—)] .
k>2,
8uk
is(8ik) = |yl [| Bil + I8kl (i) ] + '—‘ k——uk k>1,
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where
|C| + |10l
i) =1+
s IC + wol
i) = 1+ 1yl [| Bl + lue— liegua-n)] . k=2,
and
_ W M, k=1,
ouy _ C+po da
do Aty
“ yk_luk(u e ‘>, k> 1.
da
Proof Analogous to the proof of Theorem 3. O

To prove that Algorithm 3 is componentwise forward stable is equivalent
to prove that ks(B, G, a, C, o, %) and «(B, G, «, C, o, %) have the same
order of magnitude, by taking into account Theorem 2.

By using Theorem 7, we can prove Theorem 8, after considerably long
and delicate algebraic manipulations are performed. The complete proof can
be found in Appendix 2. This theorem states that the condition numbers,
k(B, G,a, C, uy, %) and «s(B, G, «, C, o, %) that we have defined for the
Geronimus transformation are of the same order of magnitude, which implies
that Algorithm 3 is forward stable.

Theorem 8 Let (B, G, a, C, ug, %) and ks(B, G, a, C, 1y, %) be the condi-
tion numbers introduced, respectively, in Definition 2 and (18) for the Geron-
imus transformation with shift o and parameters C, pg and %, then

ks(B, G,a, C, o, £) <k(B, G, a, C, uy, £) <8 «s(B, G, a, C, uy, £).
(19)
This result together with the fact that «(B, G, «, C, o, %) > 1 implies that

Algorithm 3 is componentwise forward stable.

Acknowledgements The authors are very thankful to the two anonymous referees, whose
comments were very useful to improve the presentation and content of this paper.
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Appendix 1: Proof of Theorem 3
In this section we include the proof of Theorem 3. First, we express the

intermediate variables u; of Algorithm 1, and the outputs b, and gi as
functions of the data B, G, «, C, ug, and .%,. Then we obtain expressions of
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the partial derivatives of each of the functions with respect to their arguments.
From Algorithm 1, we get

) Gr_1
= 9 uk = 9
C+ o Bi1—u_ —«a

k> 2, (20)

uj

and hence, for k>2, wu, can be seen as a function of
By, ..., Br_1, Gy, ..., G_1,a, C, ug, and %. Notice that u; is a function
of a, C, o, and % only.

The proofs of the next three lemmas have been omitted because the results
can easily be obtained through direct computations.

Lemma9 If o, C, ug and % are real numbers such that J,,(B, G) — ol has
a unique U L factorization, then uy has the following partial derivatives with
respect to By, ..., Bx_1, Gy, ..., Gi_1, «, C, uo and %,.

0, k=1
%_ —Vk—1Uk, i=k—1, k>1
BBi_ oup—1
U ——, k-1, k>1
Vk—1Uk 8Bi 1< >
0, k=1,
e _ |y, i=k—1, k>1
S Uy —
IG;i Vi—1Uk ngil,i<k—1, k>1
__ M, k=1
Buk_ CH o o
da Ay
“ Vi—1Uk (1+ Uk 1>,k>1
o
—Uy
, k=1
o _ | T
oC Mgy
iy ——, k>1
Vik—1Uk 3C >
1
, k=1
ouy . C+M0
3.,%_ 8uk,1
g ——, k>1
Vik—1Uk 0% >
, k=1
auk_ C+ o
Otto Viorttk —— k> 1
Ho
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Here
Vi1 1= m, k>2. (21)
From Algorithm 1, we also get
bi=u1+a, br=Br_1+ur—u, k=>2 (22)

and, therefore, for k > 2, the variable b, can be seen as a function of
By, ..., Bi_1, Gy, ..., Gi_1, a, C, no, % Notice that b is only a function of «,
C, 1o, and %

Lemma 10 If o, C, no and % are real numbers such that J,(B, G) — al has
a unique UL factorization, then the partial derivatives of b with respect to
Blv ceey Bk*lv le weey Gk*l; «, C,v Mo, and% are

0, i=1, k=1
9
obe |14k k-1 k> 1
_— = aBk_l
9B ou ou
T T k=1, k> 1
9B; dB;
0, k=1
9
ob S i=k—1,k>1
_— aGk_]
3G,
Ok _ k-1 p ke
—_— = ,i<k—1, k>
aG; G,
3141
— 41, k=1
T
FE A I OUj—
e _ Ml pe o
o Jo
8Ll1
— k=1
o _ | ac
aC | a Ay
du _ Qi
aC aC
9
g k=1
b | 0%
% | o g
0 uk_ ukl’k>1
% 0%
i kel
dbr ) o
duo | @ Ay
Mo ﬂ_ Mk1’k>1
duo o
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It also happens that gy = (Bx — uyx — o)ug, k > 1, so g is a function of
Bl, ceey Bk, Gl, veey kal, o, C, Mo, .,%

Lemma 11 If o, C, pg and % are real numbers such that J,(B, G) — al has
a unique UL factorization, then the partial derivatives of gr with respect to
By, ..., By, Gy, ..., Gik_1, a and C are

Uj, i=k
aw |
dB; Sk ﬂ,i<k

9B,

08k ouy
08k _ g, 2tk k
3G, *aG, T
08k _ duy
da Ok gq e kzl
08k _ duy
ac ~ % e k=1
0 d
I8k _ 5 S s
0% 0%

d
8k _ 5 Mk ks
d o 9o

Here 8y := By — 2uy — « for k > 1.

Next, we define some quantities that will be useful in order to compute the
condition number « (B, G, «, C, 1o, %) introduced in (12). Let us call

k-1 k=1
k) = kg ) + Yk, () + keur) + kg () + kg (i), (23)

i=1 i=1

where
| Bi| + |u;| duy C duy
. = , = |—-——-— . 24
K B, (1k) ‘ v 3B Kec(uk) rTe (24)
G; duy Lo dug Mo dug
. = |——, =|—=—1, = |——1. (25
kG, (Uk) 0 0G; Kk, (k) w2 Ko (Uk) 0 Dt (25)

Note that the subscript of these auxiliary “condition numbers” indicates
with respect to which input variable the specific condition number is computed.
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The quantities «*(ux) can be computed recursively as the following lemma
shows:

Lemma 12 Let o, C, %, and 1y be real numbers such that J,(B, G) — al has a
unique U L factorization. Then,

[C| + | 1ol
|C + ol
k™) = 14+ |y—1 Bei| + Iye—1uk—1 |(1 + &% (1)), k=2,

K (ur) =1+

uj

8u1
b)) = 14+ — * ,
kb ‘u1+(x ‘ + o U + o )
[Vie—1ug — 1] .
c(br) = vkl + y|lb—k| [1Beoil + g | (14 €% )] +
o 3uk_1
| | Vet = 1) + etk |, k=2
bk Ja
where yy._ is defined in (21).
Proof If k = 1 then
|C| + [0l
k*(ur) = k() + kg @) + Ky () =1+ Ot ol
Assume now that k > 1. Then, ifi =k — 1,
s () = | Bie—1] + lug—1] U _ |Bi—1] + lug—1]
! lut| B —u 1 —a |Bi—1 — k-1 — af
Gi_1 1
= =1.
G (1) ‘ up || Bro1 — w1 —a
Similarly, ifi < k— 1,
g (i) = | Bi|+|u]| Uk g1 :' Uk . (i)
[ lugl | Br—1 —ug—1 —a|| 3B; By — gy —o|
KG, () = | — el Otk =' i kG, (Ur—1)
i ug | | Bi—y — gy —a || 3G; Bioy —ug—y —o| T
Finally,
e = | & Uy 1| Uj_1 ket y)
T e[| Bt —w —a || 9C |~ | Brot —wpy —a| O

The remaining two condition numbers are computed in a similar way.
These expressions lead us to the recurrence relation for «*(uy) in a straight-
forward way from (23).
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Fork =1,
C up duy
b)) =|— , «(b1) = 14+ —
kc(by) = ‘b ‘C-F,U«o ko(b1) = bl +8a
uy Mo
b)) = , b .
k(b)) = ‘ Kuy(b1) = b, ‘C+,U~o
Assume now that k > 1. Fori =k — 1,
[ Bre—1]+ 1] Ui ‘ | Br—11+ttg—1]
kg, (br) = —ll=—— 1],
B 1Dkl Bioy —up_y —« Dkl
G- 1 Uk
by = _ ||
K6 (01) ‘ br ||Bk—1 —up—y —« by
Fori<k—1
| B;| + |u] Oy -1
(b)) = —— |- —1 (Up—1),
kB, (D) bl [Vk—1ux — 1] 2B, b KB, (Uk—1)
G; uj_y U1
(by) = |— _ -1 = |yi_ (Up—1).
kG; (D) ’bk‘h/k 1 — 1] 3G, [Vi by KG; (U—1)
Finally,
Ka(bk)
oUy_1 Uk—1
b = |— — —1 —_— | = — _1 I— —1)-
kc(bi) ‘ka(Vk 1 — 1) 5C ‘ [Vi—1Uk |' b ec(Ug—1)

The rest of the condition numbers can be obtained in a similar way. The result
follows by (13) and (23). ]

The expression for «(gx) can be found following a similar procedure.

Appendix 2: Proof of Theorem 8
It can be seen from their explicit expressions that both numbers «*(u;) and

Kk §(uy) are larger than one. Moreover they are of the same order of magnitude
as the following lemma shows.

Theorem 9

kg(up) < &™) < 2x5(ug)  forall k > 1.
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Proof The first inequality is clear. Notice that the second inequality is true for
k = 1. In order to prove the second inequality for k > 1, note that

k=2 k—1 k—1
i) =141y Bt |+ Y @+ 1yiBil) [ Iyl +] vl <2+
i=1 J=it1 j=1

|C|+|Mo|>
IC+ ol )’

k—2 k—1 k—1

k3 =1+ly1 Beoal+ Y A+lyBih) [ Iyl +] Jlvud (1 +

i=1 j=it+l j=1

|C|+|M0|>
IC+ ol )’

where 37 =0and Y/, =0, i.e., for k = 1 the summations are not present.
The result follows from the previous expressions. O

It is also easy to prove that «(bj) and «xg(by) are of the same order of
magnitude for all k > 1.

Theorem 10 For1 < k <n,

ks(bi) <k (bi) < 3ksbr).

Proof Again, the first inequality is obvious. In order to prove the second one
take into account Theorem 9 and the fact that 1 < «§(uy) for all k to get

U V-1l — 1 *
k) <|—|+ lb—‘ [ Br—1] + lui—1 135 (ttr—1)]
k
o 8uk,1
+ || | (Vh—1tk — 1) + Vi—1ukl|,
bk Jo
and the result follows. O

Proving that «(gx) and «g(gx) are of the same magnitude is not always
possible. It is not true in general that «(gx) is upper bounded by a multiple
of ks(gr). However, the lemma below shows that whenever «(gx) and «s(gk)
have different orders of magnitude, then «(gi) is bounded by 8k (b y41). The
technical Lemma 13 will be needed to prove our claim.

Lemma 13 Let us assume that% < VUi < %for some k. If yrur > 4 |yi Bil, then

- if yrugyr > 15/8 or yrupyy < 3/8, then

S ks = 1/w
12 bert |
- if3/8 < ykugy1 < 15/8, then
1 - U1
4 byt
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Proof Since yxuy > 4 |yx Brl,
3 3
_= B Z. 26
3 < Ykbir < 3 (26)
We consider two possible situations: y; > 0 and y; < 0. Let us begin by
assuming that y; > 0.

1. If y > 0, then uy > 0. From (26) we get

31 31
——— <bhtutoa<-—.
8 vk 8 Vi
Therefore,
15 3
———lk<0t<———lk. (27)
8Yk 8Vk

Then, from (27), and taking into account that b4, = ug41 + Ik + o, we get
the following bounds

15 3
Uk — o— < bpy < g — —.
8 Yk 8k

Notice that both bounds of b, ; will be positive if uy;yx > 15/8, and both
bounds will be negative if w1 yx < 3/8.

— Let us assume that w1y, > 15/8, then uyy; — 1/y% > 0 and

Ut — /v i — 1/ vk
Uk — % by '
Therefore,
7 1 U1 — 1/ vk
12 1+ %Mk-;—];/k*l Ly

— Let us assume now that uyyx < 3/8. Then, ug, — 1/ < 0 and

—Ukr1 + /v g — 1/ vk
—Ugy1 + % bit
As a consequence,
S 1 U1 — 1/ vk
71 :
12 1 =+ gm bk+1
— Finally, suppose that % < Upi1Yre < % Then, uy; > 0.If by > 0, we
get
5 U1 Vi Ujet1
- << 3 .
4 ey — 3 b s
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If by <O, then

Ujt1

4w+ g

1 Ujey1 Vi
<

b k1
2. When y; < 0, a similar proof gives the same bounds.
a

Now we can prove Theorem 11. Let us remark that Theorem 8§ is a trivial
consequence of Theorems 10 and 11. Notice that, from the expressions for
k(gr) and kg(gk), and taking into account that «*(u) and «§(uy) are of the
same order of magnitude by Theorem 9, it can easily be deduced that «(gx)
and «g(gx) have similar orders of magnitude when u;yy is not close to one. This
is covered in the first two items of Theorem 11. The most difficult situation,
i.e., when u,yy is close to one, is presented in the last item. Let us recall that
ui # 0 for all k because Gy_; # 0 for monic Jacobi matrices corresponding to
sequences of orthogonal polynomials.

Theorem 11 Forl1l <k <n—1,
1 ifukyx <O, then
es(8k) < Kk (8k) =< 3ks(8k)-
2 if0 < ugyx < 3/4 or upyr = 3/2, then
s(8k) < Kk (8k) < 8ks(gk)-
3 if% < Upyk < %for some k,
3.1 ifukyk < 4|Bk)/k|, then
Ks(8k) < Kk (8k) < Sks(8k)-
3.2 ifukyk > 4| By, then
(a) ifk(gk) = Suiyk, then
rs(8k) < k(8k) < Brs(8k)-
(b) ifk(gk) < Juryi, then
Kks(gr) = Kk (gk) < Bks(bry1).

Proof Considering the definitions of « (gx) and ks(g), it is easy to see that
Ks(8r) < k(gk), forallk.

In the rest of the proof, notice that

Bk—2uk—(x Uy
Vb = ————— =1

- =1 — yru.
Bk—uk—a Bk—uk—a Vitk

Denote a = uyy,. We need to compare the quantities |a| + 2|1 — a|x§(uy)
and |1 — a|«§(uy). Note also that «g(uy) > 1.
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If a < Othen |a| +2|1 —a| =2 —3a < 3(1 — a), and hence

lal + 2|1 — alkg(ue) < (lal + 2|1 — aDrg(ue) < 3|1 — alkg(ug),

s0 k(gr) < 3ks(gk)-

2. If0<a<3/4,thenla|+2|l —a|=2—a,so
lal + 2|1 — alcg(ur) < (Ja| + 2|1 — alxg(ur) < 8|1 — alxg(u),
and therefore «(gx) < 8ks(gk)-
3. Ifa>3/2then|a|+2|1 —a|l=3a—2<5(a—1),s0
lal + 2|1 — alcg(ur) < (lal + 2|1 — aDrg(ur) < 5|1 — alrg(ug),
and « (gx) < Sks(gk)-
31 If % < YU < % and ugyx < 4|Byyx| then, taking into account the
expressions for « (gx) and «s5(gx), the result follows.
3.2 If%1 < Ylg < %and uryx > 4| Bryx| then, the condition « (gx) > %‘ukyk
implies
8k 8uk
8ics(gr) = 41 1vklll Bil + 18Ik ()] + lyre] |1 = ——
Uy oo
> dic(gr) — Huryrl > 1 (gr)-
On the other hand, if x(gx) < Jukyx and w1y > 2 OF up1yk < 2,
then by Lemma 13
Uy -1 'k 5
ksbrsn) =[BT ) o g,
Ly 12
which implies
16
Kk (gk) < ?Ks(bk+1)~
When «(gi) < %‘ukyk and % < upyp < %5, by Lemma 13
1
ks(Dpy1) > s
Moreover, since uxyx < 3, k(gk) < JUkykx < 2, which implies
Kk (gr) < 8ks(bit1).
O
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