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A COMPARISON OF LANDAU-GINZBURG MODELS FOR ODD

DIMENSIONAL QUADRICS

CLELIA PECH AND KONSTANZE RIETSCH

This paper is dedicated to George Lusztig on his 70th birthday.

Abstract. In [Rie08], the second author defined a Landau-Ginzburg model for homo-
geneous spaces G/P . In this paper, we reformulate this LG model in the case of the
odd-dimensional quadric X = Q2m−1. Namely we introduce a regular function Wcan on
a variety X̌can × C∗, where X̌can is the complement of a particular anticanonical divisor
in the projective space CP2m−1 = P(H∗(X,C)∗). Firstly we prove that the Jacobi ring
associated to Wcan is isomorphic to the quantum cohomology ring of the quadric, and
that this isomorphism is compatible with the identification of homogeneous coordinates
on X̌can ⊂ CP2m−1 with elements of H∗(X,C). Secondly we find a very natural Laurent
polynomial formula for Wcan by restricting it to a ‘Lusztig torus’ in X̌can. Thirdly we
show that the Dubrovin connection on H∗(X,C[q]) embeds into the Gauss-Manin system
associated to Wcan and deduce a flat section formula in terms of oscillating integrals. Fi-
nally, we compare (X̌can,Wcan) with previous Landau-Ginzburg models defined for odd
quadrics. Namely, we prove that it is a partial compactification of Givental’s original
LG model [Giv96]. We show that our LG model is isomorphic to the Lie-theoretic LG
model from [Rie08]. Moreover it is birationally equivalent to an LG model introduced
by Gorbounov and Smirnov [GS13], and it is algebraically isomorphic to Gorbounov and
Smirnov’s mirror for Q3, implying a tameness property in that case.

1. Introduction

The geometric Satake correspondence [Lus83, Gin95, MV07] constructs representations
of a reductive algebraic group G in terms of geometry of the affine Grassmannian of the
Langlands dual group G∨. It has its origins in the seminal paper of Lusztig [Lus83]. In
this paper we describe the mirror symmetry partner of a smooth, odd-dimensional complex
quadric X = Q2m−1 from the point of view of its automorphism group G∨ = SO2m+1(C),
Langlands duality and the geometric Satake correspondence.

Recall that the Langlands dual group of SO2m+1(C) is the symplectic group Sp2m(C).
The geometric Satake correspondence provides us with a ‘Langlands dual’ interpretation
of the cohomology H∗(X,C) of the smooth quadric X = Q2m−1 as follows. The quadric
X appears as one of the simplest Schubert varieties inside the affine Grassmannian of
SO2m+1(C),

X ↪→ GrG∨ = SO2m+1(C((t)))/ SO2m+1(C[[t]]).

Namely this Schubert variety is associated to the first fundamental coweight of SO2m+1(C).
The geometric Satake correspondence reinterprets this coweight as a dominant weight for the
Langlands dual group, Sp2m(C). Moreover the intersection cohomology of the associated
Schubert variety X is then understood to be the representation of Sp2m(C) with that highest
weight. In our setting, since the quadric is smooth, the intersection cohomology coincides
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with the usual cohomology of X and we obtain the interpretation,

H∗(X,C) = C2m = Vω1 ,

of the cohomology of X, where Vω1 is the defining representation of G = Sp2m(C).
In mirror symmetry a ‘mirror dual’ construction of the quantum cohomology ring of

X is sought, along with other structures involving Gromov-Witten invariants of X, see
[Bea95, CK99]. In the setting of the quadric X, the (small) quantum cohomology ring
is a 1-parameter deformation of H∗(X,C), whose structure constants are Gromov-Witten
invariants that count 3-pointed genus 0 holomorphic curves in X subject to certain con-
straints. The result is a commutative algebra structure on H∗(X,C)⊗C[q] which recovers
the usual cohomology ring when q → 0. For explicit formulas in the case of quadrics we
refer to [CMP07].

There are various previous mirror constructions that apply to odd quadrics, which we
recall in Section 2. Some of these already recover the quantum cohomology ring, and
one construction is already in terms of the Langlands dual group Sp2n(C). The main new
construction we introduce in this paper combines the geometric Satake correspondence with
the ‘Langlands dual group’ construction of the mirror. As a result we construct a mirror
for the quadric X that is expressed in terms of coordinates which are naturally identified
with cohomology classes of the quadric. An analogous construction was carried out for
Grassmannians in [MR13], and then for Lagrangian Grassmannians in [PR13].

The mirror of the quadric X takes the form of a Landau-Ginzburg model or LG model,
that is, of a pair (X̌can,Wcan), where X̌can is an affine Calabi-Yau variety and Wcan is a
regular function X̌can → C. In our construction X̌can is the complement of a particular
anticanonical divisor in projective space,

X̌can := CP2m−1 = P(H∗(X,C)∗) = Proj (C[p0, . . . , p2m−1]) .

Here CP2m−1 is viewed as the homogeneous space P(V ∗ω1
) for the symplectic group G =

Sp2m(C). Thus the first equality is by the geometric Satake correspondence. In the second
equality, the variables or homogeneous coordinates, p0, p1, . . . , p2m−1 are identified with the
Schubert basis, σ0, σ1, . . . , σ2m−1 ∈ H∗(X,C), which has one element in each even degree.

To give a concrete example, in the case of X = Q3 our formula reads

(1) Wcan,q =
p1

p0
+

p2
2

p1p2 − p0p3
+ q

p1

p3

in terms of the homogeneous coordinates (p0 : p1 : p2 : p3) on X̌can = CP3, which are
identified with the Schubert classes of Q3.

In the case of X = Q5 our formula reads

(2) Wcan,q =
p1

p0
+

p2p4

p1p4 − p0p5
+

p2
3

p2p3 − p1p4 + p0p5
+ q

p1

p5

in terms of the homogeneous coordinates (p0 : p1 : p2 : p3 : p4 : p5) on X̌can = CP5, which
are identified with the Schubert classes of Q5.

We compare our formula with previous constructions of Landau-Ginzburg models [Giv96,
Rie08, GS13], and obtain various mirror theorems for our LG model.

1.1. Quantum Cohomology. The LG model (X̌can,Wcan) provides the following Jacobi
ring description of the small quantum cohomology ring of the quadric X. Let δi denote the
ith quadratic denominator of the superpotentialWcan when i = 1 . . .m−1, and δm = p2m−1.
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Then

(3) qH∗(X,C)[q−1] = C[X̌can × C∗q ]/
(
∂Wcan,q

∂p1
,
∂Wcan,q

∂p2
, . . . ,

∂Wcan,q

∂p2m−1

)
= C[p1, . . . , p2m−1, δ

−1
1 , . . . , δ−1

m , q±1]/

(
∂Wcan,q

∂p1
,
∂Wcan,q

∂p2
, . . . ,

∂Wcan,q

∂p2m−1

)
,

where pi is identified with the (unique) Schubert class generator σi in qH2i(X,C) and we
have set p0 = 1. In particular, the equality (3) says that the pi span the right hand side as
a free C[q, q−1]-module, and the multiplicative structure constants compute 3-point genus 0
Gromov-Witten invariants of the quadric X.

1.2. The Dubrovin connection and flat sections. The next more sophisticated mirror
theorem says that the Gauss-Manin connection defined using Wcan,q recovers Dubrovin’s
connection on the free C[q±1]-module, H∗(X,C[q±1]), which is defined using the small
quantum cup product ?q, see [Dub96, CK99]. The precise statement is formulated in
Section 11. Namely we have a natural embedding of the Dubrovin connection into the
Gauss-Manin system, Theorem 11.1, in which the coordinates pi on the Gauss-Manin side
match up with the Schubert classes σi on the Dubrovin connection side. The theorem in
particular implies an integral formula for a global flat section of the connection, which is
stated in Corollary 11.2. Much earlier Givental [Giv96] constructed a flat section for this
connection without using mirror symmetry, as a power series with coefficients given by
descendent 2-point Gromov-Witten invariants of X. Our Corollary 11.2 implies integral
formulas for these invariants, via a comparison with Givental’s formula. See the sequel
paper [PRW16].

To illustrate the flat section formulas, let X = Q3 and ω be a meromorphic 3-form on
CP3 with simple poles along the divisor

D = {p0 = 0} ∪ {p3 = 0} ∪ {p1p2 − p0p3 = 0}.

Suppose Γ is a real 3-dimensional cycle in CP3 \D for integrating over; e.g. the compact 3-
torus used in Section 1.3 below. Then our result implies that the H∗(X,C)-valued function
in q,

S(q) =

(∫
Γ
eWcan,qp3 ω

)
σ0+

(∫
Γ
eWcan,qp2 ω

)
σ1+

(∫
Γ
eWcan,qp1 ω

)
σ2+

(∫
Γ
eWcan,q ω

)
σ3,

satisfies the ‘flat section’ differential equation

q
d

dq
S = σ1 ?q S.

Here we have set p0 = 1 and used p1, p2, p3 as coordinates on CP3 \D, as in Section 1.1.
We can improve on Theorem 11.1 in the special case of X = Q3 using a paper of Gor-

bounov and Smirnov. Namely in [GS13] Gorbounov and Smirnov construct their own ad
hoc partial compactification of the original Givental-mirror [Giv96] for Q2m−1. They prove
with Sabbah and Nemethi that their superpotential WGS is cohomogically tame, which im-
plies that the associated Gauss-Manin system reconstructs the Dubrovin connection without
needing to pass to a submodule, see [Sab99]. We compare the Gorbounov-Smirnov partial
compactification of Givental’s mirror to the canonical LG model and show that in the case
of Q3 they are isomorphic. Together with the result of [GS13], we obtain in this case an
isomorphism of the Gauss-Manin system of (X̌can,Wcan) with the Dubrovin connection, see
Theorem 11.1.

For dimension greater than three the canonical LG model is only birationally isomorphic
to the Gorbounov-Smirnov mirror. However it still has the expected number of critical
points. We therefore conjecture that the canonical and the Lie-theoretic superpotentials
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are also cohomologically tame, and the isomorphism statement of Theorem 11.1 extends to
all quadrics.

1.3. The Lie-theoretic superpotential and Lusztig coordinates. The flat sections
S(q) discussed above can also be written in terms of (X̌Lie,WLie), the Lie-theoretic LG
model which was defined in [Rie08]. In this case the top degree coefficient of S(q) (with
respect to the grading on cohomology) takes on the form

(4) 〈S(q), σ0〉 =

∫
ΓLie⊂X̌Lie

eWLie,qω.

Here X̌Lie is a (2m− 1)-dimensional affine subvariety of the full flag variety Sp2m/B (it is
a Schubert variety intersected with an opposite big cell), and ω is a particular holomorphic
volume form on X̌Lie. This formula (4) which we prove here was conjectured in [Rie08,
Conjecture 8.1].

Crucial to our proofs is a new Laurent-polynomial LG-model. From the point of view of
Lie theory, X̌can can be described as the image inside X̌can = CP2m−1 of the intersection of
two opposite Bruhat cells. It is therefore natural to restrict (X̌can,Wcan) to a ‘Lusztig torus’
X̌Lus inside X̌can. That is we consider the same torus which would be used by Lusztig to
parametrise the totally positive part of X̌can viewed as an Sp2m-homogeneous space, in the
theory of total positivity [Lus94]. After restriction of Wcan to this torus we obtain a very
nice Laurent polynomial, which is reminiscent of the standard superpotential for projective
space CPn,

z1 + . . .+ zn + q
1

z1 . . . zn
,

and which can be used to compute the integral (4).
For example in the case of X = Q3 we have a 3-dimensional torus with coordinates a, b, c,

and

(5) WLus,q = a+ b+ c+ q
a+ b

abc
.

In the case of X = Q5 we have a 5-dimensional torus with coordinates a1, a2, b1, b2, c, and

(6) WLus,q = a1 + a2 + b1 + b2 + c+ q
a1 + b1
a1a2b1b2c

.

We may rewrite our integral formulas in terms of these coordinates. For example if X = Q3

we obtain the easily computable integral

(7) 〈S(q), σ0〉 =

∮ ∮ ∮
e(a+b+c+q a+b

abc )da

a
∧ db
b
∧ dc
c
.

Finally, we note that analogous results in the parallel case of even quadrics are worked
out in [PRW16]. For even-dimensional quadrics, the Langlands dual homogeneous space
is another even-dimensional quadric, thus the canonical mirror (X̌can,Wcan) looks quite
different from the one in the odd quadrics case. However when we restrict to the Lusztig
torus in that setting, the formula is a straightforward generalisation of (5), (6), etc., to an
even number of coordinates.

Acknowledgements : The second author thanks George Lusztig for his great PhD supervi-
sion and for introducing her to the theory of total positivity, which turns out to have so
many beautiful connections. The second author also thanks Dale Peterson for his inspiring
lectures on quantum cohomology.

2. Overview of earlier LG models

We begin by recalling various earlier constructions of mirror Landau-Ginzburg models
which are relevant in our setting.
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The Givental mirror. The earliest Landau-Ginzburg model construction which applies
to odd quadrics is due to Givental [Giv96], who wrote down an LG model for any complex
projective hypersurface Y ↪→ CPN . Givental’s LG model is a regular function WGiv on a
hypersurface inside an N -dimensional torus.

The odd quadric Q2m−1 is a hypersurface inside CP2m, and Givental’s mirror is a regular
function on a particular hypersurface in a 2m-dimensional torus, namely{

(x1, ..., x2m) | x2m +
q∏2m
i=1 xi

= 1

}
.

In a more symmetric formulation the Givental mirror of Q2m−1 is

X̌Giv =

{
(ν1, . . . , ν2m+1) ∈ (C∗)2m+1 |

2m+1∏
i=1

νi = q, ν2m + ν2m+1 = 1

}
,

WGiv = ν1 + · · ·+ ν2m−1.

Additionally, X̌Giv comes with a holomorphic volume form. But we do not include it here
as it will not be used later.

The Przyjalkowski mirror. We use the notation (X̌Prz,WPrz) for a Laurent polynomial
mirror written down in [Prz07] which extends Givental’s mirror from X̌Giv to a (2m − 1)-
dimensional torus containing it. In the case where Y is the smooth quadric Q3 in P4 the
Przyjalkowski mirror is given by

X̌Prz := (C∗)3, WPrz,q := Y1 + Y2 +
(Y3 + q)2

Y1Y2Y3
.

More generally for a quadric Q2m−1 the formula reads

X̌Prz = (C∗)2m−1, WPrz,q = Y1 + · · ·+ Y2m−2 +
(Y2m−1 + q)2

Y1 . . . Y2m−1
.

WPrz is obtained from WGiv via the change of coordinates described in Section 10.

One issue with both (X̌Giv,WGiv) and (X̌Prz,WPrz) is that the superpotential does not
in general have the expected number of critical points (at fixed generic value of q). Namely
the expected number of critical points should be equal to dimH∗(Q2m−1,C) = 2m. The
analogous problem in the case of the even quadric Q4 was already observed in [EHX97]. In
this example [EHX97] constructed a partial compactification to solve this problem, albeit
in an ad hoc fashion.

The following LG models, described in detail later in the paper, are partial compactifi-
cations of Givental’s mirror (X̌Giv,WGiv) which are known to have the correct number of
critical points.

The Lie-theoretic mirror. The quadratic hypersurfaces Q2m−1 have large symmetry
groups. Indeed Q2m−1 can be viewed as the Grassmannian of isotropic lines in C2m for a
fixed non-degenerate quadratic form. In this way the quadric Q2m−1 is identified as a comi-
nuscule homogeneous space for the group G∨ = SO2m+1 or its universal cover Spin2m+1(C).

For any projective homogeneous space of a complex algebraic group there is a Landau-
Ginzburg model which was defined by the second author using a Lie-theoretic construction.
Namely, in [Rie08] a conjectural LG model (X̌Lie,WLie) is constructed for any projective
homogeneous space X = G∨/P∨ of a simple complex algebraic group G∨, as a regular
function on an affine subvariety of the Langlands dual group G. This affine variety is
generally larger than a torus. It is shown in [Rie08] that this Lie-theoretic LG model
has the correct number of critical points. Namely its Jacobi ring is shown to recover the
Peterson variety presentation [Pet97] of the quantum cohomology of X.
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The Gorbounov-Smirnov mirror. For odd-dimensional quadrics Q2m−1 a recent paper
[GS13] of Gorbounov and Smirnov directly constructs a partial compactification (X̌GS,WGS)
of the Givental mirror, without making use of [Rie08]. Moreover a version of mirror sym-
metry is proved, which identifies the initial data of the Frobenius manifold associated to
their LG model with that constructed out of the quantum cohomology. In particular the
Gauss-Manin connection associated to (X̌GS,WGS) is shown to be isomorphic to the small
Dubrovin connection.

3. Plan of the paper

We begin in Section 4 by setting up notation and giving a careful definition of the
Lie-theoretic LG model (X̌Lie,WLie). The domain is an open subvariety of a (2m − 1)-
dimensional Schubert variety X̌Lie of the full flag variety of Sp2m(C).

Our first result is thatWLie restricted to a certain torus recovers the Laurent polynomial
superpotential WLus. This is proved in Section 5.

We introduce the canonical LG model in Section 6. It has domain X̌can equal to the
complement of an anti-canonical divisor in X̌can = CP2m, where CP2m is viewed as right
homogeneous space for Sp2m(C). We then describe a birational map (depending on q)

(8) X̌Lie −−− > X̌can.

This birational map sends the torus used above isomorphically to the Lusztig torus X̌Lus

in X̌can. We express the Lusztig coordinates in terms of the homogeneous coordinates
of X̌can and show that the formula for WLus transforms to the formula for the canonical
superpotential Wcan. Therefore we see that (X̌Lie,WLie) and (X̌can,Wcan) are birationally
isomorphic (to each other as well as to (X̌Lus,WLus)).

Next, in Section 7 we show that the birational map (8) restricts to an isomorphism

X̌Lie → X̌can.

It follows that the canonical and the Lie-theoretic LG models are isomorphic.

Then in Section 9 we deduce an isomorphism which identifies the Jacobi ring associated
to (X̌can,Wcan) with the quantum cohomology ring of X. We show that under this iso-
morphism the homogeneous coordinates {pi} map to the Schubert classes {σi}, and the
quadratic denominators of Wcan each map to either q or σ2m−1.

In Section 10 we show that the following LG models are all birationally equivalent:

• the Givental mirror (X̌Giv,WGiv) from [Giv96],
• the Przyjalkowski mirror (X̌Prz,WPrz) from [Prz07],
• the Gorbounov-Smirnov mirror (X̌GS,WGS) from [GS13],
• and the canonical mirror (X̌can,Wcan), or equivalently (X̌Lie,WLie) from [Rie08].

In the case of X = Q3 we also show that the Gorbounov-Smirnov mirror and the canonical
mirror are isomorphic.

Section 11 is devoted to the Gauss-Manin system of (X̌can,Wcan). Inside this Gauss-
Manin system we identify a free C[q±1]-submodule with connection, which is then shown to
be isomorphic to the Dubrovin connection on H∗(X,C[q±1]). From this result we deduce
integral formulas for flat sections of the Dubrovin connection.

Using results from [GS13] we deduce that the Dubrovin connection on H∗(X,C[q±1]) is
isomorphic to the Gauss-Manin system of (X̌can,Wcan) (and not just to a submodule) in
the special case of the quadric Q3. In the final section we collect together and write out
explicitly the formulas in the example of Q3.
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4. The Lie-theoretic LG model (X̌Lie,WLie)

To introduce the Lie-theoretic Landau-Ginzburg model we view the odd-dimensional
quadric X = Q2m−1 for m ≥ 2 as a homogeneous space under the special orthogonal group
G∨ = SO2m+1(C). We fix a Borel subgroup B∨+, a maximal torus T∨ and an opposite Borel
subgroup B∨−, and consider the Dynkin diagram of type Bm:

1 2 3 m− 1 m

We denote by P∨ωi
⊃ B∨+ the parabolic subgroup corresponding to the i-th vertex of the

diagram. The quadric X = Q2m−1 identifies with the homogeneous space SO2m+1(C)/P∨ω1
.

The Landau-Ginzburg model for X = SO2m+1(C)/P∨ω1
defined in [Rie08], which we call

the Lie-theoretic LG model (X̌Lie,WLie), takes place on an affine subvariety X̌Lie of the
Langlands dual flag variety. Let G = Sp2m(C) be the Langlands dual group of G∨, and B+,
T and B− be the duals of B∨+, T∨ and B∨−, respectively. The Langlands dual flag variety

is Sp2m(C)/B−, and the Lie-theoretic mirror X̌Lie is the intersection of two particular
opposite open Bruhat cells in Sp2m(C)/B−. This intersection of cells is also called an open
Richardson variety. The Lie-theoretic potential WLie will be a particular regular function
on X̌Lie × C∗q , where by C∗q we mean C∗ with coordinate denoted q.

4.1. Notation for the symplectic group G = Sp2m(C). We denote by ωi for 1 ≤ i ≤ m
the i-fundamental weight of Sp2m(C), and by Vωi the fundamental representation with
highest weight ωi. We fix a basis (v1, . . . , v2m) for the representation V := Vω1

∼= C2m of G
with highest weight ω1 in such a way that the matrix of the symplectic form in the basis
(v1, . . . , v2m) be given by

J =



−1

1

. .
.

−1

1


.

Then the Borel subgroups B+ and B− consist of upper-triangular and lower-triangular
matrices, and the maximal torus T of diagonal matrices (dij) with non-zero entries di,i =

d−1
2m−i+1,2m−i+1. We also fix Chevalley generators (ei)1≤i≤m and (fi)1≤i≤m for the Lie

algebra g of G. Explicitly, we embed sp(V, J) into gl(V ) and set

ei := Ei,i+1 + E2m−i,2m−i+1 for i = 1, . . . ,m− 1, and em := Em,m+1,

where Ei,j = (δi,kδl,j)k,l is the standard basis of gl(V ). We also set fi := eTi , the transpose
matrix, for every i = 1, . . . ,m.

Using the Chevalley generators we introduce one-parameter subgroups of G by setting
xi(a) := exp(aei) and yi(a) := exp(afi). We choose specific representatives for elements of
the Weyl group W of G by associating to a simple reflection si the element

ṡi = yi(1)xi(−1)yi(1) ∈ G.

If si1 · · · sir is a reduced expression for w ∈W we denote by ẇ the element of G given by

ẇ = ṡi1 · · · ṡir ,

and we define `(w) := r, the length of the Weyl group element w. As is customary we also
denote by w0 the longest element in W .
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The 1-parameter subgroups given by the xi generate U+, and those given by the yi
generate U−. We define the following additive characters on U+ and U−, respectively,

(9)
e∗i : U+ → C, e∗i (xj(m)) = mδi,j ,

f∗i : U+ → C, f∗i (yj(m)) = mδi,j .

Recall that we realised our quadricQ2m−1 as the homogeneous spaceG∨/P∨ω1
for SO2m+1(C).

We now consider the dual parabolic subgroup P = Pω1 of G = Sp2m(C) associated with the
first fundamental weight. Explicitly it is the subgroup whose Lie algebra is generated by all
of the Chevalley generators ei together with f2, . . . , fm, leaving out f1. We let WP denote
the subgroup of the Weyl group W associated with Pω1 , namely WP = 〈s2, . . . , sm〉. We
write wP for the longest element in WP , WP for the set of minimal length coset represen-
tatives for W/WP , and wP ∈WP for the minimal length coset representative of w0.

4.2. Definition of the Lie-theoretic LG model. In this section we follow [Rie08], adapt-
ing the results there to our special case. We first introduce the domain, X̌Lie ⊂ G/B−, of
the Lie-theoretic mirror, namely

X̌Lie := (B+ẇPB− ∩B−ẇ0B−)/B−.

It closure in G/B− is the Schubert variety

X̌Lie := B+ẇPB−/B−.

To write down the superpotential WLie : X̌Lie × C∗q → C, we introduce a variety Z ⊂ G

which is a covering of X̌Lie × C∗q . Let TWP be the WP -fixed part of the maximal torus T .
Since P is a maximal parabolic, this is a one-dimensional torus, and we have that

α1 : TWP → C∗q ,
t 7→ α1(t)

is a double cover. We set

(10) Z := B−ẇ0 ∩ U+T
WP ẇPU−,

and define a map

πLie : Z → X̌Lie × C∗q
z = u1tẇpū2 7→ (zB−, α1(t)).

which is again a double cover. Note that if we were to quotient out Z by the action of
the centre, {±1}, of Sp2m(C), then the map would be an isomorphism. This would be the
convention taken in [Rie08].

We define a regular function on Z by

(11)
F : Z → C

z = u1tẇpū2 7→
∑
e∗i (u1) +

∑
f∗i (ū2).

From [Rie08] it follows that F is well-defined and descends to a regular function WLie :
X̌Lie × C∗q → C such that the diagram

Z

X̌Lie × C∗q C

F
πLie

WLie
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commutes. The corresponding map for fixed q, is denoted

WLie,q : X̌Lie → C, u1ẇPB− 7→ WLie(u1ẇPB−, q).

5. The Laurent polynomial superpotential WLus.

We continue using all of the notations from the previous section. We want to restrict
the Lie-theoretic superpotential WLie to a well-chosen torus to obtain a particularly nice
Laurent polynomial. Instead of constructing the torus inside X̌Lie, we will use Z, the double
cover of X̌Lie×C∗. Recall that Z ⊂ B−ẇ0 consists of those elements z which can be written
in the form

z = u1tẇP ū2

for u1 ∈ U+, t ∈ TWP and ū2 ∈ U−. However, the factors u1 and ū2 in this factorisation
are not uniquely determined. We can make them uniquely determined for example by
restricting the domain of ū2, which is what we will do now. Let

(12) UP− := U− ∩B+(ẇP )−1B+.

We have the following proposition.

Proposition 5.1. For any z ∈ Z there exists a unique ū2 = ū2(z) ∈ UP− such that z has a
factorisation of the form

z = u1tẇP ū2.

We also write t(z) = t if z is factored as above. The map θ : Z → UP− × TWP defined by

θ : z 7→ (ū2(z), t(z))

is an isomorphism of affine varieties.

Remark. Note that for any z ∈ Z with factorisation z = u1tẇP ū2, the factor t ∈ TWP

is uniquely determined and we may write t = t(z). Under the conditions of the propo-
sition, ū2 = ū2(z) ∈ UP− is uniquely determined by z. This implies that the first fac-
tor, u1 ∈ U+, is also uniquely determined (if we keep the condition on ū2). Namely
u1(z) = zū2(z)−1ẇ−1

P t(z)−1.

The above proposition is proved using the twist map of Berenstein and Zelevinsky.

Theorem 5.2 ([BZ97, Theorem 1.2]). Let G be a semisimple algebraic group. Let B+, B−
be opposite Borel subgroups in G and U+, U− their unipotent radicals. Denote by ẇ ∈ G a
choice of representative for an element w of the Weyl group W as in Section 4.1. Consider
y ∈ U− ∩B+ẇ

−1B+. There exists a unique x ∈ U+ ∩B−ẇB− such that U+ ∩B−ẇy = {x},
and the resulting map

η̃w : U− ∩B+ẇ
−1B+ → U+ ∩B−ẇB−, y 7→ x

is an isomorphism. In particular there exists an inverse isomorphism

εw : U+ ∩B−ẇB− → U− ∩B+ẇ
−1B+.

Proof of Proposition 5.1. The map z 7→ (t(z), ū2(z)) is constructed as the composition

Z → (U−ẇ0 ∩B+ẇPU−)× TWP → (U+ ∩B−ẇPB−)× TWP → UP− × TWP ,

where the rightmost map is defined using the isomorphism εwP from Theorem 5.2, the
middle map is defined using left multiplication by ẇ−1

0 , which is also an isomorphism, and
the leftmost map is defined to be

z = b−ẇ0 7→ ([b−]−1
0 b−ẇ0, t(z)).

Here [b−]0 denotes the torus part of the Borel group element b− ∈ TU−. This latter map is
also an isomorphism with inverse (b+ẇPu−, t)→ t[b+]−1

0 b+ẇPu−. �
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5.1. The intermediate LG model. We now have the commutative diagram

X̌Lie × C∗q Z

C

UP− × C∗q UP− × TWP

πLie

θ

∼=
id×α1

W
Lie F

F
θW θ

defining the maps Fθ : UP− × TWP → C, and Wθ : UP− × C∗q → C. Note that we may

invert πLie and id×α1, if we quotient out by the action of {±1} on Z and TWP . Therefore
we may think of (UP− ,Wθ) as being an isomorphic LG model to (X̌Lie,WLie); there is an

isomorphism UP− × C∗q → X̌Lie × C∗q which is the identity on the second factor, and under
which WLie pulls back to Wθ.

5.2. The Laurent polynomial LG model. We define an open dense torus inside UP− as

follows. The Weyl group element wP ∈WP has the reduced expression

wP = s1s2 . . . sm−1smsm−1 . . . s2s1.

As a consequence of this and the Bruhat lemma, a generic element ū2 in UP− can be written
as a product of elements of 1-parameter subgroups as follows,

(13) ū2 = y1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1),

where ai, c, bj 6= 0. Thus we define the torus T ⊂ UP− to be

T := {y1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1) | ai, c, bi ∈ C∗}.

Before working out the restriction of the superpotential to this torus, we note that it is
natural to think of T as embedded in the homogeneous space

(14) X̌can := P\Sp2m(C) ∼= CP2m,

via ū2 7→ Pω1 ū2, setting the stage for the canonical superpotential to be introduced in the
next section.

Thus we make the following definition.

Definition 5.3. We denote the image of the torus T in X̌can by X̌Lus, and denote the
coordinates on X̌Lus in the same way as those on T , by ai, c, bj 6= 0. Explicitly,

X̌Lus := {Py1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1) | ai, c, bi ∈ C∗}.

The restriction of Wθ to T defines a map

WLus : X̌Lus × C∗q → C.

Theorem 5.4. In terms of the coordinates ai, bi, c on X̌Lus,

(15) WLus = a1 + · · ·+ am−1 + c+ bm−1 + · · ·+ b1 + q
a1 + b1

a1 . . . am−1cbm−1 . . . b1
.

Proof of Theorem 5.4. Consider an element ū2 ∈ T ⊂ UP− and choose a t ∈ TWP such that
α1(t) = q. By definition, ū2 admits a factorisation

ū2 = y1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1).
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Let z := θ−1(ū2, t), where θ is the isomorphism from Proposition 5.1. Then z can be written
as z = u1tẇP ū2 for some unique u1 ∈ U+, and

Wθ(ū2, q) = F(u1tẇP ū2) =

m∑
i=1

e∗i (u1) +

m∑
i=1

f∗i (ū2).

The theorem now follows from the lemma below. �

Lemma 5.5. If u1 and ū2 are as above then we have the following identities

f∗i (ū2) =

{
ai + bi if 1 ≤ i ≤ m,

c otherwise.
(16)

e∗i (u1) =

{
0 if 2 ≤ i ≤ m,

q a1+b1
a1...am−1cbm−1...b1

if i = 1.
(17)

Proof. Equation (16) is obtained immediately from the definition of ū2. For Equation (17),
let v−ωi

and v+
ωi

denote a lowest, respectively highest, weight vector in Vωi and notice that

e∗i (u1) =
〈u−1

1 · v−ωi
, ei · v−ωi

〉
〈u−1

1 · v
−
ωi , v

−
ωi〉

=
〈tẇP ū2 · v+

ωi
, ei · v−ωi

〉
〈tẇP ū2 · v+

ωi , v
−
ωi〉

.

Assume 2 ≤ i ≤ m. Then e∗i (u1) = 0 if and only if 〈ū2 · v+
ωi
, ẇ−1

P ei · v−ωi
〉 = 0. Now

the vector w−1
P ei · v−ωi

is in the µ-weight space of the i-th fundamental representation,

where µ = w−1
P si(−ωi). Moreover, ū2 ∈ B+(ẇP )−1B+, hence ū2 · v+

ωi
can have non-zero

components only down to the weight space of weight (wP )−1(ωi) = w−1
P (−ωi). Since

`(w−1
P si) > `(w−1

P ) for 2 ≤ i ≤ m, this is higher than µ, which proves that e∗i (u1) = 0.
Now assume i = 1. We have

e∗1(u1) =
〈tẇP ū2 · v+

ω1
, e1 · v−ω1

〉
〈tẇP ū2 · v+

ω1 , v
−
ω1〉

= (ω1 + α1 − ω1)(t)
〈ū2 · v+

ω1
, ẇ−1

P e1 · v−ω1
〉

〈ū2 · v+
ω1 , ẇP v

−
ω1〉

= q
〈ū2 · v+

ω1
, ẇ−1

P e1 · v−ω1
〉

〈ū2 · v+
ω1 , v

−
ω1〉

.

First look at the denominator. The only way to go from the highest weight vector v+
ω1

of the

first fundamental representation to the lowest v−ω1
is to apply g ∈ B+wB+ for w ≥ (wP )−1.

Since ū2 ∈ B+(ẇP )−1B+, it follows that we need to use all factors of ū2, and normalising
v−ω1

appropriately, we get

〈ū2 · v+
ω1
, v−ω1
〉 = a1 . . . am−1cbm−1 . . . b1.

Finally, we look at the numerator 〈ū2 · v+
ω1
, ẇ−1

P e1 · v−ω1
〉. Let εi denote the weight of the

basis vector vi ∈ Vω1 when 1 ≤ i ≤ m. The vector ẇ−1
P e1 · v−ω1

has weight

µ′ = ẇ−1
P s1(−ω1) = ẇ−1

P (−ε2) = ε2.

Indeed, ẇ−1
P e1 · v−ω1

= v2. From the definition of ū2, it follows that 〈ū2 · v+
ω1
, v2〉 = a1 + b1,

which concludes the proof of the lemma and of the theorem. �
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In this section we have re-expressed the LG model (X̌Lie,WLie) in terms of a regular
function on a subvariety of U−, namely we introduced the intermediate LG model (UP− ,Wθ).

Then we restricted to a natural choice of torus inside UP− to find a simple Laurent polynomial

expression, leading us to (X̌Lus,WLus).
We are now ready to introduce the canonical mirror.

6. Construction of the canonical LG model (X̌can,Wcan).

We now construct the canonical LG model (X̌can,Wcan) and state our main comparison
theorem.

6.1. X̌can and its affine subvariety X̌can. Recall the definition of X̌can from (14), as the
right homogeneous space for Sp2m(C),

X̌can = Pω1\Sp2m(C).

If V = C2m is the defining representation of Sp2m(C) as in Section 4.1, then X̌can may
equivalently be described as P(V ∗), viewed as an orbit of Sp2m(C) acting from the right.

Remark. We note that on V ∗ we have both the action from the right (matrix multiplication
from the right on the vector space of row vectors), and the action from the left (dual
representation of V ). Namely these are related by g · v∗ = v∗ · g−1 for v∗ ∈ V ∗.

We want to choose fixed coordinates on X̌can. Let v0 = (0, . . . , 0, 1) in V ∗, so that the
line 〈v0〉C ∈ P(V ∗) has stabiliser P = Pω1 . We let w(k) ∈W be defined by

w(k) =

{
s1s2 . . . sk if k ≤ m,

s1s2 . . . . . . sm−1smsm−1 . . . s2m−k if m+ 1 ≤ k ≤ 2m− 1.

This defines a total ordering, w(0) = e < w(1) < . . . < w(2m−1), on the minimal length coset

representatives forWP \W . It gives rise to a basis {v0, . . . , v2m−1} of V ∗ where vk := v0·ẇ(k).
Explicitly,

(18) v0 = (0, . . . , 0, 1), v1 = (0, . . . , 1, 0), . . . , v2m−1 = (1, 0, . . . , 0).

We can now introduce notation for the homogeneous coordinates of an element x ∈ X̌can,
described as a coset x = Pg, by using the identification X̌can = P(V ∗) and the basis (18).

Definition 6.1. For 0 ≤ k ≤ 2m−1 and g ∈ Sp2m(C) define the homogeneous coordinates
pk(g) for the coset Pg ∈ X̌can by

pk(g) = 〈v0 · g, vk〉.

Here the angle brackets refer to the coefficient with respect to the basis {v0, . . . , v2m−1}.

Applying this definition, the homogeneous coordinates for a coset Pg ∈ X̌can are just
given by the bottom row entries of the matrix g read from right to left. We note that, if as
before we write g as g = u1tẇP ū2, then

(p0(g) : . . . : p2m−1(g)) = (p0(ū2) : . . . : p2m−1(ū2)),

since Pg = Pū2. Changing the coset representative only rescales all of the homogeneous
coordinates by a common factor.

Finally, note that the basis elements are of the form vk = v0 ·ẇ(k) and these homogeneous
coordinates can also be interpreted as generalised minors.

Definition 6.2. We define an affine subvariety of X̌can by

(19) X̌can := X̌can \D,
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where D := D0 ∪D1 ∪ . . . ∪Dm−1 ∪Dm, the divisors Di being given by

D0 := {p0 = 0} ,

D` :=
{
p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)`p0p2m−1 = 0

}
for 1 ≤ ` ≤ m− 1,

Dm := {p2m−1 = 0} .

Since the index of projective space X̌can = CP2m−1 is 2m which is also the degree of the
divisor D, it follows that D is an anticanonical divisor. We may also use the notation δ`
for the quadratic expression

δ` := p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)`p0p2m−1,

where 0 ≤ ` ≤ m− 1.

6.2. The superpotentialWcan and the isomorphism theorem. In the previous section
we defined X̌can and X̌can and the homogeneous coordinates pi. To define the ‘canonical’
LG model (X̌can,Wcan) it remains to define the superpotential Wcan.

Definition 6.3. Wcan is defined to be the regular map Wcan : X̌can×C∗q → C expressed in

terms of the homogeneous coordinates of X̌can by

(20) Wcan =
p1

p0
+

m−1∑
`=1

p`+1p2m−1−`
p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)`p0p2m−1

+ q
p1

p2m−1
.

If q is fixed we use the notation Wcan,q. We refer to the pair (X̌can,Wcan) as the ‘canonical’
LG model.

The next two sections will be devoted to proving the following comparison theorem
between (X̌Lie,WLie) and (X̌can,Wcan). Recall the definition of the subvarieties Z ⊂ B−ẇ0

and UP− ⊂ U− from (10) and (12), respectively.

By Proposition 5.1 and Section 5.1 we have an isomorphism X̌Lie×C∗q
∼−→ U−P ×C∗q . We

use it to define a ‘comparison’ map

(21) Ψ : X̌Lie × C∗q
∼−→ U−P × C∗q

πcan−→ X̌can × C∗q

where the right hand side map is simply defined by (ū2, q) 7→ (Pū2, q). All in all the map
Ψ is given by

(22) (gB−, q) = (u1tẇP ū2B−, q) 7→ (ū2, q) 7→ (Pū2, q),

where z = u1tẇP ū2 is the uniquely (up to ±1) determined element of Z for which α1(t) = q
and zB− = gB−.

Theorem 6.4. The map Ψ from (21) has image X̌can × C∗q and defines an isomorphism

between X̌Lie × C∗q and X̌can × C∗q such that the following diagram commutes

X̌Lie × C∗q X̌can × C∗q

C

Ψ

WLie Wcan

In other words, we have an isomorphism X̌Lie × C∗q → X̌can × C∗q which is the identity on
the second factor, and under which Wcan pulls back to WLie.
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7. The superpotential Wcan and the Laurent polynomial WLus

In this section we prove a birational version of Theorem 6.4. To do this we make use
of the Laurent polynomial LG model (X̌Lus,WLus) which is birational to (X̌Lie,WLie) by
construction.

Proposition 7.1. Consider the canonical superpotential Wcan as the rational function on
X̌can × C∗q given by,

Wcan,q =
p1

p0
+
m−1∑
`=1

p`+1p2m−1−`
p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)`p0p2m−1

+ q
p1

p2m−1
.

The restriction of Wcan to the Lusztig torus X̌Lus ⊂ X̌can is regular and agrees with WLus,
see Definition 5.3 and Theorem 5.4.

Note that the Laurent polynomial superpotentialWLus was in fact obtained fromWLie by
restriction of WLie to the torus Ψ−1(X̌Lus × C∗q), compare Section 5. Thus Proposition 7.1
has the following Corollary.

Corollary 7.2. We have a commutative diagram of (rational) maps

X̌Lie × C∗q X̌Lus × C∗q X̌can × C∗q

C

WLie WcanWLus

�

Proof of Proposition 7.1. Consider an element x = Pū2 ∈ X̌Lus. By definition of X̌Lus, ū2

admits a factorisation

ū2 = y1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1).

Recall from Definition 6.1 that the homogeneous coordinates are given by

pk(x) = 〈v0 · ū2, v
k〉 = 〈v0 · ū2, v

0 · ẇ(k)〉.

Using the factorisation of ū2 the following result is immediate.

Lemma 7.3. Let 0 ≤ k ≤ 2m− 1 be an integer. Then if ū2 possesses a factorisation of the
form (13) we have

pk(ū2) =


1 if k = 0,

a1 . . . ak−1(ak + bk) if 1 ≤ k ≤ m− 1,

a1 . . . am−1cbm−1 . . . b2m−k otherwise. �

By an easy computation it follows that

Wcan,q(x) =
p1

p0
+
m−1∑
`=1

p`+1p2m−1−`
p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)`p0p2m−1

+q
p1

p2m−1
=WLus,q(x).

Since X̌Lus is open dense in X̌can this completes the proof of the proposition. �

In the next section we will study the locus X̌can where Wcan,q is regular and prove that

Ψ is an isomorphism X̌Lie×C∗q → X̌can×C∗q . This will complete the proof of Theorem 6.4.
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8. The canonical mirror variety

Recall that a element in X̌can = P\SL2m(C) has projective coordinates (p0 : p1 : · · · :
p2m−1) which were introduced in Definition 6.1. Then the affine subvariety X̌can was de-
fined as the complement of a particular anticanonical divisor D ⊂ X̌can expressed in these
coordinates. Namely

D := D0 +D1 + . . .+Dm−1 +Dm,

with D0 = {p0 = 0}, Dm = {p2m−1 = 0} and each remaining D` of the form D` = {δ` = 0}
for a particular quadratic polynomial δ`, see Definition 6.2. We let δ0 = p0p2m−1.

The goal of this section is to prove the following proposition.

Proposition 8.1. The map from (21) defines an isomorphism Ψ : X̌Lie×C∗q → X̌can×C∗q.

Proof. By construction, the canonical superpotential Wcan,q is regular on X̌can and this is

the whole regular locus. Now from Corollary 7.2 it follows that Ψ maps X̌Lie ×C∗q into the

regular locus of Wcan. Therefore Ψ must have its image in X̌can × C∗q . We will now prove

the result by constructing an inverse map Ψ−1 : X̌can × C∗q → X̌Lie × C∗q .
It suffices to set q = 1 and construct a map Ψ−1

q=1 : X̌can → X̌Lie for which

Ψ−1
q=1(Pū2) = zB−

where z = u1ẇP ū2 ∈ Z. Then Ψ−1 is constructed out of Ψ−1
q=1 by setting

Ψ−1 : (Pū2, q) 7→ t(q)Ψ−1
q=1(Pū2) = t(q)zB−,

where for any q we let t(q) ∈ TWP be a torus element for which α1(t(q)) = q.
To construct Ψ−1

q=1 we consider the morphism

Φ : X̌can → B−ẇ0, (p0 : p1 : · · · : p2m−1)→ Φ(p0 : p1 : · · · : p2m−1),

where Φ(p0 : p1 : · · · : p2m−1) is the matrix of the linear map which to the basis element vj
of V ∼= C2m associates

p2m−1v2m if j = 1,

(−1)j−1 δj−1

δj−2
v2m+1−j + p2m−j

(∑j−2
`=1(−1)` p`

δ`−1
v2m−` + v2m

)
if 2 ≤ j ≤ m,

(−1)j−1 δ2m−1−j

δ2m−j
v2m+1−j

+p2m−j

(∑j−1
`=m+1(−1)`−1 p`−1

δ2m−`
v2m+1−` +

∑m−1
`=1 (−1)` p`

δ`−1
v2m−` + v2m

)
if m+ 1 ≤ j ≤ 2m− 1,

−1
δ0
v1 +

∑m−1
`=1 (−1)`+1 p2m−1−`

δ`
v`+1 +

∑m−1
`=1 (−1)` p`

δ`−1
v2m−` + v2m if j = 2m.

Here p0 = 1. Let Ω ⊂ X̌can be the open dense subset where the coordinates pm, pm+1, . . . , p2m−2

do not vanish. This subset is isomorphic to the Lusztig torus X̌Lus via the change of coor-
dinates

ai =
p2m−1δi

p2m−1−iδi−1
, bi =

p2m−1

p2m−1−i
for all 1 ≤ i ≤ m− 1, c =

p2
m

δm−1
.

Lemma 8.2. For any element (p0 : p1 : · · · : p2m−1) ∈ Ω, Φ(p0 : p1 : · · · : p2m−1) factorizes
as u1ẇP ū2, where

ū2 = y1(a1) . . . ym−1(am−1)ym(c)ym−1(bm−1) . . . y1(b1)
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and u1 is given by the matrix

1 −(a1+b1)
a1...am−1cbm−1...b1

. . . −(am−1+bm−1)
a1...am−1cbm−1

−1
a1...am−1

. . . −1
a1

−1
a1...am−1cbm−1...b1

1 1
a1

. . .
...

1 (−1)m

a1...am−1

1 (−1)m−1 am−1+bm−1

a1...am−1cbm−1

. . .
...

1 −(a1+b1)
a1...am−1cbm−1...b1

1


Proof of Lemma 8.2. Using the definition of the yi, it is easy to check that ū2 · vj is equal
to
vj +

∑m−1−j
`=0 (aj+` + bj+`)

(∏`−1
r=0 br

)
vj+`+1 +

∑m−1
`=0

(∏`
r=1 am−r

)
cbm−1 . . . bjvm+1+`

if 1 ≤ j ≤ m− 1,

vm +
∑m−1

k=0 am−k . . . am−1c vm+1+k if j = m,

vj + (a2m−j + b2m−j)
∑2m−1−j

`=0

(∏`−1
r=1 a2m−1−j−r

)
vj+1+` if m+ 1 ≤ j ≤ 2m.

Now a straightforward computation shows that Φ(p0 : p1 : · · · : p2m−1) = u1ẇP ū2. �

Lemma 8.2 shows that Φ(Ω) is contained in Zq=1 := B−ẇ0 ∩ U+ẇPU−. In the next
lemma we prove that the entire image of Φ is contained in Zq=1.

Lemma 8.3. The image Φ(p0 : p1 : · · · : p2m−1) of any element (p0 : p1 : · · · : p2m−1) ∈ X̌can

lies in Zq=1.

Proof of Lemma 8.3. Since Ω is open dense in X̌can we have that Φ(X̌can) ⊂ B−ẇ0 ∩
U+ẇPU−. Suppose indirectly there exists x = (p0 : p1 : · · · : p2m−1) ∈ X̌can such that
Φ(x) 6∈ U+ẇPU−. Then from the Bruhat decomposition, we get Φ(x)ẇ−1

0 ∈ U+ẇU+ with
w < wPw0. It follows that we must have

(23) 0 = 〈Φ(x)ẇ−1
0 · v

+
ω1
, v−ω1
〉 = 〈Φ(x) · v−ω1

, v−ω1
〉

in the representation Vω1 of G, where v+
ω1

= v1 and v−ω1
= v2m, compare Section 4.1.

However we have seen that the lower right hand corner of the matrix representing Φ(x) is
equal to 1, contradicting (23). Thus we must have Φ(x) ∈ Zq=1. �

We have thus shown that the map Φ is a regular morphism X̌can → Zq=1. Moreover by

construction the composition with the coset map, π : Zq=1 → X̌Lie, z 7→ zB−, gives the
map

Ψ−1
q=1 : X̌can → X̌Lie

we were looking for. This concludes the proof of Proposition 8.1. �

We have now proved our main comparison result, Theorem 6.4.
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9. The Jacobi ring presentation of qH∗(X,C)[q−1]

The main result of [Rie08] was to show that there is an isomorphism between the quantum
cohomology of X and the Jacobi ring of (X̌Lie,WLie) (for the case of the quadric X as well
as for a general homogeneous space X = G∨/P∨). This result made use of the remarkable
Peterson presentation [Pet97] of qH∗(G∨/P∨), which identifies the quantum cohomology
ring with the coordinate ring of an associated affine variety YP ⊂ G/B. The variety YP is
called the ‘Peterson variety’ associated to the parabolic subgroup P .

Now that we have proved that the canonical LG model (X̌can,Wcan) is isomorphic to the
Lie-theoretic LG model (X̌Lie,WLie), Theorem 6.4, we may apply the result from [Rie08]
to deduce that there is an isomorphism between the quantum cohomology of X = Q2m−1

and the Jacobi ring of (X̌can,Wcan),

(24) C
[
X̌can × C∗q

]
/

(
∂Wcan,q

∂p1
, . . . ,

∂Wcan,q

∂p2m−1

)
∼= qH∗(X,C)

[
q−1
]
.

In this section we prove that the isomorphism sends the homogeneous coordinate pi to the
Schubert class σi.

Theorem 9.1. The isomorphism

(25) C[X̌can × C∗q ]/(∂Wcan,q)→ qH∗(X)[q−1]

defined using [Rie08], identifies the coordinate q with the quantum parameter q and sends
pi to the Schubert class σi ∈ H2i(X,C).

We first prove the following lemma. Note that when we write p0 we mean 1, since this
homogeneous coordinate has been fixed as p0 = 1.

Lemma 9.2. In the Jacobi ring C[X̌can×C∗q ]/(∂Wcan,q) of Wcan, the element δ0 = p0p2m−1

has the property

(26) δ2
0 = p2

2m−1 = q2, and δ0pi = qpi, for i = 1, . . . , 2m− 1.

For the elements δ` with 1 ≤ ` ≤ m− 1 we have

(27) δ` = p`p2m−1−` − p`−1p2m−` + · · ·+ (−1)lp0p2m−1 =

{
q if ` is odd

p2m−1 if ` is even,

in the Jacobi ring.

Proof. The equations (26) and (27) for pi replaced by σi are a straightforward consequence
of quantum Schubert calculus on the quadric (which can be deduced from the quantum
Chevalley formula [FW04] in this case), see also (33). It is not hard to check by a direct
calculation that the relations

∂Wcan,q

∂pi
= 0

imply that the pi in the Jacobi ring satisfy all the same relations as the σi do in the quantum
cohomology ring.

Alternatively, particularly to prove (26), one can check that the coordinates of the crit-
ical points of Wcan,q satisfy the equations. They are all non-degenerate; the quantum
cohomology ring is semisimple. These critical points are worked out explicitly in [PRW16,
Proposition 2.3]. �

Proof of Theorem 9.1. While we already noted in the preceding proof that the pi satisfy
the relations of quantum Schubert calculus in the Jacobi ring of Wcan, the statement of the
theorem is about a specific isomorphism. It remains to check that this isomorphism does
indeed send pi to σi.

The isomorphism,

(28) qH∗(X,C)[q−1] −→ C[X̌Lie × C∗q ]/(∂WLie,q),
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coming from [Rie08] and involving the Peterson presentation [Pet97] takes the following

form. The Schubert class σk is associated to the element w(k) ∈WP defined by

w(k) =

{
sksk−1 . . . s1 if k ≤ m,

s2m−k . . . sm−1smsm−1 . . . s1 if m+ 1 ≤ k ≤ 2m− 1.

Note that w(k) = w−1
(k), compare Section 6.1. The isomorphism (28) is explicitly given by

σk 7→ fk where fk is the regular function

fk(zB−) :=
〈z · v−ω1

, ẇ(k) · v−ω1
〉

〈z · v−ω1 , v
−
ω1〉

.

Here v−ω1
= v2m is the lowest weight vector of the representation V = Vω1 . We may assume

that z = u1t(q)ẇP ū2, as in Section 4.2. We need to show that

fk(zB−) = pk(ū2),

whenever Pū2 is a critical point of Wcan,q with q = α1(t). We use the notations from the

proof of Proposition 8.1. Recall that there we have a map Φ : X̌can → B−ẇ0 given explicitly
in terms of the coordinates pi, for which

t(q) Φ(p1(ū2), . . . , p2m−1(ū2)) = z = u1t(q)ẇP ū2 ∈ Z.

We can now work out fk(zB−) by looking at the entries of the last column of the matrix
z = t(q)Φ(p1(ū2), . . . , p2m−1(ū2)). Namely we get

fk(zB−) =


1, if k = 0,
qpk
δk−1

, if 1 ≤ k ≤ m,
qpk

δ2m−k−1
, if m+ 1 ≤ k ≤ 2m− 1,

q2

δ0
, if k = 2m− 1.

Applying the relations (26) and (27) we get the identity fk(zB−) = pk(ū2) as required. �

It is interesting to note that by the isomorphism from Theorem 9.1 and the quantum
Pieri rule, the summands of Wcan map to σ1 or 2σ1, and Wcan maps to the anticanonical
class of X in the quantum cohomology ring. Indeed for k = 2, . . . ,m− 2 it follows from the
relations that the k-th summand of Wcan = W1 + W2 + . . . + Wm−1 + qWm in the Jacobi
ring simplifies to

Wk =
pk+1p2m−1−k

δk
= 2p1,

while k = 1,m− 1,m gives

W1 = p1, Wm−1 =
p2
m

δm
= p1, Wm = q

p1

p2m−1
= p1.

In total we have Wcan = (2m − 1)p1 in C[X̌can × C∗q ]/(∂Wcan,q) and Wcan represents the
anticanonical class (2m− 1)σ1 of X = Q2m−1 via the isomorphism (25).

10. Comparison with other LG models

Let us now see how our canonical mirror (X̌can,Wcan) and the corresponding Laurent
polynomial mirror (X̌Lus,WLus) compare with previous Landau-Ginzburg models for odd
quadrics presented in Section 2. From Theorem 6.4 we already know that (X̌can,Wcan) is
isomorphic to the Lie-theoretic mirror (X̌Lie,WLie), so it only remains to consider the Given-
tal, Przyjalkowski mirrors and the partial compactification by Gorbounov and Smirnov.
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Comparison with the Givental mirror and Przyjalkowski Laurent polynomial.
First recall the definition of the Givental mirror of Q2m−1,

X̌Giv =

{
(ν1, . . . , ν2m+1) ∈ (C∗)2m+1 |

2m+1∏
i=1

νi = q, ν2m + ν2m+1 = 1

}
,

WGiv = ν1 + · · ·+ ν2m−1.

The Laurent polynomial ‘extension’ of this mirror, written down in [Prz07], is as follows

X̌Prz = (C∗)2m−1, WPrz = Y1 + · · ·+ Y2m−2 +
(Y2m−1 + q)2

Y1 . . . Y2m−1
.

It is obtained via the change of coordinates

Yi =

{
νi+1 if 1 ≤ i ≤ 2m− 2,

q ν2m
ν2m+1

if i = 2m− 1.

The torus X̌Prz is slightly larger that X̌Giv, as

X̌Giv
∼= X̌Prz \ {Y2m−1 + q = 0}.

Our canonical mirror is a partial compactification of the Givental mirror, as shown by the
following result, whose proof is immediate.

Proposition 10.1. The change of coordinates (dependant on q)

Yi =


pi
pi−1

if 1 ≤ i ≤ m− 1,
p2m−1−iδ2m−3−1

p2m−2−iδ2m−2−i
if m ≤ i ≤ 2m− 3,

q p1
p2m−1

if i = 2m− 2,

q δ2m−2

δm−1
if i = 2m− 1,

induces an isomorphism between X̌Prz and the torus inside X̌can where the Plücker coordi-
nates pi for 0 ≤ i ≤ m− 1 are all non-zero.

Thus we have two distinguished tori inside the canonical mirror variety X̌can, namely the
Lusztig torus, X̌Lus, and the image of X̌Prz under the map from Proposition 10.1. They
are however distinct, since X̌Lus is the torus inside X̌can where the Plücker coordinates pi
for m ≤ i ≤ 2m − 1 are all non-zero. In fact, X̌can is an example of a cluster variety,
see [GLS08a, Section 12], so it contains multiple tori. We will describe the cluster structure
in detail in Section 11 where we will also see that the two distinguished tori are cluster tori.

Comparison with the Gorbounov-Smirnov mirror. The Landau-Ginzburg model
(X̌GS,WGS) from [GS13] goes as follows

X̌GS = {(x; y1, . . . , ym−1; z1, . . . , zm−1) ∈ Cm × (C∗)m−1 | xy1 . . . ym−1 − 1 6= 0},

(29) WGS =
m−1∑
i=1

yi(1 + zi) + q
x2

(xy1y2 . . . ym−1 − 1)z1z2 . . . zm−1
.

Consider the change of coordinates:

yi =
pi
pi−1

for 1 ≤ i ≤ m− 1;

zi =
δi−2

δi−1
for 2 ≤ i ≤ m− 1;

z1 = q
p0

p2m−1
, x =

p0pm
δm−1

.
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Proposition 10.2. The change of coordinates {pi} 7→ {x, yi, zi} above defines an isomor-
phism between the torus {p1 . . . pm−1 6= 0} and {y1 . . . ym−1 6= 0} inside X̌GS and the torus
inside X̌can, which pulls back the Gorbounov-Smirnov superpotential WGS to Wcan. More-
over when m = 2 the change of coordinates is a well-defined isomorphism between X̌can and
X̌GS.

Proof. We have y1(1 + z1) = p1 + q p1
p2m−1

, and yi(1 + zi) = pip2m−i

δi−1
for 2 ≤ i ≤ m − 1.

Moreover

xy1 . . . ym−1 − 1 =
δm−2

δm−1
, z1 . . . zm−1 =

q

δm−2
, x2 =

p2
m

(δm−1)2 ,

which gives

q
x2

(xy1y2 . . . ym−1 − 1)z1z2 . . . zm−1
=

p2
m

δm−1
,

hence the change of coordinates maps WGS to Wcan. Finally, the change of coordinates is
well-defined on the tori, and so is its inverse,

p0 = 1, pi =
m−1∏
j=1

yj for 1 ≤ i ≤ m− 1, pm =
q

z1 . . . zm−1

x

xy1 . . . ym−1 − 1

p2m−1−i =
q(1 + zi+1)

y1z1 . . . yizi
for 1 ≤ i ≤ m− 2, p2m−1 =

q

z1
,

which concludes the proof. �

It follows from Proposition 10.2 that the LG models (X̌can,Wcan) and (X̌GS,WGS) are
isomorphic in the case of the three-dimensional quadric Q3, but in the general case we only
get a birational equivalence.

11. The A-model and B-model connections

Recall that we have proved that the canonical LG model (X̌can,Wcan) is isomorphic
to the Lie-theoretic LG model (X̌Lie,WLie); hence using [Rie08] we deduced that there is
an isomorphism between the quantum cohomology of X = Q2m−1 and the Jacobi ring of
(X̌can,Wcan),

qH∗(X,C)
[
q−1
] ∼= C

[
X̌can × C∗q

]
/

(
∂Wcan,q

∂p1
, . . . ,

∂Wcan,q

∂p2m−1

)
.

Furthermore we have proved that the isomorphism is given by mapping the Schubert class
σi ∈ H2i(X,Z) to the Plücker coordinate pi.

We may now prove a more detailed mirror theorem by comparing two flat connections,
one related to X = Q2m−1 and one constructed from (X̌can,Wcan). Let HA be the sheaf of
regular functions of the trivial vector bundle with fibre H∗(X,C) over C∗~ × C∗q , the two-

dimensional complex torus with coordinates ~ and q. The A-model connection A∇, also
known as the Dubrovin connection, is defined on HA by

A∇q∂q = q
∂

∂q
+

1

~
p1 ?q •,

A∇~∂~ = ~
∂

∂~
+ gr− 1

~
c1(TX) ?q •,

where gr is a diagonal operator on H∗(X,C) given by gr(α) = kα for α ∈ H2k(X,C). Here
we are using the conventions of [Iri09]. Let H∨A be the vector bundle on C∗~×C∗q defined by
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H∨A = j∗HA for j : (~, q) 7→ (−~, q). This vector bundle with the pulled back connection
A∇∨ = j∗

(
A∇
)

is dual to (HA,A∇) via the flat non-degenerate pairing,

〈σj , σk〉 = (2πi~)2m−1

∫
[X]

σj ∪ σk = (2πi~)2m−1δj+k,2m−1.

The dual A-model connection A∇∨ defines a system of differential equations which we call
the (small) quantum differential equations

(30) A∇∨q∂qS = 0.

Let us now define a C[~±1, q±1]-module

G := ΩN
(
X̌can

)
[~±1, q±1]/

(
d− 1

~
dWcan,q ∧ •

)
ΩN−1

(
X̌can

)
[~±1, q±1],

where Ωk
(
X̌can

)
is the space of holomorphic k-forms on X̌can. We denote by HB the sheaf

with global sections G. The B-model connection, or Gauss-Manin connection, on HB is
given by

B∇q∂q [η] = q
∂

∂q
[η] +

1

~

[
q
∂Wcan,q

∂q
η

]
,

B∇~∂~ [η] = ~
∂

∂~
[η]− 1

~
[Wcan,qη] .

Since X̌can is a cluster variety there exists a unique up to a scalar non-vanishing N -form
on X̌can with simple poles along the boundary, which we denote by ωcan, compare [LS16].
Explicitly, in terms of homogeneous coordinates we write

ωcan :=
m−1∧
i=1

dpi
pi
∧
m−1∧
i=1

dδi
δi
∧ dp2m−1

p2m−1
.

In the isomorphic case of X̌Lie this is the form introduced in [Rie08, Section 7].

Theorem 11.1. The map

(31)
Ψ : (HA,A∇) → (HB,B∇)

σj 7→ [pjωcan]

is an injective homomorphism of bundles with connection. Moreover, in the case of the
three-dimensional quadric Q3 it is an isomorphism.

Proof. We use the cluster variety structure of the mirror of Q2m−1. Namely, the coordinate
ring C[X̌can] has a cluster algebra structure of type Am−1

1 , which is described in detail in
[GLS08b, Section 2] and [GLS08a, Section 12]. Consider the following initial quiver:

p1 p2 . . . pm−2 pm−1

δ1p2m−1 δ2
. . . δm−2 δm−1

Here the initial cluster variables correspond to the vertices in the top row of the quiver,
while the frozen variables (or coefficients) correspond to the vertices in the bottom row. In
particular, it is of finite type Am−1

1 , and there are 2m−1 different clusters, consisting of

• the cluster variables r1, . . . , rm−1, where ri ∈ {pi, p2m−1−i};
• the frozen variables (or coefficients) δ1, . . . , δm−1, and p2m−1.



22 CLELIA PECH AND KONSTANZE RIETSCH

Moreover we have set p0 = 1. The exchange relations are

pip2m−1−i =

{
p2m−1 + δ1 for i = 1;

δi−1 + δi for 2 ≤ i ≤ m− 1.
(32)

For the injectivity of Ψ the proof agrees with the proof of the analogous lemma [MR13,
Lemma 9.3]. We note that the only ingredients used in [MR13, Lemma 9.3] are the iso-
morphism of the Jacobi ring with the quantum cohomology ring, see Theorem 9.1, and the
fact that Wcan has isolated critical points, see [PRW16, Proposition 2.3]. It remains to
prove that Ψ maps the A-model connection to the B-model connection. We use a change of
coordinates to reduce the problem to checking only the action of q∂q. Namely, this follows
by replacing (pi, q, ~) with (pi,q, ~), where

pi = ~−ipi, q = ~1−2mq, ~ = ~,
and observing that written in these coordinates the Gauss-Manin system for 1

~Wcan,q no
longer involves the ~.

Now we check that the map Ψ preserves the action of q∂q. We consider the following
identities in qH∗(Q2m−1,C), which are a special case of results in [FW04]:

σ1 ?q σi =


σi+1 for 0 ≤ i ≤ m− 2 or m ≤ i ≤ 2m− 3;

2σm for i = m− 1;

σ2m−1 + q for i = 2m− 2;

qσ1 for i = 2m− 1,

(33)

We need to prove that there are similar identities on the B side:

[
q
∂Wcan,q

∂q
piωcan

]
=


[pi+1ωcan] for 0 ≤ i ≤ m− 2 or m ≤ i ≤ 2m− 3;

[2pm−1ωcan] for i = m− 1;

[(p2m−1 + q)ωcan] for i = 2m− 2;

[qp1ωcan] for i = 2m− 1,

(34)

where ωcan is the canonical (2m− 1)-form on X̌can. The proof of these identities on the B
side proceeds by constructing closed (2m−2)-forms νi such that the relation corresponding
to pi will follow from the fact that

[dWcan,q ∧ νi] = [(d+ dWcan,q ∧ −)νi] = 0.

(The first equality above comes from the fact that νi is closed, and the second comes from
the definition of the B-model.)

Concretely, we will pick a cluster C containing a particular Plücker coordinate, say pi,
and use the following Ansatz for constructing νi. We define a vector field

ξi = pi

 ∑
c∈C\{pi}

mcc∂c


and define an associated (2m−2)-form by insertion νi = ιξiωcan. Here the mc’s are constants
and ι is the interior product.

To see that these (2m − 2)-forms are closed, write ωcan =
∧
p∈C

dp
p . For c ∈ C, we

have ιc∂cωcan =
∧
p∈C\{c}

dp
p , and so νi is a C-linear combination of terms of the form

pi
∧
p∈C\{c}

dp
p for c 6= pi. Such a term is closed, because pi lies in C \ {c}. Using the fact

that dWcan,q ∧ ωcan = 0, we get dWcan,q ∧ νi = ±dWcan,q(ξi)ωcan. It follows that

dWcan,q ∧ νi = pi

 ∑
c∈C\{pi}

mcc
∂Wcan,q

∂c

ωcan.
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Therefore e.g. in order to prove that
[
q
∂Wcan,q

∂q piωcan

]
− [pi+1ωcan] = 0, we will show that

q
∂Wcan,q

∂q pi−pi+1 has the form pi

(∑
c∈C\{pi}mcc

∂Wcan,q

∂c

)
, for some choice of coefficients mc.

To prove these identities, we will work with two clusters:

• the initial cluster C1 = {p1, . . . , pm−1, δ1, . . . , δm−1, p2m−1};
• the cluster C2 = {p2m−2, . . . , pm, δ1, . . . , δm−1, p2m−1}.

Let us first start with C1 and express Wcan,q in terms of it using the exchange relations
(32). To simplify our notation we let δ0 denote p2m−1.

Wcan,q = p1 +
m−1∑
`=1

(
p`+1δ`−1

p`δ`
+
p`+1

p`

)
+ q

p1

δ0
.

The partial derivatives of Wcan,q are:

q
∂Wcan,q

∂q
= q

p1

δ0
,

p1
∂Wcan,q

∂p1
= p1 −

p2δ0

p1δ1
− p2

p1
+ q

p1

δ0
,

pi
∂Wcan,q

∂pi
=

piδi−2

pi−1δi−1
+

pi
pi−1

− pi+1δi−1

piδi
− pi+1

pi
for 2 ≤ i ≤ m− 1,

δ0
∂Wcan,q

∂δ0
=
p2δ0

p1δ1
− q p1

δ0
,

δi
∂Wcan,q

∂δi
= −pi+1δi−1

piδi
+

pi+2δi
pi+1δi+1

for 1 ≤ i ≤ m− 1.

Hence

q
∂Wcan,q

∂q
pi − pi+1 = −pi

 m−1∑
j=i+1

pj
∂Wcan,q

∂pj
+

m−1∑
j=0

δj
∂Wcan,q

∂δj
+

m−1∑
j=i

δj
∂Wcan,q

∂δj


for 0 ≤ i ≤ m− 2, and

q
∂Wcan,q

∂q
pm−1 − 2pm = −pm−1

m−1∑
j=0

δj
∂Wcan,q

∂δj

 .

Since the right-hand sides of the above equations have the form pi

(∑
c∈C\{pi}mcc∂cWcan,q

)
,

this proves identity (34) for 0 ≤ i ≤ m− 2.
To prove the remaining identities, we use the cluster C2. In this cluster chart, Wcan,q

takes the following form:

Wcan,q =
δ0

p2m−2
+

δ1

p2m−2
+
m−1∑
`=1

(
p2m−1−`
p2m−2−`

+
p2m−1−`δ`+1

p2m−2−`δ`

)
+

q

p2m−2
+

qδ1

p2m−2δ0
.

Working out the partial derivatives of Wcan,q as before, we get

q
∂Wcan,q

∂q
pi − pi+1 = pi

− 2m−2∑
j=i+1

pj
∂Wcan,q

∂pj
−

2m−2−i∑
j=0

δj
∂Wcan,q

∂δj

 for m ≤ i ≤ 2m− 3.

Recall that δ0 is p2m−1. The final two relations are

q
∂Wcan,q

∂q
p2m−2 − (p2m−1 + q) = −p2m−2δ0

∂Wcan,q

∂δ0
and

q
∂Wcan,q

∂q
p2m−1 − qp1 = 0.
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This gives us the identities (34) for m − 1 ≤ i ≤ 2m − 1, which concludes the proof
of the homomorphism. To deduce that the map is injective as claimed we use the same
strategy as in [MR13, Lemma 9.3]. Namely, observe that the relations in the Gauss-Manin
system recover the relations of the Jacobi ring as ~ tends to zero. On the other hand as we
already proved, the Jacobi ring is isomorphic to quantum cohomology with the homogeneous
coordinates pi playing the role of the Schubert basis. Therefore we see that the [piωcan] ∈ G
are linearly independent in the ~ → 0 limit. Hence they must be linearly independent
already in G.

In the case ofQ3 the added surjectivity result is a consequence of the fact that (X̌can,Wcan)
is isomorphic to the Gorbounov-Smirnov mirror in that case, see Proposition 10.2. Indeed
WGS is cohomologically tame [GS13], hence so is Wcan. Therefore G is a free C[~±1, q±1]-
module of rank 2m (cf. [Sab99]), and HB a trivial vector bundle of that dimension. �

Let Γ0 be a compact oriented real (2m−1)-dimensional submanifold of X̌can representing
a cycle in H2m−1(X̌can,Z) dual to ωcan, in the sense that 1

(2iπ)2m−1

∫
Γ0
ωcan = 1. From

Theorem 11.1 we deduce the following formula.

Corollary 11.2. The integral formula

S0(~, q) =
1

(2iπ~)2m−1

2m−1∑
j=0

(∫
Γ0

e
Wcan,q

~ pjωcan

)
σ2m−1−j

describes a solution to the quantum differential equation (30). �

The corollary follows as in [MR13, Theorem 4.2]. If we replace (X̌can,Wcan) by the
isomorphic LG model (X̌Lie,WLie) the above corollary implies a special case of [Rie08,
Conj. 8.1] for odd-dimensional quadrics.

12. The mirror to Q3

In this section we work out in detail the example of the three-dimensional quadric, Q3,
to illustrate our main results.

The Laurent polynomial mirror (X̌Lus,WLus). Recall from Section 4 the definition of
the variety Z ⊂ G,

Z := B−ẇ0 ∩ U+T
WP ẇPU−.

A generic element g ∈ Z can be written as g = u1tẇP ū2, where

ū2 = y1(a)y2(c)y1(b),

and a, b, c are non-zero, i.e.

ū2 =


1 0 0 0

a+ b 1 0 0

cb c 1 0

acb ac a+ b 1

 .

From this the expression of the Laurent polynomial mirror follows, namely,

X̌Lus = (C∗)3
a,b,c, WLus = a+ b+ c+

a+ b

abc
.

This illustrates Theorem 5.4 in the case of Q3.
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The canonical mirror. The map Zt → X̌can
∼= CP3 takes z = u1tẇP ū2 to Pz = Pū2.

This may be interpreted as taking z to the span of the reverse row vector corresponding to
the last row of ū2 after the identification X̌can

∼= CP3. The homogeneous coordinates of ū2

are given by p0 = 1, p1 = a+ b, p2 = ac, p3 = acb.
The image of Zq=q0 in CP3 is independent of q0, so we may choose q0 to be 1, and restrict

our attention to Zq=1 := B−ẇ0 ∩ U+ẇPU−. The image of Zq=1 is obtained in coordinates
(p0 : p1 : p2 : p3) by removing the anticanonical divisor

D := {p0 = 0} ∪ {p3p0 − p2p1 = 0} ∪ {p3 = 0}.

Thus

X̌can = {(p0 : p1 : p2 : p3) ∈ CP3 | p0(p1p2 − p0p3)p3 6= 0}

In terms of the homogeneous coordinates, the canonical superpotential from Equation (20)
is given by

Wcan,q =
p1

p0
+

p2
2

p1p2 − p0p3
+ q

p1

p3
.

Comparison with the Gorbounov-Smirnov-mirror. The mirror (X̌GS,WGS) for Q3

is given by

X̌GS = {(x, y, z) ∈ C3 | (xy − 1)z 6= 0},WGS = y(1 + z) + q
x2

(xy − 1)z
.

It corresponds to (X̌can,Wcan) via the change of coordinates (setting p0 = 1):

x =
p2

p1p2 − p3
; y = p1; z =

q

p3
.

This change of coordinates is well-defined on X̌can, and its inverse,

p1 = y; p2 =
qx

(xy − 1)z
; p3 =

q

z

is well-defined on X̌GS. This illustrates the result of Proposition 10.2, namely that for Q3

the LG models (X̌can,Wcan) and (X̌GS,WGS) are isomorphic, even though that is not the
case in higher dimension.

Isomorphism between the quantum cohomology and the Jacobi ring. Recall that
the cohomology of Q3 is generated by the Schubert classes σi ∈ H2i(Q3,C) for i = 0, . . . , 3.
Moreover it has a presentation:

H∗(Q3,C) = C[σ1, σ2]/(σ4
1, σ

2
1 − 2σ2),

and the quantum cohomology of Q3 is presented as follows,

qH∗(Q3,C) = C[σ1, σ2, q]/(σ
4
1 − qσ1, σ

2
1 − 2σ2).

Now the Jacobi ring of (X̌can,Wcan) is

C[X̌can × C∗q ]/
(
p2

3 − qp3, p1p2 − 2p3, p
2
2 − qp1

)
The map

p1 7→ σ1, p2 7→ σ2, p3 7→
1

2
σ3

1

defines an isomorphism between the Jacobi ring of (X̌can,Wcan) and qH∗(Q3,C) as in The-
orem 9.1.
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The quantum differential equations. Recall from Section 11 that the dual A-model
connection A∇∨ defines a system of differential equations called the quantum differential
equations,

A∇∨q∂qS = 0.

In the case of Q3 our mirror result, Theorem 11.1, tells us that the map (HA,A∇) →
(HB,B∇) given by

σi 7→ [piωcan],

where ωcan = dp1
p1
∧ dδ1δ1 ∧

dp3
p3

, is an isomorphism. If Γ is a real 3-dimensional cycle in CP3\D
this implies in particular that the function

SΓ(q) :=

(∫
Γ
eWcan,qp3 ωcan

)
σ0 +

(∫
Γ
eWcan,qp2 ωcan

)
σ1 +

(∫
Γ
eWcan,qp1 ωcan

)
σ2

+

(∫
Γ
eWcan,q ωcan

)
σ3

satisfies A∇∨q∂qSΓ(q) = 0.
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208–229. Soc. Math. France, Paris, 1983.



A COMPARISON OF LANDAU-GINZBURG MODELS FOR ODD DIMENSIONAL QUADRICS 27

[Lus94] George Lusztig. Total positivity in reductive groups. In Lie theory and geometry, volume 123,
Progr. Math., pages 531—568, Birkhäuser Boston, 1994.
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