Chapter 3
Stabilization

Abstract As one of the most important control problem, the stabilization problem is
to design a controller such that the closed-loop system will be stable and has some
desired performances. Due to singular Markovian jump systems containing singu-
lar derivative matrix and Markov property simultaneously, they usually complicate
the synthesis, especially the underlying SMJSs have some general conditions. In
this chapter, we will focus on the stabilization problem of SMJSs. Some kinds of
controllers such that the closed-loop system is regular, stable and impulse-free are
designed. A robust stabilizing controller guaranteeing the closed-loop systems ro-
bustly stochastically admissible is designed in the LMI setting. When an TRM can
be designed, the stabilization for SMJSs is also discussed. The other kinds of con-
trollers realized by noise control, proportional-derivative (PD) control and partially
mode-dependent (PMD) control are put forward. Such stabilizing controller designs
are formulated in terms of LMIs or LMIs with equation constraints, which can be
solved easily.

3.1 Introduction

As one of the most important control problem, the stabilization problem is to design
a controller such that the closed-loop system will be stable and has some desired
performances. In this chapter, we will focus on the stabilization problem of SMJSs.
Because singular derivative matrix and Markov property are included in SMJSs si-
multaneously, they usually make the synthesis for SMJSs with some general con-
ditions complicated. The purpose is to design some kinds of controllers such that
the closed-loop system is regular, stable and impulse-free. Based on the stability
conditions proposed in Chapter 2, a robust stabilizing controller guaranteeing the
closed-loop systems robustly stochastically admissible is designed in the LMI set-
ting. When an TRM can be designed, the stabilization for SMJSs is also discussed.
The other kinds of controllers realized by noise control, proportional-derivative (PD)
control and partially mode-dependent (PMD) control are put forward. Such stabi-
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44 3 Stabilization

lizing controller designs are formulated in terms of LMIs or LMIs with equation
constraints, which can be solved easily.

3.2 Robust Stabilization

Consider a class of SMJSs described as
Ex(t) = A(r:)x(t) + B(ro)u(t), (3.1)

where x(r) € R" is the state vector, u(z) € R™ is the control input. Matrix E € R"™*"
may be singular, which is assumed to be rank(E) = r < n. A(r;) and B(r;) are known
matrices of compatible dimensions. Mode {r;,# > 0} is a continuous-time Markov
process satisfying (2.2) and (2.3). In this section, TRM IT is obtained inexactly and
described by Case 2.

Definition 3.1. Unforced SMJS in (3.1) is said to be robustly stochastically admis-
sible, if there exists P;, such that for alli € S

E[P,=P'E>0, (32)

N
ATP)*+ Y mE"P; <0, (3.3)
j=1
hold over admissible uncertainty (2.11).

Lemma 3.1. [127] Let P, € R™" be symmetric such that_ELTP_’,EL >0 and Q; €
R=r)x(n=7) g nonsingular for each i € S. Then, PE +UT Q;V" is nonsingular and
its inverse is expressed as

(PE+UTQVT) ' =BET +VQuU, (3.4)

where P, € R™" is a symmetric matrix and Q; € RO="*(=1) js 4 nonsingular ma-
trix such that

EYPER=(E[PEL)™", 0i= (vIV) 1o, (wuT) ™!, (3.5)

where U € R is any matrix with full row rank and satisfies UE = 0; V €
R™"=") i any matrix with full column rank and satisfies EV = 0. Matrix E is
decomposed as E = ELEg with Ep € R™" and Eg € R™*" are of full column rank.

In this section, a mode-dependent controller (MDC) is developed as follows:
u(t) = K(r)x(), (3.6)

where K (r;) is the designed control gain. When its operation mode is not available
all time, a mode-independent controller (MIC) can be constructed as
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u(t) = Kx(t), 3.7)

where K is control gain to be determined.
Now, we will give an LMI condition for MDC (3.6).

Theorem 3.1. Consider system (3.1), there exists an MDC (3.6) such that the
closed-loop system is robustly stochastically admissible, if there exist B, Q;, Y,
W; = WlT and T; > 0, such that the following LMIs hold for all i,j € S, j # i,

Qzl VVz_ QiZ
« =T, 0 | <0, (3.8)
x  x Qp
_ETP,*E -W z“(,; IED;RE | <o, (3.9)
where
Qi = (AiX; + BY))* +0.25¢2T; — &;iWi + oz EBET  X; = BET +VQ,U
Qp = Vo X/ Eg - /O X! Er \/O)X] Er -+ \/OinX]Er],
Qi = —diag{E} BEg,...,EYP._|Eg,EYP.\Ey, ... EYPyER}.
In this case, the gain of MDC (3.6) is given by
K =YX " (3.10)

Proof. By Definition 3.1, system (3.1) is robustly stochastically admissible if (3.2)
and (3.3) are satisfied. Especially, (3.3) is equivalent to

N
(ATP)"+ Y o (E"P;— E"P) — AftyW; — €W
Jj=1

(3.11)
- Z (A% +&;)(ETP,—E"P.—W;) <0,
J=1 j#
where A; = A; + B;K; and W; = WiT, which is guaranteed by
B N
(AT P)" + Y o (E"P;— ETP) — A7W; — &;W; <0, (3.12)
j=1
E'P,—E"P,—W;<0,j#1i. (3.13)
Moreover, for any 7; > 0, it is known that
ATW; < 0.25(A%)* T+ WiT; ' W; < 02563 T+ Wi T, ' W (3.14)

Taking into account (3.14), one has (3.12) got by
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_ N
(ATP)*+ Y 0 (E"P;—ETP) +0.2562T; + WiT; "W —g;W; <0,  (3.15)
j=1

Let
PEPE+UTQVT, (3.16)

where P > 0 and Q; is nonsingular. Then, one has
E'P=P'E=E"PE >0, (3.17)

always holds. Since P, > 0 and Q; is nonsingular, we obtain E] BE;, > 0. Then via
Lemma 3.1, we have
X, 2P '=PE" +VQU, (3.18)

where P; and Q; are defined in Lemma 3.1. Denoting W; = X,-TW,-Xi, pre- and post-
multiplying (3.14) with XiT and X;, one gets it is equivalent to (3.9). Let T; = X,»T T:Xi,
pre- and post-multiplying (3.15) with diag{XiT,XiT} and its transpose, we obtain

QW
{ . _Tl:| <0, (3.19)
where
_ . ) N
.Q,‘Z(AiXi+B,'KiXi)*+0.258i2ﬂ}—8iiM+ Z (Xinl-TET(ijpi)X,’.
J=1j#i

Taking into account (3.10) and (3.18), it is concluded that (3.8) implies (3.19). This
completes the proof.

If TRM is got exactly, some sufficient conditions for MDC (3.6) were given.

Lemma 3.2. [182] Consider system (3.1). There exists an MDC (3.6) such that the
closed-loop system is stochastically admissible, if there exist P; > 0, Y; and scalar
8; > 0, such that the following LMIs hold for all i € S

EP,=PI'ET >0, (3.20)

PTET < §1, (3.21)

(AiP; —&—Biyl.)** +m;PTET gﬂ <0, (3.22)
3

where

Qp = [VmaP - P ymanF o VAP ],
Qi = —diag{(P)* = 81,...,(P—1)* = &1L, (Piy1)* — 81l (Py)* — SnI}.

Then, the corresponding gain is given by

K =Y:P . (3.23)
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Lemma 3.3. [11] Consider system (3.1). There exists an MDC (3.6) such that the
closed-loop system is stochastically admissible, if there exist X;, Y; and &; > 0, such
that the following LMIs hold for all i € S

EP,=P'E" >0, (3.24)
(AiX;+BiY;)* + ﬂiiXiTET éiz QiS
* Qi 0 <0, (3.25)
* * L5

where

Qo = VXl - X manXE - v,

Qi = [VAaX[E" - miXTET ymiXTET - /mNXTET],

Qu = —4diag{8i1,....5 11,8 11,..., 80T,

Qs = —diag{(X1)* = &1 1,...,(Xi-1)" = Gi-1l, (Xis1)" — Gipl,...,(Xn)" — On1}.

Then, the corresponding gain is given by (3.10).

Lemma 3.4. [170] Let u; be given scalar. There exists an MDC (3.6) such that the
closed-loop system is stochastically admissible, if there exist P; > 0, Q;, L; and H;,
such that the following LMIs hold for all i € S

Qi Qp
[ ) QB] <0, (3.26)

where
Qi = [AXi+ Bi(LE" + HV"))" + mi[w;(EX;)* — u7ERET), X; = BE" + VQU,
Qi2 = [‘ /ﬂiIXiTER ey /ﬁi(i_1>XiTER A /7'[[([+1)XiTER s \/ﬂiNXiTER] .

By investigating such results, it is seen that in order to stabilize an SMJS via
MDC (3.6), some additional inequalities are introduced or some parameters are
given beforehand. Based on Theorem 3.1, a corollary could be obtained directly,
in which no more inequalities are used and no parameters are given in advance.

Corollary 3.1. Consider system (3.1), there exists an MDC (3.6) such that the re-
sulting closed-loop system is stochastically admissible, if there exist P, Q; and Y;,
such that the following LMIs hold for all i € S

Qi Qp
{ * Qi3] <0 o
where
Q; = (AX; +BY,)* + REBET,
Qo = [VEIX] Ex -+ /R )X Er /X! B -+ /AnXTEr]
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Then, the gain of MDC (3.6) is constructed by (3.10).

It is seen that the work of controller (3.6) requires its mode available online. How-
ever, in many practical applications, the data is usually transmitted through unreli-
able networks, which suffers packet dropout. As a result, controller (3.6) is too ideal.
Instead, MIC (3.7) is usually constructed to deal with the above case. In order to ob-
tain a common control gain K, the matrix related to K may be also a common ma-
trix. That means the corresponding Lyapunov function is mode-independent, which
is more conservative than mode-dependent ones. In the next, another sufficient con-
dition is presented, which makes the requirements of mode-independent controller
and mode-dependent Lyapunov function satisfy simultaneously.

Theorem 3.2. Consider system (3.1), there exists an MDC (3.6) such that the
closed-loop system is robustly stochastically admissible, if there exist P, Qi G;,
Y, Wy =W and T; > 0, such that the following LMIs hold for all i,j €S, j # i,

0
o | <0 (3.28)

~ETBE-W;, X!Eg
N <
. _ErRER| S 0, (3.29)

where _ _ R
@) = (AGi +BiY;)* +0.25¢3T; — &;W; + a: EBET

D = (AiGi+BY,)* + X —G] .
In this case, the gain of MDC (3.6) is chosen as
K, =Y,G . (3.30)

Proof. Pre- and post-multiplying (3.28) with the following matrix
14,00
001710,
0001

and its transpose respectively, it is obvious that (3.28) implies (3.8). This completes
the proof.

If the conditions in Theorem 3.2 with G; = G satisfy, a corollary is obtained
directly.

Corollary 3.2. Consider system (3.1), there exists an MIC (3.7) such that the closed-
loop system is robustly stochastically admissible, if there exist f’i, 0,GY W= V_Vl-T
and T; > 0, such that the following LMIs hold for all i,j € S, j # i,
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* 0
. . T 0 | <O (3.31)
* * * Qij,

~ETBE—-W; XTEg
1N < .
x ExPiEg | = 0 (3:32)

where _ _ _ R
&, = (A;iG+BY)* +0.25¢7T; — ;Wi + o ET PE,

&y = (AG+BY) +xI - G".
Then, the gain of MIC (3.7) is computed by

K=YG . (3.33)

Example 3.1. Consider an SMJS of form (3.1) obtained by

[—02 1 03] [1.57
Ai=| 2 -12-6|,B,=|04
21 -1 1]
0.2 1.3 —0.3] 1]
Ay=|3 —12 =1 |, Bo=| 0
12 1 |2

The singular matrix is given as

100
E={010
000
The transition rates are given as %1 = —5 and iy = —7, and its uncertainties are

such that |A 75| < €12 2 0.5 and |A 7 | < €1 2 0.57,; respectively. Under initial
condition xg = [ 1 —1 2] " the state of open-loop systems is illustrated in Fig. 3.1,
which is not stable. When the system mode is always available to controller, by
Theorem 3.2, an MDC can be computed as

Ky =[—0.3396 1.2769 —1.1206 ] ,

K> = [—0.9982 0.6619 1.2338} .

Applying the desired controller, the state response of the closed-loop system is
shown in Fig. 3.2. It is stable over all the admissible uncertainties. If the system
mode is not always available to controller, it means the controller mode accessibility
is in terms of probability. For this example, the system mode received by controller
is only about 30%. Fig. 3.3 gives the corresponding simulation, where * denotes the
current mode inaccessible. Via Corollary 3.2, an MIC can be designed as
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K = [~0.3346 0.4602 0.7148] .

The response of the closed-loop system is given in Fig. 3.3, which shows the con-
structed controller can stabilize the system over all the admissible uncertainties.

3.3 Stabilization with TRM Design

Consider a class of linear SMJSs described as
Ex =A(r)x(t) + B(r)u(t), (3.34)

where x(¢) € R” is the state vector, u(r) € R™ is the control input. Matrix E € R"*"
may be singular, which is assumed to be rank(E) = r < n. A(r;) and B(r;) are known
matrices of compatible dimensions. The mode {r;,# > 0} is defined as (2.2) and
(2.3).

In this section, the aim is to design a mode-dependent feedback controller

u(t) = K(r)x(r) (3.35)

and an appropriate TRM IT such that the closed-loop system is stochastically ad-
missible.

Theorem 3.3. Consider system (3.34). There exist a controller (3.35) and an SPRM
such that the closed-loop system (3.34) is stochastically admissible, if there exist

21
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Fig. 3.1 The simulation of open-loop system
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B>0,W,>07>0,# ;> 0, i # j, nonsingular matrix O; and matrix Y, such that
the following LMIs hold for all i,j €S, j #1,

65 2p

[ § Qﬁ] <0, (3.36)

b, b

{ ! cij <0, (3.37)
WiZi =1, (3.38)

where - R
05 = (APE" )" +(AVQU) + (BY;)*

Qo= Rl - Ryl Bl - Al ],
-Qi3 = 7diag{zi7 te 7Zi}7 (pil = *EPI'ET *VV,‘,
¢i2 - EPZ'ER + IJTQA;-r‘/'TE‘R7 d’jg, = —E;ijR.
E is decomposed as E = ELE} with E; € R™" and Eg € R"™*" are of full column

rank. Then the gain of controller (3.35) and the corresponding SPRM are obtained
as

Ki=Y(BET +VQU)", (3.39)
and
ﬂij:ﬁizj,ﬂ,‘,': —Z?’C,'j. (340)
J#i

()
o
o (6] [

| |
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N I
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Fig. 3.2 The simulation of closed-loop system by MDC
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Proof. Substituting A; with A; = A; + B;K;, we have the closed-loop system (3.34)
is stochastically admissible if and only if (3.2) and (3.3) are satisfied which are
equivalent to

X'El = EX; >0, (3.41)
N

(AXi) + Y mX! ETPX; <0, (3.42)
j=1

where X; = Pl-_l. Based on Lemma 3.1, it is concluded that

X;=(PE+UTQVT) ' =PET +VQ,U, (3.43)
EYBEg = (E PE;)™!, (3.44)

with £ > 0 and \Q,\ = 0. Then, (3.41) is obviously satisfied and (3.42) is transformed
to

N N
Ax)y+ Y miwi+ Y mXE'PXi—X'ET-W)<0. (345
=1, =1, j#i

Moreover, (3.45) is guaranteed by

N
Ax)*+ Y mwi <o, (3.46)
J=1, j#i

25

21 E e 2 3 EEEEEE B 5 F A R 5

1.5

1 - S = * E .- 3
05 ‘ ‘ ‘ ‘ ‘

0 2 4 6 8 10 12

Time (s)

Fig. 3.3 The simulation of closed-loop system by MIC
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X ETPXx; — X ET —w; <0. (3.47)

Taking into account (3.43), (3.44) and by Schur complement, it is obtained that
(3.36)-(3.38) with (3.39) and (3.40) imply (3.45). This completes the proof.

It is seen that Theorem 3.3 can also be extended to polytopic uncertainty case.
Assume that system (3.34) has polytopic uncertainties, that is

m m
{Ai,Bi} =) o{Au,Bi}, Y o4 =1, 0 >0. (3.48)
=1 =1

We will have the following corollary.

Corollary 3.3. For system (3.34) with polytopic uncertainty, there exist a controller
(3.35) and an SPRM such that the resulting system (3.34) is stochastically admissi-
ble, if there exist P>0 W >0 2 >0, Rij >0, i # j, nonsingular matrix Qi and
matrix Y;, such that the following LMIs hold for alli,j €S, j#i,andl=1,--- ,m

Oy 2
{ i -QB] <0 (3.49)
b, Py
[ ! %} <0, (3.50)
Wz, =1, 3.51)

where _
Oy = (AyPET)* + (AyVO:U)* + (ByYi)*.

The other are given in Theorem 3.3. Then, the gain of controller (3.35) and TRM
are computed by (3.39) and (3.40) respectively.

Example 3.2. Consider the stabilization problem via designing state feedback con-
troller and TRM for system (3.34) with system parameters

10 1 05
b= {o 0} AL= [o —0.2} » B1= {—0.4} !

10 105 0
E:{oo}’AF[OA 1}’32:{1.2}

By Theorem 3.3 and CCL algorithm, we have the stabilizing controller
K = [9.5251 3.7919] , Ky = [—1.0979 —1.3126] ,
with the TRM

- —55.3788 55.3788
T | 82.0548 —82.0548 |°
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Fig. 3.4 shows the state trajectories of the closed-loop system with initial value xg =
[1 72} T, where the simulation of the corresponding system mode is illustrated in
Fig. 3.5.

3.4 Stabilization by Noise Control

Consider a class of Markovian jump singularly perturbed systems (MJSPSs) de-
scribed as

E(e)dx(r) = A(r)x()dr + [C(r0)x(r) + D(r)uo(1)]do(r),  (3.52)

where x(r) € R" is the state vector, uy(t) is control input in the diffusion part,
o(t) € R? is a g-dimensional Brownian motion or Wiener process. The underlying
complete probability space is (22,.%#,.%;,P) with a filtration {.% };> satisfying the
usual conditions (i.e. it is right continuous and .%( contains the P-null sets). Matrices
A(r;), C(r;) and D(r;) are known matrices of compatible dimensions. Without loss
of generality, it is assumed that E (¢) = diag{l,, , €l,, }. Operation mode {(r;),7 > 0}
satisfying (2.2) and (2.3) is a stationary ergodic Markov process. For such Markov
process, it is obtained that

N
Y mej=1, m; >0, (3.33)
i=1
1 T T T T
x, (1)
0.5 - = %0
or o
=
/
1
_0.5, / 4
= 1
x |
_1 7' 4
I
|
_15 ol 4
I
1
_2 3 4
a5 ‘ ‘ ‘ ‘
0 5 10 15 20
Time (s)

Fig. 3.4 The simulation of closed-loop system
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where 7T, is the pth element of vector ., = . (IT+E) ', and # = [11 --- 1],
E=[sT o7 ... #T]".

In this section, the state feedback controller is restricted only in shift or diffusion
part, which is €-dependent and described as

ue(t) = K(r,€)x(t), (3.54)

where control gain K(r;,€) is to be designed. Then the considered problem is for-
mulated as follows:

Proposition 3.1. Given a stabilization bound €, determine a kind of stochastic con-
troller (3.54) such that for any initial condition xo € R" and ro € S, the closed-loop
system (3.52) is almost surely exponentially stable, whose solution is satisfied

. 1
th_}rgsup;log(\x(t,xoﬂ) <0 as.

Theorem 3.4. Given a scalar € > 0, the equilibrium of MJSPS (3.52) is almost
surely exponentially stable with control gain K;(€) = Y;X " (¢) for any € € (0,&), if
there exists matrices X; > 0, Xo = X2T, X3 = X3T X4 = X4T, Xs, Yi1 and Yy such that
the following LMIs hold for all i € S

0, >0, (3.55)
Q1+ 802, >0, (3.56)
Q) +EQ+ 8203 >0, (3.57)
25
| o
15 b
17 L | S L1 U S ) IS | | B S R S
05 . . - .
0 5 10 15 20
Time (s)

Fig. 3.5 The simulation of system mode
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&, Pyl
<
{ . _x, | =0 (3.58)
D1 Dy | ¥ Yo
[ . _Ql]+8[ N —Qz] <0, (3.59)
D P S| Y | | 0
o e[t ] e[ 0] oe
N
Y 7.j(0;—0.587) <0, 3.61)
j=1
either
T <0, (3.62)
Y + &1 <0, (3.63)
Y + 80 +EXBis <0, (3.64)
or
T >0, (3.65)
T +E&Xp >0, (3.66)
T + &l — 8283 > 0, (3.67)
where ,
(X0 X3 X2 oo
Ql_[* O]’Qz_{* X, » 3= x Xy |’

;1 = (AU)" —iQy, $p =U"'C] +Y; D],
i = (AV)" — i, ¥ =Vl +Y]D],
T
po[Xi0] ,_[ex{]
X5 Xo 0 X,

Xe=U+eV, Y;=Yy+Yp, I=[10],

Yii = (GU +DiYin )"+ BiQ1, Yo = (GV + DY)  + Bis2

T = (GU +DiYn)* — Bi1, Tn = (CiV +DiYn)* — Bi,
o; and [; are some nonnegative constants.
Proof. For any given initial condition xq # 0, it is known that x(¢) £ x(¢;x0) will

never reach zero with probability one. From the definition of X (&) and notation
E(¢), it is obtained that

E(e)X(e)=X"(e)ET (¢) >0, Ve € (0,g], (3.68)
which is guaranteed by Lemma 2.3 with conditions (3.55)-(3.57) and implies that

X (€) is nonsingular Ve € (0,&]. Let P(¢) = X~!(¢), we have that E (¢)P(¢) =
PT(g)E(g) > 0, and the corresponding Lyapunov function is defined as



3.4 Stabilization by Noise Control 57
V(x(0),1) =x"(1)E" () P(e)x(r), (3.69)

Applying the It6 formula to log(V (x(¢),t)), one has that

d[log(V (x(¢),1))] = W[XV(x(t),t)dt—i—ij(x(t)J)da)(t))]
’ (3.70)
- W|%V()€(I)J)|2dh

where
LV (x(t),t) = x" (1)[(A] P(e))* + C P(e)E~" (e)Cilx(1),

AV (x(1),1) = x" (1)(C] P(e))"x(r),
C=C; JrD,'K,'(E).
Taking into account (3.58)-(3.60), it is concluded that

(AX(e)" - ux H(E)E"(e) _XET((:);(C(Z) <0, Ve € (0,8], (3.71)

which implies
(AX(e)) —oXT (e)ET (e) +XT (e)CT (E(e)X (e))'CiX (e) <0,  (3.72)
Considering P(¢) = X !(¢), we have that
(AT'P(e))*+CI'P(e)E~"(e)C; < o4E" (€)P(g), Ve € (0,&]. (3.73)
On the other hand, by (3.62)-(3.67), it is known that
(C:X(€))* +BXT(e)ET (€) <0, Ve € (0,E], (3.74)

> (C:X(e)) — BXT (e)ET (¢) > 0, Ve € (0,8, (3.75)

which are equivalent to
(CTP(e))* +BiE" (€)P(e) <O, (3.76)

> (CTP(e))* — BET (e)P(g) > 0. (3.77)

Based on (3.72), (3.76) and (3.77), it is obtained from (3.70) that

log(V (x(2),1)) < log(V (x0,0)) +/OI(06(V(S)) —0.5B%(r(s)))ds +M(1), (3.78)

where M(t) = (; FEV(Hs) s:r(s)) ‘(/(E‘X((SS))SS; ()

Let 6 € (0,1) arbitrarily, from the exponential martingale, it is seen that

dw(s) is a continuous martingale vanishing at # = 0.
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|

(M(1),M(1))] > > logh} <

P{ sup [M(r) - 5

0<r<k

1
= (3.79)

FV (x(s),5,r(s))|? .
where (M(t),M(t)) = (;st and k = 1,2,---. By using the Borel-
Cantelli lemma, it is claimed that for almost all 1 € €2, there always exists an integer

ko = Ko(n) such that

glongrg(M(t),M(t)), (3.80)

holds for Vz € [0,k], if k > ko. Based on this, it is concluded that

M(r) <

log(V (x(t),1)) Slog(V(xo,O))+glogk—l—/ot[a(r(s))—0.5(1—5)[32(r(s))]ds a.s.

(3.81)
holds for all 7 € [0,k], k > ko. Then if 7 € [k — 1,k] and k > ko, one has
Hog(V(x(1),1)) < - (0a(V (x0,0)) + 5 logk)
t k—1 0
o (3.82)
+ " [a(r(s)) —0.5(1— 8)B%(r(s))]ds  a.s.
0
which implies
llim sup ; log(V(x(z),1)) < tlim % t[a(r(s)) —0.5(1—8)B%(r(s))]ds
—yo0 =t Jo
(3.83)

= i Tjl0t; —0.5(1 — 5)[3]2] a.s.
j=1

Let § — 0, it is equivalent to (3.61), which implies lim, .. sup +log(V (x(t),7)) < 0.
This completes the proof.

Remark 3.1. Tt is worth mentioning that by using an e€-dependent Lyapunov func-
tion, an LMI condition for stochastic controller (3.54) is presented and is dependent
of €. It is seen that not only the almost surely exponential stability of the closed-
loop system is guaranteed by noise control method, but also a stabilization bound
€ is contained. Moreover, the proposed method can be extended to other problems
such as mode-independent control problem.

From Theorem 3.4, it is seen that TPM 7., is assumed to be known exactly. The
traditional results on stochastic stabilization or destabilization of stochastic Marko-
vian jump systems [1, 30, 50, 91, 95] all require 7., accurately available. This ideal
assumption will largely limit the scope of application. In the following, some gen-
eral cases are considered, and some sufficient results are established. Firstly, TPM
T is assumed to have admissible uncertainty, which is described as



3.4 Stabilization by Noise Control 59

™=

(Tooj+ ATloj) = 1, Taj >0, (3.84)
1

J

where 7..; is the estimation and A7n..; € [—6;,60;]. Then, we have the following
theorem.

Theorem 3.5. Given a scalar € > 0, the equilibrium of MJSPS (3.52) is almost
surely exponentially stable with control gain K;(€) = Y;X (&) for any € € (0,], if
there exists matrices X; > 0, X, = XZT, X3 = X3T, Xy = X4T, Xs, Yi1, Yo, 6 > 0 and
¥ > 0 such that LMIs (3.55)-(3.57), (3.58)-(3.60), (3.62)-(3.64) or (3.65)-(3.67) and

the following LMIs hold o
{Q (?} <0, (3.85)
* Y
o;—0.5; —8;<0, j€S, (3.86)
where

N
_ 1
Q= Z 71700] '—0.5[3]2)4-9]'5]'4-19]‘27]],

5= [51 5N] ¥ =—diag{v,---,w}

Proof. Based on the proof of Theorem 3.4, it is obtained that the changed condition
only takes place in (3.61), that is

=

(Twj + AToj) (0 — 0.5B7) < 0. (3.87)
1

J

It is equivalent to

(70— 6))(ctj —0.5B7) + ;5] +ZA7I°°15 +2 (AToj+6;)(0;—0.5B7 — §;) <0,
1 j=1 J=1

™=

J

(3.88)
which is guaranteed by
N N
Y [(7j— 6;)(a; — 0.5B7) + 6;8,] + ) Am..;8; <0, (3.89)
j=1 j=1
N
Y (A7 +6))(at; —0.587 — §;) < 0. (3.90)

1

J

For ): | AT, ;0j, it is obtained that

N

N
Y Ar.;8; < Z Y+ Z &' (3.91)
j=1 '

j=1
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with y; > 0. Based on (3.89)-(3.91), we know (3.85) and (3.86) implies (3.87). The
others are same to those in Theorem 3.4, which are omitted here. That completes
the proof.

When 7., with property (3.53) is partially known or accessible, in which some
elements are unknown. For example, a partly unknown 7. may be expressed as

Moo = [ Moot ? ooy M3 ?],

where *?" represents the unknown elements. Based on this, for any u € S, define
S = Sk + Sy such that

Sk = {j: Mtwj is known} and Sy = {j : 7w is unknown}, (3.92)
which are further described respectively as
Sk = {ki, - ,km} and Sy = {ki,-- ,kn_m} (3.93)

where k; € Z is the index of the ith known element in 7., and k; € Z7 is the index
of the ith unknown element in 7... For this general case, we have the following
result.

Theorem 3.6. Given a scalar € > 0, the equilibrium of MJSPS (3.52) is almost
surely exponentially stable with control gain K;(€) = Y;X ' (¢) for any € € (0,&), if
there exists matrices X1 > 0, Xo = XZT, X3 = X;T Xy = X4T, Xs, Y1 and Yy such that
LMIs (3.55)-(3.57), (3.58)-(3.60), (3.62)-(3.64) or (3.65)-(3.67) and the following
LMIs hold for alli € S

Y 7ei(0—0.5B7) + (1= Y 7i)(otj —0.5B7) <0, j €Sk (3.94)

i€Sy i€Sy

Proof. Similar to the proof of Theorem 3.5, we only consider condition (3.61) under
condition (3.92), which is equivalent to

Z ﬂmi(ai_o-sﬁi2)+ (1- Z Teoi) Z

i€S; i€Sy = - ZiESk Tlooi

B (a;—05B%) <0 (3.95)

It is also rewritten as

Z L[Z nwi(oc,- —O-Sﬁiz) + (1 - Z ﬂ“i)(af _05312)] < 0’ (396)

jeS, 1= Yies, Toi e, =

which are guaranteed by (3.94). The next is same to the proof of Theorem 3.4, thus
it is omitted here. This completes the proof.

In the following, we will discuss another general case that the underlying system
is observable only in some system modes but not all. In this case, S is decomposed
into two subsets S; and S, which satisfy S = S; US,. For each i € Sy, the underlying
system is not observable, which cannot be stabilized by state feedback control, while



3.4 Stabilization by Noise Control 61

it can be stabilized for each i € S;. Without loss of generality, we only consider the
following SSPS which is with Markovian jump parameters and described as

E(€)dx(t) = A(ry)x(t)dt + D(r)ue(t)do(t), (3.97)
where the stochastic controller is satisfied

{Kr<,)(£)x(t), ifr, €8Sy,

, (3.98)
O, if s € Sz.

ue(t) =

Similar to Theorem 3.4, we have the following result.

Theorem 3.7. Given a scalar € > 0, the equilibrium of MJSPS (3.97) is almost
surely exponentially stable with control gain K;(€) = Y;X ' (&) satisfying (3.98) for
any € € (0,E), if there exists matrices X; > 0, X = XZT, X; = X3T Xy = X4T, Xs, Y
and Yy such that LMIs (3.55)-(3.57) hold for all i € S and the following LMIs hold

& <0,i€S, (3.99)
& +8¥, <0,i€S, (3.100)
& + 89 — 223 <0, i €S, (3.101)
&, YD’ ,

! <

{ . —X <0,i€Sy, (3.102)
(f)il é1'2 = lifl 'inZ .
<
{ . _Ql}Jrs{ _QJ_O,zeSI, (3.103)
& Pn [ ¥ 2| a3 0 .
[ . _QI]H[* 92] g { . 0, | <0 €8, (3.104)
a—05Y m;B; <0, (3.105)
JE€S
either
Y <0,ieSy, (3.106)
T +elh<0,ieS, (3.107)
T +&ln + 82023 <0, i €Sy, (3.108)
or .

1 >0,iesy, (3.109)
T +81>0,ie$S, (3.110)
T+ &l — 86023 >0,i €S, (3.111)

where
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~

&y = (AU)* — aQy, & =YID!,
Yy = (AV) — a,, ¥ =Y4 DI,
T = (DiYn)* + Bi1, Tn = (Di¥n)* + B2,
i1 = (DiYa)" — Bi1, Yo = (DiYn)* — B,
o and B; are some nonnegative constants.

Proof. Taking into account (3.99)-(3.101) and by Lemma 2.3, it is seen
(AiX () <axT(e)ET (), i€, Ve € (0,8, (3.112)
Similarly, by conditions (3.102)-(3.104), (3.106)-(3.108) or (3.109)-(3.111), one has

(AX (€))* —aXT(e)ET (e) XT(e)CT <0,i€S;, Vee (0,8, (3.113)

* —E(€)X(€)
(C:X(e)* +BXxT(e)ET(e) <0, i €Sy, Ve € (0,8, (3.114)
" (CiX(e))* —BXT(e)ET (¢) >0, i €Sy, Ve € (0, ], (3.115)

where C‘i = D;K;(€). Based on (3.105) and by exploiting the similar process of The-
orem 3.4, we can prove this theorem easily. This completes the proof.

Example 3.3. Consider a two-dimensional MISPS of form (3.52) with r(t) € S =
{1,2,3}, and its parameters are given by

~01 0 02 05 02 -05
Al_[o.l —0.7}’&_[0 —0.1]’D1_{1 1 ]

~1-08 030.1 03 —1
Ao = { 0 —0.1} 2= [0.3 0.6} D2 = [0.7 —0.5]’

—02 0 030 ~10.6
As = { 1 —0.7} b {0.1 0.2] » D3 = {0.2 0.7]’

E(e) = Bg} .

First, the TRM is assumed to be given exactly, which is

with E (&) given by

~1.5 0.6 0.9
=07 -12 05 |,
1.5 14 —29

where 7., = [0.3883 0.4190 0.1927}. Under initial condition xy = [—l 1]T and
€ =0.005 € (0, &], the simulations with operation mode evolution are given in Fig.
3.6, Fig. 3.7 and Fig. 3.8 respectively. Based on the simulation, it is seen that this
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MISPS is not stable. For this case, by Theorem 3.4, we may design a controller
of form (3.54) in the diffusion parts which makes the resulting closed-loop system
almost surely exponentially stable. By Theorem 3.4, one has

_1391.7339 0

U= 224.4312 275.3567 |’

V = 1.0e + 003 % [—1.1842 0.2244} |

0 0.0063
Then, the corresponding controllers are computed as
[0.1836 —0.9740

Ki€)=0.9399 —0.1246} !

Kn(e) = [ 0.6039 —0.2281
27 -0.2229 —0.3182 |

[ 0.6039 —0.2281]

K(©) =1 02220 ~03182

where the stabilization bound is € = 0.0109. Applying such stochastic controllers
to the above unstable MJSPS, the stabilization effect via noise controller (3.54) is
presented in Fig. 3.9 and Fig. 3.10. From the simulations, it is said that presented
stochastic controller can stabilize an unstable MJSPS in addition to check stabi-
lization bound &. If 7. is with admissible uncertainty (3.84), where 8; = 0.57;,
Jj = 1,2,3, we have the corresponding controller

[0.3291 —0.5630]

Kie)=| 93533 07339 |°
[0.1841 —0.9738

K&) = 100411 ~0.1242 ]
[ 0.6035 —0.2277]

Ks©) =1 02233 ~03178]"

When 7., is partially unknown such as T, = [? ? 0.1927], the desired controller
gains only in the diffusion section can be obtained by Theorem 3.6 which are

Ki(e) = [ 0.3293 —0.5637
N =1 -0.3534 0.7340 |’

Ko (e) = [0.1839 —0.9739
2%/ 0.9406 —0.1243 |

[ 0.6045 —0.2287
—0.2224 —0.3187 |-

K3 (8) =

Example 3.4. Consider an MISPS of form (3.97) with r(¢) € S = {1,2,3}, and its
parameters are given by
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—-0.6 0 02 -1
A= { 0.1 —0.1} » D1 = [—1 0.5}’

0.7 -0 -
AZ_{ 0 —0.1}’D2_[0.70.5}’

02 0 03 0.6
As = { 1.2 —0.7} » D3 = [0.7 —0.2]’

E(e) = [ég} .

The transition rate matrix is assumed to be given exactly, which is

with E(€) given by

~13 07 0.6
=103 -08 05 |,
15 04 —19

with 7., = [0.3548 0.4220 0.2231 ] . For this example, it is firstly assumed that S =
S1US, with S; = {1} and S, = {2,3}. Let « = 0.1, f; = 0.8, B, = 0.4, B3 =0.6
respectively, a kind of stochastic controller (3.98) is computed as

Ki(e) = ~0.2713 —0.1313
& =1 _0.6964 —0.0250 |

3.5

251

15

05 L L L
0 0.5 1 15 2

Time (s)

Fig. 3.6 Simulation of operation mode r;
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with stabilization bound € = 0.105. Under initial condition xg = [—1 1 ] " and ap-
plying the desired controller to the open-loop system, we have the state responses
of the closed-loop system which are demonstrated in Fig. 3.11 and Fig. 3.12. From
such simulations, it is claimed that though some subsystems of MJSPS are not ob-
servable, one can also design an effective stabilizing controller of form (3.98) by
noise control. On the other hand, if S is decomposed into S; = {3} and S, = {1,2}
respectively, under the same values of & and ; with j = 1,2,3, we obtain that no
matter what value € choose, there is no solution to stochastic controller (3.98). From
this fact, it is concluded that the partial observability of MJSPS (3.52) or (3.97) also
plays an important role in its stabilization bound problem by noise control.

Example 3.5. Consider the following singularly perturbed system controlled by a
DC motor, which is described by

%1 (1) = xa(1),

8 NKn
i (t) = 7 sinxi () + —52(1), (3.116)
. . K,N Rr(t) 1

(t) = L X (1) — L z(t)+fau(l)7

where x1 (1) = 0,(t), x2(t) = 0, (¢), z(t) = I,(t), u(t) is the control input, K,, is the
motor torque constant, K, is the back emf constant, N is the gear ratio, and R(1;) is
defined by

0.5

15}

-2}

. . .
0 0.5 1 15 2
Time (s)

Fig. 3.7 Simulation of open-loop system state x; (¢)
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Ra lfrl‘ = 17
R(r,) = .
Ry, otherwise ry =2,

where {r(z), > 0} is a Markov process taking values in a finite set S = {1,2}. Let
L,=¢€H, g= 9.8m/s2, I =1m, m = lkg, N =10, | = Im, K, = 0.1Nm/A, K}, =
0.1Vs/rad, R, = 12, R, = 0.5Q and u(t) = —20x; — 2x;, system (3.116) becomes

X1 (1) = x2 (1),
X2(t) = z(¢) +9.8sinx; (1), (3.117)
EZ'(I) = —20x1 —3x» —R(rt)z(t).

Its linearized model is

x(t) = A(r)x(t), (3.118)
where
xq(1) 100
x(t)= | x@) | ,E(e)=|010|,
Z(t) 00¢
0O 1 0 0O 1 O
A;=198 0 1 [,A,=1]98 0 1
—20 -3 —1 -20 -3 -0.5

Firstly, TRM is assumed to be given exactly, which is

x 10%

_5 1 1 1
0 0.5 1 15 2

Time (s)

Fig. 3.8 Simulation of open-loop system state x ()
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-15 15
=[5 5

For this case, it is seen that the methods in [80, 76, 103] fail in giving an estima-
tion of stability bound €. Based on the proposed criteria, it is shown that an SMJS
can be stabilized by a stochastic controller (3.54). Without loss of generality, the
corresponding system becomes

dx(t) = A(r)x(t)dt + D(ry)uge(t)do(t), (3.119)
where
0.2 -0.5 -0.1 03 —1 0.1
D=1 1 0 ,D, =10.7-0.50.6
-1 06 1 02 07 -1

More importantly, TPM is not necessary exactly which can be partially known. For
this example, without loss of generality, IT is assumed to be totally unknown, whose
elements are all unknown. By Theorem 3.6, one can design a stochastic controller
which is computed as

—0.1495 0.3633 —0.0298 —0.9978 —0.7212 —0.0285
Ki(g) = | —1.4163 0.1504 —0.0080 | ,K>(e) = | 1.5152 —0.1707 0.0310 |,
3.3560 0.4363 0.1173 2.0664 —0.2530 0.0724

x,(0

Time (s)

Fig. 3.9 Simulation of closed-loop system state x (¢)
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where an estimation bound of € is obtained as € = 0.045. However, it is concluded
that the methods in [95, 30, 92] cannot be applied to such stabilization problems. In
this sense, it is said that our methods have larger application scope.

3.5 Stabilization by PD Control

Consider a class of uncertain stochastic singular Markovian jump systems (SSMJSs)
described as

(E(ry) +AE(r;))dx = [(A(r) + AA(r:))x(t) + (B(r:) + AB(ry) )u(t)]dt (3.120)
+ (H(re)+AH((re))x(t)dW (z), '

where x(t) € R”" is the state vector, u(r) € R™ is the control input, W(z) is a g-
dimension independent standard Wiener process. Matrix E € R"*" may be singular,
which is assumed to be rank(E) = r < n. A(r;), B(r;) and H(r;) are known matrices
of compatible dimensions. AE(r;), AA(r;), AB(r;) and AH(r;) are unknown matri-
ces denoting the uncertainties of system. The mode {r;,# > 0} is a continuous-time
Markov process given in (2.2) and (2.3).

In this section, without loss of generality, the above uncertainties are assumed as

[AE(r;),AA(r:),AB(r:),AH (r;)] = MF ()[Ne(r1),Na(rt), No (), N (r2)], - (3.121)

-2} 4

-4 ! ! ! !

Time (s)

Fig. 3.10 Simulation of closed-loop system state x ()
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where M, N, (r;),N,(r;),Ny(r;) and Nj,(r,) are known real constant matrices with ap-
propriate dimensions. The uncertain matrix F (¢) satisfies F7 (¢#)F(¢) < I. In addition,
the TRM IT is with admissible uncertainty and described in Case 2.

Remark 3.2. Tt is seen that system (3.120) is very general, which covers many
special systems studied very well. When there is no Wiener process and without
jumping parameter, it is a singular system with uncertainties in system matrices
[75, 124, 74, 109]. If there is no uncertainty and TRM is known exactly, it be-
comes a system in [53]. It also can be specialized into an MJS with or without
uncertainties [178, 202, 150, 128], where the derivative matrix is nonsingular. In
[53, 75, 124, 74, 109, 175], it has been shown that uncertainties in both derivative
matrix and TRM and noise of a system play important effects, which make the sys-
tem analysis and synthesis quite difficult. In one word, though system (3.120) is a
general system combining the above mentioned systems, it can not be studied via
combining the existing results directly and simply.

In this section, a proportional-derivative state feedback controller (PDSFC) de-
pending on system mode is developed as follows:

u(t) = Ka(ro)x(t) — Ke(r)x(t), (3.122)

where K,(r;) and K.(r;) are the designed control gains. Applying it to system
(3.120) results the following closed-loop system, which is described by

E.(ry)dx = Ac(ry)x(t)dt + H (r,)x(t)dW (1), (3.123)

where

x, (0

14 L L L L
0 2 4 6 8 10

Time (s)

Fig. 3.11 Simulation of closed-loop system state x; (¢)
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Ec(r;) = E(r) +B(r,)Ko(r1),Ac(r;) = A(r,) +B(r,)Ku(r),
E(ri) = E(r1) +AE(r;),A(rr)

r) =A(r) +AA(r),
B(r;) =B(r;) +AB(r,),H(r;) = H(r;) + AH(r;).
Definition 3.2. Uncertain SSMJS
E(r)dx = A(r,)x(t)dt + H(r,)x(t)dW (t), (3.124)

is said to be quadratically stochastically stable (QNQSS), if E;, Vi € S is nonsingular
and there exists P, > 0, such that foralli € S

N
ATE;TP) + Y m;P;+HE; "RE;'H; <0, (3.125)
j=1
hold over admissible uncertainties (3.121) and (2.11).

Lemma 3.5. [172] Given matrices H, U and V with appropriate dimensions and
with H=HT, then
H+UF(t)V+(UF@)V)' <0,

for all F(t) satisfying FT (¢t)F (t) <1, if and only if there exists a scalar € > 0 such
that
H+evU" +e'vlv <o.

Firstly, sufficient conditions of controller (3.122) are developed within LMI
framework.

15

0.5 4

15 L L L L
0 2 4 6 8 10

Time (s)

Fig. 3.12 Simulation of closed-loop system state x ()
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Theorem 3.8. Consider uncertain SSMJS (3.120), there exists an PDSFC (3.122)
such that the closed-loop system (3.123) is QNQSS, if there exist X; > 0, G;, Y;, Z;,
Wi =W, V;>0,T; >0, & >0and & > 0, such that the following LMIs hold for
alli,jE€S, j#1i,

. imT NT
{“Q'JF&MM N } <0, (3.126)
* —&1
_XI+W]1' Xi
<
{ . x,} <0, (3.127)
e MIMT NT
[‘DﬁgzMM Ni ] 0, (3.128)
* —&l
where
Qy Qo Qp M
Q=] (-G)* 0 |.m=|0]| |,
* x  Qu 0
N; = [ NuiGi + NuiYi NoiGi + NpiYi + NoiXi + NpiZi NeiXi + NpiZi |,
Qi1 = (AGi+BiY;)", Qp = AiGi+ BY; + EXi + BiZ; — G,
Qi =EXi+BiZi, Qu = (=X;)" +V;,
by Pp W; X;H! 0
| * &3 0 O ~ 10
Pi = x x =T, 0 M= 0]’
* ok ok M
;1 = —V;+0.256;T; + €W, + 04 X;,
Dp = [mXi O X /O Xi \/@Xz‘],
¢i3 = _diag{le' o 7Xi717Xi+1a“ ' ?XN}7
by = (—E,‘X[ —B,'Z,')* +X;.
In this case, the gains of controller (3.122) are given by
Kii=Y:G '\ Ky =Z:X 1. (3.129)

Proof. From Definition 3.2, it is seen that system (3.123) is QNQSS if and only if
there exists P; > 0 such that

N
(ALE;"P)*+ Y m;Pi+H'E;"PE; H; <0. (3.130)
j=1

LetX; = Pfl, (3.130) is equivalent to

(AcX:EL)* + EaXi(X;V, ' X:) "' XEL <0, (3.131)
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N
X Y mP X+ XA E;"PE; HX; — Vi <0. (3.132)

Jj=1

From (3.126), it is concluded that G; is nonsingular. Then, the following condition
implies (3.131), that is

(AciGi)* AciGi+EqXi— Gl EuX;
* (=Gi)* 0 <0, (3.133)
* * ~X:V,'X;

by pre- and post-multiplying with

I1A;0
001}’

and its transpose respectively. It is seen that for any R > 0, one gets
—LTR 'L < (~L)*+R. (3.134)

Taking into account (3.134) and substituting (3.121) into (3.133), via Lemma 3.5,
we obtain that (3.126) with (3.129) implies (3.133). For any appropriate matrix W; =
WiT, it is obvious that

N
Z(Aﬁij—‘r&‘j)‘/ViEO. (3.135)
j=1
Then, (3.132) is equivalent to
N
—Vi+ o; X; + € X;Wi X; + A7 XiWi X + X; Z OC,'ijX,'
s
o (3.136)

N
+XH! (EXEL)'HX+ Y, (Amj+€;))Xi(P;— P, +W;)X; <0.
=1, g

Noting that for any 7; > 0, one gets
ARiW; < 0.25(A%:)>T; + Wi, 'W; < 0.25€3T; + WiT, ™' W (3.137)

Taking into account (3.137), and let W; £ X;W;X; and 7; £ X;T;X;, one has that con-
ditions (3.127) and (3.128) with (3.129) imply (3.132) with substituting (3.121) into
(3.136), since Am;; + €;; > 0 always holds, Vj # i € S. This completes the proof.

Next, another condition on the existence of controller (3.120) for uncertain SS-
MIS (3.120) is given.

Theorem 3.9. Consider uncertain SSMJS (3.120), there exists an PDSFC (3.122)
such that the closed-loop system (3.123) is QNQSS, if there exist X; > 0, G;, O3, Y,
Z, W;=WI,Vi>0,T; >0, & >0and & > 0, such that the following LMIs hold
forallieS
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gl 1T
{@’JrglMM Ui }<0, (3.138)
* —&l
-Xi+W; X;
<
{ . —XJ <0, (3.139)
% ool QT
[¢’+82MM Si ] 0, (3.140)
* —&l1
where
Oi1 Op O
®i: * (7Qi)* 0 3
* * @,‘
Ui = [ NeiGi + NuiZi NeiQi + NoiXi + NpiYi NeiGi + NyiZi |
O = (EiGi+BiZ))",0n = EiQ;+AXi + BiY, — G/,
O3 = EiG; + BiZ;,0u4 = (—G;)" + Vi,
b Pp W; X;H! GI 0
« D3 0 0 0 0
b=| % x -, 0 0 |,M=|0],
x x x Dy 0 M
* % % x =X 0
Si = [ NwiXi 0 0 NejGi+NyiZi 0], Pis = (EiG; + BiZ;)",
In this case, the gains of controller (3.122) are given by
Ki =YX, ' -G '0:X " K., = ZiG; . (3.141)

Proof. Similar to the proof of Theorem 3.8, let X; = Pfl, system (3.123) is QNQSS
if and only if there exists X; > 0 such that

(AcX:EL* + ELViEL <0, (3.142)

N
X Y P X+ XA E;"PE; HX; — Vi <0, (3.143)
j=1

From (3.138), it is seen that Q; and G; are all nonsingular. Then (3.142) could be
obtained by

(E.iGi)* EiQi+AcXi—G!  EuG;
(—0i)* 0 <0, (3.144)
* * ~-GI'v71G;

with pre- and post-multiplying with

IE; O
00G7T]
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and its transpose respectively. Taking into account (3.134) and substituting the un-
certainties into (3.144), we obtain that (3.138) with (3.141) implies (3.144). From
(3.143), it is equivalent to

~Vi+X; pPix!  XH'
{ + Z* | i P _Ez'Xl'ET} <0, (3.145)
ciA =
which could be guaranteed by
—Vi+ XYL mPXT XH! -0 (3.146)
* (E.iGi)* +GTX 'G; '

The next is similar to the proof of (3.132). This completes the proof.
When matrix E(r;) in (3.120) is mode-independent, that is

(E+AE)dx = [(A(ry) + AA(ry)x(2) + (B(r) + AB(r,) )u(t)]dt

+ (H(ry) + AH (r,))x(t)dW (1), (3.147)

where AE(t) is satisfied AE = MF (t)N, and the other uncertainties are same to ones
in (3.121). In this case, the corresponding controller becomes

u(t) = Ka(r)x(t) — Ko (1), (3.148)

where K,(r;) and K, are the control gains to be determined. In this case, controller
(3.148) is said to be partially mode-dependent, since both mode-dependent and
mode-independent control gains are contained. The closed-loop system is

Ec(r;)dx = A (r)x(¢)dt + H (r,)x(t)dW (2), (3.149)

where
E.(r))=E+B(r))K..E = E+AE.

The others are given in (3.123). By Theorem 3.9, a corollary can be obtained di-
rectly.

Corollary 3.4. Consider uncertain SSMJS (3.120), there exists an PDSFC (3.148)
such that the closed-loop system (3.149) is QNQSS, if there exist X; > 0, G, Q;, Y,
Z, W, =W, V;>0,T;,>0, & >0 and & > 0, such that the following LMIs hold
forallieS

S

{Q’H‘MM Ui }<0 (3.150)
* —&l1

{ ~Xi+ W X }go, (3.151)
¥ T T

[q’“zMM Si ]<07 (3.152)
—82[

where
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) 61 On Op
0, = * (_ Qi)* _0 3
* * @,‘4

Ui = [ NeG + NypiZ NoQ; + NoiXi + Npi¥; NG+ NyiZ |,
0,1 = (EG+BiZ)*,0, = EQ; +AX; + BiY, — G,
O3 =EG+BiZ,0u = (-G)"+V,

b P W; X;H! GT

* (Pij; 0 0 0
d=|* = =T, 0 0 |,

* % % <1v5i4 0

* % % . €

Si = [NwiX; 00 N.G+NyZ 0], by = (EG+BiZ)*.

In this case, the gains of controller (3.148) are given by
Ki=YX"'-2G67'0x7" K, =2G". (3.153)

Remark 3.3. It is seen that both two conditions on the existence of PDSFC (3.122)
are obtained. In Theorem 3.8, matrix X; coming from Lyapunov function is related
to derivative matrix, while X; is related to system matrix. Both of them can be seen
as two independent kinds of methods for designing PDSFC (3.122). In some cases,
Theorem 3.8 is less conservative than Theorem 3.9, which is illustrated via a numer-
ical example. However, Theorem 3.9 can be used to deal with special case (3.147) by
using an MD Lyapunov function due to X; without correlation to MI derivative ma-
trix. It is less conservative than Theorem 3.8 via taking a common X; which comes
from an MI Lyapunov function.

Example 3.6. Consider an SSMJS described in (3.120) with parameters as follows:

00 ~20.1 1 —0.5 1
El_[m]’Al_{l —1}’31_[0.4}’111_{ 0 0.7}’

01 2 13 -1 09 0
F2 = [00]"‘2: {—0.3 —2}’32:{ 1 }’HZZ {—10.2}

The norm-bounded uncertainties satisfying (3.121) are described as

M= {8:2} , Not=1[0.70.7], Ny =[0204],

Ny =0.8, Ny =[0.90.5], No =[0.30.2],
Naz = [0'3 0-5] , Npp = 0.3, Npp = [0.6 0.3] .

The transition rates of IT are given as 7} = —5 and 7y = —7, whose uncertainties
satisfy |A&2| < €12 £ 057, and |A7 | < &) = 0.57%; respectively. It is seen that
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there is no solution to an PDSFC via Theorem 3.9. However, by Theorem 3.8, an
PDSFC can be computed as

Ka = [~0.2330 —0.9867], K.1 = [1.5996 0.0788] ,

Ko =[4.38933.0188], K,» = [—2.1171 0.4571].

Example 3.7. Consider an SSMIS of (3.138) with uncertainties described as
Mode 1

00 ~20.1 11 ~0.5 0
F1= {o 1}’*“ = [ 1 —1}’31 = {0.3 —1]’H' = [—0.10.3]’
Nep=[0303], Ny =[0204], Nyy =[0204], Ny =[0905].
Mode 2

01 2 13 02 1 030.1
B = {00}’/*2: [—0.3 —2]’32: [ 1 —1]’H2: [ 0 o.z]’
Neo=[0303], Njp = [0.30.5], Nyp = [0.30.4], Nip = [0.6 0.3].

with M = [0.3 0.1 ]T. The estimated transition rate ares given as 7;; = —6 and

iy = —3, whose uncertainties are such that [Afp| < €15 £ 0.5% and Ay | <
&1 £ 0.5%, respectively. Via Theorem 3.9, we have

oo [12171 25734 ) [~0.5036 —1.3060
al= 121874 —1.4784 | 7€' = | —0.1201 1.1840 |’

oo |[—01753 15265 ] . [-0.5183 ~1.1798
2= _0.6353 —1.5984 | * 2T | —0.4975 —0.7444 |

When there is no jumping parameter in the derivative matrix, the singular matrix
and its uncertainty are described as

01 0.3
E= {00},M: {0.1]71\]9: [030.3].

By Corollary 3.4, a partially mode-dependent PDSFC can be computed as
2.1051 2.3721 }

Ka = [1.9304 —1.1491

k. _ | ~0.1077 1.5805
2= 1_0.9033 —2.0858 |

K — —0.6033 —1.2701
€71 —0.2246 —0.0340 |

Example 3.8. Consider a special kind of SSMIJS (3.120) without uncertainties,
whose parameters are described as follows:
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Mode 1
100 02-03 1 10
Ei=1010|,A,=1(07 -1 =05|,Bi=|0 1],
000 0.1 0 04 —-11
Mode 2
100 0.1 -1 0 0 —-03
E;=1010|,A,=(-02-104|,B,=|—-1 0 ,
000 0 0.30.1 1 1
Mode 3
000 06+p 0 04 -1 -1
Es=(010]|,A3=] =05 0 0.7 |,B3=| 0 0.6],
001 —-0.2 0.1 -0.3 1 0

where p is a positive parameter in matrix Az. In order to do a comparison, the TRM
I1 is assumed to be obtained exactly, which is given as

-29 15 14
II=| 10 =22 12
1.0 09 —-19

The aim is to design a state feedback controller such that the resulting closed-loop
system is stochastically stable. From the method in reference [11], it is concluded
that there is no solution to a mode-dependent controller if p > 4.09, where the
designed controller is proportional. From Theorem 3.8, it is obtained that one can
get an PDSFC of form (3.122), where p can suffer a large value. When p = 10 and
by computation, the gains of controller (3.122) are given as

K. _ | 07686 0.0843 1.0850 ] . [-0.3117 ~0.1189 —0.2195
@7 | —1.2524 02762 —2.1698 | * "' T | —0.1348 —0.3076 0.2823 |
K, _ | —1.6348 12554 —0.2209 _ [-0.0220 0.5067 0.1025
7 1.3399 —1.2974 —1.0068 |* "> | 0.1310 —0.4656 0.4397 |’
K. | 66885 0.98480.6920] . _ [~0.1006 0.1517 —0.3836
7245096 2.2914 3.9127 | * 7 T | —0.3537 —0.3491 0.2660 |-

With the same value of p and by Theorem 3.9, another group gains of controller
(3.122) are got as
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oo _ | 388072 139.2688 —437.5656] . _ [~1.2810 0.2790 0.0008
a1 = | —183.7134 —65.2039 —456.2965 | " "' ~ | 0.2785 —1.2765 0.0009 |’
. _ | 68:2507 —324988 3555190 ] . [0.1773 1.0536 —0.0018
2= | —17.1552 —138.8974 —343.0098 | "2~ | 5.1883 0.5605 0.0018 |’
. [—167.3920 —39.3024 —4.3013] [ 0.0025 —0.2528 —1.1544
3= 1 178.2350 —18.5276 119.5219 | " = | —0.0025 —2.3479 —0.4160

3.6 Stabilization by PMD Control

Consider a class of singular Markovian jump systems with time delay described as

Ex(1) = A(r)x(t) + Ay (r)x(t — ) + F (r))u(t) + B(r,) o(¢),
y(t) = C(r)x(t) + D(r;) (1), (3.154)
x(t) = ¢(1), Vt € [-1,0],

where x(r) € R" is the state vector, u(r) € R™ is the control input, @(r) € R? is
the disturbance input which belongs to #5[0,0) and y(¢) € R? is the measure-
ment. Matrix E € R™*" may be singular, which is assumed to be rank(E) = r < n.
A(r),Aq(ry),F(rt),B(r), C(r;) and D(r;) are known matrices of compatible dimen-
sions. 7 is an unknown constant delay and satisfies 0 < T < 7. The parameter r; is a
continuous-time Markov process with right continuous trajectory taking values in a
finite set S with transition probabilities

) mihto(h) i,
Pr{riin = jlr =i} = { o whtoll) e (3.155)
1 - J

where i > 0, limy,_,g+(o(h)/h) = 0 and the transition probability rate satisfies 7;; >
0, fori,j€S,i+# jand

N
T = — Z T (3156)
=Tt
The traditional controller design methods for MJSs are generally classified into
two categories: that are MDCs and MICs, which are u(t) = K(r/)x(¢) and u(t) =
Kx(t) respectively. In this section, a kind of controller called as PMD controller is
developed as follows:

u(t) = (a(t)K (r1) + K)x(t), (3.157)

where K(r;) and K are control gains to be determined, and o(¢) is an indicator
function satisfying Bernoulli process and described as

(3.158)

1 if r; is transmitted successfully,
o) = :
0 otherwise.
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Then, we have

Pr{a(r)=1}=&(a(t)) = a, Pr{a(r) =0} =1—a. (3.159)
Moreover, it can be readily verified that

Elat)—a)=0, B2 Pr{(a(t) —a)’}=a(l —a). (3.160)

Remark 3.4. The introduction of stochastic variable a () could reflect the jam de-
gree of network in which r; is transmitted. That is the larger value of & means that
the higher probability of mode signal transmitted successfully. Compared with tra-
ditional controller design methods, controller (3.157) has some advantageous: 1)
Different from MDC needing its OM online, controller (3.157) can bear the mode
lost with some probability. We may measure or drop the mode signal with some
probability. In this sense, it could reduce the burden of data transmission; 2) In con-
trast to MIC totally ignoring OM, the probability of mode accessible to controller
is considered. Due to method for MIC is to find a common controller for all modes,
the solvable solution set is smaller than one generated by (3.157). When there is no
solution to an MIC, we may still get an effective controller of form (3.157). In this
sense, it is said that the method for MIC is overdesign and more conservative.

Applying controller (3.157) to system (3.154) results in the following continuous-
time closed-loop system:

Ex(t) = A(r)x(t) +Aq(ro)x(t — ) + (a(t) — (x)/i(r,)x(t) +B(r)o(),
y(t) = C(r1)x(1) + D(r1) (1), (3.161)
x(1) = ¢(1), vt € [-7,0],
where

— v

A(ry) =A(r) + F(r)(aK(r) + K), A(r) = F(r;)K(r1).
For closed-loop system (3.161), some definitions are needed.

Definition 3.3. Singular Markovian jump system (3.161) with w(r) = 0 is said to
be:

1) regular and impulse free for any constant time delay 7 satisfying 0 < 7 < 7,
if pairs (E,A(r;)) and (E,A(r;) +Ay(r;)) are regular and impulse free for every
r €S;

2) stochastically stable, if there exists a constant M (@ (¢), ro) such that

S A Wx(0)dtlg(0).r0} <M(9().0), (3.162)
for any initial conditions ¢ (z) € R" and ry € S;
3) stochastically admissible, if it is regular, impulse free and stochastically stable.

Before giving the concept of dissipativity, an energy supply function related to
system (3.154) is defined by
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‘P(a),y,f")ééa{<y,R(rt)y>T}—|—2a§){<y,S(r,)w>T}—|—éa{<a),T(r,)w>f}, (3.163)

where R(r;), S(r;) and T (r;) are real matrices of appropriate dimensions with R(r;)
and T (r;) symmetric, 7 > 0 is an integer, and (u, V)= OT ul vdt. Now, we will give
the following definition.

Definition 3.4. System (3.161) with zero initial state x is said to be strictly (R;,S;, T;)-
dissipative for i € S, if for any 7' > 0 and some scalar u > 0, the following condition

holds
¥Y(0,y,T) > us{(w,0):}, (3.164)

for any initial conditions ¢ (¢) € R" and ry € S.

From Definition 3.4, it is seen that strict (R;, S;, T;)-dissipativity includes He. per-

formance and passivity as special cases. That is

1) When R(r,) = —1, S(r;) =0 and T(r;) = y°I, for any r; = i € S, (3.164) will
be simplified to be an H., performance constraint;

2) When R(r;) =0, S(r;) =1 and T(r;) =0, for any r; =i € S, (3.164) will be
reduced to be a strict positive realness.

Before presenting the main results and without loss of generality, an assumption
is given as follow:

Assumption 3.1. It is assumed that
) T(rm)+ (Sl(r,)TDl(rt))* +D(r)TR(r;)D(r;) > 0;
2) R(r,)=R2(r)R2(r;) = —R(r;) > 0.
First of all, the strict dissipativity of system (3.161) is considered.

Theorem 3.10. Let matrices R;, S; and T; be given with R; and T; symmetric and
Assumption 3.1 holds. Then system (3.161) via given controller (3.157) is stochasti-
cally admissible and strictly (R;,S;, T;)-dissipative, if there exist matrices P, Q > 0
and Z > 0, such that the following coupled LMIs hold for all i € S

ETP=P'E>0, (3.165)

Qi Qpn Qi AT 2AT
* Q4 0 TAL 0

x  x Qs fBiT 0 <0, (3.166)
x x *x —Z1 0
* % % ¥ -z
where
N
Qi1 = (AITPZ)*-F Z ﬂfijETPj +0 —ETZE —CiTRiCi,
j=1

Qi =Pl Asi+E"ZE, Q3 =P/ B~ C[RiD; = C[ S,
Qiy=—-Q—E"ZE, Qis =T, — (S| D;)* = D] R:D;, © = B1T.
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Proof. Firstly, we show that system (3.161) is regular and impulse free. From
(3.166), we have

N
(ATP)*+ Y m;E"Pj+Q—E"ZE —C[ RiC; <0. (3.167)
j=1

Similar to [182], there always exists two nonsingular matrices M and N such that

10 x An A'z] T {13:1 ﬁ’;z}
MEN = , MA;N =: IR , M " PN =:| s +7|. 3.168
[0 0] { i3 Aig l Ps3 Py ( )

Pre- and post-multiplying (3.165) by N7 and its transpose respectively, it is con-
cluded that NTETMTM-TPN =N TPiTM ~IMEN, which implies P, =0. Similarly,
pre- and post-multiplying (3.167) by N and N, we have

* *
AT e A ~ | <0, 3.169
[% (ALP4) + 05 +Ri3] ( )
where % denotes the terms are not used in (3.169), and O3 and R3; come from the
following:

—Rj1 —Rp

Ton . [ Q1 02 AT TR
NQN—.{ ]>0, NC,R,C,N_.[_@_I%B

<1 % <0, (3.170)

03 03 }

which imply 03 >0and R;3 > 0. Taking into account (3.169) and (3.170), we obtain
AliPu+ PiAu <0, (3.171)

which implies that A;4 is nonsingular. Then, for each i € S, pair (E,A;) is regular
and impulse free. Since LMI (3.166) holds, it is known that

T

1 Qi1 Qp Qn TAIT "L;AIT 1
I * Qu 0 TAL 0 1
0 * o+ Qs TBT 0 0| <o, (3.172)
0 x x *x —Z1 0 0
0 * ok % x —zZ1 0
which implies
_ N
(Ai+Aq)"P)* + Y m;E"P;—C/RiC; < 0. (3.173)
j=1

Similar to that in (3.167), it follows from (3.173) that pair (E,A(r,) +A4(r;)) is
regular and impulse free for every i € S. Then, from Definition 3.3, we have system
(3.161) is regular and impulse free, for any time delay 7 satisfying 0 < 7 < 7.
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Next, we show system (3.161) is stochastically stable. Let x,(s) =x(t +s), —27 <
s <0, similar to [27], we know that {(x;,r,),t > T} is a Markov process. Now, for
t > 1, choose a stochastic Lyapunov function as

V(xt,r[) = V] (x,,r,) —|—V2(x,,r,) +V3(x,,r,), (3174)

where
Vi (e, 11) = xL(OETP(r)x(1),

Valwn) = [ 4T (5)Qx(5)ds,

—T
0 t

Va(or) = 1 / / & (s)ET ZEx(s)dsd®.
—1Jt+6

For each r; =i € S, it is defined as

.1 ) .
LWV (g =1i)] = hgrg+ z[cf(V(x,Jrh,thMxt,rt =1)—V(x,i)]. (3.175)

Then under o(r) = 0, we have

LWV (xi,r)] < 2T ()P [Aix(t) +Agix(t — 7)] +x7 (1) i mET Pix(t)
=
+xT (1) Qx(t) —x" (t — T) Ox(t — 1) (3.176)
’fz[ _,'x(t) +Adix(t — T)]TZ[A,'X(I) +Adix(t — ’L')]

(1)) ZAix(0) 7 | | (5)ETZEx(s)ds.

For —7 [/ T (s)ET ZEx(s)ds and via Jensen inequality, we have

—ETZE ETZE

_T/lthT(S)ETZEX(S)dS<CT(I)[ . _ETZE]C(z), (3.177)

where {7 () = [x" (t) x" (t — 7) |. Then from (3.176) and (3.177), we obtain

LWV (x,r)] <O (r)E(r) <0, (3.178)
where
_ - _ =7 T ~ v T
. [Qa+CIRCi Qn TAT 7AT tAT tAT
li= o ou| Tzl [Zlzan ] Tl o |4 0 |

From (3.166), we conclude I; < 0, which implies (3.178) holds. Since .Z[V (x;,i,1)] <
0, there always exists a sufficient small scalar € > 0 for eachi € S

LIV (x,11,1)] < —ex” (£)x(2). (3.179)
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By using Dynkin’s formula, we obtain that for all > 7

!
E{V (xg,11,8)} — E{V (xg,70,T) } < —85{/ x (s)x(s)ds}. (3.180)
T
Thus .
(5’{/ A (s)x(s)ds) < e~ E{V (xe,re, 7)) (3.181)
T
Since Aj is nonsingular for each i € S and set
oA 1 —AA,'QAA;L] E A 2T _ 10
M2 {0 25 M, E 2 MEN = | oo (3.182)
Y e - A 0 A A Aan Adiz}
A EMAN=|"" |, Ay & MAgGN = | 4 4| 3.183
[AB Ai4:| a 4 [Adis Agia ( )

where A1 £ Ay —ApA;,'A;, and let ET (1) = [E](t) E] (1) ] = N~'x(¢), system
(3.161) with @(¢) = 0 is equivalent to

51(1) = A~i1‘51 (t) +Adil§1(l - T) +Adi2§2(l — T),
0=A3E(t) +Auba(t) +Aun&i (t — 7) + Agiala(t — 1), (3.184)
E()=N"'o(t), 1e][-1,0].

For any 0 <7 < 7 and from (3.184), it is easy to see that there exists a scalar k; > 0
such that

t
11O < 181(0)[] + 2k, / sup [|&1(0)llds+kiT sup |[&a(s)]|

0 s—7<6<s —7<s<0

t (3.185)
<kDINTOO) 42k [ sup [1E(6)]ds,
0 s—7<6<s

where k; = max;es{||Ai1 |, | Agi1 ||, | Agiz|| }. Moreover, for any 0 < 7 < T, by using
Gronwall-Bellman lemma, we conclude

t
sup E1(1)]| < (1 kDN 9(0)]+2k1 [ sup |G (8))ds
0<t<t 0 s—7<6<s (3186)

< (L+k)[|N~'(0)]]e*".
For any 7 € [0, 7] and from (3.184), we have

sup (&) < ka([|E ()| + 2N 9(0)]]) < ka[(1+kr)e * +2] N1 9 (0)],

0<t<t
(3.187)
where ky = maxics{[|A;;'Ai |, A Adisl|, | Az  Agial| }. Moreover, it is concluded
that
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sup E(@)I1* < sup &(1)]*+ sup |60 <ksIN"'9(0)[,  (3.188)
0<r<t 0<t<t

0<t<t

where k3 = (1 +k17)2e*17 + [ky (1 4 k1 T)e?*17 4 2k,]2. Since N is nonsingular and
by (3.188), we have

2
N
sup. [lx(r) | < ky eV )
0<r<7t Gmm(N)

19(0)]1*. (3.189)

Hence, we get there exists a scalar k4 > 0 such that V (x¢,r;,7) < k4||¢(0)||?. Thus,
we obtain that

([ Oalo). ) <pI0 O (3.190)

Now, we will show the dissipativity property of system (3.161) foreach r, =i € S,
that is

(3.191)

')y = [ ()" (e =) 0" (1)],

Qi Qn Qi tAl ] [zAT]7 [#AT] [#47]7
Li=| % Qu 0 |+|7AL |Z|7AL | +| 0 |Z
% Qs 0 0 0 0

Since (3.166) is equivalent to fl < 0, itimplies (3.191) holds. Moreover, there always
exists a sufficient small scalar g > 0 such that £2;5 + 1/ < 0. As a result, we get

po’ (o) < =Z(V(x,i,n)]+y" (Ry() +2y(1)Si0() + o' () To(),

(3.192)
which is further deduced as
T
pe( [ o o) < £V (10,0) = SV (er,rr D) 46 [ T (ORI
+2y" (1)S(r) @ (t) + @ ()T (r1) o(1))d1}.
(3.193)

Under zero initial condition, we have (3.164) holds. This completes the proof.

Remark 3.5. Via giving controller (3.157) beforehand, Theorem 3.10 gives a suffi-
cient condition for dissipativity of continuous-time SMJS (3.161) with time delay.
However, it cannot be used to test the dissipativity directly due to the couplings
among variables. More importantly, an PMD controller cannot be solved directly
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via pre- and post-multiplying P;, where there is a distinct contradiction between the
solution to PMD controller and the requirement of an MD Lyapunov function.

In the following, a condition to separate P; from A; is proposed, where the re-
quirements of PMD controller and MD Lyapunov function are likely to be satisfied
simultaneously.

Theorem 3.11. Let matrices R;, S; and T; be given with R; and T; symmetric and
Assumption 3.1 holds. Then system (3.161) via given controller (3.157) is stochasti-
cally admissible and strictly (R;,S;, T;)-dissipative, if there exist matrices X;, G;, Z;,
0 > 0and Z > 0, such that the following coupled LMIs hold for alli € S

X'ET = EX; >0, (3.194)
Qi Qi Qi Qu TGI-TAZT tGTAT
x x O 0 TXTAL 0
x x *x Qs T’lB-le 0 <0, (3.195)
x x x % —Z! 0
* ok % % * —z!

where
N
Qi = (GIAD +x] (Y, m;E"X; ' +0—E"ZE — C RiCi) X,
j=1
Qin=AZ+X" —GI', Qs =AyuX; + X! ETZEX;,
Qiy =B — X CI'RiD; — X CT'S;, Qis = —(Z))*, Qis = —X! (Q+E"ZE)X;,
which are equivalent to ones in Theorem 3.10.

Proof. Let X; = P!, pre- and post-multiplying (3.166) with diag{X[ X[, 1,1,I}
and (3.165) with X,-T and their transposes respectively, we have

X'ET = EX; >0, (3.196)

Qi Qi Qi TXTAT tXTAT
x Qi 0 TXTAT 0

% Qs TBT 0 <0, (3.197)
x kX —Z’1 0
¥ k% * —z1

where

N
Qi = X[AD) +x7 (Y mE" X' + Q—E"ZE — C] RC)Xi.
j=1

Sufficiency: Pre- and post-multiplying (3.195) with the following matrix
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I A4 0000
0071000
000700
074,000
0%4,0007

, (3.198)

and its transpose, it is directly obtained that (3.195) implies (3.197).
Necessity: Since (3.197) holds, there always exists a sufficient small scalar & > 0
such that

Qi Qi3 Qu TXTAT exTAT A AT

x* Qe 0 XAl 0 0 . 0

* o« Qs TBT 0 +1 0|50 <O (3.199)
« ok x —Z1 0 TA; TA;

* % % * -z A, A

Let &l = Z; and X; = G; and via using congruent transformation, we have that
(3.199) implies (3.195). This completes the proof.

Remark 3.6. It is seen that Theorem 3.11 is equivalent to Theorem 3.10. How-
ever, system matrix A; is decoupled from Lyapunov function matrix P, where
both of them could be solved separately. Unfortunately, there are still some solu-
tion problems, such as equation constraint (3.194), nonlinear terms, e.g., X/ OX;
and X! ET ZEX;. Especially, there is also a nonlinear term X Y'Y Tt T E XX,
Wh]Ch results from the inherent characteristics of continuous-time SMJSs. Since,
there are singular matrix E and no symmetric positive definite matrix X; ! in such
terms, it cannot be dealt with by using Schur complement directly. As a result, in or-
der to establish LMI conditions for controller (3.157), such conditions of Theorem
3.11 should be further handled.

Finally, we will give strict LMI conditions for the design of PMD controller of
form (3.157).

Theorem 3.12. Let matrices R;, S; and T; be given with R; and T; symmetric and
Assumption 3.1 holds. Then system (3.161) via controller (3.157) is stochastically
admissible and strictly (R;,S;, T;)-dissipative, if there exist matrices G, P, Qi, Q >0,
7 >0,Y;and Y, such that the following LMIs hold for all i € S

_ . _
Qi Qn O Qi -(:21‘5 S?ié xI xTCTR? Qp
* —(G)* 0 0 .Q,'5 Qié 0 0 0
x  ox @ 0 zXIAL 0 0 0 0
* o+« x —TL—(STDy)* B 0 0 DI ~§ 0
* * * * -Z 0 0 0 0 <0, (3.200)
* * * * * -7 0 0 0
* * * * * * 7QA 0 0
* * * * * * % -1 0
* " * * * * X * Qi9
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where
Qi = (AiG+F(aY;+Y)—EPETY* + MEPET + 7,
Qn =AG+F(aY;+Y)+EP +UTQVT - GT,
Qi =AGPET +A4VQ:U + (EPETY -2, Qu =B, —XICTs;,
Qis =2GTAT + (¥ +YT)FT, O =tV FT,
Qi = [VEaXTEg - /Ti0)X Er /B0 X Er -+ EinX]Eg ],
Xi=PE" +VQU, Qi = —(FE" +VQU + ERE") + 0+ 2,
Qio = —diag{EYPEg,... . EYP._|Eg,EX B\ \E, ... ELPyER}.

Then, the desired control gains of form (3.157) are given as
Ki=YG ' K=YG " (3.201)

Proof. Let
P2PE+UTQVT, (3.202)

where P, > 0 and Q; is nonsingular. Moreover, we have
E'P=P'E=E"PE >0, (3.203)

always holds, which could be omitted. Then, there is no constraint (3.165) in Theo-
rem 3.10. If such conditions of Theorem 3.10 hold, the closed-loop system (3.161)
will be stochastically admissible and strictly (R;, S;, T;)-dissipative. Since P, > 0 and
O; is nonsingular, we obtain ELT PE; > 0. Then we get

X, 2 (PE+UTQVT) ' =PET +V U, (3.204)

where P, and Qi are defined in Lemma 3.1. If the conditions in Theorem 3.11 are sat-
isfied with G; = G and Z; = G, where matrices P; and X; are replaced by (3.202) and
(3.204) respectively, we have Theorem 3.10 holds. It means that closed-loop systems
(3.161) via controller (3.157) is stochastically admissible and strictly (R;,S;,T;)-
dissipative. That is

fe)}

il Q,‘Q .{_253 Q,’4 fGTA;r ‘LA'GTAVIT

* Qs 0 0 TGTAT #GTAT

x % Qe 0 inTAgTh» 0

x x % Qs ‘I’BiT 0 <0, (3.205)
x x x o« —z1 0

* ok %k % * —z!

where

N
Q= (G'Al +mx[ET +Xx/ (Y, m;E"Pj+Q—E"ZE —C[RC)X;,
j=1j#i
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Qp=AG+X! -G, Q5 =—(G)".

The others are given in Theorem 3.11. However, there are sill nonlinear terms in

(3.205), such as XiT ):?7:1 i nijETPin, XiTETZEXi and XiTQXi, which cannot be

dealt with directly. For nonlinear term XiT ):Ij\':l i T E TPin, it cannot be handled

directly because of singular matrix £ and no symmetric positive-definite matrix P;.
Based on (3.202), it is concluded that

N N
bel Z ﬂijETPin =X Z ”i,iET(PiE +UT VX,
J=Lj#i =Lt

N
=X/ Y mERE[ PELERX; (3.206)
J=Ljti

N
=x7 Y mER(ER BER) "ELX;.
J=1,j#i

For nonlinear terms X,-TQXi and XiTETZEX,-, by letting O0=0'andZ=2"", we
get
—-X:0X; < —(X;)*+ 0, (3.207)

—X'ETZEX; < —(EX))* + Z, (3.208)
which is further used to deduce

~XTETZEX; XTETZEX; I T ol

XT'ETZEX; —X[ETZEX;| | -1 (=X E"ZEX) [1 1]

! (3.209)
< [—1} (—(EX))*+2)[1—1I].

Via using Schur complement and taking into account (3.206)-(3.209), it is deduced

that (3.200) with (3.201) implies (3.205) with (3.202). This completes the proof.

Remark 3.7. Tt is remarked that Theorem 3.12 presents a sufficient strict LMI con-
dition for designing an PMD controller such that the resulting system with delay is
stochastically admissible and strictly (R;,S;, T;)-dissipative. Moreover, from Theo-
rem 3.12, it can be seen that both time delay bound 7 and mode observation proba-
bility o are involved, which play important roles in PMD controller design.

When system mode is always unavailable to state feedback controller, an MIC
describe by (3.7) is obtained by (3.157) with & = 0. Then, we have the following
corollary.

Corollary 3.5. Let matrices R;, S; and T; be given with R; and T; symmetric and
Assumption 3.1 holds. Then system (3.161) via controller (3.7) is stochastically ad-
missible and strictly (R;,S;, T;)-dissipative, if there exist matrices G, B, Qi, Q >0,
7Z>0,Y;and Y, such that the following LMIs hold for all i € S



3.6 Stabilization by PMD Control 89

- 1 -

E1 En Qa Qi Zis X X/CI'R? Qn

« —(G)* 0 0 s 0 0 0

« % O 0 zXTAL 0 0 0

x o« x —T—(SID)* TB] 0 D,»TI?,% 0 |<o0, (3210
* * * * -z 0 0 00

* * * * x =0 0 0

* * * * * * Qi9

where
Zi1 = (AiG+FY —EBET) + MEPET + 2,

En=AG+FY+EPT +UTQ VT —GT, 55 =1G" Al +1YTFT,

QiS, f)i4, Xi, Qn, Qig and Qig are defined in Theorem 3.12. Then a desired control
gain of form (3.7) is given by
K=YG . (3.211)

When there is no time delay in system (3.154), system (3.161) reduced to

Ex(t) = A(r)x(t) + (a(t) — a)A(r,)x(1) + B(r;) 0(1),
y(t) =C(r)x(t) + D(r;) 0(2), (3.212)
x(0) = 9(0),

where A(r;) and A(r,) are defined in (3.161). By the similar methods, we easily have
the following corollary.

Corollary 3.6. Let matrices R;, S; and T; be given with R; and T; symmetric and
Assumption 3.1 holds. Then system (3.212) via controller (3.157) is stochastically
admissible and strictly (R;,S;, T;)-dissipative, if there exist matrices G, ISi, Qi, Y; and
Y, such that the following LMIs hold for all i € S

_ N N L
Ei1 Qp Qi )(iTClTRl2 Q7
x —(G)* 0 0 0
1
% x —T — (S,'TDi)* DiTRi2 o | < 0, (3.213)
* * -1 0
* * * * Qi9

where

Ei = (AiG+F(aYi+Y) —ERE")" + miERE",
X;, Q,-g, Qi4, Qﬁ and Q,-g are given in Theorem 3.12. Then a desired controller gain
of form (3.157) is given via (3.201).

Remark 3.8. It is noticed that the criteria obtained in this section are related to be
SMISs. However, since system matrix E satisfies rank(E) = r < n, the results of
normal MJSs can be obtained easily via the similar methods.



90 3 Stabilization

In this section, two examples are used to demonstrate the applicability of the
proposed approach.

Example 3.9. Consider an SMJS of form (3.154) with

12 1 01.1 —0.5 0.2
Al_[—2.5—0.6]’A‘“_[0 0]’Fl_{0.4}’31_{ 1 }

Cl = [—03 0] N Dl = —0.57 R1 = —0,4.7 Sl =—1 7Tl — 137

05 1 0.8 2 1 0
AZ_[O 0.7}’“2_[ 0 0.4}’5_{1}’32_[0.4}’

G = [0 0.2} ,Dy=—-02,R,=-038, $»=05,1,=1.5.
The TRM is given as

1.5 —1.5

10
e [0,
The constant time delay satisfies T € [0,0.25]. By Corollary 3.5, there is no solution
to a totally MIC. However, by Theorem 3.12, we see that there is no solution when

0 <o <0.827. Under o« = 0.83 and via Theorem 3.12, we have the PMD control
gains of form (3.157) as follows:

M- {0.5 0.5 } 7

and singular matrix

K = [6.4087 —0.4905 ] ,
K, = [—0.6307 1.2948]
K =[-0.5228 —1.8551].

The corresponding control gains of an MDC are constructed as

K = [—136.7725 —26.9473] ,
Ky = [—142.7656 —25.7526] ,
K =[141.9878 24.8340 | ,

which are equivalent to
Ky =[5.2153 —=2.1133], K, = [-0.7778 —0.9186 ] .

Illustrated by the proposed results, it is known that the system mode is not neces-
sary to an PMD controller. For this example with given system matrices and 7, we
see that the obtained PMD control gain of form (3.157) could discard system mode
signal with 17%. In this sense, it could reduce the burden of data transmission and
has more scope of application. Moreover, from the above explanation, we know that
the larger o corresponding to the high probability of mode accessible, the less con-
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servativeness of the obtained results in terms of the larger 7, which is also illustrated
in Table 3.1.

Table 3.1 Allowable upper bounds of 7 with given o

o 0.1 0.2 0.3 0.4 0.5

T 0.053 0.079 0.101 0.123 0.146
o 0.6 0.7 0.8 0.9 1

T 0.171 0.20 0.238 0.288 0.352

Example 3.10. Consider an SMJS described by (3.212) with

—-02 1 03 -0.5 1.2
Al=| 2 —-12-3|,FF=| 04 |,B =|-1}{,
2 1 1 1 0

Cl = [—02 0 O] s D] = —05, Rl = —047 Sl =0.7 ;Tl :227

02 1.3 —03 ~1 0
Ar=|3 —12 -1 |, B=|0|,B=04],
1 2 1 -2 0.6

C;=[03002],D,=07, Ry =-05, 5 =-07,T, =23.
Its TRM is given as

-55
o-[75)
and singular matrix is
100
E=1010
000

Let initial condition @(0) = [1 —1 Z]T, and the state of the open-loop system is
illustrated in Fig. 3.13, which is not stable. By Corollary 3.5, it is known that for
this example, there is no solution to an MIC. With the same parameters, we will
design a dissipative controller of form (3.157), which is partially mode-dependent.
If the probability of mode available to controller is & = 0.6, then by Corollary 3.6,
we have the gains of PMD controller as follows

Ky = [702.1877 284.9663 —201.3750] ,
K> = [662.3898 269.6700 —186.8841]
K = [~398.8988 —161.6548 113.6045] ,
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where the closed-loop system is not only stochastically admissible but also satisfies
condition (3.164). Moreover, from Fig. 3.14, it is seen that the corresponding closed-
loop system is stable. Though we may also design an MDC, it needs system mode
obtained exactly online. Compared with MDC, the PMD controller of this example
only needs system mode accessible with distribution probability & = 0.6, where
40% of mode signal can be dropped out. The effect of the desired PMD controller is

also demonstrated in Fig. 3.15, where * denotes the corresponding controller mode
unavailable.

3.7 Conclusion

This chapter has investigated the stabilization problem for SMJSs. An LMI approach
has been developed to design robust stabilizing state feedback controller such that
the closed-loop system is robustly stochastically admissible over uncertainties of
TRM. Stabilizing conditions for SMJSs via designing TRM and state feedback con-
troller are presented in terms of LMIs with some equation constraints. Moreover,
the other stabilization cases such as noise control, PD control and PMD control
have been solved, which are formulated as LMIs or LMIs with some equations. Part
contents of this chapter is based on the work of the author [130, 133, 143, 152].
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