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A Bayesian Partition Model for
Customer Attrition

C.J.HOGGART andJ.E. GRIFFIN
Knowledge Lab, NCR

Abstract: This paperpresentsa nonlinearBayesianmodelfor covariatesin a
survival modelwith a surviving fraction. The work is a direct extensionof the
cureratemodelof Chenet al. (1999).In their modelthe covariatesdependhatu-
rally onthecureratethrougha generalisedinear model. We usea moreflexible
local modelof the covariateautilizing the Bayesiarpartitionmodelof Holmeset
al. (1999).We applythe modelto alargeretail bankingdatasetandcompareour
resultswith the generalisedinear modelusedby Chenet al. (1999).

Keywords: SURVIVAL ANALYSIS, CURE RATE MODEL, PARTITION MODEL,
DATA-MINING .

1. INTRODUCTION

A commonproblemfacedby banksis customerattrition. By this we simply meancus-
tomersleaving the bank. We are interestedn the casewhere customerattrition occurs
aftera particularevent, for example,customersnay leave a bankafter payingoff a loan.
If we canpredictwho will leave the bankandwhen,thenactioncanbetakento prevent
customerdeaving.

This problemhasdirect parallelswith survival analysis. Ratherthan predictingthe
time to deathof a patientafterobservingthe patienthasa diseasave areinterestedn the
time to a customereaving the bankafter an event. Thereis a vastliteratureon survival
models,however typical modelsassumehatall patientswill eventuallydie from the dis-
ease.This is not appropriatefor our problemasherewe believe thata proportionof the
customersvill notleave thebankdueto theeventof interest.In medicinethisis equivalent
to a proportionof the patientsbeingcured.

A popularcure rate modelis the mixture model introducedby Berksonand Gage
(1952).Theirmodelassumes proportions of the populationis curedandmodelthe non-
curedfractionwith survivor function.S*(¢). This leadsto thefollowing survivor function
for the population

S(t) = 7 + (1 — 7)S*(2).

Thismodelhasbeenextensiely discussedh thestatisticaliterature howeverit hasseveral
drawvbackswhich arediscussedn Chenet al. (1999). They have developedan alternatve
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Bayesiancurerate modelwhich in contrastis computationallyattractve, hasan intuitive
interpretatiorandhasa proportionalhazardsstructurewith covariates.

We extendthe work of Chenet al. (1999)asfollows. The modeldescribedn their
papemodelsthecureratethroughageneralisedinearmodel(GLM) of thecovariates.For
extra flexibility we modelthe covariateeffect locally usingthe Bayesianpartition model
(BPM) of Holmeset al. (1999). The extensionto local modelling maintainsthe propor
tional hazardsstructureandalsoresultsin a computationallyfasteralgorithm.

In section2 we describethe curerate modeof Chenet al. (1999), statesomeof its
basicpropertiesandoutlinehow covariatescanbeincorporatedisinga GLM. In section3
we outlinethe BPM anddescribenow to samplefrom it. Sectiond describe®ur extension
tolocalmodellingof thecovariatesandhow posteriorinferencecanbemadeusingMCMC.
In section5 we analysedatasuppliedby abankusinga cureratemodelwherethecovariate
effectis modelledusinga GLM anda BPM. Section6 containsa brief discussiorof the
work describedn this paper

2. THE CURERATE MODEL

In this sectionwe describethe curerate modelof Chenet al. (1999). Their modelwas
appliedto a cancertrial andis built aroundmodellingan unknovn numberof cancerous
cells. If apatienthasnocancerousellsthey arecuredandasthenumberof cancerousells
increaseshe risk increasesMore generallythe modelcanbe viewed asa latentvariable
model which maintainsthe proportionalhazardsstructure. In the banking context, the
latentvariablescaptureheterogeneityn therisk of leaving the bankacrosshe population.
We referto thelatentvariablesasrisks.

We now describehemodel. Thenumberof unknownrisks,denotedy NV, is modelled
asaPoissordistributionwith meand. Thetimeto failureduetoriski is denoteddy Z;. The
modelassumesherandomvariablesZ;, i = 1,2, ... areiid with acommondistribution
function F'(t) = 1 — S(t) andareindependentf N. With N risks the probability of
survivalto time ¢t is P(Z; > t,...,Zny > t). Sincethe Z;'s areindependentP(Z; >
t,...,Zn >t) = S(t)V. Thesurvivor functionis givenby the expectationof S(¢)™¥ with
respecto NV,

Sy(0) = Ex (5())
=3 S0 exp(6)
— Z;;{—a +0S(8)} = exp{—0F (1)} (1)
The cureor remainingfractionof (1) is givenby
5,(00) = P(N = 0) = exp{6}.

It follows that asthe meannumberof risks # increaseghe remainingfraction decreases
andtendsto 0 asé — oo. Thedensitycorrespondingo (1) is givenby

fp(t) = 0f(t) exp{—0F (t)}.
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We notethat f,,(¢) is nota properdensitysinceit doesnotintegrateto 1, similarly S, (¢) is
nota propersurvivor function. The hazardfunctionis givenby

hp(t) = 0(t).
Chenet al. (1999)modeld, the parametenf the Poissordistribution, with a GLM

6 = exp{ X'}

whereg is avectorof p x 1 regressiorcoeficientsincludinganinterceptand X is avector
of covariates.Chenet al. (1999)chooseto model f(¢) independentlyof the covariates.
With this assumptiorit is clearthath,(¢t) hasaproportionalhazardsstructure.

Chenet al. (1999)shav thata uniform improperprior on 8 givesa properposterior
distribution. Theposteriordistribution of the unknovn parametersanbe sampledrom in
aGibbssampler Samplingfrom thefull conditionaldistributionsof o andg;, j = 1,...,p
is not standardhoweverthe densitiesarelog-concae andthusthe adaptve rejectionsam-
pler of Gilks andWild (1992)canbeused.

3. THE BAYESIAN PARTITION MODEL

The Bayesiampartition model(BPM) (Holmeset al. , 1999)is a genericapproacho clas-
sificationandregressiorproblems.Theinput spaces dividedinto disjoint regionsdefined
by a tessellatiorstructureT'. For examplethe authorsuseVoronoitessellations.Within
eachregion the obsenationsareassumedo comefrom a “simple”, conjugatemodel, for
example,the multinomial modelwith a Dirichlet prior for classificationproblems. The
parametersreassumedo be independenbetweeneachregion. The mamginal likelihood
for the tessellationstructureis thenthe productof the marginal lik elihoodswithin each
region andsincethemodelis conjugateheseareavailableanalytically The predictive sur
facefor any giventessellatiorstructurewill bedisjointatthetessellatiorboundariesut is
smoothedy mixing overthe posteriordistribution of tessellatiorstructures.

In data-miningoroblemswe preferto divide theinput spacewith hyperplaneparallel
to the axeswhich take theform z; = o for somedimension: of theinput spaceandsplit
point e, and uselocal modelswhoseparameterslo not dependon the covariates. This
resultsin the following computationallyattractve properties. Firstly, calculationof the
mauginal likelihooddoesnotinvolve expensve operationsuchasmatrix inversion,which
would be necessaryor alocal linear regressionmodel. Secondly sincethe local model
doesnot dependon covariatesthe hyperplanesvill effectively performvariableselection
by only splitting on thosevariablesfor which thereis a significanteffect on the output
variable. Thirdly, allocationto clustersis muchquicker thanfor the Voronoitessellation.
For k hyperplanes point’s allocationcanbe calculatedusingk operationsln comparison
theVoronoitessellationnvolvespk calculationsvherep is the numberof covariates.

The modelis fitted usinga Metropolis-Hastingsamplerdirectly on the distribution
p(T' | D), where D is the data. This is possiblebecausehe conjugatemodelsallow the
marginal lik elihoodof the datagiventhe partitionstructurep(D | T'), to be calculatedan-
alytically. A hybrid Metropolis-Hastingsamplerwith variousdimension-jumpingnoves
is usedto exploretheposteriordistribution p(7' | D) o< p(D | T)p(T).

In practicetheprior for thehyperplaness independenibetweerdimensionsandwithin
a dimensionhas probability 1/n at eachobsened covariate, wheren is the numberof
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obsenations. This prior ensureghat the hyperplanedall within the corvex hull of the
data.

3.1. Computational strategy

ThehyperplaneBPM usingtheprior describedn the previoussectioncanbeimplemented
usinga hybrid Metropolis-Hastingsamplemwith threepossiblemoves:

e A new partition canbe addedto the modelby randomlychoosinga dimension
andthen proposinga split point from the prior distribution, i.e. the empirical
distribution of thatdimension.

e A partitioncanberemovedat randomfrom themodel.

e A partitioncanbe movedby redrawing its split pointfrom the prior distribution,
i.e. theempiricaldistribution of thatdimension.

A proposecdhew tessellatiorstructureT” is acceptedvith probability
p(D|T")p(T") }
" p(D|T)p(T)

The numberof partition is assigneda geometricprior to encouragemodelswith fewer
partitions.

a(T',T) = min {1

4. LOCAL EXTENSIONTO THE CURERATE MODEL

In this sectionwe describeheextensionto local modellingof the covariateeffect usingthe
BPM. The orthogonalhyperplangessellationl” definesm disjoint regions Ry, . .., Ry,
which eachhave a Poissormodelfor NV with constanparametewaluesf® = (61, ...,6.,).
Theconjugateorior for the Poissormodelis thegammadistribution. Therearen,, . .., ny,
obsenationsin eachregion andn obsenationsin total,n = ny + --- + n,,. Againthe
covariateeffectis modelledthroughé alonemaintainingtheproportionahazardstructure.

We now definethe other notationrequiredto describethe model. We denotethe
failuretime of theith customeiin R; by t;;, wheret;; may beright censored We define
theindicatorvariabled;; whichis 1if ¢;; is uncensorednd0if ¢;; is censoredThenumber
of risksfor theij-th customeiis denotedby N;;, j = 1,...,m, ¢ = 1,...,n;. For brevity
of notationwe take the vectorst andé to denotethe setof all obsenationsandthe matrix
X todenoteall of thecovariates.

Eachrisk is modelledasa Weihull distribution definedas

We(t| o, ) = Aat® ' exp {—)\to‘_l} , t>0,a>0, A>0.

If f andS arethe densityandsurvivor functionsrespectrely of the Weibull distribution
andPn(- | ) is the probability massfunction of the Poissondistribution with meané the
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full modelcanbewritten as

p(t,0|N,a,\T) = ﬁlﬁls(t” | o, \)Nii =055 (N f (35 | @, X))
j=li=
= ﬁexp{ ZN ta’ 1} ﬁ (Nij)\at%jfl)éﬁ

=1 i=1

p(N16,T) ﬁﬁPn(N,,w
j=11i=1

p(0|T) = Hlea(e |90, 91)-

J

We assignT’ a geometricprior distribution p(T) = Ge(y)) and usedefault prior distri-
butions for the parametersf the Weibull distribution: p(a) = G&ag,a1) andp(A) =
Ga(Ag, A1). To summarisehe hyperparametersf the modelareayg, oy, Ao, A1, %o, 1,9
andr whichwe denoteby ¢.

4.1. Computational strategy

Thefull conditionaldistributionsof a and A requiredby the Gibbssamplerto draw from
the posteriordistribution of the model parametersreidenticalto thosefor the GLM and
are

p(A|a7N7T7¢7t76) = Ga‘(A

/\0+Z(5i,)\1+ZNit?>

i=1

pla| A\, N, T,$,t,8) o aXei=1® (Ht6> eXp{—/\iNit?}P(a)
i=1

Theotherfull conditionalsare

» _ Pn(N,-j |0] exp{—)\t;?‘j}) s if (Si]' =0
p(Nij| @ 4,6,T, ¢,t,0) = { PR(Ny; — 1]6; exp{-X2}), if 65 =1

p(0,T |\, T,6,t,8) = p(T | N,¢) [[ p(6; | T, N, ¢)
Jj=1

where

p(0;|T,N,¢) = Ga<9j

P(T|N,¢,X) < p(N1,...,Nn|T)p(T)

'190+nj;"91+ZNij>

i=1

m

=p(T) [ (V1. -, Naj5 | T).

=1



Thejoint densityp(Nyj, ..., Ny;; | T) is themamginallik elihoodof latentvariablesin the
jth partition. This s straightforwardto evaluate

PN, Nado,01) = [ T] Vi |0)p(6 90, 1) a8
=1

_ 1 9% T+ X1, N;)
[T, N T00) (0, + )P0 ks

Given this maminal likelihood the tessellationstructurecan be sampledfrom using a
Metropolis-Hastingslgorithm(Hastings 1970)within the Gibbssampler

5. EXAMPLE

Oneof our bankingpartnerscollecteddataon customeravho paid off their mortgagebe-
tweenJanuarylstand Decembef31st. The bankhad noticedthat thesecustomeravere
morelik ely to leave the bankandwantedto learnwhich of thesecustomerdeft andwhen.
Theresultspresentedn this paperweregeneratedrom a subsebf the customerco-
variatescollectedby the bank. For eachcustomeme hadthefollowing information
AGE: ageof customer
GENDER: genderof customer

QUIT: indicateswhetheror notthe custometasleft the bank
END_DATE: dateof endof the customerelationship

M_NUMB: numberof loansclosedin year

CARDS: numberof debitcards.

For eachloanclosedwe hadthefollowing information
F_.AMOUNT: how muchwaspaidwhentheaccountwasclosed
TYPE: type of mortgage
ORIGCLOS: planneddateof closureof theloan
DATE CLO: datewhenloanwasactuallyclosed< ORIGCLOS
S_.AMOUNT: initial sizeof mortgage.

Thusthe tamgetis the numberof daysbetweenDATE_CLO and END_DATE, those
customersvho did not leave the bankwere censorecon December31st. The variables
ORIGCLOSand DATE_CLO were combinedto give the numberof daysthe customer
pre-emptedhe planneddatefor closingtheloan.

We analysedhe datausingboththe GLM andthe BPM to modelthe covariatesand
comparedur results.The priorsfor a and\ wereGaap = 0.1, 9 = 0.1) andGa(\g =
0.1, Ao = 0.1) respectiely in boththe BPM andGLM. DenisonandHolmes(2001)shrink
the partition specificparameterg; to the empiricalmean.However, we foundthatfor our
datasetcrosswalidation scoreswere robust to a rangeof priors for §. Within this range
the numberof partitionsincreasedsthe prior varianceof § decreasedWe took a vague
Gay = 1,9, = 1) prior. A geometricdistribution with mean10 wastakenfor p(T).
An imprope flat prior for 3 wastakenin the GLM. The datawasstandardizedor model
interpretatiorandto stabilizethe posteriorcomputation.

Figs.1 and2 shav Kaplan-Meierf BPM and GLM survivor functionsof customers
in two cases:Casel, with onedebit card, one closedaccount,a final paymentof 0 and
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mortgageype0; Case2, customersvith nodebitcardsoneclosedaccountafinal payment
of 0 andmortgageypel. It is clearthatBPM modelsthedata(the Kaplan-Meierestimate)
morecloselythanthe GLM.

1

_— Kaplan—Meier estimate
- - BPM estimate
GLM estimate -

\
0.98

Survior function
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Figurel. Survivor functions for Case 1.
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Figure2. Survivor functions for Case 2.

The BPM comparedavourablywith the GLM in atwo way crosswalidation. Thedata
setof 41,979customeravassplit into a setof 21,000customersanda setof 20,979cus-
tomers to performthe crosswalidation. For eachcrosswalidationsetwe comparedhe pos-
terior predictive of onesetof obsenationsconditionalon the othersetundereachmodel.
This wasevaluatedusingthefollowing Rao-BlackwellisedGelfandand Smith,1990)es-
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timate
1 M
I — rosty o) ) ()
p(t',0'|t,0) M;p(t,ﬂa A, 60
where
p(t1761|a7/\70):Hzp(t;76;|a))‘7NiZk)p(N’szla’t)

i=1 k=0

where(t', §') is thetestdataand M is the numberof iterations. The resultsaregivenin
Tablel.

Table 1. Log posterior predictives under the BPM and GLM.

BPM GLM
Setl -4753.27 -5050.10
Set2 -4582.70 -4869.00

The probability of splitting on the eight customercovariatesin the Bayesianorthog-
onal hyperplanepartition modelareshavn in Table2. The modelrarely splits on AGE,
S_.AMOUNT, and‘pre-empt’time indicatingthatthesecovariatesarenotinformative.

Table 2. Probability of partitioning on each variable.

AGE GENDER CARDS M_NUMB
0.00 0.35 1.00 1.00
S AMOUNT F.AMOUNT ‘pre-empttime’ TYPE
0.00 1.00 0.00 1.00

Table 3 shaws the predictedcurerate for 3 differentvaluesof customercovariates
underthe BPM andGLM andthe empiricalcurerate. The empiricalcureratewasnawely
calculatedastheproportionof customerstill with thebank. Thecurerateis overestimated
dueto censoring Threelevelsof final paymentverelookedat, $0, $1,000and$50,000(the
empiricalcurerateswere calculatedby taking obsenationsaround$1,000and $50,000).
We canseefrom Table 3 thatthe cureratehasa nonlinearrelationshipwith F L AMOUNT
anddepend®nwhetheror not F_ AMOUNT is 0. TheBPM is well suitedto automatically
detectingthis type of relationshipwhichthe GLM strugglego model.
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Table 3. Estimated cure rates from the GLM and BPM models.

CARDS M_NUMB FAMOUNT TYPE GLM BPM Empirical
x $1,000 curerate curerate curerate

0 1 0 1 0.7445 0.5027 0.5514

0 1 1 1 0.7508 0.9174 0.9288

0 1 50 1 0.9368 0.9174 0.9052

Tables4 and5 show posteriorestimatesof the Weihull parametersf the BPM and
the parameter®f the GLM respectiely. All of the regressioncoeficients of the GLM
except fgenper have significant posteriormassaway from 0. Sincethe datais nor-
malizedwe cancomparethe relative sizesof thesecoeficients. The effectsof CARDS,
M_NUMB, F.AMOUNT and TYPE werepicked up by the BPM, however the effects of
AGE,S AMOUNT and‘pre-empttime’ werenot. Thiswasprobablybecause¢heseeffects
arerelatively small. The standarddeviationsof the parametersf the Weibull distribution
aresmallerfor theBPM thanthe GLM dueto theimprovedfit of the BPM.

Table 4. Posterior estimates for the Weibull parameters of the BPM.

Posterior Posterior 95%HPD
Parameter mean SD interval

a 04968 0.0103 (0.4774, 0.5171)
A 02628 0.0111 (0.2442, 0.2888)

6. DISCUSSION

We have shown that a nonparametriextensionto the model of Chenet al. (1999) can
leadto betterpredictive performancén bankingproblemswhilst retainingthe proportional
hazardsstructure. An attractve featureof the orthogonalhyperplaneBPM is the natural
incorporationof covariateselection. Eachhyperplanesplits the databas®n only one co-
variateandsohyperplanesreonly includedwhenthe covariateaffectsthe modelfit. This
resultsin the orthogonalhyperplaneversionof the BPM beingcomputationallyattractve
whenonly a small proportionof the covariatesare usefulfor prediction. This is oftenthe
casen bankingproblemswheredatabasearevery large.

Computationallythe orthogonalhyperplaneBPM scalesas O(nm), wheren is the
numberof customersaandm is the numberof partitions. In contrastthe GLM scalesas
O(np), wherep is the numberof covariates.In our experiencethe numberof partitions
is relatively smallandthe orthogonahyperplaneBPM is faster Samplingfor 8 usingthe
adaptve rejectionsampletasbeenreplacedoy samplingfor thetessellatiorstructureand
thed parametergor eachpartition, both of which arestraightforward.
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Table5. Posterior estimates for the GLM parameters.

Posterior Posterior 95%HPD
Parameter mean SD interval

a 05160 0.0156 (0.4859, 0.5464)

A 0.2455  0.0149 (0.2184, 0.2754)

Bo  -45270  0.0751 (—4.6743, —4.3839)

Bace  -0.1148  0.0340 (—0.1854, —0.0515)
Boenper ~ 0.0538  0.0380  (—0.0180, 0.1290)
Boarps ~ -1.6706  0.0606 (—1.7920, —1.5503)
Bu.Nums  -0.1608  0.0527 (—0.2631, —0.0551)
Bs.amount  -0.2395  0.0380 (—0.3129, —0.1615)
Br.amount  -1.2365  0.0748 (—1.3820, —1.0921)
Bpre—empt ~ 0.0937  0.0149 (0.0604, 0.1191)
Brypr  -0.2240  0.0233 (—0.2688, —0.1779)

(_
(_
(_
(_
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