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Abstract In this paper, we investigate a stochastic Galerkin approximation scheme for an optimal control prob-
lem governed by an elliptic PDE with random field in its coefficients. The optimal control minimizes the expec-
tation of a cost functional with mean-state constraints. We firstly represent the stochastic elliptic PDE in term of
the generalized polynomial chaos expansion and obtain the parameterized optimal control problems. By applying
the Slater condition in the subdifferential calculus, we obtain the necessary and sufficient optimality conditions
for the state-constrained stochastic optimal control problem in the first time in the literature. We then establish a
stochastic Galerkin scheme to approximate the optimality system in the spatial space and the probability space.
Then the a priori error estimates are derived for the state, the co-state and the control variables. A projection
algorithm is proposed and analyzed. Numerical examples are presented to illustrate our theoretical results.

Keywords Stochastic optimal control - Stochastic Galerkin method - Optimal control problem with state
constraints

1 Introduction

Numerical methods for optimal control problems governed by partial different equations have been a major
research topic in applied mathematics and control theory. Since the milestone work of J.P Lions [31], a great
deal of progress has been made in their numerical methods, which are too extensive to be mentioned here even
very briefly. Galerkin approximation (in particular, finite element and spectral approximation) of optimal control
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problems plays a very important role in numerical methods for these problems, and has been much studied in
the literature. There have been extensive studies on this aspect for optimal control governed by such as elliptic
equations, parabolic equations, Stokes equations, and Navier-Stokes equations. They are again too extensive to
be reviewed here even very briefly. Some of recent progress in this area has been summarized in [23,28,30-33,
36,40,47,49], and the references cited therein.

In many complex physical and engineering models, there is always a great amount of uncertainty involved, in
such as the parameters, coefficients, forcing term, and boundary conditions. It is well known that these models are
often represented by stochastic partial differential equations (SPDEs). In recent years, PDEs with random fields
have been a subject of growing interest in the scientific community (see e.g. [2,43] for random elliptic PDEs).
The reason is that such PDEs are conveniently used for modeling in many engineering areas, e.g., fluid flows in
porous media, transport of pollutants in groundwater and oil recovery processes.

The Monte Carlo (MC) method is one of the most commonly used methods for simulating stochastic elliptic
PDEs and dealing with the statistic characteristics of the solution (see e.g. [14,39]). Although MC method is
straightforward to apply as it only requires repetitive executions of deterministic simulations, it is a rather com-
putationally expensive method. Typically a large number of such executions are needed as the solution statistics
converge relatively slowly, as tested and reported in [2].

Other alternatives to Monte Carlo method have been employed in the field of stochastic mechanics. A popular
technique is the perturbation method, cf. [27]. Given certain smoothness conditions, the random functions and
operators involved in the differential equation are expanded in a Taylor series about their respective mean values.
Another approach is the Neumann expansion series method, e.g., [2], in which the inverse of the boundary value
problem’s stochastic operator is approximated by its Neumann series.

In recent years, stochastic Galerkin method for such random PDEs has received substantial attention, see [2],
and has been applied to various stochastic problems, e.g.[3,43,52], with new extensions outlined e.g., in [17,18,
22,37]. These Galerkin methods can transform the random governing equations into a set of deterministic equa-
tions which can be readily discretized via standard numerical techniques. As reported in [2], it out-performances
the Monte Carlo method for more accurate numerical simulations. Furthermore it paves the way for other methods
like stochastic Collocation methods.

Naturally stochastic Galerkin method has recently been used to solve stochastic optimal control governed by
random PDEs, see the very recent work of [15,19,21,29,45,46,48]. The work [21] dealt with optimal control
governed by a random steady diffusion problem with deterministic Neumann boundary control, and obtained a
priori error estimates for the stochastic finite element approximation. The existence of a local optimal solution
was also demonstrated. In [42], numerical experiments were conducted with ‘pure’ stochastic control function as
well as ‘semi’ stochastic control function for an optimal control problem constrained by stochastic steady diffu-
sion problem. In [25] and [29], optimal control problems constrained by random elliptic PDEs with deterministic
distributed control were introduced. The authors proved the existence of the optimal solution, establish the va-
lidity of the Lagrange multiplier rule and obtain stochastic optimality system. Then, they used the Wiener-Itd
(W-I) chaos or the Karhunen-Loeve (K-L) expansion as a main tool to convert stochastic optimality system to
deterministic optimality system. Finally, the a priori error estimates for Galerkin approximation of the optimality
system in both physical space and stochastic space were provided. In more recent work [15], the authors presented
an effective gradient projection method for stochastic optimal control. The a priori error estimate of stochastic
Galerkin method for optimal control problem governed by random parabolic PDE was obtained in [19]. Sun etc.
in [46] presented the a priori error estimate of stochastic Galerkin method for optimal control problem governed
by stochastic elliptic PDE with constrained control. Stochastic Galerkin method was used to analyze the con-
strained optimal control problem governed by an elliptic integro-differential PDE with stochastic coefficients in
[45]. In [48], the authors discussed the use of stochastic collocation for the solution of optimal control problems,
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which are constrained by SPDE, and applied the method to develop a gradient descent algorithm as well as a
sequential quadratic program (SQP) for the minimization of objective functions constrained by an SPDE.

Nevertheless, the development of stochastic optimal control problem constrained by stochastic PDEs can still
be considered to be in its infancy, and there are many important open topics to be studied.

State-constrained optimal control is an important but difficult model in many applications and there has al-
ready existed much research on the numerical approximation of deterministic state constrained optimal control
problem governed by PDE:s in the literature. Casas in [8], firstly derived some optimality conditions and carried
out important theoretical analysis for the model. For the standard finite element approximation of the control
problem, the a priori error estimates were derived by Deckelnick and Hinze in [13], where non-classic techniques
were developed to handle the delta-singularity of the co-stated equation. An augmented Lagrangian method was
proposed to solve state and control constrained optimal control problems by Bergounioux and Kunisch in [5].
They also proposed another method: a primal-dual strategy to solve problem in [5]. Casas proved convergence of
finite element approximations to optimal control problems for semi-linear elliptic equations with finitely many
state constraints in [9]. Casas and Mateos extended these results in [10] to a less regular setting for the states, and
proved convergence of finite element approximations to semi-linear distributed and boundary control problems.
In [24], the state-constrained control problem was approximated by a sequence of control-constrained control
problems, and then the interior point method was applied to approximating the solutions. In recent years, Liu and
Yang have developed L? error estimates for integral constraint of optimal control problem in [34], and Chen did
Galerkin spectral approximation of H' norm constraint of the state for elliptic optimal control problems in [11].
As far as we are aware there has no known research on numerical methods of state-constrained stochastic optimal
control governed by random PDEs in the literature, which is an important gap to fill in this field.

In this work, we present a stochastic Galerkin approximation scheme for a state-constrained optimal control
problem governed by an elliptic PDE with random field in its coefficients. By applying the Slater condition in the
sub-differential calculus, we are able to obtain the necessary and sufficient optimality conditions for the problem
in the first time in the literature. We then establish a stochastic Galerkin scheme to approximate the optimality
system in the spatial space and the probability space. Then a priori error estimates are derived for the state, the
co-state and the control variables. A projection algorithm is proposed and analyzed, and numerical examples
are presented to illustrate our theoretical results. As far as we are aware, this is the first systematical study in
numerical methods for state-constrained optimal control governed by random PDEs, and some new techniques
are needed in analysis of its scheme and approximation errors.

The plan of this paper is as follows: In Section 2, we introduce the model control problem in suitable spaces. In
Section 3, we set up its weak formulation by applying a finite dimensional representation assumption, and derive
its optimality conditions. In Sections 4-5 we present a stochastic Galerkin scheme for the control problem and
derive a priori error estimates for the state and control variables. In Section 6 a projection algorithm is proposed
and its convergence is established, and some numerical tests are presented to illustrate our theoretical analysis.

2 Model control problem
2.1 Function spaces and notations

Let D C R? (1 < d < 3) be a convex bounded polygonal spatial domain with its boundary dD. Let (2,.7, Z) be
a complete probability space, where £ is a set of samples, .7 is a c-algebra of events and &2 : % — [0,1] is a
probability measure. Denote by B(D) the Borel c-algebra generated by the open subset of D.

Throughout this paper, we use the standard notations (e.g., see [1]) for Sobolev spaces on D. For examples,
L*(D) and H' (D) are Hilbert spaces with norms || - [|;2() and | - || 71 (p)» respectively; H (D) is the subspace of
H'(D) whose trace on dD is zero . With these standard Sobolev spaces, we adopt the definition of stochastic
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Sobolev spaces (see e.g. [3,25,29]). For nonnegative integers s and 1 < g < oo, let L(Q;W*4(D)) contain
stochastic functions, v: D x Q — R, that are measurable with respect to the product c-algebra # ® B(D) and
equipped with the averaged norms

Mmooy = (EDM ) = (ELE [ J0viean) "™,

|(X\<s

and

VI~ @owse=(p)) = max(ess sup [0%v]),
lec|<s DxQ

where E is the expected value, d%v is partial derivative in weak sense defined in [1]. Observe that if v €
L1(Q;W*4(D)), then v(-,®) € W*4(D) almost surely (a.s.) and d*v(x,-) € LI(Q) a.e. on D for |ot| < s.
Especially, when s = 0, ¢ = 2, the above space is just

L*(Q;17(D)) = {v:Dx Q = R ||Vl 2(0.2(p)) <},
with norm
||v“i2(Q;L2(D)) = EH|V||12_2(D)]~

Similarly, we can define spaces L>(2; H'! (D)) and L*(2;H} (D)). Note that these stochastic Sobolev spaces are
Hilbert spaces.

2.2 Stochastic optimal control problem governed by stochastic elliptic equation with constrained state

We will consider the following control problem governed by the stochastic elliptic equation with constrained
state:
min  J(y(u),u) = m1n / ly —ya|?dx+ = / |u|*dx] 2.1
ucl?(D),y(u)ek ucl?(D
subject to
Aly,v] = [u,v], YveV. (2.2)

where J is a cost functional, y : D x £ — R is the state variable, y; : D x 2 — R is a given target state, u: D — R
is a deterministic control, D is the closure of D, & is a positive constant measuring the importance between two
terms in J, the bilinear forms:

Aly,v] :E[/ aVy-Vvdx], Yy, ve L*(Q;H' (D)), (2.3)
D
[, V] :E[/ wvdx|, Yue U,v e L*(Q;L*(D)), (2.4)
D
(u,w) z/uwa’x7 Yu, we U, (2.5)
D

here a : D x  — R is a stochastic function with continuous and bounded covariance function, the operator V

means derivatives with respect to the spatial variable x € D only. K is a closed convex subset in the state space
L*(Q;1*(D)):

K= {ly € L(@:HY (D) NHA(D)), E[ | ylx.w)dx] =0},
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Although the objective functional J in (2.1) contains stochastic function y subject to (2.2), its outcome is
deterministic by using the expectation E. If we denote by B(D) the Borel c-algebra generated by the open
subsets of D, then a is assumed measurable with respect to the c-algebras (% ® B(D)). To ensure regularity of
the solution y, we assume that a is a second-order random field, there are positive constants a,,;, and g, such
that

amin < a(x,0) < apax, a.e. (x,®) EDx Q. (2.6)

Then, with this assumption (2.6), by the theory of optimal control problem [31], the existence of an optimal
solution for (2.1)-(2.2) can be proved as in [29]).

In the following, we take the state space V = L?(Q;H/ (D)) and the control space U = L?(D). In addition, C
will denote general constants.

Since the coefficient a is not known exactly, we should consider a perturbation of the weak formulation (2.2)
and the size of the corresponding perturbation in the solution. Here, we can derive the following result similar to
Corollary 2.1 in [3].

Lemma 2.1 Let | < p < +oo with 1/p+1/q = 1. Consider the Hilbert space L*(Q;H} (D)), perturbed
coefficient a satisfying 0 < amin < a4 < gy < o0, a.e. onD x Q. Let y solve

E[/l)dVﬁ~Vvdx] :E[/Duvdx}, Vvev. @.7)

Besides this, assume that the solution y belongs to space L*1(Q;W124(D)). Then

. C .
1y =3l 21 ) < @Ha = Al 2o @:20 o) 19Nl 2001 29 (D)) (2.8)

where C > 0 is the Poincaré constant for the domain D.

3 Finite dimensional representation of stochastic fields
3.1 Notations for finite expansion

In most of the existing models, the source of randomness is assumed to be expressed by a finite number of
random variables that are mutually independent. Also whenever we apply numerical methods such as the finite
element method to solve a problem, we always assume that we have finite expansions of input data. For those
reasons, following the theory of Babuska [3], Wiener [50], as well as Xiu and Karniadakis [51], we can employ
the following finite-dimensional noise assumption

Assumption 3.1 (finite dimensional noise) Any general second-order random process X (), ® € Q can
be represented in terms of a prescribed finite number of random variables & = £E(0) = (& (®),---,En(®)) with
independent components £;(®),i=1,--- ,N € N. Let I; = £;(Q) € R be a bounded interval fori=1,--- ,N and
pi : I; — [0, 1] be the probability density functions of the random variables &;(®), ® € Q. Then we can use the

N N
joint probability density function p (&) = 1 pi(&) for random vector & with the support ' = [[I; CRN. OnT,
=1 i=l

i=
we have the probability measure p(&)d&.

The preceding assumptions enable a parametrization of the problem in & in place of the random events @. As
an example, we can use a finite-term expansion of the stochastic coefficient a based on N random variables (cf.
[42]) :

e

a(x,é) = ai(x)Li('é)a xeD, é er, 3.1

i=1
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where 0;(x): D — Rand L; : I — R. As discussed in [3,51], assumption (3.1) is valid in its own right in practical
applications: if a is represented by a truncated Karhunen-Loeve (KL) expansion [3], then S =N+ 1 with L; = &;_;
and & = 1; if a generalized polynomial chaos expansion [51] is used, L; is an N—variate polynomial of order up
to pand S= (N+p)!/(N!p!).

As commented in [51], the above finite-term expansion allows us to conduct numerical formulations in the
finite dimensional (N-dimensional) random space I". Let us denote L,ZJ (I") as the probabilistic Hilbert space [35],
in which the random processes based upon the random variables & reside. The inner product of this Hilbert space
is given by

(XY = [ XOYEpE)E, VX, Y L3(D),

where we have exploited independence of the random variables to allow us to write the measure as product of
measures in each stochastic direction. We similarly define the expectation of a random process X € LIZ, (I') as

&)= [X(E)p(E)a

and we refer to the expectation of the powers E[X’(&)] as the i’ moment of the random process.

Additionally, we define the mapping f : (x,&) € D x I’ — R to be a set of random processes, which are
indexed by the spatial position x € D. Such a set of processes is referred to as a random field [26] and can also
be interpreted as a function-valued random variable, because for every & € I the realization f(-,§) : D - Risa
real valued function on D.

For a vector-space W on D, let the class LFZ, (I'; W) denote the space of random fields whose realizations lie in

W for a.e (almost every) & € I'. If W is a Banach space, a norm on L}% (I'; W) is induced by

17 O3 oy = LS O ),

for example, on Lf, (I'; L*(D)) we have

DBy gy = @ D) = [ [ (x.8)7p(E)dxat,

which denotes the expected value of the L?(D)-norm of the function f(x,&). Similarly, we have the norm

) o) = NS ) ) = [ [ {8 4 V5 (5. ) P &)

We now give a Banach space that will be used as the solution space for the stochastic optimality system of
equations, cf. [16]. Here, a Banach space C, (I"; H) comprises all continuous functions f : I" — H with a norm
1 fllc, .z = supeer £ (-,&)||m. where H is a Hilbert space. Similarly, C5 (I'; H) is a Banach space with a norm

N Pj

1A lep oy = 1 llep ey + Zlkzl \|9§jf||cp(r;ﬂ)7
j=1lk=

where p = (p1,p2, -, PN)-



J Sci Comput 7

3.2 Finite dimensional representation of the control problem

By the above assumption and the Doob-Dynkin lemma (cf. [38]), we have that the solution y corresponding to
(2.2), can be described by just a finite number of random variables, i.e., y(x, ®) = y(x, (&; (@), - ,Ev(®))). The
number N has to be large enough so that the approximation error is sufficient small.

Here, we will take the deterministic state space V, = L,z, (I';HY (D)). Corresponding to equations (2.3)-(2.4),
we have notations:

Aly,v] :/F/DaVvapdxd.ﬁ, Vy, veV,, (3.2)

and

[u,v]:/F/Duvpdxdé, VYueU, veV,. (3.3)

Similarly, we have the finite dimensional presentation for the weak formulation of optimal control problem
(2.1)-(2.2), which can be rewritten as:

1 o
min  J(y(u),u) = min E f/ - 2dx—i——/ ul?dx 34
sepin O = min (5 / ly=vdl 5 | luldx] (G4
subject to
Aly,v] = [u,v], VveV,. (3.5)

Under the assumption (2.6), the existence of solutions to (3.4)-(3.5) can be proved similarly [25,31].

We take notation S : L*(D) — L3 (I';L*(D)) to denote the operator which assigns u € L*(D) to the solution
y(u) € L3 (s Hg (D)) < L3 (s L2(D)) of the state equation.

For simplicity, we denote [[v[| 2 2 (p))» VIl 3 (ra1) (0))> V|3 (r:22(0)) BY [IV]l0,5 (VI35 [[V]]2,p, respectively.

Following from [8,9,46], let

Kp = {3 |3(x.8) € L3(T3HY (D) N HA (D). EL | (v, £)dx) = 0}, (3.6)
we have the following optimal control conditions of (3.4)-(3.5).

Theorem 1 The pair (y,u) € K, x U is the solution of the optimal control problem (3.4)-(3.5) iff there is a pair
(p,A) €Vp x Lf) (I"; L*(D)), such that (y, p, A, u) satisfies the following optimality system:

Aly,v] = [u,v], VveV,, (3.7a)

Alp,ql = [y —ya,9) +E[(X,9)], Vg€ Vp, (3.7b)
E[(A,v—y)] <0, VveEK,, (3.7¢)
Elp+au] =0, (3.7d)

where V; is the dual space of Vp, ( , ) is the dual product on V; x V.
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Proof Define Ig : V — RU {40} to be the indicator of the convex set K:

0, €K,,
HK(y)Z{wav iEK’;.

The functional J : L*(D) — R is defined by J(u) := J(u,y(u)). It is an essential fact that 3 > 0 such that
y(it) = S(it) > 0 belongs to the interior of K}, in L/z, (I';L*(D)) topology. Here we view that K, is a convex set in

le) (I';L*(D)), so the Slater condition (i.e. K, has an interior point in LI% (I'; L*(D)) topology) is satisfied. By the

properties of subdifferential calculus, the convexity of I; and the strict convexity of J, the pair (y,u) = (Su, u) is
a solution to (3.4)-(3.5) if and only if
0 € d(J(u)+ Ik (Su)).

Using the Moreau-Rockafellar formulas ( see, e.g. [41] ), we have
0€ dJ(u)+S*- Ik (Su),
which is equivalent to the existence of A € dlx(Su) € L*>(I";L*(D)) such that
0€aJ(u)+S*A. (3.8)

Here S* denotes the adjoint operator of the operator S. As we know, A is in the sub-differential set dI; (Su) of Ix
at y = Su iff

E[(A,w—y)] <0, VweK,CLy(I';L*(D)). (3.9)
As J is differentiable at u, so we can infer that
(9 (u),v) = (I (w),v) = [y = ya, SV] + [u,v].

Thus (3.8) can be expressed as

[y —ya,Sv] + [ou,v] + [S*A,v] =0, VveU. (3.10)

Then we define p € V,, such that
Alp,gl =D —ya.q +E[A.q)], Vg€V, (3.11)

Setting ¢ = Sv in (3.11), we have
Alp,Sv] = [y —ya,Sv] + E[{A,SV)], YveU. (3.12)

From (3.10) and (3.12), we obtain

Alp,Sv] — E[{A,Sv)] + [au,v] + [S*A,v] =0, Vv eU, (3.13)
that is
Alp,Sv] — [S*A,v] + [au,v]| + [S*A,v] =0, VveU. (3.14)
Then we have
[p,—V-(aVSV)]+ [au,v] =0, YveU. (3.15)

By the definition of S, we have y = Sv, —V - (aVy) = v, and thus v = —V - (aVSv).
Then we obtain
[p.v]+[au,v] =0, YveU. (3.16)
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Consequently
E[p+ou] =0. (3.17)

Then (3.7b)-(3.7d) follow from (3.9), (3.11), and (3.17).
Finally, we prove the uniqueness of the solution (y,p,A,u) of (3.7a)-(3.7d). Assume that there exist two
solutions: (y1, p1,A1,u1) and (y2, p2,A2,u2). Then we have

Alyr —y2,v] = [u1 —ua,v], YveV,, (3.18)
Alp1 —p2,9] = 1 =y2,9| +E[(A1 — X2,9)], Vg€ V). (3.19)
Taking v = p; — p» in (3.18) and g = y; — y; in (3.19), from (3.7d), we obtain
1
Aly1 —y2,p1 —p2] = _a[pl —p2,p1— P2

Alp1 — p2,y1 = y2] = 1 = y2,51 = y2) FE[(A1 — A2, 31 —y2)].

Then we have |

o
Since E[(A1,y2 —y1)] <0 and E[(A2,y1 —y2)] <0, hence

1 —y2, 91 = y2] + =[p1 — P2, p1 — P2l +E[{(A1 — A2, y1 —y2)] = 0.

1
byt =y2l3,p + 5 11 = P23, < 0.
Thus y; = y; and p; = p,. Furthermore, A; = A;. O

We remark that, the control problem is convex due to the linearity of the state equation. Therefore the above
first order optimality conditions are sufficient for this problem.
In the following we will present the expression and property of A by applying the following Lemma.

Lemma 1 Letr Q from L’z, (I";L2(D)) onto the convex set Ky, be the projection operator such that
[v—Qv|l2,p :&i&”v—w”z’p. (3.20)

Then Qv satisfies (3.20) if and only if, for any w € K,
[Qv—v,w—Qv] >0, (3.21)

and
Qv =v—min{v,0}, (3.22)

where V is the mean of v over I' X D given by

_ 1
V—W/F/Dvpdxdg

Proof Let j(w)=|w— v||§‘p and the equivalence between (3.20) and (3.21) follows from the Lions’s lemma:
7(Qv)(w—Qv) >0, Yw € K,. We now prove (3.22).

If ¥ > 0,1i.e., v €K, such that Qv = v, then [Qv —v,w—Qv] =0, (3.21) holds;

If ¥ < 0, then [Qv—v,w—Qv] = —[F,w— (v—7)] = =¥ [ [, wpdxd& > 0. Hence (3.21) still holds.

This means that Qv defined by (3.22) is the project operator. (|
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Theorem 2 Let (y,p,A,u) € Ky x V, x L%, (';L%(D)) x U be the optimal solution to the continuous systems
(3.7a)-(3.74), respectively. Then the multiplier A satisfies the following equality

A =min{A +7,0}. (3.23)
As a consequence, A is a non-positive constant in the whole domain D X I' and
Ay=0. (3.24)
Proof It follows from (3.7c¢) that
[(A+y)=yv=yl=[A,v—y]<0,VveEK).
That is
b—(A+y),v—y]>0,VveK,.
By Lemma 1, y is the projection of A +y in K , that is

[QA+y)—(A+y),v—Q(A+y)] >0, VvEK,,

we have
y=QA+y)=A+y—min{A +y,0}.

This infers .
A =min{A +7,0}.

and A is a constant.

One the other hand, since y € K, which means y > 0, then we have:

If > 0,as A = min{A +7,0}, we have A # A +7, then A = 0.

Otherwise, if = 0, clearly A7 = 0. As A = min{A + 7,0}, then A < 0.

So the conclusion (3.24) holds. O

4 Stochastic Galerkin method
4.1 Finite element spaces on D and I”

To present the discretization of the optimality system (3.4)-(3.5), a stochastic Galerkin scheme will be formu-
lated. We adopt finite element spaces defined on D x I by [4,25].
First of all, we consider finite element spaces defined on spatial domain D C RY. Let {7}, }~0 be a family
of regular triangulation of D such that D = Uzer, 7. Let hy = maxc7, hr, where h; denotes the diameter of the
element 7. Here regular triangulation of D [33] means: there is a positive constant C such that for all 7 € Ty,

c'hy <l T|<Ch,

where | 7 | is the area of 7. Consider two finite element spaces V,, C H{ (D) and W, C L*(D), consisting of
piecewise linear continuous functions on {7}, } and piecewise constant functions on {7},}, respectively. We assume
that Vj,. and W, satisfy the following approximation properties [12]:

(i) For any ¢ € H*(D)NH} (D), there exists ¢y, € Vj,, such that

00 10 =00y < il o) @)
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where C > 0 is a constant independent of ¢ and #;.
(i) For any ¢ € H}(D), there exists ¢, € Wj,, such that

%igvahx ¢ — On |l 2y < Chsl| ¢ HH(g (D)’ 4.2)

where C > 0 is a constant independent of ¢ and ;.
Next, we consider a finite dimensional space defined on I" C RN ([3]). Let I" be partitioned into a finite
number of disjoint boxes BY C R, that is, for a finite index set 7, we have

r-=ys'=U H al, b)),
icl iel j=
where BY N\BY =0 fork # 1 € I and (a{ ,b{ ) C I;. A maximum grid size parameter 0 < h, < 1 is denoted by
h, = max{|b{—a{|/2: 1 <j<Nandiel}.
Let Sy, C Lf) (I') be the finite element space of piecewise polynomials with degree at most p ; on each direction
N .
&;. Thus if v, € S, , then v, | pv € span{ [] éjnj :nj€ Nandn; < p;}. Letting the multi-index p = (p1,--- , pn),
i ]=1 :
we have (cf. [7] ) the following property: for all y € CP*1(I"),

N ||8pj+l

inf - 4
w5, 1Y =i < Y

lI’HL2

—7 43
1) 4.3)

where y = lg}igN{pj+ 1}.

4.2 Tensor product finite element spaces on D x I
Combining spaces Vj,_, W), and S, together, we now define a tensor product finite element space on D x I".
We will use V), =V, x S, for the sate variable y and co-state variable p, U, = W}, for the control variable u
and let Kj, = V;, MK}, be the finite element space of the convex set Kj.
We define the H{} (D)-projection operator Ry,;: H{ (D) — Vi, by
(Rh.v¢7 ¢hx)H(; (D) = (¢7 ‘Phy)Hd (D)» v ¢hx S Vhs? v ¢ € H(; (D)7 (44)
the L*(D)-projection operator IT,: L?(D) — W, by
(T 9, 0n) 20y = (9:9n)12(0)s ¥ On, € Wy, ¥V ¢ € L*(D). (4.5)
Similarly, let the Lf) (I')-projection operator ITj, : Lf, (I') — Sy, by
(I, v, ‘//hr)L,%(F) = (v, ‘l/hr)L,z, (r) V Y, € Sp,, VY E L,z) (I'). (4.6)
It follows from (4.1) that for all ¢ € H*(D)NH{ (D)

16 = Rn, 91|11 0y < Chsl| 9]l 12m) (4.7)
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and from (4.2) that for all ¢ € H' (D)
10 =TT, 8[| 2(p) < Chsl|® 1 () (4.8)
Similarly, by (4.3) we obtain that for all y € Cg“ (N

N 107 i
Iy = T,y 3y < AT Z—. 4.9)

Using the inequalities (4.7) and (4.9), we have the following approximation property (cf. [3], Proposition 3.1):
forally € Cf,’+1 (r;H*(D)NH} (D))

N ||3P’ ylll,p

Jnf ly = yullip < C{hslIyll2p +h] Z

j=1

where positive constant C is independent of Ay, h,, N and p.
In order to obtain the separate error estimates in D and I, we define a projection operator P, which maps onto
the tensor product space W), x Sy, . It is defined as follows

Py =11, ¢ =11, IT, ¢, V¢ € Ly(I':L*(D)). (4.11)
Furthermore, we use the following decomposition
¢~ P = (¢~ I1,0) +IL,,(I - II,)9. V@€ Ly(I:L*(D)). (4.12)

To derive the error estimates, we need assumption and lemmas on the regularity as follows.
Assumption 4.1 Let y, p, u satisfy the following regularity condition

v, p € CYN (I HA(D)NH (D)), u e HY(D). (4.13)
Lemma 4.1 [20] Let u € L*(D). Then for any & € T', y(-,&) € H*(D) and there exists C > 0 such that

G E)m2(p) < Cllullr2(py (4.14)

Similar to Lemma 3.7 in [21], the following Lemma follows from an inductive argument after taking deriva-
tives with respect to &; of (3.5) and using Greens formulas.

Lemmad4.2 Letu € L*(D) and @; € L*(D). Thenforall j=1,2,--- N and for any & € T, there exists C >0
such that

i+1
1827 5+ &) gy )
(pj+1)!

+1
<C\I<pjl\”’ el 2 ) (4.15)
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4.3 Galerkin approximation scheme

Let us discrete the constrained set of the state K" = {y,| y» € V'NK,, E[[pyndx] > 0}. Then, we can use
Galerkin finite element scheme to approximate the optimal control problem (3.4)-(3.5), which can be formulated
as follows:

1 o
min ~ Jy(uy) =  min E[f/ |yh—yd\2dx—|——/ |up|*dx] (4.16)
up €Uk y, k™ upeUh yekh -2 Jp 2 Jp
subject to
Ay, va) = [up,vi), Vv, €V (4.17)

Define discrete operator Sy, : U" — V" such that:
A[Shuh,vh} = [uh,vh], up € Uy, Yy, € vh.
Consequently, the conditions {uy, € U",y; € K"} can be rewritten as {u, € U" E|[;, Syudx] > 0}.

Then the discrete optimal control problem (4.16)-(4.17) is equivalent to the following optimal control problems
of constrained control type:

. . 1 o
min J,(uy,y,) = min E[f/ |yh—yd|2dx+—/ |uy| *dx] (4.18)
uhEU{ﬁ’d uhEU{ﬁ’d 2 D 2 D
subject to
Alyn,va] = [un,va], ¥ vi € Vi, (4.19)

where the discrete constrained set for the control is:
Ut = {vp| vy €U E] / Spvpdx] >0} C U. (4.20)
D
Then we have the following discrete optimal control conditions of (4.18)-(4.19).

Theorem 3 The pair (y,,up) € K" x U is the optimal solution to(4.18)-(4.19), if and only if there exist p,, € V"
and A, € R_U{0} such that

Alyn,vi] = [up,va), Y, evh (4.21a)
Alpn,an) = n = yaran) + E[(An, qn)], ¥ qn € V" (4.21b)
E[(A,vh—yn)] <0, Vv, €K, (4.21c)
E[Ppy + o] = 0. in D. 4.21d)

Here P is the L*-projection from L%, (I';H} (D)) onto closed subspace sz, (I";UM). Furthermore, the solution
(Vns tns Py An) of (4.21a) - (4.21d) is unique.
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Proof Here we only outline the proof. Similarly to the proof of Theorem 1, we can show there exists A; such
that

0 € J(up) + SiAn, (4.22)
E[(An,va—yn)] <0, Vv, €K, (4.23)
and
[yh —yd,Shvh] + [auh,vh] + [SZA},,V}J =0, Vv, € Uh. 4.24)
We define p;, € V" such that
Algn, ] = h —ya,an) +E[(An:qn)),  Van € V". (4.25)

Noting that Sy, is a bijection from finite dimension space onto another finite dimension space, so there is wy, € U”"
such that Sp,wy, = g, i.e.
h
A[Shwh,vh] = [wh,vh], Vv, eVh

Furthermore we have
Wh, pr) = A[Spwn, pr] = [Yn — Ya + A, Spwn) = [S|,(0n — ya + An), wi] = [—aup, wy].

Therefore we obtain
[P+ ot wy] = 0. (4.26)

Since g, is an arbitrary element in V" and S, is a bijection, the above equality (4.26) holds for any wy, € U". This
fact shows oy, is a unique projection of pj, from LIZ) (I';H} (D)) onto closed subspace L,z) (I";U™). So we have

E[Ppy,+ auy] =0, inD. 4.27)

Then (4.21a)-(4.21d) follow from (4.23), (4.25), and (4.27).
Similarly, we can prove that the solution of (4.21a)-(4.21d) is unique and A is a non-positive constant . [

Remark. If U” is a piecewise constant space, we note that P is such that
1 h
Py =— [, vVt e Ty,
7] Jz

where |7| is the measure of T, which implies

ity =P(—pp) = —Pn- (4.28)
If U" is a piecewise linear element space, we have well-known result
[lv—=Pvl|lo < chy||v|1- (4.29)

We will use above facts to deduce convergence results of approximation in the following section.

We know that it is very useful to examine the structure of the matrix systems of the above finite element
problems (4.21a)-(4.21d) for developing efficient numerical algorithms. Without loss of generality, we consider a
particular case that the space S, has no partition of I, i.e. only the polynomial degree is increased. Here, we use
the tensor finite element space Sj, = ®nN:1 ZL", where we use the global polynomial subspaces Z;" = {v: I, —
R: vespan(l,y,, -, yi")},n=1,---,N.
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Let {@;(x)} be the a basis of the space Vj,,, {y;(£)} be a basis of the space Sj, . Then the solutions of the
discrete optimality system of equations (4.21a)-(4.21d) are given by

yn = Zympl( )Y;(8),
Zpuq)z( ) y;i(8), (4.30)
Up = Zutq)z( )
We take the state equation in (4.21a)-(4.21d) as an example. Using test function v, = @;(x) y (&), we have

Y ( / PEIW(E) W (E)(aV e, Vor) 2 dE )iy = X /F PEIVA(E) (@19 2oy dE i, YR, 1, (43D)
L] i

which can be written as

L (PO )08 Yoy = L [ p(&WEIMi1dE )i v (432)

where K; (&) = (a('aé)V(PiaV(Pl)LZ(D) and M;; = ((pia(pl)LZ(D) :
s
If the diffusion coefficient a is expanded by finite terms (3.1), i.e. a(x,&) = ¥ oy (x)L, (&), we have a corre-
=1

sponding expression for the stiffness matrix
.S
&)= [ (Y aL(®) Vo) Vol @33
D =]

N
Since y; € ), = @N_, Z", it is enough to take it as the product y; (€) = H (&), where w0 I, > Risa
r=1
basis function of the subspace

zlr =span{1,§,,--- &'} = span{yp, :kr=1,---, p, +1}.

Putting this choice of y; into (4.32), we obtain

N N
Zj( /. [T P& wio &)W (8 K1 (£)8 )i = X ( /. TTP &)V (&M s ¥ 1 (434

Following (4.33), we derive the coefficients of y;; as

S N
K, /F L&) [Tpr&vir (&) vir(Ede 435)

where
K, = /D o (x)V@i(x) - Vo (x) dx. (4.36)

Similarly we can obtain explicit formulas for the other equations. Then we have to solve the linear systems to
determine y;;, p;; and u; that are coefficients of solutions of the discrete optimality system of equations (4.21a)-
(4.21d), which will be carried out in Section 6.

Remark 4.1: For ease of exposition, we have chosen the basis {¢;(x)} to be the basis of the space K, see
e.g. (4.30). Actually, the base functions of the space Vj,, and the space K}, can be chosen differently. In practice,
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the control variable of a constrained control problem normally has lower regularity than that of the state variable.
Due to the limited regularity of the optimal control in general, there will be no advantage in considering higher-
order finite element spaces than the piecewise constant space for the control. We therefore only consider the
piecewise constant finite element space for the approximation of the control, though piecewise linear continuous
finite element spaces will be used to approximate the state and the co-state.

5 A priori error estimates

In this section, we will derive the a priori error estimates for the approximation solutions.
In order to obtain error estimates of the approximation solutions, we introduce an auxiliary system with
auxiliary state y(uy) € V, and co-state p(uy) € Vp, which is defined by the following system:

A[y(uh),w] = [Lth,W], Yw € Vp7 (51a)

Alp(un),q] = [y(un) —ya,ql + E[{(A,q)], Vg €Vp. (5.1b)

Obviously, we note that according to Theorem 1 and the requirement of boundary, y(u;,) and p(u;,) are also
bounded in Lf) (I'; H*(D)). In order to obtain the a priori error estimates, we first present some Lemmas.

Lemma 2 Let (y,p,u) € Ky x Vy, x U and (yy, pi,u) € K" x V! x U" be the solutions of optimality condition of
continuous system (3.7a)-(3.7d) and discretized optimality conditions (4.21a)-(4.21d) respectively. Let p(uy,) be
the solution of the auxiliary system defined above. Then we have the following estimate:

P = p(un)ll1p < C(llu—unllo+ | pn— p(un)llo.p + | =P (pa)llo,p)- (5.2)
where [| - {lo = [ [l .2(p): |- llop = I Il (2 0))-

Proof Select ¢ € Lf, (I';Cy (D)) such that @ = 1 and ||@||; p < C. For brevity, we denote C =p—p(uy), and we
note that Co € L2(I";C;(D)) C L2(I"; H} (D)). From (3.7b) and (5.1b), we have

Alp—p(un),q] = [y —y(un),q] + E[(X — An,q)]. (5.3)
Letting ¢ = Co and g = p — p(uy,) respectively in (5.3), we obtain
Alp = p(un) = Cp,p—p(u)] = [y = y(un) + A = Ao, p = p(un) — Cp].
Note that [~ [p[p — p(us) —Co]pdxdE =0 and A — A, is a constant. Hence
Alp—p(un),p— p(un)] = A[CQ, p— p(un)] + [y —y(un), p — p(us) — Cep].
Therefore, we have

AlCo,p— p(up)] + [y — y(un), p— p(up) — Co]
C(e)ClolI , +ellp— pun)ll p +C(&)lly—y(un)I5 -

2
cllp=pun)li, <
<

which implies

lp = pun)lI} p < CC*+Clly() = y(un)lg,p < CC* +Cllu— uy I3 (5.4
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Since D is a bounded domain, from (3.7d) and (4.21d), we note that

¢< [ [ Ip=ptuwlpdsag < Cllp=plus) o,

= Cllp+ ou— ou+ oy, — oy —B(pn) +P(pn) = pu+ pr— plun)lop (5.5)
< (| = auaupllo+1lpn = p(un)llop + [P = B(pa)llop)
S C(|lu—upllo+llpn = p(un)llo.p + lpn —P(pa)llo,p)-

Then (5.2) follows from (5.4) and (5.5). O
Next we estimate the approximation A, of the multiplier A.

Lemma 3 Let the discretized solution (yp, pp,up) € K" x V! x U" be defined as above. Let A and A, be the
solutions of multiplier of the continuous and discretized systems respectively. We have the following estimates:

& = | < C[|u = unllo+ l1pn = p(un)llo.p + | pn = P(pa)llo,p)- (5.6)

Proof Select ¢ € L3 (I';Cy (D)) C L2(I';Hy (D)) such that ¢ =1 and [|@]|;,, < C. From the continuous and
auxiliary systems, we obtain

E[A =2, (A = M) @)] = Al(A = An) @, p = p(un)] + [y(un) =y, (A = An) @],
which implies
& = 2n] < Cllp = pQun)llp + ly = y(un)llo,p)
< C(llu=wunllo+l[pn = p(un)llop + [P —=P(pa)llop)- G

Here we have used the estimate (5.2) and the fact ||y — y(us)|lo,p < ||y —¥(un)|l1,p < C||lu — up||o. Therefore the
result (5.6) holds. O

Lemma 4 Let (y,p,u) € Ky x Vp x U and (yn, pu,u) € K" x V' x U" be the solutions of optimality condi-
tion of continuous system (3.7a)-(3.7d) and discretized optimality conditions (4.21a)-(4.21d) respectively. Let
(y(up), p(up)) be the solution pair of the auxiliary system (5.1a)-(5.1b). Then we have the following estimate:

llu—wunllo < C(llyn =y(un)llop + llPn = p(un)llo.p + IP(Pn) = Pallo,p)

w1138 plo
e P
< C(h%ﬂ\l’h*l’(”h)“&p +hsllpllp +h32(4(5j+1), )) 5-8)
J= :

Proof By direct calculation, and using the continuous and auxiliary systems, we have

T () (u—up) = [y = ya,y' () (0 —up)] + [otu, u — ]
= [y —ya+ A,y (u) (u—up)] + [ow,u—up] — [A,y" () (4 — up)]
= Alp, ' () (u—un)] + [0, 10— up] — [A, y(u) = y(up)] (5.9)
= [u—up, p] + [ou, u —up] — [A, y(u) — y(up)]
= —[A,y(u) = y(un)].
Similarly,
I (up) (u—up) = [p(up) + oup, u —up] — A,y — y(up)], (5.10)
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As the optimal control problem (2.1)-(2.2) is quadratic control of a linear system, J(u) is strictly convex. It follows
from the properties of convex function, we have

cllu—unllg < ' () (u—up) = I (un) (e = up).
From (5.9)-(5.10), we have
() (u—up) =T (up) (u—up) = —[p(up) + oup, u—up] — [A — A,y — y(up)].

Then we obtain

cllu—upl[§ < I () (= up) = ' () (u — )

—[p(un) + oup,u —up] — [A — A,y — y(un)]

Ph—D ( )t —up] — (A — A,y —yi) — (A — A, yn — y(un)) + [P(pn) — pisu — up]
pr—p(un),u—up] — (& = Ay, yn — y(un)) + [P(pn) — ot — up]

C(8)||Ph— (un)[15p + €llu—unl[5+ €A = A4l15p +C(&)llyn —y(n) I5,p +C (&) IP(Pn) — Pallo.,
Cllpn— p(un)|I5.p + Cellu— unllg + Cell pn — p(un) 15,y + Cllyn — y(un)l[6.p +CIP(pr) — pullo.
Cllpn— p(un)|I5.p + Cellu— unllg + Cllyn — y(un)I5.,p + CIIP(p1) — Pallo.p»

[
[

INCININ N

(5.11)

here we have used the complementary condition, conform condition K C K, and the estimate (5.6). Note that y;,
is the Stochastic Galerkin finite element solution of y(uy,), from the Aubin-Nitsche technique [12] together with
regularity assumption of D, we have the finite element estimate

s = y(un)llop < Ch 1y (un)ll2,p < Ch|unllo < ChS. (5.12)
By the property of L? projection operator
pjt
19, Pl
( pj+1)!

then the estimate (5.8) follows from (5.11), (5.12) and (5.13). O

1B(p1) = Pillop < C(hsllplhp + 4 Z ), (5.13)

Finally, we can obtain the a priori estimates of the Stochastic Galerkin approximations by using the above
lemmas.

Theorem 4 Let (y,p,A,u) € Ky xVp x R_ x U and (yy, pp, An,up) € K" x V" x R_ x U" be the solutions of
continuous optimality condition (3.7a)-(3.7d) and discretized optimality condition (4.21a)-(4.21d) respectively.
Let p(uy,) be the solution of the auxiliary system (5.1b). We have the following estimate:

v ag’; P||o )
Ion = plan) 1. < C (s hyZ( )). (5.14)
=1
Therefore, we obtain the a priori error estimate for the approximation solutions:

N 91’}’ P||op
A=l = wnllo+ 1y = llp + 1 = pallip < € (b L ) (5.15)
=1
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Proof We denote p(uy); € V" C Vj, to be the L? projection of p(uy) € V,. Then

cllp(un) = pu)ll p < Alp(un) — pi, p(un) — pi)
= Alp(un)1 — pn, p(un) — p] +Alp(un) — p(un)1, p(un) — pal
= [y(un) = yn, p(un)1 — pn) +Alp(un) — p(un)1, p(un) — pil
< Nly(un) = yallgp +C(&)p(un) — p(un)illi p + €l p(un) = pi) | p-
Therefore,

() = pa)lIT o < CCIy(un) = yull3 o + P (an) = p(aen)iI p)

195 PHLZ(F-Lz(m)
2 2 2 2 2y pL 2
< ORIy (@) 3o + I1pn)]3p) +C(1Iplp + 2 Z o))

Due to the regularity of the boundary dD, we have
IpQun)ll2p < Clly(un) = ya + Anllop <C

Therefore we obtain

N (|97 Pl
1pGas) = pullo < 11p(un) = pullip < € (hlplp + 5] Z ) (5.16)
Dj !
It follows from (5.8) and (5.16) that we have
1
| lo<C (h hyi": ||817,+ pHop .,
u—u < + ) .
hllo £ T
From (3.7a) and (5.1a) we have
Aly —y(up),w| = [u—up,w),Yw € V,. (5.18)

Letting w = y — y(uy,) in (5.18), from (2.6) we have

clly =yt p < Aly = y(un),y —y(n)] = [ —wn,y — y(up)] < Cllu—wnlolly — y(un) |1 p-
Then
Iy = y(un)ll1p < Cllu—upllo- (5.19)
From (5.17) and (5.19), we obtain
Iy =yl < lly=y(un)ll1p + y(un) = yallrp < Cllu—upllo +Chlly(up)||2,p < Chs. (5.20)
Further, it follows from (5.16) and Lemma 2 that we have

lp=pallip < llp—plus)l

1o+l pn— p(un)ll1p

< Chs+ |l pn— p(up)||1p + [lu—upllo+ ||pr —P(pn)llop) (5.21)
v a”*‘pnoP
<c(n+nr Y ). (5.22)
= p]+l)
Then it follows from (5.16), (5.17) and Lemma 3 that we have
1
v l9g7" p||0p
A=l < CClu=alo+ lpw = pCa)lop + 171 = Bpi) o) < (ks 47 X (2 —57))- 5239)
j=1 J

Thus (5.15) follows from (5.17)-(5.23). O
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6 Numerical examples
6.1 A projection algorithm

To present our algorithm we reduce the control problem into an optimization on a convex subset U,; of LZ(D)
and use the projection method to discuss algorithm. We consider the following optimal problem:

2, 10
where J is the reduced functional as before and the constraint set U,y = {u € L*(D) : E[Su] > 0}. For easy of
exposition, we state our method for the continuous form. For discretized problems (4.18)-(4.19), the method is

similar.
Our scheme is as follows:

{ = tty — I () =ty — PE[ctun + . 61
i1 = Plu, 1) = u, 1 = pE[S™A],
where
Alyn,v] = [un,v], Yn € L%)(F7H(%(D))a
Alpn.d) = bn—yaal,  Pn € Ly(T:Ho (D).
Next we will discuss how to select A, in each step such that u, | € Uy, i.e. E[Sup+1] = E[ys+1] > 0.
Note that
ADni1,v] = [uns1,v] = [un — pE[0tun + pp] = PE[S" M), v].
Therefore if we define y, ! by solving the following equation,
AW,y = [y 8] = iy — pElomy  pulv]. 3,y € LA(T:HY(D)),
then we have A[y, 1 —yn+%,v] = [—pE(S*An),v] = E[—pA,S*(1),v], and thus
ST s —Yurl) = —pAST(1),
Yl =Yyt = —PpASS(1).
Therefore we have
Elynir] = Ely, ., ~ pASS (1))
Hence if we select
Ay = min{E[L;%],O}, 6.2)
pSS*(1)

we can assure E[y,+1] = 0 in each step. Furthermore the constant SS*(1) can be computed as follows: Let y* be
the solution of

Alg,p*]=[l.q], VqeLy(I':H(D)),

Aly* v =1[p*.q], Vg€ L;(I":Hy (D)),
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Table 1: Algorithm

Step 1: Select ug € U,q, and calculate yg by solving the state equation.
Step 2: Calculate j, by solving the equation

Alpn, V] = [Vn —va,v], Pn GL%)(F;H(%(D))-
Step 3: Setu, = PE[qtuy + py). Calculate y, 1 by solving the equation
) Ay =l 10 3,y €L HG(D)).
. Y b
Step 4: Set A, = min{ pWil)’O}’ and let u, 4 = Uy )~ PE[S*Ay].
Calculate y, 1 by solving the equation
A[)7n+1,v] = [MVL+17V]7 Yn+1 EL;Z)(F§H(§(D))'

Step 5: Stop if stopping criterion is satisfied, e.g., | u,+1 — u, |< €,where € ia a given parameter. Otherwise set n = n+ 1 go to Step 2.

then
1

W/F/D)’*P(é)dx‘ié

Before discussing convergence of our method, we summarize our algorithm in Table 1.

In order to present the proof for the convergence of our algorithm, we need the following lemma. This lemma
indicates that actually P is the projection operator from Hilbert space L?(D) onto its non-empty closed convex
subset U,,.

SS*(1) =

Lemma 5 The operator P defined in (6.1) is the projection operator from Hilbert space L (D) onto its non-empty
closed convex subset U,y. Further, for any u,v € Uy,

[IPu—Pv|lo < [Ju—vlo- (6.3)
Proof Forany v € U,y,
(1~ Bl )= Bty 1)) = (1, — (s~ PEIS ) v (1, y — PEIS2]))
= pE[< ln,Sv—SuH% + 4,pSS*(1) >]
= pE[< ),,,,Sv—yH% +A,pSS*(1) >].
Noting that E[< A,, Vil +A,pSS*(1) >] =0, and E[Sv] > 0,Yv € Uy,
we have
(un+% —IP’(MH%),V—]P’(uH%)) =pE[< 7L,,,Sv—yn+% +4,0SS*(1) >] = pE[< Ay, Sv >]| < 0,V v € Upy,
which implies P is the projection operator.
Furthermore, we have
|Pu—Pv||3 = (Pu—Pv,Pu—Pv)
= (Pu—Pv,yv—Pv) + (Pu—Pv,Pu— u) + (Pu—Pv,u—v)
< (Pu—Pyv,u—v).

Then we have
[[Pu—Pvllo < [lu—vlo.

This completes the proof. O
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Obviously, the objective functional J' is Lipschtiz and uniformly monotone, i.e. there are positive constant
¢,C such that

13 (u) = T’ )

0 < Cllu—vllo, Vu,ve LZ(D),
(I () =T (v),u—v)

cllu—v|3, Yu,veL*D).

VoA

Following Lemma 5, we have the following convergence results.

Theorem 5 There are 0 < 8 < 1,& > 0 such that
|u—unllo < 8"[|u—uollo, n=0,1,2,---, (6.4)

provided p < €.

Proof Firstly we show that u = P(u — pE[au+ p)|, where PP is defined in (6.1)and p satisfies the equation
Alpyl =D =yavl,  pELI:Hy(D)).

Due to the optimality conditions (3.7¢) and (3.7d), we conclude that for any v € U,

(u—pElou+p)—u,v—u) =—p(E[—p+pl,v—u) = p(E[S*A],v—u) = pE[< A,Sv—Su >] <0,
which means u = P(u— pE[ou+ pl).

Furthermore we note that J'(u,) = E[atu, + p,] and J'(u) = E[au + p]. From the iteration scheme, we deduce
that

1 — = P, — PE0tt, + p,]) — P(u— pE[ou+ p]) = Bluy — pT (u,)) — P(u— pJ'(u)).
By the character of the projection operator P, we have

i1 —ullf = |P(en — pI' (ttn)) = P~ pJ' (1) )13
< =t = p (I () = T ()15
= llu—un|§+ P 1" (1) = I (1) |5 — 2P (3 (1) = I' (), 10 — ) (6.5)
< It — |5 +Cp? [t — 10§ — pllie — [

< (1-ep(1= L) =},
Choose p such that
Ogl—cp(l—CTP)g& (6.6)
Then
letn1 — ullg < 8l —ull§ < 8" |uo — ulf5. 6.7)

This completes the proof. O
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6.2 Numerical experiments

In this section, we present three numerical examples to illustrate our analytical results above. In these examples,
for the state and co-state y, p, we take the Legendre polynomial in every direction of the random space I; (whose
order is 3 ) and use the piecewise linear finite element in the space D. For the control u, we use the piecewise
constant finite element in the space D.

N
Example 1 We take space domain D =[—1, 1] x [—1, 1], and stochastic domain I; = [—1,1], a(x,§) = 10+ ¥ &;.
i=1

We consider the following model problem:

min J(u) = min (%/F/D(y—yd)zp(é)dxdé—|—%/[.)u2dx) (6.8)

u€L?(D).E[[pydx] 20 u€L?(D).E[[p ydx] >0
subject to

—V-(a(x,§)Vy(x,§)) = f+u, xeD, GeT,
y(x,§) =0, xe€dD, §eTI.
The target state y; = (1 —27%)sin(7x; ) sin(7x2) — 1. The objective is to minimize the expectation of a cost

functional and the constraint for the state is E[ [, ydx] > 0. We assume each probability density function on I;
is uniform, i.e. p;(&) = % i=1,---,N. Thus, the joint probability density function p(&) of random variable

E=(&,---,8n)is 2%, Let a = 1 and the solutions for this problem are as follows:
L sin(m ) sin(mx)
P = ———%SI(7Txy ) SI(7Txy ),
a(x, &)
y = sin(mx; ) sin(7xy),
E
"y [p]7
o
f = 2x?sin(mxy ) sin(7x;)a(x, &) — u,
A=-1.

In this example, we compute for two cases. First case for N = 5 are shown in Table 2. For simplicity, I; has
no partition and we use the same mesh in D for the state, the co-state and the control. Here / is the mesh size for
the discretized optimal condition.

Table 2: The error for optimal control problem

By [ Tun—ullo [ Tn—3Top | o —Tip [ Tpa—pllop | Ton—plip | A—7a]
1/4 0.2010 0.3918 1.1302 0.0404 0.1180 2.6156e-04
1/8 0.1026 0.1013 0.5654 0.0105 0.0595 6.3795e-05
1/16 0.0512 0.0252 0.2812 0.0026 0.0297 1.6151e-05
1/32 0.0249 0.0060 0.1413 6.1837e-04 0.0148 3.9977e-06
1/64 0.0108 0.0012 0.0711 1.1611e-04 0.0075 9.7267e-07

From Table 2, we can see the approximation errors of u,y, p,A are at least linearly decreased as the meshes
decrease.
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The second case is for N = 2 in which the stochastic space could be divided into quadrilateral mesh. We
use the same degree of piecewise polynomials for each direction &; which is labeled as p. Since the control is
independent of random, we only compute the state and co-state to show the change of error with the change of
h,. The result is shown in Table 3 in which the mesh size of physical space is h; = 61—4. From Table 3, we find that
the numerical results are consistent with our theoretical results in Theorem 4.

Table 3: The error for optimal control problem

p || A | lyn—=>llp | llPa=pllp
1 1 0.3674 0.0442
1|12 00875 0.0103
1| 174 00224 0.0025
1 1/8 0.0059 6.4103e-04
2 172 0.0443 0.0053
2 1/4 0.0056 6.5432e-04
2 1/8 | 7.1795e-04 | 8.2825e-05
Example 2 We take space domain D = [—1,1] x [—1,1], and stochastic domain I; = [—1,1], a(x,§) =20+

Z 3sin(im(x;—xp))

in)? &;. We consider the following model problem:
i=1

min J(u) = min / y—y4)? dxdé—!—g/ u?dx) (6.9)
u€L?(D),E[fp ydx]>0 u€L?(D),E[fp ydx]>0 2 2 Jp

subject to

~V-(a(x,8)Vy(x,§)) =u, xeD, §€T,
y(x,E) =0, x€dD, EcT.

The target state y; = 1. The objective is to minimize the expectation of a cost functional, and the deterministic
control is constrained by the condition E[[,ydx] > 0. We assume that each probability density function on I;
is uniform, i.e. p;(&) = %, i=1,---,N. Thus, the joint probability density function p(&) of random variable
E=(&, &) is 2LN Here we present two cases for this problem with N = 5,10. Since the exact solution for
this problem could not be given, we contrast the objective function value with the change of c.

For simplicity, I; has no partition and we use the same mesh in D for the state, the co-state and the control.
The results for N =5, 10 are shown in Table 4. Since the exact solution is unknown, following the idea in [29] and
[46], we let the parameter & approximating zero, so that the relative errors of y, to y; should approximate zero

2
and the functional values should be getting smaller. From Table 4 we can see that E[””’if“yf”] and the objective

llya
function values J; (yj,, uj,) are smaller, respectively, as the value o becomes smaller. And the mean value for y and

uin N =10 with & = 0.1 and @ = 0.0001 are shown in Fig. 1-2.



J Sci Comput 25

Table 4: The result for optimal control problem with order = 3 and h = 1/16

N e | T ()
5 0.1 0.9990 1.9986
5 0.01 0.9905 1.9863
5 0.001 0.9137 1.8741
5 0.0001 0.5556 1.2955
10 0.1 0.9998 2.0001
10 0.01 0.9983 1.9977
10 0.001 0.9834 1.9773
10 || 0.0001 0.8582 1.8012
Solution to the Problem Solution to the Problem

Fig. 1: Mean of y for N=10, o = 0.1(left) and o = 0.0001(right) for Example 2.

Solution to the Problem Solution to the Problem

40
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Fig. 2: Value of u for N=10, ov = 0.1(left) and o¢ = 0.0001(right) for Example 2.
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Example 3 We take space domain D = [—1,1] x [—1, 1], and stochastic domain I; = [—1, 1], the random coeffi-
cient a(x, ) is in the form of the KL(Karhunen-Loeve) expansion [6]:

N
a(x,6) = u(x)+0vV3Y VA ()&,
i=1

where x € D, and (A;, ¢;)Y_, are the eigenpairs of the integral operator associated with C|a]. C[a] is the covariance
function

i =% -5
h b

Cla](x,%) = oexp(— )
where o denotes the standard deviation and /1, /5 are correlation lengths.
We consider the following model problem:

min  Jw)= _ min (% /F /D =3P (E)drdE + 5 /D W2dx) 6.10)

u€lL?(D),E[[pydx]>0 u€lL?(D).E[[pydx]>0
subject to

~V-(a(x,8)Vy(x,§)) =u, xeD, §€T,
y(x,E) =0, x€dD, E€T.

The target state y; = x% +x%. u(x)=1,06=0.3,1; =2, I, = 2. The objective is to minimize the expectation of
a cost functional, and the deterministic control is constrained by the condition E[[;,ydx] > 0. We assume each
probability density function on I7 is uniform, i.e. p;(&) = %, i = 1,---,N. Thus, the joint probability density
function p(&) of random variable & = (&;,---,&y) is ZLN We present one case for this problem with N = 20.
Since the exact solution for this problem is un-known, we contrast the objective function value with the change
of .

For simplicity, I; has no partition and we use the same mesh in D for the state, the co-state and the control.
The results for N = 20 are shown in Table 5. From Table 5 we can see that E[”WTW and the objective function
values J;, (y;, up,) are smaller, respectively, as the value o becomes smaller. These simulation results are similar to
that in [46]. The mean value for y and u for N = 20 with different o are shown in Fig. 3-4.

Table 5: The result for optimal control problem with order =3 and h = 1/16

N o Ellyn—yql] Ty i)
[yal? v
20 1 0.9973 1.2282
20 0.1 0.9755 1.2085
20 0.01 0.8761 1.1094
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Solution to the Problem Solution to the Problem Solution to the Problem

AN SN 11113 S\N
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Fig. 3: Mean of y for N=20, o« = 1(left), & = 0.1(middle) and o¢ = 0.01(right) for Example 3.

Solution to the Problem Solution to the Problem Solution to the Problem

oy oY N
LUty AR

Fig. 4: Mean of y for N=20, v = 1(left), & = 0.1(middle) and o¢ = 0.01(right) for Example 3.

7 Conclusions

We have investigated a stochastic Galerkin approximation scheme for a model optimal control problem governed
by an elliptic PDE with random field in its coefficients and state-meant constraints. We successfully obtain the
necessary and sufficient optimality conditions for the state-constrained stochastic optimal control problem in the
first time in the literature. We further establish a Stochastic Galerkin scheme to approximate the optimality system
in the spatial space and the probability space. We have developed an efficient projection algorithm for solving
the problem, and the numerical results presented have showed consistency with our theoretical the a priori error
estimates derived.
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