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Abstract

In this thesis, the algebras of primary interest are the quantum Schubert cells and the
quantum Grassmannians, both of which are known to satisfy a condition on primitive
ideals known as the Dizmier-Moeglin equivalence.

A stronger version of the Dixmier-Moeglin equivalence is introduced - a version which
deals with all prime ideals of an algebra rather than just the primitive ideals. Quantum
Schubert cells are shown to satisfy the strong Dizmier-Moeglin equivalence.

Until now, given a torus-invariant prime ideal of the quantum Grassmannian, one
could not decide which quantum Pliicker coordinates it contains. Presented here is a
graph-theoretic method for answering this question. This may be useful for providing
a full description of the inclusions between the torus-invariant prime ideals of the
quantum Grassmannian and may lead to a proof that quantum Grassmannians satisfy

the strong Dixmier-Moeglin equivalence.
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Chapter 1

Introduction

This thesis is organised into two main parts - one dealing with a strengthening of
the notion of the Dixmier-Moeglin equivalence for quantum Schubert cells, the other
providing a graph-theoretic solution to the problem of deciding whether or not a
given quantum Pliicker coordinate belongs to a given torus-invariant prime ideal of a

quantum Grassmannian.

Dixmier and Moeglin gave an algebraic condition and a topological condition for
recognising the primitive ideals among the prime ideals of the universal enveloping
algebra of a finite-dimensional complex Lie algebra; they showed that the primitive,
rational, and locally closed ideals coincide. In modern terminology, they showed that
the universal enveloping algebra of a finite-dimensional complex Lie algebra satisfies
the Dixmier-Moeglin equivalence. We define quantities which measure how “close” an
arbitrary prime ideal of a noetherian algebra is to being primitive, rational, and locally
closed; if every prime ideal is equally “close” to satisfying each of these three properties,
then we say that the algebra satisfies the strong Dizmier-Moeglin equivalence. Using
the example of the universal enveloping algebra of sly(C), we show that the strong
Dixmier-Moeglin equivalence is strictly stronger than the Dixmier-Moeglin equivalence.
For a simple complex Lie algebra g and an element w of the Weyl group of g, De Concini,
Kac, and Procesi have constructed a subalgebra Uj[w] of the quantised enveloping

K-algebra U,(g). These quantum Schubert cells are known to satisfy the Dixmier-



Moeglin equivalence and we show that they in fact satisfy the strong Dixmier-Moeglin
equivalence when ¢ is not a root of unity. Along the way, we show that commutative
affine domains, uniparameter quantum tori, and uniparameter quantum affine spaces

satisfy the strong Dixmier-Moeglin equivalence.

Algebras of quantum matrices have certain subalgebras known as partition subalgebras,
in which we define the notion of a pseudo quantum minor (analogously to the notion
of a quantum minor of an algebra of quantum matrices). Partition subalgebras of
quantum matrices admit rational torus actions and, based on results of Casteels,
we develop a graph-theoretic method for deciding whether or not a given pseudo
quantum minor belongs to a given torus-invariant prime ideal of a partition subalgebra
of quantum matrices. The quantum Grassmannian O,(Gp,(K)) is generated as an
algebra by the maximal quantum minors of the algebra O (M, ,(K)) of quantum
m x n matrices. These generators are known as the quantum Pliicker coordinates of
the quantum Grassmannian. By a one-to-one correspondence of Launois, Lenagan,
and Rigal, the torus-invariant prime ideals of O (G, »(K)) (except the irrelevant ideal)
correspond to the torus-invariant prime ideals of the partition subalgebras of the algebra
Oy(M —m(K)) of quantum m x (n —m) matrices. Let J be a torus-invariant prime
ideal of O, (G, »(K)) and let J' be the corresponding torus invariant prime ideal of
the corresponding partition subalgebra of O (M, »—m(K)). Given a quantum Plicker
coordinate o of O,(G,.»(K)), we show that the question of whether or not a belongs to
J can be answered by reading off a graph. Indeed we reduce the question of whether or
not « belongs to J to the question of whether or not a certain pseudo quantum minor
belongs to J' and we answer this question by the graph-theoretic method (mentioned

above) which we developed based on results of Casteels.



N.B. We adopt the following conventions throughout this thesis:

N is the set of nonnegative integers (in particular, 0 € N);

K is an infinite field;

K* =K\ {0};

q € K* is not a root of unity;

for integers a < b, [a,b] denotes the set of all integers x such that a < x <b;
for an integer ¢ > 1, S; is the symmetric group on [1,¢];

all algebras are unital associative K-algebras, unless otherwise stated;

every ideal is two-sided, unless otherwise stated;

for a K-algebra R, Spec(R) denotes the space of prime ideals of R (which we
endow with the Zariski topology) and Z(R) denotes the centre of R;

all homomorphisms and (skew) derivations of K-algebras are K-linear;

if we say that R[X;o,d] is an Ore extension of a K-algebra R, the reader may

assume that o is an automorphism of R and ¢ is a left o-derivation of R.

Is I is an ideal of a ring R and x is an element of R, then 7 shall denote the

canonical image of x in R/I, namely the coset I + x.

If R is a semiprime noetherian ring, then Frac(R) shall denote its (semisimple

artinian) total ring of fractions.



Chapter 2

Preliminaries

2.1 The algebras which appear in this thesis

2.1.1 Quantum affine spaces

Let N be a positive integer and let A = (\; ;) € My (K*) be a multiplicatively skew-
symmetric matrix. The quantum affine space associated to A is denoted by O, (K™)
or Ku[Ty, ..., Ty] and is presented as the K-algebra with generators T7,...,Tx and
relations

T,T; = X\, T;T; for all 4,5 € [1, N].

The algebra O, (K”") can be written as the iterated skew-polynomial extension
K[Ti][Ty; 00] - - [T on],

where, for each j € [2, N], o; is the automorphism of K[T3][T%;02] - [Tj-1;0j-1]
defined by o,(T;) = \;,T; for all ¢ € [1,j —1].

It is clear that Oa(KY) is a domain; it is noetherian by [18, Theorem 1.14]. There is
a PBW-type K-basis for Ox(KN) given by {T{ --- T3 | 4y,...,in € N}.

A quantum affine space Oy (KY) = K, [T, ..., Ty] is called a uniparameter quantum

affine space with parameter ¢ if there exists an additively skew-symmetric matrix A =
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(aij) € Mn(Z) such that A = (¢*). In this case, we denote Oy (KY) = Ky [T, ..., Ty]
by O(LA(KN) = K%A[Tl, Ce ,TN].

2.1.2 Quantum tori

Let N be a positive integer and let A = (\; ;) € My (K*) be a multiplicatively skew-
symmetric matrix. The quantum torus associated to A is denoted by O, ((K*)V) or
KA[TFE, ..., T¥'] and is presented as the K-algebra generated by T, ... T with
relations

LT =T, 'T; = 1 for all i, T;T; = \;; T;T; for all 4, .

(2

The algebra O, ((K*)Y) can be written as the iterated skew-Laurent extension
K[TTT5 0] - [T o),

where for each j € [2, N], o; is the automorphism of K[77][T5"; 0] - - - [T}5Y; 05-1]
defined by 0;(T;) = A\;;/1; for all i € [1,j — 1].

It is clear that O, ((K*)Y) is a domain; it is noetherian by [18, Corollary 1.15]. There
is a PBW-type K-basis for O ((K*)) given by {Tj' - - - T3 | (iy,...,iy) € ZN}.

A quantum torus Op(K*)V) = Ky [T5, ..., Tx"] is called a uniparameter quantum
torus with parameter ¢ if there exists an additively skew-symmetric matrix A = (a; ;) €
M (Z) such that A = (g%). In this case, we write Oy 4((K*)V) = K, A[Ti, ..., TR
for Op(K*)N) = K[TF, ..., T

2.1.3 Quantum matrices

Consider the variety M2(K) of 2 x 2 matrices over K, which is simply affine 4-
space K* and whose coordinate ring O(Ma2(K)) is simply the polynomial algebra
K[a, b, ¢, d] in four indeterminates over K. There are natural morphisms of varieties

K2 x My5(K) — K? and My5(K) x K? — K? given by matrix multiplication. These
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maps dualise to give morphisms of algebras
O(K?) = O(K?) ® O(M22(K)) and O(K?) — O(My(K)) ® O(K?). (2.1)

The algebra O(K?) is the polynomial algebra K[z, y] in two variables and the morphisms

(2.1) can be written in matrix form as

(x y)*—><x y)@(j 2) and (:;>H(Z Z)@(”;). (2.2)

(To clarify this notation, the first map in (2.2) is given by x — s @ a+y ¢, y —
r®b+y®d and the second map in (2.2) is given by  — a®@x+b®y, y — cRr+d®Yy.)

Manin [29] used this framework to arrive at a natural definition of the quantised
coordinate ring of Mj »(K), which we shall denote by O, (M, 2(K)) and refer to informally
as the (algebra of) 2 x 2 quantum matrices. For Oy (M, 2(K)), Manin wanted an algebra
with four generators a, b, ¢, d, and relations such that, where O,(K?) = K(x,y)/({zy —

qyx) is the quantum plane (quantum affine 2-space), one has morphisms of algebras
O0y(K?) = O4(K*) @ Oy(M22(K)) and Og(K?) = Oy(M22(K)) ® Og(K?)  (2.3)

given by the formulae in (2.2). This leads to an algebra O (M, 2(K)) with generators

a b
— and the six relations

a, b, c,d — which we think of as lying in a matrix (
c d

ab = qba, ac = qca, bd = qdb, cd = qdec, bc = cb, ad — da = (q — ¢ ")be. (2.4)

It turns out that the algebra O,(M2(K)) can be given the structure of a bialgebra
in a natural way and that the maps (2.3) equip the quantum plane O,(K?) with the
structure of a left and a right comodule algebra for O,(M;2(K)).
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One can define quantum matrices O, (M, ,) for any m, n; one thinks of the generators

X j of Oy(M,,) as lying in the matrix

Xll e Xln
, (2.5)

Xml an

(called the matrix of canonical generators for O,(M,, ,(K))) with the relations given

for all i,k € [1,m] and all [, 5 € [1,n] by

XijXig = qXiu X if j <1
Xij Xk = qXp; Xi it <k (2.6)
X i Xp, = X1 Xij if k<iandj<lI;

Xz',ij,l — XkJX,;’j = (q — q_l)XZ'JXk,j ifi <k andj <.

Remark 2.1.1. The relations (2.6) can be thought of as follows: taking any 2 X 2
a
submatriz of the canonical matriz (2.5), the relations between a,b, c, and d

c d

are exactly those appearing in (2.4).

Adding the generators in lexicographical order, the algebra O,(M,,,(K)) may be

expressed as an iterated Ore extension
K[Xl,l] T [Xz‘,j; 0ij, 5z‘,j] T [Xm,n; Ommn, 5m,n}7 (2-7)

where the o; ; are automorphisms. As such, O,(M,, ,(K)) is clearly a domain and it is

noetherian by [18, Theorem 2.6].
Definition 2.1.2. Let I = {iy < --- <4} C[I,m] and J = {j1 < ... <j} C[1,n].

The quantum minor [I | J]| of Oy(M,,,(K)) is defined by

o
[[ ‘ J] = Z (_Q) ( )Xil,jg(l)Xiz,jg(Q) o ‘Xitvja(tﬂ

o€ESt
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where for o € S;, the length ¢(c) of o is the cardinality of the set {(,7) € [1,¢] x
[1,t] | i <jand o(i) > o(j)}.

Certain subalgebras of O, (M., »(K)) called partition subalgebras shall be of significant
interest to us but we shall postpone their definition until we need them in Chapter 4.

We postpone also the notion of a pseudo quantum minor of a partition subalgebra of

Oy (M, n(K)).

2.1.4 Quantum Grassmannians

When m < n, the m x n quantum Grassmannian Oy(G,,(K)) is the subalgebra of
O, (M, ,(K)) generated by all maximal (i.e. m x m) quantum minors of O,(M,, ,(K));
these generators are called the quantum Plicker coordinates of O,(Gpmn(K)). Since
Oy (M, »(K)) is a domain, so is Oy (G, »(K)). The quantum Grassmannian O, (G, »(K))
is noetherian by [21, Theorem 1.1]. We shall elaborate on the construction of

O,(Grn(K)) in Section 5.1.

2.1.5 Quantised enveloping algebras

Let g be a simple complex Lie algebra of rank n. Choose a Cartan subalgebra b
of g and, relative to this choice of Cartan subalgebra, choose a root system & of g.
Choose an ordered base 7 := {a,...,a,} of ®, so that 7 is a basis of a real Euclidean
vector space E, whose inner product we denote by (—,—). Recall that the Cartan
matrix of g associated to the above choice of simple roots is given by C' = (¢; ;), where
Cij = 20, a5)/(ai, o).

Let us normalise (—, —) so that short simple roots have length /2 i.e. short simple
roots « satisfy (a, a) = 2. For i € [1,n], the simplicity of g guarantees that (o, a;) €

{2,4,6}, so that ¢; := ¢®*)/2 € {q,¢%, ¢°}; for nonnegative integers k < p, define

p| (G—a) (@ =g ) —q?)

o N (/T BN (/A el | (T e R (/A O B

qi
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The quantised enveloping algebra U,(g) of g over K is the K-algebra generated by
Fi,...,F,, K. ,KF By, ..., E, with the following relations

KK '=1and K,K; = K, K;;

KiEjKi_l = qz‘Ci’jEj and KiFjKi_l = q;qﬁij;

K, — K;!
EiF; — FiE; = bij———
qi — g;
and the quantum Serre relations
1=ci i 1-— Ci i PR
> (-1 T BTYTEEN =0 (i 4 ));
k=0 k
- - ¢
1—c; [ i
»J 1 - Ci 5 e
> (-1 TlORTYTRE =0 (4 )).
k=0 k

- 4 g
This presentation of U,(g) is analogous to Serre’s presentation of U(g).

We denote by U (g) and U, (g) the subalgebras of U,(g) generated by Ei,..., E,
and F1, ..., F, respectively. We denote by UJ(g) the subalgebra of Uy(g) generated by
K. K

2.1.6 Quantum Schubert cells U, [w]

Let g be a simple complex Lie algebra of rank n, as in the previous subsection. The
Weyl group of g, which we denote by W, is the subgroup of the general linear group
GL(FE) of E generated by the reflections s; (i € [1,n]) with reflecting hyperplanes
given by {8 € E | (B,a;) = 0} (i € [1,n]). For any element w of W, De Concini,
Kac, and Procesi [12] defined a quantum analogue, U,[w], of the universal enveloping
algebra of the nilpotent Lie algebra n* N Ad, (n~), where Ad denotes the adjoint action.
The algebra U,[w] is called a quantum Schubert cell.
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Let us describe a construction of U,[w] which leads to an expression of U,[w] as an
iterated Ore extension. The Weyl group W is a Coxeter group with respect to the
generators sy, ..., s, and we define the length, ¢(w), of w to be the smallest N such

that there exist i; € [1,n] satisfying w = s;, - - - 5;,,. Let us fix this reduced expression
W= 8 - Siy- (2.8)

It is well known that 8; := ay,, B2 = si,(quy), ..., BN = Si, -+ Siy_, () are distinct
positive roots and are independent (up to reordering) of the chosen reduced expression
for w. The construction of generators for U,[w] is analogous to the construction of
B, ..., Bn: Let Byy be the braid group of W, which is obtained from W by omitting the
involution relations between the generators sy, ..., s,. In particular, By, has generators
Ty,...,T, such that there is a surjective morphism B, — W which sends each 7T; to
s;. Using Lusztig’s action of the braid group By, on U,(g) by algebra automorphisms
(see [6, 1.6.7]), define elements X, ..., Xn of U,(g) by

XleiU XQZCFil'E’L'QV"JXN:,-TYh”'T' EZ

IN-—1 N

and define U,[w] to be the subalgebra of U,(g) generated by Xi,..., Xy. It is well
known that although the elements X, ..., X, of U,(g) depend on the choice (2.8) of
reduced expression for w, the algebra U,[w] generated by Xj, ..., Xy is independent of
this choice. By results of Lusztig and Levendorskii-Soibelman, U,[w] is a subalgebra of
U/ (g) (and is in fact equal to U, (g) if w is chosen as the unique longest element of WV)
and by a result of Levendorskii-Soibelman, there are commutation relations between

the generators X, ..., Xy allowing U,[w] to be written as an iterated Ore extension
U, [w] = k[X1][X2; 09; 02] - - - [Xn; 0, On], (2.9)

where the o; are automorphisms, so that U,[w] is clearly a domain and is noetherian

by [18, Theorem 2.6].
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Example 2.1.3. Let g = sl00n, W = Spin, andw = (12 -+ m+n)™. Cauchon and
Mériauz [31, Proposition 2.1.1] constructed an isomorphism Uy[w] = O,(My,»(K)).

2.2 H-stratification

The notion of H-stratification, due to Goodearl and Letzter, plays a central role in
this thesis. We introduce the idea here.

Let us suppose that R is a noetherian K-algebra and that H = (K*)" is an algebraic
K-torus' acting on R by automorphisms. Let us assume also that the action of H
on R is rational i.e. R has a basis of H-eigenvectors whose eigenvalues H — k* are
rational maps. We refer to the H-invariant prime ideals of R as H-prime ideals. We
denote by H-Spec R the H-spectrum of R, namely the subspace of Spec R consisting
of all H-prime ideals.

Foranideal I of R, (I: H) := ey h-1 is easily checked to be the largest H-invariant
ideal of R contained in /. It is well known that if P is a prime ideal of R, then (P: H) is
an H-prime ideal of R. For an H-prime ideal J of R, the H -stratum of Spec R associated
to J is denoted by Spec; R and is defined by Spec; R = {P € SpecR | (P: H) = J}.
That is, Spec; R is the subspace of Spec R consisting of all those prime ideals P of R
with the property that J is the largest H-prime ideal (and in fact the largest H-invariant
ideal) of R contained in P. The H-strata form a partition of Spec R, usually referred
to as the H-stratification:

Spec(R) = || Spec;(R).
JeH—Spec(R)
We shall later discuss the notion of H-stratification in much more detail; we shall pay
particular attention to the crucial role which it plays in understanding the prime and

primitive spectra of various quantum algebras.

IThis is a slight abuse of terminology because, strictly speaking, H is not an algebraic group.
— Xy

Technically we should refer to H as the group of K-rational points of the affine algebraic group (KX) .
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Example 2.2.1. The algebraic K-torus H = (K*)N acts rationally on any quantum

affine space Op(KN) = Kp[T1, ..., Tx] by automorphisms as follows:
(a1,...,an) - T; = a;T; for alli € [1,N] and all (ay,...,an) € H.

For a subset A of [1,N], let Ka be the ideal of Op(KY) generated by those T; with
i € A. The ideal Ka is clearly an H-invariant completely prime ideal of Op(KY).
Goodearl and Letzter have shown [17, Proposition 2.11] that all H-prime ideals of
OA(KN) take this form, namely that H-Spec Op(KYN) = {Ka | A C [1,N]}. For any
A C [1,N], we denote Specg, On(KN) by Speca (Ox(KY))) and we have

Speca (OA(KY)) = {P € Spec OA(KY) | PN{T; | i € [1,N]} = {T; | i € A}}.

Example 2.2.2. The algebraic torus H = (K*)™" acts rationally by automorphisms

on Oy( M, »(K)) as follows:
<a17"' 7am7617' 76n) X@,j = alﬁsz,] (210)

forall (cq,...,qum, B1,...,0n) € H and all (i, ) € [1,m] x [1,n].

2.3 Cauchon-Goodearl-Letzter extensions

Definition 2.3.1. In terminology similar to that introduced in [23, Definition 3.1}, an

iterated Ore extension
R = K[X1][X2; 09, 02] - - - [X 3 o, On]

(where the o; are automorphisms and the §; are left o;-derivations) is called a Cauchon-
Goodearl-Letzter (or CGL) extension if there exists an algebraic K-torus H = (K*)4

acting rationally on R by automorphisms and
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(i) Xi,..., Xy are H-eigenvectors;
(ii) For all j € [2, N], 9, is locally nilpotent;

(ili) For all j € [2, N], there exists ¢; € K* not a root of unity such that o; 0 ; =

(iv) Forall j € [2, N] and all i € [1,7—1], we have 0;(X;) = \;;X; for some \;; € k*;
(v) The set {A € K* | there exists h € H such that i - X; = AX;} is infinite;

(vi) For all j € [2,N], there exists h; € H such that h; - X; = ¢;X; and, for

The CGL extension R is said to be a uniparameter CGL extension (with parameter q)

if \;; is an integral power of ¢ for all j € [2, N] and all i € [1,j — 1].

Remark 2.3.2. To a uniparameter CGL extension K[X;]|[X2;09,09] - [Xn; 0N, On]
with parameter q, we associate a skew-symmetric integral matriz (az’,j)(i,j)e[[l,N]]x[[l,N]]

such that \;; = q%* for all j € [2,N] and alli € [1,j — 1].

Remark 2.3.3. Every CGL extension appearing in this thesis is uniparameter with

parameter q or ¢ t.

The class of uniparameter CGL extensions contains many quantum algebras such
as uniparameter quantum affine spaces, quantum matrices, and quantum Schubert
cells. Uniparameter CGL extensions are clearly domains; they are noetherian by [18,
Theorem 2.6]; they have finite Gelfand-Kirillov dimension? by [6, Lemma I1.9.7]; they
satisfy the noncommutative Nullstellensatz® over K by [6, Theorem I1.7.17]; all prime

ideals of a uniparameter CGL extension are completely prime by [6, Theorem I1.6.9].

2For a definition of Gelfand-Kirillov dimension, see Chapter 2 of [22].
3For a definition of the noncommutative Nullstellensatz, see the beginning of Subsection 3.1.1.
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2.4 Cauchon’s deleting-derivations algorithm

Let R = K[X{][X2;09,05] - [Xn;0n,0n] be a uniparameter CGL extension with
parameter ¢, associated skew-symmetric integral matrix A, and admitting a rational
action by an algebraic torus H. It is easy to check that R satisfies the conditions
specified in [10, Section 3.1] and both [10, Hypothese 4.1.1] and [10, Hypothese 4.1.2].
In [10, Section 3], Cauchon introduced an algorithm, now known as the deleting-

derivations algorithm, which he used to relate the prime and primitive spectra of R to

those of the quantum affine space obtained by “deleting” the derivations ds,...,dx.
The deleting-derivations algorithm sets (XI(NH), o ,X](VNH)) = (Xy,...,Xy) and,

for each j € [2, N], constructs from (X1(j+1), e ,X](Vj“)) a family (Xl(j), . ,Xﬁ)) of
elements of Frac(R). For each j € [2, N + 1], the subalgebra of Frac(R) generated by
Xl(j), . ,Xﬁ) is denoted by RY); in particular, R¥*Y = R. By [10, Theorem 3.2.1],
for each j € [1, N], there is an isomorphism

RUMY = K[X1][Xs3 09, 6] - -+ [X3 050 G)[X 1, 1] -+ [Xvs 7]

(G+1) : (2.11)
X7 = X; forallie[1,N],

where for each [ € [j+1, N], 7 is the automorphism which sends each X; (i € [1,1—1])
to A\;; X;. In particular, R® is isomorphic, by an isomorphism which sends each Xi(2)

toT; (i =1,...,N), to the quantum affine space given by
KoalTh, ..., Tn] = K[ [To; 2] - - [To; 7], (2.12)

where for each [ = [2, N], 7 is the automorphism which sends each T; (i € [[1,1 — 1])
to A\;T;. Via this isomorphism, we identify R® with the quantum affine space
KgalTt, ..., Tyl

The deleting-derivations algorithm: Suppose that j € [2, N] and that the
set (XU ,X](\,j+1)) has been constructed. Notice that (2.11) shows in partic-

ular that the element X}jﬂ) of Frac(R) is nonzero and hence invertible. To con-
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struct (Xl(j), o ,X](\?)) from (Xl(jﬂ), o ,X](\fﬂ)), identify? (Xl(jH), o ,X](\?H)) with
(X1,...,Xy) via the isomorphism (2.11) and for i € [[1, N, set

() X7 ifi > j; 2.13)
X,V = 40 -n 2.13
i 1—o0; . .
> U B g on (x0T (X0 i <

n=0 [n] !Qj

where [n]!,, = (1) x (1+¢;) X -+ x (1_+_qj_|__”+q;z—1)'

J

2.4.1 An injection ¢;: Spec(RU+Y) — Spec(RV)

In [10, Section 4.3], Cauchon constructed for each j € [2, N] an injection
@;: Spec(RUT) — Spec(RW).

We shall not describe the construction of this injection but we shall describe some of

its properties which shall be useful to us.

2.4.2 Identifying several total rings of fractions

Let j € {2,...,N} and let Q be a prime ideal of RY*Y. Then [10, Lemme 5.3.1 and

Lemma 5.3.2] give isomorphisms

Frac(RUTY /Q) = Frac(RY /¢;(Q)). (2.14)

2.4.3 Relationships between generators

Let P be a prime ideal of R. For j € [2, N+1], set PY) = p;o0---0py(P) € Spec(RW)
(which gives POV+D) = P) and let at, ... 4% be the canonical images of X ... XV
in RY/PW. Let us denote by G the total ring of fractions of R/P (which is a division

ring since all prime ideals of R are completely prime) and by varying j over [2, N]

“We make this identification in order that the term §} o 0;"(Xi(j+1)) in (2.13) makes sense.



2.4 Cauchon’s deleting-derivations algorithm 16

and Q over P®) ... PN*Y in the isomorphism (2.14), let us identify the total ring of
fractions of each noetherian domain RV /PY) (j € [2, N + 1]) with the division ring
G. Some immediate consequences of this setup (noted in [10, Proposition 5.4.1]) are
that for each j € [2, N + 1],

RU)/PW is the subalgebra of G generated by a, ... ag\j,),

o there is a morphism of algebras f;: RY) — G which sends each x9 (i € [1,N])

to al;

o the kernel of f; is PU) and its image is RV) /PW)

For j € [[2 N], Cauchon [10] gives an algorithm for constructing the generators
agj ), .. a e ) of the algebra RV /PU) from the generators aj
RUTD / PG+ Indeed suppose that j € [2, N] and that i € [1, N]]. By [10, Proposition
5.4.2], when we identify® (Xl(jﬂ)7 XU with (X, ..., Xy) via the isomorphism

(2.11), we have

AR JH of the algebra

—+oco 1 _ -n . .
q " . o
o) E <'3) fg+1(5 (X J+1)))(a§]+1)) if 1 <i<jand agﬁ-l) £ 0;
a~j = ¢ n=0 [n]‘Qj
MGy

; otherwise.

(2.15)

2.4.4 The canonical injection ¢: Spec(R) — Spec(R?)

By [10, Lemma 4.2.1], the action of H on R induces an action of H on R® =
Kga[T1,...,Ty]. Although this may not be the same torus action as defined in
Example 2.2.1, [10, Proposition 5.5.1] shows that both actions have the same invariant
prime ideals i.e. if we let W be the power set of [1, N] and if for A € W, we let Ka
be the ideal of R generated by {T; | i € A}, then H — Spec(R?) = {Kx | A € W}
For A € W, denote the H-stratum of K by Spec,(R®), so that

Specy (R®) = { P € Spec(R®) | PN{T; | i € [1,N]} = {Ti | i € A}}.

®We make this identification in order that the term 5;”(X,L.(j+1)) in (2.15) makes sense.
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Define the canonical injection ¢: Spec(R) — Spec(R?) by ¢ := @y 0--- 0@y (see
[10, Définition 4.4.1]) and for A € W, set Specy (R) = ¢! (Specy(R®?)) . Denote by
W' the set of those A € W with Specp(R) # 0. The elements of W are called the
diagrams of R and the elements of W' are called the Cauchon diagrams of R. For
any Cauchon diagram A of R, the canonical injection ¢ restricts to a bi-increasing

homeomorphism from Spec, (R) to Spec, (R®) ([10, Théorémes 5.1.1 and 5.5.1]).

Remark 2.4.1. Though we shall not do it, it would be more precise to call the elements
of W' the Cauchon diagrams of the CGL extension R, rather than the Cauchon diagrams

of R; not all ways to write R as a CGL extension yield the same Cauchon diagrams.

By [10, Proposition 4.4.1], we have

Spec(R) = | | Speca(R).
AW’

This is called the canonical partition of Spec(R) and, by [10, Théoréme 5.5.2], it
coincides with the partition of Spec(R) into H-strata. Let us make this more precise:

By [10, Lemme 5.5.8 and Théoréme 5.5.2], we have
(i) For any A € W', there is a unique H-prime ideal Ja of R such that p(Ja) = Ka;

(ii) H —Spec(R) = {Ja | A € W'}, so that H — Spec(R) is finite (having cardinality

at most 2%V);
(iii) Spec;, (R) = Specy (R) for all A € W',

Remark 2.4.2. In the current general setting of uniparameter CGL extensions, Cau-
chon diagrams are sets rather than diagrams. The terminology Cauchon diagram
comes from the application of Cauchon’s theory of deleting derivations to algebras of
quantum matrices. Set R = Oy(M,,,,(K)), set N = mn, and recall that R can be
expressed as an iterated Ore extension (2.7) in N indeterminates. There is a poset
isomorphism ¢: [1, N] = [1,m] x [1,n], where the set [1,m] x [1,n] is endowed with

the lexicographical order; let us identify [1, N] and [1,m] x [1,n] via ¢. Let us identify
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any subset S of [1,m] x [1,n] with an m x n rectangular array of boxes such that the
box in the (i, j)-position is black if (i,7) € S and white otherwise. Cauchon showed in
[11, Section 3.2] that the Cauchon diagrams of Oy(M,»(K)) are exactly those m x n

rectangular arrays of black and white boxes satisfying the following rule:

If a box is black, then either every box to its left is black or every box above it is black.



Chapter 3

A strong Dixmier-Moeglin
equivalence for quantum Schubert

cells

With the exception of Subsection 3.7.1, the material of this chapter is original and is
based on joint work with Prof. Stéphane Launois and Prof. Jason Bell; the results

come from [4].

It is a difficult and often intractable problem to classify the irreducible representations
of an algebra. Dixmier proposed that a good first step towards tackling this problem
would be to find the kernels of the irreducible representations, that is the annihilators
of the simple modules, namely the primitive ideals. In any ring, every primitive ideal
is prime; Dixmier [13] and Moeglin [32] gave an algebraic condition and a topological
condition for deciding whether or not a given prime ideal of the universal enveloping

algebra of a finite-dimensional complex Lie algebra is primitive:

e A prime ideal P of a ring R is said to be locally closed if the singleton set { P} is
locally closed in the Zariski topology on Spec R, namely if { P} is the intersection
of a Zariski-open subset of Spec R and a Zariski-closed subset of Spec R. (For a
prime ideal P of a ring R, it is easily shown that P is locally closed if and only if
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P is strictly contained in the intersection of all prime ideals of R which strictly

contain P.)

o A prime ideal P of a noetherian K-algebra R is said to be rational if the field
extension! Z(Frac R/P) of K is algebraic.

Dixmier and Moeglin proved that for a prime ideal of the universal enveloping algebra
of a finite-dimensional complex Lie algebra, the properties of being primitive, locally
closed, and rational are equivalent. In modern terminology, they proved that the
universal enveloping algebra of a finite-dimensional complex Lie algebra satisfies the
Dizmier-Moeglin equivalence.

Since the work of Dixmier and Moeglin on universal enveloping algebras of finite-
dimensional complex Lie algebras, many more algebras have been shown to satisfy the
Dixmier-Moeglin equivalence: [6, Corollary I1.8.5] lists several quantised coordinate
rings which satisfy the Dixmier-Moeglin equivalence; Bell, Rogalski, and Sierra [5] have
shown that twisted homogeneous coordinate rings of projective surfaces satisfy the
Dixmier-Moeglin equivalence. However, Irving [20] and Lorenz [27] have shown that
there exist noetherian algebras of infinite Gelfand-Kirillov dimension for which the
Dixmier-Moeglin equivalence fails. Moreover Bell, Launois, Leén Sanchez, and Moosa
[3] have shown that there exist noetherian algebras of finite Gelfand-Kirillov dimension
which do not satisfy the Dixmier-Moeglin equivalence.

Our goal is to extend the notion of the Dixmier-Moeglin equivalence to all prime
ideals, in a way which captures how “close” they are to being primitive. Of course, not
all non-primitive prime ideals are created equal. For example, in the polynomial ring
Clx,y], the primitive ideals are the maximal ideals (x — o,y — /). For this reason, we
think of the prime ideal (x) as being “closer” to being primitive than the prime ideal
(0), in the same sense that it is “closer” to being maximal — that is, the height of (z)

is greater than the height of (0).

!The K-algebra Z(Frac R/P) is a field by the Goldie and Artin-Wedderburn theorems.
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In general, given a noetherian K-algebra R and given a prime ideal P of R, we are

interested in the primitivity degree, prim. deg P, of P, which we define as follows:
prim.deg P := inf{ht @ | Q € Prim R/P},

where Prim R/ P denotes the subspace of Spec R/ P consisting of the primitive ideals
of R/P. This quantity gives a measure of how close the prime ideal P is to being

primitive. Clearly, P is primitive if and only if prim. deg P = 0.

Remark 3.0.1. We would like to have a more representation-theoretic characterisation
of primitivity degree, such as a way to realise the prime ideals of a given primitivity
degree as the kernels of members of a family of representations. However we have not

been able to find such a characterisation.

We use the notion of primitivity degree to extend the idea of the Dixmier-Moeglin
equivalence to all prime ideals. To this end, we define generalisations of the notions of
a locally closed ideal and a rational ideal.

It is easy to extend the notion of a rational ideal: for a prime ideal P of R, we
define the rationality degree, rat.deg P, of P to be the transcendence degree of the
field extension Z(Frac R/P) of K. Clearly, P is rational if and only if rat. deg P = 0.

Remark 3.0.2. It seems reasonable to expect that, under some mild assumptions, the
property that rat. deg P = d should relate to the existence of a rational ideal of height d
in R/ P but it seems difficult to establish such a relationship.

In the same spirit of generalisation, we define the local closure degree, loc. deg P, of a
prime ideal P of R to be the smallest nonnegative integer d such that Ngespec. , r/p @ 7
0, where Spec. ; R/P denotes the subspace of Spec R/P consisting of all prime ideals
of R/P which are of height strictly greater than d. Clearly, P is locally closed if and
only if loc. deg P = 0.

Remark 3.0.3. In the case that the noetherian K-algebra R has finite Gelfand-Kirillov
dimension, all prime ideals of R have finite height by [22, Corollary 3.16]. All of the
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algebras which will concern us in this chapter have finite Gelfand-Kirillov dimension
and so we shall always use the following equivalent characterisation of local closure
degree: for a prime ideal P of R, loc.deg P is the smallest nonnegative integer d
such that Ngespec,,, r/p @ # 0, where Specy,, R/ P denotes the subspace of Spec R/P
consisting of all prime ideals of R/ P which are of height d+ 1. In this context, we shall
prove (in the proof of Proposition 3.1.1) that if P € Spec R is such that loc. deg P = d,
then R/P has a locally closed ideal of height d.

Definition 3.0.4. A noetherian K-algebra R is said to satisfy the strong Dizmier-
Moeglin equivalence (SDME) if every prime ideal P of R satisfies

loc. deg P = prim. deg P = rat. deg P.

We remark that the strong Dixmier-Moeglin equivalence is strictly stronger than the
Dixmier-Moeglin equivalence. Indeed the Dixmier-Moeglin equivalence simply says

that if P is a prime ideal of a noetherian K-algebra R, then
loc.deg P =0 <= prim.deg P =0 <= rat.deg P = 0.

Even though the universal enveloping algebra, U(sly(C)), of sly(C) satisfies the Dixmier-
Moeglin equivalence (as was shown in the original work of Dixmier and Moeglin), it
fails to satisfy the strong Dixmier-Moeglin equivalence. Indeed, since U(sly(C)) is a
domain, (0) is a (completely) prime ideal of U(sl3(C)). By [9, Remark 4.6], all prime
ideals of U(sly(C)) except (0) are primitive, so that prim. deg(0) = 1. It is well known
that the centre of U(sly(C)) is given by the polynomials in the Casimir element; by [14,
Corollary 4.2.3], Z(FracU(sly(C))) is given by the rational functions in the Casimir
element, so that rat. deg(0) = tr. dege Z(Frac U(sly(C))) = 1. By [9, Theorem 4.5 and
Proposition 5.13], there are infinitely many height two prime ideals in U(sl3(C)) and
their intersection is zero, so that loc. deg(0) > 1. Since, by [9, Theorem 4.5], there are
no height three prime ideals in U(sl2(C)), the intersection of the height three prime
ideals is nonzero (in fact it is the entirety of U(sly(C))), so that loc. deg(0) = 2.
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The goal of this chapter is to prove that quantum Schubert cells U,[w] (see Subsection

2.1.6 for more details) satisfy the strong Dixmier-Moeglin equivalence.

It shall be useful to define a weaker version of the strong Dixmier-Moeglin equivalence
which is often easy to prove and provides a useful stepping-stone to proving the strong

Dixmier-Moeglin equivalence.

Definition 3.0.5. A noetherian K-algebra R is said to satisfy the quasi strong Dizmier-
Moeglin equivalence if every prime ideal P of R satisfies loc. deg P = rat. deg P.

With the quasi strong Dixmier-Moeglin equivalence in hand for a noetherian K-
algebra R, the problem is reduced to showing that every prime ideal P of R satisfies
prim. deg P = rat. deg P. For a quantum Schubert cell U,[w], we prove this by exploit-
ing the good behaviour of the poset of H-prime ideals of U,[w], where H is a suitable

algebraic K-torus acting rationally on U,[w] by automorphisms.

This chapter is organised as follows. First, we prove various general results about the
(quasi) strong Dixmier-Moeglin equivalence (Section 3.1). Next, we consider various
examples from the quantum world. Using Cauchon’s theory of deleting derivations,
one can relate the prime and primitive spectra of a quantum Schubert cell to those of
an associated uniparameter quantum affine space, which can in turn be related via
localisations to the prime and primitive spectra of a family of uniparameter quantum
tori. Since there is a bi-increasing homeomorphism between the prime spectrum
of a uniparameter quantum torus and the prime spectrum of its centre, which is a
commutative affine domain, we are guided into a natural strategy: we shall prove the
strong Dixmier-Moeglin equivalence first for commutative affine domains (Section 3.2),
then for uniparameter quantum tori (Section 3.3), then for uniparameter quantum
affine spaces (Section 3.5), and then for quantum Schubert cells (Section 3.7). Partial
results are also obtained for a larger class of algebras — we prove in Section 3.6 that
every uniparameter Cauchon-Goodearl-Letzter extension satisfies the quasi strong
Dixmier-Moeglin equivalence. (Finally, we use our results to deduce that the quantum

groups O,(SL,) and O,(GL,,) satisfy the strong Dixmier-Moeglin equivalence.)
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3.1 General results on the (quasi) SDME

In this section we prove that, under some mild assumptions, the primitivity degree
of a prime ideal is bounded above by its local closure degree, and then we prove
transfer results for the quasi strong Dixmier-Moeglin equivalence for an algebra and

its localisations.

3.1.1 An upper bound for the primitivity degree

Some of the implications needed to prove the Dixmier-Moeglin equivalence hold in
a very general setting. Recall that a noetherian K-algebra R is said to satisfy the
noncommutative Nullstellensatz over K if R is a Jacobson ring (which means that every
prime ideal is an intersection of primitive ideals) and the endomorphism ring of every
irreducible R-module is algebraic over K. By [6, Lemma I1.7.15], for any noetherian
K-algebra R which satisfies the noncommutative Nullstellensatz over K and for any

prime ideal P of R, we have
P is locally closed == P is primitive == P is rational. (3.1)

We have generalised the first implication above to a large class of algebras:

Proposition 3.1.1. Let R be a noetherian K-algebra of finite Gelfand-Kirillov dimen-
sion which has the property that every locally closed ideal is primitive (this is the case
if, for example, R satisfies the noncommutative Nullstellensatz over K). Then for any

prime ideal P of R, we have loc.deg P > prim. deg P.

Proof. Let P € Spec R be such that loc.deg P = d. We claim that the alge-
bra B := R/P has a locally closed ideal of height d. Indeed if not, then every
prime ideal @ of height d in B is such that Nocrespecs T = Q. It follows that
MNoespec, B (ﬂQgTespecB T) = Ngespec, B @, 80 that Nrespee., 8T = Neespee, B @ 1-€-
Nrespecy,, BT = Ngespec, B . This is a contradiction because loc. deg P = d implies

that the intersection Ngespec, p @ is trivial while the intersection Nregpec,,, 51" is not.
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This establishes the claim that the algebra B = R/P has a locally closed ideal of height

d; since this ideal is also primitive, the proof is complete. [ |

We do not know whether the second implication in (3.1) can be similarly generalised
but we will prove, on a case-by-case basis, that for all prime ideals P of a commutative
affine domain, a uniparameter quantum torus, a uniparameter quantum affine space,

or a quantum Schubert cell, we have
prim. deg P = rat. deg P.

We will do the same for all prime ideals P of the quantum groups O,(SL,) and
O,(GLy,).

3.1.2 Transferring the quasi SDME

Recall that a noetherian K-algebra R is said to satisfy the quasi strong Dixmier-Moeglin

equivalence if, for every prime ideal P of R, we have loc. deg P = rat. deg P.

Lemma 3.1.2. Let R be a noetherian K-algebra of finite Gelfand-Kirillov dimension
which is a domain and in which every prime ideal is completely prime. Let £ be a right

Ore set of reqular elements of R which is finitely generated as a multiplicative system.

Then for any d € N\ {0}, we have

mPESpecdR P 7& 0 ﬂQESpecd RE-L Q 7é 0.

It follows immediately that loc.deg(0)r = loc.deg(0)re-1, where (0)r and (0)ge—1
denote the zero ideals of R and RE~' respectively.

Proof. Let £ be generated as a multiplicative system by xi,...,x,. Since all prime
ideals of R are completely prime, the conditions PNE = @) and xy,...,x, ¢ P are
equivalent for every prime ideal P of R.

By [18, Theorem 10.20], extension (P + PE~') and contraction (Q — Q N R) are

mutually inverse increasing bijections between {P € SpecR | PNE = 0} = {P €
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Spec R | x1,...,x, ¢ P} and Spec RE™!, so that since both extension and contraction

send the zero ideal to the zero ideal, we get

mPESpecd R, z1,...,on¢P P 7& 0 «— mQESpecd RE-1 Q 7é 0. (32)

We claim that

-----

choose any 0 # 7 which belongs to this intersection. Then 0 # rxy -+ -z, € Npegpec, &

verifying (3.3). Now (3.2) and (3.3) immediately give the result. |

Lemma 3.1.3. Let R be a noetherian K-algebra of finite Gelfand-Kirillov dimension
in which every prime ideal is completely prime. If R satisfies the quasi strong Dixmier-
Moeglin equivalence and £ is a right Ore set of reqular elements of R which is finitely
generated as a multiplicative system, then RE™! satisfies the quasi strong Dixmier-

Moeglin equivalence.

Proof. Every prime ideal of RE~! takes the form PE~! for some P € Spec R with
PN & = 0. Denoting by £ the image of £ in R/P, we have

loc.deg PE™! = loc. deg(0) pe-1/pe—

= loc. deg(O)(R/P)g_l
= loc.deg(0)r/p (Lemma 3.1.2)
= loc.deg P
= rat.deg P.
Since it is clear that rat.deg P = rat. deg PE~!, we are done. |

Proposition 3.1.4. Let R be a noetherian K-algebra of finite Gelfand-Kirillov dimen-
sion in which every prime ideal is completely prime. Suppose that for every P € Spec R,

there exists a right Ore set € of reqular elements of R/ P which is finitely generated as
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a multiplicative system, such that (R/P)E™1 satisfies the quasi strong Dizxmier-Moeglin

equivalence. Then R itself satisfies the quasi strong Dixmier-Moeglin equivalence.

Proof. Choose any P € Spec R. We have

loc.deg P = loc.deg(0)r/p
= loc.deg(0)(r/p)e-1 (Lemma 3.1.2)

= rat.deg(0)(r/pyc—1.

Since it is clear that rat.deg(0)(g/p)s-1 = rat.deg P, we are done. |

3.2 The SDME in the commutative case

If there is to be any hope that the strong Dixmier-Moeglin equivalence will hold for any
quantum algebras, one should first check that it holds for commutative affine domains.

Before checking this, let us introduce the useful notion of Tauvel’s height formula:

Definition 3.2.1. Tauvel’s height formula is said to hold in a K-algebra R if for every
prime ideal P of R, the following equality holds:

GK.dim R/P = GK.dim R — ht P.

It is well known that Tauvel’s height formula holds in commutative affine domains;
as we shall remark later, it has also been shown to hold in several interesting quantum
algebras, including all of those which interest us in this chapter.

In commutative affine domains, the notions of primitive, locally closed, and rational
ideals all agree with the notion of a maximal ideal, so the following result is not

surprising.

Proposition 3.2.2. Every commutative affine domain over K satisfies the strong

Dixmier-Moeglin equivalence.
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Proof. Let R be a commutative affine domain over K and let P € Spec R. By [34,

Remark 6.9 (i), Corollary 6.49], every primitive (i.e. maximal) ideal of R/P has height
tr. degg Frac(R/P), so that

prim. deg P = K.dim R/P = rat. deg P. (3.4)

If we set d = prim. deg P = K. dim R/P = rat. deg P, then all maximal ideals of R/P
have height d, so that Spec,,, /P is empty and hence Ngespec,,, r/p @ = R/ P # 0.
Since R is a Jacobson ring, we get Ngespec, r/p @ = 0, so that loc.deg P = d. This
completes the proof. |

Remark 3.2.3. Affine prime noetherian polynomial identity algebras over K can be
shown to satisfy the strong Dixmier-Moeglin equivalence by a proof essentially the same

as the proof above.

Remark 3.2.4. Let P be a prime ideal of a commutative affine domain R over K. Since

Gelfand-Kirillov dimension and Krull dimension agree in commutative affine domains,
Tauvel’s height formula gives K.dim R/P = K.dim R — ht P. Now we conclude from
Proposition 3.2.2 and equation (3.4) that

loc. deg P = prim. deg P = rat.deg P = K.dim R — ht P.

3.3 The SDME for uniparameter quantum tori

Consider any quantum torus O (K*)V) = KA [T, ..., Tx']. By [6, Corollary I11.7.18],
O ((K*)N) satisfies the noncommutative Nullstellensatz over K and by [6, Theorem

11.9.14], Ox((K*)") is catenary and satisfies Tauvel’s height formula.

We recall from [17, Section 1] some useful facts about quantum tori. For

i=(iy,...,in) € ZN, we set Tt :=Tj' ... T3 . For any s,t € Z", we have
TETE = o(s, z)IEI 5 where o: ZV x ZN — K* is the alternating bicharacter which

sends any ((s1,...,sn), (t1, .-, tn)) to [T} )\f]tﬂ
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When S is the subgroup {s € Z" | o(s, —) = 1} of Z", the centre of O\ ((K*)") is
spanned over K by those T* with s € S. When by, ...,b, is a basis for S, the centre
of OA((K*)N) is a commutative Laurent polynomial ring in 7%, ..., T%. Moreover,
OA((K*)N) is a free module over its centre with basis {T%};, where ¢ runs over any
transversal for S in Z".

There is a bi-increasing homeomorphism, known as eztension, from
Spec Z(OA((K*)Y)) to Spec Op((K*)Y) given by I + (I) (where (I) denotes the
ideal of O, ((K*)") generated by I). The inverse of this map is given by J — J N
Z(OA((K*)N)) and is known as contraction from Spec O ((K*)N) to Spec Z(Ox ((K*)V)).
In fact, contraction and extension define mutually inverse increasing bijections between

the set of all ideals of Ox((K*)") and the set of all ideals of its centre.

Computing the rationality degree of a prime ideal P of O, ((K*)") requires study
of the centre of Frac(O,((K*)")/P). The following general lemma is folklore, but we

have not been able to locate it in the literature?.

Lemma 3.3.1. Let R be a prime noetherian ring and suppose that every nonzero ideal

of R intersects Z(R) nontrivially. Then
Z(Frac R) = Frac Z(R).

Proof. Frac Z(R) embeds naturally into Z(Frac R). Let z € Z(Frac R) and set [ =
{a € R | za € R}. Then [ is a nonzero ideal of R and thus contains a nonzero element

c of Z(R), which is regular in R (since R is prime) and hence is certainly regular in

Z(R). Now z = (zc)c™! € Frac Z(R). |

Proposition 3.3.2. For every prime ideal P of Ox((K*)Y), we have

2We thank Ken Goodearl for bringing this result to our attention.
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Proof. Set R = OA((K*)Y) and let P be a prime ideal of R. By Lemma 3.3.1, it will
suffice to show that every nonzero ideal of R/ P intersects Z(R/P) nontrivially. This

follows easily from the fact that every ideal of R is generated by its intersection with

Z(R). n

Proposition 3.3.3. For any ideal I of Ox((K*)Y), we have

Z(oA«KX)N)) L ZOMEDY)

I 1N Z(0A((K)M))

Proof. Retain the notation introduced at the beginning of the current section (Section
3.3). Set R = O,((K*)Y). We may clearly assume that I is a proper ideal and that
R is noncommutative. We claim that Z(R/I) = (Z(R) + I)/I. Indeed the inclusion
Z(R/I) O (Z(R)+ I)/I is obvious. Suppose that x € R is central modulo I. We
may choose elements 0,7y, ...,i, of a transversal for S in Z" and central elements

20y 21, - - -, 2n Of R such that

=204 Y 21"

a=1
Fixing any b € [1,n], there exists j, belonging to the chosen transversal for S in Z¥

such that o(jp, %) # 1. Since Ij—bx(zj—")_l = 2 modulo I, we have

n

> (L= 0(jyda))zal € 1

a=1

and hence, by [17, Proposition 1.4], each (1 — o(jy,%4))2, must belong to I. Since
o (s, i) # 1, we must have z, € I. Because b € [1,n] was chosen arbitrarily, we get

21,...,2, € I and hence x = 2y modulo I, completing the proof. ]
We are now ready to prove the main result of this section.

Theorem 3.3.4. The uniparameter quantum tori O, a((K*)N) satisfy the strong

Dizmier-Moeglin equivalence.

Proof. Set R = O, 4((K*)") and choose any P € Spec R. By [6, Corollary 11.6.10], P

is completely prime.
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Recall that Z(R) is a commutative Laurent polynomial ring; in particular, Z(R) is a
commutative affine domain, so that it satisfies the strong Dixmier-Moeglin equivalence

by Proposition 3.2.2. By Propositions 3.3.2 and 3.3.3, we have

Z
Z(Frac R/P) = Frac Z(R/P) = Frac Z(R()ﬂp
It follows that rat. deg P = rat.deg(Z(R) N P). Since Z(R)/(Z(R)N P) is a commuta-
tive affine domain, Remark 3.2.4 gives rat. deg P = K. dim Z(R) —ht(Z(R) N P). Since
extension and contraction are mutually inverse increasing homeomorphisms between

Spec Z(R) and Spec R, we have ht(Z(R) N P) = ht P, so that
rat.deg P = K.dim Z(R) — ht P.

Every maximal ideal of Z(R) has height K. dim Z(R) and hence so does every maximal
ideal of R. By [17, Corollary 1.5], the primitive ideals of R are exactly its maximal
ideals, so that every primitive ideal of R has height K. dim Z(R). Now the catenarity of
R gives prim. deg P = K. dim Z(R) — ht P and, in particular, prim. deg P = rat. deg P.

Let us set d = prim. deg P = rat.deg P = K. dim Z(R) —ht P. Since all maximal (i.e.
primitive) ideals of R have height K. dim Z(R), all maximal (i.e. primitive) ideals of
R/P have height d. Now Spec,;,, R/P is empty so that Noespec,,, r/p @ = B/P # 0.
Since R is a Jacobson ring, we get Ngespec, r/p @ = 0 and hence loc.deg P = d,

completing the proof. |

Remark 3.3.5. By Remark 3.2.3, Theorem 3.3.J holds even when q is a root of unity
(since in this case, the quantum torus satisfies a polynomial identity). As such, it seems
likely that the strong Dixmier-Moeglin equivalence holds for all quantum tori, without

restrictions on the parameters.
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3.4 Dimensions of H-strata

Our next aim is to show that uniparameter quantum affine spaces satisfy the strong
Dixmier-Moeglin equivalence. For this, we will make use of the stratification theory
of Goodearl and Letzter, which we discussed briefly in Section 2.2. Indeed, an ex-
amination of the stratification of a uniparameter quantum affine space reveals that
every (prime homomorphic image of a) uniparameter quantum affine space localises to
a (prime homomorphic image of a) uniparameter quantum torus. This allows us to
transfer the quasi strong Dixmier-Moeglin equivalence from uniparameter quantum
tori to uniparameter quantum affine spaces in Section 3.5. Further examination of
the stratification of a uniparameter quantum affine space allows us to calculate the
primitivity degrees of the prime ideals and hence, in the next section, complete the
proof that uniparameter quantum affine spaces satisfy the strong Dixmier-Moeglin
equivalence.

The material in this section shall be useful beyond quantum affine spaces, so we work
in a more general setting. The aim of this section is to prove results on dimensions of
strata which shall be utilised in our proof that quantum affine spaces, quantum Schubert
cells, and some quantum groups satisfy the strong Dixmier-Moeglin equivalence.

Let us suppose that R is a noetherian K-algebra and that H = (K*)" is an alge-
braic K-torus acting rationally on R by automorphisms. Let us assume further that
every H-prime ideal J of R is strongly H-rational in the sense that the fixed field
Z(Frac(R/J))" is K; in CGL extensions (including quantum affine spaces), [6, Theo-
rem I1.6.4] guarantees that every H-prime ideal is strongly H-rational. By [6, Theorem
11.2.13], for each H-prime ideal J of R, there is a bi-increasing homeomorphism from
Spec; R to the prime spectrum of an appropriate commutative Laurent polynomial
algebra over K; the Krull dimension of the H-stratum Spec; R is defined to be the
Krull dimension of this commutative Laurent polynomial algebra.

Let us make a useful observation on the Krull dimensions of H-strata under localisa-

tion.
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Lemma 3.4.1. Let an algebraic K-torus H act rationally by automorphisms on a
noetherian K-algebra R. Let £ be a right Ore set in R consisting of regular H -

etgenvectors with rational H-eigenvalues.
(1) The action of H on R extends to a rational action by automorphisms on RE™L.

(2) Extension and contraction restrict to mutually inverse increasing bijections between
the set of H-prime ideals of R which do not intersect £ and the set of H-prime
ideals of RE".

(3) For any H-prime ideal J of R which does not intersect £, extension and con-

traction restrict to mutually inverse increasing bijections between Spec; R and

Spec g-1 RE™!.
(4) If all H-prime ideals of R are strongly H-rational, then the same is true for RE™!.

Proof. (1) Forallr € R, e€ &, h € H, define h- (re™*) = (h-r)(h-e)~t. If v is the
eigenvalue of e with respect to the action of h, then h- (re™!) = v=1(h-r)e~t. It is

routine to check that this gives a rational action of H by automorphisms on RE~!.

(2) Since the mutually inverse increasing bijections of extension (P +— PE~') and
contraction (QN R <+ Q) between {P € Spec R | PNE = ()} and Spec RE™! clearly
send H-invariant ideals to H-invariant ideals, they restrict to mutually inverse
increasing bijections between the set of H-prime ideals of R which do not intersect

£ and the set of H-prime ideals of RE™L.

(3) Let J be an H-prime ideal of R such that JNE = 0.

Let P € Spec; R and notice that since J is the largest H-invariant ideal contained
in P, P cannot intersect £. Since J C P, we have JE~! C PE~L. We claim
that PE™! € Spec;e-1 RE™!. Indeed let K be an H-prime ideal of RE~! which
is contained in PE~1. By part (2) of this lemma, there exists J' € H — Spec R
such that K = J'€7'. Now since J'€~1 C PE!, we have J' C P, so that
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(since P € Spec; R) J' C J. Hence K C JE!, establishing the claim that
PE! € Spec -1 RETL.

Let Q € Spec -1 RE™L. Since JE™! C @, we have JET'NR C QNRie. J C QNR.
We claim that Q N R € Spec; R. Indeed let L be an H-prime ideal of R such
that L C QN R. Then LE™! is an H-prime ideal of RE~! which is contained in
(QN R)E™! = Q, so that (since Q € Spec;c-1 RE™Y) LE™Y C JEL. Hence L C J,
establishing the claim that () N R € Spec; R.

(4) This follows immediately from part (2).

From Lemma 3.4.1 parts (3) and (4), we deduce

Corollary 3.4.2. Let an algebraic K-torus H act rationally by automorphisms on
a noetherian K-algebra R and suppose that all H-prime ideals of R are strongly H -
rational. Let £ be a right Ore set in R consisting of reqular H -eigenvectors with rational

H-eigenvalues. Then for any H-prime ideal J of R which does not intersect £, we have

K. dim Spec; R = K. dim Spec ;g1 RE™.

Under the further assumptions that R has finitely many H-prime ideals and that
R satisfies the noncommutative Nullstellensatz over K, [6, Theorem I1.8.4] says that
R satisfies the Dixmier-Moeglin equivalence and that the primitive ideals of R are
exactly those prime ideals which are maximal in their H-strata. Assuming further
that R is catenary and that the H-strata of R satisfy a technical condition (given in
inequality (3.5)), we now show that if P is a prime ideal of R belonging to Spec; R
for an H-prime ideal J of R and if M O P is a primitive (i.e. maximal) element of
Spec; R, then ht M/P = prim.deg P (and we compute these quantities in terms of
the Krull dimension of Spec; R). Crucially, this allows us to look only at a single

H-stratum of R in order to compute prim. deg P.
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Proposition 3.4.3. Let R be a catenary noetherian K-algebra satisfying the noncom-
mutative Nullstellensatz over K and let H be an an algebraic K-torus acting rationally
by automorphisms on R. Suppose that H-Spec R is finite, that all H-prime ideals of R
are strongly H -rational, and that for any pair of H-prime ideals J C J' of R, we have

K.dim Spec; R + ht J < K. dim Spec,;, R + ht J'. (3.5)

Then for any H-prime ideal J of R, any P € Spec; R, and any primitive element
M DO P of Spec; R, we have

prim. deg P = ht M /P = K.dim Spec; R + ht J — ht P. (3.6)

Proof. Let M be a primitive element of Spec; R which contains P. Then M is maximal

in Spec; R, so that ht M/J = K. dim Spec; R. It follows from the catenarity of R that

ht M/P = K. dim Spec,; R + ht J — ht P, (3.7)

Every primitive ideal of R/P corresponds to a primitive ideal of R which contains P.
Choose any such primitive ideal N of R and say N belongs to Spec;, R for an H-prime
ideal J’ of R. It is clear that J C J'.

Since N is maximal in Specj R, we have ht N/J" = K. dim Spec, R. It follows from
the catenarity of R that

ht N/P = K. dim Spec, R + ht J' — ht P, (3.8)

Equations (3.7) and (3.8), along with the assumption (3.5), show that the height of an
arbitrary primitive ideal of R/P is at least ht M/P. Since M/P is itself primitive, we

get ht M /P = prim. deg P; combining this with equation (3.7) gives the result. |

Remark 3.4.4. Except for the inequality (3.5), the conditions of Proposition 3.4.3

are known to hold for many interesting algebras. Much of the rest of this chapter
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is concerned with verifying inequality (3.5) for uniparameter quantum affine spaces
(Section 3.5), quantum Schubert cells (Section 3.7), and certain quantum groups
(Section 3.8). Our proofs rely on knowledge of the dimensions of the H-strata [1, 2]
and on knowledge of the posets of H-prime ideals [15, 17, 31].

3.5 The SDME for uniparameter quantum affine
spaces

In a further step towards proving the strong Dixmier-Moeglin equivalence for quantum

Schubert cells, we prove it in this section for uniparameter quantum affine spaces.
Consider a uniparameter quantum affine space O, o(K") = K, A[T1, ..., Tx]. Recall

from Example 2.2.1 that the algebraic K-torus H = (K*)" acts rationally on O, 4(K")

by automorphisms as follows:
(ay,...,an) - T; = a;T; for all i € [1, N] and all (a4,...,ay) € H
and that, by [17, Proposition 2.11],
H — Spec O, 4(KY) = {Kx | A C [N]}, (3.9)

where K, is the ideal of O, 4(K") generated by those T; with i € A. For any
A C{1,...,N}, recall that we denote by Specy O, 4(K") the H-stratum of O, 4(K")
associated to K.

Let us mention some properties of O, 4(K") which will be relevant for us in this
section. One checks easily that O, 4(K") is a domain. By [18, Theorem 2.6], O, 4(K")
is noetherian. By [6, Corollary 11.7.18], O, 4(K") satisfies the noncommutative Null-
stellensatz over K and by [6, Theorem 11.9.14], O, 4(K") is catenary and satisfies
Tauvel’s height formula. By (3.9), H — Spec O, 4(K") has cardinality 2V and is finite

in particular. By [6, Theorem I1.8.4], R satisfies the Dixmier-Moeglin equivalence and
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its primitive ideals are exactly those prime ideals which are maximal in their H-strata.
By [6, Theorem 11.6.4], all H-prime ideals of R are strongly H-rational and by [6,
Corollary 11.6.10], every prime ideal of O, 4(K") is completely prime.

We use a transfer result from Section 3.1 to show that O, 4(KY) satisfies the quasi

strong Dixmier-Moeglin equivalence.

Proposition 3.5.1. The uniparameter quantum affine spaces O, A(KN) satisfy the

quast strong Dizmier-Moeglin equivalence.

Proof. Set R = O, a(KY) = K,a[T1,...,Tn]. Choose any P € Spec R and say
P € Specp R for a subset A of {1,..., N}. Let £ be the multiplicative system in R
generated by those T; for which ¢ ¢ A. Then £ satisfies the Ore condition on both
sides in R and, denoting by £ and £ its images in R/P and R/Ka respectively, we

have

(R/P)E = (R/KA)E)/((P/KA)E™).

! satisfies the strong Dixmier-Moeglin

The uniparameter quantum torus (R/Ka)E~
equivalence by Theorem 3.3.4 and hence so does its homomorphic image (R/ P)?il.

The result now follows from Proposition 3.1.4. ]

Since we have proven that O, 4(KY) satisfies the quasi strong Dixmier-Moeglin
equivalence, proving that prim.deg P = rat.deg P holds for all prime ideals P of
O,.4(KY) will establish the strong Dixmier-Moeglin equivalence for O, 4(K").

In order to invoke Proposition 3.4.3, which gives us an expression for the primitivity
degree of any prime ideal P of O, 4(K") in terms of the dimension of the H-stratum
to which P belongs, we must prove an inequality relating the dimensions of H-strata

of O, 4(K"). First we introduce some new notation:

Notation 3.5.2. Let A be a subset of {1,...,N} and set {{, < ... < L3} =
{1,..., N} \ A. We define the skew-adjacency matrix, A(A), of A to be the d x d
additively skew-symmetric submatriz of A = (a; ;) € My(Z) whose (s,t) entry (s <t)

S Qg p, -
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For any subset A of {1,..., N}, it follows from [2, Theorem 3.1] that the dimension of
the H-stratum Specy (O, 4(KY)) corresponding to the H-prime ideal Ka = (T} | i € A)
is exactly dimg(ker A(A)). In fact, [2, Theorem 3.1] applies to the more general class

of uniparameter CGL extensions (see Section 3.6).

Proposition 3.5.3. For any pair of H-prime ideals Kn C Kar of Oy a(KY), we have
K. dim Specy (Oy a(KY)) + ht Ko < K. dim Specy, (O 4(KY)) + ht K.

Proof. Since Ka € Kar, we clearly have A C A’. The matrix A(A’) is an (N — |A'])-
square submatrix of the (N — |A|)-square matrix A(A), so that rk A(A") <1k A(A)

and

(N — |A']) — dimg(ker A(A")) < (N — |A]) — dimg(ker A(A)).

Hence, we have
dimg(ker A(A)) + |A] < dimg(ker A(A")) + |A]. (3.10)
Tauvel’s height formula holds in O, 4(K"), so that
ht Kp = GK. dim O, 4(K") — GK. dim(O, 4(K")/Ka) = N — (N — |A]) = |A|
and similarly ht Ka» = |A’|. Now (3.10) and [2, Theorem 3.1] give
K. dim Specy (O 4(KY)) 4+ ht Ka < K. dim Specy, (O 4(KY)) + ht Kar.

With Proposition 3.5.3 in hand, we can apply Proposition 3.4.3 to O, 4(K") in our

proof of the main result of this section:

Theorem 3.5.4. The uniparameter quantum affine spaces Oy 4(KN) satisfy the strong

Dixmier-Moeglin equivalence.
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Proof. Set R = O, A(KY) =K, 4[T1,...,Tx]. We showed in Proposition 3.5.1 that R
satisfies the quasi strong Dixmier-Moeglin equivalence, so what remains is to prove
that prim. deg P = rat. deg P for all prime ideals P of R.

Let P be any prime ideal of R and say P € Spec, R for a subset A of {1,..., N}.

In view of Proposition 3.5.3, Proposition 3.4.3 gives
prim. deg P = K. dim Specy R + ht Ka — ht P. (3.11)

Let € be the multiplicative system in R generated by those T; for which i ¢ A.
Then & satisfies the Ore condition on both sides in R and consists of regular H-
eigenvectors with rational eigenvalues; denoting by £ the image of £ in R/ KA, we have
REV/PE 2 ((R/KA)EY)/((P/KA)EY). Notice that (R/Ka)E~" is a uniparameter
quantum torus and that PE~! € Specy, g1 RE™'.

Since R is catenary and noetherian, so is RE~!. Moreover, RE~! can be obtained from
K by a finite number of skew-polynomial and skew-Laurent extensions; in particular,
RE™! is a constructible K-algebra in the sense of [30, 9.4.12], so that RE™! satisfies
the noncommutative Nullstellensatz over K by [30, Theorem 9.4.21]. From Lemma
3.4.1 and Corollary 3.4.2 (which deal with the effect of localisation on H-stratification),
we deduce that RE~! satisfies the conditions of Proposition 3.4.3. Now

prim. deg PE~" = K.dim Specg, g1 RET + ht KoE ' —ht PET' (by Proposition 3.4.3)
= K.dim Specy R+ ht Kn —ht P (by Corollary 3.4.2)

= prim.deg P (by (3.11)).

! satisfies the strong Dixmier-

Since the uniparameter quantum torus (R/Ka)E™
Moeglin equivalence (Theorem 3.3.4), so does its homomorphic image RE™'/PEL.
So prim. deg(0) = rat. deg(0) holds in RE~!/PE~!, which can be rephrased by saying
that in RE~!, we have prim. deg PE~! = rat. deg P€~!. Since we have already shown
that prim. deg P = prim. deg P€~! and it is clear that rat. deg PE~! = rat. deg P, we

have prim. deg P = rat. deg P, as required. |
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Remark 3.5.5. By Remark 3.2.3, Theorem 3.5.4 holds even when q is a root of unity
(since in this case, the quantum affine space satisfies a polynomial identity). As such,
it seems likely that the strong Dixmier-Moeglin equivalence holds for all quantum affine

spaces, without restrictions on the parameters.

3.6 A sufficient condition for the SDME in CGL
extensions

Let R = K[X1][X2; 09,09] - - - [Xn; on; O] be a uniparameter Cauchon-Goodearl-Letzter
(CGL) extension with parameter ¢ and associated additively Skew-symmetric matrix
A = (a;;) € Mn(Z), admitting a rational action of an algebraic K-torus H (see
Definition 2.3.1 and Remark 2.3.2).

Let us mention some properties of R which shall be relevant for us. It is easy to
check that R is a domain. By [18, Theorem 2.6], R is noetherian. The Gelfand-Kirillov
dimension of R is N by [6, Lemma I1.9.7]. By [6, Theorem I1.7.17], R satisfies the
noncommutative Nullstellensatz over K. Recall from Subsection 2.4.4 that H — Spec R
is finite. By [6, Theorem I1.8.4], R satisfies the Dixmier-Moeglin equivalence and its
primitive ideals are exactly those prime ideals which are maximal in their H-strata.
By [6, Theorem 11.6.9], all prime ideals of R are completely prime and by [6, Theorem
11.6.4], all H-prime ideals of R are strongly H-rational.

The algebra R (which, loosely speaking, is obtained from R by “deleting” all
the derivations ds, ..., dy) is a uniparameter quantum affine space in indeterminates
Ty, ..., Ty with commutation relations given by ¢ and the matrix A, i.e. (in the

notation of Subsection 2.1.1) we have

R® = KoalTh, ..., Tn] = O a(K").
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Before continuing, the reader might want to revisit Subsection 2.4.4 for some details and
notation pertaining to Cauchon’s deleting-derivations algorithm and to the canonical

injection ¢: Spec R — Spec R® in particular.

Theorem 3.6.1. Fvery uniparameter CGL extension satisfies the quasi strong Dizmier-

Moeglin equivalence.

Proof. Let R be a uniparameter CGL extension. Recall that both in R and in the
uniparameter quantum affine space R, all prime ideals are completely prime.

Choose any P € Spec R and say P € Spec, R for a Cauchon diagram A of R. Let &£
be the image in R® /ip(P) of the multiplicative system in R generated by those T}
for which ¢ € {1,..., N} \ A. By [10, Théoreme 5.4.1], £ satisfies the Ore condition on
both sides in R /o(P) and there exists a finitely generated multiplicative system F
in R/P satisfying the Ore condition on both sides such that

(R/P)F L= (R®/p(P)E (3.12)

Since R® is a uniparameter quantum affine space, it satisfies the strong Dixmier-
Moeglin equivalence (Theorem 3.5.4) and hence so does every homomorphic image
of R®. In particular, R® /p(P) satisfies the strong Dixmier-Moeglin equivalence.
Hence, by Lemma 3.1.3, (R® /o(P))E~" satisfies the quasi strong Dixmier-Moeglin

equivalence. The result now follows from (3.12) and Proposition 3.1.4. |

Regarding the strong Dixmier-Moeglin equivalence, we can prove the following partial

result.

Theorem 3.6.2. If R is a catenary uniparameter CGL extension such that for any

pair of H-prime ideals J C J' of R, the following inequality holds:
K.dim Spec; R + ht J < K.dim Spec,;, R + ht .J', (3.13)

then R satisfies the strong Dixmier-Moeglin equivalence.
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Proof. Since R satisfies the quasi strong Dixmier-Moeglin equivalence (Theorem 3.6.1),
we need only show that for every prime ideal P of R, we have prim. deg P = rat. deg P.
Recall that by [6, Theorem I1.8.4], R and R® satisfy the Dixmier-Moeglin equivalence
and, in each of these two algebras, the primitive ideals are exactly the prime ideals
which are maximal in their H-strata.

Suppose that P is a prime ideal of R with P € Spec, R for a Cauchon diagram A of
R. Choose any primitive (i.e. maximal) element M O P of Spec, R. Since (by [10,
Théorémes 5.1.1 and 5.5.1]) the canonical injection ¢: Spec R — Spec R(®) restricts
to a bi-increasing homeomorphism from Spec, R to Specy R, we get that ¢(M)
is a maximal (i.e. primitive) element of Specy R and that (M) contains o(P).

Proposition 3.5.3 and the assumption (3.13) allow us to invoke Proposition 3.4.3 to get
ht M /P = prim. deg P and ht p(M)/p(P) = prim. deg ¢(P). (3.14)

Moreover, since ¢ restricts to a bi-increasing homeomorphism from Spec, R to
Specy R?, it induces a length-preserving one-to-one correspondence between the
chains of prime ideals from P to M and the chains of prime ideals from p(P) to ¢(M).
It follows that

ht M/P = ht o(M)/p(P). (3.15)

We deduce from (3.14) and (3.15) that prim. deg P = prim. deg ¢(P). Now, recalling
that the uniparameter quantum affine space R satisfies the strong Dixmier-Moeglin
equivalence (by Theorem 3.5.4) and that, by [10, Théoreme 5.4.1), Frac(R/P) =
Frac(R® /¢(P)), we have

prim. deg P = prim. deg ¢(P)
= rat. deg ¢(P)

= rat. deg P,
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as required. |

Remark 3.6.3. The conditions on the uniparameter CGL extension R in the statement
of Theorem 3.6.2 may turn out to be redundant: it is not known whether there are
any non-catenary CGL extensions and we do not know whether there are any CGL

extensions in which the inequality (3.13) fails.

3.7 Quantum Schubert cells

Yakimov [35, Theorem 5.7] has shown that quantum Schubert cells are catenary and
satisfy Tauvel’s height formula. We show that they satisfy the inequality (3.13) so that,
by Theorem 3.6.2, they satisfy the strong Dixmier-Moeglin equivalence. Our proofs

exploit the CGL extension structure of quantum Schubert cells, which we now discuss.

3.7.1 Quantum Schubert cells as CGL extensions

It turns out that quantum Schubert cells are uniparameter CGL extensions. Let g be
a simple complex Lie algebra of rank n, choose a set {a,...,a,} of simple roots and
an element w = s;, - - - s;,, of the Weyl group W of g. Recall from Subsection 2.1.5 the
construction of the positive roots {51, ..., On}.

Recall from Subsection 2.1.6 the construction of elements X1, ..., Xy of Uf(g) which

generate Uj[w] such that U,[w] may be expressed as an iterated Ore extension
Uy[w] = k[X4][Xy; 095 02] -+ [Xnv; 0w, On]- (3.16)

It is well known both that the algebraic torus H = (K*)™ acts rationally by automor-

phisms on U (g) as follows

(k1,...,kn) - E; = kE; for all i € [1,n] and all (ky,...,k,) € H
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and that this restricts to a rational action of H by automorphisms on U,[w]. Cauchon
showed [10, Proposition 6.1.2 and Lemme 6.2.1] that with this action of H, the
expression (3.16) of U,[w] as an iterated Ore extension is in fact a uniparameter CGL

extension with parameter ¢ and the following associated additively skew-symmetric

matrix:
0 (Br,B2) -+ (B1, Bn)
—(B1, Ba) 0 (B2, B3) (B2, BN)
A= : : (3.17)
0 (Bn-1,Bn)
— (B4, BN) —(Bn—1, BN) 0

Theorem 3.6.1 immediately gives:

Proposition 3.7.1. The quantum Schubert cell U,[w] satisfies the quasi strong Dizmier-

Moeglin equivalence.

3.7.2 The SDME for quantum Schubert cells

Considering U,[w] as a uniparameter CGL extension (3.16) in /N indeterminates with
associated additively skew-symmetric matrix A (see (3.17)), recall both that Ja denotes
the H-prime ideal of U,[w] associated to a Cauchon diagram A of U,[w] and that
H—Specy U,[w] denotes the H-stratum of Spec(U,[w]) associated to Ja. The remaining
work lies in proving that for any pair of H-prime ideals Ja C Jas of Uj[w], the following

inequality holds:

K. dim Specp U,[w] 4+ ht Ja < K. dim Specy, U,[w] + ht Jar. (3.18)

This will allow us to invoke Theorem 3.6.2 to show that U,[w] satisfies the strong

Dixmier-Moeglin equivalence.

Remark 3.7.2. Unlike in the case of uniparameter quantum affine spaces, the bijective

map A — Ja is not an isomorphism of posets between the Cauchon diagrams and the
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H-prime ideals of Uj[w] (this map preserves inclusions but its inverse does not). This
is the reason why (3.18) is more difficult to verify than the corresponding inequality for

a uniparameter quantum affine space.

In contrast to that of most algebras supporting a torus action, the poset structure of
the H-spectrum of U,[w] is known. Let us denote by < the Bruhat order on W and let
us set W= := {u € W | u < w}. The posets H-Spec U,[w] and W=" are isomorphic
by results of Cauchon-Meriaux [31] and Geiger-Yakimov [15]. In order to describe the

isomorphism, we introduce some notation:

Notation 3.7.3. Recall that we have fized a reduced expression w = s;, -+ - s;, for w.

Let A C{1,...,N} be any (not necessarily Cauchon) diagram.

(i) Forallk =1,...,N, we set

Sip kaEA

id  otherwise.

(ii) We set {ly <---<lq} :={1,....N}\ A and j, =1, forallr=1,...,d.
(iii) We set w™ := s5 s € W.
(iv) We set A(w™) to be the d x d additively skew-symmetric submatriz of A whose

(s,t)-entry (s <t)is (Bj,, Bj.)-

Cauchon and Mériaux [31, Corollary 5.3.1] showed that the map
H-Spec U, [w] — W="; Ja = w®, (3.19)

where A runs over the set of Cauchon diagrams of U,[w], is a bijection; they asked
whether or not this bijection is an isomorphism of posets and this question was answered

affirmatively by Geiger and Yakimov [15, Theorem 4.4].

Lemma 3.7.4. For any Cauchon diagram A of U,[w], we have ht Ja = |A]|.
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Proof. Set R = U,[w] and recall that R®) denotes the uniparameter quantum affine
space K, 4[T1, ..., Tn] which results from “deleting” the derivations in the expression
(3.16) of R as a uniparameter CGL extension in N indeterminates. Recall that K =
(T; | i € A) is the image of Ja under the canonical injection : Spec R — Spec R,

Let € be the image in R® /K of the multiplicative system in R® generated by
those T for which i ¢ A. Then & satisfies the Ore condition on both sides in R?) /K
and it follows from [10, Théoreme 5.4.1] both that R/Ja embeds in the uniparameter
quantum torus (R®/KA)E~! and that Frac(R/Ja) = Frac((R®/KA)E™Y). By [36,
Proposition 7.2] (which is a special case of an earlier result of Lorenz - [28, Corollary
2.2]), the uniparameter quantum torus (R® /Kx)E~" is Tdeg-stable in the sense of [36,
Section 1]. Therefore, we can apply [36, Proposition 3.5(4)] to get GK.dim R/Jx =
GK.dim(R® /KA )E™' = N — |A].

Since R satisfies Tauvel’s height formula, we conclude that
N —|A] = GK.dim R/Jx = GK.dim R — ht Jo = N — ht Ja,

and so ht Ja = |A|, as desired. |

We are now in position to establish the crucial inequality required to prove that

quantum Schubert cells satisfy the strong Dixmier-Moeglin equivalence.

Proposition 3.7.5. For any pair of H-prime ideals Ja C Jar of Uy[w], we have
K. dim Specp U,[w] + ht Ja < K. dim Specy, U, [w] 4 ht Jar.

Proof. As we have noted, U,[w] is a uniparameter CGL extension in N indeterminates
with associated additively skew-symmetric matrix A. By [1, Theorems 2.3 and 3.1], we

have

K. dim Spec, U,[w] = dimg ker(w? + w) and K. dim Spec,, U, [w] = dimg ker A(w?").
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From the poset isomorphism (H-SpecU,[w] — W=¥; Ja — w?), we deduce that
w?® < w?'. Since the diagrams A and A’ are Cauchon, the subexpressions w® and w?’

of w = s;, - -+ 8;,, are reduced by [31, Corollary 5.3.1(2)]. Since w® < w?', [19, Corollary

5.8] allows us to choose a diagram (not necessarily Cauchon) A C A such that wA = wd

and the subexpression w® of w = s;, -+ s;, is reduced. Now K. dim Spec,U,[w] =

N
dimg ker(wz#—w), so that [1, Theorem 3.1] gives K. dim Spec, U, [w] = dimg ker A(wz).

A(w?') is an (N — |A/|)-square submatrix of the (N — |A|)-square matrix A(wz), SO
that rk A(w?) < rk A(wz) and hence dimg ker A(wz) +|A| < dimg ker A(w®') + |A|
and

K. dim Spec, U, [w] + |A| < K. dim Spec,, U, [w] + |A]. (3.20)

By Lemma 3.7.4, we have ht Jo = |A| and ht Jo, = |A’|. Since w® and w® are equal
as elements of W, we have {(w?) = E(wz). But since the subexpressions w® and wd
are reduced, we have £(w?) = |A| and f(wz) = |A[; hence |A| = |A.

Now we have |A| = ht.Jx and |A’/| = ht Ja/, so that the result now follows from
(3.20). m

of w=s; - siy

Yakimov has shown [35, Theorem 5.7] that U,[w] is catenary. We have discussed
the uniparameter CGL extension structure of U,[w]. Proposition 3.7.5 provides the
final condition required for us to apply Theorem 3.6.2 to U,[w], giving one of our main

results:

Theorem 3.7.6. The quantum Schubert cell U,[w] satisfies the strong Dizmier-Moeglin

equivalence.

3.8 The SDME for two families of quantum groups

For a positive integer n, let us denote the algebra O, (M, ,(K)) of quantum n x n
matrices over K by O,(M,(K)). The quatum determinant det, of O,(M, (K)) is simply
the n x n quantum minor [1---n | 1---n]. It is well known that det, generates the

centre of O (M, (K)). The quantum special and general linear groups O,(SL,(K)) and
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0,(GL,(K)) over K can be obtained from O, (M, (K)) by respectively setting det, = 1

and inverting det,. More precisely, we define
Oy(SLy(K)) := Of(M,,(K))/(dety — 1) and Oy(GL,(K)) := Of( M, (K))[det,].

Each of the algebras O,(M,(K)), O,(SL,(K)), and O,(GL,(K)) is catenary by [6,
Corollary 11.9.18]. Notice that Theorem 3.7.6 and the fact (due to Cauchon-Mériaux -
see Example 2.1.3) that O,(M,,(K)) is a quantum Schubert cell U,[w] (where w belongs
to the Weyl group of sly,(C)) show immediately that O,(M,,(K)) satisfies the strong
Dixmier-Moeglin equivalence. Since the rank of sly,(C) is 2n — 1, the algebraic torus
(K*)?"~! acts rationally on O,(M,(K)) as described in Subsection 3.7.1; it is known
that this torus action on O, (M, (K)) has the same invariant prime ideals as the action

of the torus H = (K*)?" described in (2.2.2).

Theorem 3.8.1. The quantum special and general linear groups Oy(SL,(K)) and
O,(GL,(K)) satisfy the strong Dizmier-Moeglin equivalence.

Proof. Since the strong Dixmier-Moeglin equivalence clearly passes to homomorphic
images, it is immediate that O,(SL,(K)) satisfies the strong Dixmier-Moeglin equiva-
lence.

The Ore set {det; | n € N} consists of regular H-eigenvectors with rational eigen-
values. From Lemma 3.4.1, one can easily deduce that the rational action of H by
automorphisms on O,(M,(K)) extends to a rational action by automorphisms on
0,(GL,(K)) such that all H-prime ideals are strongly H-rational and there are finitely
many H-prime ideals. The algebra O,(GL, (K)) satisfies the noncommutative Nullstel-
lensatz over K by [6, Corollary I1.7.18] and all its prime ideals are completely prime by
[6, Corollary I11.6.10].

By Lemma 3.1.3, O,(GL,(K)) satisfies the quasi strong Dixmier-Moeglin equivalence
since O,(M,(K)) does, so that we need only show that every P € Spec O,(GL,(K))
satisfies prim.deg P = rat.deg P. From the fact (Lemma 3.7.5) that the H-prime
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ideals of O, (M, (K)) satisfy the inequality (3.5) and from Lemma 3.4.1 and Corollary
3.4.2, we deduce that the H-prime ideals of O,(GL,(K)) satisfy the inequality (3.5).

Let us fix P € Spec O,(GL,(K)) and let J € H — Spec O,(GL,,(K)) be such that
P € Spec; O,(GL,(K)). By Lemma 3.4.1, there is an H-prime ideal J’ of O,(M,,(K))
and a prime ideal P’ € Spec; O,(M,(K)) such that J’[detgl] = J and P’[detgl] = P.
It follows from Proposition 3.4.3 that

prim. deg P = K. dim Spec; O,(GL,(K)) + ht J — ht P (3.21)

and that
prim. deg P’ = K. dim Spec ;, O,(M,,(K)) + ht J" — ht P’ (3.22)

Since P = P’[detgl] and J = J'[det, ], it follows from Corollary 3.4.2, (3.21), and
(3.22) that prim.deg P = prim.deg P’. Since it is clear that rat.deg P = rat.deg P’

and since O, (M, (K)) satisfies the strong Dixmier-Moeglin equivalence, we have
prim. deg P = prim. deg P’ = rat. deg P’ = rat. deg P.

This completes the proof. [ |



Chapter 4

Partition subalgebras and Cauchon

graphs

The material of this chapter comes from joint work with Prof. Stéphane Launois and
Prof. Tom Lenagan. Sections 4.1, 4.2, and 4.3 consist of known results, some of which
are rewritten in a fashion suitable for the purposes of the rest of the chapter; Sections
4.1, 4.2, and 4.3 are designed to set up Section 4.4, which consists of original results

(most of which are generalisations of results of Karel Casteels from [7] and [8]).

4.1 Partition subalgebras of quantum matrices

Let us fix positive integers ¢, d, m,n with ¢ < m and d < n and let us fix a partition
A= (A,...,A) withd =X\ > -+ > A > 1. Let Y, be the Young diagram
corresponding to JA; Y, is formed by taking a ¢ x d rectangular array of boxes and
deleting the box in position (i, j) if and only if j > A;. In other words, Y, has a box in
position (i, 7) if and only if 7 < \;. We shall often abuse notation slightly by saying

that (7, 7) € Y\ when we mean that Y} has a box in position (4, j).

Example 4.1.1. Let ¢ = d = 4 and consider the partition A = (4,3,3,1). Then the

Young diagram Yy is
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Definition 4.1.2. We associate a subalgebra of O,(M,,,(K)) to the partition A:
the partition subalgebra of O (M,,,(K)) associated to the partition A is denoted by
Oy (M) ,(K)) and is defined to be the subalgebra of Of(My,,(K)) generated by all
those X;; such that (7,7) € Y.

Example 4.1.3. Taking ¢ = d = 4 and A = (4,3,3,1) as in Example 4.1.1, the
partition subalgebra O(M3(k)) is the subalgebra of Og(Mya(k)) generated by the

following elements:

X111 X1,2X:13 X714

X211 X290/ Xo3

X31X32X33

Definition 4.1.4. Let I = {iy < ... <4} C[I,m] and J = {j1 < ... <j} C[1,n].
The pseudo quantum minor [I | J] of Og(M,) .(K)) is defined by

[] | J] = Z (_Q)Z(U)Xh,ja(1>Xi2,ja(2) o ‘Xitﬂjd(t)7

oESt
with the convention that X, ; = 0if (¢, j) ¢ Y).

Remark 4.1.5. We use the term “pseudo quantum minor” as a reminder that we
may not be dealing with the full algebra of quantum matrices but rather a partition

subalgebra.

Example 4.1.6. Taking ¢ = d = 4 and X\ = (4,3,3,1) as in Example 4.1.3, the
pseudo quantum minor [12 | 34] of Og(M), ,(K)) is X13Xo4 — qX14X23, where X4
is interpreted as zero since (2,4) ¢ Yy. Hence we have [12 | 34] = —¢X14X5 3.
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Although some of the standard quantum Laplace expansions for quantum minors of
Oy(M, (k) fail for pseudo quantum minors of Oy (M, ,(K)), it is evident immediately
from the definition that we may expand with the first row on the left or the last row

on the right:

Lemma 4.1.7 (quantum Laplace expansion with rows). Let I = {i; < ... < i} C
[L,m] and J = {j1 < ... < js} C [1,n]. The pseudo quantum minor [I | J]| of
O, (M), . (K)) satisfies

t

() (1[0 =32(=0) " X, jlin- v | a--- i+ il

=1

~

(2) [T ] ) =S (=a) i+ i | i Gl X

=1
Useful for proving that we may also expand with the first column on the left or the

last column on the right will be the following expression for a pseudo quantum minor:

Lemma 4.1.8. If [ = {i; < ... <4} C[1,m] and J = {j1 < ... < j} C [1,n], then

the pseudo quantum minor [I | J) of Oy(M,) ,(K)) is given by

[[ ‘ J] = Z (_Q)K(U)Xiom),J'lXic;(z),jz o ‘Xia(t)vjt'

o€ESt

Proof. Let us assume for ease of notation that I = .J = [1,¢] (the proof for general I
and J is the same but the notation is more unwieldy). Let us set {1---¢ | 1---t} =
Y oes, () DXy 1 Xowya- Our claim is that {1---¢ [ 1---¢} =Lt | 1---¢].
This claim clearly holds if ¢ = 1 and we proceed by induction on t. We have

Lot | 1o t] =3 (=) P X2t [ 1---1---t] (Lemma 4.1.7(1))

t
=Y (=)' X f2 -t 1 1---t}. (induction hypothesis)
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Let usset {i; < -+ <i 1} ={2<--<tland {jl<-- - <j}={1<---<l<
- < t}, so that

—
~
—_

it

I
-~

-1 J4
(—a) Xu( > (=9) (”)szﬁ"'Xz',)(t_n,jz_l)

=1 pESt—1
t

— ll+f(PX X 4
Z LIy, Gp(t—1)2Jf—1"
=1 pESt 1

For all j <land all s =1,...,¢t— 1, the relations in O,(M;, ,(K)) (which come from
(2.6)) show that X;; commutes with X;  ; and hence

[1 et | L 't] = Z Z (_qyilw(p)xip(l),l e 'Xip(l_l),171X1,1X1;p(l),l+1 e 'Xip(t_l),t

as required. (]
We get the following directly from Lemma 4.1.8:

Lemma 4.1.9 (quantum Laplace expansion with columns). Suppose that {i; < --- <
it} C [1,m] and that {j; < --- < 3} C [1,n]. Then we may expand the pseudo
quantum minor [iy -4y | j1 -+ ji| of Og(M;y ,,(K)) with the first column on the left or
the last column on the right:

t
(1) [il"'it ’ Jieee Z zl,jl ll ’ Jl]

=

—_

t

(2) [iv--ie | v gl = D2(=0) i | 3] X

=1
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4.2 O, M, ,(K)) as a CGL extension

The rational action of the algebraic torus (K*)™*" on O, (M, (K)) described in Ex-
Y

ample 2.2.2 clearly restricts to the partition subalgebra O (M, . (K)) so that (K*)™+"

m,n

acts by automorphisms on Oy(M;), ,,(K)) as follows:

(Oél,...,Oém,ﬁl,...,ﬁn) 'Xi,j = aiﬁin,j (41)

for all (avq,...,m,B1,...,0,) € H and all (i, 7) € Y); this action is clearly rational.
Because some details of the proof shall be useful to us, we check here the known fact
(see [24, Proposition 3.2]) that O, (M;) ,(K)) is a uniparameter CGL extension. Adding
the generators X, ; ((¢,7) € Y)) in lexicographical order, we may write the partition
subalgebra O, (M, ,,(K)) of the algebra Oy(M,y,,(K)) of quantum m X n matrices as

an iterated Ore extension
OQ(M#L,n(K)) = K[Xl,l] T [XZJ? Oij) 5i,j] e [Xc,/\c; Oc,\e» 50,/\c]7 (42)

where for each (a,b) € Y, the automorphism o,;, and the left o, -derivation 4, are

defined such that for each (7, ) € Y, satisfying (7, j) <iex (a,b), we have

—1 . . .
g X,; ifi=aorj=>b
Oap(Xig) = ’ (4.3)

Xij otherwise

and

(' —q@)X;pX,; i<aandj<b
Sap(Xis) = ’ (4.4)

0 otherwise.

(As such, it is easy to check that O4(M,), ,(K)) is a domain; it is noetherian by [18,

Theorem 2.6]; all its prime ideals are completely prime by [6, Theorem 11.6.9].)
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Remark 4.2.1. In order to show that the expression (4.2) of Ou(M; . (K)) as an
iterated Ore extension (with the action of H = (K*)™" described in (4.1)), is a

uniparameter CGL extension with parameter q, it will suffice to show that

(i) The elements X;; ((i,7) € Yx) of Oy(M;), ,(K)) are H-eigenvectors with rational

eigenvalues (it follows easily that the action of H is rational).
(ii) For every (a,b) € Y\ {(1,1)}, dap @s locally nilpotent.

(1it) For every (a,b) € YA\ {(1,1)}, there exists ¢, € K* not a root of unity such

that Oqa,b © 5a,b = Qa,b(sa,b O0Tapb-

(iv) For every (a,b) € Yy \{(1,1)} and every (i,j) € Y\ such that (i,7) <jex (a,b),
there exists Aap) (i) € K* such that 04(Xi;) = Nap),6,5)Xij -

(v) The set {a € K* | there exists h € H such that h - X171 = aXy,1} is infinite.

(vi) For every (a,b) € YA\{(1,1)}, there exists hop, € H such that hap- Xap = GapXap
and for all (i,J) <iez (@, ), Pap - Xij = Nap),i.5)Xi-

(vii) For every (a,b) € Y\ \ {(1,1)} and every (i,j) € Yy such that (i,j) <iex (a,b),

Aab),(i,j) 5 an integral power of q.

Lemma 4.2.2. The expression (4.2) of Oy(My, ,(K)) as an iterated Ore extension,
along with the action of H = (K*)™" described in (4.1), is a uniparameter CGL

extension with parameter q.
Proof. We show that the conditions of Remark 4.2.1 are satisfied.

(i) It is clear from (4.1) that each X, ; ((4,j) € Y)) is an H-eigenvector with eigenvalue
H — K*;(aq,...,am, b1,...,B) = a;0;. This eigenvalue is clearly rational, so

that condition (i) of Remark 4.2.1 is satisfied.

(ii) Fix any (a,b) € Y3\ {(1,1)}. One can check easily from (4.4) that 62, = 0, so
that condition (ii) of Remark 4.2.1 is satisfied.
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(iii) Fix any (a,b) € Yy \ {(1,1)}. We claim that 0,4 0 dap = ¢ 2045 © Tap. It suffices
to check that these two morphisms agree on each X, ; with (7, j) <jex (a,b). Since
0a,b(Xi ;) is nonzero only if (7, j) <iex (a,b) and X, ; is an eigenvector for o,;, we

may assume that (i, j) <iex (a,b). In this case, we have
Tap © Oap(Xij) = O'a,b<<q71 — )Xo Xip) = q*2(q71 — ) Xa; Xip (4.5)

and

Sab 0 0ap(Xij) = 0ap(Xij) = (7" — Q) Xaj Xip- (4.6)

Comparing (4.5) and (4.6), we get 0ap 0 8up = ¢ 20ap © 0ap. Hence if we set

qap = ¢ 2, then condition (iii) of Remark 4.2.1 is satisfied.

(iv) Fix any (a,b) € Yy \ {(1,1)} and any (¢,j) € Y, such that (4,j) <iex (a,b). It

follows immediately from (4.3) that if we set

gt ifi=aorj=0

Aab) (i) =
1 otherwise,

then condition (iv) of Remark 4.2.1 is satisfied.

(v) Condition (v) of Remark 4.2.1 follows immediately from the following observation:

for every a # 0 belonging to the infinite field K, we have (o, 1,...,1)- X1 1 = aXj ;.

(vi) Fixany (a,b) € YA\ {(1,1)} and define the element h,, = (a1, ..., Qm, 1, .-, Fn)
of H such that o, = 8, = ¢~' and all other entries are 1. Then h,;,X,, =

q?Xup = qupXap and for any (4, j) € Yy such that (4,7) <jex (a,b), we have

¢'X;; ifi=aorj=5b
ha,b : Xi,j ==
Xij otherwise,

so that hap - Xi; = Nap),i,)Xi,j- Lhis verifies condition (vi) of Remark 4.2.1.
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(vii) Condition (vi) of Remark 4.2.1 is immediate from part (iv) of this proof.

4.3 Deleting derivations in O (M, ,(K))

We established in Lemma 4.2.2 that Oy(M,) ,(K)) is a uniparameter CGL extension
with parameter ¢q. Let us denote by A, its associated skew-symmetric integral matrix
(whose entries all belong to the set {0,1, —1} by part (iv) of the proof of Lemma 4.2.2).

We may apply the deleting-derivations algorithm (see Section 2.4) of Cauchon to
O, (M), ,(K)). Recall that A = (A, ..., A) is a partition with d = Ay > -+ > A, > 1,
¢ <m,d<n. It follows that (c, \.) is the largest element of Y, with respect to the

lexicographical ordering.

Notation 4.3.1. Set £ = (YA\{(1,1)H){(c, \e+1)}. For(a,b) € Yy, let (a,b)™ be the
smallest (with respect to the lexicographical order) element of Ey satisfying (a,b)" >,
(a,b). Clearly (1,1)" and (¢, \. + 1) are respectively the smallest and largest elements
of E\ with respect to the lexicographical order. Moreover Ex = {(a,b)": (a,b) € Y)}.
For (a,b) € Ey, let (a,b)” be the largest (with respect to the lexicographical order)
element of Yy satisfying (a,b)” <ie (a,b).

Set X};’ACH) = X, for all (7,j) € Y). For each (a,b) € Ex\ {(c, \c +1)}, Cauchon’s
deleting-derivations algorithm (see [10, Section 3] or Section 2.4 of this thesis) constructs
from (Xl-(f;’bw)(1»7j-)63/A a family (Xl-(f;’b))(m)eyA of elements of Frac(O,4(M;) ,,(K))). For each
(a,b) € Ej, the subalgebra of Frac(Oy(M,), ,,(K))) generated by the family (Xi(f;»’b))(i,j)eyA
is denoted by Oy(M;) ,(K))“?); in particular, Oy(M,) ,(K))At) = O, (M)  (K)).
By [10, Theorem 3.2.1], for each (a,b) € Y,, there is an isomorphism

Oq(Mfr\z,n(K))(a’b)+ =t EIX1a] - [ Xap; Oaps Oap) [ Xarps T pr] - [Xeaes Ten)

- (4.7)
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where (a/, V') := (a,b)" and where for each (p,q) € Y such that (p,q) >ex (', V'), 7,4

is the automorphism defined by

-1 or o .
¢ Xi; ifi=porj=q

Tp,q<Xi,j) =
X

ij otherwise

for all (i,j) € Y, such that (i,j) <jex (p,q). In particular, by (4.7), there is an

isomorphism

Oy (M, () DT S [T1a] - [Tigi mig) - [Tors Ten (48)
XV s T
where for each (p,q) € Y, \ {(1,1)}, the automorphism 7, , is defined by
1 p o .
¢ T, ifi=porj=q
Tpa(Tij) = (4.9)

T;; otherwise

for all (4, j) € Y\ such that (¢, j) <iex (p,q). Thealgebra k[T1 1] - [T; ;i 7ij] - - [Tere; Ten.]
is the uniparameter quantum affine space K, 4, [T11, .- ., Te.J; let us identify
(’)(1(]\45‘%71(K))(1’1)+ with this quantum affine space via the isomorphism (4.8), so that
Oy (M, ,(K))V™ is generated by {T}; | (i,j) € YA} with relations

T Tl_qT’le‘z] lf(l,]),(l,l)GY)\ andj<la
T jT; = qTx iy if (i,7), (k,j) € Ya and @ < k; (4.10)
ﬂ’kaJ = Tk,lﬂ,j if (Z,j), (k?, l) - Y)\, k 75 i, and j 7& l.

The deleting-derivations algorithm: Suppose that (a,b) € E)\ {(¢, \c+1)} and
that the family ()(i(j-’bﬁ)(i,j)eyA has been constructed. Notice that (4.7) shows in partic-

ular that X C(L‘fb’bﬁ is nonzero and hence invertible in Frac(O,4 (M, ,,(K)
(

)). To construct
a,b)t
J

the family (X{%")(; jyevs from the family (X{%"" ) jyevs, identify (X{%”" ) j)ev, with

'We make this identification in order that the term 0ab©0ay (X(a UM ) in (4.11) makes sense.
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(Xij)(i,j)ey, via the isomorphism (4.7) and for (4, j) € Y), set

1]

x@0 .= iz [, (4.11)
x4 if (i, 5) Z1ex (a,b).

17]

= 1 - a " a a
S UGt M o (D)X (3, ) <o (0,

(a,b)t

Lemma 4.3.2. Suppose that (a,b) € Ex\{(c, \c+1)} and that the family (X, ) )(i.5)evs

has been constructed. Then for (i,j) € Y\, we have

o _ X X @O (@D X DT i < and < b
T
Xi(;’b)+ otherwise.

Proof. We may assume that (i, j) <iex (a,b). One can check easily from (4.4) that
02, = 0. Recall from Lemma 4.2.2 that ¢, = ¢~>. Now (4.11) gives Xi(j’b) =

Xff;’bﬁ +(1—q ) apoog, (Xff;’bﬁ)(Xé?I;bﬁ)*l. There are two cases to consider.

e Suppose that either ¢ = a or j > b. Then aa’é(Xi(";’bﬁ) is a scalar multiple

of Xi(z’b)Jr by (4.3) and 5a7b(Xi(9’b)+) = 0 by (4.4). It follows immediately that

5J

Oap © Ja_,; (X'(a"bﬁ) = 0 and hence X(j’b) — x @bt

1’7] 17 Z7]

e Suppose that 7 < a and that j < b. Then

a,b a,b)™ —2\— - a,b)t a,b)t\—
X = X0 4 (1 - g7 s 0 o (XY (XY )
a,b)t 2\ — — a,b)t a,b)t a,b)Ty—
= X%+ (1 - ¢ ) gt = (XS XX (by (4.3) and (4.4))
a,b)t _o\— _ _ a,b)t a,b)t\— a,b)t
= X5+ (=g g - g XSG () X

a,b)t a,b)t a,b)Ty— a,b)t
= Xi(,j ) _Xi(,b ) (th,b) ) 1X¢§,j) :
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4.3.1 An injection of prime spectra

By [10, Section 4.3], for each (a,b) € E) \ {(c, A\ + 1)}, there is an injection
Pab: Spec((’)q(Mgn(K))(“vbW) — Spec(Oq(M,fm(K))(“’b)),

We shall not describe the construction of this injection but we shall describe some of

its useful properties.

4.3.2 Identifying several total rings of fractions

Let (a,b) € Ex\ {(c,\c + 1)} and let @ be a prime ideal of O (M, ,(K))@¥". The

Lemmas [10, Lemme 5.3.1 and Lemme 5.3.2] give isomorphisms

Frac(Og (M, ,(K) " /Q) = Frac(Oy(Mp, ,(K)) " /i00(Q))- (4.12)

4.3.3 Relationships between generators

Fix a prime ideal P of O,(M; ,(K)). For each (a,b) € E\, set P = ¢, 0---0
@ex. (P) € Spec(Oy (M, (K))@)) (which gives P ™) = P) and for cach (i, j) € Yj,
let XEZ”b) be the canonical image of X};’b) in Oy (M, ,,(K))*? /P Let us denote by
G the total ring of fractions of Oy (M), ,(K))/P (which is a division ring since all prime
ideals of O4(M;), ,,(K)) are completely prime) and by varying (a, b) over Ex\{(c, Ac+1)}
and Q over P PleAtD) i the isomorphism (4.12), let us identify the total
ring of fractions of each noetherian domain O, (M) ,(K))@? /P ((a,b) € E,) with
G.

Some immediate consequences of this setup (noted in [10, Proposition 5.4.1]) are

that for each (a,b) € Ej,
o Oy(M, ,(K))@b) /Pl s the subalgebra of G gencrated by (Xg:;"b)>(i,j)eY>\;

« there is a morphism of algebras fo4: Oy(M,),(K))*? — G which sends each
a,b . a,b
X5 (1, 5) € Ya) to 45"
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« the kernel of f, is P" and its image is O,(M;) ,(K))@) /Pleb),

Suppose that (a,b) € Ex\{(c, \c+1)}. By [10, Proposition 5.4.2], we may construct the
generators X%’b) ((,7) € Yy) of the algebra Oy (M) ,(K))) /Pt*? from the generators
ng}’bﬁ ((i,j) € Y)) of the algebra Oq(J\/[T),‘w(K))(“’l’)Jr/P(“’b)+ as follows: when we
identify? (Xi(f;’b)Jr)(i,j)eyA with (X, ;)@ ey, via the isomorphism (4.7), we get

= 1_(]11 - —_n n a,b)t ab)t\_pn .
ST da) (X Y i

a,b),(, 2, a,
v =iz [l O ! (4.13)
XE"’;!’V otherwise,

where, simply to reduce the length of the display, we denote by * the conditions that
(4,7) <iex (a,b) and ijl;"” # 0. Let us restate (4.13) in a form which will be more

convenient for us:

Lemma 4.3.3. Suppose that (a,b) € Ex\ {(c,\c. +1)}. Then for all (i,j) € Y\, we

have
a,b a,b 1,117 — 1,1t . . 1,17t
(ab)* XS TG TN ifi<a, < b, and XU #£0;
Xij =
XZ(Z-’b) otherwise.

Proof. Suppose that (a,b) € Ex\ {(c, \c +1)}.

« We claim first that for all (¢, j) € Y), we have

a,b)t a,b)t ab)t\_ a,b)t o - . a,b)t
ey AT T O TN i <a, j < b, and x5 #0;
iy T
X§3’6)+ otherwise.

(4.14)

We may assume that Xi‘fg,bﬁ # 0 and that (4, j) <jex (a,b). If i = a or j > b, then

8up(XL5") = 0 and hence x{%” = x{%”". On the other hand, if i < a and j < b,

2We make this identification in order that the term 537b(Xi(;’b)+) in (4.13) makes sense.
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then since J7, = 0 (easily checked from (4.4)), we have

X =X+ (1= 07 fapr Bap(XS NG (by (4.13))
= (1= ) S (@ = XGT XD G (by (4.4))
Y G e ) R O Ll 00 P

R G e (/) Vet L A COU R R
= T T DT T

establishing (4.14).

« We claim next that for all (7, j) € Y), we have

a,b a,b a, a,b oo . a,b
(ab) X G ) TN it i < a, j < b, and X5 # 0
Xij &= b (4.15)
X,EC; ) otherwise.

By (4.14), for all (i, ) € Y), we have

a,b a,b)t a, a,b a,b a,b)t
Xz(,b ) = Xz(,b ) ) Xé,b) = Xz(zb) , and Xz(z,j) = Xé,j)

Substituting these identities back into (4.14) shows that for all (i, ) € Y), we

have
a,b)t a,b a,b a,b
e T XSG D i< a, < b, and (P £ 0
Xij = ot (4.16)
XE% ) otherwise,

which immediately gives (4.15).

o Finally, from (4.15) it follows easily that for any (a/,b') € E) satisfying (a’,0") <jex

a,b), we have (a¥) @¥) and @Y7 = ¥ Bagy inductive arguments
(a, Xab = Xob o Xoj y g
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give

a,b 1,1)* a,b 1,1)*
X((z,b )= X((Lb " and Xg,j )= Xt(w' i

Substituting these identities back into (4.15) completes the proof.

4.3.4 H-prime ideals of O (M), ,(K))

Let us now assume that P is not just a prime ideal but an H-prime ideal of O (M), ,,(K)).
The canonical injection ¢: Spec(O,(Mj),,(K))) = Spec(O, (M), ,(K))D") is defined
by © = @@+ 0+ 0. By the results of Cauchon described in Subsection 2.4.4,
the action of H on O(M;) ,(K)) induces an action of H on the quantum affine space
(’)q(M;,\l’n(]K))(1’1)Jr = Ky a,[T11,...,Te»] such that ¢ sends P to an H-prime ideal
¢(P) (= PUD") of the quantum affine space Oy (M, ,(K))ED" =Ky 4, [Ti1,. .., Ton]
and ¢(P) is generated by {T;; | (i,j) € B} for some subset B of Y). Let us colour the
squares of the Young diagram Y, in the following way: for (i,j) € Y), if (i,7) € B,
then assign colour black to the square of Y} in the (i, j)-position and if (i, j) ¢ B, then
assign colour white to the square of Y, in the (i, j)-position; call the resulting diagram
C. By [24, Theorem 3.5], the diagram C is a Cauchon diagram (see Definition 4.3.4
below) and all Cauchon diagrams on Y arise from H-prime ideals of Og(M,), ,(K)) in

this way, giving us a one-to-one correspondence
H — Spec Oy(M,, ,(K)) «— Cauchon diagrams on the Young diagram Y). (4.17)

Definition 4.3.4. Let Y be a Young diagram. A Cauchon diagram on Y is an
assignment of the colours white and black to the squares of Y such that if a square
S is black, then either every square above S is black or every square to the left of S
is black. If C is a Cauchon diagram on Y, then we denote by B¢ and W, the set of

squares of Y which are coloured black and white respectively in C.
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Example 4.3.5. As in ezample 4.1.1, let ¢ = d = 4 and consider the partition
A= (4,3,3,1). Below is an example of a Cauchon diagram on Y. If we call this
Cauchon diagram C, then we have Be = {(2,1),(1,2),(1,3)} and

We ={(1,1),(1,4),(2,2),(2,3),(3,1),(3,2),(3,3), (4, 1) }.

Since we have identified the division ring G' = Frac(Oy(M,), ,(K))/P) with the total
ring of fractions of each noetherian domain O,(M)) ,(K))@? /P ((a,b) € Ey), we

have in particular identified G with the total ring of fractions of the algebra
Oy (M, (KN [0(P) = Kyay[Tis - Ten)/(Tog | (6,) € Be). (4.18)

For (i,j) € Yy, let ¢; ; denote the canonical image of 7; ; in the algebra (4.18), so that

tij = Xz(,lj’l)+ and we may realise G as the total ring of fractions of the uniparameter

quantum torus B which is generated by {t;] | (i,j) € W} with relations

ti,jti,l = qti,lti,j (Z,j), (Z, l) € We and 7 < l;
toitns = qti it if (i,7), (k. j) € We and i < k:

Gk = Qlk,jlij ( J) ( ) c (4.19)
tijti) =1 if (i,7) € We.

Remark 4.3.6. An easy way to understand these relations is as follows: Suppose that
a and b are squares in We and that a <, b. Then t, and t, commute unless a and
b are in the same row or column (i.e. unless b is east or south of a), in which case

Loty = qtbta-

Before stating the following very useful Corollary, we recap briefly on our setup and

on some identifications which we will use implicitly:
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Remark 4.3.7. We have fived an H-prime ideal P of Oy(M;), ,,(K)) with corresponding
Cauchon diagram C on the Young diagram Yy. For all (a,b) € Ex\{(c, \c+1)}, we define
P@b) = ¢, 009 (P) (which gives Pt = P). For all (a,b) € Ey and all
(i,7) € Ya, we denote by Xl(f}’b) the canonical image of Xi(j»’b) in Og(My, ,(K))@ / plab),
We identify the total rings of fractions of the noetherian domains Og4(M,), ,,(K)){*? / Pe-?)
((a,b) € Ex) with the total ring of fractions G of Oy(M,) ,(K))/P (which is a division
ring) and we realise G as the total ring of fractions of the quantum torus B (whose

relations are given in (4.19)).

Corollary 4.3.8. For all (a,b) € Ex\ {(c, \c + 1)} and all (i,j) € Y\, we have

() ng}’b) + Xﬁ’b)t;itmj ifi <a, j<b, and (a,b) € We;
i, =
XEZ’b) otherwise.
Proof. Since nglrr = t4, is nonzero if and only if (a,b) € W¢ and since XS]’.I)+ =ta,
this result is an immediate consequence of Lemma 4.3.3. |

4.4 Cauchon graphs and path matrices

In this subsection, we generalise to partition subalgebras some results of Casteels [7]
for quantum matrices, in particular his graph-theoretic method for deciding which
quantum minors belong to a given H-prime ideal of O,(M,,,(K)). This section is
based closely on the papers [7] and [8] of Casteels.

We continue with the setup and notation of the previous section. Recall in particular
that A = (A\q,..., ) is a partition (withd =Xy > --- > A. > 1, ¢ <m, and d < n),
that P is an H-prime ideal of the partition subalgebra Oy (M, ,(K)) of Og(Mp . (K)),
and that C is the Cauchon diagram of P.
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4.4.1 The Cauchon graph

Recall that the Cauchon diagram C is defined on the Young diagram Y, and that we
denote by W and B¢ the set of squares of Y, which are coloured white and black

respectively in C.

Notation 4.4.1. If (i,7) € We has at least one white square to its left, then denote
by (i,77) the first white square to its left. If (i,7) € We has at least one white square
below it, then denote by (iT,j) the first white square below it.

The following is a generalisation of the notion of a Cauchon graph which appears in
[7, Definition 3.1]; in [7], Casteels considers Cauchon diagrams on rectangular Young
diagrams only, whereas we have a Cauchon diagram C on the not-necessarily-rectangular

Young diagram Y.

Definition 4.4.2 (cf. Definition 3.1 of [7]). We associate to C an edge-weighted
directed graph with weights in the quantum torus B called the Cauchon graph of C,
which we denote by Ge and which we define as follows: When R = {ry,...,7.} and
C ={ci,...,cq}, the set of vertices of C is Wz U R1LIC. The set of weighted directed

edges is constructed as follows:

(i) For every i € [1,c] such that there is a white square in row ¢, put a directed edge
from r; to the right-most white square in row i, say (i,p). Give this edge weight

tip € B.

(ii) For every j € [1,d] such that there is a white square in column j, put a directed
edge from the bottom-most white square in column j to ¢; and give this edge

weight 1 € B.

(iii) For every (i,7) € We such that (i,j7) exists, put a directed edge from (i, 7) to
(7,77) and give this edge weight t[’jlti,j— € B.

(iv) For every (i,j) € We such that (iT, j) exists, put a directed edge from (i, j) to
(i*,7) and give this edge weight 1 € B.
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Notation 4.4.3. e For us, “path” and “edge” shall always mean “directed path”

and “directed edge” respectively.

e Let v and v' be vertices of Ge. There is clearly at most one edge from v to v' and

if it exists, we denote it by (v,v').
e We denote the weight of an edge e of Ge by w(e).

e Suppose that (i,7), (i,7') € We and that there is an edge e = ((i, ), (i,7')) in Ge

-/

(notice that this forces j > j'). Then we set row(e) =i, coli(e) = j, cols(e) = j,
and col(e) = {j,7'}.

o Ifuvg,v1,..., v are vertices of Ge such that the edges (vg, v1), (v1,v2), ..., (Vk—_1, Vk)
exist, then we write (vo, vy, ...,vx) for the path from vy to vy, given by the conca-
tonation of the edges (vg,v1), (v1,v2), ..., (Vg_1, Vk)-

e For vertices v and v' of Ge, we write P: v => v’ to mean that P is a path from

v tov.

Definition 4.4.4. By the weight of a path (vg,vq,...,vg) in Ge, we mean the ordered
product

w(vg, v1)w(vy, va) -+ - w(vg_1, Vi)
of the weights of its edges. We denote the weight of a path P in G¢ by w(P).

Definition 4.4.5. An edge or path in G¢ is called internal if its beginning and end

vertices belong to We.

We embed the Cauchon graph G in the plane in the following way: Place a vertex in
each white square of C, then place a vertex at the bottom of each column of C and to
the right of each row of C. For each i € [1, ¢], assign the label of 7; to the vertex to the
right of the i row of C and and for each j € [1,d], assign the label ¢; to the vertex at
the bottom of the 7 column of C. We shall always assume that Cauchon graphs are

embedded in the plane in this way, which will allow us to use terms like horizontal,
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vertical, left, right, etc in reference to vertices and edges of a Cauchon graph, such as

in the following remark:

Remark 4.4.6. Since vertical edges in Ge have weight 1, only horizontal edges con-

tribute to the weight of any path in Ge. We shall often use this fact without explicit

mention.

Example 4.4.7. Let c=d =4, let A= (4,3,3,1), and let C be the Cauchon diagram
on Yy from Ezample (4.3.5). Below is the Cauchon graph Ge superimposed onto C:

T a1 t14
'Y oo
—1 l’c
lagtoa tas 4
o< oo
tystsn | tastsn |t
L3231 [ t33t32 133
Y Py 0! oy
$lan 2 3
[ ] —® 7y
3
.Cl

Remark 4.4.8. We shall always superimpose Cauchon graphs onto their Cauchon

diagrams as in Example 4.4.7.

Proposition 4.4.9 (cf. Proposition 3.3 of [7]). The Cauchon graph Gc has the

following properties:
(1) Ge is acyclic i.e. has no directed cycles.

(2) The embedding of the Cauchon graph Ge in the plane described above is a planar

embedding i.e. all edge crossings occur at vertices.

(3) An internal horizontal path P : (i,j;) = (i, 1) has weight t; .t

1,52 V601
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(4) A path r; = (i,]) beginning at a row vertex and consisting solely of horizontal

edges has weight t; ;.

Proof. (1) Because all edges are directed leftwards or downwards, the graph Ge cannot

have a directed cycle.

(2) If two edges cross, then one edge must be vertical and the other horizontal. Let
a vertical edge e; = ((i1,7), (i2,7)) cross a horizontal edge ey = ((i, ja), (i, 71)) at
a black square (7, 5) of the Cauchon diagram C. The black square (7, j) has the
white square (i1, j) above it and the white square (i, j;) to its left, contradicting
the definition of a Cauchon diagram. It follows that the square (7, j) must be white

and that the edges e; and ey cross at the vertex (3, 7).

(3) If the path P consists of a single edge, then the result follows from the definition of
the Cauchon graph Ge. Suppose that the path P consists of n > 1 edges and that
the desired result holds for all internal horizontal paths in G¢ consisting of fewer than
n edges. Let (i,k) be an internal vertex of P. When P’ and P” are the horizontal
paths given by P': (i,72) = (i, k) and P": (i,k) = (i, 1), we have P = P'P".
Now the inductive hypothesis gives w(P) = w(P)w(P") = t;

—1 _ 41
igatiktiktign = tijyti-

2 1,92

(4) This follows from part (3) and the definition of the Cauchon graph.

4.4.2 Commutation relations between weights of paths

Lemma 4.4.10 (cf. Lemma 3.4 of [7]). Let e and [ be distinct internal horizontal

edges in Ge such that row(f) < row(e).
(1) If col(e) Neol(f) =0, then w(f)w(e) = w(e)w(f).
(2) Suppose that | col(e) Ncol(f)| = 1.

(1) if coly(e) = coli(f) or coly(e) = cola(f), then w(f)w(e) = quw(e)w(f);
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(i7) if coly(e) = coly(f) orcoly(e) = coly(f) androw(e) # row(f), then w(f)w(e) =
¢ tw(e)w(f);
(7ii) if coly(e) = coly(f) and row(e) = row(f), then w(f)w(e) = quw(e)w(f).

(3) If | col(e) Ncol(f)| = 2, then w(f)w(e) = ¢*w(e)w(f).

Proof. Notice that if d is any internal horizontal edge in the graph G and coly(d) <

j < coli(d), then the square (row(d),j) is a black square in C which has the white

square (row(d), cola(d)) to its left, so that for all i < row(d), the square (4, j) is black.
Let a, b, u,v be the vertices of G¢ such that e = (a,b) and f = (u,v).

(1) Suppose that col(e) Ncol(f) = (. If row(e) # row(f), then the result follows

immediately from the relations (4.19) because t, and ¢, commute with ¢, and ¢,.

Suppose that row(e) = row(f) and notice that we may assume without loss of
generality that v and v lie west of a and b; the following diagram illustrates the

situation:

The relations (4.19) now give t,ty, = qtpty, tuta = qtaty, toty = qtpt,, and t,t, =
qt.t,. Hence

w(e)w(f) =t 'ty "ty = qq 't oty = qq qq 7, t iy = w(f)w(e).

(2) Suppose that |col(e) Ncol(f)| = 1.

(i) Suppose that cols(e) = cola(f) (the case where col;(e) = coly(f) is similar).

The following diagram illustrates the situation:

v Uu
® ®

b lea
oL—eo




4.4 Cauchon graphs and path matrices 71

The relations (4.19) now give t.t, = tyla, taly, = tota, tyty = tuty, and

toty = qtpt,. Hence
w(e)w(f) = t, 'ttty = ¢ 'ttty = ¢ w(fw(e).

(ii) Suppose that row(e) # row(f) and that col;(f) = coly(e) (the case where
row(e) # row(f) and coly(f) = coly(e) is similar). The following diagram

illustrates the situation:

v U
oL —o
b lea
oL—eo

The relations (4.19) now give t,t, = tuta, tot, = tyta, tpt, = tytp, and
tyty = qtyt,. It follows that

w(e)w(f) = t, "yt t, = qt, ot 'ty = qu(fw(e).

(iii) Suppose that row(e) = row(f) and that coly(e) = col;(f). Then the end
vertex of e is the starting vertex of f i.e. b = u. The following diagram

illustrates the situation:

AN
I e
AN

e
~n

Now the relations (4.19) give t,t, = qtpty, tota = qlaty, and tyt, = qtaty.

Hence
w(fw(e) = t; oty = ¢Ptot,h = gty 'ty = qty 4ty 'ty = qu(e)w(f).

(3) Suppose that |col(e) Ncol(f)| = 2. The following diagram illustrates the situation:
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The relations (4.19) show that t,t, = t,ta, toty = tuts, tuts = qtoly,, and t,t, = qt.t,.
It follows that

we)w(f) =ttty by = q "t oty = ¢, oty = ¢ Pw(fw(e).

Remark 4.4.11. The reader may notice that part (2) of Lemma 4.4.10 differs from
part 2 of [7, Lemma 3.4]. This is to clear up a slight ambiguity in part 2(ii) of [7,
Lemma 3.4], namely that in the case where row(e) = row(f), part 2(ii) of [7, Lemma
3.4] only holds if e begins where f ends.

Lemma 4.4.12 (cf. Lemma 3.5 of [7]). Let K: vy = v and L: v => v, be internal

paths in Ge.
(1) If either K or L contains only vertical edges, then w(K)w(L) = w(L)w(K).

(2) If K contains a horizontal edge and L contains a horizontal edge, then w(K)w(L) =
¢ 'w(L)w(K).

Proof. (1) This follows immediately from the fact that vertical edges in Cg have weight
1.

(2) Since all vertical edges have weight one, only the horizontal edges of K and L
contribute to their weights. Let k be the last horizontal edge in K and let [ be the

first horizontal edge in L.
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Vo
— oo

0(\1111{[/

© (VWA @ =

V¢ l
SIS
[ ) ; © {MMWAWWA

This diagram illustrates the situation. A possible ex-
ample of K is drawn in straight lines and two possible

examples of L are drawn in zigzagging and coiling lines.

The horizontal edges of L are always south-west of those in K. By Lemma 4.4.10(1),
all edges in K\ {k} commute with all edges in L and all edges in L\ {l} commute
with all edges in K. By Lemma 4.4.10(2), we have w(k)w(l) = ¢ 'w(l)w(k). Now

w(K)w(L) = w(K\{kHw(k)wl)w(L\ {I})
= q 'w(K\ {kHw(Dwk)w(L\{1})
= w(w(L\ AT w(E N\ {k})w(k)
= q 'w(L)w(K).

Lemma 4.4.13 (cf. Lemma 3.6 of [7]). Let K: v = ¢; and L: v = ¢; be two
paths in Ge which share their initial vertex and no other vertex. Let K be the path that
starts with a horizontal edge and let L be the path that starts with a vertical edge.

(1) If L consists only of vertical edges, then w(K)w(L) = w(L)w(K).

(2) If L has a horizontal edge then w(K)w(L) = qu(L)w(K).
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) 0L
A} @S
~ ~
£ [ ]
~ ~
)
[ J <
y ~ y o ~
A} A} @S
~ ~
[ J
X C;

Possible examples of K and L

Proof. (1) This follows immediately from the fact that vertical edges have weight 1.

(2) Suppose that L has a horizontal edge. By the beginning of the proof of Lemma
4.4.10, no vertex of K lies (with respect to column coordinates) between the vertices

of a horizontal edge of L.

Claim: If e is any horizontal edge of L except the first horizontal edge of L, then
w(e)w(K) = w(K)w(e).

There are four possibilities for e:

Case (i): No vertex in K shares a column coordinate with either vertex of e. In
this case, Lemma 4.4.10(1) then shows that the weights of the horizontal edges of
K commute with w(e), so that w(e) commutes with w(K).

Case (ii): There are two distinct horizontal edges f’ and f” of K such that
| col(e) N col(f")| = |col(e) Ncol(f")] = 1, cola(f") = coli(f”) = cols(e), and
col(e) Ncol(f) = 0 for all other edges f of K.

f/

A

f//\’

[
A

e
oo

Possible examples of f', ", e.

In this case, Lemma 4.4.10(2) shows that w(f ) w(f")w(e) = qg  w(e)w(f)w(f")
w(e)w(fw(f"). Now with Lemma 4.4.10(1), we can conclude that w(e)w(K) =
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w(K)w(e).

Case (iii): There are two distinct horizontal edges f’ and f” of K such that
| col(e) N col(f")| = |col(e) Ncol(f")] = 1, cola(f') = coli(f”) = coli(e), and
col(e) Ncol(f) = 0 for all other edges of K.

‘J[‘/

f//V

[ J
A

oL ——eo

Possible examples of f', f",e.

This case is similar to Case (ii).

Case (iv): There are edges f', f”, f” of K such that | col(e)Ncol(f")| = 2, cola(f') =
coly(e), and coly(f") = coly(e).

T=
°

f//\’

A

f//V

[
A

oo

Possible examples of f', f", f"",e.

By Lemma 4.4.10 parts (2) and (3), we have

w(fw(fw(f"wle) =g~ ¢*q wle)w(fw(fw(f") = wle)w(f)w(f )w(f")

and now with Lemma 4.4.10(1), we can conclude that w(e)w(K) = w(K)w(e).
This establishes the claim that if e is any horizontal edge of L except the first
horizontal edge of L, then w(e)w(K) = w(K)w(e).

Let us turn now to the first horizontal edge e; of L.

Claim: w(K)w(e;) = quw(e)w(K).
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Let us denote by f; the first horizontal edge of K. There are two cases to consider:

(i) Let us suppose that coly(f1) < coly(er). Then Lemma 4.4.10(2) gives w( f1)w(e1) =
qw(e;)w(f1) and Lemma 4.4.10(1) allows us to conclude that w(K)w(e;) =
qu(e))w(K).

(ii) Let us suppose that coly(f;) = cola(er). Then the second horizontal edge fa
of K satisfies coly(f2) = cola(f1) = cola(eq). Then by Lemma 4.4.10 parts (2) and
(3), we have w(fi)w(f2)w(er) = qw(er)w(f1)w(f2) and now with Lemma 4.4.10(1),
we can conclude that w(K)w(e;) = quw(e;)w(K). This completes the proof of the

claim.

The result now follows from the two claims which we have proven, namely that if e
is any horizontal edge of L except the first horizontal edge of L, then w(K)w(e) =
w(e)w(K) and that if e; is the first horizontal edge of L, then w(K)w(e;) =
qu(e))w(K).

4.4.3 Path systems

Definition 4.4.14. Suppose that I = {i; < --- <} C[l,¢] and J = {j; < --- <
Ji} € [1,d]. An R p-path system in Ge is a collection P = (P, ..., P;) of paths in
Ge starting respectively at the row vertices r;,,...,r; and ending respectively at the

column vertices c; c; for some permutation op € S; (called the permutation
o op(t)

AR
of the path system P). The path system P is called vertez-disjoint if no two of its
paths share a vertex. The weight of the path system P = (P, ..., F;) is defined simply

as the ordered product w(Py)---w(P,) of the weights of the paths P;,..., P.

Example 4.4.15. Let ¢ = d = 4 and let A = (4,3,3,1). Below are the Cauchon
diagram on Yy from Example 4.4.7, with a vertex-disjoint R(1 4y 14y)-path system
marked in zigzagging lines and a non vertex-disjoint R2 3y f2.3y)-path system marked

in coiled and dashed lines; each path system has permutation (1 2) € Ss.
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O frnn @ T
i
oC,

oL ® 7y
E
3
0l -----0¢---0T3
.
[ 1) oC3
gwuu
78

Because, unlike Casteels in [7], we deal here with Cauchon diagrams on not-necessarily-
rectangular Young diagrams, we shall need the following lemma which does not appear

in [7].

Lemma 4.4.16. Suppose that [ = {iy <--- <i;} C[l,c] and J ={j1 <--- <ji} C

[1,d]. Then all vertea-disjoint Ry, ) -path systems in Ge have the same permutation.

Proof. The proof is by induction on ¢t. The case t = 1 is obvious; so, suppose that
t > 1 and that the result holds for vertex disjoint path systems of smaller size than ¢.

Choose s as large as possible such that the Young diagram Y has a square in the
(is,j¢) position. Let S denote any vertex-disjoint (R, Cy)-path system. We claim that
the path Sg in § starting at r;, must finish at c;,.

Suppose, for a contradiction, that the path S in § starting at r;, does not end at
¢;,- Then let | be such that the path S; in S starting at r;, ends at ¢;,, forcing [ < s.
Suppose that Sy ends at ¢;,, and note that u < t. Then, the paths S;: r,, = ¢;,
and S;: r;;, = c¢;, must cross, as r;, is to the right of the path S; and ¢;, is to the
left of Sj; this crossing must occur at a vertex by Proposition 4.4.9(2). This gives the
desired contradiction and proves the claim that the path Ss in S starting at r;, must

finish at c;j,.
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Consider any two vertex-disjoint (R, Cj)-path systems P = (Py,..., P;) and Q =
(Q1,...,Q¢) in Ge. The paths Ps and @); which start at r;, must finish at ¢;,. Now
P\ A{P;} and Q\ {Q.} are two vertex-disjoint R\ fi,},,\(;,})-Path systems and hence
must have the same permutation by the induction hypothesis. The result follows

immediately. |

Lemma 4.4.17 (cf. Lemma 4.2 of [7]). Suppose that I = {iy < --- <i;} C[1,c] and
J={n<--<g}tCll,d]. If P=(P,...,P) is a non-vertex-disjoint R; j-path

system in G, then there exists s € [1,t — 1] such that Ps and Psy1 share a vertet.

Proof. Let d = min{|a — b| | a # b and P, and P, share a vertex} and suppose that
d > 1. Let a < b be such that |a — b| = d and P, shares a vertex with P,. Let = be the
first vertex which is common to P, and P, and consider the subpaths P/: r;,, — =
of P, and P): r;, = x of P,

Since d > 1, there exists ¢ € [1,t] such that a < ¢ < b. The path P, € P which
starts at r;, must intersect either P] or P} and this intersection must be at a vertex of

Ge by Proposition 4.4.9(2), contradicting the minimality of d.
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4.4.4 Path matrices and their quantum minors

Definition 4.4.18. Define the path matriz Mc = (Mcli, j])j)ep.qx.q of C to be the
¢ x d matrix® with entries from B such that for each (i,7) € [1,c] x [1,d], Mc[i, j] is
the sum of the weights of all paths from r; to ¢; in the Cauchon graph G¢ of C. For
I'={ii<...<i}C[l,cJand J = {j1 <...<j} C[1,d], we define the quantum

minor [/ | J] of M as follows

11T =3 (=) Meclir, joy) - - Melis, jogo))-

o€S

Naively adapting [7, Theorem 4.4] would suggest that for any I C [1,c] and J C [1,d]
which have the same cardinality, the quantum minor [I | J] of M is equal to the sum
of the weights of all vertex-disjoint R(; j)-path systems in Ge. However our situation is
slightly more complicated because (unlike when C is defined on a rectangular Young
diagram) when C is defined on a generic Young diagram, there can be vertex-disjoint
path systems whose permutation is not identity. Theorem 4.4.19 shows that the
appropriate adjustment is to scale by (—¢)““t.n), where o(1,5) is the permutation of

every vertex-disjoint R(; j)-path system in Ge (see Lemma 4.4.16).

3Recall that A = (A1,...,\.) is a partition with d = X\; > --- > A\, > 1, where ¢ < m and d < n.
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Theorem 4.4.19 (cf. Theorem 4.4 of [7]). Let I C [1,¢c] and J C [1,d] have the same
cardinality and let o(; 5y be the permutation of all vertex-disjoint (R, Cy)-path systems

(see Lemma 4.4.16). Then the quantum minor [I | J| of Mc is given by

(1] J) = (=)0 3 w(P), (4.20)

P

where P runs over all vertex-disjoint (Ry, Cy)-path systems in Ge. In particular, if

there are no vertez-disjoint (R, Cy)-path systems in Ge, then [I | J] = 0.

Proof. For ease of notation, let us take I = J = {1,...,t} (the proof for general I and
J is the same but the notation is more unwieldy). By the definition of the path matrix,

we have

] J] =3 (=) Me[1,0(1)] - Melt, o(t)]

og€ESE

:Z(_q)ao)( 3 w(a))( 3 w(PQ))---( > w(Pt))

oES: Pr:irm = ¢y Pai 1y = cy(2) Ppire = co(p)

= S (=) u(P),
P

where, in the final sum, P runs over all (R;, C'y)-path systems.

When N is the set of non-vertex-disjoint (R;, Cy)-path systems, we claim that

> (~0) " hu(P) = 0. (4.21)

PeN

To show that (4.21) holds, we construct a fixed-point-free involution 7: A" — N which

satisfies

()P w(P) = ~(~g)""= u(x(P)) (122

for every P € N.
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Let P = (Py,...,P) € N and let i be minimal such that P; and P,,; share a vertex
(this ¢ exists by Lemma 4.4.17). Let x be the last vertex shared by P, and P,;; and let
Ki:r; = wand Li: v = c,,(; be subpaths of P; so that P, = K L;; define K,

and Ly from P,y similarly. For any j € [1,], set

KLy j=i

T(P) = (KyL, j=i+1

P.

’ otherwise

(see Example 4.4.20 for an example of the action of 7). Define m(P) to be the (R, Cy)-
path system (7(P}),...,7(F;)). This gives us a map 7: N — A which is clearly an
involution and which clearly has no fixed points. In order to prove (4.22), we may
assume without loss of generality that op(i) < op(i 4 1), so that orp) = op(i i + 1)
satisfies {(orp)) = (op) + 1. Notice that because x is the last vertex shared by P;
and P;11, the assumption op(i) < op(i + 1) forces L, to start with a horizontal edge.

We claim that w(P;)w(Piy1) = qu(m(P;))w(m(Pi41)). There are two cases to consider:

(i) Suppose that Lo has a horizontal edge. Then

w(P)w(Pis1) = w(K)w(Ly)w(Kz)w(Ls)
= qu(K)w(Ky)w(L)w(Ly)  (Lemma 4.4.12)
= ¢*w(K))w(Ky)w(Ly)w(L;)  (Lemma 4.4.13)
= ¢ 'w(K ) w(Ly)w(Ky)w(Ly)  (Lemma 4.4.12)

= qu(m(P))w(m(Pit1)).
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(ii) Suppose that Lo consists of vertical edges. Then w(Ly) = 1 and we have

w(P)w(Pi1) = w(Ky)w(Ly)w(Ka)w(Ls)
= w(K;y)w(Le)w(Ly)w(Ks)

= qu (K )w(Ly)w(Ky)w(Ly) (Lemma 4.4.12)

= qu(m(F;))w(m(Pit1))-
Hence we have
w(P) = (h w(P) | w(P)w(Pi) ( 1 w(ﬂ))
Jj=i+2

Now

(=) w(P) = (—q)"“Pqu(r(P))
= — (=) w(x(P))
= (=gl (P)),

proving that m: N — N satisfies (4.22); the claim (4.21) follows immediately. Moreover,
the claim (4.21) immediately gives

1] ] =3 (=) w(P),
P

where P runs over all vertex-disjoint (Ry, Cy)-path systems in Ge. Lemma 4.4.16 shows

that op = o(r ) for all such P, giving the result. |



4.4 Cauchon graphs and path matrices 83

Example 4.4.20. Below left is an example of a non-vertex-disjoint R 2 {1,3})-path
system P = (Py, P») on the Cauchon graph of a Cauchon diagram. Below right is the
non-vertez-disjoint R 2y 11,3 -path system w(P) = (w(Py), w(P2)).

¢ B, ¢ (B,
$ 2o 7, ¥ 4"(P2 7y

) % TR ) T

A $ y ¥

€ < $ —&

¥ K 1% ¥ $cy
Py marked with straight lines. P, marked with 7(Py) marked with straight lines. 7(Pz)
zigzagging lines. marked with zigzagging lines.

Example 4.4.21. Letc=d =4, let A\ = (4,3,3,1), and let C be the Cauchon diagram
on Yy from Ezample (4.3.5). Below are C and Ge:

1
Tt 114
04 [ 2L N
—1 é’c
logla2 ta3 4
o< (R ey
1 1
Jt3atsn l t33t3,2 lt3,3
o< (R (R ®3
1|’c l’c
Jtan 2 3
.(/vwvv [ ] 7}4
i
.Cl

The only vertex-disjoint R 4y 1,4y)-path system in Ge is that which is marked with
zigzagging lines above; this path system has weight t1 441 and has permutation (1,2) €
Sa, whose length is 1. Theorem 4.4.19 predicts that the quantum minor [14 | 14] of M¢
is —qt1ats1. Computing the quantum minor [14 |14] of Me directly, we indeed get

[14 | 14] = Me[1, 1]Mc[4,4] — gMc[4,1]Mc[1,4] = 0 — qtyitia = —qtiatas.
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There are no vertex-disjoinl R 3y 1,2y)-path systems in Ge, so that Theorem 4.4.19
predicts that the quantum minor [23 | 12| of Mc is zero. Computing the quantum minor

[23 | 12] of M directly, we indeed get

23 | 12] = M2, 1]Mc([3, 2] — qMe|[3, 1] Mc([2, 2]
= (752,2753?7%153,1 + t2,3t§§t3,1)(t3,2) - Q(t3,1)(t2,3t3;§t3,2 +t29)
= 752,2153:%753,1153,2 + 752,3153:;1;?53,1753,2 — qt371t2’3t3_7§t372 — qt31la2
= qtaotsy + qtsatastsstse — qtsitastsstss — qlsatos
=0.

4.4.5 Pseudo quantum minors in H-prime ideals

Definition 4.4.22 (cf. Definition 3.1.7 of [8]). Let v € We be a vertex of a path
P:r; = c¢jin Ge. Let e be the edge of P which ends at v and let f be the edge of P
which begins at v. Then we say that v is a I'-turn of P (or that P has a ['-turn at v)
if e is horizontal and f is vertical and that v is a I-turn of P (or that P has a J-turn

at v) if e is vertical and f is horizontal.

Proposition 4.4.23 (cf. Proposition 3.1.8 of [8]). Let P: r; = ¢; be a path in Ge.
If vi,va,...,v; is the sequence of all I'-turns and J-turns in P, then v, is a I'-turn for

odd values of a and a I-turn for even values of a, t is odd, and

W(P) =ty ey -t "t

V1% v2 Vt—1

Proof. 1t is clear that v, is a I'-turn for a odd and a Jd-turn for a even. Since P ends

with a vertical edge, ¢ must be odd. Consider the subpaths:

Pl:n- - U1, PQi’Ul = Vg, ..., Pti’l}t,1 - U, Pt+13/l}t — Cj
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of P. For a € [1,t+ 1] even (i.e. for a = 2,4,...,t —1,t + 1), the path P, consists

solely of vertical edges and hence w(FP,) = 1. It follows that

w(P) = w(P)w(F) - w(B)w(Pq)
= w(Pw(Ps) - w(P-2)w(F)

=ty w(Ps) - w(P,_2)w(FP,) (by Proposition 4.4.9(4)).

However, P, ... P,_5, P, are internal horizontal paths in Ge and by Proposition 4.4.9(3),

their respective weights are ¢ 't,,, ..., t; " ty,_,.t; " t,,. The result follows. |

Notation 4.4.24. Let M be any c x d matriz with entries from Z. Then t™ denotes
Mij]

the element I1(; jew, ti; = of B, where the factors appear in lexicographical order.

Theorem 4.4.25 (cf. Theorem 4.1.9 [8]). Let I C [1,c] and J C [1,d] have the same
cardinality. Then the quantum minor [I | J] of Mc is zero if and only if there does not

exist a vertex-disjoint (Ry, Cy)-path system in the Cauchon graph Ge.

Proof. For ease of notation, let us take I = J = {1,...,t} (the proof for general I and
J is the same but notationally more unwieldy).

By Proposition 4.4.23, the weight of any vertex-disjoint (R, C)-path system P is
equal to ¢“tM” for some integer «, where the ¢ x d matrix Mp = (Mpli, j])i.j)eldx[d]

is defined as follows:

1 if there is a path in P with a I-turn at (4, j);
Mpli, j] = ¢ =1 if there is a path in P with a I-turn at (i, j);

0 otherwise.

Let P = (Py,...,P,) and Q = (Q1,...,Q:) be vertex-disjoint (Ry, Cy)-path systems
satisfying Mp = Mg. Fix any ¢ € [1,¢] and let (i, ¢) be the first vertex where P; turns
and (7,¢') be the first vertex where @; turns. Suppose that ¢/ > ¢, so that P; goes

horizontally straight through (i, ¢') and in particular, (i, ¢’) is a vertex of P; but neither
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a I-turn nor a J-turn of P;. However, since (i,¢') is a I-turn of @Q; and Mp = Mg,
there must be a path P # P, in P which has a I-turn at (¢, '), which is a contradiction
since P is a vertex-disjoint path system. Hence ¢’ % ¢. A similar argument shows that
¢ % 0, so that £ = ¢ i.e. the first turning vertices of P; and ); coincide. A similar
argument can be applied to the remaining turning vertices (if any) of P, and Q; to
show that P, and @; have the same turning vertices and hence P; = @Q;. Since ¢ € [1,1]
was chosen arbitrarily, we conclude that P = Q.

We have shown that if P = (Py,..., B) and Q = (Qq,...,Q;) are distinct vertex-
disjoint (Ry, Cy)-path systems, then Mp # Mg and hence Mpli, j| # Mgli, j| for some
(,7) € We.

It follows easily that if there exists at least one vertex-disjoint (R, Cy)-path system
in the Cauchon graph Ge, then [I | J] is a nontrivial linear combination of pairwise
distinct lex-ordered monomials in the ¢} ((i,7) € W) and hence (since the lex-ordered
monomials in the ¢;} ((i,7) € Wc) form a basis for B) [I |J] # 0. Theorem 4.4.19 gives

the converse. [ |

Before reading the proof of the following theorem, the reader might want to review

the notation and the result of Corollary 4.3.8.

Theorem 4.4.26 (cf. Lemma 5.4 [7]). For each (i,j) € Yy, Mc[i, j] is the canonical
image in Oy(M), (K))/P of X;;, namely Mcli,j] = Xz(f;?’\CH). For each (i,j) €
[1,c] x [1,d] \ Y, Mcli, j] is zero.

Proof. 1t is obvious that for each (i,7) € [1,¢] x [1,d] \ Y\, Mcli, j] is zero, so for
the rest of this proof all boxes shall be in Y). For any (a,b), (i,7) € Y\, let us define
Mc(a’b) 4, j] to be the sum of the weights of all paths P: 7, = ¢; in G¢ which have no
J-turn after (a,b) with respect to the lexicographical order (i.e. whose I-turns v all

satisfy v <jex (a,b)). It will suffice to show that for any (a,b), (i,j) € Y), we have

ab)r- - a,b)t
MEM, ) = 4 (4.23)
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setting (a,b) = (¢, \;) in (4.23) gives the result. We prove the claim (4.23) by induction
n (a,b). If (i,5) € Be, then there is no path P: r;, = ¢; in G¢ which has no
J-turn after (1,1) and we have MIV[i j] = 0=t ; = X(l D7 I (4, 5) € We, then the
only path in G¢ from r; to ¢; which has no I-turn after (1,1) is the path which runs
horizontally from r; to (4, j) and then vertically from (7, ) to ¢;; this path has weight
A [ (Ln*
ti ] X” by Proposition 4.4.9(4), so that M®V[i, 5] = x; 7" .
Let (a,b) € Ex\ {(c, \c + 1)} be such that

a,b)" . - a,b
M i, 5) = x5 (4.24)

for all (i, j) € Yy. For any (4, j) € Y), let us define F; ; to be the set of all paths in G¢
from r; to ¢; which have a I-turn at (a,b) and no later I-turn; it will suffice to show
that for each (i,7) € Yy, XEZ’b)+ is obtained from Xz 3 by adding Y- pep, , w(P).

We may assume that i < a, j < b, and (a,b) € W¢ (since otherwise F; ; is empty

and Corollary 4.3.8 gives Xg‘}’b)+ = XE?I’)). By Corollary 4.3.8, we have ng;’b)+ =

XZ(] 4 X(a b)ta blaj, so that it will suffice to show that

S w(P) = x5 b s (4.25)

PEFi’j

There are two cases to consider:

(a) Suppose that (a,j) € Be. Then F; ; is empty and t,; = 0; (4.25) follows immedi-
ately.

(b) Suppose that (a,j) € We. Let F; be the set of all paths in Ge from 7; to ¢
which have no JI-turn after (a b)_ = (a,b—1), so that Y gcp w(Q) = Méa’b)i[z’, b]
and hence Yger w(Q) = Xz v ) by the induction hypothesis (4.24). Let the path
K;: (a,b) = ¢; be given by concatonating the horizontal path (a,b) = (a,j)
with the vertical path (a,j) == ¢;. Proposition 4.4.9(3) gives w(K;) = t;,l)tw.
Let L, be the vertical path from (a,b) to ¢,. For any path P € F; ;, the subpath
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P'":r; = (a,b) of P is such that P = P'K;, P'L, € F;, and w(P'L,) = w(P’).
Notice that each path in F; has the form P’'L; for a unique path P € F; ;.

We have

> wP)= > w(Phw(k;)

Per; ; Per;;

= ( > w(P’Lb)) w(Kj;)

PEFZ‘,j
= (Z w(Q)) w(K;)
QEF;
a,b
= x5 w(K;)
=\t M,

establishing (4.25).

The proof is complete. |

As an immediate corollary of Theorems 4.4.25 and 4.4.26, we get the main result of

this section, which is a generalisation of the main result of [7]:

Theorem 4.4.27 (cf. Theorem 5.6 of [7]). Let P be an H-prime ideal of the partition
subalgebra Oq(M;,\m(K)) corresponding to a Cauchon diagram C on the Young diagram
Yy and let I C [1,c] and J C [1,d] have the same cardinality. Then the pseudo
quantum minor [I | J] of Og(M;, ,(K)) belongs to P if and only if there exists no

vertex-disjoint (Ry, Cy)-path system in the Cauchon graph Ge of C.



Chapter 5

Quantum Pliicker coordinates in

H-prime ideals of Oy(Gp n(K))

The material of this chapter comes from joint work with Prof. Stéphane Launois and
Prof. Tom Lenagan. Sections 5.1, 5.2, and 5.3 consist of known results, some of which
are rewritten in a fashion suitable for the purposes of the rest of the chapter; Sections
5.1, 5.2, and 5.3 are designed to set up Section 5.4, which consists of original material.

Sections 5.5 and 5.6 contextualise the results of Section 5.4.

5.1 The quantum Grassmannian O,(G,, ,(K))

Let us fix positive integers m < n. Consider the Grassmannian G,,,(K), which
consists of the m-dimensional subspaces of K”; this is a projective variety whose
homogeneous coordinate ring O(G,,,.»(K)) can be constructed as follows: the coordinate
ring O(M,, ,,(K)) of the affine variety of m x n matrices (which is simply the affine

space K™") is the polynomial algebra in the mn indeterminates X;; (i =1,...,m,j =
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1,...,n), which we can arrange in a matrix
X110 Xig
Xm,l e Xm,n

and the homogeneous coordinate ring O(G,, ,(K)) of the Grassmannian G, ,,(K) is
the subalgebra of O(M,,(K))) generated by the maximal minors (namely the m x m
minors) of the matrix above. Analogously, the quantised homogeneous coordinate ring of
the Grassmannian G, ,(K) (informally known as the (m xn) quantum Grassmannian),
denoted by O,(G,,,(K)), is defined as the subalgebra of O (M, ,,(K)) generated by

the maximal quantum minors of the matrix

Xig o0 X
(5.1)

Xm,l Xm,n

of canonical generators of O,(M,, ,(K)). By [21, Theorem 1.1}, the quantum Grass-
mannian O,(G,,»(K)) is a noetherian domain.

Since an m x m quantum minor of the matrix (5.1) must involve each of the m rows
of (5.1), specifying a maximal quantum quantum minor of (5.1) requires one only
to specify m of the n columns. As such, the generators of O,(G,,,(K)) are written
as [y1+ Ym) where 1 < 41 < v < -+ < Y < 05 [Y1° Y| denotes the quantum
minor [1---m | y1---9m] of Oy(Mp,,(K)). These generators of O,(G,,n(K)) are
called its quantum Pliicker coordinates and the set of quantum Pliicker coordinates of
Oy(Gpn(K)) is denoted II,,, ,, (we shall simply write II, since m and n are understood).
We shall often identify IT with the set of all m-element subsets of [1,n] in the obvious
way.

There is a natural partial order on II given by

eyl Sl = (v <o foralli € [1,m]). (5.2)
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Coming from the column action of (K*)”*" by automorphisms on O,(M,, ,(K)) (see
(2.10)), there is an action of the algebraic torus H = (K*)™ by automorphisms on
O,(Gn(K)) defined as follows: for any [y - --7y,) € I and any (o, ..., a,) € (K*)™,

(s eyam) [y Y] = gy a1 Yl (5.3)

By [21, Corollary 2.1}, the algebra O,(G,,,(K)) has a K-basis consisting of products
of quantum Pliicker coordinates. Since quantum Pliicker coordinates are clearly
H-eigenvectors with rational eigenvalues, it follows easily that the action of H on
O,(Gn(K)) is rational.

The goal of this chapter is to develop a graph-theoretic method for deciding whether
or not a given quantum Pliicker coordinate belongs to a given H-prime ideal of
O,(Gpn(K)). In fact, given an H-prime ideal J of O (G, ,(K)) and a quantum
Pliicker coordinate a;, we shall show that the question of whether or not a belongs to J
is equivalent to the question of whether or not a certain pseudo quantum minor belongs
to a certain H-prime ideal of a certain partition subalgebra of O,-1(M,, ,,—m(K)); by

Theorem 4.4.27, the latter is a question which we can answer.

5.2 Framing the question

For any v € II, set II" = {a € II | @ # ~}. By [24, Theorem 5.1], for every
P € Spec O,(G, »(K)) except the irrelevant ideal (II), there is a unique v € II such
that v ¢ P and II" C P. For any v € I, let (H—)Spec, Oy(Gmn(K)) denote the
subspace of Spec O,4(G,, ,,(K)) consisting of all those (H—)prime ideals J such that
v ¢ J and II" C J; we have

(H=) Spec Oy (Grn(K)) = | | (H-) Spec, Oy (Gm,n(K)) U (IT). (5.4)

vell

Convention 5.2.1. For the rest of this chapter, let us fix some v = [y1 -+ vm] € 1.
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If J € H—Spec, Oy(Gnn(K)), then by the definition of H —Spec, Oy (G0 (K)), we
know that v ¢ J and that 4/ € J for all 4/ € II such that 4/ # 7. What remains is to
decide which other quantum Pliicker coordinates belong to J i.e. given o € II such that
a > v, we seek to decide whether or not a belongs to J. The key to achieving this goal
is to exploit the correspondence (established in [24]) between H — Spec., Oy(G 1 (K))
and the H-spectrum of a certain partition subalgebra of O,-1M,, ,,—,(K). We shall

describe this correspondence in the next section.

5.3 The correspondence of Launois, Lenagan, and

Rigal

5.3.1 Noncommutative dehomogenisation

The process of noncommutative dehomogenisation, introduced in [21, Section 3|, is
the foundation for the construction of Launois, Lenagan, and Rigal [24] of a bi-
increasing one-to-one correspondence between H — Spec, (Oy(Gpn(K))) and H —
Spec(Og-1 (M, .. (K))), where X is a partition associated to .

We review here the general theory on noncommutative dehomogenisation from [21,
Section 3]. Let R = @,;cy R; be an N-graded K-algebra, let = be a homogeneous normal
regular element of degree one, and set S := R[z™!]. For i < 0, define R; := 0. Fori € Z
and j € N, define R;xz~7 to be the K-subspace of S consisting of all those elements of S
which can be expressed in the form rz =7 with r € R;. For | € Z, set S; := 30°0 Rz,

so that since R;z=7 C RHlx*(jH) for all 7 and j, we have

Sl = U RH_tlL'_t. (55)
t=0
We get a grading S = @z .S, on S.
Definition 5.3.1. Let R = @,y R; be an N-graded K-algebra and let  be a homoge-

neous regular normal element of R of degree one. The noncommutatuve dehomogenisa-
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tion of R at x, written Dhom(R, x), is the subalgebra Sy = >7° Rt = U2, Rz~
of the Z-graded algebra Rz~ = S = @,z S

Denote by o the conjugation automorphism of S given by o(s) = zsz™! for all s € S.
It is easy to check that o restricts to an automorphism of Dhom(R, z) = Sy (which we
shall abusively denote by o). By [21, Lemma 3.1], the inclusion Dhom(R, z) < R[z™!]

extends to an isomorphism
Dhom(R, z)[y*"; 0] = Rz}

which sends y to x.

5.3.2 Quantum Schubert varieties and quantum Schubert cells

By [26, Corollary 3.1.7], the ideal (II") of O (G »(K)) is completely prime, so that
the noetherian algebra S(v) := O4(G,,»(K))/(II7) is a domain. It is well known that
O,(Grn(K)) is an N-graded K-algebra with each quantum Pliicker coordinate being
homogeneous of degree 1; since the elements of I1” are homogeneous, there is an induced
N-grading on S(v). By [24, Remark 1.4], 7 € S(v) is a homogeneous regular normal
element of degree one, so that we may dehomogenise S(v) at 7 (in fact this follows

from a more general result of Lenagan and Rigal [25, Lemma 1.2.1]).

Definition 5.3.2. The algebra S(v) := O,G,,.(K)/(II") is called the quantum Schu-
bert variety associated to y. The algebra S°(y) := Dhom(S(v),7) is called the quantum

Schubert cell associated to 7.

Remark 5.3.3. We shall later describe an isomorphism (established in [24, The-
orem 4.7]), between the quantum Schubert cell S°(7y) and a partition subalgebra of
Og-1 (M n—m(K)).

Definition 5.3.4. The ladder associated to 7y is denoted by £, and defined by

‘C’Y = {(27j> € [[Lm]] X [[1,71]] | .7 > Ym+1—i and ] 7£ Vi for all [ € [[Lm]]}
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A generating set for the quantum Schubert cell S°(y) was described in [24, Proposition
4.4]: if, for (i,j) € L., one defines m; ; := {71, -, Ym} \ {¥m+1-i} U {j}], then the
quantum Schubert cell S°(v) is generated by {m;;7 ' | (i,j) € L,}. Let us set
my; =m; " for all (4,7) € L.,

Since (II") is clearly an H-invariant ideal of Ou(G,,,(K)), the action of H on
O,(Grn(K)) descends to S(7). Since 7 is an H-eigenvector of S(7), the action of H
on S(v) extends to S(v)[y~!]. This action of H on S(v)[y~!] restricts to S°(v); indeed

for any m;; with (i,75) € £,, and any (aq,...,a,) € H, an elementary calculation
shows that
(a1,...,0p) My = a;ﬂiﬂfiajrﬁfj. (5.6)

Recall from the general theory of noncommutative dehomogenisation that when o is
the restriction to S°(7y) of the automorphism of S()[F~!] given by s+ Fsy~! for all
s € S(v)[77'], the inclusion S°(y) < S(7)[7!] extends to an isomorphism

S* ™5 0] = (Og( G (K)) /() (7] (5.7)

which sends y to 7. Notice here that by [26, Lemma 3.1.4(v)], the automorphism o
multiplies each m;; ((i,7) € £,) by ¢. The action of H on (O,(G.»(K))/{I1))[F!]

passes to S°(y)[yT!; o] via the isomorphism (5.7) and this action of H on S°(v)[y**

;0]
restricts to the action of H on S°(7) described in (5.6). In particular, the isomorphism
(5.7) is H-equivariant where H acts on S°(y) as in (5.6) and each (ay,...,a,) € H
acts on y as follows

(1, .. 00) Y =0y Y (5.8)

(ct. (5.3)).

5.3.3 Quantum ladder matrix algebras

It was shown in [24] that the quantum Schubert cell S°(y) can be identified with
a well-behaved subalgebra of O,(M,,,(K)), which can in turn be identified with a
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partition subalgebra of Oy -1 (M, n—m(K)). We describe these isomorphisms in detail

in this section.

Definition 5.3.5. The quantum ladder matriz algebra associated to v is the subal-
gebra of O,(M,,,(K)) generated by all those X;; with (i, j) € L,; it is denoted by
Oy (M n(K)).

By [24, Lemma 4.6], there is an isomorphism

e

S°(v)

™y ; —> Xi,j‘

Oy (M5 (K)) (5.9)

One may obtain the generators of O,(M,, . ~(K)) as follows. Consider the matrix

Xl,l e Xl,n
(5.10)
Xm,l e Xm,n

of canonical generators of O,(M,,,(K)) and recall that v = [y;---vy]. For each
i € [1,m], remove the i*"-last entry of the 7 column of (5.10) (namely the entry
Ximt1-i~) and replace it with a bullet. For each bullet, replace all matrix entries
which are to its left and all matrix entries which are below it with stars. Then the
quantum ladder matrix algebra O, (M,, » (K)) is the subalgebra of O,(M,, »,(K)) which
is generated by the entries of the matrix (5.10) which survive this process (i.e. which

are not replaced by a bullet or a star).

Example 5.3.6. Let v be the mazimal quantum minor [1347] of O,(G4s(K)) and

consider the matrix

Xig Xip Xig Xig Xis X Xigp Xig
Xo1 Xoo Xosz Xoy Xos Xog Xor Xog
X31 X3o X33 Xzu X35 X3z Xzr Xsg
Xyg Xyo Xyuz Xya Xus Xy Xur Xug
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of canonical generators of Oy(M,s(K)). Applying the prescribed procedure, we are left

with
x k% k% x o Xig

* * * @ X275 X2,6 * Xg}g
x * ® Xk X3’5 X3,6 * Xg,g
[ ] X472 ko ok X475 X4,6 * X4’8

(5.11)

The quantum ladder matriz algebra Oy(Mygs~(K)) is the subalgebra of Oy(M,s(K))
generated by those X, ; appearing in (5.11). After rotating (5.11) through 180° and
deleting the columns containing bullets, notice that the generators of Oy(Mys(K)) lie

in the Young diagram below

(5.12)

In fact it turns out that the quantum ladder matriz algebra Oy(Mygs ~(K)) is isomorphic
to the partition subalgebra of O,~1(My4(K)) corresponding to the partition whose Young
diagram is (5.12).

Notation 5.3.7. Notice that for each i € [1,m], vi—i = |{a € [L,n]\v|a <y} It
follows easily that if we define \; = n—m—(y;—1i) for eachi € [1,m], then (A1, ..., \)
is a partition withn —m > Xy > Ay > -+ >\, > 0. Let ¢ be as large as possible such
that \. # 0 and denote by X\ the partition (A1, ..., \.). Recall from Definition 4.1.2,
that Oy (M), ,,_,,(K)) denotes the partition subalgebra of Oy-1 (M, n—m(K)) associated
to the partition A. Recall also that we denote by Yy the Young diagram corresponding
to .

Let {a1 < -+ < @p_m} =[1,n] \ v and notice that all elements of £, take the form
(i,a;) for some i € [1,m] and some j € [1,n —m]. The following result appears in
the proof of [24, Theorem 4.7]. We write down the maps explicitly here as we shall

need them.
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Lemma 5.3.8. There is an isomorphism

[ Oy(Myynn(K)) — Oqfl(M/\ (K))

m,n—m

such that
e f(Xi,aj) = Xnt1-in-mt1-j for each (i,a;) € L,;

e fTHXiy) = Xnt1—ian_mir_; for each (i,7) € Y.

o

Proof. By the proof of [16, Corollary 5.9], there is an isomorphism O,(M,(K)) —
O,-1(M,(K)) which sends each X; ; to X, 11_in41—; (this isomorphism can be thought
of as rotating the matrix of canonical generators for O, (M, (K)) through 180°).
There is an isomorphism 6: Oy(M,, n(K)) = Oy-1 (M, (K)) such that for each
(¢,7) € [1,m] x [1,n], 0(Xi;) = Xmt1—int1—; (this isomorphism can be thought
of as rotating the matrix of canonical generators for O,(M,,,(K)) through 180°).
This isomorphism is constructed by identifying O, (M, ,,(K)) with the subalgebra of
O,(M,(K)) generated by the last m rows of the matrix of canonical generators for
O,(M,,(K)), identifying O,-1(M,, »(K)) with the subalgebra of O,-1(M,,(K)) generated
by the first m rows of the matrix of canonical generators for O,-1 (M, (K)), and applying

the isomorphism described in the previous paragraph.

There is an isomorphism 6(Oy (M, n~(K))) 5 Oy (M), ,,_,,,(K)) which sends each
0(Xia;) = Xog1—imt1-a;, ((1,a5) € L)) to Xiny1—in—ms1-j. Composing this isomor-
phism with § (or rather the restriction of § to Oy(M,n~(K))) gives the desired
isomorphism f.

The isomorphism f is simpler than the notation of Lemma 5.3.8 might make it seem.

The following example should illuminate the idea.

Example 5.3.9. In the situation of Example 5.5.6, where v is the quantum Plicker
coordinate [1347] of O,(G45(K)), the generators of the quantum ladder matriz algebra
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O,(M,5~(K)) are those appearing below

x % % k% x o Xig
x ok x o Xos Xog x Xog
* ke x Xg5 X3zg * Xzg
[ ) X472 X ok X475 X4,6 * X4’8

The action of the isomorphism &: Oy(Myg(K)) = Oy-1(Mys(K)) may be understood
as rotating this picture through 180°:

X1’1 *x X1’3 X1’4 * ok X1’7 [
X271 * X273 X274 *X @ * *
X3,1 * X3,3 X3,4 L

(5.13)

*
*
*

Xy ® % * ok ok k%

Let X\ be the partition associated to v as in Notation 5.3.7, whose Young diagram is

The subalgebra of O,-1(Mys(K)) generated by the X, ; appearing in (5.13) is clearly
isomorphic to the partition subalgebra Og-1(M7,(K)) of Op-1(My4(K)).

The following is a more explicit statement of [24, Theorem 4.7].

Theorem 5.3.10. There is an isomorphism 6: S°(v) = Qg1 (M) (K)) such that

m,n—m

—_~—

4 G(mwj) = Xm+1—i,n—m+1—j fO’f’ each (Z, aj) S ,C,y,'

o 071 (Xij) = Mmt1—ian_ir, Jor each (i,7) € Y.

Proof. When g is the isomorphism S°(y) = Oy(My..,(K)) given in (5.9) and f is the
isomorphism Oy (M, n(K)) = Og-1 (M) (K)) given in Lemma 5.3.8, the desired

m,n—m

isomorphism 6 is given by f o g. |
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We may pass the action of H on S°(y) through 6 to get an action of H on
O, (M) (K)) described by

q m,n—m
(051, e ,an) . Xi,j = a%laaw,rl+17in7j (514)

for all (v, ..., o) € H and all (¢, 7) € Yx. With this action of H on Oy-1(M;), ,, ., (K)),

the isomorphism 6 is H-equivariant.
AWARNING A Because it allows the isomorphism 6 to be H-equivariant, the H-

action on Oy-1 (M, (K)) which we shall use is that given in (5.14); this is NOT the

m,n—m

usual action of H on Op-1(M, . (K)) (which is given in (4.1)).

m,n—m
In spite of the warning above, the following lemma shows that in fact we may use

the term H-prime ideal of Op-1(M;) ,,_,,(K)) without ambiguity (cf. commentary in
[24] before Theorem 4.8).

Lemma 5.3.11. The same subsets (and in particular the same prime ideals) of

O, (M) (K)) are invariant under H whether one uses the action of H described

m,n—m

in (5.14) or that described in (4.1).

Proof. Let us use “” to denote the action of H on O,-1(M,) (K)) transferred

m,n—m

through 6 from the action on S°(v) (described in (5.14)), let us use “#” to denote
the standard action of H on O -1 (M) (K)) (described in (4.1)), and let us fix any

m,n—m
a=(ay,...,q,) € H.

2

Define o = (af,...,a,), o = (of,...,ap) € H by o = o' for all i € [1,m],

o=y, forall j € [1,n—m], o =a;" forallie[1,m]and Yy in; =
Qmj for all j € [1,n —m].
One checks easily that if (,5) € Yy, then o - X, ; = &/#X, ; and a#X;; =" - X; ;.

Since these X;; generate O -1 (M) (K)), we have a - = o/#x and a#z =o" - x

m,n—m

for all z € Oy-1 (M)} ,,_,.(K)). The result follows.

m,n—m
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5.3.4 The correspondence of Launois, Lenagan, and Rigal

Recall that we have set {a; < -+ < ap—n} = [1,n] \ 7 and that all elements of L,
take the form (7, a;) for some i € [1,m] and some j € [1,n —m].

When ¢ is the automorphism of Q-1 (M, ,,_,,(K)) which multiplies each X; ; ((¢,7) €
Y3) by ¢, the H-equivariant isomorphism 6: S°(v) = Og-1 (M), ,,_,,(K)) (from Theorem

5.3.10) and the H-equivariant dehomogenisation isomorphism

(O (G (K)) /(I ) 7]

e

S°(ly*; o)

given in (5.7) induce an H-equivariant isomorphism

o

©: 041 (M i (K)) ™5 0] = (Og (G (K)) /) [77]

m,n—m

P

Xij ¥ Munsl—ian por,  ((1,4) €YA) (5.15)
y=7.
whose inverse we shall denote by W.

Remark 5.3.12. Recall that the dehomogenisation isomorphism S°(v)[y*!; o] =

(O4(Grn(K)) /{ID)) 7] extends the inclusion S°(7y) < (Oy(Gon(K)) /D)) [T, so
that for any x € S°(v), we have ¥(x) = 0(x) € Oy1 (M) (K)).

m,n—m

By [24, Theorem 5.4], there is a bi-increasing bijection
&: H — Spec, Oy (Grn(K)) = H — Spec Op1 (M), (K)) (5.16)
such that for any J € H — Spec, O,(Gnn(K)),

() =(IF ) N O (M, (K))

m,n—m
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and for any K € H — Spec Oy-1(My, ., (K)), £71(K) is the preimage in Og(Gpn(K))
of

® (@ Kyi) N (O (G (K)) /(IT7)) -

i€l
Recall the one-to-one correspondence (4.17) (first established in [24, Theorem 3.5])
between the H-prime ideals of Oy-1(My, ,,_,.(K)) and the Cauchon diagrams on the

Young diagram Y),. Composing this correspondence with £ gives the one-to-one

correspondence
H — Spec,, Og(Gn(K)) +— Cauchon diagrams on Y) (5.17)

which was established in [24, Corollary 5.5]: any J € H — Spec, Oy(Gy,.n(K)) corre-
sponds to the Cauchon diagram of the H-prime ideal {(J) of Og-1(M;) . _,.(K)) and

any Cauchon diagram C on the Young diagram Yy corresponds to the image under £*

of the H-prime ideal of O -1 (M) (K)) which has Cauchon diagram C.

m,n—m

5.4 Exploiting the correspondence of Launois, Lena-
gan, and Rigal

Let us fix any J € H —Spec, Oy(G,»(K)) and let us denote by C the Cauchon diagram
on Y, which corresponds to J under (5.17). Let us also fix any « € II which satisfies
a > 7. Notice that thereexist 1 <41 <~ <y <mand1 << < p<n—m

such that a;, >, forall [ =1,... ¢t and a = [(v\ {Vi,,-- -7 1) U{aj, ..., a5}

Remark 5.4.1. Recall that by the definition of H — Spec, Oy(Gmn(K)) (see the
beginning of Section 5.2), the question of whether or not a given quantum Plicker
coordinate belongs to J is settled trivially unless that quantum Plicker coordinate is

strictly greater than v with respect to the partial order (5.2).

Notice that when hy = (aq,...,a,) € H is such that oy = ¢* if i & {y1,...,Vm}

and «; = ¢ otherwise, the isomorphism o of O,-1 (M) (K)) (which multiplies each

m,n—m
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Xi; ((4,4) € Y)) by q) coincides with the action of hg. Moreover hy -y = ¢y by
(5.8). Hence the algebra Og-1 (M, ,,_..(K))[y="; 0], along with its H action, satisfies
[23, Hypothesis 2.1]. We shall use this fact in the proof of the following theorem.

Proposition 5.4.2. The condition that o belongs to J is equivalent to the condition

that W(ay~1) belongs to £(J).

Proof. By [23, Lemma 2.2], we have @,;cz&(J)y" = U((J/{TI)[77]), so that the

isomorphism ¥ induces an isomorphism

(Og (G (K)) /(TI7)) (7]

i q m,n—m '
(J/ ()] Dicz ()Y ’
which in turn induces an isomorphism
- ~ O M)\ K +1.
\Ifi O(I(Gm,n(K)) [771] = q ( m,n—m( ))[y 70]
J Dicz E(J)y

We have a € J if and only if @y™! =0 in (O,(G,,..(K))/J)[7 ], which is true if and
only if U(ay~1) = 0. Since

iy
Qi

=
Il

T(ay1) € O (M, oK)y 01/ D E(T)Y,

icZ
we have a € J if and only if U(ay™!) € @,z &(J)y". However the element a7y~ of
(Og(Grn(K))/(I17))[7~"] in fact belongs to S°(), so that W(ay™") € Og-1 (M, ,,_,,(K))
by Remark 5.3.12; hence o € J if and only if

w(ay) e (@guwi) N0 (M (K)) = £(7).
|

For the proof of the following theorem, we shall need a set of relations, known to
hold in quantum Grassmannians, called the generalised quantum Plicker relations. We

shall also need a version of the quantum Muir Law of extensible minors.
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Quantum Muir Law (adapted from [26, Proposition 1.3]):  Let r be a positive
integer. For s € [1,r], let I, Js be m-element subsets of [1,n] and let cs € K be such
that 30_; cs[Ls][Js] = 0 in Oy(Gyn(K)). Suppose that D is a subset of [1,n] such that
(Uszi L) U (Us—y Js) does not intersect D. Then in Og(Grmyp|n(K)), we have

er ¢,[I, U D][J, U D] = 0. (5.18)

s=1

Generalised quantum Pliicker relations [21, Theorem 2.1]:  Let Jy, Jo, K C [1,1]
be such that |J1|,|Je] < m and |K| =2m — |Ji| — |Jo| > m. Then

S () ORI L KT LR =0, (5.19)

K'UK"=K

where for any two sets I,J of integers, ((I;J) denotes the cardinality of the set
{(ig) € IxJ|i>j}.
Before reading the following proof, the reader might want to revisit the construction,

given in Notation 5.3.7, of the partition A from the quantum Pliicker coordinate ~.

Theorem 5.4.3. The isomorphism

Proof. Suppose that t = 1. Then ay™' = [(v\ {7, }) U {a;}] = mm+1*i17a]’1f_}/—1 =

Munt1—iy.a;, >, Which is sent by ¥ to X nomi1-j, = [ix | n —m + 1 — ji]. Since

0({vi, };{aj }) = 0, the claim holds.
We proceed by induction on ¢. (In order to keep the notation managable here, we

denote a singleton set by its element i.e. we write a singleton set {z} simply as z.)
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Let us set a = {aj,,...,a;,} and ¥ = {v;,...,7%,}. Applying the generalised
quantum Pliicker relations (5.19) with J; = a, J, = 0, K = a;, U7, and noticing that
C(vis (aj, UA)\ 7i,) = (vipsa5,) +1—1 (forall l =1,...,¢) and {(a;a;,) =t — 1, we
see that the following holds in O, (G, (K))

~+

Z(_q)f@wn)%(%l ;a,71)+l—1[a L] %‘z][(aﬁ L] 3) \%l] + (_q)t—1+€(ahw) [ajl e ajt]m = 0.
=1

Notice that no element of v\ 4 appears in any of the quantum Pliicker coordinates
in the above display, so that the quantum version of Muir’s Law (5.18) with D = v\ ¥
shows that in Og(Gi1p|n(K)) = Oy(Grpn(K)), we have

(r\viy)Uaj,y

> (=g O (@ L) U (A Dl U) \3a) U (V)

(e Y

(=)D [( \ F) U {ajy, ..., a5} ] [FU (Y \F)] =

Let s be maximal such that a;, > 7,,, so that in S(v) = O,(G,,,(K))/(II"), we have

[(v\ 7,) Uaj] =0 for I > s. Notice that if [ <'s, then l(a;~;,) =t —1, {(v;,;a;,) =0,
and ¢(a;,;7) = s, so that we may conclude from the above display that the following

holds in S(7):

ay = Z ¢) o (@U ) U (v \ )Mt 1-iyay, -

Now [26, Lemma 3.1.4 (v)] gives Ymmi1-ija;, = @Mms1-ia;, 7y foralll =1,...,s, s0

that in S°(vy), we have

- —QZ l - S a U 711) U (’Y \ 7)]771mm+1*ilvaj1771
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Now if we write [zAl | n—m/—ﬁ—jl] for [i1~~~iAl~-z't|n—m+1—jt~~n—m—i—1—jz]

the induction hypothesis gives

U(ay ) =Y (—q)(—q) Y b G | y—m+ T — 1] X e mes1—
=1

For [ < s, we have

K({%u e 7%}}; {aju ce 7ajt})
- g({'yiu SR 7%7 s 77%}7&) +£(/7iz7 {ajw s Jajt}) +€({7i17 B 77it};aj1)

:g({’}/ll?7’7/2\1777175}76)—1_0_'—16_8

Now

(@7 ™) = 3o it o PG | T = )X o
=1

If I > s, then aj, < and hence [{j | a; < v, }| > j1. Now since [{j | a; < i, } = vi,—u

(see Notation 5.3.7), we have
Yy —u>71  foralll >s. (5.20)

If I > s, then (5.20) shows that n —m + 1 — j; > n — m + 4, — 7;, and hence
(i,n —m + 1 —j;) ¢ Y, since the if" row of the Young diagram Y, has only \;, =
n—m+1i;—;, squares (again see Notation 5.3.7), so that our convention (see Definition

4.1.4) says that X;, ,—mi1—j = 0. Hence we get the following expression for ¥(ay~!):

t
(=) ad (i) S g™ o=+ T = )Xot
=1
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Quantum Laplace expansion in O,-1(M,, (K)) with the last column on the right

m,n—m

(Lemma 4.1.9(2))! shows that, as required, we have

U(ay™h) = (—q) Wiaradi faea g g —m 41— n—m+1—7j.

Recall the biincreasing bijection
& H— Specv(’)q(van(K)) 5 H- Spec (’)qq(Mg‘m_m(K))

given in (5.16). As in immediate consequence of Proposition 5.4.2 and Theorem 5.4.3,

we get

Corollary 5.4.4. The condition that o belongs to J is equivalent to the condition that
the pseudo quantum minor [iy - - - iy | n—m~+1—j, - - - n—m+1—j1] of Og=1 (M, ., (K))
belongs to the H-prime ideal £(J) of Og—1(Mj, ,, ., (K)).

Recall from Notation 5.3.7 that we have set \; = n —m — (v; — i) for each ¢ €
[1,m], chosen ¢ as large as possible such that A. # 0, and defined the partition A
by A = (A1,...,Ac). When d = )y, if we can show that {i,...,4;} C [1,¢] and
{n—m+1—j,...,n—m+1—j1} C[1,d], then the question of whether or not the
pseudo quantum minor [iy -+ i | n—m+1—ji---n—m+1—ji] of Op-1 (M, ,,_,..(K))

is zero can be settled by the graph-theoretic method of Theorem 4.4.27.

LCare is needed with the parameters ¢ and ¢—! here because in the proof of Theorem 5.4.3, we
are working with a partition subalgebra of O,-1 (M, —m(K)), whereas Lemma 4.1.9 is stated for
partition subalgebras of Oy (M, »(K)).
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Lemma 5.4.5. We have
(i) {i1,...,it} C[1,c] and

Proof. (i) Clearly it will suffice to show that \;, > 0. Recall from Notation 5.3.7
that

i, =n —m — (7, — i)

=n—m—Hae[Ln]\7]a<y}

Now if \;, = 0, then [{a € [L,n] \ v | @ < 7,}| = n — m so that every a €

[L,n]\v={a1 <--- < ay_n} satisfies a < ~,,; this is impossible since a;, > 7;,.

(ii) Clearly it will suffice to show that Ay > n —m + 1 — j;. Recall from Notation
5.3.7 that Ay = n—m — (71 — 1), so that it will suffice to show that j; > ;. Since
a > 1, v cannot be the largest element [n —m + 1---n| of II with respect to the
partial order on II, so that v, € [1,n —m]. Notice that a; = j for all j <y, and
a, > 71, so that inf{j € [1,n —m] | a;j > 11} = m. Since a;, > v, > 11, we
must have j; > 71, as required.

This brings us to the main result of this chapter, which tells us that o belongs to J if
and only if there exists no vertex-disjoint R, . i}, tn—m+1—ji,...n—m+1—j; }-Path system
in the Cauchon graph of C. For the sake of completeness, we include our conventions

in the statement of the theorem.
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Theorem 5.4.6. Let J # (II) be an H-prime ideal of Oy (G, ,(K)) and let v =
(71 < -+ < Y] be the unique quantum Plicker coordinate such that J € H —
Spec, Oy(Gmn(K)) (see [24, Theorem 5.1]). Let X be the partition corresponding to
v as in Notation 5.3.7 and let Yy be the Young diagram of \. Let C be the Cauchon
diagram on 'Yy corresponding to J as in (5.17). Set {a; < -+ < ap_m} = [1,n] \ 7. Let
a €1l be such that « > v andlet 1 <3 <--- < <m, 1 <1 <--- <53 <n—m be
such that oo = [(v \ {Virs -, v }) Udajy, .-, a5} and aj, >, for alll € [1,t]. Then
the quantum Plicker coordinate o belongs to J if and only if there does not exist a
vertez-disjoint Ry;,

C.

77777 i} An—m-+1—je,...n—m+1—j1 }-Path system in the Cauchon graph Ge of

Proof. This follows immediately from Corollary 5.4.4, Lemma 5.4.5, and Theorem
4.4.27. |

5.5 A link with totally nonnegative Grassmannians

Theorem 5.4.6 provides a link between the quantum and totally nonnegative Grassman-

nians. Let F' be any family of m-element subsets of [1,n]. Then F' defines a nonempty

tnn

mn if and only if there is an H-prime

cell in the totally nonnegative Grassmannian Gr
ideal J of O,(Gyn,n(K)) such that the quantum Plicker coordinates belonging to J are
exactly those corresponding to the members of F' (see a result of Postnikov appearing
as Proposition 13 in [33]). Consequently, the main result of [33] gives alternative

descriptions of the families of quantum Pliicker coordinates which belong to H-prime

ideals of O,(Gn(K)).
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5.6 A possible link with the strong Dixmier-Moeglin
equivalence

Using the process of noncommutative dehomogenisation and some results from Chapter
3, it is easy to show that O,(G,,n(K)) satisfies the quasi strong Dixmier-Moeglin
equivalence. We conjecture that O,(G,,,(K)) in fact satisfies the strong Dixmier-
Moeglin equivalence. The key to proving this property for quantum Schubert cells was
an understanding of the inclusions between the torus-invariant prime ideals and we
believe that the same will be true for O,(G,, . (K)). We believe that Theorem 5.4.6
may assist in a description of the inclusions between the torus-invariant prime ideals
of Oy(G,,»(K)); this would both solve an open problem and, we believe, provide the
key information for proving that O,(G,,,(K)) satisfies the strong Dixmier-Moeglin

equivalence.
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