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Abstract

We establish a correspondence between classical Ag) affine Toda field theories and A,, Bethe
Ansatz systems. We show that the connection coefficients relating specific solutions of the
associated classical linear problem satisfy functional relations of the type that appear in the
context of the massive quantum integrable model.
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1 Introduction

In [1], a connection was established between a linear ordinary differential equation (ODE) defined
in the complex plane, and the conformal field theory limit of a certain quantum integrable lattice
model (IM). The spectral determinants of the ODE introduced in [1] satisfy Bethe ansatz equations
of Aj-type, which are objects well known in the study of quantum integrable systems. Moreover
the spectral determinants and the Stokes multipliers of the ODE are related by precisely the same
functional relations as the vacuum eigenvalues of the (J-operators and transfer matrix operators of
the relevant quantum integrable model [1-4].

Various instances of the correspondence are now known. Of particular relevance is the extension
to SU(n) Bethe ansatz systems [5-7]. Bethe ansatz systems corresponding to simple Lie algebras
of ABC D-type have been related to certain pseudo-differential equations [8].

Until recently, this ODE/IM correspondence related the spectrum of the relevant ODEs to
the Bethe systems of massless quantum field theories. However, work in supersymmetric gauge
theory [9,10] gave a clue as to how the massive quantum field theories may be brought into
the correspondence. Subsequently, Lukyanov and Zamolodchikov [11] presented a way to obtain
the vacuum eigenvalues of the 7T- and @-operators of the massive quantum sine-Gordon model
starting from an integrable partial differential equation related to the well-known classical sinh-
Gordon model. The correspondence is also known for the Bullough-Dodd model or Ag) Toda field
theory [12].

In this paper we establish the correspondence for Bethe ansatz systems associated with massive
quantum field theories of type A,,_1, starting from the classical Agllll affine Toda field theories. In
62 we describe a set of partial differential equations obtained from the affine Toda field theories
by a change of independent and dependent variables, and give the associated Lax pairs and linear
problems. The explicit details of the correspondence for the As-model are presented in §3, the
results for the general A, case are summarised in §4 and the conclusions are found in §5.

2 Av(ll_)l Toda field theory

The two-dimensional A(l)1 Toda field theories are described by the Lagrangian [13,14]

n—

n n

£= 530 — @) = Y exp2is — 201 (2.1)

2 < ,
=1 i=1

with np41(z,t) = mi(x,t) and > " ;n; = 0. In light-cone coordinates, w = ax+t,@w = z—t, the
corresponding equations of motion are

2 0p0uwn; = exp(2n; — 2ni—1) — exp(2mi41 — 21m;)  with i=1,....n. (2.2)

However, these are not the partial differential equations through which we will establish a connec-
tion to Bethe ansatz systems of A, _;-type. For the simplest case (n = 2) the relevant equation is
found by modifiying the sinh-Gordon equation using the changes of variables dw = p(z)'/? dz and
diw = p(2)'/? dz where p(z) = 22 — s [11]. Sending 1 = 1 — log(p(2)p(2)/4, the sinh-Gordon
equation becomes

0.0; — exp(2n(2, 2)) + p(2)p(z) exp(—2n(2,2)) = 0. (2.3)

The introduction of the function p(z) brings two parameters M and s, which are related to the
coupling and the mass scale of the quantum sine-Gordon model. For general n, motivated by the



examples involving a single Toda field [11,12], we make the change of variables

dw = p(z)% dz, dw= p(E)% dz (2.4)
and introduce the function p(t) = t"™ —s"™ where the real, positive parameter s is related to the
mass scale in the associated quantum model and M is related to the coupling. Setting

_ _ n—(2:—1 B
m(z.2) =m0+ P E D (), (25)
the modified affine Toda field equations are
20:0.m = p(z)p(z) M — A
20:0,m; = eXMTMi—1 _ 2= for ;=2 ... n—1, (2.6)
20:0.m, = 17— p(z)p(z) XN

The equations (2.6) can alternatively be viewed as arising from the zero-curvature condition
V., — Uz + [U,V] = 0 of the linear problem

(0. +U(2,2,\))® =0, (9:4V(2,2))¥ =0, (2.7)

where A = exp(#) is the spectral parameter and

(U(2,2,M)i = 0203 63 + A (C(2))ig,  (V(2,2,0)ij = =01: 655 + AH(C(2))ji » (2.8)
_ exp(nj+1 — nj) di—1, , j=1,....,n—1

¢ iy . 2.9

(=) { p(z) exp(njy1 —n5) 01 , j=n, (2.9)

where

1 ifi=yg d
ij:{ ifi=j modn (2.10)

0 otherwise.

The Lax pair (2.7) for the modified Toda field equations (2.6) is related to that associated

with the standard Agl_)l Toda equations. We start from the Lax pair for the Aﬁll_)l Toda equations
presented in [13], written in light-cone coordinates (w,w) as

(0 + U(w, @, \))® =0, (9g+V(w,@,\)® =0 (2.11)

~

noting that the zero-curvature condition Vi — Ugp + [ﬁ , ‘7] = 0 is equivalent to (2.2). We apply the
change of variables (2.4) and the transformation (2.5) to (2.11) to obtain

(0. +U(2,2,\)® =0, (9:+V(2,7\)®=0 (2.12)

where

~ —~

U(z,z2,\) =U(w = z,w — Z,\) (2.13)
and the shift of the Toda fields (2.5) in U is implied. The linear problem (2.12) is related to the
modified linear problem (2.7) by the gauge transformation

Uz 2\ = g 'g.+9'U(zzNg, (2.14)
V(2,2,0) = g7lg:+9'V(2,2N)9, (2.15)



with & = gW and the matrix g has entries

2i—1

(9)ij = <p(z)>"_4n dij - (2.16)

p(2)

We observe that the function p(¢) appears in the entries of the Lax matrices U and V' that are
1

related to the generator associated to the affine root of the A~

1 Lie algebra.

Since we will be concerned with specific solutions to the modified version of the Agz 1 Toda
equations that are real-valued, it is convenient to introduce polar coordinates z = pe'® |z = pe™®
with p, » € R. However, z, z will sometimes be treated as independent complex variables.

The modified Toda equations of motion (2.6) are invariant under the discrete symmetry

z —exp (2mi/nM)z, ZzZ— exp(—2mi/nM)zZ. (2.17)

The linear problem is invariant under (2.17) if the spectral parameter is shifted as A — o~/ )\ (or
equivalently § — 0—2mi/nM) where o = exp(27i/n) . It will be useful to define the transformations

~ 2m 2mi
0 ¢—>¢+m, 0—>0—m, (2.18)
and, for any n x n matrix A(\),
S: AN = SA(eIN) ST where  (S)jr =07 djp . (2.19)

Such groups of transformations (acting on a loop algebra) are known as reduction groups [14, 15].
Since S™ = id the group generated by S is isomorphic to Z,. The matrices U and V' are invariant
under the transformations €2 and S:

SU (p,¢,0-22) ST =U(p,$,0) , SV (p.¢,0-22) S~ =V(p,0,0). (2:21)

n n

Applying S to (2.7) we find S W (0~ 1)) satisfies the linear problem, and for each solution W there
is a constant ¢ such that
SW(oIN) =0 W(N). (2.22)

We will introduce a family of solutions to the linear problem which respects these symmetries.

3 The A, case

We start by explaining the approach for the simplest model involving two fields: the Agl) affine
Toda field theory. Motivated by [11,12], we specify a two-parameter family of solutions to the
equations (2.6) that respects the discrete symmetry (2.17). These solutions are unique, real and
finite everywhere except at p = 0 and have periodicity 7;(p, ¢ + 27/3M) = n;(p, ¢) . The solutions
are further specified in terms of the parameters gg, go via their asymptotic behaviour at small and
large values of p as

mp,¢) =(2—g2)lnp+0O(1) , n3(p,¢) = —golnp+0O(1) as p—0, (3.1)
m(p,¢) =—-MInp+o(l) , n3(p,¢)=Mnp+o(l) as p—oo.

The coefficients have been chosen to ensure consistency with the notation in the massless limit [5].



The small-p asymptotic of 7;(p,¢) may be improved by noting that the relevant solutions
ni(w,w) to the standard Toda field equations (2.2) depend only on ww. Under the symmetry
reduction t = (2ww)1/ 2 the corresponding equations of motion become a coupled system of ODEs

for n;(w,w) = y;(t) :

4y1 2y3 2’!/1 2y3 —
(3.3)
2y1 2y3 1y3 le —

To determine the asymptotic behaviour of (3.3) we use the method of dominant balance (see,
for example, [16]). The first two terms of each equation in (3.3) balance in the limit ¢ — 0 if

y1(t) ~ (2—go)Int + by, ys(t) ~—golnt+ b3, (3.4)

where b; are arbitrary constants and for dominance the real constants g; must satisfy

90<91<92 , 290+g1>0. (3.5)

The additional parameter g; appears in the asymptotic of the eliminated field 7o = yo (recall
m + n2 + n3 = 0) and is such that go + g1 + g2 = 3.

Extending the analysis, we find that the sub-leading contributions to (3.4) take the form of
two power series in particular powers of ¢ [17]. Using these results, we deduce the asymptotic
behaviours as p — 0 of the required solutions of the modified Toda equations (2.6) are

_ _ o (=1 i | sk
m(z,z) ~ (1—92/2)ln(zz)+b1+ZW<z +z >
k=1
+ Y e (22079 N g, (27)me0t20278) (3.6)
m=1 m=1
and
- - o (71)219-&-1 -
Ma(2,2) ~ —(90/2)In(z3) + by — Y L (M 4 )
k=1
) e (22)mBT0702) N f (7900 tE) (3.7)
m=1 m=1

The series in single powers of z,z arises from the functions p(z),p(z). We have redefined the
constants b; to incorporate all constant corrections, and the coefficients ¢, d,, €, and f,;, may be
determined recursively. For example

86M82b1_2b3 e—4b1 —2b3 e4b3+2b1

a=fi=o 4=

, — .= —————. 3.8
2(3—1—90—92)2 2(90+292—3)2 ! 2(3—2go—g2)2 ( )

The leading logarithmic contribution to the large-p expansion of (3.2) arises from the term
p(2)p(2) because, arguing as above, in the large-t limit we obtain

y1(t) =0(1), y3(t)=0(1) as t— oco. (3.9)



From the linear system (2.7) we may obtain a pair of third order linear ODEs for two of the
components of ¥ = (U}, Uy, U3)". Setting U3 = exp(n3) ¢ and ¥; = exp(—n1) ¢, we define a
general solution to the linear system through

A2 e3m+2ns 9, (e—2n1—4n3 A (62773 w))
W(e s ) = Syt g, (¢ )
e’]:sw
e M @Z_J
— —AS3MT 9, (o2 ) . (3.10)
A2 e=2m—3n3 5. (e4m+2n3 Oz (e—Qm 1[,))

Then applying 0. + U and 0; + V to ¥ we deduce 9 and 1 satisfy third order ODES:

Y + ui(z,2) 0.0 + (uo(z,2) + Ap(2)) Y =0, (3.11)
2 + (2, 2) 04 + (o(2,2) + A7°p(2)) ¢ =0, (3.12)
with
_ 2 2 2 2
’U,l(Z, Z) =-2 (2 (82771> + 28277182773 + 2 (az%) + 8z771 - 6z773> ) (313)
uo(z,z) = —409.n3(20.m 0. (m + n3) + 921 + 202n3) + 20203,
and
_ N 2 2 2 2

to(z, 2) = 40:m (20:m30:(m + n3) — 02m — dZng) — 202, .

3.1 The @ functions

We now find the behaviour of ¥ for small and large values of p. Setting ¢ = z* and treating z as a
fixed parameter as z — 0, the roots of the indicial polynomial of (3.11) in this limit provide three
different solutions, defined by

xo~ 29, x1~29  xo~ 292, z— 0. (3.15)

Consequently the linear problem (2.7) has solutions for small p defined by the leading order be-
haviours as follows:

0 0 el92—2)(0+i¢)
=g ~ 0 L, Ei~ | el DO+ | E, o 0 (3.16)
090 (0+i¢) 0 0

where 2; = E;(p, ¢,0,8) and g = {90, 91,92}. The 6-dependent constants have been introduced
in (3.16) to ensure the solutions are invariant under the symmetry Q (2.18). The matrix of the
solutions is normalised as det (2o, =1, E2) = —1.

Concentrating instead on the large-p limit, the ODEs (3.11) and (3.12) reduce to

Bp+Xp2)p =0 , B+ A7 p(z)Y=0. (3.17)

Using a WKB-type of analysis (see [5]), there exist solutions with asymptotic behaviour for M > 1/2

2M+1

b Mep (A 1)) L e s Mexp (A p(2) (3.18)
z Xp TR , z Xp RS :

5



as p — oo with |¢| < 47/(3M+3) where z = p exp(i¢). In this sector of the complex plane, these
solutions are the unique solutions for A € R that tend to zero fastest as p — co. The functions
fi1(2) and fa(z) are fixed by equating any line of (3.10) in the limit p — oo:

Z)=—\" =— . 3.19
e e RE) = A (319)
Hence the large-p asymptotic solution ¥ to the linear problem (2.7) is
e’oM pM+1
v~ 1 exp (—2 cosh(0 + ip(M + 1))) as p— 00. (3.20)
o—idM M+1

Since the solutions Z; defined at small-p by (3.16) are linearly independent, we take {E;} as a
basis for the space of all solutions to the linear problem. Hence we can express W in this basis as

W =Qo(0,8) B0+ Q1(0,8) E1 + Q2(0,8) B, (3.21)
where ¥ and Z; depend implicitly on (p, ¢,6,g) and
Qo = —det (¥, 51,Es) , Q1= —det (Eo, ¥,E3) , Q2 = —det (Zo,E1, 7). (3.22)

We note that the functions Q;(6,g) are quasi-periodic functions of #. We use the small-p
asymptotics (3.16) to determine the constants c; such that the relation SE;(c™\) = ¢; E;(\)
holds, then act with the symmetry €2 to obtain

SEj (o o+ 3.0 — 337 — %57) = exp(—g; %) Ej(p, 6,0). (3.23)
It is also straightforward to prove that
S‘Il(p>¢+ 3217\27(9_@_ %) eXp(4ﬂ-Z) (p7¢70) . (324)

Inserting (3.23) and (3.24) into the expressions for @; given in (3.22), and recalling that S™ =1
we obtain

Q;(0,8) = exp (— 2 (g; — 1)) Q;(0 — 2 MED o) | with  j=0,1,2. (3.25)

Before we derive As-type functional relations for the @;, we show that in a specific limit the
differential equations obtained from the modified As linear system reduce to those of the massless
SU(3) ODE/IM correspondence [5].

3.2 Conformal limit

We initially focus on the ODE for ¢ (3.11). We take the parameter z to zero and use the asymptotics
(3.6) and (3.7) to simplify the contribution to (3.11) from the Toda fields ;. If we now set

T =z exp (MLH> , E=sMexp (%) , (3.26)
then as z ~ s — 0 and 6 — oo, the new variables z, F are finite. As a result, the ODE (3.11)
reduces to 5
(5;% (901 +90922+ 9192 — 2) o, — goglgz +p($’E)> b =0 (3.27)
x a3



with p(z, E) = 3™ — E, precisely matching the third-order ODE introduced in [5] in the context
of the (massless) ODE/IM correspondence. In this massless (or conformal) limit the functions
(); are related to the vacuum eigenvalues of certain (-operators studied in [18] in the context of
Ws conformal field theory. Therefore, we anticipate the @); in (3.21) are related to the integrable
structures of the massive As quantum field theory model.

Alternatively, sending the parameter z — 0 in the ODE for ¢ (3.12) while keeping Zz small but
finite, then taking the limit z ~ s — 0 as § — —oo with

=2z exp (—ﬁ) y E = 53M exp (— (1?4]\—4’—91)) 5 (328)
yields
(gh91 + g9bab + glg} — 2) 9b9ia} I
<8§’+ 091 T 90 ;2 192 Oz — Ofé 24p,E)) =0, (3.29)

where g/ =2 — go_; . Note that (3.29) is the adjoint equation to (3.27).

P =

3.3 Functional relations

We now return to the study of (3.11) and (3.12). We establish via a set of functional relations the
Bethe ansatz equations matching those of the associated massive quantum integrable model. In
terms of the variables (3.26), the ODE (3.11) is

(92 + u (2, %) Oy + (uo(z,Z) + p(a, E))) (2,2, E, E,g) =0, (3.30)

where ug and u; are functions of the Toda fields 71, 3. We treat x as a complex variable, T as a
parameter and define sectors in the complex z-plane as

2km s

Sk : — < . 3.31
L 3(M+1)‘ 3(M +1) (3:31)

Then 27
Up(z,Z, B, E,g) = W h(wFz, w*z, w3 E WM E g) | w = e300 (3.32)

are all solutions to (3.30) for integer k. These solutions have large-z asymptotics

-M M+1 =M+1

o kM) T kM) X k(M) Y 333
Ve~ w i\/geXp(w M1 ” M1 (3:33)

forze S, 3US,_1US,, 1 US,, 3. Moreover, each 1, is the unique solution that decays to zero
2 2 2 2
fastest for large x within the Stokes sector Sy . Defining the notation

Wi oookem = W0kys o Ukl (3.34)

where W denotes the Wronskian of m functions, it follows from the asymptotic (3.33) that the
Wronskian Wy, 41 x+2 = 1. Thus any triplet {¢, ¢¥r+1,¢r+2} is a basis of solutions to (3.30), and
we write

v =CY(E E,g) ¢ +C(E,E,g)vs + CV(E, E,g) s, (3.35)
where the Stokes multipliers C(j)(E, E,g) are analytic functions and the dependence of 1, on
(z,%, E, E,g) has been omitted. Taking the Wronskian of (3.35) with )5, using C® =1 and the

determinant relation [5,7]
WiWp o = WoWi2 + WalWy 1, (3.36)



we obtain a functional relation between Wronskians of rotated solutions:
O(l)(Ea E, g) W1W1,2 - WO W1,2 - WQWQJ — W1W273 =0. (3.37)

Alternatively, as in (3.21), we can express ¢ in the basis {xo, x1, x2} where the x; are solutions
to (3.30) defined by the behaviour x; ~ 2% as x — 0 :

=Wy = QD(E7E7g) X0 +Q1(E7Ea g) X1+ QQ(Ean g) X2 - (338)
Using (3.38), we will obtain from (3.37) a functional relation that is independent of x,z. First we
note, from the large- and small-z asymptotics of 1, and x; respectively, we have
Wikt kim(z, 7, B, E) = wmEmE2y, 0 (e, Wb s, MR R MR R)
x;(z,z,E,E,g) = wk9i Xj(w_kx,wki,w_?’kME,w3kME,g) . (3.39)

We insert (3.38) into (3.37), then use (3.39) to write all Wronskians in terms of the basic Wron-
skians Wo 1,....m—1. Since go<g1<g2, the basic Wronskian functions have leading order behaviour

Worl..m-1(z,7, B, E,g) ~ QU (E,E,g)z*, z—0 (3.40)

,1,...om

where o = m(l m) 4 S o gJ Therefore, taking into account (3.40), the coefficient of the leading
order term 1:290+91 ! for small = of (3.37) is

CH(WME, s) QW(B,s) QP (E,s) = QW (WM E, 5) Q®)(B, s) w0
+QW(WME, 5) QP(WME, 5) w14 QW(E, 5) QP (WM E, s) w1, (3.41)

where EE = s, We should note that QU)(E, E, g) = Qo(E, E, g) and

QPN(E,E,g) =w' ™" Qu(E, E,g)Q1(w *ME,wME, g)—w'% Qo(w*ME,w*ME,g)Q: (E, E.,g)
(3.42)

In terms of the functions
TO(E,s) = CW(W*ME,s), QM (E,s) = A (= 3Mm=12E ), (3.43)

the functional relation (3.41) corresponds to the dressed vacuum form for the transfer matrix
cigenvalue T()(E, s). The equivalent relation in the conformal case appears in (5.10) of [18].

Now suppose that the zeros of the functions A" (E) are at E,(Cm) fork=1,2,...,00. Evaluating
(341)at E = E,gm) we obtain a set of Bethe Ansatz equations of As-type for the Bethe roots {E,gm)}:

AD(WAMED 5) A@) (=3 Y
(w ) ( - kl 78) — _wg1*go7 k= 1727__.700 (344)
A (w—3ME ,8) A (WTEI(C ), s)
AWM A@) (,3M 2
(w™ h S) (w k2 ,8) —wR2T .k =1,2,...,00. (3.45)
AN (WHE )A(?) (w3ME® )



4 The A,_; cases

We now extend the results of the previous section to all A;l_)l affine Toda models. We require
an n—1l-parameter family of solutions to the Toda equations (2.6) that are real, have periodicity

ni(p, ¢ + 2w /nM) = n;(p, ¢) , are finite everywhere except at p = 0 and behave asymptotically as

ni(p,¢) = (n—i—gn—i)Inp+0O(1), p—0, (4.1)
ni(p,¢) = 3@2i—1-n)MInp+o(l), p—oo. (4.2)

The parameters g; are real constants satisfying Z?:_(]l gi = n(n —1)/2 and, to ensure (4.1) is the
leading order contribution for small-p,

go<g1 < <gn1 , Go+n>gn1. (4.3)
We now recast the linear problem (2.7) as two systems of n first order linear ODEs for the
components of ¥ = (Uy, ..., ¥,)" with solution of the form
_ . —\"lemi—nit1 (62\I/i+1 + (‘LmH\I/Hl) , 1=1,...,.n—1
qu('za 2, )‘) - { enn,lp , i=n ) (44)
B e M) , i=1
- { —Aelli—17"i (85\111-_1 — 85171»_11111-_1) , 1=1,....n—1. (4'5)
Eliminating either the components Wq,...,W,_1 or Wo,..., ¥, , we obtain n*-order differential
equations for ¥ (z,z, \) or ¥(z, z, \) respectively:
(1" Da(m) + A"p(2) )0 = 0, (4.6)
(1™ Datm) +27"p(2) ) = 0, (4.7)

where the nt"-order differential operators are defined by

Dn(n) = ((92 +2 87:771) (az +2 82772) T (82 +2 5z77n) ) (4‘8)
Dp(n) = (82 — 20z1n) - - - (0z — 20zm2) (2 — 20zm1) -

4.1 The Q functions

We focus on equation (4.6) for ¢ and treat the variable Z as a parameter. We set g = {go, ..., gn—1}-
Given the asymptotic behaviour (4.1) of n;, in the p — 0 limit the differential operator D,,(n)

becomes . )
Da(g) = <az _ =07l )> (az _ o2 = (122 )> (02 (4.10)
z z z
Hence we read off from (4.10) that the solutions to (4.6) behave as 29 as z — 0. Therefore the
linear problem (2.7) has n solutions defined as p — 0 by
~(0,...,0,el9=00F9) o )T (4.11)

n components

p—
=)
e

J

where the (n—j)t

problem induced by the transformations SA), S:

Ej (p’¢+7127]7\r4’0_%) :Ej (P,¢,9) (412)

component is non-zero. The solutions =; respect the symmetries of the linear



and
S‘—‘] (p7 d)a - m) = eXp( gj 2»,7;1) E] (pa ¢79> . (413)

Linear independence of the set {Ey,...,E,_1} follows from det (Eq,...,E,-1) =
On the other hand, in the large-p limit there exists a solution to the ODE (4 6) w1th asymptotic
representation for M > 1/(n—1) given by

W~ 2 (TDM/2 g () A R 4.14
~ p M1 vii) P (4.14)

This is the unique solution that decays fastest in the sector of the complex plane defined by
z = p exp(i¢) with |¢p| < (n+ 1)7/n(M + 1) . Therefore in the limit p — oo a solution to the linear
problem (2.7) reads

U(p,d,0,g) ~ (¥q,...,0,)" exp < 2 ]'\Z 1 cosh(@ +ip(M + 1))> (4.15)
where ) )
U, = exp < ¢>”_<2‘7_>M> : (4.16)
Expanding W in the basis of solutions {Eg, Z1,...,E,-1} yields
p7 ¢79 g ZQ] 0 g ‘—‘] ¢767g) (417)

4.2 Conformal limit

We now check that in the massless limit described below the differential equations (4.6) and (4.7)
are consistent with the n*-order differential equations of the relevant conformal quantum integrable
models [6,7]. It is convenient to define

0 e MomeM o M nOM
r=zeMtl T =7z M+l [ =g"VeMti [ =gs"e M+, (4.18)

The massless limit of the ODE (4.6) in terms of 1 is obtained by first taking z — 0 with z finite
and small, then taking the limit z ~ s — 0 while # — +o0o. This process yields

((1™'Du(g) + pla, B) (2, E) = 0. p(a, B) =" — E, (4.19)

where the operator D,,(g) defined in (4.10) is now a function of z. This is precisely the n''-order
ODE appearing in the massless SU(n) ODE/IM correspondence [6,7].

Similarly, sending the parameter z — 0 in the ODE for ¢ (4.7) while keeping Z small but finite,
then taking the limit z ~ s — 0 as § - —oo we find

(=)™ Dale") + p(@, B) )iz, B) = 0, (4:20)

with gT:(gg, gir, . ’91171) and g;[ =n—1—g,—1—;. Equation (4.20) is the adjoint equation to (4.19).
This equation also appears naturally in the SU(n) ODE/IM correspondence [7].
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4.3 Functional relations

By establishing a set of functional relations satisfied by functions of the @Q;(6,g), we will obtain
the A,,_; Bethe ansatz systems. Using the variables (4.18), we define solutions to (4.6) for integer
k by

2mi

Vp(2,Z2,E, B, g) = w(”*l)kﬂw(w*kx, iz wTM p M g), w=enr(M+D (4.21)

with large-x asymptotics for fixed real
-M M+1
Wi ~ R =1)(M+1)/2 T exp (_w—k(M—H) T

(D2 /5

These asymptotics are valid for z € Sk,% u---u SH% where

k(M+1) EM+1
- L), 4.22
M+1 ” M+ 1> (422)

2km T

Sk n(M+1)‘<n(M+1)'

argr —

Moreover, each v, is the unique solution that decays to zero fastest for large x within the Stokes
sector Sg. By construction Wi, ...,¢,] = 1, so we have a basis of solutions to (4.6) and may
write

) = Zc (E,E.g) ¥ . (4.23)

Since the next steps follow [7] closely we omit some of the details. Using the determinant relations
given in [7], the general-n version of the functional relation (3.37) is

n n—1 n
H 1(]) Z H Wl W2 )W(m+1) H Wl(J) , (4.24)
7=0 m=0 \ 7=0 Jj=m+2
where B
W]gm) = Wk,k-ﬁ-l,...,k-ﬁ-m(:vvi‘vE7Eag) . (425)

The elimination of the dependence of (4.24) on x, Z is achieved by expanding (4.24) in the alternative
basis given by solutions to (4.6) that have small-z behaviour defined by the components of Z; (4.11).

The Wronskians W,im) may be written explicitly in terms of this basis (see (5.5) of [7]) using

the bottom component of the expansion (4.17) of ¥. Let QU (w "MFE, = "MFE o) denote the

m)

coefficient of the dominant term of W,g as z — 0. In particular, from (4.17) we have Qo = Q).

Inserting the resulting expansions of W,g ™) into (4.24), we find the coefficient of the leading order
term of (4.24) in the limit as © — 0 reads:

n

C'(l) WME. s H

n—1 [m-1 n
Z H Q(j) (E, s) w5m+1—5mQ(m) (w—nME, S)Q(m"'_l)(wnME, s) H Q(j)(E’ s) |(4.26)
m=0 \ j=0

j=m+2

where the dependence of all functions on g has been omitted, 3, = Z;-n;ol gi —m(n —1)/2 and
EE = "M The functional relation (4.26) is expected to coincide with the dressed vacuum form
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for one of the transfer matrix eigenvalues of the corresponding massive quantum integrable model.
Related functional equations derived for the Wy conformal field theory appear in [19].

We make one more redefinition: A (w="M=1/2E ) = Q™) (E,s). Finally, setting E,gm) to
denote a zero of AU™(E, s) we obtain from (4.26) the A,_; Bethe ansatz equations:

A(m—1) (wan/ZEvl(cm)7 S) A(m) ((‘JVLME‘]S'”)7 8) A(m+1) (wan/QEl(cm)’ 3)

— _w726m+6m71+5m+1 .
A(m—l)(wnM/QElgm)7 s) Alm) (w—nMElgm)7 s) A(m+1)(wnM/2El£m)7 5)

(4.27)

5 Conclusions

In this paper we have demonstrated how the massive generalisation of the A,, ODE/IM correspon-
dence of [7] can be constructed starting from the system of classical partial differential equations
appearing in Ag) Toda field theory. Moreover, we have obtained functional relations satisfied by
the massive ) functions and derived the corresponding Bethe ansatz systems.

Of immediate interest is to further study the analytic properties of the T and @ functions
obtained in sections 3 and 4, and fully explore the integrable features. The ) functions considered
here correspond to the vacuum eigenvalues of the corresponding quantum integrable model. It
would be interesting to develop to all A,, models the recent work of Bazhanov and Lukyanov [20],
which extends the massive sine Gordon/sinh Gordon correspondence to higher-level eigenvalues of

the quantum integrable model.

Acknowledgments — We would like to thank P.A. Clarkson, A.V. Mikhailov, G. Papamikos
and J.P. Wang for useful discussions. This work was supported by the Engineering and Physical
Sciences Research Council [grant number EP/G039526/1].

Note added — This paper is based on chapters 5 and 6 of [17], submitted by PA for the award of
PhD in October 2013. As we were completing the article, we became aware of the preprint [21],

which also reports results on the Ag) massive ODE/IM correspondence and extends the analysis

to all simply laced affine Lie algebras and AR Df’) and Ggl).
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