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ABSTRACT. Let f(z) be a formal power series with coefficients in the field k
and let n > 1. We define the notion of n-transcendence of f(x) over k and, more
generally, the stable transcendence function di(f(x),n). It is shown that, if k
has prime characteristic p, this function determines the minimal Krull dimen-
sion di(G) of the universal modular Galois-algebras of an elementary Abelian
p-group G, introduced in [2, 3, 4, 5]. Since the concept of n-transcendence is of
independent interest in all characteristics, a number of fundamental theorems
are proved where the generalized Artin-Schreier polynomials surprisingly play
a central role. We make a plausible conjecture in the case when k = I, the
truth of which would imply a conjectural result concerning dp, (G) previously
investigated by the authors.
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1. INTRODUCTION

In this paper we introduce the notion of n-transcendence (where n is a positive
integer) of a formal power series f(z) over a field k and the stable transcendence
function di(f(x),n). It is shown that if k£ has prime characteristic p then, for
suitable f(x), this function evaluates to the minimal Krull dimension d(G) of
the universal modular “Galois-algebras” of a finite elementary Abelian p-group
G of order p” (see Theorem 5.1). Universal algebras were introduced in [5] as the
weakly initial objects in the category of all Galois-algebras of G and it was shown
there that every such algebra can be obtained from any universal one simply by
“extending the invariant ring” (see [5], Lemma 2.4). Apart from the application

mentioned above, we believe that the general notion of n-transcendence and the

Date: March 19, 2018.



2 PETER FLEISCHMANN AND CHRIS WOODCOCK

function di(f(x),n) should be of independent interest in algebra.

In Section 2 we therefore prove a number of theorems concerning these concepts
for general k. In particular, we show that if & has characteristic zero and f(x)
is not a polynomial then f(x) is always n-transcendental over k. We discuss the
plausible conjecture that this is still the case if k& = F,, and show that it fails for
proper extension fields.

In section 3 we study an interesting special class of formal power series, the
“roots” of the generalized Artin-Schreier polynomials, which play a particularly
important role in the case when k has prime characteristic p.

In Section 4 we turn our attention to the universal Galois-algebras. In particular
we discuss the fundamental conjecture that if k£ = F, then di(G) = n where G is
a finite group of order p™. For general k, di(G) is always bounded below by the
essential dimension ex(G) of G over k (see [7] for the definition) but it seems very
challenging to obtain a sharper lower bound.

In section 5 we prove Theorem 5.1 (as highlighted above) and hence relate the two
conjectures in sections 2 and 4. Finally, we prove a theorem which provides the
most striking evidence we have at present in direct support of these conjectures.
Acknowledgements: The authors would like to thank an anonymous referee for a

careful reading and many helpful comments.

2. n-TRANSCENDENCE

We investigate a special case of the general problem of the stability of al-
gebraic independence of formal power series under “polynomial perturbation”
which turns out to be closely connected to Conjecture 4.11 in the case when G
is elementary Abelian (see Section 4). Throughout this section k will be a field,

flz) =37, fix" € k[[x]], n > 1 an integer and p a prime number.

Definition 2.1 (n-transcendental). The power series f(x) is said to be
n-transcendental over k if the n power series in n variables,
f(z;) + Pi(z1,29,...,2,) € kl[x1,29,...2,]] (1 <i < n), are algebraically inde-

pendent over k for all choices of polynomials P;(xy1, s, ..., x,) € kX1, T2, ..., 2]
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More generally, we let d(f(x),n) denote the minimum possible transcendence de-
gree over k of any field of the form

k(f(z1) + Pi(zy, ... 20), f(xe) + Pa(xy, ..o xn), oo f(xn) + Pz, ... 1))

C k((z1,x9,...,2,)) where Pi(x1,Ta,...,2,) € k[x1,20,...,2,] for 1 <i<n.
Thus di(f(x),n) <n and dp(f(x),n) =n if and only if f(x) is n-transcendental
over k.

Clearly dy(f(x),n) is subadditive in n and so in particular lim,, M exists.

Remarks 2.2. [t is clear from the definition that:

(1) If f(z) is (n+1)-transcendental over k then it is n-transcendental over k.

(2) The property of n-transcendence over k is stable under “polynomial per-
turbation”.

(3) The power series f(x) is 1-transcendental over k if and only if it is not a
polynomial.

(4) If f(x) is transcendental over k|x] then it is n-transcendental over k (since

“polynomial perturbations” of the f(x;) are algebraically independent over

k(xy,29,...,2,) and so over k).
(5) If R(x) € zklz]\ {0} and f(R(x)) € k[[z]] is n-transcendental over k then
so is f(x).

(6) If k has prime characteristic p and f(x)? is n-transcendental over k then so
is f(x). (Indeed, if f(x;)+P; fori =1,...,n were not algebraically indepen-
dent over k, then so would be f(xz;)? + P, contradicting n-transcendence

of f(z)F.)
The following lemma will be needed in the proof of Theorem 2.4:

Lemma 2.3. Let R be a ring (commutative with identity element) and let b(x) €
Rz with positive degree and leading coefficient invertible in R. Let a(x) € R[x]
with (a(z),b(x)) = R[z|. Then there is no equation of the form (*)
a(z)Ma(ze)"2 ... a(x,) b)) Mb(z2)™2 .. b(x,) M =

cr(w1, e, wn)b(2) M+ oy, @2, - @) b)) M D () 2T
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(T, T, oo ) b(x) M 0(22)2 L b(2y 1) M b ()M € Ry, 1o, .. ., 2] where

each ¢, (z1,22,...,2,) € Rlx1, 29, ..., 2,] and each p;, Aj is a natural number.

Proof. Suppose otherwise so that, for some minimal n > 1 and some ring R, there
exists such an equation (*). Clearly n > 1 for otherwise we have a(x;)"b(x)* =
c1(z)b(z1) M and so a(x)™ = ci(x1)b(z1) which contradicts (a(z),b(x)) =
R[z]. Now divide equation (*) by b(z;)* and then reduce it modulo b(x;). We
hence obtain an equation of the form (*) but now with n replaced by n — 1 and

R replaced by R’ = R[z1]/(b(z1)), the required contradiction to the minimality

of n. Note that a(x;) reduces to an invertible element of R'. U

Let k[x](,) denote the localization of k[x] at the prime ideal (z).

Theorem 2.4 (Rational Functions). Suppose that f(x) € k[z]) \ klx] C k[[x]] is

rational but not polynomial. Then f(x) is n-transcendental over k for alln > 1.

Proof. We have f(z) = a(x)/b(x) where a(x), b(z) € k[x] with deg(b(x)) > 1,
b(0) # 0 and the ideal (a(z),b(x)) = k[z]. Suppose that Pi(xi,za,...,x,) €
klxy,29,...,x,] for 1 <i < nand P(Xy,Xs,...,X,) € k[X1,Xs,..., X,,]\ {0}
with leading monomial X} X4? ... X#» (with lex ordering).

Suppose further that we have the equation (+)

P(f(z1) + Pi(xy, ... 20), f(z2) + Pa(xy, .oy 2p), ooy f(on) + P2y ..y 2)) = 0.
We must derive a contradiction from this. Now multiply equation (+) by
b(z1)HMb(zg) 22 L b(z, )Pt where Ap, o, ..., A, are suitably large positive
integers to obtain an equation of the form (*) contradicting Lemma 2.3 (with

R = k), as required. O

Before considering the general situation we will need some preliminary results:

Lemma 2.5. Suppose X1, Xo, ..., X, € k[[x1, 22, ..., x,]] have non-zero Jacobian

determinant. Then X1, Xs, ..., X, are algebraically independent over k.

Proof. This is a well known result! Without loss of generality we may suppose that

k is perfect. If X7, Xo, ..., X,, are algebraically dependent over k£ then choose a
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non-trivial polynomial relation between them of least possible total degree. Now

partially differentiate it to obtain the required contradiction. ]

Of course the converse is false but see [12] for an interesting necessary and
sufficient condition for algebraic independence (of polynomials) in prime char-
acteristic p involving what is in effect a subtle “p-adic lifting” of the Jacobian

criterion. Unfortunately we haven’t been able to utilize this idea at present.

Lemma 2.6. Suppose that h(x) € k[[z]] \ k[x]) is a non-rational formal power
series. Let @ be an n X n matriz with entries in k[xy,xs, ..., x,] and let H be the
diagonal n x n matriz with diagonal entries h(zy), h(zs2), ..., h(x,). Then the

n X n matric M = H + Q) has non-zero determinant.

Proof. The result clearly holds if n = 1 since h(zy) + Q11(z1) # 0. Suppose
that, for some minimal n > 1, det(M) = 0. We will show that h(z;) is rational,
the required contradiction. Expanding the determinant of M by the first row we
obtain 0 = dh(z1)+b where d, b € k[[z2, ..., x,]][z1]. Nowdisan (n—1)x (n—1)
determinant which is non-zero by the minimality of n (just put z; = 0). Therefore

h(xz1) = —b/d € k((xa,...,2,))(x1). Hence clearly h(x1) € k(z1), as required. [J

Proposition 2.7. Suppose that f'(x) € k[[z]] \ k[x]). Then f(x) is

n-transcendental over k.
Proof. This follows directly from Lemmas 2.5 and 2.6. U

Theorem 2.8. Suppose that f'(x) € k[[z]] \ k[z]. Then f(x) is n-transcendental

over k.

Proof. By Proposition 2.7 we may suppose that f'(x) € k[z]y) \ klz]. Then

f'(xz) = a(x)/b(z) where a(z), b(x) € klz] with deg(b(x)) > 1, b(0) # 0 and the
ideal (a(x),b(z)) = k[z] so that there exist c(z), d(x) € k[z] with a(z)c(z) +
b(x)d(xz) = 1 (*). Now let Pi(xy,22,...,2,) € klr1,29,...,2,] and put X; =
f(z;) + Pi(xy,29,...,2,) for 1 < i < n. By Lemma 2.5 it is enough to show

a(z
);
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that the Jacobian determinant [J] of X;, Xs, ..., X, is non-zero. Suppose oth-
erwise so that [J] = 0. Then by expanding the determinant [J] and multiply-
ing by [[i_, b(z;) we deduce that [[}_, a(z;) € I = (b(z1),b(z2),...,b(x,)) C
klz1,z2,. .., 2,). Now put o =[], a(z;)c(x;) € k[z1,22,...,2,). Then clearly
a € I and, by (*) above, « — 1 € I, the required contradiction since [ is a proper

ideal of k[zq,xa, ..., ,). O

Theorem 2.9 (n-transcendence in characteristic zero). If k has characteristic

zero and f(x) is not a polynomial then f(z) is n-transcendental over k.

Proof. Clearly f'(x) € k[[z]]\ k[z] and so the result follows from Theorem 2.8. [

We next consider the case when & is finite:

Proposition 2.10 (Integrality). Let k be a finite field of order q. Suppose that

f(z) is not integral over klx|. Then f(x) is n-transcendental over k.

Proof. Suppose that P;(zy,xs,...,2,) € klxy,z9,...,2,] for 1 < i < n and
P(X1,Xo, ..., X,) € k[X1, X, ..., X,]\{0} with leading monomial X{* X5* ... X"
(with lex ordering). Suppose further that P(f(x1) + Pi(z1, 29, ..., 2,), f(x2) +
Py(xy, 29, ... xn), ..., f(xn) + Po(x1, 29, ..., 2,)) = 0 (*). We need to show that
f(x) is integral over k[z]. We first note that f(z?") = f(z)?" for all m > 0.
Now substitute z; = 24" for 1 < i < n into (*) above where we choose a suit-
ably rapidly increasing sequence of positive integers m,,, m,_1,...,my in turn to

demonstrate the required integrality of f(z). O

Remark 2.11. As Theorem 2.9 shows, Proposition 2.10 also holds if k has char-
acteristic zero and may indeed hold for an arbitrary field k. Certainly if f(x)
is transcendental over klx] or if f(x) € k[x]wm) \ klx] C k[lz]] then f(x) is n-
transcendental over k (see Remark 2.2(4) and Theorem 2.4).

Definition 2.12. Let q be an integer with ¢ > 1. Then we define the power series
Fy(z) = 3272027 € k[[z]].
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Theorem 2.13 (n-transcendence over a finite field). Suppose that k is a finite
field of order p™ and f(x) is not a polynomial. Suppose further that f(x) is not
n-transcendental over k (where n > 1). Then either

(1) f(z) = Q(z) + g(x)?" where Q(z) € klz], s > 1, and g(z) € xk[[z]] is

integral over k[x] and is n-transcendental over k, or

(2) f(z) = Q(z) + Fps(R(x)) where Q(x) € k[z], R(z) € zk[z] and s > 1.
(In particular of course f(x) is integral over k[z| and f'(x) € klx]. Note that
Fps(x) — Fps(z)P" = 2.)

Proof. Recall from Theorem 2.8 and Proposition 2.10 that f'(x) € k[z] and f(x) is
integral over k[z]. Without loss of generality we may suppose that f(x) and all the
subsequently constructed series have zero constant term. Then f(z) = Qo(x) +
fo(z)? where Qo(x) € xk[x] has no exponent divisible by p and fo(z) € zk[[z]]
where fo(x)P is not n-transcendental over k. Now if fy(x) is n-transcendental
over k we stop and note that by Proposition 2.10, fo(x)? and therefore fo(x) is
integral. Otherwise fy(x) is not n-transcendental over k, in which case we repeat
this procedure with f(z) replaced by fo(x). Continuing in this way we eventually
find that either f(z) has the first form given in the theorem or f(z) = 3.7, Q;(z)”'
is algebraic over k[z], where all the Q;(z) € zk[z] have no exponent divisible by p.
Hence by [13], Corollary 5.4 the k-vector space (2(f)) is finite dimensional, where
Q(f) denotes the orbit of f under the semigroup generated by certain operators
E; defined in [12]. In the present case we have: Eo(f) = > ;o Qi(z)?" and
E§(f) = Yisk Q;(x)?"" (using the fact that the @Q; have zero constant term).
Since k is a finite field and (Q2(f)) is finite-dimensional, the set Q(f) is finite,
hence E;T*(f) = Ej(f) for some r,s € N. It follows that

o o0

Z(Qz‘w(l’))pi = Z(inﬁ(l’))pi

=0 i=0
and 80 Qi+ () = Qitr1s(x), since each @Q;(x) has no exponent divisible by p.
Therefore the series (Q;);>, is periodic of period s. Hence f(z) has the second

form given in the theorem since the power series Fj«(x) is additive. O
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Remarks 2.14. Suppose that k has prime characteristic p.

(1)

By Remarks 2.2 (6) if f(z) € k[[z]] then f(x) is n-transcendental over k
whenever f(x)P is. If the converse also holds then the first possibility in
Theorem 2.13 would be ruled out.

Let s > 1 and r > 1. If Fys(x) is n-transcendental over k then so is
F,or () by Remarks 2.2 (5) since Fys(x) = Fps'r“(Z;;(l] 2?7, In particular,
if some Fyr(x) is not n-transcendental over k then neither is Fy(x).
Suppose that R(x) € zklz] \ {0} and f(z) € k[[z]] with f(R(z)) € k[[z]]
not a polynomial. By Remarks 2.2 (5), if f(R(z)) is n-transcendental over
k then so is f(x). If the converse also holds then the second possibility in
Theorem 2.13 would be ruled out if and only if F,(x) is n-transcendental
over k (by remark (2) just above) and the first possibility in Theorem 2.13
would be ruled out if k = F, (taking R(x) = aP; see remark (1) just above).

Example 2.15. Let r € Z \ {1} with (p,r) = 1. Put f(x) = (1 + 2)'/" =
> im0 a;jx? € k[[z]] where a;j € F, C k denotes the reduction modulo p of (1/T) €

J

Z,, the p-adic integers. Then, by Theorem 2.8, f(x) is n-transcendental over k

since f'(x) is not a polynomial. Put g(z) = f(x)?" € k[[z]] with m € N.

(1)

Suppose that r > 1.Then g(z) is integral over k[x] with ¢'(x) = 0. How-
ever g(x) is still n-transcendental over k at least if p™ < r.

For, if we embed k[f(x1), f(x2),..., f(xn)] C k[lx1,z0,...,2,]] in

klty, by, ... ty) via f(z;) = t; for 1 < i < n, then g(z;) = t!" and
x; =t — 1. Hence it is enough to show that the n polynomials X; =
Qi . th) € K[ty by, ... ta] (1 < i< n) are algebraically inde-
pendent over k for all choices of Q1, Qa, ..., Qn € k[t1,ta,...,t,] (where,
without loss of generality we suppose that each Q; has zero constant term).
The result is now clear if p™ < r by considering lowest degree terms. We
don’t know whether or not g(x) is still always n-transcendental over k if
pm > .

Suppose that r = —1. Then g(x) is rational but not polynomial and so is

n-transcendental over k by Theorem 2.4.
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(3) Suppose that r < —1. Then g(x) is not integral over k[x] and so is n-
transcendental over k by Proposition 2.10 at least if k is finite.

(4) Now let R(x) € zk[z] \ {0} and put h(z) = f(R(x)) = (1 + R(x))'/" €
E[[x]]. Then h(x) is n-transcendental over k if h'(x) & klx] (by Theorem
2.8) while if B'(z) € k[z] \ {0} then h(z) = (1 + R(x))"" = rh'(z)(1 +
R(x))/R'(x) € k(z) and so clearly h(x) € k[z].

The following conjecture is plausible by Theorem 5.5 below. It would also imply

Conjecture 4.11 if G is elementary abelian (see Corollary 5.2):

Conjecture 2.16 (n-transcendence over F,). If k =, and f(z) is not a poly-

nomial then f(z) is n-transcendental over k for all n > 1.

Remark 2.17. The conjecture is certainly false if k strictly contains F,. For
example, in this case F,(x) is not 2-transcendental over k. For if o € k\ F, then
the power series Gy(x1,x2) = Fy(z1) 4+ (P~ = 1) (z1 + aPxy) and Ga(z1, 12) =
Fy(x9) — (o — ) H(x1 + aPas) in k[[z1, x2]] are algebraically dependent over k

since (G1 — GY) + o?(Gy — G%) = 0.
If n = 2 then we have the following positive result:
Proposition 2.18. If s,r > 1, then Fy«(x) is 2-transcendental over Fs.

Proof. We embed R = Fs[x,y] in F,+[[X,Y]] by putting z = F,«(X) and y =
Fpr(Y) so that X = x — 2P and Y = y — y? . Hence if f(X,Y), g(X,Y) €
F,s[X, Y] we have that Fjsr (X)+ f(X,Y) = 2+ f(z—a?" ,y—y*") = A(z,y) € R
(say) and F,sr(Y) + g(X,Y) = y + gla — 2P,y — y*") = B(z,y) € R (say).
We must show that A(x,y) and B(x,y) are algebraically independent over .
Suppose otherwise. (H)

Put S = Fj:[A,B] C R and let T be the integral closure of S in R. Then,
by hypothesis (H), S is a one-dimensional affine algebra. Since T' is an integral
extension thereof, it is also one dimensional (see [11], Ex. 9.2, pg. 69). It then
follows from [1], Theorem 1, that 7" is a polynomial F,.-algebra, T' = F[t] (say).
Now let G = (F,s,+)? act on R by putting (a, 8)(z) = 2+« and (o, 8)(y) = y+ 3
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for all (a,8) € G. Then (o, 8)(A) = A+ a and (o, 8)(B) = B+ 3, so G acts
faithfully on S and therefore also on T' = F,«[t]. Now if g € G then g(t) = A\t +p,
with Ay € FJ. and p, € Fps. Since g” = 1 it follows that Ay = 1 and therefore

the map g — p, must be injective, so |G| < |F,s| = p°, a contradiction to the

definition of G. So the hypothesis (H) is false. g

3. GENERALIZED ARTIN-SCHREIER POLYNOMIALS

We now consider a class of formal power series f () where the function dy(f(x),n)
can be calculated entirely in terms of rational functions and f(x) is “potentially”
not n-transcendental over k (see Theorem 3.5). Throughout this section, k de-
notes a field of prime characteristic p > 0 and f(z) = 3272, f;27 € ak[[z]] is a
formal power series with zero constant term. We say that the series f(x) satisfies
Property (P) if,

“given M > 0, there are only finitely many exponents j with f; # 0 and p-adic
valuation v,(j) < M7 .
We now characterize all series f(x) which satisfy Property (P) and are algebraic

over k(z):

Definition 3.1 (Generalized Artin-Schreier Polynomials). A polynomial 6(z,T) €
k[2][T] of the form S, 6;T" —h(x) (where each 0; € k, 8y # 0 and h(z) € zkz])

is said to be a generalized Artin-Schreier polynomial (AS-polynomial).

Theorem 3.2. A generalized Artin-Schreier polynomial Zz’]\io 0,77 — h(x) has a
unique root f(x) € xk[[x]]. Further f(x) satisfies property (P) and is integral over

Proof. Without loss of generality we may clearly suppose that 6, = 1. Define
an F,-linear map a : zk[[z]] — zk[[z]] by putting a(g) = S, 6;g” for all
g € zk[[z]]. Then clearly Iy + o : xk[[z]] — xk[[z]] is invertible with inverse
Yoo o(—=1)*a®, which is well defined, as any finite-dimensional piece of zk|[[z]]
involves only finitely many terms of the sum. Note that any exponent j appearing

in *(g) with o*(g); # 0 is divisible by p*. Now (L + @)(f) = h and so
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[ = Ly + @) H(h) = Y2y (=1)%a(h) € xk[[z]] is a root of the Artin-Schreier
polynomial and uniquely determined. It also satisfies property (P), because each

a®(h) is a polynomial. Clearly f(x) is integral over k[z]. O

Thus, for example, TP" — T + x has root Fys(z) (see Definition 2.12). We now

prove a converse to Theorem 3.2:

Theorem 3.3. Suppose that f(x) = > 22, fja) € xk[[z]] is algebraic over k(x)
and satisfies property (P). Then the series f(x) is a root of a generalized Artin-
Schreier polynomial, that is (E): SN _ Omf(z)P" = h(z) € xk[z] where each
O € k with 6y # 0.

Proof. Without loss of generality we may suppose that k is perfect: indeed, let
k" be the perfect closure of k, B C kP a k-basis of kP and f(z) € zk[[z]]
satisfying (P). Then f(x) € xkP*"[[x]] satisfying (P). By the assumption there is
an AS polynomial © := 32N _ 9, 77" — h(x) € k**"[z, T] with O(z, f(z)) = 0 and
0o # 0. It is easily seen that ©(z,T) = >, 5 Ou(2,T) - b with AS polynomials
Oy(z,T) € k[z,T]. It follows that 0 = >, Oy(z, f(2)) - b € Drepk|z]b = kP[],
with ©,(x, f(z)) € k[x]. Hence ©y(x, f(x)) = 0 for all b € B and at least one has
“Do # 07

So we now assume that k is perfect. Since f(x) satisfies property (P), f(z) =
Yoty Qs(x)P” where each Qs(z) € zk[z] has no exponent (with non-zero coef-
ficient) appearing which is divisible by p. Now, for each m > 0, put f,,(z) =
> o2 Qsim(x)P" € xk([z]]. Then, since f(z) is algebraic over k(z), it follows from
[13] Corollary 5.4, similarly to the proof of 2.13 above, that {f..(z)} (m > 0)
span a finite dimensional vector space over k. Hence there exist 0y, 6, ...,
Oy € k (wlo.g. 6Oy # 0) such that SN_ 0, fin(z) = 0. Now each f,(z)"" =
flz) =S Q)P Hence, putting ¢, = (On_m)?" € k, we have the equation
SN Omf(x)P" = h(x) € xk[z] (say) with ¢o # 0, and so f(z) is a root of a

generalized Artin-Schreier polynomial, as required. O

In the situation of Theorem 3.3, for each n > 1, we can calculate di(f(x),n)

entirely in terms of rational functions:
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Corollary 3.4. Employing the notation of Theorem 3.3 and putting ¢(T) =
SN omT?" € K[T), di(f(x),n) is the minimum possible transcendence degree
over k of any field of the form k(h(z1) + ¢(Pr), h(z2) + ¢(Ps), ..., h(zy) + &(Py))
C k(xy,xa,...,2,) where P, = Py(x1,x9,...,2,) € k[x1,29,...,2,] for 1 <i<mn.
If, further, h(x) = cx where ¢ € k with ¢ # 0, then, putting y; = ¢(x;) for
1 < i < mn, dp(f(x),n) is the minimum possible transcendence degree over k of
any field of the form k(xq + Q1,22 + Q2, ..., x, + Q)

C k(zq,x9,...,2,) where Q; = Pi(y1,Y2, - -, Yn) € klx1,T0,...,2,] for 1 <i<mn.

Proof. k[T is integral over k[¢(T)] and so k[f(z1)+ Py, f(xe)+ Pa, ..., f(z,)+ Py
is integral over k[h(z1) + ¢(Py), h(za) + ¢(FP2), . .., h(x,) + ¢(P,)] since ¢(f(x)) =
h(x). The first result now follows from Definition 2.1. Now assume that h(z) = cx
with ¢ # 0. W.lo.g. ¢ = 1 and ¢(f(x;)) = z;. By definition, di(f(z),n) =
min tr.deg.k[f(z;) + Py(x1, - ,x,) |i=1,--- ,n] =

min tr.deg.k{f(z) + PA6(f(@1),-  6(f@a)) | i =1, ,n] =

min tr.deg.klx, + P(yy, -+ ,y.) | i=1,--- n],

where we set 1= f(z;) and y, = ¢(2}). Re-replacing 2, by x; gives the claim. [

Theorem 3.5. Suppose that k is a perfect field of prime characteristic p and
f(z) € zk[[x]] is not a polynomial. Suppose further that f(x) is not n-transcendental
over k (where n > 1). Then either
(1) f(x) = Q(z) + g@)”" where Q(z) € zhla], s > 1 and g(x) € wka]] is
algebraic over k(x) and is n-transcendental over k or

(2) f(x) is a root of a generalized Artin-Schreier polynomial.

Proof. We follow the proof of Theorem 2.13 (1) and (2). By Remark 2.2 4. f(x)
is algebraic; in case (1) this implies that g(z) is algebraic. In case (2) the proof
shows that f(x) has the form $°°° Q;(z)?" with Q;(z) € xk[z] and no exponent
divisible by p, so f(x) has property (P) and hence by Theorem 3.3 is a root of a

generalized Artin-Schreier polynomial. U
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Remark 3.6. Suppose that k is finite. Then we may assume that the equation
(E) in Theorem 3.3 has the form f(z)?" — f(z) =: R(z) € zk[z].

For we may first suppose that ¢g # 0 and ¢y = 1. Let ¢(T) = ZZ:O O TP €
Tk[T] so that ¢(T) is a monic and separable “p-polynomial” (see [10], Chapter 3,
Section 4). Hence ¢(T') has distinct roots V' (say) in a splitting field K O k where
|K| =p™ (say) and V is an Fp,-subspace of K. Hence ¢(T) =[],y (T — ).
Put D(T) = T°" —T e Tk[T]. Then D(T) is a p-polynomial with D(T) =
[Isex (T = B). Now ¢ : K — K (where 8+ ¢(3)) is an F-linear, Gal(K/k)-
equivariant map with kernel V' and image W (say). Hence, if we put Dy (T) =
[Loew (T —w) € TK[T] (not just TK[T]), then Dw(T) is a p-polynomial and
further it follows easily that D(T) = Dw(¢(T)) (a “symbolic product” of p-
polynomials; see [10], Chapter 3, Section 4).

Since ¢(f(x)) = h(zx) we therefore have that

f@P" = f(z) = D(f(x)) = Dw(¢(f(x))) = Dw(h(z)) = R(x)

(say) where R(x) € xklx| (see also Theorem 2.13 (2)).

4. UNIVERSAL ALGEBRAS

We now consider an outstanding conjecture concerning “non-linear” modular
representations of finite p-groups: Let k be a field of prime characteristic p and
let G be a finite p-group of order p™ (n > 1). We recall some results from [2], [3],
[4] and [5]:

Definition 4.1 (Trace-Surjective Algebras). Let A be a finitely generated k-
algebra (commutative with identity element 1) together with a faithful action of
G on A. Then A is said to be trace-surjective if there exists w € A such that
trg(w) == cq9(w) = 1. Equivalently A is a Galois extension of the invariant

ring A% :={a € A | g(a) = a for all g € G} (see [2], Proposition 4.4).

Remark 4.2. Let (A)G be the group ring of G over A. Then A is a free
(ASYG-module of rank one generated by any element w of A with trg(w) =1 and
hence A is a free A%-module of rank |G| (see [2], Theorem 4.1).
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Examples 4.3. (1) A=K, a Galois field extension of k = K with

Gal(K/k) =G.

(2) Let V be a finite dimensional linear representation of G over k, S(V) :=
Sym(V'), the symmetric algebra of V and A := S(V), or S(V)/(v — 1),
where v € V¢ \ {0} with v™ = trg(f) for some f € S(V) and m > 1.
Only for relatively few groups G will there be such an “almost linear” A
defined over F), and with Krull dimension as low as n (see [3]).

(3) Let A = Ug(G) be the algebra defined in [2] Theorem 5.4. Then A is a poly-
nomial k-algebra of Krull dimension n with faithful G-action. This action
is non-linear (but “triangular”), it is defined over F, and the invariant

ring A% is also polynomial (see [2, 3, 4, 5]). For example:

(a) If G =< 04,09, ...,0, > is elementary Abelian then
Up(G) = klxy, 22, ..., x,] where each o;(x;) = x; + 0;; and
tra((—1)"a " e~ aP~') = 1. Further
Up(G)Y = klxy — o og — ab, ... 2, — 2P].

(b) If G =< o > is cyclic of order p* then U,(G) = klz,y] where
o(z) =z+1, o(y) = y+aP~! and trg (2P~ yP~1) = 1. Further, if F(x)
denotes the reduction modulo p of the polynomial By, 1(z)/(p* —p+
1) = B,(x)/p—0p2/4 € Z,|x] (where B.(x) denotes the r-th Bernoulli
polynomial) then Up(G)% = k[aP — z,y? —y — F(x)]. This follows di-
rectly from Remark 4.2, the von Staudt-Clausen theorem and the basic

difference equation for the Bernoulli polynomials (see [8], Chapter 2).

We do not know whether or not Ui (G) is the only trace-surjective polynomial
k-algebra U of dimension n which is “triangular” in the sense of Proposition 4.7.
However it follows easily from [5], Proposition 2.9 that its tensor square U ®j U

is independent of the choice of U.

Definition 4.4. A trace-surjective algebra Ay is said to be universal if whenever

A is a trace-surjective algebra there is a G-equivariant k-algebra homomorphism

01A0—>A.
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Remark 4.5. In the standard categorical terminology such an algebra Ag would be
described as being “weakly initial” rather than “universal”. However here it carries
rather more than usual significance since it can be shown that A is isomorphic to
Ao ® 46 A€ (see [2], the proof of Theorem 1.2). In particular the minimal number
mi(G) of generators for Ay as an AS-algebra is independent of the choice of
universal algebra Ay and every trace-surjective algebra A can be generated as an
AC-algebra by my(G) elements. Further, taking Ay = Uy(G), we obtain an explicit
“structure theorem” for A (see [2], Theorem 1.2). For example this recovers the

Artin-Schreier theorem in the case when G is cyclic of order p and A% = k.

Example 4.6. Ay = S(V),, S(V)/(v —1) and Ux(G) (as in Examples 4.5 (2)
and (3) above) are universal algebras. In fact both Uy(G) and S(V)/(v — 1) are

polynomial with “triangular” action of G (see Proposition 4.7 below).
The following Proposition provides a ready source of universal algebras:

Proposition 4.7. A trace-surjective polynomial algebra Ay = kl[x1,xa,. .., Ty is
universal if the action of G on Ag is “triangular” in the sense that g(x;) — x; €
klx1, 29, ..., 2 1] for all g € G and 1 < i < n. Further the invariant ring A§ is

“stably polynomial”.

Proof. This follows directly from Proposition 2.9, Theorem 2.11 and Theorem
2.13 of [5]. U

Remark 4.8. As noted above the invariant ring Up(G)€ is actually polynomial.
We also conjecture that the invariant ring (S(V)/(v — 1))¢ is always polynomial
which is certainly the case if either G is cyclic or V' is a free kG-module (see [4],
Theorems 4 and 5). Note however that not every “stably polynomial” k-algebra is

polynomial (see [6]).

Definition 4.9. We denote by dp(G) the minimum value of the Krull dimension

of a universal algebra Ag.

Remarks 4.10. (1) Thus di(G) < n since the universal (polynomial) algebra
Ur(G) has Krull dimension n.
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(2) Clearly we may restrict attention to trace-surjective subalgebras Aqy of
Ux(G) (or of any other fized universal algebra) which are themselves nec-
essarily universal.

(3) If H is a subgroup of G then dp(H) < dip(G). For, by Proposition 4.7,
Uk(G) is universal for H and any trace-surjective k-subalgebra for G is

also trace-surjective for H.

It can be shown that di(G) is always bounded below by the essential dimension

ex(G) of G over k and further if G is elementary Abelian then e, (G) < 2 (see

[5], section 4). However, based on the evidence presently available, we venture to

make the following sharp conjecture in the case when k = IF),.

Conjecture 4.11 (Krull Dimension). If k = F, then dp(G) = n (this value being

achieved by the universal polynomial algebra Ux(G) as above).

Remarks 4.12. (1) If G is elementary Abelian then the conjecture implies a

substantial difference between di(G) and ex(G). We consider this impor-
tant special case in Section O.

(2) Congecture 4.11 is true for n < 2 (see Proposition 4.14 and [5], section
)

(3) 1If, as is conjectured (see [9]), the essential dimension ex,(G) over F, of a
cyclic group G of order p" is equal to n then Conjecture 4.11 holds for G.

(4) If we restrict consideration to universal algebras Ay which are polynomial
then the conjecture is true. More generally if k = I, then any universal
algebra requires at least n k-algebra generators ( see [2], Proposition 5.5).

(5) The conjecture would certainly be false if k were to contain F, strictly. For
example if G is elementary Abelian and |k| > p™ then we have a universal
algebra Ay = k[t] with g(t) =t+6(g) for allg € G where 6§ : G,. — k,+
is an injective group homomorphism (see Remark 2.17 and Theorem 5.3

and also [5], Theorem 3.15). Hence di(G) = 1.

We will need the following Lemma below and in Section 5:
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Lemma 4.13. The minimal Krull dimension of a trace-surjective k-subalgebra
A of Ux(G) is di(G). Further A can be taken to be of the form 0(Ux(G)) where
0 : Up(G) — Uk(G) is a G-equivariant k-algebra homomorphism. In particular

dp(G) = n if and only if every such 0 is injective.

Proof. 1f 6 is not injective then (U, (G)) C Uy(G) is universal of Krull dimension
less than n. On the other hand if A is universal of Krull dimension d < n
then we have G-equivariant k-algebra homomorphisms 6 : Up(G) — A and
¢ A — Ur(G). Hence the composition ¢ o0 : Uy(G) — Ug(G) is not injective
and the Krull dimension of (¢ o 0)(Ui(G)) is at most d. The result now follows
from Remarks 4.10, (1) and (2). O

We conclude this section with a characterization of the pairs G, k for which

dr(G) = 1 thereby confirming the truth of Conjecture 4.11 when n = 2:

Proposition 4.14. The following conditions are equivalent:
(1) di(G) =1,
(2) The group (G,.) embeds in (k,+),
(3) G is elementary Abelian and |G| < |k|.

Thus Conjecture 4.11 holds when n = 2.

Proof. Clearly conditions (2) and (3) are equivalent and conditions (2), (3) imply
condition (1) by Remarks 4.12 (5). Finally if dx(G) = 1 then by Lemma 4.13
there is a trace-surjective k-subalgebra A of Uy (G) with Krull dimension one. Let
B be the integral closure of A in the polynomial ring Ux(G). In the same way as
in the proof of Proposition 2.18 we see that B is a trace-surjective k-subalgebra
of U(G) of Krull dimension one. Again by [1], Theorem 1, B is a polynomial k-
algebra, B = k[t| (say). The faithful action of G on B is given by g(t) = A\jt + 4
where A\, € k" and p, € k for all g € G. Since G is a p-group A, = 1 for all
g € G. Therefore the mapping ¢ : (G,.) — (k,+), given by putting ¥(g) = p,
for all g € G, is an injective group homomorphism and so condition (1) implies

condition (2), as required. d
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5. A LINK BETWEEN THE CONJECTURES WHEN GG IS ELEMENTARY ABELIAN

Let k be a field of prime characteristic p and let G be an elementary Abelian
p-group of order p™ (n > 1).

Theorem 5.1. If G is elementary Abelian of order p" then di(G) = di(F,(x),n).

Proof. Recall, from Examples 4.3 (3)(a), that if G =< 0y,09,...,0, > is ele-
mentary Abelian then Uy(G) = klx,xs,...,z,] where each o;(z;) = x; + 0;;
and Uy(G)Y = klvy — ol 00 — ab,.. ., 2, — 2P]. Now let 6 : Up(G) — Ui(G)
be a G-equivariant k-algebra homomorphism. Then each 0(z;) = z; + P;(z, —
2l xo—ab, .. x,—aP) € 2,4+ U,(G)Y (and conversely). Consider the inclusion of
klz1, z2, ..., x,) in k[[X1, X, ..., X,,]] where each z; = F,(X;) and so x;—z} = X.
Then each 0(x;) = F,(X;) + P;(X1, Xa, ..., X,). The result now follows directly
from Definition 2.1 and the proof of Lemma 4.13. U

Corollary 5.2. If G is elementary Abelian then Conjecture 2.16 implies Conjec-
ture 4.11.

Corollary 5.3 (Link). If G is elementary Abelian then the power series F,(x) =
Soo2 @ is n-transcendental over k if and only if di(G) = n. In this case Fys(x)

is also n-transcendental over k for all s > 1 (see Remark 2.14 (2)).

We conclude by showing that if &k = IF,, then F,(z) is at least n-transcendental
over k in respect of “polynomial perturbations” which either are all affine or all
have zero affine parts! This is perhaps the most striking evidence we have at
present in support of Conjecture 4.11 when G is elementary Abelian. First we

need a curious lemma from linear algebra:

Lemma 5.4. Let A, B be n x n matrices with entries in the field k. Suppose
that B — A is invertible so that the augmented matriz [A|B] has rank n. Then
A can be transformed into an invertible matriz by a sequence of elementary row
operations on [A|B] and interchanges of corresponding rows of “A” and “B” (the

latter type of operation is only employed if and when a row of “A” is zero).
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Proof. First note that the allowable transformations of [A|B] maintain the in-
vertibility of B — A and hence the full rank of [A|B]. We will say that a row
of A is “safe” if the corresponding row of B is zero and such rows will be left
alone. Clearly the safe rows of A are linearly independent. If all the rows of A
are safe then B is zero and A is invertible. It is therefore enough to show that if
A is not invertible then we can increase the number of safe rows of A. Choose a
non-safe row of A which is a linear combination of the other rows of A. Reduce it
to zero by elementary row operations on [A|B] and then interchange it with the

corresponding row of B to create an extra safe row of A, as required. O

Theorem 5.5. Let X; = F,(z;) + Pi(x1,22,...,2,) € Fpllx1, 29, ..., 2, where
Pi(xy,29,...,2,) € R=TFp[x1,20,...,2,] for 1 <i <n. Suppose that either (1)
all the P;(xq1,xs,...,x,) have degree at most one or (2) all the Py(z1,xs,. .., xy,)
have no non-zero terms of degree one. Then Xi,Xs,..., X, are algebraically

independent over IF),.

Proof. Without loss of generality we may clearly suppose that all the polynomials
Pi(xy1, 29, ..., x,) have zero constant term. Case (2) of the theorem follows directly
from Lemma 2.5. We now consider case (1). Clearly the X; (1 < i < n) are
algebraically independent over F, if and only if the Y; = z; + P;(z1 — g —
T, Ty — Xh) = 1+ Y0 gy — Y0 airh € R (say) are algebraically
independent over F, (see Corollary 3.4). Put A = (a;;), an n X n matrix with
entries in [F,. We apply Lemma 5.4 to the augmented matrix [A + I|A] to obtain
[C|D] with C' = (¢;;) invertible and D = (d;;). Note that the row operations in
Lemma 5.4 correspond to taking linear combinations of the Y; and the interchanges
correspond to taking p-th roots. Hence, putting Z; = 37 | cijv;—> 7, dial € R
(1 <i<mn),wehave that S =TF,[Z,, Zs, ..., Z,] is a purely inseparable extension
of T'=TF,[Y1,Ys,...,Y,]. Now the Jacobian determinant of the Z; (1 <1i <mn) is
equal to det(C') # 0. Hence, by Lemma 2.5, the Z;, and therefore also the Y;, are

algebraically independent over [F),, as required. ]



20

[1]

2]

[10]

[11]
[12]

[13]

PETER FLEISCHMANN AND CHRIS WOODCOCK
REFERENCES

P. Eakin, A note on finite dimensional subrings of polynomial rings, Proc. Amer. Math.
Soc. 31 (1972) 75 - 80.

P. Fleischmann and C.F. Woodcock, Non-linear group actions with polynomial invariant
rings and a structure theorem for modular Galois extensions, Proc. LMS, 103 (5) (2011)
826 - 846.

P. Fleischmann and C.F. Woodcock, Universal Galois algebras and cohomology of p-groups,
Journal of Pure and Applied Algebra 217 (3) (2013) 530 - 545.

P. Fleischmann and C.F. Woodcock, Galois ring extensions and localized modular rings of
invariants of p-groups, Transformation Groups 18 (1) (2013) 131 - 147.

P. Fleischmann and C.F.Woodcock, Free actions of p-groups on affine varieties in char-
acteristic p, Math. Proc. Camb. Phil. Soc., https://doi.org/10.1017/5S0305004117000317
(Published online: 04 April 2017)

N. Gupta, On the cancellation problem for the affine space A® in characteristic p, Invent.
Math. 195 (2014) 279 - 288.

M.-C. Kang, Essential dimensions of finite groups, https://arxiv.org/abs/math/0611673,
2006, pp. 1 - 24.

S. Lang, Cyclotomic Fields, Springer-Verlag New York 1978.

A. Ledet, On the essential dimension of p-groups, Galois Theory and Modular Forms (eds.
K. Hashimoto, K. Miyake, H. Nakamura), Springer Science & Business Media (2013) 159
- 172.

R. Lidl and H. Niederreiter, Finite Fields, Encyclopedia of Mathematics and its Applica-
tions, Volume 20, editor G.-C. Rota, Addison-Wesley Reading 1983.

H. Matsumura, Commutative Ring Theory, Cambridge University Press, Cambridge, 1986.
J. Mittmann, N. Saxena and P. Scheiblechner, Algebraic independence in positive charac-
teristic: a p-adic calculus, Trans. Amer. Math. Soc. 366 (7) (2014) 3425 - 3450.

H. Sharif and C.F. Woodcock, Algebraic functions over a field of positive characteristic and
Hadamard products, J. London Math. Soc. (2) 37 (1988) 395 - 403.

SCHOOL OF MATHEMATICS, STATISTICS AND ACTUARIAL SCIENCE, UNIVERSITY OF KENT,

CANTERBURY CT2 7FS, UNITED KINGDOM.

FE-mail address:  P.Fleischmann@kent.ac.uk

E-mail address:  C.F.Woodcock@kent.ac.uk



